Twenty-Seventh Symposium (International) on Combustion/The C()mbusti()n(lnstimte, 1998/pp. 2375-2386

ON PULSATING AND CELLULAR FORMS OF HYDRODYNAMIC
INSTABILITY IN LIQUID-PROPELLANT COMBUSTION

STEPHEN B. MARGOLIS

Combustion Research Facility, MS 9052
Sandia National Laboratories
Livermore, CA 94551-0969, USA

An extended Landau-Levich model of liquid-propellant combustion, one that allows for a local depen-
dence of the burning rate on the (gas) pressure at the liquid-gas interface, exhibits not only the classical
hydrodynamic cellular instability attributed to Landau but also a pulsating hydrodynamic instability asso-
ciated with sufficiently negative pressure sensitivities. Exploiting the realistic limit of small values of the
gas-to-liquid density ratio p, analytical formulas for both neutral stability boundaries may be obtained by
expanding all quantities in appropriate powers of p in each of three distinguished wave-number regimes.
In particular, composite analytical expressions are derived for the neutral stability boundaries A, (k}, where
A,, is the pressure sensitivity of the burning rate and k is the wave number of the disturbance. For the
cellular boundary, the results demonstrate explicitly the stabilizing effect of gravity on long-wave distur-
bances, the stabilizing effect of viscosity (both liquid and gas) and surface tension on short-wave pertur-
bations, and the instability associated with intermediate wave numbers for negative values of A, which is
characteristic of many hydroxylammonium nitrate-based liquid propellants over certain pressure ranges.
In contrast, the pulsating hydrodynamic stability boundary is insensitive to gravitational and surface-tension
effects but is more sensitive to the effects of liquid viscosity because, for typical nonzero values of the
latter, the pulsating boundary decreases to larger negative values of A, as k increases through O(1) values.
Thus, liquid-propellant combustion is predicted to be stable (that is, steady and planar) only for a range
of negative pressure sensitivities that lie below the cellular boundary that exists for sufficiently small
negative values of A, and above the pulsating boundary that exists for larger negative values of this param-

eter.

Introduction

The stability of liquid-propellant deflagration is a
fundamental problem that was first treated by Lan-
dau in a classical study [1] that introduced the con-
cept of hydrodynamic instability in a combustion
context. Referred to as the “slow combustion of lig-
uids,” that analysis is most applicable to certain re-
alistic, limiting cases in which combustion may be
approximated by an overall reaction at the liquid-
gas interface. For example, the gas flame may occur
under near-breakaway conditions, exerting little
thermal or hydrodynamic influence on the burning
propellant; or distributed combustion may only oc-
cur in an intrusive regime such that the reaction
zone lies closer to the liquid-gas interface than the
length scale of any disturbance of interest; or the
liquid propellant may simply undergo exothermic
decomposition at the surface without any significant
distributed combustion, such as appears to occur in
some types of hydroxylammonium nitrate (HAN)-
based liquid propellants at low pressures [2]. The

results of Landau’s study, along with a subsequent
paper by Levich [3] that replaced the effects due to
surface tension in the earlier study with those due
to (liquid) viscosity, have been widely quoted and
offer much in terms of physical insight into the na-
ture of this type of instability, which, as in the case
of gaseous combustion, is associated with the density
change across the reaction front. However, because
these models assumed a constant normal burning
rate, it has proven useful to improve upon them by
incorporating a more realistic coupling of the normal
propagation speed with the local pressure and tem-
perature fields, thereby allowing for a locally varying
burning rate [4,5). One result that has emerged from
this generalization is that, in addition to the classical
Landau (cellular) type of instability, the models now
predict a pulsating hydrodynamic instability as well.
The latter arises specifically from the local pressure
coupling and thus may be physically achievable be-
cause the mass burning rate of many propellants has
been shown empirically to correlate well with
pressure. Thermal coupling, on the other hand,
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introduces additional thermal/diffusive instabilities
{5] that will not be considered here. In the present
work, we shall consider both types of hydrodynamic
instabilities, but particular focus will be placed on
the pulsating stability boundary, because this type of
instability is absent from the earlier models that ne-
glected the pressure cou ling previously indicated.
As in a companion study that ocused on the classical
(cellular) hydrodynamic instability [6], we developa
formal asymptotic theory by considering the realistic
limiting case in which the gas-to-liquid density ratio
p is small.

