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SUMMARY 

An analytical study has been made to determine the effects of mass- 
loading variations and onboard rotating machinery on a hypothetical 
earth-satellite space station, rotating to provide an artificial gravity 
equal to one-fourth of that at the earth's surface. 
made to damp out or minimize undesirable motions by using mass shifts, 
constant-rate inertia wheels, or jet-reaction moments. 

Attempts were a l s o  , 

Results obtained indicate that the shifting of masses within the 
rotating space station could bring about large r o l l  oscillations (+looo) 
or even continuous rolling motions if the craft is rotating about the 
axis of intermediate moment of inertia. 
generally small (< +lo). 
tions are dependent upon the angle of displacement of the greatest prin- 
cipal axis of inertia from the initial spin axis. 

The pitch angles obtained were 
The amplitudes of the roll and pitch oscilla- 

In attempting to damp out or minimize undesirable motions, it was 
found that a constant-rate inertia wheel located on and rotating about 
the axis about which the craft is rotating (Z-axis) was beneficial in 
keeping the roll angles relatively small, provided it had a sufficient 
amount of angular momentum. 
reaction moments was very satisfactory for damping undesirable motions 
in that the roll oscillations could be damped. 

It was a l s o  found that the use of jet- 

INTRODUC!IXON 

The movement of personnel or equipment on a rotating orbital space 
station may lead to dynamic cross-coupling moments due to simultaneous 
angular velocities about more than one principal axis of the space sta- 
tion. 
intended single-axis rotary motion of the craft. Accordingly, a study 
w a s  undertaken to determine the effects of such moments brought into 
play by mass-loading variations on a hypothetical earth-satellite space 
station, rotating to provide for its occupants an artificial gravity 

These moments in turn may cause significant divergencies from the 
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equal to one-fourth of that at the earth's surface. 
assumed to be of cylindrical shape with a weight of 7,000 pounds, a length 
of 50 feet (X-axis), and a diameter of 10 feet (Y- and Z-axes). 
shows a sketch of the configuration. 

The space station is 

Figure 1 

In addition to determining the effects of mass-loading variations 
simulating those due to a movement of personnel or equipment, the effects 
of onboard rotating machinery were investigated. Attempts were also 
made to damp out or minhize undesirable motions by using mass shifts, 
constant-rate inertia wheels, or jet-reaction moments. 

SYMBOLS 

The angular motions of the space station are about the body system 
of axes. 
in figure 2. 

This system of axes and related Eulerian angles are illustrated 

C 

I 

angle between a body axis and its respective principal axis, 
de63 

mass moment of inertia, slug-ft 2 

moment of inertia about X-, Y-, and Z-axis, respectively, 
2 1 x 3  Iy, Iz 

slug-ft 

product of inertia about X- and Y-axes, positive when a 
point on XI-axis has positive components along both X- and 
Y-axes, slug-ft.2 

IXY 

Ixz product of inertia about X- and Z-axes, positive when a 
point on X'-axis has positive components along both X- 
and Z-axes, slug-ft2 

IYZ product of inertia &out Y- and Z-axes, positive when a 
point on Y'-axis has positive components along both Y- 
and &axes, slug-ft2 

IX , m% angular momentum of masses rotating about X-axis within 
craft, positive when masses rotate clockwise when viewed 
from negative end of X-axis, ft-lb-sec 

IY,m'Um angular momentum of masses rotating about Y-axis within 
craft, positive when masses rotate clockwise when viewed 
from negative end of Y-axis, ft-lb-sec . 
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m 

mt 

P,%r  

X4,Y4,24  

angular momentum of masses rotating about Z - a x i s  within 
c ra f t ,  posi t ive when masses ro t a t e  clockwise when viewed 
from negative end of Z-axis, f t- lb-sec 

radius of gyration, f t  

radius of gyration about X-, Y-, and Z - a x i s ,  respectively, f t  

moment (produced by rocket) about X-, Y-, and Z - a x i s ,  
respectively , f t - l b  

mass of a movable object i n  c r a f t ,  slugs 

t o t a l  m a s s  of c ra f t ,  217.394 slugs 

angular veloci ty  about‘ X-, Y-, and Z - a x i s ,  respectively, 
radiansfsec . 

body axes 

pr incipal  axes 

coordinate along X-, Y-, and Z-axis, respectively, indi- 
cating location of mass before it i s  moved, posi t ive when 
on posi t ive end of respective body axis, f t  

coordinate along X-, Y-, and Z - a x i s ,  respectively, indi-  
cating location of mass a f t e r  it i s  moved, posi t ive when 
on posi t ive end of respective body axis,  f t  

coordinate along X-, Y-, and Z-axis, respectively, indi-  
cating location of center of gravi ty  of c r a f t  before mass 
is  moved, posi t ive when on posi t ive end of respective body 
axis,  f t  

coordinate along X-, Y-, and Z-axis, respectively, indi-  
cating location of center of gravity of c r a f t  after m a s s  
i s  moved, posi t ive when on posit ive end of respective body 
axis, f t  

t o t a l  angular movement of X-axis from horizontal  plane m e a s -  
ured i n  v e r t i c a l  plane, posit ive when f r o n t  of vehicle i s  
above hor i ion ta l  plane, radians o r  deg 
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PIe 

Sub s c r i p t  : 

0 

t o t a l  angular movement of Y - a x i s  from horizontal  plane meas- 
ured i n  YZ-plane, posi t ive when clockwise as viewed from 
rea r  of vehicle (if X-axis i s  ve r t i ca l ,  #e i s  measured 
from reference posi t ion i n  horizontal  plane), radians or 
deg 

horizontal  component of t o t a l  angular def lect ion of X-axis 
from reference posi t ion i n  horizontal  plane, posi t ive 
when clockwise as viewed v e r t i c a l l y  from above vehicle, 
deg or radians 

value present at geometric center of c r a f t  (reference point)  
before m a s s  i s  moved 

A dot over a symbol represents a derivative with respect t o  time. 

