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Abstract

The driving forces for a generally oriented crack embedded in a Functionally
Graded strip sandwiched between two half planes are analyzed using singular integral
equations with Cauchy kernels, and integrated using Lobatto-Chebyshev collocation.
Mixed-mode Stress Intensity Factors (SIF) and Strain Energy Release Rates (SERR) are
calculated. The Stress Intensity Factors are compared for accuracy with previously
published results. Parametric studies are conducted for various non-homogeneity ratios,
crack lengths, crack orientation and thickness of the strip. It is shown that the SERR is
more complete and should be used for crack propagation analysis.

1. Introduction

One way to reduce the residual stresses in composites is to process fully tailored
materials and interfacial zones with predetermined continuously varying mechanical
properties. Such materials are known as Functionally Graded Materials (FGM) (see
Asish et. al., 1997 and Holt et. al., 1993). Some FGM could be described as two-phase
particulate composites where the volume fractions of its constituents differ continuously
in the thickness direction (see Niino and Maeda, 1990; Hirano and Yamada, 1988; Hirano
et. al., 1988; and Kawasaki and Watanabe R., 1990). This implies that the composition
profile could be tailored to give desired thermomechanical properties. One of the most
important of these properties is the minimization of crack propagation. In order to design
FGM components, then, the driving forces of crack propagation must be fully
understood.

The problem under consideration here is that of a generally oriented crack embedded
in a nonhomogeneous strip sandwiched between two isotropic half planes. A system of
singular integral equations with Cauchy kernels is used to analyze the driving forces
(Stress Intensity Factors (SIF) and Strain Energy Release Rates (SERR)) of crack
propagation.

The present work is a generalization of a sequence of papers (Delale and Erdogan
(1983), (1988a), (1988b), Konda and Erdogan (1994), and Chen and Ergodan (1996))
concerning driving forces of crack propagation for problems involving various boundary
conditions and crack geometry. In these papers, an exponential variation in material
properties within the FGM is assumed, and it is shown that Poisson's ratio has little effect
on stress intensity factors. Therefore, in the present formulation, the same Poisson ratio
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is used in all three materials, while the shear modulus has an exponential form. Also,
these papers considered only horizontally oriented cracks, while the present paper
addresses a crack with arbitrary orientation angle.

The solution methodology follows the basic steps presented in the previous papers.
Specifically, the problem is cast in perturbation form. First, the crack surface tractions
are computed for an FGM embedded between the two half planes with given far field
stresses when no crack is present. In the second step, these tractions are used to compute
the stresses at the crack tips for the perturbation problem. These steps are depicted in
Figures 1b and lc. In order to account for the arbitrary orientation angle, the perturbation
problem is separated into two parts, depicted in Figures 2b and 2c. The first part includes
the influence of the interfaces, and the second part examines the crack in an infinite
FGM. Details are shown in the next section.

2. Formulation of the problem

The geometry of the problem is shown in Figure la. The two dissimilar materials,
which are perfectly bonded to the FGM, are isotropic and homogeneous, the FGM has a
finite thickness h, and is denoted as Material 2. Material 1 occupies the lower half plane,
for y < 0, while Material 3 occupies the upper half plane for y > h.

In global coordinates (x,y), the shear modulus of the FGM is assumed to be as

follows:
Ha(y) = e’ (D

and in local coordinates (x,,y;) as:
'uz(xl’ yl) — u,eﬂ"'*‘s"“ (2)

where

Lo
y =—Inct2)
h |

6 = ycos(6) (3)
B = vsin(8)

Hooke’s law relates strain and stress using two independent material constants:

XX

€ =L[(K+1)GXX+(K—'3)GW]

€,

1
vy =@[(K—3)G“ +(x+ Do, ] (4)

1
8\* =_Txv
Xy 2“ )

2
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where the bulk modulus, x, is defined as,

k=3-4v  for  planestrain (5)
or
K= 31 for  plane stress (6)
I+v

The solution strategy is shown in Figures 1b and lc. The governing equation for the
half plane is

a4E(x’)v)+28 F(X \)+8F \\) O (7)

dxt dxdy’ ay*

The solution of (7) is found by applying the Fourier Transform:
ey = [Via,ye "da (8)

and solving the characteristic equation

Y AN A
dy“ dy”
=m'-20°'m +a*=0 )

=m, =m, =|o] &m, =m, =-|q|

so that,
1 o 0( X0
E(x,y):%ﬁ(D (o) +yD, ()™ +(D; (@) +yD,(o)e”*"Je™dor  (10)

Due to the condition of irregularity at y<O (the stress function vanishes as y — -o0),
Dx(o) and Dy(o) must be zero, therefore

1 T oy iva
F.(x,,v)=;j[(D,(a)+yDz(a))e’ M e da (11)

Similarly for Material 3, the application of the condition of irregularity at y>0 yields
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Fi(x, ,v)=L J[(Cl(a)+,.\'Cg(a))ev‘“""]e’*"“da (12)
2r ¢

‘ The solution strategy of the perturbation problem is shown in Figure 2. The Airy
stress function method is adopted in this study, mainly for making use of the technique
developed by Delale and Erdogan (1988). It is assumed that the Airy stress function for
the FGM is composed of two functions; one is associated with an infinite plane
containing the crack on the x;-axis, Ua(x,,y;) (see Figure 2c), while the second is an
uncracked strip, Fa(x,y) (see Figure 2b).

The governing equation in the global coordinate system is

2 2 ) _3
Ve, +0,)+Y 0“+K' o, —QYi(cM+6V‘)=O
: K, +1 dy »
9’ 9’ (13
) ~F‘1 ) o3 _3 _Fw s 2
= VF (x.y) 47| LY, Ko Y 2y 9 R, (x,y) =0
. dy~ K,+1 dx° ay
The characteristic equation of (13) is
4 3 2 Iy 2 1 22 Ko =3
m" =2ym +(y —2007)m” +2yom+ (0" -y l)=0 (14)
K, +
Four roots of (14) and the stress function are obtained in the following forms:
) : . 3_ )
m, =Y o +Y—+10(y LS
2 4 K, +1
: 3_ ~
m, - o +l—+iay hE
2 K, +1
(15)
2 3_ S
m, =Y o +Y——1(xy K
2 K, +1
v 2 Y 3-x,
m, ==+ _[0" +——1 =
o2 \/ N, +1
= F(x,y) =7L '[[Al(oc)e'“ly +A,(0)e™ + A (0)e™ +A,(we™ ] e da (16)
2n 7

