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Letter of Transmittal 

To the Congress of the United States: 

In compliance with the provisions of the act of March 3, 1915, as 
amended, establishing the National Advisory Committee for Aero-
nautics, I transmit herewith the Thirty-seventh Annual Report of 
the Committee covering the fiscal year 1951.

HARRY S. TRUMAN. 

THE WHITE HOUSE, 

JANUARY 28, 1952.
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Letter of Submittal 

NATIONAL ADVISORY COMMrrrEE FOR AERONAUTICS 

WASHINGTON, D. C., November 15, 1951. 

DEAR MR. PRESIDENT: In compliance with the act of Congress ap-
proved March 3, 1915, as amended (TI. S. C. 1946, title 50, sec. 153), 
I have the honor to submit herewith the Thirty-seventh Annual Re-
port of the National Advisory Committee for Aeronautics covering the 
fiscal year 1951. 

The development of new types of aircraft slowed materially since 
the end of World War II but, since Korea, progress is now rapidly 
accelerating. The magnitude of the military effort required to check 
world-wide aggression makes it evident that America's aircraft must 
be superior in performance and military effectiveness to those of any 
other nation. 

The Committee seeks, through timely and adequate research, to as-
sure the success of the expanding aircraft program. The Committee 
believes that in order to support the military effort effectively, its 
scope of operations should be increased to the extent that availability 
of scientific manpower will permit. 

Respectfully submitted.
JEROME C. HUNSAKER, 

Chairman. 

THE PRESIDENT, 

The White House, Washington, D. C.
VII 
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THIRTY-SEVENTH ANNUAL REPORT 
OF THE 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

WASHINGTON, D. C., November 15, 1951. 

To the Congress of the United States: 
In accordance with the act of Congress, approved 

March 3, 1915 (U. S. C. title 50, sec. 151), which estab-
lished the National Advisory Committee for Aeronau-
tics, the Committee submits its thirty-seventh annual 
report for the fiscal year 1951. 

The United States is engaged in expanding military 
aviation to levels never before reached except in the 
midst of a major war. In Korea, our military air-
craft are engaged in combat with airplanes of an un-
friendly nation evidently able to build military aircraft 
of increasing capabilities. In this environment, the 
NACA. is responsible for conducting an adequate pro-
gram of scientific research to open the way for the 
design of aircraft and missiles of superior performance. 

Since World War II the pace of technical develop-
ment has increased. Until then, improvement in air-
craft performance as a result of the application of sci-
entific research proceeded at what now seems to be a 
relatively slow and orderly rate. Modest increases in 
speed, climb, range, or altitude were set as reasonable 
goals. Compressibility effects at high speeds were just 
beginning to be encountered and indicated a formid-
able barrier near the velocity of sound. This barrier 
has been found by research and experiment to be less 
formidable than supposed, and we now see the possibil-
ity of radical gains in airplane performance that are 
of great military significance. Such gains are also at-
tainable by a potential enemy. 

The increased complexity of modern high perform-
ance aircraft results in greatly increased costs, whether 
measured in manpower or dollars, and places more at 
stake in the success or failure of the research upon 
which superior performance is predicated. In view of 
the magnitude of the national effort to build up air 
power adequate to our national security, scientific 
research should proceed on a corresponding scale. 

In the years immediately following World War II in 
appreciation of the probable significance to national 
security of applications of new knowledge of supersonic 

213637-53-----2

aerodynamics and jet propulsion, the President and the 
Congress supported the NACA in an intensive program 
of fundamental scientific studies in these fields of aero-
nautical science. There was an urgent need to overcome 
a serious deficiency of basic information resulting from 
wartime concentration of research teams on immediate 
problems associated with the improvement of airplanes 
in service. Only by concentration on fundamentals 
may we expect to find leads to radically new develop-
ments which should pay off in the design of future air-
craft. We do not know how long the present period of 
tension will last nor do we know what discoveries an 
enemy may make. 

In addition, the Committee must not neglect less 
spectacular research to provide engineering informa-
tion essential to the safety and economy of aircraft of 
all types, both civil and military. In this, the NACA 
has responsibility for the scientific study and prac-
tical solution of current problems, as crystallized 
in the discussions of our several subcommittees of 
experts. These subcommittees include designers, users, 
and research scientists. Research initiated to solve a 
current problem can be readily translated into practice. 
Such research, for example, makes possible an increase 
in thrust of current production engines and improved 
performance of the next lot of airplanes. The need for 
extended work in this area has been reflected in our 
budget estimates. 

The military research and development program has 
been increased threefold, but to date the funds and man-
power authorized for NACA have not expanded to sup-
port adequately the military effort. Therefore, the 
Committee urges an expansion in NACA effort to the 
extent that availability of scientific manpower will 
permit. 

Presently, emphasis is on the military applications 
of research, but many of the results of NACA research 
effort are of value to civil aviation, as for example 
the work on ice prevention, fire prevention, effects of 
atmospheric turbulence, and work on aircraft stability 
and control. Much research for the improvement of
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military aircraft is extended to obtain data needed by 
those responsible for the design, operation, or regula-
tion of civil aircraft. 

During the current year the Committee completed the 
installation of a transonic ventilated throat in the 16-
foot wind tunnel at the Langley Aeronautical Labora-
tory. This installation is based on an invention by 
members of the NACA staff and is considered to be of 
exceptional importance because it permits model air-
plane tests at transonic air speeds in wind tunnels, 
hitherto impossible because of the choking of the con-
ventional wind tunnel as the air speed approaches the 
velocity of sound. 

In the formulation of its research programs, the 
Committee has been materially assisted by some 400

members of its 26 technical committees. These mem-
bers include scientists from universities, engineers from 
industry, and experts from the civil and military agen-
cies of the Government. The Committee continues to 
enjoy the loyal and effective support of its civil service 
staff in the execution of its policies and directives. 

Parts I, II, and III of this annual report present a 
résumé of the unclassified scientific activities of the 
Committee, a description of the Committee's organiza-
tion and membership, and the financial report for the 
fiscal year 1951. 

Respectfully submitted.

•TEROME C. HUNSAKER, 

Chairman



Part I—TECHNICAL ACTIVITIES 

RESEARCH ORGANIZATION AND PROCEDURES 

COMMITTEE LABORATORIES 

Research of the National Advisory Committee for 
Aeronautics is conducted largely at its three labora-
tories—Langley Aeronautical Laboratory, Langley 
Field, Va.; Ames Aeronautical Laboratory, Moffett 
Field, Calif.; and Lewis Flight Propulsion Laboratory, 
Cleveland, Ohio. A subsidiary station is located at 
Wallops Island, Va., as a branch of the Langley Lab-
oratory for conducting research on models in flight in 
the transonic and supersonic speed ranges. At Ed-
wards, Calif., is located the NACA High-Speed Flight 
Research Station for research on transonic and super-
sonic airplanes in flight. The total number of employ-
ees, both technical and administrative, at these five sta-
tions and headquarters in Washington was 7,705 at 
the end of the fiscal year 1951. 

TECHNICAL COMMITTEES AND RESEARCH
COORDINATION 

In carrying out its function of coordinating aero-
nautical research the Committee is assisted by a group 
of technical committees and subcommittees. The mem-
bers of these committees are chosen for their particular 
knowledge in a specific field of aeronautics. They are 
selected from other Government agencies concerned 
with aviation including the Department of Defense, 
from the aircraft and air transport industries, and 
from scientific and educational institutions. These 
committees provide for the interchange of ideas and 
prevention of research duplication except where par-
allel efforts are desired. There are four technical com-
mittees under the National Advisory Committee for 
Aeronautics: 

1. Committee on Aerodynamics. 
2. Committee on Power Plants for Aircraft.. 
3. Committee on Aircraft Construction. 
4. Committee on Operating Problems. 

Each committee is supported by three to eight.technical 
subcommittees. 

In addition to the four technical committees, there 
is an Industry Consulting Committee established to as-
sist the main Committee in formulation of general

policy. Membership of this Committee, as well as the 
technical committees and subcommittees, is listed in 
part II of this report. 

Research coordination is further effected through 
discussions between Committee technical personnel and 
the research staffs of the aviation industry, educational 
and scientific organizations, and other aeronautical 
agencies. The Research Coordination Office is assisted 
by a west coast representative who maintains close con-
tact with the aeronautical research and engineering 
staffs of that geographical area. 

RESEARCH SPONSORED IN SCIENTIFIC AND 
RESEARCH INSTITUTIONS 

For the 1951 fiscal year the NACA continued to make 
use of the unique research talents and facilities of uni-
versities and other nonprofit scientific institutions to 
find solutions for aeronautical problems. Both research 
proposals and the results from investigations have been 
carefully reviewed to maintain the quality of this part 
of the NACA program, and reports of the useful re-
sults of the sponsored research have been given the same 
wide distribution as other NACA reports. 

The diversity of this sponsored research is indicated 
by the fact that 19 of the NACA technical subcommit-
tees reviewed proposals for or the results of such in-
vestigations during the past year and that 48 reports of 
sponsored research were released. The technical as-
pects of the program are included with the descriptions 
of work under the various technical sections. 

During the 1951 fiscal year the following institutions 
participated in the contract research program: 

National Bureau of Standards, Forest Products 
Laboratory, Armour Research Foundation, Battelle 
Memorial Institute, Polytechnic Institute of Brooklyn, 
Brown University, California Institute of Technology, 
University of California, University of California at 
Los Angeles, Carnegie Institute of Technology, Uni-
versity of Cincinnati, Cornell University, University of 
Florida, Georgia Institute of Technology, Harvard 
University, Illinois Institute of Technology, University 
of Illinois, Iowa State College, Johns Hopkins Univer-
sity, Massachusetts Institute of Technology, University



4	 REPORT NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

of Michigan, Mount Washington Observatory, New 
York University, University of Notre Dame, Ohio 
State University, Pennsylvania State College, Prince-
ton University, Purdue University, Stanford Univer-
sity, Stevens Institute of Technology, Syracuse Uni-
versity, Texas Agricultural and Mechanical College, 
University of Virginia, and University of Washington. 

RESEARCH INFORMATION 

Research results obtained in the Committee's labora-
tories and through research contracts are distributed 
in the form of Committee publications. Formal Re-
ports, printed by the Government Printing Office, con-
tain unclassified information and are available to the 
general public from the Superintendent of Documents. 
Technical Notes, released by the Committee in limited 
numbers, also contain unclassified research results of a 
more or less interim nature and are distributed to inter-
ested organizations throughout the country. Fre-
quently, research results which will ultimately be pub-
lished in Report form are issued initially as Technical 
Notes in the interest of speedy dissemination of data to 
American technical people and organizations. Trans-
lations of foreign material are issued in the form of 
Technical Memorandums. 

In addition to unclassified publications the Com-
mittee prepares a large number of reports containing 
classified research information. For reasons of na-
tional security, these reports are controlled in their cir-
culation. From time to time the classified reports are 
examined to determine whether it is in the national in-
terest to declassify them. If it is found desirable to de-
classify the reports, they may be published as unclassi-
fied papers. 

Another important means of transmitting quickly 
and efficiently the latest information in a particular 
field of research directly to designers and engineers 
working in that field is the holding of technical confer-
ences from time to time at an appropriate NACA 
laboratory. Several conferences of this nature were 
held during the past year. 

The Office of Aeronautical Intelligence was estab-
lished in 1918 as an integral part of the Committee's

activities. Its functions are the collection and classifi- 
cation of technical knowledge on the subject of aero-
nautics, including the results of research and experi-
mental work conducted in all parts of the world, and 
its dissemination to the Department of Defense, air-
craft manufacturers, educational institutions, and other 
interested people. American and foreign reports ob-
tained are analyzed, classified, and brought to the at-
tention of the proper persons through the medium of 
public and confidential bulletins. 

AERONAUTICAL INVENTIONS 

By act of Congress, approved July 2, 1926 (U. S. C. 
title 10, sec. 310—r), an Aeronautical Patents and Design 
Board was established consisting of the Assistant Secre-
taries for Air of the Departments of War, Navy, and 
Commerce. In accordance with that act as amended 
by an act, approved March 3, 1927, the National Advi-
sory Committee for Aeronautics is charged with the 
function of analyzing and reporting upon the technical 
merits of aeIonautical inventions and designs submitted 
to any agency of the Government. The Aeronautical 
Patents and Design Board is authorized, upon the 
favorable recommendation of the Committee to "deter-
mine whether the use of the design by the Government is 
desirable or necessary and evaluate the design and fix 
its worth to the United States in an amount not to ex-
ceed $75,000." 

Recognizing its obligation to the public in this respect 
the Committee has continued to accord to all corre-
spondence on such matters full consideration. All pro-
posals received have been carefully analyzed and evalu-
ated and the submitters have been advised concerning 
the probable merits of their suggestions. Many per- 
sonal interviews have been granted inventors who vis-
ited the Committee's offices, and technical information 
has been supplied when requested. 

The following detailed summary of unclassified re-
search, completed during the fiscal year 1951, is organ-
.ized to reflect the areas of research over which each 
technical committee and related subcommittee has 
cognizance. 

AERODYNAMIC RESEARCH 

During the past year there has been an increase in 
research directed specifically at the problems of high-
speed airplanes and guided missiles. Aerodynamic re-
search to permit efficient operation of airplanes at tran-
sonic speeds has continued to receive special emphasis, 
and information has been obtained in this speed range 
from flights of special research airplanes, rocket-
powered free-flight models, freely-falling bodies, and

from very small models on wind-tunnel bumps or by the 
wing-flow method in flight. There has, however, been 
a serious need for techniques to permit detailed sys-
tematic large-scale experiments to be made in wind 
tunnels through the speed of sound. As a result of 
extensive research on wind-tunnel design, suitable tech-
niques have been developed, and the Langley 8-foot and 
16-foot wind tunnels were modified to permit testing
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through the speed of sound. These modified tunnels are 
contributing to a better understanding of aerodynamic 
problems in the transonic speed range. 

Theoretical and experimental research on high-speed 
airplane design problems has been directed generally at 
the establishment of technical information to permit 
the selection of the most efficient configurations for 
flights at transonic and supersonic speeds which will 
also have satisfactory flying characteristics at low 
speeds for landing and take-off. As the high-speed re-
quirements increased, the landing requirements have 
become more difficult to meet and it has been necessary 
to continue research at low speeds on these problems. 

In addition to studies of performance problems of 
guided missiles, considerable attention has been directed 
during the past year to the problems of stability and 
control. In this field particular emphasis has been 
placed on the cross-coupling effects experienced by vari-
ous missile configurations and on automatic control 
problems. 

The NACA is assisted in guiding the aerodynamic re-
search activities of its laboratories by the Committee on 
Aerodynamics and its eight technical subcommittees. 
Results of the research which are most pertinent to the 
design and development of military airplanes and 
guided missiles are summarized and presented at tech-
nical conferences held during the year with the repre-
sentatives of the military services and their contractors, 
in order to assist designers in making early application 
of these results. 

In the sections which follow a description is given of 
some of the Committee's recent unclassified work in 
aerodynamics.

FLUID MECHANICS 

Investigation of Airfoils at Low Speeds 

Low-speed investigations of two-dimensional airfoils 
have been devoted to a large extent to the study of flow 
phenomena at high lifts and the development of meth-
ods for the improvement of high lift characteristics. 
Reported in Technical Note 2235 is an investigation of 
the boundary-layer and stalling characteristics of the 
NACA 64A-010 airfoil section in the Ames 7- by 10-foot 
wind tunnels. The results show the small region of 
separated flow or "bubble" near the leading edge, char-
acteristic of airfoils with small leading-edge radii. At 
an angle of attack of 9.5° the separated flow failed to 
reattach to the surface, causing the stall. Since there 
was no turbulent separation at the trailing edge, the 
lift-curve peak was sharp and the stall occurred sud-
denly and with no warning. 

An investigation was also conducted in the Ames 7-
by 10-foot wind tunnels to determine the possibility of

delaying the flow separation that occurs near the lead-
ing edge of the NACA 63-012 airfoil section and of im-
proving its stalling characteristics by modifications of 
the contour near the leading edge. This study is re-
ported in Technical Note 2228. The greatest improve-
ment was obtained with modifications that incorporated 
an increase in camber and modifications to the leading-
edge shape were more effective than drooped-nose flaps. 

The results of a comprehensive investigation of the 
stalling characteristics of airfoil sections at low sub-
sonic speeds in the Ames 7- by 10-foot wind tunnels 
have been summarized in Technical Note 2502. Sev-
eral types of stall encountered vith airfoils ranging 
in thickness from that for a slow, light airplane to that 
for a possible supersonic application are described in 
detail in conjunction with the characteristic flows in 
the boundary layer. 

The increases in airplane lift-drag ratio associated 
with increasing aspect ratio are limited by the high 
profile-drag coefficients associated with the thick wing- 
root sections which are structurally necessary on wings 
of high aspect ratio. An investigation has therefore 
been made of NACA 64-series airfoils of 32- and 40-
percent-chord thickness in the Langley low-turbulence 
tunnels to determine whether the high profile-drag co-
efficients of thick airfoils can be reduced by boundary-
layer control through a single suction slot. The re-
sults obtained for the 32- and 40-percent-thick sections 
together with other available airfoil section data were 
used to calculate the characteristics of a number of 
hypothetical wings. These calculations indicate that 
the maximum attainable lift-drag ratio of structurally 
feasible wings and of the corresponding airplanes may 
be increased appreciably by the use of such thick wings 
with boundary-layer control. The results are pre-
sented in Technical Note 2405.	 - 

It has been found that in the higher ranges of land-
ing speeds compressibility effects on maximum lift can 
become appreciable. As part of a program to explore 
this phenomenon, the effects of Mach number and 
Reynolds number on the maximum lift coefficient of a 
wing of NACA 66-series airfoil sections were deter-
mined in the Langley 19-foot pressure tunnel and are 
published in Technical Note 2251. The ranges of Mach 
number and Reynolds number extended up to 0.34 and 
8.0 million, respectively. It was found that for a given 
value of Mach number, the values of maximum lift co-
efficient were increased when the Reynolds number was 
increased. For a given value of Reynolds number, an 
increase in Mach number at first caused only small re-
ductions in maximum lift coefficient, but the reduction 
was large after the critical speed was exceeded.
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Theoretical Investigations of Two-Dimensional Com-
pressible Flows 

Theoretical investigations of two-dimensional com-
pressible flows are being continued with particular ref-
erence to the difficult transonic speed range. At the 
Langley Laboratory the Prandtl-Busemann small-per-
turbation method has been utilized to obtain the flow 
of a compressible fluid past a wave-shaped, infinitely 
long wall. When the essential assumption for transonic 
flow is introduced—that all Mach numbers in the 
legion of flow are nearly unity—the expression for the 
velocity potential takes the form of a power series in 
the transonic similarity parameter. On the basis of 
this form of the solution, an attempt has been made to 
solve the nonlinear differential equation for transonic 
flow past a wavy wall. The results of this analysis 
exhibit clearly the inherent difficulties encountered in 
nonlinear flow problems. Nevertheless, the investiga-
tion has been carried in a rigorous manner to the point 
where the question of the existence or nonexistence of 
a mixed potential flow free of discontinuities can be 
settled by the behavior of a single power series in the 
transonic similarity parameter. The calculation of the 
coefficients of this dominant power series has been re-
duced to a routine computing problem by means of re-
cursion formulas resulting from the solution of the 
differential equation and the boundary condition at the 
wall. One of the results of the analysis is the rigorous 
statement of a limit of applicability of the transonic 
similarity concept. The results are presented in 
TN 2383. 

In Technical Note 2253 it is shown that it is pos-
sible to solve the Prandtl-Busemanri iteration equations 
by means of the familiar concepts of a distribution of 
sources and sinks. The method is limited to the treat-
ment of thin, sharp-nose, symmetric, two-dimensional 
profiles. An explicit expression is derived for the 
second-order velocity potential and velocity compo-
nents, and a method for obtaining higher-order terms 
is indicated. The velocity at the surface of the Kaplan 
bump is evaluated to illustrate the method. 

The relaxation method has been proposed as a means 
of calculating pressure distributions on two-dimensional 
bodies at high speeds, and a comparison is shown in 
Technical Note 2174 between the experimental pressure 
distHbution for an NACA 0012 profile and the theoret-
ical pressure distribution obtained by this method. 
The comparison showed good agreement at low speeds, 
but at higher Mach numbers the theoretical calculations 
indicated higher negative pressure coefficients than were 
obtained experimentally. 

An integral method of calculating two-dimensional 
compressible flows past thin airfoils, with particular 
reference to the transonic speed range is presented in

Technical Note 2130. By an appropriate choice of 
streamline curvature, this method permits the flow pat-
tern about a thin airfoil to be calculated in a compara-
tively simple manner. The results presented include 
velocity distributions for various symmetric sections. 
Comparison with other theories and with available ex-
Perilneiltal data indicate at least qualitatively good 
agreement. 

The transonic similarity law for two-dimensional 
flow, derived by von Karman, has been investigated by 
an iteration procedure and is presented in Technical 
Note 2191. The boundary condition of zero velocity 
normal to the body was satisfied at the body rather 
than near the body, as was done by von Karman. The 
results showed that the velocity potential can be ex-
pressed in terms of a similarity parameter and were in 
agreement with those of von Karman. 

Theoretical investigations of two-dimensional coin-
pressible flows by several educational institutions under 
contract to the NACA are being continued. At the New 
York University an approximate method of solving 
the nonlinear differential equation for two-dimensional 
subsonic compressible flow by means of the variational 
method is being used. The general problem of steady 
irrotational flow past an arbitrary body is formulated 
and two examples have been carried out, namely, the 
flow past a circular cylinder and the flow past a thin 
curved surface. The variational method yields results 
of velocity and pressure distributions which compare 
well with those found by other methods. 

The problem of two-dimensional flow behind a 
curved stationary shock wave has been considered ana-
lytically at the Massachusetts Institute of Technology. 
The method, which is presented in Technical Note 2364, 
assumes a given shock-wave shape, which automati-
cally determines certain initial conditions on the flow 
variables; and the flow pattern, including any body 
shape, follows from the initial conditions. Approxi-
mate analytic expressions are found for the stream 
function in the subsonic region following the shock and, 
after the stream function is obtained, the flow density 
is determined by Bernoulli's equation, which connects 
the density with the derivatives of the stream function. 
The final solution can then be determined from the 
velocity field thus obtained. 

Technical Note 2356 presents the results of a study, 
made at Cornell University, of the two-dimensional 
transonic flow past airfoils. The problem of construct-
ing solutions for transonic flow over symmetric air-
foils is treated and simplification of the mapping of the 
incompressible flow is emphasized. In the case of a 
symmetric Joukowski airfoil without circulation, the 
mapping is relatively simple, but the coefficients in the 
power series are difficult to evaluate. As a means of
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simplification, an approximate flow is used which differs 
only slightly from the exact incompressible one when 
the thickness is small. Flow with circulation is also 
considered by the same method. 

At the Johns Hopkins University an investigation 
has been made of the transient behavior of an airfoil 
in supersonic flow due to pitching, flapping, and vertical 
gusts by means of the Fourier integral method. By 
using a convolution integral, the aerodynamic effect 
of any arbitrary motion of the airfoil can be determined, 
if the aerodynamic response of the airfoil to a step-
function disturbance is known. As useful examples, 
the harmonically oscillating airfoil with different modes 
or degrees of freedom is analyzed for the complete time 
history, for the case in which the motion starts abruptly 
from rest. In carrying out the investigation, a new in-
tegral has been introduced which is believed to play an 
equivalent part in supersonic flutter to the Theodorsen 
function in the flutter problems of incompressible flow. 
The results are presented in Technical Note 2333. 

Investigation of Wings and Bodies at Transonic and 
Supersonic Speeds 

An essential part of the correlation of aerodynablic 
data is a knowledge of the correspondence between the 
flow fields about similar bodies at related speed condi-
tions. An investigation was made, therefore, at the 
Ames Laboratory which extended similarity laws for 
transonic flow to include finite-span wings. Under the 
assumptions of transonic small-perturbation potential 
theory, it was shown that similitude in pressure, lift, 
pitching moment, and pressure-drag coefficients depend 
upon the constancy of two parameters. The applica-
tion of these results led to an essential improvement in 
the manner of relating experimental wing character-
istics at near-sonic speeds. This work has been re-
ported in Technical Note 2273. 

Source distribution methods for evaluating the aero-
dynamics of thin finite wings at supersonic speeds are 
summarized and extended in Report 951. The funda-
mental equations were derived in general form for both 
time-independent and time-dependent wing motions and 
were applied to solve a large variety of aerodynamic 
problems. In Technical Note 2303 a method was devel-
oped for relating the solution of a wing to the known 
solution of a simpler wing. This method permits com-
plicated flow fields to be solved in a straightforward 
manner. 

At the Johns Hopkins University, von Karman's 
Fourier integral method in supersonic wing theory, 
derived directly from the basic concepts of the harmonic 
source and doublet, has been applied to investigate the 
general solution of the wave drag of a tapered swept 
wing with a symmetrical diamond airfoil profile, cover-

ing various geometrical arrangements of the planforin. 
The theory has also been applied to find the downwash 
distribution in the plane of the wing on which the pres-
sure distribution is preassigned. A number of examples 
are given. This work has been done under contract to 
the NACA and the results are presented in Technical 
Note 2317. 

The flow around cones without axial symmetry and 
moving at supersonic velocity has been analyzed and 
the results of this analysis are presented in Technical 
Note 2236. Singular points were shown to exist in the 
flow around the cone if no axial symmetry exists. The 
concept of a vortical layer around the cone at small 
angles of attack was introduced, and the correct values 
of the first-order terms of the velocity components were 
determined. It was shown that good agreement with 
experimental results can be obtained if the complete 
equation for the pressure distribution is used. 

The transonic similarity law, as applied to bodies of 
revolution, has been investigated and the results pre-
sented in Technical Note 2239. The results obtained 
were in approximate agreement with those of von Kar-
man in the region of the flow field not too close to the 
body. In the neighborhood of the body a different 
similarity law was obtained. In another investigation 
the integral method used to obtain compressible flow 
past two-dimensional shapes (Technical Note 2130) 
was applied to the calculation of the compressible flow 
past slender bodies of revolution. Good agreement of 
the resulting velocities on ellipsoids of revolution with 
those obtained by other methods was found. The in-
vestigation is reported in Technical Note 2245. 

The pressure acting on the base of a body of revolu-
tion flying at supersonic velocity is of considerable im-
portance because the base drag can, in some cases, rep-
resent more than half of the total drag. It is essential 
that the factors contributing to this drag be explored 
to enable a reasonable drag prediction to be made in the 
design of missiles and to provide information from 
which possible base-drag reductions may be realized. 
One such factor is the presence of tail surfaces near the 
base of the body. Since the pressures in the vicinity of 
the trailing edge of the tail surfaces at zero angle of 
attack are normally less than the free-stream values, 
the interaction of these pressures with the flow behind 
the base may produce a reduction in the base pressure 
and, hence, an increase in the base drag. Accordingly, 
experimental measurements of the base pressure on an 
unboattailed body of revolution in combination with 
rectangular tail surfaces were made at the Ames Lab-
oratory to investigate the effects of tail surfaces on base 
drag. The results of the investigation showed that the 
addition of tail surfaces with the trailing edge near the 
base of the body incurred a significant increase in base
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drag. For example, the increase was about 70 percent 
at a Mach number of 1.5 for a cruciform tail having a 
10-percent-thick biconvex airfoil section. The base-
drag penalty due to tail surfaces was found to increase 
with an increase in the airfoil thickness ratio and with 
the number of tail surfaces and to decrease with an in-
crease in Mach number. It was also found that this 
base-drag increment could be essentially eliminated by 
moving the tail so that the trailing edge was about one 
chord-length ahead of or behind the base of the body. 
The results are presented in Technical Note 2360. 

Research in the Hypersonic Speed Range 

In the Thirty-sixth Annual Report several facilities 
and techniques permitting supersonic research to be ex-
tended into the hypersonic speed range were described. 
During the past year this work has been continued and, 
in addition, progress has been made in extending the- 
oretical calculations into the hypersonic range. 

The accuracy of Tsien's hypersonic similarity rule, 
and the range of Mach numbers and fineness ratios over 
which it can be applied, have been investigated theo-
retically. A first investigation, which ignored rotation 
effects, showed that the rule applied with good ac-
curacy over a range from moderate supersonic speeds 
up to hypersonic speeds for a wide range of body fine-
ness ratios. This work has been reported in Technical 
Note 2250. An investigation of the effects of rotation, 
presented in Technical Note 2399, showed that the omis-
sion of these effects in the previous investigation did 
not have a significant effect on accuracy within the ex-
pected range of validity of hypersonic similarity 

An analysis has been performed to determine the lift 
and drag characteristics of conical bodies, flat plates. 
cylinders and spheres in a free-molecule flow field. 
The calculations were made for a range of Mach num-
bers from 0 to 24. It was found that the aerodynamic 
coefficients approached constant values at the very high 
speeds. It was also found that the lift-drag ratio for 
bodies in a free-molecule flow field are extremely low. 
The results are reported in Technical Note 2423. 

Theoretical investigations have also been made to 
determine the similarity law for hypersonic flow about 
slender three-dimensional shapes in terms of customary 
aerodynamic parameters. A first investigation, which 
considered only steady flows, employed the law to deter-
mine relation for correlating the pressures acting on, 
and the aerodynamic coefficients of, related bodies and 
results are reported in Technical Note 2443. In the 
special case of inclined bodies of revolution, the expres-
sions for the aerodynamic coefficients were extended to 
include some significant effects of the viscous cross force. 

A theoretical analysis which determines the airfoil 
profile having minimum pressure drag for a given

structural requirement was reported in Technical Note 
2264. The general method was developed and applied 
to linearized flow theory. The principal results of the 
investigation were that the optimum airfoil at hyper-
sonic velocities has a trailing-edge thickness slightly 
less than the maximum airfoil thickness and the opti-
mum airfoil at supersonic velocities generally has a 
moderately thick trailing edge. Curves were developed 
which enable optimum airfoil profiles to be determined 
rapidly for a given Mach number, base pressure, and 
structural requirement. 

Condensation of the components of air has been found 
to occur in hypersonic wind tunnels. Because of the 
rapid expansion and cooling of the air in the nozzles of 
these tunnels, the temperature of the air drops below the 
liquefaction point. In order to study this condensation 
process, the Langley Laboratory has made an investi-
gation of optical methods for measuring size and con-
centration of condensation particles, and it has been 
found that the polarization and angular distribution of 
light scattered by condensation particles can be used to 
measure these quantities. The results of this investi-
gation are presented in Technical Note 2441. 

Boundary-Layer Research 

The existence of localized regions of laminar-bound-
ary-layer separation on airfoils both behind the position 
of minimum pressure at the ideal angle of attack and 
near the leading edge at high angles of attack has been 
recognized, but the parameters controlling such regions 
have not been fully understood. Consequently, an ex-
perimental investigation was made at the Langley Lab-
oratory to study the localized region of laminar sepa-
ration behind the point of minimum pressure on an 
NACA 663-018 airfoil section at zero angle of attack 
and at several Reynolds numbers. The results, pre-
sented in Technical Note 2338, confirmed the idea that 
such separation regions are characterized by a length of 
laminar boundary layer followed by transition and sub-
sequent reattachment as a turbulent boundary layer and 
established some of the quantitative characteristics of 
the phenomenon. 

At the Lewis Laboratory an analysis has been made 
of the stability of the laminar boundary layer between 
parallel streams of an incompressible fluid. Calcula -
tions based on this analysis showed that the flow insta-
bility occurs at much lower Reynolds number for the 
free boundary layer between streams than for the 
boundary layer on a flat plate with no pressure gradi-
ent. The results of this study are presented in Report 
979. 

An investigation of methods for treating the three-
dimensional compressible laminar boundary layer is 
reported in Technical Note 2279. The equations of mo-
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tion are shown therein to be simplified by the intro-
duction of a two-component vector potential and by 
the use of a transformation which converts the equa-
tions into nearly incompressible form. Several ex-
amples, including the flow over flat plates with arbi-
trary leading-edge contours, are discussed. 

Numerical solutions of quantities appearing in the 
von Karman momentum equation for the development 
of a turbulent boundary layer in plane and in radial 
compressible flows along thermally insulated surfaces 
are presented in Technical Note 1337 for a range of 
Mach number from 0.1 to 10. Through the use of 
these tables, approximate calculation of boundary-layer 
growth is reduced to routine arithmetic computation. 

Experimental data, from several sources, for skin 
friction of turbulent boundary layers under adverse 
pressure gradients are analyzed in Technical Note M31. 
Data obtained by momentum-balance methods were 
compared with data obtained by hot-wire and heat-
transfer methods. A new integral energy parameter 
was introduced and its relation to skin-friction data 
was demonstrated on the basis of available material. 

At the Ames Laboratory an analysis has been made 
to determine the skin-friction and heat-transfer char-
acteristics of the turbulent boundary layer on a flat 
plate at supersonic speeds. A review of existing anal-
yses has also been made and a test performed in the 
Ames heat transfer tunnel to measure the skin friction 
in the turbulent boundary layer of a flat plate at a Mach 
number of 2.4. It was found that the analysis which 
most closely corresponded to the experimental results 
was an extended version of the Franki-Voishel analysis, 
which has been reported in Technical Memorandum 
1053. The test data and analysis have been reported 
in Technical Note 2305. 

A series of heat-transfer investigations were con-
ducted on bodies of revolution with laminar boundary 
layers at Mach numbers from 1.49 to 2.13. In addition, 
a comparison between theory and experiment has been 
made for a body of revolution with a laminar bound-
ary layer and a nonuniform surface temperature. The 
theoretical and experimental heat-transfer results are 
in good agreement for both heated and cooled bodies 
with both uniform and nonuniform surface tempera-
tures. The qualitative effects of heat transfer on transi- 
tion were found to be in agreement with the 
implications of Lees' boundary-layer-stability theory. 

Detailed measurements of shock-wave boundary-layer 
interaction which have been made in wind tunnels have 
been limited to small or moderate Reynolds numbers, 
and previous flight tests at high Reynolds numbers 
have been limited to pressure measurements. There-
fore, tests were made on an airplane wing in flight to

investigate the region of shock-wave interaction with 
a thick turbulent boundary layer at full-scale flight 
Reynolds numbers, utilizing both a schlieren apparatus 
and pressure measurements. Good correlation with 
theoretical and wind-tunnel investigations of boundary-
layer shock-wave interaction was obtained, particularly 
with respect to the lower Mach numbers at which a 
forked or bifurcated type of shock wave appeared. 
The boundary layer did not appear to thicken behind 
the normal shock wave. Considerable thickening, asso-
ciated with separation, did occur, however, with in-
creasing Mach number after the formation of the forked 
shock wave. The density gradient in the boundary layer 
appeared to increase markedly just behind the shock 
wave. This stronger gradient, however, appeared to 
be dissipating at approximately five to six boundary-
layer thicknesses behind the shock. 

At the Lewis Laboratory supersonic flow against 
blunt bodies placed in boundary layers or wakes has 
been investigated and is discussed in Technical Note 
2418. It was concluded that wedge-shaped or conical 
dead-air regions should form ahead of the body if part 
of the upstream velocity profile is subsonic and if the 
body is fairly thick relative to the initial boundary 
layer or wake thickness. A quantitative theoretical 
analysis of this type of flow was made and the results 
were compared with experiment. 

In a contract investigation carried out at the Cali-
fornia Institute of Technology, measurements have 
been made at Mach numbers from about 1.3 to 1.5 of 
reflection characteristics and the relative upstream in-
fluence of shock waves impinging on a flat surface with 
both laminar and turbulent boundary layers. The dif-
ference between impulse and step waves is discussed and 
their interaction with the boundary layer were com-
pared in Technical Note 2334. General considerations 
on the experimental production of shock waves from 
wedges and cones and examples of reflection of shock 
waves from these bodies were presented, as were also 
some examples of reflection of shock waves from super-
sonic shear layers. 

At the National Bureau of Standards an investiga-
tion sponsored by the NACA was conducted on a turbu-
lent boundary layer near a smooth surface with pressure 
gradients sufficient to cause flow separation. The 
Reynolds number was high, but speeds were entirely 
within the incompressible flow range. The investiga-
tion consisted of measurements of mean flow, three com-
ponents of turbulence intensity, turbulent shearing 
stress, and correlations between two fluctuation compo-
nents at a point between the same component at differ-
ent points. Results are given in Technical Note 2133 
in the form of tables and graphs. The discussion deals
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first with separation and then with the more fundamen-
tal question of basic concepts of turbulent flow. 

Aerodynamic Heating and Heat Transfer 

As was Pointed out in the Thirty-sixth Annual Re-
port, knowledge of aerodynamic heating and heat trans- 
fer phenomena has become of increasing importance as 
airplane and missile flight speeds have increased into 
the supersonic region, and during the past year con-
siderable effort has been directed toward the under-
standing of these phenomena. 

Tests have been conducted at the Ames Laboratory to 
determine the effect of surface heating on the transition 
Reynolds numbers on a flat plate at a Mach number of 
2.4 It was found that surface heating had a strong 
effect in lowering the minimum Reynolds number for 
transition. Measured skin-friction coefficients for the 
laminar portion of the boundary layer were in excellent 
agreement with other investigations and were 35 per-
cent higher than the values predicted theoretically by 
Crocco. The data have been reported in Technical Note 
2351. 

Most aircraft or missiles will not have a constant sur-
face temperature. Consequently, it is necessary to de-
termine the effect of a variable surface temperature on 
the local heat-transfer rate in order to design skin-
cooling systems. An analysis has been made which 
shows the effect of a variable stream-wise surface temp-
erature on local heat-transfer rates. An interesting 
side light arising from the investigation shows that the 
use of plug-type heat meters, in which a small segment 
of the aircraft skin is heated or cooled to a different 
temperature than the surrounding skin, may introduce 
large errors in the determination of the local heat-trans-
fer coefficients. This analysis has been published as 
Technical Note 2345. 

All analytical method is presented in Technical Note 
2296 for obtaining turbulent temperature recovery fac-
tors for a thermally insulated surface in supersonic 
flow. The analysis, conducted at the Lewis Laboratory, 
indicated that the recovery factor decreased with in-
creasing Mach number. For the range of Prandtl num-
ber considered (0.65 to 0.75), the recovery factors at a 
stream Mach number of 10 were, on the average, about 
5 percent lower than the limiting values at zero Mach 
number. 

A comparison has been made of free-molecule-flow 
theory with experimental measurements of drag and 
temperature-rise characteristics of a transverse circular 
cylinder. The measured values of the cylinder center-
point temperature confirmed the salient point of the 
heat-transfer analysis, which was the prediction that an 
insulated cylinder would attain a temperature higher 
than the stagnation temperature of the stream. Good

agreement was obtained between the theoretical and ex-
perimental values for the drag coefficient. The data 
have been reported in Technical Note 2244. 

Experiments have been made at the Ames Laboratory 
to determine the heat-transfer characteristics of cylin-
ders over a wide range of densities encompassing the 
free-molecule, slip and continuum flow regimes, and the 
results are presented in Technical Note 2438. Good 
correlation of the data was obtained over a range of 
Reynolds numbers from 0.02 to 100 and a range of Mach 
numbers from 1.9 to 3.2. The Knudsen number (ratio 
of mean free molecular path to cylinder diameter) var-
ied from 0.02 to 10. Several important conclusions 
were drawn from the results of this investigation: It 
was found that fully developed free-molecule flow oc-
curred when the Knudsen number was 2 or greater. 
For Knudsen numbers greater than 0.2, the temperature 
recovery factor exceeded unity even though free-molec-
ular flow was not fully developed. 

In all investigation at the Lewis Laboratory, analyses 
were made for fully developed laminar and turbulent 
flow in smooth circular tubes of fluids having a Prandtl 
number of 1.0. The analyses took into consideration 
the variation of fluid properties. Velocity and tem-
perature profiles, together with local heat-transfer and 
friction coefficients, were predicted. In order to check 
the analysis for turbulent flow, velocity and temperature 
profiles and corresponding local heat-transfer and fric-
tion coefficients were also experimentally determined for 
air in smooth tubes at high heat-transfer rates. The 
analytical and experimental results were found to be 
in good agreement. Both indicated that for the tur-
bulent flow of gases the radial velocity and temper-
ature profiles tended to become more uniform as the sur-
face-to-fluid temperature ratio increased. At constant 
Reynolds number, the local heat-transfer and friction 
coefficients decreased with an increase in surface-to-fluid 
temperature ratio. The effects of temperature ratio 
could be eliminated when the fluid properties, including 
density in the Reynolds number, were evaluated at a 
temperature close to the average of the fluid and surface 
temperatures. The results of these analyses are pre-
sented in Technical Notes 2242 and 2410. 

Average heat-transfer and friction coefficients have 
also been measured for the turbulent flow of air in 
smooth tubes. This investigation covered an over-all 
range of Reynolds numbers up to 500,000, tube exit 
Mach numbers up to 1.0, inlet-air temperatures from 
535° to 3050° R., average surface temperatures from 
535° to 1500° R., length-diameter ratios from 30th 1201 
and heat fluxes to 150,000 BTU per hour per square 
foot. Three tube entrance configurations were studied. 
Most of the data are for heat addition to the air; some 
results are for heat extraction from the air. Data have
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also been obtained for tubes of Iloncircular cross section. 
An effect of surface-to-fluid temperature ratio was 
found to exist when the average coefficients were corre-
lated with other pertinent variables by conventional 
methods. The effect was eliminated in the same man-
ner as for the local coefficients. Correlation equations 
for heat transfer and friction were obtained which ade-
quately represent all the experimental data for smooth 
tubes. 

An analytical- investigation of the compressible flow 
processes occurring in the passages of high heat-flux 
exchangers is continuin g at the Lewis Laboratory. 
Charts are presented in Technical Notes 2186 and 2328 
for convenient determination of the compressible-flow 
pressure drop sustained by monatomic and diatomic 
gases (assuming constant heat capacities during the 
process) flowing at high subsonic speeds in constant-
srea passages under the simultaneous influence of fric-
tion and heat addition. 

STABILITY AND CONTROL 

Static Stability Investigations 

The use of end plates has been suggested as a pos-
sible means of relieving some of the adverse lateral 
stability and control problems experienced with swept 
wings. An investigation was therefore conducted in the 
Langley 300-mph 7- by 10-foot tunnel to determine the 
effects of end plates of various sizes and shapes on the 
stability and control characteristics of several swept 
wings. The results of this investigation, presented in 
Technical Note 9229, indicate that at low lift coefficients 
the addition of end plates increased the slope of the lift 
curve, reduced maximum lift-drag ratio, generally de-
creased maximum lift coefficient, and increased longi-
tudinal stability. It was also found that the variation 
of effective dihedral with lift coefficient for the wing-end 
plate combinations investigated was reduced by an in-
crease in the size of the end plate. 

A knowledge of the character of the downwash fields 
behind wings is required for the rational design of 
horizontal tail surfaces as well as for the analysis of the 
longitudinal stability characteristics of an airplane. 
One theoretical study of this problem has resulted in 
the development of a method for calculating the down-
wash field behind lifting surfaces at subsonic and super-
sonic speeds. A description of the method, together 
with an illustrative example of its use, is contained in 
Technical Note 2344. In connection with another 
study, a series of charts and tables was prepared from 
which the downwash behind horsehoe vortices in in-
compressible flow can be obtained. The use of these 
charts and tables in connection with the caléulation of 
the downwash behind wings of arbitrary planform is

described in Technical Note 2353, which also contains 
illustrative examples. Report 983 describes the use of 
line vortex theory for the calculation of supersonic 
downwash and Technical Note 2141 contains charts for 
the estimation of downwash behind rectangular, trap-
ezoidal, and triangular wings which were prepared on 
the basis of line vortex theory. 

Studies of Dynamic Stability 

At the Ames Laboratory the dynamic lateral stability 
characteristics of a dive-bomber type of airplane were 
investigated in flight to determine the cause of a small 
amplitude continuous motion referred to as "snaking." 
The results of this investigation, reported in Technical 
Note 9195, indicate that the floating characteristics of 
the rudder were affected by Mach number and had an 
appreciable effect on the snaking of the airplane. Rud-
der modifications resulting in an increase in the restor-
ing tendency of the rudder proved successful in elimi-
nating this undesirable lateral oscillation. 

The effects of control centering springs on the appar-
ent spiral stability characteristics of a typical high-
wing personal-owner airplane have been investigated in 
flight. Control centering was provided for both the 
ailerons and rudder by means of preloaded springs. 
Results of the investigation, reported in Technical Note 
2413, show that the airplane appeared to be spirally 
unstable with controls free when the centering springs 
were disengaged because of moments resulting from 
out-of-trim control position. With centering springs 
engaged, however, the airplane quickly returned to 
straight and level flight with the controls freed follow-
ing an abrupt disturbance. The report also includes in-
formation concerning the flying qualities of the air-
plane in rough air. 

At the Langley Laboratory free-flight-tunnel studies 
were made to determine the effects of mass distribution 
on the low-speed dynamic lateral stability and control 
characteristics of a free-flying model. In this investi-
gation the longitudinal and lateral mass distributions 
of the model were varied, both independently and si-
multaneously, while the relative density factor was held 
constant. The results of the investigation, presented in 
Technical Note 2313, show that increases in the rolling 
and yawing moments of inertia reduced the control-
lability of the model by increasing the time required to 
reach a given angle of bank and caused the flying quali-
ties to become less desirable. The study also showed 
that, as moment-of-inertia increased, the oscillatory 
stability generally decreased and flight behavior be-
came progressively less satisfactory. 

A study has been made of methods for the evaluation 
of dynamic stability parameters from flight-test data. 
The ability to evaluate these parameters by this tech-
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nique will make it possible to obtain information on 
the variation of these factors in the critical transonic 
range. The results of this study are reported in Tech-
nical Note 2340 and mathematical aids for the analysis 
presented in this paper are reported in Technical Note 
2341. 

A summary of available methods for estimating sub-
sonic dynamic lateral stability and airplane response 
characteristics and for estimating the aerodynamic sta-
bility derivatives required in these calculations has been 
made. The results of this summary are presented in 
Technical Note 2409. This paper presents methods for 
obtaining time histories of lateral motions, period and 
damping characteristics, and the lateral stability bound-
aries, and also provides references to related experi-
mental data. A brief discussion of the evaluation of 
transonic and supersonic stability parameters is in-
chi'ded. 

A matrix method has been derived to determine the 
longitudinal stability coefficients and frequency re-
sponse characteristics of aircraft from arbitrary ma-
neuvers. This method is presented in Technical Note 
2370 and can be applied to time history measurements 
of such quantities as angle of attack, pitching velocity, 
load factor, elevator angle, and hinge moment to obtain 
over-all coefficients. With simple additional compu-
tations, it can also be used to determine frequency re-
sponse characteristics and may be applied to other prob-
lems expressed by linear differential equations. 

A theoretical investigation was made using LaPlace 
transformations to determine the effect of nonlinear 
stability derivatives on airplane lateral stability char-
acteristics, with particular emphasis placed on snaking. 
The nonlinearities assumed corresponded to the condi-
tion where values of the directional stability and damp-
ing-in-yaw derivatives are zero for small angles of side-
slip. Results of this study are presented in Technical 
Note 2233 and indicate that under certain conditions 
the assumed nonlinearities caused a motion which had 
different rates of damping for large and small ampli-
tudes and little damping at the small amplitudes. 

Another theoretical study was made to determine the 
effects of fuel motion on airplane dynamics. Results of 
this study are presented in Technical Note 2280. In 
this report, the general equations of motion for an air-
plane with spherical fuel tanks are presented. The mo-
tion of the fuel is approximated by the motion of solid 
pendulums. The analysis applies to fuel tanks of any 
shape if the fuel motion can be represented in terms of 
undamped harmonic oscillators. The study shows that 
fuel motion may have an appreciable effect on the dy-
namic behavior of an airplane. 

Analytical and experimental investigations have been 
made to determine the effects of wing interference on

vertical tail effectiveness at low speeds. These studies 
have been reported in Technical Notes 2332 and 2175. 
Comparisons of the estimated and experimental results 
indicate that the inclusion of a factor to account for 
wing interference effects provides agreement between 
the experimental and estimated values of the tail con-
tribution to the rolling derivatives. 

The lift and pitching moment produced by angle of 
attack, steady state pitching, and constant vertical ac-
celeration for a series of thin sweptback streamwise-tip 
wings of arbitrary sweep and taper have been deter-
mined through the use of linearized supersonic flow 
theory. The method of analysis and the results from 
the angle of attack and steady state pitching studies are 
presented in Technical Note 2294 for a range of super-
sonic Mach numbers that allow the wing leading edge 
to be subsonic and the trailing edge to be either super-
sonic or subsonic. The method of analysis and studies 
of the lift and pitching moment due to constant vertical 
acceleration are reported in Technical Note 2315 for a 
range of supersonic Mach numbers for which the wing 
leading edge is subsonic and the trailing edge super-
sonic. Design charts are presented in both of these re-
ports that permit rapid estimates of wing lift and 
pitching moment for given values of aspect ratio, taper 
ratio, Mach number, and leading-edge sweep. 

Automatic Stability Studies 

The application of automatic controls to the operation 
of aircraft complicates the analysis of aircraft dynam-
ics. In order to gain a more thorough knowledge of 
the factors involved in the automatic control and sta-
bilization of airplanes and missiles, research has been 
intensified on means of solving current and anticipated 
problems in this field. 

A survey has been made of various techniques used in 
analysis of the stability and performance of auto-
inatically controlled aircraft. This survey deals with 
methods commonly applied to the linear, continuous 
control type of system ordinarily used in aircraft, and 
has been published as Technical Note 2275. 

An investigation was carried out to evaluate the 
suitability of proposed methods for analyzing servo-
mechanism systems incorporating feedback. This 
study is described in Technical Note 2373 and deals 
with an extension of frequency response techniques for 
the analysis of an autopilot-aircraft combination. This 
paper contains comparisons between experimental data 
and results obtained by the use of the practical methods 
of calculation which were developed. 

An experimental investigation was conducted to de-
tei'mine the response characteristics of four airplane 
configurations employing an autopilot sensitive to yaw-
irig acceleration. The results of this study are pre
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sented in Technical Note 2395 and show that predictions 
based on the assumed autopilot characteristics did not 
agree with experimental data because the assumptions 
did not satisfactorily approximate the frequency re-
sponse characteristics of the autopilot. 

A theoretical method was derived for determining the 
control gearings and time lags necessary for a specified 
damping of the lateral motions of an aircraft equipped 
with an autopilot. The method was applied to a typical 
airplane equipped with an autopilot which deflects the 
rudder in proportion to yawing angular acceleration. 
The results of this study, presented in Technical Note 
2307, indicate that the types of motion predicted for 
this airplane-autopilot system by the derived method 
are in good agreement with those obtained by a step-by-
step method. 

Research on Controls 

Theoretical and experimental research on the effects 
of numerous control design variables on the character-
istics of controls has been continued during the past 
year. 

In one theoretical study, an analysis was made of the 
effects of sweep, aspect ratio, taper ratio, and Mach 
number on the characteristics of inboard trailing-edge 
flaps at supersonic speeds. This study considers cases 
where the Mach lines lie behind the leading and trail-
ing edges of the flap. Design charts developed from 
the analysis and presented in Technical Note 2205 en-
able a rapid estimation to be made of-the character-
istics due to deflection for control surfaces for which 
the Mach lines from the flap tips do not intersect on the 
control surface. 

In another theoretical analysis, supersonic control 
characteristics were determined through the use of 
existing conical-flow theory. This analysis applies to 
a broad range of trailing-edge control configurations 
having supersonic edges and covers such variables as 
wing aspect ratio, taper ratio, sweep and control loca-
tion. The results of this study, presented in Technical 
Note 2921, are in the form of equations and charts from 
which lift, pitching-moment, rolling-moment, and 
hinge-moment coefficients may be determined. 

The stability and control characteristics of wings of 
trapezoidal planform were investigated by means of 
linearized supersonic theory to determine the character-
istics of various wing-flap combinations. Expressions 
for the stability characteristics were derived by treat-
ing the configuration as a complete wing, and the con-
trol characteristics were determined by treating it as 
a rectangular wing with half-delta tip flaps. The re-
sults, reported in Technical Note 2336, were compared 
with corresponding results for several other wing-flap 
combinations and it was found that, of the wings con-

sidered, a triangular wing with either half-delta tip 
flaps or trailing-edge controls exhibited the most favor-
able characteristics. 

As part of the general NACA program to investigate 
the applicability of various types of lateral control de-
vices to wings suitable for high-speed flight, an experi-
mental investigation was conducted in the Langley 300-
mph 7- by 10-foot tunnel to determine the effect of aspect 
ratio on the lateral control characteristics of a series of 
untapered, unswept, low-aspect-ratio wings equipped 
with continuous type retractable spoiler ailerons. One 
swept wing was included in the study for purposes of 
comparison, and, in addition to being equipped with the 
continuous type spoiler, was also investigated when 
equipped with a stepped or segmented spoiler aileron. 
The results of the study, reported in Technical Note 
2347, indicate that for the unswept wings continuous 
spoiler ailerons became progressively more effective in 
producing roll as wing aspect ratio was increased. The 
continuous spoiler aileron was less effective on the swept 
wing than on a straight wing of comparable aspect ratio. 
On the swept wing it was found that the effectiveness of 
the continuous spoiler generally increased as the spoiler 
was moved progressively inboard, while the opposite 
was true for the stepped spoiler. 

An experimental investigation was conducted in the 
Langley 300-mph 7- by 10-foot tunnel to determine the 
lateral control characteristics of an untapered semispan 
win- having either 0 0 or 450 of sweep and equipped with 
a plain unsealed aileron. The span and spanwise loca-
tion of the aileron were varied in order to determine the 
optimum configuration for rolling effectiveness. The 
results of this investigation, reported in Technical 
Notes 2199 and 2316, indicate that for either the swept 
or unswept wing, a given partial span aileron was most 
effective in producing roll and in maintaining effective-
ness over a large angle of attack range when located on 
the outboard portion of the wing. It was also found 
that, although the rate of change of aileron hinge-
moment coefficient with angle of attack could iot always 
be satisfactorily predicted for the swept wing, existing 
empirical methods for predicting the rate of change of 
rolling moment coefficient and aileron hinge-moment 
coefficient with aileron deflection provided satisfactory 
agreement with the experimental results for both the 
straight and swept wings. 

In order to determine the effect of aspect ratio on the 
low-speed lateral control characteristics of low-aspect-
ratio wings, a series of four unswept, untapered wings 
with aspect ratios from 1 to 6 was investigated in the 
Langley 300-mph 7- by 10-foot tunnel. The wings were 
equipped with plain sealed ailerons of various spans 
located at several span.wise stations. The results of 
this study are presented in Technic-al Note 2348 and
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show that the variation of aileron effectiveness with 
aspect ratio could not be accurately predicted for all 
ailreon spans by any of the theoretical methods utilized 
in this investigation. 

Studies of Damping Derivatives 

Theoretical and experimental studies have been ex-
tended in the past year to develop methods for the 
reliable evaluation of damping derivatives in all speed 
ranges. 

One theoretical method, described in Technical Note 
2197, was developed for calculating the pressure dis-
tribution and damping in pitch at supersonic Mach 
numbers for thin swept wings having ubsonic edges. 
The method consists of the calculation of a basic pres-
sure distribution and the correction of this distribution 
to account for the effects of the subsonic trailing edges 
and tips. These data are then used to determine the 
damping-in-pitch characteristics. 

Technical Note 2285 presents an evaluation of the 
supersonic damping in roll of cruciform delta wings by 
means of linearized theory. Both subsonic and super-
sonic leading edges were considered. The effect of 
increasing the number of wing panels from four to an 
arbitrary number under the restriction of low-aspect 
ratio was determined, and the damping for an infinite 
number of wing panels was evaluated without restric-
tion as to aspect ratio or Mach number. A similar theo-
retical study is reported in Technical Note 2270 in 
which the theory of slender wings was used to deter-
mine the characteristics in roll of slender cruciform 
wings. This analysis shows that, for the cruciform 
wing, the damping-in-roll is considerably greater than 
that of a plane wing having the same aspect ratio and 
that the rolling effectiveness is less than that of a plane 
wing. 

Experimental studies of damping derivatives have 
been carried out in the rolling and curved flow facilities 
of the Langley stability tunnel. One investigation was 
conducted to determine the effects of horizontal tail 
location on the low-speed static longitudinal stability 
and damping in pitch of a model with 45° swept wings 
and tail. The results, published in Technical Note 2381, 
indicate that at high angles of attack, lowering the 
horizontal tail increased the static longitudinal stability 
and decreased the damping in pitch. A related inves-
tigation is reported in Technical Note 2382. In this 
study, horizontal tail size and tail length are variables. 
The study shows that the contribution of the horizontal 
tail to static longitudinal stability was directly related 
to tail size and length, while damping in pitch was re-
lated to tail size and the square of the tail length. 

Another investigation was conducted in the Langley 
stability tunnel to determine the effect of vertical tail

area and tail length on the yawing stability of a model 
with a swept wing. Technical Note 2358 contains the 
results of this study, ,which indicate that the effects of 
wing-fuselage interference for the midwing configura-
tion studied were small over most of the angle-of-attack 
range. Large interference effects on the vertical tail 
effectiveness were apparently produced by both the wing 
and fuselage at moderate and high angles of attack, but 
because these effects tended to cancel each other, the 
gross effects were small. 

Investigation of Flying Qualities 

The increasing operational speeds of current and pro- 
posed aircraft have aggravated the problems involved 
in defining and achieving flying qualities compatible 
with safety, performance, and piloting requirements. 
Research to isolate the effects of numerous design pa-
rameters on flying qualities has continued to receive 
attention. 

Two design factors which can significantly affect the 
flying qualities of an airplane are the wing airfoil sec-
tion and the type of lateral-control device employed. 
To determine the effects of one of these design variables 
on the flying qualities of an airplane model, an investi- 
gation was conducted in the Langley free-flight tunnel 
to determine the effects of round and sharp leading-edge 
airfoil sections on the dynamic lateral stability and con-
trol characteristics. Two models were used in the study, 
one representative of a current fighter airplane with 
respect to inertia characteristics and the other repre-
sentative of a possible future design in which mass is 
concentrated along the fuselage. The results of the in-
vestigation, reported in Technical Note 2219, indicate 
that airfoil section has no apparent effect on the flying 
qualities of the model with high fuselage inertia. The 
normal inertia model when equipped with the wing hav- 
ing a round-nose airfoil section exhibited adverse yaw-
ing during aileron rolls which increased with decreases 
in directional stability. This same model, however, ex-
hibited no adverse yawing when fitted with the wing 
having a sharp-nose airfoil, even at low values of 
directional stability. This difference in flying charac-
terstics is attributed to the adverse yawing moment due 

round-nose rolling of the round-ose wing, which on the other 
model is apparently masked by the high fuselage inertia. 

Another investigation was conducted in the Langley 
free-flight tunnel to compare the dynamic lateral-con-
trol characteristics of stepped plug ailerons with those 
of conventional plain flap ailerons. The model employed 
iii this study had a low-aspect-ratio swept wing equip-
ped with full span flaps. The results of the investi-
gation, published in Technical Note 2247, show that 
when the lateral stability characteristics were satis-
factory the controllability of the model was better with
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plug ailerons alone than with conventional ailerons 
alone because the loss of rolling effectiveness due to the 
adverse yaw associated with the flap aileron was more 
objectionable than the lag associated with the plug ailer-
ons. For conditions of low dynamic lateral stability, 
the conventional ailerons alone provided better control-
lability than either plug ailerons alone or a combination 
of flap ailerons and rudder. Although the time lag of 
the plug ailerons was excessive according to existing 
flying qualities requirements, the pilot considered the 
controllability of the model to be satisfactory. 

The improvement of passenger comfort in airplanes, 
through a reduction of accelerations caused by rough 
air, has become of greater interest as airplane opera-
tional speeds have increased. One method which has 
been suggested for providing increased comfort in high-
speed airplanes is to have the wing flaps operated by 
an angle-of-attack or acceleration-sensing device in 
such a manner as to reduce accelerations due to gusts. 
A theoretical study of such a system has been made 
and is reported in Technical Note 9416. The results 
of the study show that flaps with characteristics sim-
ilar to those of conventional landing flaps are unsuit-
able for acceleration alleviation because of airplane 
pitching motions resulting from flap deflection. The 
analysis indicates that the flaps should produce zero 
pitching moment about the wing aerodynamic center 
and downwash at the tail in the opposite direction from 
that normally expected in order to be satisfactory for 
this application. Various means of achieving these 
characteristics are suggested, and it is shown thht flaps 
possessing these desirable characteristics would be ef-
fective in reducing accelerations in rough air when 
combined with an angle-of-attack or acceleration-sens- 
ing device. 

In the previous study no attempt was made to con-
sider the practical problems involved in the design 
of a mechanism for acceleration alleviation. To help 
evaluate one of these problems, an experimental in-
vestigation was made to determine the ability of a. vane 
mounted ahead of the nose of an airplane to give an 
indication of the average angle of attack over the entire 
wing span during flight through rough air. The re-
sults of this investigation are presented in Technical 
Note 2.415 and show that the device gives a sufficiently 
accurate indication of average angle of attack over the 
wing span to allow its use in an acceleration alleviation 
system. 

Spinning Investigations 
The spin and recovery characteristics of airplanes 

are dependent on many aerodynamic and structural de-
sign parameters. In order to provide the designer with 
information on which of these parameters may be of 
primary importance to the recovery characteristics of

any particular aircraft configuration, research on the 
problems of spinning has continued in the Langley 
20-foot free-spinning tunnel. 

One investigation was conducted to determine the 
effects of mass and dimensional variations on the spin 
and recovery characteristics of a model representative 
of current four-place light airplanes. The results, 
which are reported in Technical Note 2352, indicate 
that satisfactory recovery characteristics could be ob-
tained for all of the mass distributions studied pro-
vided that the proper sequence of control movements 
for recovery was followed. It was also found that un-
less the rudder can be made to float against the spin, 
recovery by releasing controls may be difficult to achieve 
unless the elevator floats below neutral. Other require-
ments for spin recovery set forth in current regulations 
could probably be met for the model arrangements in-
vestigated by restricting center-of-gravity location and 
providing a high value of tail damping. 

Because a previous study had indicated that a horn-
balanced rudder might possess the desirable charac-
teristic of floating against the spin, an experimental in-
vestigation was undertaken to determine the floating 
characteristics of full-length plain and horn-balanced 
rudders during rotary tests at spinning attitudes of a 
model of a typical low-wing light airplane. The effects 
of the horizontal tail and wing on the rudder floating 
characteristics were also determined. The results of 
this investigation, reported in Technical Note 2359, in-
dicate that for this configuration the rudder was in the 
wake of the stalled wing and oscillated violently for 
high spinning angles of attack. At lower angles of at- 
tack, or for the case in which the tail was outside the 
wake of the stalled wing, the horn-balanced rudder had 
more desirable floating characteristics than a plain 
rudder, although neither would fulfill the floating de-
flection requirements for control-free spin recovery. 

AIRCRAFT PROPELLERS 

In the field of propeller vibration, Technical Note 
2308 has been published in continuation of the investi- 
gation of first-order propeller vibration on a twin- 
engine, straight-wing airplane in the Ames 40- by 
SO-foot tunnel. A procedure has been developed for 
computing the flow field at the propeller plane to a 
sufficient degree of accuracy to permit satisfactory cal-
culation of the propeller vibratory stresses. In the 
procedure, account is taken of the upwash contribu-
tions of the wing, fuselage, and nacelles and their 
mutual interference effects. The analysis shows that 
the nacelle caused an unexpectedly large effect which, 
if ignored, could readily cause disagreement between 
the magnitude of computed and measured vibratory 
stresses.
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In another propeller vibration investigation, the 
existing analysis applicable to the prediction of first-
order exciting forces for the straight-wing propeller 
case has been extended to include the swept-wing pro-
peller combination. With the aid of the straight-wing 
analysis, a typical swept-wing propeller-driven airplane 
design has been studied to examine the magnitude of 
the once per revolution exciting forces which could 
exist. It has been found that in addition to the usual 
exciting forces, a new and relatively importnt one is 
added where a swept wing is used; this results from the 
relative fore and aft movement of the propeller blade 
with respect to the leading edge of the wing which is 
swept with respect to the propeller plane of rotation. 
It was found further that the effects of Mach number 
are such as to reduce the magnitude of the once-per-
revolution exciting forces. 

SEAPLANES 

Hydrodynamic studies have continued in the Lang-
ley tanks to provide basic and design data for the 
development of water-based airplanes. 

One study reported in Technical Note 2297 investi-
gated the use of high angles of dead rise on high-length-
beam-ratio flying-boat hulls as a means for reducing 
water loads encountered during rough-water operation. 
An increase in angle of dead rise from 200 to 40° in-
creased the take-off stability and substantially improved 
the spray characteristics of a high-length-beam ratio 
hull. An expected decrease in take-off performance was 
evidenced by increases in take-off time and distance of 
25 and 30 percent, respectively. The over-all rough-
water landing behavior was improved; the maximum 
vertical and angular accelerations were reduced ap-
proximately 55 and 30 percent, respectively. The re-
duction in vertical acceleration was in good agreement 
with that predicted by impact theory. 

ROTARY WING AIRCRAFT 

Based on the results of flight investigations of several 
single-rotor helicopters,- preliminary qualitative re-
quirements for satisfactory flying and handling quali-
ties of helicopters have been established. Progress in 
designing helicopters to meet these requirements, how-
ever, has been handicapped by the need for a method 
permitting sufficiently accurate prediction of the fly-
ing qualities of a helicopter at the design stage. To 
help fill this need, existing rotor theory, accurate for 
the calculation of rotor performance and blade motion, 
has been extended (Technical Note 2309) to permit the 
prediction of those rotor characteristics that influence 
the flying qualities. Variation of the longitudinal de-
rivatives of rotor resultant force, rotor pitching mo-

ment, and rotor torque with operating parameters such 
as rotor angle of attack, collective pitch, forward speed, 
and rotational speed may be determined. The usual 
simplifying assumption that the rotor resultant force 
vector is perpendicular to the rotor tip path plane is 
shown by the results of this theory to lead in many 
cases to grossly incorrect longitudinal stability deriva-
tives. The theory also indicates that the increase in 
rotor load factor with an incremental increase in angle 
of attack is approximately linear with increasing for-
ward speed. This is in contrast to the airplane where 
the increase is as the square of the forward velocity. 

Increases in the forward speed of helicopters are ex-
pected to require increases in rotor tip speeds in order 
to avoid excessive tip stalling on the retreating blade. 
At tip speeds within the transonic range the rotor will 
suffer some performance loss due to compressibility. In 
order to gain an insight into the magnitude of this com-
pressibility-induced performance loss and to furnish a 
check on theoretical methods of estimating the loss, two 
conventional full-scale rotors, one having linear twist 
and the other untwisted, have been tested to tip speeds 
up to 770 feet per second on the Langley helicopter test 
tower. The results of this study, reported in Technical 
Note 2277, show that both rotors suffered increasing 
compressibility losses as the tip speed increased to the 
maximum speed studied. Linear twist delayed the 
onset of compressibility losses. For the blades investi-
gated good agreement was obtained between the meas-
ured and predicted drag-divergence Mach number. 

As part of a general investigation of the aerody-
namic characteristics of various multirotor configura-
tions, an investigation to determine the static-thrust 
performance of two full-scale coaxial helicopter rotors 
has been conducted in the Langley full-scale tunnel. 
One coaxial rotor was equipped with blades tapered in 
both planform and thickness and the other with blades 
tapered in thickness only. The results, presented in 
Technical Note 2318, show the hovering performance of 
each rotor in the coaxial configuration and with the 
upper rotor removed. The effect of application of yaw 
control on the hovering performance of the coaxial con-
figurations is also presented. A comparison of meas-
ured and predicted hovering performance is included. 

As a part of the investigation of multirotor config-
urations a study was made of the air-flow patterns 
through small scale single, coaxial, and tandem rotor 
models. The balsa-dust technique of air-flow visuali-
zation was employed. The photographic results, pre-
sented in Technical Note 2220, provide a qualitative 
interpretation of the transient and steady-state flow 
through the rotors. 

A theoretical study of the rigid-body oscillations in 
hovering of helicopter rotor blades has been made by
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the Polytechnic Institute of Brooklyn under NACA 
sponsorship. The study, presented in Technical Note 
2226, includes a determination of the rigid-body fre-
quency and damping characteristics of the coupled flap-
ping and lagging oscillations of helicopter blades on 
which the lagging hinge axis is offset from the flapping 
hinge axis and both hinges are inclined. The effect of 
offset of the flapping hinge axis from the axis of rota-
tion of the rotor is also considered. 

The analysis and numerical examples indicate that 
significant increases in the damping of the lagging 
motions, which ordinarily border on instability, can be 
obtained by suitable inclinations of the hinge axis, 
particularly the lagging axis. Offsetting the flapping 
and lagging hinge axis also increases the natural lag- 
ging frequency. 

UPPER ATMOSPHERE RESEARCH 

The study of the compatibility of the tentative stand-
ard atmospheric temperature distribution as set forth

in Technical Note 1200 with the observed free periods of 
oscillation of the atmosphere has continued. Tech-
nical Notes 2209 and 2314 present the results of a con-
tinued study of atmospheric tides by the Institute for 
Advanced Study, under NACA sponsorship. The in-
vestigations indicate that certain simplifying assump-
tions made in the development of the basic ocean tide 
equations invalidates these relations for application to 
the study of atmospheric tides. A method for includ-
ing the previously neglected terms in the tidal equations 
has been outlined and two atmospheres of different tem-
perature distribution have been studied. 

A review by the Subcommittee on the Upper Atmos-
phere of experimental information on the characteris-
tics of the atmosphere from sea level to a height of 32 
kilometers has indicated that the standard atmosphere 
tentatively proposed in Technical Note 1200 represents 
to a satisfactory degree of accuracy the characteristics 
of the atmosphere within this height range. 

POWER PLANTS FOR AIRCRAFT 

With the ever-increasing trend for aircraft operation 
at higher altitudes and higher Mach numbers there has 
arisen a multitude of complex power plant problems. 
Efficient diffusers at high Mach number, greater air flow 
handling ability of compressors, increased combustion 
efficiencies at high altitudes without blowout or insta-
bility, increased turbine inlet gas temperatures, reduc-
tion of strategic material content, increased thrust aug-
mentation with afterburners, and the over-all engine 
control and component matching require extensive 
power plant research. For the purpose of obtaining the 
most efficient operation of each part of the power plant, 
these problems have been approached through theoret-
ical and experimental investigations. Power plants, 
such as the turbojet, the turbopropeller, the ram jet, the 
rocket, and combinations of these engines utilizing 
chemical and nuclear fuels are currently under investi-
gation. As a result of this research improved subsonic 
and supersonic operation of the interceptor, the long-
range bomber, and the guided missile can be expected. 

NACA efforts in the aircraft-propulsion field have 
been assisted by the Committee on Power Plants for 
Aircraft and its seven subcommittees. The following 
discussion is limited to unclassified research. 

AIRCRAFT FUELS RESEARCH 

Intensive effort has been applied in the past year to 
the field of aircraft-fuel research with consideration be- 
ing given to current aircraft fuels as well as fuels of the 
future. As mi ght be expected, investigations conducted 
since the advent of jet propulsion have gradually led 
toward the development of special fuels for future

power plants. Concurrently with research on future 
fuels it has been necessary to maintain a high degree of 
emphasis on current aircraft fuels in order to assure the 
availability of satisfactory fuels in the event of an 
emergency. The greatest problem in the current air-
craft-fuel program is the formalization of a sound fuel 
specification that will assure maximum availability and 
superior performance. 

