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Abstract:

A theoretical equation was derived to predict the spring constant (load/deflection) for a

simply supported cylindrical section with a line force applied at the center. Curved leaves of

PBN were mechanically deformed and the force versus deflection data was recorded and

compared to the derived theoretical equation to yield an effective modulus for each leaf. The

effective modulus was found to vary from the pure shear modulus for a flat plate to a mixed

mode for a half cylinder as a function of the sine of one half the angular leaf span. The spring

constants of individual PBN leaves were usually predicted to within 30%.

p/_'7'/e,, _'7"-"

f

• Member of the American Ceramic Society

Based in part on the thesis submitted by C. W. Deeb for the M.S. degree in Materials Science &

Engineering, Case Western Reserve University, Cleveland, OH, 1999.

Supported by Microgravity Science & Applications Division, NASA, under grant number NAGS-1268.



1. Introduction

Springs composed of stacks of curved leaves of pyrolytic boron nitride (PBN) have been

used in microgravity experiments dealing with solidification processing of semiconductors I-4.

The springs were used to accommodate the volume change due to the shrinkage of the

semiconductor upon melting. It would be very beneficial to be able to predict the behavior of a

spring prior to testing based on its geometry. Thus, an equation for the deformation of a

cylindrical section was derived. The use of this equation requires knowledge of the elastic

modulus. However, for PBN, the choice of an appropriate modulus is not trivial.'-

PBN is a highly anisotropic material with a hexagonal crystal structure having a c/a ratio

of approximately 2.66 (calculated using lattice parameter values from PeaseS). When produced

by chemical vapor deposition, the microstructure generally consists of thin, fiat plates with the c-

axis perpendicular to the substrate surface 6. Thus, the c-axis will be perpendicular to the surface

of curved leaves of PBN produced by chemical vapor deposition.

Experiments using a fiat plate of PBN with the c-axis perpendicular to the broad face of

the sample were performed and reported in Deeb 7 and Kaforey et al. 8. Three-point bending was

used to measure an elastic modulus of 2.60 + 0.31 GPa. The mechanism of deformation was

believed to be shear between the pyrolytic layers, so this value was assigned to c44.

For the case of curved leaves, the mechanism of deformation is believed to be a

combination of shear between the pyrolytic layers (c44) and compression parallel to the layers,

that is, within the basal plane (cll). The clt value has been reported to be 750 GPa (Jager 9) and

830 GPa (Kelly'°). However, these values are the values intrinsic to the hexagonal crystal

structure. Advanced Ceramics II and Archer 12 have both tested plates of PBN in compression
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with thecompressiondirectionbeingparallelto the layers.They reportedval_esfor E//aof 22

and19.6GPa,respectively.Thesemeasurethebulk materialandaremuchmoreappropriatefor

thecaseof curvedleaves. Theyrepresentthebehaviorthatwould occurin thevery edgeof a

curvedleaf thatwasa full half cylinder. Thecurrentworkwill measuretheeffectivemodulus

for a half cylinderandfor intermediatecasesof leaveswith variousangularleaf spans.

2. Derivation of the theoretical equation for the deflection of a cylindrical

section simply supported at opposite edges with a line force applied at the

center

Exact solutions are known for the deflection of a flat plate and a half cylinder which are

simply supported at opposite sides with a line force applied at the center. Solutions to these and

many other cases may be found in Young 13and Timoshenko & Woinowsky-K-rieger TM-

However, the intermediate case of just a portion of a cylinder is not available in the literature.

This intermediate case is the situation found in a curved leaf.

From a cylinder of radius, r, a section is cut having a width, w, a depth, b, and a

thickness, h, as shown in Figure 1. The section has an angular leaf span, 0, where

0= 2 arcsin(_-r) (1)

Also shown on the figure is the line force applied at the center and the support at the edges of the

section.

For the cylindrical section, the arc length, a(x), at any point along the section is

I I-a(x) = r arcsin wl+x2 - arcsin
F

(2)



Consideringonly onehalf of thesection,sinceit is symmetricalaboutthecent_rline,evaluating

equation(2) gives

am_ =0 and ama x =rarcsin(_r/
(3)

W

when x = 0 and x = --, respectively.
2

Rearranging equation (2) to find x(a) gives the perpendicular distance to any point on the

cylindrical section from the plane of the applied force as

x(a)=l{w+2rsin[ a arcsin(_r)]} " (4)

The momentum, M, at any point along the cylindrical section is

-- x = -- w + 2r si - arcsin (5)
2 4

Castigliano's Theorem 15 states that, in general, the deflection, d, is the partial derivative

of energy with respect to the applied force,

d = .__c_ (6)
OP

where U is the energy and

U bending = "-_

(7)

where L is the length of interest, E is the modulus, and I is the moment of inertia.