The governing equation in the local crack coordinate system is
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o o | o .
V4U2(x1’YI)“26_(V~U2(x1’)/1))—QB—(V-Uz(XI’}ﬁ))+

dy,
865 azUz(X|»y|)+ 5 1(2—382U2(X7,,y1) d’U, (X|sY1)) (17)
1+x, 0x,9y, I+x,  dy; ox;
Sz(a-Uj(x’I’YI)*_K2—38-U2(qu’y1))zo
ay,' I+ x, axf

The characteristic equation of (17) is

n’ —26n3+[B2 K "3+62—2a(iﬁ+a)}13 +oc8[ 8p i+2oc}|
K, +1 K, +1

(18)
o) o) ~|3— A .
+oc'[oc' +6° Ki +B(21a—B)]=
The four roots of (18) are
1 3- b : L K,
5|8+ B> | 8+B. )52 |y 4o +iof B :
K7+l 2 K, +1
I 3w, ) | O
n,=—|8-PB 22 |2 g 2R | aga? il B
-2 K,+1 ] 2 K, +1
(19)
3_ ) 3_ A i ) . 2
n,:l d+p hE +l o+P hE +4(a” +i0f B LS
S 2 K,+1 | 2 K, +1 s +1
3-x, T
n,=te-p 27 L Feop 225 | 44 +ia B+8
2 K.+1 ] 2 K, +1

By examining the roots carefully, it can be noticed that n, and n; are always negative
as o—xteo, while n3 and ny are always positive as ot—eo. This implies that the stress
function can be expressed in the following form:

1 7 .
U,(x,,v,)=— J'[B, (@)e"" + B, (@) e™" e da; y, >0
2r ¢

(20)
17 _
Uz(x]’yl ) P % J[Bx(a)e,ll"l + B4(a)€,'4‘\]] el.\llxda; ."'l < 0
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Two constants in the system of equation (20) can be determined by application of the
continuity of stresses at y;=0, as follows:

aU,(x,,07) 3 dU,(x,,07)
dy, dy, (21
U,(x,,0")=U,(x,,07)

=B, ()= "B (0)+ 2B, ()
n4—n2 n, —n,
) ' (22)
B, (0) =—L—"1 B, (o W)+ 1B (0)
4‘“3 n4—n3

The general forms of the stress functions used to generate the stress components due
to each problem have been obtained. Next, formulate the stresses for the infinite plate
with a crack by differentiating the stress function U, (B, and B; are still functions of o).

‘|\|

(\],\ )——I[’leenll\l +’l~,B e \1] ,\lada

(' (l , ‘, )___l a B "y +B’en:y, ei,\',ada
1 7]'[ 2

—o0

IR _ 1 % o} ’ i
Cx vy =— |02 (W B, + w,B,)e" 4+ n; (w,B, + w,B,)e™ "] " dat (23)
1.1 271_ 3 11 2872 4 3+ 42

'y _ —1 I -
e vy = — | [(w B, + w,B,)e"™ + (wyB, + w,B,)e" "] e da
1201 ,-)71_ 11 2872 Ring| 472

W, = W, = — Wy = — Wy =

The singular integral equations for this class of problems are formulated in terms of
two auxiliary functions:

J . _
f,(xl)zax [u,(x,,07)=u,(x,,07)]
| 24
J . ) (24)
f:(x|)=—ax [VI(XI,O )—V](XI,O )]

1

Notice that the auxiliary functions are valid for any x,, but are nonzero only within the crack (a, b).
Using Hooke’s law for the stresses given by (23), local strains and displacements can
be calculated. For example,
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I
™
~a’ (K, —3)(Be"" + B,e"™")]e"do

1
™

~a’ (K, =3 (W, B, + w,B,)e"™" + (w,B, + w,B,)e" ")l “dat

N 1 % R . , .
E‘AI(L_’(J\‘],)":) = E J[(KZ +1)(n]-Ble A +712~B2€|2"1)

(25)

U, - 1 T ) o) . 9 )
8\,‘ ) )('xh y)= py j[(Kz + D(n; (w,B, + w,B,)e"" + ny(w,B, + w,B,)e™")

Using (25) and first equation of (24) it can be shown that

1% s s
By v )= —— 2 ntw o — e w
8u,e™ fi(x,)= o _J;(Kz + D[(n, —n;w, —n w,)B, 26)

+(ni —niw, —njw,)B, e da
The Fourier transform of (26) yields
F(a)=h,B, +h,B,
h, =K—g—ﬂ(n, —-n)(n, —n,)

Sl (n, —n)(n, —n,) (27)
84,

h, =
h .
F (o) =J’f1 (e P~ dt

In order to determine f>(x;), it is necessary to find v(x,.,y,) by integrating the normal
strains in the y direction:

oo

1 1 n’ n, o
vix, v )=—I[K, -3)— | (——=Be"" +———B """ )e"“da
i) Sy][( ’ )271'_";(11,—5 l n,—-8 )

1 T 2 1 my, 1 nav) ino
—(K2+1)E_J;Ot (——=Be"" + 5B,e e '“doe]

—oo

n -0 n, —
and (28)
’ 1 1 % 112 ) n: o
Vxyy ) = [, =3 [(Bie™ 4 B e e dar
b 8u, 27'[_;[ n,—9o ! n,-98 N
(e Taz( L B+ B.e"")e" " dor)
? 2 n, -6 * n, -0 +
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The constant of integration can be set to zero due to the fact that the plate is fixed at
the origin. Differentiating (28) and substituting into second equation of (24), then taking
the Fourier transform yields

F,(¢t)=hy, B, +hy,B,

ic-f ) (n, —ny)(n, —n,)
h,, = (+x,)-67(x, -3 L
b =g (a (I+x,) (K, ))[(S_nl)(cs_n})(s_m)

(ny —ny)(n, —ny) (29)
(6 =, ) (0 —n )0 —ny)

1

ey = ""é‘ﬁ (@2 (14 56,) = 82, ~ 3

1

h
F(a)= jf: (e P dr

Equations (27) and (29) can then be solved for B, and Ba:

_ F (ch,, =F,(a)h,,

B1
hnhzz"hzlhlz (30)
B — -F (o)h,, +F (avh,,
i hllh22_h21h12

The stresses at any given point in the cracked FGM strip can be expressed by the
sum of stresses obtained from the U- and F, Airy stress functions, namely:
(s (Fy)

o, (xy) =0 Ly +o M (L v) for Glj=x.y) (31)

These are expressed in (X,y) or (X;,y,) coordinates using the regular stress transformation:

2 2
o, m n -2mn ||0O,
: Y
2 2
o.¢=|n m 2mn RO
2 2 o (32)
T mn —-mn m -n ||T

Ay v

m =cos(8);n = sin(f)

thus the stresses for the FGM are,
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o0

| 5 , ‘ N ‘, o
¢ (x,y) = J.[m,'A,e""-‘ +miA,e™ +miA.e™ +miA e™ Je"da
n

XX

—oo

2 1 t 2 ny 2 n,y ix o
+cos(6)‘—J[n;B,e Y+ n3BLe™ e da
2n ¢ T
: 2 1 T 2 nyy n,y X
—sin(0) —JOL [B,e™" +B,e"" le™do
2n
. | m- n,y n,y X0
+2sm(6)cos(9)§ Jla[n,B,e ' +n,B,e™ le""da
O"yf,’(x,y) = —51— J‘ocz[A,e""-v +Ae™ +A "™ +A "™ Je**do
) s
: 2 l T 2 ny 2 noLy X0
+sin(0) —j[n,B,e " +n;B,e" e da
2n 7
2 1 T 2 ny n.y ixo
—cos(8)’ —— [o’[Be"" +Be" ] " dar
2r - i
1 m. ‘ n,»y X &
_2sin(9)cos(9)7— jxa[nlB,e"”' +n,B,e™" e da
T7(x,y) = —% J'iot[m]A]e"‘ly +m,A.e™ +m,A.e™ +m,A,e™ ] e™da
) oY
. . 1 T b 1,y 2 -y ix
+sm(9)cos(9)—J.[n;B,e"" +n3B,e™" ] e da
2n 2

l N 2 ny n-y X
+$in(0)cos(8) — Ia'[Ble Y+ B.e™ ] e™da
2n 7

—(cos(B)? —sin(0)’ )—1— Iia[n,Ble"‘y‘ +n,B,e™"] e™*dot
2w Y

(33)
The stresses for Material 1 are
o (x,y) =— [ie? (@, +yD,) + 2D, 1l e dor
x ) 2
(M 15 2 laly ixo
o) (x,y) === [’ (D, +yD,)] e’ e da (34)
” 2n <

T (x,y) = - jia[|a1(D, +yD,)+D,] e e da
2n 7
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and for Material 3 are

C‘2 ]e—‘af\'ei.xada

1 %
oV (x,y)= P J[a“(C, +yC,) -2

AN

6 (x, v) =_§ flor e+ yCok e dar (35)

19%

LT ey ix
7(3'(/\‘7 _}‘)z_ﬂ jla[_la'(cl +}’C2)+C2]€ for} e do

From (33), (34) and (35), it can be seen that there are 10 constants, D;, D», C,, C,,
Al As, As, A4, By and B» (still are functions of o in the Fourier space) which must be
determined using 10 boundary conditions. There are eight stress and displacement
continuity conditions:

o (x.0)=0'"(x,0)
ol (x.h)=0(xh)

7V(x,0) =7 (x,0)

TV =10 () for  —ee<x<oo (36)
u"(x,0)=u"?(x,0)
u () =u (x,h)

v (x,0) = v (x,0)

v )y = v (x,h)

From (36), the other constants can be expressed in terms of B, and B», which in turn
are expressed in terms of the two unknown auxiliary functions. The remaining two
boundary conditions come from the perturbation problem, namely,

o, (x0)==p(x) for a<x<b
it ‘ (37)
T, (x0)=-p,(x) for a<x<b

Here, p; and p are the traction forces on the crack surfaces. Dy, Dy, C; and C, are
found in terms of A, A,, As, A4, B, and B, by using the stress continuity conditions of
(36). Further, by using the displacement continuity conditions of (36), the following
linear system can be constructed:
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Ci G Gy CuilA J,
C"] C‘n C’? C” A, J7
T o e BatTl (38)
Ci Cu Gy GyflA, I,
c, C, C, C,.llAa ]

where Dy, D, C,, C,, Cy; through C,4 and J, through J, are functions of o derived using
MATHEMATICA, see Shbeeb (1998).
The system of equations (38) can be solved for A, (i=l,..,4) in terms of the

unknowns F (o) and F>(cor), which are components of J;, (i=1..4) as follows:
4 o
A=Y% i=1..4 (39)
j=1 Q

Here, Q is the determinant of the 4 by 4 coefficient matrix and the Q; are the

corresponding 3 by 3 cofactors.
To make use of (37), the stresses of the FGM must be formulated in (x,,y;)
coordinates as

el l K Y, ; TN "u
ol (X,,y)=—— J‘OL'(Ble""1 +B.e"") e™da
RAPS| zn_m -~

- (40)
+2i [ (m, sin(8) +ic.cos(8))*A e ] ™ dox
—oo M=
,r(2) (X ___1_]:« ny, N,y X0
oy (XY= io(n,B,e™" +n,B,e™") e "da
- 2 2
I T, o
—— | (&> + m; )sin(B)cos(6) (41)

2n 5

+ioim, (cos(8)” —sin(8)*)A ,e™" ] e™*do;

Each term in (40) and (41) must be examined for singular behavior. Upon
substitution of (30), (27) and (29) into (40), the first integral above can be written as
follows:

Yi¥i

b b
(' (x,y,n" =_%jfl(t)e"'k‘,‘,’(xl,t)dt—%jfz(t)e‘“k;gwx,,t)dt (42)

where
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1 o4 , hzze"m _h:lenﬂ‘l

kVx,,0)=—|a? e' "™ dg 43

”( ] : n_J; hl]hZZ_hIZhZI )
, 2 R h my, _h , nay; S

K2(x ) == fo? RS ZHa€ gy (44)
) n hnhz: _hthZI

Since the integrands are continuous functions of o and vanish at =0, then any
singularity must occur as o goes to infinity. The integrand of (43) vanishes as o—too,
while that of (44) is as follows:

h,e™ —h,e™h h, —h Jialy 2ie”™ ™
1t 12 11 12, !al.\x__)¢ Q@ — +oo

hy hyy = s, By hyy = b, a’(x, +1)

By subtracting and adding this asymptotic value from (44) and taking the limit as y;
goes to zero, the following is produced:

0 .
9 h _h ) i 1)
ki ey = [ttt T B ey
i T h,h,,—=h,h, a’(x,+1)
. ) . (45)
J‘a:( h,-h, i 2i )em“'A”dO(+SIP]
0 hyh,, —h,h, o’ (x,+1)
where
r2ie™ o T 2ie™™ |
SIP = lim( ——e“’"“”da—J————e"’““"da) (46)
=0 (K, +1) o (K, +1)
Let o=-a in the first integral in (46) to obtain
= (—
- lim | e ™" sin(ou(t — x,))do = — 4 lim ):' 5
(K2+l) yl—>00 (K2+l) YI_’()(t-‘Xl) +yl (47)
_ 4 1
(x,+1) t—x,
and
1 h, -h 2i 4
= ki (x,,0) = —[jaz( R e Vdo +
hnhzz _h12h2] 0('(1(2 +1)
_ ‘ (48)
o ( h),-h, +— 2i i~ oy — 4 1
0 h,h,, =h,h,, o’ (x,+1) (K, +1) t—x,

NASA/CR—1999-209166 12



Similarly, let o=-or in (48). Note that every odd power of o. becomes negative.

