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ABSTRACT

A rigorous solution is presented for the case of stiffened anisotropic cylindrical shells with general
imperfections under combined loading, where the edge supports are provided by symmetrical or
unsymmetrical elastic rings. The circumferential dependence is eliminated by a truncated Fourier series.
The resulting nonlinear 2-point boundary value problem is solved numerically via the "Parallel Shooting
Method". The changing deformation patterns resulting from the different degrees of interaction between the
given initial imperfections and the specified end rings are displayed. Recommendations are made as to the
minimum ring stiffnesses required for optimal load carrying configurations.
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1. INTRODUCTION

All modern aerospace structures are subject to weight restrictions and must satisfy severe reliability
criteria. Thus the aerospace community is always looking for ways to produce lighter and more reliable
structures. Because thin walled stiffened and unstiffened shells exhibit very favorable strength over weight
ratios they are often used in aerospace applications. Initially they were made mostly of light-weight metal
alloys but recently bonded sandwich constructions with honeycomb core and advanced composite designs
have also been proposed. Unfortunately, thin walled shells are prone to buckling instabilities. )

Numerous investigations in the past have shown that the load carrying capacity of orthotropic and of
anisotropic shells can be significantly affected by a variety of factors such as the presence of initial
geometric imperfections“'zl and of different in-plane and out-of-plane boundary conditions[3'4], by the
nonlinear prebuckling deformations caused by the edge constraintsls’S], by eccentricities of the load
application point[7'8] and by inelastic effects[gl.

Measuring and recording initial geometric imperfections has become a standard experimental
procedure both for laboratory scalel 1011 and ful scale structures(!2l. Recently Singer and his
coworkers[1314] have developed an experimental technique which makes it possible to estimate the
degree of elastic support present in a particular test set up.

When investigating the effect of initial geometric imperfections, in the beginning it has been a standard
practice to neglect the effects caused by the edge restraint and the different boundary conditions, in order
to simplify the mathematical problem that had to be solved. Later Arbocz and Sechlerl15:16] anqd simitses
and his coworkersl17:18] have presented solutions for isotropic, orthotropic and anisotropic shells with
both axisymmetric and asymmetric imperfections under different external loads, where a rigorous
satisfaction of the specified boundary conditions was included.

In this paper a rigorous solution is presented for the case of stiffened layered composite shells with
general axisymmetric and asymmetric imperfections under combined axial compression, internal or
external pressure and torsion, where the edge supports are provided by symmetrical or unsymmetrical
elastic rings. The analysis is based on a combination of the nonlinear Donnell type anisotropic imperfect

shell equations“g'zo] with the ring equations of Cohen[zﬂ.

2. THEORETICAL ANALYSIS

In an effort to gain insight into the possible nonlinear interaction between elastic boundary conditions
and the initial imperfections the following analytical investigation is carried out, whereby the elastic
boundary conditions are modeled by attaching rings of general cross-sectional shape eccentrically at the
shell edges. The sign convention used for shell and ring analysis is shown in Fig. 1. Whenever necessary
the corresponding variables will be distinguished by superscripts ( )° for shell variables and by superscripts

() for rings variables.



2.1 Anisotropic Shell Equations

Using the sign convention defined in Fig. 1 and introducing an Airy stress function F such that

NX= F,yy ; Ny= F’XX y ny= —F,Xy (1)

then the Donnell type nonlinear governing equations for imperfect, anisotropic shells[19:20] can be written
as

1

= - ] + OW

Ly +(F) + L W) = % Faoct LNLEW + W) + pg 3)

The linear operators are

Lp ) = AgpOoonox= 2Az6(0 Dy * @A + Age)oeyy @

* *
= 22160 hxyyy* A1 Ohyyyy
* * * * * *
LB*( ) = 821( )'XXXX + (2826— 861)( )yxxxy + (B11+ 822_ 2866)( ),xxyy 5)
* (2B15~ Bgp) xyyy* Byl hyyyy

Lp*() = D1*1( Yoot 401*6( )ixxxy* 2(D1*2 * 2Dbf€)( )xxyy 6)

* 40260 )xyyy* D22l Dyyyy

and the nonlinear operator is

LNL(S,T) = S,xxT,yy— Zs,xyT,Xy"' S’ny'XX (7)

Commas in the subscripts denote repeated partial differentiation with respect to the independent variables
following the comma. The stiffness parameters A1*1, B1*1, D1*1, A1*2, ... efc. including smeared stiffeners
are defined in Appendix A. W is the component of the initial stress free imperfection and W is the
component of the displacement normal to the shell midsurface, here both positive inward.

These equations, together with the appropriate boundary conditions provided by the elastic end-rings,
govern the behavior of circular cylindrical shells

- in the prebuckling stress- and deformation state:

- at the limit or bifurcation point (if there is one);

- in the postbuckling stress and deformation state.
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2.2 Reduction to an Equivalent Set of Ordinary Differential Equations

If the initial imperfections are represented by
W(X.8) = tAg() + tA1(x) cos nd + tAo(X) sin né (8)

where Ag(x), A1(x) and Ax(x) are known functions of X = x/R, then Egs. (2) and (3) admit separable
solutions of the following form

W(x,0) = t(W,,+ Wpe+ Wy + tWo(X) + twy(x) cos n@ + two(x) sin né (9)
Fro) = ERZ (o122 - 1532 7% + f () + 11(%) cos nB + fo(X) cOS 26
’ S z 3 Pe o)+ H 2 (10)

+ f3(x) sin n@ + f4(x) sin 2n6 }
where X = x/R and 6 = y/R.

Assuming the axial dependence of the response to be an unknown function of X will reduce the
stability problem to the solution of a set nonlinear ordinary differential equations. This will aliow the
rigorous enforcing of the boundary conditions. The values of the Poisson’s expansions

it el
A A A
12 22 - 26 —
Wy=—Z—A; WL =_2 i W= -2 1 11
v S Pe S Pe t c (11)
are obtained by enforcing the circumferential periodicity condition (see Appendix B).

Substituting the expressions for V—V, W and F into the compatibility Eq. (2), using some trigonometric
identities, and finally equating coefficients of like terms, results in the following system of five nonlinear
ordinary differential equations

— % iv 1 t — iv ” t » ? ’ ? ” »n
Axdlo =5 7 ByWg *+ oW, - % . N2{ wywq+ 2A1) + 2w, (W + 2A,) + wy(w,+ 2A,) )
+ w2(w2+ 2A5) + 2w2(w2+2A2) + w2(w2+ 2A2) } =0
- % iV 2. Tk =% 7 47 * —-% 7 37+, 1 t —x v
Agofy’ = nS(2AH+ Agglfy + NTALf1- 2nAsets + 2n A fa- > & { Byywy (13)
2 =% Tx - % ” AT * -k =% i 3 S* S F ’
” c t 2 » ” ”
+ oWy - 5| ne { wy(wy+ 2Aq) + w1(wo+ 2Ao) }=0

- % iv 2 - % — * ” 4_ * — * n 3_ X ’ C t 2 ”
- 2wy (w1 + 2A1) + w1(w1+ 2A1) - w2(w2+ 2Ap) - 2w2(w2+ 2A2) + w2(w2+ 2A2) 11 =0



— * iv— 2 — * — * ” 4_ * —— * ’/’— 3_ * ’ 15
Apafy - N(RA1o+ Agg)ig+ n*AL fg+ 2nAscf, - 2n 3R, (15)
1t gV 2 "
-5 7 ( BpyWp - n°(Byy+ Byy-2BgghWy* B12W2 N(2Bg B )wy + n3@B o~ Bopw, )
n” t ”

{ WO(W2+ 2A5) + W2(Wo+ 2A0) } =0

— % _jv 2. 7k T 7 47 * - % "ot 2 ”
A22f4 -4n (2A12+ A66)f4+ 16n A11f4+ 4nA26f 16n A“,32 i1 n<{ Wo(Wq+ 2A4) (16)

- Izwz(w1 + 2A1) + w2(w1 + 2A1) + Wy (wot+ 2A5) - 2w, (w2+ 2A2) + w-,(w2+ 2A,) } =0

Substituting in turn the expressions assumed for V_V, W and F into the equilibrium Eq. (3) and applying

Galerkin's procedure yields the following system of three nonlinear ordinary differential equations

— * iv 1 t — * iv R ” ” ” ” 7 ’ 7 ” ”
Ba1fo * 5 75 Di1Wo - 2¢ = To* 20Mwo+ Ag) +on? { f,(wy+ Aq) + 2h(wy+ Ag) + Fy(wy+ Ay) .
+ fa(wa+ Ag) + 2fg(wy+ Ag) + fa(wyt Ag) } = 0
|v n2B "
1 t — — s R »” ” ”
5 7 { D11w1 -2n ( 12+ 2D66)w1+ n D22w1+ 4nD16w2 - 4n DZBWZ } - 2¢ ¥ f1 + 207»(w1 + A1)
- 2en%pg(wq+ Ag) - dontwy+ Ay) + 2cn? | foWi+ Ap) + fy(wov A) } +on? [ fy(wq+ Aq)

+ Aoy v Ag) + 4w+ Ag) + Ty(Wor Ag) + dfy(wyr Ay) + Alg(wy+ Ag) } = 0

"

ok iV 2 3
8211‘3 (Bﬁ+ 822 2866)f3+ n4B 2f3 n(2B26 861)f +n (ZB16 862)f1 (19)
1 t - x rr R ” ” »
+ 5 R’ { D11w2 -2n (D12+ 2Dss)w2+ n D22w2— 4nD16w1 +4n D26w1} -2c T f3+ 2CcH(Wy + As)

- 20n2f>e(w2+ Ao) + 4cn?(w1+ A1) + 2cn? { fo(w2+ Ap) + f3(wo+ Ao) } o+ cn? { f4(wq+ Ayq)

+ afy(wy+ Ay + Hawy+ Ay) - [Hx(wo+ Ag) + dowy+ Ay) + Ma(wy+t Aj) 1} =0

The nondimensional stiffness coefficients Z‘ij* . Eij* and Bij* are listed in Appendix A and ( ) = d/dx.

Notice that Eq. (12) can be integrated twice yielding

” ”

t

" n? { wywy+ 2A7) + wawa+ 2A9) } = 0 (20)

.b.lo

A22f — TR— 1w + CWo-
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The constants of integration are set equal to zero in order to satisfy the circumferential periodicity condition
(see Appendix B). In order to be able to use the "Parallel Shooting Method" for the numerical solution of
the above system of nonlinear ordinary differential equations it is necessary to reformulate Egs. (13) - (19)

such that a single 4th order derivative appears on the left-hand side. This can be accomplished as follows:

- with the help of Eq. (18) eliminate the term w{v from Eq. (13);
- with the help of Eq. (19) eliminate the term wév from Eq. (15);
- with the help of Egs. (12) and (20) eliminate the terms f'ov and f0 from Eq. (17);

- with the help of Egs. (13) and (20) eliminate the terms f1iV and f o from Eq. (18);

'’

- with the help of Egs. (15) and (20) eliminate the terms fév and fO from Eq. (19).

Carrying out the details makes it possible to write the resulting equations as

” 4

f1"’= Cqfy- Cofy~ Cawy- Cahwy+ Ay) + Cgwy+ Copqf

14 ’

+ Czozf:;+ C203W, + Co04Wy 21)
+ Cp11PeWi+ Ay) + CaygiWy+ Ag)+ Cg [ Wo(wy+ 2A1)+ Wy(w,+ 2A.) ] = Cow, (wy+ Aq)

+ CgWo(wy+ Ag) - 2Cqgfq(W,+ A) - Cg [ Wq(wq+ 2A7) + wo(wo+ 2A) ] (Wq+ Aq)

= Gy { fpWy+ Aq)+dfnlwy+ Aq) + dfp(wy+ Ap) + TyWas Ag) + 4lywor Aj) + dig(was Al }

n

fp'= Cy1fy- Cyofa+ Copsfy + Coogla* C13 { Wy(Wy+ 2Aq) - 2w (wy+ 2A,) + wy(w,+ 2A,) (22)

- [ w2(w2+ 2A)) - 2w2(w2+ 2A2) + w2(w2+ 2A2) 1}

4 n ’

- C202f1~ C203W¢ - C204W4 (23)

+ 0211Be(W2+ A2) - C212:E(W1 + A.') + C6 [ WO(W2+ 2A2) + W2(Wo+ 2Ao) ] - C7WO(W2+A2)

iv ” ” ” ” 2,
f3 = C1f3— Cofz- C3W2— C47\,(W2+ A2) + Cgwo- Coqq f1

+ CBWO(W2+ A2) - 2010f3(W0+ AO) - Cg [ Wy (W-| + 2A1) + W2(W2+ 2A2) ] (W2+ A2)
- Cqo { fa(wy+ Aq) + dfglwy+ Ay + 4a(wy+ Ay) - [ p(wa+ Ap) + 4iy(wor Ay) + dip(wo+ Ag) 1}

"

iv ” 2 24
f4 = C11f4- Cq2fa- Coopsfs (24)

- C206f2+ Cisz{ w2(w1+ 2A4) - 2w2(w1 + 2A1) + w2(w1 + 2A1)
+ wy(wo+ 2Ap) - 2w, (w2+ 2A2) + Wy (w2+ 2A2) }
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iv y ”
Wy = C14W - C15Wo— C197\.(W + A ) + C17 [ wy(wq+ 2A1) + W2(W2+ 2A5) ] C16 { W1(W1+ 2A4)

+ 2w1 (w + 2A ) + Wy (w + 2A ) + w2(w2+ 2A2) + 2w2(w2+ 2A2) + w2(w +2A2) }

- Cyg { f1 Wi+ Aq) + ?_f1 (w1 . A1) +fq (w1+ A1) + f3(w2+ Ag) + 2f3(w2+ A2) +fgwy+ Ay) ) (25)
iv ” ” r
Wy = Coqwy - CaqW1+ Copfy- Cogfy- C237~( . A ) + Czong + Cz1oW * 0207f * Czoaf (26)

+ C21356(W1+ A1) + 0214?(W2+ A2) C25 [w (W1+ 2A1) + Wy (W + 2A ) ] - CZGW (W1+ A1)
+ CZ7WO(W1 + A1) - 028 [ W1(W1+ 2A1) + W2(W2+ 2A2) ] (W1 + A1) - 2C29f1 (WO+ AO)
= Cag { foWy+ Aq) + dlp(wy+ Ay) + dia(wy+ Ag) + fu(wp+ Ag) + 4fy(wys Ag) + dig(wy+ Ay) }

” ” ” ” L4 ’, rer

W§V= Caowy - C21Wa+ Coafa- Caafz- Coghiwy+ Ay) - Copgwy - Co1gW, - Cogyt, - Czosf; 27)
+ Co13PelWa+ Ag) - Co14TWy+ A;) - Cps [ W, (Wa+ 2A9) + Wa(w,+ 2A) ] - Cogw. (wa+ Ap)
+ CopWo(Wa+ Ag) - Cag [ Wilwy+ 2A1) + Wa(wp+ 2A9) | (Wa+ Ag) - 2Csglgw.+ A.)
- Cog { f(wy+ Ag) + 4l4(w,+ Ag) + digwy+ Af) - [ fo(wps Ag) + 4ip(Wy+ Ag) + 4lp(wy s AN T}

The constants C4, Cp, ... , Cq4 are listed in Appendix C. Besides the traditional simply supported and
clamped boundary conditions (following Refs. [3] and [13] usually designated as SS-1 through SS-4 and C-
1 through C-4, see Appendix D for details), in this paper boundary conditions will also be modeled by

attaching elastic rings of general cross-sectional shape eccentrically at the shell edges.

2.3 Equilibrium Equations of the End Rings

[21]

Cohen'’s ring equations are based on moderate rotations and are derived using the principle of

virtual work (see Appendix E for details). They can be written as

T,
El u,gpgg- GJu,gg+ Ely2(v.009+ W,9000) - a(Elz+ GJ)By,69= a3(an) (28a)
2 a2 _ R P
ElxzUp90* (Elx+ a“EA)V.gg+ (ElxW.g00- a “EAw,g) - aElzBy o= - a%(aF,) (28b)
ElxzU.0000+ (Elxv.g99- @ °EAvig) + (ElyW,ge09+ a2EAW) - aEl,p, gg= a>(aF ) (28¢)

r (28d)

(Elz+ G)u.gg+ Elxz(vig+ Wigg) + a(GJBy gp- ElBy) = - aM,
where the definition of the variables and the sign convention used is displayed in Fig. 2.

In order to be able to satisfy the displacement compatibility conditions between the end-rings and the
edges of the shell, one must express the ring displacements in the same form as the one assumed for the
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shell displacements. Further the expansion assumed for the load terms must not only be consistent with
the terms assumed for the displacements but they must also form a self-equilibrating force system. Thus
the Fourier decomposition of the ring equations will be based on the following expressions

ul=u_+ u1r COS n6 + u,; cos 2n6 + u3r sin n@ + u4r sin 2n8

'10—1

vi=v '+ v1r sin no + v2r sin 2no + vef cos n@ + v4r cos 2n@

(]

r r r ro. (29)
W= w,+ W, COoS ne + W, sin né

r.r r ro.
By- By0+ BY1 cos n@ + Byz sin n6
and
F =Frcos ne +Frcos 2n6 +Frsin né +Frsin 2n0
X1 X2 X3 X,

y3 Y4
r

r r (30)
= FZO+ Fz1cos né + F22 sin n6

r

X

r ro. r . r r
F.=F_ sinnd +F, sin2n® + F, cos n® + F._ cos 2no
y ¥ Y2

r
Fz

r

M =Mr+Mrcos ne +Mrsin né
t tO t4 to

Substituting these expressions into Cohen’s ring equations and equating coefficients of like terms results in
the following

2.3.1 Separated Set of Cohen’s Ring Equations:

Forn=0
ro.r r
r r
; |a%A o Wo aFz,
- ) LT (31)
a 0 a“El; Byo a to
For n> 2
[ r [ r r
52 0 0 O W U2 sz
0 s;0 0 ||ug Fy
< > = < > (32)
r r r
0 O 54 0 U4 F4
r r r
_0 0 0 35 ] U5 F5 J
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where the Sir are matrices and the Uir , F'i' are vectors defined as follows

n2(n2El,+ GJ) -n3El,, n“Ely, an?(El+ GJ)
C -n%El,  n2El+a%EA) el aZEA)  -anEl,
s;- 1 (33)
2 a® n4EIXz -n(n 2EIX+ a2EA) n4EIx+ a?EA an2ElxZ
an(El,+ GJ) -anEl,, an’Ely,  a(El,+ n2GJ)
. ¢ |4nf@nZEr 6l -8R,
S3”—3 3 2 2 (34)
a -8n3Ely,  4n2(El,+ a2EA)
n?(n2El,+ GJ)  nBEl, n*El,, an?(El+ GJ)
C nEly,  n2ElLe+a%EA) n(n2El+ a%EA)  anEly,
s/ 1 (35)
4 a8 n%El,  nn2El+ alEA)  n%El+ EA an2El,,
an2(El,+ GJ) anEl,, anEly,  a2(El,+ n2GJ)
.4 | 4n@n®E+ a6l 8ndEl,
55" — 3 o o (36)
a 8n Ely, 4n“(Ely+ a“EA)
Further
r T r r r r T.
(U2)T = U1r Vi Wy By1 ] ; (U3)T = [U2 Vz]
37
UT =10l vF oWl @ i TRUETI. 57)
U™ =luzg vz wy B, 1 5 Uy =luy vyl
finally
nT _ r r r rooo. NT _ r r
(Fp)" = [aFy, aFy aF, aMil ; (Fy! - [aF,) aF ] N
(Fy' =[aF, aF. aF) aM1 ; (FHT -[@aF! aF '] o
4 X3 y3 Zs 1) ' 5 X4 Y4

2.3.2 Forces and Moments Acting at the Ring Centroid
r

y
ring centroid in terms of the applied external loads and the stress and moment resultant of the shell wall

Next one must express the line loads (F;, F., Fzr) and the torsional line moment (Mtr) acting at the

attached to it. Considering the free-body diagrams of the shell edges from Fig. 3 one obtains the following
relationships at x = O (at the lower edge)
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r s
aF = (R - g)Ng+ RN,
r s
aF = - (R - qp)Sy + RN
y t~o Xy (39)

aF_,= RH S

r
z
r S [ S
aMt = - eZRNX +(q - ex)(R - g)Ny+ eyRH °+ RMX

Whereas considering Fig. 4 at the upper edge, at x = L, the following expressions hold

r s
aF, = - (R - g)No- RN
r s
aF = (R - qg4)S, - RN
e &
aF,= - RH
r s

]
aM, = e,RN.’- (g - e)(R - QN,- eyRH 5~ RM,,
Notice that at the upper edge (at x = L) one obtains the same expressions as at the lower edge (at x = 0)
except for the minus sign in front of the terms on the right hand side. Further Ny is the external
compressive line load applied at a distance q from the sheli midsurface, whereas S is the external

torsional line load applied at a distance G from the shell midsurface.

2.3.3 Displacement and Rotation Compatibility Conditions
Considering now the compatibility of the ring and shell displacements and rotations, with the help of

Fig. 5a one obtains the following expressions at x = 0 (at the lower edge)

r_.s_ S

u'=u®-ew,
s s

vi= % vS- exly~ €z,

; . s (41)
wh=w®e,w,
B - wS

y X

Notice that the displacement v’ consists of three parts, namely

- a rotation around the centerline of the shell

r

vi= S

a
= 42
=V (422)

- a rotation about the x-axis

r_ S
V= - ezw,

v (42b)
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- a rotation about the z-axis

vi=- exu,§ (42c)

Further, by looking at Fig. 5b, it can easily be seen that at the upper edge (at x = L) one obtains identical

compatibility conditions.

2.4 Fourier Decomposition in the Circumferential Direction
Using the previously shown Fourier decomposition of the ring variables (Eqs. (29)-(30)) and the

following Fourier decomposition of the shell variables

uS- t(u§’+ u1scos ne + uzscos 2n0 + usssin ne + u4ssin 2ne)
vS= t(v Siv Ssin n@ + vosin 2n0 + Vocos no + v Scos 2ne)

0 1 2 3 4 (43)
w 5= (W, + Wp+ Wy w:+ w1scos no + wzssin no)

S S

S s .
Wiy = t(w’o,x" W xCOs ne + Wy ySin no)

and

2
s_Et s s S s s
x> <" (NXO+ NX1cos no + Nxzcos 2no + Nx35ln noe + Nx4sm 2n0)
2
s _ Et S s . s . S
ny~ - (nyo+ NXY‘I sin n6 + ny25|n 2n6 + ny3cos ng + Ny
HS- L D (HS+H cos no + Hy'sin ne)
RS °

t s S S .
= — D (MX0+ MX1cos ne + MXZSln ne)

N

S

y 4cos 2n0)

(44)

S

My

where

3
4c

: ¢2-3(1-v%) and 6= % (45)

one obtains upon substitution into Eqgs. (39) and equating coefficients of like terms, the following

2.4.1 Separated Form of the Forces and Moments Acting at the Ring Centroid at the Lower Edge

(atx =0)
Forn=0
S cR q q
Ny, =-2 N1 -2)=-2(1-2)= -2 46
xo” "oz Mol - ) (1-2) (46)
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and

r S e
Fy =By Fj +F;

where the B4 matrix and the F;, F?, F?’ column vectors are defined as

- 3 -
F = _‘2_0[0 RAG (1 -%)] where D = EE . g =4c _F% q
R 4c 1
EloT (g8 |
2 32 0O 0 0 2
r S
| Fa| |0 Bgo o |[F
> = < >
r S
F,| [0 o B0 ||F§
r S
F| [0 o o B[R

1 0 0 o |
0 0 0
Et
B, - EI”
2 =1 0o o %(%)2 0
1.t2. 1 ,t2
-e —()"ey — (=)°R
L z 4c(R) X 4c(R)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)
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2 r1 0
Et
B3 =10 1 } (55)
[ 1 0 0 0 ]
0 1 0
Et2 1,t.2
By = — 0 0 %(ﬁ) 0 (56)
1,t,2 1 ,t.2
-e 0 (= — (=)°R
| w7 {
2 —1 0
Et
Bs == 1o 1 9
Further
T - r r r r i rT - r r
(F5) [an1 aFy1 an1 aMt1] » (Fy) [an2 aFy2] .
(FyT =[aF, aF| aF) am') ; FOT - @aF) af'] o
4 X3 y3 4] to ’ 5 X4 Y4
and
$\T _ S 8 s 5 . ST _ S s
(Fp)' = [Nx1 wa H M, 1] » (Fy) = [NX2 ny2]
(59)
S\ T S s s [ . S\T _ S S

At the upper edge (at x = L) one obtains the same expressions except for a minus sign in front of the
terms on the right hand side. Thus

Forn=0

Fy = -ByF] - F§ (60)
For>0

Fp = - BoF;

Fy = - B3Fy

Fy = - B4F; o
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Substituting next the corresponding Fourier expansions into Eq. (41) and equating coefficients of like terms
one obtains the following

2.4.2 Separated Form of the Displacement and Rotation Compatibility Conditions at the Lower
Edge (at x = 0)
Forn=0

r S e
U = EqUg + U] (62)

where the E, matrix and the U:, U?, U? column vectors are defined as

R e

t X
Eq =L 63
"R [o -1 } (€3)
DT =y Byl (64)
UDT = [wS wo%(-] (65)
UDT = [(Wy + Wpe+ Wy 0] (66)

_ 1
and () = 2 )

Forn>2
r] T (s |
U, E,0 0 0 |[Up
r S
U 0 E, 0 O u
3
J3 L 81 (67)
r S
U4 0 o E4 0 U4
r s
Us | [0 0 0 Eg5flug]

0 0 -e,
a ne, O

R o 0 R ey
0 0 -1 |

(68)
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. t |R 0
3T R|2ney, a w
[ R 0 0 ‘ez-
£ t|Mex a -ne; 0 (70)
4R’ o 0 R ey
0 0 0 -1 ]
B -t O
5"’/ 2ney a "
Further
r r r : X
W =ty v wi g1 WY =g )
72
TR TR Wl T ol oF (72)
Ug" =lug vz wy Byl 5 Uy =luy vyl
and
s s s s 8 S S vy
W =ty vy w Wi T =y v (73)
s s S S S r Sovy
(DALY TARRVASEA word i DT =lug vy

Recall that, as stated earlier (see Figures 5a and 5b), at the upper edge (at x = L) the compatibility
conditions are identical. Thus Egs. (62) - (73) are valid both at x = 0 and x = L.

