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Abstract

*[any now _arlh rr_ln_tc-_(m_in_ iltmtlllnit,ntm ai'o ('ml)r_tcing ])_th the' ;.Ivantag.,_ aim ad(h'd ('_ml-

ph'xity that rosult i}'!llll intoi'fi,r(ml(,tric or fllliy l)()]alilllt,tric oI)('ration. T,) illcroas(, ilistrlllllpllt

undorstanding and fmmtionalily, a mod_d .f the, signal._ lh(_ ilistrmncnis measuro is lWOSo,nicd. A

st()chastic lllO({l_[ iS ll,'4Ud ;I.S it l'(!COglliZVS thl' lion-thq(_rlllilli,stic lla| ii1'o of ally r,,al-world llll'l-t_lll'Olllt!IltS_

whih, also lm)vidill,,4 a tractabl_, lnatholll_ltical fi'auww_rk. A statiOllary. GallsSiall-distril)tlt('lI m.del

strllctltrc, is prolu)s_,d. Tcnll)Ol'al and .Nwctt'al corrclali.m m(,asuro._ lmwidt, a slalistical do,_criptioll

of tho physical properties _f ctJhcrl,llt't, alia p_darization-statv. Frt,ln this rolationshil), the, ino(M is

mathematically d0f-in_,([. Th, m_d(,t is showll t,} bo mfiquo fbr any sot _ff physical l)aramctors. A

mt_hod ()f r,alizing lhc nlod_q (IlCCc.',;,'-;;try [or al)pli_:ali(ms such as synth('lic calihratiou-._ignal gCll-

erati,m) is KiV('ll. alia COlnlnltcr simulation rc._ults at(' 1)rcm'nt('d. The sigual._ aro ('onstntcto_t usinp,

the output of it multi-input, mut_i-_mtpul lin<,av tilt(,t" m3sttmt, driv_m with whito n(fise.



1 Introduction

Itadio-interi'er()nl(¢[crs and p,)lariln(_t(,rs arc b(_in_ u._(_d m_)r(' wid0.ly in r(_m,)t(, s(,nsing fi)r I)r()l)ing th(_

Earth's hinds and o('oans (o./.. tK(,n'. 1.qg5. Pi(,pln,,ior and Casi(,wski. 200l].) 'While th,,so t(,chniqu,,s

have a rich hist()D: in the Hi)at'(. sci_,nc(,s_ Earth-vi('win/ ,_ystcm,_ aro r('lativ(,ly n(_w. Timr(, arc

distill('( difl(,r(,n('('s in the ol)ct'ati()ll an(t ('_dil)rati()II tc('hniqu0s ,)[" ._l)a('_'-vi('win_ t('h_sc()l)('s v(,rslls

orbiting Earth-vi(,win K iu,_tr)mwnt,_. ()p(.r_ttion.lly. Earth-vi(,win_ ill/_I_PI'._ h_lv(, _t ii'acti()n of tilt,

illt(_gl'atioll tinw _wailablc ('()lltl)ar(!t[ to tadi()-t('l('s(:l)p.'s: s(_('()ll(ts vs. ll()llrs. Additi()ually, radio-

t(:,l(,sC()l)(' ch, ul(,nts hay(' oxtr(,m(!lv narrow b(,alUS (_ (I.5')) ('Oml),rod to low-E,rth [)rl)iting ima_(,rs.

wh(_s(, widv b(,_ml._ (_ li() 90") ;tl'(' r('quir_(I to ('()vcr a l't'_taoltA])lt! sw;it}k lV)t')'}l;ll)._ lllor(, important

art, the calibrati(m (tii[_'rcm:.,s. Intt!rf(,r()m('t)i(' radi,)-tch_s('op(,s arc typically calibrated using (,xtra-

solar 1), ill( ._()lly(' ',%. wh_,l.'(,])y tilt, syst(,lll ('_tlt l)(' [:ha)'m't('riz('(t t_) withill a ('()llllllOll _till (:o('ffh'i('llt

[Thompson ot ;d., 19!}1], F)lrth(,rm()r(!, if Ih(, flux ()f th(! p,)int s()ur('(_ is kn()wn, tilt! int('d(!r()nl('t(,)" ['fill

|)(' al),_ohtt(!ly calil)rato(1. Th(,rc a)'(! no obvb)us 1)oiut sour('c's wh(,n h),)king (h)wnward at th(' Em'th.

at leas( Oil(L%that ('Init ('n('rgy within th(' pr()l('('tf'([ Sl)('ctl'_llll f()r llassivt' obs(,rving. F_irth(,_"mor(,.

b('caus(, ()f their larg(! })(_amwi(lths, ]._arth-vi('wiug il_tcrfer()m('t('rs c;l_llll()t s('h,ctiv(;ly vi('w a singh,

('xtra-solar t)()int ,.-;ollr('(,. (B(,si(lcs, th(, tim(. m_,[ ()p(.r_ti(ms r('(tuir_'(t fl)r regularly rotating, st)a('o(Tafl

for calib)'ati(m w(mhl (_(i),_o tiara l(),_,_ and in('l'(_as,' missi()n (:ost,_.) Th(,rofor(., a <liff(,rcm (:alil))'ation

t(;,'hni(lu(, must b,' d(wis(_(l for ()rbitinl_ Earth-imaging syst(mls. This 1)al)(_r lays th(_ gI'oUudw())'k fi)r

such a t(whni(lu_, })y rix,)i'()usly (,xmnilHng the sianalu that these radiont('t_,rs nl,'asur(_.
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\_,qfih,polariuletryandintt'rff,ronlrtrvart usuallyinvcsti/atedindeDendpntly,thpyarc]>ased

uponthe same idea lllcasHl'illg the int,,l'dep_'ndcnc_, _[ two si_lmls, lqn' p_Iarimrtry thcse signals

arc the vertical aml h(irizonta[ field mnplitudcs (or s, mw equiv_tlont pair.) Tw, t-boarn intpvfbromvtvy

im'oh'_,_ nu'nsuriiig the cohort,hey of tw- signals svp_1".h,d ill Sl)_.:e and/or time. lit ordrr to fully

understand the._c instrmnonts, it is desirable t_, have nn accurah, model .f the typps of sigmd pairs

they Ineasm'r. This type of modol cm_ })(, cntploycd in mathematical analysis, computer sinmhttion,_

and fiJr tim gmleration of synthptic c_dibnttit,n signals (tree possible _m-,rbit calibration ttlol.)

Elt)ctrollla_netit: waves _(_ltcrally h;tvc Si)lllU d(_gl_R' ()[" I'_lllillllllill'SS lilt Ilil]}Olal'iZt'd (;tllllp(iil_ilt

in polarinmtlT or an illcollerollt t'l_lli])OllA_ilt ill. interfcrometry. F_m this roi!s_)iI it, is logical to cmph_y

a stochastic ini_thod wilen modeling the pair (_f's gmt s. The iclati_mship between the st ati,_tics of tilt'

model and the stanciard termilu,logy iu pohuilm.try and iutcrfi,mmetry should tm well understood.

The model stIllCtlll'P, statistical 1);ll'iOIlt'tol'S #tlld constraints #iz'p dcscrib_,,l in Soction 9 Soc-

tions 3 and _1 dcscritu, how this model's temporal and spc, ctral correlati_m futtctions van dpiine

polarimetric and mtrrferomctric proprrtirs. Using this fl',nwwork. Spcti_m 5 shrews how a coin-

prehensiw' model can be uniquely detennim'd from the, physical l)rollrrties of the modrh'd wave.