Jeos(a(t—x,))

1 7 H,-H, h,, —h
=k, t)=—[|{a} + 12
W (x,,0) n[{{ = h

H]l 22 H7H21 hH 22 h h2|
+io’[ H,-H, ,_hi=h, (49)
H H, HUHH hh, - hwhn
4 |

——é“———]sin(a(t -x,) o~

3

o (k,+1) (K, +1) t=x,

The Hj; (i, j =1,2) have the same forms as the h;;, with the only difference being in the
sign of the odd powers of o where they are negative. It is worth noting that:

H,-H,. h,,—h,
1 12 = conjugate( L (50)

HIIHZZ—HIZHZI hllhzz_hlzhzl

Repeating the same procedure for (43) by splitting the integral in the same manner as
in (48) and substituting the result along with (49) into (42) yields the following:

By h : h
hm(a (xl’yl ))(1) — e [ jfz(r)df‘*'ijf](I)Klll(xl,t)dt
¥=0 2 m,+ D) t—x T
o i ¢ L (51)
+—Jf:(t)K1'3(x],t)dt
7[ o
where
KV (x,,0) ——J “[X,, +conj(X,,)]cos(o(t —x,))
+io*[-X,, +conj(X,,)]sin(a(t — x,)) }dot
K (x,,t)= J{az[X,z+conj(X|2)]cos((x(t—x,))
0
, 4 (52)
+io’[-X |, +conj(X,) ————]sin(o(t — X)) jdot
‘ o (x,+1)
hw h'v
X =( )
hllh” hthZI
( hII hIZ
hllh 22 h12h21

The same procedure can be repeated for the first part of the shear stress (41) to
obtain

NASA/CR—1999-209166 ‘ 13



.uxeﬁ“] 4 _Iif](t)
2 mk,+Dt—x

h
hm(r;  (x, ) = Jt+ljf, (DK, (x,,t)dr
nw—=0 - ¥4

L (53)
+—_[f2(t)K§2(xl,t)dt
T[ d
where
K5 (x,,0) = —J.{iOL[Xz, —conj(X,,)]cos(o(t —x,))
0
+ofX,, +conj(X,,)+ i———]sin(a(t -X,))}do
ok, +1)

Kt}l;(x] )= —:!‘{ioc[X22 —conj(X ,,)]cos(o(t —x,)) (54)

+ o[X,, +conj(X,,)]sin(o(t —x,)) }da
nh, —n,h,
hnhzz —hphy,
n,h,, —nh

157712 )
hnhzz —hllhzl

X, =(

)

Xy =(

The examination of the remaining two parts of the stress equations (40) and (41) and
application of the asymptotic expansion and the limit as y, goes to zero yields the
following terms:

Bx, h 1

b
lim(o—:.z\), (x, » ) = £e [ijfx (DK, (x,,0dt +_J-f2 (DK 3 (x,,0)dt]  (55)
n- o ﬂ 4

v 0 2

S . Pl ) LE e
lim(@2 (30 = EE— = [ AOK (ondi+— [ 0K L 0di) - (56)

where
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oo

KiP(x.0) = 1Y, + conj(X,, )lcos[orcos(@)(r - x,)]
0
+i[-Y,, + conj(Y;)]sin[orcos(6)(t — x,)] Jdor +
2a,,(x]sin(8)° —cos(@)"(t — x,)°) + 4b,, (x,(t = x,)sin(8) cos(H)) .
(xsin(@)” +cos(8)*(t — x,)°)’
2¢,,x,8in(8) + 2d,, cos(@)( — x,)
% sin(@)” +cos(@)’ (t — x,)°

K (x.1) = J{[YD + conj(¥,,)]cos[orcos(@)(f — x,)]

(

(57)

0
+i[-Y,, + conj(Y,,)]sin[ocos(O )(t — x))] }do +
2a,,(x; sin(0)’ —cos(0)*(t — x,)7) + 4b, (x,(t — x,)sin(60 ) cos(6)) .
(x7sin(@)" +cos(8) (t—x,)°)’
2¢,,x,81n(0) + 2d|, cos(0)(t — x, ))
x; sin(@)” +cos(8)’ (1 — x,)°

(

oo

K12 (x.0) = [{IY,, + conj(¥, )]cos[arcos(@)(t — x,)]

0
+i[-Y,, + conj(Y,,)Isin[accos(8)(t — x,)] jdo +

(2a, (x7sin(@)” —cos(8) (1 — x,)°) + 4b,, (x, (1 — x,)sin(B) cos(6)) N

Y

(x7sin(8)” +cos(0)°(t — x,)°)’
2¢,,x,81n(0) + 2d,, cos(@)(t — x,)
x7sin(@)” +cos(@)’ (1 — x,)°

=3

K:gz’(x, ) = ‘[{[Y]2 + conj(Y,,)]cos[orcos(B)(t — x;)]
0
+i[~Y,, + conj(¥,,)]sin[a cos()(t — x)] }da +
(20 (x7 8in(6)” —cos(8)°(1 — x)7) + 4, (x5 (1 ~ x)sin(B)cos(8))
(x7sin(8)” +cos(0)° (1 — x,)°)’
2¢,,x,sin(8) + 2d,, cos(0)(t — x,)
x7sin(@)” +cos(@) (1 - x,)’

(58)

where Yj; aj;, bjj, ¢;j can be found in Shbeeb (1998).
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By substituting these expressions into (40) and (41), the final system of singular
equation 1s formulated:

1 1 b 1 h
K, + -Iiu( —p,(x ))___-[ (t) —'[f,(t)K”(X,,f)+—‘J‘f2U)K|2(x|st)
T T

’)

““]l (t) 1;7 lllh (59)
K+ g
Lo (—py () = — j——dr+—Jflmkz,(x,,r)+—Jf2<r>1<zz<x,,r>
2.“1 " 7l'a

where,

K, +1
K, (x,,t1)= -4 (KV(x,,0)+ KT (x,,0)
K, x00 = R0+ K2 (x,,0)

+1

K, (x,,t)= KO (x,,0+K3 (x,,0)
K,x,,0)= M(Xpt)'*'Kw (x,,1))