2.5 General Elastic Boundary Conditions

Considering the separated set of Cohen's ring equations (Egs. (31-(32)), the separated set of
equations of the forces and moments acting at the ring centroid (Egs. (46)-(61)) and the separated set of
equations for the displacement and rotation compatibility conditions (Egs. (62)-(73)), then one has in matrix
notation

at the lower edge (at x = 0)

forn=0

Sy Uy = F (31)



S e
= B4F; + F§

—
|

S e

i=2345

r S
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Combining these equations one obtains the general elastic boundary conditions

at the lower edge (at x = 0)

forn=0
r s e S €
forn>2
SI(E;U}) = B;F® i=2345

at the upper edge (at x = L)

forn=20
r S e S e
Sy (E4Uy +Uy) = -B4Fy - Fy
forn>2
Si(E;UY) - - BiF? i=2345

(48)

(62)

(32)

(53)

(67)

(74)

(75)

(76)

77)

Multiplying Egs. (74) and (75) out yields the general elastic boundary conditions at the lower edge, at x

= 0. These can be written in two different forms, namely the

2.5.1 General Elastic Boundary Conditions Valid in the Limit as E;, — 0 (free edges)

Forn=0

0, S 0.8 s
a11(w0 + Wy + Wpe+ Wy) + ajWox = Ho
s

(o} S O _ 8§

(78)
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Forn>2
1 s 1. s 1 S 1 S
B11U1 7 B2Vq AWyt aggWy g = Ny,

1 s 1 s 1 [ 1 s s
Ap1Uy * gpVq + ApgWy + AWy s = Nyy,

1. s 1 s 1 s 1 s S (79)
31Uy * 83pVq * AggWy + aguw s = H,
1 s 1 s 1 s 1 s s
41Uy " 840V * BggWy+ BgWe s = My,
and
2 s 2 s s
aqqlg * aypVp = Ny, 50
2.5, 2.5 \ (80)
8x1Up * 8g5Vp xyg
and
3.s 3 s 3 s 3 s _ 8§
819Uz * B1pVg * BygWa + AygWa % = Ny,
§, ,3,5,.3 s, .3 S__ NS
82113 * 822V3 * Bp3Wp + A34Wp 3 = Nyy, (81)
3 s 3 s, s, .3 S__nS
431U * 83pV3 * 8g3Wy *+ AgyWo 3 = Hy
3.s 3,8 3 s 3 s '8
34113 * 42V3 * B43Wp * AgqWp x = My,
and
4 s 4 s .S
a1qUg * 8gpVp = Ny, )
4 s 4 s
3pqUg * 8xpVy = Nyy,
and the
2.5.2 General Elastic Boundary Conditions Valid in the Limit as Er — < (fully clamped edges)
Forn=0
0,,S8 (0] S - S
b1 H0+ b 2(M +AQ) = Wo+ Wy+ Wpe+ Wi &)
S S
byyHo* b22("" +AQ) = W
For n >2
S
b11Nx1+ b12ny * bygHy+ DMy X1 Yq
S
b21"‘x1 * bzszy1* b3ty b24""x1 =Yy .

1.8 1,, 8 1,8 s s
b31Nx1 + b32ny1 + bggHy+ b34Mx1 =W,

b NX1 ¥ b42ny * b43” * b44Mx1‘ W
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and
2.8 2.5 s
byyNxo* D1aNxy, = Uz
(85)
b2 NS + BN = v
217%™ P22Nxys= V2
and
3,8 3, 8 3,8 ,.3,5 s
b11Nxg* P12Nxyg* PygHa + DygMy,= U3
3,5 3, S 3,5 ,.3,,8 s
ba1Nxg* PaoNxys* DagHy + bagMy,= Vg )
3,8 3,8 3,5 ,.3,8 s
b31Nxg+ D3oNyys+ DagHy + bygMy,= Wy
3,8 3, 8 3,5 ,.3,,8 s
Pg1Nxg* PaoNuyg* BagHp + DggMy,= Wos
and
4 .S 4 S S
b11Nxy* P12Nxy, = Us
(87)
b4 N S b4 N $§ 'S
2174 " P22Mxy,~ Va

Notice that in turn the general elastic boundary conditions at the upper edge, at x = L, are obtained by
multiplying Eqgs. (76) - (77) out. These operations yield the same type of expressions as Egs. (78) - (87),
with the exception that all right hand terms are preceded by a negative sign. It turns out that it is
convenient to incorporate these negative signs in the definition of the ring stiffness coefficients aijk and the
jk, respectively. The components of the boundary stiffness and of the boundary
flexibility matrices are listed in Appendix F.

ring flexibility coefficients b;

2.6 Reduced General Elastic Boundary Conditions

Next the general elastic boundary conditions must be expressed in terms of the variables used in the
anisotropic shell analysis. Recalling from Eq. (44) that
s s

s s s
(Nx,* Nx,c08 N6 + Ny,cos 2n8 + Ny sin n + N, sin 2n6) = Fyy (88)

S_ Et2

N =_—__
X "¢cR

then substituting for F,yy from Eq. (10) and equating coefficients of like terms one gets

Ny = - %
s s 2
Ny = - n2t Nyg= - n“f3 (89)

s o s
NX2= - 4n“fo Nx4= - 4n2f4
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Recalling further from Eq. (44) that

2
s Et s 5
N’ = <" (N o ny sin n@ + ny25|n 2n0 + ny3cos noe + ny 4508 2n8) = - Fyxy (90)

then substituting for F»xy from Eq. (10) and equating coefficients of like terms yields

]

nyo= T
S ’ S ’
S ’ S ’

where ()= ()_ and X = X |
X R

Using the expression derived in References [6] and [20] for the transverse shear force HS one can write

S_ - s s — s - s
H®= R3 (H + H1 cos nB + H2 sin no) x x+ (Mxy+ Myx),y+ (W, + W,X)Nx + (W,y+ W’y)ny (92)
From the semi-inverted constitutive equation (see Appendix A for details)
S * S * S * S * * *
Myx™ (C1Nx* CyaNy'+ CygNyy+ Dyqicx+ Dypky+ Dygicy)y (03
* * * * * *
= C11Faxyy* C1aFooo CygFaoy™ DyqWasoox- DypWixyy~ 2D 1gWaxxy
(Mxy“ Myx)’y 2(CqyNy + CezNy + Cssny" Dygkx+ Dagiy* Deekxy)y (04)

*
= 2C¢1F.yyy* 2CgaF oy~ 2CqeFixyy~ 2D1gWooxy~ 2D Woyyy- 4DgeW.xyy

Substituting for V_V, W and F from Egs. (8)-(10), regrouping and equating coefficients of like terms one
obtains

12 —-— r

*

* R 7 7
12fo- Dﬂwo— 4c T k(w +A)

R n2 (95)
[ (W + A )f1+ (W + A )f3+ (W1+ A1)f + (W2+ A2)f ]

I
w
U}
n
ol

-2C¢

_ R 10 3 ’
Hy = T [ 0121 + (2062 016) . (C11 2066)n f1 2061n f3] - 4¢c — x( + Aq)
[ r

1 wy o+ 4D16nw2 (D12+ 4D66)n w1- 2D f_:‘n w2 1+ 4c E nt(w2+ As) (96)

R n2

T 0l (w “ A 1+ 2(w1 + A1)f2+ 2(w2+ Az)f4+ (Wq+ A1)f2 (Wo+ A2)f ]
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R — ey - % —— * ” - % — * ’ — % R ’ 7
Hy=2 21 Cyafs - (2Cgp- Cyginfy- (C44- 2066)n %tg+ 2Cgn3ty 1 - 4c 2 = Awyr A))
-[D

11w2 4D16nw1 (D12+ 4D66)n w + 2D26n w1 ] -4c ? nt(w 1+ Aq) (97)

R
- 4c + ne [ (wo+ Ao)f3+ 2(w1 + A1)f4— 2(w2+ A2)f2+ (wq+ A1)f4— (wo+ A2)f2 ]

But now from Eq. (20)

g 2
rrr B s ’ 2
1t 21 c c t
fO-Eﬁ/—\* WO_K* W°+—4_ﬁ7\* [w1(w1+2A1)+w2(w2+2A2)]
22 22 22

Thus Eq. (95) becomes upon substitution and regrouping

ok Tk %
— C B i C ’ 14 ’
s=—(D{k iﬂ)w-205_12w 4cEk(w+A)
1 2t o toxr t o o
22 22
on2 C1*2 , A , A’ ’+A ,+ A' (98)
+
:T(W1W1+ 1W1+ Wy 1+ W2W2 2W2 Wo 2)
A22

R ’ ’ ’ ’ 7 7
20_n wo+ AN Wo+ A )a+ (Wi+ A, + (Wo+ A
T [(1 1)1*( o+ 2)3 (1 1)1 (2 2)3]

Finally, recalling that C.=-B T one can write Eqg. (98) and Eqgs. {96)-(97) as
i

B2 B,
21 .7 _ R By - R, ' 4
—(D11 o = W, 4ch(wo+ Ao)
Az Ao
- %
2 Bar (99)
(w1w1 + A1w1 + w1A1 + w2w2+ A2w2+ w2A2)
Az
- 2¢ $ N2 [ (wy+ A+ Wt Aglig+ (Wy+ Aq)iy+ (Wa+ Ag)fy |
Y4 3 R
HP=-223 [ Boyfy + (2Bog- 861)nf3 (Byy- 2866) fy- 2316 f3] - 4c 2 Awys A, )
- [ D”w1 + 4D 6nw2— (D12+ 4D 6)n w1— 2D26n wo ] + 4c E m:(w2+ Ao) (100)

R n? [ (w + A )f1 + 2(w1+ A )f2+ 2(w2+ A2)f4+ (wq+ A1)f2+ (wo+ A2)f ]
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S /4 7
Hy=-22 [ Byyfa - (2B - Bgy)nty- B;- 2Bgg)n f + 2Ben3 1 - 4c - x(w . A2)

14 ”

- R
- [ D11w2 - 4D16nw1 - (D12+ 4D66)n w2+ 2D26n wq ] - 4c T nt(wy+ Ayq) (101)

R ’ ’ 4 r 7 r ’ r
- 4c T n2 [ (Wo+ Ao)f3+ 2(W1 + A1)f4— 2(W2+ A2)f2+ (wq+ A1)f4- (wo+ A2)f2 1

Next combining the last Eq. (44) with the semi-inverted constitutive equation (see Appendix A for details)

one can write

S

My

t s s s
= ? D(MXO+ MX1cos neg + Mx23|n ng)

(102)
= CyyNy* CipNy'+ CraNg+ D+ Doy s Dy

*
= Cf1Fyy* CraFixx CygFaxy~ DyyWox~ DypWayy~ 2D Woyy

Substituting for W and F from Eqs. (9)-(10), regrouping and equating coefficients of like terms one gets

[ R — % - % — ” — —- & ”
Myy= =2 2 [ Cfyd + CilPe - 1) - Cye ] - Djyw, (103)
c-2R ¢ 2 104
s R z+,” =+ »o =* ./ 2
MXZ— 2 T (C12f3— C”n f3+ C16nf1) (D11 o D 2n Wo - 2D16nw1) (105)

” E ”
f=1 b2y e Wor & L [ Wiy 2Aq) + Walwp+ 2Ap) ]
0 2R < o0 =5 4 R <

A Ay Ay

thus Eq. (103) bgpqnjes upon substituting and regrouping

- % T % — %
_, C.B , C _ _ _
s + Cq2Bpy R C12 R =+ r = =ao
Mxo= = (P11- T ) Woo A r (C11% * CyoPe- Cyg)
22 22 ) (106)
C*
+ % nZ 12 [ wy(wy+ 2A7) + wp(wop+ 2Ap) ]

-~ %
Anp

Finally, recalling that Ei}“= - EijT one can write Eq. (106) and Eqgs. (104)-(105) as
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B2 B
s = ¥ 21 ” R 21 R o* Sk — T k—
o™ Ot gr ) Mot B 2 Mot 2 3 Byl Barpe B
22 22 (107)
g*
- % n2 21 [ wy(wy+ 2A1) + wolwo+ 2A) |
— %
Azo
s_ R —=x "_—* 2, oF ’_—* "_-* 2 = % ’
My1= = 2 5 Baqfy= Byynty- Bgyntg) - (Dyqwy- Dypn“wy+ 2Dygnwy) (108)
s _ R =x,” =+ 2 =% )/ =+ "7 =% 9 = % ’

S

Next one must express the in-plane shell displacements u® and v® in terms of the shell variables

V—V, W and F. Eliminating initially v from the strain-displacement relations

1 1

gy=Viy~ g W+ Wiy 2W, )W,y (110)
Txy = Uy * Vix+ (W, + W,x)W,y+ W,XW,y (111)
yields
1 — —
Uyy= Txy,y~ Eyx~ ﬁwsx" (W,x+ Wyx)wyyy‘ vawvyy (112)

Introducing the semi-inverted form of the constitutive equations (see also Appendix A) one gets

*

* * * * *
Uyy= (A16Fyy* AogFixx~ AgeFixy~ Bg1Wixx~ BgaWiyy~ 2BggWixy)y

* * * * * *
1 — -
_ﬁw’x - Wix+ W'X)W'W_ W’XW'W

Substituting for \7\/, W and F from Egs. (8)-(10) one obtains after some regrouping

Uyy = ?F:_zu,99= ._t_2_{01(§)cosne + Up(x)cos2ne + Ug(x)sinne + U, (x)sin2n6} (114)

R

where

~ 1 — % — % — % ’ —x " -y t ’ ’ ’
0130 = —{-[Agfy - (Agp+ Agg)n 2ty - 2Ajenfy + Agen 3f3]+cﬁn2[(wo+A0)w1+woA1] s

rer

1 t,5%* = % = % ’ —% T 7= ’
* 5gB21Wy - By ~2Bgg)n 2wy +(2B 5 -Bg ) nwy +Bgon dwpl -owy)
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~—_1 __* /I/__* _* 2’_._,* ” _* 3
U260 =—{-TAz5f, (A1 +Ag 6)4n f, -4A an +8A{n 3]

- (115b)
E_n [(w +A )W +W A1 (W2+A2)W —W Asl}

~ - 1 - % 4 * t 4 4 z
Uat) = {=[Axl5 - (A12* Ass)” fs* 2“26"‘1 A16“3f1]*Cﬁnzl(wo*Ao)Wz*WoAz] (115¢c)
o ” ’ C
1t g+ =% 13

S o1, FrT Tk Tel o —x 7 =4 3
Uax) =—{-[An0f4 ~(Ay5 +Agg)4n f4"‘“\26’“2 “BAygn Tl (115d)

E_nz[(w A, o)Wy +w2A1 +(w1 A, )w2+w1A2]}

14

and where Eq. (20) has been used to obtain the following expression for f o

21 7 C w o+ t n
A

C ’ ’ r r ’ r
—Wo T W P [(Wy +AgIWq W AG + (W +AgWp +WpAD] (116)

Integrating Eq. (114) twice with respect to @ yields

u=t{ —_U1 (x)cosn@ —__2U2c052n6 -_2U3(x)sm ne—_.U4(x)sm2n6 +U5 x)-0 +U6(x)}

n 4n n 4n (117)

Notice that because of the periodicity condition

2n
f Ugdd = 0 - Us() =0 (118)
0

In order to determine the form of the remaining function UG(Y) one must consider an alternate derivation
of u.

Using the strain-displacement equation

Ex = Uny + %(w,x+ 2W, )W (119)
and the appropriate semi-inverted constitutive equation one gets

Uy = Ey -%(w,x + 2W, )W,y (120a)

* * * * * * 1 iy
u,x =A1 1 F,yy +A1 2F,xx "A1 6F,xy -B1 1W,xx _81 2W,yy _281 GW,xy —E (W,x +2W,X)W,x (1 20b)
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Substituting again for W, W and F from Egs. (8) - (10) one obtains after some regrouping

, A A _ At Ar AT _
Uy = _%.u - %{uo(x) + Uy (Dcosn® + U, (x)cos2n8 + Uy (®)sinne + U, (x)sin2ne) (121)
where
— %k o 3
Ao 1, gr. Tr= T 1t = A2 = v Ap
Up() =5 {-(Ag1A+A1oPe ~AygT) + 5 5 By = "B11)Wo -0~ Wo
22 Aoo (122a)
K*
+ 1 12 2y s 2A W + (o +2A0)Wo] - S L (20w +2A YW +(w. +2A. )W, +(W., +2AL)WA])
Z'ﬁ";_*‘1112222'ﬁ000111222
22

A ”

N P —% o =x 7

1t — % 7 =% 2 - x ’ ct ’ ’ ’ ’ ’ ’ (122b)
_fﬁ(B”V\H —B12n W1 +2B16nw2) _Tﬁ[(w1 +2A1)wo+(wO +2Ao)w1]}
0’ — _1 K* fll 4K* 2f 2;* fl C t ’ 2AI ’ 4 2Ar r 122
2 X) == {(Aqofp ~4A 4N "1 ~2A gNly) - 2 [(Wy +2A Wy - (W5 +2A5)W, ]} (122c)
Va %4 - 1 — % I/ A— * - % ’
U3(x)=_6{(A12f3—A11n213+A16nf1)
1 t — % ” — % 2 - % 4 c t r ? ’ r 4 ’ (122d)
_Eﬁ(B11W2_B12n W2'2816nw1)—iﬁ[(wz+2A2)Wo+(Wo+2A0)W2]}
Ua (0 =L {A 1 —aR 2 02y +2A Sty - S L [(we +2A )W, +(w. +2A. w, 122
4 () =—{(Aqalq ~4A1 4N 14 +2A1gNT) - g [(Wp +2A0)Wy +(Wy +2A4 )W, ]} (122e)
and where Eq. (20) has been used to eliminate fo‘
Integrating Eq. (120) once with respect to X yields
A A A _ A A A
u=t{Uy(x) +U4(x)cosné +Us(x)cos2n6 +Uz(x) sinnd +Uy(x)sin2n6 +U+(8) } (123)

Comparing the 2 expressions obtained for u (Egs. (117) and (123)) one sees that they will be identical if

and only if,
A N AN 1,.,_ A 1..,_ A 1~_ A 1.._
Uo®=0g() ; Ui()=-—04() ; Up(®)=-—Us(x) ; Ug()=-—U3() ; Ug(x)=-—Us()
n2 4n2 n‘2 4n2
(124a)
and

07(6) =0 (124b)
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Returning to Eq. (117) and substituting for u=u $ from Eqg. (43) yields

t(uos+u1scosne +uzscoszn9 +usssin ne +u4ssin2ne) 128
=t{06(§)-LCH&)cosne-;Gz(i)coszne—.1_03(§)sinne-_1_04(§)sin32ne} (125)
n2 4n? n2 4n?
Equating coefficients of like terms one obtains
S_m o= D =
ug =0 =U o) (126a)
S_ 1___-1 — III__* -4 21__* 7y 3 s
uy -‘Fuﬂ )~;n_2{A221‘1 (Ayp +AggIn =ty ~2A5cnfs +A n oty +oWy (126b)
1 t — * o — * — * rd — * — * »” - * t ’ ’ 7
-5 EBa%y ~Bpp -2Bgg)n 2w, +(2826—861)nw2+B62n3w2]—c.§n2[(wo +A IWq +W Aq])
S_ 1 ~ = 1 - % III—__* - % 21
4n 4cn . \ , , , , , , (1260)
- % - %
-4A 0t +BALcn 3f4—%_R_n‘?[(w1 +AIWq W Ag -(Wy +Ay) W ~W,AS])
Uy = Oa®@ = (AT, (AL +A N2t s 2R 0t <A N3t +ow.
3 n_z' 3 _'Cn_z 22'3 12 "7'66 3 261 16" 1 2 (126d)

7 'y

1t .=+ - % - % ’ - % T A t ’ ‘ ’
-5 5 [BayWp ~(Bg —2Bee)n2w2—(2826-861)nw1 —862n3w1]—cﬁn2[(wo+AO)w2 +W oAg])

S_ 1 ~ — _ 1 —% " =y - % 2 ’
Uy =- 2U‘.:,(X)— 2{A22f4 —(A12+A66)4n f4
4n 4cn (126€)

— % ” - % 3 c t 2 ’ ’ ’ r ’ ’
+4A26nf2 —8A16n fo —fﬁn [(w2+A2)w1 +w2A1 +(w1 +A1)w2 +w1A2]}
Thus once the solution of W and F has converged at a specified load level, one can then evaluate the
above expressions for u. The only exception is u : , the evaluation of which requires the solution of the

following ordinary differential equation

— ” A
d S__ 1 3%, 4= =x= 1t =+ A = 12
U0 T g Rrhr AqgPe AgT) o g By —= -Byp)Wo - —=wo
Aga 22 (127a)
K*
2 L 1202wy +289)wy +(wp+2A0)wol -1 L2 +2A W (W +2A )W, +(W,, +2A ) W]
8= 17T TN T eRIWal = Z g 1eWo *eRI Wo +(Wy +2A )Wy + (W, +2A,) W,
22

ug (x=0)=0 - to suppress rigid body motion (127b)



29

To obtain a similar expression for v S one begins with the following strain-displacement relation

1 1 -
gy =Viy —ﬁw t s Wiy +2W,, )W,y (110)

and introduces the appropriate semi-inverted form of the constitutive equation to obtain

_ 1 1 )
Viy =ty +_FTW - §(W,y +2W,y)W,y

(128)
* * * * * * i 1 —
Viy =A12Fsyy *AzaFx ~AggFixy ~BagWixx ~BopWiyy ~2BogWoxy + 2 W= (Way +2W. )W,y
Substituting for W, W and F from Egs. (8) - (10) one obtains after some regrouping
Viy =%v,9 =%{\71 (X) cos n6 +V(x) cos 2n6 +V3(x) sinne +V4(x) sin 2n6} (129)
where
V=L (ALt A 02t -Arnty - X LB w, -Bon2wy +2B. nw, 130
100 =={(Agpty ~Ayon "1 ~Axgnfy) - 5 (BoyWq ~Boph "Wy +2By5nW,) +Cwq ) (130a)
Vo (x) =%{ (Agofo ~4A o0 2hy -2A 0t ) +%%n2[(w1 +2A1)Wy - (Wp 12A0) Wo]) (130b)
T B A % S 1t =% 7 =% - % ’
V3() = { (Al ~Afpn 213 +Aggnt,) -5 Ba1Wo By 2w ~2BenW,) +Cwg) (130c)
S om i mt e AR 2 oE* oy C 1 2
V4 (3= { Aoty ~4A 50Ty +2Azento) +2. 2 n2[(wp +2Ag)wy +(wq 12A1)wa]) (130d)
and where Eq. (20) has been used to eliminate fo.
Integrating Eq. (129) once with respect to 8 yields
v =t{%\71 (X)sinne +_21F\72(§) sin2né -%\73(32) cosnd —2l\74(§) cos2n6 + Vg (¥)} (131)
n

In order to determine the form of the unknown function \75&) one must consider an alternate derivation of
v. Solving for v,y from the strain-displacement relation for Yxy (see Eq. (111)) vields

V’X =ny _uvy —(Wrx +V—st) W,y -W,XV_V,y (1 32)
Introducing for Txy the appropriate semi-inverted form of the constitutive equation one gets

* * * * * * e -
v,x =A1 6F,yy +A26F,XX _A66F,Xy’BB1 W,XX _Bszw,yy _ZBGGW,xy _U,y - (W,X +W,x)W,y —W,xw,y (1 33)



30

Substituting for V—V, W and F from Egs. (8) - (10) and for u from Eq. (123) one obtains after some
regrouping

Fa%d — N7’ —- A7 A7 — Fa¥4 —
Vix =T;.v' =%{Vo(x) +V1 (x)sinn6 +V25in 2nd +V3(x) cosne +V,(x)cos2n} (134)
where
— % — %
A v A
o* 26 S 26
V (x)—_{ (A 67‘+A269e A66'c)+ ﬁ(821— 861)w —cA_w0
22 22 (135a)
c t P26 2 +2A1)Wq +(Wp +2A5) Wo] - +AL)Wo +w. A A A
'Ajﬁ_n [(wq +2Aq)wq +(wp +2A0) wa] ——ﬂ[(W1 ) W1 2- (W2 2)W1 W2 11
A
22

A7

o 1, 7*x,” =x o —x 7
V1 (x) =E{(A26f3—A1 gn fg +A66nf1)

L L By -BgonZwa -2Bgsmw) - S0y +o Lnl(w +A ywy +w Aq] (135
"5 Be1W2 Bean W2 -2Bgghwy) ~—Ug rcnl(wy +A g wy +w Aq])
/\r
c ~ (135c¢)
-Euz __n[(w1 +A )w1 +w1A1 (w2 +A2)w2 w2A2]}
2
Vs(")‘—{(Azsf ~Aggn f1 66” 3)
1 t - (135d)
V4(x)—_{( 26f 4A16” f2 -2A an4)
c ~ , P , (135€)
+.2_nU _fﬁn[(WZ +A2)w-| +w2A1 +(w1 +A1)w2 +wyAs]}
and where Eq. (20) has been used to eliminate fo.
Integrating Eq. (134) once with respect to x yields
A — N A A AN A
v =t{V 5(x) +V1(x)sinnd + Vo(x)sin2n6 +V3(x)cosnB +V4(x)cos2n6 +Vg(8)} (136)

Comparing the 2 expressions obtained for v (Egs. (131) and (136)) one observes that they will be identical
if and only if,

Vo -Vs® ; n®-10 Vo0 LTo® 5 Va@ =105 Uy - LU4® (137
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and

06(9) =0 (137b)

Returning to Eq. (131) and substituting for v=v S from Eq. (43)

t(v OS +v1s sinnd +v2S sin2n@ +v3S cosng +v f cos2n0)

- o . _ - _ - (138)
=t{Vg(x) +_1-V-| (x)sinsn6 s Vo(x)2n6 —1V3(x) cosno —lV4(x) cos2n8}
n 2n n 2n
Equating coefficients of like terms one obtains
5_g & o
Vo =V5(X) =V o(x) (139a)
51 ”-*2-*’1t-* 7 =% D - % !
S_ 1o a1 3% Aa*n2 oa*m ,C1 2
) =§1_V2(X)=§c_n{A22f2 —4A12n fo —2A26nf4+zﬁn [(wq +2A{)wq —(wp +2A0)Wo ]} (139c)
S ”
vy =-_V3(x)-—_{A22f3 A12n f3+A26nf1 __(Bz1w2 822n w2 -2B 6nw1)+cw2} (139d)
s 1o = 1 7% 5+ % oct
vy =-_2_EV4(x)=-?&]_{A22f4—4A12n2f4 +2A26nf2+zﬁn2[(w2 +2A5)wq +(Wq +2A41)Wo]} (139e)

Thus once the solution of W and F has converged at a specified load level, one can then evaluate the
above expressions for v. The only exception is v: , the evaluation of which requires the solution of the
following ordinary differential equation

=k

A —_ ” A
d =+ Pog —x 26
Evo ='—(A167‘+A26pe -AggD) +——(‘321 — BV, TWO
22 22 (140a)
1 A26 1 t r ’ r 7’ r r
+Zﬁ_n [(w1 +2A1)Wq +(wo +2A2)w2]—§ﬁn[(w1 +A ) Wo +W Ay —(w2 +A2)w1 -W5A1]
A

22

Vos (x=0)=0 - to suppress rigid body motion (140b)
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Turning now to the general elastic boundary conditions, in the limiting case as E, — 0 one can
regroup Egs. (78)-(82) as follows

0, S 0.8 s
hi=a;q(wg+ Wy+ Wpe+ Wy + a1oWox ~Hp=0

1 s 1.s 1. s 1 s S

ha= gy + 8gpvq+ aggWy+ aygWyy - Ny = 0
1.s 1.s 1.s 1. s s

hy= ayqUy + aypVy+ apgWy+ AWy - Nyy = 0
1.s 1. s 1 .s 1 s s

h5= agyUy + 8goVy'+ aggWy+ aggWys - Hy'= 0

o= 843Uy’ agpvi+ agqw s O My, = 0
h7= agyu; + alpvy- Ny
(141)
hg= a§1u25+ a222v28— NX;2= 0 “
hg= 233U + ajyvg + aggws avoy - Neg= 0
h10= 331 ”3s * a232"3s * a233""2s+ 334""25:; B Nx;s/3= 0
117 8g1U5'+ agpVs+ aggws + agwS, - Hy= 0

3 s s 3.8 3 s s
M2= agqUg+ 8gpV5+ 40y + Ay Wps - My,= 0

4 s 4 s s
h13=841Us + ayv4 - Nx4

4 s 4 s

Notice that upon replacing the shell variables involved u S, v S, wS, ~ and N NS xy H S, st by their
equivalent expressions in terms of the variables used in the anlsotroplc shell analysis V_V, W and F
derived earlier, one obtains a set of highly nonlinear boundary conditions. In short these equations shall be

denoted as

h{x, Y(x) ; %, pe, T) = 0 (142)

An alternate set of nonlinear boundary conditions can be obtained by rewriting the general elastic

boundary conditions in the limiting case as E, — - given by Egs. (83)-(87) as follows
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0,,S 0 S - S
91= byyHo+ bynp(My +A3) - (wg'+ Wy+ Wp_+ W) = 0

0 S (o] S - S
92= byHqy+ byo(My + Aq) - wo3=0

148, 18 1,8 1.8 S
93 D14Nyy* P1oNiy, * PygHy + bygMy - ug=0

1,8 1,8 1,s, . 1,8 s
94= boqNy, * DopNyy, * bagHy+ bopyMy, - vy= 0

o1 yS. 1 S 1.8 s s_
gs= b31NX1+ b32ny1+ b33H1 + b34MX1 - W= 0

S

1.8 1 ] 1,,s 1,.8
96= DgqNxy* DgoNyy,+ bagHy + DggMy - w5 =0

2.8 2.5 s
977 D1qNxp* PNy, = Up = 0
(143)

2.,,8 2 s S

3,8 3, 8 3.5, 134,58 s
99= B11Nyg* DyoNyys* DygHy + DyyMy,-ug =0

3,8 3, S 3,,s ,.3,,8 s
g10= b21 Nx3+ b22ny3+ b23H2 + b24Mx2— Vg = 0

3,8 S S 3,,8 3 ] S
911= P33Nxg* PapNyys* bagHy + bggMy, - Wy = 0

3,8 3, S 3,5 ,3,,58 ]
9127 BgqNyg+ BgoNyy + DygHy + bgyMy - Wy 5 = 0

4.8 4.5 s

4.5 4.8 s
9147 DyqNy,+ DooNyy - vy = 0

Notice that upon replacing the shell variables involved u S, v, wS, wS- and NXS , NXSy

S S .