Section fi gives a ct/nllmtational lucth_)d fl_r realizhig the lnodpl, A Sunmiary is til,'n prpscltted

followed I)y all Alil)endix c(llltaiuillg Illathi'ltl_tticaI diq{vatioil,s. A i)olitrilliotiic exllllillle is cai'ripd

through Secliolis 3, ,5 and 6 in orllcr to dl_inon._trlitc tit(, id,,.., pi'cscntl.d,



2 Model Structure and Basic Properties

2.1 Mathematical Signal Representation

The standard literature in b.th p_larintet ry and intorfiw_miotI'y makos _xtonsive us_, ofa 'n;m'owb,md"

signal r_presoniation (e.g. [tIccht, 1987. Blos,_au, l!)9_].) This ropr_,soniation alhuh,s t_ tlw fact

that the inoasurpd sigmtls exist withiu a finito froquonvy band (cont,!red on soinv frvquom'y _',.) Thv

genera[ fiu'm _f this rt_tn'CSclltatiotl is ._howll lmlow.

f(t) -= ,(t) cos_.,(_t b(t) sin_0t
(_)

= m,{[.(t)_ it, It)l, ....'}

It sh,nthl lm noted that a uarrowlmnd rol)roscntation doos n,_t imply a small fi'acti,mal bandwidth.

As mclltionod in thv provious svvtiolL, tho m,_&,l must dt,scribt, a pair of signals. Th,._c signals

will b," labvlcd X(t) alld }"(t) alia have a narr.w/mn,1 dt,iillitioil as given below.

X(t) --. A(t)cos_'_¢ B(t) sin,_',)t

= R,,{f,(t)_,_,. }
(2)

Y(t) = ('(t)cos_,(,t D(t) sin-Jut

: n,,l(?(t), ......'}

The functions m'o capitalizod to indic;tie thai they art_ rand_mi t)rovcsst_s. I1 will als, lw il,.4Sllllt(_lt that

the model is stationary and (]allSSiaIl distriinm'd. Stati_marity is a colltnioll assmnpti_m it!. optics

[IIccht. 1.9S7! and a (imlssial.l amplitlldC dis/ributi(m can tm justifi(_d lW ;q)pcaling to the Central

Lilnit ThoorClli. Tlw Ct)IIS('qlIClI('/?S Of llOt as,_tuuing a (l;mssi;m dist rilntt i_m aro discussed at t h(_ (,rid
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of (_hapt_,r 5.

In c_rd_,r to elJsm'e stati_,mll'ity in tlw ab_vo si_mfl m_d_'] (Equ;_ti, m 2), X(t) rout )'(t} mll_t

bc .irfintly-stationary. For simplicity it will be _ssm_l_,d that :l(t). B(t). C(t) _md D(t) (mu] hezu.,,

P(t) and Q/t)) mllst _d._o ]}e.}ointly-st,_ti,m_ry. T_ l>r,,d77c,! a (;_m._sim_-distribut,,d model fiw X(t)

and )"(t) it wil] b,:, assmned tha_ A(t). D(t). ('(t) _uld D(t) ,_r,, (hms,siat_ pr_>_:,,sscs, which lc,a,ls to

bivm'iat_, (;,mssJ_m di,stributi_,ns bt the cCmll>l_,x pbm_, fl_l P(t) m_d Q(t).

Tlw r;mdom pr_cessos A(t). /_{t). ('(t) _md D(t) me, r_,_d..j_intly-stati_,n_wy m_d C,m_ssimL Tiffs

m_'alis their nmlt_variatl' probability _t_,_it) tmw_i_m is c_m_p]_t_,ly _t_,fi_l_l by th_,ir _o;ms _md .se_:_md



oldtq lllOllif!lflS (sh_wn heh)w.)

E[A(t)] =v._ E[mt/] =_,,;

E[C;/t_I-- t,(: ELD(t)I - _,r,

E'/l(t)A(t r)l = R._(T)

E[n(t)n(t T)] - Rn{_)

E[(.'it)(:(,_ r]] - _(,(r)

E[D(t)D(t r)l = Rrj(T)

ELA(t)B(t r)] = R,_B(T)

E[A(t)C(t --r)] : R.t('(7]

EiA(t)D(t ....r)] = RAre(r)

E[B(t)C(t r)] : Rm'(r)

E[B(t)D(t r)] = Rzm(r)

E[C(t)Dit .... r)] = R(,D(r)

(:{)

Till' filIl('li()llS a})oVO ('all })0 lined to create a co)variance' matrix and ill(,iill vectm' [hr fill},"s_'_"tlf points

(,an,_l,m disnihuti_lL the ab_)ve
within the signal. A_ these tw._ pr.p,_rtbs define a nmltivari;mu ' '"'

fi mcti_ ms give a c_mlplete d_'scripl ilm I_f Ib' m_dt',l.

It is also t)-ssibh' t_ find the means and second ord_'r lltl(llltl'llts [tll" PO f) _lll(I ('_(t) t)y n_ting that



P(t) = A(t) + i B(¢) and Q(t) = C(t) + i D(t) (se. Equati.ns ] and 2.)

l'p = EIP(t)] -- E[,.'t(t) _ i B(t)] = I<t -_ i/¢E_

I,,2 : E[Q(f)] - £[C'C_)in(O] =/,_, _ ,J,p

Rp0-) : E[(.4(t)+iD(O)(.4(t r) _n(t r))]

- R_(r) _ P,u(r)---i(R,_¢_(r)_ B,_u(-r))

HQ(r) -= E[(C(¢)_ i D(Z)](C(t ....r) ....i D(t .....r)] I

-:- R<.(r) + l?D(r) - i(R('D(r) Re'D(- r))

Rj,<_(r) = E[(A(t) _ i B(fjJ(('(t .... r) ....i D(t ......r))l

= B4(::(r) f Rnr)(T) ....i(RAD(r) .....RBc(r))

2.2 Correlation and Spectral Functions

It is .ften ll,.,('[lll to wol'k with these second order mOln,,nt fllllCti(lltS ill the FOlll'i(!l' dollLaill. These

ti-equem:y (hmt_fit_ relm,sentations are known as spectral flmctions and will be drnotrd by all .','

i.r. 3'{ F?CV (r ] } = Sr'v (_'), where '3{. } denotes rite Fourier tran,s|i_rm.

('orre].ation flmctions _tlId their correspOLl_liltg spectral ftlllCtiOllS ¢.'_llllLl.lttake tatany arbitrary

fbrm there are lh,,oretical rrstri('tions (m the rang,, of k,gal fun,'ti,m sets. These restrictions

(given }mlow) ar,_ most easily prese, nted with r,'sp(,ct t,_ the spectral fimctions.

S_:(_.,)> 0 ,S'v(_) a 0 IS',.'v(-_)l ± _5',,(_,).%-/_) (,5)

It t:ttlL }I(_ showIL 1hat a cOll[l]lex, bivariate statiol[al'y l'_tltdO1Ll pI'OCtL'4S C}tIL [)t' gelLerated to h_tw" _IlLV

sprctra[ functions that satisfy Equation 5.
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It wa.,statodin theprovions.,,'cti_mthata rv_d.st;iti,nm'y,multivm'b_te.(_,anssianprocossis

mliqu{_lydescribodbyitsnloans;tllrtcorrolalioufmwti_ms(_requiwdentlyspoctra.)Thisisnottim

case for a complex, stationary, multivariate. GanssiaI_ procoss. This can bo domonstratf,d by oxam-

ining Equation .l and noticing that there, _r(, mnltipl_, s_,ts of real mM imagim_ry comp(monts (A(t).

B(t), C(t), D(t)) thai will rt,suli in tI,, s;ltll(! c,_rr_lati_m fimction,_ ['_r P(t) and Q(t) i.o. Sl)_ci-

(ring th,' (:orrol,ti(m fim(:tit,ns of P(t) ,m(t (_(_) d(,,,, rt,)t miiq_u'13" d_,fino tit(' m_)d,,l. T(, c(mtplot('ly

d,,terntin(, th(' m,_dol it is noc,,ssary an.l snffici,,nt to dc[Jll_, tho ['llltctions giv,'n ill Eqnati,)n 3.

3 Polarimetry -- Background and Relation to the Model

This s_,ction lm'S_nts published maWrial [Pancharatnam, 1975, Bross_,an. 199_. Ishimaru. 1991] in a

way that rolatos it to the Im_pos_'d modol ._tructuro.