3. Solution of Singular Integral Equations

The singular integral equations (59) with the Cauchy kernels are solved for the
unknown auxiliary functions, fi(t) and fx(t), by transforming them into a system of linear
algebraic equations. In order to obtain unique results, the following conditions need to be

incorporated with the solution:

h
Jfwdi=0 i=12 (60)

The singular integral equation (59) can be solved using Gaussian quadrature. For
example, using Lobatto-Chebyshev collocation as described in Theocaris and Ioakimidis
(1977), we obtain the system of algebraic equations in terms of discrete unknowns g(ty)

in the following form:

i

N b " ] y N n
2 ———g~’(t")”"+2 k, (x,ut)8, ()W, + R (x,) = f(x,) (61)

where p=1,...,n, the wy are the weights, the abscissas t; are the roots of the related
orthogonal polynomial, and R, is the error. The abscissas are
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(k-Dr

1, =cos( ) k=1,...,n (62)
n—1
The corresponding weights are
W, =W dd P r=2,...,n—-1. (63)

v, = W, =
2(n-1 n-—1
The collocation points are

2p-hr

x, = cos( 32 ) p=L....n-1. (64)

Two additional equations are needed, which are generated using (60) in the
following form:

Zg,(sk)wk =0 (65)
k=1

Y g, (5w, =0 (66)

k=1

By combining (61), (65) and (66), the system of equations can be represented as follows:

[A]Zn.\ln{g}ZH = {P}Zn (67)

This system can be solved by any standard method. Formally, the unknowns are

{g}=[A1"{P} (68)

Finally, the goal is to obtain the SIF in terms of g(t) and ga(t). The SIF are defined
as follows:

ki(a)=1lim\2(a—-x)o, (x,0)

XU

k (b)= }‘i‘rRJZ(x‘ -b)o, (x.0)
ky(a)=lim {/2(a — x, )T, (x,,0)

Xy —d

k,(b) = }?3,/2(.x, ~b)T, ., (%,.0)

(69)
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From the principal part the expressions for g(t) and g»(t), Muskhelishvili (1953), the
following is obtained for k;(a):

22,

Ba
—_—— = > (70)
(K, +D)vb-a ¢ 8:(0)

kl (a) =

Similarly,

242,
(K, +DVb—-a

224,
(K, +DVb—a

22,
(K, +Dvb—a

ky(b) =~ ™ g, (b) (71)

ki(a)= eB"g, (a) (72)

ky(b)=— e”g,(b) (73)

Note that a=-1 and b=1 when solving (68).
The strain energy release rate (SERR) can be calculated from Erdogan and Konda

(1994). They are

. (K, +1D) -

G =———}k (a)
(a) $11.(a.0) (a)

i, +1) ,
G (b)y=———k (b)
1 0) 814, (h,0) N

i ! (74)

G’(a)zﬂ@kﬂm,:
} 8u,(a0) ~

(K, +1) 5
G,(b)=———k,(b)
»(b) 812.(5.0) ,(b)

where G, is the opening mode SERR and G, is the sliding mode SERR. The total SERR
1s expressed as

G, (a)="5*D 4 () v k@))
8u,(a0)
o) (75)
G, (b) =227 p by 4 k(b))

81,(b,0)

The verification of the solution above is accomplished by comparing the results of
this model with that of Erdogan and Konda (1994). In this model, h is set to o to
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simulate an infinite FGM plate, with various values of yc. The two models give virtually
identical results, as seen in Table 1. For y=0 (the homogeneous case), the singular
integral equations can be reduced to a closed form solution (see for example Tada et. al.
(1973)) producing SIF proportional to normal and shear tractions applied on the crack
surface.

4. Parametric Studies

The focus of the following parametric study is limited to investigating the influence
of the material properties of the half planes, crack length and orientation, and thickness of
the FGM interface on the resulting driving force as measured by the SIF and SERR. To
accomplish this, the normalized nonhomogeneity constant yh = In(us/p;) is defined using
(3). The range of the constant is assumed to be between -3 and 3, which includes all
known engineering materials. A negative yh represents a problem where the bottom half
plane is stiffer than the upper half plane. A positive yh represents a problem where the
upper half plane is stiffer than the lower half plane. Hence, if the shear moduli of all
three phases are normalized with respect to p,;, the equivalent variation of the shear
modulus of the upper half plane takes values of approximately 0.05 to 20 times the lower
half plane shear modulus.

In this study, all the cases were considered under plane stress conditions with
Poisson’s ratio = 0.3 and the materials were subjected to far field normal stress in the y
direction. The length of the crack is chosen to be 2c, and the thickness of the interface is
h. All geometrical dimensions are normalized with respect to ¢ or h. Results are
presented for the normalized mode-I and mode-II SIF, ie., ki/ko and k/ko, and
normalized SERR, i.e., Gi/Gy and G»/Gy, where ko = 0y, (¢)"* and Gy = ko m(ic+1)/ 8.

In the first study, consider the influence of the thickness of the interface h/c and non-
homogeneity constant yh = In(us/p;) on a crack inclined at 30 degrees such that the center
of the crack is always kept in the middle of the interface. The distances a and b from the
crack tips are the same from the lower and upper half plane, respectively.

Figures 3 and 4 show mode I and II of the normalized SIF at crack tip a versus the
non-homogeneity constant In(uz/|;). Observe that as In(us/l,) increases, both k| and ks
decrease. The strongest effect is observed for the smallest thickness of the interface,
while h/c = 100 may be considered as an infinite FGM plate, for which the SIF are
virtually constant. When In(us/p) = 0O, the plate is homogeneous, so the influence of the
thickness of the interface disappears and the SIF become the same as for the infinite
FGM plate.

Figures 5 and 6 represent mode I and II normalized SIF at crack tip b versus
In(us/yy). The SIF curves increase with increasing In(its/py), which is different from the
behavior at tip a, except for the case of the infinite FGM plate. In addition to this
behavior, the magnitude of the SIF tends to be higher at crack tip b than at tip a.
especially for extreme values of In(ps/p,).

Modes I and II of SERR are shown in Figure 7 and 8 for crack tip a and in Figure 9
and 10 for crack tip b. Notice that at both tips, SERR are decreasing with increasing
stiffness of the upper half plane. Specifically, SERR at crack tip b behaves differently
from the SIF at this tip. The behavior of SERR is more physically intuitive than the
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unexpected behavior of the SIF. It should be recalled that the SERR 1is calculated using
SIF and local material properties, so it contains more information than the SIF. For this
reason the remaining parametric studies are discussed using only SERR data.