Mathematical Model

The governing hydrodynamic equations consist of
mass and momentum on éither side of the gas-liquid
interface, supplemented by a pressure-fependent
burning-rate law and associated continuity and jump
conditions across the interface [4-6]. Thus, it is as-
sumed, as in the classical models, that there is no
distributed reaction in either the liquid or gas phases
but that there exists either a pyrolysis reaction or an
exothermic decomposition at the liquid—gas inter-
face that depends on the local pressure. For sim-
plicity, it is assumed that within the liquid and gas
phases separately, the density and other fluid prop-
erties are constants, with appropriate jumps across
the phase boundary. The nondimensional location of
the Eatter is denoted by x; = @, (xy, xo, t), where the
adopted coordinate system is fixed with respect to
the stationary liquid atx3 = —<. Then, in the mov-
ing coordinate system x = X}, 4§ = X3, 2 T X3 —
&, (x,, xo, t), in terms of which the liquid—gas inter-
face always lies at z = 0, the complete nondimen-
sional formulation of the problem in the absence of

thermal coupling is given by
Vv=20 2#0 (1)
av oD, ov
hAE il = — -1
P pralew + (v:V)v 0,0 FrY)

subjecttov = Oatz = — and the interface con-

ditions
A, X v. = g X v,
ad,
B (v. — pv,) = (1 — pIS(D,) —
at
o,
bg-v. — S(P) 7 = Alp.) (3)
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where the latter represent continuity of transverse
velocity components (no slip), conservation of (nor-
mal) mass flux, the mass burning-rate law, and con-
servation of normal and transverse components of
momentum flux, respectively. Here, v and p denote
velocity [with respect to the original (x;, xp, x3) co-
ordinate system] and pressure, and the * subscripts
denote evaluation atz = 0*. The parameters Pryand
Pr, denote the liquid and gas-phase Prandtl num-
bers, p and 4 are the gas-to-liquid density and ther-
mal diffusivity ratios, Fr is the Froude number, e is
the rate-of-strain tensor, and y is the surface-tension
coefficient. All of these quantities are defined in
terms of their dimensional counterparts in the no-
menclature. In addition, the factor $(®,) and the
unit normal A, are given by S(&,) = 1+ (3dp,/x)?
+ (30,212 and B, = (—3D,/ax, —3P,/dy,
1)S(®,), while the expressions for the gradient
operator V and the Laplacian V2 in the moving
coordinate system are given by V = [o/x —
(b /ax)oloz, dldy — (0P, /3y )a/dz, 9/8z] and
V2 o= @/ + ay? + [1 + (0®/x) +
@B oyl - 2P /on)doxdz -
200, /0y)0%dyoz — (2P jan> + 2P, /ay?)d/oz. We
remark that the factor multiplying y in equation 4 is
the curvature —V -f, and note that pAPr, = uPr,
where p is the gas-to-liquid viscosity ratio.

Finally, we observe that the burning rate A(p) in
the last of equations 3 is assumed, in accordance with
numerous experimental correlations for both solid
and liquid propellants [7], to depend on the local gas
pressure at the interface, where A is normalized to
unity for the case of steady, planar burning. Indeed,
in the linear stability analysis that follows, the pres-
sure sensitivity A, = aA/ap|p,(, (where, as indicated
in equation 6 in the following, p = 0 is the unper-
turbed gas pressure at z = 0*) of the local burning
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rate will emerge as an important parameter. In fact,
A,is the only information about A(p) that will appear
explicitly, although in a nonlinear stability analysis,
more detailed information in the form of higher de-
rivatives would enter into the calculations {cf. Ref.
[8)). We remark that, depending on the particular
Fropellant, A, is not necessarily positive and may in
act take on zero and negative values over certain
pressure ranges [2,7].

A nontrivial basic solution to the foregoing prob-
lem, corresponding to the special case of a steady,
planar deflagration, is given by

& = —t, V¥ = (0,0, 00
o = {o z <0,
pl—1, z2>0
—Fr-lz+pl—1 2<0
0(,) = >
p) {—pFr“z, z>0 (6)

The linear stability analysis of this solution now pro-
ceeds in a standard fashion. However, owing to the
significant number of parameters, a complete anal-
ysis of the resulting dispersion relation is quite com-
plex, and we follow our previous a proach [6] by
restricting further consideration to the realistic pa-
rameter regime p <€ 1, 4 <€ 1 and, in the case of
microgravity, Fr~! < 1. In contrast, the earlier clas-
sical studies only considered special limiting cases
and/or assumptions. Thus, in the study due to Lan-
dau [1], viscosity was neglected and the effects of
gravity (assumed to act normal to the undisturbed
planar interface in the direction of the unburned lig-
uid) and surface tension were shown to be stabiliz-
ing, leading to a criterion for the absolute stability
for steady, planar deflagration of the form (in our
nondimensional notation) 4yFr-1p¥(1 — p) > 1. In
the study due to Levich [3], surface tension was ne-
glected, but the effects due to the viscosity of the
liquid were included, leading to the absolute stability
criterion Fr~1Pr(3p)¥2 > 1. Thus, these two studies,
both of which assumed a constant normal burning
rate (A = 1), demonstrated that sufficiently large
values of either viscosity or surface tension, when
coupled with the effects due to gravity, may render
steady, planar deflagration stable to hydrodynamic
disturbances. In our recent study [6], these results
were synthesized and extended to the more realistic
case of a nonconstant burning rate (i.e., A, # 0) in
the limiting parameter regime identified earlier. In
the present work, we summarize these results for the
classical cellular boundary and use the resulting scal-
ings to derive an expression for the pulsating hydro-
dynamic stability boundary that arises from the pres-
sure dependence of the local burning rate.