3.1 The Stokes Parameters

Polarinmtry im'olvos studying tim r_'lati,nship lmtm't,n the' horizontM and vorticM fiohts of ml ok'c-

tromagnetic wave. Zho,,_ tw. tMds aro usmdly wrim'n in narr_wlmml form.

(fl)



l(I

The polarization state is generally measured using tho :St_k(,s lmranmtcrs'. Tlmsc l)aram,'tcrs aro

detin_'d in ro,lat ion t,) the llallow] )iilld tornmlac ab_vo,.

I

0

IT

</&(t)l'-' > + < IE'.,(t)l_ >

< I&(t)l 2 >- < IE._(t)l'-' >

2I{e{< Fl(t)E_(t) >}

2Ira{< EzU)E_(t) >}

It)

This indical(_s IllaI timr pnramo/ors arc nec_h,d t{_ uniquoly slmcif )" lit," p,_larization ,stale of a waw..

Tllesc four paramolcrs are known to obey the in,,qualit'_' given below.

I _ v/eF + ,:2 + l,_ (s)

The l'ati¢) _f'the two terms in Equation 8 is kn,_wn ,is tho "degreo of l)_flarization'.

Earth sousing radiom,,tri,: inst rmm'nts [,'rid th('mseIv,'s to the use ,ff the qnodified Stokes pnramo-

ters. These are tyl)ically usod when the vertical and horizontal tmlarizati_ms correspond to prefmTpd

axes tlmgent and IlC)l:Illal to the Earth's surfaco.

.',I"2

'q 3

[
< IEl(t)l 2 >

< IE._,(t)I-' >

I 2R,,{< El(t)E_(t) >}

[ 2Ira {< E, (t)E,_ (t) > }

'2

2

[7

(9)

The parameters ,si and s2 represent the power in the horiz_mtal and vertical channels rospoctively.

hi the I)_ust many Earth-sensing instrmnonts have, _mly incasmcd thes(, two imoerties, lIowcvcl',



r(,c('lltEartll-sf,lk_ill_illstrllllwiits ar(, ll_w lll(,a,_111'ili_ tlw full set of f;nlr paralurtrr,s

th(' ii(t(,d fo]' $i _cllcral illO¢l_q {)f i)olal'iz(td ,_i_,ital.n.

I!

thi,s im'r,,as(,._

The incquality in Equatiou 5 c_m r_si]y h_ rcwrittrt_ in trrms af thr modifird St )kr._ parmw't_,rs.

Thr result is givrn b,'low.

2v' _ > _ ,_ (lI))

It is also obviou._ from thr dcfiniti,m in Eclu_ttcm 9 thud the in¢,qualitics be,low are true.

,_j kO ,_,, _0 (11)

The polm'im_,tric th_,ory/iv_,n al_ovr can br related t,J thr m,_drl strmtm'e by invokin_ station-

arily. Stationarity implies that the prol_ability ,)i" any given polarization state is c_onstant acrc,ss tlw

signal. In this ¢'_._', stationarity alst* iml_Ii_._ cr_)dicity which mc_ans that the t,xpcctt,d values of' the

random proces.sc,s are eqnal to the c,_rrt,_pcmdin_ time avc,ragrs If .¥(_) is s_'t to model EH(t) and

Y(t) m,_del,_ El'(t) then the' modifi('d St,)k_',_ ]'_;I.l'_llIl(_ttTs ¢';I.11 b(! rrlah'd t_ thr c(n'rc, lation fmactions



as,_hown}_rl()w,

12

'_2

s3

< IP(,')f'-' >

< iQ(t)i'-' >

2_(,I< plt)Q'(,'i >}

2hH{< P(t)Q'(t) >}

Rr([))

R_,,((I)

2R('{ Rm2(I}) }

2Im{Rr,(4 (1t) }

.1S_,(_.')d_.,

.1"'_'_/.;-.')'l,-,:

2R,'{,f Sp(, (_'/4_' }

2Im{f ,5'r,(._(._ )d_, }

E[P(t)P'(t)]

E[Q(t)Q': (t)j

2R,,{EiP(_)Q*/t)j

2In,{ EiP( t )Q'f t )j

(12)

3.2 Frequency Distributed Stokes Parameters

The _maly,si._ abovo shows that tlw l)_larization stat(, of the m(),tel(',t w_w(, is (Iet(,rmiue(l by thv

area mldor the' .Sl)cctral flmctions. Whilo this is ('orrr,ct. a m_)r_' g_'lJ_'r,fl int_'rl)rrtatioa is giv(,n in

P;mvh;u'atnani [1!)75]. In that 1)alWr it is sh[_wn that ua(:h fl-t_(l_t(:n(T c(mlp_ment ()i' th(_ wav(_ can

b_' trc_tod _Ls a singl_', in(t('l)('n(lrl_t wavv with corr,,]ati(m l)r()l)(,rtios dict_t('(l by thr spectra at that

frcqu(!ncy. Th(' c()rr('lation fltm'ti_ms aru a mv:L_ur_' _)f the inl[,r(h,l)vi_dt!nc_, l)('tw_,cn or within the
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sig_mls.Asth,, sp_,ctral functfims shiny how thL_ int_,rd_,l,ml, ience is distritmted acr.ss fi'eqnenc,v, the

i)olarizatfim state at each frequency is determined by the spectral flmcti_ms.

l
._,(_') I S'p(_..)

,,_(_.') ,%(..')
= (1:_)

_"(";) I :m,,{,s'r(_(._,; }
I

j 2hu{,qr, Q (_.') }
i

It ._h,mld be noted tlmt the vm'inb],, _, abm'e reprcspnts a measure ,ff distnn_e ['rolu the ('entl'_tI

flequ_,iwy _.'_. A]s{_. the Slok_> paramet,,rs iiJ EquatioJ_ 12_re'l, actually ,b,nsiti,,_- i.,,. |heft m_its

are power per llnit bandwidth rather thnn jltst p_vcer.

To g_'t the.! _tl;t[ w_tv(', the (:Oltlp_)lR!tltS _tl'e considered to ]w inc_hcr,,ntly (as I hey arc illd{,l)_qld_'IIl )

sunmmd over fl'equcncy. This is intuitively satisfying ;u_ spectral fim(:tions sum under indel>en,[ent

addition and Equatbm 13 b_,com_,s Equation 12.

If Equati,m 13 is substituted into the inequalities given in Equations l{) and 11 thmt the ii _lh _wing

inequalities are produced.

,) / , , _.X/Sp(._')SQ(_) > 2_/R,'{Spq(_')} 2 + Im{,qp_2(._')} _

I,s'r,_(_')l _ x/&,(_.'/&.,{_,) (14)

&,(a:) "> (I &2(,_') > o

It can be seen that these are the same inequalitie., as those slaled ill Equati_m 5. This mean._ l[lal

the the_wetica] restrictious oH the model given iu Equation 5 are eqlfiva]eHt 1o restrictiCms ,m tim.

m_dii-ied Stok,,s parameters nnd lteuce do uot limit the range of tmlariznti,m st_ttes that c.n b,,
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modelt_t.

Theconclusionthatcanbedrawnfl'olnthissecti_misthatthepolarizationstato(distrihuted_wer

fl'equency)to bo mt_deled can bo used to define the model parameters Sp(_'). ,%2(_') and ,b'pQ(_,)

(which in turn can bo used to tlt!fine /?p(7-). /-?Q(_-) and R/_Q(r).) This is demonstrated tm an

example signal with a contrived, frequency-dependent polarization state.