METHODS AND CALCULATIONS 

A d i g i t a l  computer w a s  u t i l i z e d  f o r  the calculations of t h i s  
investigation. 

Three degrees of freedom i n  ro ta t ion  were used and the moment -qua- 
t ions of motion used t o  correspond with these degrees of freedom are as 
f o l l o w s  : 

I+ = I=? + ~~i - r('.p - Imq - IXZr ) + p ( IZr - Iyzq - Ixzp) 

- Ix,mcDmr + Iz,nfump + MY 
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In  addi t ion t o  these equations of motion, the following associated 
formulas w e r e  used: 

6e = q COS #e - r s in  #e ( 4 )  

( 5 )  

It should be noted that, when an attempt is made t o  visual ize  the motions 
obtained, it may be helpful t o  consider the Euler angles i n  the order 
$e, Be, and fie. The angular motions of the space s t a t ion  about i t s  
center of gravi ty  were considered t o  be independent of the  l i n e a r  veloc- 
i t y  i n  orb i t ;  hence, no force equations of motion were included. 

If the  configuration i s  assumed t o  be i n i t i a l l y  symmetrical, the 
o r ig ina l  moments of i n e r t i a s  Ix, Iy, and Iz can be estimated from 
I = q k  . kx 
be 2 feet  and 10 feet, respectively,  the moments of i n e r t i a  and products 
of i n e r t i a  f o r  t he  7,000-pound space s ta t ion  are 

kz) are taken t o  and ky (ky = 2 If the  radii of gyration 

= 870 siug-ft2 

Ixy = Ixz = I n  = 0 

To compute new moments and products of i ne r t i a  when a weight w a s  
re located i n  the  space s ta t ion,  t he  following formulas w e r e  used: 
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The locat ion of the center of gravity of the c r a f t  after the m a s s  has 
x4, y4, and w a s  computed from 

- mx2 - m1 + %X3 
mt x4 - 

w2 - *1+ mty3 
mt 

Y 4  = 

and 

mz2 - mzl + mtz3 
mt 

24 = 

A s  a r e s u l t  of u t i l i z i n g  figure 2, where the body system of axes 
i s  shown, and equations 7 t o  12, the following two bas ic  observations 
were made as regards the e f f e c t s  of relocating weights inside the space 
s ta t ion on the moments of i n e r t i a  and products of i n e r t i a :  

(1) Moving weights located on one body axis along the axis toward 
the center of gravity of the c r a f t  reduces the  magnitude of the moments 
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of i n e r t i a  about the other two axes. Conversely, of course, moving 
weights along t h i s  axis away from the center of gravity increases the 
moments of i n e r t i a  about the other two axes. 
object i s  moved from 21 = 4 feet along the Z-axis t o  22 = 1 foot ,  IX 
and IY would be decreased by 92 slug-ft2. 

For example, i f  a 200-pound 

(2)  Moving a weight i n  the c ra f t  within a given plane causes the 
pr incipal  axes t o  s h i f t  so t h a t  the principal axes and t h e i r  respective 
body axes no longer coincide; this weight s h i f t  produces a product of 
i n e r t i a  about the respective body axes. For example, i f  a 200-pound 
object i s  moved from (x1 = 1, z1 = 1) i n  the XZ-plane t o  (x2 = 10, 

22 = 3 ) ,  a product of i n e r t i a  Ixz 
Similarly, moving t h i s  weight i n  the XY-plane produces a product of 
i n e r t i a  In, and moving it i n  the YZ-plane produces IYZ. Also, i f  
moving th i s  weight involves more than one body plane, more than one 
product of i n e r t i a  w i l l  r e su l t .  

of 177 slug-ft2 would be produced. 

To determine the e f f ec t s  of mass-loading variations,  an i n i t i a l  
a t t i t ude  and motion of the ro ta t ing  c raf t  were assumed f o r  an i n i t i a l  
ro ta t ion  about the Z - a x i s  ( re fe r red  t o  as yawing). 
input data  f o r  each calculation a re  l i s t e d  i n  table  11. 
motions were calculated, the  abrupt insertion of one or  more products of 
i n e r t i a  and/or a term representative of the gyroscopic moments due t o  
ro ta t ing  machinery as a computer input provided the disturbance moment 

When a 
product of i n e r t i a  was  used as  the disturbance moment, the bas i c  yawing 
motion of the c r a f t  w a s  disturbed by using e i t h e r  Ixz or  Iyz or  Ixz, 
Iyz, and Ixy simultaneously; no calculations were made with In alone 
because, as can be seen by examining the equations of motion, the i n i t i a l  
pure yawing motion (p = q = 0) would not be affected by 
once the yawing motion i s  disturbed ( p  
i n e r t i a  In 
when weights are moved i n  the c ra f t .  No calculations were made with 
only two products of i n e r t i a  inasmuch as  it was considered tha t  such an 
arrangement w a s  less l ike ly  t o  occur. 
disturbance moments w e r e  used. 