Linear Stability Problem

With respect to the basic solution, equation 6, the
perturbation quantities d(x, y, 1), ulx, y, 2, t), and
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{(x, y, z, t) are defined as &, = PUt) + P, v =
V(z) + u, and p = pz) + {, respectively. Substi-
tuting these definitions into the nonlinear model de-
fined earlier and linearizing about the basic solution,
the perturbation problem becomes

s

M Mg 20 (D)
w %
B3z e
pl o x| o
a
s + {1 Fr-} —(E, %)
dy p dy dz
PT[ 82u 223 éill_) <
+ [p/lPrg] (8}:2 + ayz + =) zs0 (8)
subjecttou = Oatz = —* and
3,
uilog- = tihaor = (P71 = l)g
3¢
tgloo- — Ughoor = (P71 — 1) Ex 9
_ L
gl — puglior = Qa p) m
a2
uS':-O' - '25 = ApC':-O+ (10)
ot
cl:sO' - Clz-()’ = 2(“3':-0’ - u3|:-0_)
Oug dus )
+opn (28] - 422
n <az z=0" # 9z z=0"
2 32
-G 5 v
oy dug )
P (_ ;2
™ =0 ox lza0+
ouy ot )
SN G| -0 (12
m (al 2m0" ox |za0- (12)
Pr, ( + Bus )
™Y oy |20+
dug dus )
S | =0 (13
i <az z=0" 6y z=0" ( )

where equations 8 and 10 have been used to simplify
equations 11-13.

Nontrivial harmonic solutions for ¢, u, and {, pro-
portional to gie# + kit + ik, that satisfy equations 1 and
2 and the boundary and boundedness conditions at
z = oo are given by

& =

it +ikyx+ thay

b= — Fr-}, 2<0
C = ef(d+lk|x+lk9y {b;e—k: _ pFr‘l, x>0 (14)
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u = P +ikyx +tkay

) {b3e<1= - iklio + k)b, 2 <0 g
b= — ikliop — k) 'be ™, z>0
Uy = e'(ul*ik1.\'+ikﬂ]
_[bse‘l: — ikglio + k)bt 2 <0 g6
b= — ikaliop — k)-lbe™k, 7> 0
u; = eiwtﬂk.xﬂkzy
.{bw - i) + Kbk, 2<0
bee™ + kliop — k) 'bee™*, 2> 0

where the foregoir;% solution has been normalized
by setting the coefficient of the harmonic depen-
dence of ¢, to unity. Here, the signs of ki and kp
may be either fE)Ositive or negative, and we have em-
ployed the definitions k = (i% + k3)¥2,andg and r
are defined as 2Prg = 1 + [1 + 4Prlio +
Prk2)]”2 and 2uPrr = 1 — 1 + 4uPrliovp +
uPrk?)]V2,

Substituting this solution into the interface con-
ditions 9-13 and using equation 7 forz = 0 yields
nine conditions for the eight coefficients by-bg and
the complex frequency (dispersion relation) icw(k).
In particular, these conditions are given by

iklbg + lkzb:j + qb';

b3 - lkl(lw + k)—lb] - b4
+ ik, Gwp — k)7lby = (p~! — ik (19)
bs - lkg(lw + k)_lbl - bs
b; — klio + k)-ib, — pbg
— pk (iwp — k)~'by = (1 — pliw (21)
b',' - k(lw + k)_lbl - Apr
= iw — pFr A, (22)
[1 + k(io + k)-'(2%Pr, — 1)]by
— [1 + kGiwp — k)~'(ZkuPr, + 2 — p)lby
+ (1 - 2Pngb; — (2 - p — 2uPryribs
= (1 — p)Fr-! — iw) + yk? (23)
(uPrr — by + (ZkuPry + Wiwp — k)~ lik b,
+ ikyuPrby + (1 — Prigdbs + (2Prk — 1)
(i + k) likipy, — ikPrb; = (p7! - 1)ik,
(24)
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(uPrr — 1)bg +
(2kuPr, + 1) (iwp — k)~ 'ikzbs
+ ikouPribg + (1 — Prig)bs
+ @Prk — 1) (iw + k)~ liksb,

— ikPrib; = (p~t — llikg (25)

Although the foregoing problem is linear in the co-
efficients b,—byg, explicit expressions for the disper-
sion relation (k) and the neutral stability bound-
aries are not readily obtainable in closed form,
except in certain special cases as noted later. How-
ever, it is possible to develop tractable perturbation
expansions for these quantities in the realistic limit
that the density and viscosity ratios p and g are small,
as is Fr-! in the case of reduced gravity.