E.ramplc: The signal to he 'modeled Im.s 5 di,_tim_t lu_l(rriztttitm Immt.s tvithiiz its overall hamdmidth

2111.V. Th_ Ioa.,e._t fifth of its spectmtm .is wapolat'ized a'mt has "unitg pou,e_' dcn.s'il;q ('ttlM@'e;d Sto_:c's

d_m..sities arc [0.5, 0.5, (L f)]); the .secrmd .pJth tm.s a dc97we r¢ polarizotiort _( 0.£ tt_tit!t pou!c.t' dens#?l

a,mt the lmltu'ized compommt i.s lcfl-c'h'cuhtT" ([0.5.0.5. II. - 0.5]): tlu: ce_,tra, I ._fth is co'mplctclq lim:a'r'l?l

pola_'tzcd at 30" and has "unit!/po.u,e'r de.r_sit# ([.75, .25, 0.865, {)]); thc.fowlCh stcr:tion ha,s a thT_'e r_.f po-

la'riztttmn of O. 5. "umty power dcn.s'ity _md the imla.rizcd eompom"nt is cight-citr'tda'r ([0.5. (I.5, O, (I.5]):

a_td Ou' hi!lhc.st .[)_:quc,ct I .scct'itm i.s a.l.so urq_ohtri2cd _L,ith rarity potm'r de_t.sit?l ([(}.5.(I.5. O. [l[). B q

usm. 9 Equotirm 13, the model par'ometers shown t'tt Tuble 1 _t_" J'o'w,d.

The m.od_fied Stokc,s lm,.mrmstvr.s for ttu: total mm,c ('a't_ bc ]ourM b!/ lw_:formiu9 the intcgm, tio't_,s i,_

Equtttio_t 12. Thi.s Jv:,_ults in the m,od_:ed St,kc,s "vector [1.1BI'[- O.!IBIt,: 11.3,1(iBIl,: Ii].

Italics used

[(lI" OXa 111I)1o

toxt
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Background and Relation to the Model

4.1 Basic Coherence and Interference

Tvv() ])(_1111 illt(,l'it_rt)ltletry llleaslmr(_ illt(_l'fercllc(_ alia is closely related 1o lhe idea of c(}h(_Ft_,II(_IL iI,q

explained in [IIecht, i!)87]. Intorfere.nce is produced by the addition of tw_l waves that have been

soparated in time and,k)r st}llt'O. It is generally assmned that polarizatimi effects can be ignored

and that the space/time separation produces a lime &'lay r between the signals. The tin.' delay" is

typically produced by a diflbrmure in propagation length and hence in tinw of flight. Stationarity i,*

also usually assumod, so the two signals c.n t., modek,d as X(t) and Y(t-- r) as giw,n in Equation 2.

Interfereuce lu:vurs when the two) beams are added. This sum is oxpressod below.

Z(t) = X(t)+Y(t- r) r{el[P(t)+O(t--r)(: i ...... ],'-""1 (1._)

It is the lime-averaged, intensity .)f tlli._ sum (tho squal:x' magnitud¢' of S(t)) tha! is observod in

interferometry. C.m,_tructive intorferonco ._ccurs when P(t) all([ (2(t - 7) are in-phase and add to

l)ro(htco a largo lnagnitud¢,. De,.tructive interfer,.nce .cents when they arc. out-.f-ph_e and add to

pi'oduc,, a small magnitude. This gives bright and dark interference, fringes respective, ly.

- < Z(t)Z"(t} >

= <P(t)P*(t)> I <Q{t .... rjQ*(t .....r)>

(It;)

+21Ro{< P(t)Q'(t r)_ '_'''_ >}

= Fll(0) + Fee(I)) + 211e{F12(r)}
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The final step makes use ,ff ,,rg.di,'ity. The flm_:tions Fll(r), Pe.2(r) and Fie(r) are known as the

self" and mutual-coherence, flllt(:ti{_tls. They m'e commonly used to deiine the coherence of a pair of

waves and arc definod below.

Fll(r) = < P(t)P*(t - r) > ci_'''_ = Re(r)," .....

r_¢r) = < O(tlO'(, .....r) ".. ,' .... -_ rOe(r),......

Fie(r) = < P(t)O*(t -r) ".,-,........ = /?cO(r), ......

(17)

Equation 17 shows how the coiwrem:e l)r.pcrties of the signals to be modeled det,,rmine the m{Mel

I)aralllt}tprs FgI-,(T), Rt2(r ) tllid RPo(r) (whi,'h in |lll'II Call }_(_ llSOd to dCfiltO Sp(w), SQ(,.o) and.

Seo(_').)

4.2 Usefid Functions in Coherence and Interference

There are a xgu'iety of us,'fld mcasm'es d,ffiucd by the cohvrence flmctions

some of them is givc.n here.

The' final I('l'llL ill Equati,m 16 is known as the int,.rlbrenc,' toI'IIL. Matlwma/ically. it is/his Wrm

that l)ro(hwes the itl|el'fUI'('IlC_:' [),'hlg(?.q (the (llh(!t" IWO I(WIlIS ;il'O siml)lY COllstallis.) S(). the shalm

of the h'inges g,}verns the fin'ln of F12(r}, which in turn det,'rmiIms the nlod{q parameter R.r,q(r)

(and Sp(_,(_).) The mod,q l)arameters Sr,(_) and N<_(_') are the Imwer spectrM d,,nsities of the two

signMs i.e, they {]et.erlllille how the power _)f the signals is distributed about a-,u. Also, if a signal

were to interf,,re with itself, it w, mld bc thv sclf-c,_heren,'e flmcti,ms (giveu by Re(r) or R(2[T)) that

would t)r_*dnc,' the illlerfi'l'(!ll¢'e t(?rlll.

a brief Sllllllil_tt'y 0("
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An important iuterf_'romctric pr,_p_,rty is thr fl'ingr "visibility function'. This function is dcfinrd

by thr intr.nsity givrli in EqN;iti_n_ 16.

I:-- l ....... [,.i. _._ 2I['12(r)[ .... 2[/_P(?(r}l (18)
I.,,,._, _ I.,_,, r_(I)) + r22((I) Rp(O) _/-,'c_)(I})

[tere it is _ssumcd that thr ,}scillat.ry exponential tlwm in I'12(r) varies much titstrr than thr flmr-

tion's magnitndc. It is ofWn tliu cas_ _ that Fll{I)) -- F2,,(()) and the visibility fimcti(m il_ Eqmttion 18

r(_hu'es to the ab,_olut_, vahw .[ ttw 'complrx (h'grrr of cohcr(,nc£ (I," -- ]%._,(r)l).

21217-)= F12[r) -- ReQ(r)ci .... (19)

_/FI1 (¢))F22(I)) _/'/?p ff))/?c,_(0 )

,4. similar fllll('tioll tl) tlw cnUll)h'x degree' _Jf cohcrenc(_ is tlw "(:_miplox d(,gr(_, ofsprctral ('oh('rt_llC('"

(sl'e [Co_Hhnan, 198.51. ) This fmlction givr._ a m('_sur_" of tho distribution of tlw dcgr(:l" of coher_'nry

across frt,qtl(_,llt:y (_1 similar ith,a to the disti'i}mt(_d polarization conrcpt tm,srnt_d ill Sertion 3.) Thi'

flmction is ,'Xln'esscd in Wrms of the' sp,,ctral r,,prcs(,ntati,n_s of tho c,_her(utc,, flmctions (_11 (_') =

//12 (&,) = _12 (W) -- ,S'[,Q {W ...... _'0) (2(})

v/g;**(_-')_;2':(_:) V',%6: - .:,,)S_(_ _--..'.)

The fi}|lowing pr()portios _ff thr Slm('tra can }w ,qhown to be. true.

Gll(,u) _ 0 G_,2(_:) > _l (I < Illt2(_')i < 1 (21)

The above i,quations inlply that tit/, im,qualiti/_ in Eqmttion 5 arc always satislied. This llll!/-tltS thai

th(' theor_'tiral limits on thr mod,'l do not limit tlm rallgO of partially roht_rrnt sigmds that can tm

mod,qod.
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Thissectionhasshownthattherearea_trietyofrelatedinterferolnetricnn,[ct_herency pr_lmrtics

(e.g. the coherence fluwtions or the ill|Ol'f(!l'(_llt:I' iCI'ItI_ l}ll' Ctmq)l_'x degree of coherency, the visitfility

flmction, f,tc.) that can be used to define' the, model. As in the! polarimetric case. the flmctions Sr(.c),

.S'(>(a:) and 5r,rv(._) ((,r Re(r). R#(r) and Rp(2(r) ) can all b_, Sl)(,('ified by the physi('al protwrtivs of

the w_tvc.