< , H ,_l_\/lx by their

equivalent expressions in terms of the variables used in the anisotropic shell analysis W, W and F
derived earlier, one obtains indeed an alternate set of highly noniinear boundary conditions. In short the

equations shall be denoted as

3. NUMERICAL ANALYSIS
All the known numerical techniques for the solution of nonlinear equations involve iterative
improvements of initial guesses of the solution. Working with different shell configurations“s'm] it was

found that it is more efficient to adjust the initial guesses of the solution at a limited number of "matching



34

points” rather than trying to adjust the solution at all points along the interval simultaneously, as required
by the standard finite difference schemes. Thus, in the following, the problem will be cast into a form that

is suited for the so-called "Parallel Shooting Method*[22] that will be used for obtaining numerical solutions.

3.1 The Governing Equations in Terms of the Vector Variable Y

Introducing now the 28-dimensional vector variable Y defined as follows

Yi= 14 Y- 1, Y15 f; Yop=fy
Yo=fo Yo f, Yie= Ty Yog- f
Ya=fa Y10- Ty Yi7= 1y Yoa= fy
Y= 1y Yiq= 1, Yig= 1, Y51, (145)
Y5= Wq Yq2= w’o Yi9= w; Yog= w;’
Yg= Wiq Yq3= w; Yo0= w1” Yo7= w;”
Y= W Yia=wy Yoy w, Yog= wy

where () =d/dx (), then the system of goveming equations (Egs. (21)-(27)) and the general elastic
boundary conditions (Egs. (142) and (144)) can be reduced to the following nonlinear 2-point boundary

value probiem

9 Y-1X Y P D) forosxs< L (146)
dx R

gx =0, Y(0) ; A, P, ) = atx =0 (147)
- L Ly., = = = _L

D(X=ﬁ,!(ﬁ),7~,pe,'c)=0 atX=ﬁ (148)

where the general nonlinear boundary conditions are specified by the 14-dimensional vectors g and h.

The solution of this nonlinear 2-point boundary value problem will then locate the limit point of the

prebuckling state, whereby one of the 3 possible load parameters (A, Be, 7) is chosen as the variable load

A. The remaining two load parameters are assigned fixed values. By definition, the value of the variable
load parameter A corresponding to the limit point will be the theoretical buckling load Ag.

As can be seen from Fig. 6, using load increments AA the solution fails to converge close to and

beyond the limit point. This situation is somewhat unsatisfactory, especially since without the appropriate

starting values the nonlinear iteration scheme will fail to converge also at load levels less than the

theoretical buckling load. A closer look at the solution curve presented in Fig. 6 reveals, however, that one
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should be able to extend the response curve around the limit point by using increments of the appropriate
deformation parameter instead of increments in loading.

Using the concept of generalized load-displacement relationships defined initially by Budianskylzs], if
the variable load A is axial compression, that is A = A, then the appropriate generalized displacement is

the unit end-shortening defined as

- AW,xy) dxdy (149)

Notice that the significance of ¢ is, that the product A - ¢ represents the decrease in potential energy of
the applied load.
Substituting for u,, from Eq. (120b), for W,y, from Eq. (9) and carrying out the y-integration one

obtains after some regrouping

1t A 1 4o R R Ar2
_ £ _—* T k- _—*—- - % - % —
8= L <A+ AlDe AjgT + o L (Byy-Byy —2 + 2 20 f w dx +c__ f wodx
ct A ) 0
22 Az
A* LR
- % % _1*2 n? f { wilwq+ 2Aq) + wp(wo+ 2Ap) } dx (150)
A2 0
t L/R r 7 ’ 1 7’ r ? ’ ’ 7
+ % f {(Wo+ 2AgIwo+ L[ (wy+ 2R 0wy + (Wy+ 2Ag0W, | } o
0
where
€co %% (151)

Notice that the terms involving the integrals represent the nonlinear part of the end-shortening. Once the

solution of the boundary value problem (146) has converged, it is advantageous to evaluate g

by solving
the associated initial value problems, rather than using numerical integration schemes. Here one must

solve

g §nt- C5oWo* C1Wo~ Cs2 [ We(wq+ 2Aq) + walwa+ 2A9) |

dx R T (152)
+ Cg3 { Wo(w0+ 2A0) + 5 [ w1(w1+ 2A.|) + w2(w2+ 2A2) 1}

") = 0 (153a)

where 8 is the prescribed "end-shortening”.
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If, however, the variable load A is external pressure, thatis A = Be, then following Hutchinsonl24] the

appropriate generalized displacement is the average normal displacement defined as

] 2nR L
Wave= c{ ({ W dxdy (154)

Substituting for W from Eq. (9) and carrying out the y-integration one obtains after some regrouping

LR
Yy ave _ 7+ S R =
Waye= = = Aigh + Aggbo- Aggt + o 1 [ wodx (155)
(o}
where
t
Weq = 2 (156)

The term involving the integral represents the nonlinear part of the average normal displacement. Notice
that the significance of V—Vave is, that the product pg - V_Vave represents the decrease in potential energy
of the applied load. When the solution of the boundary value problem (146) has converged, it is
advantageous to evaluate V—Vave by solving the associated initial value problems, rather than using
numerical integration schemes. Here one must solve

cR

d —

owy= 157
5 aveT Wo (157)
Waye(0) = 0 (158a)
™ X (e}

Wavelr) = Wa(wL (158b)

where Wagvlz is the prescribed "average normal displacement”.
If, on the other hand, the variable load A is torsion, that is A = T, then the appropriate generalized

displacement is the apparent shearing strain23! defined as

] 2nR L
- ot ! C{ V,y dxdy (159)

Substituting for v,, from Eq. (134) and carrying out the y-integration one obtains after some regrouping

_ - _ Y AL
7 - % = (- Ajgh - AgePo+ Aggd) + % % B, _2;6 By) f wd - ﬂ _23 f wodx
Agp 0 Agp o
Ads UR
.- % _"i [ {wilwys 2A9) + walwa+ 249) } dX  (160)
A22 o]
L/R

c
-5 Tn of{ 1(w2+A2)+Aw2 [w (w1+A1)+A2w1]}dx
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where
1t
= — 161
" - |/ (161)
The terms involving the integrals represent the nonlinear part of the apparent shearing strain. Notice that
the significance of y is, that the product T - ¥ represents the decrease in potential energy of the applied
load. Once the solution of the boundary value problem (146) has converged, it is advantageous to
evaluate y by solving the associated initial value problems, rather then using numerical integration

schemes. Here one must solve

d - »
— Y””: Cssowo— 0551W0+ C552 [ L] (W1+ 2A1) + W2(W2+ 2A2) ]

dx , , , , (162)
- Cs53 { Wylwa+ Ag) + Ajwp- [ wy(wi+ Aq) + Aywq ]}

¥™0) =0 (163a)
Ly =30 (163b)
R

where v © is the prescribed "apparent shearing strain”.
One of these initial value problems, expressed in terms of the unified vector variable Y, represents the
additional equation needed when solving the 2-point boundary value problem (Eq. (146)) using increments

of the appropriate deformation parameter instead of increments in applied Ioading[1 6]

3.2 Numerical Analysis using Load Increments

Due to the highly nonlinear nature of the problem anything but a numerical solution is out of question.
Trying to make use of the readily available coded subroutines for solving nonlinear initial value problems
lead to the decision to employ the "shooting method" to solve the nonlinear 2-point boundary value
problem represented by Eq. (146). Though, due to the numerical instabilities, it may become necessary to
employ “parallel shooting" over (say) 8 intervals to carry out the integration over shell lengths greater than
L/R = 1.0, for the purpose of describing the method let us consider just "parallel shooting" over 4 intervals.

Let us associate the following 4 initial value problems with the above 2-point boundary value problem

E__ Ug=f(x, Ug; % Pe, T) 0 <x<Xq Forward Integration
dx (164)
Us(0) =5
d__ Vp=1f(x, Vo ; &, Pe. T) X1 <X <X Backward Integration
i

X (165)

Vpixa) = p



%}. l~Jp=j(§, Up i A Per 1) Xp S X < X3 Forward Integration

(166)
Up(x2) =p
9 V=R Vi; A Bo, T X3 <x< L Backward Integrati
-(EJ—,,(X’J' » Pes T) X3_X_ﬁ ackward Integration

(167)

L
V=) =1t
"‘t(R) ~

Notice that the unknown boundary conditions are specified by the 28-dimensional vectors S,pandt.iIn
addition, at the shell edges (at x=0 and X=L/R) the unknown vectors s and t must satisfy the general
elastic boundary conditions, specified by the 14-dimensional vector equations g or h, derived earlier.

Under appropriate smoothness conditions on the nonlinear vector function 1(?\: ;A Ee, T) one is assured
of the existence of unique solutions of these initial value problems. As can be seen from Fig. 7 these

solutions must satisfy the following matching conditions

x|
]
x|

U S M P T =VpX =X, P A Pa T
UslX =X1, 854 Pe, 1) = V(X =X1, p 5 & Pe, T) (168)
Up(X =X3, P 5 A Pe, T) = VX = X3t A Pe )
Introducing the new 56-dimensional vector function ¢ these conditions can be written as
gs(; =;1’ § ; }“'1 Be’ ?) - Yp(; =;11 E , ;"r Bes ?)
9(S) = - - - - I - - =0 (169)
- gp(x'_' 3vE’)"! pes T)_Vt(x=x3v£|;"r pe! T)
where
3
§ =Ip is an 84-dimensional vector (170)
t

Finally, by introducing the 84-dimensional vector function ¢ one can combine the given nonlinear

boundary vectors g and h and the above matching conditions into a single vector equation.

1t
-
I

|
o

o(S) (171)
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Thus the solution of the nonlinear 2-point boundary value problem (Egs. (146)-(148)) has been
transformed to the solution of the 4 associated initial value problems (Egs. (164)-(167)) and to the finding
of the roots S of the system of simultaneous equations defined by Eq. (171).

Using Newton’s method for finding the roots of ¢(S) = 0 one has the following iteration scheme:
sv*1 - gVs asV v=12,.. (172)
where A§V is the solution of the 84th order linear algebraic system

o
% ") - a8Y = - o(8%) (173)

To apply Newton's method one must be able to find the Jacobian matrix J(§V)

994 991
0 0
9914 9914
381 3828
9¢q 994 901 901
£ dspg  opy P28
0
9928 doog dp2g d9og
3 984 9spg 9Py 9p2g
J=§:(§V)= (174)
~ 0929 9929 d9og d92g
ap1 Ip2g dty diog
0
9956 P 9956 9956
9p1 op2g I dtog
dhy ohy
oty Otpg
0 0
oh14 dhy4
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Notice that those components of this Jacobian, which involve derivatives of the components of the
specified boundary vectors g and h, can be calculated analytically. However, the components involving
derivatives of the matching conditions must be obtained by solving the appropriate variational equations. In

order to solve for these components let us introduce the following new 28-dimensional vectors

Wi- g—s Ug for i=12,..28 P Zj= g Vp for i=29.30,..,56
i Pj
j=i-28
(175)
Wi=2_ U, for i=2930,.56 : Z=9_V, fori=5758.. .84
~ | ap p — i at’ ~t
J j=i28 j=1-56

These vectors are then found as the solutions of variational equations obtained by implicit differentiation of
the corresponding associated initial value problems. Thus the following variational equations must be

integrated forward

0

W= f®RUsiMPed W, 0sX<X
dx ~ oUg ~ ~ ~
- (176)
W;(0) = 1; fori=12,..,28
dx ~ 3 p
- (177)
Wilxg) =1 i for i =29,30....,56
j=i-28
and the following variational equations must be integrated backward
g 7= 1 ®VpihPed 2z X <X <X
dx ~ aVp - ~ ~
- (178)
Zi(xo) = ¥ for i = 29,30,...,56
j=1i-28
d__zi-g_f(i,vt;x,ﬁe,?)-zi YSSYs%
dx ~ - - -
~t (179)
L .
Z.'i (ﬁ) =~Ij for i = 57,58,...,84

j=i56
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Here IJ = {0,...,0,1,0,...0}T is the ith generalized unit vector in the n-space. Notice that the components of
the Jacobian matrix J’

[ ofy  ofy oy ]
307 W, T U
oy
a a — e
=L _f=0_1=| dU 180
U~ W ! (180)
dfog df2g
| Uy g |

can be calculated analytically. For details see Appendix G.

Since the Jacobian J’ is a function of g (or Y), the variational equations (176)-(177) depend step-by-
step on the results of the associated initial value problems (164) and (166), whereas the variational
equations (178)-(179) depend step-by-step on the results of the associated initial value problems (165)
and (167). Thus the variational equations depend on the initial guess §V. Hence it is advantageous to
integrate per interval the 28 variational equations simultaneously with the corresponding associated initial
value problem. This results for parallel shooting over 4 intervals in four 812-dimensional, 1st order,
nonlinear ordinary differential equations.

One of the greatest difficulties in "shooting" consists of obtaining a starting estimate of the initial data
which is sufficiently close to the exact initial data, so that the iteration scheme used to find a solution of the
nontinear problem will converge. Fortunally, in the cases of imperfect cylindrical shells loaded by axial
compression, external pressure or torsion the nonlinear solution approaches the linearized solution
asymptotically as the variable load parameter A — 0. Thus for sufficiently low values of the variable load
parameter A one can use the linearized solutions as starting values for the nonlinear iteration scheme.
Solutions of the linearized problem are also obtained by the "shooting method". It is well known that for the
linearized 2-point boundary value problem Newton's method yields the correct initial value S directly
without the need of iterations[®2]. The solution of the associated initial value problems and the variational
equations is done by the library subroutine DEQ from Caltech’s Willis Booth Computing Center. DEQ uses
the method of Runge-Kutta-Gill to compute starting values for an Adam-Mouiton corrector-predictor
scheme. The program includes an option with variable interval size and uses automatic truncation error
control. For proper convergence (5 digits accuracy) at low variable load levels 2 iterations are sufficient;
however, at variable load levels close to the limit point 6-12 iterations may be needed to obtain the same
level of convergence. Thus, upon reaching a variable load level corresponding to point A in Fig. 6, instead
of further increments in the variable load AA increments in the nonlinear part of the appropriate
deformation parameter are used to continue the integration. As can be seen from Figure 6 this switch in
increments makes it possible to integrate around the limit point at B and get converged solutions on the
decreasing part of the solution curve.
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3.3 Numerical Analysis using Increments of Deformation

Here one must find a solution for the nonlinear 2-point boundary value problem defined by Egs. (146)-
(148) under the restriction that the solution must satisfy also a constraint condition specified by either Eq.
(149) if the variable load is axial compression (A = 1), or by Eq. (154) if the variable load is external
pressure (A = Be), or by Eq. (159) if the variable load is torsion (A =7). Thus if one increases the
dimension of the unified vector variable Y by one (= Yog= A, fag= F,) then one must solve the following
nonlinear 2-point boundary value problem

LV -T& Y1 pe for 0sxs L (181)

dx ~ ~ - R

g(x =0, Y(0); A, Pg, T) = 0 atx =0 (182)
L L - = - _ L

hix = =, Y (=) A, Pga, =0 atx = = 183

hiX = = Y () % Pe. D = (183)

A=A, prescribed deformation (184)

Notice that the length of the capped vectors is incremented by one with respect to their uncapped
equivalents in Egs. (146)-(148). Thus the unified variable ? and the nonlinear vector function ’f are 29-
dirmensional, whereas the general nonlinear boundary conditions are specified by the 14-dimensional
vectors g and h.

Proceeding as before let us associate the following 4 initial value problems with the above 2-point
boundary value problem

% 03 - &, {-\’s ; A, Pes T) 0<X<X Forward integration (185)
x ~ -~ ~
Ug(0) :
© ="
7 lo
d Uy 1% V50 Be, T X{ SX<X [ i 186
i Vp =TI Vp i pe, 1) X4 £ X < Xp Backward integration (186)
- p
Vpix) =| ~
d 0 =t Oy Xo £ X <X F i i 187
9% ~P =1 Up i X pe 1) X2 S X =sX3 orward integration (187)
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As mentioned earlier, under appropriate smoothness conditions on the nonlinear vector function

f(?, 9 ; A, Pe, T) ONe is assured of the existence of unique solutions of the above initial value problems,

which besides the usual matching conditions

E.Js(; =;1, § ; x’ pei T) = \_/,p(; =;1! E ; A’v Ee, ?)
Up(X =X3, P ;A P T = Vilk =X3. 1 ; A, Pg, 1)

must also satisfy the following constraint condition
As(Xq) - Aplxy) + Ap(x3) - Atlxg) = Ag

Introducing the new 57-dimensional vector function 6 these conditions can be written as

gs(; =;11 § ; }\'l Bel ?) _Yp(; =;(-1| B ' ;"1 Een T)

>

)-— E.Jp( = 3'9;)"66’?)_Yt(;-_';&,t_;x’ae’?) =0

Aglxq) - Ap(xq) + Ap(xg) - Alxg) - Ag

lf\)

where
_ s _
A p ) . .
S=| " is an 85-dimensional vector
~ t
- A -

(189)

(190)

(191)

(192)

Finally, by introducing the 85-dimensional vector function $ one can combine the given nonlinear boundary

vectors g and h and the above matchihg and constraint conditions into a single equation

o>

———

Lu>

St”
It
5> Q
——

(193)
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Thus the solution of the nonlinear 2-point boundary value problem (Egs. (181)-(184)) has been
transformed to the solution of the 4 associated initial value problems (Egs. (185)-(188)) and to the finding

of the roots § of the system of simultaneous equations defined by Eq. (193).
Using Newton’s method for finding the roots of @(@) = 0 one has the following iteration scheme

§v +1_ §V+ A:é," (194)

where A?V is the solution of the 85th order linear algebraic system

S8 a8 - 88y (195)
0

To apply Newton’s method one must be able to find the Jacobian matrix 3(@")

91 3$1 961 91
331 882 3384 oA
A A A
dd2 ddo Ao
95y 7 9Sgq oA
j\(év) - i- § ('.S,‘\v) - wer w.e o es (196)
58 . SR
9g4 dog4 ddgy
957 3Sgs oA
A A A
dogs dogs ddgs
35, 9Sgs A

Looking at Eq. (193) it Is obvious that there are components of this Jacobian which involve derivatives of
the specified boundary vectors g and h, which can be calculated analytically. However, the components
involving derivatives of the matching and constraint conditions must be obtained by solving the appropriate
variational equations. In order to solve for these components let us introduce the following new 29-

dimensional vectors

Wi=2 0y for i=12..28 . 2=9_ 0, for i=29230,. 56
~1 0Sj =S ~1 apj“p
j=i-28
(197)
A a A N A a 0 .
W= Fro Up for i=29,30,..,56 AL = Yt for i=57,58,..,84
j j

j=i-28 j =i-56
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and
We=2_ 0 2,29
_,S_ E)A ....s ~p— BA ...p
5 A - (198)
A
Wo-2_ 0 2= 20
~P A <P =t 8A~t

Notice that all capped vectors have been incremented with respect to the corresponding uncapped vectors

of Eg. (175) by one component, namely by Ysg= A, such that

T
A T oA
Wi=| W, , — 199

gl | [ i asl :I ( )
These vectors are then found as the solutions of variational equations obtained by implicit differentiation of
the corresponding associated initial value problems. Thus the following variational equations must be

integrated forward

LW =2 _ T ®0s:inPed W o0c<xsx
dx 20 (200)
A A .
Wi) =1; for i =1,2,...,28
dx W0p (201)
A A .
Wi(x2) =.|.J' for i = 29,30,...,56
j=i-28

and the following variational equations must be integrated backward

.3:21=3Ti&,yp;x,ae,a-gi X S X <X
X Vp (202)
Zi%) =1 for i = 29,30,...,56
= i-28
A A = A — -_— A — — L
45-2 t&¥inpe- 2 a<X< L
dx oVt (203)
gi(%) -1 for i = 57,58,..,84

i =i-56
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where 1\5 ={0 ..,0 1,0, .. 0}T is the ith generalized unit vector in the n-space.

In addition, the following inhomogeneous variational equations must be integrated forward

d A A - A -_ - A A
—_Vj’s=a,\ I Ugi A pe, )Vj’s“aa—Ai
dx aUg

A A

Ws(0) =14

d A 3 A~ A - — A 2 A
— Wp = —— 1T (X Upi L pe ) W+ Z_ t
& ~P O D ~P 3K -
A —

Wptx) =0

and the following inhomogeneous variational equations must be integrated backward

d 2 Jd p = - a 4

2 2,-2 Tx¥y;0Mpe® 2o 21

dx"p 80 ~ ~P e =P 3A -~
~P

A

gp(2)=9

d__2t=a_f(x Ot,xpe,r)2t+_.1

A |_ A

Zi(2) =1

~t(R) 1A

The generalized nth

(204)

(205)

(206)

(207)

unit vectors ’l\i in the 29-dimensional space are obtained from the corresponding ones

in the 28-dimensional space by adding a zero in the 29th row. The forcing function af/aA and the unit

vectors I IA for the inhomogeneous vanatlonal equations are summarized in Appendix H. Notice that the

components of the Jacobian matrix J

Aty oy oy oty
T W e
oo
Uy

'jv=a_,\f(—’g;}"raer—t) =

a0 -

T " S
2N Ay ol
T e T |

(208)
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can be calculated analytically. For details see Appendix G.

Notice that since the Jacobian J'is a function of Q (or \?), therefore the variational equations depend
step-by-step on the results of the associated initial value problems. Thus the variational equations depend
on the initial guess é". Hence the variational equations must be integrated together with the
corresponding associated initial value problems. For parallel shooting over 4 intervals this actually involves
the numerical integration of four 870-dimensional, 1st order, nonlinear ordinary differential equations. The
final values of these integrations are then used to assemble the vector function §(§v) and the Jacobian

matrix a_é @ (é") given by Egs. (193) and (196), respectively. For details please consult Appendix .
0

4. DISCUSSION

To test the accuracy and reliabilty of the collapse load calculations, initially using Khot's
unsymmetrically laid up glass-epoxy shelll?8! close approximations of the bifurcation buckling loads for
various boundary conditions are computed. This is done by assuming a very small asymmetric
imperfection

W - tggsinmn%cosn% ; €5=0.1-107° (209)

where m.n are integers denoting the number of axial half-waves and the number of full waves in the
circumferential direction, respectively. By choosing n such that it corresponds to the critical buckling mode
of the perfect shell, the limit point of the prebuckling state for a vanishingly small initial asymmetric
imperfection (Ez= 0.1-107%)
ANILISAL29]

As can be seen from the results listed in Table 1 in all cases but one (the $S-2 boundary conditions)

approximates closely the bifurcation point of the perfect shell calculated by

the limit loads calculated by the present program COLLAPSE are, as expected, slightly lower than the
bifurcation buckling loads of the corresponding perfect shells calculated by ANILISA. The explanation for
the sole exception, the case of SS-2 boundary conditions, can be found by looking at the load vs
deformation plots displayed in Figs. 10-18.