Asymptotic Analysis of the Cellular Stability
Boundary

It turns out that the p < 1 limit implies the exis-
tence of several different wave-number regimes {61,
which in turn implies several different expansions for
the dispersion relation. This is motivate by consid-
ering the solution of equations 18-25 in the limit of
zero viscosity (u = Pr; = 0), which leads to a trac-
table form of the dispersion relation for arbitrary p.
In particular, the neutral stability boundaries with
respect to infinitesimal hydrodynamic disturbances
proportional to et=%x_where k and x are the trans-
verse wave number and coordinate vectors, respec-
tively, are given for 4, <0 by [5]

A, =
p(l — p)Fr-1 + pyk? — (1 — p)k
PGB = pFr 1 + pk® + (1 — p)2 = pk

=0, w=20
(26)
and
A, = —p(1 -p) &= k{1 + p)
{1 = p)Fr! + kX1 — p)ly + kpl (27

where k = Ikl. For 4, > 0, the basic solution is
always unstable, and thus steady, planar combustion
is only stable in the region A, < 0 that lies between
these two curves (Fig. 1). The first of these bound-
aries is a cellular boundary (@ = 0) that corresponds
to the classical Landau instability. Indeed, in the
limit A, = 0, corres onding to a constant normal
burning rate indepengent of pressure, Landau’s clas-
sical result is recovered since in the limit that yFr- 1
approaches the value (1 — p)/4p® from below, the
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cellular stability boundary recedes from the region
A, <0. The pulsating stability boundary (27), on the
other hand, only occurs for nonzero A, and, hence,
was not predicted by the classical theories that as-
sumed a constant normal burning rate. We note that
zero and negative values of A, over certain pressure
ranges are characteristic of the HAN-based liquid
propellants mentioned earlier [2].

The formalism necessary to analyze the fully vis-
cous problem is suggested by the fact that, for small
p, the cellular boundary (26) has different limiting
forms dependent on the relative magnitude of k with
respect to p. Thus, based on characteristic parameter
values, we introduce a bookkeeping parameter & <
1 and define the scaled parameters g*, p*, u*, and
A;‘ according to p = p*e, u = p*e, A, = A;‘s, and
either Fr-! = g or Fr-1 = g*¢, where y and Pr; =
P are regarded as O(1) and the scaling for A, is mo-
tivated by equation 26. Here, the second scaling for

viscosity.

Fr-1 corresponds to a reduced gravity limit, whereas
the first definition indicates the normal gravity case.
Equation 26 then suggests three wave-number
scales; an inner (small) scale k;, the outer O(1) scale
k, and a far outer (large) scale k; = ke, where the
inner scale is defined as k; = k/g for Fr-! ~ O(1)
and k, = k/e? for the reduced gravity limit Fr-! ~
O(¢). Thus, in each of these regions, the correspond-
ing leading-order expressions for A} are deduced
from equation 26 as

. [P‘(P'g = ku/2k;
g P*(/J'g‘ — k)/2k,

Ao~ =Lt A=ty = D (28)

and hence a uniformly valid composite expansion
A} (9)(k) may be constructed as :
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A,’:‘() A;(” + A;‘" + A;(f)

. H LT . H *(f)
lim A,, lim AV f

ko= k/—-»(J
1 1 8p*2g/2k
~ ——p* + —ep* ok + [ 29
57 5 ¥ 2p*og ok (29)

where the definitions of k; and k; have been used to
express the final result in terms of k, and the upper
and lower expressions for A*() correspond respec-
tively to the normal and reduced gravity limits de-
scribed earlier. In terms of the original unscaled pa-
rameters, equation 29 becomes 24, ~ —p + ypk
+ Fr-1p%k, which, in the parameter regime consid-
ered, is a leading-order asymptotic representation of
the exact relation 26. It is readily deduced from
equations 28 and 29, as discussed in further detail
elsewhere [6], that surface tension stabilizes large
wave-number disturbances, while gravity stabilizes
small wave-number perturbations. In the reduced-
gravity limit, the minimum in the stability boundary
is thus shifted to smaller wave numbers, and thus
the hydrodynamic cellular instability becomes a
long-wave instability phenomenon (Fig. 2).
Corresponding results may be obtained for the vis
cous case. However, to deduce the asymptotic
forms of both the cellular and the pulsating stability
boundaries, it is preferable from the standpoint of
tractability to introduce the scalings introduced pre-
viously and appropriate perturbation expansions for
the coefficients b; directly into equations 18-25 for
each wave-number regime, and to obtain the neutral
stability boundary in question from the expanded
form of those equations. Thus, for the cellular
boundary A% (k) [6], we deduce the following expan-
sions and results for each wave-number regime.