(See tab le  I. ) The 
When the vehicle 

or moments which affected the basic yawing motion of the c ra f t .  % 

In. However, 
and 

w i l l  have an e f f ec t  on the motion and must be considered 
q # 0),  the product of 

No t rans ien t  o r  gradually changing 

When the  basic  motion of the vehicle w a s  disturbed by one of the 
aforementioned factors ,  t h i s  disturbance was kept i n  throughout the  cal-  
culation, unless otherwise s ta ted.  Also, i n  discussing the r e s u l t s  of 
the present calculations,  small osci l la t ions (k2O) are  considered good 
r e l a t ive  t o  large osc i l la t ions  (+looo) or  divergencies but are not nec- 
e s s a r i l y  considered adequate. 
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When je t - react ion moments were used t o  damp out or minimize the  
undesirable motions, predetermined moments were put i n to  the  system ( f o r  
example, 
activated when assigned limits of the  angular ve loc i t i e s  of the  c r a f t  
were obtained. The limits of t he  angular ve loc i t i e s  used i n  t h i s  approach 
were 

Mx = +2 f t - l b )  and the  j e t s  were considered t o  be automatically 

radian 
se c 

p = fO .OO1 

radian 
se c q = +0.001 

radian r = 0.60 t o  0.65 

The procedure worked as follows: If it i s  assumed that a j e t  w a s  placed 
at  some point on the  Y-axis and w a s  able t o  produce a moment 
52 f t - l b  and t h a t  the c ra f t ,  f o r  some reason, began t o  r o l l  t o  the l e f t  
(negative p ) ,  then once the angular ve loc i ty  p reached a magnitude 
of -0.001 the  je t  would f i r e  pos i t ive ly  and produce a moment of 
2 f t - l b .  The j e t  would continue t o  f i r e  u n t i l  p became closer  t o  zero 
than -0.001. The same technique would apply i f  the c r a f t  had or ig ina l ly  
rol led t o  the  r igh t ,  except the  j e t  would have autoniatically f i r e d  nega- 
t i ve ly  and produced a moment MX of -2 f t - l b  when p became as large 
as 0.001. The moments My and MZ w e r e  handled i n  the  same manner. 

Mx of 

RESULTS AND DISCUSSION 

The r e s u l t s  of t he  calculations are presented as time h i s t o r i e s  
of r o l l  angle Be, p i t ch  angle e,, and yaw rate r i n  figures 3 t o  20. 

In  addition, f o r  t he  time h i s t o r i e s  of t he  motions i n  which je t - reac t ion  
moments were used i n  an attempt t o  minimize the undesirable motion, the  
magnitudes and timing sequences of these je t - reac t ion  moments are indi-  
cated ( f igs .  18 t o  20). 

Effects  of Relative Magnitudes of Iy and Iz 

I n  the  first two calculations,  t he  bas ic  yawing motion of the c r a f t  
IXZ was disturbed by inser t ing  as a computer input a product of i n e r t i a  
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of -162 s lug-f t2  f o r  a case i n  which IY < IZ 
Iy > Iz; the  r e s u l t s  a re  shown i n  figures 3 and 4, respectively.  
the ax is  of the  bas ic  yawing ro ta t ion  of the c r a f t  w a s  the  ax is  of great-  
e s t  moment of i n e r t i a  Iy  < Iz), the  results ( f i g .  3) indicated t h a t  the  
osc i l l a t ions  i n  r o l l  were no greater  than approximately +_20 and t h e  p i t ch  
angle 8, was,  i n  general, l e s s  than -lo. 

and f o r  a case i n  which 
When 

( 

A qua l i t a t ive  explanation of these r e su l t s  i s  presented by use of 
a method equivalent t o  the ana ly t ica l  treatment known as Poinsot 's  con- 
s t ruc t ion  (presented i n  a number 
follows: From an examination of 
r e s u l t s  shown i n  f igure  3, it i s  

of t e x t  books on mechanics) and i s  as 
the  inputs used i n  calculat ing the  
found f rom the  equation ( r e f .  1) 

I, - 

t h a t  the 
of i n e r t i a  Z '  
It i s  known t h a t  a body prefers  t o  r o t a t e  about i t s  pr inc ipa l  axes of 
i ne r t i a ;  i n  t h i s  case, since the body i s  i n i t i a l l y  spinning about an 
ax i s  displaced from the  preferred ax is  of ro t a t ion  by 1/2O and s ince 
there  i s  no damping i n  the system, an osc i l l a t ion  w i t h  an amplitude of 
1' (twice the  displacement angle) i s  set up i n  the  XZ-plane. 
cated osc i l l a t ions  i n  r o l l  @e 
ve loc i t i e s  brought about by the  disturbance i n  p i tch .  

I= term indicates t h a t  the pr incipal  axis of grea tes t  moment 
i s  displaced from the  spin ax is  (Z-axis) by 1/2O ( e  = 1/2') 