5 Completely Defining the Model

Tn ('ompl,,t,_ly define! the rood(,1 the functions in E(tuati_m 3 must })c Sl),'cifi_'d. In S,,ctions 3 and

it was shown how the physical pt'np_,rti_'s of tlw waves t,_ t.' modeh',l (in (,ith_,r the lmlarilnetric

or intcrferomctric case) can be used to dci-in,' lhc correlation functi_ms _f P(t) and Q(t). II(_wever,

in S_,ction 2 it was shown that thvsf' corretati_m flmcti_ms are insufficient to conq)letely define th{'

m(_&'l {as there are lnany sets of the flmctions in Equation :{ thai will result in 1he same c_rrelation

fimctions for P(t) and Q(t).)

It can also be shown that while ext,,nsivc us,, has l,_,cn imu|(, of the fact that P(t) itlld Q(I)

are stationm:y (_'_ arc A(t), B(t), C(t) and D(t)), this (lo,'s not guarante(' that X(t) and Y(t) arc

also stationary. In this section (ram tlH, corrcsl_onding Appemlix) it will b(' shown h,w¢ enforcing

stationarity _m X(t) mid ]'(t) allows the mo&,l t(, t,, c_mqdcwly defined using only the correlati_m

flmcti_ms of P(t) and Q(t).
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5.1 Consequences of Enforcing Stationarity

The firs_ st('p in eufi_rt'ing stationarity is fo give th(' constraints it l)hu'cs (mth¢' fmu'_ions ill Equa-

ti,m 3 (s{'c Appmutix A.)

It A = lIB _ /&_, "- /If_) _ 0

Ra(r) :: Rr_(r)

R,:(r) = Rn(r)

Rac.'(r) = RBD(r)

R.._o (r) .... Rnc(r)

Raze(r) .... RaB(. r)

R_.D(r) .... Rco(- r)

(22)

Tit(, above pqlmti(ms at(, illl]),)rtallt, b('t'a(ls(' th('y show that rath(,r tllltll having fotlr (:OllStaltts _tli(t

ten functions t() find (as ill Equation 3), ther,, art' nmv only six functi_ms (tw-,) _f whi(:h must lm

_)(t(1-syn nn('t ric. )

An interesting result can be stated from Equation 23. By looking at a single signal (say X{t))

and its in-phas(, and quadrature components (:t(t) and B(t)) it can be s(:mt that R.I(0) - R_({)) arm

R4D(()) = [). This means that at any giwqt tiln(, th(, in-I)hase and qua(tratul'(, comp_mmlts have, th(,

sam(, variance and are mu'ori'clat(_L Sillc(! this is a Gaussian ln(,cess, tit(: result is that the aml)litudc

of the signal is Rayl(,igh distributed and tit(, phase is unifi)rlnly distribut(,d. This result is stat('d in

[Bross('au, 19!18j.

(23)
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Equation 23 also rosults in X(t) and l'(t) being z¢,r(, metal mid having a woll dofine,t s(,t of

correlation fmmtions.

Rx(r) =

Rr (r) ,_-

/¢xr (r) ,-

R._ Cr) cos.o0r +/_,w (r) sin _.'_r

Rc,(F) cos..,0T-_- I?c:D(r) Sill..'or

R a(.(r)cos_'o'r ._ RAD(r)sina.,(ir

(2.1

By substituting the relations in Equation 22 and 23 into Equation '4 it can he sc,'n that P(t) and

(_(1t) lllllSt b("Zt'I'O lilt!all _tlll'l h;-tV__corrl,lati(m timer ions _u_givvn below.

(25)

l?r,(r) = 2(RA(r) --iRae(r))

I?o(r) = 2(R(,(r) .....iR(:n(r))

I?po[r) = 2{J?4(..(r) - il?._D{r))

The vquatfims abov(, are .qgnificant b(x:ause timro is now (rely one real fllnction (h',fining each of the

real and imaginary parts of the spectra of P(t) and Q(t) (c.f. Equation .1.)

5.2 Mathematical Model Definition

Equation 25 implies that there is now only (m('set of correlation flmctions for A{t), B(t), C{t) mid

D(t) that will produ('(', a giv('n set of r'orrelati(m flmctions f_n' P{t) m_d Q(t). This set ()f correlati(m

flmctions is found by sinlt)l;v h_king half the real and imaginary parts of l?p(r). Rq(r) and /?r,(2(r).

This r_,_ults ilt the, ,_ix f[m(:tiolis r(,qlfirod in Equati(m 23. It should be ll(it(,d that Equation 23"s

,Md-synmwtry (:(mdifion ()n R._B(r) aim RCrD(r] i._a_ways satisfi(,d as Rpfr) and Rq(r) are always

conjugate-symmetric (this is a c¢lIlS(,(lll(,IlCe of Br,(a,') and N)(:c) b(,ing r(,al, as iml)lied in Equation 5.)



21

This method of determining the correlation flmctions of A(t). B(t). C(t) and D(t) can als¢_ be

expressed ill the frequency domain.

Ra(r) =

Rc,(r} =

ReD(r) =

R._,(r) =

R4D(T ) =

_[,_'r,(_) ....5r(, _')]

½n(,{t_r,¢_O-)} = ]{R._?(_)p_,,+(_)}

-_[,'_v,_(,_) - ,%Q(--,)I

(2t_)

By using lhe equations above and thr first fi_ur ,'qualiti_:,s in Equation 23. all the flmctions in

Equation 3 can btr found. This leads to a m.d¢,l lhat is COml)h'lely specific'd: aml, thai ,_pecitit'ation

is lllliqllP (i.{'. it is tim 0lily 1_11(' thai will produce thc desired correlation fltnctions for P(t) and Q(t)

while maimaining slationarity of X(t) and Y(t).)

It can bc s('(_II that Ille ov0.1l- and odd-symmetric pOl'tiOllS of tim spech'a ,b'p(a.'): ,b'Q[_) }llld

SpQ(a) are being takeu. This results in the above spectra being conjugate-syimnctI.'ic as would br
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exp,'ct('d for til(, s])octra of r,'al, l'_ill_[Olll ])I'l)(!{_f_._. If' tilt' COlli.I)lot(' S(_ " (If ,'-;[)('(!tl'_t (lI'O _11717;t11_O(1 ['[_

f, rm tho spe,'tral matrix, it can 1)e sh,_wn that the result is ;l Hermitian. ])ositiv(_ s(uni-(iofinit(, matrix

(s(,(, AI)l)emtix B.) This is a gem,red pr()perty of all spe('tral tntttricos (s_,(, [.]eukins arid W_,tts. l(._(iS])

and in the tWO-l)rO('ess case gives the in(,(lucdities of E(lu_Lti(m 5.

Examl)h': Thi._ prove._s will bo npplit_d to tho ,¢l)e_!tl'_l fim(:tion,_ t}'om the' o.\'_mlplr! in So_ ti(,ti 3,

Using E(lnati(m 26 thv r('_ult_ shown ill T_,t_I(' 2 nn' timnd.

5.3 Summary of Model Design

A brief ,_unmmry of the mod,d (h,.sign is pre._,nted itt the fi)t'm of a list.

I. Dofine the ,_ll(!('tt'a| or ('orr('/ati_)n fllllC_ion._ ()f P(t) all(t Q([J [)y (_(in._id,u'ing tho phy._i('al pV_l)-

erties (oither interfer(uH(,tri(' _r l)_)l_wilm'tric) of tit(, waves t,) b,, mod(,h,d.

2. Apply Equation 26 t,l got six valid spoctral ,11'(:,nT,,lation fim('ti,m,s for A(t). B(t). C(t) and

D(t).