The influence of the orientation angle 0 on the relation between SERR and the non-
homogeneity constant at crack tip a for the case of the interface thickness h/c=2 under
uniform shear stress at infinity is shown in Figures 11 and 12. As expected, the highest
mode-I SERR is obtained for the smallest angle because of the high normal traction
component acting on the surface of the crack. It can also be expected that the highest
magnitude mode-II SERR is produced for 6=45 degrees, since the shear traction
component is maximized then. The behavior of the SERR at crack tip b is similar to the
behavior at crack tip a, as can be deduced by comparison of Figures 7 and 9, and of 8 and
10. Hence, the magnitudes of the mode-I SERR at crack tip b are higher than at crack tip
a, while the magnitudes of the mode-II SERR are smaller at crack tip b. In fact, the total
SERR at crack tip b is equal to the total SERR at crack tip a.

In the next study, assume that the crack orientation is 30 degrees from the horizontal,
and the thickness of the interface is h=1. Crack tip a is fixed at the distance a/h = 0.1
from the origin while crack tip b is at distance equal to b/h= 0.3, 0.7 and 1.1 along the x,
axis, making the half of the crack length ¢/h = 0.1, 0.3 and 0.5, respectively. Modes I and
II normalized SERR at crack tip b are shown in Figures 13 and 14, respectively. Notice
that the crack length significantly changes both SERR modes in the case of negative non-
homogeneity constant. For the case where the upper half plane is stiffer than the lower
half plane, the longer crack produces smaller normalized SERR.

Finally, assume constant crack length, constant orientation at 30 degrees and
constant thickness of the interface FGM h/c = 2, and examine the influence of the
position of the crack along the x, axis. Figures 15 and 16 show modes I and II normalized
SERR at crack tip a versus the non-homogeneity constant for the crack defined by tip
positions varying from 0.2 to 1.6 from the origin. Notice that the largest modes I and II
SERR are obtained when a/c = 1.6 for negative non-homogeneity constant and when a/c
= 0.2 for positive In(us/y,). Hence, the closer the crack tip is embedded to the stiffer
material, the smaller the normalized SERR.

5. Conclusions
The analysis of an arbitrarily oriented crack in a strip of FGM sandwiched between

two isotropic homogeneous half planes is done using singular integral equations. The
equations are solved using Lobatto-Chebyshev integration, and give accurate results for
mix-mode SIF and SERR.

Parametric studies show that SERR contain relevant information that is missing in
the SIF, and therefore it is recommended that SERR be used as a driving force parameter
for fracture problems of a crack in FGM. The model has shown that SERR are sensitive
to the ratio of the shear moduli used as non-homogeneity constant. They are also
sensitive to the ratio of thickness to the crack length. The longer the crack or the thinner
the interface, the larger the SERR produced for negative values of In(us/p;), and the

smaller the SERR produced for positive values of In(ps/p,).
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The crack orientation influence shows that SERR is proportional to the traction
forces at the crack surface assumed in the perturbation problem. As the lower half plane
becomes stiffer (In(Ma/pt;) becomes more negative), both modes of the SERR become
larger for every crack orientation. Clearly, the proper selection of the FGM parameters
-can reduce the driving forces of a crack embedded in the interface material.
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Table I Verification of the Solution.

YC Konda and Present Study Konda and Present
Erdogan (1994) | k,(a)/ Ve Erdogan (1994) | Study
ki(aNc ka(a)/ Ve ka(a)/ Ve

0.25 1.036 1.036 0.065 0.062
0.50 | 1.101 1.101 0.129 0.122

1.0 1.258 1.260 0.263 0.243

c=(b-a)/2
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APPENDIX A

EXPRESSIONS OF THE CONSTANTS

It should be pointed out that all the algebraic manipulation were either verified or
done by MATHEMATICA®.

D =A +A,+A,+A,+g B +g,B,
D, = (m, —|a)A, +(m, —|aPA, +(m, —|e)A, +(m, ~|o)A,

—(|olg, —%‘)Bi —(|og, —%—)B'z

C, =eiu}h[(1—h(m, +’a|))Alem,h +(1—h(m, +|a‘))Azem3h
+(1-h(m, +‘0(‘))A3em‘h +(1-h(m, +'OL’))A4e"‘4“

ihg,

+e.ahTame»{(gl(1_h|a|)_ - ng,

)B;ecn,hscc(el + (gz (1 _ h‘a|) _ )B;ecnzhscclm }]
o

m-h

C, =e“"[(m, +|of)A,e™" +(m, +|o)A ™" +(m, +]o)Ae™"

- i moh sec
+(m4+|a’)A4em‘h+e'ah“"(e'{(|(x‘g, + gR)B;eLn,hseL(ei
0

+ (’agz + %)Bgecnzhsecte) }]

__cos® (cn, —ioicos(8)*)°

& B

= —COS(B) (cn, —iocos(8)7)’

2 2

o
g, =cos(8)’ (ausin(@) —icn, )(ocos(0) +icn, sin(B))

g, = cos(8)* (ousin(0) — icn, )(otcos(8)+icn, sin(6))
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3—1(2 7 3-x
5+P | +4((0Lcos(6))“ +iocos(6)| p— o