The indi-  
are due t o  the cross-couple angular 

When t he  ax i s  of bas ic  yawing rotat ion w a s  the  axis of intermediate 
moment of i n e r t i a  Iy  > Iz), the results ( f i g .  4)  indicated t h a t  a con- 
t inuously r o l l i n g  motion w a s  obtained. 
the r e s u l t s  shown i n  figure 4 i s  s imilar  t o  t h a t  f o r  the  r e s u l t s  i n  f i g -  
ure 3 and is  as follows: 
shown i n  figure 4 were examined; these inputs indicated t h a t  the  pr inc ipa l  
ax is  of g rea t e s t  moment of i n e r t i a  was  Y '  (which coincides with the 
Y-axis i n  t h i s  case) and tha t ,  again, t h e  pr inc ipa l  axes of i n e r t i a  i n  
the XZ-plane were s l i g h t l y  displaced ( c  = 1/2O) from their respective 
body axes due t o  the  Ixz term. It i s  known t h a t  a body prefers  t o  

r o t a t e  about i t s  pr inc ipa l  ax is  of maximum o r  minimum moment of i n e r t i a .  
Since the  body was i n i t i a l l y  spinning about the  Z-axis which w a s  d i s -  
placed 90' from the  pr inc ipa l  ax is  of maximum moment of i n e r t i a  Y '  , an 
o s c i l l a t i o n  i n  r o l l  with an amplitude of 180° might have been expected. 
However, instead of an osc i l la t ion ,  a steady divergence w a s  achieved. 
Thus, t he  r o l l i n g  motion would be pictured as follows: The ro t a t ion  
vector of t he  body. is  i n i t i a l l y  directed downward. Also, i n i t i a l l y ,  

( 
A qua l i t a t ive  explanation of 

The inputs u s e d t o  calculate  the time h is tory  
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the Z - a x i s  i s  directed downward. However, the preferred s i tua t ion  i s  t o  
have the  Y ' - a x i s  a l ined with the  ro ta t ion  vector.  Therefore, the  body 
r o l l s  -goo about the  X-axis u n t i l  t he  -Y-axis i s  pointing downward, and, 
since there i s  no damping i n  the system, the body continues t o  roll 
through 180° u n t i l  the  - Z - a x i s  i s  pointing downward. After a b r i e f  
pause, instead of reversing t h e  d i rec t ion  of roll about the X - a x i s  i n  
order t o  br ing the -Y-axis back i n  coincidence w i t h  t he  spin vector, the 
body continues t o  r o l l  i n  the same di rec t ion  about the X - a x i s  i n  order 
t o  br ing the +Y-axis downward. The motion continues u n t i l  the  +Z-axis 
i s  directed downward and, after another pause, continues i n  order t o  
bring the -Y-axis downward again. 
the remainder of the  calculation, the X - a x i s  continues t o  t r ace  a near ly  
horizontal plane, as i s  indicated by the f a c t  tha t  the var ia t ion  of 
i s  small. 

During a l l  t h i s  t i m e ,  and throughout 

8, 

These r e s u l t s  agree qua l i ta t ive ly  w i t h  t he  statement made i n  re f -  
erence 2 t o  the effect  tha t ,  i f  a body is  set spinning about i t s  ax i s  
of grea tes t  moment of i ne r t i a ,  a slight displacement w i l l  not m a k e  the  
axis of ro ta t ion  deviate very far from i t s  i n i t i a l  posi t ion and the 
motion may be regarded as s table;  if the i n i t i a l  axis of ro ta t ion  were 
that  of intermediate moment of i ne r t i a ,  a small displacement would cause 
the axis of ro ta t ion  t o  change and t h e  ro t a t ion  about the  i n i t i a l  ax is  
would be sa id  t o  be unstable. 

A calculat ion w a s  made t o  determine whether applying a very la rge  
of -1,097 slug-f t2  would cause an appreciable product of i n e r t i a  

disturbance when t h e  c r a f t  i s  ro t a t ing  about i t s  ax is  of grea tes t  moment 
of i n e r t i a .  
motion.) "he very la rge  product of i n e r t i a  Ixz l ed  t o  a s l i g h t l y  more 
osc i l la tory  motion ( f i g .  3) than did the  smaller value of 
This r e s u l t  was  expected, of course, since the  method used i n  explaining 
the results of figure 3 indicated t h a t  the pr inc ipa l  axis of maximum 
moment of i n e r t i a  was  displaced from the  spin ax i s  ( Z - a x i s )  approximately 
3' ( f ig .  3) as compared with 1/2O f o r  the inputs used i n  computing the  
r e su l t s  of f igure  3 .  

Ixz 
(See t ab le  I1 f o r  inputs used and f i g .  5 f o r  the resu l t ing  

Ixz ( f i g .  3 ) .  

Calculations were a l so  made f o r  cases i n  which a product of i n e r t i a  
Iyz was  used t o  dis turb the  motion. For the  case i n  which Iy < Iz, an 
osc i l l a t ion  i n  r o l l  from 0' t o  approximately 5 2 O  was obtained ( f i g .  6); 
whereas, when Iy > Iz, aa osc i l l a t ion  i n  r o l l  from Oo t o  approximately 
108' resu l ted  ( f i g .  7). 
f o r  both cases. 

The osc i l l a t ions  i n  p i t ch  were less than +lo 

The explanation of the differences i n  t h e  amplitudes of the osc i l l a -  
t ions i n  r o l l  shown i n  figures 6 and 7 i s  similar t o  the  explanation of 
the results of figure 3 .  By u t i l i z i n g  t h e  following equation (ref. 1) 
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s i n  2c + Iyz cos 2c 
IY - =z 

2 
Iyzt = 0 = 

and the inputs used i n  computing the resu l t s  of f igure 6, it. i s  found 
that the  Y'- and Z'-axes are displaced from t h e i r  respective body axes 
approximately 26' ( c  = 26'); therefore, as shown in  figure 6, the ampli- 
tude of the  r o l l  osc i l la t ion  i s  52' (twice the displacement angle).  
However, the  inputs used f o r  calculating the case i n  which the c r a f t  
w a s  i n i t i a l l y  ro ta t ing  about i t s  axis  of intermediate moment of i n e r t i a  
( f i g .  7) indicate  tha t  the pr incipal  axes of i n e r t i a  Y' and Z' are  
displaced approximately 36' ( c  = 36') from t h e i r  respective body axes. 
Therefore, since the pr incipal  axis  o f  greatest  moment of i n e r t i a  i s  
which i s  now displaced 54' from the i n i t i a l  spin axis,  an osc i l l a t ion  in  
r o l l  with an amplitude of 108' i s  obtained. 