Synthesis and Analysis 

Because many of the aircraft considered for the fu-
ture are volume-limited with respect to fuel storage, 
hydrocarbon synthesis has been directed primarily to-
ward fuels that will release high energy per unit vol-
time and consequently permit the attainment of desired 
flight range. Fuels of this type are not readily available 
even in small quantities required for research studies. 
For this reason synthesis facilities of the NACA are 
in continuous operation isolating pure high-density 
hydrocarbons to be used in engine-performance studies. 

During the past year the synthesis and purification 
of some of the high-density hydrocarbons have been 
described in Technical Notes 2230 and 2260. Nineteen 
compounds were isolated and those having satisfactory 
physical and chemical properties will ultimately be 
evaluated in typical turbojet-combustor performance 
investigations. The synthesis projects are planned in 
an orderly manner to permit the analysis of correla-
tions between molecular structure and properties. By 
this process considerable time and money is saved in 
that an examination of the correlation will indicate
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which molecular structures have obvious disadvantages, 
thus obviating costly and tedious synthesis. 

In addition to high-density hydrocarbons, other 
compounds have been synthesized for investigation as 
possible fuel components to provide greater combustion 
stability over wide operating ranges and better ignition 
characteristics. Hydrocarbons such as cyclopropane 
derivatives are being prepared for study of the effect of 
molecular structure on rates of flame propagation. Re-
sults of the synthesis of ten cyclopropane hydrocarbons 
have been reported in Technical Notes 2258, 2259, and 
2398. The ten hydrocarbons were obtained in high 
purity for the first time and physical constants and 
infrared spectra are given in the cited references. Syn-
thesis procedures were developed, and physical proper-
ties and heats of combustion were determined for four 
alkylsilanes. This was the first experimental deter-
mination of heats of combustion for these compounds. 

In the course of conducting synthesis projects, occa-
sional results of general interest with regard to experi-
mental technique are obtained. When this occurs, the 
data are published for the information and use of vari-
ous synthesis laboratories. A study of this nature has 
recently been reported in Technical Note 2342. In this 
publication an evaluation of packed distillation columns 
used by the NACA is described. 

Aside from the determination of physical properties 
of synthesized materials, the NACA analytical labora-
tories participate in studies to improve methods of anal -
ysis of fuels. Particular attention has been given to the 
analytical procedure for determination of aromatic and 
olefinic hydrocarbons in wide-boilin'g petroleum frac-
tions. These hydrocarbon classes are known to be sig-
nificant in relation to engine performance and therefore 
the quantities present in a given fuel stock must be ac-
curately known. A procedure for the determination of 
aromatics and olefins has been developed which is ap-
plicable to the determination of aromatics and olefins 
in petroleum stocks with final boiling points below 6000 
F. Accuracies of 1 percent are attained with analysis 
times of less than 8 hours. 

Fuels Performance Evaluation 

The problem of relating easily measured hydrocarbon 
fuel properties to engine performance has received con-
siderable attention since the advent of jet propulsion. 
The object of this research is to permit the prediction 
of engine performance of fuels from fuel properties 
that may be determined with relative ease. Combustion 
properties of interest are spontaneous ignition tempera-
ture, flame velocities, and inflammability limits. 

Spontaneous ignition temperatures for 109 hydrocar-
bons and commercial fuels have been determined by a 
crucible method. From these data trends in the varia-

tion of ignition temperature with molecular structure 
have been established. The performance of ten of these 
fuels has been studied in a single tubular combustor. 

During the past year flame-velocity studies were made 
of 37 pure hydrocarbons. The classes of compounds 
examined were alkanes, alkenes, alkynes, benzene, and 
cyclohexane. The results of this study indicated that 
the flame velocities of the normal alkanes were the same 
except for methane which had a velocity about 16 per-
cent lower than the alkanes of higher molecular weight. 
The alkenes and the alkynes had velocities somewhat 
higher than those of the alkanes, particularly in the low 
molecular weight range. The results of this investiga-
tion have been published in the Journal of the American 
Chemical Society (vol. 73, No. 1, January 1951). 

The flame velocity investigation was later extended 
to include the alkadienes. Ten compounds in this class 
were studied and it was found that the flame velocities 
were higher than those of the alkanes and approxi-
mately equal to the flame velocities of the alkynes inves-
tigated. Performance of certain fuels in these classes 
of compounds are being studied in a single tubular com-
bustor. 

The flame-velocity data accumulated in the foregoing 
investigations have been used as the basis for correla-
tions between molecular structure and flame velocity. 
One such correlation indicated that the maximum flame 
velocity is a function of the concentrations of the vari-
ous types of carbon-hydrogen bonds in the inflammable 
mixture. From this correlation the maximum flame 
velocities were calculated for 34 hydrocarbons. The 
average difference between the calculated and observed 
flame velocity is less than 2 percent. The results of this 
analysis were published in the Journal of the American 
Chemical Society (vol. 73, No. 4, April 1951). 

As another part of this research an investigation is 
being conducted to determine the inflammability limits 
of pure hydrocarbon-air mixtures at different pressures. 
The limits were determined for 17 pure normal 
paraffins, branched paraffins, and mono-olefihis. It was 
found that the lean inflammability limits were about 
the same for all of the fuels, however, the rich limits 
increased markedly with increased molecular weight. 

The tendency of certain fuels to deposit carbon in 
combustors thereby lowering performance and causing 
mechanical difficulties continues as one of the more im-
portant problems for research. Brief investigations 
have been made of several fuels which contain com-
ponents allowable in the jet fuel specification but which 
appear marginal from a carbon deposition standpoint. 
A study of these fuels with several current turbojet 
engines is intended to show how fuel specification and 
combustor design may be compromised for best per-
formance and maximum fuel availability.
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COMBUSTION RESEARCH 

Because aircraft engines must produce enormous 
power from a small package, it is axiomatic that the 
combustion problem is to release tremendous quantities 
of heat energy from the fuel in a small volume and in 
a short space of time. NACA research on combustion 
is directed at obtaining an understanding of the basic 
physics and chemistry behind the phenomena involved 
in combustion and demonstrating how these phenomena 
can be put to use to meet all the requirements of flight. 
Basic studies are made on detailed problems of com-
bustion such as evaporation, ignition, flame propaga-
tion limits, flame velocity, flame quenching, with vari-
ables such as composition, pressure, temperature, ve-
locity, and turbulence. Studies on applying these data 
involve (a) systematic studies of the effect of operating 
variable and design variables on engine performance 
such as combustion efficiency, altitude operational lim-
its, smoke and carbon formation, pressure drop and tem-
perature profile, and (b) attempts to correlate basic 
combustion laws with engine performance. 

Fundamentals of Combustion 

To gain an insight into the problem of combustion 
stability at high altitudes, a study has been made of the 
chemical and physical factors affecting the inflamma-
bility limits at different pressures. The results of the 
investigation of chemical factors were discussed under 
the fuels research program. An investigation was also 
made of the effects of walls on inflammability limits. 
The results indicated that the minimum pressure for 
flame propagation increased with diminishing tube 
diameter (greater relative wall area). In connection 
with the inflammability limits of fuels, an investigation 
was conducted to determine the combustion efficiencies 
of hydrocarbon-air systems at reduced pressures. With 
quiescent fuel-air mixtures and with small diffusion 
flames, combustion efficiencies close to 100 percent were 
obtained at pressures much lower than those found in 
turbojet combustors at high altitude; in general, effi-
ciencies were high at pressures approaching the limit-
ing values for inflammation. 

Several projects are in progress to ascertain the basic 
mechanism of flame propagation in order to gain in-
sight into the actual combustion process that occurs in 
an engine. These studies supplement the studies of the 
effect of hydrocarbon structure on flame velocity re-
ported in the fuels program. In one phase of this work, 
the effect of initial mixture temperature on flame 
velocity was evaluated. The first of these studies (Tech-
nical Note 2170) evaluated the flame velocities and 
blow-off limits of propane-air flames. These studies

were later extended to include methane-air and ethylene-
air flames (Technical Note 2374). As a result of these 
projects, equations were developed to permit the estima-
tion of flame velocity at various initial mixture temper-
atures in the range of 340 to 344° C. 

In order to achieve a better understanding of the 
cause of flame propagation, several studies have been 
made of the effect of free radicals on flame propagation. 
Inasmuch as hydrogen diffuses more readily than other 
radicals in a flame, it has been suggested by past in-
vestigators that the rate of flame propagation is related 
to the hydrogen-atom concentration in the flame zone. 
An evaluation of this theory was made by adding light 
water and heavy water to mixtures of carbon monoxide 
and air and measuring the flame velocities. It was rea-
soned that hydrogen from heavy water would diffuse 
less rapidly than that from light water; consequently, a 
lower flame velocity would result. Measurements of the 
flame velocities substantiated this reasoning. 

In an analysis of flame-velocity data for 35 pure 
hydrocarbons, it was concluded that the maximum flame 
velocities were consistent with the active radical theory 
of flame propagation. Only one pure hydrocarbon, 
ethylene, was found to be inconsistent with the theory. 
This analysis was published in the Journal of the 
American Chemical Society (vol. 73, No. 1, January 
1951). 

In connection with flame-velocity investigations, a 
method for determining the distribution of luminous 
emitters in a Bunsen flame was found and is described 
in Technical Note 2246. As an example of the applica-
tion of this method, an intensity distribution in a Bun-
sen cone image resulting from the free radical C2 radia-
tion was analyzed. 

In order to correlate the flame-propagation velocities 
of a burner with the local turbulence intensity in the 
flow, quantitative turbulence data are needed. Such 
data have been obtained from an investigation, the 
results of which are presented in Technical Note 2361. 
Data were obtained for turbulent-velocity-fluctuation 
components and mean-velocity distributions in a sub-
sonic jet issuing from a pipe in which fully developed 
turbulent flow was established. It was found that at the 
jet exit the axial-fluctuation-velocity component was 
about 2.5 times as great as the radial component at the 
pipe center line. Near the pipe wall, the axial-fluctua-
tion-velocity component was about three or four times 
as great as the radial component. The axial components 
of the turbulent fluctuation velocities diminished rap-
idly downstream of the pipe wall, whereas the radial 
components were practically constant so that the axial 
and radial components approached a condition of equal 
magnitude with increasing distance from the pipe exit
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LUBRICATION AND WEAR 

Fundamentals of Friction and Wear 

The current trend in the selection of aircraft-power-
plant lubricants is to materials of low viscosity. The 
primary reason for this is to meet low temperature 
operating and starting requirements. It may be ex-
pected that such usage will lead to difficulties because 
of the low load capacities obtained with the light oils. 
One means of compensating for the reduced load capac-
ity is by the use of EP (extreme pressure) additives. 
One of the objectives of lubrication and wear research 
is to determine for surfaces lubricated with EP addi-
tives whether a change in chemical reactivity could 
appreciably affect the rate of production of a pro-
tective film and thus appreciably affect the critical 
sliding velocity at which surface welding begins. 
Among the additives under study are benzyl chloride 

6E1 5CH2Cl, p-dichlorobenzene C6H4C12, free sulfur S, 
benzyl disulfide (C6H5CH 2 ) 2 S 2, and phenyl monosulfide 
(C6H5 ) 2S, at sliding velocities from 75 to 7,000 feet per 
minute and initial Hertz surface stresses up to 194,000 
p. s. i. (Technical Note 2144). Results indicate that 
higher critical sliding velocities may be obtained with 
additives whose active atoms have the greatest chemical 
reactivity. The study showed that the factor of activ-
ity of the individual active atoms was more important 
than the number of such atoms available for reaction. 

A further study of the effect of additives on critical 
sliding velocities involved the use of fatty acids (Tech-
nical Note 2366). This investigation was conducted 
because it has been found that with an EP additive 
lubrication may be ineffective at high sliding velocities 
because a chemical reaction between the surfaces and 
the additive to provide a lubricating film may not have 
time to occur. Further, studies at low temperatures 
have established the point that with the fatty-acid addi-
tive, high contact temperatures or pressures are unnec-
essary for the formation of an effective lubricating film. 
Studies have been completed of stearic acid as an addi-
tive in cetane at sliding velocities up to 7,000 feet per 
minute on clean steel surfaces and surfaces coated with 
ferric oxide Fe 20, (Technical Note 2366). The ex-
periments indicate that the type of surface oxide and 
the thickness of the oxide film are important in deter-
mining the effectiveness of stearic acid as an additive. 

Most of the bearings employed in the turbine-type 
aircraft power plants are rolling-contact bearings. 
Early service experience indicated that one of the prin-
cipal sources of failure in bearings has been lubrication 
failures at the cage locating surfaces (retainer or sep-
arator). These failures are due in main to the difficulty 
iii obtaining proper lubrication because of design con-

figurations and to "high-temperature soaking" (above 
500° F.) of the turbine bearing after engine shut-down. 
One means of reducing the severity of the problem is to 
obtain a cage material having a lesser tendency toward 
metallic adhesion to steel under marginal conditions of 
lubrication than the currently used materials. Sliding 
friction experiments have been made to obtain funda-
mental comparative information on friction and wear 
properties which are a general measure of adhesion 
(Technical Note 2384). The materials studied were 
brass, bronze, beryllium copper, Monel, Nichrome V, 
24S—T aluminum, nodular iron, and gray cast iron at 
sliding velocities up to 18,000 feet per minute. On the 
basis of wear and resistance to welding only, the cast 
irons were the most promising materials investigated 
in that they showed the least wear and the least tendency 
to surface failure when run dry. On the basis of 
mechanical properties, the nodular iron is superior to 
gray cast iron. Results obtained with brass, beryllium 
copper, and aluminum indicate that these materials are 
not particularly suited for cages. 

It has been observed that the running of piston rings, 
particularly nitrided cylinder barrels, induces the for-
mation on the ring of a surface coating which had 
different and, in some respects, superior properties 
compared with those of the bulk ring material. An in-
vestigation has been completed, whose objective was to 
determine to what extent these rubbing conditions 
could have produced transfer of metal from the barrel 
to the ring (Technical Note 2271). The study con-
cerned itself with metal transfer between nitrided steel 
of several hardnesses and also between chromium plate 
and nitrided steel. The technique employed consisted 
of making one of two rubbing surfaces radioactive, car-
rying out a friction test and then examining the other 
surface for signs of radioactivity. The effects on mate-
rial transfer of, load, speed, distance of travel, repeated 
travel over the same path, hardness of the moving stir-
face, and the type of chromium plate were investigated. 
In the case of all materials studied, there was an ob-
servable amount of transfer. The amount of transfer 
was roughly proportional to the distance traveled and 
was independent of whether this travel was repeated a 
number of times over the same track or was continu-
ously over fresh surface. In addition, the amount of 
transfer for a given distance of travel was constant 
over a range of low speeds, but started to decrease at 
higher speeds. This indicates that a possible pretreat-
ment to obtain a desirable surface layer might consist 
of running rings in a special cylinder having walls of 
selected composition and controlled hardness to give 
surface coatings highly improved characteristics in a 
minimum length of time.
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Fretting 

Fretting is defined as the surface failure that may 
occur when closely fitting metal surfaces undergo slight 
relative motion. Recent research conducted by the 
NACA indicates that fretting is the result of localized 
or very concentrated friction phenomena. Adhesion is 
believed to be the primary friction phenomenon in-
volved in that it causes the removal of finely divided 
oxidizable metal. Other phenomena, such as the rub-
bing off of oxide films, welding from frictional heat, 
and abrasion, undoubtedly contribute to surface de-
struction. The effectiveness of the intermetallic coin-
pound molybdenum disulfide (MoS 2 ) as a fretting 
inhibitor was studied, utilizing a steel ball, vibrated in 
contact with glass flats at 120 cycles per second, an 
amplitude of 0.001 inch, and a normal load of 0.2 pound 
(Technical Note 2180). A coating of dry molybdenum 
disulfide bonded to steel by rubbing a mixture of mo-
lybdenum disulfide and syrup in intimate contact with 
clean steel at elevated temperatures proved the most 
effective. This coating delayed the onset of fretting 
to 28,000,000 cycles in contrast to less than 30 cycles for 
a clean uncoated steel. 

Bearing Research 

A dependable bearing to carry a radial load at ex-
treme speeds and at high ambient temperatures is de-
sired for use as the turbine-support bearing in aircraft 
gas turbines where the gravity loads are usually under 
1,000 pounds and the DN (diameter in millimeters 
multiplied by revolutions per minute) values are as 
high as 1 X 106. To develop such a bearing it is neces-
sary to know the operating characteristics and limita-
tions of conventional rolling-contact bearings at high 
speeds and how these characteristics and limitations 
may be improved and extended by such means as ui-i-
proved lubrication methods and design modifications. 
A study has been completed utilizing three types of 
bearings to determine experimentally the operating 
characteristics of conventional cylindrical roller bear- 
ings at high speeds at DN values from 0.3X10 1 to 
1.65X10 11 and static radial loads from 7 to 1,613 
pounds •with circulatory oil feed (Technical Note 
2128). The operating temperatures of the bearings 
were found to differ most appreciably in the low-load 
high-speed range where the roller-riding cage-type 
bearing exhibited significantly lower operating tem-
peratures than the one- and two-piece inner-race-rid-
ing cage-type bearings. However, the operation of 
the roller-riding bearings was considerably rougher 
than that of the inner-race-riding bearings and they 
showed prohibitive cage and roller wear. 

A continuation of the study outlined above was 
undertaken to compare and to evaluate the effects of oil-

inlet location, jet angle, and jet velocity on outer- and 
inner-race bearing temperatures for single-jet lubrica-
tion over a wide range of variables (Technical Note 
2216). The effect of oil flows of 0.6 to 12.9 pounds per 
minute and oil inlet velocities of 13 to 200 feet per 
second were studied utilizing a one-piece inner-race-
riding brass cage bearing over a load range of 113 to 368 
pounds and DN values of 0.3X 106 to 1.43X 10 6. For the 
conditions studied, the inner- and outer-race tempera-
tures were found to be at a minimum when the oil was 
directed at the cage-locating surface perpendicular 
to the bearing face. A mathematical correlation 
based on heat transfer considerations was obtained 
such that for a given operating condition a representa-
tive single straight line resulted regardless of whether 
the bearing speed, oil flow, or jet diameter was varied. 

COMPRESSOR AND TURBINE RESEARCH 
Compressor Research 

Both high-speed and long-range aircraft utilizing 
gas-turbine power plants require light compact com-
pressors with large air-flow capacities and high pres-
sure ratios and efficiencies. Compressor research, there-
fore, is being directed toward solving aerodynamic 
problems of compressing air efficiently in a compressor 
of minimm frontal area, minimum length, and mini-
mum complexity, so that the unit will be mechanically 
sturdy and easily manufactured. A reliable engine 
having comparatively low initial cost can thus be ob-
tained. Compressor research consists of theoretical 
work on compressor aerodynamics, guide vane studies, 
cascade investigations, and single-stage and multistage 
compressor investigations. 

The theoretical approach to the aerodynamics of com-
pressors has been concentrated on obtaining a working 
knowledge of the flow phenomena associated with the 
compressor and its operating conditions. As an ap-
proach to the solution of the three-dimensional flow 
through compressors, a general through-flow theory 
corresponding to axially symmetric flow has been de-
veloped (Technical Note 2302). The theory is applica-
ble to both direct and inverse problems and is derived 
primarily for use in machines having thin blades of 
high solidity. 

In order to approximate the circumferential varia-
tion of the flow conditions, which is neglected in the 
through-flow solution, several different approaches have 
been used. When the radial component of flow is 
negligible, the flow follows along cylindrical surfaces 
and may be analyzed in terms of the equivalent two-
dimensional cascade. The method developed for de-
signing cascade blades (Technical Note 2281) with pre-
scribed velocity distribution for subsonic compressi-
ble flow based on a linear pressure-volume relation has
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been extended, and expressions for estimating the ac-
curacy of solutions have been developed. 

For cases where the radial component of velocity 
is not negligible, a better approximation to the actual 
flow is obtained by assuming the flow to take place along 
the surfaces of revolution, as obtained from the axially 
symmetric solution, and then determining the flow 
between the blades along these surfaces of revolution. 
Both the direct and inverse problem for subsonic flow 
have been analyzed (Technical Note 2407). 

A rapid but approximate blade-element-design 
method (Technical Note 2408) for compressible or in-
compressible nonviscous flow in. high-solidity stators 
or rotors of axial-, radial-, or mixed-flow compressors 
has been developed. The method is based on channel-
type flow between blade elements on a specified surface 
of revolution that lies between the hub and shroud and 
is concentric with the axis of the compressor. The 
blade element isdesigned for prescribed velocities along 
the blade-element profile. 

The characteristic equations for the axially symmetric 
flow in supersonic impellers have been developed and 
used to investigate flows in several configurations in 
order to ascertain the effect of variations of the bound-
ary conditions on the internal flow and work input 
(Technical Note 2388). 

A theoretical discussion of the application of blade 
boundary-layer control to increase the efficiency and the 
stage pressure ratio and to improve off-design perform-
ance of turhomachines is given in Technical Note 2371. 
Also presented is a method based on potential flow of a 
compressible fluid for designing suction, or ejection 
slotted, blades having a prescribed velocity distribu-
tion along the blade and in the slot. 

The boundary-layer profiles on the casing of an axial-
flow compressor were measured behind the guide vanes 
and behind the rotor. Using these measurements and 
three-dimensional boundary-layer momentum-integral 
equations which were developed (Technical Note 2310), 
a qualitative consideration of boundary-layer behavior 
on the walls of an axial-flow compressor was made. 
This consideration shows that the important param-
eters concerning the secondary flows in the boundary 
layers are the turning of the flow and the product of 
the curvature of the streamline outside the boundary 
layer by the boundary-layer thickness. 

Turbine Research 

The problems associated with the turbine component 
of the turbojet engine are similar to those of the com- 
pressor when good performance is required for appli-
cation to transonic and supersonic aircraft. The prob-
lems in obtaining light, efficient, and dependable tur-
bine components for driving compressors are in general

the result of compromising the turbine aerodynamics 
with mechanical considerations to obtain reasonable 
stresses. The turbine research is therefore being aimed 
at improving the turbine performance. Turbine cool-
ing is also commanding considerable attention as a 
means of improving the compromise between the re-
quirements of stress and aerodynamics. Turbine re-
search consists of theoretical turbine aerodynamics in 
which the theories and tools developed for compressors 
are readily applicable, cascade investigations, and 
single-stage and multistage turbine research. 

In order to facilitate the determination of the best 
design compromises in the design of turbines, a method 
was developed for the computation and graphical pres-
entation of a series of possible turbine designs for any 
specific application. Design charts are made to aid in 
the study of the effects of turbine radius ratio and di-
ameter on important design parameters such as Mach 
number, turning angle, and blade root stress. The 
method for constructing these charts is presented in 
Technical Note 2402: 

Non-twisted-type rotor blades are desirable where 
internal passages in the blades are required for tur-
bine cooling. An analytical evaluation has been made 
of the aerodynamië characteristics of turbines with non-
twisted rotor blades by comparison with the correspond-
ing characteristics of free-vortex turbines. The results 
of this investigation, including working charts for aid 
in designing non-twisted-rotor-blade turbines, are pre-
sented in Technical Note 2365. 

Turbine Cooling 

The research program for the application of cooling 
to gas turbines has two objectives. The first is the elim-
ination of critical metals from the turbine rotor of gas-
turbine engines so that alloy steels of higher strength 
and lower critical material content can be used while 
extending the useful life of turbine blades. The second 
objective is to provide the means of operating gas tur-
bines at higher gas temperatures to achieve the large 
potential gains in thrust of the turbojet engine, and the 
increase in power and the lower specific fuel consump-
tion inherent in the turbine-propeller engine. Past 
analyses and cascade investigations show that the blade-
temperature reduction required to permit substitution 
of noncritical metals can be achieved with acceptable 
coolant flow. 

Solutions for a system of generalized equations for 
the laminar boundary layer with heat transfer have been 
developed for the determination of local heat-transfer 
coefficients. Numerical solutions have been obtained 
for low Mach numbers over a wide range of coolant flow, 
temperature ratio, and pressure gradient with allowance 
for fluid property variations. Solutions to the equa-
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tions for the high Mach number range are now being ef-
fected through the use of automatic computing ma- 
chines (Technical Note 2207). 

Analytical methods for computing one-dimensional 
spanwise or chordwise temperature distributions in 
liquid-cooled turbine blades or in simplified shapes used 
to approximate sections of liquid-cooled turbine blades 
have been summarized (Technical Note 2321). 

Blade Vibration and Flutter 
An experimental spin rig was used to determine the 

effect of root design on the damping of loosely mounted 
blades. The conventional ball-and-dovetail roots were 
shown to have the same characteristics in that tighten-
ing occurred at relatively low values of centrifugal 
force, thus eliminating the advantages of the loose fit. 
The fir-tree and the hinge designs, however, had differ-
ent characteristics, the fir-tree tightening at the rela-
tively high centrifugal loadings and the hinge root re-
maining loose throughout the speed range investigated. 

Methods have been developed for computing the nat-
ural modes and frequencies of arbitrarily shaped 
twisted cantilever beams. Use has been made of the 
concept of station functions. An analysis is being made 
by this method to compute the natural modes and fre-
quencies of a group of different compressor and turbine 
blades. The computed values will be compared with 
experimental values in order to evaluate the analytical 
method (Technical Note 2300). 

ENGINE PERFORMANCE AND OPERATION 

Performance and Operating Characteristics 

The performance of turbojet, turbopropeller'and 
ram-jet engines has been investigated over a range of 
altitudes and flight Mach numbers. In addition to ob-
taining altitude performance characteristics, the ef-
fects of Reynolds number, burner blow-out limits, alti-
tude starting characteristics, and component perform-
ance were studied. As a result of these investigations 
basic design changes were recommended which result 
in improved power plant performance for future en-
gines. Various principles of thrust augmentation have 
been evaluated experimentally under a variety of 
engine operating conditions. 

An analysis was made to obtain an expression for the 
optimum jet-pressure ratio for any turbine-propeller 
engine. The results of this analysis, reported in Tech-
nical Note 2178, are presented in the form of charts 
from which the jet-pressure ratio for the division of 
power giving maximum thrust may be obtained for en-
gines either with or without intercooling, reheat, re-
generation, or any combination of these modifications. 

Analytical evaluations of different methods of power 
extraction from an axial-flow-type turbojet engine have

been completed. These results have been presented in 
terms of generalized parameters that facilitate their ap-
plication to different engines. The data cover the 
range of power extractions available from the engines 
on a range considered ample for all auxiliary-power 
requirements. The power-extraction methods are com-
pressor-outlet air bleed, shaft-power extraction, tur-
bine-inlet or tail-pipe hot-gas bleed, and the use of a 
tail-pipe heat exchanger on a turbojet engine as an 
auxiliary power (or energy) source. The first three 
parts of this investigation are reported in Technical 
Notes 2166, 2202, and 2304. 

Engine Controls 

A variety of engine control loops have been evalu-
ated experimentally to determine effects of interaction 
and stability on engine operation. Several theoretical 
studies were conducted to determine optimum control 
arrangements for various engine types. 

An analysis was made of the effect of independent 
variations in the component efficiency characteristics, 
flight conditions, and engine size on the time constant 
and the turbine-inlet-temperature overshoot of a turbo-
jet engine with a centrifugal compressor and a turbine 
with choked stator. The dynamic factors were calcu-
lated from the thermodynamic equations of engine-
component performance. This investigation is re-
ported in Technical Note 2182. 

The general form of transfer functions for a turbo-
jet engine with tailpipe burning was developed and the 
relations among the variables in these functions were 
found from the transfer functions and from engine 
thermodynamics (Technical Note 2183). By means of 
these relations, the dynamic characteristics of the en-
gine can be found from steady-state data and one tran-
sient relation. 

As reported in Technical Note 2378, a rational an-
alytic method for the design of automatic control sys-
tems was developed that starts from certain arbitrary 
criterions on the transient behavior of the system and 
derives those physically realizable characteristics of 
the controllers that satisfy the original criterions. 

Accurate knowledge of the dynamic response char-
acteristics of turbine-propeller engines and the factors 
that affect these characteristics are of great importance 
in the design of quick-acting, stable controls for this type 
engine. An investigation of the dynamics of a turbine-
propeller engine was made at sea level (Technical Note 
2184) and in the altitude wind tunnel employing the 
frequency-response technique for a range of altitudes. 

Directing research effort toward the improvement 
of the turbine-propeller engine requires an appreciation 
of the relative importance of the various engine-com-
ponent characteristics. An analysis is being made to
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determine the influence of interdependent character-
istics, such as component size, efficiency, and flow capac-
ity, on the performance of the turbine-propeller engine. 
Results are evaluated on an airplane-performance basis 
so as to reveal the ultimate effects of the variables under 
investigation. 

Thrust Augmentation 
A theoretical analysis of thrust augmentation of 

turbine-propeller engines is in progress. Methods of 
augmentation considered are tail-pipe burning, com-
pressor-inlet water injection, and a combination of 
water-injection and tail-pipe burning. Augmented 
performance with tail-pipe burning has been deter-
mined for high subsonic and for supersonic speeds. 
Calculations are in progress on the augmented perform-
ance with water injection over a range of flight condi-
tions from take-off to transonic flight at altitude, and 
on the performance at high speeds with a combination 
of water injection and tail-pipe burning. 

An analysis is being conducted for the prediction of 
the jet flows, pumping characteristics, and jet thrust 
obtainable from conical ejectors in order to determine 
the rules for the design of such ejectors for maximum 
effectiveness. A one-dimensional analysis of conical-
air-ejector performance was made using an assumed 
pressure gradient along the conical secondary shroud. 

ENGINE MATERIALS RESEARCH 

High Temperature Materials 
As a part of the search for materials having physical 

properties suitable for use at. higher and higher oper-
ating temperatures,, considerable effort is being ex-
pended in trying to improve the physical properties of 
the current materials. Factors which influence the high 
temperature strength of alloys are melting practice, 
forging, or casting procedures, and the heat treatments 
selected. To gain a better understanding how heat 
treatment affects the structures of alloys and the result-
ing physical properties, studies have been conducted of 
the fundamental factors which control the properties 
of austenitic alloys having exceptionally high creep and 
rupture strengths in the temperature range of 1,2000 F. 
and 1,500° F. Such a study has been completed on 
Inconel X (Technical Note 2385). Correlations of the 
mechanical properties with structural analyses were 
made. It appeared from the study that aging resulted 
in some improvement in rupture strength in the range 
from 100-1,000 hours rupture time at 1,200° F. This 
improvement was obtained apparently through increas-
ing the resistance.-to creep prior to fracture. This is 
in contrast to results obtained with N-155 wherein the 
improvement appeared to be through the formation of 
a grain boundary phase.

As a part of the study of the conservation of strategic 
materials for aircraft engines, efforts are being di-
rected toward the evaluation of substitute materials of 
reduced alloy content. Among the materials studied 
for sheet applications is AISI 310B (Technical Note 
2162). One of the draw-backs of this material has been 
low ductility in the temperature range from 1,200° F. 
to 1,400° F. The objective of this research was to de-
termine whether service at 1,700° F. to 1,800° F. would 
cause increased brittleness at 1,200° F. to 1,400° F. 
with resultant cracking during heating and cooling. 
Stress rupture tests were made in the 1,200° F. to 1,400° 
F. range with a few tests at 1,700° F. and 1,800° F. 
Among the variables considered were heat-to-heat re-
producibility, the relative effects of annealing, and hot 
and cold working as initial treatments. It was found 
that the elongation at 1,300° F. was increased by prior 
heating from 1,700° F. to 2,000° F. In addition, it 
was determined that the cold-rolled stock had the 
lowest ductility. 

Inasmuch as several of the important high-tempera-
ture alloys utilize both chromium and cobalt and be-
cause a number of the physical properties of an alloy 
are controlled by diffusion processes within the alloy in 
the solid state, an investigation was conducted to deter-
mine the diffusion coefficients of chromium in the 
alpha cobalt-chromium solid solutions (Technical Note 
2218). The method employed consisted of pressure-
welding cobalt '-,.and,- cobalt-chromium bars, annealing 
these joined barsat• constant temperatures and deter-
mining the distribution of chromium through the diffu-
sion zones thus formed. It was found that the diffusion 
coefficients at 1,000° C., 1,150° C., 1,300° C., and 1,360° 
C. were relatively constant. It was further found that 
chromium diffusivity from. alpha cobalt-chromium al-
loys into cobalt is greater than chromium diffusivity 
from high-chromium alpha alloys to low-chromium 
alpha alloys for all concentration gradients studied. 

Studies of the properties of molybdenum at high tem-
peratures have been continued. The effects of swaging, 
recrystallization, and "test-section" area on the strength 
properties of sintered wrought molybdenum were deter-
mined at temperatures from 1,800° F. to 2,400° F. 
(Technical Note 2319). The amount of swaging on the 
specific bar sizes investigated had little effect on the 
tensile strengths, but increasing amounts of swaging 
progressively lowered the recrystallization tempera-
ture. Increasing the test-section area of a specimen had 
a negligible effect on the tensile strength. Wrought 
molybdenum had a 100-hour stress-rupture life of ap-
proximately 19,300± 300 p. s. i. at 1,800° F. 

Studies of ceramic coatings for the protection of 
ceramals and less strategic alloys from high tempera-
ture oxidation and corrosion have led to the develop-
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ment of a ceramic coating with a high chromium metal 
content. Evaluations of these coatings on a TiC base 
ceramal have demonstrated the ability of the coating 
to protect against oxidation as well as its ability to 
withstand small elongations and severe thermal shock 
(Technical Notes 2329 and 2386). It was found that in 
general the best protection was obtained in oxidation 
tests at the higher temperatures. Studies of the effects 
of firing time, firing temperature, and the number of 
coatings applied indicated that there is an optimum fir-
ing time and firing temperature. For the coating stud-
ied, two applications proved superior to one. 

Studies of the effectiveness of ceramic coatings in 
preventing high temperature corrosion by lead-bromide 
vapors indicate that the ceramic coatings appeared to be 
inert to the PbBr2 and successfully inhibited corro-
sion of the alloys studied for a 6-hour test period (Tech-
nical Note 2380). The alloys S-816, HS-21, Inconel, 
19-9DL, and AISI 347 were tested (a) in an uncoateci 
condition, (b) in a preoxidized condition, and (c) in a 
coated condition when exposed to the lead-bromide 
fumes in an air atmosphere at 1,3500 F., 1,500° F., and 
1,650° F. 

As a part of the general program for the evalua-
tion of ceramals, investigations have been completed 
of the bonding of TiC with Al, Be, Cb, Au, Fe, Pb, Mg, 
Mn, Pt, Ti, and Va (Technical Note 1187). The test 
procedure consisted of placing powdered metal in a cup-
shaped depression formed in a hot-pressed TiC test bar, 
inserting the specimen in a furnace at temperatures up 
to 3,650° F. Studies were made of the sectioned speci-
mens to determine what kind of bonding, if any, took 
place. Of the elements studied, only nickel, cobalt, 
chromium, and silicon bonded with titanium carbide. 
There was some indication of a limited solubility of 
titanium carbide in nickel and cobalt. 

A continuation of the study outlined above was con-
ducted, utilizing zirconium carbide and columbium to 
determine the bonding mechanism (Technical Note 
2198). The results indicated that the mechanism is 
one in which columbium atoms diffuse into the zirco-
nium-carbide lattice, displace zirconium atoms, and 
form zirconium metal and a completely soluble colum-
bium carbide. This results in a homogenous solid solu-
tion of the zirconium-carbide matrix and the columbium 
carbide. The size and the distribution of the metal 
phase was controlled by sintering time and temperature. 
In general, the specimen with a fine dispersion of metal 
had the highest strength. 

Stresses Research 
The failure of. turbine and compressor blades due to 

vibrations has led to an increased interest in the de-
213637-53----3

termination of the natural modes and frequencies. As-
suming a compressor or turbine blade acts as a canti-
lever beam, a method has been developed for calculat-
ing the coupled modes (Report 1005). The method 
is based on the concept of Station Functions and per-
mits the calculation of the modes and the frequencies 
of nonuniform cantilever beams vibrating in torsion, 
bending, and coupled bending-torsion motion. Results 
of the application of this method show that the effect 
of coupling between bending and torsion is to reduce 
the first natural frequency to a value below that which 
it would have if there were no coupling. 

In the design of a turbine rotor it is desirable to 
know the detailed stress and strain distributions in the 
strain-hardening range and the amount of increase in 
load that can be sustained between the onset of yielding 
and failure. A simple method of solving the plane-
stress problems with axial symmetry, employing the 
finite strain concept in the strain-hardening range, and 
based on the deformation theory of Hencky and Nadai, 
has been derived for the condition that the directions 
and ratios of the principal stresses remain constant dur-
ing loading (Technical Note 2217). The results indi-
cated that the ratios of the principal stresses remain 
essentially constant during loading and, therefore, the 
deformation theory is applicable to this type of prob-
lem. In general, it may be said that the deformation 
that can be accepted by the member before failure de-
pends primarily on the maximum octahedral shear 
strain of the material. 

In the design of high-stressed machine parts, a knowl-
edge of the stress and strain concentration due to a hole 
and also of the distributions of stresses and strains in the 
strain-hardening range is desirable. As a continuation 
of the work reported above, a linearized solution has 
been obtained for the problem of plastic deformation of 
a thin plate with a circular hole in the strain-hardening 
range (Technical Note 2301). This solution is based on 
the deformation theory of plasticity for finite strains. 
The results indicate that the data obtained by the line-
arized method compare closely with those obtained 
without linearization. In addition, it was found that 
the solution for an ideally plastic material with the in-
finitesimal strain concept gives good approximate 
values of strains but not of stresses. 

A further study of the distribution of stresses and 
strains in the strain-hardening range has led to a partly 
linearized solution of the plastic deformation of a rotat-
ing disk considering finite strains (Technical Note 
2367). The results indicate that the variation of a pa-
rameter, which is determined from the octahedral shear 
stress-strain curve of the material, can be used as a gen-
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eral criterion of the applicability of the deformation 
theory. In addition, it appeared that the rotating 
speed of a disk for a given maximum strain of the disk 
can be determined directly from the true tensile stres-
strain curve of the material. 

A continuation of the investigation reported in Re-
port 1005 has been completed to determine the effect of 
twist on vibrations of cantilever beams (Technical Note 
2300). It is shown that for a beam with a ratio of 
bending stiffness in the two principal directions equal 
to 144, the effect of coupling due to twisting is to raise 
the value of the first natural frequency by a very small 
amount, to decrease steadily the second frequency, and 
to lower the third frequency considerably. 

A significant question to be considered in the specifi-
cation of chemical composition and mechanical and 
thermal treatment of a rotor disk is the compromise be-
tween ductility and tensile strength. An investigation 
was conducted to determine the strength-reducing ef-
fects of several types of irregularities, various ductili-
ties, and an optimum compromise between ductility and 
the tensile strength in the presence of such defects 
(Technical Note 2397). The strength of disks contain-
ing irregularities increased with increasing tensile 
strength independently of ductility at ductilities in ex-
cess of 14.9 percent elongation. The best compromise 
between ductility and tensile strength in material con-
taining shrink porosity occurred at 6.8 percent elong-
ation. 

The application of X-ray diffraction techniques to 
a study of stress analysis indicates that the back reflec-
tion techniques will yield a reasonable strain accuracy 
under favorable conditions. Because the conventional 
experimental methods reduce the precision in determin-
ing interatomic spacing and restrict the analysis to 
those materials which yield a reasonably sharp diffrac-
tion pattern, a new technique and camera have been de-
vised (Technical Note 2224). A calibration of the 
camera, using a gold powder standard having a reported 
atomic spacing of 0.91008A, yielded an accuracy of

atomic spacing of approximately ± 4 X 10-5A. A com- 
parison of the new technique with the results obtained 
from the conventional equipment and techniques indi-
cated that ,,t more precise and detailed analysis of atomic 
strain could be obtained. 

ROCKET RESEARCH 

The major problems of rocket research are to select 
fuel and oxidant combinations that give large thrust 
per unit weight flow and volume flow and still have 
properties that permit their handling and use, to 
prevent failure of the engine from high temperatures 
attained, to achieve efficient combustion in the smallest 
possible unit, and to evaluate the optimum application 
of rocket propulsion. 

Rocket Propellants 

Investigations of rocket-propellant performance are 
usually preceded by theoretical analyses of the perform-
ance of various fuel-oxidant combinations. These 
analyses are used as a basis for selecting the propellants 
worthy of experimental evaluation. Compilation of 
the thermodynamic functions to be used in these analy-
ses has been continued. 

An analysis was made to show the relative importance 
of specific impulse and propellant density on missile per-
formance. The analysis compares propellant combina-
tions having different specific impulses and densities by 
determining the least gross weight of a missile to acom-
plish a given mission. 

Rocket Combustion 

A basic study of the hydraulic characteristics of in-
jection systems was started as an aid in establishing the 
relation between injector method and combustion char-
acteristics. Initial studies of two impinging jets of 
water revealed that the spray disintegrates into groups 
of drops which for the conditions existing in a rocket 
correspond to frequencies observed in combustion fluc-
tuations. These results are reported in Technical Note 
2349. 

AIRCRAFT CONSTRUCTION 

The NACA is continuing its efforts to enlarge the 
scope and the amount of its research on airframe con-
struction problems. The need for such an increase in 
effort has been previously pointed out and the manner 
in which it is to be accomplished is under study. 

Programs during the past year have included exten-
sive laboratory and flight research and the continued 
collection of statistical data on gust loads encountered 
in regular airline operation. All airframe construction 
problems have been complicated by the increasing alti-
tude and speeds of flight and these two factors can be

found at the root of most new structural design prob-
lems. 

As in the past, a considerable amount of the NACA 
research on structural materials and structures was per-
formed under contract at universities and other non-
profit scientific organizations. 

In accordance with the policy of holding technical 
conferences with representatives of the military serv-
ices and the aircraft industry, a conference on aircraft 
loads and structures was held at the Langley Labora-
tory in the spring of 1951.
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A description of the Committee's recent unclassified 
research on airframe construction is given in the follow-
ing pages and is divided in four sections: ,Aircraft 
loads, structures, vibration and flutter,, and aircraft 
structural materials.	 - 

AIRCRAFT STRUCTURES 

Stress Distribution 

Experimental investigations have shown that the 
stresses and distortions arising at the wing-fuselage 
juncture of swept wings are appreciably different from 
those occurring in straight wings. Some theoretical 
work showing the effects of sweep-back on the deflec- 
tion of box beams under bending and torsion loadings 
had been published, but there was a need for an analysis 
giving the stresses at the triangular root section of a 
swept box beam. Accordingly, a method presented in 
Technical Note 2232 was developed for analyzing the 
triangular portion of the box beam and for establishing 
continuity between this section and the carry-through 
section, as well as the outboard portions of the box 
beam. The results obtained by this method were com-
pared with previously published test data. The agree-
ment was found to be fair, with the principal discrep-
ancy being due to the fact that the method is based on 
a very simple type of idealized structure which prevents 
the appearance of shear lag in the results. An exten-
sion of the basic approach was therefore made in order 
that it might include the effects of shear lag. 

Exact solutions for the stresses and deformations in 
wings subjected to torsion are not easily obtained. Ore-
gon State College has therefore developed an approxi-
mate method of solving for the angle of twist, longi-
tudinal stresses, and shear stresses in torsion boxes of 
rectangular, elliptical and airfoil cross sections. The 
results of these theoretical studies indicate trends for 
consideration in design. 

For proper design of cut-outs that occur in stiffened-
shell structures, a detailed knowledge of the redistri-
bution of stresses around the cut-outs is necessary. An 
approximate theory had been developed for the analysis 
of stresses in torsion boxes containing large cut-outs 
which is adequate for the design of all components of 
such structures except the cut-out cover. This theory 
was extended in Technical Note 2290 to permit a more 
detailed calculation of the stresses in the cover. Nu-
merical results were compared with experimental data 
and also with the results of a solution made by a more 
elaborate numerical procedure. The agreement was 
found to be satisfactory in all cases except those with 
very large cut-outs and flexible bulkheads. 

For analysis of thin solid wings of small aspect ratio, 
such as might be used in supersonic airplanes and mis-
siles, beam theory is no longer adequate. Wings of this

type are more nearly plates than beams and can be 
analyzed by plate theory. However, solutions to the 
partial-differential equations of plate theory are not 
readily obtained, especially for plates of arbitrary shape 
and loading. A method is presented in Technical Note 
2369 for obtaining ordinary differential equations to re-
place the partial-differential equations. This simpli-
fied plate theory has been applied to specific problems 
involving static deflection, vibration, and buckling of 
cantilever plates. 

One proposed method for increasing the storage space 
inside a wing is to replace the ribs with a number of 
vertical posts connecting the compression and tension 
covers of the wing box beam. A theoretical study of an 
idealized post-box configuration had indicated that the 
compression cover of a box beam could be stabilized by 
posts with an attendant weight saving. In order to 
check the validity of the theory developed, a beam was 
tested and the results reported in Technical Note 2414. 
The experimental buckling load was in good agreement 
with theory, but appreciable distortion of the beam 
cross section occurred before the buckling load was 
reached. It was concluded that a proper combination 
of posts and ribs may make a design that would be 
satisfactory with regard to both deformation and 
strength. 

The skin on the upper surface of a wing is subjected 
to compression by the bending of the wing, and in most 
cases the addition of stiffening elements to the skin is 
required to enable the compression load to be carried. 
Direct-reading design charts have been prepared for 
75S—T6 aluminum alloy flat compression panels having 
longitudinal extruded Z-section stiffeners. These 
charts, which are presented in Technical Note 2435, 
cover a wide range of propositions and make possible 
the direct determination of panel dimensions required 
to carry a given intensity of loading with a given skin 
thickness and effective length of panel. They also make 
possible the determination of the panel proportions hav-
ing minimum weight and meeting the design conditions. 

A type of sandwich plate widely used in airplane con-
struction consists of a corrugated metal sheet riveted 
between two metal face sheets. In order to apply exist-
ing sandwich-plate theories to the analysis of the corru-
gated-core sandwich plate, a knowledge of certain elastic 
constants which describe the distortions of the sandwich 
plate under simple loadings is required. Formulas for 
evaluating these elastic constants for the corrugated-
core type of sandwich have therefore been derived and 
presented in Technical Note 2289. Suggestions have 
also been made as to the method of extending existing 
sandwich-plate theory to make it strictly applicable to 
the unsymmetrical type of corrugated-core sandwich.
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Pressurized cabins of high-altitude airplanes present 
many stress analysis problems unusual to the aircraft 
field. These problems have been reviewed by Stanford 
University and a report containing a summary of the 
available information on these problems has been 
prepared. 

The ultimate load-carrying capacity of stiffened-
shell structures which are subjected to combined loads 
is a subject on which little information is available. In 
order to investigate one phase of this problem, a series 
of five large stiffened circular cylinders was tested to 
failure under various combinations of torsion and com-
pression. An interaction curve for the strength of 
stringers that fail by local crippling was determined, 
and data were obtained on stringer stresses for stiffened 
cylinders under combined loads. The test results and 
a method for estimating stiffener stresses are presented 
in Technical Note 2188. 	 - 

Stability 

In 1947 Shanley showed that it was possible for a 
straight column in the plastic stress range to start to 
bend at a load given by the Euler formula with the 
tangent modulus of elasticity substituted for Young's 
modulus of elasticity. He also pointed out the exist-
ence of a maximum column load which was greater than 
the tangent-modulus load. In order to determine the 
amount by which the maximum load could exceed the 
tangent-modulus buckling load, a study of column be-
havior in the plastic stress range was undertaken, the 
results of which are reported in Technical Note 2267. 
This study confirmed the existence of the tangent-modu-
lus buckling load, and showed by a rigorous load-de-
flection analysis the relation of the maximum load to 
the stress-strain curve of the material. 

A thin-walled fuselage may buckle either by defor-
mation of the entire column (column buckling) or by 
deflection of its component webs and flanges (local buck-
ling). Methods are available for the determination 
of the buckling load for each mode of failure, and it 
is common practice to assume that a column will fail 
at the lower of the two loads in a mode corresponding 
to this load. In reality, however, there is an interac-
tion of these two modes of buckling so that the actual 
buckling load is smaller than that which is ordinarily 
used. An investigation has therefore been conducted 
by Cornell University for the purpose of determining 
the interaction effect between column and local buck-
ling. The results of this study indicate that this effect 
is negligible for box sections and for common sizes of I, 
H, and channel sections but may be significant for sec-
tions possessing torsional instability, such as T and 
angle shapes. 	 -

A method has been developed by the National Bureau 
of Standards for computing the compressive load for 
lateral elastic instability of hat-section stringers and 
is presented in Technical Note 2272. Applying the 
method to a range of shapes and lengths of hat-section 
stringers shows that such stringers are unlikely to fail 
by lateral instability. 

The use of swept wings and tail plan forms with ribs 
placed parallel to the flight path results in sheet panels 
that are parallelogram-shaped. Few data exist on the 
stability of such panels under the loadings that arise 
due to wing and tail bending. Accordingly, in Tech-
nical Note 2392 charts have been prepared giving 
theoretical compressive-buckling-stress coefficients for 
continuous fiat sheet divided by nondeflecting supports 
into parallelogram-shaped panels. Over a wide range 
of panel aspect ratio, such panels are decidedly more 
stable than equivalent rectangular panels of the same 
area. 

Thermal Effects 

The determination of the structural effects of nonuni-
form temperature distributions, such as might be pro-
duced by aerodynamic heating, is rapidly becoming a 
problem of interest to aircraft designers because non-
uniform temperature distributions have important and 
complex effects on the stresses and distortions of the 
structure. The calculation of the stresses due to non-
uniform temperature distributions has been treated by 
several investigators, since the problem has long been 
of concern to power-plant designers; however, methods 
that would be directly applicable to the thermoelastic 
analysis of aircraft structures are not yet available. 
Two preliminary studies have therefore been completed 
on this subject. The first, reported in Technical Note 
2240, considers the two effects of temperature changes 
on aircraft structures: The introduction of thermal 
stresses and distortions as a result of restrained thermal 
expansion, and the chaige in behavior of the structure 
resulting from the variation of elastic properties of 
materials with temperature. These effects have been 
illustrated by sample analyses of the stress and distor-
tion distributions of simple box beams and by calcula-
tion of the stresses in a typical wing section. The ana-
lytical methods of the first study provide a relatively 
simple means of approximating the effects of tempera-
ture changes; however, they often yield inaccurate val-
ues for the secondary stresses in complicated structures, 
and in such cases some numerical approach is desirable. 
The second study, reported in Technical Note 2241, ex-
tends a previously published numerical method of stress 
analysis to include the effects of a nonuniform distribu-
tion of temperature. An illustrative analysis using this 
method was made of a two-cell box beam under the
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combined action of vertical loads and a nonuniform 
temperature distribution. 

Syracuse University has conducted an experimental 
investigation of the temperature and stress gradients 
resulting from the application of heat to the skin of a 
number of skin and spar cap combinations. The 75S—
T6 aluminum alloy specimens with a range of skin 
thicknesses were heated at various rates to provide a 
better understanding of heat flow through high-speed 
aircraft wings. 

Fatigue 

An investigation is being conducted on the fatigue 
strength of full-scale airplane structures. The re-
sults, to date, indicate a surprisingly small amount of 
spread in the fatigue life even though all the fatigue 
cracks do not originate at the same point. Effective 
stress-concentration factors have been computed and 
compared with results from tests of small laboratory 
specimens. The importance of fatigue crack length on 
crack growth is pointed out in these tests. In con-
nection with this work the structural damping of a 
typical airplane wing has been determined. These 
measurements were carried out by the shock-excitation 
method, with the resultant frequency of vibration being 
that of the wing fundamental bending frequency. The 
results are in agreement with those of other experi-
menters who have measured structural damping of 
smaller wing specimens. They indicate that the damp-
ing increases with amplitude of vibration. 

AIRCRAVF LOADS 

Steady Flight Loads 

A simplified lifting-surface theory has been applied 
to the problem of evaluating span loading due to flap 
deflection for arbitrary wing planforms (Technical Note 
2278). A procedure was developed from which the 
effects of flap deflection on span loading and associated 
aerodynamic characteristics can easily be computed for 
any wing that is symmetrical about the root chord and 
that has a straight quarter-chord line over the wing 
semispan. The effects of compressibility and spanwise 
variation of section lift-curve slope are taken into ac-
count by the procedure. The load distribution and lift 
due to flap deflection were prepared in chart form for a 
broad range of wing planforms for the case of straight 
tapered wings and a comparison between experimental 
values of flap effectiveness and values obtained from 
these charts show good agreement between theory and 
experiment.

Maneuvering Loads 

As airplanes increase in size and weight, experi-
mental data must be obtained to evaluate current 
maneuvering tail-load design requirements and to assist 
in extrapolation to the larger airplanes. The need for 
data arises from the variations in the response of the 
airplane as size increases, and also because a pilot's 
mental attitude and his control actions will vary ac- 
cording to the size and type of airplane. in view of 
the gaps in existing data a joint project for flight test-
ing the Lockheed Constitution (design gross weight 
184,000 pounds) was conducted by the Navy Depart-
ment, Bureau of Aeronautics, and the NACA. 

These tests, reported in Technical Note 2490, indi-
cated that the analytical process of estimating the 
maneuvering tail loads for a large airplane need be 
little different from that for small airplanes. The 
flexibility of the tail had a minor effect on the estimated 
tail load and the resulting response of the airplane. 
Because of the relatively slow response of the airplane, 
the pilot was forced to anticipate the airplane response 
in applying control forces; for this reason the pilots 
often unknowingly obtained undesirably high load fac-
tors. The pilots were unaware of the critical tail loads 
arising from abrupt restoration of the control to neu-
tral during a pull-up or sideslip. Pilots also expressed 
the opinion that the rolling pull-out maneuver felt sim-
ilar to maneuvers required to recover from disturb-
ances to flight in rough air. 

Gust Loads 

The dynamic behavior of an airplane wing during 
flight through rough air was investigated by flight tests 
on a twin-engine transport airplane. Results from 
flights made in clearair turbulence were compared 
with results from slow pull-ups made in smooth air 
used as a quasi-static reference condition (Technical 
Note 2424). 

As an extension of previous investigations of the ef-
fect of sweep on gust loads, tests were made in the 
Langley gust tunnel on a 60 0 swept-back-wing model 
to determine the effect of a large angle of sweep on 
gust loads. The results indicate that a simplified 
method of analysis, using a slope of the lift curve de-
rived by the cosine law and strip theory to estimate the 
penetration effect is applicable to the prediction of gust 
loads on wings swept as much as 60 0 . These results as 
well as a summary curve representing the results of 
investigations with wing models having from 45° 
sweep-forward to 60 0 sweep-back are presented in Tech-
nical Note 2204.
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An instrument to indicate atmospheric turbulence has 
been constructed and subjected to laboratory and flight 
tests. The design of the instrument was based on pre-
vious findings that the rapid fluctuations of the air 
speed in gusty air constituted a measure of atmospheric 
turbulence. The instrument consists essentially of a 
vented air-speed diaphragm in a sealed case with the lag 
characteristics of the vent chosen so that the diaphragm 
responds to the rapid changes in dynamic pressure in 
gusty air but remains insensitive to gradual changes re-
sulting from normal air-speed changes. The results of 
flight and laboratory tests indicate that the principle 
of design was a practicable one, but further design re-
finement would be necessary if the instrument were to be 
used in routine airplane operations. 

The effect of atmospheric turbulence 011 the loads en-
countered by aircraft in operational flight has been 
studied for some time by analyzing records secured with 
the NACA V—G (airspeed-acceleration) recorder. The 
instrument originally employed was troublesome to ad-
just and was limited in frequency response. An im- 
proved recorder has been developed which employs a 
viscous-damped accelerometer. Improved frequency 
response of the accelerometer has resulted and the neces-
sity for adjusting damping in the field has been elimi-
nated. The motion of the air-speed element has been 
made approximately linear with air speed; in addition, 
the element has been temperature-compensated. The 
new NACA oil-damped V—G recorder and its perform-
ance characteristics are described in Technical Note 
2194, and the results of tests which demonstrate im-
provements to the older design are presented. 

The NACA VGH recorder described in Technical 
Note 2265 is a flight instrument designed to collect gust-
loads data on transport aircraft with the accuracy re-
quired for research purposes. Air speed, normal ac-
celeration, and altitude are recorded on photographic 
paper as a function of time and in the usual applications 
100 hours of continuous recording time is possible. A 
small acceleration-sensing unit used with the recorder 
can be mounted independently of the recorder. Al-
though built principally for collecting statistical data 
on gusts encountered in scheduled airline operations, the 
instrument records data in a manner which permits 
many studies pertaining to airplane operations which 
have air speed, normal acceleration, and altitude as 
parameters. 

Landing Loads 

With the advent of thin wings for high-speed flight, 
the increased use of external stores, and the trend to-
ward airplanes of larger size, a knowledge of the be-
havior of flexible wings during landing becomes in-
creasingly important. An investigation of a model

consisting of a hull in combination with a flexible wing 
was made in the Langley impact basin, and the data are 
reported in Technical Note 2343. These data substan-
tiated a theoretical method for considering the effect of 
structural flexibility on the applied hydrodynamic 
force. 

The development of retractable lifting surfaces for 
imparting favorable hydrodynamic behavior to stream-
lined lInus has shown a trend toward the use of com-
paratively flat surfaces which blend with the bottom 
of a fuselage. Data on the impact loads and energy 
absorption of heavily loaded flat surfaces when landed 
at various trims and flight-path angles are reported in 
Technical Note 2330. 

The validity of the reduced-mass method of repre-
senting wing-lift effects in free-fall drop tests of land-
ing gears has been investigated and the results are re-
ported in Technical Note 2400. The behavior of a small 
landing gear in the reduced-mass drop tests was com-
pared with results obtained in a drop test where wing 
lift forces simulating airborne impact were mechani-
cally applied to the test specimen during impact, and 
with results obtained in free-fall drop tests with full 
weight. Values of landing-gear load factor and ratio 
of shock-strut energy to impact energy obtained from 
reduced-mass drop tests were in fairly good agreement 
with the. results obtained from -simulated airborne im-
pacts. The values of impact period and shock-strut 
effectiveness were generally lower in the reduced-mass 
drop tests than in the simulated airborne impacts, while 
strut stroke and mass travel were generally greater in 
the reduced-mass drop tests than in the simulated air-
borne impacts. The free-fall drop tests with full weight 
produced excessive values of load factor, impact period, 
strut stroke, mass travel, and impact energy, but values 
of strut effectiveness were in fairly good agreement 
with those obtained in the simulated airborne impacts. 

VIBRATION AND FLUTTER 

Increased effort is being expended upon flutter studies 
for transonic and supersonic speeds. Unusual configu-
rations are also being investigated in order to keep 
pace with design trends for these speeds. 

Unsteady Lift Theories 

Calculations have been made of the forces on aero-
dynamic bodies in unsteady motion based upon the 
classical equations governing acoustic disturbances. 
These calculations have been greatly expedited by ap-
plying techniques which were developed in recent in-
vestigations of steady state supersonic theory. The 
build-up of lift and pitching moments on slender, tri-
angular wings and wing sections undergoing sinking
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and pitching motions were calculated for subsonic, 
sonic, and supersonic speeds. These results have been 
reported in Technical Notes 2256, 2387, and 2403. 
These transient responses provide the necessary in-
formation for the prediction of responses to oscillatory 
motions of arbitrary frequency and are therefore appli-
cable to problems in airplane dynamics and flutter cal-
culations. 

Iterative Solution of Flutter 

Existing methods of flutter analysis include the rep-
resentative-section method, generalized coordinate 
methods, matrix methods, and operational methods. 
Wielandt has suggested an iterative transformation 
procedure which is well suited to the flutter problem 
and similar characteristic-value problems. Because 
both the original and the translated work of Wielandt 
are difficult to follow, an explanation of the iterative-
transformation procedure is given in Technical Note 
2346 and the application of the procedure to ordinary 
natural vibration problems and to flexure-torsion flutter 
problems is shown in numerical examples. It appears 
from this work that the method is of practical useful-
ness. Comparisons of computed results with experi- 
mental results and with results obtained with other 
methods of analysis have also been made. 

Effect of Coupling Between Modes 

In an analysis of flutter involving coupled vibrations, 
questions arise concerning the accuracy of using un-
coupled modes or coupled modes, as the latter greatly 
complicate the analysis. An analysis of the Raleigh 
type based on coupled modal functions, was made for 
a wing with simulated engines, or tip tanks, represent-
ing a wing with high mass coupling. The wing con-
sidered was uniform, unswept, and high aspect ratio, 
and was mounted as a cahtilevr. The- results of this 
analysis were compared with those of an analysis based 
on uncoupled modes as well as with experimental re-
sults. For the configurations studied, agreement- with 
experimental data was obtained for both methods of 
analysis; therefore, the more complicated coupled-mode 
analysis may be unnecessary (Technical Note 2375). 

Single Degree of Freedom Flutter 

Beside the usual types of flutter involving coupled 
modes, the theoretical existence of a single-degree-of-
freedom flutter has been indicated and is of interest in 
dynamic stability. Therefore it was deemed advisable 
to study the effects of some parameters affecting this 
single-degree-of-freedom oscillation. One such analyti-
cal study concerned the effect of Mach number and 
structural damping on single-degree-of-freedom pitch-
ing oscillations of a wing. Some experimental results

were compared with theory and good agreement was 
found for certain ranges of an inertia parameter (Tech-
nical Note 2396).	 - 

Sound 

Propeller noise has been a problem even at subsonic 
tip speeds; hence the proposed use of propellers operat-
ing at supersonic tip speeds has caused some concern 
because of the severity of the associated noise problem. 
Very little information is available which would allow 
a prediction of noise levels. Therefore sound measure-
ments have been made for a two-blade propeller with a 
tip Mach number of 1.30. Sound spectrums were ob-
tained at both subsonic and supersonic tip speeds, and 
the measured data were compared with calculations by 
the Gutin theory. 

AIRCRAFT STRUCTURAL MATERIALS 

Fatigue of Metals 

The project on fatigue at Battelle Memorial Institute 
mentioned in previous annual reports has continued, 
and significant progress has been made in fulfilling the 
purpose of the program, which is to provide informa-
tion sufficiently comprehensive to penmitit its application 
to design and to the estimation of fatigue damage. The 
materials being investigated in this program are 
24S—T3 and 75S—T6 aluminum alloys and SAE 4130 
steel. Results previously reported on unnotched speci-
mens are contained in Technical Note 2324. Fatigue 
data on notched specimens over a range of stress con-
centration factors of 1.5 to 5.0 are the subject of several 
other reports. Those on stress concentration factors of 
2.0 and 4.0 are in Technical Note 2389, and those on 
stress concentration factors of 5.0 are given in Technical 
Note 2390. Data have also been obtained on specimens 
having a stress concentration factor of 1.5. This range 
of stress concentrations is considered to be that of most 
importance in aircraft from the fatigue viewpoint. 

In the investigation of the statistical nature of fa-
tigue at Carnegie Institute of Technology during the 
past year, the statistics of the fatigue fracture curves 
and endurance limits were determined for SAE 1050 
steel, annealed Armco iron, and SAE 4340 steel in the 
quenched and tempered and quenched and spheroidized 
conditions. The effects of metallurgical factors such as 
composition, heat treatment, and cleanliness on fatigue 
behavior were shown by a statistical analysis of the 
experimental results. From this work it has been con-
cluded that inclusions play the dominant role in the 
fatigue behavior of these materials. In addition, some 
other aspects of the fatigue problem were studied, 
among which were the dependence of statistical varia-
tions in fatigue life on stress level in the fracture range,
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the statistics of the location of crack initiation, size 
effect, and understressing effects. 

Axial fatigue tests were conducted at the National 
Bureau of Standards on flat sheet specimens of bare and 
aiclad 24S—T3 aluminum alloy to determine the effect 
of frequency of loading on the fatigue strengths of these 
materials. The results of this investigation are con-
tained in Technical Note 2231 and show that the fatigue 
strengths of the materials were slightly less when tested 
at 12 cycles per minute than when tested at 1,000 cycles 
per minute. 

Another aspect of the fatigue problem was investi-
gated at the Pennsylvania State College. The purpose 
of this project was to determine the influence of biaxial 
tensile stresses on the fatigue strength of 14S—T4 alumi-
num alloy when subjected to various ratios of biaxial 
stresses. These biaxial fatigue stresses were produced 
by applying simultaneously a pulsating internal pres-
sure and fluctuating axial tensile load to a thin-walled 
tubular specimen. Fatigue strengths and S—N dia-
grams were obtained up to about 10,000,000 cycles for 
four principal stress ratios. The test results do not 
agree with any particular theory of failure but are suf-
ficiently close to the maximum stress theory to permit 
its use in design. 

Plasticity 

In the 1950 annual report reference was made to an 
investigation at the Pennsylvania State College on the 
plastic biaxial stress-strain relations. The results of 
biaxial tensile stress tests on 75S—T6 material are pub-
lished in Technical Note 2425, and the results of similar 
tests on 14S—T4 aluminum alloy were obtained during 
the past year. The main purpose of this investigation 
was to determine the validity of the plasticity theories 
and the correctness of the various assumptions made in 
these theories. To accomplish this purpose and to sup-
plement the biaxial tensile test results the investigation 
was extended to include tests in which specimens were 
subjected to biaxial tension and compression. In these 
tests both constant and variable stress ratios were used. 
Although the data obtained do not agree with any of 
the current plasticity theories, it was found that the 
biaxial yield strength conforms most closely with the 
distortion energy theory. 

For mathematical simplicity most plasticity theories 
assume solids to be isotropic and plastically incom-
pressible. These assumptions fix the value of Poisson's 
ratio in the plastic range at 0.5. Physical considera-
tions, however, make it apparent that the transition 
from the elastic to the plastic value of Poisson's ratio is 
gradual. An investigation of the variation in Poisson's 
ratio in the yield region of the stress-strain curve was 
completed by New York University during the past

year. It is in this region that the transition from the 
elastic to the plastic value is most pronounced. This 
transition was studied experimentally by a systematic 
system of tests on 14S—T6, 24S—T4, and 75S—T6 alumi -
nuin alloys under simple tensile and compressive stresses 
along three orthogonal axes. The data obtained on 
Poisson's ratio in the yield region as well as values of the 
plastic dilatation for strain deviations up to 0.6 percent 
are given in Technical Note 2561. 

Creep 

In the design of structures required to operate at ele-
vated temperatures, knowledge of the characteristics of 
materials at these temperatures is essential. One of the 
phenomena associated with elevated temperatures is 
that of creep, the time-dependent distortion of metals 
under stress. It is felt that a better understanding of 
creep phenomena will allow the more efficient use of 
materials in design. The experimental data available, 
however, are in general not sufficiently detailed nor do 
they cover a wide enough range in conditions to be effec- 
tive for use in design, and although several theories have 
been advanced to account for creep behavior, these 
theories are not complete enough to be of much help. A 
study of the fundamental mechanism of the creep of 
metals has been initiated, therefore, at the Battelle Me-
morial Institute. Before proceeding with the experi-
mental work, Battelle conducted a survey of the exist-
ing knowledge in the field. This survey, released as 
Technical Note 2516, treats the creep of both single-
crystal and polycrystalline metals. The modes of de-
formation in short-time, low-temperature tests are con-
sidered, as well as the various theories which purport to 
explain the behavior of metals during creep. Battelle 
is now obtaining experimental data on the creep of 28 
aluminum alloy over a wide temperature range and 
comparing these data with available theories. Should 
the data conform with none of these, efforts will be made 
to develop an appropriate theory to try to account for 
all the observed phenomena.. 

Stress Corrosion 

The Armour Research Foundation in its investiga-
tion of stress corrosion has developed equipment which 
will permit observation and recording of the relative 
potentials of various regions near the surface of a me-
tallic specimen during corrosion. By means of this 
equipment it is possible to locate the aiiodic and cathodic 
areas on a corroding surface and identify such areas 
with the corresponding metallurgical feature. Tech-
nical Note 2523 presents a description of this equip-
ment and describes the techniques developed for the 
interpretation of the data obtained. The equipment 
is now being used to investigate the stress corrosion
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mechanism of a high-purity binary alloy, aluminum-
4-percent copper. 

Corrosion 

The investigation of the corrosive properties of 
mta1s jointly sponsored by the NACA, Bureau of Areo-
nautics, and the Air Materiel Command has continued 
at the National Bureau of Standards. The purpose of 
this investigation is to determine the rate of corrosion 
of materials used in aircraft when exposed to marine 
atmosphere and tidewater. During the past year data 
were obtained from exposure tests on galvanized steel 
stitched-aluminum alloys. These are reported in Tech-
nical Note 2299. The effect of hot dimpling on the 
corrosion of aluminum alloys 75S–T6 and alciad 
75S–T6 was evaluated and results were also obtained 
from corrosion tests of magnesium alloy ZK60. 

Hydrogen Embrittlement 

A fundamental study was conducted at the Battelle 
Memorial Institute on the mechanism by which hydro-
gen enters metals, particularly aircraft steels, causing 
hydrogen embrittlement during chemical or electro-
chemical action. Several known methods of controlling 
the inlet and exit of hydrogen in steel were correlated 
with the known chemical behavior of atomic and molec-
ular hydrogen. By means of this correlation it was 
found possible to select suitable reagents which sig- 
nificantly decreased hydrogen permeability and em-
brittlement of steel during cathodic pickling operations 
in dilute sulfuric acid. The same data show that the 
diffusion of hydrogen in steel and the freedom of exit 
of hydrogen are important in determining the extent 
of embrittlement and also that these phenomena are 
chemical in nature rather than mechanical. 

Adhesives 

111 the manufacture of aircraft the bonding of sand-
wich panels, consisting of aluminum alloys bonded to 
various core materials, and the bonding of aluminum 
to itself by means of adhesives offers several important 
advantages over other methods of fastening, and there 
is considerable interest at the present time in such proc-
esses. There is a need, however, for an adhesive ade-
quate for use at elevated temperatures. This led to the 
investigation at Forest Products Laboratory on the ef-
fects of temperature on the bond strength of joints fab-
ricated with adhesives. The evaluation of the perform-
ance of commercially available metal bonding adhesives 
in the temperature range of _700 W 6000 F. has been 
completed. The evaluation of the relative merits of the 
materials is based upon the data obtained from tensile

tests of joints both when tested immediately upon 
reaching the test temperature and after several days' 
exposure at the test temperature. 

Plastics 

The investigation of the loss of strength of plastic 
glazing as a result of crazing has continued at the Na-
tional Bureau of Standards. Since plastic glazing is 
used in the windows and canopies of airplanes, this 
property is of considerable interest to the aircraft in- 
dustry. The meager information on the subject was 
expanded during the past year by two reports from the 
National Bureau of Standards. In one of these, Tech-
nical Note 2444, the loss in strength of several grades 
of polymethyl methacrylate due to stress solvent craz-
ing is discussed. In this investigation tensile speci-
mens were artificially crazed by applying benzene to 
the central portion of the specimen while it was under 
stress. Among the factors studied were the sheet-to-
sheet variability of crazing specimens and the relative 
effect of a few large crazing cracks compared with more 
numerous finer cracks. Applying benzene to the speci-
mens caused a loss of strength of approximately 30 
percent in all of the materials. 

An investigation was completed at the National Bu-
reau of Standards on the strength of heat-resistant 
laminates up to 375° C. The flexural properties of 
samples of glass fabric laminates such as are used in 
radomes were determined for several loading cycles at 
elevated temperatures. The laminates tested were 
bonded with various resins, including unsaturated-
polyester, acrylic, silicone, phenolic, and melamine 
types. Tests of a silicone resin laminate showed it to be 
superior to the other laminates in retention of flexural 
properties at temperatures of 250° C. or higher (Tech-
nical Note 2266). At temperatures of 300° to 325° C. 
this laminate retained at least 30 percent of its initial 
flexural strength and over 50 percent of its initial 
modulus of elasticity. 