@) k ~ O(1)
r~mre+ -, r = p*Pk?
G~ qu+
go = (2P)7! [1 + (1 + 4P%2V2] (30)
by ~ b Vet + b + bV e+ -
i=28 b~b"+be+ -
i=12314,5867 (31)
A, =AY e~ S(AXD) 4 AMO) g 4+ -2
A3 = — p*/2 (32)
@) k = {Eﬁz
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34 o
r o~ u* Pk} {f.s 1

g ~ (2P)) + PK? ti T (33)
BO 4+ bV g 4 oo
b, N{bél)s s p@ g2 4 et T 2.8

b ~ bV e + b e + -+
i b§2)82+b§3)83+"‘

i=12345567 (34)
A, = A,‘,’(“ e~ gAY + A}V e + --)
*( ok

w . 1PYp*g — k;)/2k;

Af {p*(p*g* — k)/2k, (35)
(i) k = ke/e

rron 8_1 + -

1 — (1 + 4u*Pkp"?

Ty = 5P

g~qeet o qen =k (36)
by~b Vel + b + -, i =13857
by ~ b= + b~V e + -
i=24,638 (37)
AV = A;‘f’e ~ E(Ag‘f’ + Alt(f) g+ ) A(')‘f) ~ -—p'

R 20" PlL + klp*y + 2u°P + 20*P)]
(1 + poPk) — (1 — (1 + 4*2P%)(p%y + 2°P)
(38)

We observe that the leading-order results 32 and
35 are equivalent to the corresponding inviscid re-
sults 28. Thus, to leading order, neither the inner
nor the outer wave-number regimes are influenced
by viscous effects, which, to a first approximation,
are only significant for large wave-number distur-
bances. This is reflected in the leading-order ex-
pression for the cellular stability boundary given by
equation 38, where, among other features, it is read-
ily observed that both the liquid and the gas-phase
viscosities (through the parameters P and u*P, re-
spectively) enter into this expression, reflecting an
equal influence of viscous and surface-tension ef-
fects on the neutral stability boundary in the large
wave-number regime. The equal importance of gas-
phase viscosity relative to that of the liquid phase
stems from the fact that gas-phase disturbances are,
according to equations 37, larger in magnitude than
those in the liquid phase, such that a weak damping
of a larger magnitude disturbance is as significant as
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HYDRODYNAMIC STABILITY BOUNDARIES (p << 1)
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of the cellular hydrodynamic neutral
@ stability boundary in the limit of zero
i viscosity. The upper (lower) solid
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(0.-p") w#0 described by equations 29 for normal
and reduced-gravity regimes, re-
. spectively (curves drawn for the
- unstable (pulsating) case & = 0.04, p* = 10, g = 25,
1o g* = 10).
an O(1) damping of a smaller magnitude distur- A ~ —p+

bance. In the limit P — 0, the inviscid expression 28
is recovered. It is easily shown that lim, AP =
— p*/2, so that the far outer solution can be matched
to the outer solution 32. Indeed, a uniformly valid
composite expansion spanning all three wave-num-
ber regimes may be constructed as in the inviscid
case, giving the result

A;,'(‘) -~ _pl +

9p%u*Pil + ek{p*y + 2P + %*P)]
4P(1 + ekp*P) — (p*y + 4*P)1 — (1 + 4 TPk )

P*% [eg
N L"g‘
(39)

or, reverting to unscaled parameters,

9puP[l + kipy + 2uP + 2pP))
TuP(L + kpP) — (py + P[1 — (1 + 4u°P%)'7]

p2

+ 2—kFr"

(40)

The cellular stability boundaries, based on equation
39, are reproduced in Fig. 3, where only those por-
tions of the curves that lie in the region A} = 0 are
shown. For sufficiently small positive values of A,,, it
may be shown that there aﬁ\(/)ays exists a positive
(real) root iw of the dispersion relation, which im-
plies that this region is intrinsically unstable. We
note from equation 38 that as kyincreases, A¥S) in-
creases, intersecting the AS() = 0 ads at the value
ke = (p*n)~ M1 = u*Plp*y + 2u*P)], which agrees
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3 HYDRODYNAMIC STABILITY BOUNDARIES (p << 1)
A4, Viscous Case (P > 0)

. (epFr1.0) unstable k (co'n).0)

o » 1

7,
YAy
unstable /A 7/

511 (cellular) / ‘ /'\&/ / 0_?/ 7,

7/ ’
YA Vg 4

1 2z 3 4 é‘,‘/"jy)f{/é

FIG. 3. Asymptotic representation
of the cellular hydrodynamic neutral
stability boundary for the viscous