Y', 

A b r i e f  calculation w a s  made with the absolute value of the Iyz 
disturbance increased from -53 t o  -745 slug-ft2 (IY s t i l l  la rger  than 

Iz) and the  results ( f ig .  8) showed osc i l la t ions  larger  i n  amplitude. 

In  addition, when the value of Iyz 
the  difference between Iy and Iz decreased from 1,500 t o  391 slug-ft2 
(Iy s t i l l  la rger  than Iz), the r e s u l t s  ( f i g .  9 )  indicated t h a t  the 
magnitude of the osc i l la t ion  in  r o l l  decreased. (Compare f i g s .  8 and 9 . )  
Although not spec i f ica l ly  computed, analysis indicates t ha t  when Iy < IZ 
an increase i n  the difference between the values of Iy and IZ would 
lead t o  less osc i l la tory  motions. 

of -74'3 slug-ft2 w a s  used but w i t h  

A fu r the r  study w a s  made t o  evaluate the e f f ec t  of the r e l a t ive  
magnitudes of Iy and Iz i n  which the motion w a s  disturbed by using, 
sixultaneously, three products of i n e r t i a  Ixy, lxz, and Iyz. The 
time his tory  i n  f igure 10 shows t h a t  an osc i l la t ion  i n  roll from 0' 
t o  -68' w a s  obtained when the c r a f t  w a s  rotating about i t s  axis of 
greatest moment of iner t ia ,  and the  time history i n  f igure 11 shows an 
osc i l l a t ion  i n  r o l l  from Oo t o  - l 3 5 O  when the c r a f t  was ro ta t ing  about 
i t s  axis of intermediate moment of iner t ia .  
expected from previous resu l t s ,  the  osc i l la t ion  i n  r o l l  was larger  when 
the c r a f t  w a s  i n i t i a l l y  rotat ing about i t s  axis  of intermediate moment 
of i ne r t i a .  Also, it i s  interest ing t o  note t h a t  t h i s  l a t t e r  r e s u l t  
indicated an osc i l l a t ion  i n  roll even though the  product of i n e r t i a  
w a s  present; whereas, the corresponding motion discussed previously and 
presented i n  f igure 4 had shown t h a t  when the basic  yawing motion w a s  
disturbed by IXZ alone, when Iy > Iz, the c r a f t  ro l l ed  continuously. 

Therefore, as  would be 

I= 

4 
I 
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A comparison of f igures  4 and 11 indicates  t h a t  Ixy and/or Iyz 
apparently had a damping e f f ec t  on the  motion presented i n  f igure  11. 
It can be seen from the equation 

s i n  2c + Iyz cos 2c I Y  - Iz Iy1z1 = 0 = 
2 

that  the  reason the  time h is tory  presented i n  f igure  11 did not indicate  
a continuous r o l l i n g  motion, even though Iy  > Iz and IXZ w a s  present,  
was that the  term sh i f t ed  the  pr inc ipa l  ax is  of grea tes t  moment of 

i n e r t i a  Y' toward the i n i t i a l  spin ax is  (Z-axis) which meant t h a t  t he  
configuration could not roll over since the  pr inc ipa l  ax is  of grea tes t  
moment of i n e r t i a  w a s  located less than 90' from the i n i t i a l  spin ax is .  
Therefore, effect ively,  t he  Iyz term had a so-called damping e f f e c t  
for  the calculat ion presented i n  f igure  11. 

In 

Effects  of Rotating Machinery i n  the  Space Stat ion 

For t h i s  study, it w a s  assumed t h a t  an auxiliary power u n i t  t o  be 
used f o r  such things as the  l i f e  cycle, radio, hydraulic system, e tc . ,  
would have ro ta t ing  pa r t s  i n  the b o i l e r  feed pump, primary sodium pump, 
turbine, a l te rna tor ,  e t c .  It w a s  assumed tha t ,  col lect ively,  these 
rotat ing pa r t s  w e r e  equivalent t o  an i n e r t i a  wheel with a weight of 
1 pound and a diameter of 0.476 foot  and tha t ,  when the  wheel ro ta ted  
a t  a r a t e  of 36,000 rpm, it would produce an angular momentum of approxi- 
mately 6 ft- lb-sec.  

The e f f ec t  of the  machinery ro t a t ing  about the  X - a x i s  on the  motion 

The results 
of t he  c r a f t  w a s  calculated f o r  t he  condition of the  c r a f t  ro t a t ing  
about i t s  ax is  of intermediate moment of i n e r t i a  ( Iy  > Iz) .  
indicate t h a t  th is  small disturbance made the  c r a f t  roll continuously 
( f ig .  12).  A similar calculat ion f o r  t he  case i n  which the  c r a f t  w a s  
i n i t i a l l y  ro ta t ing  about i t s  axis of grea tes t  moment of i n e r t i a  (IY < Iz) 
indicated s t a b i l i t y  i n  that very small osc i l l a t ions  (@e < 21') occurred 
( f ig .  13). These r e s u l t s  indicate  t h a t  it i s  important t h a t  t h e  c r a f t  
be ro ta ted  about i t s  ax is  of grea tes t  moment of i n e r t i a  even i f  no 
products of i n e r t i a  are present when machinery i s  ro ta t ing  about t he  
X-axis of the  c r a f t .  