Materials Evaluation 

The light weight, high-strength, corrosion-resistant, 
and favorable elevated-temperature properties of titan-
ium have aroused interest in the possibility of using 
this material for aircraft structural applications. In 
order to indicate the potentialities of this material, an 
evaluation of titanium including comparisons with sev-
eral other aircraft materials has been made for typical 
structural applications. The procedure developed for 
this purpose provides a general method for determining 
the structural efficiency of a material for a particular 
structural application (Technical Note 269). 

21637-53-----4
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OPERATING PROBLEMS 

Investigations have been continued of the meteorolog-
ical conditions adverse to the performance and safety 
of flight, means of accurately measuring air speed and 
static pressure at transonic and supersonic speeds, prin-
ciples of design of aircraft systems for coping with 
natural icing conditions, and methods of improving 
aircraft safety. Research on atmospheric turbulence, 
aircraft ditching, and air speed measurement have been 
conducted by the Langley Aeronautical Laboratory, 
while studies of natural icing conditions, aircraft ice- 
protection systems, and aircraft crash fires have been 
conducted by the Lewis Flight Propulsion Laboratory. 
The Ames Aeronautical Laboratory has also done lim-
ited work in the field of aircraft icing. The work of 
the NACA laboratories has been supplemented by re-
search conducted by several universities under con-
tract to the NACA. 

The practice of holding technical conferences with 
industry and military representatives was extended to 
the field of operating problems. A conference on some 
problems of aircraft operation was held at the Lewis 
Flight Propulsion Laboratory in the fall of 1950. The 
Committee on Operating Problems is responsible for 
the guidance of the operating problems research pro-
gram. It is aided in specialized aspects of this pro-
gram by its subcommittees, the Subcommittee on 
Meteorological Problems, the Subcommittee on Icing 
Problems, and the Subcommittee on Aircraft Fire 
Prevention.

AIRCRAFT OPERATION 

Air Speed and Altitude Measurement 

A systematic investigation of the static-pressure 
errors ahead of wings and fuselage noses of two low-
wing airplanes was conducted in flight (Technical Note 
2311). The variation of the static-pressure error with 
position of the static-pressure tube, located at several 
points from 0.25 to 2.0 chord lengths ahead of the wing 
tip and 0.5 to 1.5 fuselage diameters ahead of the nose, 
was determined over a speed range from the stall up 
to a maximum of 265 miles per hour. At low lift co-
efficients, the error decreased with increasing lengths 
ahead of the wing or fuselage, with variation in error 
over the lift-coefficient range being approximately the 
same for the 1 1/2-diameter fuselage-nose installation 
and the 1-chord wing-tip installation. 

For present-day high-performance airplanes having 
the capabilities of maneuvering to high angles of attack 
at supersonic speeds, the need has developed for rigid 
air-speed tubes which will measure total and static 
pressures correctly under these conditions. As a means 
of determining the optimum design of total-pressure

tubes, a series of wind-tunnel tests has been conducted 
to determine the effect of inclination of the air stream 
on various types of total-pressure tubes over a wide 
range of angle of attack through the subsonic and 
supersonic speed ranges. Preliminary tests on 39 tubes 
at subsonic speeds are reported in Technical Note 2331. 
Subsequent tests of 20 of these tubes at supersonic 
speeds are reported in Technical Note 2261. The re-
sults of the tests showed that the tube which remained 
insensitive over the greatest range of angle of attack, 
both at subsonic and supersonic speeds, was a shielded 
total-pressure tube designed for end mounting on a hori-
zontal boom. The range of angle of attack over which 
this tube remained insensitive (to within 1 percent of 
the impact pressure) was ± 41.5° at subsonic speeds and 
±37° at supersonic speeds. From the results of the 
tests of the other tubes, the effects of such design factors 
as external shape, internal shape, and configuration 
of total-pressure entry were evaluated, and the effect 
of Mach number on the performance of the various 
tubes was determined. Studies were also conducted of 
effects of position and airplane configuration on the 
measurement of air speed and Mach number in the 
transonic speed range. The applicability of using 
pressures on a cone as a measure of angle of attack at 
transonic speeds was also investigated. 

Ditching 

The investigation of the ditching characteristics of 
civil transport-type aircraft was completed with the 
studies of the behavior of the Convair-Liner. The rec-
ommended ditching procedures follow those for other 
transport types, touchdown being made at fairly high 
angle of attack with flaps down and landing gear up. 
The behavior depends upon the manner in which the 
flaps fail, the maximum deceleration being somewhat 
greater if the flaps rotate to neutral rather than being 
carried away. 

AERONAUTICAL METEOROLOGY 

Prediction of Low-Level Clear-Air Turbulence 

Preliminary investigation of the meteorological vari-
ables associated with turbulence in clear air within the 
earth's friction layer led to the development of a simple 
empirical relation for estimating the intensity of the 
turbulence. The correlation of the observed gust ex-
perience of an airplane with various combinations of 
meteorological variables showed that a simple product 
form of the intensity of solar radiation and the average 
wind shear layer below the first discontinuity in tem-
perature lapse rate gave very good results for condi-
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tions similar to those of the tests. This relation ac-
counts for seasonal variations in turbulence intensity 
but, because of its simplicity, cannot discriminate be-
tween differences in turbulence intensity resulting from 
variations in flight altitude or diurnal variations in 
turbulence. The relationship has been established only 
for the limited conditions of terrain and meteorological 
situations during the flights in the vicinity of Wilming-
ton, Ohio. Significant differences in these conditions 
will alter the relative importance of the meteorological 
variables considered. 

Radar Detection of Thunderstorm Turbulence 

Evaluation of the uses of airborne radar for detection 
of turbulent areas in thunderstorms was conducted by 
the Navy with the assistance of the Langley Laboratory 
staff. The presentation of areas of light rainfall and 
heavy rainfall on the radar PPI scope allowed pre-
liminary correlation of the gust experience of an air-
plane with the indicated rainfall gradient. The limited 
results so far obtained indicated that possibilities of 
reducing the number and severity of the gusts likely 
to be encountered in a thunderstorm were good if the 
areas of high rainfall rate gradient were avoided. 

Surface Wind Instruments 

A wind-tunnel calibration of instruments for deter-
mining wind velocity and direction was conducted for 
the Signal Corps, United States Army. A three-cup 
anemometer was calibrated for measuring wind veloci-
ties up to 200 miles per hour. Two pressure-type com-
bined wind-velocity and wind-direction indicators were 
also tested. One with four equally spaced orifices on 
the perimeter of a. circular disk was tested up. to 100 
miles per hour, and another consisting of a pitot-static 
head mounted on a pivoted weather vane was tested up 
to 250 miles per hour. 

AIRCRAFT ICING 

Research is continuing at the Lewis Flight Propul-
sion Laboratory and the Ames Aeronautical Labora-
tory in an effort to establish the meteorological condi-
tions that make up the icing cloud so that this knowl-
edge may be applied toward the efficient design of air-
craft ice-protection systems. 

Characteristics of the Icing Cloud 

The meteorological aspects of the icing cloud are be-
ing studied extensively in flight and laboratory investi-
gations to determine what values of meteorological fac-
tors exist in the atmosphere and how these data can 
best be utilized to design efficient types of ice-protec-

tion systems for the various aircraft components. Ten-
tative recommended values of meteorological factors 
to be considered in the design of aircraft ice-protection 
systems previously published (Technical Note 1855) 
have been supplemented with data collected by the 
NACA. and other agencies during the 1948-49 and 
1949-50 winter seasons and have been analyzed to pre-
sent a method for the selection of design criteria. The 
data are summarized to give frequency of occurrence of 
icing conditions according to liquid-water content and 
drop size and further to indicate that statistical rela-
tions do exist between liquid-water content, mean ef-
fective droplet diameter, temperature, and pressure alti-
tudes. A considerable amount of additional data is 
needed before a purely statistical analysis can be at-
tempted; however, this accomplishment can be made 
possible only if the efforts to design suitable meteor-
ological instruments are successful. 

The Lewis Laboratory has developed and reported on 
a reliable pressure-type icing-rate meter that will auto-
matically record icing rate, airspeed, altitude, and time 
in supercooled clouds. Evaluation tests on research and 
commercial aircraft indicate that the use of this instru-
ment to collect a large amount of data for a statistical 
analysis is practical. The operation of the instrument 
is based on the creation of a differential pressure be-
tween an ice-free total-pressure system and a total-
pressure system in which small total-pressure holes 
vented to static pressure are allowed to plug with ice 
accretion. At a fixed value of ice accretion, the differ-
ential pressure operates an electrical heater that de-ices 
the total-pressure holes. The resulting cyclic process 
varies with the intensity of the icing and serves as a 
measure of the icing rate. The simplicity of this oper-
ating principle permits automatic operation upon en-
countering an icing condition and relative freedom from 
maintenance and operating problems. The complete 
unit weighs only 18 pounds. Visual indications of the 
icing intensity are made available to the pilot by pe-
riodic flashing of a light on the instrument panel. 

Another instrument previously developed as a cloud 
detector has been further investigated to provide a sim-
ple means for measuring liquid-water content in above-
and below-freezing clouds. The instrument consists of 
a small cylindrical element so operated at high surface 
temperatures that the impingement of cloud droplets 
creates a significant drop in surface temperature. Pre-
liminary calibrations of this instrument have indicated 
that improvements are expected to make it a reliable 
instrument for recording the important meteorological 
factor of liquid-water content. 

Liquid-water content, droplet size, and temperature 
data measured in predominantly stratiform clouds dur-
ing the last two icing seasons have been presented in
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Technical Note 2306. The average liquid-water content 
of a cloud layer, as measured by the multicylinder tech-
nique, seldom exceeded two-thirds of that which could 
be released by adiabatic lifting. The horizontal and 
vertical extent of icing conditions and the relation of 
the existence of supercooled clouds to cyclonic areas and 
precipitation regions are indicated. 

The Lewis Laboratory is continuing to make progress 
toward understanding of the fundamental processes in-
volved in the formation of the icing cloud and in meth-
ods for its prediction. Part of this study has been a 
continuation of the investigation of spontaneous freez-
ing temperatures of supercooled water droplets of the 
size found in the atmosphere. A statistical explanation 
of the previously reported investigation of spontaneous 
freezing temperatures of water droplets (Technical 
Note 2142) has been published in Technical Note 2234. 
The statistical theory is based on the presence of an 
assumed crystallization nuclei distribution suspended 
in the water and results indicate that small droplets 
may be supercooled to lower temperatures than the large 
droplets. The probable distribution curves of spon-

taneous freezing temperatures for water droplets of 
various sizes are given and compared with the experi-
mental results. 

Propeller Ice Protection 

The Ames Laboratory has completed analytical and 
experimental investigations of the effect of ice forma-
tion on propeller performance (Technical Note 2212). 
The experimental measurements were made during 
flight in natural icing conditions, whereas the analysis 
consisted of an investigation of changes in blade section 
aerodynamic characteristics caused by ice formation 
and the resulting propeller efficiency changes. The re-
suits indicated that efficiency losses can generally be 
expected to be less than 10 percent with maximum losses 
as high as 20 percent to be expected only rarely. The 
effects of ice accretion on airfoil section characteristics 
at subcritical speeds, the effect of kinetic heating on the 
radial extent of ice formation, and the influence of the 
efficiency loss on the pilot's adjustment of engine and 
propeller controls are also discussed. 
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Distribution of a Flexible Swept Wing at Subsonic 
Speeds. By Richard B. Skoog and Harvey H. Brown. 

2223. Investigation of the Flow through a Single-Stage Two-
Dimensional Nozzle in the Langley 11-Inch Hypersonic 
Tunnel. By Charles H. McLellan, Thomas W. Williams, 
and Ivan E. Beckwith. 

2224. Multiple-Film Back-Reflection Camera for Atomic Strain 
Studies. By Anthony B. Marmo. 

2225. Bending and Buckling of Rectangular Sandwich Plates. 
By N. J. Hoff. 

2226. Theoretical Analysis of Oscillations in Hovering of Heli-
copter Blades with Inclined and Offset Flapping and 
Lagging Hinge Axes. By M. Morduchow and F. G. 
Hinchey. 

2227. Relation between Inflammables and Ignition Sources in 
Aircraft Environments. By Wilfred E. Scull. 

2228. Effects of Modifications to the Leading-Edge Region on 
the Stalling Characteristics of the NACA 63-012 Airfoil 
Section.. By John A. Kelly. 

2229. The Effect of End Plates on Swept Wings at Low Speed. 
By John M. Riebe and James M. Watson. 

2230. Synthesis and Purification of Alkyldiphenylmethane Hy-
drocarbons. 1-2-Methyldiphenylmethane, 3-Methyl-
diphenylmethane 2-Ethyldiphenylmethane, 4-Ethyldi-
phenylmethane and 4-Isopropyldiphenylmethane. By 
John H. Lamneck, Jr., and Paul H. Wise. 

2231. Comparison of Fatigue Strengths of Bare and Alclad 
24S-T3 Aluminum-Alloy Sheet Specimens Tested at 12 
and 1,000 Cycles Per Minute. By Frank C. Smith, Wil-
liam C. Brueggeman, and Richard H. Harwell. 

2232. Stress and Distortion Analysis of a Swept Box Beam Hav-



ing Bulkheads Perpendicular to the Spars. By Richard
R. Heldenfels, George W. Zender, and Charles Libove.

2233. Some Effects on Nonlinear Variation in the Directional-



Stability and Damping-in-Yawing Derivatives on the
Lateral Stability of an Airplane. By Leonard Sternfield.

No. 
2234. Statistical Explanation of Spontaneous Freezing of Water 

Droplets. By Joseph Levine. 
2235. The Boundary-Layer and Stalling Characteristics of the 

NACA 64A010 Airfoil Section. By Robert F. Peterson. 
2236. Supersonic Flow around Circular Cones at Angles of At-

tack. By Antonio Fern. 
2237. Correlations of Heat-Transfer Data and of Friction Data 

for Interrupted Plane Fins Staggered in Successive 
Rows. By S. V. Manson. 

2238. Effects on Longitudinal Stability and Control Character-
istics of a B-29 Airplane of Variations in Stick-Force and 
Control-Rate Characteristics Obtained through Use of a 
Booster in the Elevator-Control System. By Charles W. 
Mathews, Donald B. Talmage, and James B. Whitten. 

2239. Theoretical Investigation of Transonic Similarity for Bod-
ies of Revolution. By W. Perl and Milton M. Klein. 

2240. The Effect of Nonuniform Temperature Distributions on 
the Stresses and Distortions of Stiffened-Shell Struc-
tures. By Richard R. Heldenfels. 

2241. A Numerical Method for the Stress Analysis of Stiffened-
Shell Structures under Nonuniform Temperature Dis-
tributions. By Richard R. Heldenfels. 

2242. Analytical Investigation of Turbulent Flow in Smooth 
Tubes with Heat Transfer with Variable Fluid Prop-
erties for Prandtl Number of 1. By Robert G. Deissler. 

2243. Effect of Cell Shape on Compressive Strength of Hexagonal 
Honeycomb Structures. By L. A. Ringelstetter, A. W. 
Voss, and C. B. Norris. 

2244. A Comparison of Theory and Experiment for High-Speed 
2 Free-Molecule Flow By Jackson R. Stalder, Glen Good-

win, and Marcus 0. Creager. 
2245. Calculation of Compressible Potential Flow Past Slender 

Bodies of Revolution by an Integral Method. By Milton 
M. Klein and W. Per]. 

2246. Method for Determining Distribution of Luminous Emit-
ters in Cone of Laminar Bunsen Flame. By Thomas P. 
Clark. 

2247. A Comparison of the Lateral Controllability with Flap and 
Plug Ailerons on a Sweptback-Wing Model Having Full-
Span Flaps. By Powell M. Lovell, Jr. 

2248. A-nalysis of the Effects of Design Pressure Ratio per Stage 
and Off-Design Efficiency on the Operating Range of 
Multistage Axial-Flow Compressors. By Melvyn Savage 
and Willard R. Westphal. 

2249. The Spanwise Distribution of Lift for Minimum Induced 
Drag of Wings Having a Given Lift and a Given Bending 
Moment. By Robert T. Jones. 

2250. An Analysis of the Applicability of the Hypersonic Similar-
ity Law to the Study of Flow about Bodies of Revolution 
at Zero Angle of Attack. By Dorris M. Ehret, Vernon 
J. Rossow, and Victor I. Stevens. 

2251. Effects of Mach Number up to 0.34 and Reynolds Number 
Up to 8X10 on the Maximum Lift Coefficient of a Wing 
of NACA 66-Series Airfoil Sectioiis. By G. Chester 
Furlong and James E. Fitzpatrick. 

2252. Formulas for Source, Doublet, and Vortex Distributions in 
Supersonic Wing Theory. By Harvard Lomax, Max. A. 
Heaslet, and Franklyn B. Fuller. 

2253. On a Source-Sink Method for the Solution of the Prandtl-
Busemann Iteration Equations in Two-Dimensional 
Compressible Flow. By Keith C. Harder and E. B. 
Klunker. 

2254. Regenerator-Design Study and Its Application to Turbine-
Propeller Engines. By S. V. Manson.
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2255. Two-Dimensional Compressible Flow in Centrifugal Com-

pressors with Logarithmic-Spiral Blades. By Gaylord 
0. Ellis and John D. Stanitz. 

2256. Three-Dimensional, Unsteady-Lift Problems in High-Speed 
Flight-Basic Concepts. By Harvard Lomax, Max. A. 
Heaslet, and Franklyn B. Fuller. 

2257. Temperature Distribution in Internally Heated Walls of 
Heat Exchangers Composed of Noncireular Flow Pas-
sages. By E. R. G. Eckert and George M. Low. 

2258. Synthesis of Cyclopropane Hydrocarbons from Methyl-
cyclopropyl Ketone. 1-2-Cyclopropylpropene and 2-
Cyclopropylpropane. By Vernon A. Slabey and P. H. 
Wise. 

2259. Synthesis of Cyclopropane Hydrocarbons from Methyl-
cyclopropyl Ketone. II-2-Cyelopropyl-1-Pentene, Ct8 

and trans 2-Cyclopropyl-2-Pentene and 2-Cyclopropyl-
pentane. By Vernon A. Slabey and P. H. Wise. 

2260. Synthesis and Purification of Some Alkylbiphenyls and 
Alkylbicyclohexyls. By Irving A. Goodman and Paul 
H. Wise. 

2261. Wind-Tunnel Investigation of a Number of Total-Pres-
sure Tubes at High Angles of Attack. Supersonic 
Speeds. By William Gracey, Donald E. Coetti, and 
Walter R. Russell. 

2262. Rolling and Yawing Moments for Swept-Back Wings in 
Sideslip at Supersonic Speeds. By Seymour Lampert. 

2263. The Use of a Luminescent Lacquer for the Visual Indi-
cation of Boundary-Layer Transition. By Jackson R. 
Stalder and Ellis G. Slack. 

2264. Airfoil Profiles for Minimum Pressure Drag at Supersonic 
Velocities-General Analysis with Application to Line-
arized Supersonic Flow. By Dean R. Chapman. 

2265. NACA VGH Recorder. By Norman R. Richardson. 
2266. Strength of Heat-Resistant Laminates up to 3750 C. By 

B. M. Axilrod and Martha A. Sherman. 
2267. Inelastic Column Behavior. By John B. Duberg and 

Thomas W. Wilder, III. 
2268. Tests of Two-Blade Propellers in the Langley 8-Foot High-

Speed Tunnel to Determine the Effect on Propeller Per-
formance of a Modification of Inboard Pitch Distribu-
tion. By James B. Delano and Melvin M. Carmel. 

2269. A Structural-Efficiency Evaluation of Titanium at Normal 
and Elevated Temperatures. By George J. Heimerl and 
Paul F. Barrett. 

2270. Theoretical Damping in Roll and Rolling Effectiveness of 
Slender Cruciform Wings. By Gaynor J. Adams. 

2271. Further Study of Metal Transfer between Sliding Sur-
faces. By J. T. Burwell and C. D. Strang. 

2272. Lateral Elastic Instability of Hat-Section Stringers under 
Compressive Load. By Stanley Goodman. 

2273. Similarity Laws for Transonic Flow about Wings of 
Finite Span. By John R. S°preiter. 

2274. Extension of the Theory of Oscillating Airfoils of Finite 
Span in Subsonic Compressible Flow. By Eric Reissner. 

2275. A Survey of Stability Analysis Techniques for Automati-
cally Controlled Aircraft. By Arthur L. Jones and Ben-
jamin R. Briggs. 

2276. Static and Fatigue Strengths of High-Strength Aluminum-
Alloy Bolted Joints. By B. C. Hartmann, Marshall Holt, 
and I. D. Eaton. 

2277. Effects of Compressibility on the Performance of Two Full-



Scale Helicopter Rotors. By Paul J. Carpenter.

No. 
2278. Theoretical Symmetric Span Loading Due to Flap Deflec-

tion for Wings of Arbitrary Plan Form at Subsonic 
Speeds. By John DeYoung. 

2279. Three-Dimensional Compressible Laminar Boundary-
Layer Flow. By Franklin K. Moore. 

2280. A Theoretical Analysis of the Effects of Fuel Motion on 
Airplane Dynamics. By Albert A. Schy. 

2281. Detailed Computational Procedure for Design of Cascade 
Blades with Prescribed Velocity Distributions in Com-
pressible Potential Flows. By George R. Costello, Rob-
ert L. Cummings, and John T. Sinnette, Jr. 

2282. An Improved Approximate Method for Calculating Lift 
Distributions Due to Twist. By James C. Sivells. 

2283. Method for Calculating Lift Distributions for Unswept 
Wings with Flaps or Ailerons by Use of Nonlinear Sec-
tion Lift Data. By James C. Sivells and Gertrude C. 
Westriek. 

2284. Lift, Pitching Moment, and Span Load Characteristics of 
Wings at Low Speed as Affected by Variations of Sweep 
and Aspect Ratio. By Edward J. Hopkins. 

2285. Damping in Roll of Cruciform and Some Related Delta 
Wings at Supersonic Speeds. By Herbert S. Ribner. 

2286. Preliminary Investigation of a New Type of Supersonic 
Inlet. By Antonio Ferri and Louis M. Nucci. 

2287. An Investigation of Pure Bending in the Plastic Range 
When Loads Are Not Parallel to a Principal Plane. By 
Harry A. Williams. 

2288. Estimation of Low-Speed Lift and Hinge-Moment Param-
eters for Full-Span Trailing-Edge Flaps on Lifting 
Surfaces with and without Sweepback. By Jules B. 
Dods, Jr. 

2289. Elastic Constants for Corrugated-Core Sandwich Plates. 
By Charles Libove and Ralph E. Hubka. 

2290. A Method for Calculating Stresses in Torsion-Box Covers 
with Cutouts. By Richard Rosecrans. 

2291. Influence of Wall Boundary Layer upon the Performance 
of an Axial-Flow Fan Rotor. By Emanuel Boxer. 

2292. Experimental Investigation of the Effects of Support In-
terference on the Drag of Bodies of Revolution at a 
Mach Number of 1.5. By Edward W. Perkins. 

2293. The Physical Properties of Active Nitrogen in Low-Density 
Flow. By James M. Benson. 

2294. Lift and Pitching Derivatives of Thin Sweptbaek Tapered 
Wings with Streamwise Tips and Subsonic Leading 
Edges at Supersonic Speeds. By Frank S. Malvestuto, 
Jr., and Dorothy M. Hoover. 

2295. Chords'ise and Compressibility Corrections to Slender-
Wing Theory. By Harvard Lomax and Loma Sluder. 

2296. Turbulent Boundary-Layer Temperature Recovery Factors 
in Two-Dimensional Supersonic Flow. By Maurice 
Tucker and Stephen H. Maslen. 

2297. Effect of an Increase in Angle of Dead Rise on the Hydro-
dynamic Characteristics of a High-Length-Beam-Ratio 
Hull. By Walter E. Whitaker, J'r., and Paul W. Bryce, 
Jr. 

2298. A Modification to Thin-Airfoil-Section Theory, Applicable 
to Arbitrary Airfoil Sections, to Account for the Effects 
of Thickness on the Lift Distribution. By David Gra-
ham. 

2299. Exposure Tests of Galvanized-Steel-Stitched Aluminum 
Alloys. By Fred M. Reinhart. 

2300. Analytical and Experimental Investigation of Effect of 
Twist on Vibrations of Cantilever Beams. By Alexander 
Mendelson and Selwyn Gendler.
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2301. Linearized Solution and General Plastic Behavior of Thin 

Plate with Circular Hole in Strain-Hardening Range. 
By M. H. Lee Wu. 

2302. A General Through-Flow Theory of Fluid Flow with Sub-
sonic or Supersonic Velocity in Turbomachines of Arbi-
trary Hub and Casing Shapes. By Chung-Hua Wu. 

2303. Correspondence Flows for Wings in Linearized Potential 
Fields at Subsonic and Supersonic Speeds. By Sidney 
Al. Harmon. 

2304. Effect of Heat and Power Extraction on Turbojet-Engine 
Performance. IV-Analytical Determination of Effects 
of Hot-Gas Bleed. By Stanley L. Koutz. 

2305. An Analytical and Experimental Investigation of the Skin 
Friction of the Turbulent Boundary Layer on a Flat 
Plate at Supersonic Speeds. By Morris W. Rubesin, 
Randall C. iIaydew, and Steven A. Varga. 

2306. Meteorological Analysis of Icing Conditions Encountered 
in Low-Altitude Stratiform Clouds. By Dwight B. 
Kline and Joseph A. Walker. 

2307. A Theoretical Method of Determining the Control Gear-
ing and Time Lag Necessary for a Specified Damping 
of an Aircraft Equipped with a Constant-Time-Lag Au-
topilot. By Ordway B. Gates, Jr., and Albert A. Schy. 

2308. Vibratory Stresses in Propellers Operating in the Flow 
Field of a Wing-Nacelle-Fuselage Combination. By 
Vernon L. Rogallo, John C. Roberts, and Merritt R. 
Oldaker. 

2309. Charts for Estimation of Longitudinal-Stability Deriva-
tives for a Helicopter Rotor in Forward Flight. By 
Kenneth B. Amer and F. B. Gustafson.	 - 

2310. Generalization of Boundary-Layer Momeutuiri-Integral 
Equations to Three-Dimensional Flows Including Those 
of Rotating System. By Artur Mager. 

2311. Flight Investigation of the Variation of Static-Pressure 
Error of a Static-Pressure Tube with Distance Ahead 
of a Wing and a Fuselage. By William Gracey and El-
wood F. Scheithauer. 

2312. Bearing Strengths of Some Aluminum-Alloy Pei-manent-
Mold Castings. By E. M. Finley. 

2313. The Effects of Mass Distribution on the Low-Speed Dy-
namic Lateral Stability and Control Characteristics 
of a Model with a 45° Sweptback Wing. By Donald 

-	 E. Hewes. 
2314. Effect of Quadratic Terms in Differential Equations of 

Atmospheric Oscillations. By C. L. Pekeris. 
2315. Supersonic Lift and Pitching Moment of Thin Swept-

back Tapered Wings Produced by Constant Vertical Ac-
celeration. Subsonic Leading Edges and Supersonic 
Trailing Edges. By Frank S. Malvestuto, Jr., and Doro-
thy M. Hoover. 

2316. Wind-Tunnel Investigation at Low Speed of Lateral Con-
trol Characteristics of an Untapered 45° Sweptbacl< 
Semispan Wing of Aspect Ratio 1.59 Equipped with 
Various 25-Percent-Chord Plain Ailerons. By Harold S. 
Johnson and John R. Hagerman. 

2317. Applications of Von Kftrniftn's Integral Method in Super-



sonic Wing Theory. By Chieh-Chien Chang. 
2318. Full-Scale-Tunnel Investigation of the Static-Thrust Per-

formance of a Coaxial Helicopter Rotor. By Robert D. 
Harrington. 

2319. Some Properties of High-Purity Sintered Wrought Molyb-
denum Metal at Temperatures lip to 2,400° F. By H. A. 
Long, K. C. Dike, and H. R. Bear.

No. 
2320. Effects of Some Solution Treatments FollOwed by an Ag-

ing Treatment on the Life of Small Cast Gas-Turbine 
Blades of a Cobalt-Chromium-Base Alloy. I-Effect of 
Solution-Treating Temperature. By C. Yaker and C. A. 
Hoffman. 

2321. Analysis of Temperature Distribution in Liquid-Cooled 
Turbine Blades. By John N. B. Livingood and W. 
Byron Brown. 

2322. Creep of Lead at Various Temperatures. By Peter W. 
Neurath and J. S. Koehler. 

2324. Fatigue Strengths of Aircraft Materials. Axial-Load 
Fatigue Tests on Unnotched Sheet Specimens of 248-T3 
and 75S-T6 Aluminum Alloys and of SAE 4130 Steel. 
By H. J. Grover, S. M. Bishop, and L. H. Jackson. 

2325. Development of Magnesium-Cerium Forged Alloys for 
Elevated-Temperature Service. By K. Grube, H. Kaiser, 
L. W. Eastwood, C. M. Schwartz, and H. C. Cross. 

2326. Two-Dimensional Subsonic Compressible Flows Past Arbi-
trary Bodies by the Variational Method. By Chi-Teh 
Wang. 

2327. Fatigue Testing Machine for Applying a Sequence of Loads 
of Two Amplitudes. By Frank C. Smith, Darnley M. 
Howard, Ira Smith, and Richard Harwell. 

2328. Method for Determining Pressure Drop of Monatomic 
Gases Flowing in Turbulent Motion through Constant-
Area Passages with Simultaneous Friction and Heat 
Addition. By M. F. Valerino and R. B. Doyle. 

2329. High-Temperature Protection of a Titanium-Carbide Cer-
amal with a Ceramic-Metal Coating Having a High 
Chromium Content. By Dwight G. Moore, Stanley G. 
Benner, and William N. Harrison. 

2330. Water-Landing Investigation of a Model Having Heavy 
Beam Loadings and 0° Angle of Dead Rise. By A. 
Ethelda McArver. 

2331. Wind-Tunnel Investigation of a Number of Total-Pressure 
Tubes at High Angles of Attack. Subsonic Speeds. By 
William Gracey, William Letko, and Walter R. Russell. 

2332. Analysis of the Effects of Wing Interference on the Tail 
Contributions to the Rolling Derivatives. By William 
H. Michael, Jr. 

2333. Transient Aerodynamic Behavior of an Airfoil Due to 
Different Arbitrary Modes of Nonstationary Motions 
in a Supersonic Flow. By Chieb-Chien Chang. 

2334. On Reflection of Shock Waves from Boundary Layers. 
By H. W. Liepmann, A. Rosbko, and S. Dhawan. 

2335. A Plan-Form Parameter for Correlating Certain Aerody-
namic Characteristics of Swept Wings. By Franklin W. 
Diederich. 

2336. Some Theoretical Characteristics of Trapezoidal Wings 
in Supersonic Flow and a Comparison of Several Wing-
Flap Combinations. By Robert 0. Piland. 

2337. Approximate Calculation of Turbulent Boundary-Layer 
Development in Compressible Flow. By Maurice 
Tucker. 

2338. Experimental Investigation of Localized Regions of Lam-
inar-Boundary-Layer Separation. By William J. 
Bursnall and Laurence K. Loftin, Jr. 

2339. Transonic Flow Past a Wedge Profile with Detached Bow 
Wave-General Analytical Method and Final Calculated 
Results. By Walter G. Vincenti and Cleo B. Wagoner. 

2340. A Survey of Methods for Determining Stability Param-
eters of an Airplane from Dynamic Flight Measure-
ments. By Harry Greenberg.
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2341. A Least Squares Curve Fitting Method with Applications 

to the Calculation of Stability Coefficients from Tran-
sient-Response Data. By Marvin Shinbrot. 

2342. Evaluation of Packed Distillation Columns. I-Atmos-
pheric Pressure. By Thaine W. Reynolds and George 
H. Sugimura. 

2343. Comparison of Theoretical and Experimental Response 
of a Single-Mode Elastic System in Hydrodynamic Im-
pact. By Robert W. Miller and Kenneth F. Merten. 

2344. Method for Calculating Downwash Field Due to Lifting 
Surfaces at Subsonic and Supersonic Speeds. By Sid-
ney M. Harmon. 

2345. The Effect of an Arbitrary Surface-Temperature Varia-
tion along a Flat Plate on the Convective Heat Transfer 
in an Incompressible Turbulent Boundary Layer. By 
Morris W. Rubesin. 

2346. An Iterative Transformation Procedure for Numerical So-
lution of Flutter and Similar Characteristic-Value 
Problems. By Myron L. Gossard. 

2347. Effect of Aspect Ratio and Sweephack on the Low-Speed 
Lateral Control Characteristics of Untapered Low-
Aspect-Ratio Wings Equipped with Retractable Ail-
erons. By Jack Fischel and John R. Hagerman. 

2348. Effect of Aspect Ratio on the Low-Speed Lateral Control 
Characteristics of Unswept Untapered Low-Aspect-
Ratio Wings. By Rodger L. Naeseth and William M. 
O'Hare. 

2349. Fluctuations in a Spray Formed by Two Impinging Jets. 
By Marcus F. Heidmann and Jack C. Humphrey. 

2350. On the Second-Order Tunnel-Wall-Constriction Correc-
tions in Two-Dimensional Compressible Flow. By E. B. 
Klunker and Keith C. Harder. 

2351. An Experimental Investigation of the Effect of Surface 
Heating on Boundary-Layer Transition on a Flat Plate 
in Supersonic Flow. By Robert W. Higgins and Con 
stantine C. Pappas. 

2352. Spin-Tunnel Investigation of the Effects of Mass and 
Dimensional Variations on the Spinning Characteristics 
of a Low-Wing Single-Vertical-Tail Model Typical of 
Personal-Owner Airplanes. By Walter J. Klinar and 
Jack H. Wilson. 

2353. Charts and Tables for Use in Calculations of Downwash 
of Wings of Arbitrary Plan Form. By Franklin W. 
Diederich. 

2354. A Numerical Approach to the Instability Problem of 
Monocoque Cylinders. By Bruno A. Boley, Joseph 
Kempner, and J. Mayers. 

2355. Achromatization of Debye-Sciierrer Lines. By Hans Ek-
stein and Stanley Siegel. 

2356. Two-Dimensional Transonic Flow Past Airfoils. By 
Yung-Huai Kuo. 

2357. Method for Calculation of Barn-Jet Performance. By 
John R. Henry and J. Buel Bennett. 

2358. Effect of Vertical-Tail Area and Length on the Yawing 
Stability Characteristics of a Model Hawing a 45° Swept-
back Wing. By William Letko. 

2359. Floating Characteristics of a Plain and a Horn-Balanced 
Rudder at Spinning Attitudes as Determined from 
Rotary Tests on a Model of a Typical Low-Wing Per-
sonal-Owner Airplane. By William Bihrle, Jr. 

2360. Effect of Tail Surfaces on the Base Drag of a Body of 
Revolution at Mach Numbers of 1.5 and 2.0. By J. Rich-
ard Spahr and Robert R. Dickey.

No. 
2301. Turbulence-Intensity Measurements in a Jet of Air Issuing 

from a Long Tube. By Barney H. Little, Jr., and Staf-
ford W. Wilbur. 

2302. Torsional Strength of Stiffened D-Tubes. By E. S. 
Kavanaugh and W. D. Drinkwater. 

2363. On the Application of Mathieu Functions in the Theory 
of Subsonic Compressible Flow Past Oscillating Air-
foils. By Eric Reissner. 

2364. On Two-Dimensional Flow after a Curved Stationary 
Shock (with Special Reference to the Problem of De- - 
tached Shock Waves). By S. S. Sim. 

2365. Analytical Evaluation of Aerodynamic Characteristics of 
Turbines with Nontwisted Rotor Blades. By William 
R. Slivka and David H. Silvern. 

2300. Friction at High Sliding Velocities of Oxide Films on 
Steel Surfaces Boundary-Lubricated with Stearic-Acid 
Solutions. By Robert L. Johnson, Marshall B. Peterson, 
and Max A. Swikert. 

2307. General Plastic Behavior and Approximate Solutions of 
Rotating Disk in Strain-Hardening Range. By M. H. 
Lee Wu. 

2309. Torsion and Transverse Bending of Cantilever Plates. 
By Eric Reissner and Manuel Stein. 

2370. Matrix Method of Determining the Longitudinal-Stability 
Coefficients and Frequency Response of an Aircraft from 
Transient Flight Data. By James J. Donegan and 
Henry A. Pearson. 

2371. Possible Application of Blade Boundary-Layer Control 
to Improvement of Design and Off-Design Performance 
of Axial-Flow Turbomachines. By John T. Sinnette, 
Jr., and George H. Costello. 

2372. Rectangular-Wind-Tunnel Blocking Corrections Using the 
Velocity-Ratio Method. By Rudolph W. Hensel. 

2373. Practical Methods of Calculation Involved in the Experi-
mental Study of an Autopilot and the Autopilot-Aircraft 
Combination. By Louis H. Smaus and Elwood C. 
Stewart. 

2374. Effect of Initial Mixture Temperature on Flame Speed 
of Methane-Air, Propane-Air and Ethylene-Air Mix-
tures. By Gordon L. Dugger. 

2375. On the Use of Coupled Modal Functions in Flutter Analy-
sis. By Donald S. Woolston and Harry L. Runyan. 

2370. Method for Analyzing Indeterminate Structures Stressed 
above Proportional Limit. By F. R. Steinbacher, C. N. 
Gaylord, and W. K. Rey. 

2377. Effect of Fuel Immersion on Laminated Plastics. By 
W. A. Grouse, Margie Carickhoff and Margaret A. Fisher. 

2373. Automatic Control Systems Satisfying Certain General 
Criterions on Transient Behavior. By Aaron S. Bok-
senborn and Richard Hood. 

2379. An Investigation of the Effects of Jet-Outlet Cut-Off Angle 
on Thrust Direction and Body Pitching Moment. By 
James R. Blackaby. 

2380. Effectiveness of Ceramic Coatings in Reducing Corrosion 
of Five Heat-Resistant Alloys by Lead-Bromide Vapors. 
By Dwight G. Moore and Mary W. Mason. 

2381. Effect of Horizontal-Tail Location on Low Speed Static 
Longitudinal Stability and Damping in Pitch of a 
Model Having 45° Sweptback Wing and Tail Surfaces. 
By Jacob H. Lichtenstein. 

2382. Effect of Horizontal-Tail Size and Tail Length on Low-
Speed Static Longitudinal Stability and Damping in 
Pitch of a Model Having 45° Sweptback Wing and Tail 
Surfaces. By Jacob H. Lichtenstein.
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2383. On a Solution of the Nonlinear Differential Equation for 

Transonic Flow Past a Wave-Shaped Wall. By Carl 
Kaplan. 

2384. Preliminary Investigation of Wear and Friction Proper-
ties under Sliding Conditions of Materials Suitable for 
Cages of Rolling-Contact Bearings. By Robert L. John-
son, Max A. Swikert, and Edmond E. Bisson. 

23. Fundamental Aging Effects Influencing High-Temperature 
Properties of Solution-Treated Inconel X. By D. N. 
Frey, J. W. Freeman, and A. E. White. 

2386. Studies of High-Temperature Protection of a Titanium-
Carbide Ceramal by Chromium-Type Ceramic-Metal 
Coatings. By Dwight G. Moore, Stanley G. Benner and 
William N. Harrison. 

2387. Three-Dimensional Unsteady Lift Problems in High-
Speed Flight-The Triangular Wing. By Harvard 
Lomax, Max. A. Heaslet, and Franklyn B. Fuller. 

2388. Axisyninietric Supersonic Flow in Rotating Impellers. 
By Arthur W. Goldstein. 

2389. Fatigue Strengths of Aircraft Materials. Axial-Load 
Fatigue Tests on Notched Sheet Specimens of 24S-T3 
and 75S-T6 Aluminum Alloys and of SAE 4130 Steel 
with Stress-Concentration Factors of 2.0 and 4.0. By 
H. J. Grover, S. M. Bishop, and L. B. Jackson. 

2390. Fatigue Strengths of Aircraft Materials. Axial-Load 
Fatigue Tests on Notched Sheet Specimens of 24S-T3 
and 75S-T6 Aluminum Alloys and of SAE 4130 Steel 
with Stress-Concentration Factor of 5.0. By H. J. 
Grover, S. M. Bishop, and L. B. Jackson. 

2393. Flow through Cascades in Tandem. By William E. 
Spraglin. 

2397. Influence of Tensile Strength and Ductility on Strengths of 
Rotating Disks in Presence of Material and Fabrication 
Defects of Several Types. By Arthur G. Hoims, Joseph 
H. Jenkins, and Andrew J. Repko. 

2398. Synthesis of Cyclopropane Hydrocarbons from Methylcy-
clopropyl Ketone. III-2-Cyclopropyl-1-Butene, cis and 
trans 2-Cyclopropyl-2-Butene, and 2-Cyclopropylbutane. 
By Vernon A. Slabey and Paul H. Wise. 

2399. Applicability of the Hypersonic Similarity Rule to Pres-
sure Distributions which Include the Effects of Rotation 
for Bodies of Revolution at Zero Angle of Attack. By 
Vernon J. Rossow. 

2402. Construction and Use of Charts in Design Studies of Gas 
Turbines. By Sumner Alpert and Rose M. Litrenta. 

2403. The Indicial Lift and Pitching Moment for a Sinking or 
Pitching Two-Dimensional Wing Flying at Subsonic or 
Supersonic Speeds. By Harvard Lomax, Max. A. Heas-
let, and Loma Sluder. 

2405. Investigation of NACA 64, 2-432 and 64, 3-440 Airfoil Sec-
tions with Boundary-Layer Control and an Analytical 
Study of Their Possible Applications. By Elmer A. 
Horton, Stanley F. Racisz, and Nicholas J. Paradiso. 

2407. Method of Analysis for Compressible Flow Past Arbitrary 
Turbomachine Blades on General Surface of Revolution. 
By Chung-Hua Wu and Curtis A. Brown. 

2408. Approximate Design Method for High-Solidity Blade 
Elements lii Compressors and Turbines. By John D. 
Stanitz. 

2409. Summary of Methods for Calculating Dynamic Lateral 
Stability and Response and for Estimating Lateral Sta-
bility Derivatives. By John P. Campbell and Marion 0. 
McKinney.	 -

No. 
2410. Analytical Investigation of Fully Developed Laminar Flow 

in Tubes with Heat Transfer with Fluid Properties 
Variable Along the Radius. By Robert G. Deissler. 

2413. Flight Investigation of the Effect of Control Centering 
Springs on the Apparent Spiral Stability of a Personal-
Owner Airplane. By John P. Campbell, Paul A. Hunter, 
Donald H. Hewes, and James B. Whitten. 

2414. An Experimental Determination of the Critical Bending 
Moment of a Box Beam Stiffened by Posts. By Paul F. 
Barrett and Paul Seide. 

2416. Theoretical Study of Some Methods for Increasing the 
Smoothness of Flight through Rough Air. By William 
H. Phillips and Christopher C. Kraft, Jr. 

2418. Flow Separation Ahead of Blunt Bodies at Supersonic 
Speeds. By W. E. Moeckel. 

2423. Theoretical Aerodynamic Characteristics of Bodies in a 
Free-Molecule-Flow Field. By Jackson R. Stalder an 
Vernon J. Zurick. 

2424. Flight Investigation of the Effect of Transient Wing Re-
sponse on Wing Strains of a Twin-Engine Transport 
Airplane in Rough Air. By Harry C. Mickleboro and 
C. C. Shufflebarger. 

2425. Plastic Stress-Strain Relations for 75S-T6 Aluminum 
Alloy Subjected to Biaxial Tensile Stresses. By Joseph 
Mann, B. H. Ulrich, and W. P. Hughes. 

2431. Skin Friction of Incompressible Turbulent Boundary Lay-
ers Under Adverse Pressure Gradients. By Fabio B: 
Goldschmied. 

2435. Direct-Reading Design Charts for 755-T6 Aluminum-
Alloy Flat Compression Panels Having Longitudinal Ex-
truded Z-Section Stiffeners. By William A. Hickman 
and Norris F. Dow. 

2438. Heat Transfer to Bodies in a High-Speed Rarefied-Gas 
Stream. By Jackson R. Stadler, Glen Goodwin, and 
Marcus O Creager. 

2441. Optical Methods Involving Light Scattering for Measuring 
Size and Concentration of Condensation Particles in 
Supercooled Hypersonic. Flow. By Enoch J. Durbin. 

2443. The Similarity Law for Hypersonic Flow about Slender 
Three-Dimensional Shapes. By Frank Al. Hamaker, 
Stanford E. Neice, and A. J. Eggers, Jr. 

2444. Effect of Stress-Solvent Crazing on Tensile Strength of 
Polymethyl Methacrylate. By B. M. Axilrod and 
Martha A. Sherman. 

2490. Flight Investigation of Some Factors Affecting the Criti-
cal Tail Loads on Large Airplanes. By Harvey H. 
Brown. 

2502. Examples of Three Representative Types of Airfoil-See-
. tion Stall at Low Speed. By George B. McCullough 

and Donald E. Gault. 
2516. A Survey of Creep in Metals. By A. D. Schwope and 

L. R. Jackson. 
2523. Rotogenerative Detection of Corrosion Currents. By 

-	 Joseph B. MeAndrew, William H. Coiner, and Howard• 
T. Francis. 

2561. A Study of Poisson's Ratio in the Yield Region. By George 
Gerard and Sorrel Wildhorn.
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TECHNiCAL MEMORANDUMS  

Citations to German reports in this list will use the following 
abbreviations where applicable: 
ZWB—Zentrale für Wissenschaftliclies Berichtswesen der Luft-

fahrtforschung des GeneralluftzeugmeiSters (German Central 
Publication Office for Aeronautical Reports). 

FB—Forschungsbericht (Research Report). 
UM—tjntersuchungen und Mitteilungen (Reports and Memo-

randa). 
No. 

1241. Basic Differential Equations in General Theory of Elastic 
Shells. By V. S. Vlasov. From Prikladnaia Matematlka 
i Mekhanika, Vol. 8, 1944, pp. 109-140. 

1246. Hydrodynamic Properties of Planing Surfaces and Flying 
Boats. By N. A. Sokolov. From Tsentral'n'ii Aero-
gidrodinamicheskii Institut, Tsagi [CAHI Report] No. 
149, 1932, pp. 1-39. 

1248. Investigations of Lateral Stability of a Glide Bomb Using 
Automatic Control Having No Time Lag. By B. W. 
Sponder. From ZWB, FB 1819, May 1943. 

1250. Subsonic Gas Flow Past a Wing Profile. By S. A. Chris-
tianovich and I. M. Yuriev. From Prikladnaya Mate-
matika i Mekhanika, Vol. 11, No. 1, 1947, pp. 105-118. 

1258. Flight Performance of a Jet Power Plant. 111—Operating 
Characteristics of a Jet Power Plant as a Function of 
Altitude. By F. Weinig. From ZWB, FB 1743/3, Nov. 
1, 1943. 

1260. Exact Solutions of Equations of Gas Dynamics. By I. A. 
Kiebel. From Prikladnaya Matematika i Mekhanica, 
Vol. 11, 1947, pp. 193-198. 

1261. On the Theory of the Propagation of Detonation in Gas-
eous Systems. By Y. B. Zeldovich. From Zhurnal Ex-
perimentalnoi I Teoreticheskoi Fiziki, Vol. 10, 1940, pp. 
542-568. 

1262. Turbulence and Heat Stratification. By H. Schliehting. 
From Zeitschrift für Angewandte Mathematik und Me-
chanik, Vol. 15, No. 6, December 1935, pp. 313-338. 

1263. Contribution to the Problem of Buckling of Orthotropic 
Plates, with Special Reference to Plywood. By Wilhelm 
Thielemann. From Forschungsgemeinschaft Halle No. 
150/19, Feb. 1945. 

1268. Isentropic Phase Changes in Dissociating Gases and the 
Method of Sound Dispersion for the Investigation of 
Homogeneous Gas Reactions with Very High Speed. By 
Gerhard Damköhler. From Zeitsebrift für Eletro-
chemie, Vol. 48, No. 2, 1942, pp. 62-82. 

1269. Isentropic Phase Changes in Dissociating Gases and the 
Method of Sound Dispersion for the Investigation of 
Homogeneous Gas Reactions with Very High Speed. By 
Gerhard Damköhler. From Zeitschrift für Elektro-
chemie, Vol. 48, No. 3, 1942, pp. 116-131. 

1271. Effect of Intense Sound Waves on a Stationary Gas Flame. 
By H. Hahnemann and L. Ehret. From Zeitschrift für 
Technische Physik, No. 10-12, 1943, pp. 228-242. 

1272. Critical Velocities of Ultracentrifuges. By V. I. Sokolov. 
From Zhurnal Tekhnicheskoi Fiziki (U. S. S. B.), Vol. 
16, No. 4, 1946, pp. 463-468. 

1273. Resonance Sound Absorber with Yielding Wall. By S. 
N. Rzhevkin. From Zhurnal Teckhnicheskoi Fiziki 
(U. S. S. R.), Vol. 16, No. 4, 1946, pp. 381-394. 

1276. Sideslip in a Viscous Compressible Gas. By V. V. Stru-
minsky. From Doklady, Akademii Nauk (U. S. S. B.), 
Vol. 54, No. 9, 1946, pp. 769-772. 

1 The missing numbers in the series of Technical Memorandums were 
released before or after the period covered by this report.

No. 
1278. General Solution of Prandtl's Boundary-Layer Equation. 

By W. Mangler. From Lilienthal-Gesellschaft für Luft-
fahrtforschung, Bericht 141, Oct. 1941, pp. 3-7. 

1281. Unstable Capillary Waves on Surface of Separation of Two 
Viscous Fluids. By V. A. Borodin and Y. F. Dityakin. 
From Prikladnaya Matematika i Mekhanika, Vol. 13, 
No. 3, 1949, pp. 267-276. 

1282. Theory of Flame Propagation. By Y. B. Zeldovich. From 
Zhurnal Fizicheskoi Khimii (U. S. S. R.), Vol. 22, 1948, 
pp. 27-49. 

1283. Resistance of a Delta Wing in a Supersonic Flow. By B. A. 
Karpovich and F. I. Frankl. From Prikladnaya Mate-
matika i Mekhanika, Vol. 11, No. 4, 1947, pp. 495-496. 

1286. Method of Successive Approximations for the Solution of 
Certain Problems in Aerodynamics. By M. E. Shvets. 
From Prikladnaya Matematika i Mekhanika, Vol. 13, No. 
3, 1949, pp. 257-266. 

1287. Dependence of the Elastic Strain Coefficient of Copper on 
the Pre-Treatment. By W. Kuntze. From Zeitschrift 
für Metailkunde, Vol. 20, No. 4, 1928, pp. 145-150. 

1288. The Diffusion of a Hot Air Jet in Air in Motion. By W. 
Szablewski. From Luftfahrtforschungsanstalt Her-
mann Goring (E. V.), Braunschweig, Sept. 1946. 

1289. The Development of a Hollow Blade for Exhaust Gas 
Turbines. By H. Kohlmann. From ZWB, UM 788, Dec. 
1943. 

1291. On Stability and Turbulence of Fluid Flows. By Werner 
Heisenberg. From Annalen der Physik, Vol. 74, No. 15, 
1924, pp. 577-627. 

1292. Laws of Flow in Rough Pipes. By J. Nikuradse. From 
VDI-Forschungslieft 361, Supplement to "Forschung auf 
dem Gebiete des Ingenieurwesens," Series B, Vol. 4, 
July-August 1933. 

1294. Exhaust Turbine and Jet Propulsion Systems. By K. 
Leist and E. KnOrnschild. From ZWB, FB 1069, May 
15, 1939. 

1295. Gas Flow with Straight Transition Line. By L. V. Ovi-
siannikov. From Prikladnaya Matematika i Mekhanika, 
Vol. 13, 1949, pp. 537-542; 

1296. On the Theory of Combustion of In Unmixed Gases. 
By Y. B. Zeldovich. From Zhurnal Tekhnicheskoi 
Fiziki, Vol. 19, No. 10, 1949, pp. 1109-1210. 

1297. State and Development of Flutter Calculation. By A. 
Teichmann. From Lilienthal -Gesellschaft fur Luft-
fahrtforschung, Bericht 135, 1941, pr. 11-20. 

1298. On the Problems of Gas Flow Over an Infinite Cascade 
Using Chaplygin's Approximation. By G. A. Bugaenko. 
From Prikladnaya Matematika I Mekhanika, Vol. 13, 
No. 4, 1949, pp. 449-456. 

1299. Additional Measurements of the Drag of Surface Irregu-
larities in Turbulent Boundary Layers. By W. Till-
mann. From ZWB, UM 6619, Dec. 27, 1944. 

1305. On Ionization and Luminescence in Flames. By E. Slinger, 
P. Goercke, and I. Bredt. From original manuscript re-
ceived June 17, 1949. 

1310. Correction Factors for Wind Tunnels of Elliptic Section 
with Partly Open and Partly Closed Test Section. By 
F. Riegels. From Luftfahrtforschung, Vol. 16, No. 1, 
1930, pp. 26-30. 

1312. Calculation of the Bending Stresses in Helicopter Rotor 
Blades. By P. de Guillenchmidt. From Socièté Na-
tionale de Constructions Aeronautiques du Centre, Rap-
port He3-0.03, Dec. 23, 1948.
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OTHER TECHNICAL PAPERS BY STAFF 
MEMBERS 

Ault, G. Mervin, and Deutsch, U. C.: Review of NACA Research 
on Materials for Gas Turbine Blades. SAE Quart. Trans., vol. 
4, no. 3, July 1950, pp. 398-409; discussion, p. 409. 

Becker, John V.: Results of Recent Hypersonic and Unsteady 
Flow Research at the Langley Aeronautical Laboratory. 
Jour. AppI. Physics, vol. 21, no. 7, July 1950, pp. 610-628. 

Carpenter, Paul J.: Hovering and Low-Speed Performance and 
Control Characteristics of an Aerodynamic- Servocontrolled 
Helicopter Rotor System as Determined on the Langley Heli-
copter Tower. Paper 50-SA-30, A. S. M. E., 1950. 

Cohen, G., and Kuczynski, U. C.: Coefficient of Self-Diffusion of 
Copper. Jour. Appl. Phys., vol. 21, no. 12, Dec. 1950, pp. 
1339-40. 

Dedrick, J. H., and Kuczynski, G. C.: Electrical Conductivity 
Method for Measuring Self-Diffusion of Metals. Jour. Appl. 
Phys., vol. 21, no. 12, Dec. 1950, pp. 1224-1225. 

Deissler, Robert U.: Investigation of Turbulent Flow and Heat 
Transfer in Smooth Tubes, Including the Effects of Variable 
Fluid Properties. Trans. A. S. Al. E., vol. 73, no. 2, Feb. 1951, 
pp. 101-107. 

Dryden, Hugh L.: A Guide to Recent Papers on the Turbulent 
Motion of Fluids. Appl. Mech. Rev., vol. 4, no. 2, Feb. 1951, 
pp. 74-75. 

Dugger, Gordon L.: The Effect of Initial Mixture Temperature on 
Burning Velocity. Your. Am. Chem. Soc., vol. 73, no. 5, May 
1951, p. 2398. 

Dugger, Gordon L.: Flame Propagation. I. The Effect of Initial 
Temperature on Flame Velocities of Propane-Air Mixtures. 
Jour. Am. Chem. Soc., vol. 72, no. 11, Nov. 1950, pp. 5271-5274. 

Frick, C. W., and Chubb, R. S.: The Longitudinal Stability of 
Elastic Swept Wings at Supersonic Speed. Jour. Aero. Sci., 
vol. 17, no. 11, Nov. 1950, pp. 691-704. 

Gerstein, Melvin; Levine, Oscar; and Wong, Edgar L.: Flame 
Propagation. II. The Determination of Fundamental Burning 
Velocities of Hydrocarbons by a Revised Tube Method. Jour. 
Am. Chem. Soc., vol. 73, no. 1, Jan. 1951, pp. 418-422. 

Gessow, Alfred, and Amer, Kenneth B.: An Explanation of Some 
Important Stability Parameters That Influence Helicopter 
Flying Qualities. Aero. Eng. Rev., vol. 9, no. 8, Aug. 1950, pp. 
28-35. 

Goodman, Irving A., and Wise, Paul H.: Dicyclic Hydrocarbons. 
1-2-Alkylbiphenyls. Jour. Am. Chem. Soc., vol. 72, no. 7, July 
20, 1050, pp. 3076-3079. 

Goodman, Irving A., and Wise, Paul H.: Dicyclic Hydrocarbons. 
11-2-Alkylbicyclohexyls. Jour. Am. Chem. Soc., vol. 73, no. 
2, Feb. 1951, pp. 850-851. 

Gustafson, F. B.: Desirable Longitudinal Flying Qualities for 
Helicopters and Means to Achieve Them. Aero. Eng. Rev., vol. 
10, no. 6, June 1051, pp. 27-33. 

Hibbard, R. B., and Pinkel, B.: Flame Propagation. IV. Corre-
lation of Maximum Fundamental Flame Velocity with Hydro-
carbon Structure. Jour. Am. Chem. Soc., vol. 73, no. 4, Apr. 
1951, pp. 1622-1625. 

Himmel, Seymour C., and Krebs, Richard P.: The Effect of 
Changes in Altitude on the Controlled Behavior of a Gas-Tur-
bine Engine. Preprint 320, Inst. Aero. Sc., 1951. 

Houbolt, John C.: A Recurrent Matrix Solution for the Dynamic 
Response of Elastic Aircraft. Jour. Aero. Sc., vol. 17, no. 9, 
Sept. 1950, pp. 540-550, 594. 

Ivey, H. Reese: Hypersonic-Flow Analogy. Preprint 263, Inst. 
Aero. Sci., 1050. 

Jones, Robert T.: The Minimum Drag of Thin Wings in Friction-
less Flow. Jour. Aero. Sci., vol. 18, no. 2, Feb. 1951, pp. 75-81.

Kuczynski, G. C., and Alexander, B. H.: Metallogrdphic Study 
of Diffusion Interfaces. Jour. Appl. Phys., vol. 22, no. 3, 
Mar. 1951, pp. 344-349. 

Lampert, Seymour: Conical Flow Methods Applied to Uniformly 
Loaded Wings in Subsonic Flow. Jour. Aero, Sc., vol. 18, 
no. 2, Feb. 1951, pp. 107-114, 138. 

Landauer, Rolf: Conductivity of Cold-Worked Metals. Phys. 
Rev., vol. 82, no. 4, May 15, 1951, pp. 520-521. 

Landauer, Rolf: Maximum Rate of Wave Function Amplitude 
Change. Phys. Rev., vol. 82, no. 4, May 15, 1951, p. 549. 

Landauer, Rolf: Reflections in One-Dimensional Wave 
Mechanics. Phys. Rev., vol. 82, no. 1, Apr. 1, 1951, pp. 80-83. 

MeLellan, Charles H.: Exploratory Wind-Tunnel Investigation 
of Wings and Bodies at M=6.9. Preprint 322, Inst. Aero. 
Sci., 1051. 

Martin, J. C.: Retarded Potentials of Supersonic Flow. Quart. 
Appi. Math., vol. VIII, no. 4, Jan. 1951, pp. 358-364. 

Nagey, Tibor F.: Four Turboprop Configurations. . . . How 
They Compare. SAE Jour., vol. 59, no. 3, Mar. 1951, pp. 22-23. 

Neice, Stanford E., and Ehret, Dorris M.: Similarity Laws for 
Slender Bodies of Revolution in Hypersonic Flows. Preprint 
321, Inst. Aero. Sc., 1951. 

Rodert, Lewis A.: Progress in Fire Prevention Following Crash. 
Preprint 265, Inst. Aero. Sc., 1950. 

Rogallo, Francis Melvin: Lateral Control of Personal Aircraft 
at High Lift Coefficients. Aero. Eng. Rev., vol. 9, no. 8, Aug. 
1950, pp. 18-22. 

Rogallo, Francis M.; Lowry, John G.; and Fischel, Jack: 
Lateral-Control Devices Suitable for Use with Full-Span Flaps. 
Jour. Aero. Sci., vol. 17, no. 10, Oct. 1950, pp. 620-638, 652. 

Runyan, H. L.; Cunningham, H. J.; and Watkins, C. E.: Theo-
retical Investigation of Several Types of Single-Degree-of-
Freedom Flutter. Preprint 323, Inst. Aero. Sc., 1951. 

Schwed, P.: Surface Diffusion in Sintering of Spheres on 
Planes. Jour. Metals, vol. 191, no. 3, Mar. 1051, pp. 245-246. 

Simon, Dorothy Martin: A Comparison of Quenching Distance 
and Inflammability Limit Data for Propane Air Flames. Jour. 
AppI. Phys., vol. 22, no. 1, Jan. 1951, p. 103. 

Simon, Dorothy Martin: Flame Propagation. III. Theoretical 
Consideration of the Burning Velocities of Hydrocarbons. 
Jour. Am. Chem. Soc., vol. 73, no. 1, Jan. 1951, pp. 422-425. 

Spakowski, A. E.; Evans, Albert; and Hibbard, R. B.: Determi-
nation of Aromatics and Olefins in Wide Boiling Petroleum 
Fractions. Analytical Chem., vol. 22, no. 11, Nov. 1950, pp. 
1419-1422. 

Spreiter, John R., and Sacks, Alvin H.: The Rolling Up of the 
Trailing Vortex Sheet and Its Effect on the Downwash behind 
Wings. Jour. Aero. Sci., vol. 18, no. 1, Jan. 1051, pp. 21-32, 
72. 

Stanitz, John D.: Analysis of the Exhaust Process in Four-
Stroke Reciprocating Engines. Trans. A. S. M. E., vol. 73, 
no. 3, Apr. 1951, pp. 319-329. 

Stevens, Victor I.: Hypersonic Research Facilities at the Ames 
Aeronautical Laboratory. Jour: Appi. Physics, vol. 21, no. 11, 
Nov. 1050, pp. 1150-1155. 

Wu, Chung H.: A General Theory of Three-Dimensional Flow 
with Subsonic and Supersonic Velocity in Turbomachines Hav-
ing Arbitrary Hub and Casing Shapes. Paper 50-A-79, 
A. S. M. E., 1950. 

Wu, Chung-Hua, and Brown, Curtis A.: A Theory of the Direct 
and Inverse Problems of Compressible Flow Past Cascade of 
Arbitrary Airfoils. Preprint 320, Inst. Aero. Sci., 1951. 

Yntema, Robert P.: An Impulse-Momentum Method for Calculat-
ing Landing Gear Impact Conditions in Unsymmetrical Land-
ings. Preprint 324, Inst. Aero. Sci., 1951.



Part 11—COMMITTEE ORGANIZATION AND MEMBERSHIP 

The act of Congress approved March 3, 1915, estab-
lishing the National Advisory Committee for Aero-
nautics, as amended (U. S. Code, Supplement IV, title 
50, sec. 151), provides that the Committee shall consist 
of 17 members appointed by the President, and shall 
include "two representatives of the Department of the 
Air Force; two representatives of the Department of 
the Navy, from the office in charge of naval aeronautics; 
two representatives of the Civil Aeronautics Author-
ity; one representative of the Smithsonian Institution; 
one representative of the United States Weather Bu-
reau; one representative of the National Bureau of 
Standards; the Chairman of the Research and Develop-
ment Board of the National Military Establishment; 
and not more than seven other members selected from 
persons acquainted with the needs of aeronautical sci-
ence, either civil or military, or skilled in aeronautical 
engineering or its allied sciences." These latter seven 
members serve for terms of 5 years. The representa-
tives of the Government organizations serve for indefi-
nite periods. All members serve as such without com-
pensation. 

Hon. Donald W. Nyrop, Chairman of the Civil Aero-
nautics Board, was appointed by President Truman a 
member of the National Advisory Committee for Aero-
nautics under date of April 24, 1951, succeeding Hon. 
Delos W. Rentzel, who resigned from the Committee 
because of his appointment as Under Secretary of Com-
merce for Transportation. 

In accordance with law, Hon. Walter G. Whitman 
was appointed a member of the Committee August 9, 
1951, following his appointment as Chairman of the 
Research and Development Board. Professor Whit-
man succeeded Hon. William Webster, who resigned 
from the Committee in July, concurrently with his 
resignation as Chairman of the RDB. 

Because of his retirement from the United States 
Air Force, the membership of Maj. Gen. Gordon P. 
Saville on the Committee was terminated July 31, 1951. 
General Saville was serving as Deputy Chief of Staff, 
Development, in the Air Force. Another termination 
of membership resulted from the resignation of Dr. 
Edward U. Condon as Director of the National Bureau 
of Standards, effective September 30, 1951. Successors 
to General Saville and Dr. Condon on the Committee 
have not been appointed. 

In accordance with the regulations governing the 
organization of the Committee as approved by the 
President, the Chairman and Vice Chairman are elected

annually, as are also the Chairman and Vice Chairman 
of the Executive Committee. 

On October 12, 1951, Dr. Jerome C. Hunsaker was 
reelected Chairman of the NACA and of the Executive 
Committee, and Dr. Alexander Wetmore and Dr. Fran- 
cis W. Reichelderfer were reelected Vice Chairman of 
the NACA and Vice Chairman of the Executive Com-
mittee, respectively. 

COMMITTEE ON AERODYNAMICS 

Dr. Theodore P. Wright, Cornell University, Chairman. 
Capt. Walter S. Diehl, U. S. N. (Ret.), Vice Chairman. 
Dr. Albert E. Lombard, Jr., Office, Directorate of Research and 

Development, U. S. Air Force. 
Col. Jack A. Gibbs, U. S. A. F., Air Materiel Command. 
Mr. F. A. Louden, Bureau of Aeronautics, Department of the 

Navy. 
Capt. M. R. Kelley, U. S. N. (Ret.), Bureau of Ordnance. 
Brig. Gen. Leslie E. Simon, U. S. A., Chief, Ordnance Research 

and Development Division. 
Mr. Harold D. Hoekstra, Civil Aeronautics Administration. 
Dr. Hugh L. Dryden (ex officio). 
Mr. Floyd L. Thompson, NACA Langley Aeronautical Labora-

tory. 
Mr. Russell G. Robinson, NACA Ames Aeronautical Labora-

tory. 
Prof. Jesse W. Beams, University of Virginia. 
Mr. Edward J. Horkey, North American Aviation, Inc. 
Mr. Clarence L. Johnson, Lockheed Aircraft Corp. 
Mr. John G. Lee, United Aircraft Corp. 
Mr. Grover Loening. 
Dr. Clark B. 11illikan, California Institute of Technology. 
Dr. W. Bailey Oswald, Douglas Aircraft Co., Inc. 
Mr. George S. Schairer, Boeing Airplane Co. 
Prof. E. S. Taylor, Massachusetts Institute of Technology. 
Mr. Robert J. Woods, Bell Aircraft Corp. 

Mr. Milton B. Ames, Jr., Secretary 

Subcommittee on Fluid Mechanics 

Dr. Clark B. Millikan, California Institute of Technology, Chair-
man. 

Dr. Frank L. Wattendorf, DCS/Development, Eq., U. S. Air 
Force. 

Mr. L. S. Wasserman, Wright Air Development Center. 
Capt. W. S. Diehl, U. S. N. (Ret.). 
Dr. E. Bromberg, Office of Naval Research, Department of the 

Navy. 
Dr. Raymond J. Seeger, Naval Ordnance Laboratory. 
Mr. Joseph Sternberg, Ballistic Research Laboratories, Aber-

deen Proving Ground. 
Dr. G. B. Schubauer,-National Bureau of Standards. 
Dr. Carl Kaplan, NACA Langley Aeronautical Laboratory. 
Mr. John Stack, NACA Langley Aeronautical Laboratory. 
Mr. Robert T. Jones, NACA Ames Aeronautical Laboratory. 
Mr. Walter G. Vincenti, NACA Ames Aeronautical Laboratory. 
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Dr. John C. Evvard, NAOA Lewis Flight Propulsion Laboratory 
Dr. William Bollay, North American Aviation, Inc. 
Dr. Francis H. Clauser, The Johns Hopkins University. 
Prof. Howard W. Emmons, Harvard University. 
Dr. Hans W. Liepniann, California Institute of Technology. 
Dr. C. C. Lin, Massachusetts Institute of Technology. 
Dr. William H. Sears, Cornell University. 

Mr. E. 0. Pearson, Jr., Secretary

Subcommittee on High-Speed Aerodynamics 

Mr. John G. Lee, United Aircraft Corp., Chairman. 
Col. Robert Al. Wray, U. S. A. F., Wright Air Development Center. 
Mr. H. L. Anderson, Wright Air Development Center. 
Commander Sydney S. Sherby, U. S. N., Bureau of Aeronautics. 
Dr. George L. Shue, Naval Ordnance Laboratory. 
Mr. C. L. Poor, III, Ballistic Research Laboratories, Aberdeen 

Proving Ground. 
Mr. Robert H. Gliruth, NACA Langley Aeronautical Laboratory. 
Mr. John Stack, NACA Langley Aeronautical Laboratory. 
Mr. H. Julian Allen, NACA Ames Aeronautical Laboratory. 
Mr. Abe Silverstein, NACA Lewis Flight Propulsion Laboratory. 
Mr. Irving L. Ashkenas, Northrop Aircraft, Inc. 
Mr. Benedict Cohn, Boeing Airplane Co. 
Mr. David S. Lewis, Jr., McDonnell Aircraft Corp. 
Mr. Harold Luskin, Douglas Aircraft Co., Inc. 
Prof. John R. Markham, Massachusetts Institute of Technology. 
Mr. C. E. Pappas, Republic Aviation Corp. 
Dr. Allen E. Puckett, Hughes Aircraft Co. 
Mr. William C. Schoolfield, United Aircraft Corp. 
Mr. H. A. Storms, Jr., North American Aviation, Inc. 
Mr. R. H. Widmer, Consolidated Vultee Aircraft Corp. 

Mr. Edward C. Polhamus, Secretary

Subcommittee on Stability and Control 

Capt. Walter S. Diehl, U. S. N. (Ret.), Chairman. 
Mr. Melvin Shorr, Wright Air Development Center. 
Mr. Gerald G. Kayten, Bureau of Aeronautics, Department of 

the Navy. 
Mr. Philippe W. Newton, U. S. Army Ordance Corps. 
Mr. John A. Carran, Civil Aeronautics Administration. 
Mr. Thomas A. Harris, NACA Langley Aeronautical Laboratory. 
Mr. Harry J. Goett, NACA Ames Aeronautical Laboratory. 
Mr. George S. Graff, McDonnell Aircraft Corp. 
Mr. Herbert Harris, Jr., Sperry Gyroscope Co., Inc. 
Mr. Stuart A. Krieger, Northrop Aircraft, Inc. 
Mr. W. F. Milliken, Jr., Cornell Research Foundation, Inc. 
Mr. Dale D. Myers, North American Aviation, Inc. 
Prof. Courtland D. Perkins, Princeton University. 
Prof. Robert C. Seamans, Jr., Massachusetts Institute of Tech-

nology. 
Mr. Ralph H. Shick, Consolidated Vultee Aircraft Corp. 
Mr. Charles Tilgner, Jr., Grumman Aircraft Engineering Corp. 
Prof. Fred E. Weick, Agricultural and Mechanical College of 

Texas.
Mr. Jack D. Brewer, Secretary 

Subcommittee on Internal Flow 

Mr. Philip A. Colman, Lockheed Aircraft Corp., Chairman. 
Mr. Joseph Flatt, Wright Air Development Center. 
Capt. Walter Haaser, U. S. A. F., Wright Air Development 

Center. 
Commander B. L. Duncan, U. S. N., Office of Naval Research.