—.  case. The upper and lower sets of
curves correspond to the normal and
reduced-gravity regimes, respec-
tively, in the asymptotic limit consid-
ered in this work (curves drawn for
the casee = .04, p* = 1.0,g = 6.0,
g* = 20). The solid curves corre-
spond to the inviscid limit (P = 0)
with nonzero surface tension (y =
25). The dash-dot curves corre-
spond to nonzero surface tension (y
= 2.5) and liquid viscosity (P = 1.0)
but zero gas-phase viscosity (u*P =
0). The dash-dot-dot curves differ
from the dash-dot curves by the ad-
dition of gas-phase viscosity (u*P =
1.0) and are similar to the dash-dot-
dot-dot curves, where the latter cor-
respond to larger viscosities P =

stable

with the inviscid result in the limit u*P — 0. It is
readily seen from Fig. 3 that, as in the inviscid case,
the essential qualitative difference between the
normal and reduced-gravity curves is the location of
the critical wave number for instability. Specifically,
the minimum in the neutral stability boundaries oc-
curs for O(1) values of k under normal gravity, and
atk ~ O(e!2) in the reduced-gravity limit considered
here. It is also clear from Fig. 3 that increasing the
values of any of the parameters F, u*P, or y serves
to shrink the size of the unstable domain through
damping of short-wave perturbations. The non-neg-
ligible effects of gas-phase viscosity represents an
important correction to Levich’s original treatment
[3] in which these effects were simply assumed to
be small. The results 3940 thus synthesize and sig-
nificantly extend the classical Landau-Levich results
{1,3], not only in allowing for a dynamic dependence
of the burning rate on local conditions in the vicinity

u4*P = 2.0). The dash-dot-dot-dot-
dot curves correspond to a viscous
case (P = p*P = 1.0) but with zero
surface tension (y = 0}, so that, from
equation 38, the curves do not inter-
cept the Ay = 0 axis.

of the liquid—gas interface but also in its formal treat-
ment of those processes (surface tension, liquid and
gas-phase viscosity) that affect damping of large

wave-number disturbances.

Asymptotic Analysis of the Pulsating Stability
Boundary

As indicated previously, the existence of a nonsta-
tionary pressure dependence on the burning rate
(ie., # 0 leads to the prediction of a pulsating
hydrodynamic stability boundary that is absent when
such a pressure coupling is neglected, asin the origi-
nal Landau-Levich theories. In the inviscid case,
this boundary (equation 27} is a straight line that lies
below the cellular boundary discussed earlier, but
this is modified under the influence of viscosity, as
we shall demonstrate.

For the scalings adopted in the preceding section
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[in particular, for P ~ O(1), u ~ Ofg)], it tums out
that, unlike the cellular stability boundary for which
viscous effects only have a leading-order effectin the
far outer wave-number regime, the effects of viscos-
ity have a leading-order effect on the pulsating
boundary for O(1) wave numbers as well. Thus, in
the outer wave-number region, we seek a solution
for the dispersion relation in the formiw ~ &~ Y2(iwy
+ i e + iwgeM® + -+ ), where the leading-order
term is suggested by the explicit results for the in-
viscid case [5,6], and the expansion in powers of gl
is suggested by the expansions for r and ¢ given be-
low equation 17, whic! have the form

r~ rumE? + rgeet +one + oo

rom = —iwept, T = —iop*

r o= —iwgp* — (u*Pk)? (41)
g~ Groust” Y+ goe® +

g-v = (i0y/P)?
go = (2P)"' [1 + iwy/(iwy/P)"?] (42)

Corresponding expansions for the coefficients b;in
equations 18-25 are determined as

b, = bi-Ve=! + b~ g-va
i

+bE e e =128 (43)
b, = bs-llz) e-12 4 pl-d) gl 4oL
i =34°25,6;
b, = bg—lﬂ) g4 4 hEO)EO + i =T (4_4)

where the leading terms in the expansions forb,, bs,
b,, be, and b are consistent with the inviscid results
[5] and the remaining coefficients appear only for
nonzero values of P and are conservatively postu-
lated to have the indicated expansions. Substituting
these expansions into equations 18-25 and equating
coefficients of like powers of ¢, we obtain the lead-
ing-order equations and results

ik, bV + iky BEVD + g1 b1 = 0

= 1k1 b&_ 72) 4 Ikg bg_ 12) 4 T3] bgl

(45)
B 4 b — 2D = 0

byl = —kip*, BN = (iwgk

bV = —(kip*)L + AYp®) (46)

where the last of equations 46 was obtained from
the leading-order ditference of equations 21 and 22,
and the remainder of the leading-order versions of
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equations 18-25 give redundant results. Combining
equations 46, we obtain

Gog? = (KUp*)1 + 2A%/p%) (4D

and thus (iwy)2 2 0 for A¥ 2 —p*/2, which essen-
tially recovers the leading-order cellular stability
boundary (32) for 0(1) wave numbers, but gives no
information on the pulsating boundary because iw,
is purely imaginary for Ay < — p*/2. Hence, stabil-
ity in the latter region is determined by higher-order
coefficients in the foregoing expansion for iw.