3. Apply Equation 23 to g,'t th,' c,)ml)h'to sot of statistical flmcti(ms (as given in Equ_tti(m 3) ()f

tho _;u_dom proce,_ses A(t). H(t). ('(t) and D(_) ;utd thus c_mlpletoly d,'fin(_ the model.

It should h,, n,)ted tlmt thero is n,) ],_ss ,)f V;o_wr_dity in any ,_f tho st,'l),_, and timt _ sin/l,' ,set _ff'

l)hysical t)ar;nneh_rs {:atl ollly pr()(hw(_ (nl(_ v_did lti_}de,]. It (:m_ also ])e ._een lhat if tho (7]aussi_ut

assulnptiou is not nla(to, tho, n the nlo(t(_l is n()t uniqu(,ly d(,iine(t (_u_ ,_e(:(md ()_'d(_l" statistics m) l(mgi_r

complot('l_ _(ie._('vib(' the p.d.f.). Howov(,r. the pr_'vious _tmdvsis (',n still b, used t. defiuo a ._t,tiomtry.
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cova.riance-el'godic m_del up to sec_md-ord_,r statistics. The, (-.,'aussian nlod_q is a Slmcial ca_, of this

where stationarity impli(_ orgodicity and ._cond-_n'd_.r statistics slmcit _, all highc,r _rd_rs.

6 Realizing the Model

The pr('violls sections llav_ develop(xl a stochastic m_,d_q tbr a pair of signal,_. This m_)d_q is dctim,d by

the temporal and spectral correlati(m fimctions of .,t(t). B(t). C(f) and D(t). Th_,sc can t., tbund from

physical signal prOl)erties and us(_d to specify the lm_bability d,*nsity fllnc|i_DllS ,)f th(' model. Thi._ is

a oh'at mathematical model that h_s the potential to be useful in theor_,tical analysis, tt_,wew!r, tbr

applications such as computer simulati,ms and synthetic signal g(merati_m it is m,cessary to create,

realizations of these random processes. It is sufficient to create realizations of the real variabh's

A(Q. B(t). C(Q and D(t). as the other varial,les (P(¢'). Q(t). X[t) and }'[t)) ,,an Im cr('at_'d 1,5"

deterministic fimctions of these fore" rcaliz_ltiol_s.

As the im_bahility (hmsity flmctfims at(, known, it is possit)h, to cwat_ a sampled rcalizati(m

directly. If N points of data. were required, the correlation matrix for Iht,se points could bc cah'ulat_,d

alld a multivm:iatc. Gallssiatl r_ldI(tOlll lIlllllb(T gcnoi'ator applied (._uch _ the mvnrnd COllllll;-tlld fOlllld

ill the MATLAB softwm*_, lmckagc.) Howcv_,r, difficulti(,s arise when th,, dim_'usionatity _f this p.d.f.

is consid_'red. The,re are ibm' c,,-d('lmn,tent Olltt)llts at _,w,ry salnpl¢' so a signal of length N would

[law _ a p.d.f. ,ff dinlt,nsion .IN. N)r examph,, a signal .f 125 MIIz bandwidth r{,quil'cs a minimum

smnplizlg r_m, of 250 x 1(}_; ._amples p_,r scc_md thus a tu'c_-s_,comt signal _u,uld rt'quir_' 50{) x 11)"

Emphasis

used wh_,n

refi'n'ing to

spocific

software



samph'sandrc,_ultinaprobabilitydensityflmction(,fdim(,n,si(mtw()billion.Thisis('omputationally

ilnpracticalsoasimplermethodmustb(_flmnd.

A commot, t¢,e'Imiquein one dim,,nsi_m is to uso _tlin('arfilwr t()shape llOiSeinto a (Ic._ire,l

sp(,ctraIshape. Th,_ probk,m herr,is more complicatrd a_ the fmwtion is from one dilncnsion

(tinw) int(.) fi)m' diIn(msi(ms CA(t), B(t). ('(t). D(t)). A g('n('raliz('d hlt(,/" st,'ut'turr _dth N ill-

Imts (ll (t), I._,(t) ..... IN(t)) and M output,_ (()l (t). 02(t) ..... OM(t)) is giv(,n b(,low (this stnwtm'e

is l)l'C._cnt('d in I,h'nkins and _Sdts, 1!1{;8].)

<),,,(') E;_'_ t,,,<,(t) • I,(_)

(27)

Th(, filter r(,sp(ms(,s InllSt 1)(., cllos(,n .so that the d(,sir(,(l ('orrf,lati()n flm(.tions arc realizrd. Thes(,

flmcti(ms m:(, given by th(, (_xpr_ssiol_s l>(,}_)w !.h_1_ki)_s _m,l Watt,_. i.()68].

R(,,,(,,,(_') = E[O,,ft)O,,(t - _')i (rt,,,O,,(-T))

: E[z;"-, .... ....
N ,%-

Thi_ s(_t of vquati_ms h;_.s a simt)ler form in th(_ Fom'k_r d(mmin, as th_ convohttion_ bcvomr multi-
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N ","
= _,,,1 _i' l'qt'I_(_)H"_(x)H,_i (a:)

The tiual step takes advantage of conju_4ate synnnetry (which is guarantred by the fact that h,,,, (t)

is real for all m_¢.)

A get_eral set .f soluti_ms f}_r the syst_,ni of equati,ns given }N Eqmttk_n 29 is non-trivial as ttu'

system is non-linear. Simt_Jifications can be ma([_, by makin_ certain assmnptions the first _f

which is 1hat the input rand_ml processes are ind,'pendent, white. (]aussian. unit variance and zero

mean (._o ,b'.\,x, (_') = _(i -j).) This ensm'vs the _l|tl)llts will be Gau._sian and zer,_ nlean as required:

and that Equation T.) reduces to tho form given h_h_w.

V'x d(i j)Hw(_.')H;i(_)

-- _;_', It,,,I:_,)II;;,(.z)

In thi,_ case _mly flmr outlmt processes are required (A[ : 4.) This means we hay{, ten imhlwndcnt

eqnati_ms one for f'ach of the correlatiml fun('ti,ns giw,n in Eqnatiou 3 (there are 16 equations lint

there is redundancy, as shown by the brack_,ted h'rm in Equation 28.) A solution is presented fi}r tl,'

case of fimr input i.n'ocesst's (i.c. N = 4) although tim method can be applied to larger dimensi{ms

providml that :lI = N mM the specified spectra satisfy the lm_perties of a spectral matrix. The

equations for this tm_bh,m (as defined 1)3' Equatiou 30) are given below (the .,, dep(,n&!ncr has been

dropped for clarity.) The oUtlmt._ art demoted by A. B. C. D as Leibre. while the inputs are nmnbered
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£x : [H.uI 2 + IHA212h [HAal_ [H._,]2

S...1B = HA_tI},q + H._2ttb2 -÷ HA:JIb: ) + HA.jHb.a

SAc' = H_IH_: 1 + HA._,H_:,,_,_- H._:_H_,a + HaiH_*, t

,S't_ = [Um[ '2 + [ttu',.l 2 + ]Hp:_i _ + ]Hml 2

Su(' = HmH[, t + Hu2tI;,, 2 + HuaH_, a + HuIH_q

SuN = HutH* m .+ IIu,2H"D2 + IIu_H_:_ + HutH_, t

&' = [Hell" + ]Ht'2] 2 + I//c':,[ 2-+ tHc'._I2

&'D = Hc.1ll_ ll_....,lI_c_.,} lie.: lI;>_ +. IIc_II_,_

"1 , H .7.S'D = [HDll e+lHm]-+lHml "e+ [ Dd"

(:u.)

Although theso e(luati(ms arc n(,n-litlcar thc.y can still be solvod wlatiw'ly easily. The solution nwthod

dev,q()l)e,d is lll¢_St suct'inctly express(:d in lltatrix notation.

H=

H..u H.¢._, H 4: ) HA4

H_t H_.., Ht_3 He.l

Hc:l He-_, He.3 He:

HD1 HD',, HDa HD

(32)
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_'A S.-I U SAC '_'A D

'_'* ,b'B 9; ,S'BpDr'' AB

_5'._<-.She, ,';<' &'D

,5':w Shp ,S';,v SD

Using this notatiou. Equa,ti,m 31 can be rewritten at.. shown below.