Mr. Palmer R. Wood, Bureau of Aeronautics, Department of 
the Navy. 

Mr. C. L. Zakhartchenko, National Bureau of Standards. 
Mr. John V. Becker, NACA Langley Aeronautical Laboratory. 
Mr. E. A. Mossman, NACA Ames Aeronautical Laboratory. 
Mr. DeMarquis D. Wyatt, NACA Lewis Flight Propulsion Lab-

oratory. 
Mr. J. S. Alford, General Electric Co. 
Mr. Leo A. Geyer, Grumman Aircraft Engineering Corp. 
i\Ir. Henry H. Hoadley, United Aircraft Corp. 
Dr. William J. O'Donnell, Republic Aviation Corp. 
Mr. Otto P. Prachar, General Motors Corp. 
Mr. Ascher H. Shapiro, Massachusetts Institute of Technology. 
Mr. Maurice A. Sulkin, North American Aviation, Inc. 

Mr. Edward C. Polhamus, Secretary.

Subcommittee on Propellers for Aircraft 

Mr. Thomas B. Rhines, Hamilton Standard Division, United Air-
craft Corp., Chairman. 

Mr. Anthony F. Dernbach, Wright Air Development Center. 
Mr. Daniel A. Dickey, Wright Air Development Center. 
Mr. Ivan H. Driggs, Bureau of Aeronautics, Department of the 

Navy. 
Mr. John C. Morse, Civil Aeronautics Administration. 
Mr. Eugene C. Draley, NACA Langley Aeronautical Laboratory. 
Mr. Robert Al. Crane, NACA Ames Aeronautical Laboratory. 
Mr. George W. Brady, Curtiss Wright Corp. 
Mr. Frank W. Caldwell, United Aircraft Corp. 
Mr. Wilfred W. Davies, United Air Lines, Inc. 
Mr. Ralph B. LaMotte, General Motors Corp. 
Air. E. B. Maske, Jr., Consolidated Vulfee Aircraft Corp. 
Mr. Robert B. Smith, Douglas Aircraft Co.. Inc. 

Mr. Ralph W. May, Secretary. 

Subcommittee on Seaplanes 

ilr. Grover Loening, Chairman. 
Mr. Joseph A. Ellis, Wright Air Development Center. 
Mr. J. H. Herald, Wright Air Development Center. 
Mr. Charles J. Daniels, Bureau of Aeronautics, Department of 

the Navy. 
Mr. F. W. S. Locke, Jr., Bureau of Aeronautics, Department of 

the Navy. 
Mr. Charlie C. Garrison, Office of Naval Research, Department 

of the Navy. 
Commander W. C. Fortune, U. S. N., David Taylor Model Basin. 
Commander John A. Ferguson, U. S. N., Naval Air Test Center, 

Patuxent. 
Capt. Donald B. MacDiarmid, U. S. C. G., U. S. Coast Guard Air 

Station, San Diego. 
Mr. John B. Parkinson, NACA Langley Aeronautical Labora-

tory. 
Mr. Robert B. Cotton, All American Airways, Inc. 
Dr. K. S. M. Davidson, Stevens Institute of Technology. 
Mr. J. D. Pierson, the Glenn L. Martin Co. 
Mr. William R. Ryan, Edo Corp. 
Mr. E. G. Stout, Consolidated Vultee Aircraft Corp. 
Mr. Henry B. Suydam, Grumman Aircraft Engineering Corp. 

Mr. Ralph W. May, Secretary. 

Subcommittee on Helicopters 

Mr. Richard H. Prewitt, Prewitt Aircraft Co., Chairman. 
Mr. Bernard Lindenbaum, Wright Air Development Center.
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Capt. Paul Simmons, Jr., U. S. A. F., Wright Air Development 
Center. 

Mr. Raymond A. Young, Bureau of Aeronautics, Department of 
the Navy. 

Commander Frank A. Erickson, U. S. C. G., U. S. Naval Air Sta-
tion, Patuxent. 

Lt. Col. Jack L. Marinelli, F. A., Army Field Forces. 
Mr. Burdell L. Springer, Civil Aeronautics Administration. 
Mr. R. B. Maloy, Civil Aeronautics Administration. 
Mr. Richard C. Dingeldein, NACA Langley Aeronautical Labo-

ratory. 
Mr. F. B. Gustafson, NACA Langley Aeronautical Laboratory. 
Mr. Michael E. Gluhareff, Sikorsky Aircraft, United Aircraft 

Corp. 
Mr. Bartram Kelley, Bell Aircraft Corp. 
Mr. Rene H. Miller, Massachusetts Institute of Technology. 
Mr. Robert R. Osborn, McDonnell Aircraft Corp. 
Mr. F. N. Piasecki, Piasecki Helicopter Corp. 
Mr. N. M. Stefano, Hughes Aircraft Co. 

Mr. Leslie E. Schneiter, Secretary. 

Special Subcommittee on the Upper Atmosphere 

Dr. Harry Wexler, U. S. Weather Bureau, Chairman. 
Col. Benjamin G. Holzman, U. S. A. F., Office, Deputy Chief of 

Staff for Materiel, Department of the Air Force. 
Dr. Sverre Petterssen, Air Weather Service, U. S. Air Force. 
Capt. Walter S. Diehl, U. S. N. (Ret.). 
Dr. Homer E. Newell, Jr., Naval Research Laboratory. 
Dr. 0. R. Wulf, California Institute of Technology. 
Dr. W. G. Brombacher, National Bureau of Standards. 
Mr. William J. O'Sullivan, NACA Langley Aeronautical Labo-

ratory. 
Dr. Carl W. Gartlein, Cornell University. 
Dr. B. Gutenberg, California Institute of Technology. 
Dr. Harvey Hall, Office of Naval Research, Department of the 

Navy. 
Prof. Bernhard Haurwitz, New York University. 
Dr. Joseph Kaplan, University of California. 
Dr. W. W. Kellogg, The Rand Corp. 
Dr. Zdenek Kopal, Massachusetts Institute of Technology. 
Dr. C. L. Pekeris, the Institute for Advanced Study. 
Dr. J. A. Van Allen, The Johns Hopkins University. 
Dr. Harry W. Wells, Carnegie Institution of Washington. 
Dr. Fred L. Whipple, Harvard University. 

Mr. Leslie E. Schneiter, Secretary.

COMMITTEE ON POWER PLANTS FOR AIRCRAFT 

Mr. Ronald M. Hazen, Allison Division, General Motors Corp., 
Chairman. 

Prof. B. S. Taylor, Massachusetts Institute of Technology, 
Vice Chairman. 

Col. Norman C. Appold, U. S. A. F., Chief, Power Plant 
Laboratory. 

Col. Paul F. Nay, U. S. A. F., Chief, Propulsion Branch, Aircraft 
Division.	 - 

Capt. B. Al. Condra, Jr., U. S. N., Bureau of Aeronautics. 
Mr. Stephen Rolle, Civil Aeronautics Administration. 
Dr. Hugh L. Dryden (ex officio). 
Mr. Abe Silverstein, NAOA Lewis Flight Propulsion Laboratory. 
Mr. Frank W. Davis, Consolidated Vultee Aircraft Corp. 
Dr. Louis G. Dunn, California Institute of Technology. 
Mr. William M. Holaday, Socony Vacuum Oil Co., Inc. 
Mr. R. P. Kroon, Westinghouse Electric Corp. 
Mr. William C. Lawrence, American Airlines, Inc.

Mr. Wilton G. Lundquist, Wright Aeronautical Corp., Division 
of Curtiss-Wright Corp. 

Mr. Wright A. Parkins, Pratt and Whitney Aircraft Division, 
United Aircraft Corp. 

Mr. George S. Schairer, Boeing Airplane Co. 
Mr. Raymond W. Young, Reaction Motors, Inc. 

Mr. William H. Woodward, Secretary.

Subcommittee on Aircraft Fuels 

Dr. J. Bennett Hill, Sun Oil Co., Chairman. 
Lt. Col. J. H. Lee, U. S. A. F., Propulsion Branch, Aircraft 

Division. 
Maj. M. W. Shayeson, U. S. A. F., Wright Air Development 

Center. 
Comdr. Robert F. Wadsworth, U. S. N., Bureau of Aeronautics. 
Mr. Ralph S. White, Civil Aeronautiës Administration. 
Di. L. C. Gibbons, NACA Lewis Flight Propulsion Laboratory. 
Dr. D. P. Barnard, Standard Oil Co. of Indiana. 
Mr. A. J. Blackwood, Standard Oil Development Co. 
Mr. J. L. Cooley, California Research Corp. 
Mr. S. D. Heron, Ethyl Corp. 
Mr. W. Al. Holaday, Socony-Vacuum Oil Co., Inc. 
Mr. C. R. Johnson, Shell Oil Co. 
Mr. Melvin H. Young, Wright Aeronautical Corp., Division of 

Curtiss-Wright Corp. 
Dr. W. E. Kuhn, The Texas Co. 
Mr. 0. B. Rodgers, Aviation Gas Turbine Division, Westinghouse 

Electric Corp. 
Mr. Earle A. Ryder, Pratt and Whitney Aircraft Division, 

United Aircraft Corp. 
Mr. Harold Al. Trimble, Phillips Petroleum Co. 

Mr. Henry B. Alquist, Secretary. 

Subcommittee on Combustion 

Dr. Bernard Lewis, Bureau of Mines, Chairman. 
Dr. D. G. Samaras, Wright Air Development Center. 
Mr. Garrett L. Wander, Wright Air Development Force. 
Mr. N. N. Tilley, Bureau of Aeronautics, Department of the 

Navy. 
Mr. Edward H. Seymour, Office of Naval Research, Department 

of the Navy. 
Dr. Ernest F. Flock, National Bureau of Standards. 
Dr. Walter T. Olson, NACA Lewis Flight Propulsion Laboratory. 
Mr. Edmund D. Brown, Pratt and Whitney Aircraft Division, 

United Aircraft Corp. 
Dr. Alfred G. Cattaneo, Shell Development Co. 
Prof. Newman A. Hall, University of Minnesota. 
Dr. John P. Longwell, Standard Oil Development Co. 
Mr. A. J. Nerad, General Electric Co. 
Dr. Robert N. Pease, Princeton University. 
Mr. Edwin P. Walsh, Westinghouse Electric Corp. 
Prof. Glenn C. Williams, Massachusetts Institute of Technology. 
Dr. Kurt Wohl, University of Delaware. 

Mr. Henry B. Aiquist, Secretary.

Subcommittee on Lubrication and Wear 

Mr. E. M. Phillips, General Electric Co., Chairman. 
Mr. J. Josteller, Wright Air Development Center. 
Mr. Robert C. Sheard, Wright Air Development Center. 
Mr. Charles C. Singleterry, Bureau of Aeronautics, Department 

of the Navy. 
Dr. William Zisman, Naval Research Laboratory, Department of 

the Navy.
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Mr. Edmond E. Bisson, NACA Lewis Flight Propulsion Labora-
tory. 

Mr. Richard W. Blair, Wright Aeronautical Corp., Division of 
Curtiss-Wright Corp. 

Dr. John T. Burwell, Jr., Horizons, Inc. 
Dr. Merrell R. Fenske, Pennsylvania State College. 
Mr Daniel-Gurney, Marlin-Rockwell Corp. 
Dr. Robert G. Larsen, Shell Development Co. 
Mr. C. J. McDowall, Allison Division, General Motors Corp. 
Mr. Joseph Palsulich, Cleveland Graphite Bronze Co. 
Mr. Earle A. Ryder, Pratt and Whitney Aircraft Division, United 

Aircraft Corp. 
Mr. C. H. Stockdale, Westinghouse Electric Corp. 
Dr. Haakon Styri, SKIP Industries, Inc. 
Mr. Arthur F. Underwood, General Motors Corp. 
Mr. W. Andrew Wright, Sun Oil Co. 

Mr. William H. Woodward, Secretary. 

Subcommittee on Engine Performance and Operation 

Mr. Arnold H. Redding, Westinghouse Electric Corp., Chairman. 
Mr. Opie Chenoweth, Wright Air Development Center. 
Mr. C. C. Sorgen, Bureau of Aeronautics, Department of the 

Navy. 
Mr. Bruce T. Lundin, NACA Lewis Flight Propulsion Labora-

tory. 
Dr. John L. Barnes, North American Aviation, Inc. 
Prof. Gordon S. Brown, Massachusetts Institute of Technology. 
Mr. Dimitrius Gerdan, Allison Division, General Motors Corp. 
Mr. John Karanik, Grumman Aircraft Engineering Corp. 
Dr. Roy E. Marquardt, Marquardt Aircraft Co. 
Dr. William J. O'Donnell, Republic Aviation Corp. 
Mr. Erold F. Pierce, Wright Aeronautical Corp., Division of 

Curtiss-Wright Corp. 
Mr. Perry W. Pratt, Pratt and Whitney Aircraft Division, 

United Aircraft Corp. 
Mr. E. E. Stoeckly, General Electric Co. 
Mr. Lon Storey, Jr., Lockheed Aircraft Corp. 
Mr. Lee H. Woodworth, The Rand Corp. 

Mr. Richard S. Cesaro, Secretary. 

Subcommittee on Compressors and Turbines 

Prof. Howard W. Emmons, Harvard University, Chairman. 
Mr. Ernest C. Simpson, Wright Air Development Center. 
Mr. Robert W. Pinnes, Bureau of Aeronautics, Department of 

the Navy. 
Commander R. L. Duncan, U. S. N., Office of Naval Research, 

Department of the Navy. 
Mr. John H. Erwin, NACA Langley Aeronautical Laboratory. 
Mr. Robert 0. Bullock, NACA Lewis Flight Propulsion Labora-

tory. 
Mr. Kenneth Campbell, Wright Aeronautical Corp., Division of 

Curtiss-Wright Corp. 
Mr. Walter Doll, Pratt and Whitney Aircraft Division, United 

Aircraft Corp. 
Mr. Jack C. Fetters, Allison Division, General Motors Corp. 
Mr. H. S. Hall, General Electric Co. 
Dr. Frank E. Marble, California Institute of Technology. 
Mr. Charles A. Meyer, Westinghouse Electric Corp. 
Prof. George F. Wislicenus, The Johns Hopkins University.

Subcommittee on Heat-Resisting Materials 

Mr. Arthur W. F. Green, General Motors Corp., Chairman. 
Mr. J. B. Johnson, Wright Air Development Center. 
Mr. Nathan E. Promisel, Bureau of Aeronautics, Department of 

the Navy. 
Mr. Benjamin Pinkel, NACA Lewis Flight Propulsion Labora-

tory. 
Mr. W. L. Badger, General Electric Co. 
Mr. Howard C. Cross, Battelle Memorial Institute. 
Mr. P. G. Delluff, Jr., Westinghouse Electric Corp. 
Mr. Russell Franks, Union Carbide & Carbon Corp. 
Mr. Herbert J. French, International Nickel Co. 
Prof. Nicholas J. Grant, Massachusetts Institute of Technology. 
Mr. Alvin J. Herzig, Climax Molybdenum Co. of Michigan. 
Dr. L. H. Milligan, Norton Co. 
Dr. Gunther Mohling, Allegheny Ludlum Steel Corp. 
Mr. Rudolf H. Thielemann, Pratt and Whitney Aircraft Division, 

United Aircraft Corp. 	 - 

Mr. William H. Woodward, Secretary. 

Special Subcommittee on Rocket Engines 

Dr. Maurice J. Zucrow, Purdue University, Chairman. 
Mr. C. W. Schnare, Wright Air Development Center. 
Commander K. C. Childers, Jr., U. S. N., Bureau of Aeronautics, 

Department of the Navy. 
Capt. Levering Smith, U. S. N., Naval Ordnance Test Station, 

Inyokern. 
Mr. Joseph L. Gray, Office of the Chief of Ordnance, Depart-

ment of the Army. 	 - 
Mr. Paul R. Hill, N'ACA Langley Aeronautical Laboratory. 
Mr. John L. Sloop, NACA Lewis Flight Propulsion Laboratory. 
Mr. Richard B. Canright, California Institute of Technology. 
Mr. R. Bruce Foster, Bell Aircraft Corp. 
Mr. Stanley L. Gendler, The Rand Corp. 
Dr. George E. Moore, General Electric Co. 
Mr. Thomas E. Myers, North American Aviation, Inc. 
Mr. Jack H. Sheets, Curtiss-Wright Corp. 
Dr. Robert J. Thompson, Jr., M. W. Kellogg Co. 
Dr. Paul F. Winternitz, Reaction Motors, Inc. 
Mr. David A. Young, Aerojet Engineering Corp. 

Mr. Henry E. Alquist, Secretary. 

COMMITTEE ON AIRCRAFT CONSTRUCTION 

Dr. Arthur E. Raymond, Douglas Aircraft Co., Inc., Chairman. 
Mr. R. L. Templin, Aluminum Co. of America, Vice Chairman. 
Mr. E. H. Schwartz, Wright Air Development Center. 
Capt. Robert S. Hatcher, U. S. N., Bureau of Aeronautics, De-

partment of the Navy. 
Mr. Albert A. Voilmecke, Civil Aeronautics Administration. 
Dr. Hugh L. Dryden (ex officio). 
Dr. Henry J. E. Reid, NACA Langley Aeronautical Laboratory. 
Mr. Carlton Bioletti, NACA Ames Aeronautical Laboratory. 
Prof. Raymond L. Bisplinghoff, Massachusetts Institute of Tech-

nology. 
Prof. Emerson W. Conlon, University of Michigan. 
Dr. C. C. Furnas, Cornell Aeronautical Laboratory, Inc. 
Dr. Alexander A. Kartveli, Republic Aviation Corp. 
Mr. W. C. Mentzer, United Air Lines, Inc. 
Mr. George Snyder, Boeing Airplane Co. 
i\ir. Luther P. Spalding, North American Aviation, Inc. 
I\lr. Charles H. Strang, Douglas Aircraft Co., Inc. 

Mr. Guy N. Ullman, Secretary. 	 Mr. Franklyn W. Phillips, Secretary.
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Subcommittee on Aircraft Structures 	 Subcommittee on Aircraft Structural Materials 

Mr. Charles R. Strang, , Douglas Aircraft Co., Inc., Chairman. 
Mr. J. W. Farrell, Wright Air Development Center. 
Mr. Joseph Kelley, Jr., Wright Air Development Center. 
Commander L. S. Chambers, U. S. N., Bureau of Aeronautics, 

Department of the Navy. 
Mr. Ralph L. Creel, Bureau of Aeronautics, Bureau of Aero-

nautics, Department of the Navy. 
Mr. William T. Shuler, Civil Aeronautics Administration. 
Mr. Samuel Levy, National Bureau of Standards. 
Dr. Eugene E. Lundquist, NACA Langley Aeronautical Labora-

tory. 
Prof. W. H. Gale, Massachusetts Institute of Technology. 
Mr. Ira G. Hedrick, Grumman Aircraft Engineering Corp. 
Dr. Nicholas J. Hoff, Polytechnic Institute of Brooklyn. 
Mr. Jerome F. McBrearty, Lockheed Aircraft Corp. 
Mr. Francis McVay, Republic Aviation Corp. 
Mr. John H. Meyer, McDonnell Aircraft Corp. 
Prof. Ernest E. Sechler, California Institute of Technology. 
Mr. H. L. Templin, Aluminum Co. of America. 

Mr. Melvin G. Rosche, Secretary. 

Subcommittee on Aircraft Loads 

Mr. George Snyder, Boeing Airplane Co., Chairman. 
Mr. Joseph H. Harrington, Wright Air Development Center. 
Mr. Edward J. Lunney, Wright Air Development Center. 
Commander Donald J. Hardy, U. S. N., Bureau of Aeronautics, 

Department of the Navy. 
Mr. John P. Wamser, Bureau of Aeronautics, Department of the 

Navy. 
Mr. Burdell L. Springer, Civil Aeronautics Administration. 
Mr. Philip Donely, NACA Langley Aeronautical Laboratory. 
Mr. Manley J. Hood, NACA Ames Aeronautical Laboratory. 
Mr. Albert Epstein, Republic Aviation Corp. 
Mr. F. D. Jewett, The Glenn L. Martin Co. 
Mr. Jerome F. McBrearty, Lockheed Aircraft Corp. 
Mr. Alfred I. Sibila, Chance Vought Aircraft, United Aircraft 

Corp. 
Mr. K. E. Van Every, Douglas Aircraft Co., Inc. 

Mr. H. Fabian Goranson, Secretary.

Subcommittee on Vibration and Flutter 

Prof. Raymond L. Bisplinghoff, Massachusetts Institute of Tech-
nology, Chairman. 

Mr. Howard A. Magrath, Wright Air Development Center. 
Mr. L. S. Wasserman, Wright Air Development Center. 
Capt. Walter S. Diehl, U. S. N. (Ret.). 
Mr. James E. Walsh, Bureau of Aeronautics, Department of the 

Navy. 
Mr. Robert Rosenbaum, Civil Aeronautics Administration. 
Mr. I. E. Garrick, NACA Langley Aeronautical Laboratory. 
Mr. Albert Erickson, NACA Ames Aeronautical Laboratory. 
Mr. Samuel S. Manson, NACA Lewis Flight Propulsion Labora-

Corp. 
Dr. William E. Cox, Northrop Aircraft, Inc. 
Dr. J. M. Frankland, Chance Vought Aircraft, United Aircraft 
Corp. 
Mr. Martin Goland, Midwest Research Institute. 
Mr. E. B. Kinnaman, Boeing Airplane Co. 
Mr. Raymond A. Pepping, McDonnell Aircraft Corp. 

Mr. Harvey H. Brown, Secretary.

Mr. Edgar H. Dix, Jr., Aluminum Co. of America, Chairman. 
Mr. J. B. Johnson, Wright Air Development Center. 
Mr. James E. Sullivan, Bureau of Aeronautics, Department of 

the Navy. 
Dr. Gordon M. Kline, National Bureau of Standards. 
Mr. James E. Dougherty, Jr., Civil Aeronautics Administration. 
Mr. Frank B. Bolte, North American Aviation, Inc. 
Prof. Maxwell Gensamer, Columbia University. 
Mr. 0. W. Loudenslager, Goodyear Aircraft Corp. 
Dr. J. C. McDonald, The Dow Chemical Co. 
Dr. Robert F. Mehl, Carnegie Institute of Technology. 
Mr. Paul P. Mozley, Lockheed Aircraft Corp. 
Mr. David G. Reid, Chance Vought Aircraft Division, United 

Aircraft Corp. 
Mr. D. H. Ruhnke, Republic Steel Corp. 

Mr. Charles V. Krebs, Secretary. 

COMMITTEE ON OPERATING PROBLEMS 

Mr. William Littlewood, American Airlines, Inc., Chairman. 
Mr. Charles Froesch, Eastern Air Lines, Inc., Vice Chairman. 
Col. Baskin R. Lawrence, Jr., U. S. A. F., Wright Air Develop-

ment Center. 
Col. J. Francis Taylor, Jr., U. S. A. F., Wright Air Development 

Center. 
Commander A. L. Maccubbin, U. S. Ni., Bureau of Aeronautics, 

Department of the Navy. 
Maj. Gen. William H. Tunner, U. S. A., Hq., Military Air Trans-

port Service. 
Dr. F. W. Reichelderfer, Chief, U. S. Weather Bureau. 
Mr. George W. Haldeman, Civil Aeronautics Administration. 
Mr. Donald M. Stuart, Civil Aeronautics Administration. 
Dr. Hugh L. Dryden (ex officio). 
Mr. Melvin N. Gough, NACA Langley Aeronautical Laboratory. 
Mr. Eugene J. Manganiello, NACA Lewis Flight Propulsion 

Laboratory. 
Mr. P. R. Bassett, Sperry Gyroscope Co., Inc., Division of the 

Sperry Corp. 
Mr. M. G. Beard, American Airlines, Inc. 
Mr. John G. Borger, Pan American World Airways, Inc. 
Mr. Warren T. Dickinson, Douglas Aircraft Co., Inc. 
Mr. Robert E. Johnson, Wright Aeronautical Corp., Division of 

Curtiss-Wright Corp. 
Mr. Jerome Lederer. 
Dr. Ross A. McFarland, Harvard School of Public Health. 
Mr. W. C. Mentzer, United Air Lines, Inc. 

Dr. T. L. K. Smull, Secretary. 

Subcommittee on Meteorological Problems 

Dr. F. W. Reichelderfer, U. S. Weather Bureau, Chairman. 
Brig. Gen. W. 0. Senter, U. S. A. F., Air Weather Service. 
Maj. Frederic. C. E. Oder, U. S. A. F., Air Force Cambridge Re-

search Center. 
Capt. R. 0. Minter, U. S. N., Naval Aerological Service. 
Dr. Ross Gunn, U. S. Weather Bureau. 
Mr. Delbert M. Little, U. S. Weather Bureau. 
Dr. Harry Wexler, U. S. Weather Bureau. 
Mr. Robert W. Craig, Civil Aeronautics Administration. 
Mr. George M. French, Civil Aeronautics Board. 
Mr. Harry Press, NACA Langley Aeronautical Laboratory. 
Mr. I. Irving Pinkel, NACA Lewis Flight Propulsion Laboratory. 
Dr. Horace R. Byers, University of Chicago. 
Mr. Martin B. Cahill, Northwest Airlines, Inc.
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Mr. Allan C. Clark, Pan American World Airways, Inc. 
Mr. Joseph J. George, Eastern Air Lines, Inc. 
Prof. H. G. Houghton, Massachusetts Institute of Technology. 
Dean Atheistan F. Spilhaus, University of Minnesota. 
Mr. Frank C. White, Air Transport Association of America. 
Dr. E. J. Workman, New Mexico Institute of Mining and Tech-

nology.	 - 
Mr. Donald B. Talmage, Secretary. 

Subcommittee on Icing Problems 
Mr. Arthur A. Brown, Pratt and Whitney Aircraft, United Air-

craft Corp. 
Mr. James E. DeRemer, Development, U. S. Air Force 
Mr. Duane M. Patterson, Wright Air Development Center. 
Mr. Edward C. Y. Inn, Air Force Cambridge Research Center. 
Mr. Parker M. Bartlett, Bureau of Aeronautics, Department of 

the Navy. 
Mr. Harcourt C. Sontag, Bureau of Aeronautics, Department of 

the Navy. 
Mr. B. C. Haynes, U. S. Weather Bureau. 
Mr. Stephen Rolle, Civil Aeronautics Administration. 
Mr. I. Irving Pinkel, NACA Lewis Flight Propulsion Laboratory. 
Mr. Don 0.- Benson, Northwest Airlines, Inc. 
Mr. F. L. Boeke, North American Aviation, Inc. 
Dr. Wallace B. Howell, Mount Washington Observatory. 
Mr. Victor Hudson, Consolidated Vultee Aircraft Corp. 
Mr. David A. North, American Airlines, Inc. 
Mr. W. W. Reaser, Douglas Aircraft Co., Inc. 
Dr. Vincent J. Schaefer, General Electric Co. 

Mr. Boyd C. Myers, II, Secretary.

Subcommittee on Aircraft Fire Prevention 
Mr. Raymond D. Kelly, United Air Lines, Inc., Chairman. 
Capt. Howard A. Klein, U. S. A. F., Wright Air Development 

Center.

Mr. Frederick A. Wright, Wright Air Development Center. 
Maj. Charles H. McConnell, U. S. A. F., Technical Inspection and 

Flight Safety Research. 
Mr. Arthur V. Stamm, Bureau of Aeronautics, Department of 

the Navy. 
Mr. David L. Posner, Civil Aeronautics Administration. 
Mr. Harvey L. Hansberry, Civil Aeronautics Administration. 
Mr. Hugh B. Freeman, Civil Aeronautics Board. 
Mr. A. C. Hutton, National Bureau of Standards. 
Mr. Lewis A. Rodert, NACA Lewis Flight Propulsion Labora-

tory. 
Mr. E. M. Barber, The Texas Co. 
Mr. Allen W. Dallas, Air Transport Association of America. 
Mr. Harold B. Hoben, American Airlines, Inc. 
Mr. C. B. Johnson, Shell Oil Co. 
Mr. Gaylord W. Newton, ARO, Inc. 
Mr. Ivar L. Shogran, Douglas Aircraft Co., Inc. 
Mr. William I. Stieglitz, Republic Aviation Corp. 
Mr. Clem G. Trimbach, Cornell Aeronautical Laboratory, Inc. 

Mr. Richard S. Cesaro, Secretary. 

INDUSTRY CONSULTING COMMIFEE 
Mr. Dwane L. Wallace, Cessna Aircraft Co., Chairman. 
Mr. William N. Allen, Boeing Airplane Co., Vice Chairman. 
Dr. Lynn L. Bollinger, Helio Aircraft Corp. 
Mr. Ralph S. Damon, Trans World Airlines, Inc. 
Mr. Robert E. Gross, Lockheed Aircraft Corp. 
Mr. Roy T. Hurley, Curtiss-Wright Corp. 
Mr. 0. W. LaPierre, General Electric Co. 
Mr. Mundy I. Peale, Republic Aviation Corp. 
Mr. Earl F. Slick, Slick Airways, Inc. 

Dr. T. L. K. Smull, Secretary.



Part 111—FINANCIAL REPORT 

Appropriations for the fi8cat year 1951.—Funds and contract 
authority in the following amounts were appropriated for the 
Committee for the fiscal year 1951 in the General Appropriation 
Act, 1951, approved September 6, 1950, and the Second Supple-
mental Appropriation Act, 1951, approved January 6, 1951: 
Salaries and expenses---------------------------$45,750,000 
Construction and equipment of laboratory facilities: 

Funds to continue financing of fiscal year 1949 
program: 

Langley Aeronautical Labora-
tory ----------------------$6,000, 000 

Lewis Flight Propulsion Lab-
oratory--------------------4,000,000

10, 000, 000 
Funds to continue financing of fiscal 

year 1950 program: 
Langley Aeronautical Labora-

tory ----------------------$2,771,988 
Pilotless Aircraft Research 

Station--------------------478,012 
Lewis Flight Propulsion Lab-

oratory--------------------1,750,000

Salaries and expenses—Continued 
High-Speed Flight Research Station ---------- $919.281 
Ames Aeronautical Laboratory---------------7, 535,318 
Western Coordination Office------------------18,485 
Lewis Flight Propulsion Laboratory-----------16, 416, 186 
Wright-Patterson Coordination Office---------10,424 
Research contracts—educational institutions_ 779,649 
Services performed by National Bureau of 

	

Standards and Forest Products Laboratory_ 	 209,501 

	

Unobligated balance-------------------------- 	 343,436 

Total appropriated funds, salaries and ex-
penses ----------------------------------45,750,000 

Construction and equipment of laboratory facilities: 
Funds to continue financing of fiscal year 1949 

program: 
Langley Aeronautical Labora-

tory -----------------------$5,858,400 
Lewis Flight Propulsion Lab-

oratory --------------------39999,508 
Unobligated balance----------142,092

10, 000,000 

Funds to start financing of fiscal 
year 1951 program: 

Langley Aeronautical Labora-
tory------------------------$200,000 

Ames Aeronautical Labora-
tory----------------------300,000 

Lewis Flight Propulsion Lab-
tory ----------------------- 1,818,000

	

5,000,000	 Funds to continue financing of fiscal year 1951 
program: 

Langley Aeronautical Labora-
tory -----------------------$2,755,553 

Pilotless Aircraft Research Sta-
tion -----------------------473,863 

Lewis Flight Propulsion Lab-
oratory --------------------1,708,099 

Unobligated balance----------62,485 

	

2,318,000	 51000,000 

Total appropriated funds, fiscal year 
1951 -------------------------------$63, 068,000 

Contract authority for remaining obligations neces-
sary to complete fiscal year 1951 program: 

Langley Aeronautical Laboratory-----------$2,300,000 
Ames Aeronautical Laboratory--------------8,700,000

Funds to start financing of fiscal year 1951 pro-
gram: 

Langley Aeronautical Labora-
tory -----------------------$198, 222 

Ames Aeronautical Laboratory 300,000 
Lewis Flight Propulsion Lab-

oratory--------------------1,676,796 
Unobligated balance---------- 1 142, 982

2,318,000 
Total contract authority, fiscal year 1951 $11, 000, 000 

Obligations incurred against the fiscal year 1951 appropriated 
funds and contract authority are listed below, together with 
the unobligated balances remaining on August 31, 1951. The 
figures shown for salaries and expenses include the costs for 
personal services, travel, transportation, communication, utility 
services, printing and reproduction, contractual services, sup-
plies and equipment. 
Salaries and expenses: 

NACA Headquarters-------------------------$1,081, 842 
Langley Aeronautical Laboratory-------------17, 631, 974 
Pilotless Aircraft Research Station-----------803, 904

Total appropriated funds, fiscal year 
1951 -------------------------------$63,068,000 

Contract authority for remaining obligations nec-
essary to complete fiscal year 1951 program: 

Langley Aeronautical Laboratory-------------$1,497,744 
Ames Aeronautical Laboratory---------------3,177,786 
Unobligated balance-------------------------16,324,470 

Total contract authority, fiscal year 1951- $11,000,000 

I These unobligated balances remain available for obligation in the 
fiscal year 1952.
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Appropriation for the Unitary Wind Tunnel Plan Act.—
Funds in the amount of $75,000,000 were appropriated in the 
Deficiency Appropriation Act, 1950, approved June 29, 1950, 
for the construction of wind tunnels authorized in the Unitary 
Wind Tunnel Plan Act of 1949 (Public Law 415, 81st Cong., 
approved October 27, 1949). These funds are available until 
expended. Allotments and obligations as of June 30, 1951, are 
as follows:	 -

Obligations 
as of June 30, 

Allotments	 1951 

Langley Aeronautical Laboratory____ $14,917,000 $6,440,860 
Ames Aeronautical Laboratory------27, 227, 000 9,904,944 
Lewis Flight Propulsion Laboratory_ 32,856, 000 9,905,955 

Total------------------------$75,000,000 $26,251,759 

Appropriations for the fiscal year 1952.—The major allot-
ments of the funds appropriated for the Committee for the 
fiscal year 1952 in the Independent Offices Appropriation Act, 
1952 approved August 31, 1951, are given below: 

Salaries and Expenses-------------------------- $49.250,000 
Construction and equipment of labora-

tory facilities: 
Funds to complete financing of 

fiscal year 1949 program: 
Langley Aeronautical Labora-

tory	 $372,800 
Lewis Flight Propulsion Lab-

oratory--------------------550,000
922,800

Obligations 
Construction and equipment of labora- as of June 30, 

tory facilities—Continued	 Allotments 1951 

Funds to complete financing of 
fiscal year 1950 program: 

Langley Aeronautical Labora-
tory----------------------$3,493,524 

Lewis Flight Propulsion Lab-
oratory-------------------1,500,000

$4,993,524
Funds to continue financing of 

fiscal year 1951 program: 
Langley Aeronautical Labora-

tory----------------------$1, 233,676 
Ames Aeronautical Labora-

tory----------------------4, 500,000
5, 783,676 

Funds to completely finance fiscal 
year 1952 program: 

Langley Aeronautical Labora-
tory	 $730,000 

Pilotless Aircraft Research 
Station-------------------90,000 

High-Speed Flight Research 
Station-------------------4,000,000 

Ames Aeronautical Labora-
tory----------------------1,480,000 

Lewis Flight Propulsion Lab-
tory-----------------------	 350,000

0,650,000 

Total appropriated funds, 
fiscal year 1952	 $67,600,000 
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CORRELATION OF PHYSICAL PROPERTIES WITH MOLECULAR STRUCTURE FOR 
SOME DICYCLIC HYDROCARBONS HAVING HIGH THERMAL-ENERGY-



RELEASE PER UNIT VOLUME' 
By P. H. WIsE, K. T. SERIJAN, and I. A. GOODMAN 

SUMMARY 

As part of a program to study the correlation between molecular 
structure and physical properties of high-density hydrocarbons, 
the net heats of combustion, melting points, boiling points, 
densities, and kinematic viscosities of some hydrocarbons in 
the 2-n-alkylbiphenyl, 1 ,1-diphenylalkane, a, w-diphenylalkane, 
1,1 -die yclohexylalkane, and a,ci-dicyclohexylalkane series are 
presented. Comparisons are made on the following three bases: 

1. As members of an homologous series in which the com-
pounds have similar structures and differ in molecular weight 

2. As isomers with the same molecular weight and molecular 
formula but different molecular structure 

S. As compounds with the same carbon skeleton but different 
molecular formulas due to hydrogenation of the aromatic rings 

The three series of aromatic hydrocarbons, 2-n-alkylbiphenyl, 
1 ,1-diphenylalkane, and a,w-diphenylalkane, did not show 
great differences in heat of combustion per unit volume. These 
series averaged 20 percent higher than typical aircraft fuels of 
AN—F-58 specification with respect to this property. The two 
series of dicyclohexyl hydrocarbons, 1,1 -die yclohexylalkane 
and a,-dicyclohexylalkane, had somewhat lower heats of com-
bustion, but still averaged about 13 percent higher than 
AN—F-58 fuel. 

Each series followed its own characteristic pattern in the 
relation of melting point and structure. The general trend 
was toward lower melting points by addition of a side chain to 
the parent hydrocarbon. With two exceptions, the dicyclohexyl 
compounds melted at lower temperatures than the analogous 
aromatic hydrocarbons. 

The molecular weight had a greater influence on boiling point 
than the molecular structure. The a,-diphenylalkane series, 
however, showed a more rapid rate of increase in boiling point 
with increasing molecular weight than the other series of aromatic 
hydrocarbons. 

In these three closely related homologous series of aromatic 
hydrocarbons, the molecular weight had a greater effect on vis-
cosity than the molecular structure when the substituent groups 
were all normal alkyl in type. The cyclohexyl derivatives had 
viscosities 40 to 200 percent higher than the analogous aromatic 
hydrocarbons.

INTRODUCTION 

High-speed aircraft are volume-limited because of the de-
sign requirements of thin wings and small fuselages; the fuel-
storage space is therefore restricted. In evaluating fuels 
for such aircraft., one of the important properties is the heat 
of combustion per unit volume. Fuels with high heat of 
combustion per unit volume would be valuable in providing 
increased flight range. 

A survey of the literature pertaining to properties of hydro-
carbons was therefore made at the NACA Lewis laboratory 
with particular emphasis on the heat of combustion per unit 
volume. The hydrocarbons were compared as homologous 
series to determine which features of molecular structure 
might be expected to be associated with high heat of com-
bustion per unit volume. The net heats of combustion of 
the normal paraffin, normal alkylcyclohexane, and normal 
alkylbenzene hydrocarbons of seven to four-teen carbon 
atoms vary from 824,000 to 977,000 Btu per cubic foot. 
For an equivalent number of carbon atoms, the comparison 
of net heat of combustion is: n-alkylbenzene>n-alkyl_ 
cyclohexarie>n-paraffin. It is evident that a ring structure 
increases the heat of combustion per unit volume and that 
the unsaturated ring in benzene has an advantage over the 
saturated cyclohexane ring. These values of net heat of 
combustion were calculated from data obtained in references 
1 and 2. 

Compounds from these three homologous series are prin-
cipal constituents of the aircraft fuels AN—F-48, AN—F-32a, 
and AN—F-58, which are currently used and are described 
by the specifications in references 3, 4, and 5, respectively. 
Fuels that were purchased under these specifications and 
used at the Lewis laboratory were found to have the follow-
ing values of net heat of combustion: AN—F-48, 823,000; 
AN—F-32a, 960,000; and AN—F-58, 894,000 Btu per cubic 
foot.. These values vary depending upon the source of 
supply; they have been arbitrarily chosen, however, as a 
standard for comparing the hydrocarbons discussed herein. 

The advantage of an aromatic ring in a molecule led to 
the investigation of the properties of biphenyl, diphenyl-
methane, and naphthalene. Each of these compounds has 
two aromatic rings per molecule, and the net heats of com-

I Supersedes NAOA TN 2081, "Correlation of Physical Properties with Molecular Structure for Dicyclic Hydrocarbons. I-2-n-Alkylbiphenyl. 1,1-Diphenylalkane, a,,Diphenyla1kane, 
1,1.Dicyclohexylalkane. and a,.-Dicyclohexyla1kane, Series," by P. H. Wise, K. T. Serijan, and I. A. Goodman, 1950.
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bustion (references 1 and 2) are 1,096,000; 1,110,000; and 
1,210,000 Btu per cubic foot, respectively. These values 
represent an average increase of 30 percent over AN-F-48, 
15 percent over AN-F-32a, and 20 percent over AN-F-58. 
On the basis of heat of combustion, these three hydrocarbons 
would be desirable fuels; however, they have relatively high 
melting points and are unsuitable for use as liquid fuels. If 
the introduction of various alkyl groups into these hydro-
carbons would sufficiently lower the melting points without 
reducing the heat of combustion per unit volume, a superior 
fuel would be obtained. The data on many of these alkyl 
derivatives are incomplete and in some cases inaccurate; 
consequently, they cannot be used as a basis for a reliable 
analysis of the usefulness of these high-energy hydrocarbons 
as aircraft-engine fuels. 

0-0-0-0 
Biphenyl	 2-n-A Ikylbiphenyl 

CH -Q - CH -® 
Diphenylme Thone	 I, / -Dlpheny/cilkone I, 1-Dic yc lohexyla 1k one 

Q_(CH_Q —.j_(CH-Q 
a',w -Diphenylolkane a, -Dicyclohe xyIa/kare 

R=043(methyl)3 CH3 CH,-(e thyl) Cl-i, Cl-i, Cl-1,-(n -pr-opyl), CH3CH,CH2CH,-(n-butyl) 
FIGURE 1.—Structure of hydrocarbons. 

An investigation was therefore undertaken at the Lewis 
laboratory during 1945 to determine the effects of systematic 
alteration in structure of dicyclic-aromatic-type molecules On 
the following important properties of the fuel: net heat of com-
bustion per unit volume, heat of combustion per unit weight, 
melting point, boiling point, and viscosity. 

Comparisons are made on the following three bases: 
1. As members of an homologous series in which the com-

pounds have similar structures and differ in molecular 
weight 

2. As isomers with the same molecular weight and molec-
ular formula but different molecular structure 

3. As compounds with the same carbon skeleton but 
different molecular formulas due to hydrogenation of the 
aromatic rings

METHOD AND APPARATUS 

The compounds discussed represent five homologous series of 
hydrocarbons; namely, the 2-m-alkylbipheuyl; 1, 1-diph enyl-
alkane; 1, 1-dicyclohexylalkane; a,w-diphenylalkane; and 
a, w-dicyclohexylalkane series. The structures of these 
hydrocarbons are illustrated in figure 1. The normal alkyl 
groups illustrated at the bottom of the figure were selected 
to study the effect of increasing the chain length of these 
substituent groups when they are attached to the parent

hydrocarbons, biphenyl and diphenylmethane. From di-
phenylmethane two series are developed, the 1, 1-diphenyl-
alkane series by adding the alkyl group as a side chain attached 
to the carbon atom between the phenyl groups and the 
a,w-diphenylalkane series by lengthening the chain of carbon 
atoms between the two rings. 

The saturated, or cyclohexyl, derivatives corresponding to 
the aromatic compounds are also illustrated. They are pre-
pared by hydrogenation of the pure aromatic compounds. 
It is known that the saturated compounds generally have 
lower melting points and burn with less carbon formation 
than the corresponding aromatic hydrocarbons. On the 
other hand, saturated hydrocarbons have higher viscosities 
and lower net heats of combustion per unit volume than their 
aromatic counterparts. Inasmuch as many properties must 
be considered in selecting a fuel, it seemed advisable to study 
the saturated compounds to determine accurately the extent 
of the changes produced by hydrogenation. 

With the exceptions noted in the tables of properties, the 
compounds were synthesized and purified, or purified from 
commercial stocks, at the Lewis laboratory; the properties 
were then determined. Before final measurement of the 
properties was made, precautions were taken to ascertain 
that the high purity essential for the accurate study of 
properties was attained. 

The time-temperature melting curves were determined 
with a platinum resistance thermometer and a G-2 Mueller 
bridge with accessory equipment and by methods described 
in reference 6, and the melting points were determined from 
the curves according to the graphical method described in 
reference 7. Densities were determined by use of a gravi-
metric balance according to the method of reference 8, and 
the refractive indices were measured with a Bausch & Lomb 
precision oil-model five-place instrument. The boiling points 
were determined by the use of a platinum resistance thermom-
eter in an apparatus modified from that described in reference 
9. The system was pressurized with dry air from a surge tank 
and held at constant pressure by adjusting a continuous 
bleed. The kinematic viscosities were determined in visco-
simeters that had been calibrated with National Bureau of 
Standards standard viscosity samples 11-5, 11-7, D-7, or 
L-17. The A.S.T.M. procedure of reference 10 was followed. 
The net heats of combustion were determined according to 
reference 11 in an oxygen bomb calorimeter that had been 
calibrated on Bureau of Standards benzoic acid. 

The magnitude of the uncertainties is estimated as follows: 
melting point, 0.02° 0; density, 0.00005 gram per milliliter; 
refractive index, 0.0002; boiling point, 0.1° C; kinematic 
viscosity, 0.5 percent of determined value relative to 1.007 
centistokes for water at 20° C; and net heat of combustion, 
± 100 Btu per pound, which is equivalent to 10 to 15 kilogram-
calories per mole for these compounds. 

The precision of measurements is: freezing point, 
±0.003° C; density. ±0.00002 to ±0.00003 gram per milli-
liter; refractive index, ±0.0001; boiling point, ±0.04 0 C; 
kinematic viscosity, 0.2 percent of determined value; and 
net heat of combustion, ±60 Btu per pound.
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DISCUSSION OF RESULTS

2-n-ALKYLBIPHENYL HYDROCARBONS 

The physical properties o1 the 2-n-alkylbiphenyl hydro-
carbons are presented in table I (a) and the heat-of-
combustion data are given in table I (b). The data are 
plotted in figure 2. The comparison of molecular structure 
with net heat of combustion in Btu per cubic foot for the 
2-n-alkylbiphenyl hydrocarbons is shown in figure 2 (a). The 
parent hydrocarbon, biphenyl, has the highest value, 
1,096,000 Btu per cubic foot. The first member of the 
series, 2-methylbiphenyl, is slightly lower at 1,078,000 Btu 
per cubic foot. Each carbon atom that is subsequently 
added to lengthen the side chain causes some decrease in 
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(a) Net heat of combustion. 
(b) Melting and boiling points. 

FIGURE 2.—Variation of properties with structure of 2 .n .alkylbiphenyl hydrocarbons. 
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(C) Kinematic viscosity at various temperatures. 

FIGURE 2.—Concluded. Variation of properties with structure of 2-n-alkylbiphenyl 
hydrocarbons. 

the net heat of combustion per unit volume, and 2-n-butyl-
hiphenyl with four carbon atoms in the side chain has a 
value of 1,048,000 Btu per cubic foot, which is a loss of 4.3 
percent from biphenyl. This value is, however, still 17 
percent higher than a typical AN–F-58 aircraft fuel. 

The melting- and boiling-point comparisons of this series 
of hydrocarbons are shown in figure 2 (b). Biphenyl melts 
at 69.2° C, and each member of the series has a lower melt-
ing point as the molecular weight and side-chain length are 
increased. The Jourth member of the series, 2-n-butyl-
biphenyl, melts at —13.71° C, a decrease of83° C from the 
value for biphenyl. 

The boiling-point curve shows the reverse trend, increas-
ing from 255.0° to 291.20° C in the transition from the 
parent hydrocarbon to 2-n-butylbiphenyl. 

The viscosities of these hydrocarbons at three tempera-
tures are compared in figure 2 (c). The trend is the same 
as for the boiling point; an increase in molecular weight by 
lengthening the side chain is accompanied by an increase in 
viscosity. At 0° C (32° F), where the viscosity of biphenyl 
cannot he determined because the compound is a solid, 
there is an increase of 85 percent from 2-methylbiphenyl 
to 2-n-butylbiphenyl. The effect of temperature is even 
more pronounced, The average increase in viscosity for the 
individual members of the series is 200 percent when the 
temperature is lowered from 98.89° C (210° F) to 37.78° C 
(100° F) and about 1300 percent when the temperature is 
0° C (32° F) compared with 98.89° C (210° F). No data 
were obtained below 0° C (32° F) because most of these corn-
pounds are crystalline solids at temperatures only a few 
degrees below this temperature. 
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1,1-DIPHENYLALKANE AND 1.1-DICYCLOHEXYLALKANE HYDROCARBONS 

The properties of these two series of hydrocarbons are 
shown in table II and plotted in figure 3. By using data 
from these two series, it is possible to compare compounds 
that have like arrangement of the carbon skeleton and 
different hydrogen-carbon ratios. The data for the two 
series are therefore plotted in the same figures, with solid 
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lines representing the aromatic series and dashed lines, the 
saturated series. 

The net heat of combustion in Btu per cubic foot is com-
pared with the molecular structure in figure 3 (a). Biphenyl 
is considered to be the parent hydrocarbon and is compared 
with the other members of this series, as was the case with 
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(a) Net heat of Combustion. 
(b) Melting point.

(C) Boiling point. 
(d) Kinematic viscosity at various temperatures. 

FIGURE 3.—Variation of properties with structure of 1,1-dJphenyl and 1,1-dicyclohexylalkane hydrocarbons.
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the 2-n-alkylbiphenyl hydrocarbons. The carbon atom 
added between the two rings in diphenylmethane results in 
a 2-percent loss in Btu per cubic foot. A small decrease in 
net heat of combustion per cubic foot is observed with each 
carbon atom that is added to the side chain. The over-all 
loss from biphenyl to 1,1-diphenylbutane is, however, only 
3.3 percent. 

In plotting the dicyclohexyl derivatives, each point indi-
cates the value for the hydrogenated compound with the 
carbon skeleton corresponding to that of the aromatic com-
pound immediately below the point on the figure. The 
average decrease in net heat of combustion per unit volume 
is 5 percent when each saturated compound is compared 
with its aromatic counterpart. This decrease is due to the 
lower density of the hydrogenated derivatives in comparison 
with the aromatic hydrocarbons. 

The melting points of these two series of hydrocarbons are 
shown in figure 3 (b). The aromatic series shows a consis-
tent decrease from biphenyl (melting point, 69.2° C) to 
1,1-diphenylbutane (melting point, —28.4° C) except for one 
member, 1,1-diphenyipropane, which melts at 13.3° C. This 
melting point is higher than that of the compound preceding 
or following it in the series. 

The saturated compounds melt at lower temperatures than 
the corresponding aromatic hydrocarbons except in the 
comparison of the butane derivatives where the saturated 
compound has a higher melting point than the diphenyl 
derivative. 

The boiling points of the two series (fig. 3 (c)) show a 
regular increase with lengthening of the carbon chain. The 
difference between analogous members of the two series 
decreases with increasing chain length. The first members 
of the two series differ about 16° C; the last three pairs 
differ 1° to 3°C. The diphenyl compounds have consistently 
higher boiling points than the saturated derivatives. 

The increase in viscosity due to hydrogenation of the 
aromatic nuclei to saturated rings is observed by comparing 
the viscosities of these two series in figure 3 (d). The satu-
rated derivatives average 48 percent higher at 98.89° C 
(210° F) and 200 percent higher at 0° C (32° F). Both 
series show consistent increases in viscosity with increase 
in chain length.	 - 
'.DIPHENYLALKANE AND 	 DICYCLOHEXYLALKANE HYDROCARBONS 

The properties of the two series of a,w.-dicyclicalkanes are 
tabulated in table III and plotted in figure 4. With the 
two a,w-.dicyclicalkane hydrocarbon series of compounds, it 
is again possible to compare the aromatic and the saturated 
derivatives. The data for net heat of combustion are shown 
in figure 4 (a). In the aromatic series, a decrease of 3.5 per-
cent in Btu per cubic foot is observed as the carbon chain 
between the two rings is lengthened. The values for the 
saturated series are quite uniform and average about 5 per-
cent lower than the aromatic hydrocarbons. The saturated 
compounds, however, average about 12 percent higher than 
an AN–F-58 aircraft fuel on the basis of heat of combustion 
per unit volume. 

The two series follow similar patterns in melting-point 
behavior as the length of the carbon chain is increased

(fig. 4 (b)). The melting points of the saturated compounds 
are consistently lower than those of the corresponding 
aromatic hydrocarbons except for the 1,3-dicycie com-
pounds, in which case the aromatic derivative is slightly 
lower. 

The boiling-point data for these compounds, shown in 
figure 4 (c), indicate uniform increases in both series as the 
carbon chain between the rings is lengthened. The boiling 
points of the aromatic compounds are consistently higher 
than those of the saturated derivatives with the correspond -
ing carbon skeleton. 

-4-
'4-

U 

cri 

0 
-1-.

C 
OQQQQ 

C
C 

I 

C
C 

I 

C 
I I O

o
(a) Net heat of combustion. 
(b) Melting point. 

FIGURE 4—Variation of properties with structure of a,w-diphenylalkane and a,ø-dicyclo-
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Comparison of viscosities in these series, plotted in figure 
4 (d), is necessarily incomplete because the aromatic com-
pounds have relatively high melting points and are solids at 
several of the temperatures of measurement. The aromatic 
compounds are liquids at 98.89° C (2100 F), and the vis-

cosity increases slowly with increasing chain length. At 
this temperature, the viscosity values of the saturated com-
pounds average 43 percent higher than the corresponding 
aromatic compounds. At the lower temperatures some data 
points are missing, but the trends are the same. 
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FIGURE 4.—Concluded. Variation of properties with structure of a,-diphenylalkane and 
a,c-dIcyclohexylaIkane hydrocarbons.

COMPARISON-- OF THREE AROMATIC SERIES 

The comparisons that have been presented were made on 
the basis of homologous series in which the molecular struc-
ture of the individual members of a series difflired only by, 
the length of the aliphatic carbon chain in the molecule. 
Each series started from the common parent hydrocarbon, 
biphenyl. A comparison of the effect of structure on the 
properties can also be made by studying the properties of 
the hydrocarbons, one from each series, that have a common 
molecular formula. An example would be those with the 
formula C 11iH 14 , that is, 2-ethylbiphenyl, 1,1-diphenylethane, 
and 1,2-diphenylethane. In order to make this comparison, 
the properties of each series have been plotted in figure 5. 
The properties are plotted as the ordinates and the number 
of carbon atoms added to the parent hydrocarbon is plotted 
as the abscissa. 

The effect of structure on heat of combustion per unit 
volume is shown in figure 5 (a). The ratio of Btu per cubic 
foot to the corresponding value for a typical AN—F-58 
aircraft fuel (table I, footnote d) is used as the ordinate 
rather than the absolute value determined for the com-
pounds. This ratio is a measure of the advantage to be 
gained in heat of combustion per unit volume by using fuels 
of this type. The 1,1-diphenylalkane series decreased less 
rapidly in heat of combustion per unit volume than 
the other two series as the carbon chain was lengthened. 
None of these series, however, decreased more than 6 percent 
from the parent hydrocarbon, and they are all about 20 per-
cent higher than AN—F-58 with respect to this property. 

The divergent behavior of these three series with respect 
to their melting points is illustrated in figure 5 (b). The 
2-n-alkylbiphenyl series has increasingly lower melting points 
as the side chain is increased in length. The other seiies 
are characterized by alternate lower and higher melting 
points as the series are extended. 

The curves of figure 5 (c) show that the molecular weight 
has more influence on boiling point than the structure, be-
cause the boiling points are quite closely grouped. The 
a,w-diphenylalkane series does show, however, a more rapid 
rate of increase in boiling point with increase in chain length 
than the other two series. The boiling point of 1,3-diphenyl-
propane is higher than those of 1,1-diphenylbutane 
and 2-n-butylbiphenyl, which have one more carbon atom 
per molecule. 

The viscosities of the three series of hydrocarbons at the 
three temperatures of measurement are plotted in fig-
ure 5 (d). The viscosities depend more upon the molec-
ular weight than upon the molecular structure in these 
closely related series. As the molecular weight increases, the 
differences between the viscosity values of the isomers in the 
three series diminish. 
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FIGURE 5.—Comparison of properties and structural changes of three homologous series of hydrocarbons related to biphenyl. 
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SUMMARY OF RESULTS 

A study of the variation of properties with change in molec-
ular structure in the homologous series-2-n-alkylbiphenyl; 
1, 1-diphenylalkane; a,w-diphenylalkane; 1, 1-dicyclohexyl-
alkane; and a,c-dicyclohexy1alkane—indicated the following 
trends: 

1. The net heat of combustion per unit volume decreased 
an average of about 5 percent as the molecular weight was in-
creased from the parent hydrocarbon, biphenyl, to 1 ,3-diphenyl-
propane and to the 0161115 isomers in the 2-n-alkylbiphenyl and 
1, 1-diphenylalkane hydrocarbon series. All three series 
averaged about 20 percent higher than an AN—F-58 aircraft 
fuel with respect to this property. 

2. Iii' the two series of hydrogenated compounds, 
1, 1-dicyclohexylalkane and a,w-dicyclohexylalkane, the values 
of net heat of combustion per unit volume were somewhat 
lower than the analogous aromatic compounds and did not 
vary greatly throughout the series. The series averaged 
about 13 percent higher than an AN—F-58 fuel. 

3. Each of the aromatic series followed a characteristic 
pattern of melting-point variation as the molecular weight 
was increased. The general trend was toward lower melting 
points as the size of the alkyl substituent was increased, 
but exceptions to this general statement were observed in the 
a,w-diphenylalkane series and the 1,1-diphenylalkane series. 

4. Hydrogenation of the aromatic nuclei to saturated rings 
lowered the melting point in all of the cases except two. 

5. The boiling points of the investigated hydrocarbons 
were influenced more by their molecular weight than by 
molecular structure. The a,-diphenylalkane series, how-
ever, did show a more rapid rate of increase of boiling point 
with increase in molecular weight than the 1, 1-diphenylalkane 
and 2-n-a.lkylbiphenyl series. The saturated derivatives had 
boiling points slightly lower than those of the corresponding 
diphenyl compounds. 

6. In the three aromatic series, the viscosity increased 
uniformly with increase in molecular weight. The viscosity 
values of the isomers were nearly equal in many cases; it 
was therefore concluded that with the types of molecule 
studied the molecular weight influenced viscosity to a greater 
extent than did molecular structure. The saturated hydro-
carbons had much higher viscosities than the corresponding 
diphenyl compounds, with the increases ranging from ap-
proximately 40 to 200 percent. 

7. Of the compounds investigated, 1,1-diphenylbutane

had the lowest melting point, —28.4° C. This compound 
had a net heat of combustion of 1,059,000 Btu per cubic foot, 
which is 18 percent greater than the AN—F-58 fuel selected 
for comparison. 

LEwIs FLIGHT PROPULSION LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

CLEVELAND, OHIO, June O, 1949. 
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TABLE I-PROPERTIES OF 2-n-ALKYLBIPHENYL HYDROCARBONS 
(a) Physical properties. 

(S designates solid at indicated temperature.) 

Hydrocarbon

Melting point Boiling point 
at 760 nun at 

20° 0 
(g/inl)

Kinematic viscosity (centistokes) Refrac-
tive 

index 
n• 

--
9S.89° 0 37.78° C 0° o Oc °F 00 °F (210° F) (100° F) (32° F) 

Biphenyl ------------------------- 69.2 116.6 216.0 491.0 1.041° 0.992 S S S 
2-Methylbiphenyl ---------------- 31.64 255.30 491.54 1.01134 1.06 3.18 13.3 1.5914 
2-Rthylbiphenyl-----------------

-
20.97 265.97 510.75 .99671 1.17 3.44 13.8 1.5805 

2-n-Propylbiphenyl --------------

- -

-11.26 11.73 277.22 531.00 .98018 1.33 4.44 22.4 1.5696 
2-n-Butylbiphenyl ---------------

--.20 
--6.13 
-

_13.71b 7.32b 291.20 556.16 .96763 1.43 4.87 24.7 1.5604 -
._.9.65b 1493b 

(b) Heats of combustion. 

Hydrocarbon

Net heat of combustion Ratio to AN-F-58 

kcal/mole Btu/lb Btu/cu ft Weight 
basis -

Volume 
basis d 

Biphenyl -------------------------- 1443.5 16,850. 1.096 X 10 6 0.905 1.225 
2-Methylbiphenyl ----------------- 1598.2 17,100 1.078 .918 1.265 
2-Ethylbiphenyl ------------------- 1739.0 17,175 1.069 .922 1.195 
2-n-Propylbiphenyl ----------------

-
-

1586.5 
-

17,300 1.058 .929 1.182 
2-n-Butylbiphenyl -----------------

- -
-2030.0 17,375 1.048 .933 1.171 

-Reference 2. 
Two different crystalline modifications. 

0 Based on experimentally determined value of 18,625 Btu/lb for fuel used at Lewis laboratory. 60 
d The value of 894,000 Btu/cu ft for AN-F-58 was calculated from the value in footnote c using the experimentally determined value of 0.769 w for the specific gravity of the fuel. 

TABLE IT-PROPERTIES OF 1,1-DICYCLICALKANE HYDROCARBONS 
(a) Physical properties. 

(S designates solid at indicated temperature.] 

Melting point Boiling Point 
at 760 mm Kinematic viscosity (centistokes) Refrac - Density at

-
tive

Hydrocarbon 20° 0 - - - 

°F 00 °F
(g/rnl) 98.89° C 37.78° C 00 0 20 

15D 0 0 (210° F) (100° F) (32° F) 

Diphenylalkanes 

Biphenyl ------------------------- 69.2 156.6 235.0 491.0 1.041 0.992 S 5' S 
Diphenylmethane ---------------- 25.20 77.36 264.27 567.69 1.00592 .965 2.22 S 1.5776 

-18. 01 -. 42 272.63 522.73 . 9m1 1.10 2.90 8.92 1.5725 
1,1-Diphenyl propane -------------

- -

55.92 253.22 541.80 .98663 1.23 3.72 S 1.5643 1,1-Diphenylethane---------------

1,1-Diphenylbutane--------------

- -

-13.29 
-28.38 b -19.08 294.29 561.72 .97498 1.38 4.70 24.8 1.5558 
-25.2 b -13.4

Dicyclohexylalkanes 

Bicyclohexyl --------------------- 38.30 228.87 461.97 0.88604 1.23 3.07 S 1.4796 
Dicyclohexylmethane............ 1'8 69 -1.64 252.77 486.99 . 87646 1.43 4.10 13.0 1.4763 
1,1-Dicyclohexylethane ----------- -20.98 -5.76 271.17 520.11 .89309 1.76 5.59 21.3 1.4545 
1,1-Dicyclohexylpropane---------

- - 3.50 

-23.46 -10. 33 282.31 540.16 .89299 1. 63 6.41 32.9 1.4848 
l,1-Dicyclohexylbutane ----------

-
.-10. 46 

.

13. 17 292.97 559.35 .89021 2.10 9.64 88.3 1.4843 

(b) Heats of combustion. 

Net heat of combustion Ratio to AN-F-58 

Hydrocarbon
kcal/mole	 Btu/lb Btu/cu ft Volume 

Diphenylalkanes 

Biphenyl --------------------------- 	 1443. 5	 16, 850°	 1. 096X 10	 0. N5	 1.225 
Diphenylmethane -----------------	 1593.5	 17,050	 1.070	 .916	 1.196 
1,1-Diphenylethane ------------- ----1733.8	 17,125	 1.058	 .920	 1.194 

-
-

1,1-Diphenyl propane ---------------	 1886.5	 17,300	 1.065	 .929	 1.100 -
1,1-Dlphenylbut.ane ---------------- -2032.	 17,400	 1.059	 .934	 1.163 

Dicyclohexylalkanes 

Bicyclobexyl ------------------------ 1700.0 18,400 1. 017X106 0.988 1.137 
J)icyclohexylmethane ---------- ---- 1845.9 18,425 1.008 .989 1.127 
1,1-Dicyclohexylethane ------------- 1997.5 18,500 1.030 .993 1.190 
l,1-Dlcyclohexylpropane -----------

-
-

2138.8 
-

18,475 1.028 .992	 - 1.149 
l,l .Dlcyclohexylbutane ------------

-
-2285.8 18,500 1.027 .993 1.148

° Reference 2. 
Two different crystalline modifications. 

o Based on experimentally determined value of 18,625 Btu/lb for fuel used at Lewis laboratory. 
d The value of 894,000 mu/cu ft for AN-F-58 was calculated from the value in footnote c using the experimentally 

Go determined value of 0.769w for the specific gravity of the fuel. 
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TABLE Ill-PROPERTIES OF a,w-DICYCLICALKANE HYDROCARBONS
(a) Physical properties. 

[S designates solid at indicated temperature.] 

Melting point Boiling mm Kinematic viscosity (centistokes)
Re!rac. 

Hydrocarbon
Density at 

200 C 
(g/ml) in dx 

°F °C °F 98.890 C 37.78° C 0° 0
°D (210° F) (100° F) (32° F) 

Diphenylalkanes 

Biphenyl ------------------------- 156.6 255.0 491.0 1.041 • 0.992 S S S 
Diphenylmethane ---------------- 77.36 264.27 507.69 1.00592 .965 2.22 S 1.5776 1.2-Diphenylethane -------------- 16 124.09 280.49 5864 6. S 1.14 S S S 

-69.2 
-25.20

.9800 
1,3-Diphenylpropane-------------

-51. 

- 

-20.78 -5.40 298 ° 568 ° .97972 1.31 3.64 12.38 1.5594 1,4-Diphenylbutane --------------
--
-52.27 126.29 1315.91 600.64 S 1.49 S S S 

Dicyclohexylalkanes 

Bicyclohexyl --------------------- 3.50 38.30 238.87 461.97 0.88604 1.23	 3.07 S 1.4796 
-18.69 -1.64 252.77 486.99 .87646 1.43	 4.10 13.0 1.4763 1,2-Dioyclohexylethane -----------

- --

52.59 274.38 525.88 .87380 1.72	 5.38 S 1.4759 
Dicyclohexylmethane- - -- - - - - - ----

1,3-Dicyclohexyipropane ---------
-11.44 

-14.80 5.36 291.69 557.04 .87128 1.96	 6.39 24.9 1.4752 1,4-Dicyclohexylbutane ---------- -11.62 52.92 309.0 588.2 .87027 2.19	 7.58 S 1.4751 

(b) Heats of combustion. 

Net heat of combustion Ratio to AN-F-58 
Hydrocarbon

kcal/mole Btu/lb Btu/cu it Weight 
basis

Volume 
basis f 

Diphenylalkanes 

Biphenyl -------------------------- 
Diphenylmethane ----------------- 
1,2-Diphenylethane ---------------- 
1,3-fliphenylpropane-- - - -- - -------- 
1,4-Diphenylbutane ----------------

- -1443.5 
-1593.5 
-1741.5 
-1886.5 
-2032.9

16,850 • 
17,050 
17,200 
17.300 
17,400

1.096X106 
1.070 
1.061 
1.057 

(d)

0.905 
.916 
.923 
. 929 
.929

1.225 
1.196 
1.186 
1.181 

Dicyclohexylalkanes• 

Bicyclohexyl ----------------------- -
Dicyclohexylmethane--- ----------- -
1,2-Dicyclohexylethane ------------ -
1,3-Dicyclohexylpropane ----------- -
1,4-Dicyclohexylbutane ------------ -

1700.0 
1845.9 
1997.5 
2156.2 
2285.7

18,400 
18,425 
18,500 
18,625 
18,500

1.017X106 
1.008 
1.008 
1.012 
1.505

0.988 
.989 
.993 

1.000 
.993

1.137 
1.127 
1.127 
1.131 
1.123

• Reference 2. 
b Extrapolated value from reference 12. 
o Slight decomposition at this pressure. 
d 1,4-Dipheisylbutane is a solid at temperature (20° C) at which density measurements were made. No value is available in the literature, as in the case of biphenyl and 

1,2-diphenyl ethane. 
• Based on experimentally determined value of 18,625 Btu/lb for fuel used at Lewis laboratory. 
The value of 894,000 Btu/cu ft for AN-F-58 was calculated from the value in footnote c of table I using the experimentally determined value of 0.769 500 for the specific gravity 

of the fuel.
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A LIFT-CANCELLATION TECHNIQUE IN LINEARIZED 
SUPERSONIC-WING THEORY' 

By HAROLD MIRELS 

SUMMARY 

A lift-cancellation technique is presented for determining 
load distributions on thin wings at supersonic speeds. The 
loading on a wing having a prescribed plan form is expressed as 
the loading of a known related wing (such as a two-dimensional 
or a triangular wing) minus the loading of an appropriate can-
cellation wing. 

A general expression is derived for the load distribution over a 
cancellation wing. The expression is valid when the plan-form 
edge (on the cancellation wing) separating a region of zero 
upwash from a region of known loading is everywhere subsoni-
cally inclined to the free stream. The boundary conditions can 
be satisfied for both subsonic leading and subsonic trailing 
plan-form edges on the prescribed wing. 

The lift-cancellation technique can be used to find the loading 
on a large variety of wings. Applications to swept wings having 
curvilinear plan forms and to wings having reentrant side edges 
are indicated.

INTRODUCTION 

The method of lift cancellation for obtaining the lift dis-
tribution on thin wings at supersonic speeds was first sug-
gested in reference 1. The lift distribution on a given wing 
is determined by canceling excess lift, through the use of a 
"cancellation wing," on a related plan form having a known 
loading. This approach has been applied by several authors 
(for example, references 2 to 4). The expressions provided 
in reference 1 are applicable for wings that can be generated 
by the superposition of conical fields. 

A procedure is presented in reference 5 for determining lift 
on a more general class of plan forms than can be handled by 
conical superposition. The method utilizes a surface dis-
tribution of doublets and an inversion by means of Abel's 
integral quation and is equivalent to a lift cancellation. 

This report, prepared at the NACA Lewis laboratory, re-
tains certain features of reference 5 (that is, the use of a sur-
face distribution of doublets and an inversion by means of 
Abel's integral equation), whereas other features are simpli-
fied and generalized. The simplification consists in elimin-
ating steps in the procedure for obtaining lift distributions. 
The generalization consists in determining a solution that 
can be made to satisfy the boundary conditions for either a 
subsonic leading edge or a subsonic trailing edge (Kutta con-
dition). The method of reference 5 yields only the Kutta

solution. The lift-cancellation technique developed herein 
is illustrated by several examples. 

In a concurrent investigation (reference 6), source dis-
tributions and integral-equation formulations are applied to 
obtain the loading on a special series of cancellation wings. 
Reference 7 employs some of these cancellation wings for the 
determination of lift and moments on swept wings. 

THEORY 

The usual assumptions of an inviscid fluid and small per-
turbations are made. The velocity field consists of the free-
stream velocity U (taken in the positive x-direction) plus the 
perturbation velocities u, v, and w. The wing boundary 
conditions are specified in the z--' O plane. 

The local lift coefficient A C,, may be expressed in terms of 
Au; that is,

LC _pB—pr_2(UT—uB)_2LU 
q - U	 U 

(All symbols used in this report are defined in appendix A.) 
Inasmuch as the local lift coefficient is directly proportional 
to Au, Au will be referred to as "lift" in later developments. 