It is known from Koiter's Imperfection Sensitivity Theorym that if the buckling load of a structure is
sensitive to small asymmetric imperfections, then buckling occurs at a limit point. The existence of a limit
point implies that for the corresponding perfect structure the initial slope of the postbuckling path at the
bifurcation point is negative (downward). As can be seen from Fig. 11b the load vs deformation (end
shortening) curve does not have a limit point. That is, after buckling the structure continues to develop
considerable postbuckling strength. Thus the loss of stability of the primary path does not result in
structural collapse. The same type of behavior is displayed in Fig. 11a, where the maximum value of the
asymmetric mode Wq may is plotted as a function of the axial load parameter pg=Ag/Ag. Notice that up to

close to the bifurcation point the asymmetric mode wq has vanishingly small amplitudes (of the order of
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10'7). After passing the bifurcation point the asymmetric mode wq grows very fast, but as can be seen
distinctly, with increasing axial load level. The load vs deformation path has in this case a point of
inflection in place of a limit point. Collapse occurs here at a higher load level not shown in fig. 11.

To illustrate this point further the results of Koiter's Asymptotic Theory computed with ANILISA[2] gre
shown in Table 2. Notice that for SS-2 boundary conditions both the second postbuckling coefficient b and
52, the initial slope of the postbuckling path are positive. This implies that the buckiing lead of the perfect
structure is not sensitive to small asymmetric imperfections, a prediction that is fully confirmed by the
present nonlinear analysis.

Further, as can be seen in Fig. 13, for the SS-4 boundary conditions the present nonlinear
computaional module COLLAPSE has encountered convergence difficulties shortly after passing the limit
point. To ascertain that the solution curve has not turned back on itself, the resuits close to the limit point
have been replotted using a blown-up scale. As can be seen in Fig. 14, the limit point is very sharp but
indeed one has obtained two distinct solution branches.

The fact that in Fig. 15b the postbuckling path turns back on itself can be attributed to the fact that in
this case in the deep postbuckling region the response cannot be described accurately with a single
asymmetric mode with n full waves in the circumferential direction only, as is done in COLLAPSE. Due to
nonlinear coupling effects additional asymmetric modes with 2n circumferential full waves are triggered.
The suppression of these additional response modes is the cause of the turn-back phenomena.

The response mode shapes at the limit points calculated for the different boundary conditions are
displayed in Fig. 19. Recalling Eq. (9), for each boundary condition three curves are shown, namely the

- axisymmetric part Wy, + wg(x)
- asymmetric part wq(x)cosn® + wo(x)sinnd
- compound shape at 6=0 ."%V_ = Wy + wg(x) + wy(x)cosnd + wo(x)sinn@

Comparing the response modes at the limit points calculated with COLLAPSE with the corresponding
bifurcation buckiing modes calculated with ANILISAI29] shown in Fig. 20, one sees an excellent agreement
as far as the mode shapes go. The amplitudes differ, since the bifurcation buckling modes in Fig. 20 are
normalized to unity, whereas the corresponding collapse modes in Fig. 19 are not.

Finally some remarks about the normalization and re-normalization used are necessary. All external
load parameters, A for axial load (=(cR/Et2)NO), Be for external lateral pressure (=(cR 2/Et2) p) andt
for torsion (=(cR/Et2) ny) are normalized according to the conventions introduced by the Harvard School
under Budiansky and Hutchinson[2'23'24]. Notice that with this notation the critical buckling load of an
axially compressed isotropic shell using membrane prebuckling (the so-called clasical buckling load) is
Ac=1.0.

In order to be able to make direct comparisons with the many published results and to assess the

possible imperfection sensitivity of the buckling load of the perfect shell for both, the load scale and the
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deformation scale a second normalization has been introduced. For a particular boundary condition the

total end-shortening given by Eq. (150) is normalized by the value of the linear part of the end-shortening
lim _» * A¥= _R*z

evaluated at the limit point. The re-normalized axial load pg is obtained by using the value of the

nondimensional perfect shell buckling load kg using nonlinear prebuckling and calculated by ANILISA[2)]

as a normalization factor.

5. CONCLUSIONS

In order to explore the capabilities of COLLAPSE, a program which can solve the nonlinear Donnell
type imperfect anisotropic shell equations under combined axial load, internal or external prressure and
torsion, a series of test cases are investigated. Notice that besides the standard simply supported and
clamped boundary conditions listed in Tables 1 and 2, also elastically supported edge conditions
represented by elastic rings of various shapes are considered. Specifically the following topics are
examined:

1. Imperfection Sensitivity Predictions for various boundary conditions
- asymptotic vs nonlinear solutions o
2. Effect of elastic boundary conditions
- symmetric cases
- eccentric cases
3. Interaction curves for axial compression and torsion
- modal imperfections

- affine imperfections

The results and their interpretaion for the stringer stiffened shell As-2191 and for Khot's glass-epoxy
(-40°,40°,0°) shelll®8] are presented in Part Il of this report.
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APPENDIX A: The Laminate Constitutive Equations inciuding Smeared Stiffeners

In deriving the constitutive equations for the shell wall made out of filamentary laminae, both
unidirectional or woven, it is assumed that the laminae are homogeneous orthotropic layers in a plane
stress state. The constitutive equations of the individual lamina in turn are used to derive the stress-strain
relations for the laminate.

Normally, as can be seen from Fig. 8, the lamina principal axes (1,2) do not coincide with the
reference axes of the shell wall. When this occurs, the constitutive relations for each individual lamina
must be transformed to the shell wall reference axes in order to determine the shell wall constitutive
relations.

Following Ashton et all?®! one obtains the stress-strain relationship for the kM-lamina in terms of the

midsurface strain- and curvature tensors of the shell wall as

[o]k= [Qlk [¢] + zQlj [x] (A1)
where
Q11 Qq2 Qg
[Qk= | Q12 Qo Qe (A.2)

Q16 Qg6 Qgp |,
and
[ok=[0x Oy Tyl
[£] =lex & wyl' (A.3)

T
[ =[x xy
with
611= Q11C4+ 2(Qqo+ 2066)0252+ 02284
Qqz= (Q41+ Qpz- 4Qpglc®s?+ Qqa(c?+ s%)
Qpz= Qq1s%+ 2(Qqz+ 2gg)c?s?+ Qppc®
(A.4)
Qgg= (Q11+ Q2- 2Q12- 2Qgg)c %s 2+ Qgglc+ s4)
Qqg= (Q11- Q12- 2Qgg)e s+ (Qq2- Qpp+ 2Qgg)cs

626= (Qq1- Qq2- 2Q66)033+ (Qq2- Qoo+ 2066)038



53

and
E E
Q1=.__l_ ; 022=__i ; €=c088k ; s =s8inbk
T-viav21 1-v12v2q
(A.5)
v21Eq1 v12E22
Q2= Qp¢= = ; Qge= G12

1-vyova1  1-vqoVpq

Notice that the factor (1/2) which appears in front of the shearing strain Yxy in the strain tensor has been
incorporated into the Q matrix.

The laminate constitutive equations are obtained by integrating the constitutive equations for the laminae,
(Eqg. A.1), over the thickness t of the laminate (see Fig. 8) yielding

[N] = [A] [e] + [B] [x]

(A.6)
[M] = [B] [g] + [D] [x]
where
N "y 1
Ajj= E @)k (hi- hi-1) ; Aij= = A
N 1 = 2 2 = 2c
Bji= Y. = (Qj)k (he- he ) ; Bij= = Bjj (A7)
] 4 2 | k k-1 j Et2 |
N 2
1 = 3 .83 4 S
D= ¥ = Qik (hyc- ) ; Djj= _E_ Dj  forij =128
k=1 Et3
and
E = reference modulus
v = reference Poisson’s ratio
N
t = laminate thickness = Y}~ (hy- hx_1)
k=1
c = {3(1-v9)
Inverting the first constitutive equation one gets
[e] = [A"TIN] + [B™] [] (A.8)

where
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A= ;B --A7T B (A.9)

Substituting the above equation into the second constitutive equation (A.6) yields

M = [C*[N] + D] [x] (A.10)
where

[C*=BIA" =-B4 ; D% -0 -6 N B (A11)
Finally

KUL Et A”T‘ : Ei}! (2ch) Bi;‘ ; 6”7‘= (4c2/ELS) Di;.* (A.12)

The layered composite cylindrical shell body can further be reinforced by using closely spaced rings placed
parallel to the y-axis and closely spaced stringers placed paraliel to the x-axis (see also Fig. 9). Let

Ag A = Cross-sectional area of stringer and ring, respectively

dg, d, = Distance between stringers and rings, respectively

= E = Young’s modulus of stringer and ring, respectively

eg € = Distance between centroid of stiffener cross-section and middle surface of the shell
(positive inward)

Gq, G, = Shear modulus of stringer and ring, respectively

Iss I = Moment of inertia of stiffener cross-section about the middle surface of the shell

Its’ Itr = Torsion constant of stiffener cross-section

t = Thickness of shell

Vg, Vp = Poisson’s ratio of stringer and ring, respectively

then one obtains the following additional "smeared" stiffener terms that must be added to the previously

derived shell wall stiffness coefficients for layered composite shells

EA

s EgAsg

Aq1= Agq g

s

EA

s rAr

Ago= Agy+ -
EgAs

3
By1=Byy+ €5

EAr

S



Egl
s sls
D11='D11+ 3
s
E/l
s r'r
Doo= Dgg* 3
Gl G
D= Dot — (c—= 4
66~ Des* 7 (— d,
where
E E
Gg=— 0 _ Gr=—ol
2(1+vg) 2(1+vy)
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APPENDIX B: The Periodicity Condition

If the solution is to satisfy periodicity in the circumferential direction then the following expression
must hold

2nR

f vydy = 0 (B.1)
(o]

where from Eq. (128)

w

* * * * * * 1 —
Vy= Ar2Fiyy* AgaFioc AggFixy~ BagWoxx~ BpgWayy= 2BagWaxyt = = = Wiy(Woy+ 2W,y)

Substituting for V_V, W and F from Egs. (8)-(10) and regrouping yields

1 t e ” 1 t 5
—% . 2[(wq +2A1) w1 +(wp +2A2)w2]} (B.2)
+LR (_) X)cosne +V2(x) cos2n6 +V3(x)sm no +V4(x)sm2n9}
c

where the functions V{(x),..., V4(x) are given by Egs. (130a) - (130d).
Substituting this expression into Eq. (B.1) and carrying out the y-integration one obtains

{(cw ~Ayoh) +(EWp -AgoDe) +(OWy +AsgT) +Agfs -%l By W, +owg o3
_ZL_t_n [(Wq +2A1) Wy +(wo +2A2)w2]}(2nR) -0 |
Recalling that from Eq. (20)
7\521‘”—%%521w +oWg - %_n [(Wq +2A1)Wy +(Wp +2A0) o] =G1x + Co (20)
Substituting this expression into Eq. (B.3) yields after some simplification
{(eWy -A[2) +(cWp ~Aj,Pe) +(EWy+AseD) +C1X +Cp) = 0 (B.4)

Notice that if one lets

17 %

Wy =—A oM (B.5a)



J1ANS
Wp=-AxoPe
15%=
Wi=-_A, T
t="z"26

and

then the periodicity condition specified by Eq. (B.1) is identically satisfied.

57

(B.5b)

(B.5¢)

(B.6)
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APPENDIX C: The Coefficients Used in the Governing Equations

g

2 _, _ - - B 2
_n% cxox - R S21 _.2Rn
Cq E(D11AXXW+BZ1BXXW)+2C TA—1 Cy7=¢ T_AT
Co- M B 1 AN BB O1g- 2002722
2= 5 (D11A117B31By3) 187 200"
2 A
1tn® ko =% =« c =4 R 22
-_1n -B,,D ) Cqyg= 4c 2 _22
2R A C11PxxyyBat oy * P11 197 %7 7,
— % - %
B 2 _, _ —. B
L. P21 N gz X = R 521
Cs 20T1_ Cop= _(A22DXXW+BQ1BXXW)+2C T—E—
4, _._ 4, _, . _
1tn * =k * Tk n * T * Tk
C5= 555 P11B127B21Dp)) Co1= o= (AxDp5+ByByy)
2 R Ay Aq
— % — %
D 2 ., _.- 2 A
ct 2P Rn® =+ =+ x = R2 Az
Cg= Z—n“___ Con=2___(A,,B -B,, A +4c =7
3R A 227 2 5 PaoPuxyy BatAxyy) 2 A
% % — k
B..B A
C7= c%nZ# C23'—' 402%
1
B, 4
_ .2 2 Doy RNtz oy
Cg=2c%n° Cog- zTA_1(A22512 BoyAsy)
Aot
— % - %k
2 B B
Cg= c_ln4_ 21 C25= Cf‘l2_2_1
2 R * Aq
— % - %
B B
2 B21 2 B21
Cig=cn“c_=_ Cog= 2cn“_—_
10 A 26 A
— %
A 2
C11-4n2 Xxyy 027‘ 4025.n__
L t Ay
A
22
— %
A 4
Cio= 16n4l Cog= C2n_
—— Aq
A
22
%
2 A
t n R_2722
Cya= 1 Cog=2c__n-_==2
13" IR= S >



Cs1=c¢

Coo1=

C202=

Co03=

Coo7=

Cs50=

Css51=

— %
R A2
T =%

Axp

ok Tk

n ok T %
A7 (2D11A26 B2 1Byyxy)

[}
|3
ol

Bo,Der )

Rn 3*g

* — % _ %
- 2T‘A—1(A228xxxy+2821A26)

%

.y Ags =
11+ Pog o
51T ®21 = Be1)

A2z

= ¥

A
R f2s
L

— %
Agp
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— %k
A
C52= _C_l 12n2
4L A
22

t

Ceaq= L
53~ 5T

3 -, — —y =
_ R n K Tk * T ok
Copg= ZTA_1(A228xyyy+2821A16)

- _ n ;7 * <% =k %k
C209- H(A22Dxxxy+821 Broxxy!

—x T %

P -
C210- B (A22Dxyyy*B21Byyyy)

E*
Coq1= ?_an_Az{_

.
Coqo= 4CHE_21
A4

7\*

R _ 2722

C =4c__n- ==
213 T Aq

K*

R_"22

C =8Cc—-n_—=
214 T Ay

Cero= S L
5527 7T



where

- T -k T %
A1 Dy1Az+By By

. Y -
Byxxy= 2B26Bg1

- %
Byxyy™ Byy+Byy-2Bgg

*
Bxyyy_ 281 6 862

and
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*
Axxyy™ 2A15+Agg

g 3 — % - % gt 3
Dyxxy= 2(D16+Dg1) = 4Dy

Dyxyy= D12+Dp1+4Dgg= 2(D5+2D¢g)

- % — % T % - %
nyyy= 2(D26+ 062) = 4D26
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APPENDIX D: Derivation of the Reduced Boundary Conditions

it is necessary to express the different boundary conditions in terms of the shell variables
\TV, W and F. Considering successively

1. Boundary condition: u = u,

From the strain-displacement relations

u,y= ny_ V,X— vawvy— W,XW,y— W,xw,y (D1)

, w,i— Wy W,y (D.2)

W
R

| =

V,y= €y+

Differentiating the first equation with respect to y and the second with respect to x and then eliminating the
term Vixy between the resulting expressions yields

- 1 W T

Uyy= Yxyy~ Eyx~ " Wy~ W,xW,yy" vavay‘ vaW'yy (D.3)
Using the semi-inverted constitutive equations

* * * * * *
Tay= A1gFryy* AogFiox Aggxy~ B Woxx~ BgpWayy~ 2BggWxy (D-4)
- A, AsoF = AoFoy= Bog Wi~ BaoW S W D5

gy= AqaFyy* AooFixx~ AggFixy™ BopiWaxx— BopWiyy~ 2BggWoxy (0-5)
Recalling further the fact that if a function &(x,y) in an orthogonal reference frame satisfies the condition

o(xy) =C at x =Xg (D.6)

where both C and x, are constants then

r

8_ o(xy) =0 at x=Xxq forr=12,... (D.7)
oy

hence since u = ug at x = 0,1, therefore Uyy= 0 at the shell edges. Thus specializing Eq. (D.3) to the
shell edges, one obtains upon substitution for Txy and gy and some regrouping

1 - % — % e = % - %
£ U A2aFoox 2Ax6Fxxy= (Aya* AgglFxyy* ArgFyyy }

t = % - % = % - % - % - %
* 55 [ BoiWaox* (2Bog Bgy)Wosxy* (Byp~ 2Bgg)Woxyy— BgoWayyy (D.8)

1 Y N -
- 5 Wixm W WodWoyy= WoWoyy= 0
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Substituting now for V—V, W and F from Egs. (8)-(10) and regrouping yields

1 t =% 7 == = % ’ - % =% 7 =%
- 5 7 Baywy - By 2Bggn 2w+ (2B~ Bgy)nwy+ BaonBwo] } cos no

- % 14 — % - % 2 Is — % ” - % 3

t

C 2 r r ’ ’
R n [w1(w1+ Aq) + w1A1- w2(w2+ Ao) - w2A2] } cos 2n@ (D.9)

—_— ry

— % — * ’ — * ” — * 4 t ’ ’
+ { Agofy = (Agp+ Aggnig+ 2Asenf, - ALen 3ty + owy- = n? [wo(wa+ Ag) + WoA ]

1 t =% 7 == S+, 2 7 — % =% Y =% 3 .
"3 E [821w2 - (822- 2866)n Wy (2826- B61)nw1— 862n w4] } sin n@

- ok =k 2. e

t n2 [w1(w2+ Ao) + w1A2+ w2(w1+ Aq) + w2A1] } sin 2n@ =0

This expression must hold for all values of 6 = y/R, which implies that the expressions in the curly
brackets must be equal to zero. This yields then 5 conditions that u = Uy at x = 0,L/R implies. Notice that
the first of these equations does actually not represent a new (boundary) condition, since it can be

obtained from Eq. (20) by a single differentiation with respect to X = x/R.

2. Boundary condition: v = v,

From the strain-displacement relations and using the semi-inverted constitutive equations one gets

LW —~ (D.10)
Viy= &yt g 5 WiyWiy+ 2W,y)

* * * * * * W i —
= A12Pyy* AaaFx AggFixy™ BagWoox~ BagWayy~ 2BpgWixy + = = = Wiy (W,y+ 2W,y)

Specializing to the shell edges at x = 0,L/R implies v,y= 0.
Hence upon substituting for \TV W and F from Eqgs. (8)-(10) one obtains after some regrouping
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- % =% - - % —
{ (Wy- Apph) + (€Wp - AgoPe) + (CWi+ AgeT)

* ” t

- _Z. = 2wy (wq+ 2A1) + wo(wo+ 2A5)] }

”

= % ~% 2 —-x ./ 1t 5% 7 =S+ 9 - % ’
+{ A22f1 - A1 PUyl fq- A26nf3+ CWq - T (Bmw1 - 822n Wq+ 2826nw2) } cos n6
(D.11)
+{ K2*2f2- 4K1*2n 2f2- 2/_\2*6nf4+ _} % n2[w1 (Wq+ 2Aq) - wp(wo+ 2A5)] } cos 2n6

- % ” - % 2 - ’ 1 t — »” —-— 2 - % ’ i

N

’ t

—% 7 =% - % c .
+{ A22f4‘ 4A12n 2f4+ 2A26nf2+ iR n2[W2(W1+ 2A1) + wy(wp+ 2A5)] } sin 2n6 =0

This expression must hold for all values of 8 = y/R, which implies that the expressions in the curly
brackets must be equal to zero. This yields then 5 conditions that v = v at x = 0,L/R implies. Notice that
the first of these equations does actually not represent a new (boundary) condition, since the underscored
part is just Eq. (20). Thus it vanishes identically. The remaining terms are also identically equal to zero if
one introduces for W,,, Wpe’ and W; their values given by Egs. (B.5).

3. Boundary condition: W = 0
Substituting for W from Eq. (9) yields

W, + Wpe+ Wi+ wgo+ wqC0s N6 + wpsin n@ = 0 (D.12)

For this expression to be true for all values of 6 = y/R, the following boundary conditions must hold at
X = O,L/R:

W= - (W, + Wpe+ Wy (D.13a)
w{=Wp=0 (D.13b)

4. Boundary condition: W,,= 0
Substituting for W,y from Eq. (9) yields

’ ’ 4

W+ W4C0S N6 + wysin n = 0 (D.14)

For this expression to be true for all values of 8 = y/R, the following conditions must hold at X = 0,L/R
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’ ’ 4

5. Boundary condition Ny= - N,
Substituting for F from Eq. (10) one obtains

Ny= Foye EU2 (- A - n2f1cos N6 - 4n2fxcos 2n0 - n2fgsin 6 - 4n2fssin 2n6) = - N (D16
x= Fyy= —= 1 2 3 48in 2n6) = - Ng  (D.16)

For this expression to be true for all values of @ = y/R, the following boundary conditions must hold at
x = O,LUR

A=-Ny SR (D.17)
Et2

f1=fo=13=14=0 (D.18)

Notice that there are only 4 new boundary conditions, since the condition given by Eq. (D.17) is just the

definition of the nondimensional axial load parameter A.

6. Boundary condition: Nxy= So
Substituting for F from Eq. (10) one obtains

2 _ ’ ’ ’ 7
Nxy= - Fxy= - .Eit_R (- T - nfysin n6 - 2nf,sin 2np + nf3c0s N6 + 2nf,cos 2n6) = S, (D.19)

For this expression to be true for all values of 0 = y/R, the following boundary conditions must hold at
X = 0,LR

T-5, R (D.20)
Et2
f1= = fg=1,= 0 (D.21)

Notice that there are, once again, only 4 new boundary conditions, since the condition given by Eq. (D.20)

is just the definition of the nondimensional torque parameter 7.
7. Boundary condition: H=0
From the derivation of the nonlinear equilibrium equations using the stationary potential energy

criterion[so], by definition

H = MX,x+ (Mxy+ Myx),y+ Nx(w,x“‘ W,x) + ny(w,y+ W,y) = 0 (D22)
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Using the appropriate semi-inverted constitutive equations one obtains
* * * * * *
H = = By1Fxyy~ Ba1Fooot BgyFooy~ DyqWoxxx= D1pWaxyy~ 2D4gWoxny

* 2(- BygFyyy~ BosFxey* BegFuyy™ DigWooxy~ DogWiyyy~ 2DggWoxyy) (29
+ F,yy(w,x"’ st) - ley(le+ va) =0
Substituting for V-V, W and F from Egs. (8)-(10) and regrouping one obtains the following residual

— % o 1 t — % 07 ’ !’ ’ ? ’ 4 4 ’

eq={ - Boyfy- TR DyqWo = 26Mw,+ A - cn2[f1(w1+ Ap) + falwor Ag) + fi(wy+ Aq)+ ta(wa+ A2)] }
1 t — * 4 — * — * 4 — % ” — * 4 4 -

+{ TR [- Dyqwq + (Dyp+ 4D66)n2w1- 4D, W,y + 2D26n3w2] - 26Mwy+ Ay) + 2ent(wo+ Ap)

= % = * =%, 27 —x =% YoT% 3

- 2cn 2[f1 (WO+ AO) + 2f2(W1 + A1) + 2f4(W2+ A2) + f2(W1 + Aq) + f4(W2+ Ao)] } cos nb
=% - % —* ., 92/ = % - % ” =% 3

- cn2[8f2(w0+ Ao) + 4 (w1+ A1)— f3(w2+ A2) - f1 (wq+ Aq) + fs(w2+ Ao)} } cos 2n6

+{ - onZlafplwy+ Ay) - dlg(Wo+ Ay) - 2fn(Wy+ Ag) + 2ty (wp+ Ag)] } cos 3n6
1 t 114 2 ’ ” 3 ’ ’ (D'24)
= % — % - % - % = % -
+{ >R [- D“w2 + (D12+ 4066)n Wo+ 4D16nw1— 2026" wq] - 201(w2+ A2) - 2cnt(wq+ Aq)

”

=% 7 — el S A - % 7o =% 3

- 2cn 2[f3(wo+ Ay + 2f4(w1+ A1) - 2f2(w2+ Ay) + fawq+ Aq) - f2(w2+ Ao)] } sin nB
= 7 = % =%, 2/ = % = x ” =* 3

- cn2[8f4(wo+ Ao) + f3(w1+ A1) + f4 (w2+ A2) - f3(w1 +Aq) - f1 (wo+ Ao)] } sin 2n6
+{-cn 2[4f2(w; + A1) - 4f4(w2+ A2) - 2f2(w1+ Aq) + 2f4(w2+ As)]}cos3n6
+{ - cn2[4f4(w1+ A1) + 4f2(w2+ Ay) - 2f4(w1+ Aq) - 2f,(wo+ Ap)] } sin 3n6 =0

Here the 8 = y/R dependence is eliminated by using the following 3 Galerkin integrals
2n

[ ende =0

(D.25)
[o]
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21
f £HCOS N6 d6 = 0 B (D.26)
(o]

2n
[ esin n6 do = 0 (D.27)
0
Notice that these are the same Galerkin integrals that have been used earlier to eliminate the y-
dependence from the out-of-plane equilibrium equation (3). Substituting for €4 and carrying out the

integrals involved one obtains the following boundary conditions at X = 0,L/R

77 r
t

Bz1fo+5 ) DyW, *2°MW ‘A o 028
+ on?fy(wy+ A) + falWy+ Ag) + 1y(Wy+ Ag) + Tgwar Ag)] = O
- % n - % — % ’ — % — % ” - * ’ z -
Bofy ~ (Byy- 2Bggin®t; - (Bgy- 2Bgnty- 2B, 5n 33+ 20h(w,+ Aj) - 2ent(wo+ Ag)
1 t — % rnr — * — * 2 ’ — * ” po— * 3

+ 20021 Wo+ Ag) + 2Ap(wy+ Ay) + 2ig(wys Ag) + y(wqs Aq) + To(Wa Ag)] = O
Boyfa - (B4~ 2BgginZiy+ (Bl - 2B eIty + 2B5n 3+ 20Mwo+ Aj) + 2eriT(wy+ Aq)

* % %[61*1"";‘ (Dyp+ 4Dgg)n zwé" 4‘51*6"W;* 2D gn %wy] (D.30)

+ 2en2fa(w+ A) + 2ig(wys Ap) - 2fp(was Ag) + Tylwy+ Aq) - Ly(wos Ag)] =

But now, differentiating Eq. (20) once with respect to X = /R one obtains

” 4 ¢ B4 " ¢ 7 ¢t n2
fo- 5’ = W, - — W+ TR = w 1(w1+ Aq) + w1A + wz(w2+ Ao} + w2A2] (D.31)
Asp Anp A%

Thus upon substituting and regrouping the first condition, Eq. (D.28), becomes

- ¥ % = ¥

_. BB . B .
1,221, ~c 2l w + 2chw _+ A)
5 R 117 — o A
Ago 22
B, D.32
#8021 N2 Wy Ag) ¢ WeAL+ WaWor Ao) + WoA] (0-32)
Eﬁx* 11 1 174 2\W2+ A2 2ho
22

+ en?fy(wy+ Ag) + fg(Wo+ Ag) + fi(Wy+ Aq) + fawo+ Ag)] =
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8. Boundary condition: My= - N,g

Using the appropriate semi-inverted constitutive equation one gets
My= - B, Foy- BogFixx+ BasF : g 2D, W= - N D
x= = By1Fyy~ BayFuxx* BggFixy= DyWixx-D1pWayy~ 2D4gWoxy= - Nog (D-33)
Substituting for W and F from Eqgs. (9)-(10) and regrouping one obtains the following residual

=% “k— k= —x "7 {1 t =% 7 1 t .=
eM= { - Byyd - ByPe* BgyT+ Boyfr 5 5 D1Wo~ 5 g M)

- % - % 2 - % ’ 1 t ”
+{ 821f1_ B11n fq- anf +

ol 3 —* 2 - x ’
eh (D11w1— D12n wq+ 2D16nw2) } cos nB

=% 7 —x D —-—% 7
+{ Byyfs- 4B11n fo- 2Be1nf4 } cos 2n6 (D.34)

— % ” - % 2 — % ’ 1 t - % ” - % 2 - % 7 X
+ { Bz1f3- Bﬁn fg+ Be1nf1+ 5H (D11w2— D12n Wo - 2D16nw1) } sin n@

—x 7 = % - R
+ { Byyfy- 4B n2fy+ 2B nf, } sin 2n6 = 0

where q = 4c(R/t2)q and q is the load eccentricity.