Considering the arclength for one half of the cylindrical section as the length of interest

and then adding the 2 halves to get the total energy gives
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= _ -- W+
U --_ EI 16 Lr k2rJJJ, da

Gmln

(8)

Integrating and evaluating gives

{ j 2 }p2 r
w w20 r2

U- -4rw+2rw 4----T- + r20 + -- sinO
I6EI r 2

(9)

where Ois the angular leaf span as defined in equation (1). Substituting equation (9) into

equation (6) and taking the partial derivative with respect to the applied force gives the

deflection of the cylindrical section as

f (4w2d= Pr - 4rw + 2rw -
8--{i 7- }w20 r 2+ r20 + -- sinO (10)

2

Equation (10) is the deflection for any cylindrical section of width, w, and radius, r, which is

simply supported at opposite edges with a force, P, applied along the centerline.

For dimensions such that the thickness of the section is much smaller that the width

(h<<w), the moment of inertia for a rectangular beam (see for example Beer & Johnston 16) is

I= 1---bh3 (II)
12

Substituting equation (11) into equation (10) and rearranging gives the predicted spring

constant, kp

P 2Ebh 3

3r - 4rw + 2rw - --_- }W20 r 2+ r20 +--- sinO
2

(12)
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3. Experimental Procedure

Pyrolytic boron nitride leaves of various angular leaf spans were made by cutting PBN

Vertical Bridgman crucibles (Advanced Ceramics Co., Cleveland, OH) using the following

procedure. The seedwell and taper were cut from the rest of the crucible, leaving a cylinder of

radius, r. The c-axis of the pyrolytic structure is perpendicular to the surface to the cylinder.

Strips of width, w, were made by cutting the cylinder lengthwise. The strips were then cut

perpendicular to their length to a depth, b. Springs were thinned to the desired thickness by

separating the pyrolytic layers with a razorblade.

The leaves were cleaned with acetone after cutting and then baked out in air in a small

box furnace at 500°C overnight. In general, the leaves were very white after cleaning with rare

cases of residual carbon remaining on the surface.

Half cylinders were obtained by cutting cylinders of PBN lengthwise. After cutting, the

samples were examined to insure that the width was equal to the diameter. Due to the residual

compressive stresses at the outside surface of the cylinder 17, a new, smaller radius was generally

measured, necessitating further processing to obtain exact half cylinders. The edges of the

cylinder were lightly ground with 600 grit SiC until enough material was removed to yield a

usable half cylinder. The samples were measured again to report the actual radius at the start of

testing.

Force versus deflection data for half cylinders and for individual leaves of various

angular leaf spans were obtained using a mechanical testing system (Instron Model 1125, Instron

Corp., Canton, MA). The radius of curvature for the ram was chosen to be as small as possible

to approximate a line force acting on the midpoint of the cylinder width. The radius of the ram

was 4 ram.

6



An Instron"B" 2000gram loadcell wasusedthroughouttheseexperiments.This load

cell is incompatiblewith theelectroniccalibrationof theInstron1125. Deadweight calibration

weightsof 5 lbs.,2 Ibs., 1 lb., and8 ozwerethereforeusedfor thecalibration. Although the

calibrationvaluesdid not drift morethan2%betweentests,calibrationwasperformedbefore

eachexperimentto insureaccuracy.

Theplatenwasmachinedfrom magnesiumplateandtappedto fit thethreadof the load

cell. Magnesiumplatewasusedto addaslittle weightaspossibleto theapparatus,effectively

increasingtheamountof loadthat couldbemeasuredduring testing. Betweenexperiments,

boronnitridemouldreleasewassprayedon theplatento actasa lubricant. Lubricationwasused

to conformto theconditionthatthereis noconstrainton thecontactedgesof the leaf.

The samples were loaded at a rate of 0.5 mm/min to a preset deflection, a steady load was

attained, and the samples were unloaded. The platen was cleaned of all boron nitride powder

remaining from previous tests, and reapplied between tests. The maximum deflection for each

case was determined by the more limiting of the maximum deflection to flatten the leaf or the

maximum load of the load cell.

The data was recorded directly onto chart paper to obtain continuous data collection.

Each cycle consisted of applying a load, pausing until steady state was reached, and unloading

the sample. Each sample was cycled a minimum of 7 times and data was recorded for all cycles.