LIFT-CANCELLATION METHOD 

The lift distribution on a given wing is to be determined by 
canceling excess lift on a related wing with a known loading. 
The method is illustrated in figure 1. The wing for which the 
lift distribution is desired is shown in figure 1 (a). The solu-
tion can be expressed as the two-dimensional wing (fig. 1 (b)) 
minus a cancellation wing (fig. 1 (c)). The loading in region I 
of the cancellation wing equals the loading in the correspond-
ing region of the two-dimensional wing and the upwash w 
in region II of the cancellation wing is zero. The two-
dimensional wing minus the cancellation wing satisfies the 
boundary conditions for the flow about the given wing and 
is the desired solution. 

The fundamental problem in the lift-cancellation method 
is then to determine the lift in region II of a cancellation 
wing subject to the condition w=O in this region and with 
the assumption of a known loading in region I. Solution of 
this problem is presented in the following sections. 

DERIVATION OF LIFT-CANCELLATION EQUATIONS 

The lift distribution in region II will be expressed in terms 
of quantities in region I. 

I Supersedes NACA TN 2145, 'Lift-Cancellation Technique in Linearized Supersonic-Wing Theory" by Harold Mirels, 1950. 
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Consider the cancellation wing shown in figure 2. The 
portion of the leading edge to the left of the origin coincides 
with a Mach line. The portion of the leading edge to the 
right (designated r=r 1 (s)) is shown as a supersonic edge, 
although no restrictions as to a subsonic or supersonic edge 
are imposed. (A plan-form edge is subsonic or supersonic 
depending on whether the component of the free stream 
normal to the edge is subsonic or supersonic.) The line 
designated r=r2 (8) separates region I and region II and is 

•	 Uy 

-- •••	 x	 -- -Mach line 
w-cU	 •-•

	

iv-czU	 A u=0 

(a) 

su--au	 •- x	 w-ctU
w-csU

(b)

concept to linearized supersonic-wing theory and the evalua-
tion of the finite part of an infinite integral are discussed in 
references 8 and 10. For the present, it will suffice to state 
the fundamental definition of the finite part of an integral 
with a 3/2-power singularity, namely, 

J.x
f(x0)dxo fLf(x 0) —f(x)} dx 0	 2f (x) 

Ia (x - x0)112	 a	 (x - x 0)312	 (x a)'IS	 (3) 

By a transformation to the Mach coordinates of reference 11, 

(s+r)
	 M 

(x —y) 

(s—r)
	

s= (x+fly)	 (4) 

elemental area=	 dr ds 

equation (2) becomes 

M	 [(s—se)	 +(r—r) 
_] dr0 ds0 (5) w==ff	

[(r—r) (s_s)]3I2 

Upon substitution of the limits of integration, as indicated 
in figure 2,  

( 

M C'ds0 C T or0 
W_ —( J (S_SO) 312Jr5(80) (rro)12 

d 

f08
ds	 1r	 r0 

 (s—so)"Jr,s, (r—r0)3/2
(6) 

W -0	 AU=AUI 

z^ H

(0) 
(a) Given wing. 
(b) Two-dimensional wing. 
(c) Cancellation wing. 

rIounE 1.—Superposition to obtain lift on given wing by canceling lift on two-dimensional 
wing. (Given wing equals two-dimensional wing minus cancellation wing.) 

assumed to be subsonically inclined to the free stream at all 
points. This line corresponds to a plan-form edge of the 
wing for which the lift distribution is desired. 

General solution for on cancellation wing.—The up-
wash field in the z=0 plane (associated with an arbitrary 
distribution of vorticity Au and v) may be written, from 
reference 8,

32 

ff [(y Yo)1V + (x - x).u] dx0dy5	 (2) 2ir	 ,.

lu

(.$) 

-'I.--
I 

VP0 	 --S	 \	 w=? 
(r)	 ii:	 \ 4u=u, 

w=o	 \
\çrr2(S) 

FIGURE 2.—Typical cancellation wing. 

Integrating by parts, noting that	 =0 at r0=r1 (s0), and 
recalling the definition of the finite part (equation (3)) yield 

dr0 6r0	 nslimi'_	
r0	 1fr0txcOdr0

fri() (r-r)"2(r - r0) 1,2 r1 (') 	 5 (se) (r - r0)312 

The symbol	 designates the finite part of an infinite inte-	 - - 1	 içt,dr0 
gral, as defined in reference 9. Application of the finite-part	 - 2 .jri (s0) (r—r0)3/2



7', To

r2(8) 

7r ir 
II=

i dr. 

(r—r0).J()—r0
(15)
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Thus,

! dr0 

Jo (s— s o) 312

 

f,(so) (r—r \h12	
f08 (S_So)3125r1(s) (r—r0)3'2 

ds	 r	 1 	 ds0	 r	 &,odr0 

o)

(8) 

Similarly, reversing the order of integration (with appro-
priate changes in limits of integration), integrating by parts, 
and then returning to the original order of integration 
establish the identity

(a) 
dr0

bsods0	

0) — 

1	 frd s0 zcdr0 
Jo(s—s0)" 2 fr,(s0) (r—r \3/2	

(	
)3I2,(80) (rr0)32 

(9) 

The right side of equations (8) and (9) are identical. Equa-
tion (6) can now be written as 

M I r8	 ds0 	 icodr0 W=	 (s_ s3/2 frl (80) (r—r03/2	
(10) 

For points in region II, w=0 and equation (10) becomes 

o=I	
ds,,	 fr zçodr0 

	

l0()3/2	
i(so)	 0/ 

	

(r—r 3/2	
(1 la)

or

0=11 
J0 
I Pa G(r,	 0s0ds0 (lib) 
I 

- 

I
(r,$) 

(b) 
(a) Region I intersected by right forward Mach line from (r,a). 
(b) Region I intersected by left forward Mach line from (r,$). 

Finua g 3.—Geometric Interpretation of terms In equations (17a) and (07b). 

where
Lcodr0 G(rso)=f	

(r _r\3/2	 (12) 
o)

General solution for load distribution on cancellation 
wing.—The load distribution in region II can be expressed as 

Equation (1 lb) is an integral equation for the unknown func-
tion G(r,s 0). The solution (appendix B) is 

G(r,s 0)=0 	 (13) 
Thus, 

1 	 Zpdr0 — ( 	 £p1dr0	 (' r
+	

içojidre =0 
1(00) (r_ro)312	 rt(30) (r—r0) 3' 2 jr2 (s0) (r—r0)312 

or

fI
r

2(8,) (r—r \3/2 —	 (se) (r_ro)3l2	 (14) 
__— Jr2(s0) ip1dr0 

o)	 Tj

The right side of equation (14) will be considered known. 

	

Equation (14) is then an integral equation for 	 The 
solution (appendix B) is

ôI4,11 ô24,11 6r + 6A(P11 OS 

M7O O\ 
= 

or, from equation (15), 

2	 (0 O)[.1r_rasf'2(8)	 Lc1dr0 

29 
Aull=

ri(s) (r—r 0 fr2s-r0] (16) 

Differentiation yields (see appendix C) 

Vr_r2(s)fi'(I)2	 /.iu1 dr. 

. 	 (r - r0) Vr2(s) - 

1 dr2(s) 
ds	 fra(S) ($iui—iv1)dr0	 (17a) 2ir 1jr—r2(s) Jr,(s)	 .Ir3(s)—r 

Equation (15) indicates that the doublet strength in region 
II, namely can be obtained by a line integration 
along .s 0 =s in region I. The geometric interpretation of the 
various terms in equation (15) is shown in figure 3 (a). 

It can be shown, by expanding A V, about r0 =r2 (8), that 
equation (15) yields a continuous solution =) 
at r=r2 (8). (A discontinuity in ico implies a lifting line 
(reference 12) and is unrealistic.)

Equation (17a) is the desired expression for the lift distribu-
tion in region ii in terms of quantities in region I. 

Consider Au,, to consist of two components, iu' and 
iu11 1 ', where Au.' and Lu11 1 ' are the first and second terms 
on the right side of equation (17a), respectively. Investiga-
tion of the integrals indicates that at r=r2 (s), 1u'=iu,; 

whereas u151 ', in general, has a half-order singularity.
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When region II is to the right of region I (fig. 3 (b)), the 
integration for iu is conducted along the line r0 =r and 
may be written as 

II

	

/s—s2(r) 5s2(r)	 Lu1ds0	 -

(s—so)- 1s 2 (r)—so 7r	 8j (r) 

1ds2(r) 
dr	 ('52(r) (u1+v1)ds0 

2r./s_s 2(r)J8i( r)	 -fs2(r)—s0	
(17b) 

Discussion of equations (17a) and (17b).—In the par-
agraph preceding equation (2), the line r=r2 (s) was described 
as subsonically inclined at all points to the free stream. 
This condition is necessary so that the inner integral in equa-
tion (ha) (that is, G(r,s0)) can be equated to zero for all 
points in region II. If this restriction on r=r2 (s) is not 
satisfied, the development beyond equation (11a) becdmes 

x,x	 \
\
\ 

U	 xx(y) \ Dr(S)J \ 
(a)

(.x 
zv 1 =—	 iu1dx0	 (1 8a) 

uyjz1(y) 

The integration is conducted along lines of constant y. 
In the second case (fig. 4(b)), region II is upstream of region I 
(along the line r=r2 (s)) and the expression for zv1 in region I 
(for y:!^O) is

ô
 If fly

2(ll)	 ('x
tu11dx0+ I 	 L,ui dx o]	 (18b) 

 .J'2(Y) 

Equation (18b) indicates that a knowledge of iu15 is required 
in order to find zv1. But AV, must be known (equa-
tion (17a)) before txu15 can be found. Thus, the solution for 
Lu11 from a specified Au, is not unique for the configuration 
of figure 4(b) and an additional boundary condition must 
be imposed. The line r=r2 (s), however, corresponds to a 
plan-form edge of the airfoil whose load distribution is 
desired. The situation indicated in figure 4(b) occurs when 
r=r2 (s) corresponds to a subsonic trailing edge. The 
additional condition to be imposed is therefore the Kutta 
condition. In terms of the cancellation wing, this condition 
requires that the perturbation velocities be continuous in 
crossing r=r2(s). 

Solution for Aull satisfying Kutta condition at r=r2 (s).-
It will now be shown that when the Kutta condition is 
imposed at r=r2 (s), the appropriate zv1 distribution is such 
as to make the second integral in equation (17a) identically 
zero; that is,

f ' 
2(8) 3u1—v1 

i rs(s) [r2(s)—r0]"2 
dr0=0 

U

 /

/ ltj=COfl3tanf 
(xy) 

12(y) 
rg (5)

(b) 

(a) Region I upstream of region II (along r=r2(s)). 
(b) Region II upstream of region I (along r=r8(5)). 

FIcURE 4.—Possible relations between regions I and II in regard to determination of srI. 

invalid. The derivation of cancellation equations when 
r==r2 (s) is supersonic was not undertaken because such 
problems can be solved more simply by other methods. 

In regard to the boundary conditions, it has been assumed 
that Au1 is specified. Equations (17a) and (17b), however, 
indicate that a knowledge of A V, is also required in order 
to obtain a solution for Aull. With regard to the deter-
mination of AvI , two possibilities exist, as illustrated in figure 4. 
In the first case (fig. 4(a)), region I is upstream of region II 
(along the line r= r2(s)) and Lv5 is uniquely defined by the 
specified tu1 according to the relation

or, inasmuch as u1—zv1=M 

fr r2(8 ,)	 r,, d 

(S) [r2(8)—r0] 112  

This concept and its proof follow from a suggestion of 
H. S. Ribner of the NACA Lewis laboratory. 

Thus, from equations (7), (12), and (13), 

dr0 

f

r 

1 (8) (r_ro)h12°	 (19) 

for all points (r,$) in region II. Therefore, 

r	 or0  dr0 	 dr0 f r2(8)

	

1 (8) (r —r) = fr2(s) (r—r0)"2	
(20) 1/2 

When the limit as r approaches r2(s) is taken, equation (20) 
becomes

dr0 
fr2(8) Or0 	 urn	

- r Or0 drol
j1

1(s) [r2(s)_ro]5/2rrs(s) I ia(8 (r—r 0 )l/2J	 (21)
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However, ôIçô/ro must be continuous in the vicinity of 
r2(s). (The perturbation velocities on the basic wing can be 
discontinuous only along Mach lines or along plan-form edges. 
Inasmuch as r=r2 (s) is neither of these cases, all derivatives 
of i must be continuous in the vicinity of r=r2 (s).) 

When the Kutta condition is imposed, 6A pillbr, is there-
fore also continuous (and bounded) in the neighborhood of 
r=r2 (s). Then with the use of a mean value for oLp/or,, 

lim L

Lç dr01
I

Tr2 (8)

 f r
2(a) (r_ro)h/2J 

r	 dr0 

	

= lim Ro 11\ 	 _______ 
Tr2(8)	 r0 )(r,(s)<ro<r) J'r2(a) (r_r)1,2]_O 	

(22) 

Therefore,
dr0 

fr
2 (s) _or0 	 (23)

l(8) [r2(s)_ro]h/2''° 

which was to be proved. 
The solution for Lu11 that satisfies the Kutta condition at 

r=r 2(s) is then, from equations (17a) and (23), 

LuII=
fr2(8)	 u1 dr0	

(24a) 

	

ir	 1 (a) (r—r0)'r2(s)—r0 

for the wing of figure 3 (a). Similarly, 

	

82(T)iuids0	
(24b) 

	

7r	 f1 (r)(8—s 0) 'is 2(r)—s 0 

	

ir	 8 

for the wing of figure 3 (b). 
An alternative derivation of equations (24a) and (24b) 

(appendix D) indicates that only solutions satisfying the 
Kutta condition will result from the integral equation for-
mulation of reference 5. 

Sidewash in'region 11.—An expression for tv 11 can be ob-
tained by differentiating equation (15) with respect to y. 
The result is 

L V 11 =
fr2(8)

	

tv1dr0	
+ 

ir	 1(a) (r—r0)r2(s)—r0 

1 +dT2(8) 
ds	 fr2 fiiu1—v1dr0

2wfr_r2 (s)i(8) r 2 (s)—r0 

Similarly, for region II to the right of region I, 

- S  
I82(r)	

Lxv1ds0	
+

81(r) (s—s0)Is2(r)—s0 

i+dsl(r) 
ds P82(r) 

2/s—s2 (r) Jsi (r) f)—s 

When the Kutta condition applies, these equations become, 
respectively,

-

	

f2(8)

	

iv1 dr0

ir 1 (a ) (r—r0) V'2 (s)—r0 

and

1 V 11 =

	

—s2(r)Jz(T)	

iv1ds0 

7r s(r) (s— s) '/S2 (r) —s0 

It should be noted that when r=r2 (8) corresponds to a 
subsonic trailing edge, iv1 , as well as iv11, is not generally 
known. The preceding expressions are therefore primarily 
useful for those problems where r=r2 (s) corresponds to a 
subsonic leading edge.

APPLICATIONS 

The loading in region II of a cancellation wing is given 
by the line integrals of equation (17a) or (17b). When the 
Kutta condition is imposed at a subsonic trailing edge, the 
expressions reduce to equations (24a) and (24b). These 
equations can be used to find the load distribution on a large 
variety of wings. Wings with curvilinear plan forms or 
arbitrary camber are examples. In each case, however, 
the solution for the related wing must be known. 

The equations are applied in several illustrative examples. 
Only the solution associated with the cancellation wing is 
considered. The complete solution consists of the loading 
of the related wing minus the loading of the cancellation wing. 

LEADING-EDGE AND SIDE-EDGE CANCELLATIONS 

In leading-edge and side-edge cancellations, the lift to be 
canceled is upstream or to the side of the plan form for which 
the loading is desired (figs. 5 and 6). 

Tip region of swept wing.—The loading in the region 
influenced by the side edge (h a and II, of fig. 5) of a swept 
wing having a subsonic leading and a supersonic trailing edge 
can be obtained by canceling excess lift on a triangular wing. 
The Kutta condition is applied across the portion of r=r2(s) 
influencing region II,. The lift to be canceled in region I is 
(reference 13, equation (23)) 

Aul
H02x	 H02 (s+r)	 (25) __  /O2x2_2y2= ,fO2(s+r)2_(s_r)2 

where H and 0 are constants defined in appendix A. The 
doublet distribution in region 'a, again from reference 13, is 

2 2 
Y 

fiH
if 

from which

O4OI  
V	

_H0 y - —H(s—r)	 (26) A V][ 	 Vo2x2_2y2	 IO2(s+r)2_(s_r)2 

The sidewash distribution in region 'b (that is, IXvIb) could 
be found by an integration of the type indicated in equa-
tion (18b). A knowledge of 	 however, is unnecessary in
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the present problem because the Kutta condition is applied for 
region 11. 

The loading in region Il a is obtained by substituting 
equations (25) and (26), with r replaced by r0, into equation 
(17a), which yields 

hull 
H02 ...Jr—r2(s) 1r2(s)	 (s+r0)dr0 — 

It	 Jrj (a) (r - r0) -.,/r2 (s) —r0 ./02(s -+-r0)2—(s—r0)2 

Hi dr2(s) 

L - - T] fr2(8)	 [02(s +r 0) + (s —r0)]dr0 
27rr — r2(8)	 1(a) -Ir2(s)—r0 -f0 (s+r0) —(s—r0) 

Fiouaz 6.—Cancellation for obtaining loading in tip region of swept wing having supersonic 
trailing edges. 

For region 'lb, the Kutta condition applies and 

H02...Jr__r2(s) 
IuII	

r2 (8) (s+r0)dr0 
=	 I 6	 Jrj(a) (r_r0)..,/r2(s)_r0,,/O2(sj_r0)2_(s_r0)2 

(28) 

Equations (27) and (28) reduce to elliptic integrals of the 
first, second, and third kinds upon transforming the variable 
of integration from r0 to w0 according to the relation 

[( 1 - 6)s+ a2 c 021	 (29) 

where
a2=(1 +O)r2(s) — (1 — O)s 

Equations (27) and (28) may then be written 

HO2 .Jr_r2(s)((s+r)(1+O)I
n /r	 \ 

L*UIIa=	 a  

H.,/sO[1dr2(s) 
-ds ^2[E( 7r k [F	 k-) — F(,6, k)	

Ir%/r — r2(s) 

E(, k)]_[F( k) _F(, k)]}	 (30) 

and

H02 ..Jr 2(s) {(s+r) (1+0) [1, ( '̂r n, k) H(,5, n, k] 116
V—so 	

a

where

k='a2	 a=(1+O)r—(1—O)s 

jd:2 a1=(1 +O)ri(s)—(1 —O)s 

n=— a2  a 

Reentrant side edge.—A plan form has a reentrant edge 
if a line of constant y intersects the plan form at more than 
two points. 

The load distribution in the region influenced by the re-
entrant side edge is to be determined for the wing (unshaded 
region) of figure 6. The side edge is first, for simplicity, the 
straight line r==K2s, which is a subsonic trailing edge 
across which the Kutta condition is applied. The side edge 
then alternately becomes a subsonic leading and a subsonic 
trailing edge. The load distribution in region I is simply 

2aU the Ackeret value zu1=--, and vIa=O. Regions "a, 116, 

and IL are considered separately.

I
r-s 

r, r0 

FIGURE 6.—Cancellation for obtaining loading in region influenced by reentrant side edge. 

Region II:
2 aU From equation (24a) with 

.,/r—K2s flCss	 2ccUdr0 
110	

•	 (r—r0)./K2s—r0 

-
	 tan-' (K2+ 1)8
an-')8	

(32a) 
Or	 Vr—K2s 

or, in x,y coordinates

4aU tan	 x+fly 
or	 V#(M2X_Y)	

(32b) 

Region IL. 
A knowledge of LVIb is required. From equation (18b), 

EVJ6 o[4aUF oy/ml	

I x0+fy	 2csU 
by fir 	 f(m2x0—y)°	

I dx0 I tan Julia2	 J 

IF(
-
', k)—F(o, k)]j	 (31)	 2aU 2aU /K2+ 1

 VK2-1 (33)



Region IL: 
Because the Kutta condition is applied,

4aU	 - ' Vr2(s)
r—rAS)

-I-s tan
Or

(35) 
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The load distribution in region "b is then, recalling that v1=0, 

AUIT	
-4jr—r2(s) f72(8)	 2aUdro

7t 	 -8	 (r—r0)-/r2(s)—r0 

[1 dr2(sfl	
dr0 

____ 

j r	 2aUdr0 +1T2(8) (2 aU_2 aU K2+ 1 ")	 ] 

2Vr—r2(s)[S–s I(s) —r K2— lj _4Jr2(s)—roj 

/r 
r - T2(S)	 r - r2(s)	

r2(s)+s_	
K2 —l) 

[T2(8) - 

=
2(s)+s ['	 ds ] {2+1 

Or (2 
tan (34) 

TRAILING-EDGE CANCELLATION 

The calculation of lift distributions on swept wings having 
subsonic trailing edges requires cancellation wings of the 
type shown in figure 7. These wings cancel that part of the 
lift of the basic triangular wing that is downstream of the 
trailing edge of the swept wing (references 3, 4, 6, and 7). 
The lift is specified in region I. The lift in regions II and III 
is to be determined subject to the conditions that w=O and 
that the Kutta condition applies at r=r1 (s) and r=r2(s).

The wing of figure 7 (a) differs from the previously dis-
cussed cases in that two unknown regions (II and III) are 
continuously interacting. A special treatment is required 
in order to obtain the loading in regions II and III. (See, 
for example, reference 6.) Approximate solutions can be 
obtained, however, using equations (24a) and (24b). For 
example, if the load at (r,$) in region II is desired, first 
assume that iu111 is known. Then, 

AUII_
iT r2(s) r rr(s)	 i.u,11dT0	

+ 
572(8)	 i.u1dr0	

]	
(36) 

-	

Li Mc (T - r0) Ir 2 (s) — To	 ri(s) (r —r0) -. Ir2(s) - To 1I
-- 

An expression for 1xu111 is, by integration along lines of constant r0 (fig. 7 (a)), 

+ 
r

fK8 !^

2(70)	 1.U1I ds.	 581(70)	 zu1 ds0	

] 

s—s(r)	
(S—s0) Vsi(r)—so	 O2T,) (s—s0)s1(r0)—S0 

An approximate expression for iu111 is then

	

Vs_sl(To)f s i fro)	 LU1 ds0	 (37) tunI	
82 (re) (s - s0) . /s 1 (r0) - So 

Equation (36), which may now be written in terms of iu1 by substituting equation (37) for frum, becomes 

i'1—r2(s) ç 
rr(s	 dr0  	 _________ 

8(T) (s—s0s1fr0—s0

	fr2

	

,(s)	
(38) &UII	 (r_ro)Vr2(s)—ro[S	

iu1ds0	 (8)	 u1dr0 

--

The first term on the right side of equation (38) approximates 
the contribution of region III to the loading in region II. 
This term, as indicated in reference 6, is negligible for 
the commonly encountered Au I distributions (corresponding 

to steady lift, roll, or pitch) and 
pdy i (x)
	 For those 

dx 

cases, equation (38) simplifies to 

.%Jr_r2(S)f 72 

(8)

(8)	 i'a1dr0	 (39) 
ir	 r 

The Kutta condition at r=T2 (s) is satisfied by both equations

(38) and (39). Equation (39) can be reduced to elliptic inte-
grals in canonical form by the substitution indicated in 
equation (29). The elliptic integrals may be avoided by 
expanding Au, in a Taylor's series about r0 =r2 (8). Equa-
tion (39) can then be readily integrated, term by term, to 
yield a very good approximation for zu11 in terms of alge-
braic and trigonometric functions. 

When region I has a partly supersonic leading edge 
(fig. 7 (b)), it is possible to write exact expressions for the 
linearized load distribution in regions II and III. For 
example, the load at point (r,$) of figure 7 (l) is 

dr0

'

i 

[f(ro) f83i()

	 'a1ds0	 1+ 
f72(8)- u1dr0 

(r—r0)f(s)—T0	 (ro) (s—s0)/)—soJ J	

i 
r1(a) (r_ro)fr2(s)—ro}	 (40)
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which reduces to equation (39) when the contribution of 
region III is neglected. 

From the development of reference 6 it may be concluded 
that equation (39) is sufficiently accurate for most problems 
involving trailing-edge cancellations. The evaluation of 
equation (39) is generally simplified by the expansion of 
Au, in a Taylor's series about r0=r2(s). 

 
TIT 

	

;/Ir= rs(s)	 r=rj(s) - 

	

( ss2fr)	 ss1(r) 

(a)

 --

 

Y, YO 

'S.,'	 fr'rs(s) r,r0 z,.r0	 S'S. 

___	 ----

---	 /	
rc 

__" I Ir /	 \ M i , , I - - 

1 /
L1r"rz(s) 

8s5(r)
(b) 

(a) Regions If and III continuously interacting.
(b) Regions II and III not continuously interacting. 

FIuaE 7.—Typical cancellation wings for canceling lift downstream of subsonic trailing 
edge of swept wings. 

SUCCESSIVE CANCELLATIONS 

A cancellation wing may induce lift that itself must be 
canceled in order to satisfy boundary conditions completely. 
Thus, in figure 8, the cancellation of lift in region I induces 
lift in region I'. The cancellation of lift in region I' induces 
lift in region I", and so forth. Each of these cancellations

is handled as previously described. These computations are 
very tedious when lift is induced upstream of a subsonic 
leading edge (for example, region I' of fig. 8), inasmuch as a 
knowledge of the sidewash (v1' ), as well as of the lift dis-
tribution (u5 ), is needed in order to continue the cancella-
tion process. Numerical methods are generally required. 

Successive cancellations are discussed more extensively in 
references 3 and 4. 

FIGURE 8.—Successive cancellations. 

SUMMARY OF ANALYSIS AND APPLICATIONS 

A general expression was determined for the lift distribu-
tion over a cancellation wing. The expression is valid when 
the plan-form boundary (on cancellation wing) separating 
the region of zero upwash from the region for which the lift 
is specified is everywhere subsonically inclined to the free 
stream. This expression permits the determination of lift 
distributions on a large variety of wings. The boundary 
conditions for either the flow about a subsonic leading edge 
or a subsonic trailing edge can be satisfied. 

The lift-cancellation technique was illustrated for swept 
wings having curvilinear plan forms. Leading-edge, side-
edge, and trailing-edge cancellations were considered. In 
addition, the loading in a region influenced by a reentrant 
side edge was found. 

LEWIS FLIGHT PROPULSION LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

CLEVELAND, OHIO, January 16, 1950.
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APPENDIX A 

SYMBOLS 

in	 dw0
F(,k)r_

_IS
	

-0)(1—k2w02) 

(](r,s0) function of r and s0 defined by equation (12) 

= 2aU 

(E.fl_o2) 

K slope of plan-form edge in r,s coordinates, dr/ds 

Ic modulus of elliptic integrals 
M Mach number 
M slope of plan-form edge in x,y coordinates, dy/dx 

n parameter of elliptic integral of third kind 
P local static pressure 

q	 = .p U2 

rro} Mach coordinate system (equation (4)) 
S ,S0 

U free-stream velocity 
u,v,w perturbation velocities in x-, y-, and z-directions, 

respectively 
= U—U	 (proportional to local lift) 
= 

x,x0) 
Y,Yo Cartesian coordinate system 
Z, Z,

The following symbols are used in this report: 
a	 =	 (1+8)r—(1—O)s 
a 1	 =	 (1+0)rj(s)—(1—O)s 
a2	 =	 (1+6)r2(s)—(1-6)s 

local lift coefficient, PB—PT 

C	 constant 
Cr	 root chord of swept wing 
E(4,,k)	 elliptic integral of second kind, 

in 0 
E(,k)f	

f1k22 dw,, 

F(4,k)	 elliptic integral of first kind,

a	 angle of attack 

15	 semivertex angle of triangular wing 
o	 =	 fl tan ô 
II(4,,n,k)	 elliptic integral of third kind, 

(sin	 dw0 

-	 Jo	 (1+nwof(1_k2w02)(1_w02) 

P density 
r area of integration 
4, amplitude of elliptic integrals 

perturbation velocity potential 
doublet strength, 

WO integration variable 
Regions: 
I region on cancellation wing for which loading is 

specified	 - 
subdivisions of region I 

II region on cancellation wing for which w=O 
IIg,II,	 .	 .	 . subdivisions of region II 
III additional region on cancellation wing for which 

w=O 
Special designations: 
r=r1 (s) r as function of s along plan-form boundary 1 
s=s 1 (r) s as function of r along plan-form boundary 1 
y=y 1 (x) y as function of x along plan-form boundary 1 
x=x 1 (y) x as function of y along plan-form boundary 1 
r=r2 (s) r as function of s along plan-form boundary 2 
s=s 2 (r) s as function of r along plan-form boundary 2 

and so forth. 
Subscripts: 
1,2,3 refers to plan-form boundaries 1, 2, and 3, re-

spectively 
1,11 refers to regions I and II, respectively 
B bottom surface of z=O plane 
T top surface of z=O plane 
o variable of integration

APPENDIX B 

SOLUTION OF INTEGRAL EQUATIONS 

Consider the following integral equation (in the notation 
of the appendix in reference 5), where the function f(x) is - 

assumed known and the function 'u) is to be determined: 

Cx 
f(X)= J a (x)3/2 

fz [u(E)—u(x)1d	 2u(x)
(x—)312
	 (X —a)1/2	 (Bi) 

After an integration by parts, equation 131) may be written 
f(x)	 it(a)- ('x iil(E)d	 B2 

2	 (x_a)h12Ja (z—E)' 

Equation (112) is now an integral equation of the Abel type. 
The continuous solution for u() is (reference 14)

1	 f f(x)dx 

2r a (z—x)"2	
(B3) 

evaluated at z=. This result is presented in reference 5. 
Equation (lib) corresponds to equation (Bi) with 

u()=G(r, s0) and J(x)=O. The solution for G(r, s0), accord-
ing to equation (B3), is then 

G(r,s0)=O 	 (13) 

Equation (14) corresponds to equation (Bi) with 

a=r2(s0) 

fr2(8-) p' dr0 
x=r	

f(z)= -ca (r—r0)312 

'u(E) ='n 
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The solution for	 according to equation (B3) is then 
1 f	 dr fr2(80	 dr0 

	

j (s0 ) (r—r5)312	 (B4) 

Reversing the order of integration and integrating yield 
ZD 

/2
	 fr2(3o)	

dr0	
(B5) (s0 ) (z—r9)-/r2(s0)—r0

Equation (135), evaluated at z=r and s0=s, yields 

_r2(8) 

IT

	
f r2()	 dr0Vr

1(s) (r—r0)-Ir2(s)—r0 

The derivation of equation (15) is similiar to that for equa-
tion (16) of reference 5. 

APPENDIX C 

DIFFERENTIATION TO OBTAIN Auu 

The differentiation indicated in equation (16) 

23  

	

zU ir _\_+ _ ) 
[-./r_r2(s) fr2(s)	 pjdr0	 •] 
L	 — jrj(8) (rr0)r2(s)—r0] 

(16) Al  

is to be conducted. 

First,
dr2(s) 

2$	
1—

_ds	 r2(8)&p1d
AU

r0
+ 

Al	 () Irl(s) (r—r0)/r2(s)—r0 

	

-jr — r2(8)	 -	 CT2(8)	 dr0 

	

IT	 kôr + ôs)J (8) (r - r0) -fr2(s) - r0
(C 1) 

Inasmuch as zXçj is a function of r 0 and s, 

r2(s)	 1 dr0	 fr2(s)	 Lç1 dr0 

ôTJ ri(s) (r—r0)r2(s)—r0	 (s) (r_r0)2r2(s)_ro

(C2a) 
and

CT2(8)	 ic'idr,,	 r2 (8) 06A_r) 
dro

ôSJ ni(s) (r_r0)r2(8)_r0 JT1(8) (r_ro)(s)_ro+ 

)	

1 dr2(8)fr.	 &pjdr5

{ -	 s i(s) (r_r0){r2(s)_r5]3/2+r.—.r2(8  

{(cj)r0=r2(s)]	 dr2(8)	 [(.1PI)r0=r,(s)]	 dr1(s) 

	

(r—r0)Ir2(s)—r0 ds 5 [r—rj(s)]/r2(s)—r8(s) ds	
(M)

However, [( )r0=r1(s)]=0 and, by integration by parts, 

fr2W &p1dr0	
-

T2(8)[ 
-  

2fi(s) o+
dr,,

+ 
(r—r0) j/r2(s)—r0 j (s)	 (r__ro{ra(s)_r0]3I2

urn 1	 2z1 
- r0) /r2(s) - Tin(s) } 

so that equation (C2b) can be written as 

(12(8)	 pidr0	
dr05 T2(8)

+ j ri(s) (r—r0) Ir2 (s) —r,,	 r8(s) (r — r0) -/r2 (s) —r5 

dr2(s)Sr2(s) ['+

	 dr,, (TT)]__1
(C3) ds r(5)	 (r—r0)/r2(s)—r0 

Equations (C2a) and (C3) are substituted into equation (Cl) 
and the integrals containing are integrated by parts, re-
ducing equation (Cl) to 

.Ir_r2(s)fn2(8)	 L.u1dr0 
IT	

— 

(8) (r—r0)-/r2(s)—r0 

1 _dr2() 
ds	 fr2(8) ($txu1—v1)dr0	 (17a) 

2$ir/r—r2(s) 1 (o)	 Vri(s)—ro 

APPENDIX D 

ALTERNATIVE DERIVATION OF SOLUTION SATISFYING KUTTA CONDITION AT r=r2(s) 

The integral equation formulation in terms of (equa-
tion (14)) resulted in ' a solution that was continuous in iç 
(equation (15)) but discontinuous, in general, in the deriva-

tive

	

	 (equation (17a)) at r=r2(8). In order to obtainOx 
a solution continuous in Au, an integral equation may be 
formulated that is similar to equation (14) but in terms of 
Au rather than. The inversion shown in appendix B 
should result in a solution that is continuous in Au but dis-
continuous in the derivatives of Au at r=r2(s).

Consider equation (10) for the w distribution in the z=0 
plane. This equation will be differentiated with respect to 
x using a technique introduced in reference 15 (equations (1) 
to (3) therein). The expression for w at any point (r,$) is, 
from equation (10),

MISS 
&pdr0ds,, 

8irI	 (s—s0)312	
(Dl)

(r—r0)312  
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where T is the area abc in figure 9 (a). The wing is moved 
upstream a distance dx (fig. 9 (b)), keeping the coordinate 
system fixed in space. The expression for the upwash at 
(r,$) now becomes

M[ ff(  (s-s 
+	 dx) dr0ds0 

YX	 T11 	 0)3"2(r-r0)3"2 + 

J.J

.dr0ds0	

]	
(D2) 

- s0)3 ,. (s	 12(r -r ")3/2 
The second term on the right side of equation (132) is zero 
because is=O along the leading edge. Subtraction of 
equation (Dl) from equation (D2) then yields 

owMISJ 

i.'udr0ds0 

8iij  
Miff	 (r	

(1)3) 

For points in region II of a cancellation wing, 	 =O.
Thus, for the wing of figure 3 (a), 

o=I s ds0 	 iudr0 

(s-s)'

 fr
1 (s0 ) (r-r0)312	

(D4) I 
This equation is the same as equation (ha) except that Au 

replaces ico. The inversion by Abel's integral equation for 
iMt11 in terms of Lu1 then gives (from equation (15)) 

.Vr_r2(s)5 T

,

2(3) 	 u1dr0	 (24a)
7r 

LU11	
(s) (r-r0)/r2(8)-r0

Inasmuch as the integral equations of reference 5 are 
formulated in terms of Au and are inverted by means of 
Abel's integral equation, only solutions satisfying the Kutta 
condition will result therein. 

Leading-
edge

(a) 

(b) 
(a) Original position of wing. 
(b) Wing moved upstream distance dx. 

Fioqax 9.-Areas of integration relating to equations (Dl) and (D2). 

Leading-



edge

U

Y,Yo 

F' 
r1r0 .z',x s.s, 
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ANALYTICAL DETERMINATION OF COUPLED BENDING-TORSION VIBRATIONS 
OF CANTILEVER BEAMS BY MEANS OF STATION FUNCTIONS' 

By ALEXANDER MENDELSON and SELWYN GENDLER 

SUMMARY 

A method based on the concept of Station Functions is pre-
sented for calculating the modes and the frequencies of non-
uniform cantilever beams vibrating in torsion, bending, and 
coupled bending-torsion motion. The method combines some 
of the advantages of the Rayleigh-Ritz and Stodola methods, in 
that a continuous loading function for the beam is used, with 
the advantages of the influence-coefficient method, in that the 
continuous loading function is obtained in terms of the dis-
placements at a finite number of stations along the beam. 

The Station Functions were derived for a number of stations 
ranging from one to eight. The deflections were obtained in 
terms of the physical properties of the beam and Station Num-
bers, which are general in nature and which have been tabulated 
for easy reference. Examples were worked out in detail; com-
parisons were made with exact theoretical results. For a uni-
form cantilever beam with n stations, the first n modes and 
frequencies were in good agreement with the theoretically exact 
values. The effect of coupling between bending and torsion 
was shown to reduce the first natural frequency to a value below 
that which it would have if there were no coupling. 

INTRODUCTION 

The failure of turbine and compressor blades due to vibra-
tions has led to an increased interest in the study of the 
vibrations of these blades and in the determination of the 
natural modes and frequencies. In such theoretical studies, 
it is usually assumed that the compressor or turbine blade 
acts as a cantilever beam. The calculation of the uncoupled 
modes of arbitrarily shaped cantilever beams has been ex-
tensively investigated (references 1 to 4), but little work has 
as yet been done on calculating the coupled modes of such 
beams. If the geometry of the beam is such that coupling 
exists, the coupled modes are the actual vibrational modes 
that must be calculated. 

Four general methods are currently in use for calculating 
uncoupled modes and frequencies of nonuniform beams. 
These methods are the Rayleigh-Ritz or energy method 
(reference 1), the Stodola method (references 5 and 6), the 
influence-coefficient method (references 4 and 7), and the 
integral-equation method (references 8 and 9). For each of 
these methods, computational work can usually be carried out 
in several ways. For example, by the use of influence co-
efficients the modes and frequencies can be determined by

Mykelstad's iteration procedure (reference 7) or by matrix 
methods (reference 4). 

Any one of these methods can be extended to the calcula-
tion of coupled bending-torsion modes. The Rayleigh-Ritz 
method usually requires that the uncoupled modes be deter-
mined before the coupled modes can be computed. In apply-
ing either the Rayleigh-Ritz or the Stodola method, great 
difficulty is encountered in accurately determining the higher 
modes, because the lower modes must first be "swept out" 
by the use of exact orthogonality conditions (reference 10); 
the process will otherwise always converge back to the 
lowest mode. The same difficulties are encountered in the 
integral-equation method. 

The influence-coefficient method reduces the problem to 
one having a finite number of degrees of freedom. The beam 
is divided into n intervals and a concentrated loading is as-
sumed at the center of gravity of each interval. The solution 
of the resultant determinantal equation gives the first n 
modes. The accuracy of the higher modes is, however, very 
poor; only the first third of the modes and the first half of the 
frequencies are obtained within the usual engineering accu-
racy. Carrying along so many useless, modes greatly in-
creases the labor involved. 

A straightforward accurate method for determining the 
coupled bending-torsion modes and the frequencies of non-
uniform cantilever beams, together with applications of this 
method, was developed at the NACA Lewis laboratory dur-
ing 1949 and is presented herein. This method is based on 
the use of Station Functions as first discussed in refer-
ence 11. Incorporated in the method are the advantages of 
the continuous-function defections of the Rayleigh-Ritz 
and Stodola methods together with the advantages of the 
finite number of degrees of freedom of the influence-coefficient 
method. When the method is applied to a uniform beam, 
the first n roots of the resultant determinantal equation are 
amply accurate for engineering purposes. 

The final determinantal equation is solved herein by 
matrix-iteration methods (reference 4). Any other con-
venient method may, however, be used and no knowledge 
of matrix algebra is needed to carry out the calculations by 
the matrix method. The work can be done by an inexperi-
enced computer, as the only operations necessary for determ-
ining each mode are cumulative multiplication and division. 
In addition, for the case in which the coupling coefficient 
remains constant along the beam, a simple quadratic 

I supersedes NACA TN 2185 "Analytical Determination of coupled Bending-Torsion Vibrations of Cantilever Beams by Means of Station Functions" by Alexander Mendelson and 
Selwyn Gendler, 1950.	 77 
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formula and a series of curves are presented for determining 
the first coupled mode in terms of the uncoupled modes. 
Examples are developed in detail and comparisons with 
exact theoretical results are included. 

THEORY 

In the usual influence-coefficient methods for solving 
dynamical problems, a continuous body having an infinite 
number of degrees of freedom is replaced by a body having a 
finite number of degrees of freedom. Two principal assump-
tions are then made that introduce inaccuracies into the 
solutions, particularly in the higher modes: (1) The resultant 
of the inertia loads of all the infinitesimal masses in a finite 
interval passes through the center of gravity of that interval; 
and (2) a concentrated load that is the resultant of a dis-
tributed load produces the same deflection as the distributed 
load. An attempt has been made to reduce the error due to 
the second of these assumptions by the use of weighting 
matrices (reference 12). Although the accuracy is thereby 
increased, the effect of the first assumption is still great 
enough to introduce serious errors (reference 11). 

In order to eliminate these assumptions, Rauscher (ref-
erence 11) introduced the concept of Station Functions: 
Instead of assuming the inertia loads to be concentrated at 
the centers of gravity of the intervals, the inertia loads 
and, consequently, the deflections are assumed to be con-
tinuous functions along the beam. The values of these 
continuous deflection functions at the reference stations must 
equal the deflections of the reference stations. The loading 
on the beam is therefore a continuous function of the de-
flections of the reference stations. Inasmuch as the deflec-
tions of the reference stations can be computed from the 
loading on the beam, which in turn is available from the 
deflections, the deflections are therefore obtained as functions 
of themselves. This procedure gives n homogeneous equa-
tions in the n deflections of the reference stations. The 
resultant determinantal equation has n roots for the fre-
quency; it will be shown that for a uniform beam all these 
roots are sufficiently accurate for engineering purposes if 
the deflection functions are properly chosen. (For coupled 
bending-torsion vibrations. 2m homogeneous equations and 
2n, roots are obtained for n stations.) 

The deflection functions used must satisfy the boundary 
conditions of the problem and also the condition that, at 
any reference station, the value of the function must equal 
the deflection of the reference station. Although it is always 
possible to find directly a single function that will satisfy 
these conditions, it is more convenient to obtain different 
component functions at each station and to add all these 
component functions together to give the complete deflec-
tion function. Rauscher (reference 11) calls these compon-
ent deflection functions Station Functions. For example, 
the complete torsional deflection function for the beam will 
have the following form:

0,	 torsional deflection at jIb station 
f,(z) Station Function in torsion associated with jth station 
(All symbols are defined in appendix A.) 

Each Station Function must satisfy the boundary condi-
tions of the problem and the following additional conditions: 
(1) At the reference station with which it is associated, the 
Station Function equals the deflection of that reference sta-
tion; and (2) at all other reference stations, the Station 
Function equals zero. The sum of all these Station Func-
tions will then give the complete deflection function for the 
beam. The Station Functions and corresponding loading 
functions are derived in appendix B for torsional vibrations, 

Z _____	

I 

/	 2	 i—i	 I	 jt/	 n 

FIGURE 1.—Cantilever beam with n stations. 

bending vibrations, and coupled bending-torsion vibrations of 
an arbitrary cantilever beam. 

Torsional vibrations.—It is shown in appendix B that the 
torsional deflections of the reference stations for a beam 
divided into n intervals of length 6, as shown in figure 1, 
are given by the following system of equations: 

I. 0=w262	 ajjOj	 (1) 

where

/I

n 

- IjcNji - (k 1)I,C MIk +	 Ir Mir]	 (2) 
C k=1	 r=k+i 

i and j=1,2,. . . n 

frequency of vibration 
length of interval 

Io mass moment of inertia per unit length about elastic 
axis at root section 

'k ratio of average mass moment of inertia per unit length 
of kth interval to mass moment of inertia per unit length 
at root section 

Co torsional stiffness of root section 
0k ratio of average torsional stiffness of ktl interval to tor-

sional stiffness at root section 
The Station Numbers Nik and MJk are functions only of the 

integers k, j, and n .- and are defined as 

NJk aZ I 2f,(Z)d2

(3) 
—i 

MJ 
f,(z)d2 J k—i 

where f,(z) represents the Station Functions derived in 
appendix B and is given by 

f,(z ) =a ij z + a25 z2 + . . . + a (fl+l)J z	 (4) 

where 
Z	 dimensionless distance along beam 
0(2)	 torsional deflection at distance z from root

The coefficients a, are determined in appendix B by 
satisfying the conditions on the Station Functions. The 
integrals in equations (3) are thus seen to be integrals of



DETERMINATION OF COUPLED BENDING-TORSION VIBRATIONS OF CANTILEVER BEAMS 	 79 

simple polynomials and the limits of integration are integers. 
The Station Numbers Nik and Mik are therefore rational 
numbers, functions only of the integers it, k, and j. These 
numbers have been evaluated and are listed in tables I to 
VIII. 

If the physical properties of the beam under consideration 
are known for each of the it intervals, (2,, and I,, will be 
known. The Station Numbers N1,, and M1,, can be obtained 
from tables I to VIII. From equation (2), ajj can then be 
easily calculated. 

Equation (1) actually represents n homogeneous equations 

in then unknown deflections O. With-- 2 X, these equa-

tions can be written as follows: 

(a11—X)Oi+a1202+a13 03+ . ±ai On=O - 

+a2O=O 

• • . +aO—O	 (5) 

afll6I+afl282+afl3 63+ . . . +(ann—X)6.=0 

For a nontrivial solution, the determinant of the coefficients 
must vanish and the characteristic equation becomes 

a12	 a 13	 . . 

	

a21 a22 —X a23	 . . . a,

The Station Numbers M'jk, j\T',, P'1,,, and Q' are func- 
tions only of the integers Ic, j, and it and are defined by 

P'if[-_(k_1)z± (k— 1)2] g(z)dz 

f1-6--- (k— 1)2Z + (k— 1)3] g(z)dz

(9) 

M' 5,,	 gj(z)dz

L 
N'1,, 

I 

 
2g1(z)dz

-i 

The Station Functions gj(z) are derived in appendix B and 
are given by 

gj(z)= b 25 z 2 + b 3 z 3 + b 4 z 4 + . . . + b (n±3) 1Z (n+3)	 (10) 

The integrals in equations (9) are thus seen to be integrals 
of simple polynomials. The Station Numbers 111' 1,,, N'5,,, 

P' 5,,, and Q',, are rational numbers, functions only of the 
integers j,- k, and it. These numbers have been evaluated 
and are listed in tables I to VIII. 

If the physical properties of the beam are known for each 
of the it intervals, m,, and B,, will be known. The Station 
Numbers M'5,,, N' 5,,, P',,,, and Q'5,, are obtained from tables I 
to VIII; 0 tj can then easily be calculated by equation (8). 

The determinantal equation is: 

a31	 a32	 a33 X . . .	 =0	 (6)	 (3 11 A 012	 /33	 . . • #I-

921	 022—X 023	 . . • 02n 

Cini	 an2 a3	 . . . a,,,—X 

or
XI— [aj j] IO 	 (6a) 

where I is the identity matrix, and [a 1 is the dynamical 
matrix. 

Equation (6) can be solved for the n values of A by any 
method available. The method used herein was to obtain 
the values of A as the latent roots of the matrix [a h,], which 
is actually the dynamical matrix for the problem. The mode 
shapes are obtained at the same time. 

Bending vibrations.—The bending deflections for the beam 
shown in figure 1 are given by the following system of equa-
tions (appendix B):

- m 
24	 (7)i —•W 

where 

	

mi± k(m'j_Q',+	 mr 
Ic 1 k	 r k+1	 K 

k 3 —(k— 1)3 (2k—l)fl M' 

L3	 -	 2 j	
'	 (8)

i and j=1,2, . . . n 

m0 mass per unit length of beam at root section 
m,, ratio of average mass per unit length of kth interval to 

mass per unit length at root section 
B0 bending stiffness at root section 
B,, ratio of average bending stiffness of kth interval to bend-

ing stiffness at root section

031	 032	 933—A . . . 03,,	 =0	 (11) 

0 ,,1	 0n2	 /3,,3	 . . . 
or

IXI—{i3ij]I=0	 (ha) 
where

m0ô4 w2 

The dynamical matrix is [0]. 
Coupled bending-torsion vibration.—The torsional and 

bending deflections due to coupled bending-torsion vibra-
tions of a cantilever beam are given by (appendix B): 

6Jw2 	 t (iPai ,oj + €r-, 
B0	 ji	 r0	 (12) 

Yi_ w2	 (oi+	 j 
where

r02

62 Co m0 

r0 absolute magnitude of projection of distance from elastic 
axis to center of gravity on perpendicular to bending 
direction for root section 

rgo radius of gyration about elastic axis at root section



(14) 

(1 4a) 

2 12G0 .	 Co 
w= ii1_

2.40 
Oj 

W=1.549 V J,12 

6 .1	 6.2	 .	 0nn	 0n1	 /3n2	 . . . 

or
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The quantities a1 and # ij are defined by equations (2) 
and (8). The quantities Tjj and ô, are given by 

±-

 

[SkN'j,—(k- 1)Sk M'jk+ 	 MSrir]
CIc r=k+1 

± (sIc ( PJic_ Q Jk)+ 	 Sr{(i—k +)Nir+	 (13) 
k= 1 Ic	 r k+1 

k3_ (k— l) (2k_l)c]M 
L3	 -:	 2	 J' 

where ^k [ 22 

Pik	 -y—(k-1)z+ (k_1)2]f,(z)dz 

'Sk-1 [	 (k-1)2z+ (k_1)3]fi(z)dz 

and Sk is the ratio of the average static mass unbalance of 
the kth interval to the static mass unbalance at the root 
section. 

The Station Numbers Pjk and Qjk are listed in 'tables I to 
VIII with the other Station Numbers. The determinantal 
euation becomes 

Pa11 —X Pa12	 . . . Paj,,	 €P'y, 1 €F7 12 . . . 

Pa21	 F022 —X . . . Pa2 ,,	 E IP721 €I")'22

iteration method used herein is simple and rapid and re-
quires no particular computing skill. As will be indicated, 
however, the accuracy of equations (6), (11), and (14) is 
such that relatively few stations need be used, in which 
case it may be convenient to expand the determinants and 
to solve the resultant low-order algebraic equation. 

In order to illustrate the accuracy, this method was applied 
to torsional vibrations, bending vibrations, and coupled vi-
brations of a uniform cantilever beam. The exact theoretical 
values for torsional vibrations and bending vibrations of 
uniform cantilevers are well known. The exact theoretical 
values for the coupled bending-torsion vibration of a uniform 
beam were calculated (appendix D). A comparison was 
then made between the values obtained by the method 
presented and the exact theoretical values. The number of 
stations used was 1, 2, and 3 (n=1, n=2, and n=3). The 
comparisons are sumtharized in table IX. 

Torsiónal vibration.—For the case of a uniform beam, 
C=I=1 and equation (2) becomes

(15) i [N,,—(k-1 .ajj	 )M,k+	 r] 
k=1	 r=k+1 

Ma
 

The values of Nik and MA are given in tables I to VIII. 
The table to be used depends on the choice of the number 
of stations. 

Let n=1;

.. 

=0 
Fa 1	 Pafl 2	 . . . Pa,,,,—X	 . . 

oil	 012	 . .
	 /3 11 X 1312	 .	 . 01n 

21	 022	 .
	

13 21	 13 22 —X . . .

From table I, N11=5112,

an=5/12 
and

12 10 

or  

where ['qjjJ is the dynamical matrix and I is the identity 
matrix. 

The first n roots of equation (14) will give the first n 
coupled frequencies. 

APPLICATIONS AND RESULTS 

In applying the previously discussed method, it is necessary 
to determine for a given beam the elements ajj, i3j, y ij , and 
O j of the dynamical matrices. These quantities will depend 
on the physical properties of the beam and on the number of 
stations chosen. If the physical properties of the beam are 
known, the quantities a 11 , 3 ','j, and 5 ij can be directly cal-
culated from equations (2), (8), and (13). The numbers 
.MJ , N5 , P, Q1, 211' jIc, N'jk , P'Jk , and Q'j, appearing in these 
equations depend on the number of stations it that are used 
and can be read directly from tables I to VIII for any given 
number of stations up to eight. Once these quantities have 
been calculated, equations (6), (11), or (14) can be solved 
for the frequencies by any method desired. The matrix-

The exact theoretical value for the first torsional frequency 
is

w=1.571 C7 

The percentage error is —1.4 when only one station is used. 

The mode shape obtained by the method of Station Func-
tions agrees well with the theoretical mode shape, as is shown 
in figure 2 (a). 

Let n=2; then by equation (15) and table II, 

a,i=Ni i + M12+
5	 57 _ 

— 

0112 =N21+ M22=
29	 57. 

8	 16 

022=N21+N22=
239	 13
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(a) First mode, n = 1. 
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FIGURE 2.-Comparison of theoretical mode shapes with mode shapes obtained by taking n stations along the beam for torsional vibrations. 

The determinantal equation then becomes Let n=3; then by equation (15) and table III, 

57	 57 aii=Nii+M12+M130.945833 

•	 .1_0 a12=N21+M22+M230.958333 
=0 a13=N35+M32+M33=0.520834 

16	 13 a2j=Nii+N12+2M13=1.033333 
15	 15 a22=N21+N22+2M23=1.883333 

which gives a23=N31+N32+2M33= 1.011113 
A 1 = 1.6214 aat= Nil +N12+N13= 1.012500 

a32 =N21 + N22 +N23= 2.025000 
A 2= 0.1953

a33=N31 +N32+N33= 1.387501 
Therefore

The determinantal equation is 
w= 1.571  

CTO;-
0.945833-A	 0.958333	 0.520834 
1.033333	 1.883333-A	 1.011113 =0 

W2=4.526.\/7T2 1.012500	 2.025000	 •	 1.387501-A 

°" The solutions are 
The exact theoretical values are X1=3.6474 

X2=0.4093 
X3=0.1599 

Therefore 
W2 5 4.712\f11 /00 

The precentage errors of the first two modes, for only two 
stations, are found to be 0 and -4.

V 
Jd2 

The mode shapes are shown in figures 2 (b) and 2 (c). . 
Agreement of the first mode with the exact theoretical shape 7 !i02..
is excellent;excellent; the second mode agrees fairly well. 
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FIGURE 3.—Comparison of theoretical mode shapes with mode shapes obtained by taking a stations along the beam for bending vibrations. 

The exact theoretical values are and from table I 

1 o=1.57
71	 31	 59 

Therefore, from equation (7), 
W2-4.71 2 1012 —B. 

Cd= 3•493 
V_ 

W37.854	 IC0 
V [012 The exact theoretical value is 

The percentage errors of the first three modes, calculated w=3.516 
by use of three stations, are found to be 0, —0.5, and —4.5, 
respectively. 

The mode shapes are shown in figures 2 (d) to 2 (f).	 The
The precentage error for just one station is found to be 

first two modes agree very well with the theoretical shapes;
—0.65: 

The mode shape is shown in figure 3 (a) and is seen to 
agreement of the third mode is fair. agree very well with the theoretically exact shape. 

This procedure can be carried out as shown for any number 
Of stations desired. Let m=2; then by equation (16) and table II, 

Bending vibrations.—For a uniform beam, B=m= 1 and 11=P'11— Q'11+-N'12--M'12=0.422745 
equation (8) becomes

[(i—k+,'T+
2=''1	 Q'21+N'22 —	 M'22 = O.295925 

!c=1 '.	 r=k+1 L 

(k3—(3 k-1)3	
(2k—i) 

.)M' 
1

(16) f321=2P'11+2P'12—Q'11—Q'12+-N'12—.M'12=i.145i67 JTJ) 2 

Let n= 1;
- QF

122	 2P' 21 +2P1 22 — Q'21—Q'22+N'22—M'22=o.9os53o
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The characteristic equation is 	 The characteristic equation is 

0.422745-X	 0.295925
	 10.270604-X 1.009943

	
0.487441 

MCI
	

0.648 170
	

3.266250-X 1.689891	 =0 
1.145167	 O.905530- 	

0.985 135
	

5.822852
	

3.204301-X 
The roots are

1.2943 

- X2=0.0339

C01=3.516 

= 21.71 

The exact theoretical values are 

(,,,=3.516 -Bo M 01 

= 22.04 CBo' 

The percentage errors for two stations are therefore found 
to be 0 for the first mode and -1.5 for the second mode. 
The mode shapes are plotted in figures 3 (b) and 3 (c). The 
first mode agrees excellently with the theoretically exact 
shape; the second mode agrees fairly well. 

Let n=3; then by equation (16) and table III, 

#11=P'11-Q'11+ N'12+ N'13--- M' 12- . - M'13=0.270604 

fl 12 =P'21 - Q' 2 1+N'22+N'23-- M 22 - . M 23 1.009943 

15 13 =P'31 - Q'31+N'32+-N'33- M'32 -- M'33=0.487441 

321	 p11_f_ 2P' 12 - Q'11- Q'12-I--- 

N'12 + 2N' 13 - - 11/1'12 	 M'13 = 0.648170 

22 2P, 21 -1-. 2P'22- Q 1 21- Q 1 22-f-

AT ' 22 +2PT '23_ M 22- M23'3.266250 

23	 p31_f_ 2P'32 - Q'31- Q33__ 

i\T 32 + 2N'33- M 32	 111 33 = 1.689891 

031 _ 3p 11. 3p, 19.. 3p/13_ QF1'_ QF	 QF_f. 

1 9+4I\T ' 13_ ± AT 	 M12----- M13=0.983135 

932- 3P' 21 -F- 3P'22 -I- 3P' 23 - Q2 - Q'22-Q'23-I-- 
10 j\T1 00+4AT '23	 111'22 	 M23=5.822852 

933= 3P1 31 -I- 3P'32 -1- 3P'33 - Q'31-	 - 

5 -N'32 +4N'33-7 M'32- T M'33 = 3.204301

The roots are
X1=6.5521 

X-2=0.1667 

X3=0.0223 
Therefore

w=3.516 

W2 = 22.04/B0 

	

W3=60.20
	 Bo 

The exact values are

VM01wi=3.516B0  

w2=22.04

VM01W3=61.70B0  

The percentage errors for three stations are found to be 0, 
0, and -2.4, respectively. The modes are plotted in figures 
3 (d) to 3 (f). The first two modes are seen to agree very 
well with the theoretical mode shape; agreement of the 
third mode is fair. 

Coupled bending-torsion vibrations.-A uniform beam 
with the following constants was chosen: 

7-138.56 cob n2 

r=1932 

= 241.5 

The values of a and f are obtained as previously and are 
the same as given before for n=1, n=2, and n=3. Also, 
because Sk=B,= Ck= m= 'k= 1, equations (13) become 

[N'jk-v - 1)M' 1 + E M'i] 
k=1	 r=k+1 

oJ= ±{ iPJk-QJk+	 [(i-k+)N1+ 
k=1 r k+1 

k 3 -(k- 1)32k-1 
\	 3	 - 2	 ) Jr
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Let n= 1; then the determinant is 

Pa-X €r711	 0.002156-X 0.001196 
=	 =0 

bit
	

oil - X 	 0.111111	 0.081944 - X 

The roots are
X1=O.0837 

X2=0.0005 

w= 3.46
/B0 

/--w2=44.7 

The procedure for calculating the exact theoretical values is 
derived in appendix D. The exact values are 

wl=3.49 )/?nd4 

220.6 
V: LB- 

m01 

C-	 w349.1-
m01 

The percentage error for the first mode; calculated by use of 
one station, is -0.9. 

Let n=2; .then the determinant is 

Pa11 -X Pa12 €P711 

Pa21 I'a22-X €I'y21
=0 

bit 612 i311X 1312 

21 422	 - 1321 1322-?'

Substituting the known values and solving for X give for £he 
first two roots

X=1.3197	 - 

X2= 0.0412 

and the frequencies become 

= 3.48
VM01" 

2=
VM.1 

The percentage errors for two stations are -0.3 for the first 
mode and -4.4 for the second mode.

This procedure can be carried out for any number of sta-
tions desired. For three stations, the frequencies obtained 
are

wl=3.48 V^n 

VMd

B0 
W220.6

lB0 
w48.2 

The precentage errors are -0.3 for the first mode, 0 for the 
second mode, and -1.8 for the third mode. 

The results obtained by the method presented are seen 
to agree very well with the exact theoretical values. 

These results are summarized in table IX, where a com-
parison is made with the results obtained for uncoupled 
bending and torsional vibrations by use of influence coeffi-
cients with weighted matrices (reference 12). The values 
using weighted matrices were taken from table I of refer-
ence 12. It can be. seen that for a given number of stations, 
the results obtained by the method presented herein are con-
siderably better than those obtained by using influence co-

/. 

'-S 

0)

D	 .	 .4	 .6	 .8	 1.0 
•	 Coupling coefficient, € 

Fiou 4.-Variation of frequency ratio 11 with coupling coefficient e for several values of 
uncoupled frequency ratio 7. 

efficients with weighted matrices. In general, it is indicated 
that for a uniform cantilever beam using n stations along 
the beam, the first n-i frequencies and modes are in ex-
cellent agreement with exact theoretical values and even 
the th mode is given within the accuracy with which the 
physical properties of the material are known. For a tapered 
beam, more stations may be required, depending on the 
amount of taper. The number of stations required to give 
satisfactory accuracy is listed in table X. A comparison is 
made by using weighted influence coefficients; the values 
are taken from table II of reference 12. 

The first vibrational frequency is given approximately by 
equation (C2) (appendix C) vhen coupling exists between 
bending and torsion; it is plotted in figure 4. In order to 
check these curves, the exact solution was obtained (appen-

Uncoupled 
-frequercy- 

ratio, -T 

100 

16 

oExoctheoreticof
[ [ [

/
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dix D) for the ratio (WL/Wb) 2 equal to 4 and was plotted on 
the same figure. The values given by equation (C2) are 
seen to be in excellent agreement with the theoretically 
exact values. 

The effect of the coupling between bending and torsion 
is to reduce the first natural frequency below that which 
would exist if there were no coupling. This effect is shown 
in figure 4, wherein the value of c is always less than 1. 
This decrease in the first natural frequency due to coupling 
is, however, relatively unimportant, in the practical range of 
(w/w)'>4 and <0.75. 

SUMMARY OF RESULTS 

A method based on the use of Station Functions is pre-
sented for calculating uncoupled and coupled bending-torsion 
modes and frequencies of arbitrary continuous cantilever 
beams. - The results of calculations made by this method

indicated that by the use of Station Functions derived herein, 
n modes and frequencies can be obtained with sufficient ac-
curacy by using just ii stations along the beam if the beam is 
uniform. For a tapered beam, more stations may be re-
quired, depending on the amount of taper. The amount of 
computational labor is markedly less than for other methods. 
The use of Station Numbers tabulated herein further re-
duces the amount of calculation necessary. The effect of 
coupling between bending and torsion is shown to reduce the 
first natural frequency to a value below that which it would 
have if there were no coupling. 

LEWIS FLIGHT PROPULSION LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

CLEVELAND, OHIo,. October 18, 1949.



APPENDIX A 

SYMBOLS 

The following symbols are used in this report: 
a 5 coefficient in equation for Station Function 

in torsion 
B bending stiffness of beam, function of z 
B0 bending stiffness at root section of beam 
Bk ratio of average bending stiffness of kt 

interval	 to	 bending	 stiffness	 of	 root 
section 

b, coefficient in equation for Station Function 
in bending 

C torsional stiffness of beam, function of z 
Co torsional stiffness of root section of beam 
Uk ratio of average torsional stiffness of kt 

interval	 to	 torsional	 stiffness	 at	 root 
section	 - 

C1, C2, C3 constants defined in appendix B 
fj (z) Station Function in torsion for jt	 station 

(defined in text) 
gj(z) Station Function in bending for jth station 

(defined in text) 
I mass moment of inertia per unit length of 

beam about elastic axis, function of z, 

except where otherwise defined 
10 mass moment of inertia per unit length of 

beam about elastic axis at root section 
ratio of average mass moment of inertia 

per unit length of kth interval to mass 
moment of inertia per unit length at root 
section 

i,j,k,n station indices 
j,k,r summation indices 
1 length of beam 
IIfjk, Nik , Pik, Station Numbers (defined in text); function 

Qik, M' jk , N' Jk , of indices j, k, and n 

P 5k, Q 5k 

M mass per unit length of beam, function of z 
MO mass per unit length of beam at root section 
Mk ratio of average mass per unit length of 

kth interval to mass per unit length at 
root section 

n number of stations along beam 
86

q(z) bendingloading function on beam 
q t (z) torsional loading function on beam 
r absolute magnitude of projection of distance 

from elastic axis to center of gravity on 
perpendicular to bending direction 

rgo radius of gyration about elastic axis at 
root section 

r0 absolute magnitude of projection of distance 
from elastic axis to center of gravity on 
perpendicular to bending direction for 
root section 

S static mass unbalance, function of z, mr 
S0 static mass unbalance at root section, m0r0 
Sk ratio of average of static mass unbalance at 

kth 	 section	 to	 static mass unbalance 
at root section 

X distance from root of beam, except where 
otherwise defined 

y bending deflection, function of z 
Yi bending deflection at ith, station 
z dimensionless distance along beam, x/ô 
ajj, 0e, 'yj, elements of dynamical matrix defined in text. 

oil, ?jj - 

F 02 Co m0 

7 uncoupled frequency ratio, (w,/)2 
0 length of interval along beam between 

two stations 
coupling coefficient, (ro/rgo)2 

o torsional deflection, function of z 
torsional deflection at ith station 

X root of frequency equation or characteristic 
root of dynamical matrix 

frequency ratio, (WIWb)2 

frequency of vibration 
Wb frequency of uncoupled fundamental bend-

ing mode 
frequency of uncoupled fundamental tor-

sional mode 
second derivative of deflection with respect 

to time



APPENDIX B 

STATION FUNCTIONS AND DETERMINANTAL EQUATIONS 

TORSIONAL VIBRATIONS 

A schematic diagram of a cantilever beam divided into n 
intervals of length 6 is shown in figure 1. The Station 
Functions for the torsional vibrations of such a beam must 
satisfy the following conditions: 
At

z=O f(0)=O	 (B 1) 
z=n	 (B2) 
z=i f(i)=1	 (133) 
z=j f(j) =O joi	 (B4) 

wheref'(z) denotes the derivative with respect to z. 
Equations (Bi) and (132) represent the boundary condi-

tions that must be satisfied by a cantilever beam vibrating 
in torsion; equations (B3) and (B4) represent the further 
conditions imposed upon the Station Functions. These 
conditions will be satisfied by a function of the type 

	

+a(.+1)2	 (115) 

where the coefficients aj j must satisfy the following simul-
taneous equations obtained from conditions (112), (B3), 
and (B4): 

0 =a1+ 2na2+3n2a3+ . . . +(n+ 1)ma(fl+l ) (B2a) 

1 =iaj±i2a2j+i3aa+ . . . +i1)a(,-3-l)	 (113a) 

0 = ja1±j 2a21±j3a3+ . . .	 j5^4-i (BU) 

The coefficients a, can be obtained by solving equations 
(112a) to (B4a) and the functions f (z) determined for each 
station. Equation (B5), however, can also be written in 
the following form:

ll(z—)z(z —c1)
(B5a) 

ji 

where II represents the product for all values of j except ji 
j=i. The function in equation (B5a) obviously satisfies 
conditions (Bi), (B3), and (B4) because it has zeros at all 
points specified by equation (114), it equals 1 at the point 
specified by equation (B3), and it equals zero at the point 
specified by equation (Bi). In order to satisfy condition 
(112), the constant c1 is determined by substitution of equa-
tion (115a) into equation (112). 

c 1 =n for i/n 

c1 =n(i+ '

	

	 )for



i=n 

jdn fl3

Equation (135) can be obtained from equation (135a) by 
carrying out the indicated multiplications. The complete 
deflection function is then given by 

O (z ) =J1(z) 01+J2(z) 02+ . . . +f(z)O 

=fj(z)Oj 	 (116) 

The continuous loading function q (z) can now be written 
as

qt(x)=Iw20(z)=Iü.,2J1(z)oj 	 (137) 

A continuous loading function, which is a function of the 
deflections at the reference stations, has thus been obtained. 

BENDING VIBRATIONS 

The Station Functions for the bending vibrations of the 
beam shown in figure 1 must satisfy the following conditions: 
at

z=O	 g(0)=O	 (118) 

z=O	 g'(0)=0	 (B9) 

z=n	 g"1(n)=O	 (BlO) 

z=n	 g"(n)=O	 (Bil) 

Z=i	 gf(i)=1	 (B12) 

ø=j	 g(j)=O	 j/i	 (B13) 

where g' (z), g" (z), and g" (z) denote the first, second, and 
third derivatives, respectively, of g (z) with respect to 2. 

Equations (138) to (Bil) represent the boundary condi-
tions that must be satisfied by a cantilever beam vibrating 
in bending and equations (B12) and (B13) represent the 
additional conditions imposed upon the Station Functions. 

These conditions will be satisfied by functions of the type 

g 1 (z)= b2z 2 +b 3 z 3 + . . . + b 3 z' 3) (B14) 

where the coefficients b 1 must satisfy the following equa-
tions obtained from conditions (BlO) to (1113): 

0=2b 2 +6n b3+. . . +(n+3)(n+2)n" b (n+I)i	 (BlOa)

0= 6 b3+ 24nb4+. . . +(n+3)(n+2)(n+ 1)nb (n+3)1 (Blia) 

1 = i2 b2+i3 b 3 + . . . +i"	 (B12a) 

O=j2 b 2 +j3 b 3 --. . . +j	 3/i	 (B13a) 

The coefficients can therefore be obtained from equations 
(BlOa) to (1113a) and the functions g1 (z) determined for 

87



and

Then 

Co	
(1326) - 100) 262q1(z)=SwO(z)+mwy(z) 

=2 Z [Sf(z)8j+mg1(z) y,]	 (B18)
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each station i. Equation (B14) can, however, be written 
in the following form:

H (z — 3)z 2(z2 + c 2 z ±c3) 
j71i 

ll(j_j)j2(j2+Cij+C3)	
(1314a) 

jF^i 

where II represents the product for all values of j except 
jqxi 

=i. The function in equation (B14a) obviously satisfies 
conditions (B8), (B9), (B12), and (B13), because it has 
zeros at all points specified by conditions (118), (139), and 
(B13) and equals 1 at the point specified by equation (1112). 
In order to satisfy conditions (BlO) and (Bli), the constants 
C2 and c3 are determined by substitution of equation (B14a) 
into equations (BlO) and (Bli). The general forms for c2 
and c3 are, however, complicated and it is easier to obtain 
the numerical values of these constants for each specific 
case. Equation (B14) can then be obtained from equation 
(B14a) by carrying out the indicated multiplications. The. 
complete deflection function is then given by 

l/(z)=	 gj(z)yj
	 (B 15) 

The continuous bending loading function qb (z) can now be 
written as

qi(z) = mw2y(z) = ?nw2 g j(z)yj	 (Bi 6) 
1pdi 

COUPLED BENDING-TORSION VIBRATIONS 

The Station Functions for the coupled bending-torsion 
vibrations are the same as previously given for the bending 
vibrations and the torsion vibrations. The loading func-
tions, however, are given as follows (reference 7): 

q,(z) =1w20(2) + S 2 y(z) 

_2	 [IJ(z)Oj +Sg(z)y1J	 (B17)

Czdz 	q	 ( 1dz '
q,(z)J --dz+ 	 e(z)j -- dz	 (B19) 

If C is assumed to have a constant value for each interval, 
these integrals may be written as the sum of integrals over 
each section. Equation (B19) then becomes 

o- [ftk 
zq,(z) dz+J (1 —k)q,(z) dz+ 5 q t (z) dr] 

(1320) 
By substituting the relation 

q(z)=w2I	 J(z)O, 

and by assuming a constant value for I for each interval and 
changing the summation order, 

Oi=o2ô210 'n 1, 
k 

zfj(z)dz—(k-1)Ik 
{ 

I 1[ P 

Coji	 = k	 .jk—i 

'
f

rfi(z)dz]Oi	
(B21) r=k+i	 —i 

Let

I	 zfj(z)dzNjk1	
(B22) 

.1 k—i 

I f,(z)dzMJk 

Then
'0 (1323) 

	

0	 j=i 

where

	

aijE -'-- [Ik NIk_-(k_ 1) IA;Mjk+	 IrMir] (1324) 

	

k=i CA;	 r=k+i 

If C= I= 1 (constant cross section), then 

[i__ 1)Mjk +	 M1]	 (B25) 
k=i	 Tk+i 

Let

DETERMINANTAL EQUATIONS AND DYNAMICAL MATRICES 

Once the Station Functions and the corresponding loading 
functions have been determined, the deflections at the 
reference stations can be obtained in terms of the loading 
function. A homogeneous equation in the reference-station 
deflections for each station is thereby obtained. The 
determinant of the coefficients of the resultant set of homo-
geneous equations can be set equal to zero; the determinantal 
frequency equation is thus derived. The deflections at the 
reference stations are obtained by the well-known equations 
for obtaining influence coefficients. 