Here the 6 = y/R dependence is eliminated by using the previously defined (see Egs. (D.25)-(D.27)) 3
Galerkin integrals. Substituting for ey and carrying out the integrals involved yields the following boundary
conditions at x = 0,L/R

— % ” 1 t —_ % ” — % 1 t — — % — -k — B

—% 7 —x 2 - % ’ 1 t — % r— 2 - % ’ _
—% 7 =% 2 — & ’ 1 t — % ro— g 2 - ’ _
8211‘3- Bﬁn fg+ Be1nf1+ TR (D11w2— D12n Wo- 2D16nw1) =0 (D.37)

Substituting for f . from Eq. (20) and regrouping the first condition, Eq. (D.35), becomes
0

-k T % — %

BB . B _ _ _
1t =+ BoyByy 21 £ 1t = f= =k
5| P11t —=5— ) W5 ¢ = Wom Byy* 5 5 D - ByyPer Bgyt
Aso Aso
(D.38)
E*
. % % 2*1 n2 [wq(wy+ 2A1) + Wo(wo+ 2A0)] = O
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The 8 different edge conditions discussed previously can be combined to yield besides the 4 different

simply supported and the 4 different clamped boundary conditions, the free edge conditions and, if the

S$8-1 Boundary Condition

initial imperfections are chosen accordingly the symmetry conditions at X = .;_ % .
fy=fo= f3=f4= 0 (D.39)
f;= fé= fé= f;= 0 (D.40)
Wo= - (W, + Wpe+ Wy (D.41a)
wqy=wo=0 (D.41b)
W, = Caqh + Congt (D.42a)
w1"= - B1f;’— Bzwé (D.42b)
Wy= - Byfy+ Bow, (D.42¢)

Nx= - No s
W=0 -
Mx= - Noq -
where
Ok
.. 2R Bz
i < 6* ’
11
hg
2D
Bo= 16 n ;
= %
Dyy

$§5-2 Boundary Condition

Ca1= A% { —R (AgoBy1= AfaByy) + Azsd )

(D.43)
Ca20= % 2R (RogBa1- AgsBay)  and Aq= AgD ;s B,1Ba1
fy = Bfy- Belg- Byw, + Bgw, + 2BgAqw, (D.44a)
f, = 2B10f4- 8B11i4+ Bo(Aqw, - Agw,) (D.44b)
f = - Bl + Bfy - Bywy+ Bgw, + 2BgAgw, (D.440)

rr

f4 = - 2By 0f2+ 8Bq1qfo+ Bg(A2W1 + A-|W2) (D.44d)



f1= f2= f3= f4= 0

Wqi=wo=10

MX= - Noq -

” ”

W= Cqqk + Copgt
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w0= - (Wv+ Wpe+ Wt)

’

W1= - B1f1+ B3f1— B4W2

” ”

Wo= - B1f3+ Bgfg+ B4W1

where
- %
B
2R Bi1
B ="
Dy4
= %
2D
B4= —= n = B
D1
E*
n .z Bop —x =
Bs= 2r [2A26"5—*(2Bze' Be1) ]
22 11
- %
3 _. BN _. _
_n * 11 * *
Be= = [ Ayg- = (2Bog- Bgq) ]
22 11
1 1t =% =
Az Dyq

§S-3 Boundary Condition

Ny= - Ng - f1= fp=fg= 4= 0

” I

v=_0 - f1= B15f3+ B16W2

” ’

f2= 2517f4

D). _.
16 * *
(2Bog~ Bgy) 11

B, 1t B2
87 R 2
22
2
BQ=E_ n
2 R K*
2
=%
A
B10=2n 26
K*
22
= %
A
By1=n® _1°
K*
22
- %
D
Byp=n? 12
5*
11

(D.45)

(D.46a)

(D.46b)

(D.47a)

(D.47b)

(D.47¢)

(D.48)

(D.49)

(D.50a)

(D.50b)



Mx= - Noq —

70

”

f3= - B15f1— 816W1

”

f4= - 2By 7f2

Wo= - (Wy+ Wp_+ Wy

Wi=Wwo=10

”

Wo= Cq11 + Copot

r”

= Bygfz- Bigw,

”

W2= - B18f1+ B19W1

where
— k T %k R -—
B15‘ “— (A26 11* B21Bgy) Big=2 — — (A22861 AgeBay)
n ,-#* — & T % n ,—*x"% —x =%
B1e= ﬁ o (BoeDy1- By1Dgq) B19= 2 —— (AoDqg+ ByyByg)
1 1
— %k
A -
26 * ok Tk
Biz=n — A1= AypDyy+ ByyByy
Ago

$8-4 Boundary Condition

U=Uo -

n ’ 17

f1 = 828f1 - Bogfs+ Bsw1 + 530W1+ 289A1Wo

rr

f2 = 4831f2- 8Bgofg+ BgA1W1 - BgA2W2

re ’ Y4

f3 = 828f3+ Bogfq+ BBW2 + 830W2+ 289A2W0

2

f4 = 4B31f4+ 8832f2+ BgA2W1 + BgA1W2

”

f1= Bogfq + B15f3+ B16W2

”

f2'—' 4Bz4f2+ 2317f4

(D.50c)

(D.50d)

(D.51a)

(D.51b)

(D.52a)

(D.52b)

(D.52c)

(D-53)

(D.54a)

(D.54b)

(D.54c)

(D.54d)

(D.55a)

(D.55b)
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”

f3= BzofS-' B15f1 - B16W1 (D.550)
f4= 4Boyfg- 2817f2 (D.55d)
W=0 N Wo= - (Wy+ Wp_+ Wy (D.56a)
Wy= Wo= 0 (D.56b)
MX= = Noq g WO= C417\, + 0220? (D.57a)
Wy= Bosgfq+ B18f3— B W5 (D.57b)
Wy= Bogfg- B18f1+ B4 W4 (D.57c)
where
Bog- 1o (ALD s BB,
2O‘A—1( 12P11* B44Byy)
R n %*
Bog=4c — — A
23 T A 22
— %
A
Bpg=n2 12
Z *
2
2 -
_ R n £ Tk
Bos=2 — T (AgoB11- AgaBay)
2 — % 2A26 —k T % *—* (2826 B61) —k Tk "*—*
Bag= Al Aes —— (A26P11* Ba1Bg1) + ————— (AzgBa1~ AnBg1) }
A 1 1
22
3, 2ASe ., .- (@B Bay) — ., -,
_n + 2Pog —a=x —a—x 26~ Be1) -+
Bag= — 167 —3— A12P11* By4Boy) - ———— (AgpBy1~ AfaBay) } (D-58)
A 1 1
22
- — %
oA _ @Boa-Br) .. -
1t 2 T 26~ Be1) —+ =4
B3o= = tgnil- (522 2Bgg) * (B1D15- BgD1y) * —;—— $P22Pie” B1Bgg) 1 - ¢}



— %k T %
2 _ - 2A,-A
n * * 2626
B31= — A2* Aggm ——)
Azp Aso
— ok T %
3 - 2A, A - -
n * 12726 * = &
Baz2= —— Ajg- —— A1= AgoDyy+ B
Aop Azo

C-1 Boundary Condition

Nx= - No -
ny= So b
W=0 -
W’X= 0 -

C-2 Boundary Condition

u =Uo —
ny= SO rd
W=0 —

72

ok Tk

o ” 74

f\1 = B1of3— Bq4fg+ BBW.'

”

+ B13W2

nw

f = 2B4qf- 8B14f4

e ” 14 ”

f3= - B1Of1+ Byqfy+ BSW2 - B13W1

rr

f4 = - 2510f2+ 8Bq1fo
f1'—' f2= f3= f4= 0

WO= - (Wv+ Wpe+ Wt)

wi=Wo=0

(D.59)

(D.60)

(D.61a)

(D.61b)

(D.62)

(D.63a)

(D.63b)

(D.63c)

(D.63d)

(D.64)

(D.65a)

(D.65b)



C-3 Boundary Condition

NX= - No -
VvV = Vo -
W=0 -
W,X= 0 -

C-4 Boundary Condition

U=UO e d
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fi=to=13=14=0

” 4 ”

f.‘ = B17f3+ 88W1

” ’

14 ’ ”

f3= - By 7f1 + BBWQ
f4= - 2817f2

Wo= - (Wy+ Wp_+ Wy

wi=wo=0

’ ’ ’

Wo= Wy= Wy= 0

1 ’ rnr ”

f1 = B31f1— Bgofz+ BgW1 + B14W2

” I

f2 = 4B31f2— 8B3ofy

7 mr ”

f3 = B31f3+ Bgofq+ 88W2 ~ By 4W4

77

f4 = 4B31f4+ 8832f2

” ’ ”

f1 = Bogfq+ B17f3+ BSW1

”

f2= 4Boylo+ 2517f4

14 4 r”

f3= Boyfs- B17f1+ ngz

(D.66)

(D.67)

(D.68a)

(D.68b)

(D.68c)

(D.68d)

(D.69a)

(D.69b)

(D.70)

(D.71a)

(D.71b)

(D.71c)

(D.71d)

(D.72a)

(D.72b)

(D.72¢)
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f4= 4Bogfg- 2B 7f2

W = O —> WO= - (WV+ Wpe+ Wt)
Wy=ws=0
W,x=0 - Wo= Wy= Wy= 0

Symmetry Condition at x = % %
u=0 - f1 = B33f3+ Bayfg+ 835W2+ (Bag+ B37¥)W2+ 837A2?

7

f2 = 2810f4~ 8Bq4f4

nr

f3 = - Baafy- B3afy- Bagw,~ (Bzg+ Bgrt)wy - BgyAqt

re

f4 = - 2810f2+ 8B44fo

’ 7 ’ ’

ny= 0 - f1= f2= f3= f4= 0

0

Wy = - B38f3+ Bagfs- B40W2+ (Bgq+ BZSE)WZ"' BozAot

e

Wy = Bagfy - Bagf1+ Bagw; - (B4q+ Bagmwy- BogAqt

r 4 ’

W,x=0 - Wo= Wy= Wos 0
where
n =k T % - % gt 3 - % — k T % ok T %
B33 - [ 226011 B1(2Boq~ Bgy) | 81= AgpDyq+ ByyByy

*

3 . _._
_ n * _ * *
B34‘A_1(2B21B16 A16011)

(D.72d)

(D.73a)

(D.73b)

(D.74)

(D.75a)

(D.75b)

(D.75¢)

(D.75d)

(D.76)

(D.77a)

(D.77b)

(D.77c)

(D.78)



75

n b 3 -k Tk - % T" %
—— [ (@Byg~ Bgy)Dy4- 4B51Dyg ]

B =
35 A

n| —
2| ~

- %k

3 —, - - B
t n X Tk * Tk _ 21
A (BgoD41* 2B54Dy¢) Bg7= 2¢cn vy

N =

Bag=

- %
_. _. B _
_ R n * * 21 — % T % - % - % *
Bag= 2 + —— { 2Bpg~ Bgy+ v [ 2Az6D11- Bp1(2Byg= Bgy) 1}

D, (D.79)

- %
. BN _._. _. _
* 21 * * * *
— [2B16 = 5~ (@B42Byg= AygD14) ]

11

3
Bjag= 2_?.. n

= %
Bo1
At

n
- %

D4

gt 3 - % - %k T % — k T %
Bgo= — { 4D+ —— [ (2Bpg~ Bgy)Dyq~ 4Bp4Dyg 1)

- %
3 _y Boi —h—k o—ao
_ n * 21 * * * *
B41‘§*—[2026‘-31—(326011*2821026)]
11

Free Edge Condition

Ny= - Ng - fy=fo=f3=14=0 (D.80)

’ 4 4

ny'—' So b d f1 = f2= f3= f4= 0 (D.81)

44 ’

H=0- W0 = (B42— B437\,)W0— B43AO7L— B44 [ W1 (W1 + A1)+ W1A1 + W2(W2+ A2) + W2A2 ] (D.82a)

W;”= - B1f;”+ B45f;+ (Bag- B477~)W;— B47A1’7& + (Bag* BagDwo+ BagAot (D.82b)

Wy = - Bify - Bysfy + (Byg- BazAwy- BazAh - (Bag+ Bagwy- BagAt (D.82¢)
My= - Nogq -

W, = B4gWo+ Bsgh + Bs1Pe- Bsgt - Byg [ W1(wy+ 2A1) wa(wp+ 2Ag) ] (D.83a)

W= Bygwq- Bawy- By, (D.83b)

” ”

W26= B12W2+ BQW.‘— B1f3 (D.83c)
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where
- k
B
Bgo= 2cﬂ721 Byg- 4c X 1
1 t 5*
Dyy
Bya- ac B 1 BEZRZ2*2(§*+1ta)
BT A S e R R Y
— % — %
B Ay —
2 P21 R M22 =
Bagg=cnc _—_ Bg1=2 - =B D.84
44 3 51 T A 2 (D.84)
-k % -~ %
_ _, 4B,.D Asy —
R n x x 21”16 R f22 =«
t * * t A1
Dyy Dyy
- ok T % - %
2 —x =+ B8DygDyg c 28
2 P21
846—.__(D12+ 4D66— — ) B53-§n —AT
11 Dyy
B47=4CE 1
t 5*
11
* T %k
n3 =« 2D1D4g

1L
2R
It has been shown in Ref. [26] that if a layered composite shell is layed-up in such a fashion that in

Symmetry or Anti-symmetry condition at x =

the stiffness matrix the coupling terms between the bending and shear strain of the middle surface are not
zero, then the buckling and the postbuckling modes are skewed with respect to the shell axis. To
represent this skewed pattern it is necessary to include in the circumferential Fourier representation both
cosnd and sinn® terms (see also Egs. (8) - (10)). It has been shown by Booton [27] that if the axial
dependence of the cosn@ terms is symmetric with respect to the mid-section (at x = L/2) of the shell, then
the sinnd terms are anti-symmetric with respect to the same location or vice-versa. This implies that, if
one uses the appropriate initial imperfection shapes (say, A, and A1 are symmetric and A, is anti-
symmetric with respect to x = L/2) then one can work also for the general collapse analysis with half of the
shell length only by enforcing appropriate symmetry and/or anti-symmetry conditions at x = L/2 ( or
X = (1/2)L/R).

In order to derive these conditions one must recall that symmetry at x = L/2 implies that
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u-= ny= H = W,X= 0
whereas anti-symmetry at x = L/2 requires that

NX= _No, VvV = W = O, hﬁx= _Noq
at the shell mid-section.

Thus if Ay and A4 are symmetric at x = L/2 then, considering Egs. (8) - (10) and Egs. (34) - (44),
one obtains

ug= Up=0

Hq= Ho=0

whereas the fact that A, is anti-symmetric at x = L/2 implies
Nxg= Ny,=0
vg=v4=0
wo=0
Mx,=0

Next one must express these conditions in terms of the shell variables \-I-V, W and F.

First boundary condition

u =O - % ”l—. - % - % 2’— - % 4 - % 3 7 D.85a
1t — % rer - — 2 ’ — % - [/~ 3
"5 |/ [ Bmw1 - (822- ZBGG)n Wyt (2826— 861)nw2+ Bgon“ws ]

t ’ ’
—C_R.nz[wo(w1+A1) +wiA 1 =0
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_ - % s — % — % 2 r — % ” — % 3
U= 0 = Axoly - (Agp+ Aggldn“fy- dAnent,+ BA Ny (D.85b)
C t 2 L4 A AI ’ A AI _
—..t_.ﬁn [w1(w1+ 1) + wyq 1—w2(w2+ 2) - Wo 21=0
NX3= 0 - f3=0 (D.85¢)
NX4= 0 - fg=0 (D.85d)
Second boundary condition
ny1 =0 — fy= (D.86a)
ny2= 0 - fy= (D.86b)
1t g+ 7 S+ 2 = % ’ _
3R’ (Bz1w2— 822n Wo - 2826nw1) =0 (D.87a)

” — % 2 - X% 4
Aqan T3+ Agenf, + cwyp- 5

bl
Vg=0 - A22f3— PUl
Va=0 = At~ aAln2e 28 nie S 1 n2 pwow + 2A1) + Wy(wo+ 2A0)] =0 (D.87b)
4= 2247 "2 AT “M2g 2t 7 | 211 = 12T en2 -
Third boundary condition
(D.88a)

H,=0 1 t 7+ =% —x%x=—x% ”’_ —% 7 = % ! ’
177 7 5 5 (AgaDqy+ ByyByy)wy - cByyw+ 2CA AW+ A )

’

t - % ’ ’ 4
+ _;_ = Byyn 2w, (wWy+ A1) + WiA + Wy(Wa+ Ag) + Wah,]

+ CAn? [fy(wy+ Ay) + fagWo ag) + f4(Wq+ Ag) + fgWp+ Ag)] = O

= — * e — * — * — * — * ” — * , 7 —
Hy=0 T Byyfy - (Bf4- 2Bgginty- (Bg1- 2Bygnfy- 2B nSig+ 2cA(wy + A,) -2enT(wp+Ay)
1 t - % wr — % - % 2 ’ — % P4 — 3
[Dﬁw1 - (D12+ 4Dgg)n W+ 4D16nw2— 2D26n wo] (D.88b)

L
R
+ Qan[f-‘ (Wo+ AO) + 2f2(W1 + A1) + 2f4(W2+ A2) + f2(W1+ A1) + f4(W2+ A2)] =0
(D.88c)
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Fourth boundary condition

Wo= 0 (D.89a)

w.=0 (D.89b)
_ Y =% 7 —x%x D =+ J 1t =x " Zx 9 - ! _

Mx2- 0 - Bz1f2— Bﬁn fg+ Be1nf1+ > | (Dﬁwz— D12n wo- 2D16nw1) =0 (D.89c¢)

7’ r

Recalling further that Ay, Ay symmetric implies A o A1 = 0 at x = L/2, whereas A, antisymmetric implies
Ao=0 atx = L/2.

— % rr - % ” 1 t — % n - % - % ” N

Agoly = 2Aggnty~ = = [Byywy + (2Byg- Bgy)w,] = 0 (D.85a)

ALt~ 4Rt - D.85b

Agofp = 4Axgniy= 0 (D-85b)

— * ” 1 t - % ’l—

— % n”

1t i — % T % - % T % ”’_

5 & = (AgaDyq+ ByByywg =0 (D.88a)
Adp

— % r - % - % ” 1 t - % rn — % ” _

- % ” 1 t — % ”

Byyfa* 5 & Di1Wa- (D.89b)

rr rnr

From Egs. (D.87b), (D.88a) and (D.85b) it follows that f4= W, = f2 =0.
Considering Egs. (D.87a) and (D.89b) it can be seen by inspection that the solution is Wy= f3= 0.

Taking all these results into consideration the remaining 2 equations become

E * f’l’ 1 t 5 * II’_ D 88b
211 * 5 g P1awq1 =0 (D.88b)

11/4 rr

Once again, by inspection, their solution is f1 =w,=0.
Summarizing, if Ay, Ay are symmetric and Ao is anti-symmetric with respect to x = L/2, then the
appropriate symmetry and/or anti-symmetry conditions at x =(1/2)L/R are

” ” ” 12 1 2207 rn

fa=fg=wo=fi=to=w =wi=fa=f=wy=1f, =fr =w =w, =0 (D.90)
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APPENDIX E Derivation of Cohen’s Ring Equationsl21]

When ring stiffeners are attached to the shell edges, boundary conditions for the shell equations must
be generated which represent the ring behavior. Ideally the ring reactions enter the shell at a single
meridional station, the ring boundary. A set of suitable ring equations based on moderate rotations are
derived in this appendix by using the stationary potential energy criterion. These equations are based on
the following assumptions
- all geometrical and mechanical properties are axisymmetric;

- the ring material is homogeneous and isotropic;
- the effects of non-uniform warping of ring sections, transverse shear strains and shear center
eccentricity related to the section centroid are neglected.

The origin of the ring cross-sectional xyz-axis is assumed to be at the centroid of the ring cross-
section. The sign convention used is indicated in Fig. 2.

For a one-dimensional theory of rings the centroidal hoop strain g is the only extensional strain of
consequence. The strain-displacement relations have been derived in Ref. [21] as

1, 1 .2 .2 1 N __u
€6=-5(V‘W)+E(BX+BZ) BX—;(V+W) , BZ“_?
k= L Bo= L wew) (E.1)
a X a2
St 1. 1,
KZ_EB2+EBV;E( T+By)
and the twist per unit length of the curved bar is given by
1, 1 !
9=—_B+r—u (E.2)
a' ¥ 2

where () = % ().
If one includes the initial stress-free imperfection v’b(e) of the ring then eg and B, must be modified as
follows

, 2 2 W
tom 5 (o w) + 1B g - 1 ()2

(E.3)
A - 1 Al= 1 ’ AI
Bx BX+EW E(V+w+w)

Neglecting the effect of nonuniform torsion for a homogeneous, one dimensional ring theory the

constitutive equations are
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Ng= EAeg
(E.4)
Mi= GJo
By definition the potential energy of the ring is
nm=uf-w' (E.5)
where
2n
u'- % [ (Ngeg+ Myxy+ Mzxz+ Myg)ade (E.6a)
o
2n _ _ _ _ _ _
w'- f (Nyu + Sv + Pw + MyBy+ MyBy+ M,B,)ade (E.6b)
0
and

ﬁx, S, P, My, h_lly, l\-ﬁz are the external line loads applied to the ring. See Fig. 2 for the notation and
sign convention used.