Attempts t o  Damp O u t  o r  Minimize Undesirable Motions 

Some calculat ions were made i n  attempts t o  control, minimize, or 
damp out some undesirable motions tha t  have been discussed. 
the  following three methods were used: 

Essent ia l ly ,  

(1) Removal of product of i n e r t i a  which acted as the  disturbance 
f ac to r  

( 2 )  U s e  of constant-rate i n e r t i a  wheels t o  counteract t h e  e f f ec t s  
of products of i n e r t i a  

(3) U s e  of je t - reac t ion  moments, when needed, t o  keep angular 
ve loc i t i e s  within a given range 

I n  general, the  removal of the disturbance - t h a t  is ,  re locat ing 
the  weights i n  such a manner that no products of i n e r t i a  were present - 
proved t o  be unsatisfactory.  
indicate  that, when the  c r a f t  was i n i t i a l l y  ro ta t ing  about i t s  axis of 
grea tes t  moment of i n e r t i a  (IY < Iz) and a product of i n e r t i a  w a s  pres- 

ent ,  the c r a f t  o sc i l l a t ed  i n  roll +2O and tha t ,  when the  weights tha t  
had orginal ly  been moved t o  produce a product of i n e r t i a  w e r e  moved 
back t o  t h e i r  o r ig ina l  posi t ions where no product of i n e r t i a  was  pres- 
ent,  the  osc i l l a to ry  motion w a s  essent ia l ly  unchanged. Furthermore, 
t he  r e s u l t s  i n  figure 15, where the craf t  w a s  o r ig ina l ly  set ro t a t ing  
about i t s  axis of intermediate moment of i n e r t i a  (Iy > Iz), show t h a t  
t he  c r a f t  ro l l ed  continuously t o  the l e f t  when the  product of i n e r t i a  
w a s  present and tha t ,  when the  product of i n e r t i a  w a s  taken out (weights 
put back t o  t h e i r  i n i t i a l  posi t ions) ,  the c r a f t  continued t o  r o l l  t o  t he  
l e f t .  These r e s u l t s  might have been expected since there w a s  nothing 
i n  the system t o  damp the acquired motions. 

For example, t h e  results shown i n  figure 14 

Calculations w e r e  made i n  an attempt t o  minimize undesirable motions 
by use of a constant-rate i n e r t i a  wheel. The wheel w a s  assumed t o  be 
ro ta t ing  about t he  Y-axis of a configuration which had a continuously 
r o l l i n g  motion when the wheel w a s  not operating. For t h i s  configuration, 
Iy was g rea te r  than Iz and a product of i n e r t i a  Ixz Of -373 s lug-f t2  

w a s  present.  
successively of +lo, +50, and +5OO ft- lb-sec (pos i t ive  angular momentum 
indicates  t h a t  t h e  wheel i s  ro ta t ing  clockwise when viewed from negative 
end of Y - a x i s )  and was  assumed t o  be i n  operation from time zero. 
t yp ica l  time his tory  w i t h  t he  i n e r t i a  wheel i n  operation i s  presented 
as f igure  16 and indicates  an osc i l la t ion  i n  r o l l  from 0' t o  180° and a 
p i t ch  o s c i l l a t i o n  of approximately I t2O.  
the  wheel operating and not operating indicates that the i n e r t i a  wheel 
caused the c r a f t  t o  o s c i l l a t e  i n  r o l l  instead of allowing it t o  r o l l  

The assumed i n e r t i a  wheel produced an angular momentum 

A 

A comparison of the  r e s u l t s  f o r  



continuously. Although it i s  not shown i n  the figures,  the frequency 
of the r o l l  osc i l la t ion  decreased as the angular momentum produced by 
the wheel was decreased. 

The i n e r t i a  wheel w a s  a l so  assumed t o  be ro ta t ing  about the Z-axis 
and a calculation was made f o r  which the wheel was assumed t o  be pro- 
ducing an angular momentum of +50 f t - lb-sec.  The r e su l t s  are  presented 
i n  figure 17. A s  can be seen f r o m t h i s  time history,  the r o l l  osc i l la -  
t ion was approximately f6'; t h i s  appeared t o  be an appreciable improve- 
ment over the case i n  which the wheel w a s  not operating and i n  which 
the wheel was operating about the Y-axis ( f i g .  16).  

A qual i ta t ive explanation of the r e su l t s  shown i n  f igure 17 i s  as  
follows: Consider the following terms i n  the r o l l  equation of motion 
(es. (1)): 

Assume that  
for numbers) 

r = 0.6 and constant, then the first term i s  (see tab le  I1 

This term i s  posi t ive solely because Iy > Iz, and it i s  known from the 
resu l t s  shown i n  figure 4 tha t  the c r a f t  w i l l  diverge i n  r o l l  f o r  these 
conditions. However, when the  e f f ec t  of the  i n e r t i a  wheel i s  added, 
the r e s u l t  i s  

(21,760 - 21,710)(0.6)q - = -2oq 

which number is  similar i n  sign t o  the cross-couple i n e r t i a  term when 
the time his tory i n  f igure 3 w a s  computed. 
that  adding the  i n e r t i a  wheel t o  the system makes the configuration 
equivalent t o  a system i n  which IZ > IY. 
of figure 17 w i t h  those of figure 3 ,  where Iz was  l a rger  than Iy, 
shows t h a t  the results a re  similar.  
due t o  the larger  value of 

f i g .  17.)  
i ne r t i a  wheel about the Z - a x i s  ( the  spin ax is ) ,  which has a suf f ic ien t  

Therefore, it can be reasoned 

A comparison of the r e s u l t s  

(The differences i n  the r e su l t s  are  
IXZ used f o r  the calculation shown i n  

It could be concluded from these r e su l t s  t h a t  ro ta t ing  an 



amount of angular 
i n e r t i a  about the 

momentum, i s  equivalent t o  making the moment of 
Z - a x i s  greater  than that  about the Y - a x i s  which, as 

s ta ted  previously, i s  preferable. 