(3:1)

,s'=//_* ,:I,_,,

For matrices the t ol)erati,m represents a con.jugatc transpose. In .rd,'r t. trod a suitable sot of filtm's

("7,it is SllttiCicllt tO St)I've Equatimt 31 at ltw f'requ, mcy points of interest. It is shown in [StI'allg, 1.}_6]

that because 5=is positive semi-definite (see Apprm,tix B and [,Jenkins and Watts. 19(i8]). Equation 3t

(21111 tdw_ly:4 hi' s.lved. A meth.d for doing/his is outlined hel.w.

Becauso the spoctral matrix ,q is H,,rmitian. it is ahvays diag,)naliza})h>, its vigonvahl{_ arc real

and its eigcnvectnrs are .rthogollal. This allows a simple solution for Equation 34 to be folilld ]W

u,_ing t[., diag_,nalized fornl of ft. If the _qgonvahie.s are arranged on tI.' main diagonal in the nlatrix

and th. eigmlvectnrs in the In.trix _ theu the following is true.

_-= EA_ t

E x/A V A

,5' = \

(25)

v/_ is _t matrix with the squnr,,-roots of the ,,igottvalues on the nlaill ,tiag<mal (s,, th.t vl_tt_ - A.)
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Positive s,,mi-dclanitcnc,_s gmu'antccs the cig_envcctors arc l)O,_itivr. _ V_ will always boa real matrix

alia [lOlIC(, b(, _,(tllal to its t)Wll t!Olljll_atP transpose.

By comparing Eqllatioll 1i5 with Equatinn :l-i it can bc seen that tilt' filtl,r l'(,spllltSt),,4 Call 1)(_

calculated I_y as follows.

H = E \_ (:m)

Equation 36 shows how Equation 311 can be _lw'd hy finding the cigenvahws and eigcnwx:h_rs of

the spectral matrix S at each frrqu_lwy poiW:. It is t'asy to show that this method will t)roduce

filter spf,ctra that are conjugate-symntrtric, which i,_ iioc_,ssary to ¢,nsllrc that thr filh,rs have a real

re, spon._e. Ilcordering the, ,,igen-vahu,s anc[ -veerors will still re,suit in it valid solution at a single,

fI'rquency point but care should br taken not to dn tilts whrn constructing functions over many

l_i'(XllI(!llCy points. Doing so wonld result iu a sharp disc<mtimdty in the filter spt,( tra produced which

would increase tilt! lenKth of the filter imlmlsc rrspon,_(_.

In this section it has boon shown how independent, white. Gaussiml ntfisc flmctions (which are

ei_sil.v gt,m,ratt,d) can bc fed into a system of [incar tilter,_ to prodn_'e re_dizations of tile model. The

filter sets are generated llsing Equatitm 36 which depends on tilt! model paralm'tl rs. This proc_!ss is

comimtationally tra.ctabb, and prodm'rs results likr those shown in the example brlow.

E.x-_mqJle: The cxamph' [imctiotls _zsf'd ill ,%'cctil)ll,_ ,:l ;tlld 5 W_ff'c w_dizrd u_i_lg" tlw methodoloNv

fi,'JV<:,ll ill this s_'cti<m. This proc_:_s u'n,s carri_t ,_lt _zsiJw MATLAB and plots of the resulting sl}cctra

cmi br srell itJ Figm'e 1. It cm_ be sf,f'n theft th(, ti'eClUCnq_ axrs ¢,xtemt outside the rrgion [ BII ,( BW]
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thi._, corr(:_l>on(l._ to <)v(,r,_mul)liJ_g. Th(_ frcqu(,nq_, _)x(,.__m> )u)rmaliz_l ,_() th_)t th(, r_m_q'(, ,>f miMia,_<_d

fi'_,qu_,nci(,s [i)ll._ betw(,t,ll ..().'.') ;rod 1).5.

The (,stimatt,s o[ thv rt:_JHz(.,d ._p(>ct1"a w('r(> fi)mld _)sill,g p(_rioth)g'rmn av(,ragi1_g. 100 ._pr_ctr_t _v(,ro

_w(_r_)g_'d in (,ach ca.s(, mM a r('ctan_)H:_r u'il_dow u_)s )Im'd iu tlw tim<' domaiu to remove th(> noisy

term._ a._._oci_m,d with _) Im'g_' IT). E_)ch plot h_),_ 399 [r('(l_2('m'y l)oi_It._ mul the fih_,rs wr,rr' tr)mc_)t_,d

to 199 tal)S. Fig0r(, I ._how._ th:)r the r(..s.)Hriug sl)(,ctr_) _)g'r¢_(>clos(,Iv with those ._l>()cifie'd. Th(, ._nmll

di_,r(,m:(,,_" <'_m I>(, acco)mt(_l for l_v tl_(, ))_,c(>._s_)_y tr)mc_)tio)_ of" the gem'r_ttio_ filt(_r._ and l_v tlw fhct

t_h_l_ _I _llit() lllllli_)t_l" ()f ,'_l)t,I'rl'?l wol't_ tI,',Qil _o ('l'('itt_'_ tlw p(,riod,)gr_,m av,>rago.

7 Summary

This palmr begins by sh()wiug how stmMm'd mt,asm('s in ])()larim(,try and interi),rometry (such as

Stokes paranmtcrs and c()hercnc(' ['mwti()n.4) can I)(_ int(,rprot(,d in term,_ of the m()d(q's temporal

()r Sl)(,ctral corr(qation flmctions. This statistical interl)rotati()n then allows a stati(mary, Gaussian

mod(!l of the signal pair to be d('finc'd. A stationary. (_all.SSiall lilo(]¢'l Cnll b(' justified physicMly.

This mo(l¢'[ stru('tm'e w_ sh()wn noi to limit til(' rmig(' ()f l)hysi('a[ sigmfls that can 1)(: modeh;d (i.¢,.

all coh(,r(,n('y- or ])olarization-,stat(,s coub[ bc m()(h,l,,d.) Additi(mally, tlw stationarity a.ssumpti(ni

was shown to lead to a mfi(lU_' mo(M f',)r any giv(,n set of physical pro|)r,rti_,s. Thi_ indicat(,s a

coml)relwnsive, w(:ll d('fim:d stochastic mod('l in (,ither th(, l)olarim(_tric or int(,rfer()m(,tric paradigm.

.To rr,aliz(, this signal (as w()uht l)e required in such al)pli('ations its synth(,tic calibration signal
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gen(_rati,m),it isnecessaryto l)roduc,_asignallmirtlmth_st.h(,sameIm)p(,rti_'sastimumtM.This

cmlbedora'l)3,g('neralizingawell-knownn{)is_-shal)ingt_,clmiqncinwhichawhite,Gaussianimmess

ispa._sedthroughalinearfilt¢,rin_rd_rto coloritsspectrumto a ,fisir,_d shap( _. Tim method w,ls

corr(_borated by in'_'senting results fl'om a MATLAB imifl_mentati,m.

Appendix A Derivation of Equation 22, 23 and 24

B(,caus_. X(t) and YU) nr_ C,aussian, th_,y will l)_' stati_)nary if and _>nly if th('h' mean._ and ._l_(-_>nd

,)r(ter lIlolllelltS :-tI'O ill(]._'[.)Pll(t('Ilt of tim(,.

I'.\" = E[X(I)]

= E[A(t)c,,s_',)l- .....B(_)sin.o,_t] (:17)

/1A COS_U(It -- 11/5, Sill _'0[

For this to l)(_ in(tc_l)endent _[ t. flA = ILB = 0 _ I_:_: = 0. Similarly l_.c: _ l_.r_ _ 0 =v I_ = (1. This

shows that z('I'() lll(.llil l)r,)cess(_s arc rf,(Lllired 1_). stationarity.



Tlto socond order m(mwnts must also he iudPpcnd,'nt of tinw.