The variational statement of equilibrium for a homogeneous ring under the specified external line

loads is
21[ ’ ” ’ 7 ” ’
3I'= 8 f Fluyu,u,v,v,w,w,w ,By, By)ad9=0 (E.7)
o
where

1,2 2 2 2

_ _ _ _ _ _ (E.8)
thus in this case the equilibrium condition
o’ ot arr" orT
on'= 5 3 5 5By=0 E.9
u T e gy Py (E.9)

implies the 4 conditions
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an’ _an" _ an" _ am"
du ov ow aBy

=0 (E.10)

Carrying out the indicated variations, integrating by parts whenever necessary and using the fact that the

variations 8u, dv, dw and SBy must be periodic one obtains the expressions

2n E 2

f F_d oF , d° oF ysuade -0

5 ou  dé d62 au”

2r
2=f{£ d_ 9F 4 5vado =0

™ 6 IV
(E.11)

ar’ F ok d oF d2 oF
o _ ((oF _d w ade = 0
e / o deaw'+d928w”}wa
r 2n
ﬂl_=f{a': d_OF yspyade -0

0 3B,

For this to be true for arbitrary nonzero variations &u, dv, dw, and SBy one must satisfy the following Euler

equations

OF _d oF , d® oF _
W OB g W

OF _d oF _
v de oV

(E.12)
OF _d oF ,d2 o

e =0
OF _d F _,
By, B By

Carrying out the indicated differentiations, substituting and regrouping yields the following ring equations

”

H ” 24 H — * 7
El,u"- Gdu + Elyv” + Elyw'V- a(El,+ GJ)B, - a’Ny+ aSm,) (E.13a)
Elygu  + (Elx+ a2EAW '+ Elw ™ - a2EAw - aElyzB, = - a%s ™~ a%m; (E.13b)

”r

Elyou'V+ Elyv” - a2EAV + ElwV+ a2EAw - aElyzBy = a P "~ admyy (E.13c)
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(Ely+ GI)u + Elypv + Elyw + aGJB, - aElBy= - am, (E.13d)

Notice that in these equations the nonlinear terms have been considered as effective additional loads and

moments applied to be linearized ring equations. These effective additional loads and moments are

(E.14)
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APPENDIX F: The Boundary Stiffness and Boundary Flexibility Matrices

Substituting in the separated form of Cohen's ring equations, Egs. (28a)-(28d), for the ring
displacements and the ring forces their equivalents in terms of the shell variables from Eq. (41) and Egs.
(39) or (40), respectively one obtains the following equations at the lower edge (at x = 0)

] S
Elz(u S_ eZW,X),egeg- GJ(u S eZW,x).ee

5 s s
+ E'xz{(% vS- ExUsy - ezw,y),eee" (w S+ exW,,).0000} (F.1a)

- a(Elz+ GJ)(- W,).00= 2% (R - q) N+ RN.S}

S S S
Elxz(u S- e,w.5),606+ (Ely+ a2EA)(% vS- exll.y~ €2W.0).00

+ Ely(w S+ e,w,%),680- 2 2EAW S+ e,w,5), (F.1b)
S
- aElyy(- W)= - a%{ - (R - qpS, + RN, )

S a S S
Elxz(u °- ezw,,).0000+ Elxlg v S~ Exthy~ €2W, ).000
S S
- a2EA(% vS- exu,;— e2W.y)0+ Elx(w S+ e,W.5) 6000 (F1.0)

+ azEA(w S, exw,)s() - aEly,(- w,i),ef,: aS{RH S

S S S
(Elz+ GJ)(u 5- e w.0) .00+ EIXZ(% vS- exlly~ 82, ).
+ Elg(W S+ exw, )99+ aGJ(- W.5).09- aEl (- w,) = (F.1d)

-a%(- e,RNS+ (g - @,)(R - QNG+ exRH S+ RM.J}

Substituting for the shell variables their Fourier representations from Egs. (43) and (44), respectively,

yields after some regrouping the following expressions

1 1 1 1 2 2
(agqur+ ayove+ AygWyt agaW, X" NX1)cos e + (aqqug+ aj,Vva- Nxz)coszne £ 2
+(a3u +a3v +a3w +a3w - -N )sinne+(a4u +a4v - Ny, )sin 2n8 =0 (F-28)
11937 942Y37 443027 A44Wo 3 X3 11747 942Y47 Nxy

1 1 1 1 . 2 2 .
(a21u1 + 8gpVy+ AggWy+ gV, X - NXY1)sm ne + (a21u2+ a22v2-ny2)sm 2n6 (F 2b)
3 3 3 3 4 4 ‘
+ (apqug+ A55V3+ ApaWo+ a24w2,; - ny3)cos né + (ay ug+ a55V4- ny4)cos 2n6 =0
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0 o)
eH= {ay(Wy+ Wpe+ Wi+ wg) + AWy " Hol
+ (a;1u1 + a;2v1 + a§3w1+ .51314w1 il H4)cos n6 + (...)cos 2nB + (...)cos3nB (F.2¢c)

+ (3331U3+ a§2V3+ a§3w2+ a§’4w2’; - Ho)sin nB + (...)sin 2n@ + (...)cos3nd

(o} (o) -
eM= { agy(Wy+ Wp + Wi+ Wo) + apow o - My + Aa(1 - %)] }
~ (BgU1+ B4pV1* B4gW1+ AW, 5 - My)COS MO + (..)cos2n8 (F.2d)

3 3 3 3 ¥ .
- (a41u3+ ayoV3+ AyaWo+ a44w2,; - Mx2)sm ne + (...)sin 2n6

where
o_,Ry2x 0 R\2 5
a44= ('5)2 D14 859= ~ (—5') D12
(F.3)
o_,R2rx 0 = Ry2 €x 5
app= ()% D12 agp™ - D22+ (3)° D12l
1 1 ,ty2 223 1 1,62 415
(F.4)
1 1 t2 3 ag 1_1 t2 215
aqo= o (E) n " D34 44~ T (—a-) n“ D3g
2 1 ,t ey 2 t\2 3 ag
ajy= — (3)2 n2 D77 ajp= - = ()°n° 2 Drg (F.5)
3 1 ,t2 22 3 1 t2 417
aqq= Z (E) n< Daj ay3= e (E) n" D3s
(F.6)
3_1 t2 3 ag 3_1 t2 275
a1 o~ e (E) n- — 034 a14= e (3) n D36
4 1 .t = 4 2 t2 3afg
ajy= < (212 n? Dyy agp= 2 (2? n® 2 Dyg (F.7)
1 1 t2 37 1 1 ,t2 =
any= T (E) n*= Dy3 853~ - I (E) n Dys
(F.8)



and the stiffness coefficients Bij are defined as

Dq1=

Dio= —

-n B (-

R
n? (063+

a = 2 ©
— Dga-n
PY R 64

nB
a

_— 2 e
Dga+ n
( 64 "

a
R

a 2EA
aD

xaEA

( )

033— — Dss)

z = ex =
—e Dag+ —~ D
g D84t | 54)

Ro. ,%5  ©x
2 (Dga+ —2 Dar- XD
a(63 — D33~ — 53)

Dag- 'ﬁ' Dsa4)
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1 R\2 5
333~ ()" Dss

1 R.2 =
Ag4= (E) Dsg

3_,R2=
333~ ()" Dss

3 R\2 5
a34: (-a—) DSG

1_R, 2=
843= 5 ("Dgs+ n

344 (D66+ n

3_R, 2=

3 _ 2
3

where D = _Et_ ;
402

4e

zZ = ex =
- 035_ = Dss)

28z  exc
= D36” o Dso)

4 €z =

Das- X Dee)
-5-35'?55

e
D36— Dsg)

c?=3(1 - V3

(F.9)

(F.10)

(F11)

(F.12)

(F.13)

(F.14)

(F.15)
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D -
227 2D
- El e, EI
2 z X XZ GJ
Daa=n“ [Z - = (2%
33 [aD R ( aD 1+ ab
D -
34= b

Dar= (1 - _2
35= ( R)(aD)

= ey EI e El e
Dag=n? X (2% - (& +n? D (D) - (2 + 2

VR R®'w
Bt (o L) - (58D
Dgs=n? (1 - ) (_Ei) + (1 - n2 %)(aag‘ﬂ

€x [nz(E|x) . a2EA]

= a 2 €z Ely
Dgyg=(— + n< =) (-2 - _2 =
a6~ (g0 g ) "R ab aD

Ds3=n 5w S5 ' 55

Ds4= n? (?) + a:gA

Bss~ 0 (1 - 22) (5) + (1 - n? 52) (2 EA)
Dss= o In*—2) + 2 EA1 - n2(2 4 02 22 (Ea:;‘f)
D5~ o * 53 - 1 ()

e S

Dg5= (1 - -2) (E;XTZ)

Des=n2 2 (%) - (2 +n2 22 (D) -n?2
D7g=n2 [ X2 - 16 X (_:.3’5)1 = (ang)

) (

GJ

‘aD

)

(F.16)
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and the load parameters are

2.=NOC_F‘2 and a=4c%q (F.17)

Et t

Equations (F.2a) and (F.2b) must hold for all values of 8 = y/R, which implies that the expressions in the

brackets must be equal to zero. This yields then the following 8 boundary conditions at x = 0

a1u+a1v+a1w+a1w——N =0
11917 49217 943W17 944% % X4

2 2
ayquz+ aq,vo- NX2= 0

3 3 3 3 (F.18)
311U3* yV3+ AygWo+ AWy 5 - NX3= 0
4 4
a1u +a1v+a1w+a1w — - N =0
21717 922Y17 9317 “p4Wy ¥ Xy4
2 2
(F.19)

asu+a3v+a3w+a3w——N =0
21-37 92237 9a3W2" d4Wp y Xy3

4 4

For equations (F.2c) and (F.2d) the 8 = y/R dependence is eliminated by using the following 3 Galerkin

integrals
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2n
[ €0 =0
[0}

2n

f & COs nOdH = 0 (F.20)
(o]

2n
f & sin n6d6 = 0
)

where for i = 1, g=gq=¢ey and for i = 2, ¢j= ep=g)y. Notice that the above are the same Galerkin
integrals that have been used earlier to eliminate the y-displacement from the out-of-plane equilibrium
equation (3). Substituting, in turn, for & and ey and carrying out the integrals involved one obtains the
following 6 boundary conditions at x = 0

o} 0
311(Wv+ Wpe+ Wt+ Wo) +a12W0'; - H0=0

a1u+a1v+a1w+a1w—-H—0 (F.21)
31917 932Y17 d3aWi* dg4W, ¥ 1= '

3 3 3 3
331U3* AgpVg+ AgaWo+ AgqW, 5 - Hp= 0

(o} o) =
81 (Wy+ Wp g+ Wis wo) + ayoW, 5 = (My,* Aa) = 0
1 1 1 1 F oo
B4qU1% g0V + BggWer ag Wy 5 - My =0 (F.22)
3 3 3 3
841U3* 84pV3* 84gWat BgqWy 3 - My,= 0

Notice that in the first of equations (F.22) g/R is neglected as compared to one. This same approximation
has been used earlier in equations (46).

The boundary conditions at the upper edge (at x = L) have the same form as the ones at the lower
edge (at x = 0), except that all boundary stiffness coefficients aijk at x = L involve a minus sign in their
definition as per Eqs. ((F.3) - (F.15)). Notice that these minus signs are due to the definition of the forces
and moments acting at the ring centroid, which according to Egs. (39) and (40) involve a minus sign,
depending upon wether the ring is located at x = 0 or at x = L.

Finally, it must be mentioned that the elastic boundary conditions given by Egs. (F.18), (F.19), (F.21)

and (F.22) are valid in the limit as E; — 0 (free edges).

Another set of elastic boundary conditions valid in the limit as Er — o (fully clamped edges) can be
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derived by inverting the boundary stiffness matrix to yield the boundary flexibility matrix. To facilitate this

operation initially the elastic boundary condition obtained earlier are regrouped into the following matrix

notation

844
4

442
4

451 ap

1
443

853
433

843

3
413

8o3
433

443

1
414

a4

434

444 |

3 T

a14
894

834

V4

(F.23)

(F.24)

(F.25)

(F.26)

(F.27)

Inversion of these (2x2) and (4x4) boundary stiffness matrices yields the following (alternate) elastic

boundary conditions valid in the limit as E; — o (fully clamped edges)
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(o} (o} -
(F.28)

(o] (o] -
boyHo* Dyp(My + Aa) = w3

1 1 1 1
By1Nxq* BypNxys*+ BygH1+ bygMy, = uq

1 1 1 1
bo1Nxy* DooNxyy+ bagHt+ bygMy = vq

(F.29)

1

1 1 1
b31Nxq* DgoNxy+ bagH1+ bg My, = w

1 1 1 1
bg1Nxy* BgoNxyy+ BagH1+ byyMy = wy 5

2 2
(F.30)
2 2
ba1Nxg* baoNxy,= V2

3 3 3 3
by1Nxg* P1oNxys+ bygHa+ by My = ug

3 3 3 3
ba1Nxg* DooNxyg* bogHa+ bygMy,= v3

(F.31)
3

3 3 3

3 3 3 3
ba1Nxg* DgoNuyg* bagHa+ bygMxy= Wy 3

4 4
by4Nx4* ByoNxy, = Us
(F.32)
4 4
by1Nx4* BaoNxy,= Va

Notice that once again the boundary conditions at the upper edge (at x = L) have the same form as the
ones at the lower edge (x = 0), except that all boundary flexibility coefficients bijk at x = L involve a minus
sign in their definition as per Egs. ((F.3) - (F.15)).
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APPENDIX G: Components of Jacobians J* (Eq. (180)) and J (Eq. (208))

Using the 28-dimensional vector variable Y defined on p. 31 the nonlinear governing differential
equations (Egs. (21)-(27)) can be put into the form given by Eq. (146), where the 28-dimensional vector
function f has the following components

f1=Yg fg = Yq5 f15= Yoo
fa=Yg fg = Y16 f16= Y23
f3= Y10 f10= Y17 f17= Y24
f4= Y14 f11= Y18 f18= Yo5 (G.1)
f5= Y12 f12=Y19 f19= Yog
fe= Y13 f13= Yoo f20= Yo7
f7= Y44 f14= Yoq fa1= Yog

and

foo= C1Y15- C2Y1- C3Ypp- C4MYo0+ A;’) + C5Yg+ Cop1Y24+ C202Y10+ C203Y28
+ Co0aY14+ Co11PelYe+ A1) + Coyai(Y14+ Ay + CelY1g(Ye+ 2A1)+ Yg(Y1g+ 2A)]
- C7Y19(Ye* Aq)+ CgYs5(Yg+ Aq) - 2C1gY1(Y1g+ A;) (G.2)
- ColYg(Yg+ 2A1) + Y7(Y7+ 2A9)I(Yg+ Aq) - CofYq6(Ye+ Aq) + 4Yg(Yg+ A1')
+ 4Ya(Yop+ A;') + Y1g(Y7+ Ag) + 4Yq11(Yq4+ Aé)*‘ 4Yq(Yoq+ a;)}

 fog= Cy1Yqg- C12Ya+ CoosYas5+ CooeY11+ C13{Y20(Ye+ 2A1) - 2Y13(Y13+ 2A,)

” , ” (G.3)
+ Ye(Yoo+ 2Aq) - [Y21(Y7+ 2A2) - 2Y14(Y14+ 2A5) + Y7(Y21+ 2A,)]}

f24= C1Y17- Co¥3- C3Ya1- CaM(Ypq+ A;) + C5Y7- Ca01Y22- C202Yg
- C03Y27- C204Y13+ Co11Pe(Y7+ Ag) - Caypt(Y1g+ Ay)
+ Cg[Y1g(Y7+ 2Ap) + Y7(Y1g+ 2A_)] - C7¥1g(Y7+ Ag) + CgYs(Y7+ Ag) (G.4)
- 2C1oY3(Y1g+ A;) - CglYe(Yg+ 2A1) + Y7(Y7+ 2An)I(Y7+ Ag) - Cqp{Y1g(Yg+ Aq)
+ 4Y110Y13+ Ay) + 4Y4(Yag+ Aq) - [Y16(Y7+ Ag) + 4Yg(Y14e Ay) + 4Yp(Ypy+ A}

f25= C11Y18- C12Y4- C205Y23~ C206Y9+ C13{Y21(Ye+ 2A1) - 2Y14(Y13+ 2A,)

” ’ " (G.5)
+ Y7(Yoq+ 2A1) + Yop(Y7+ 2A2) - 2Y13(Y 14+ 2A2) + Yg(Yoq+ 2A2)}
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f26= C14Y19- C15Y5- C1gM(Y19+ Ap) + C17[Yp(Ye+ 2A1) + Y7(Y7+ 2A2)]
- C16{Yo0(Ye+ 2A4) + 2Y43(Yq13+ 2A1) + Yg(Yoo+ 2A1) + Yoq1(Y7+ 2A5) G.6)
+ 2Y14(Y14+ 2A5) + Y7(Y21+ 2A5)} - C1g{Y15(Yg+ Aq) + 2Yg(Yq3+ Ay)

+ Y9(Y20+ Ay) + Y17(Y7+ Ag) + 2Y10(Y14+ Ay) + Y3(Ya1+ Ao))

fa7= C20Y20~ C21Ye+ C22Y15- Co4Y1- CogMYoq+ A;) + CopgYog+ Co10Y14* C207Y24
+ C208Y10+ C213Pe(Yg+ A1) + Co14T(Y14+ Aé) = CoslY19(Ye+ 2A1)
+ Yg(Y1g+ 2A;)] - CogY19(Yg* A1) + Co7Y5(Yg+ Aq) - CoglYs(Ye+ 2Aq) (G.7)
+ Y7(Y7+ 2A)1(Yg+ Aq) - 2CogY1(Y1g+ A;)' CoolY16(Ye* A1) + 4Yg(Yq3+ A1,)
+ 4Ya(Yoo+ A;’) *+ Y1g(Y7+ Ag) + 4Y19(Y14+ Aé) +a¥4(Y2q+ A;)}

fag= CopY21- C21Y7+ C22Y17- CpqY3- CozMYoq+ A;) - C209Y27- C210Y13
- Coo7Y22- CopgYg* Co13Pe(Y7+ A) - Ca141(Y3+ A;) - CoglY19(Y7+ 2A9)
*Y7(Y1g+ 2A”)] - CogY19(Y7+ Ag) + C:27Y5(Y 7+ A2) - CoglYe(Ye+ 2A4) (G.8)
+ Y7(Y7+ 289)](Y7+ Ag) - 2Cpg¥5(Y1g+ A, ) - 029{Y1 8(Ye* A1) + 4Yq4(Ye3+ Aq 1)

”

+4Y4(Yo0+ Ag) - [Y1e(Y7+ A2) + 4Yg(Yq4+ Ag) + 4Ya(Yo1+ Az]}

Next one must evaluate analytically the components of the Jacobian matrix

‘9 = - = d d
J= o (XY ;A P T) == = — G.9
ar..(x__ Pe: 1) a~__ 5 f (G.9)

~

Introducing the short-hand notation

o G.10
" v, (G.10)

one obtains the following values
J1 8= 92,9% 93 107 ¥4,11= J5,12= J6.13= ¥7,14= ¥8,15= Y9,16= V10,177 (G.11)

Ji1,18= J12,19" J1320‘ J1421‘J1522 J1623‘ J1724 ‘J1825 J1926‘ J2027 J21 28= 1

Further

’ I

J22’1= - Co- 2Cq4p(Y4g+ AO) J22’4= - 4C1o(Yoq+ A2) (G.12)
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Jpp 5= - 4C10(Y2p+ Ay) Jpo 5= Cal(Ye+ Aq)

J22,s= Cs+ Coq1Pg+ 2Cg(Y19+ A,) - C7Y4g+ CgY¥s5- Cg[Yg(Yg+ 2A1)
+ Y7(Y7+ 2A2)] - 2Cq(Yg+ Aq)(Yg+ Aq) - C1gY1e

Jop 7= - 2Cg(Ye+ Aq)(Y7+ A2) - C1gY1g

Jg"z,g= - 4Cqo(Y43+ A;) Jé2,18= = Cqo(Y7+ Ap)

Jé2,1o= C202 Jé2,1g= 2Ce(Yg* A1) - C7(Yg+ A1) - 2C1gY+
Jé2,11= - 4Cqg(Yq4+ Aé) Jé2,20= - C3- C4) - 4CqpYs

J2015% - 4C10% Jp2.21 - 4C10¥s

92 14= C204* C2127 - 4C19Y11  Jpp 24= Coo1

’

Joo 15= C1 Jo5 2= C203

J22,16= - C1o(Ye+ Aq)

Further
Jé3,2= - C1p Jé3,1 4= 4C13(Y14+ A
Jéa,e* 2C13(Y20* Ay) Jéa,1e= C11
J_;_3,7= - 2Cq3(Ya1+ A;) Jé3,20= 2C13(Yg+ Aq)
J';*3,11= C206 Jé3,21 =~ 2C13(Y7+ Ag)
Jé:ma= - 4C43(V1g+ Ay) Jé3,25= C205

Further

Jog 2= 4C10(Y21+ Ay) Jos 16= C10(Y7+ A2)

(G.12)

(G.13)

(G.14)
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24,177 €1

o4 18= ~ C10(Ye* A1)

o4 19= 2C6(Y7+ Ag) - C7(Y7+ Ag) - 2C40Y3

J24,6= = 2C9(Y6+ A1)(Y7+ A2) - C10Y18 J24,20= - 4C10Y4

Jpa.7= C5+ C211Pe* 2Cg(Y19+ Ay) - C7Y19+ CgYs
- ColYe(Ye+ 2A9) + Y7{Y7+ 2A3)] - 2Cq(Y7+ A2)(Y7+ Ap) + C10Y16

Jé4,e= - Ca02

Jé4’9= 4C10(Y14+ Ay)

Jé4,11= - 4C10(Y13+ A;)

Jé4,13= - Cop4- C2127 - 4C1gY11
Jé4,14= 4C10Y9

Further

Jzs.4 - C12

Jps 6= 2013(Ya1+ Ay)
Jog 7= 2C13(Ya0+ Ag)
Jés,9= - Ca06

Jps13= - 4C1a(Y14+ Ag)

Further

Jog 1= - C18(Y20+ Ay)

J24’21= - 03_ C47\. + 4C10Y2
24,227 - C201

Jo4,27= - C203

Jé5,14= - 4Cq13(Y13+ A;)
Jé5,18= C11

Jé5,20= 2C13(Y7+ Ap)
Jé5,21 = 2C43(Yg+ A1)

o5 03= ~ C205

Jog13= ~ 4C16(Y13+ Aq) - 2C4gYg

(G.14)

(G.15)

(G.16)
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Jog,3= ~ C18(Y21+ A)) Jog,14= ~ 4C16(Y14+ Ay) - 2C48Y1g
Jog,5= -~ C15 Jog,15= ~ C18(Ye+ Ay)
J2g,6= 2C17(Ye* A1) -2C16(Ya0+ Ay)- C1gY15  Jpg 17= - C1g(Y7+ Ap) (G.16)

7/

Jog,7= 2C17(Y7+ A2) - 2C16(Y21+ Ag) - C1g¥17  Jpg 9= C14- Cygh

Jog g= ~ 2C18(Y13+ Ay) Jo6,20= ~ 2C16(Ys+ A1) - CqgYy
Jog,10= ~ 2C18(Y14+ Ay) Jog 21= - 2C16(Y7+ A) - C1gY3
Further
Jp71= - C24- 2C29(Y1g+ A() Jp7.14= C210* C2147 - 4C2gY14
Jp7,2= ~ 4C29(Y20+ A¢) 27,15~ C22
J27’4= - 4ng(Y21 + A2) J27,16= - ng(Y6+ A1)
Jo7 5= Ca7(Ye+ Aq) o7 18= ~ Cag(Y7+ Ap)
Jo76= - C21+ C213Pe- 2C25(Y19+ Ay) - CogYqg+ Ca7Y5- CqglYs(Ye+ 2A1) (G.A7)
+ Y7(Y7+ 2A2)] - 2Cg(Yg+ Aq)(Yp+ A1) - CogY1g
Jpo 7= - 2C2g(Y7+ A)(Yg+ Aq) - CpgY1g J27,197 ~ 2C25((Yg+ A1)
- Cag(Yg+Aq) -2C2gY1
927,97 ~ 4C29(Y13+ Aq) Jp7 20= C20- C231 - 4CagY>
27,107 C208 J27,217 ~ 4C29Y4
27,117 ~ 4C20(Y14+ Ap) J27 247 Ca07
J27,13= - 4C29Y9 J27,28= C209
Further

’

J28,2= 4Cog(Yoq+ A1) J28,14= 4CogYg
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Jog 3= - Coa- 2Cag(Y1g+ A) Jog 16= Cool¥7+ Ag)

Jéa,4= - 4Cp9(Y20+ Ay) Jés,17= Ca2

Jpg 5= CorlY7+ Ag) Jng 18- - Cas(¥e+ A1) (G.18)
Jé3,6= -2C28(Ye+A1)(Y7+A2) -CogY1g Jég,1 9= ~2C25(Y7+A2) -Cog(Y7+A2) -2C2gY3

Jog 7= = Ca1+ Co13Pe- 2C25(Y19+ Ay) - CagY19+ Co7Ys5
- CoglYa(Ye+ 2A1) + Y7(Y7+ 2A0)] - 2Cog(Y7+ Ap)(Y7+ Ag) + CogYqg

J."28,8= - Caos Jés,zo= - 4C29Y4

Jég,9= 4Co9(Y14+ Aé) Jés,gf Co0- Cagh + 4C2gY2
Jég,11= - 4Cog(Y13+ Ay) Jéa,af - C207

Jég,13= - C210- C2147 - 4C2gY11 Jég,gf - Coog

All other components of the Jacobian matrix J are equal to zero. Notice that since the Jacobian Jisa
function of \~( (or U or V) therefore the variational equations (176)-(179) depend step-by-step on the
results of the associated initial value problems. Thus the variational equations depend on the initial
guesses §V. Hence the variational equations must be integrated together with the corresponding

associated initial value problems.

In shell buckling analysis the use of load increments to locate the limit point of the prebuckling
equilibrium states leads to a singular problem. It has been shown by several authors(28:16] that with the
introduction of the appropriate generalized displacements as an auxiliary constraint this singular behavior
can be removed. It has been explained earlier (see Egs. (152)-(153) and Egs. (162)-(163)) that this
auxiliary constraint condition can be written in the following form

98 Cf® Y i A Be D) (G.19)
dx -
A(0) = 0

(G.20)
AlZ) = 8o

where, if the variable load A = A, then A = 8" and



98

fA= 050Y19+ Cs1Ys5- CsolYg(Yg+ 2A4) + Y7(Y7+ 2A5)]
1

+ Csa{Y12(Y12+ 2A,) + 5 [Y13(Y13+ 2A) + Y14(Y14+ 2A)]}

2

whereas if the variable load A = pg, then A = Wyye and

and finally, if the variable load A = 7, then A = 7" and

fa = C550Y19- Cs51Ys5+ Co52[Ye(Ye+ 2A4) + Y7(Y7+ 2A0)]

- CssalY13(Y7+ A2) + Y7A; - [Y14(Ye+ A1) + YeAsl}

Considering the extended (29x29) dimensional Jacobian of Eq. (208)

then it can easily be seen that for the 29th column

5 pgm i
297 Jx 0

whereas for the 29th row the values of

j\’ _ afA
29" 3v;

depend on the generalized displacement used.
Thus for A = &M

A’ A, ’
J29,5= C51 J29,137 C53(Y13+ Ay)
A’ A’ ’
Jog 6= = 2C52(Ye+ A1) Jog 14= Csa(Y14+ A))
N N

Jog 7= ~ 2C52(Y7+ Ap) J29 19= Cs0

A’ r
J29,127 2C53(Y12+ Ap)

whereas for A = Waye

(G.21)

(G.22)

(G.23)

(G.24)

(G.25)

(G.26)
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3 cR

29,57 T

and finally for A = 3"

AI

J29,57 ~ Cs51

n ’
Jog 6= 2C552(Ye+ Aq) + Cs53(Y14+ Ay)

A ’
Jog 7= 2Cs552(Y7+ Ag) - Cs53(Y13+ Ay)

Al
All other J29’j= 0.
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A,
J29,13= - Cg53(Y7+ Ao)
A’

A’
J29,19= Cs50

(G.27)

(G.28)
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d

APPENDIX H: The Forcing Function =%

f and the Generalized Unit Vectors /I: A

The form of the forcing function a’f/aA of the inhomogeneous variational equations (204)-(207)
depends on the choice of the variable load parameter A. Thus if A = A, then from Eqgs. (G.2)-(G.8) and
from Eq. (G.21)

f o
9A oA (H.1)
o [+ [+ o
={0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, {5, 0, o4, 0, 25, 127, fog, 0}7
where
o af22 ” ° ofo7 ”
22 = = - Ca(Yoo+ Ay) fo7= - " -Co3(Y20+ Ay)
o af24 ” o af28 ”
fo4= —— = - Ca(V21+ Aj) fog= —5— = = Cas(Y21+ Ay (H.2)
[ 8f2 ”
tag= _—axe = - Cyg(Y19+ A))

whereas if A = pg, then from Egs. (G.2)-(G.8) and from Eq. (G.22), assuming that A = Be{:\i
I
K 5p, (H.3)
={0,000,000000000,00,00,0,0,0,0, fa5, 0, fo4, 0, frg, o7, fog, ()}T

where
o af22 ” ﬁ [ 8f27 ” ﬁ
foo= = Ca(Y2o+ AR + Caq1(Yg+ A1) ; Ta7= = C23(Y20+ Aq)R + C213(Yg+ Aq)
o f ” 28 ”
foa= =22 = - C4l¥pq+ AR + Co11(Y7+ Ag) ;i Tog= —22 = - Co(¥q+ AR + Coya(Y7+ Ag)
oPe dPe
o 826 ”
tog= — = - C1g(Y19+ Ao)ﬁ
9Ppe
Finally, if A =1 then from Egs. (G.2)-(G.8) and from Eq. (G.23)
o o
K G (H.5)
={0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0, fa, 0, o4, 0, 0, {7, fog, 0}7
where
9 dfon ’ ° ofa7 ’
tao= — = Caq2(Yq4+ A)) ta7= — = C214(Y14+ A))
ot o1
(H.6)
e ofpg ’ ¢ _ 98 A
t24= — = - C212(Y13+ Ay) 28= = - C214(Y13+A,)

ot o1
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The form of the generalized unit vectors /I\A,

used as the initial condition for the inhomogeneous

variational equations (204) and (207), depends on both the choice of the variable load parameter A and

on the boundary condition one wants to enforce. Introducing the following notation