The last approach toward minimizing undesirable motions was the 
use of je t - react ion moments, when needed, t o  keep angular ve loc i t ies  
of the  c r a f t  within a given range. Since it has been pointed out i n  
the t e x t  t h a t  the  c r a f t  should always be rotated about i t s  axis  of 
greatest  moment of i ne r t i a ,  a l l  attempts made t o  minimize undesirable 
motions 'by use of je t - react ion moments were f o r  a configuration where 
Iy w a s  l e s s  than Iz. 

The f i r s t  calculation, i n  which je t - react ion moments were used, 
w a s  made t o  minimize the  motion t h a t  w a s  presented i n  f igure 6. The 
time h is tory  shown i n  figure 6 was calculated f o r  the  condition when 
the c r a f t  was  i n i t i a l l y  se t  rotat ing about i t s  axis of greatest  moment 
of i n e r t i a  and w a s  disturbed by a product of i n e r t i a  
cated an osc i l l a t ion  i n  r o l l  from 0' t o  52'. 

. t u b e d  l e s s  than +lo and the yaw r a t e  
0.63 radian/sec . ) 
the  jet-reaction-moment terms included i n  the equations of motion and 
the c r a f t ' s  angular ve loc i t ies  used t o  activate the j e t s ,  as described 
i n  the section e n t i t l e d  "Methods and Calculations." J e t s  were assumed 
t o  be located on the  c ra f t  i n  such a manner tha t  the following moments 
could be produced: 

Iyz, and it indi- 
(The p i tch  angle w a s  dis-  

r remained between 0.40 and 
Essentially,  t h i s  calculation w a s  made again w i t h  

Mx = +2 f t - l b  

The resu l t ing  motion i s  shown i n  figure 18 and indicates t h a t  the r o l l  
o sc i l l a t ion  w a s  damped t o  less than lo, remained at  l e s s  than +lo, 
and r 
continuously was  required i n  order t o  keep the c r a f t  a t  t h i s  a t t i t ude .  

8, 
remained about 0.63 radian/sec, but the f i r i n g  of a l l  three je ts  

Another calculation was  made with the same inputs but with only 
one je t  t h a t  produced a moment % of k2 f t - l b .  The resu l t ing  motion 
i s  presented i n  f igure 19 and shows t h a t  the r o l l  o sc i l l a t ion  was again 
damped t o  less than lo, 
when Mx, My, and Mz were used simultaneously, and the  je t  was no 

8e remained even closer t o  zero than it did 
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longer required once the  motion reached i t s  new equilibrium. 
comparison of f igures  18 and 1.9 it can be concluded t h a t  My and MZ 

( f i g .  18) were producing undesirable cross-couple e f f e c t s  and t h a t  using 
% 
This i s  t rue ,  however, only because t h e  o r ig ina l  motion w a s  disturbed by 
the product of i n e r t i a  

From a 

alone ( f i g .  19) gave much more effect ive as w e l l  as e f f i c i e n t  r e s u l t s .  

Iyz which i s  i n  the  r o l l  plane. 

These two calculations were f o r  t he  case i n  which one or more je t -  
reaction moments were used from zero time t o  try t o  keep the  motion 
damped. A t h i r d  calculat ion w a s  made t o  determine whether, after the  
c raf t  had already achieved i t s  osc i l l a to ry  motion, it could be damped 
t o  a more desirable motion. For t h i s  calculat ion,  the  osc i l l a to ry  motion 
in  figure 6 w a s  again used as the  motion t o  be damped. This time h is tory  
( f ig .  6) was  picked up a t  approximately t = 94 seconds with a l l  con- 
di t ions and inputs remaining the  same except t h a t  a value of Mx of 
k2.0 f t - l b  w a s  used. The same l i m i t  on p (kO.001) w a s  used here as 
had been used i n  the  previous calculations.  The resu l t ing  motion is 
presented i n  f igure  20 and shows t h a t  t he  roll osc i l l a t ion  w a s  damped 
t o  less than lo, w a s  less than *lo, and the  rate of yaw w a s  steady 
a t  about 0.56 radian/sec. (The t i m e  h i s tory  i n  f i g .  6 i s  repeated i n  
f i g .  20 f o r  comparison.) This r e s u l t  indicated tha t ,  even though 
unfavorable products of i n e r t i a  may r e s u l t  when weights are sh i f t ed  i n  
the orb i t ing  vehicle, the  use of a je t - reac t ion  moment Mx w i l l  enable 
the c r a f t  t o  achieve again a r e l a t ive ly  steady-state motion. It should 
be mentioned, however, t h a t ,  although these r e s u l t s  ( f ig s .  18, 19, 
and 20) indicated t h a t  t he  roll osc i l l a t ion  w a s  damped t o  less than lo, 
the roll angle about which the  c r a f t  w a s  damped w a s  not zero. It i s  
evident why the  r o l l  angle w a s  not damped about 0' i n  each of these 
computations and the  explanation f o r  t h i s  i s  similar t o  the explanation 
f o r  the  r e s u l t s  of f igure  6. 
angle which was  one-half of t he  o r ig ina l  amplitude of the  osc i l l a t ion  
when no je ts  were used ( f i g .  6 ) .  
explained previously concerning f igure  6, the  pr inc ipa l  axis of grea tes t  
moment of i n e r t i a  i s  displaced from the  spin axis ( Z - a x i s )  by approxi- 
mately 26'. Therefore, from an examination of f igures  18, 19, and 20, 
it can be seen t h a t  t he  roll angle w a s  damped about the  26' roll a t t i t ude .  