Torsion.—The deflection at the station i due to the 
continuous loading q,(z) on the beam is given by

(B23a) 

and the characteristic equation is 

[a j] —XI I =0	 (B27) 

where I is the identity matrix. 
Bending.—The deflection at the station i due to the con-

tinuous loading q(z) on the beam will be given by 

I2 (ZZj)(j—Zi)
y=t54 	 qb(z)f	

B	 dz1dz+ 

o4J 
qb(z)
I 

(z—z1)(i—z1) 
B	

dz1dz	 (B28)
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If B is assumed to have a constant value for each interval, 
these integrals may be written as the sum of integrals over 
each interval. Equation-B8) then becomes 

_4 I

ifk—
 [ç_(k_1)z+ (k_1)2] qb(z)ciz— 

=	 Ic	 i 

r 3 1
(k_1) 2z+ (k_1) 3] q(z)dz+ 1_1  

jn [Z_ ,
(2k - 1) q0(z)dz-- 

mr1	 k3—(k—i)31 
Jk 

[(2k_1)z_	 ]q(z)dz}	 (1129) 

By substituting the relation 

q 0(z)=w2m T, g 1(z)y,	 (1330) 

and by assuming a constant average value for m in each in-
terval and changing the summation order,

where I is the identity matrix and fl ij is the dynamical ma-
trix. In expanded form, equation (1335) becomes 

where X is a latent root of the matrix [i3]. 

Coupled bending-torsion vibrations.—The deflections at 
station i are given as before by equations (1119) and (1128). 
The loading functions q and q, are changed as follows: 

q 1 (z) = w2[J 0(z) +S y(z)])
(B36) 

9 0(z) = w2 [S 0(z) + my(z)]) 

If these two equations are substituted into equations (1119) 
and (1328) and the integrations are performed as previously, 
the following relation is obtained: 

i i X	 912 . .01n - 

21	 3 22 —X	 2n
=0	 (B35a) 

ni	 0.2 

where

w2m04 
B0	

(1331) 

mk(iPJk—QIk)+ 
1	

m I (i_k+)N'1+ 
k=i k'	 Tk+1	 L 

( k 3 —(k—i) 3 (2k—i)•) M'
17]}	 (B32) 

3	 2

4n w2m0s5	
(PaiJ8;+6FYii__ -

 
B	

(B37) 
Yi)	

j 

4n y1w2m05 
r.	 B j=1 ( 

where a ij and O ij are given in equations (1124) and (1132) and 

2 r0 
('Ic

P' [_(k_i)z+(k_i)2]g(z)dz 1 
1 k-i 

Q' fk 
[_(k_1)2z+(k_1)3] g j(z) dz 

Ic r2	 i

!'-(B33) 
Ic 

Nlik fk —i 
zgj(z) dz

I 

IIc

M'j 	
g1(z) dz

—I 	 J 

For a uniform beam, mk =Bk =i and equation (1332) be-
comes

(Po:— i3 5 = EQ'JIc+ E K	 ) 

	

i_k+	 Jr I AT' . J— 

k=J	 r=k+1 

3	 -	
j] M'. r})	 (1332a)

[ k 3 —(k-1) 3 (2k-1)

Let

X02  
Bo

 (B34) w2

	

m0	 - 

then the characteristic equation becomes

(B35) 
213637-53------7

IoBo 
- 2 C0m0 

(Jk[	

?1 

- SkN JIc(k-1)SkM Jk+	 SrM'ir] 
k=1	 k=k+1 

ô JEk{ sk[i1 iJc_Q.,k1+ E sr[(i_k+)N'r+ k=1	 r=k+1 

	

( k 3 —(k—i) 3 2k-1 i)M
5 ]}	 (B38) 

3	 2  

where

fk-1

f
PJx 	 [_(k_1)z+-(k_1)2]fj(z)dz 

k—i 

rz3
QJk 	 [--i(k_1)2z+(k_i)3]fi(z)dz 

the determinantal equation therefore is 

IXI-[171,]10 

where [] is the dynamical matrix, the elements of which 
are as indicated in equation (1137). The matrix [] is seen to 
be a 2nX2n matrix.



Y1y/r 

Y2 = 0 

distance from root 

€= (r/r)2 

Now
c4B 2 Wb 

Wt2C5
C 

where
c4=12.36 

c5 = 2.467

Equations (Dl) become 

d4 Y1 
-d---4-=c4c(Y1+ Y2) 

d2Y2

7

(D2) 

APPENDIX C 

QUADRATIC FORMULA FOR FIRST COUPLED MODE 

I mass moment of inertia about elastic axis, function of z 
cob frequency of uncoupled fundamental bending mode 
w, frequency of uncoupled fundamental torsional mode 

denotes differentiation twice with respect to time 
These equations lead to a quadratic equation in the fre-

quency ratio 1, whose solution for the lowest frequency, 
provided 6 is constant along the beam, is 

2	 1— [	
'- 

4y(1—t)	
02 

Th2(1—€) L — 'V 	 (i—y)2 
where 

	

S±I+Iw,20=0	 (Cl)frequency ratio, (W/Wi)2  

y uncoupled frequency ratio, (Ct/Wb) 2 where	 6 coupling coefficient, (r/rg)2 

in mass per unit length of beam, function of z	 This quadratic has been plotted in figure 4 for values of e 
S static mass unbalance, function of 2	 ranging from 0 to 1 and values of 'y = ( w,/wt,) 2 from 1 to 100. 

APPENDIX D 
EXACT SOLUTION FOR COUPLED BENDING-TORSION VIBRATIONS OF UNIFORM CANTILEVER BEAM 

The differential equations for the equilibrium of an ele-	 where 
ment of a beam vibrating in coupled bending-torsion vibra-
tions can be put in the following dimensionless form: 	 2 

	

d4 Y1 . M14m14 2
	 '1	 Let 

T	 CO 2 Y1 +	 0) Y2 
X	 .L	 I	 /T'Ii\	 I_7 

iJ1) 
d2 Y 	 112	 112	 d  

—6	 w217i__......... 0)2Y2 
J 

If only the first vibrational mode is desired, it is possible 
to obtain this mode approximately by coupling together the 
fundamental uncoupled bending mode with the fundamental 
uncoupled torsional mode to obtain a simple quadratic 
equation for the first coupled frequency. This equation is 
valid when the coupling coefficient E is constant along the 
beam. The differential equations obtained by coupling the 
fundamental uncoupled torsional mode with the funda-
mental uncoupled bending mode are: 

where dx 

d Y4 
dx 

d Y2
= 

dx 
Then

dY5(y+y) 

dY6c5c1
(6Y1+Y2) 

dx 7 

(D3) 

Equation (D3) can be written as the single matrix equation 

[Yi I 0	 0	 1	 0	 0	 0-1 IY1l 

0	 0	 0	 0	 0	 lH.YJ 
0	 0	 0	 1	 0 

d I II I 

(1X Y41 

L

0	 0	 001	 o11Y41(D4) 

Y5 I 0	 0	 0	 0 I 
€c 5 l	 —c5 0	 0	 0	 0] [v6j 

7	 7
90



DETERMINATION OF COUPLED BENDING-TORSION VIBRATIONS OF CANTILEVER BEAMS	 91 

or The X matrix of A is 
dY= AY	 (1)4a) dx -x	 0	 1	 0	 0	 0	 - 

where Y and A are the matrices indicated. 0	 -x	 0	 0	 0	 1 
The solution to the matrix equation (134) is given by o	 o	 _X	 1	 o	 o 

Y=e 4x Yo 	 (D5) o	 o	 o	 _X	 i	 o 
where Y0 is a column of arbitrary constants. C,Q	 C X 	 0	 0	 -	 0 

From the boundary conditions
c5c	 c5cl	 0	 0	 0 

at X=0	 Y, = 	 =	 = 0 — - € - — 
-	 7	 7 

X=1	 14	 Y	 16=0 The characteristic equation A (X)=0 is 

0 
I	 0 I 22 

x6+	 x4_c4cx2_(1_€)c4c5_=0	 (D7) 

Y'= Y(0)=

o 

Y(0)
1 

LI Y5(0) Equation (D7) is a cubic equation in X 2 .	 Let the roots be 
Y€(0)J

X2,—X2, X3,—X3 

If then Q,j is an element of the matrizant eA, the boundary 
conditions give Then by the confluent form of Sylvester's theorem, 

 14 1	 dai_1 
eA=

rexF(X)

 (aj— 1) dX"-' L II(X_A)'k
(D8) 

]X=Xi 
54	 55 0	 (D6)

where F(X) is the adjoint matrix, r is the number of distinct 
I	 64	 65	 68 roots, and a is the multiplicity of the	 th root. 

Equation (D6) is the frequency equation.	 It has an infinite If the roots are all distinct, this relation becomes 
number of roots for w. - 

In order to determine the elements 1i5, eA must be evalu- eF(X)—eF(—X)	 (D9) 
ated.	 Use	 will	 be made of Sylvester's theorem (refer- '' 2xll(X—x1)(x+xj) 
ence 13).

j?6i 

whre the ndioint matrix F(x is given by - 	 - 

X5+C5Q ), 3 c4 Th x2 X 

— €c 5	 X 3 X5—c4X — €	 x2
c5c 

€ --x
C5 

—€— x4-cc 
1 1 1 1 

c4cx 2 +(1 —e) c4c5 — 
Q2

c4cA2
C.5 

x+i x3 X4 +	 x2 X c47A 
7 1 1 1 

c4c x 3 +(1 — €)c 4c5 — x c4cx3 c4cx2+(1—
c4c5c2 

€) x3 x +	 X 2 c4cx2 
1 7 1 1 

c4c x4 +(1 — €)c4c5
Q 2 
- x 2 cclx c4Th3+(1 —

C4C5	
? 

____
c41X 2 +(1 - ) X3 c4X3 

1 7 7 7 

€C5 X4 C5Ilx44(l€)C4C5 —€X3 _€X2 —€X X5—c4!A 
1 1 7	 7 7 1

(Di0) 



TABLE - I—STATION NUMBERS

n=1

TABLE II—STATION NUMBERS

n=2 

P 

Q
2 

N'
13 

P' 

Q'

71 

13

1 2 

1
1 1

i2 
N

f5 15 
P 0.193333 0.025000 
Q 1 .046032 .029365 

2W . 536364 . 627273 
N' . 367100 .851948 

.137933 .057955 
Q' .036616 .069733

13 29 M ' - -48 48 
31 239 

N - 
P —0. 037500 0.143750 
Q -.008135 .181448 

M' -.060795 .448674 
N' -.034875 .758685 
P' -.011252 .118462 
Q' -.002614 .150415
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From equations (D9) and (D10), the elements Qj j are seen 
to be given by

3 xi+— x2

coshX 
1=1 ll(X2—X,2) 

ji

X,2

sinhX 
1=1 Xll(X2—),1 

j76i 

3
sinh X 

1=1	 ll (2—),2) 
j9di 

3	
2+ C4C 

5Q2

 ly 

X , 11 (x2—X/)	
sinhX 

j,i 
ci44

3 

56 	 Z	 cosh X 
=i II (x2—?2) 

3 — sC 5 — Xi

sinhX H (X,2	 J,

jq^i 

3	 —6C5—Xj 

Q65= E
ly	 coshX 

2 Xll(X—Xf) 
j5.^i 

' 1.j cosh X fl(X2—X2) 
ji 

The value of the determinant in equation (P6) must be plot-
ted against the frequency; the value of the frequency for 
which this determinant becomes zero is thereby obtained. 
This procedure involves first solving the cubic equation (P7)

for each assumed value of frequency parameter and then 
calculating the elements of the determinant from equations 
(D 11). The process is evidently long and laborious. 
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TABLE Ill-STATION NUMBERS 

n=3

23 

At

_ 

1 0.950000 0.450000 -0.050000 
N .545833 .587500 -.120833 
P . 186310 .032143 -. 005357 
Q .046577 .038244 -.011756 

At'
 

.596268 .533205 -.097426 
N'

 
.399646 .708205 -. 239994 

P' .148013 .042560 -. 012798 
.038884 .050843 -.028318 

At 2 -0.525000 0. 725000 0. 475000 
N -.241667 1.175000 1.091667 
P -.06S452 .160714 .031548 
Q -.014583 .202083 .068750 

M' -.149356 .602896 .625418 
N'

 
- .083406 .994860 1.475153 

P' -.026378 .143948 .057937 
Q' -.006034 .181698 .127659 

.211 3 0.235185 -0.153704 0.568519 
N .106019 -.231944 1.513426 
P .020563 -. 023677 .139749 
Q .006222 -.028963 .316408 

All .040630 -.072928 .445812 
N' .022325 -.111744 1.200133 
F' .006972 -.012081 .118007 
Q' .001579 -.014830 .267865
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TABLE TV-STATION NUMBERS 

n=4 

1111111
1 2 3 4 

.54 1 1.022222 0.429630 -0.051852 0.022222 
N .576455 .557937 -. 127249 .076455 
P .194478 .029597 -.006581 .002612 
Q .548240 .035167 -.014547 .008359 

.623188 .511882 -.082891 .042276 
N' .413738 .676680 -.203719 .146954 
P' .152256 .039616 -.010651 .005795 

.039818 .047267 -.023551 .018630 

.54 2 -0.647917 0.747917 0.518750 -0.665417 
1v. -.292857 1.207143 1.207143 -.292857 
P -.081920 .163021 .041295 -.009598 
Q -.017295 .204828 .090642 -.030688 

-.211987 .667412 .544025 -.112648 
N' -.116662 1.091462 1.269193 -.390585 
P' -. 036.502 .153469 .044508 -.015000 
Q' -.008281 .193310 .097745 -.048203 

3 0.522222 -0.255556 0.633333 0.522222 
N .229365 -.381746 1.673810 1.720365 
P .062798 -.037401 .149512 .037202 
O .013940 -.045624 .335791 .118397 

M' .122052 -.166738 .582158 .643846 
N' .065879 -.252823 1.545802 2.164827 
P' .020304 -.026235 .140822 .060554 
Q' .004551 -.032114 .318707 .194016 

4 -0.221701 0.094850 -0.105961 0.543924 
N -.096544 .140724 -.267841 1.997206 
P -.026267 .013.391 -.017322 .130803 
O -.005428 .016301 -.938574 . 446729 

M' -.035456 .042628 -.064723 .438962 
N' -.015023 .064205 -.164169 1.622066 
P' -.005836 .006481 -.010869 .117037 

-.001303 .007917 -.024222 .382752 

TABLE VT-STATION NUMBERS 

n=6 

TABLE V-STATION NUMBERS 

n=5

- 1 2 3 4 5 

.51 1 1.097991 0.408755 -0.040898 0.059860 -0.013120 
N .608222 .527493 -.100112 .069159 -.058445 
P .202887 .026908 -.005074 .002776 -.061627 
o .049943 .031910 -.011210 .008927 -.006836 

.649902 .492141 -.070298 .034939 -.024007 
N' .427616 .647530 -.172488 .121519 -.107639 
P, .156411 .036908 -.008903 .004824 -.003375 
Q' .040729 .043977 -.019678 .015509 -.014228 

Al 2 -0.839550 0.799339 0.493783 -0.089550 0.049339 
N -.373049 1.282044 1.145470 -.310549 .219544 
P -.103119 .169599 .037952 -.011949 .006007 
O -.021583 .212792 .083245 -.038398 .025243  

- .255330 .699256 .523828 -.099723 .058134 
N' -.139170 1.138472 1.219101 -.345551 .260447 
F' -.043239 .157833 .041704 -.013166 .008078 

-.009758 .198610 .091532 -.042299 .034055 

At 3 0.762798 -0.313591 0.651687 0.575298 -0.126091 
N .329315 -.465823 1.718204 1.923065 -.559573 
P .089079 -.044602 .150488 .049347 -.014691 
Q .018334 -.054326 .340126 .157843 -.061693 

Al' .197103 -.228783 .633812 .573549 -.137821 
1\1' .105126 -.344915 1.674943 1.916360 -.616234 
P' .032115 -.034985 .148520 .048803 -.018600 
Q' .007151 -.042759 .335798 .156076 -. 078385 

Al 4 -0.548214 0.187897 -0.159325 0.576786 0.562897 
N -.233780 .276637 -.400446 2.109970 2. 4.32887 
P -.062665 .025479 -.024868 .140460 .042295 
Q -. 012809 .030950 -.055302 .488397 .177006 

11%1' -. 117990 .117132 -.136452 .557359 .664560 
N' -.062435 .. 175188 -.344166 2.041363 2.901646 
P' -.018958 .017186 -. 021868 .137234 .063512 
9' -.004201 .020954 -. 048664 .447980 .267043 

Sf 5 0.214238 -0.069026 0.050904 -0.080137 0.525349 
N .090928 -.101352 .127410 -.2S3759 2.458336 
P .024289 -.009225 .007667 -.013645 .134478 
0 .004952 -.011196 .017031 -.044065 .573757 

.033722 -.031711 .032307 -.056459 .432107 
N. .017789 -.047311 .081140 -.200039 2.030260 
P' .005389 -.004593 .005002 -.009675 .116059 
9' .001192 -.005596 .011120 -.031249 .495663

1 2 3 4 5 6 

.54 1 1.172073 0.391101 -0.032371 0.013323 -0.010149 0.908879 
N .638800 .501856 -.078978 .046300 -.045644 .048522 
P .210893 .024685 ..-.003894 .061823 -.001498 .001143 
Q .051551 .029221 -.008595 .005860 -.006322 .005949 

1W .676394 .474177 -.059129 .026582 -.018685 . 015649 
N' .441269 .621067 -.144759 .092370 -. 083901 .085903 
P' . 160476 .034473 -.007337 .003631 -.002691 .002241 
Q' .041616 .041021 -.016206 .011674 -.011350 .011694 

.34 2 -1.066598 0.853106 0.468124 -0.070505 0.044513 -0.035782 
N -.466718 1.360105 1.081893 -.244062 .199948 -.195451 
P -.127634 .170358 .034411 -.009203 .006452 -.004561 
Q -.026505 .220969 .075401 -.029565 .027216 -.023740 
Sf' -.303948 .731991 .503742 -.085145 .049793 -.038661 
N' -.164215 1. 186681 1.169252 -.294736 . 22.3322 -.212149 
F' -.050692 .162263 .038896 -.011103 .007043 -.005503 
9' -.011384 .203987 .085309 -.035665 .029701 -.028708 

.51 3 1.150584 -0.404200 0.693794 0.546418 -0.13,3366 0.089627 
N .489124 -.597296 1.822457 1.822457 -.597296 .489124 
P .130870 -.055956 .156259 .045293 -.018484 .011225 
Q .026719 -. 068060 .352909 .144808 -.077925 .058410 

.34' .267118 -.275585 .662165 .55.3477 -.126314 .083246 
N' .141177 -.413819 1.745286 1.846431 -.564890 .456509 
P' .0428.39 -.041308 .152473 .045980 -.017100 .011713 
Q' .009490 -.050434 .344556 .146998 -.072063 .061097 

At 4 -0.930965 0.273028 -0.194854 0.592473 0.624591 -0.171416 
N -.390902 .399897 -.498124 2.163786 2.720209 -.933437 
P -.103635 .036020 -.029594 .142229 .056699 -.020561 
Q -.021011 .043690 -.065761 .464052 .238215 -.106938 
M' -.210538 .182630 -. 180822 .598464 .604424 -.166643 
All -.110263 .271857 -.454522 2.185427 2.628772 -.912352 
F' -.0.33225 .026154 -.028221 .143453 .053359 -.022768 
9' -.007320 .031846 -.062753 .469015 .224100 -.118729 

.34 5 0.581796 -0.156399 0.092907 -0.111954 0.537351 0.599157 
N .242612 -.228221 .231501 -. 394888 2. 509279 3.194001 
P .063996 -.020218 .013474 -.018261 .134578 .046991 
Q .012955 -.024496 .029896 -.058920 .574036 .243745 

.120308 -.097119 .081568 -.110987 .535339 .68.5021 

.062735 -.144101 .204039 -.391731 2.499695 3.678582 
F' .018841 -.013674 .012212 -.018226 .133998 .066470 
Q' .004140 -.016634 .027119 -.058815 .571521 .345986 

At 6 -0.209220 0.054246 -0.030239 0.031501 -0.064035 0.510543 
JNr -.086982 .079042 -.075223 .110987 -.291427 2.902-746 
P -.022893 009657 -.004323 .004969 -.011243 .132560 
Q -.004616 :009425 -.009587 .016022 -.047575 .698254 

.51' -.033141 .025961 -.020586 .024431 -.049677 .425817 
N' -.017248 .038471 -.051417 .085977 -.225999 2.427820 
P' -.005173 .003631 -.003042 . 003877 -.008676 .115150 

-.001135 .004415 -.006753 .012502 -.056708 .606979
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TABLE VII-STATION NUMBERS

n=7 

1 2 3 4 5 6 7 

M 1 1.243487 0.376396 -0.026266 0.009112 -0.005S96 0.006025 -0.006513 
N . 667840 .480602 -.063889 .031590 -.026481 .033195 -.042160 
p .218415 .022882 -.003069 .001211 -.000S53 .000925 -.000363 
O .053049 . 027042 -.006769 .003890 -.003599 .004829 -.005357 

2.1' .702228 .458303 -.050122 .019989 -.012820 .011370 -.011099 Al .454474 .597757 -.122429 .069352 -.057533 .062529 -.072080 
P' .1643S2 .032358 -. 006088 .002679 -.001831 .001689 -.001614 
0' .042465 .038456 -.013441 .008611 -.007724 .008815 -.010037 

Al 2 -1.321299 0.905437 0.446479 -0.055674 0.029812 -0.027896 0.023701 
N -.570270 1.435730 1.028397 -.192270 .133730 -.153603 .185730 
P -.154452 .182773 .031489 -.007052 .004233 -.004239 .003730 
Q -.931847 .228718 .068932 -.022639 .017852 -.022136 .023463 

III' -.357636 .764868 .485193 -.071706 .038132 -.031029 .028988 
N' -.191650 1.234950 1.123273 -.247832 .170920 -.170555 .188216 
P' -.059907 .166641 .036228 -.009168 .005346 -.004565 .004199 
0' -.013146 .079621 -.029438 .022542 -.023823 .026110 

.211 3 1.672922 -0.511106 0.737737 0.516672 -0.104856 0.081487 -0.077078 
N .701415 -.751768 1.931045 1.718603 -.468955 .448232 -.498585 
P .185835 -.069049 .162193 .040990 -.014225 .012162 -.010056 
O .037666 -.083877 .366024 .130958 -.059956 .063490 -.062408 

.211' .355047 -.329159 .692136 .532099 -.108454 .073511 -.063669 
N' .186093 -.492459 1.819566 1.771836 -.484684 .403671 -.413268 
P' .056122 -.048434 .156613 .042913 -.014528 .010624 -.009166 
0' .012374 -.059975 .353730 .137128 -.061218 .055439 -.050987 

.Al 4 -1.605312 0.409927 -0.250374 0.629063 0. 592219 -0.182666 0.1446S8 
N -.664780 .597643 -.625274 2.291470 2.574726 -1.002357 .935220 
P -.174510 .052757 -.037056 .147498 .051989 -.026098 .018551 
o -.035122 .063907 -.082279 .480975 .21S352 -.136173 .115110 

711' -.317567 .247432 -.216700 .623577 .584350 -.157315 .115706 
N' -.164912 .366953 -.543417 2.273022 2.538692 -.861833 .750618 
P' -.049381 .034761 -.033166 .147041 .056504 -.021773 .016464 

-.010526 .042284 -.073708 .479557 .212061 -.113560 .102355 

Jif 5 1.129029 -0.264373 0.134585 -0.136596 0.551252 0.668960 -0.220971 
N .464325 -.384008 .334325 -.480675 2.570992 3.5S9325 -1.425675 
P .121269 -.033334 .019010 -.021700 .136202 .063551 -.027154 
Q .024312 -.040333 .042147 -.069981 .580855 .330701 -.168426 

2.1' .234133 -.16S109 .122950 -.143020 .568533 .634247 -.197770 
N' .120971 -.248408 .306705 -.503685 2.649577 3.397336 -1.281188 
P' .036084 -.023166 .017983 -.022914 .139081 .057851 -.027322 

.007887 -.028149 .039907 .	 -.073907 .593022 .300912 -.169818 

2.1 6 -0.617807 0.137401 -0.064103 0.054068 -0.084474 0.507772 0.632193 
N -.252961 .199169 -.159887 .189539 -.3S3331 2.883613 4.007039 
P -.065852 .017129	 . -.008878 .008211 -.014243 .130010 .051386 
O -.013170 .020712 -.019672 .026453 -.060230 .684756 .318021 

.711' -.125078 .086131 -.058376 .057414 -.092005 .516450 .704705 
N' -.064447 .127049 -.145336 .201491 -.417397 2.931074 4.491463 
P' -.019183 .011759 -.008393 .008826 -.015450 .131144 .069349 Of -.004186 .014281 -.018616 .028441 -.065330 .690659 .430362 

.711 7 0.205449 -0.044613 0.020059 -0.015852 0.021382 -0.053078 0.498306 
N .083943 -.064609 .049675 -.055505 .09679S -.295079 3.334065 
P .021819 -.005533 .002756 -.002373 .003481 -.009551 .130932 
Q .004353 -.006689 .006106 -.007644 .014713 -.049981 .820708 

M' .033023 -.022307 .014642 -.013579 .018939 -.044219 .420133 
N' .016993 -.033878 .036425 -.047602 .085721 -. 245636 2.816717 
P' .005053 -.003033 .002091 -.002060 .003074 -.007854 .114318 
0' .001102 -.003682 .004637 -.006638 .012992 -.041094 .716958
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TABLE VIII-STATION NUMBERS 

n=8 

1 2 3 4 5 6 7 8 

At 1 1.312192 0.364019 -0.021829 0.006490 -0.003545 0.003081 -0.003931 0.005039 
N .695399 .462793 -.052953 .022453 -.015893 .016958 -.025621 .037691 
P .225483 .021401 -.002485 .000839 -.000499 .000464 -.000622 .000684 
Q .054447 .025255 -.005476 .002694 -.002103 .002422 -.003869 .004929 

.727233 .444367 -.043004 .015242 -.008698 .007082 -.007522 .008334 
N' .467152 .577362 -.104816 .052799 -.038988 .038933 -.044943 .062492 
P' .168111 .030533 -.005119 .002003 -.001220 .001045 -.001145 .001228 
Q' .043271 .036245 -.011294 .006433 -.005146 .005456 -.007123 .008863 

It! -	 2 -1.600390 0.955663 0.428499 -0.045077 0.020351 -0.016189 0.019610 -0.024337 
N -.682210 1.507998 .984086 -. 155335 .991123 -.089039 .127790 -.182002 
P -. 183160 .188781 .029123 -.005550 .002808 -.002412 .003082 -.003289 
Q -.037524 .235968 .063696 -.017807 .011838 -.012593 .019183 -.023705 
111' -.415706 .797175 .468735 -.000778 .028715 -.021414 .021627 -.023284 
N' -.221869 1.282229 1.082551 -.209723 .128559 -.117660 .140686 -.174560 
P' -.067464 .170868 .934087 -.007611 .003953 -.003129 .003272 -.003421 
Q' -.015018 .214419 .074659 -.024428 .016664 -.016330 .020358 -.024694 

M 3 2.337500 -0.630523 0.780389 0.491625 -0.082648 0.054514 -0.060500 0.071477 
N .967933 -.923581 2.036155 1.631308 -.368950 .299530 -. 394067 .534419 
P .254178 -.083331 .167794 .037442 -.010896 .007975 -.009418 .009602 
Q .051181 -.101109 .378439 .119546 -.045961 .041626 -.058605 .069206 
Al l .462586 -.388839 .722423 .512112 -.091426 .056607 -.052469 .054058 
N' .240602 -.579786 1.894495 1.702145 -.408100 .310711 -.341167 .405216 
P .072148 -.056240 .160734 .040069 -.012016 .008120 -.007864 .007911 

Q' .015838 -.069533 .362854 .127977 -.050617 .042369 -.048918 .057107 

It! 4 -2.630070 0.593594 -0.315718 0.667195 0.559819 -0.143453 0.132430 -0.143916 
N -1.075644 .861856 -.786292 2.424356 2.424356 -.786292 .801856 -1.075644 
P -. 279850 .074709 -.045646 .152881 .046981 -.029673 .020253 -.019152 
Q -.055949 .099392 -. 101283 .498324 .197214 -. 104712 .126011 -. 138032 
It!' -.466670 .329868 -.258293 .650770 .561588 -.135711 .104892 -.100193 
N' -.240468 .487559 -. 646305 2.367821 2.436346 -.743106 .681473 -.750848 
P' -.071591 .045134 -.038818 .150902 .047159 -.018614 .015449 -.014572 

-.015027 .051337 -.086223 .491981 .197950 -.007075 .096654 -.105178 

It! 5 2.192995 -0.454018 0.201514 -0.175130 0.584107 0.633389 -0.237005 0.215982 
N .890699 -.656778 .499217 -.614926 2.718847 3.393592 -1.539301 1.613222 
P .230544 -.055975 .027793 -.027134 .141097 .058226 -.034728 .029253 

Q .045912 -.067648 .061577 -.087460 .601511 .302906 -.215987 .203600 
Al l .389428 -.253524 .165704 -.170613 .591124 .614158 -.191506 .155413 
All .199636 -.373346 .412443 -.599857 2.790891 3.287044 -1.341724 1.164193 
P' .059201 -.934316 .023783 -.026822 .142374 .054969 -.027027 .022340 

Q' .012882 -.041657 .052749 -.086477 .606915 .285874 -.168020 .161236 

M 6 -1.356286 0.265559 -0.108064 0.078152 -0.102878 0.520374 0.709714 -0.274441 
N -.546005 .383370 -.267117 .273370 -.466005 2.952258 4.523995 -2.046630 
P -.140865 .032367 -.014611 .011568 -.016907 .131525 .070024 -.034431 

Q -.027983 .039693 -.032351 .037251 -.071468 .692634 .434540 -.248035 
51 -.263362 .163432 -.098083 .084195 -.115917 .543778 .662638 -.230699 
N' -.134575 .240192 -.243600 .294907 -.525624 3.081687 4.216400 -1.725968 
P' -.039810 .021885 -.013810 .012656 -.010020 .135367 .062213 -.032195 

Q' -.008646 .026552 -.030611 .040765 -.080395 .712714 .385904 -.232314 

It! 7 0.654484 -0.124395 0.040381 -0.931850 0.034801 - -0.066829 0.484484 0.662747 
N .263837 -.179348 .118705 -.111252 .157170 -.370670 3.239551 4.867795 
P .067914 -.015052 .006430 -.004626 .005472 -.011570 .126311 .055545 

Q .013468 -.018172 .014232 -.014889 .023114 -.060517 .791745 .399381 
It!' .130945 -.079057 .045388 -.036054 .041862 -.077799 .500211 .723527 
N' .066783 -.116059 .112606 -.126105 .189085 -.431248 3.341811 5.337321 
P' .019727 -.010524 .006331 -.001329 .006593 -.013324 .128649 . 072134 

Q' .004280 -.012763 .014029 -.017155 .027846

-

-.069680 .806281 . 519815 

M 8 -0.202414 0.037821 -0.014268 0.009104 -0.009307 0.015388 -0.045167 0.487926 
N -.081470 .054494 -.035265 .031774 -.041992 .085181 -.296574 3.754721 
P -.020947 .004560 -.001898 .001312 -.001443 .002573 -.008294 .129520 

Q -.004150 .005504 -.004201 .004221 -.006093 .013452 -.051711 .941457 
At , -.033107 .019722 -.011093 .008527 -.009326 .015058 -.039785 .414996 
N' -.016969 .029937 -.027567 .029809 -.042089 .083310 - 260993 3.199326 
P' -.004979 .002618 -.001541 .001252 -.001456 .002493 -.007173 .113558 

Q' -.001080 .003174 -.003414 .004029 -.006122 .013034 -.044710 .825790
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TABLE IX—COMPARISON OF RESULTS 

Torsion Bending Coupled 

of 
Numbei _ _______________________  

stations 1/
Co

wS./i 
co °'v'i

WI\/I w3./ WI\/ii w2.Ji w3./
B0 Bo 

Station-Function method 

1
2

1.549 
1.671 4.526 

------------------------------ 3.493 
3.516 21.71

3.46 
3.48 19.7 

3 1.571 4.6S9
----------------

7.502 3.516 22.04 

------------------------------
---------------

60.20 3.48 20.6 48. 2 

Weighted influence coefficients 

2 
4

1.575 
1.971

5.39 
4.73

------------------
------------------

3.56 
3.92

15.63 
22.80 

Exact theoretical value 

1.571 4.712 7.854 3.516 22.04 61.70 3.49 206 49.1 

TABLE X—STATIONS REQUIRED FOR SATISFACTORY ACCURACY 

Method

Torsion Bending 

-\/

ioP M01 01 

Station Functions----------------------
Weighted influence coefficients

1 
2

3 
4

4 1 
3

2 
6

3
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ANALYSIS OF THRUST AUGMENTATION OF TURBOJET ENGINES BY WATER INJECTION AT 
COMPRESSOR INLET INCLUDING CHARTS FOR CALCULATING COMPRESSION

PROCESSES WITH WATER INJECTION' 
By E. CLINTON WILCOX and ARTHUR M. TROUT 

SUMMARY 

A psychrometric chart having total pressure (sum of partial 
pressures of air and water vapor) as a variable, a Mollier 
diagram for air saturated with water vapor, and charts showing 
the thermodynamic properties of various air—water vapor and 
exhaust gas—water vapor mixtures are presented as aids in 
calculating the thrust augmentation of a turbojet engine resulting 
from the injection of water at the compressor inlet. 

Curves are presented that show the theoretical performance of 

the augmentation method for various amounts of water injected 
and the effects of varying flight Mach number, altitude, ambient-
air temperature, ambient relative humidity, compressor pressure 
ratio, and inlet-diffuser efficiency. Numerical examples, illus-
trating the use of the psychrometvic chart and the Mollier 
diagram 'in calculating both compressor-inlet and compressor-
outlet conditions when water is injected at the compressor inlet, 
are presented. 

For a typical turbojet engine operating at sea-level zero flight 
iViach number conditions, the maximum theoretical ratio of 
augmented to normal thrust, when a nominal decrease in com-
pressor efficiency with water injection was assumed, was 1.29. 
The ratio of augmented liquid consumption to normal fuelflow 
for these conditions, assuming complete evaporation, was 5.01. 
Both the augmented thrust ratio and the augmented liquid ratio 
increased rapidly as the flight Mach number was increased and 
decreased as the altitude was increased. Although the thrust 
augmentation possible from saturating the compressor-inlet air 
is very low at low flight speeds, appreciable gains in thrust are 
possible at high flight Mach numbers. For standard sea-level 
atmospheric temperature, the relative humidity of the atmosphere 
had a small effect on the augmented thrust ratio for all flight 
speeds investigated. For sea-level zero flight Mach number 
conditions, the augmented thrust ratio increased as the atmos-
pheric temperature increased for low values of atmospheric 
relative humidity. Water injection therefore tends to overcome 
the loss in take-off thrust normally occurring at high ambient 
temperatures. For very high atmospheric relative humidities, 
the ambient temperature had only a small effect on the augmented 
thrust ratio.

INTRODUCTION 

One method of augmenting the thrust of turbojet engines 
is to inject water or a nonfreezing mixture of water and 
alcohol into the air entering the compressor of the engine. 
The evaporation of this injected liquid extracts heat from the 
air and results, for the same compressor work input, in a 
higher compressor pressure ratio. This increased pressure

ratio is reflected throughout the engine and increases both 
the mass flow of gases through the engine and the-exhaust-jet 
velocity; both factors increase the thrust produced by the 
engine. 

An analysis of the evaporative cooling process can be con-
veniently divided into two phases: (1) The cooling occurring 
at constant pressure before the air enters the compressor, and 
(2) the additional cooling associated with further evaporation 
during the mechanical compression process. Analysis of 
both phases of the evaporative cooling process and the thrust 
augmentation produced for a typical turbojet engine were 
conducted at the NACA Lewis laboratory during 1947-48 
and are described herein. 

A specialized psychrometric chart that permits calculation 
of the constant-pressure evaporation process was developed 
and is presented. This psychrometric chart differs from the 
usual form, which is valid for only one value of total pressure 
(sum of partial pressures of air and water vapor), in that 
pressure is included as a variable and the temperature range 
has been greatly extended. 

The evaporation of water during the mechanical compres-
sion process greatly complicates the calculation of this portion 
of the turbojet-engine cycle by conventional methods because 
of the trial-and-error solution involved. In order to provide 
a more convenient method for calculating a compression 
process during which evaporative cooling occurs, a Molliel' 
diagram for air saturated with water vapor was developed. 
This Mollier diagram is similar to that presented in reference 1, 
but the ranges of temperature and pressure are extended 
to values suitable for use in turbojet-engine-compressor 
problems. 

As a further aid in calculating the turbojet-engine cycle 
when water is injected at the compressor inlet, curves are 
presented giving the thermodynamic properties of the work-
ing fluid for both the compression and expansion processes. 
The use of both the psychrometric chart and the Mollier 
diagram is illustrated by means of numerical examples. 

The performance of a turbojet engine utilizing thrust aug-
mentation by water injection at the compressor inlet was 
evaluated over a range of flight Mach numbers and altitudes 
and for a range of water-injection rates. The effect on 
thrust augmentation of varying ambient-air temperature, 
relative humidity, compressor pressure ratio, and inlet-
diffuser efficiency was also investigated. A comparison of the 
water-injection method of thrust augmentation with other 
thrust-augmentation methods is presented in references 2 
and 3. 

'Supersedes NACA TN 2104, "Theoretical Turbojet Thrust Augmentation by Evaporation of Water during Compression as Dete, mined by Use of a Mollier Diagram" by Arthur M. 
Trout, 1950, and NACA TN 2105, "Turbojet Thrust Augmentation by Evaporation of Water Prior to Mechanical Compression as Determined by Use of Psychrometric Chart" by E. Cinton 
Wilcox, 1950. 
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ASSUMPTIONS AND METHODS OF ANALYSIS 

In evaluating the performance of a turbojet engine utilizing 
water injection at the compressor inlet, the psychrometric 
chart was used to obtain the compressor-inlet conditions, 
the. I\'Iollier diagram was used to obtain the conditions at the 
end of the evaporation process in the compressor, and the 
remainder of the turbojet-engine cycle was calculated by 
conventional step-by-step methods. 

The following discussion is a description of (a) the assump-
tions and the methods used in deriving the psychrometric 
chart and the Mollier diagram, and (b) the assumed design 
constants and component efficiencies of the turbojet engine 
used to illustrate performance with water injection at the 
compressor inlet. All symbols used in the analysis are 
defined in appendix A and the derivations of the equations 
necessary for obtaining the psychrometric chart and the 
Mollier diagram are presented in appendix B. 

PSYCHROMETRIC CHART 

The familiar psychrometric chart used in air-conditioning 
calculations is generally limited to values of total pressure 
(sum of partial pressures of air and water vapor) very near 
standard sea-level total pressure and to relatively low tem-
peratures, usually less than 300° F. Inasmuch as the con-
ditions of temperature and pressure at the compressor inlet 
of a turbojet engine vary widely over ranges not included in 
the usual psychrometric chart, the chart described herein was 
constructed to include these ranges. 

In deriving the psychrometric chart, the following assump-
tions were made: 

(a) The air and the water vapor are always at the same 
temperature. 

(b) Dalton's law of partial pressures is valid for the mix-
ture.

(c) The thermodynamic properties of water vapor are 
functions only of temperature for the range of vapor pres-
sures considered. 

(d) Air is a perfect gas. 
By means of these assumptions, the theory of mixtures, 

the thermodynamic data for air and water vapor contained 
iii references 4 and 5, respectively, and the equations derived 
iii appendix B, a psychrometric chart with pressure as a 
variable and for temperatures up to 1500° R was constructed. 

MOLLISU DIAGRAM 

Because of the somewhat involved and tedious trial-and-
error methods generally used for calculating compression 
processes during which water is evaporated, the Mollier 
diagram described in this report was prepared to provide a 
more direct solution of this particular problem. 

The data presented in the Mollier diagram were calculated 
using the following assumptions: 

(a) All values presented on the diagram are for a saturated 
mixture containing 1 pound of air. 

(b) The water vapor and the air in the mixture are at the 
same temperature.

(c) Dalton's law of partial pressures is valid for the mix-
ture.

(d) Air is a perfect gas. 
The data presented in the Mollier diagram were calculated 

using the aforementioned assumptions, the thermodynamic-
properties data for air and water vapor presented in refer-
ences 4 and 5, respectively, and the equations derived in 
appendix B. 

Examples of the use of the psychrometric chart and the 
Mollier diagram are given in the subsequent section DIS-
CUSSION OF CHARTS and in appendix C. 

THRUST-AUGMENTATION CALCULATIONS 

From an examination of experimental data of complete 
turbojet engines and of the compressor component alone, 
both operating with water injection at the compressor inlet, 
it is apparent that two prime factors cause deviation of the 
experimentally obtained results from the ideal process. 
These two factors are the decrease in compressor adiabatic 
efficiency that occurs with water injection and the failure of 
all the injected water to evaporate within the confines of the 
compressor. The decrease in compressor efficiency appar-
ently is a function of the' water-injection rate; however, the 
magnitude of the effect varies considerably with the partic-
ular compressor design. Because of the fundamental nature 
of the effect of compressor efficiency on the turbojet-engine 
cycle, its effect is relatively obscure and, for the present 
analysis, an arbitrary variation with water-injection rate 
was assumed that is representative of the effect experimen-
tally observed in a current compressor. The theoretical 
results obtained are thus not expected to agree completely 
with experimental data obtained for engines embodying 
different compressor designs. The influence of this assumed 
decrease in compressor efficiency on the performance of the 
water-injection method of thrust augmentation will be 
indicated herein. 

The degree of evaporation of water varies widely with the 
mode of injection and the engine operating conditions; how-
ever, insufficient data are available to determine the quantita-
tive effects of these conditions on the degree of evaporation. 
Inasmuch as the thrust produced by the engine is primarily 
affected by the amount of water that is evaporated, the 
influence of incomplete evaporation can be evaluated simply 
by increasing the injected-water rate commensurate with the 
desired degree of evaporation. In the present analysis, all 
performance calculations have therefore been made by as-
suming complete evaporation. 

The augmented thrust ratios experimentally obtained for 
engines embodying centrifugal-flow-type compressors agree 
quite well with those theoretically predicted herein for the 
condition of a saturated mixture throughout the compression 
process. For engines having axial-flow-type compressors, 
however, the efficacy of the water-injection method is con-
siderably reduced because of centrifugal separation of the 
water from the air in passing through the compressor. In 
order to avoid the centrifugal-separation effect, the water 
must be injected at several stages throughout the compressor.
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Inasmuch as considerable increase in thrust is attainable at 
high inlet temperatures or high flight Mach numbers merely 
by saturating the compressor-inlet air with water, the per-
formance of the water-injection method has been determined 
for both the condition of saturation throughout the compres-
sion process and saturation only of the compressor-inlet air. 
The thrust increases obtained for the condition of saturation 
throughout the compression process are believed indicative 
of the increases possible for engines having centrifugal-flow 
compressors, whereas the thrust increases shown for the con-
dition of saturated inlet air are more nearly equal to the possi-
bilities of the water-injection method when applied to an 
engine having an axial-flow compressor and not utilizing 
interstage injection. Experimental investigations of inter-
stage injection indicate that the thrust increases available for 
this method lie between those attainable for saturated inlet 
air and those obtained by saturation throughout the compres-
sion process. The decreased thrust augmentation obtainable 
with an engine having an axial-flow compressor utilizing 
interstage injection may be due to the increased sensitivity 
of the efficiency of this type compressor to water injection. 

In order to determine the theoretical thrust augmentation 
made possible by evaporation of water during compression, 
step-by-step calculations of normal and augmented thrust 
for a typical tubojet engine operating under various flight 
conditions were made. The psychrometric chart was used 
to determine the compresor-inlet conditions and the Mollier 
diagram to calculate the conditions at the end of the evapora-
tion process in the compressor with water injection. Equa-
tions used in the step-by-step calculations are given in ap-
pendix D. It was assumed that the inlet air was diffused to 
a sufficiently low velocity so that the static temperature at 
the compressor inlet did not appreciably differ from the total 
temperature. 

The component efficiencies chosen for the typical turbojet 
engine were: inlet-diffuser adiabatic efficiency (except where 
otherwise noted), 0.85 up to a flight Mach number of 1.0, 
linearly decreasing to 0.75 at a flight Macli number of 2.0 
(these values of diffuser efficiency correspond to total-pressure 
recovery ratios of 0.915 and 0.66 at flight Mach numbers of 
1.0 and 2.0, respectively); compressor adiabatic efficiency, 
0.80; turbine adiabatic efficiency, 0.85; and exhaust-nozzle 
adiabatic efficiency, 0.95. The compressor adiabatic effi-
ciency is defined as the ratio of isentropic to actual work. 

For the compression process with evaporative cooling, it 
must be recalled that a higher pressure ratio is obtained for 
a given isentropic work than is obtained with dry air. In-
asmuch as experimental data of compressor performance 
with water injection indicate a decrease in compressor 
adiabatic efficiency, the compressor efficiency 7 7, was arbi-
trarily assumed to decrease according to the relation = 
0.80—AX, where AX, is the change in water vapor—air ratio 
in the compressor. This decrease in compressor efficiency 
was assumed for all conditions of altitude and flight Mach 
number, except when it was desired to show the effect of 
this assumption on performance. A single-stage, centrifugal-
flow compressor with a tip speed of 1500 feet per second

and a slip factor of 0.95 was assumed for all of the calcula-
tions except when it was desired to show the effect of normal 
compressor pressure ratio. For the assumed values of com-
pressor tip speed, slip factor, and efficiency, the resulting 
compressor pressure ratio for sea-level zero flight Mach num-
ber conditions with no water injection was 4.61. The nor-
mal engine performance would be equally applicable to an 
engine having an axial-flow compressor with the same 
enthalpy rise, pressure ratio, and compressor efficiency. 
A combustion-chamber pressure loss of 3 percent and a 
turbine-inlet temperature of 2000° R were assumed. The 
ambient relative humidity was assumed to be 0.50 except 
when it was desired to show the effect of varying ambient 
relative humidity. All liquid water was assumed injected 
at the compressor inlet at a temperature of 519° R and the 
air was assumed to remain saturated as long as any liquid 
water was present. For conditions where all the injected 
water evaporated before the end of the compression process, 
that portion of the process occurring after evaporation was 
calculated from the thermodynamic relations for an adiabatic 
compression by using the appropriate thermodynamic prop-
erties of the resulting air—water vapor mixtures. The 
adiabatic efficiency of this portion of the compression pro-
cess was assumed equal to that previously described for the 
compression process during which evaporation occurred. 
Calculations were made for flight Mach numbers up to 2.0 
and for standard altitudes of sea level and 35,332 feet. 

In order to simplify the calculations of the adiabatic com-
pression occurring after the evaporation of all the injected 
water and the expansion processes occurring in the turbine 
and the exhaust nozzle, curves of the thermodynamic prop-
erties of air—water vapor and exhaust gas—water vapor mix-
tures were obtained. These curves were obtained from the 
theory of mixtures and the thermodynamic data for air, water 
vapor, and exhaust gases. 

Because of the low temperatures occurring at high alti-
tudes, a nonfreezing mixture of water and alcohol rather 
than water alone is usually employed for compressor-inlet 
injection. Although all the results presented herein are 
based on the injection of only water at the compressor inlet, 
they are probably equally applicable to the injection of water-
alcohol mixtures because of the close agreement experimen-
tally obtained between results for water- and for water-
alcohol-mixture injection. 

DISCUSSION OF CHARTS 

PSYCHROMETRIC CHART 

In the psychrometric chart (fig. 1), total enthalpy is 
plotted against dry-bulb temperature for various values of 
water-air ratio. Also included are curves of the ratio of 
relative humidity to relative pressure, where relative pres-
sure is the ratio of static pressure to standard sea-level static 
pressure. Inasmuch as evaporation occurs at constant pres-
sure, the value of relative pressure is unchanged by water 
injection. The curves of constant water-air ratio are ap-
proximately straight lines having a positive slope and the 
curves of constant ratio of relative humidity to relative
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Dry-bulb lemperafure, °R 

FIGURE I.—Psychrometric chart. (A 23- by 25-inch print of this figure is available from NACA upon request.)
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pressure are curved upward. The enthalpy scale was arbi-
trarily chosen so that the enthalpy of a saturated mixture 
of air and water vapor at a temperature of 519° R and a 
pressure of 14.696 pounds per square inch was 100 Btu per 
pound of air. 

The temperature resulting after water evaporation may be 
obtained from figure 1 for a wide range of initial air tem-
peratures and pressures. The temperature can be deter-
mined either for the evaporation of a given amount of water 
or for any final relative humidity. 

In the construction of figure 1, the enthalpy of liquid 
water was assumed to be zero at 519 0 R. The chart values 
are thus directly applicable to cases where the water is in-
jected at this temperature. For temperatures of liquid 
water only slightly different from 519 0 R, the errors involved 
in the chart are negligible; however, for extremely accurate 
work or for temperatures of injected water greatly different 
from 519 0 R, corrections must be made for the enthalpy of 
liquid water; These corrections are the same as the en-
thalpy corrections for the Mollier diagram discussed in ap-
pendix C, and consist in adding the enthalpy of liquid water 
at the start of the process and, if any liquid remains at the 
end of the process, subtracting the enthalpy of the remaining 
liquid. 

The method of using the chart is indicated by the follow-
ing illustrative cases: 

Example 1.—For initially dry air at a temperature of 
1260 0 R, assume that sufficient water is injected to give a final 
water-air ratio of 0.05. From figure 1, the total enthalpy is 
271.6 Btu per pound of air for a temperature of 1260° R and 
a water-air ratio of 0. (For this example and all following 
examples, the values have been read from the large prints 
of figs. 1 or 2, which are available from the NACA on request 
and are more convenient to use when a high degree of accu-
racy is desirable.) Inasmuch as the evaporation occurs at 
constant total enthalpy, the temperature after evaporation 
can be determined from the initial total enthalpy and the 
final water-air ratio. For a total enthalpy of 271.6 Btu per 
pound of air and a water-air ratio of 0.05, the temperature is 
1008° R. The temperature drop is then 252 F° for these 
particular conditions. 

Example 2.—In order to illustrate the use of the chart in 
obtaining the temperature and the water-air ratio necessary 
to saturate air from a given set of initial conditions, initially 
dry air at a temperature of 1060° R and at twice standard 
sea-level static pressure is assumed. The enthalpy corre-
sponding to a temperature of 1060° R and a water-air ratio 
of 0 is 221.0 Btu per pound of air. The value of relative 
humidity for saturation is 1.0 and for these conditions the 
value of relative pressure 6 is 2.0. The temperature and the 
water-air ratio are 613° R and 0.0995, respectively, at an 
enthalpy of 221.0 Btu per pound of air and a ratio of relative 
humidity to relative pressure q/5 of 0.5. For these condi-
tions, the initial mixture may be cooled 447 F° by injecting 
0.0995 pound of water per pound of air.

Example 3.—The use of the chart in obtaining tempera-
tures resulting from water evaporation when some water is 
initially present in the air is the same as that previously 
described, except that the starting enthalpy is found from 
the initial water-air ratio and temperature. For example, 
for the conditions of temperature and presure in example 2 
and an initial water-air ratio of 0.02, the initial enthalpy is 
247.0 Btu per pound of air. The saturation temperature 
for an enthalpy of .247.0 Btu per pound and a value of plb 
of 0.5 is 620° R and the final water-air ratio is 0.122. For 
these conditions, cooling the initial mixture 440 F° is there-
fore possible by evaporating 0.102 pound of water per pound 
of air. 

The effect of initial temperature and pressure on the 
amount of cooling possible from saturation can be readily 
seen from figure 1. For a constant pressure and consequent 
constant value of p/5 (,p=i), the amount of cooling possible 
increases as the initial temperature is raised. For a constant 
temperature, increasing the pressure decreases the value of 
p/ö and, from figure 1, decreasing the value of p/5 decreases 
the amount of cooling obtained. In general, when some 
water vapor is initially present, the cooling possible from 
saturation and the amount of water that must be injected to 
obtain saturation are somewhat less than those for dry air. 
In some instances, however, depending on the particular 
initial conditions, the amount of water that must be injected 
to obtain saturation is greater when some water vapor is 
initially present than for dry air, as illustrated in examples 
2 and 3. 

Example 4.—In order to illustrate the method of using 
the psychrometric chart when water is injected at a tempera-
ture other than 519° R and the enthalpy of the injected 
water is to be considered, assume that it is desired to saturate 
initially dry air at a temperature of 910° R and standard 
sea-level pressure with water injected at a temperature of 
619° R. From figure 1, which is correct for water injected 
at 519° R, the initial enthalpy of the air at a temperature 
of 910 0 R is 183.5 Btu per pound. For a value of relative 
humidity divided byrelative pressure of 1.0 (saturation at 
standard sea-level pressure) and an enthalpy of 183.5 Btu 
per pound, the temperature is 577° R and the water-air ratio 
is 0.075. If the water were injected at 519° R, cooling the air 
333 F° would be possible by injecting sufficient water to 
obtain a water-air ratio of 0.075. For water not injected at 
519 0 R, an estimate must be made of the final water-air ratio 
in order to determine the starting condition. For the present 
example, assume that the final water-air ratio is 0.08. 
From the insert of figure 2, the enthalpy of liquid water 
at a temperature of 619° R is 100 Btu per pound of 
water. The new starting enthalpy is now 183.5 plus 8.0 
(water-air ratio, 0.08) or 191.5 Btu per pound. For a value 
of /ö of 1.0 and an enthalpy of 191.5 Btu per pound, the 
temperature is 579° R and the water-air ratio is 0.081. If 
water were injected at a temperature of 619° It, the cooling 
obtained from saturation would therefore be 331 F° and the 
required water-air ratio would be 0.081.
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MOLLIER DIAGRAM 

The Mollier diagram (fig. 2) is so constructed that each 
point represents values for 1 pound of air plus the water 
vapor necessary for saturation. The abscissa is entropy 
(in Btu/(lb air) (°R)) and the ordinate is enthalpy (in Btu/lb 
air). The solid slanting lines with positive slope are lines of 
constant pressure in pounds per square inch. The broken 
lines with positive slope are lines of constant temperature 
(in °R). The solid lines of negative slope are lines of con-
stant weight ratio of water vapor to air. Data are pre-
sented for pressures from 3 to 500 pounds per square inch 
and temperatures from 4400 to 790° R. The entropy and the 
enthalpy of liquid water were assumed to be zero at 519° R 
and the bases for enthalpy and entropy of air were so fixed 
that at a temperature of 519° R and a pressure of 14.696 
pounds per square inch the enthalpy of the saturated mix-
ture is 100 Btu per pound of air and the entropy is 0.10 
Btu/(lb air)(°R). When liquid water is present at a 
temperature other than 519° R, corrections for enthalpy 
and entropy must be made. These corrections are discussed 
in appendix B and a chart giving enthalpy and entropy of 
liquid water at various temperatures to be used for these 
corrections is shown on the Mollier diagram. 

In order to utilize the Mollier diagram to calculate 
compressor-outlet conditions with evaporation of water 
during compression, knowledge of the conditions of the 
saturated air at the compressor inlet and the actual and 
isentropic work of the compression process is necessary. The 
conditions at the end of the saturated compression process 
may be obtained as follows: 

A point is found on the Mollier diagram corresponding to 
the conditions of saturated air at the compressor inlet. An 
isentropic compression process is then followed on the dia-
gram and a second point determined by moving vertically 
along a line of constant entropy until a value of enthalpy 
equal to the original enthalpy plus the enthalpy of the isen-
tropic work of compression per pound of air (actual work/lb 
of air multiplied by adiabatic efficiency) is reached. The 
pressure read from the diagram at this second point is the 
pressure at the end of the compression process. The final 
temperature and water-air ratio for the compression process 
are read from the diagram at a third point, which is obtained 
by following a constant-pressure line from the second point 
until a value of enthalpy equal to the original enthalpy plus 
the enthalpy of the actual work of compression per pound of 
air is reached. 

For a centrifugal-flow compressor, all the water to be 
evaporated during compression is added at the compressor 
inlet and the compressor enthalpy rise may be calculated 
per unit mass flow of the mixture of air and water vapor at 
the compressor outlet from considerations of tip speed and 
slip factor. Inasmuch as all values on the Mollier diagram 
are per unit mass flow of air, the value of enthalpy rise per 
unit mass flow of mixture at the compressor outlet must be 
converted to enthalpy rise per unit mass flow of air in order 
to use the chart. For an axial-flow compressor, if all the 
water is injected at the compressor inlet, centrifugal separa-
tion of the air and water greatly reduces the effects of water

injection and therefore injection of the water in several 
stages along the compressor length is desirable. If calcula-
tions for interstage water injection of this type are desired, 
the total enthalpy rise must be divided among the sections 
of the compressor between injection points and calculations 
similar to those for the centrifugal-flow compressor must be 
made for each section in order to allow for the change in 
mass flow from section to section and the corresponding 
change in enthalpy rise per unit mass flow of air. 

When less water is injected than is necessary to saturate 
the air at the compressor outlet, the compression process is 
divided into two parts: (1). an adiabatic compression of a 
saturated mixture, which may be calculated by use of the 
Mollier diagram, and (2) further adiabatic compression of 
the resulting mixture of air and water vapor. 

The following numerical example is presented to illustrate 
the method of using the V1ol1ier diagram to calculate the 
compressor-outlet conditions for a saturated compression 
process: 

Assume that a compressor having an adiabatic efficiency 
of 0.80 and imparting an enthalpy rise of 80 Btu per pound 
of air to the working fluid is operated with sufficient water 
injected at the compressor inlet at a temperature of 519 0 R 
to maintain saturation at all times. Further, assume that 
the inlet air has a relative humidity of 0.50 at a temperature 
of 530° R and a pressure of 14.7 pounds per square inch and 
that it is desired to find the compressor-outlet pressure P3. 

-outlet temperature T3, -outlet water vapor—air ratio X3, 
and the amount of water evaporated during the process. 

The conditions at the compressor inlet after saturation can 
be obtained from the psychrometric chart (fig. 1). For the 
initial condition of ambient relative humidity of 0.50, 
temperature T0 of 5300 R, and pressure P0 of 14.7 pounds 
per square inch, the water vapor—air ratio X0 is 0.0077 and the 
enthalpy H0 is 100 Btu per pound of air. 

After saturation at constant pressure, from figure 1, the 
temperature T1 is 519° R, the water vapor—air ratio X 1 is 
0.0106, and the enthalpy H1 is 100 Btu per pound of air. 

From the Mollier diagram (fig. 2), for a temperature T1 of 
519 1 R and a pressure P1 of 14.7 pounds per square inch, the 
entropy S1 is 0.10 Btu/(lb air) (°R). 

By increasing the enthalpy at constant entropy by an 
amount equal to the ideal work of compression, the actual 
pressure at the compressor outlet may be read from the dia-
gram. The ideal work of compression is 

0.80 X 80=64 (Bt.u/lb air) 
and

H3=H1+z H . = 100+64= 164(Btu/lh air) 

The value of pressure read from the diagram at an enthalpy 
of 164 Btu per pound of air and an entropy of 0.10 Btu/(lb 
air) ('R) is

P3=70.70b/sq in.) 

The enthalpy at the compressor outlet is equal to the en-
thalpy at the inlet plus the actual enthalpy change, or 

H3 =H1 +H=100+80 180 (Btu/lb air)
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From the Mollier diagram at a pressure of 70.7 pounds per 
square inch and an enthalpy of 180 Btu per pound of air, the 
values of temperature and water vapor—air ratio at the com-
pressor outlet are

T3 =630° R and X3=0.0583 

The amount of water evaporated is 

X3 —X0 = (Xi —X0)+(X3—X1)=(0.o106—o.0077)+ 

(0-0583 -0.0106) = 0.0506 (lb water/lb air) 

The amount of water vapor represented by X1 —X0 is that 
evaporated at the inlet prior to compression and the amount 
X3—X1 represents that water evaporated during the mechani-
cal compression process. 

Additional examples presented in appendix C illustrate 
the use of the Mollier diagram in calculating a compression 
process when the water is injected at a temperature other 
than 519° R and when a given amount of water (less than the 
amount required to saturate the compressor-outlet air) is 
injected. 
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(a) Air-water vapor mixture. Temperature, 6001 R. 

FIGURE 3.—Thermodynamic properties of mixtures at pressure of 0 pound per square inch
absolute. 

MIXTURE PROPERTIES FOR COMPRESSOR 

A chart of the thermodynamic properties of water vapor—
air mixtures is shown in figure 3(a). The variation of 
specific heat at constant pressure with temperature and 
pressure is small in the range of interest for compressor 
calculations; figure 3(a) was therefore based on an average 
temperature of 600° R and zero pressure. Values of the ratio 
of specific heats 7m, gas constant Rm, and specific heat at

constant pressure Cp.m are plotted for various values of the 
water vapor—air ratio X. The data presented in this chart 
were used in calculating compressor-outlet conditions for 
those cases where less water was injected than the amount 
necessary to saturate the air at the compressor outlet. 
The use of figure 3(a) for a case of this type is illustrated 
in Sample Calculation Ii (appendix Q. The thermo-
dynamic data for air and water vapor used in obtaining the 
data of figure 3(a) were obtained from references 4 and 5, 
respectively, and the values presented are for 1 pound of 
mixture of air and water vapor. 

(b) Exhaust gas-water vapor mixture. Temperature, 1660° R; hydrogen-carbon ratio, 0.175.
FIGURE 3.—Concluded. Thermodynamic properties of mixtures at pressure of 0 pound persquare inch absolute. 

MIXTURE PROPERTIES FOR TURBINE AND JET 

A chart of the thermodynamic properties of water vapor—
exhaust gas mixtures for a temperature of 1650 0 R is shown 
in figure 3(b). Values for the ratio of specific heats °Ye, 
gas constant Re, and specific heat at constant pressure c,, 
are plotted for various values of the water vapor—air ratio X 
and the fuel-air ratio f/a. The thermodynamic data for 
water vapor and exhaust gases necessary for obtaining the 
data presented in figure 3(b) were obtained from references 5 
and 6, respectively, and the values presented are for 1 
pound of mixture of exhaust gas and water vapor. (A 
hydrogen-carbon ratio of the fuel of 0.175 was assumed in 
preparing these curves.) Although the actual values of 

and c,,, vary with temperature, the values given in 
figure 3(b) can be used for an appreciable temperature 
range with negligible error because of the compensating 
manner in which fe and Cp,e enter the equations for an 
expansion process. For more accurate work, the method 



ANALYSIS OF THRUST AUGMENTATION OF TURBOJET ENGINES BY WATER INJECTION AT COMPRESSOR INLET 105 

presented in reference 7 may be used - for calculating the 
expansion process. 
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FIGURE 4.—Effect of flight conditions and ratio of augmented to normal liquid flow on thrust 
augmentation. 

DISCUSSION OF . AUGMENTATION RESULTS 

EFFECT OF WATER-INJECTION RATE 

In figure 4, the augmented thrust ratio (ratio of augmented 
thrust to normal thrust) is shown as a function of the aug-
mented liquid ratio (ratio of augmented total liquid flow to 
normal fuel flow) for three different operating conditions: 
flight Mach numbers of 0 and 1.5 at sea-level altitude and a 
flight Mach number of 1.5 at an altitude of 35,332 feet. The 
points on the curves indicated by circles represent the case 
where only sufficient water to saturate the compressor-inlet 
air is injected with no evaporation occurring during mechan-
ical compression. The end points on the curves represent 
the condition where the air at the compressor outlet is 
saturated and indicate the maximum amounts of augmenta-
tion theoretically possible by evaporation of water before 
and during compression in the engine previously described 
and for the given flight conditions. As the augmented 
liquid ratio is increased by increasing the amount of injected 
water, the augmented thrust ratio increases but at a slightly 
decreasing rate. At sea-level, zero flight Mach number 
conditions for saturation only up to the compressor inlet, 
the augmented thrust ratio is 1.035 and the augmented liquid 
ratio is 1.18. As the augmented liquid ratio is increased by 
evaporating more water during mechanical compression, the 
augmented thrust ratio increases to 1.29 at an augmented 
liquid ratio of 5.01 for compressor-outlet saturation. For a 
given altitude, increasing the flight Mach number increases 
the compressor-inlet temperature, which permits the evapora-
tion of more water and thereby increases the maximum

augmented thrust and augmented liquid ratios as well as 
increasing the augmented thrust ratio for a given augmented 
liquid ratio. At a sea-level flight Mach number of 1.5 for 
saturation of the compressor-outlet air, the augmented 
thrust ratio is 2.07 and the augmented liquid ratio is 10.66. 
Increasing the altitude for a given flight Mach number 
results in a decreased compressor-inlet temperature, thereby 
reducing the amount of water that may be evaporated. At 
an altitude of 35,332 feet and a flight Mach number of 1-5 
for compressor-outlet saturation, the augmented thrust ratio 
is 1.53 at an augmented liquid ratio of 6.85. 
EFFECT OF OPERATING CONDITIONS FOR SATURATED COMPRESSOR-



INLET AND COMPRESSOR-OUTLET CONDITIONS 

Effect of flight Mach number, altitude, and inlet-diffuser 
efficiency.—The augmented thrust and augmented liquid 
ratios are shown as functions of flight Mach number for 
altitudes of sea level and 35,332 feet and for various values 
of inlet-diffuser efficiency in figure 5 for compressor-inlet 
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(a) Augmented thrust ratios. 
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FIGURE 5.—Effect of flight Mach number and altitude on augmented thrust and augmented 
liquid ratios for various values of inlet-diffuser efficiency. Sufficient water injected to 
saturate compressor-Inlet air. 
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FIGURE 6.-Effect of flight Mach number and altitude on augmented thrust and augmented 
liquid ratios for various values of inlet-diffuser efficiency. Sufficient water injected to 
saturate compressor-outlet air. 

saturation, and in figure 6 for compressor-outlet saturation. 
In order to indicate the magnitude of the thrust available, 
relative-thrust curves (constant values of the ratio of thrust 
to thrust available at sea-level, zero flight Mach number 
conditions for operation without water injection) are super-
imposed-on the curves of figures 5(a) and 6(a). Both the 
augmented thrust ratio and the augmented liquid ratio 
increase rapidly as the flight Mach number is increased and 
decrease as the altitude is increased. Although the aug-
mented thrust ratio available at a given flight Mach number 
increases at decreased values of inlet-diffuser efficiency, the

actual thrust available decreases because of the deterioration 
of the engine performance without water injection at the 
decreased values of inlet-diffuser efficiency. 

For saturated compressor-inlet conditions (fig. 5(a)) and 
an inlet-diffuser adiabatic efficiency of 0.80, the augmented 
thrust ratio for sea-level zero flight Mach number is 1.035 
and increases with increasing flight Mach number, reaching 
a value of 1.28 at a flight Mach number of 1.0 and 2.16 at a 
flight Mach number of 2.0. The corresponding augmented 
liquid ratios (fig. 5(b)) are 1.18, 2.40, and 9.20 for sea-level 
flight Mach numbers of 0, 1.0, and 2.0, respectively. For 
a flight Mach number of 2.0, increasing the altitude from 
sea level to 35,332 feet reduces the augmented thrust ratio 
from 2.16 to 1.48. The corresponding reduction in aug-
mented liquid ratio is from 9.20 to 4.20. Although the 
thrust increases available from compressor-inlet saturation 
are very low at low flight Mach numbers, appreciable gains 
in thrust are possible at high flight speeds. Thrust augmenta-
tion by compressor-inlet-air saturation can therefore be used 
to good advantage not only for centrifugal-flow engines but 
also for axial-flow engines that require special injection 
systems to avoid centrifugal separation at higher injection 
rates. 

For saturated compressor-outlet conditions and an inlet-
diffuser adiabatic efficiency of 0.80, the augmented thrust 
ratio (fig. 6(a)) is 1.29, 1.67, and 2.88 for sea-level flight 
Mach numbers of 0, 1.0, and 2.0, respectively. The cor-
responding augmented liquid ratios (fig. 6(b)) are 5.01, 7.22, 
and 17.10, respectively. At a flight Mach number of 2.0, 
increasing the altitude from sea level to 35,332 feet re-
duces the augmented thrust ratio from 2.88 to 1.95 with 
a. corresponding reduction in augmented liquid ratio from 
17.10 to 10.30. 
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FIGURE 7.-Effect of atmospheric relative humidity onaugmented thrust ratio for various 
flight Mach numbers. Altitude, sea level; inlet-diffuser efficiency, 0.80. 

Effect of ambient relative humidity.-The augmented 
thrust ratio is shown in figure 7 as a function of flight Mach 
number for atmospheric relative humidities of 0 and 100 
percent. The data shown are for standard sea-level condi-
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(a) Augmented thrust ratios. 
FIGURE 8.—Effect of ambient temperature on augmented thrust and augmented liquid 

ratios for various ambient relative humidities. Sea-level pressure; zero flight Mach 
number. 

tions of temperature and pressure and an inlet-diffuser 
efficiency of 0.80. Results are presented for the case in 
which sufficient water is injected to saturate the compressor-
inlet air and for the case in which the amount of water 
required to saturate the compressor-outlet air is injected. 
The ambient humidity has a relatively small effect on the 
augmented thrust ratio, especially at high flight Mach 
numbers. 

Effect of ambient-air temperature for various relative 
humidities.—The effect of ambient temperature on aug-
mented thrust and augmented liquid ratios for various 
ambient relative humidities is shown in figures 8(a) and 8(b), 
respectively. The data shown are for zero flight Mach 
number and standard sea-level atmospheric pressure. Re-
sults are shown for saturated compressor-inlet and -outlet 
conditions and relative-thrust curves showing constant 
values of the ratio of augmented thrust available to the 
thrust available from the engine operating without water 
injection at an atmospheric temperature of 519° R are 
included. 