The steady state load, P, and the maximum deflection, d, were measured for and a value

for P/d was calculated for each cycle. The first two cycles for each sample were discarded

because excessive settling between contact points and sticking between the springs and the

spring chamber sometimes occurred in the first two cycles. The remaining 5 cycles were

averaged. This resulted in an average spring constant, k, for each experiment (k=P/d). An
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effectivemoduluswasthendeterminedfor eachexperimentusingequation(12). For thehalf
• r

cylinders, rearranging equation (10) reduces to the following equation 14when the appropriate

limits are considered:

I3E= _-ldi

4. Results

Half Cylinder Experiments

A typical force versus deflection chart recording for one cycle of a half cylinder

experiment is shown in Figure 2. The loading curves increased monotonically. There was a

transient at the beginning of the loading curve that settled into a linear portion as the deflection

increased. There was a small degree of load relaxation after the maximum deflection was

attained. All half cylinder tests reached steady load shortly after reaching the maximum

deflection. The steady state load was determined by holding the spring at the maximum

deflection until the load did not vary with time. This value was then taken as the steady state

load, P. The total deflection, d, was also measured from the chart for each cycle• The spring

constant was calculated for each cycle, the values for the 5 cycles were averaged and the

resulting average for each half cylinder is presented in Table 1. Additionally, the effective

modulus was calculated for each experiment using equation (13) and these results are included in

Table 1. The effective moduli for all of the half cylinders were averaged and the resultant

effective modulus for a half cylinder of PBN was found to be 13.41 + 2•26 GPa.
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Individual Leaf Experiments

A typical force versus deflection chart recording for an individual leaf experiment is

shown in Figure 3. The loading curves were all monotonically increasing, exhibiting a loading

transient at the onset of deflection, and approaching a linear value as deflection increased. There

was a slight load relaxation at maximum deflection. All of the individual spring experiments

exhibited the same behavior. The steady state load and maximum deflection were determined as

for the half cylinders. The spring constants and effective moduli were calculated using an

average of 5 cycles for each of the 18 individual leaf experiments and the results are shown in

Table 2.

5. Discussion

Similar curvature was found in force versus deflection curves for flat plates of PBN and

of fused quartz 8. Thus, the initial deviation from linearity was explained as settling of the

contact points and the inflection in the unloading curve was due to the particular apparatus and

configuration used and not due to the samples.

The average E for the half cylinder experiments (13.41 + 2.26 GPa) was found to be

between the value of c44 for a flat plate (2.60 + 0.31 GPa from Kaforey et al. 8) and Ena measured

in compression (19.6 GPa from Archerl2). This was expected since a half cylinder is in a mixed

mode intermediate to these two cases. The edges of the samples were experiencing the situation

measured by E//a while the center of the sample was experiencing the situation measured by

three-point bending of a flat plate.

The individual PBN leaves were also mixed mode cases with the situation becoming

closer to the case for a fiat plate as the angular leaf span decreases and closer to the case of a half
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cylinderasthe angularleaf spanincreases.Generally,theeffectivemoduli foundfor the

individualleavesfall betweenthefiat platec33andtheeffectivemodulusfor ahalf cylinder.

The effective modulus for the individual leaves was hypothesized to be some functional

form of the modulus for the two limiting cases (fiat plate and half cylinder). It was reasonable to

assume that the functional form depended on the angular leaf span, O, so the following equation

was developed and tested:

(14)

where Ee was the predicted effective modulus, EFp was the elastic modulus for the fiat plate and

EHcwas the effective modulus for a half cylinder. Figure 4 shows a plot of Ee#versus sin(O)

for all of the experiments and includes the line predicted by equation (14). The angular leaf

span, 0, is zero for a flat plate and pi radians (180 degrees) for a half cylinder. A paired-t test

shows that there is no statistically significant difference between the predictions and the

experimental results. Thus, in the future, equation (14) can be used to predict the effective

modulus for a leaf of a given angular leaf span. Equation (12) can then be used to predict the

spring constant for a PBN leaf of any given geometry. The spring constant was predicted to

within 100 % and in the majority of the cases to within 30%.

6. Conclusions

A theoretical equation, which has a closed form solution, was derived for a cylindrical

section with a line force applied at the center and simply supported at both edges. This equation

is applicable to any cylindrical section under the same geometrical constraints.
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The effectivemoduluswasmeasuredfor half cylindersof PBNandfoundto be 13.41+

2.26 GPa. This is a mixed mode situation between the situation of.three-point bending of a flat

plate with the pyrolytic layers perpendicular to bending (c44) and compression parallel to the

pyrolytic layers (E//,_). As expected, the effective modulus found for half cylinders of PBN was

between these values.

The effective moduli for individual leaves of PBN were calculated from the measured

steady state force and maximum deflection values. The effective moduli for individual leaves

were found to be between that of a fiat plate and that of the half cylinders. The effective

modulus was able to be predicted using a sine function of one half the angular leaf span, O, to

weight the modulus for a fiat plate ((9 = 0°) and the effective modulus for a half cylinder ((9 =

1800).