Continuing with the analysis of the expanded
forms of equations 18-25, we obtain the second-or-
der equations and results

ikl bg_ V) 4 lkg bg-’_”‘ﬂ + q(-1/4) bg'_O)

£ go b1 =0 (48)
oy B9+ kbl 4y B
+ ram byt =0 (49)
k By — qygbl ™ = dack (1 = AZP®)
B — (Rfiaghi ™ = iy (50)
B3 = b3 = b3 = b
= b1 = 0 (51)

where the first of equations 50 was obtained from
the sum of equation 19 multiplied by ik, and equa-
tion 20 multiplied by iky and the first of equations
45, the fact that b ¥4 = 0 follows from the differ-
ence of equations 21 and 22, and the last two of
equations 51 follow from equations 24 and 25 in con-
junction with the result by-¥* = 0. From these re-
sults and the first of equations 45, we thus conclude
that

B = iy = 0,

by = iy (1 — Ax/p*) (52)

where the fact that iw, = 0 implies the need to
calculate iw, to determine stability in the region

* < —p*/2. Proceeding in this fashion, we obtain
from the next-order versions of equations 21 and 23,
the difference of equations 21 and 22, and the sum
of equation 24 m tiplied by ik, and equation 25
multiplied by ik,, the relations

bO — (Kiooh{~ 2 +

[Giwy + kMiwe)?lk B{-Y

— B + pthD = i (53)
b + (Kiwg)2Pk — Vb~ + by
+ (Qiwgp*k)by Y — 2b-12 = —iwg (54)
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P

unstable
o {eo'Pr10) . _ k ((2'0)"'.0)
'a. = ' cellular boundaries (v = 0)
T 1(0-¢"/2)

stable

pulsating boundaries (w # 0)

‘..
..
bl
Ve
-

1 | unstable

-4
J

—p*b(g_ 12) 4 p*b(g_ 12) 4 (w}op*z/k)b&_ 1)

+ AN = —iwp* (55)
—iwga*b ) + k By + dwop*hyY
+ b — (2Pk — D(k¥iwgh{~V = 0 (56)

which, when combined with the expressions for
b{-Y, bV, b§ D, by, and icwy, given earlier, con-
stitute four equations for the four unknowns
B{-12), b, bV, and iw,. Solving these simulta-
neous equations, we thus obtain

bO = — 2Pk,
BV = [2Pk + L+ AMP® — HAMP* Vi

bivm = [1 — (A" PRl

-
LI
-
-

P=0

FI1G. 4. Asymptotic representation
of the pulsating hydrodynamic neu-
tral stability boundary for the viscous
case (P > 0). The region between the
pulsating and cellular boundaries
(the latter are shown onan expanded
scale in Fig. 3) is the stable region
with respect to hydrodynamic insta-
bility.

iwy = kl(AMp*R — 2Pk — 1] (58)

Equation 58 is the desired result, from which we
conclude that iw, S 0 for (A}p*? S 1 + 2Pk.
Thus, in the region A} < 0, iw; vanishes on the
boundary

Ay~ —p*(1l + oPk)12 (59)

which is a pulsating boundary (Fig. 4) because, from
equation 47, iwg is purely imaginary along this curve.

Equation 59 is valid for O(1) wave numbers, but
because it matches to the leading-order inviscid in-
ner pulsating boundary A3 ~ —p* as k — 0 and
becomes large in a negative sense as k becomes
large, it is clear that equation 59 represents the pul-
sating boundary for arbitrary wave numbers. That is,
for P ~ O(1), the effects of (liquid) viscosity on the
pulsating boundary are, to a first approximation, ab-
sent for small wave numbers, are first felt for O(1)
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wave-number perturbations, and are sufficient to
move this boundary to larger-magnitude values
Ay ~ O(z-'2) in the far outer wave-number re-

ime. In contrast, the cellular boundary 39 is unaf-
fected for O(1) and smaller wave numbers and is
only modified an O(1) amount for O(e~") wave num-
bers. Thus, the hydrodynamic pulsating boundary is
more sensitive to viscous effects than is the corre-
sponding cellular stability boundary. For smaller-
magnitude viscosities such that P = Pe ~ O(e), it
may be shown by an analogous calculation (Appen-
dix) that O(1) modifications to the pulsating bound-
ary then occur in the far outer wave-number regime
according to A} ~ — oMl + 2 Pkf)“z, which, in
terms of unscaled quantities, is the same as equation
59.

Conclusion

The present work has presented a formal asymp-
totic treatment of hydrodynamic instability for a sur-
face model of liquid-propellant combustion in which
burning takes p(}ace at the liquid—gas interface. The
model itself is based on a synthesized version of the
classical models analyzed by Landau {1] and Levich
[3], generalized to allow a coupling of the burning
rate with the local pressure field [4,5]. The realistic
smallness of the gas-to-liquid density ratio proved to
be a convenient small parameter upon which to base
an asymptotic treatment, resulting in three distinct
wave-number regimes with different physical pro-
cesses assuming dominance in each. Both cellular
and pulsating hydrodynamic stability boundaries are
predicted by the present model, the former corre-
sponding to Landau’s original notion of hydrody-
namic instability and the latter representing a new
prediction arising from the pressure dependence of
the burning rate. For the cellular type of instability,
it was shown that the gravitational acceleration (as-
sumed to be normal to the undisturbed liquid-gas
interface in the direction of the liquid) is responsible
for stabilizing long-wave disturbances, whereas sur-
face tension and viscosity are effective in stabilizing
short-wave perturbations. In the case of pulsating
instability, neither gravity nor surface tension play a
leading-order role, and viscous effects are the dom-
inant stabilizing influence. Indeed, for O(1) liquid
Prandt] numbers, the stabilizing effects of (liquid)
viscosity on pulsating instability are significant for
disturbances whose wave numbers are O(1) and
higher. On the other hand, viscous effects are only
significant for large wave-number disturbances in
the case of cellular instability, where the influence
of gas and liquid viscosity are comparable despite the
small ratio of these two parameters. Although the
onset of pulsating hydrodynamic instability is aE)re-