Be 

The roll osc i l l a t ion  was  damped about an 

This i s  due t o  the f a c t  that, as 

CONC LUS I O N S  

An analy t ica l  study has been made t o  determine t h e  e f f ec t s  of m a s s -  
loading var ia t ions  on the  angular motions of a hypothetical  cy l indr ica l  
ear th  s a t e l l i t e  space s ta t ion ,  ro ta t ing  about i t s  Z-axis t o  provide an 
a r t i f i c i a l  gravi ty  equal t o  one-fourth of t h a t  a t  t he  ea r th ' s  surface. 
The r e s u l t s  of this  study are as follows: 

\ 



1. When t h e  moment of i n e r t i a  about the Y-axis was  l e s s  than the  
moment of i n e r t i a  about the  Z - a x i s ,  a product of i n e r t i a  did not 

d i s turb  the c r a f t  i n  p i t ch  more than twice the angle of displacement of 
t he  pr inc ipa l  ax i s  of grea tes t  moment of i ne r t i a  Z '  from the  i n i t i a l  
spin ax is  Z. For these conditions, the  amplitude of the  osc i l l a t ions  
i n  r o l l  w a s  g rea te r  than those i n  p i tch  and depended upon the  cross- 
couple i n e r t i a s  of the  configuration. A product of i n e r t i a  Iyz did 

not dis turb t h e  c r a f t  i n  r o l l  more than t w i c e  the  angle of displacement 
of t he  grea tes t  p r inc ipa l  ax is  Z ' .  For t h i s  condition, the  amplitude 
of t he  osc i l l a t ions  i n  p i t ch  depended upon the cross-couple i n e r t i a s  of 
t he  configuration. 

IXz 

2. When the  moment of i n e r t i a  about the Y-axis w a s  greater  than 
the  moment of i n e r t i a  about t he  Z-axis, a product of i n e r t i a  caused 
the  c r a f t  t o  experience a continuous ro l l i ng  motion because the  pr inc ipa l  
axis of grea tes t  moment of i n e r t i a  was displaced 90' from the  i n i t i a l  
spin ax i s  Z and because there  w a s  no damping i n  the  system. The p i t ch  
angle 8e remained small (*lo). A product of i n e r t i a  Iyz did not 
disturb the c r a f t  i n  r o l l  more than twice the angle between the  Y'-axis 
and the  i n i t i a l  spin axis. 

Ixz 

Y' 

3 .  When a l l  three  products of i n e r t i a  In, Ixz, and Iyz w e r e  
used simultaneously as disturbance fac tors ,  large osc i l l a t ions  i n  r o l l  
resulted; p i t ch  angles were generally s m a l l  (< ?lo). Again, t he  ampli- 
tudes of t he  osc i l l a t ions  of  these angles depended upon the  locat ion of 
t he  pr inc ipa l  axes with respect t o  the  i n i t i a l  spin axis .  

4. The ro t a t ing  p a r t s  of the  machinery i n  the  c raf t -could  cause the  
c ra f t  t o  experience a continuously r o l l i n g  motion i f  the  bas ic  ro t a t ion  
of t he  c r a f t  was  about i t s  axis of intermediate moment of i ne r t i a ;  how- 
ever, s m a l l  e f f e c t s  were experienced if the ro ta t ion  w a s  about i t s  ax is  
of grea tes t  moment of i n e r t i a .  

3. I n  general, the  removal of a disturbance - t h a t  is, re locat ing 
the  weights i n  such a manner t h a t  no products of i n e r t i a  were present - 
w a s  not s a t i s f ac to ry  as regards returning the motion of the  c r a f t  t o  i t s  
o r ig ina l  steady-state yawing condition once a disturbed motion w a s  set 
up, because there  w a s  no damping i n  the system. 

6. The use of constant-rate i n e r t i a  wheels, pa r t i cu la r ly  one located 
on and ro ta t ing  about the  Z-axis ( sp in  axis) ,  was  qui te  successful i n  
minimizing undesirable motions if the angular momentum of the  wheel w a s  
large enough and i n  the  r igh t  direct ion.  



1% 

7. In attempting to damp an undesirable roll oscillation, jet- 
reaction moments were used successfully; the ensuing r o l l  angle to 
which the craft damped was equal to the angle of displacement of the 
principal axis of greatest moment of inertia from the initial spin axis. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Field, Va., February 8, 1961. 
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TABU I.- I N I T I A L  CONDITIONS USED FOR CALCULATIONS 

Variables I------ 
% 

@e 

*e 

P 

9 

r 

Time 

I n i t i a l  values 

0 

0 

0 

0 

0 

+o .628 

0 



A -  tl 
0 0 0  

0 0 0  

0 0 0  

0 0 0  

2 ; :  

= l o  t 
. 
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Figure 1.- Three-view sketch of configuration showing nominal location 
of reference axes. 
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Figure 2.- Body system of axes and re la ted  angles. 
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