/l\BC - generalized unit vector for the specified boundary condition (for instance, BC = SS-1 etc)

d

A A A A A A
hewlee  fodee B gl )
Pe ot
one has the following options.
S$S5-1 Boundary Condition
A 1 2 3 4 T
lSS—1= {0, 0, 0, O, fu, 0,0, 0 0,0, 0, 59, s, 83, S4, S5 Sg 57, fu, fu’ fu, $g, Sg; 510: S11» 512 513 S14. 0}
A A T
= f 1 Yy [ ' s y My M, U ' ' ' ' s ' s ’ 41 y ' s ' ) ’ s ' y

|~;L {0, 0,0, 0 -W,, 0,000,000 0 0 0 0 0 0 C44. 0 0, 0, 0, 0 0 © 0 0 0
AN A T
| = (0,000 Wg 0000000 0 0 0 0 0 0 CyR 0 0 0 0 0 0 0 0 0 0
~p
FAY A T
i = {0,000 W, 0,000,000 0 0 0 0, 0 0 Cop 0 0 0 0 0 0 0 0 0 0
~T
where

1 A A~ A 3

fu= - (Wvl + pre+ Wt’t) fU'-' - B1S4— 8253

(H.8)

2 - 4

fU= C41M + Coopt fU= - Bysg+ Bosp
and

A 1 — % A 1 T % . A 1 — % . A A A

Wy=— A, 5 WAy 5 We-ZAy o Wes WR + W, (H.9)
$S-2 Boundary Condition
A 1 2 3 4 5 6 .7 8
-I-SS—2= {1, s2, 83, 84, f, 0,0, 0,0, 0 0, s5 sg 57, Sg Sg S10. S11. fr  F T To0 150 140ty S120 513, 814,
N
I)\’ = {0, 0 0 G -Wv. 0,0 00000 0 0 0 0 0 0 C44, 0 0 0 0 0, 0, 0 0, 0
A A
I = {0, 0, 000 W, 0000000 0 0 0 0 0 0 Cqyf 0 0 0 0 0 0 0 0 O
~p
0 = {0, 0 0 0 -W, 0000000 0 0 0 0 0 0 Cpg 0 0 0 0 0 0, 0, 0 0

o

o7



where
1 A A A
fu= - (WyA + pre+ W)

2 -
fy= Ca1A + Cooqt
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f8= Bs5s10- Bgs3- B7sg+ Bgs13+ 2BgAqss

f8= 2B10S11- 8B1154+ BgAsg- BgApsy

(H.10)

f8= - Bysg+ Bgsq- Bysy fZ’= - Bgsg+ Bgsq- B7s7+ Bgsyg+ 2BgAssg

4 18- - 28

fy= - Bys10+ B3s3z+ Bysg U~ ~ 2B10Sg+ 8B11S2+ BgApsg+ BgAysy
S$8-3 Boundary Condition
. ,
lsgg= 000 3 0 0 st 52 53 54 S5 6. 57 Gt o o 1o (0. 15, 58 So. S10. S11. S12. S1a. S14 O
'l\}» = {0,000 W, 000 0 0 0 0 0 0 0000 Cqy 00 0 0 0 0 0 o0 0 o
1 = 0000 W,000 0 00 0 0 0 00 0 0 CyR 00 0 0 0 o o 0 o o
~p
1 - (0,000 W, 000 0 0 0 0 0 0 0 0 0, 0 Cpp 0 0 0 0 0 0 0 o o0 o
~T
where

i A A A 5

f= - (WA + Wppe+ W) = - 2B4782

2 6 -

fu= B1sS3+ Bgsy fu= C412 + Coppr

(H.11)

3 7

fu= 2B17s4 fy= B1gs3~ Bygs7

4 8_

fu= - B1551- B16se fu= ~ B1gs1+ Bygsg
S§S-4 Boundary Condition
A
J—SS—4= {s1. Sp, s3. sS4, fJ, 0. 0, s5, sg, S7, S8 Sy S10. S11. fﬁ, 13, fﬁ, fg, 13 fZ (3 fS fJO, f31 1;2, 842, 513, 514 O)T
i?\. = (0 0 0 0 -W, 000 0 0 0 0 0 0 0 0 0, 0, C41. 0, 0,0, 00 0, 0 0 o0 o0 qf
0 = © 0 0 0 -W,000 0 00 0 0 0 0000 Cqhoooo o o o o o o
~p
0 - 0 0 0 0 W, 000 00 00 0 0 000 0 Cpp0 000 0 0 o 0 o o
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where

1 A A A 7

fu= - (Wyk + Wppe+ Wyr) fu= Bass1+ B2gs7- B27S11

2 8

fu= B2ps1+ Ba1s7- Bost1 fu= Bass3- Bagss+ Ba7s10 (H.12)
3 9

fy= 4B2gso+ 2By7sg fu= B2gss- Bogs3+ Bgs13+ B3ps1p+ 2BgA1sg
4 10
fu= B20S3- B21s5+ Ba2s1g fu = 4B31sg~ 8B32s4+ BgA1S10- BoAos1+

5 11
fu= 4B2484- 2B475¢g fy = Bogs7+ Bagsq+ Bgs14+ Bgpsq1+ 2BgAgsg
6 - 12

U= €41 + Capot fy = 4B31sg+ 8B3p8o+ BgAosqg+ BgA1514

C-1 Boundary Condition

A

—I-C—‘I: {0, 0, 0, O, fJ, 0,0 00,0 0 0, 0, 0, sq, S3, 53, S4, S5 Sg S7. Sg S9 S10. S1{. S12. S13. S14 O}T
A A T
I?» = 0. 0,0, 0, -W,, 0,0,0, 0,00 0000 0 0 0 0 0 0 0 0 0 0 0 0 0 0
A A T
| = {0,000 W, 0000000000 0 0 0 0 0 0 0 0 0 0 0 0 0 0
~p

A A T
] = 0, 0,0, 0 Wy, 0,0 06000000 0 0 0 0 0 0 0 0 0 0 0 0 0 0
~T

where

1 A A - A —
fu= - Wyd + Wppe+ W) (H.13)

C-2 Boundary Condition

A 1 2 3 4 5 T
10—25 {s1. sp. s3, s4. f,, 0,000 0, 0 0, 0, 0, s5 Sg S7 Sg Sg. S10. S11. f fy. o 1 S92, S13. 814, 0}
A A T
l, = © o0 0 0 -W, 0000000000 0 00 00 0 00000 0 0 0
A A T
| = {0 0 0 0 -W.,0000000000 0 00 0 0 0 00 0 0 0 0 0 0
~P

A A T
| = {0 0 0 0 -W; 0000006061000 0 0206 0 06 0 020000 0 0 0



where

1 A JA Y- A
fU= - (Wvl + pre+ Wt )

2
fu= B1os7- B1183+ Bgs13+ Bygs1y

f8= 2B1osg- 8B1154

C-3 Boundary Condition

~ 1
log= 0001, 00 s sp 53
A A
| A {0, 0, 0,0, -W,, 0,0, 0 0, 0
A A
|p = {0,000 -W 00 0 0 0
A A
I = {0,000 -W, 0,00, 0, 0,
~T
where

1 A A - A

fU= - (Wv)\. + pre"’ WtT)

12 Byssq+ B

y= P1753* bBgsg

3

fU= 2B4754
C-4 Boundary Condition
A 1
-!-C—4= {s1. s2, 83, 84, t,, 0, 0, ss, s,
A ”
] = {06, 0, 0, 0, W, 0,0 0, 0,
~A v
A A

= 0, 0, 0, 0, ‘W, 0,0, 0 0,
| D c
A A
[ = {0 0 0 0 -Wy 0,0 0 0
~T
where

s4. 0, 0, 0, 15, 1

0,

s7. 88, 0, 0, 0, 15, 15, 15 12, sg. 10, sqq, 15, 17, 18,

o,

0,

0,
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5
U= ~ 2B10sg* 8B11s2

0,000 0 00 0 0 0 0 0 0 0
0,0,0,0 0 00 0 0 0 0 0 0 0

0,000 0 00 0 0 0 0 0 0 0

fﬁ= - By7s1+ Bgsy

f8= - 2By7S2

2 .3

r-Y
[+<]

0. 0,000 0 00 0 0 0 0 0 0O,
0, 0,0,0,0, 0, 0,0, 0, 00 0, 0, 0, 0O,

0, 60,00, 0 0,0 0, 0, 0 0 0 0

6
f= B31S5- B3osg+ Bgsi3+ B14S11

- Byoss+ By1s1+ Bgs14- Bygsqg

(H.14)

fur S5 Se. S7. Sg. S, S10. S11. S12. S13. S14 vy

o0 0 o0 0
o0 0 o0 0

o, 0 O o0

(H.15)

9 T
o' S120 $13 S14. 0}

——
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2 7
fy= B2gsq1+ By7s7+ Bgsqg fu= 4B3156- 8B32s4
3

fU= 4Bogso+ 2B475g

4 9

f= B24s3- B17s5+ Bgs11 fy= 4B31sg+ 8B3psp

f8= 4Bo4s4- 2By75g

8
fy= Ba1s7+ B3os1+ Bgs14- B14S10

Symmetry Condition at x = % Tl;{'
1 - 1 2 3
~sym° {s1. sp, 83, S4. S5, Sg, 57, 0, 0, 0, 0, 0, O, O, sg, sg. S10 S11. S12. $13. S14. f, 1, f
A
’l_;\‘ = {0, o0, 0, 00 0, 0, O, 0,0 0, 0,0 0, 0,0 0 0, 0 Q, 0, 0, 0 O
| = {0, 0, 00 O, 0, 0, O, 0,0, 0,000,040 0 0 o0 ©0 O 0, 0, O
~p
, . {0 0 0 0 0 0 0 00000000 0 0 0 0 0 B, 0. B,
~T
where

1 -

= Baas10+ Bags3+ Bass14+ Bagsy+ BazAat

2

fu= 2B10s11- 8B1154

- T

u= - B3ssg- B34s1- B3ss13- Bagsg- B37A{T

4

U= ~ 2B10Sg+ 8B11s2

5 - _

f)= - Bags10* B3gsa- Bygs14+ (B4q+ Bogr)s7+ BagAnt

6 - -

fy= Bagsg~ Bags1+ Bgps13- (B41+ Baat)sg- BagAqt
and

B1-Ba7A2 B3= Bag(s7+ A2)

Bo= - Ba7Aq B4= - Baals+ Aq)

e

o

(H.16)

(H.17)

(H.18)
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Free Edge Condition

A 1 2 .3 4 5 .6 T
lfree= 0. 0.0, 0, 51, 53, 53. 0, 0, 0, 0, 54, S5, S, S7. S8 S9 S10. fy. Ty Ny S11. S12 S43, S14 . g f. 0)

A n -
] = {00000 0 0 00000 0 0 0 0 00 B0 0 0 0 0 0 By B, Ba 0

I 50 1. By, Ba

T = ©0000 00 00000 000000 B, 000 o o o A b6, of

1 00,000 0 0 00000 0 0 0 0 0,0 -Bsp 0 0 0 0 0 0 o By Bg 07

(]

where
1 - -
fu= B42s1+ Bgpr + Bs1Pg- B5pT - Bsglsalsp+ 2Aq) + s3(sz+ 2A0)]
2
fu= B1pso- Bosg- Bqsy

3
fu= Byos3+ Boss- B1sg

(H.19)
4 ’ ’ r
fu= (Bgo- Bggh)sy- B43A07\. - Baalss(so+ Aq) + SQA.' + Sg(sg+ Ap) + S3A2]
5 ’ - -
fu= - B1S11+ Basse+ (Bag- BazMss- BgzA A + (Byg+ Byg)sg+ BagAot
6 ’ - .=
fu= - B1513- Bags7+ (B4g- B47Msg- By7A )k - (Bag* Bag)so- BygAqT
and
B1= - Byglsa* Ay B4= BsoR + Bs;1 B7- - Baz(se+ AR
62= - Bg7(s5+ A1) 65= - Bya(sq+ Ao)ﬁ 68= Bgg(s3+ Ao) (H.20)
Ba= - Ba(sg+ As) Bg- - Bazlss+ ApR Bg= - Byglso+ A1)
Mixed Symmetry or Anti-symmetry Condition at x = % %
1 =
~mixed

{51, 52, 0, 0, 3, 54, 0, 0, 0, S5, S, 0, 0, S7, Sg, Sg, 0, 0, S10, S11, 0, 0, 0, 542, 13, 0, 0, Sq4, 0}
whereas

A A

= Tp=Te= (0}



APPENDIX I: The Extended Jacobian J(§¥) = 2_

Using ‘elastic end rings to impose the boudary conditions at the shell edges and employing Newton’s
Method with increments in deformation to obtain the location of the limit point involves the use of the

(@]
~

following extended Jacobian J(§¥) given by Eq. (196)

-
994 091
9914 9914
851 3828
904 001
d028 dpog
081 9028
A a A Av
J=2 48 =
a§9(~)
0
0
2A 2A

A careful look at the structure of this block-diagonal matrix reveals that it is assembled out of the results of

904
P4

09P5g

ap1

a1
opq

JA
op2g

9929

J¢ng

otog

dohq4
8t28

oA
3128

dg4
A

9914

dA

N

d¢og

dA

0929

oA

9956

oA

ohy
oA

oh14

oA

oA
dA

(I.1)



108

different computations. The components involving the derivatives of the matching and constraint
conditions, the d¢j/0S j terms, are obtained by solving the appropriate 29-dimensional variational equations
(see Egs. (200)-(203), whereby the 29th components are used to fill the last horizontal row. The
components of the last column are assembled out of the solutions of the corresponding inhomogeneous
variational equations (see Egs. (204)-(207)). Finally those components of this Jacobian which involve
derivatives of the specified boundary vectors g and h can be calculated analyticaly, as will be described
in the foilowing. )

Limiting Case as E, — 0
In this case one must satisfy the 14-boundary conditions specified by Eq. (143), the first of which
reads

_w0,5 0 S = s A A - A

Replacing the shell variables involved H and M by their equivalent expressions in terms of the
variables used in the anisotropic shell analyS|s W W and F derived earlier (see Egs. (99) and (107),

respectively), one obtains after some regrouping the following nonlinear boundary condition
- %

R 2 o Bay
g4= - 2C T n b11[(Y13+ A )Y1+ (Yq4+ A2)Y3] + (2c — b12 -1)Ysg
Az
2B o 2 Bay o
-en? 21 [b11A Y+ z ba(Ye+ 2A)Yg] - on? 21 [b11A Yo+ ] 3 b, p(Y7+ 2A2)Y7]
Aj Az
R 2 B,y
- 20_ n b11[Y6+ A1)Yg+ (Y7+ Ao)Y10- — 2 (.__ - 20)Y40] (1.2b)
< Ay
B - * é *
- on?0. 2L [(V+ Aq)Y13+ (Y7+ Ap)Y14] - (Ofy+ ﬁ ) (bypY19* b Yog)
Azz Asn

R _.o ’ R. o —% - % — - % — o.— A A - A

Next one can proceed to calculate the partial derivatives dg1/9Y analytically yielding the following nonzero

terms
g4 R 2 0 ’ 091 2 R E
A22
kK T %
391 R 2 0 ’ 994 o =+ BoByy

Az
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- x

991 _, R,o B 9 o5, By1B21 )
N T 12 = Nor 1117 "

5 A 26 A

22 22

991 R 2 2 E2*1 0 ’ 0

6 A

22
991 R 2 0 2 551 0 ’ 0
a_v; =-2C T n b11Y10— cn - [b11(Y14+ A2) + b12(Y7+ Ao)]
Ao
91 _ _, R n202 (Ya+ Aq) W1 _ 4 R b2 (1ot A +b 22 B BY+ ) -
g " Pntler M o T P11tT127 Ag) * Byple + B4q* 9
994 R 2 0 a91 o= *
— =-2¢ 2 n%2 Y7+ A)) _(_)ﬁ+2_b B), - W
1o T NP1 o 12821~ Wp
391 R By 391 R, 0Z* A
Y12 A ot t
22

a - %

91 o.. R 21
Sl S cn?b (2 = Y1+ — (Yg+ Aq)

13 A22

Proceeding similarly with the other boundary conditions specified by Eq. {143) one obtains for
0,,$ ,0,..§ .= S
9,= boyH o+ b22(Mxo+ AQ) - Wo&= 0 (1.4)

the following nonzero partial derivatives

g

s ) R _2 0 ’ ago 2, 0. R By
—— = 2C — Nb, 4 (Y A —— = -Cn“b4[2 — Y Y-+ A
aYq t 21( 137 1) Y14 21[ t 3* At (Y7+ A2)]
22
- % Tk
ago R 2 0 ’ 992 O =% 821821
?Y—E = -2c T n b21(Y14+ A2) aY_1g = - b22(D11 = ) (1.5)
22
— % Tk Tk
992 _,. R, o B 9% __popr, P2fa
'é'y'g T 22 K* -a—YEG— 211 2
22 22
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- %

ogdp ) B 0 ’ )
o< ; n%b, Yg- on? __2*1 [byy(Y13+ A;) + by (Ye+ Aq)]
Aso
0g2 R 2 0 2 E2*1 0 ’ 0
Eres =-2c T n“b,y;Y1g- cn —_— [by1(Y14+ Ay) + byr(Y7+ Ap)]
Ao
902 R 2 0 992 R,o " 0. Rz* -
Ve T 207 nbgi(Ver Ay 5 7% 1 P12 Ay b R BT ()
g2 R 2 0 002 992 R, o=+
<l =-2c B 0%l A —c -4 R+2Rp0B
Y10 T " P21(Y7 A2) e T T 22721
- *
g R, o b Bay g2 R. o=+
Sy = 26 = byy (2L - 20 - 1 == =-28b0B%
Y12 t A ¥t t
22

= %
g 2.0 . R Bay
T | P2t By Ve = (Ver Anl

22
the third condition
1,8 1.8 1,,8 1 S S
937 P11Nyy* DyaNyy,  bygHy's DMy - ug=0 (1-6)

yields the following nonzero partial derivatives

993 2, 1 R 21 ’ R 2 15x

Ty T TP e nThyg(Vaar Ag) + 2 - n by By,

993 R 2 1 ’ dg3 R,1=x

—— = - 8c — n“b A —_—=-2 — b, ,B

s T "P13(Y13+ Ay) Wiz T P14821

%8 4B %lEr NA 98 2 RobleBs Bl ¢ 2 AL
s T " P1sRieT 5 Me Wi 02T "133B267 Bey) o Az
g3 R 2 1 ’ 993 15+

— = -8c — n“b A e = - b ,D

ag3_ 4c R 2b1Y 2b1[—)* t A' og3 - _applpr. 1t 1 0B} - B
W © T M P13Y0r MBigDipr 5 (Y2t Ag) e = - dnbygDyge o e - (2855~ Byy)
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993 _ 1, 3=+ R 2 R =, 1t ngH
—— = bya(2n“D,ys- 4Cc — NY 4c —NT) + — — — B
av; " P13En g dc £ nTWagrde D) 5 2 < Beo
d93 1 R 2 1 ==* =% 1 =% —x*
v P12t 2 g NTP1aBe1 2Bge) * o (Aear Agg)
93 _ 4 R 2ol (ves Ag) 93 _ _,RplIEr._1 R
g T T13v6T ™M Voo T o182t _p 22
993 R ., 15* 993 Tox 1t 1 zZx
— =22, B -2 =-by D+ 1 B 1.7
Wig 2T "P14Pe Vo 13°%11* 7 g —7 B2 (17)
993 R 21 993 R,1 ’
——— = - 4c — nb Y7+ A — = -4c __ by (Y13+ A
V11 p "P1g(Y7 A2 B7) r 1313+ Ay
? 2 2
& = -4c E n2b113Y1+ _t_ (Y6+ A1) _g:i = (_9_3_) ﬁ
Y42 t R aBe oA
993 2,1 . R S Sk R A 1 1t g% o
——— = - Nb,,[8c — Yo- (D 4D +4 - ] -— -__ — (B,,- 2B
13 13l8¢ — Y2- (Dy+ 4Dgg) th] =% 5 (B22~ 2Bge)
298 e Rn2ly, onbl 5 998 4o R bl Yo+ A
vz B¢ T "P13Y47 2N PyaDys = =40 g Moyaf7r A2
Further, the fourth condition
1 S 1 s 1 S 1 S S
04= piNy + BogNyy + bogH+ bygMy> = V= 0 (1.8)

yields the following nonzero derivatives

994 2, 1 R 2.1 ’ R 2. 1= n ==

dg4 R 2.1 ’ 094 R.1=% 1 —*
—— = = 8¢ — N“b,a(Y A —_=-2 —_by,Byy- — A
A = N7ba3(Y13+ Aq) Wiz T P24B21 o Azz



]

394
Y14

112

351 5
Nby3B46

s R
t

R 21 ’
- 8¢ T n b23(Y14+ A2)

- 4c ? n2b213Y9+ n2b21451*2— % - % —IET % B
b213(2n 352*6— 4c ? n2Y11+ 4c ; nt)

Nbgp+ 2 ; n2b,5(By- 2Bgg)

_4c ? n2b)(Yg+ Aq)

=2 ? by By * -l- Axe

- - 4c _':l n2b)5(Y7+ Ag)

= - 4c _? n2b;3Y1

- - n?b 480 ? Yo- (Diy+ 4Dgg) + 40 ? ;’:2_]
= - 8¢ ? n2b;3Y4— 2nb21451*6+ _;_ % B *6

Further, the fifth condition

1,8 1.8 1,8 , 1,58 s
95= D31Nyy * D3pNyy, + Daghy + bagMy . - W,

=0

(1.10)



yields the following nonzero partial derivatives

;g.?_ = - n2b§1— 4c ? nzbga(Y12+ A;) + 2 _?. n
3_352_ = - 8c ? n2b31.3(Y13+ A;)

-;% =4 ? %358 16

% - -8 & n2b3g(Y14+ Ap)

;g% =-—4c.?.n2b§3Yg+ n2b3,D - 1

;gg = bg3(2n 352*6' 4c _T. n2Yqq1+ 4c ? n)
_gg_z_ = N+ 2 ? n2p) (B, - 2Bgy)

‘3‘355 - -4 ? n2b24(Ye+ Aq)

23?0 =2 ? nb§4§ *1

;31;’_1 = - 4c B n200,(v7+ Ap)

3_31?5 = - 4c _Fi nzb;3Y1

z?%g = - n2b ,l8c ? Yo- (Dyp+ 4Dgg) + 4 _';i

113

2,1 5%
b34Byy

A
—l
n2

ags

9Y14

ags

Y15

ags

Y17

ags

dYop

8g5

9¥21

995

3Y22

895

Y27

ags
o

ag5

dpe

ags

—— =4c

ot

R 2.1 1 ==
- 8¢ T N“bgsY4- 2nbg,D g

R, 1=+
= 2 7 ba4Byy

it

R i - % - x
= 2  Nbg5(2Bog- Bgy)

= - ba,D

34711

il

1 =«
- 4nbg3D g

1 ==
33824

-2By
T

1 - %

- bagDyy

R .1 !
- 4c T b33(Y13+ A1)

9
- (% 4

oA

R

1

(L11)



114

Further, the sixth condition

1..s 1.8 1,5 1.5 S
96= Pa1Nxy * PaaNuy, * BagHy '+ bagMy, - wy== 0 (1.12)

yields the following nonzero partial derivatives

996 2,1 R 2.1 ’ R 2,15+

Pl bgy~ 40 — nZbya(Yy+ Ag) + 2 = N%bagByy

age’—-ac':*n‘?tﬂ(y +A)) %% g R 2ty ol B
W, T " Pa3tT13* Ay eV T " Pa3T47 SM0g4P46
996 R 3 15+ 99g R.,1=+

— =421% 8 —_=-20p'8

aYS t 43716 BY15 t 44-21

996 R 21 ’ 39s R .1 .=+ ==

996 R 2 1 5 1=+ 3% 1 =

%6 = b, 203D ac B n2vyiiac B i L (1.13)
V7 43 26 T M T Vo1 43716 .
%% ! 2R 21 5f o5 % __,Rylg:

Vg a2t 2 g NP43(Byy- 2Bgg) e - 2T PadBa

996 R 21 99g 1 =«

— =-4c 2 n%, . (Ya+ A —2 =-b,.D

Vg = N7Dya(Ye+ Aq) o7 4311

896 R 1 ox% 896 R 1 ’,

99g R 2 1 99 _, 996

= - 4c 22 n2b,A(Y7+ Ag) 05 R

Y11 T 43 P O

996 R 21 le3 R, 1

=—— = ~4C — n“b,,Yq —— = 4C — nb,o(Y7+ As)

aY12 t 43 ot t 43



Y13

Further, the seventh condition

2 .8 2.8 5
g7=b11N +b N U2=

Xo  "127xyp 0

yields the following nonzero partial derivatives

)

aYg

3 -

—g7 = - EE A1*6

aY4 (o]

997 1 t ’
11 A
e BT Y13+ Aq)
ag7 1t ’
=L L Yqar A
5 5 R Y4+ 2)
ag7

Vg 2nbyy+ (“12+ Age)

Further, the eighth condition

S
9g= b21Nx2+ b22ny2 V=0

yields the following nonzero partial derivatives

ogg 2

agg 1t

O o1 nYas A
v~z m e A
ogg 1 t
o1t A
v, “a | "7 A

115

R A

2
=-n b43[80 Ry, (D12+ 4066) ¢ 4o — ] -1

n

(1.14)

0
27 1 vgeAg)
Y13 B8 R
ag7 1
—_— = - — (Y74 A
N1z B 5 (7° A2
og7 1 7+
s T Adg (1.15)
ag7 R Yy
Y23 4cn? %
(1.16)
99 2
Vo 2nb22
9
J -
P8 _1 Ajs
aY-” C
(1.17)
998 1 7+
= = " 5= P22
EAET 2cn



Further, the nineth condition

116

3.5 3 S
9g= b1Nyy* byoN xy N b13H2 b14M xp~ U3 = 0 (1.18)
yields the following nonzero partial derivatives
999 R 332+ n = 999 R 2 T
vy - T M PisRiet 5 Me Vi 2+ b13(2826 Bgy) - = A6
9gg R 23 ’ 999 R,3zx
37, 8 1 N Pra(Y14r Ay) o7~ 2T P1aBa
999 2,3 R _23 ’ R 2 3=x
999 | ac R 23y Al %99 _p3pro1 1 (2B~ B..)
v, ~ 8 Mhaalist Ay Nag 187167 3 | on o267 O61
ag = -— - %
avz .- b133(2n302*6+ 4c % n2Yqq+ 4c ? nT) - % Tt?' _g Bgo (1.19)
9gg R 23 2,35+ t ’ 999 3=
99g R _, 3=+ dgg R, 3=+ 1 7+
—_— =-2"mp’B =-2 b B - A
13521 2
oYg T 14761 Y24 cn?
999 R 23 99g 3=+ 1t 1 g+
—— =4c 2 n%bI (Y7+ Ag) byDii+ —~ — _'_B
Vo T 13 V2s 13511 3 R 3 "2
%99 b +2R 2,3 B - 2BY) + (A AN
Wyg P12t 2§ NTPyaByy- 2Bgg 12* Agg
ddg R 2 3 999 R,3 ’
W=—40Tn b13(Y6+ Aq) W=_40Tb13(Y14+ AZ)
ddg R 2 3 t 999 _ 999, A
= = ~4C —_ N b Yo+ __ (Yv+ A — ={—) R
V12 " P1a¥er g (Y70 A2) e e
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ddg