A similar dependence on the angular leaf span would be expected for other layer structure

materials. Thus, predictions of spring constants for leaves made from other pyrolytic materials

could be made if the modulus for three-point bending of a flat plate with the pyrolytic layers

perpendicular to bending (c44) and the effective modulus for a half cylinder were known.
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8. Figure Captions

Figure

Figure

1. Schematic showing (a) end view of pyrolytic boron

nitride (PBN) cylinder of radius, r, and cylindrical section

of width, w, and (b) individual leaf of thickness, h, and

depth, b, with force applied at centerline.

2. Typical force versus deflection chart recording for a half

cylinder experiment. For this case, maximum deflection, d

= 0.2 mm and steady state load, P = 2.38 lbf = 10.6 N

(0.500 lbf = 2.224 N).

Figure 3. Typical force versus deflection chart recording for an
individual leaf experiment. For this case, maximum

deflection, d- 0.28 mm and steady state load, P = 0.314 lbf

= 1.40 N (0.500 lbf = 2.224 N).

Figure 4. Plot of Eeffversus sin(O) for all individual leaf
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experiments.Also includedisa line showingthe
predictionsfor Ee calculated from equation (14).

"x

r
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Test#
r w h b

Mm mm mm mm

1 10.80 21.59 0.76 12.95

2 9.84 19.69 0.71 16.31

3 15.65 31.29 1.02 33.83

4 15.60 31.19 0.91 33.02

5 15.65 31.29 1.02 15.62

Table 1. Load versus deflection results for PBN half cylinders.

Radius, Width, Thickness, Depth,

"x

Angular Spring constant Effective

leaf span, 0 k = P/d modulus, Eeff

radians N/mm GPa

3.08 22.99 10.89

3.14 34.04 11.82

3.09 60.76 14.02

3.09 52.22 16.77

3.09 27.98 13.57

Average:

13.41 +2.26
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Table2. Loadversusdeflection resultsfor individual PBN leaves.

Test# Radius,Width, Thickness, Depth, Angular leaf
r w h b

mm. _ toni rnlTl

I 29 15 0.394 15

2 28.6 15.2 0.851 15.2

3 64.8 15.2 0.635 15.2

4 39.4 15.2 0.508 15.2

5 64.8 15.2 0.356 15.2

6 64.8 15.2 0.870 15.2

7 64.8 15.2 0.864 15.2

8 39.4 15.2 0.508 15.2

9 64.8 15.2 0.546 15.2

I0 28.6 15.2 0.229 15.2

11 28.6 15.2 0.838 15.2

12 64.8 15.2 0.254 15.2

13 10.8 10.0 0.762 12.9

14 15.7 8.3 1.016 15.6

15 15.7 23.2 1.016 I5.6

16 10.8 6.6 0.762 12.9

17 10.8 15.9 0.762 12.9

18 15.7 17.2 1.016 15.6

Spring constant, Effective

span, 0
radians

0.52

k = P/d

0.39

N/mm

8.43

modulus, Ee3
GPa

8.15

0.52 46.96 4.49

0.23 31.32 7.09

14.47 6.45

4.31

50.53

0.23

0.23

5.56

0.54

4.46

0.23 70.44 6.34

0.39 20.42 9.10

0.23 29.69 10.57
,

0.52 1.98 9.76

0.52 84.74 8.48

0.23 1.01 3.56

0.96 53.54 2.35

142.53 1.25

1.67 60.69

0.62 52.48

11.87

0.67

1.66 43.46 7.90

I. 17 94.19 7.46
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(a)

- r

(b)

Figure 1. Schematic showing (a) end view of pyrolytic boron

nitride (PBN) cylinder of radius, r, and cylindrical section

of width, w, and (b) individual leaf of thickness, h, and

depth, b, with force applied at centerline.
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Figure 2. Typical force versus deflection chart recording for a half

cylinder experiment. For this case, maximum deflection, d

= 0.2 mm and steady state load, P = 2.38 Ibf = 10.6 N

(0.500 lbf= 2.224 N).
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Figure 3. Typical forceversusdeflectionchart recordingfor an
individual leafexperiment.For this case,maximum
deflection,d = 0.28 mm and steady state load, P = 0.314 lbf

= 1.40 N (0.500 lbf = 2.224 N).

19



A

I.O

18.00

16.0(

1400

12.00

10.00

8.00

6.00

4.00

2.00

0.00

0

i

• , =

•I
i =

r .

J

+

t

1

t I _
1

!
f

i

0.1 0,2 0.3 0.4 0.5 0.6 0.7

sln(the_12)

J

+

--4

i

4

4

0.8 0.9

Figure 4. Plot ofEe_versus sin[9 j for all individual leaf

experiments. Also included is a line showing the

predictions for Ep calculated from equation (14).
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