For an atmospheric relative humidity of 100 percent, no 
thrust augmentation may be obtained from compressor-inlet 
saturation inasmuch as no evaporative cooling is possible. 
As atmospheric relative humidity is decreased, the augmenta-
tion increases to about 8 percent for dry air at standard
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FIGURE 8—Concluded. Effect of ambient temperature on augmented thrust and aug-
mented liquid ratios for various ambient relative humidities. Sea-level pressure: zero 
flight Mach number. 

sea-level temperature of 519° R. For low relative humidities, 
more evaporative cooling becomes possible as the ambient-air 
temperature is increased and at a temperature comparable 
to extreme summer heat (for example, 580° R) an augmented 
thrust ratio of 1.23 is available for dry air. 

For saturated compressor-outlet air, the augmented thrust 
ratio for an atmospheric relative humidity of 1.00 is relatively 
unaffected by changes in atmospheric temperature. For an 
atmospheric relative humidity of 0.50, the augmented thrust 
ratio increases slightly and, for zero atmospheric relative 
humidity, a marked increase in the augmented thrust ratio 
occurs as the atmospheric temperature is increased. For 
an atmospheric temperature of 519 0 R, the augmented thrust 
ratio decreases from 1.33 to 1.24 as the atmospheric relative 
humidity increases from 0 to 1.00. At a temperature of 
580° R, the decrease in augmented thrust ratio is from 1.55 to 
1.26 for the same increase in atmospheric relative humidity. 

As indicated by the relative-thrust curves in figure 8(a), 
the actual augmented thrust decreases as the atmospheric 
temperature is increased for all values of atmospheric relative 
humidity because of the marked decrease in normal engine 
thrust at increased compressor-inlet temperatures. The 
data of figure 8(a) indicate that thrust augmentation by 
water injection is one method for overcoming the marked 
decrease in take-off thrust accompanying high ambient-air 
temperatures. The augmented liquid ratios shown in figure 
8(b) follow the same general trends as the augmented thrust 
ratios. 

Effect of compressor efficiency.—As has been previously 
pointed out, the compressor efficiency has been decreased in 

b 

E 0 
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calculating the augmented engine performance with evapora- - 
tion during mechanical compression in order to obtain closer 
agreement with experimental compressor performance with 
water injection. The effect of this decrease in compressor 
efficiency on the augmented thrust and augmented liquid 
ratios at various flight Mach numbers and for altitudes of 
sea level and 35,332 feet is shown in figure 9 for the condition 
of saturated compressor outlet. The results are shown for 
a constant value of compressor efficiency of 0.8 and for a 
value of compressor efficieiicy that has been decreased as 
indicated by the following relation: 

n=0.80—X 
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(a) Augmented thrust ratios. 
(b) Augmented liquid ratios. 

FIGuRE 9.—Effect of compressor-efficiency assumption on augmented thrust and aug-
mented liquid ratios for various flight conditions. Sufficient water injected to saturate 
compressor-outlet air.

where AX, is equal to the change in water vapor–air ratio 
in the compressor. 

From figure 9(a), it can be seen that the assumption of a 
constant compressor efficiency results in values of augmented 
thrust ratio considerably greater than the assumption of a 
compressor efficiency decreasing with the change in water 
vapor–air ratio in the compressor. For sea-level zero 
flight Mach number, the augmented thrust ratio is 1.29 when 
a decreased value of compressor efficiency is assumed, as 
compared with an augmented thrust ratio of 1.50 for the 
assumption of a constant compressor efficiency of 0.80. For 
a sea-level flight Mach number of 2.0, the corresponding 
values of augmented thrust ratio are 3.04 and 3.44. Similar 
results are obtained at an altitude of 35,332 feet. Additional 
calculations made for a constant compressor efficiency of 
0.85 gave thrust ratios approximately equal to those for a 
constant efficiency of 0.80, which indicates that the magni-
tude of compressor efficiency has little effect on thrust 
augmentation if the efficiency for the normal and the aug-
mented case is assumed to be the same. 

The assumption of a constant value of compressor efficiency 
is shown in figure 9(b) to result in values of augmented liquid 
ratio somewhat higher than those obtained for the assump-
tion of a decreased value of compressor efficiency. 
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FIGURE 10.—Augmented thrust ratio as function of augmented liquid ratio for two normal 
compressor pressure ratios. Sea-level zero flight Mach number conditions. 

Effect of normal compressor pressure ratio.—The aug-
mented thrust ratio as a function of augmented liquid ratio 
for normal compressor pressure ratios of 4.61 and 10 is shown 
in figure 10. The data shown are for sea-level zero flight 
Mach number conditions. For any augmented liquid ratio, 
the engine having the high-pressure-ratio compressor gave 
the greatest augmented thrust ratio, with the difference 

Compressor 
efficiency 

77c 

---a8C-

A/fi'ude 
.	 -- 
- Sea level 

35,332

- - -

80-AXe 

- - ---

- -

- 

IIII2E 
7

/
, 

- - 
- - 

--
- - - - 

--
- - - 

(a)
- - - - -

- 80

IAX^ 
- - - - - 

(b)

—o	 Soturoted inlet	 I in,   Aobrmol pressure rotio  /0,00-MME 
No • ME 

•UUUU ' SOMME 
U.U.-U... 
UUUUAUUUUU 
MEEMMEMEME 
EMEMEME 
U--U.... 
.,U...... .r.•...... 
REMEMMEMEM 
[UUU•UUUUU



ANALYSIS OF THRUST AUGMENTATION OF TURBOJET ENGINES BY WATER INJECTION AT COMPRESSOR INLET 109 

between the augmented thrust ratios for the low- and high-
pressure-ratio engines increasing as the augmented liquid 
ratio increased. The use of a high-pressure-ratio compressor 
also permits operation at increased values of augmented 
liquid ratio and hence greater values of augmented thrust 
ratio. For a compressor pressure ratio of 4.61, the maximum 
value of augmented thrust ratio is 1.29 at an augmented 
liquid ratio of 5.01. For a compressor pressure ratio of 10, 
the maximum value of augmented thrust ratio is increased 
to 1.63 at an augmented liquid ratio of 10.84. The effect 
of compressor pressure ratio shown is based on a compressor 
efficiency reduced as a function of the amount of water 
evaporated, as previously mentioned. Because of the larger 
amounts of water that may be evaporated at the higher 
normal compressor pressure ratio, the reductions in com-
pressor efficiency are correspondingly higher. The compres-
sor efficiency was reduced from 0.80 for the normal condition 
to 0.70 for the full-augmented condition for the high-
pressure-ratio compressor. Only experimental investiga-
tions of the effect of water injection on the efficiency of 
compressors having various pressure ratios will indicate the 
validity of this assumption. As previously mentioned, 
however, investigations of compressors having normal 
pressure ratios approximating that of the low-pressure-
ratio compressor assumed in this investigation indicate the 
dependency of the compressor efficiency on the amount of 
water injected.

SUMMARY OF RESULTS 

A psychrometric chart having total pressure as a variable 
and a Mollier diagram for a saturated mixture of air and 
water vapor were developed as aids in calculating the per-
formance of compressors when water is injected at the com-
pressor inlet. By use of the psychrometric chart and the 
Mollier diagram to calculate compressor performance, 
the performance of the water-injection method of thrust 
augmentation was evaluated over a range of flight and 
atmospheric conditions for a typical turbojet engine. The 
following results were obtained for an engine having a 
normal compressor pressure ratio of 4.61 at sea-level zero 
flight Mach number conditions when a nominal decrease 
in compressor efficiency with water injection was assumed: 

1. For constant flight conditions, increasing the amount 
of water evaporated increased the ratio of augmented thrust 
to normal thrust and the ratio of augmented liquid flow to

normal fuel flow. For sea-level zero flight Mach number 
conditions and an atmospheric relative humidity of 0.50, 
increasing the amount of injected water from the amount 
required to saturate the compressor-inlet air to the amount 
required to saturate the compressor-outlet air increased the 
augmented thrust ratio from 1.035 to 1.29. The corre-
sponding increase in augmented liquid ratio was from 1.18 
to 5.01. 

2. The augmented thrust and augmented liquid ratios 
increased rapidly as the flight Mach number was increased 
and decreased as the altitude increased. Although the 
thrust increases obtainable by compressor-inlet-air saturation 
were very small at low flight speeds, appreciable gains in 
thrust were possible at high flight Mach numbers. Thrust 
augmentation by compressor-inlet-air saturation can there-
fore be used to good advantage at high flight Mach numbers 
not only for centrifugal-flow engines but also for axial-flow 
engines that require special injection systems to avoid 
centrifugal separation at higher injection rates. 

3. For standard atmospheric temperatures, the ambient 
relative humidity had only a small effect on the augmented 
thrustratios produced at all flight speeds investigated. 

4. For sea-level zero flight Mach number conditions and 
low ambient relative humidities, the augmented thrust ratio 
increased as the ambient-air temperature was increased. 
Thrust augmentation by water injection was therefore shown 
to be desirable for take-off use inasmuch as water injection 
tends to overcome the loss in take-off thrust normally 
occurring at high ambient temperatures. For very high 
atmospheric relative humidities, the effect of ambient 
temperature on augmented thrust ratio was small. 

5. The augmented thrust ratio produced for a given set 
of conditions increased as the inlet-diffuser efficiency was 
decreased; however, because of the rapid deterioration of 
normal engine performance at decreased values of inlet-
diffuser efficiency, the actual value of augmented thrust was 
decreased. 

6. Increasing the normal engine compressor pressure ratio 
increased the maximum possible value of augmented liquid 
ratio and, hence, the maximum possible value of augmented 
thrust ratio. 

LEWIS FLIGHT PROPULSION LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTIS, 

CLEVELAND, OHIO, June 1, 1950.



APPENDIX A 

SYMBOLS 

A	 area, sq in. 
C,	 specific heat at constant pressure, Btu/1b) (°R) 
F	 net thrust, lb 
f/a	 fuel-air ratio, lb fuel/lb air 
g	 acceleration due to gravity, 32.2 ft/sec2 
H	 enthalpy, Btu/lb 
Hcorr corrected enthalpy for saturated mixture of air and 

water vapor plus liquid water not at 519 0 R, 
Btu/lb air 

H	 enthalpy rise, Btu/lb 
ha	 enthalpy of air as given in reference 4, Btu/lb 
h1	 enthalpy of liquid water as given iii reference 5, 

Btu/lb 
hg	 enthalpy of water vapor as given in reference 5, Btu/Ib 
J	 mechanical equivalent of heat. 778 ft-.lb/Btu 
K	 compressor slip factor 
M	 flight Mach number 
P	 total pressure, lb/sq in. absolute 
P	 static and partial pressure, lb/sq in. absolute 
Pm	 sum of partial pressures of air and water vapor, 

lb/sq in. 
II	 gas constant, ft-lb/(lb) (°R) 
S	 entropy, Btu/(lb) (°R) 
Scorr corrected entropy for saturated mixture of air and 

water vapor plus liquid water not at 519 0 R, 
Btu/(lb air) (°R) 

entropy of liquid water as given in reference 5, 
Btu/ (lb) (°R) 

St	 entropy of water vapor as given in reference 5, 
Btu/(lb) (°R) 

T	 total temperature, OR 
T	 total-temperature rise, F° 

t	 static temperature, OR 
At	 static-temperature rise, F° 
V	 flight velocity, ft/sec 
V,	 jet velocity, ft/sec 
Vr	 compressor-rotor-tip velocity, ft/sec 
V	 specific volume, cu ft/lb 

110

Vg	 specific volume of water vapor as given in reference 5 
cu ft/lb 

X	 ratio of weight of water vapor to weight of air in 
mixture, lb water/lb air 

AX	 total amount of injected liquid water, lb water/lb air 
W	 weight flow, lb/sec 
y	 ratio of specific heats 

ratio of total pressure of mixture to standard sea-level 
static pressure 

adiabatic efficiency 
0

-	 519 
ambient relative humidity 

= J'c0 dt/t for air, as given in reference 4, Btu/(lb) (°R) 

Subscripts: 

a	 air 
C	 compressor 
d	 diffuser 
e	 exhaust gas—water vapor mixture 
f	 liquid water 
g	 water vapor 
i	 ideal (isen tropic) 
M	 air—water vapor mixture 
n	 exhaust nozzle 
s	 saturation 
t	 turbine 
0	 ambient air 
1	 compressor inlet 
2 end of portion of compression during which air re-

mains saturated and after which no water is evapo-
rated 

3	 compressor outlet 
4	 turbine inlet 
5	 turbine outlet 
6	 exhaust-nozzle outlet 
(-)	 between stations enclosed 
Primed symbols are approximate values.



APPENDIX B 

DERIVATION OF EQUATIONS FOR PSYCHROMETRIC CHART AND MOLLIER DIAGRAM 

PSYCHROMETRIC CHART 

The equations necessary for obtaining a psychometric 
chart having total pressure (sum of partial pressures of air 
and water vapor) as a variable may be derived in the following 
manner: 

From the general energy equation, the enthalpy of a mix-
ture of air, liquid water, and water vapor per pound of air is 

(B 1) 

When only the equilibrium between air and water vapor is 
considered, the term involving the enthalpy of liquid water 
H1,a disappears; in order to apply equation (BI) to a partic-
ular process, however, some assumption must be made as to 
the temperature for which the enthalpy of liquid water is 
zero. For the present analysis, the enthalpy of liquid water 
was assumed to be zero at 519° R. The results are therefore 
accurate for water injected at this temperature, with only 
small errors resulting for water injected at a somewhat differ-
ent temperature. When it is assumed that the enthalpy of 
liquid water is zero, equation (B1) may be stated as 

	

Ha.o+XrjHg, o=Ha,i +XiHg , t	 (B2) 

The total enthalpy H for condition 0 or 1 is defined as 

H=Ha+XHg	 (B3) 

The water-air ratio X is evaluated as follows:

(B4) 
V  Rgtg Pa 

If the temperature of the air and vaporized water are equal 
and Dalton's law of partial pressure is valid, equation (B4) 
becomes

(B5) 
' Rgpmpg 

From the definition of relative humidity , relative pressure 
a, and gas constant R,

(B6) 

Pm	 (B7) 14.696 
and

(B8) 
tg 

Substituting equations (B6) to (138) in equation (B5) gives 

¶ Pg,s 
Ra6 14.696	 (139) 

( PV\ -- ( i	 Pg.a 
i	

\ 

-;--)	 14.696) 

When the water-air ratio X is replaced in equation (113) by 
the value expressed in equation (139), the expression for total 
enthalpy H becomes

Pg.s 

	

R.	 14.696 
HHa+Hg	

(1

( 

 p-
 

The	

OV9--)	 a14.696) 

The data presented in figure 1 were obtained by means of 
equations (113), (119), (BlO), and the thermodynamic data for 
air and water vapor contained in references 4 and 5, respec-
tively. For convenience, the enthalpy of the saturated mix-
ture of air and water vapor at a temperature of 519° R and 
a pressure of 14.696 pounds per square inch was arbitrarily 
fixed at 100 Btu per pound of air. In using equation (BlO), 
the enthálpies of air and water vapor obtained from 
references 4 and 5, respectively, must be corrected in order 
to satisfy the conditions of zero enthalpy of liquid water at 
.519° R and the condition of an enthalpy of 100 Btu per 
pound of air for a saturated mixture of air and water vapor 
at a temperature of 519° R and a pressure of 14.696 pounds 
per square inch. The value of enthalpy of water vapor 
obtained from reference 5 must be decreased by 27.06 Btu 
per pound in order to satisfy the first condition, and the 
enthalpy of air obtained from reference 4 must be increased 
by 60.24 Btu per pound in order to satisfy the second condi -
tion. For very accurate work, the injection of water at a 
temperature other than 519° R can be corrected for simply 
by adding the enthalpy of liquid water to find the starting 
point of the process and, when liquid water remains, sub-
tracting the enthalpy of this liquid water at the end of the 
process. These corrections are the same as the enthalpy 
corrections to the Mollier diagram discussed in appendix C. 

The enthalpy and the specific volume of water vapor are 
functions of the vapor pressure of water as well as of the 
temperature. In the range of temperatures and pressures 
encountered at the compressor inlet of a turbojet engine, 
however, the enthalpy of water vapor and the product of 
vapor pressure and specific volume can be considered as 
functions only of temperature for all practical purposes. 
For any value of temperature, the enthalpy and the specific 
volume were evaluated for the maximum pressure that would 
exist for that temperature at the compressor inlet of a 
turbojet engine. This maximum pressure is the pressure 
that would be obtained by ideal ram compression from 
standard sea-level temperature and pressure to the desired 
temperature.

MOLLIER DIAGRAM 

The general energy equation for a compression of 1 pound 
of air saturated with water vapor when no liquid is present 
at the end of compression becomes, similar to equation (131), 

Ha,i +X1Hg ,i +(X2_Xj)H1 . i + LHcHa.2+X211g.2 (B11) 

For the ideal conditions, the entropy remains constant; 
therefore

Sa.l+ X1SR.i +(X2_'Xj)S1 . 1 Sa.2 +.X2Sg,2	 (B12) 

Ha,o±X&FIg,o+(X1'Xo) Hj,oHa.i +X1Hg,i

111
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If the enthalpy and the entropy of the excess liquid water 
are assigned values of zero at a particular temperature and 
the liquid water is introduced at this temperature, equations 
(Bil) and (B12) become 

	

-	 Ha.1+X1Hg,i+1HcHa,2+X2Hg2	 (B13) 
and

Sa.1±X18g,1Sa,2+X28g,2 	 (B14) 

In a saturated mixture of air and water vapor, the enthalpy 
per pound of air is

HHa+XHg	 (B15) 

and the entropy per pound of air is 

SSa+XSg	 (B16) 

If equations (B15) and (B16) are plotted for a range of 
temperatures and pressures, the conditions of the mixture 
resulting from a compression of 1 pound of air that is con-
tinually saturated with water vapor may be determined. 
Equations (B15) and (B16) are the basis for the Mollier 
diagram presented. The base temperature for enthalpy 
and entropy of liquid water was chosen as 519° R. Thus, 
if any liquid water present is assumed to be at 519° R, no 
correction need be made for the enthalpy and the entropy 
of the liquid when using the Mollier diagram. The values 
of enthalpy and entropy were so adjusted that at standard 
sea-level conditions of temperature of 519° R and pressure 
of 14.696 pounds per square inch the enthalpy of the satu-
rated mixture of air and water vapor is 100 Btu per pound 
of air and the entropy is 0.10 Btu/(lb air) (°R). The 
modified versions of equations (B15) and (B16), which were 
used in plotting the Mollier diagram, are 

Hha+60.24+X(hg_27.06)	 (1B17) 

	

and	 - 
Ra	 (pmpg) og6 18.189 +X(Sg 0.0536)	 (B18) 

Values for ha and 4a were obtained from reference 4 and

are for a base temperature of 4000 R; values for hg and Sg 
were obtained from reference 5 and are for a base tempera-
ture of 32° F (492° R). 

The weight ratio of water vapor to air in a saturated 
mixture may be determined by the relation

(B19) 
Vg 

When the equation of state and Dalton's law of partial 
pressures are used, equation (B19) may be written 

X=	 Rata 
(pm_pg) (144V)	

(B20) 

Equation (B20) was used for determining values of X for 
equations (B17) and (1118). 

If liquid water is injected at any temperature other than 
519° R, the enthalpy and the entropy of the water will not 
be zero and an error will be introduced when using the 
Mollier diagram. This error can be corrected by adjusting 
the initial enthalpy and entropy, as read from the diagram, 
to include the enthalpy and the entropy of the injected 
liquid water. The corrected enthalpy and entropy for 
the initial condition will be 

H0=H+(h1-27. 06)X	 (B21) 
and

S, ... =S+(s1- 0.0536 ) X	 (B22) 

A similar correction, made by subtracting the enthalpy 
and the entropy of the liquid, can be performed at the end 
of the process if any liquid water remains. Values of H1, 
which is h1-27. 06, and S,, which is s,-0.0536, are plotted 
in an insert on the Mollier diagram for various temperatures. 

If liquid water is injected at a temperature different from 
the initial temperature of the saturated air, a slight increase 
in entropy occurs because of the mixing of the constituents 
as a new temperature equilibrium is reached. This increase 
in entropy may be neglected, however, without introducing 
appreciable error when using the Mollier diagram.



APPENDIX C 

SAMPLE CALCULATIONS 

The use of the Mollier diagram in calculating saturated 
compression processes is illustrated by the following sample 
calculations:

SAMPLE CALCULATION I 

In calculating a compression process for an actual engine, 
the work input to the compressor is usually obtained on the 
basis of 1 pound of working fluid passing through the com-
pressor. In order to use the Mollier diagram for a saturated 
compression process, the work input must be found on a 
basis of 1 pound of air (the unit on which the Mollier dia-
gram is based). Corrections must also be made for the 
enthalpy and the entropy of the liquid water when the water 
injected is not at a temperature of 519° 11 if it is desired to 
maintain a high degree of accuracy in using the Mollier dia-
gram. In order to illustrate these refinements, the following 
example is presented for an engine with a single-stage centrif -
ugal compressor. The following conditions are assumed: 
Ambient static temperature, to, °R-------------------------519 
Ambient static pressure, po, lb/sq in ------------------------ 	 14.7 
Flight Mach number, M---------------------------------- 0.85 
Flight velocity, V, ft/sec----------------------------------949 
Diffuser adiabatic efficiency, 7id ---------------------------- 0.85 

Ambient relative humidity, p ------------------------------ 0.50 
Compressor-rotor-tip velocity, VT, ft/sec--------------------1500 
Compressor slip factor, K--------------------------------- 0.95 
Compressor adiabatic efficiency, 71 -------------------------- 0.80 
Enough liquid water is injected at the compressor inlet, at a 
temperature of 540 0 R to saturate the air at this point and 
to keep the air saturated during the entire compression proc-
ess. Find F2, 2'2, X2, and the amount of water evaporated. 

The water-air ratio for saturated conditions at an ambient 
temperature of 519 0 R and a pressure of 14.7 pounds per 
square inch is, from the Mollier diagram, 

X=0.0106 

For a relative humidity of 0.50, the value of X for the 
ambient air is

= 0.0053 

The static-temperature rise in the inlet diffuser due to ram 
compression is (value of Cp.m obtained from fig. 3(a)) 

V2	 (949)2 
t=2gJCpm=(2)(32.2)(778)(0.2416)=744 F° (O_1) 

The compressor-inlet pressure is (i'm obtained from fig. 3(a)) - 

7,,, 

P -	 "[t	

,i 
 +1 
t]

1.398 

[(0.85)(74 4) 
519 

=22.0 lb/sq in. 

When liquid water is injected at the compressor inlet, the 
temperature decreases but the pressure remains constant, as 
does the enthalpy if the enthalpy of the injected water is 
neglected. From the Mollier diagram at an enthalpy of 
112.3 Btu per pound of air and a pressure of 22.0 pounds per 
square inch, the entropy at the compressor inlet, not con-
sidering the entropy of the liquid water, is 

S1 1 =0.0949 Btu/(lb air) (°R) 

This point on the Mollier diagram could also have been 
determined from P1 and T1 where the value of Ti is obtained 
from figure 1. 

In order to obtain the enthalpy of the mixture in Btu 
per pound of air at the compressor inlet, correction must be 
made for the enthalpy of the liquid water that is injected 
at 540° R, which requires that the amount of water injected 
for saturation at the compressor outlet be known. Because 
X2 is unknown, an approximate value X2' must be assumed. 
The following approximation for sea-level pressure was 
obtained by inspection of calculations for a wide range of 
ambient-air temperatures, flight Mach numbers, and com- 
pressor pressure ratios and may be used to determine X2' in 
order to eliminate or to simplify successive approximation 
methods:

X21X0+0.00065 Hm.(0_2)02 

The enthalpy rise in the compressor is 

Ky2 .Hm.(I...2)	 gjT 

(0.95)(15 00)2 
- (32.2)(778) 

= 85.3 Btu/lb mixture 
and

T1=519+74.4=593.40 R
	 and the enthalpy rise in the inlet diffuser is 

When equation (B17) is evaluated for 593.4 0 R, the en-
thalpy at the compressor inlet without taking into account 
the enthalpy of the liquid water that is injected at this point is 

H,'= h.+ 60.24+X(hg27.06) 

=46.31+60.24+0.0053(1119.1-27.06) 

= 112.3 Btu/lb air

H (0_ 1) = Cp,dit(o_ j) (1 +X0)=(0.24 1 6)(74.4)(1 .0053) 

= 18.1 Btu/lb air 

Therefore 

X21=0.0053+0.00065(18.1+85.3)( 1)2= 0.0725 

and
(0-2) = 0.0725-0.0053=0.0672
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These values will be used for X2 and X(o-2) for the rest of 
the calculations. 

From the insert on the 3\'Iollier diagram, the enthalpy and 
the entropy of the liquid water at 540° R are 

H,=21.0 Btu/lb water 
and

S,=0.04 Btu/ (lb water) (OR) 

The enthalpy and the entropy due to the liquid water are 
then

H, 1 = LX ( o l)H,= (0.0672) (21.0) = 1 .4 Btu/lb air 
and 

S, 1 = zX(O _ l)Sf= (0.0672) (0.04) = 0.0027 Btu/(lb air) (°R) 

The values for enthalpy and entropy at the compressor 
inlet corrected for the liquid water at a temperature of 
540° R are 

HiO7,=Hj'+H, i = 11 2 .3+ 1.4 =1 13 . 7 Btu/lb air 
and 

S1 corr=Si'+Si i=0.0949+0.00270.0976 Btu/(lb air)(°R) 

When the enthalpy rise per pound of mixture in the com-
pressor is known, it must be converted to enthalpy rise per 
pound of air in order to use the Mollier diagram. This 
conversion also requires a value for the water-air ratio at 
the compressor outlet. The ideal enthalpy rise per pound of 
air in the compressor is 

1Hj,(l _2) iHm. (l_l ) ( 1 +X2)n	 (85.3)(1 .0725) (0.80) 

=73.2 Btu/lb air 

and the final enthalpy for an isentropic compression is 

H2 6=Hl. C oTT +1Hi.(1_2) = 113.7+73.2=186.9 Btu/lb air 

The compressor-outlet pressure P2 read from the Mollier 
diagram at an enthalpy of 186.9 Btu per pound of air and an 
entropy of 0.0976 Btu/(lb air) (°R) is 

P2 = 118.7 lb/sq in. 

The actual enthalpy per pound of air at the compressor 
outlet is 
H2 =H1+ LHm.(l_2) (1+X2)=113.7+ 

(85.3X1.0725)=205.2 Btu/lb air 
When the Mollier diagram is read at an enthalpy of 205.2 

Btu per pound of air and a pressure of 118.7 pounds per 
square inch, the temperature is 

T2=663.20 R 
and

This value of X2 is very close to the approximate value 
that was used for X2 and therefore no further correction is 
necessary. If this value of X2 differed greatly from the 
assumed approximate value, it would be advisable to repeat 
the calculations using the value of 2(3 just obtained. 

The amount of water injected at the compressor inlet is 

X(1_2) = 0.0730-0.0053 = 0.0677 lb water/lb air 

In order to show the effect of corrections for liquid-water 
temperatures other than 519° R, the following table presents 
values of P2 , T2 , and X2 that were obtained for liquid-water-
injection temperatures of 519° R (no correction), 540° R 
(the sample calculation just completed), and for 620° R; 
all other conditions remained the same as in the sample 
calculation: 

Temperature 
of injected Pressure 

P, 
( less

	 in.)
Tempera- Water-air 

water (°R) ture T, (°R) ratio X2 

519 119.2 662.7 0.0718 540 118.7 663.2 .0730 620 118.0 666.0 .0782 

This table shows that, for most limits of accuracy for 
turbojet-cycle calculations, the enthalpy and the entropy of 
the liquid water may be neglected in the probable range of 
injected-water temperature. 	 - 

SAMPLE CALCULATION II 

The following example illustrates the calculation of 
compressor-outlet conditions when an amount of water less 
than the amount required for outlet saturation is injected at 
the compressor inlet. 

The following conditions are assumed: 
Ambient static temperature, t, °R------------------------- 519 
Ambient static pressure, p, lb/sq in. ----------------------- 14.7 
Flight velocity, V, ft/sec---------------------------------- 0 
Ambient relative humidity, s ------------------------------ 0.50 
Compressor adiabatic efficiency, i, ------------------------- 0.80 
Compressor enthalpy rise, AH,, Btu/lb mixture -------------- 85.3 
Air weight flow, W, lb/sec-------------------------------- 80.5 
Water-injection rate at 519° R, lb/see ----------------------- 4. 0

From Sample Calculation I, 

X,=0.0053 

and by evaluating equation (B17) for 519° R, 
Ho°°ha+ 60.24 Xo(hg27.06) 

=28.53+60.24+0.0053(1087.6-27.0€ 
=94.4 Btu/lb air 

From the Mollier diagram at an enthalpy of 94.4 Btu per 
pound of air and a pressure of 14.7 pounds per square inch, 
the entropy is 

X2 0.0730	 I	 S=0.0890 Btu/(Ib air) (°R) 
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The change in water-air ratio AX due to the addition of 
the liquid water is

(0-2) = 80.5 = 0.0497 

and
X2=XO+X(o_2) =0.0053+0.0497=0.0550 

If the approximation from Sample Calculation II is used, 

	

0.0497	 - 
(0-2)	 (0.00065)	 (0.00065) =76. Btu/lb mixture 

Using this approximate value of AIIm, (0-2) yields 

i.H(O_l)=Hm. (0_2)(1 +X2)=(76.5)(1 .0550)=80.7 Btu/lb air 

Then

H2'=Ho+tH (o_ 2) '=94.4±80.7 = 175.1 Btu/lb air 

and 

_H2 '=Ho+isH 10 _ 21 'n=94.4 +(80.7)(0.80)= 159.OBtu/lb air

From the Mollier diagram at an enthalpy of 159.0 Btu 
per pound and an entropy of 0.0890 Btu per pound per °R, 

P2'=73.5 lb/sq in. 

From the Mollier diagram at a pressure of 73.5 pounds per 
square inch and an enthalpy of 175.1 Btu per pound air, 

X2'=0.0542 

This value of X2' is lower than the desired value. If the 
value of Hm(02)' is increased to 77.7 Btu per pound of air 
and the calculation repeated, the values obtained are 

P2 = 75.0 lb/sq in. 

-Y, = 0.0550 
and

T2=630.50 R

The rest of the compression process may be calculated as 
an adiabatic compression of the mixture of air and water 
vapor using the thermodynamic properties given in figure 
3(a). From figure 3(a) at X=0.0550, 

Cp , m0.2513 Btu/(lb)(°R) 
and

Yrn 1.3916 
Then

LHm(2_S)(85.377.7)302 F° - 
C P I m	 0.2513 

and
1.3916 

P3[( q2	 ic+1 
T(23))	

30.2 \ 0+ 1]b0=1.143 j 

The conditions at the compressor outlet are 

P3=(!

^3 P2 =(1.143)(75.0)=85.7 lb/sq in. 
P) 

T3 = T2+T(23) = 630 . 5+30 .2= 66 0.7 ° R 
and

X3 = X2 = 0.0550 

For a comparison of the effect of the amount of water 
evaporated on pressure and temperature at the compressor 
outlet, the results of Sample Calculation I (air saturated up 
to the compressor outlet for a water-injection temperature of 
519° R), and of the cases of air saturated during one-half of 
the work input to the compressor, of air saturated up to the 
compressor inlet, and of no injection are shown in the follow-
ing table:

(M=0.85; iH=85.3 Btu/lb mixture; n,=0.80) 

Amount of Outlet Outlet 
Condition

water 
evaporated pressure 

P1
temper- 
attire T3 (lb water/lb (lb/sq in.) (°R) air) 

0 86.5 947 
Air saturated up to compressor inlet ------------ .0113 95.4 895 
No injection-------------------------------------
Air saturated through one-half of work input. -

-
.0384 108.0 778 

Air saturated up to compressor outlet ---- - ------ - .0668 119.2 663



APPENDIX D 

EQUATIONS USED IN AUGMENTATION CALCULATIONS 

The method of calculating compressor-outlet conditions 
when water is evaporated during compression is given in the 
section DISCUSSION OF CHARTS and illustrated in 
appendix C. The other equations used for the step-by-step 
calculations of engine performance are: 
Inlet diffuser,

Pi (V2 
-= 2Jgpt0+1) 

Compressor (with no evaporation during compression), 

P3	 ( nCKVT2 
TlgJcp+1) 

Turbine,
Ye 

.Hm,e(1+X3)	 1 
P4 L	 ,itT4(1+X3+f/a)cJ 

Thrust (for sonic jet velocity); 

F 
A

ViWt An V +TVa(l) 
gA	 A 

where
Vj= [g'yRt5 

t6=T5(_
2
 ) \Ye+l

y, +1 

W /	 P4 	 \	 2 \2(iel) 

A/T4Re/g e) (1 +e) 

An 	 W1 Ret6 

p6 1 1 _ (_YY ê +_ 11 )_?71.T1_1 P5 
and

WaWt(	 1 
A6A ki+X3+f/a 

Thrust (for subsonic jet velocity), 

FW VW 
V1 	 (1 +Xo 

where
71 

Vj V2,7.gRe, 
e 1 T5 [-(R)i 

and W/A and WaIA are the same as for the case of sonic 
jet velocity. Values for Cp,m and T. were obtained from 
figure 3(a) and values of Cp.e, Re, and y from figure 3(b). 
Values for f/a were obtained from reference 8. 
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HORIZONTAL TAIL LOADS IN MANEUVERING FLIGHT' 

By HENRY A. PEARSON, WILLIAM A. McGowAN, and JAMES J. DONEGAN 

SUMMARY 

A method is given for determining the horizontal tail loads in 
maneuvering flight. The method is based upon the assignment 
of a load-factor variation with time and the determination of a 
minimum time to reach peak load factor. The tail load is 
separated into various components. Examination of these com-
ponents indicated that one of the components was so small that 
it could be neglected for most conventional airplanes; therefore, 
the number of aerodynamic parameters needed in this computa-
tion of tail loads was reduced to a minimum. 

In order to illustrate the method, as well as to show the effect 
of the main variables, a number of examples are given. 

Some discussion is given regarding the determination of maxi-
mum tail loads, maximum pitching accelerations, and maximum 
pitching velocities obtainable. 

INTRODUCTION 

The subject of maneuvering tail loads has received con-
siderable attention both experimentally and theoretically. 
Theoretically, methods and solutions have been derived for 
determining the horizontal tail load following either a pre-
scribed elevator motion (references 1 to 3) or an assigned 
load-factor variation (reference 4). 

The first approach has been adopted into some of the load 
requirements where the type of elevator movement specified 
consists of linear segments whose magnitudes and rates of 
movement are governed by the assignment of a maximum 
initial elevator movement consistent with the pilot's strength. 
The rates of movement and the time the elevator is held 
before reversing are so adjusted that the design load factor 
will not he exceeded. 

The results of reference 5 show, as is to be expected, that 
only when the aerodynamic force coefficients are accurately 
known from wind-tunnel tests can good agreement be ob-
tained between measured and calculated tail loads. At the 
design stage, however, only general aerodynamic and geo-
metric quantities are available and some of the more im-
portant stability parameters are not known accurately. 
Thus, the work involved in the solution for the tail load 
following a given elevator motion is not considered to be in 
keeping with the accuracy of the results obtained. Con-
sequently, there appears to be a need for an abbreviated 

I Supersedes NACA TN 2078. "Horizontal Tail Loads in Maneuvering Flight" by Henry A

design method of computing tail loads which, although 
incorporating approximations, will nevertheless be based on 
the theoretical considerations of the problem. 

If the load-factor variation with time is specified and the 
corresponding tail load, elevator angles, and load distribu-
tions are subsequently determined, a simpler and equally 
rational approach to the tail-load problem can be made. 
Although this approach has been used to a limited degree 
(reference 4), several shortcomings have limited its use. 

The purpose of this report is to develop further the load-
factor or inverse approach and to present a method of com-
puting horizontal tail loads which is comprehensive and 
generally simple. To this end, (1) the shape of the load-
factor curve and the minimum time required to reach the 
peak load factor have been determined from an analysis of 
pull-up maneuvers that were available, (2) the minimum 
time required to reach the peak load factor has been deter-
mined from a theoretical analysis which is supported in some 
measure by statistical data obtained from a number of 
flight tests with airplanes of widely varying sizes, and (3) 
the equations relating the various quantities are presented. 

SYMBOLS 

b	 wing span, feet; shape factor in equation (13) 
b,	 tail span, feet 
c	 chord, feet 

mean aerodynamic wing chord, feet 
CL	 lift coefficient (L/qS) 
Cm	 pitching-moment coefficient of airplane with-



out horizontal tail (Mb/qS2) 
Cm,	 pitching-moment. coefficient of isolated 

horizontal-tail surface 
g acceleration due to gravity, feet per second 

per second 
I pitching moment of inertia, slugfeeta 
ky radius of gyration about pikhing axis, feet 
K empirical constant denoting ratio of damping 

moment of complete airplane to damping 
moment of tail alone 

L Lift, pounds 
1 local lift at any spanwise station 
in airplane mass, slugs (Wig) 
M pitching moment, foot-pounds 
n airplane load factor at any instant 

Pearson. William A. McGowan, and James J. Donegan, 1950.
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J'\T maximum increment in load factor 
q dynamic pressure, pounds per square foot 

GI P v) 

S wing area, square feet 
St horizontal-tail area, square feet 
t time, seconds 

time to reach peak of elevator deflection, 
seconds 

V airplane true velocity, feet per second 
W airplane weight, pounds 
X, length from center of gravity of airplane to 

aerodynamic center of tail (positive for con-
ventional airplanes), feet 

y spanwise dimension, feet 

y * nondimensional spanwise dimension () 

a, b, c constants occurring in equations (13), (23), A A, B, C, D, (26), and (30) 
K,, K2, K3 constants occurring in basic differential equa-

tion (see equation (3)) 
X time to reach peak load factor, seconds 
P mass density of air, slugs per cubic foot 

tail efficiency factor (q,/q) 
a wing angle of attack, radians 
& average angle of attack of horizontal stabi-

lizer, radians 
a, tail angle of attack, radians 

angle of sideslip, degrees 
flight-path angle, radians 

0 attitude angle, radians (a+y) 
elevator angle, radians

(da/
d \C.	 downwash angle, radians - a) 

i l 	 tail setting, radians 
The notations r and 0, and 0, and so forth, denote 

single and double differentiations with respect to t. 
The symbol A represents an increment from the steady-

flight datum value. 
Subscripts: 
0	 initial or selected value 
t	 tail 
max	 maximum value 
1.	 zero lift 
geo	 geometric 
C	 camber

METHODS 

METHOD OF DETERMINING THE DYNAMIC TAIL LOAD 

Basic equations of motion.—The simple differential equa-
tions for the longitudinal motion of an airplane for any

elevator deflection (see method given in reference 2) may 
be written as 

myV—-a	 ) 17,9S ,qS_(tgS i 6=0	 (1) 

W.	 S2_	 dCm,	 52 
Ace - E q —zL, x 

da	 b	 'i,q -j -1--Ô —mky2o=0 (2) 

Equations (1) and (2) represent summations of forces 
perpendicular to the relative wind and of moments about the 
center of gravity. (See fig. 1 for direction of positive quanti-
ties.) Implicit in these equations are the following assump-
tions:

(1) In the interval between the start of the maneuver and 
the attainment of maximum loads, the flight-path angle does 
not change materially; therefore, the change in load factor 
due to flight-path change is small. 

(2) At the Mach number for which computations are 
made, the aerodynamic derivatives are linear with angle of 
attack and elevator angle. 

(3) The variation of speed during the maneuver may be 
neglected. 

(4) Unsteady lift effects may be neglected. 
By use of the relations 0 = 'y + a, 0 = + &, and 0=+ä, 

equations (1) and (2) are reducible to the equivalent second-
order differential equation 

&+K1 &+K2 La =r K3 AS (3) 
where 

K, 2e—V
I

dOL t S,x,2 (++ 	 sl 2 m - i;-	 T"' ,' d a 

pV2 cdCm S 2 dCL, S, X , 	 d€ 

	

7L'	 + 
dOL K p Sx, 
da2m 

and 

K3=-( 
dCL, S,x, 

2m 

dCm,	 5,2	 dCL ,dCL ,K,,' p x,2S,2\
fl' Fk--, 2 dat da C,7 , 2 mky2) 

In equations (1) and (2), Aa, , , ô, and AL, will, in a 
given maneuver, vary with time. Using the relations between 
0, , a, and their derivatives permits equation (2) to be re-
written as follows to give the increment in tail load: 

	

S2 mky 2& mk 1 2 dOm,	 52 

	

__L1	 (4) 
da	 x, - x,	 b,x, 



and
iwIs 

d. 

a 

The following relation also exists between An and 'j':

(7) 
so that

hg	 •	 (8) 

C. g. 

I
--Relative wind 
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When equations (6) and (8) are substituted into equations 
(4) and (5), the four tail-load components then become 

zL	
d m WS

An (9a) 'adG bx 

--	 W2k2 
dCL (9b) 

g S q x ' da 

Wk2 A (Oc) 
Vx, 

dG,	 S2 
b xt

(9d)

Thus, if the variation of the load factor with time in and 
the geometric and aerodynamic characteristics of the airplane 
were known, the first three components of the tail load could 
be found immediately. The magnitude of the fourth com-
ponent, that due to horizontal-tail camber, would follow 
from equation (3) in which the elevator angle is seen to be 

& K1. (10) 

Substitution into equation (10) of the values of za, a, and 
& from equation (6) yields the value of the elevator angle at 
any .instant

o=	 (+Kiñ+K2Ln)	 (11) 
L K3 dC q-a--  

so that, finally, the fourth component is given as 

W/S 

- E: K3	
(12) 

The procedure outlined shows that the tail-load magnitude 
can be determined if the load-factor variation is known. 

Types of load-factor variation.—The relation between the 
tail load, the geometric and aerodynamic characteristics, 

%-

--Chord line 

Ton gent to f1i91-7t -
p0th----- -

---F/iqhf path 

l,f 

Z

FIOURE 1.—Sign conventions employed. Positive directions shown. 

In a still shorter form, equation (4) may be written as

(5) 

Equations (4) and (5) show that the tail-load increment (the 
increment above the steady-flight datum value) at any time 
is composed of four parts: AL,., associated with the angle-of-
attack change;	 associated with angular acceleration 
about the flight path; 	 associated with angular accelera-
tion of the flight path; and required to compensate for 
the moment introduced by change in camber of the horizontal-
tail surface. The load AL,, is generally small but in some 
extreme configurations may amount to 10 percent of the 
total increment and thus, for the present, it is retained in 
the development. 

If the load-factor-increment variation with time An is 
known, then by the usual definition 

dCL	 q 
da	 W/S	

(6)
 

so that
An WIS 

7W q 

•	 117/S
dP
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and the load factor having been established, it is desirable to 
establish a load-factor variation which is reasonable as well 
as critical insofar as loads are concerned. The maximum 
value of load factor is usually specified; however, there are 
many possible variations for the shape. Regardless of the 
details of shape, the load factor may be considered to rise 
smoothly and continuously to a maximum, the rate of rise 
depending upon several variables. Beyond the maximum 
value of the load factor the return to initial conditions can, 
at the will of the pilot, be either gradual or rapid. 

Experiments as well a theoretical studies have already 
indicated that the maneuver that combines maximum 
angular and linear accelerations causes critical loads in both 
the wing and tail. One such maneuver occurs when the 
maximum load factor is reached as rapidly as possible by 
using an initial elevator movement which is greater than 
that required to reach a given steady-trim value of the load 
factor. This 'initial elevator movement is followed by a 
rapid checking of the maneuver either by returning the 
elevator quickly to neutral or by reversing the controls. 

The shape of the load-factor curve for such a maneuver 
may be expressed approximately by several analytic func-
tions, one of which is

An =atbe_t	 (13) 

By way of illustration, figure 2 shows details of the shape of 
the load-factor curve obtained with the use of equation (13) 
for which the constants have been adjusted so that an 89 
peak is reached in 1 second. By further adjustment of the 
constants the load factor can, within certain limits, be made 
to rise to any specified peak and to diminish in any prescribed 
manner. 

Because the positive slopes obtained from equation (13) 
are always greater than the negative slopes, the positive 
angular accelerations are greater than the negative ones. In 
general, this condition is true for most high g critical ma-
neuvers performed by most classes of airplanes, but maneuvers 
may occasionally be performed for which the reverse may 
be true, particularly for small airplanes. 

"S 

'I 

-g

0	 .2	 .4	 .6	 .8	 1.0	 1.2	 1.4	 '1.6
Time, sec 

FIGURE 2.—Variation of load-factor increment. &=8(t)5I(t)

Determination of constants.—From equations (9), (1.1), 
and (12) the required quantities relating to load factor are 
seen to be An, ,, and i. Since the increment An is to be 
given by

An =atbet	 (13) 

then at maximum load factor 

,h=O= An 
b_ 
c) 

(t
(14) 

Thus t= at maximum load factor. Let N= flmaz. Then 

N=a(C
b

	

)—e-b	
(15) 

so that
An.( t )%b-, (16) 

Let L=. Then

	

An =
G

 b(1-)	 (17) 

Equation (17) is in nondimensional form where X is the time 
t6 reach the peak load factor and b is a constant. 

When equation (17) is differentiated, the first and second 
derivatives become

,hX An (18) 
and

_2=	

(19) NN 

In equations (17) to (19) the quantities N, X, and b are 
now required in order to determine the variation of An, it, 
and. ii. The value of N is immediately available from the 
required maneuver load factor; whereas the time to reach 
the peak load factor X can be obtained from examination of 
available records or by specification. The constant b, as 
may be seen from equation (17), can best be described as a 
"shape" factor and has no particular physical significance. 

The values of X and b should be associated with a maneuver 
which produces maximum tail loads; therefore, the time 
X to reach peak load factor should be the minimum possible 
consistent with possible pilot action and airplane response. 
The shape factor b should also be consistent with both of 
these. 

In connection with the determination of the minimum time 
to reach peak load factor, the results shown in figure 3 for 
a typical airplane are informative. Figure 3 (a) shows the 
load-factor variation following several abrupt jump elevator 
movements. The load factor varies with the elevator posi-
tion, but the time to reach peak load factor does not. Figure 
3 (b) shows the load-factor variation for several abrupt hat-
shape elevator impulses. Again the load factor is seen to
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(a) Jump.	 (b) Impulse. 

FIGURE 3.—Incremental-load factor variations following control movement. 

vary with the amount of elevator deflection but the time to 
reach the peak value remains constant. Although the time 
to reach the peak load factor shown in figure 3 (b) remains 
constant, it is seen to be less than that shown in the previous 
case; therefore, an impulse elevator motion produces a smaller 
value of X than the jump type. 

Because of inertia and elasticity in the control system, the 
pilot cannot move the elevator instantaneously but requires 
some finite time t1 to do so. A possible critical type of eleva-
tor impulse thus appears to be one which increases linearly 
to maximum and decreases at the same rate to zero. In order 
to determine the minimum time to reach peak load factor 
associated with such a variation, the equation of motion 
(equation (3)) has been solved for the triangular elevator 
impulse for airplanes of various static stabilities and damping. 

The results of the computations are given in figure 4 in 
which the minimum time X to reach peak load factor is 
plotted against the time ti required to deflect the elevator. 

For completeness the curves of figure 4 are labeled for the 
actual values of K2 employed in the computation as well 
as for relative values of stability. By a series of computa-
tions the damping term K1 was found, as was to be expected, 

213637-53-9

0 -	 .2	 .4	 •6	 i.0 
ti 

FIGURE 4.—Variation of X with Ii. 

to have only a secondary effect on X. The curves apply to 
an average value of the damping constant. The upper 
curve, labeled "low stability," should be associated with 
rearward center-of-gravity positions (that is, low static 
margin) in combination with one or both of the following: 
low dynamic pressure or heavy airplanes. The lower curve, 
labeled "high stability," would be associated with forward 
center-of-gravity positions in combination with one or both 
of the following: high dynamic pressure or light airplanes. 
It is seen that X increases almost linearly with ti and also 
increases when the restoring forces are reduced, that is, 
when the stability is reduced. 

A preliminary value of the shape factor b (required in 
equations (17) to (19)) was initially determined from flight 
records of typical impulse maneuvers by fitting curves of 
the type given by equation (13) through several points of 
the actual time histories and determining the constants. 
The results of this first step were then modified by the 
results of the same computations which had been made to 
determine X, and the variation of b with t1 given in figure 5 
was obtained. Since the b factor is not found to be critical, 
an average value of 5.0 is suggested, although as a refinement 
the values from figure 5 may be used. 
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FIGURE 5.—Variation of shape (actor 5 with 1,. 

The question of the value of t1 to use is one which must be 
solved either from experience or from a knowledge of the 
characteristics of the controls and the control system. For 
conventional airplanes having the usual amounts of boost 
and no rate restrictors, the following values of t 1 are sug-
gested as representative: 

Fighters or small civil airplanes with weight limit from about 500 
to 12,000 pounds, seconds-------------------------------0.20 

Two-engine airplanes with weight limit from 25,000 to 45,000 
pounds, seconds ---------------------------------------- 0.25 

Four-engine airplanes with weight limit from 50,000 to 80,000 
pounds, seconds ------------------------------------------ 0.30 

Airplanes with weight limit above 100,000 pounds, seconds ------ 0.40 

The minimum time X given in figure 4 was actually estab-
lished separately from the adopted load-factor variation; 
therefore, in applying the inverse method, the derived ele-
vator impulse would not be expected to agree in detail with 
the "tent" type impulse used in the derivation. 

The first three tail-load components can now be computed 
by inserting the values of An, i', and ñ from equations (17) 
to (19) into equation (9) and using appropriate values of X 
from figure 4. In order to facilitate this computation, 
curves of An /N, ñX/N, and X'/N plotted against t/X are 
given in figure 6 for the suggested value of b=5. Actually, 
in order to apply the results of figure 6 it is convenient to 
find first the components AL,, and so forth, in terms of the 
nondimensional time t/X and then to convert to time t in 
seconds. In order either to compute the fourth component 
or to obtain the elevator angles for use in chord loading, the 
constants K1 , K2 , and K3 of equation (3) must also be known. 

Thus, in terms of t/X and the ordinates of figure 6, the 
various tail-load components are 

	

AL,	 WSN (Ordinate of fig. 6(a))	 (20a) AL,. 
dCL bx,

	

= - W2k 2 N (Ordinate of fig. 6(c)) 	 (20b) 
dCL X2 

gSqx, T 
—Wk 2 N AL,.. =	 (Ordinate of fig. 6(b)) 	 (20c) Vx, X 

AL, -Wm, S, 2 W N rOrdinate of fig. 6(c)+ 
 btXtSKdGLL 

dcx 

K 1 (Ordinateof fig. 6(b)) 
+K2 (Ordinate of fig. 6(a))] 

-	 (20d) 

The constants K1 , K2 , and K3 defined previously herein are 
the same as those given in reference 2, except for changed 
signs caused by specifying x, as positive. 

The conversion to time t is made by multiplying values of 
the base scale t/X by X. 

Sample calculations for incremental tail loads.—The 
results of several examples are given to illustrate not only the 
method but also the effect of each of a number of variables 
on the incremental tail load of a fighter-type airplane, the 
geometric and aerodynamic characteristics of which are 
given in table I. In order to illustrate the effect of static 
stability, results have been computed for three center-of-
gravity positions with the assumption that an 8g recovery is 
made at 19,100 feet from a vertical dive at an airspeed of 400 
miles per hour. In order to illustrate the effect of the time 
of the elevator impulse on the tail load, computations were 
carried out at one of the center-of-gravity positions for 
several values of t1 . The eases considered and the airplane 
characteristics are given in table I. 

TABLE 1.—AIRPLANE CHARACTERISTICS 

(a) Geometric. 

Gross wing area, S, square feet------------------------ 300 
Gross horizontal-tail area, S,, square feet---------------- 60 
Airplane weight, W, pounds--------------------------- 12,000 
Wingspan, b, feet------------------------------------ 41 
Tail span, b,, feet------------------------------------ 16 
Radius of gyration, k, feet---------------------------- 6.4 
Distance from aerodynamic center of airplane less tail to 

aerodynamic center of tail, x,, feet: 
Center of gravity, 29 percent M. A. C ----------------- 20.0 
Center of gravity, 24 percent M. A. C.---------------- 20.3 
Center of gravity at aerodynamic center-------------- 21.0 

(b) Aerodynamic. 

Slope of airplane lift curve, dCL/da, radians -------------- 4.87 
Slope of tail lift curve, dCL/da, radians----------------- 3. 15 
Downwash factor, de/da------------------------------- 0.54 
Tail efficiency factor (q,/q), ,, -------------------------- 1.00 
Empirical airplane damping factor, K------------------- 1. 1 
Elevator effectiveness factor, dCL ,/dô, radians ------------ 1.89 
Rate of change of tail moment with camber due to elevator 

angle, dC/do, radian ----------------------------- —0.57 
Rate of change of moment coefficient with angle of attack 

for airplane less tail, dCm/dcr, radians: 
Center of gravity, 29 percent M. A. C ----------------- 0.625 
Center of gravity, 24 percent M. A. C.---------------- 0.403 
Center of gravity at aerodynamic center-------------- 0.000

.0 

.2 
0
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The specified conditions for the sample computations are 
given in table II. The computed results for tail components 
are given in figures 7 and 8. Figure 7 gives results for vary-
ing the center of gravity and figure 8 gives similar results for 
varying t1 . The tail-load components are computed from 
equations (20) and the derived elevator angles from equation 

5H a 0 -J
-C 

- 

a 
o

- 

-

(11). If the increment in tail load due to camber and the 
incremental elevator angle are not required, the values of K 
need not be computed and the computations are considerably 
shortened. Figures 7 and 8 show that a maximum error of 
only about 4 percent is introduced by this omission. 
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FIGURE 7.—Effect of center-of-gravity position on incremental-tail-load components. 



C. 9. 
Case (percent t, K1 K2 K1 X 

M.A.C.) (fig. 4) 

I a. c. 0.2 4.93 30.4 -33. 4 0.45 
2 24 .2 4.72 16.2 -32.2 .50 
3 29 .2 4. 61 8.45 -31.7 .56 
4 24 .4 4.72 16.2 -32.2 .77 
5 24 .6 4.72 16.2 -32.2 1.02 

METHOD OF DETERMINING THE TOTAL TAIL LOAD 

The initial or steady-flight tail load and elevator angles to 
which the computed incremental values are to be added
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TABLE II.-SPECIFIED CONDITIONS OF SAMPLE
PROBLEM 

Increment in load factor------------------------------ 8.0 
Altitude, feet----------------------------------------19,100 
Air density, slug per cubic foot ------------------------- 0. 001306

must also be determined. In steady flight, the horizontal 
tail furnishes the moment required to balance the moments 
from all other parts of the airplane so that the initial load 
may be written as 
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+-cosi'o	 (21) 

Xg	 (L'L'L UZi 

Thus the total tail load at any time in a maneuver is com-
posed of the four previously mentioned parts plus the 
components given in equation (21). Only the first term of 
equation (21) represents a new type of load because the 
second term is a load of the type given by equation (9a) or 
equation (20a) and its effect may be immediately included in 
the computations by multiplying the ordinates of figure 6 by 
N + cos 'Yo instead of by N. 
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FIGURE 8.-Effect of ti on incremental-tail-load components. Center of gravity, 0.247. 



126	 REPORT 1007—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

The initial elevator angle required to balance the airplane 
in steady flight varies with airplane 0L and center-of-
gravity position so that, in general, 6, must be obtained from 
wind-tunnel data. Without results of wind-tunnel tests, a 
rough rule which can be used as a guide at the design stage 
in determining the elevator position is that the final elevator 
setting will be so adjusted by repositioning of the stabilizer 
setting during acceptance tests that it will be near a zero 
position at the cruising speed and at the most prevalent 
center-of-gravity position. 

METHOD OF DETERMINING MAXIMUM VALUES 

Maximum tail loads and angular accelerations.—The 
method outlined enables a point-by-point evaluation to be 
made of the quantities that determine the tail load. Such 
detail may often be unnecessary and the procedure may be 
shortened by evaluating only those points near the load 
peaks or, alternatively, by accepting an approximation to 
the results. One such approximation which may be made 
is to balance the airplane at the combinations of load factor 
and angular acceleration which would result in maximum 
up and down tail loads. 

Figure 7 shows that the maximum down tail load in a 
pull-up occurs near the start of the maneuver and before 
appreciable load factor is reached. This maximum load is 
practically coincident with the negative maximum in the 
L,a tail-load component. Since, for a given configuration, 
this component increases as the center of gravity is moved 
forward and since the steady-flight down load increases with 
speed, the maximum down tail load in a pull-up occurs at 
the highest design speed in combination with the most 
forward center-of-gravity position. 

Figures 7 and 8 show that at the time of the maximum 
down-tail-load increment the elevator is near but has not 
quite reached its peak position. Also at the time of maxi-
mum up-tail-load increment the elevator is near its zero 
position, although it may be on either side of this position 
depending upon the stability and the time t 1 . These results 
suggest that the maximum down load for the elevator and 
the hinge brackets would occur with the airplane center of 
gravity well forward and at the start of the maneuver. 
The maximum load for the stabilizer is likely to occur at 
the peak load factor. 

Figure 7 also shows that the up tail load occurs near the 
peak of the component L, as well as near the positive maxi-
mum peak in the component L i .. Since the component 
Lia increases as the center of gravity is moved rearward 
and since a decrease in speed generally reduces the initial 
down load, the maximum up tail load occurs at the upper 
left-hand corner of the V-n diagram for the most rearward 
center-of-gravity position. 

The maximum tail load in a pull-up maneuver may be 
written as

Cm0qSc W., WS	 JO L, 	 +- -(n+cos )--	 (22) 
L bx XJ 

where the sum of the second and third terms is to be a 
maximum in the maneuver. From the previous discussion

the load-factor increment at maximum down load is nearly 
zero and at maximum up load it is nearly equal to N so 
that if the positive and negative values of max can be de-
termined, a relatively simple method for determining maxi-
mum loads is available. 

Since by definition ö=+, an expression for angular 
acceleration can be derived from equations (6) and (7) and 
written in the form

wIs.. 9. 
n+-Vn 

The maximum angular acceleration can be approximated 
by

o =BN gN 
L	 +C	 (23)dC  

For the maximum positive pitching acceleration, B is the 
maximum positive ordinate in figure 6 (c) and C is the ordi-
nate of figure 6 (b) at a value of t/X for which B was deter-
mined. Thus, B is 6.5 and Cis 0.95 for this example. 

For the maximum negative pitching acceleration, B is the 
maximum negative ordinate in figure 6(c) and C is the 
ordinate of figure 6(b) at a value of t/X for which B was 
determined. Thus, B is —5.8 and C is 0.80. For use in 
equation (23) the values of X for the maneuver are available 
from figure 4 and the other quantities are available from 
the conditions of the problem. The maximum loads can 
be given by the following equations: 
For maximum up tail load in the pull-up: 

	

L Cm oqSc do WS	 IN 15.8W/S 0.8g\ 
'maz+ = X I xt 

^?dla  
(24a.) 

For maximum down tail load in the pull-up: 

	

Cm0qSC W. WS	 IN/6.5W/S 0.95g\ 

	

max 	 +	 —	 COSy 

	

X	 bx1	dCL 	 dCL qX + V )


(24b) 

For push-downs to limit load factor, equations (24a) and 
(24b) still apply with changed signs for N and changed 
directions for L tmax+ and L tmax_• A question arises as to - 
whether the maximum down tail load at the start of a pull-up 
with forward center-of-gravity position is greater than that 
which would occur when pulling up from a negative load-
factor condition with the center of gravity in the most 
rearward position. This can be determined only by com-
puting both cases and seeing which is the larger. 

Maximum value of angular velocity.—The maximum 
value of the pitching angular velocity in the pull-up may 
also be found in a manner similar to that used to obtain the 
maximum angular acceleration. Since O =a+y and the 
relations involving these quantities in terms of load factor
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are given by equations (6) and (7), the following equation 
may be written:

(25) 
dCL	 V 

The maximum angular velocity may be approximated by 

• 
0=D- NW/S dC +EJ	 (26) 

where D is the maximum positive ordinate in figure 6 (b) 
and E is the ordinate of figure 6 (a) at a value of t/X for 
which D was determined. Thus D, for this example, is 1.95 
and F is 0.48. 

In the steady turn or pull-up at constant g, the angular 
N 

velocity is usually given by the expression 0= 1.0 - 
g -. 

The 

difference between the factor 1.0 of this expression and the 
factor 0.48 of equation (26) is more than made up by the 
angle-of-attack component of the angular velocity. 

APPROXIMATE METHOD OF DETERMINING LOAD DISTRIBUTION 

Symmetrical loading.—The spanwise distribution of the 
total load can be formulated with various degrees of exact-
ness. If information regarding details of the angle-of-attack 
distribution across the span were available, then an exact 
solution could be obtained for the loading with the use of 
existing lifting-surface methods. The following method may 
be used as a first approximation to the solution. 

From the total tail load, the total tail lift coefficient CL, 
can readily be found. The average effective angle of attack 

of the stabilizer portion is given in the definition 

C"

 
Jc, a - = 

C dy*+5 c,,(ôo+IM dy	 (27) 
a c 

where only is assumed as unknown and Cia and c, 6 may be 
taken as the rates of change of section lift coefficient with a 
and o, respectively. 

Thus, for constant elevator angle across the span, 

CL, — (ôo+ i f C, 6 dyM 
(28) 

dy* 

In a practical case both integrals in equation (28) need be 
evaluated only once for a given configuration and Mach 
number. A plot of ii against GL, with 8 as a parameter 
would be useful in further computations. With known as 
a function of CL, and 8, the- local lift at any spanwise station 
is then obtained from the expression 

1=c 11 qc={c i a+cz (o+i8)] qc	 (29)

Unsymmetrical loading.—Up to this point the total loads 
have been assumed to be symmetrical about the airplane 
center line, whereas, in reality, the load may have an un-
symmetrical part. The sources of this dissymmetry may 
be due to uneven rigging, differences in elasticity between 
the two sides, or to effects of slipstream, rolling, and sideslip. 
The first two sources are usually inadvertent ones while the 
last two are difficult to determine without either wind-tunnel 
tests or a knowledge of how the airplane will be operated. 
Present design rules regarding dissymmetry of tail load are 
concerned more with providing adequate design conditions 
for the rear of the fuselage than with recognizing that at the 
maximum critical tail load some dissymmetry may exist. 

Tests in the Langley full-scale tunnel (reference 6) and 
flight tests (reference 7) of a fighter-type airplane, as well 
as unpublished flight tests of another fighter-type airplane, 
indicate that the tail-load dissymmetry varies linearly with 
angle of sideslip so that the difference in lift coefficient 
between the two sides of the tail can be given as 

CL	 —CL = A	 (30) 
Right	 'Left 

The average values of A per degree found for the two fighter- 
type airplanes are approximately 0.01. No similar values 
are available for larger airplanes nor for tail surfaces having 
appreciable dihedral. 

In maneuvers of the type considered herein it is doubtful 
that angles of sideslip larger than 30 would be developed at 
the time the maximum . tail load is reached. If the value 
of the sideslip angle at the time of maximum tail load can 
be established, equations (27) to (29) are easily modified to 
include this effect, provided that the approximate value of 
A is known. 

Chordwise loading.—The chordwise distribution can be 
determined for any one spanwise station in either of two ways. 
One way for design work is outlined in reference 8. A 
knowledge of the airfoil section and the quantities contained 
in equation (29) suffices for this determination. 

If pressure-distribution data are available for a similar 
section with flaps, an alternative way would be to distribute 
the load chordwise according to the two-dimensional pressure 
diagrams with the use of the computed values of section lift 
coefficient and elevator angle. 

DISCUSSION 

-

The method presented is another approach to the deter-
mination of tail loads. From the results given in figures 7 
and 8, it can be seen that the camber component L, is so 
small that for all practical cases it may be omitted with 
considerable simplification in the computation of tail loads. 
This omission reduces to a minimum the number of aero-
dynamic parameters needed to compute the tail loads.
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It is possible, in the application of the present method with 
the use of the suggested values of t i , that the derived elevator 
angles may not be within the pilot's capabilities. Since it 
must be assumed that all airplanes, to be satisfactory, 
should have sufficient control to reach their design load 
boundaries, such an occurrence requires only that the time 
to reach elevator peak deflection t 1 be increased so as 
to reduce the elevator angle. The results of figure 8, in 
which the time t1 is varied, furnish a useful guide for deter-
mining the increase t1 that might be required. 

If sufficient information is available, it is recommended 
that existing lifting-surface methods be used in determining 
the spanwise distribution of the total load; however, if 
information of the angle-of-attack distribution across the 
span is not known, the method presented may be used as 
a first approximation. 

Along some of the boundaries of the V-n diagram tail 
buffeting may occur. Measurements show that buffeting 
usually occurs along the line of maximum lift coefficient and 
again along a high-speed buffet line which is associated with 
a compressibility or force break on some major part of the 
airplane. All airplanes are subject to buffeting at the 
design conditions associated with the left-hand corner of the 
V-n diagram. Only high-speed or high-altitude airplanes 
or both are capable of reaching the other boundary. Meas-
urements show that the oscillatory buffeting loads may be 
so high that the designer should at least be cognizant of 
them at the design stage. 

The maximum angular acceleration varies inversely with 
airspeed and directly with the load factor with the contri-
bution due to acceleration in angle of attack likely to be 
more important than the angular acceleration of the flight 
path. A somewhat similar variation is indicated for the 
maximum angular velocity (equation (26)) where it is seen 
by direct substitution that the part due to angle of attack 
is likely to be larger than the part due to the angular velocity 
of the flight path.

CONCLUDING REMARKS 

A simple method has been presented for determining the 
horizontal tail loads in maneuvering flight with the use of a 
prescribed incremental load-factor variation.

The incremental tail load was separated into four com-
ponents representing a, &, , and c. The camber com-
ponent L, is so small that for most conventional airplanes 
it may be neglected; therefore, the number of aerodynamic 
parameters needed in this computation of tail loads was 
reduced to a minimum. 

An approximate method is presented for predicting maxi-
mum angular accelerations and maximum angular velocities. 

The method indicates that maximum tail loads in a 
pull-up occur at forward center-of-gravity positions and 
early in the maneuver. The maximum down tail loads in 
a pull-up occur at the highest design speed in combination 
with the most forward center-of-gravity position. The 
maximum up tail load occurs at the upper left-hand corner 
of the V-n diagram for the most rearward center-of-gravity 
positions. 
LANGLEY AERONAUTICAL LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 
LANGLEY FIELD, VA., February 9, 1950. 
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A SMALL-DEFLECTION THEORY FOR CURVED SANDWICH PLATES' 

By MANUEL STEIN and J. MAYEBS 

SUMMARY 

A small-deflection theory that takes into account deformations 
due to transverse shear is presented for the elastic-behavior 
analysis of orthotropic plates of constant cylindrical curvature 
with considerations of buckling included. The theory is 
applicable primarily to sandwich construction. 

INTRODUCTION 

The usual sandwich plate as used in aircraft construction 
consists of a light-weight, low-stiffness core material bonded 
or riveted between two high-stiffness cover sheets. The 
elastic behavior of such plates under loading cannot be 
analyzed by conventional plate and shell theories in general 
since these theories neglect deformations due to transverse 
shear, an effect which may be of great importance in sand-
wich construction. 

Many authors have considered transverse shear deflections 
in analyzing the elastic behavior of flat sandwich plates by 
means of small-deflection theories (see, for example, 
references 1 to 4). Most of this work has been concerned 
with sandwich plates of the isotropic type (for example, 
Metalite, cellular-cellulose-acetate core). In reference 3, 
however, sandwich plates of the orthotropic type are also 
considered (for example, corrugated core). 

The treatment of curved sandwich plates in the 
literature has not been as general as that accorded flat 
sandwich plates, although several specific studies of the 
curved isotropic sandwich plate have been published. These 
studies have covered (a) simply supported, slightly curved 
isotropic sandwich plates under compressive end loading 
(reference 1), (b) axially symmetric buckling of a simply 
supported isotropic sandwich cylinder in compression 
(reference 1), and (c) a nonbuckling small-deflection theory 
for isotropic sandwich shells which takes into account not 
only deflections due to shear but also the effects of core 
compression normal to the faces (reference 5). 

The need for a general theory for curved sandwich plates 
which is applicable to orthotropic as well as isotropic types 
and which includes both nonbuckling and buckling effects has 
led to the development of the theory presented in this report. 
This theory, which takes into account deflections due to

transverse shear, covers those types of sandwich plates 
having constant cylindrical curvature, similar properties on 
the average above and below the middle surface, and 
essentially constant core thickness. 

SYMBOLS 

flexural stiffness of isotropic sandwich plate, 

inch-pounds	 E8t8h' 
(2(1—,45) 

D flexural stiffness of ordinary plate, inch-pounds 
/	 Et3 

12(1—,') 
D, D flexural stiffnesses of orthotropic plate in axial 

and circumferential directions, inch-pounds 
twisting	 stiffness	 of	 orthotropic	 plate	 in 

sy-plane, inch-pounds 
D0 , DQ transverse	 shear	 stiffnesses	 of	 orthotropic 

plate in axial and circumferential directions, 
pounds per inch 

DQ transverse shear stiffness of isotropic sandwich 
plate, pounds per inch 

E Young's modulus for ordinary plate, pounds 
per square inch 

Young's modulus for faces of isotropic sand-
wich plate, pounds per square inch 

E, Ell extensional stiffness of orthotropic plate in 
axial and circumferential directions, pounds 
per inch 

shear stiffness of orthotropic plate in xy-plane, 
pounds per inch 

L, LE ', LD , V', V4, V	 mathematical	 operators defined 
in section entitled "Theoretical Derivations" 

Al., Aft, bending moments on	 plate	 cross	 sections 
perpendicular to x- and y-axes, respectively, 
inch-pounds per inch 

twisting moments on cross sections perpendic-
ular to x- and y-axes, inch-pounds per inch 

resultant normal forces in x- and y-directions, 
pounds per inch 

resultant shearing force in xy-plane, pounds
per inch 

lateral loading, pounds per square inch 

I Supersedes NACA TN 2017, "A Small-Deflection Theory for Curved Sandwich Plates" by Manuel Stein and J. Mayers, 1910. 

213637-53-----10	 129 
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Q, Q resultant	 shearing	 forces	 in	 yz-plane	 and 
xz-plane, respectively, pounds per inch 

h depth of isotropic sandwich plate measured 
between middle surfaces of faces, inches 

r constant radius of curvature of plate, inches 
thickness of ordinary plate, inches 

t thickness of face of isotropic sandwich plate, 
inches 

U, v, w displacements in x-, y-, 	 z-directions, respec-
tively,	 of a point	 in	 middle surface	 of 
plate, inches 

x, y, z rectangular coordinates 
Txy shear strain in xy-plane 

normal strains in axial and circumferential 
directions 

Poisson's ratio for ordinary plate 
Poisson's ratios for orthotropic plate, defined 

in terms of curvatures 
Poisson's ratios for orthotropic plate, defined 

in terms of normal strains

THEORETICAL DERIVATIONS 

GENERAL THEORY 
In developing the equations of equilibrium for the ortho-

tropic curved plate element, shown in figure 1, the basic 
assumptions made are that the materials are elastic, that the 
deflections are small compared with the plate thickness, 
and that the thickness is small compared with the radius of 
curvature. The last assumption implies that the shear 
forces N, and N,.,, are equal and that the twisting moments 

and	 are equal. 
Eleven basic equations.—As in ordinary curved-plate 

theory, 11 equations exist for orthotropic curved plates 
(considering deflections due to shear) from which the dis-
placements acting in the plate can be determined. The 11 
equations consist of 5 equilibrium equations, 3 equations

relating resultant forces to strains, and 3 equations relating 
resultant moments with curvatures and twist. 