dicted to occur only for sufficiently negative values
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of the pressure-sensitivity coefficient A,,, the persis-
tence of the pulsating stability boundary (in the pres-
ence of viscous effects) for small wave numbers sug-
gests that it should be observable in those types of
liquid propellants, such as those based on hydroxy-
lammonium nitrate (HAN) and triethanolammon-
jum nitrate (TEAN), that are characterized by neg-
ative pressure sensitivities over certain pressure
ranges. In connection with this, we note that sloshing
behavior has been observed during combustion of
certain HAN-TEAN-water mixtures [2], but because
nonsteady burning can arise via secondary and
higher-order bifurcations in the cellular region [8],
as well as from a primary crossing of the pulsating
boundary described here, further measurements are
generally needed to determine the precise origin of
such behavior in any given experiment.

Nomenclature

burning rate

pressure-sensitivity coefficient

coefficients in perturbation solution i=
1,2,...,8)

rate-of-strain tensor

Froude number

inverse Froude number (gravitational ac-
celeration)

perturbation wave number

unit normal

pressure

Prandt] number

quantity defined below equation (17)

quantity defined below equation (17)

time variable

perturbation velocity vector

velocity vector

moving coordinate system

surface-tension coefficient

small bookkeeping parameter

perturbation pressure

gas-to-liquid thermal diffusivity ratio

gas-to-liquid viscosity ratio

gas-to-liquid density ratio

perturbation in location of gas-liquid in-
terface

location of gas-liquid interface

complex perturbation frequency

Aplle e
-~

"U'Qmpa“ 00;110

jas)
<

=
n
2

BV R 2IO 4 g TID

o

g%

Subscripts, Superscripts:

i inner wave-number regime or integer van-
able

f far outer wave-number regime

l liquid

g gas

o outer wave-number regime

*

scaled quantity
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Appendix. The Pulsating Stability Boundary
for Small Liquid Prandlt Numbers

For small liquid viscosities such that P = P and
the same scalings introduced in the P ~ O(1) case
analyzed in the main body of the text, the effect of
viscosity on the cellular boundary disappears at lead-
ix}% order (P — 0 in equations 39 and 40), while the
effect of viscosity on the pulsating boundary is only
significant in the far outer wave-number regime. In
that case, the appropriate expansions analogous to
those introduced for the P ~ O(1) case are given by
iw ~ & Y2{iw, + iwe™ + iwe? + --) and

r ~ T(_x/zﬁm + 0(8—114), rom = —iﬂ)n/)*
g~ qi_swt ¥ + Oe™), g5y = (ioyP)?  (60)
b, = B{-2-2 4 pt-THg-TH4
i i i
+ b2 + i = 1,28 (61)
b, = bf"m)e‘w + bi-BHg-sH
i=234256
b, = -39 + b-Vgl + .. i=1T  (62)

Substituting these expansions into equations 18-25
and equating terms corresponding to like powers of
¢ then gives, as previously, a sequence of equations
for the recursive determination of the coefficientsin
the foregoing expansions. Similar to the calculation
for P ~ O(1) in the outer wave-number regime, we
obtain in this case that

(iwo? = 2(kf Ip*2)(A% — A%),  iw; =0,
iy = kil(AMp*? ~ 2Pk, —1] (63)
where A;‘ = (p*/2)(p*vk; — 1) is the inviscid cel-

lular boundary in the far outer wave-number regime
given by the last of equations 28. The first of equa-
tions 63 thus recovers the cellular stability boundary,
but because ic, is purely imaginary for A} < Al’f,
stability in that region is determined by the real part

PROPELLANTS

of the next nontrivial coefficient in the above expan-
sion for iw. Thus, setting iw, = 0 in the last of equa-
tions 63, the pulsating stability boundary in the far
outer wave-number regime is given by

A¥ ~ —p* (1 + 2Pk"? (64)

which, in the limit k;— 0, matches with the leading-
order pulsating boundary A} ~ —p* in the outer
wave-number region, which is unaffected by viscos-
ity to this order of approximation. Thus, equation 64,
which in terms of k is given by A} ~ —p*(1 +
2P¢k)172, is valid for arbitrary wave numbers. Writing
P in terms of its unscaled counterpart P, this ex-
pression becomes identical to equation 59, which
thus remains valid in the limit of small P.
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