S

K2+ K2+l

3——1(,) 1 3—1(7 2 2 3—-x
o-B = ——.]|0-B = | +4((ocos(0))” +iocos(B) B+ o
2 K, +1

1 2
cn, =—
2 2 K, +1 5 K, +1
2
1 3—1(2 3—1<7 2 3—1(2
cn, =—[ 0+ +—.l| 0+PB = | +4((ocos(0))“ +iccos(0) B—9O
3
2 K, +1 2 KA +1 KA+
2 2 2
2
1 3-x, 3—1(2 2 3—1(2
cn, =—| 00— = +=/| 8- +4((ocos(0)) +iocos(0) B+ O
4
2 K, +1 2 KA +1 KA+
2 2 2
B = F (0ccos(0))chy,, — F,(axcos(8))ch,,
' chy,chy, —chy chy,
B == F (o cos(0))ch,, + F,(0cos(8))ch,,
. ch,,chy, = ch,, chy,
K, +1
ch,, =— (cn, —cny)(cen, —cny)
O
K, +1
ch, =— (cny, —cny)(cn, —cny)
nu[)
iacos(9) - B 7 2 (Cn] —cnz)(cn] —Cn4)
(‘h"l =—((acos(8)) (1 + K‘7)—5 (K‘2 -3 .
< 8;10 4 (0 —on, WS - cn3)(6 - CI'14)
i cos() — (en_—cn_Xcn_ —cn )
(‘h” =M((O{COS(9))2(]+K'7)—52(K,’-3))[ 2 3 2 4 ]
<< 8;10 < < 5 - cn W&~ Cn;)(5 - cn4)
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(04 2
C, = 2|--—'I71|(K'I +D+o(k, =2k, - 1) - m (K, +1)
o (04
[0 2
C,= 2‘_‘]’713(1(, +1)+a(x, -2k, — 1)_123L&+_1)
a (04
(04 2
Ci= 2um3(1€1 +D)+o(k, -2k, - 1)~ my (K, +1)
@ a
(04 2
G, = 2|_1m4(K1 + 1) +a(k, -2k, - 1)_L“(_K_3+_1)
o o
C21 = 21"11(7(‘I — 1)—2|a'(K~I + ])_ (Kz _3)17'11“ —a-(Kz + l)
m, =
Cp = 2my(x, — 1) - Yo, + 1y Ko — (K, + 1
m,—7vy
4+ 2 - 2 5 1
C,, =2m,(x, “1)—2|a|(;<1+1)_(’(- 3Im; —o (x, +1)
m, =Yy
. ) —3 2— 2 5 l
Cou = 2m, (k, — 1) — 2ok, + 1y - Ko mma —er e, + 1)
m, -y
C, =[(205(1—icx‘)—zuml(l+rc3))+a¢(;(2 _3)_ﬂ(’(._+)]em,/,
(04
o 2 .
C.. =[Qa(l- K'_z)—z‘——lmg(l+K';))+Ol(l(‘2 —3)—.___m3(K- +_1)]€"':/1
o

C33=[(20[(1—Kg)—2'g—|m3(l+x‘3))+a(p(2_3) ]ennh
(04

_mitk,+ D)

myh

C_u=[(2a(l—KS)—21a—Im4(l+K3))+a(Kz—3) le
o

,—m —a’(k, + 1)

C-H = [(4|al + 2(’(1 - 1)("7| + |OC|)) — (K ]em,h
m -y

C.u = [(4Ia| + 2(1(_; - 1)(’712 + 'a')) - (Kz — l)m; _ a~(K3 * l)]e'”z/l

' m, =Y

C,y = (] + 20, — D, +fay) - Eo =D 2006+ Dy o
m, =Y

Cou = (4o + 20k, — D, +]ofy - =DM = O K D)
m, =Y
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b b .
Jl — SlJ'f.l(,)eﬁre—imcos(e)dt+lefz(t)eﬁre—iwcos(é))dt

gChy — gsch,, + 20(1-x,)(g,chy, — g,chyy) + 2i(x, + 1)(g ,chy, — g:chy, )

S =
' chychy, = chyychy, chy,chy, —chy,ch,, !Ot|(ch”ch22 —chy,ch,,

R = gschy, — gechy, + 2a(1-x,)(g,ch,, — g,chy)) + 2i(x, + D(gachy, — g4chy))
l chy,ch,, — ch,ch,, chych,, — chy,ch,, |Oc'(ch”ch22 —chj,ch,,)

h ‘ h '

J3 = S}J'fl(t)eﬂreﬂwmsle)dt+RzIfz(t)eﬂrevnmcos(a)dt

S 8,Chy, — ggChy, + 2I(X|(l +K)(g,chy — g,¢hy)) + 2i(k, —1)(g,chy — gychy,)
’ chy,chy, —chyschy, ch,ch,, —chy,chy, o(chy,ch,, —ch,,ch,,)

R gschy — g5ch, +2|O(|(1+K| ) g,chy, _81Ch|2)+2i(’(1—1)(83Ch|: —g.ch)

chy ch,, —chysch,, chy chy, = chy,chy, a(ch,,ch,, —chy,ch,,)

4 b
J} — SIJ]] (t)eﬁze-imcns(mdt_i_ R}J'fz(t)eﬁre—imcos(ﬂ)dt
o 14

sk sec(@ hsec(6) cnlsec(8 ‘n-fisec(@
S B e,-a,,mmg,[866‘/1316(”‘NL( b gschzzeuxliset( ) lu]ew (20((1 _ K.} )(g]Chgge mhsec(8) gzchmem_ i sec( i)
V= —
chy chy, —chy,ch,, U, chy,chy, — chy,chy,
. ‘nyhsec(f) ‘nhsec(8)
21('{1 + l)(g4cl12]eLil_ se¢ _g}c_hzzetllllbet ))]
le(ch, chyy, — chyychy,)
. cmhsec(9) cnafisec(8) bl cnslisec(8) cmhsec(8)
R _el(l/llilll(H)[gS('hlze I — 84Chy e _He (20‘(1_’(3)(82Ch11e — g, ch,e™ )
, =
ch, ,chy, —chy,ch,, U chy,chy, — chyych,,
. . mhsec(6) nahrsec(6)
2i(k, + D)(gch,et™ - g.ch, e ))]
|a|(ch, ychyy = chy,chy))
b h
_ cosif —iotcosif
J4 — &Jf,(t)eﬂ'e iog cos( 'dt+R4J.f2(I)€ﬁ,€ o cos{ 'dt
o a
nyhsec(8 nyhsec(@ mhsect8) . nahsec(8)
,'a/,mmg)[g-;Chgge(”l'\e 0) _ ggchzle(lhlsecl ) 'uleyn (zla'(l + K'3 )(g]Chgge“Il' ¢ _ ggChye(” i se )

S =e
4
chych,, —chy,ch,, Uy chy,chy, —chysch,,

cmhsec(8) onhrsec(8) )

N 2i(K, = (g chyse
a(ch,ch,, = ch,chy))

—8chye N

nadisec(g) clrsec(d) cnshseci8) cnyhsec(@)
R = ,-U,,,m,,‘é,,[ggch,,e‘”-’s U = gach et e (2|Ot|(l + K, )(g,¢hy e — g ch,e™ )
4
chy,ch,, —chych,, U, chy,ch,, — chy,ch,,
. cnalisec(8) mhseci8)
N 2i(k, —)(g,ch €™ — g:Chp,e'™ ))]

o(ch,,ch,, = chj,chy))
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o’ cos(8)(xk, —3)—cnj (K, +1) . o cos(8)’(k, +1) —cn (k, =3

) sin(0)]