Ilx(T)

= E[X(t)X(t - r)]

= E[(A(t)cos_'Ijl B(t)sin_.'ld)

(A(t ......r)('os_,l(_ .... r)- g(t T)sin_-'u(t .....r))]

= R.i(r)t:osa.',lt(:_so:l,(t - r) 4 Rr_[r)_in_;()tsin_'o(t - r)

....../?An(r) (:(_s_'ut sin _-'u(l ....T) .....R:ln(-r) sin _.'0t cos d0(t ......r)

=- ½RA(r)[c,,sa.*_,r + c(,sa.'_¿(2t .....r)]

-t-½/?v(r)[(:(,s_t,r ('{,s_.,,,(2t r)j

..½B._/3(r)[sin._'.r _ sin_.,,,(:2t T)]

-1RAB(-r)r sin_*,_r + sin ..2,/(2t -- 7")]k--

-- /_' ,l(Tl._. Rj_(T) {'()S _*_")1) T /_At¢{T) ]'/ Ill[ T) bill_)r
2 2

n _(_-I r¢,/_) cosa:_,(2t .....r) .... n _.(.l i rL._,,( _) sina:o(2t ......r)
2 2

TI) r01IIOV(! tllo t do])(,Itd(ulce roquires that

R._(r) = RB(r) and Ran(r) ..... R_B( T)

A similar m'gument can bc applic,d to l'(t) h) give

/?_'l_(r) .......I?(:._(- T)Rc(r) = Ro(r) .rid

By(r) --. R(,(r)cos_.',t _ Rc:z)(r) silt_.'_,t

(:18)

(:1!))

(:1o)
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The cro,_s-terlll between the colllpoltollts lllUst also be hldcl)ondellt of t.

Rxr(r)

= E[X(t)Y(t- T)j

= EI(A(t) c,,s.oot ....B(t) sin _'ut)

(('(t .....r) co.__'n (t r) .....D(t ....r) sina:.(¢ .... r])]

= Racj(r)cos_otcos_.,o(t - r)-+ Rp, D(r) sin_.'otMn_'l_(t - r)

-' HAD(r)cos_'.t sino:,(t .... v) /?nr'(r) sin _'ot cos_,_(t .....r)

1
= 5//.._c(r)[(.,,s_u_- + .os_.',(2t. r)]

1 " S ' -- -.+-J_vv(, )[(,,, _ ,, _ ,,,,._,,,(')t - r)]

.... +/_AD(T)[SilI_,uT { Silla.'l,(2t ..... 7")]

- ½Rnc(r)[ sin_,,>r + sina.',,(2t - _-)]

"-- R4cIr); l]l_l)(rl2 C(IS _-'11T [_.11, r .,.2[{m'l'r) Sill _'IIT

l-¢..u,(r) [¢_,,)(z) ('_S_.'0[2t ..... 7-/ .... re _n r)+ FQ ¢l r) sina;o(2/ .... T)
2 '2

To remow' the t dcl)endem'e requires that

(41)

RAr;(T) = Rnf>(r) and R.4D(T} ....... Rr_c(r)

Rxy(r) -- RA('(T)c(>S _,'Ot-+-RAD(T) sin _',t

(,12)
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Appendix B Proof that the Spectral Matrix S is positive

semi-definite

In order to show that the Ih'rmitian matrix _ is positive, svmi-dcfinitc it is nocossary t() l)r(_ve thv

following illt,(lll dity.

< S.r.x >= .r ,5.r. > () (,13)

Let ;v - l"' f). c, d f.

.t?*,_':l? _ {(l* [1" (*_ (]*]

S_ S.tn .%1c: S..tv

SI_w .5'F_ S_,. Ssr,

._.:_.(, S _r, ,_'(7 S(; D

q* ¢,'* ','* SD' AD • LiD ' ¢'D

(:1_1)



_Vritiugth(:S matrix in terms of Sp(,.J). Sq_(.o) an([ ,S'p_._(.J)(using Equation 23 and 21"i).

1{Sp(._')[,,." + t,t: + i(_Pt,--.h*)J

-_Srf. _')[,.: bl: ¢(.b* ,:t,_J

+s:,(- _.,)[,.,,*_ ,l,l" + i(e_t* - ,'"d)t

.{Sp(_(_')[,Fc .I. 1;'d i(.*d ......l;'c)]

)-,_'_>_.>I..)[.,") :,#* -)-i(t. .... :.:' ))

)S:,<_( _)[.:,"_/,d".)i(_d" l,<:)!

_.,s?._I _)[.*,. _. t:a-t i(t,', .... ,:,/lj)

'3"J

{45)



Let t = a ÷ ib. u. = e"+ id. _, = a - il_. t_' = ¢' "id.

,,.._.,. = _{,S'p(_:)tt" _ S_( ._),_,_,*._,%(J.,).,'_ _,%( _.').'., *

-4 Sp{a(a_')t* u + ,%'_,_)(_.')tu" + ,S'E,Q (--_')cu'" -+ 5';-,a?( -w)c* u'}

= l-{Sp(_)tl* I-h'f,(-,_')t,t,* [ ;_'Q(,..,.,')ol/* [' ,_'C)( ,.,..")tl'W",1

> _{,%C_)lt[2+.s'.I ..')l_'l2 + s,:_{._'}l_l"+ .','_(-_-')I.'I"

......%'h,d_*')lldb,t...._l,",'pc._(_)il,,tl.'i}

:__ ¼{Sr.(_')ltl_-_ ,';p(-_)1¢'1" + ,s'Q(_-')I"I"-+ ,%'( _)1.'1"

---'2,j',';_(_).-'%(_')!tll,_l - _V'_"r'( _'),%( -_)i*'ll"'!}

+¢_ld ,,/,%(-,_')l"'l)_}

> 0

This proves Equation '13 an, t hence shows that S is p,_sitive semi-_k, finite.

(4_)
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Figm',, 1: E_nnt_h, of n,aliz,,d sp,!ctra (ph_tt,'d with ,t(_ired Sl)t'ctra) fln' c, nnlflt'x lm)t'('ss,_s P{t)

and Q(t): (a) power spectral density of P(t): (h) lmwer spectral d¢,nsity of Q(_); (c) COmlflOx cr(_ss

spectra of P(t) and Q(t) (r,,al part): (d) compl,'x cross sp,!(.tra of P(t) and Q(t) (imagimtry part).



Table 1: Example Spectral Fmwtions f(,und fl'om Polarization State

Freq, tcncy B_md Sp(a.,) S'(_(.v) Sp()(_,)

(---_. ---BIt"] (_ () ()

( -Bll.i ---0.6BW] (I.5 (t.5 0

(--fI.(IBHq -.0.2BW l 0.5 (1.5 (I.25i

( -0.2BI.I'. 0.2BW] (I.75 0.25 Ik,133

(0.2BH: 0.6BW] 0.5 t}.5 0.25i

(0.6BW. BW} (I.5 0.5 0

(BW, :.1 0 (1 {}

3!)



Table 2: Mod_,l Spectral Functions fomH fl,r Example in Sccticm 3

4O

&'D(a.')

(..-yc..-.. BW] 0 0 0 l_ 0 0

(---BI.|: -(L6BI.V] (}.25 (}.25 (_ [,_ 0 0

( ---(L6BII", .--0.2BW] 0.25 0.25 () _) [) ....0.125

(......0.2BW.(I.2/TI,VJ 0.375 1'1.125 0 0 fl.217 (}

(().2B I,V.0.(iB I,V] 0.25 o.25 0 0 () 0.125

(0.(iBII.: BI.V] 0.25 0.25 0 0 l) 0

(BW. ,x ) _) (I (i 0 0 0
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Figure 1: Example of realized spectra (plotted with desired spectra) for complex processes P(t) and Q(t):

(a) power spectral density of P(t); (b) power spectral density of Q(t); (c) complex cross spectra of P(t)
and Q(t) (real part): (d) complex cross spectra of P(t) and Q(t) (imaginary part)