R _2.3 3=+ 9gg R .3
—— =~ 8C — nbyaY4+ 2nb,D —— = -4c — nb o (Yg+ Aq)
W13 i 13 14”16 P T "°13
agg 2 3 R T R A 1 1t g+
Further, the tenth condition

3,5 ,3 vSe

9107 P1Nxg* b22ny + bygHy s b24"" v3=0

yields the following nonzero partial deviatives
010 _ 4, R 335> 9910 _ 123 186 B v (B4 4D - 4o
e T bo3B16 Nz 8 T 27 127 "ee
9910 R 23 ’ 9910 » R
w, e bag(Y14+ Aj) s 2T nb3(2B5g- Bay)
910 _ _ 12,3 4cRnb (Y +A)+2Rn2b38 LU
N 21" 7 1 7 Pastii2 T Ce4t11T g M2
9910 R 2 ’ 9910 R, 8z* 1 3*
—— = -8c - n%(Yq3+ A —_— =-2"21b B+ — A
Vs ¢+ Y13+ Ay) 1o T D24821% = A2p
9910 3, 3=+ R 2 R - 9910 35
g = = bys(2n"Dyg+ 4c T n“Yqq+ 4c I nt) Nag = 4nby3D 6
a910—t‘lrc_R_nzng+n2b36*+l+1 t_rlé*
v i 23'9 2412 7 "3 R T 22
9910 R 1 7+ 9910 3=+ 1t 1 g*
aT8=‘2—”b24Bs1 < A6 ay—m=‘b24D11‘§ﬁgﬁBm
9910 _ 4c R 02,3 (v,4 ag) 910 __, Rp35;
g T P2slt7T 2 Noa T 23721
910 _ b3 .2 R 23 BX 0Bk 9910 _ 85~
Mo 22" < + " P23'"11 66 Wag 28N

R
T

(1.20)

A
—5l

(.21)



9910 R 2.3
— = = 4C . N baya(Ye+ A
aY11 T 23( 6* 1)
9910 R 2.3
= - 4Cc — Nb,,Y.
3Y12 t 23’3
9910 R 2.3 3=+ 1 t o+

Further, the eleventh condition

3,8

914 - by xy3 "

31 Nx3

yields the following nonzero partial derivatives

%g\’% -4 ? n3b§3§1*6 gs: ) nzbf?slec ? Y+ (Dyp+ 4Dgg) - 4
_aaﬂ\;;‘ - 8¢ 5 n2b3(Y14+ A) ;3:; =2 E Nbgs(2Bys- Byy)
8;1{_1; = - n2b3 -4c —n b333(Y12+ A)+2 n2b§)4811
Ehacﬂn%g(vwﬂ’) 39_1_1_-—-—25b38

3V, T 3 1 piew 34821

%61 - - bgy(2n%D + 40 _F:l n2yyqy+ 4c % ) ;312; = 4nb 3D

%%17_1 - 4¢ ? n2b5,Yg+ n203,D75- 1 3312: - - bo,Ds,

%18—1 =-2 l?- nb3yBey 23121 w2 ? b35B5 1

_aa_gy% = 4c ? nzng(Y7+ Ao) 333218 = - b§361*1

3,,8 ,3,,5s
bgHy + bagMy,-
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9919 R .3 ’
o = - 40 — bya(Yiav AY)
9910 _ (3910) A
Pe I
9910 _ 4c B 3 (Ye+ Aq)
= r M23
S
w2= 0

C

R
T

{1.22)

A
—]
n2

(1.23)
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- nb32+2 T n

~ac B
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2.3

R

3 2,3

9911
Y13

= -Sc_ﬂ;_n‘zb3

Further, the twelveth condition

3 3

3., .8 s
912 DgiNyy* PgoN

42Nxy,* 43
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2 3 =x = %
ba3(B41- 2Bgg)

3 -
3374+ 2NbgsDyg

H;+b3

yields the following nonzero partial derivatives

0912
2N

dgq2
Yo

9912
aY3

9912
oYy

9912
Vg

0912
Y7

ag12

=-4__n
t

R 3. 3=+
bsaByg

R 23 ’
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R 23 ’

3 3R * R 2

_ R 2.3 2. 3+

R
T

3 - x
-2 — nby,Bgy

2,3 R 2.3 ’

9912
Y14

R

1+ 4c f:. nT)

— n2b
t

9911 R,3 ’
o = - 4c T b33(Y14+ A2)
og 9911

— - HA

Pe

9911 _ 4o R b3 ves Ay)
5 T 33 6 1
T

S S
44MX2 - W2,;= 0

2. 3 R = % - %

=n b43[8c T Yo+ (D12+ 4D66)
9912 _, R p8 o5 B
Wi 2T "Paa®Ba6 Bet)
- %

44811

ag12 R 3=+
12 _ _oRp°p
aY17 t 44 21
9912 3 = x
Moo = 4nb,3Dyg
0g12 3 = x
oy o PaaPr
9912 R, 3=+
2 _ _o2ARp°B
ay24 i 43-21

R A

(1.23)

(1.24)

-4c -~ ] -1
t 42

(1.25)



9912 R 2.3

o = 4c T NSbys(Y7+ Ag)

9912 3 R 2.3 =% , =+«
Wio Nbgp+ 2 — N"by3(B44- 2Bgg)
9912 R 2.3

— =-4c _ n“b A

Y114 t 43(Y6+ L

9912 R 23
~4c — b,,Y
EXZT T " P43'3

9912 R 23 3 5 *

Further, the thirteenth condition

4 ..'s 4 s S
9137 DyqNy,* PypNyy, - ug=0

yields the following nonzero partial derivatives

9913 _ 2n 7=

3Y2 < 16

9913 2 4

9913 1 t ’
= 1 (Yqa+ A

Vg BR 14D

9913 1 t ’
= 1 (Yya+ A

v, B R O1BTAY

9913 4 -

1 — %
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9912 3=
Nz bs3D11
9912 _ac R b3(Y +A')
F T C43'7147 72

aae oA
012 |, R nbas(Ye+ Aq)
ot t

9913 1 t

— .1 Uyo A

aY13 8 R Y7+ 2)

2

18 1 (yge Ag)

Y4 8 R

9913 _ _ 1 7+

v =" "= "o

aY16 cn

9913 1 At

Nor 3 22

25 4¢n

(1.25)

(1.26)
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Finally, the fourteenth condition

4 s 4 s s
944= b21NX4+ b22ny4— Vg = 0 (1.28)

yields the following nonzero partial derivatives

9914 2.4 2n T+ 0914 1 =%

—_—— =-4n“b, - Z_ A —_— = —=A

Y4 41 7 M2 ayg c 26

9914 1 t 9914 4

=1 2 nys+ A 2 = -2nb .29
Vg (TR T A 1 22 (1-29)
9914 1 t 9914 1 T

o1 nvge A -1 A

v, "z R "Wer A N7g 2rc 22

Limiting Case as E; —
In this case one must satisfy the 14-boundary conditions specified by Eq. (141), the first of which reads
0, S 0.8 s
hi=agjwg+ Wy+ Wp+ Wy + a12wo&— Ho=0 (1.30a)
Replacing the shell variable HoS by its equivalent expression in terms of the variables used in the

anisotropic shell analysis \}-V, W and F derived earlier (see Eq. (99)), one obtains after some regrouping
the following nonlinear boundary condition

- %
B : ,
0 o R ~21 R 2
h1= a11Y5+ (6.12-' 2c T - )Y12+ 2c _’[_ n [(Y13+ A1)Y1+ (Y14+ AQ)Y3 (|.30b)
r)
5*
21 ’ ’
+ (Yg+ Aq)Yg+ (Y7+ Ap)Y1ol + en? = Y13+ Al¥e+ (Y14+ Ag)Y7+ A1Yq3+ AgY14]
Aza
BB,
¢ Oy 22 )ogn 4o ? A (Yyg+ Ag) +ay(Wyh + Woper W) = 0
A
22

Next one can proceed to calculate the partial derivatives dh¢/dY; analytically yielding the following nonzero
terms

dhy R 2 ’
— =2C — Y A
Y4 t n"Yya+ 1)

ohq 0

R
_——=a 2c — (A - =
aY12 12* t ( )



dh4 R 2 '
— =2C — n%(Yy4+ A
5~ 20T (14 A
ah“ [o]
35 O
ah B,.
o~ =2¢ B n2vgeon? 22 (vg. A
dYg t 2t
22
ah B,

1 R 2 2 P21 ’
—— = 2C — n°Y nc_Z_ (Y A
v; T2 T " Yot e = (Y14+ Ay)

22
ohy R 2
= =2C — n%(Yg+ A
8Y8 t ( 6" 1)
oh4 R 2
Vo T Y7+ Ag)
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- %

ohy R B2

2 2
3\(—=2C't—,n Y4+ cn :(Y6+ Ay
13 A22
oh B,
_1__ = 2C E n2Y3+ Cl"l2 ﬁ (Y7+ Ao)
aY t - %
14 A22 :
— ok Tk
oh — B,4B
o = Dfys 2121 (1.31)
0Yog 2t
22
ah,

oA R !
a11Wv+ 4c T (Yqo+ Ao)

8h1 8h1 oA
(R +alW
T ok 1P
ch

T1 = a101\;\vt

ot

Proceeding similarly with the other boundary conditions specified by Eq. (1 41) one obtains for

O S Lo B S -
h2= a21(wo+ W, + Wp+ Wy + a22w0&- (Mxo+ A =0

the following nonzero partial derivatives

- *

ohy R Boq
e 217 1 =
dYsg t At
22
g
oh B
2 =con? 21 (vge Ag)
aYG Z*
22
gt
ah B
._2. =cn? ﬁ (Y7+ Ao)
aYy A
22
oha 0

g 22

(1.32)
-~k T %
dhg =4 BBy
AT SN — %
Ado
ah2 o.AN R — % —_
5 " 21Wv-2 £ Byy-q
N (1.33)
ohy 2 04 R $
= = () RragWy-2 BB,
e 0 t



The third condition

123

1 s s 1 s s
hg=aqqUy + aqpVq+ aygWy+ agWy - Ny =0
yields the following nonzero partial derivatives
dh3 n 17+ 2 ohg 1t 1=+«
_— = - — 845A n =-_ _ a;,B
7 c 2120127 N4 T |/ 12726
dhg n 17+ dhg 1 15+
—_— = a,4A — A
¥z ¢ 11716 75 on 12722
ohg t 1 ’ 1,1 .1t ng* 1
e 7 21(V12* Ag) +agp(= + 5 = = Byp) + a3
dh3 1tn 1%+ oh3 2 17+
—_— = - — — — a44B =-__ a 4A
Y7 2 Rc 11762 Y17 cn 11726
oh3 11 7+ 7+ ohg 1t 1 _1z%
—— = - _— as.(A A —_=-—_ - — a,,B
g o 112" Aee) Vo 2 R on 12P2
ohg 1 .15+« ohg 1t 1 1 .=+ =»
—_— = - — a,,5A ~— =~ — — — a,4(2B,,- B
Wog T A12iee Vo1 - 2 R on 11826 Ber)
ohg t oh3 1 17+
— aq4(Yg+ A =____a,4A
i o ® enlYer A Naz B 1rez
Mg 1 1 1t Zr o 1 dh3 1t 1 17+
=ay4 [— +— — (B,r-2B a R - T
WVig A [n2 * 55 |7 B2z~ Bge)l * 214 Va7 2R 7 o1t
The fourth condition
1 s 1 s 1 s 1 s S
hy= 89Uy + BgpVq + BpgWy+ Wy = Ny
yields the following nonzero partial derivatives
ohy n 175+ dhy 1t _15¢%
_— T~ — AnsA = - — — a,,B
aYq c 22712 V1a T | 22226

(1.34)

(1.35)

(1.36)
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%3— -2 a1A7g aa\’;% ) 'c% 2222

;_‘;. = - % ag1(Y12+ A;) * a‘212(1 ¥ -;- % % Bog) + a:213

kel e i

%};_‘g_ -~ Ly (Al Ady - n %:_0 - % % C1_n 8,585, (1.37)
;‘:—0 =" % 2P s6 ;:—:—1 = - % % % 291(2Bpg- Bgy)

g;% - - Lad,(vg+ Ap ;% - 5 1Az

ohy 1,1 .1 1t g% =+ 1
i3 2215 5 & Bozm 2Bee)l a4 ="

The fifth condition

1t s 1.8 1 s 1 s s

yields the following nonzero partial derivatives

gayh—? T % a312K1*2+ 4c -? n2(Yyg+ A;) ;:;—i.) - 315 3312;‘2*2

;3_2 66 P n2vg A) ;3% - - Zal A2 o By By
g_:;z - % ag1Alg- 4 _F:. n3B. ;‘?Z—o - % % % 8958 (1.39)
g_:;j - 8¢ ? n? (Y1q+ A)
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ohs t ’ 1,1t ng* 1 R 2
Eres " | agq(Yq2+ Ay) +a32(F ‘s E®T Bys) + agg+ 4c T n“Yg
ohs 1 tn_13* R 2 3+ R -

= - _ — — ao4B 4c —_ n“Yq44- 2n"D,yn- 4Cc — N1
EXZ] 5 | o 31°62" % 3 1 26 i
ah5 1 1 —=* — % R 2,5+ - % ah5 1t 1 1 = % = % - %
R 231(A12* Aeg) ~2 7 N"B1172Bge) - Tr o a34(2Byg~ Bgy) + 4nDyg
dhg R 2 ohg 1 17+ _ Rg*
— =4c — n“(Yg+ A _——— = _ an4A 2_8B
dYg t (Ye+ A1) Yoo 2 31 22" t 21
ohs 1 .15+ ohs 1t 1 _135% =+

= - — agsA = - — —  8,4B,,+ D [.39
g | T 2a2hee 7y | 2Rz 81t21" POn (1.39)
ohg R 2 ohg ’
——— =4c —_ n“(Y7+ A — =4c _ (Yq3+ A
Y14 t Y7+ A2) dr Y13+ Ay)
ohs t 1 R 2 ohs _ ohs

= - _ anq(Yg+ A 4c — n°Y =
vz T 2aYer A) e £ 0y » T
Ms 1 vt B oy ralrac B (2n2Yy+ 4) - n2(D,,+ 4Dr)
Vi3 813 T g 227 el T s 12% *“e6
ohg 1t 13+ 2 ohg R

= - — = as,B 8c — ncY. — =-4c —_n(Yz+ A
Nqa TR 3226 4 = p "7+ A2
The sixth condition

1 s 1.8 1 s 1 5§ s

h6= AgqUq + 840V + QygWy+ AW, 8 Mx1= 0 (1.40)
yields the following nonzero partial derivatives
dhg n 17+ , R 2z« dhg 1t 1=x =+
— = - —8,,A;,-2 _n°B — = - — — 3,,B,n+ 2nD
Y1 c 4212 1 11 Y14 c R 42726 16

(1.41)

ohg _n 17+ g _ 1 17 R g+
_— = — 3,4A — T — A,5A 2_8B
N3 T 41716 Vi5 on 42 22" < 1 P21
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j:?o =‘% 422 26~ 25”861

_;)3762 -- & a4, (Ye+ Aq)

ohg 1.1 .1
i a41[;-2-* 5 ('322 2Bgg)l + a4,
The seventh condition

2 s 2 s
h7= agquy + ayoVs - Nx2= 0

yields the following nonzero partial derivatives

3\% == % a2, AL+ an2

;% =2 % afiAs

;3_2 =- % % aZ(Y1g+ Ay + % % na’,(Yg+ Aq)
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% =- % af (Agpr Age)

az:s‘ ”2512

-;:% =" C_zn 341;‘2*5

s‘?_go =" -;— —,;— % alzéz*r 51*1
% =- % % % a41(2826 Bgy)
-;% = ﬁ ""212‘2*2
%=‘%%Cr+2321§2*1
SRR
CERY

;2% = 2—15 a122’?‘2*2

;3—:8 = —C% 3121356

;Zs = 4(; a12 1’_\2*2

(1.41)

(1.42)

(1.43)
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E)h7 1 2 7%
— a4 2A26 (1.43)

aYq14 T c

The eighth condition

2 s 2 s S

yields the following nonzero partial derivatives

ohg n_ 25+ ohg 112
2 =-2N a5 2 =-1 1 af(vg+A
aYo c 22712 Y13 8 R 21(Ye* A1)
dhg n_ 25+ ohg 1t 2
— =2"2asA ~— = 7 3q(Y7+ A
N, T 217 v, 8 R Y7 A
ohg 1t .2 o1t 2 ohg 1 . 27+»
— = m — e Y A — — ha A ——— = e A55A
Vs~ 8 | 221018 A r g g Vet M) go = o 222R0n
dhg 1 t _2 o1t 2 dhg 1 25«
v "8 R 2114t Al - g 5 Napp(Y7 A2) E PR 321426 (1.45)
ohg 1.2 =% =« ohg 1 27
aYg = - E a21 (A12+ AGG) -2n 'aY23 = 4cn a21A22
ohg 1 2=+«
—_—— = - — 3n”A
V11 o 422726
The nineth condition
3 s 3 s 3 s 3 s s
h9= ayqUz + @yoVg + 8yqWs + a14w2&— NX3= 0 (1.46)

yields the following nonzero partial derivatives

dhg n _ 37+ dhg 3.1 .1 t g* o 3
— =-Da’A —2 =al— +— L (Bs,- 2Bao)] + 2
v, G A1te Va1 T o ' Pea” 2Pee)! T 21

(1.47)
ohg n 37x 2 dhg 2 3o«

—_—— = — 845A n —_—— =12
8Y3 (o4 12 12+ 3Y15 cn 11



dhg 1 t n
_— = — — a,4B
g 2TR<c 11762

dhg 4
7

ohg 1 3-
W% ay5h56

ohg 1 .3 7% =«
Wi T ay1(Aqo+ Agg)
dhg t
e =~ — a44(Y7+ A
Wiy m a7 A

ahg 1 5
——— —_ —a
aY13 c R 12726

The tenth condition

s

hoea3.u5s a3.vS, a3 wS,
107 82143 * 8ppV3 * AWy + 8pWs

3 ’
7o © " aniYize A -

yields the following nonzero partial derivatives
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dh1p 1.8 7% 7+ b0 1t 1 3Bz
= - — @nq(A A n — T — — — a,,B
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The eleventh condition
3 s s s .3 s ]
yields the following nonzero partial derivatives
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Vs " (Y14r A)) 7 - o te2fe2
M1 _n 35+ R 2 ’ M1 1t 1 3 ox o+ = *
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The twelfth condition

3 s [ 3 s 3 s
N12= 84qUg * 845V * aggWy + agqWp—~ M, = 0

yields the following nonzero partial derivatives
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ohq2 1 3 ==
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= dhy1 R ’

2Bgg) = 40 oL (Yig+ Ay)
ah ah
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e oA
ah
1 ac Bn(vge ag) (151)
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M2 3.1 1t 5 = 3
EXZvs 'a41[n— * 55 | Boz~ Bgg)l * agy
dhy2 2 3«
= = — 844A
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V7 on f42fe2t 2 1 By
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d¥o1 2 R cn 425217 P11



131

dhq2 t 3 dhig _ 1 _3g+x
—_— = - — a,.(Y7+ A — = —_a,4A
V12 g 217+ A2) Nz o2 41722
(1.53)
dhy2 1t 33+ =+ ohq2 1t 1 3=+
—_—— = - — = 8,,B,-2nD _—_—— T e = ——— a,,B
Y13 c R 42726 16 Nog 5 R an 4121
The thirteenth condition
4 s 4 s s

hig=ayqUg+ gpVg ~ Ny, = 0 (1.54)
yields the following nonzero partial derivatives
ohq3 n_47»+ ohy3 11
_— = -2 — ay4A — " = - — — a44(Y7+ A
3, ~ T 11718 i R enlrr A
dhyg n 4-x 2 ohy3 1t
_— =2 _ 8,,A 4n —_— - =4 + A
Yy c 12 12* Y14 8 R 11(Y6 1
ohq3 11t _4 1t 4 13 1 45«
— = = — — aq4(Y A;) - — — na ,(Y7+ A —— = — a44A
aYG 8 R 11( 14t 2) 7R 12( 7+ Ao) aY16 on 11726 155
oh13 11t _4 o1t 4 ohy3 1 _47x
E -5 | 21118 A - 7 5 nagplYer Aq) Mg " 5on 212822
ohy3 1 47+ dhy3 1 4z«
_—— = - — 84,A _— a 4A
o c 21226 o5  aon? 1122
ohi3 1,4 7%  7x
vy -5 A1tz Aee)
Finally, the fourteenth condition

4 s 4 s S

yields the following nonzero partial derivatives
ohqg _ * dh1a _ 1t _4

n_4+=
—_— = - 2 — an4A —_— = = — — an4(Y7+ A
dYo c 21716 Y13 8 R 21( 7+ A2)
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aYqa 8 R
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Table 1  Comparison of calculated buckling loads — Khot's glass-epoxy sheil[26]
(-40, 40, 0) - Ny = -965.9814 Ib/in,R=6.0in, L=12.5in, t =0.036 in
ANILISA COLLAPSE ANILISA COLLAPSE

SS-1 | -282.324 (n=2) -282.323 (n=2) C-1 |-519.656 (n=12) -519.656 (n=12)
S88-2 | -282.702 (n=2) -283. (n=2) C-2 |-521.455 (n=12) -521.454 (n=12)
85-3 | -518.116 (n=12) -518.115 (n=12) C-3 |-520.333 (n=12) -520.332 (n=12)
SS5-4 |-520.727 (n=12) -520.663 (n=12) C-4 |-521.597 (n=12) -521.597 (n=12)

Note: Buckling loads are given in Ib/in

§5-4 1 u=u, v=w=0 ; My=0

C-1 : Ny =-Ng Nyy =w=0 ; wy=0

C-2 U=u° ny=W=0 y W,x=0

C-3 Ny =N v=w=0 ; w,y,=0

C-4 u=ug v=w=0 ; wx=0
Table2  Summary of Imperfection Sensitivity Calculations using ANILISA [29]

Khot's glass-epoxy shell (-40, 40, 0) - Ny = -965.9814Ib/in

Al n b a B B . |E2=01|E;=05]|E =10
SS-1[0.292266 |2 |-0.0436 |1.0042 |1.0179 |44.97 |-50.08 |0.869  |0.677 0.553
§S-2 | 0.292659 +0.0328 |1.0015 |1.0139 |44.97 |+17.67 | - - -
SS-3 | 0.536362 | 12 |-0.3893 |0.8975 |0.6644 [44.12 |-122.26 |0.757 |0.436 0.251
SS-4 {0.539065 |12 |-0.1726 |0.9444 |0.8083 |44.09 |-93.68 |0.807 |0.542 0.385
C-1 |0.537958 |12 |-0.2654 |0.9468 |0.8267 |44.56 |-110.73 |0.781 0.498 0.340
C-2 |0.539820 |12 |-0.1115 |0.9689 |0.8939 |44.55 |-73.98 [0.829 | 0.591 0.447
C-3 |0.538658 |12 |-0.2176 [0.9525 |0.8403 |44.56 |-104.68 |0.793  |0.520 0.364
C-4 |0.539966 |12 [-0.1101 |0.9690 |0.8934 |44.55 |-74.24 |0.830  |0.592 0.448

Note: 8, and E; are given in degrees.
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Fig. 1 Sign convention used for shell and ring analysis

Fig. 2 Forces on a ring segment
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Khot's gloss—eapoxy shell (—40,40.,0) xibor2m0D.10—-05 mm=1i, N2
W1 —max vs axlal lood (both values normalized) SS—1 8.C.
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a. W1 max Vs normalized axial load pg= Ag/Ac

Khot's gioss—aepoxy shell (—40.,40,0) xibor2=0.1D-05,mm=m 1, n=2
end-—-shortening (totol) vs axlal load (both normeolized) — SS—1 B.C.
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b. end-shortening vs normalized axial load pg= Ag/A

Fig. 10 Load vs deformation plots for $S-1 boundary conditions
(Ny=-No, ny=w=Mx=0 ; Ngp=-965.9814 Ib/in)
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Khot's gilaas—e8poxy shell (—40,40,0) xibar2m=0.10—0S.mm T nm2
W1—mox ve oxial lood (both values normalized) 55-—2 B.C.
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b. end-shortening vs normalized axial load pg= Ag/A

(U=Ug, Nyy=W=My =0 ; Ng,=-965.9814 Ib/in)

Load vs deformation plots for SS-2 boundary conditions”
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Khot's glass—epoxy shell (—40.40,0) xibor2=0.1D—05.m=1,n=12

narmolized axiol load = larmbdan / 0.536362

W1-—mox ve oxlal lood (both normalized) — SS—3 B8.C.
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Load vs deformation plots for SS-3 boundary conditions

(Ny=-Ng, V=W=My=0 ; Ngy=-965.9814 Ib/in)
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b. end-shortening vs normalized axial load pg= Ag/A

Fig. 13 Load vs deformation plots for SS-4 boundary conditions
(u=ug, v=w=My=0 ; Ngy=-965.9814 Ibfin)
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Fig. 14 Enlarged view of the limit point for SS-4 boundary conditions
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Khot's glass—epoxy shell (—40.40,.0) xibar2=0.1D—05.mw 1. nm=12

W1—max vs axlol lood (both normalized) — C—1 B.C.
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b. end-shortening vs normalized axial load pg= Ag/Ao

Fig. 15 Load vs deformation plots for C-1 boundary conditions
(Ny=-Ng, ny=w=w,x=0 ; Ngg=-965.9814 Ib/in)
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normalized axial load = lambdas / 0.537957
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b. end-shortening vs normalized axial load pg= Ag/Aq

Load vs deformation plots for C-2 boundary conditions
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Khot's glass—epoxy shell (~40.40.0) xibor2=0.10-05.mm=1. n=12

W1 —rmox va axiol load (both narmalized) — C-3 B.C.
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Khot's gloass—epoxy shell (—40.40.0) xibar2«0.10—05. m=1,nmi2
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Fig. 18 Load vs deformation plots for C-4 boundary conditions
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