. =cos(8 )
85 = cos(O)] o cos(0)+if os(9) (0 —cn,)
o cos(8) (x, —3)—cni(k, +1) o’ cos(8)’ (i, + 1) —cn; (xc, = 3) .
= cos(8 : S 5(8) - : ELERLLINNC
8o =cosOl o cos(8) +if cos(®) i(8 —cny) sn(@)]
g = cos(O)[a- cos(0) (x, +1)—cn; (x, —3) cos(6)+ia— cos(8)(x, —3)—.cn,“(K3 +1) sin(8)]
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APPENDIX B
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Figure 1. Formulation of the Perturbation Problem.
(a). The Original Problem.
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(¢).The Mixed Boundary Value Problem.
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Figure 2. Methodology of the solution of the Perturbation Problem
(a). The Mixed Boundary Value Problem
(b). Infinite FGM Strip Without Crack
(c¢). Infinite FGM Plate With Crack
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Figure 3. Normalized mode I SIF at crack tip (a) for various h/c, 6=30 deg. and
center of the crack is located at h/2, under loading of uniform normal stress.
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Figure 4. Normalized mode II SIF at crack tip (a) for various h/c, 8=30 deg. and
center of the crack is located at h/2, under loading of uniform normal stress.
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Figure 5. Normalized mode I SIF at crack tip (b) for various h/c, 8=30 deg. and
center of the crack is located at h/2, under loading of uniform normal stress.
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Figure 6. Normalized mode II SIF at crack tip (b) for various h/c, 8=30 deg. and
center of the crack is located at h/2, under loading of uniform normal stress.
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Figure 7. Normalized mode I SERR at crack tip (a) for various h/c, =30 deg. and
center of the crack is located at h/2, under loading of uniform normal stress.

NASA/CR—1999-209166 40



ZL’ RIS B S LS U
—e— h/c=2 .
—8— h/c=4

—+—h/c=6
—4&— h/c=8
1.5 —&— h/c=10
—o0— h/e=100

-32 24 16 -08 0 08 16 24 32
In(u /u )

Figure 8. Normalized mode IT SERR at crack tip (a) for various h/c, 6=30 deg.
and center of the crack is located at h/2, under loading of uniform normal stress.
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Figure 9. Normalized mode I SERR at crack tip (b) for various h/c, 0=30 deg. and
center of the crack is located at h/2, under loading of uniform normal stress.
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Figure 10. Normalized mode II SERR at crack tip (b) for various h/c, 6=30 deg.
and center of the crack is located at h/2, under loading of uniform normal stress.
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Figure 11. Normalized mode I SERR at crack tip (a) for various 6, h/c=2 and
center of the crack is located at h/2, under loading of uniform normal stress.
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Figure 12. Normalized mode II SERR at crack tip (a) for various 0, h/c=2 and
center of the crack is located at h/2, under loading of uniform normal stress.
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Figure 13. Normalized mode I SERR at crack tip (b) for =30 deg., same h and
fixed crack tip (a) and movement of crack tip (b), under loading of uniform
normal stress.
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Figure 14. Normalized mode II SERR at crack tip (b) for 6=30 deg., same h and
fixed crack tip (a) and movement of crack tip (b), under loading of uniform
normal stress.

NASA/CR—1999-209166 47



—e&— a/c=0.2,d/c=1.8 4
—&— a/c=0.4,d/c=1.6 3

] —e—— a/c=0.6,d/c=1.4 ‘
4 1 —&— a/c=0.8,d/c=1.2
—+&— a/c=1.0,d/c=1.0
—— a/c=1.2,d/c=0.8
—— a/c=1.4,d/c=0.6
—O— a/c=1.6,d/c=0.4

0

G (a)/G

In(k /u))

Figure 15. Normalized mode I SERR at crack tip (a) for 6=30 deg., h/c=2,
constant crack length and various positions of crack, under loading of uniform
normal stress.
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Figure 16. Normalized mode II SERR at crack tip (a) for 6=30 deg., h/c=2,
constant crack length and various positions of crack, under loading of uniform
normal stress.

NASA/CR—1999-209166 49



REPORT DOCUMENTATION PAGE

Form Approved
OMB No. 0704-0188

Public reporting burden for this collection of information is estimated to average 1 hour per response. including the time for reviewing instructions. searching existing data sources,

gathering and maintaining the dala needed, and compieting and reviewing the collection of information

Send comments regarding this burden estimate or any other aspect of this

collection of information, including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for_Information Operations and Reports, 1215 Jefterson
Davis Highway, Suite 1204, Arlington, VA 22202-4302, and to the Office of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, DC 20503

1. AGENCY USE ONLY (Leave blank)

2. REPORT DATE
October 1999

3. REPORT TYPE AND DATES COVERED
Final Contractor Report

4. TITLE AND SUBTITLE

Analysis of a Generally Oriented Crack in a Functionally Graded Strip
Sandwiched Between Two Homogeneous Half Planes

5. F

6. AUTHOR(S)

N. Shbeeb. W.K. Binienda and K. Kreider

UNDING NUMBERS

WU-537-04-22-00
NAG3-2069

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)

The University of Akron
Akron, Ohio 44325-3905

8. PERFORMING ORGANIZATION
REPORT NUMBER

E-11760

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES)

National Aeronautics and Space Administration
John H. Glenn Research Center at Lewis Field
Cleveland. Ohio 44135-3191

10. SPONSORING/MONITORING

AGENCY REPORT NUMBER

NASA CR—1999-209166

11. SUPPLEMENTARY NOTES

Project Manager. Gary R. Halford. Research and Technology Directorate, NASA Glenn Research Center, organization

code 5000. (216) 433-3265.

12a. DISTRIBUTION/AVAILABILITY STATEMENT

Unclassified - Unlimited
Subject Category: 39

This publication is available from the NASA Center tor AeroSpace Information, (301) 621-0390.

12b.

Distribution: Nonstandard

DISTRIBUTION CODE

13. ABSTRACT (Maximum 200 words)

The driving forces for a generally oriented crack embedded in a Functionally Graded strip sandwiched between two half
planes are analyzed using singular integral equations with Cauchy kernels. and integrated using Lobatio-Chebyshev
collocation. Mixed-mode Stress Intensity Factors (SIF) and Strain Energy Release Rates (SERR) are calculated. The
Stress Intensity Factors are compared for accuracy with previously published results. Parametric studies are conducted
for various nonhomogeneity ratios. crack lengths. crack orientation and thickness of the strip. It is shown that the SERR
is more complete and should be used for crack propagation analysis.

14. SUBJECT TERMS

Functionally graded materials; Stress intensity factors; Strain energy release rate;

Mixed-mode; Crack

15. NUMBER OF PAGES
55

16. PRICE CODE
A4

17. SECURITY CLASSIFICATION
OF REPORT

Unclassified

18. SECURITY CLASSIFICATION
OF THIS PAGE

19. SECURITY CLASSIFICATION
OF ABSTRACT

Unclassified Unclassified

20. LIMITATION OF ABSTRACT

NSN 7540-01-280-5500

Standard Form 2938 (Rev. 2-89)

Prescribed by ANSI Std. Z39-18
298-102