The first five equations, expressing force equilibrium in 
the x- and y-directions, moment equilibrium about the x-
and y-axes, and force equilibrium in the z-direction, are 

ôN (I a) Ox	 by 

0N, (l b) 

QX	 aM,.	 aM50 
+ (ic) 

ax	 by 

aMV+OMXVO (id) by	 bX

	

02w 
	

02w (le) 6X by	 ()X2	 G (-)y2 )	 bX by 

It should be noted that in these equations, higher-order 
terms have been neglected in accordance with considerations 
similar to those of reference 6. 

For the orthotropic curved plate, the relations between 
the resultant middle-surface forces and the middle-surface 
strains are (see appendix) 

N	
Er [au , 

	

1	 U	 (2a 

W 
J\v	 , , Oy — r + W. -3-D	 (2b) 

QXv 
Ou\

N 5 ==G 5 -+ 	 (2c) -)  

From reference 3, the corresponding relations between 
resultant moments and curvatures and twist are 

U M	
D ra2w 1 6 	 /02w 1 OQ5V1 

[--	
+'U"

(3a) 

r 
FIGURE 1.—Forces and moments acting on curved plate element.

M	
D5 [O'w 1 0Q5	 '02w 1 6Q\1 

1	 --+i

(3b) 

02w	 1 6Q'1 aQ 

	

M 5 = D 5 (2 Ox Oyi	 )
	

(3c) 

Equations (1), (2), and (3) are the 11 basic equations neces-
sary for determining the forces, moments, and deflections 
acting in the plate. The number of equations can be reduced 
to five, however, by substituting equations (2) and (3) into 
equations (1). In this manner, five differential equations are 
obtained for determining the resultant transverse shear 
forces Q and Q and the displacements it, v, and w. 
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The 11 basic equations presented are not restricted to de-
flection problems alone but may be applied to buckling prob-
lems as well by considering the changes that occur during 
buckling and modifying equations (1) accordingly. For 
equilibrium of the curved plate element after buckling, 
equations (1) can be written with N1, N, N, Q1, Q, MX, 
312 ,, M i,, and w replaced by NX0 +N11 , N10+N11,-.., 

w0+w1, respectively, where the subscript 0 refers to values 
prior to buckling and the subscript 1 refers to changes in 
these values that occur during buckling. For equilibrium 
of the curved plate element prior to buckling the following 
equations apply:

Yo+àNXvo=o 
ax	 by 

àN0 

by	 b x 

àM,0 = 

ax	 by 

Qy0_ by
aM0 àM100 

+ ax 

/ 1 
o2w)	

à2w0 
+- 

Subtracting the previous equations from equations (1) 
(as modified) gives the following equilibrium equations which 
apply to buckling problems: 

aN11	
'o	 (4a) 

bX	 by 

6N11,	 i!o	 (4b) 
by	 ax 

aM11	
'o	 (4c) Q11----+ by 

aM111 aM1111	
(4d)Q111---+ ax 

à2w,	 à2(wo+w,) 
ax2 +N110by 2 bX by

à2w	 à2(wo+wi)0 
\T [+ à2	 wI) 2_J+2N20 ax

	 ax by

(4e) 

àw N 62w1 and N1111 6w1 In equation (4e) the terms N1,	 ' 1 6X by 
may be neglected since they will be small compared with 

à2w 	 62W,	 à2w 
----, N,0 and AT2,	 1	 Also, if the deflection 

.10 6X I ° ax by

prior to buckling is zero or constant as occurs for many 
problems (for example, axial compression, hydrostatic pres-
sure), all derivatives of w0 vanish. For this type of problem 
equation (4e) becomes 

aQ1 aQ 11	 ô2w	 à2w \T	 à2w 

	

6X by
-+-+N10 -+N110 	 +-+2N0	 !=Ø

bX by

(4e') 

The six equations relating changes in middle-surface re-
sultant forces with buckling strains and changes in moment 
with buckling distortions are identical with equations (2) 
and (3) with the subscript 1 added to N1, N111 , N,,, Q1, Q, 
M1 , M111 , M11 , u, v, and w. 

The 11 equations, given by equations (4) and equations 
(2) and (3) (with subscript 1), apply to buckling problems 
in general (with equation (4e) or (4e') as required) and can 
be used to obtain the critical values of the loads acting on 
the plate. As is shown in the next section, however, for the 
case in which the deflection prior to buckling is zero or con-
stant, the 11 equations can be suitably combined to yield 3 
equations in w1 , Q1 1 , and Q 1 , a form convenient for applica-
tion to plates of sandwich construction. 

Reduction to three equations for buckling problems in 
which the deflection prior to buckling is zero or constant.-
The reduction of the 11 equations to 3 equations in w 1 , Q11, 
and Q,, is achieved in several steps as follows:. 

By differentiating equation (4c) with respect to x, equa-
tion (4d) with respect to y, and adding the results to obtain 
the relationship 

	

àQ11 aQ111 a2M1 ,	 a2M211 , à2M11, 

	

6X by 6x2	 6X by by  

equation (4e') may be rewritten as 
62M	 à2M1111 

b2 My N,,	 62w1 112	 ______ 
6x2	

àxày+ ày2+r+1\Tb0aX2+ 

N,,0'+2N 62w1 '=0	 (4e")
by 2Xy ax by 

Next, equations (2) and (3) (with subscript 1) are substituted 
into the equilibrium equations (4a) to (4d) and (4e") to give 

à2u	 , à2 v 1 z',, àw	 , , G (à2u,	 à2 v1 
axay_	 0 =

(5) 

à2 v, 1 àw	 ,  62U,
	 Gz (àlv i+ àlu1 ) 

ay2rayL1axày+(111)E ax2 àxày
(6) 

D.	 63 W11 a2 Q1,	 à3w1	 à2Q,,\ 
Q11+1	 ox by' D0,, ax àyi + 

D ( OX	
1 62Q1,	 1 à2Q111'.)	

(7) -	 2 x ay2 D ày2 Do,, ax àyi
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D	 (à3w 1	 1	 à3w1	 à2Q1 \ 

i 	 +Pz àx 2 àyi àxOy)+ 

1 
D(2 

à3w 1	 i	
° 

____ 1 
2	 ox2oy1JQàxayDàx2) 	 (8) 

E 	 (6,,, w	 i)Q à2w1 

	

LDWl(1F) 
-by r	 àx	 ZO2+ 

N ÔWI+2N à2w1 - L rD 63QZ1
+ N-0 -	 i - /.L/l;  

63 QX, 

(+ D) àxày2] 

[ 

1	 /2z/1y 

1 ___ D 	 Ô3 Q1 / 4LLD 
+D)	 ']=o (9)by 

where LD is the linear differential operator defined by 

D a4 (_MD 
+2	 \ 64 

i_	 ax \1	 D+1	
ax2 ày2 

Dy	 a4 
1 /lz/ly ày4 

At this point, six equations have been eliminated and, there-
fore, five equations remain—equations (5), (6), (7), (8). and 
(9) in u 1 , v 1 , w 1, Q 1 , and Q1. 

A further reduction in the number of equations and un-
knowns is effected by first solving' : equations (5) and (6) to 
obtain relations from which and v 1 can be determined 
and then substituting for u 1 and v 1 in equation (9). The 
expressions obtained by solving equations (5) and (6), in 
accordance with the rules governing the multiplication of 
linear operators, are

GZ,ÔW à3w1 
rLEUL = 12 ', E ax 3 E Ox by'

(10) 

and

rLEV1 
(

1 - 11 1,  Gay) 63 WI63w = 	 àx2ày+Ex byl
(11) 

where LB is the linear differential operator defined by 

O 64.	 ,G	 ,G	 64	 U ô xv _________	 xv 

	

LE=j +(i-12	
axayR ? 

The relationships given by equations (10) and (11) may 
be written in a form more suitable for substitution into 
equation (9) -by differentiating equation (10) with respect 
to x, equation (11) with respect to y, and then, symbolically 

	

solving the equations for	 and 2, respectively, to give 

'—L '('z'uOuGxu 6
4w 1 \ 

6	_X B 	 r i	 Ox'	 àx2ày2)	 (12) 

	

-' 1— /l v	 à4w1	 °zv à4wi") 
(	 Foxy 

E

	

r	 ox2oy2+jJ	 (13) 

where LE' is defined by LB (LEw I)=LB(LB 'w I)=wl. The 
inverse operator LE' is similar to the inverse operator v4

defined in reference 7, and, as is shown subsequently, LR' 
reduces to v for the special case of the isotropic plate. 

Substituting the expressions for 	 and	 from equations 

WI (12) and (13) into equation (9) and replacing	 by

La- ' (LE) results in the following equation: 

LDWL+	
164w1 (Nxo'+Nvo1+2No

by 	 bX by)— 

± .ED 63 Q /12xDy 
+D 

63QZ11 
DoLl —liz/lu	 /lxIiy	 ax ay2.L 

1 [__ D 	 a3 Q 1 
(_/lyD, + D")_

a3 Q, 1 0 DQ 1z/iuàY3\1/ix/.Ly	 ,ax2ayj	 (14) 

At this stage, the original 11 equations have been reduced 
to the 3 equations (14), (7), and (8), in the 3 unknowns 
W 1 , Q 1 , and Q1. 

For most problems, equations (14), (7), and (8), together 
with proper boundary conditions, can determine the elastic 
stability criteria for an orthotropic curved plate subjected to 
middle-surface loadings. It should be noted, however, that 
the three equations are not sufficient if boundary conditions 
are specified on the displacements u1 and v 1 . For boundary 
conditions on u1 and v1 , as well as w1 , equations (10) and 
(11) must also be employed. When boundary conditions 
are not specified on 'u 1 and v1 (the case when only equations 
(14), (7), and (8) are used), certain boundary conditions are 
implied, nevertheless, by equations (10) and (11), consistent 
with the expression for w1 . A discussion of similar implied 
boundary conditions on u 1 and v1 is included in reference 7. 

SPECIAL CASES OF BUCKLING EQUATIONS 

Isotropic curved sandwich plate with non-direct-stress-
carrying core.—For the isotropic sandwich plate with non-
direct-stress-carrying core, the physical constants bear the 
following relationships to those of the orthotropic plate: 

DQ = DQ = DQ 

/lz11u
/l= /•y= 

/2 

DD=D,(1 —i.) 

Dxy D s (1 —12) 

EzEu= 2 E8t 

E3t8 

1 + A 

These relationships permit equation (14) to be simplified as 
follows: 

VW,+2t,Es	 6,W

	

à2w1 Nu01+2N à2wi's 
6x4	 N0--+	 2'uoàx by 

D, 
2(Tl^

 àQi 

DQ	 =o	 (15) +--)  
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where
V2= 2 ---- 

ôx 2 ' ôy2

	

64	 ô4 
V4=-4+2 62oy2+y 

and V 4 is defined by V4(V4w1)=V4(V4w1)=Wi. 

In this case, however, equations (7) and (8) are not needed 
ôQ 1 ôQ111 

to obtain the quantity -----, since this quantity can 

be found more conveniently from equation (4e'). From 
equation (4e'), therefore, 

6Q 1 6Q1	
bX2 N0 	 '+2N à2w1 

-dy—,
	 --+ 	 bX 6y) 

ôQ 1 ivv1 Substituting for ---- in equation (15) gives 

D,A4w1+2t8E8	 ôwi D 
r2	 ÔX4DQ	 r 

	

(1 _ v2) (N 0 -'+N 0 	 +	 ( 16) 

The term — N 11r, which appears in equation (14) for the 

orthotropic plate as	 L ' 6
4w 1	 2t,E. 

E	 reduces to 
r2 

for the case of the isotropic plate. If this result is used in 
equation (16), the equation of equilibrium for the isotropic 
curved sandwich plate with non-direct-stress-carrying core 
becomes 

D8V4wi+(1— V2\) [
Es DQ

ô2w1 \1 
(N 0	 +N0	 +2Nxy0	 (17) 

If the radius is taken infinite, equation (17) becomes 
equivalent to equation (71) of reference 4. 

Isotropic curved plate, deflections due to shear neg-
lected.—The present theory can be reduced to a known 
theory for ordinary curved plates by appropriate substitu-
tions for the physical constants. For an ordinary plate, the 
physical constants become 

DQZ = DQV= CO	 (no shear deflections)

D=D=D(1—,) 

D,,,=D(1—ji) 

E= E=Et 

Et 
+,z)

Upon substitution of these constants into equation (14), 
the resulting equation becoms independent of equations 
(7) and (8) and the equilibrium equation of the ordinary 
curved plate, therefore, is given by 

DVw i +V r2 ox4
—(N0	 '+N 0

ô2w1 
+2N0

bX by)= 

(18)

Equation (18) is equivalent to the modified equilibrium 
equation for ordinary curved plates presented in reference 7. 

CONCLUDING REMARKS 

A theory has been developed for analyzing the elastic 
behavior of orthotropic curved plates, that takes into account 
the effect of deflections due to shear and requires the use of 
12 physical constants to characterize the plate. Seven of 
the physical constants appearing in the equations of equi-
librium are directly associated with the fiat-orthotropic-
plate theory presented in NACA Rep. 899. The remaining 
five physical constants are included in the present theory 
to account for the stretching under loading of the middle 
surface of the curved plate. 

For each type of orthotropic plate, the 12 physical con-
stants may be evaluated either from the geometry of the 
cross sections and the properties of the materials used or 
by direct tests conducted on sample specimens. Because 
two reciprocal relationships exist (see appendix), only 10 
of the constants need be determined independently. 

The theory presented in this report does not take into 
account the compressibility of the sandwich plate in a direc-
tion normal to the faces. Such an effect does not enter into 
flat-sandwich-plate theory but might be of importance in 
certain types of curved sandwich plates where the elastic 
constants of the core material are small compared with 
those of the face material. 

For practical sandwiches of the end-grain-balsa or 
corrugated-core types, order-of-magnitude considerations lead 
to the conclusion that the effect of core compressibility will 
be negligible as regards both buckling loads and deflections. 
For sandwiches with less stiff cores—for example, cellular 
cellulose acetate—the effect of core compressibility will be 
more important. Even for such cores, however, in the case 
of all the numerical examples given in NACA TN 1832, the 
effect of core compressibility is negligible in comparison with 
the effect of transverse shear deformations for sandwich-type 
circular cylindrical shells. The present theory, in which the 
core is assumed to be incompressible in a direction normal to 
the faces, appears, therefore, to be applicable to most prac-
tical sandwich plates. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., November 22, 1949. 



APPENDIX 
DERIVATION OF MIDDLE-SURFACE FORCE-DISTORTION RELATIONSHIPS 

The orthotropic curved plate (effects of transverse shear 
being considered) is characterized by 12 physical constants, 
7 of which are associated with flat plates, as presented in 
reference 3. The remaining five constants enter the present 
theory because of the additional stretching strain developed 
under loading in the middle surface of the curved plate. In 
this appendix the five additional constants are defined, and 
expressions for the resultant forces, involving these con-
stants, are derived. 

Physical constants.—The seven fiat-plate constants are the 
flexural stiffnesses D and D,,, the flexural Poisson ratios 
and ti,,, the twisting stiffness 	 and the transverse shear 
stiffnesses DQ and Dcv. As derived in reference 3, the first 
four of these constants are related by 

The five additional constants appearing in the curved-plate 
theory are the extensional stiffuesses E and E,,, the
extensional Poisson ratios	 and j ' ,,, and the shearing
stiffness G. The first four constants are found by a
procedure similar to that used in reference 3 to be related by 

= 

As a result of these two reciprocal relationships, only 10 of 
the 12 physical constants need be determined independently. 

The five additional physical constants are defined in the 
same manner as the flat-plate constants of reference 3---
that is, by considering the effect of imposing particular 
loading conditions on the element shown in figure 1. To 
obtain E, for example, only the middle-surface forces N 
are assumed to be acting on the element. As a result of 
this loading, the strain E. is induced in the middle surface. 

The stiffness E is then defined by the relation
EX 

when only N is acting. 
The Poisson effect of the forces N acting on the element 

is to introduce a strain €, negative with respect to f, in the 
middle surface. The constant i ' is then defined by the 
relation '= - when only N is acting. 

CZ 

In a similar manner, E,,, ,',,, and Gm,, are defined as 

E,,=— when only N is acting, ji,,=-- when only N,, is 

acting, and G,,=-
'Yxy

Resultant forces.—The relations between the elastic 
middle-surface strains and forces, satisfying the foregoing 
definitions, can be written as 

€zN L,N,, 

N,, ,N 
Ey /2 z	 (A 1) 

	

V	 X 

	

7xu7y	 - 
'JzV 

The three strain equations can be solved for N, N,,, and 
Ni,, in terms of the strains to give 

E 
1 —'Lc (+.u'€)

}

	

 

E	 (A2) 
Ny—i ,,- ------i------i- (,,+'€) 

zI2y 

Substituting the expressions for the middle-surface strains 
of a cylindrical section in terms of middle-surface displace-
ments

z 
du 

Ov W 
EY = - - 

r. 

ô'u o  

into equation (A2) gives 

N=	
[bu+,,,, (bv w"1 

1Lz/Ly	 I 

N	
E,, /ôv w,àu\	 I l,,+Px)	 j:..	 (A3) 

MX -dy) 

These equations are used in the derivation of the equilib-
rium equations. 
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INVESTIGATION OF FRETTING BY MICROSCOPIC OBSERVATION' 

By DOUGLAS GODFREY 

SUMMARY 

An experimental investigation, using microscopic observation 
and color motion photomicrographs of the action, was conducted 
to determine the cause of fretting. Glass and other noncorrosive 
materials, as well as metals, were used as specimens. A very 
simple apparatus vibrated convex surfaces in contact with sta-
tionary flat surfaces at frequencies of 120 cycles or less than 1 
cycle per second, an amplitude of 0.001 inch, and a load 
of 0.2 pound. 

The observations and analysis led to the conclusions that 
-fretting was initiated by the loosening, due to inherent adhesive 
lorces, of finely divided and apparently virgin material, and 
that its initiation is independent of vibratory motion or high 
sliding speeds. The fretting of platinum, glass, quartz, ruby, 
and mica relegated the role of oxidation as a cause to that of a 
secondary factor. Fretting occurred to clean nonmetals and 
metals readily, and glass microscope slides and steel balls 
provided an excellent method for visual studies. 

INTRODUCTION 

Fretting, defined as surface failure that may occur when 
closely fitting metal surfaces experience slight relative 
motion, damages many machine parts subject to vibration. 
The phenomenon of fretting (also known as fretting corro-
sion and friction oxidation) is principally characterized by 
surface stain, pitting, and the generation of oxides, as de-
scribed in detail in references 1 and 2. The determination 
of the cause of fretting has been the object of several research 
programs. The research reported in reference 2 supports 
Tomlinson's theory of molecular attrition (reference 3) that 
proposes that the cause of fretting is a physical action, or 
specifically that the disintegration of the metal surface is 
due to "molecular plucking." More recently, chemical 
action has been reported to be of primary importance

(reference 4). Other investigators (for example, references 
5 and 6) have advanced electrolytic, abrasion, welding, 
fatigue, and "vibrational decay" theories to explain the 
action that produces fretting. These theories are incom-
patible or divergent and more experimental evidence is 
needed before any one of them may be generally accepted. 

The failure of certain aircraft parts clue to fretting has 
produced a new incentive toward solving the problem of 
the prevention of the phenomenon. Antifriction bearings 
subject to rotational oscillation and side-thrust vibration 
experience the greatest amount of fretting, and such parts 
as connecting rods, knuckle pins, splineci shafts, and clamped 
and bolted flanges suffer deleterious effects (reference 1). 

The research reported herein was conducted at the NACA 
Lewis laboratory during 1949 to observe and to analyze the 
action of fretting in its initial stages in order to determine 
its cause. Inasmuch as the limits of mechanical variables 
such as load, frequency, and amplitude have been established 
(reference 2), this investigation was limited to microscopic 
observation, debris analysis, and surface analysis of fretting 
areas. The nonmetallic and noncorrosive materials, glass, 
quartz, ruby, and mica, and the metal platinum were used 
as specimens because their fretting would indicate whether 
the primary action was physical or chemical; in addition, 
the nonmetallic materials eliminated the possibility of 
ordinary welding, simplified the debris analysis, and in some 
cases permitted microscopic observation or color motion 
photomicrographs of the action (reference 7). The color 
motion photomicrographs describe fretting more effectively 
than words or black-and-white photomicrographs. 

Fretting was induced by a very simple apparatus, which 
vibrated a convex (usually spherical) surface in contact 
with a flat surface at frequencies of 120 cycles or less than 1 
cycle per second, an amplitude of 0.001 inch, and a load of 
0.2 pound. 

Supersedes NACA TNN 209, Investigation of Fretting Corrosion by Microscopic Observation' by Douglas Godfrey, 1950.
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Fiou 2.—Photomicrograph with vertical illumination and red filter of chronic-alloy steel 
ball through glass slide showing interference bands surrounding contact area. X 100. 

APPARATUS, MATERIALS, AND PROCEDURE 

A photograph of the apparatus is shown in figure 1. The 
vibrating action of 120 c ycles per second with an amplitude 
of 0.001 inch was induced by a solenoid. The specimen with 
the convex surface was firmly attached to the plunger of the 
solenoid, which was horizontal. The specimen with the flat 
surface was held stationar y at one end and loaded vertically 
by a flat spring. The spring caused the flat surface to exert 
a load of approximately 0.2 pound on the convex surface. 

The apparatus could be attached to the mechanical stage 
of a microscope, which permitted microscopic observation 
of the contact area with vertical or oblique illumination. 
With transparent flat specimens, the contact area could 
readily be located because it was surrounded by concentric 
interference bands (fig. 2). Amplitude was measured by 
noting the distance between the extreme positions of a scratch 
mark on the vibrating surface. The experiments conducted 
at 120 cycles per second were divided into into three groups: 
(1) the preliminary metal against metal, (2) the metal against 
nonmetal, and (3) the nonmetal against nonmetal. No 
general material survey was made and the number of metals 
used was limited. 

In the metal-against-metal group, mild steel, chrome steel, 
stainless steel, copper, and aluminum were vibrated against 
mild steel essentially to ascertain whether the apparatus 
would induce fretting with satisfactory reproducibility. 
In the metal-against-nonmetal group, the five metals plus 
platinum were each vibrated against glass microscope 
slides, mica, and Lucite and extensive observations were 
made with 34-inch-diameter chrome-alloy steel (SAE 52100) 
balls and the glass slides. Glass was used as one of the sur-

faces because it is rigid, noncorrosive, and transparent. 
These properties were desirable to permit observation of the 
action as well as to simplify debris analysis. The statement 
is made in reference 2 that glass not only produces fretting 
on steel but is itself attacked; the ability of glass to pick 
lip metal during sliding is demonstrated in reference 8. 
In the third group, glass, quartz, ruby, mica, and Lucite were 
vibrated against one another. All the materials were shaped 
into convex or flat pieces as required and finished to a surface 
roughness of 1 to 3 root mean square by fine grinding and 
polishing. 

A group of experiments that are considered to be 34-cycle 
experiments were conducted with an adapter on the ap-
paratus, which provided for sliding the glass microscope slide 
over the surface of the stationary ball at a speed of ap-
proximately 0.002 inch per second or less. The motion was 
caused by hand-turning a fine screw to which the glass was 
attached. The direction was reversed each 0.001 inch, and 
the frequency was considered 1 cycle per second or less. A 
slow-motion vibration was thus simulated and the action that 
occurs in 3 cycle was observed. 

All specimens were thoroughly cleaned immediately before 
being mounted in the apparatus. The metal cleaning con-
sisted in degreasing in an organic solvent followed by scrub-
bing with surgical cotton in a paste of levigated alumina, a 
thorough rinse in tap water, a rinse in 95-percent alcohol, 
and drying in air. Particular effort was made to wash off 
all adhering alumina. The glass, ruby, quartz, and mica 
specimens were cleaned in fresh sodium dichromate—sulfuric 
acid cleaning solution followed by rinse in tap water and 
distilled water and oven drying. The Lucite was wiped 
clean with lens tissue. 

The number of cycles that any pair of specimens had 
experienced was determined by measuring the length of time 
current was supplied to the solenoid. In those cases in which 
the flat specimens were not transparent, the vibration was 
induced for periods of 1, 2, 4, 8, 16, 32, 60, 120, 180, 300, and 
600 seconds cumulatively. After each period, the flat speci-
men was removed and the spots on the convex specimen and 
on the flat specimen were each microscopically examined. 
Photomicrographs were taken in some cases to aid in the 
description of the action. When transparent specimens were 
used, the complete action could be viewed or photographed 
with ease. The vibration could be stopped at any time, 
however, and the contact area viewed or photographed 
at rest.

RESULTS AND DISCUSSION 

PRELIMINARY METAL AGAINST METAL 

In the preliminary metal-against-metal experiments, each 
of the several pairs of specimens investigated exhibited 
fretting within approximately 300 seconds and produced 
the characteristic debris and wear area. The pattern of 
the spot on the flat surface was always similar to the pattern 
of the spot on the convex surface. These experiments 
revealed that load, amplitude, and frequency were such
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ft	 ft- 12, 	 (P Cycles 1600. 

FIG
	 3.— Concluded. Phot out icrographs shoo ing progressive stages in fietting bctween glass microse,,pc slide and chronic-alloy steel hail. X 125. 

as to produce fretting quickly and that the amount of 
debris and the size of the wear spot could be reproduced 
for any given pail' in the same number of cycles. 

The introduction of a mineral oil film increased the time 
required to produce fretting but did not otherwise appreciably 
alter the results.

METAL AGAINST NONMETAL 

Photomicrographs of the contact area at various stages of 
the fretting caused by vibrating a chrome-alloy steel ball 
against a glass specimen are shown in figure 3. Within 

second (30 cycles), fretting was evident as a small black 
irregular spot on the ball, which steadily grew in size and 
became discontinuous (figs. 3 (a) and 3 (b) ). A brown, 
sticky semifluid oxide was then generated within the con- 
tact area, spread over the glass, and adhered tenaciously 
to it. This oxide shares the contact area with the black 
material (figs. 3 (b) to 3 (f)). A rust-colored flue dry oxide 
was also formed that was extruded from the area in increasing 
quantities and accumulated just outside the rubbing area, 
as evident in figures 3 (b) to 3 (f). Active black spots 
shifted position as the phenomenon progressed because 
of disintegration of peaks bearing the load for the moment. 
Color motion photomicrographs of this action can be seen 
in the aforementioned film. 

After approximately 40,000 cycles, the action stabilized to

a steady-growth condition with continued generation of 
material in the black spots surrounded by brown semifluid 
oxide and the formation of fine powder-like oxide. The 
black color of the active areas indicated the presence of finely 
divided iron; this indication was further confirmed b y sub-
sequent change to dark brown and then to rust brown. If 
the vibration was stopped, the trapped black material could 
be seen to gradually turn brown. Finely divided iron, ferrous 
oxide FeO, and ferrosoferric oxide Fe 30 4 are black, whereas 
ferric oxide Fe 203 and its h ydrated form Fe 2O 3 H 20 are 
reddish. The fretting debris of steel was identified by 
electron diffraction as Fe 203 and the color changes that 
occurred suggest the progressive oxidation of the iron. 
Fretting is apparently initiated by the loosening, due to 
inherent adhesive forces, of extremely finely divided and 
apparently virgin material that is extruded and reacts 
with oxygen simultaneously. Examination of the ball after 
the experiment revealed a flat oxide-encrusted spot 
(fig.4 (a)), which on subsequent cleaning was revealed to be an 
abraded flat spot (fig. 4 (b)). The sticky oxide on the glass 
was removed with difficulty but completely with acids, and a 
striated cracked area was revealed. The striations could not 
be brought into sharp focus with the microscope, indicating 
appreciable depth and irregularity (fig. 5 (a)). If the action 
was continued for longer periods, the glass fragmented locally 
(fig. 5 (b)) and was pitted.
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The introduction of a film of pure mineral oil between the 
surfaces increased the time for the first evidence of fretting

action 50 times. This delay also provided a slow-motion 
study of the fretting process and showed that oxides were 
produced in the same manner in the presence of oil. Once 
the phenomena were well under way, the modifying effect 
of the oil was reduced. 

Results obtained when other metals were vibrated against 
Z_ slides supported the explanation of fretting deduced 
from the steel-glass experiments. In one experiment, 
flame-cleaned platinum foil supported by a steel ball was 
vibrated in contact with clean glass. The generation of a 
black powder in the characteristic way was observed (fig. 6). 
This powder remained black and that which adhered adhered to 
the glass could be completely removed only by a 4-hour 
treatment in aqua regia. Color, acid resistance, electron-
diffraction patterns, and source indicated that the material 
was finel y divided platinum (platinum black). Because 
platinum will not oxidize in air at any temperature, the theory 
that oxidation is a primary cause of fretting is not supported. 

Tile action of a stainless-steel (SAE 30705) convex surface 
against tile flat glass was similar to that of the chrome-alloy 
steel balls except that the number and the extent of the active 
black areas were greater. Copper produced a brownish-black 
material that also adhered tenaciously to the glass. At 
times, large particles of metallic copper could be seen to 
leave the contact area. During the third minute of vibration, 
the contact area assumed the greenish tint characteristic of 
copper oxide. Both these metals were pitted and abraded 
and the glass was striated.
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Under the conditions of the -cycle experiment, two types 
of action were observed. If the surface of the ball was 
previously roughened with 2/0 emery paper, the glass would 
polish the contact area on the ball and become smeared with 
the semifluid oxide, which would again tenaciousl y adhere 
to the glass. The amount of debris accumulated in three 
32 cycles of vibration is shown in figure 7 (a). 

An increase lit frictional force was apparent when the oxide 
was present between the surfaces. This greater motivating 
force was required to continue relative sliding because a non-
lubricating material was present between the surfaces and 
tenaciously adhered to each. The oxide itself was sheared 
and the two new faces thus formed became the sliding sur-
faces. If a ball with its original polished surface was used, 
much less oxide would be smeared, but the movement would 
cause the glass to grip the ball and as the relative sliding 
continued the glass would visibly and audibly crack. The 
cracking occurred at the trailing edge of the contact area. 
A photomicrograph of the glass in the process of forming a 
second crack is shown in figure 7 (b). The row of cracks 
produced in the glass during continued sliding is shown in 
figure 7 (c). The smearing of the metallic oxide onto the 
glass and the cracking of the glass are apparently clue to a 
great amount of adhesion permitted by the extreme cleanli-
ness of the specimens. The surface finish on the ball deter-
mines which phenomenon will occur. A rough surface sup-
ports the load on a number of peaks, the average particle of 
which is relatively exposed. Sliding of the smooth glass over 
these peaks results in disintegration of the peaks and subse-
quent oxidation of the removed metal. A smooth polished 
surface on the ball supports the load on a few broad undula-
tions, the material of which is secure. Sliding of the smooth 
glass over these contact areas results in failure of the glass 
rather than the metal. This concept is in agreement with 
reference 8, which presents data to show that the amount of

material transferred from base to rider increased with increase 
in surface roughness if the rider was harder than the base. 
With the steel ball considered as the rider and the steel 
harder than the glass, some incongruity may exist in this 
comparison in that the glass picked up material from the 
steel. 

The glass appeared to plow into the aluminum, scoring it. 
heavil y . Large metallic pieces were mixed with a grayish-
black powder. Some of the debris adhered tenaciously to the 
glass in the characteristic manner. The powder was in-
soluble in nitric acid but soluble in alkali, indicating that 
aluminum was still present. Mica and Lucite alwa ys wore 
away the metal surfaces and produced ver y great amounts of 
flocculent debris. Observation of the action of the metals 
was difficult because of the great dilution of the metal debris 
by the voluminous debris from the flat specimen. rrliis 
experiment indicated that no property peculiar to glass was 
inducing the action. 

NONMETALS AGAINST NONMETALS 

The independence of fretting from chemical action was indi-
cated in a group of experiments involving the nonmetallic, 
nonoxidizing materials with glass vibrated against quartz, 
ruby, or mica. By vibrating a ruby with a convex surface 
against a glass slide and observing the action under a mic-
roscope, surface disintegration could be seen to occur. The 
glass, after 2 to 3 seconds of rubbing, suddenly collapsed 
locally and distributed debris about, the contact area, leaving 
a pit.. This action shifted the bearing area to the edge of the 
pit and the disintegration was continued (fig. 8). An early 
stage of disintegration with two pits formed is shown in 
figure 8 (a), whereas the advanced stage of 20 or more pits 
is shown in figure 8 (b). The ruby was simply further pol-
ished, that is, the microscopic scratches were erased. Quartz 
against glass acted the same as rub y agailist glass. Micil 

(a) View of glass slide show i rig artinuns of debris transferred from roughened steel. (I View o  ball thrssrgh glass slinsi lug second crack bring founel iii glr so trailing edge of area of 
contact. (c) View of glass slide showing resultant row of cracks. 

FIGURE 7.—Photomicrographs showing effects of 14 cycle vibration between glass and steel surface. X 120.
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FIGURE 8.—Photomicrographs showing results of fretting between ruby and glass. X 120. 

against a glass ball and Lucite against a glass ball also be-
haved similarly. In all cases, the debris was produced, ex- 
truded, and accumulated in the same physical manner 
observed with metal debris, except that no change in color 
took place. Fretting occurred to mica in the least number 
of cycles, the number required being progressively greater 
for Lucite, glass, quartz, and ruby, which is also the order 
of increasing hardness of the materials. The tendency for 
fretting between the various nonmetals and glass and the 
amount of debris generated therefore appear to be inversely 
proportional to the hardness of the nonmetal. 

CONCLUDING REMARKS 

The observations made indicate that fretting can occur 
between two nonmetals. The susceptibility to fretting of 
tionoxidizing materials such as glass, quartz, ruby, mica, and 
platinum relegates the role of oxidation as a cause to that of a 
secondary factor and indicates that finely divided and ap-
parently virgin material is first produced. In the metals, 
this production of virgin metal is suggested by the color 
changes through which the metal passed as it oxidized. The 
oxides are therefore considered a byproduct of the initial 
action. The spontaneity of the oxidation is probably due 
to the increased chemical activity of the particles. This 
increase is called mechanical activation in reference 9, winch 
also states that the increase is more than that produced by 
cleanliness or reduced particle size. The oxide formation was 
induced at extremely low speeds and light loads where the 
dissipation of frictional heat is sufficiently rapid to minimize 
the occurrence of local hot spots. The possibility of fretting 
being caused by rubbing off a regenerative high-temperature-
forming oxide film is therefore unlikely. 

The conclusion is made in reference 2 that alternating slip 
is a necessary condition for fretting. The production of a 
smear on the glass surface in cycle and the cracking of glass 
on smooth metal indicate that alternation of motion is un-
necessary to initiate fretting, although alternation does give 
it its usual characteristics. This idea is supported by the

observation that fretting starts with the sliding or sill). 
Lowering the frequency only decreases the rate at which 
fretting occurs. This relation indicates that the basic 
(US(i of fretting is independent of frequency. 

The metal transfer caused by sliding one metal over another 
demonstrated in references 8 and 10 was attributed to ad- 
hesion. Similarly, in the experiments reported herein the 
action observed, namely, removal of material, cracking, and 
general surface destruction, was attributed to adhesion, which 
leads to the conclusion that fretting is a manifestation of the 
adhesion component of friction. 

RESULTS AND CONCLUSIONS 

An experimental investigation was conducted to determine 
the cause of fretting. Glass and other noncorrosive materials 
were vibrated in contact with one another and with metals 
and microscopic observation was made of the action. Convex 
surfaces were vibrated in contact with stationary fiat sur-
faces at frequencies of 120 cycles or less than 1 cycle per 
second, an amplitude of 0.001 inch, and a load of 0.2 pound. 

The following results and conclusions were indicated: 
1. Fretting is initiated by the loosening, due to inherent 

adhesive forces, of extremely finely divided and apparently 
virgin material that is extruded from the contact area and 
reacts with oxygen simultaneously. 

2. The fretting of platinum, glass, quartz, ruby, and mica 
relegated the role of oxidation as a cause to that of a secondary 
factor. 

3. Fretting readily occurred between clean nonmetals and 
metals. Steel balls vibrating in contact with glass microscope 
slides provided an excellent method for observing fretting. 

4. The initiating of fretting is independent of vibratory 
motion or high sliding speeds. 

LEWIS FLIGHT PROPULSION LABORATORY, 
NATIONAL ADVISORY COMMITFEE FOR AERONAUTICS, 

CLEVELAND, OHIO, August 31, 1949.
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A RECURRENCE MATRIX SOLUTION FOR THE DYNAMIC RESPONSE OF AIRCRAFT IN GUSTS' 

By JOHN C. HOUBOLT 

SUMMARY 

A systematic procedure is developed for the calculation of the 
structural response of aircraft flying through a gust by use of 

difference equations and matrix notation. The use of differ-
ence equations in the solution of dynamic problems is first 
illustrated by means of a simple-damped-oscillator example. 
A detailed analysis is then given which leads to a recurrence 
matrix equation for the determination of the response of an 
airplane in a gust. The method takes into account wing 
bending and twisting deformations, fuselage deflection, vertical 
and pitching motion of the airplane, and some tail forces. The 
method is based on aerodynamic strip theory, but compressi-
bility.and three-dimensional aerodynamic effects can be taken 
into account approximately by means of over-all corrections. 
Either a sharp-edge gust or a gust of arbitrary shape in the 
spanwise or flight directions may be treated. In order to aid in 
the application of the method to any specific case, a suggested 
computational procedure is included. 

The possibilities of applying the method to a variety of tran-
sient aircraft problems, such as landing, are brought out. A 

brief review of matrix algebra, covering the extent to which it is 
used in the analysis, is also included. 

INTRODUCTION 

In the problem of an airplane flying through gusts, accurate 
predictions of stresses are not always obtained if the inter-
action between aerodynamic loads and structural deforma-
tions is not considered. The present report gives a method 
for determining the dynamic response of aircraft in gusts in 
which this interaction is considered. An approach is em-
ployed which is a departure from the usual modal type of 
solution. The time derivatives in the integrodifferential 
equations of motion of the airplane are replaced by appro-
priate difference expressions and use is made of matrix nota-
tion to express conveniently the conditions of equilibrium at 
a number of points along the wing span. The result is a 
systematic procedure which is complete and general in form. 
The airplane is assumed to be free to translate and pitch. 
Wing bending, wing twist, and fuselage flexibility are all in-
cluded. Tail forces due to vertical motion, angle of attack, 
and gust penetration are also included in the analysis. 

With the method, a gust with any gradient in the direction 
of flight or along the span may be treated. The method is

based on aerodynamic strip theory, but over-all compressi-
bility and aspect-ratio corrections may be included with- 
out difficulty, if desired. One such over-all correction is 
indicated 

In the first part of the report the method of using difference 
equations in the solution of dynamic problems is illustrated 
by an example in which the transient response of a simple 
oscillator is determined. The analysis for the determination 
of the response of an airplane in a gust is then given. In the 
following section a computational procedure is suggested. 
This section is not intended to describe or add to the under-
standing of the analysis, but by following the directions indi-
cated, the response of any airplane may be found without 
following through the complete details of the analysis. 

Supplementary definitions and derivations are presented in 
appendixes. Appendix A summarizes the various matrix 
coefficients and matrices that are used in the analysis, 
appendix B gives a derivation of the difference equations, 
appendix C gives a derivation of the flexibility matrices, 
appendix D gives a derivation of a recurrence equation for 
evaluating the form of Duhamel's integral which involves an 
exponential kernel, and appendix E presents a review of the 
fundamentals of matrix algebra. It is suggested that those 
not familiar with matrix algebra read appendix E before 
reading the analysis.

SYMBOLS 

a	 distance between leading edge of wing and elastic 
axis 

a 1	 coefficient used in unsteady lift function for sudden 
change in angle of attack 

A	 aspect ratio of wing 
A	 aspect ratio of horizontal tail 

semispan of wing 
chord of wing 

co	 chord at wing midspan 
C O3	 midspan chord of tail 
c,	 mean aerodynamic chord of tail 

distance between mass center of wing cross section 
and elastic axis of wing, positive when elastic 
axis lies forward of mass center 

E	 Young's modulus of elasticity 

'Supersedes NACA TN 2060, "A Recurrence Matrix Solution for the Dynamic Response of Aircraft in Gusts" by John C. Houbolt, 1950.
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suddenly applied force 
shear modulus of elasticity 
integers 0, 1, 2, 3, 4, and 5 used to designate sta-

tions (for most part used as parenthetical num.- 
bers, that is, w(3) is deflection at station 3) 

bending moment of inertia 
torsional stiffness constant 
radius of gyration of wing mass about elastic axis 

or elastic spring constant 
length of section associated with a spanwise station 
aerodynamic lift over interval I on wing 
shear force transmitted to wing by fuselage 
aerodynamic lift over interval 1 on wing due to gust 
one-half aerodynamic lift on tail due to gust 
one-half total aerod ynamic lift on tail 
part of aerodynamic lift over interval 1 on wing (see 

equation (16)) 
part of aerodynamic lift over interval 1 on wing (see 

equation (17)) 
mass of beam included in interval 1 or concentrated 

mass in spring oscillator 

mass m including apparent mass effect (m +---) 

assumed over-all compressibility and aspect-ratio 
/ correction for wing	 A 
i
\2+AI1—M2 

assumed over-all compressibility and aspect-ratio 

correction for horizontal tail G 	
A, 

+A,!1_M2 
mass moment me including apparent mass effect 

1	 ,rplc3/1 a 
me+---

	 _c)) 
mass of fuselage per unit length 
mass polar moment of inertia mk 2 including appar-

ent mass effects (mk2+-4(1 a) 2 	 Plc4) 

Mach number or aerodynamic moment over inter-
val 1 about elastic axis of wing 

moment transmitted to wing by fuselage 
integers 0, 1, 2, 3, and so forth to designate num-

ber of time intervals passed 
normal load acting at a station 
fuselage inertia loading per unit length 
torsional load acting at a station 

distance traveled by wing in half-chords (
	

t, 

where midspa.n chord c0 is used as reference 
chord)

2U 
IE distance interval in half-chords (

\ C0 

horizontal-tail area 
time, zero at beginning of gust penetration 
forward velocity of flight 
vertical velocity of gust

W	 deflection of elastic axis of wing, positive upward, 
or deflection of mass oscillator 

w1	 deflection of fuselage, positive upward 
W1	 fuselage modal function, zero at wing elastic axis 

and unity at tail one-quarter-chord location 
X	 distance along fuselage measured from wing elastic 

axis, positive in rearward direction 
X n 	 distance from foremost part of nose to elastic axis 

distance from elastic axis to one-quarter-chord loca-
tion on tail 

y	 distance along wing measured from center of air-
plane 

Z	 ratio of dynamic deflection to static deflection 
a t 	 angle of attack of horizontal tail, positive in the 

stalling direction 
13 forward-speed and aspect-ratio factor for wing 

(mAirp U) or coefficient of damping for spring 
oscillator 

131	 forward-speed and aspect-ratio factor for tail 

mA,1T-pS,U 

-y	 exponential coefficient in function associated with 
/

	

 time 	 2U 

coefficient of fuselage modal function 
OF	 time interval 
X	 exponential coefficient in 'I' function associated 

with variable s 
Xj	 dimensionless interval between i— 1 and i stations 

(X 1b is actual length) 
P	 mass density of air 

angle of twist of wing, positive in stalling direction 
function which denotes growth of lift on rigid air-

foil entering sharp-edge gust (used without sub-
script to indicate function for wing and with 
subscript t used to indicate function for tail) 

Wf	 natural frequency associated with W1 , radians per 
second 

1(t)	 unit-step function 
1 -4)  function which denotes growth of lift on airfoil 

following sudden change in angle of attack (used 
without subscript to indicate function for wing and 
with subscript t used to indicate function for 
tail) 

[ ]	 square matrix 
rectangular matrix 

I I	 column matrix 
I I	 row matrix 
Subscripts: 
t	 tail 
0, 1, 2, 3,	 _.'n	 number of time intervals passed 
0, 1, 2, 3, 4, 5 or i	 station (however, station is usually 
• given as parenthetical number, such 

as w(3) for deflection at station 3); 
i is also used as general subscript in 
appendix A
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All the terms, coefficients, and matrices not defined in this 
section are defined in appendix A. 

Dots are used to indicate derivatives with resiiect to time; 
ow . Ow for example, - =w or

ANALYSIS 

TRANSIENT RESPONSE OF A SIMPLE DAMPED OSCILLATOR 

In order to illustrate the use of difference equations and 
to test the accuracy of the procedure that is to be used in 
the solution of the more complicated gust problems, the 
solution of a simple problem having a known analytical 
solution is first presented. The problem is to compute the 
response of the damped oscillator shown in figure 1 to a 
suddenly applied force. The differential equation of motion 
Of this system due to the suddenly applied force is 

mb+,3'th+kw=F1(t)	 (1) 

By use of difference equations this differential equation may 
be transformed into an equation which involves deflection 
ordinates at several successive values of time. Probably 
the most commonly used difference equations are the follow-
ing (see appendix B for derivation): 

wn
wn+1—wn_l	 (2) = 2€ 

w0+1-2w0+w0_1 (3) 2  

which give the derivatives at the intermediate of three 
successive ordinates. Although these equations are quite 
adequate for the oscillator problem of the present report, 
they cannot be used in the gust analysis which follows. 
Rather, for reasons which are brought out in a subsequent 
part of the analysis, equitions that give the derivatives at 
the end ordinate of several successive ordinates must be 
used. If only three successive ordinates are used, the den y

-atives so found are not accurate 'enough to be useful. if 
a fourth ordinate is added, however, derivatives may be 
taken at the end ordinate with accuracies which are com-
parable to those given by equations (2) and (3). Such 
derivatives are derived also in appendix B and are given 
by the equations:

11w2-18w2_1+9w2_2-2w2_3 	 (4) W,,=	 6€ 

,,2w0-5w0_1+4w2_2—w_3	 (5) 

Although either equations (2) and (3) or equations (4) and 
(5) may be used in the solution of this oscillator problem, 
only equations (4) and (5) will be used, since only these 
equations can be used in the gust-problem solution presented 
in this report. 

If the derivatives in equation (1) are replaced by the

mJ—] 

IF
FFURE 1.—Damped oscillator and suddenly applied force. 

difference equations (4) and (5), the following equation is 
obtained: 
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This equation may be said to be the difference equation of 
motion. If the more general case of a variable applied force 
were being considered, the factor F in this equation would 
be replaced by F0 , the value of the force present at the 
time tne.

k If a specific case is now considered, in which —=400, 

€ =0.01, F=1, and the notation	 (ratio of 
2m	 F/k 
dynamic deflection to static deflection) is used, equation (6) 
becomes 

z=0.018927+2.42272 Z0 _	 1.92114 Zn_ i +O.47949 z0 _3 (7) 

This equation may be regarded as a recurrence formula; the 
value z0 may be interpreted as the deflection to come and 
may be found easily from the three preceding deflections 

2m_2, and z0_ 3 . Then with the newly found value z, 
and with z,,-1 and z,_ 2 , the next deflection can be found, 
and so on. This process thus gives a step-by-step deriva-
tion of the time history of deflection and may be carried 
out as far as is desired. Of course the process must start 
with known initial values of z. These values can be found 
with the aid of the initial conditions of the problem by 
means of the following approach. 

The difference equations for the first and second deriva-
tives at the third ordinate of four successive ordinates are 
(see appendix B)

1 1i)0 =-6€ (2w1+ 3w0 — 6w0 _ 1+w0_2) 

w0 = 
1
- (w 0 + 1 -2w0 + w,, _) 

If these equations are taken to apply at t=0 (n=0), they 
become

1 w0=—(2w1+3w0-6 w_j-t- w_ 2)	 (8) 
0€

1 

	

w0 =—(w 1 -2wo+w 1)	 (9) 

(6)
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For the problem under consideration the primary initial 
conditions are that,-at t=0, the displacement and velocity 
are zero. By use of equation (1) or by reasoning from 
Newton's second law, a secondary initial condition can be 
established—that is, the acceleration immediately following 
the application of the unit force must be 1/rn. In equation 
form these conditions are

wo= 0 

1 
wo=-

m 

By substitution of these values into equations (8) and (9) 

and by use of the notation z =, the following relations 
Ik 

can be found to exist between the ordinates: 

20=0 

Z - 2 = 0. 2 4-8z1	 (10) 

z_ I =0.04—z l J 
Substitution of these values into equation (7), with n set 
equal to- 1, gives an equation from which 21, the deflection 
at t=e, may be evaluated. Three successive deflections 
can now be established: the deflection at t=€, the zero 
deflection at t=0, and a fictitious deflection for t=—e given 
by equation (10). In the real problem no deflection exists 
for t less than zero; the assumption that a deflection does 
exist before t is zero is simply a means for allowing the recur-
rence formula, equation (7), to apply at the origin as well 
as at later values of time. Furthermore, no violation is 
made of the conditions under consideration because, mathe-
matically, the response after t=0 is not influenced by the 
response that may exist before t=0, so long as the initial 
conditions are satisfied. The process just described for 
treating the initial conditions is actually not different from 
the procedure commonly employed in difference-equation 
approaches, in which exterior points near a region under 
consideration are written in terms of the interior points by 
means of the boundary conditions. 

With the initial values of deflection thus established the 

A A 
A 

Exact solution 
Difference -solution: 

0 Cubic end-ordinate derivatives 
Parabolic end-ordinate derivatives 

0	 .05	 .10	 .15	 20
t, sec 

FIGURE 2.—Comparison of exact and difference-equation solutions for response of damped 
oscillator.

step-by-step evaluation of succeeding deflections proceeds in 
a straight-forward manner—that is, equation (7) is now 
evaluated for n=2, then for n=3, and so on. The response 
of the oscillator for the physical constants listed previously 
is given in figure 2. The comparison between the difference 
solution shown in this figure and the exact solution of 
equation (1) is seen to be good. As a matter of interest, 
the solution is also shown in this figure that is obtained by 
the use of the parabolic end-ordinate derivative which 
involves only three successive ordinates. The agreement in 
this case is seen to be quite bad. If equations (2) and (3) 
had been used, on the other hand, the difference solution 
(in this case for w+1) would correspond to that given for 
the cubic end-ordinate derivative. 

RECURRENCE MATRIX EQUATION FOR RESPONSE OF AN AIRPLANE 
IN A GUST 

In order -to help the reader to obtain a perspective of what 
is to be covered in this section, the following basic phases of 
the analysis are given: 

(1) The assumptions are stated. 
(2) The coordinate system and displacements are defined. 
(3) The aerodynamic lift and moment are defined. 
(4) The normal and torsional dynamic loadings (inertia 

forces, aerodynamic forces, and fuselage forces) on the wing 
are derived. 

(5) The equations of elastic deformation—wing vertical 
motion, wing rotation, and fuselage bending—are given. 

(6) The dynamic loadings on the wing are transformed 
into difference equations. 

(7) The equations of elastic deformation and the difference 
equations for loading are combined to give the recurrence 
matrix equation for response. 	 - 

In succeeding sections the initial response is determined, 
the method for evaluating the gust forces is shown, and the 
method for computing the loads and stresses is indicated. 

Assumptions.—In this analysis an attempt is made to 
obtain the simplest and most direct solution to the problem 
with a minimum of simplifying assumptions. The case 
treated is that of an airplane having an essentially straight 
wing and penetrating a gust of known structure. The tail 
is considered to penetrate subsequently the same gust as 
does the wing. The assumptions made are as follows: 

Assumptions pertaining to elasticity and airplane motion: 
(1) The usual assumptions of engineering beam theory are 

made.
(2) The fuselage is free to pitch and move vertically. The 

portion of the fuselage in front of the elastic axis of the wing 
is assumed for convenience to be rigid. The portion of the 
fuselage rearward of the elastic axis is assumed flexible, and 
the elastic deflection is assumed to be given by a single 
modal function. 

(3) The tail is assumed rigid.	 - 
Assumptions pertaining to aerodynamic forces: 
(1) Aerodynamic strip theory applies. Three-dimensional 

effects, however, may be taken into account approximately 
by means of over-all corrections. Some such corrections are 
indicated. 

(2) The gust force and forces clue to vertical and pitching 
motion are the only tail forces considered. Other forces of 
known character may be included, however, if desired.
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(3) Aerodynamic forces on the fuselage are neglected. 
Coordinate system and displacements.—Position on the 

airplane is denoted by an orthogonal system of axes. The 
origin is at the intersection of the wing elastic axis with the 
plane of symmetry of the airplane: the w-axis runs positive 
upward, the x-axis runs along the fuselage positive in the 
rearward direction, and the y-axis runs spanwise. The wing 
semispan is considered to be divided into six, not necessarily 
equal, sections, with a station point at the middle of each 
section. (See fig. 3.) More or fewer stations could be 
chosen, but it is believed that six is a fair compromise be-
tween the amount of labor involved in setting up a solution 
and the accuracy desired. The interval between stations is 
designated by the number of the station at the outboard end 
of the interval. Station 0 is located near the wing root and 
generally may be located where the fuselage intersects the 
wing. In this way the concentrated forces of the fuselage 
are allowed to act through station 0. The other five stations 
are then located in any convenient manner so as to fall at 
concentrated mass locations or at points which represent the 
average of distributed masses, station 5 being nearest the tip. 
The total mass within a section is assumed to be concen-
trated at the station point, and the average of the section 
geometry (chord, elastic axis position, and soon) is assumed 
to apply. In this way the wing is assumed to be a beam 
subject to six load concentrations and as such will have a 
linear moment variation between each station. The further 

	

assumption is made that the	 variation is linear between 

each station. With these assumptions for the El variation 
and concentrated load locations, equations for deflection at 
each station point may be derived (appendix C) by direct 
analytical treatment. 

The displacements of the cross section at each station of 
the wing are given as the deflection of and rotation about the 
wing elastic axis as shown in figure 4. The fuselage dis-
placements are shown in figure 5 and are given by the 
equations:

w1=w(0)—p(0)x	 (11) 

for the forward section and 

wj=w(0)—s(0)xH-WiI3	 (12) 

for the rearward section. The function 44/, is taken as the 
fundamental mode of vibration of the fuselage and tail 
assembly, when the fuselage is considered to be clamped as a 
cantilever beam at the elastic-axis location of the wing, and 

is given in terms of a unit deflection at the i-chord position 

on the tail. With this function to represent the elastic 
deformation of the fuselage the deflection and angle of 
attack of the tail are found with the aid of equation (12) to be 

(13) 

a,

	

dw/1	 (0)—b81	 (14) 
= 

where
dW1l 
dx

1 
I	 0	 I 

.kb	 A2L4	 3b4< A4b < 

	

Station j 0	 /	 2	 3	 4	 5 
FIGURE 3.—Division of wing into sections. 
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FIGURE 4.—Displacements of a wing cross section. 

..W,,g elas/ic axis 

I	 w, (	 .r,,// 2 chor-d 

w(0)

Tt 
FIGURE 5.—Coordinate system for fuselage displacement. 

Aerodynamic lift and moment.—Before going into the 
details of the analysis it is felt worthwhile to define and 
describe the nature of the aerodynamic forces to which the 
wing is subjected. These forces originate from two sources: 
they arise directly from the gust encountered, and they arise 
from the ensuing airplane motion. The equations for the 
aerodynamic lift and moment that develop are herein set up 
in a convenient form on the basis of work given in references 
1 to 4. In these investigations various methods for separat-
ing the lift forces have been used, but the particular method 
for separating these forces is not important so long as they 
are taken into account properly. 

In the present report the aerodynamic lift and moment 
are considered to be composed of two parts: one part, desig-
nated as the lift or moment due to circulation, which includes 
all lift forces or moments exclusive of aerodynamic inertia 
effects and the other part, which is due solely to these inertia 
effects. These lift, forces and moments can be resolved into 
the force systems acting on the airfoil as shown in sketch I 
(forces due to circulation) and sketch 2 (inertia force and 
moment).

Lg 

1L1	 4L2 

a_J	 (I 
I __ 3c __	 I 

SKETCH 1.	 SKETCH 2.
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The force Lg is the lift force developed by the gust and 
corresponds to the gust force that would develop on the 
airfoil considered rigid and restrained against vertical motion. 
All the other forces occur as a result of motion of the airfoil. 
These forces, as well as the gust force, are given for an 
interval I of the span by the equations: For the forces due 
to circulation,	 - 

Lg=rnA lrPclUf	 i/i(t—r)dr	 (15) 

fo, 
L I =rnA lrpclU [uo—'is+c G-) ] [1-4(t—r)]dr 

 
(16) 

mA7rplc 
J12=	 4	 Uco	 (17) 

and for the inertia force and moment, 

L5	 ii)+(c — a)	 (18) 

irplc4.. 
M1=--1-2--p	 (19) 

where 

MA factor which can be used to introduce over-all com-
pressibility and aspect-ratio corrections; in this 
report the factor is assumed to be given by 

A 

2+ A -N/1— M '  
1 - lift function which denotes the growth of lift on 

an airfoil following a sudden change in angle of 
attack 

lift function which denotes the growth of lift on a 
rigid airfoil entering a sharp-edge gust 

The functions 1—F and V, and the correction mA are 
established as follows. In reference 5, approximate equa-
tions are derived which give the lift-coefficient form of the 
growth of lift on a finite wing following a sudden change in 
angle of attack or due to the penetration of a sharp-edge 
gust. The equations may conveniently be considered as the 
product of a factor, which may be regarded as a lift-curve 
slope, and an unsteady lift function, designated by 1-4 for 
the function due to the angle-of-attack change and by t' 
for the function due to the sharp-edge gust. These unsteady 
lift functions are shown in figures 6 and 7 and are given by 
the following equations: For the 1 - functions 

(1 —4 )A= = 1 —O.283e 0540	 (20a) 

(l(D)A6=1O.361e 0381 	 (20b) 

(1-4,),=.=1-0.165e-O-""-0.335e —°°°	 (20c)

and for the 4, functions 

41A3= 1— 0.679e 055 —O.227e 3 ' 20	 (21a)

1'4 .= 1 —O.448e°° 3 -0.272e 072-0.193e 3003 (21b) 

	

4,,,,.=1-0.236e-0-0583-0.513e —0.3141-0. 171e 242	 (21c) 

= 1 —0.500e°' 305 -0.500e 3 	 (22)

0	 4	 8	 12	 16
s ha/f chords 

FIGURE 6.—Lift functions for sudden change in angle of attack. (See equations (20).) 

0	 4	 8	 12	 /6 
.s', ho/f chords	 -. 

FIGURE 7.—Lift functions for wings entering a sharp-edge gust. (See equations (21)
and (22).) 

Equations (21) are based on equations of reference 5; whereas 
equation (22) is the 4, function that is suggested for wings of 
infinite aspect ratio in reference 3. Inspection of equations 
(20) shows that the 'I function for aspect ratios 3 and 6 is 
given by a single exponential term. It is probable that the 

function for higher aspect ratios, say 10 and even 20, 
may also be given to a sufficient approximation by a single 
exponential term. Therefore, the assumption is made that 
in general may be represented by an equation of the form 

(23) 

Interpolation, for example, of the curves in figure 6 shows 
that the function for aspect ratio 10 might be approximated 
by the equation:

4AIO=0.41e	 -	 (24) 

The analysis does not necessarily limit to a single ex-
ponential term. Other terms could be added with some 
increase in labor, but the degree of 'refinement obtained 
is not expected to add much to the over-all accuracy of the 
solution. 

Although the functions given by equations (20) to (22) 
are known to approximate the true functions quite well over 

a large range in s	 (s=-t), the 4, functions given by



A RECURRENCE MATRIX SOLUTION FOR THE DYNAMIC RESPONSE OF AIRCRAFT IN GUSTS 	 131 

equations (21) do not vanish, as they should, when t= 0. When 
used in the computational procedures given hereinafter, these 
functions, therefore, are to be taken as zero when t=O. 
Another point to note is that the variables is given in terms 
of a reference chord c0 ; thus this variable as applied to the 
wing is different, in general, from the variable as applied 
to the tail. 

Examination of the values of lift-curve slope, which were 
stated to be present in the equations taken from reference 5, 
reveals that they may be approximated with good accuracy 
by the product of 21r and the often-used aspect-ratio cor-

rection 
A+2 

for steady incompressible flow. In the present 

report it is assumed that compressibility and aspect-ratio 
corrections can be made by replacing this aspect-ratio 
correction by a compressible aspect-ratio correction defined 

by
A'+2' 

where A'=A-f1—M2, and by multiplying this 

correction by the Glauert-Prandtl Mach number correction 

.	 M2 
to give the product MA. The procedure then for 

taking into account three-dimensional and compressibility 
effects in the present analysis is to determine m4 from the 
forward speed and aspect ratio of the wing and to use the 
1— and 4, functions, equations (20) to (24), for the aspect 
ratio which is nearest that of the wing. 

Some word of explanation of equation (16) might be 
worthwhile at this point. The (t — r) function is associated 
with the lift forces which are due to the wake. Without this 
term the equation would yield the steady lift corresponding 
to the instantaneous values of angle of attack and vertical 
velocity. If equation (16) is integrated by parts and the 
conditions are stipulated that w, ii', p, and are all zero at 
t=0, the following equation may be found: 

L 1 = 3cl 0w — (1 — 0)f3clth+ I3clU[1
c (3_^)$O],P+ 

3 a (1	 ,+f3cl w(t— r)dr - 
C,! 

f,,^(t—,)d,
, 3	 \( 

	

f3clU c 4'(t_r)dr_ f3c 2l(_ a )J ' 	 (25) 

where 0 has been introduced as a forward-speed and aspect-
ratio parameter defined by the equation 

13=mA 7rpU	 (26) 

	

With reference to equation (23), Do and 	 in equation (25)
would have the values

= a
2U F0 =_— Aa1 

Co 

The form of L1 given by equation (25) is presented because 
this form is more convenient to use in the present analysis. 

For this analysis the total lift and moment acting at the 
elastic-axis location are desired. For the present, the total 
lift L and moment M of the forces due to circulation are 
found; the inertia force and moment are to be treated

separately. Summation of all the lift forces due to circula-
tion and summation of the moments of these forces about 
the elastic axis gives the desired equations for the aero-
dynamic lift and moment acting on the airfoil over an 
interval 1 as follows:

L L1+L2+ Lg	 (27) 

	

111=(a--^)L^—('c—a)L,+(a—'r L, 4 	 T	 0 (28) 

The loading on the wing.—The normal and torsional 
dynamic loads that are held in equilibrium by the elastic 
restoring forces of the wing may be found by considering all 
the aerodynamic and inertia forces that act on the wing. 
The mass situated at any station (see fig. 4) can be shown to 
have an inertia normal force equal to 

—mib+me 

and an inertia torsional moment about the elastic axis equal 
to

meib— mk2o 

If the aerodynamic forces and moments (see equations (18), 
(19), (27), and (28)) are added to these inertia loadings, the 
total normal and torsional loadings on the wing at each 
station are found to be given, respectively, by the equations: 

p=—mb+me+L+L3

q=meih_mk2+M_(_a) L3+MI 

The terms L3 and M1 ordinarily would appear with the aero-
dynamic lift and moment values but are treated separately 
so that they can be combined with the structural mass 
terms. If use is made, of equations (18) and (19), the load-
ing equations become 

	

p=—h++L.	 (29) 
-2 

	

q=mew—mk ø+M	 (30)
where

(m+2) 

3Th [
	 irplc3/1 aVi = 

-2 = 
[mk2

+-  
7rp1c 4 71 - a\2 + lrplc4l 
--,)--] 

The terms appearing with the structural mass quantities in 
the definitions of i, , and k2 are the terms which are 
commonly associated with apparent mass effects. 

The value of the shear forces L, and the moment M, trans-
mitted to the wing by the fuselage can be found in the 
following manner. From equations (11) and (12) the values 
of the inertia loading on the forward and rearward sections 
of the fuselage can be shown to be given, respectively, by 
the equations:

	

Pi= — m[i(0) — (0)x]	 (31) 

Pi —m,[b(0)—(0)x+H'1I 	 (32)
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Integration of these inertia loadings over the length of the 
fuselage and addition of the aerodynamic tail load 2L, give 
the value of the total load transmitted to the wing; one-half 
of this load is designated by L, and is assumed to act at 
station 0, the other half being considered to act through the 
corresponding station on the other half of the wing. Inte-
gration of the moment of the inertia loading about the 
elastic-axis location and addition of the moment —2xL of 
the tail forces give the total moment due to the fuselage; 
one-half of the moment is designated M, and acts at sta-
tion 0. The values of L, and M, thus found can be given 
by the equations: 

L,== —M1'ib(0)+M2(0) — M3+L	 (33) 

M,=M2ib(0)—M4(0)+M5 — x,L ,	 (34) 

where the Mi's are considered to be generalized masses 
defined as follows:

M1 =-f ' m,dx 

M2=f ' m1x dx 

1143 =if m, W1 dx	

(35) 

rn1x 2 dx 

1115 = f ' m,xW1 dx 

= Vo rn,W1 2 dx 

The generalized mass constant M6, although not appearing 
in equations (33) or (34); is included in this group because 
it occurs in a subsequent part of the analysis. In the 
derivation of equation (34), the aerodynamic moment of 

the tail about the tail -chord position is neglected since 

it is considered to be small in comparison with the value 
x,L. The lift on the tail L can be found by application 
of equation (27) to the tail surface. In this case the 4) 
function appropriate to the tail should be chosen and the 
values of displacement w and V should be replaced by 
w,(xt) and a t, the values of deflection and angle of attack 

at the tail i-chord position. These values are given by 

equations (13) and (14).	 - 
Matrix equation of equilibrium.—The problem of comput-

ing the response may be considered to be one of the deter-
mination of the deflection and rotation of a beam which is 
subjected to normal and torque loadings. In differential

form, the bending and rotational displacements are related 
to the normal and torque loadings by the well-known 
expressions:

C)2	 à2w
(36) 

 ----GJ=q	 (37) 
C)y	 by 

where in this instance p and q are the loadings per unit 
length of beam. In addition to these two equations which 
are considered to apply to the wing, an equation for com-
puting the elastic deformations of the fuselage may be found; 
this equation may be found in the following manner. The 
rearward part of the fuselage is considered to be a cantilever 
beam subjected to the inertia loading given by equation 
(32) and the tail force 2L. If equation (36) is applied 
to the fuselage and use is made of equations (12) and (32), 
the following equation for fuselage bending results: 

ô	 El,	 - rn, [ib(0)-3(0)x + ô W 1 ] + 2L, (38) 

in which L must be treated properly as a concentrated load 
and If is the bending moment of inertia of the fuselage. 
Since W1 represents a vibration modal function, the following 
relation exists:

ô2	 2 
P EI, ---=m1w1 W1 

where cof is the frequency of vibration associated with W1. 
Equation (38) may therefore be written 

vm,w,2W1 = - m1 [ib(0) - (0)x + W1 ] 4-2L, 

Multiplication of this equation through by W1 and integration 
between 0 and x, results in the following equation for fuselage 
bending

w,2M6 5= —M3ib(0) + M5 (0) —M6 + L,	 (39) 

where M3, M5, and M6 are defined by equations (35). 
Equations (36), (37), and (39), when the loadings given by 

equations (29) and (30) are considered, are seen to be rather 
involved integrodifferential equations but describe com-
pletely the motion of the airplane. The problem is to find 
functions w, , and 6 which satisfy these equations and which 
satisfy both the boundary conditions and the initial conditions. 

The problem of finding the w and functions may be 
simplified considerably by reducing the rather complicated 
equations of motion to a simplified and systematic algebraic 
form. The first step (see appendix C) is to replace the dif-
ferential equations (36) and (37) for wing deflection and wing 
rotation by the following simple matrix equations: 

	

[A]jw=lp	 (40) 

(41)
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The matrices in these equations are defined in appendix 0 
(see equations (022) and (023) and equations (029) and 
(030), respectively) and have been derived on the basis that 
the displacements along the semispan are given at six stations. 

Equations (40) and (41) and the fuselage deflection coeffi-
cient a are now combined in a single matrix equation of the 
form indicated as follows: 

0	 0-] a	 0 

	

0	 [A]	 0	 jwj	 1 PI	 (42) 

	

Lo	 0	 [B]] II	 lqI 

This form is chosen because it will be useful subsequently. 
With the notation given in appendix A, equation (42) may be 
abbreviated to the form:

[C]jwI=IPI	 (43) 

This equation may be regarded as the loading matrix equa-
tion of equilibrium; it relates the loadings to the displace-
ments by linear simultaneous equations. The boundary con-
ditions are automatically satisfied when this equation is used 
because they had to be taken into account when the sub-
matrices [A] and [B] were derived. Only the initial conditions 
remain to be satisfied and these are treated separately in a 
subsequent section. 

Transformation of the loading equations into difference 
form.—The loading equations are now simplified by replacing 
the time derivatives by difference equations. If equation 
(5) is used to replace the derivative in equations (29) and 
(30), the values of the loading at the nth time interval are 
found to be 

m	 me 
;2	 el 

4 -- -) + L
	

(44) 

q=L (2w— Sw j+4w_2—w_3)--– (2 - 5–+ 62

4(Pn -- 'P.-3) + M
	

(45) 

The values L8 and MU are found by determining the expres-
sions for L1 , L2 , and Lg at t=n€ (see equations (27) and (28)). 
Of these L1 is the most complicated, since it (see equation 
(25)) involves three unsteady lift integrals of the Duhamel 
type. Fortunately, however, a rather simple recurrence 
relation can be developed which allows the calculation of the 
value of these integrals at a given time interval directly from 
the value at the previous time interval. This derivation is 
presented in appendix D and is m- ade possible because the 
4' function is of an exponential form. (Where the 4' function 
is given by more than one exponential term, a recurrence 

213637-53--11

relation for each term may be written.) From the derivation 
in appendix D, therefore, the value of the three integrals at 
the nth time interval may he given as follows: 

F	 13c1€..	 $cle 
n+	 vn--- [Uo+c (' o] 'p	 (46) 

where

F =e 6 F1+gw1±g'çc_j 

in which g and g' are defined by equations (A5) in appendix 
A. With this expression to replace the value of the integrals 
in equation (25), the value of L1 may be written 

L,.=&1 4"+1	 w—(1-4'o).8c1th+ 

i cl[U(1 _4'o)_ 4)o_(40+jo)C(_)]4n + 

a\ 
(l_4'o)flc 2l__)	 (47) G 

With the use of difference equation (4), this equation may 
be transformed finally into the form: 

Li =dow +diwn_i+d2wn_2+d3wn_3+do' con +

(48) 

where the d's are defined in appendix A. Likewise, from 
equations (4), (17), and (26), L2 may be written 

131c2
( 1 lcon-18con_J+9cofl_2-2'n_3) 

If L 1 , L2 , and the value Lg of the gust force at t=n€ 
are introduced into equation (44), the value of p at the nth 
time interval can be shown to be given by the equation: 

pn = 77oWn+ 771Wn_j+ 772Wn2+ 773Wn_3+ 770'4n+ 

7114°n-1+ 772con-2+ 773'con_3+Fn+Lg	 (49) 

where the 's are coefficients which are given by equations 
(A3) in appendix A. In a similar manner, the equation for 
q (equation (45)) can be reduced to the form: 

q U = v0W, +	 + 2W.2+ P3W+ o ço + Picon_j+ 

v2cofl2+vacn_3+(a--) Fn+(a_) Lg	 (so) 

where the P's are given by equations (A4) in appendix A. 

The value of aerodynamic lift acting at the tail i-chord L 

is found most conveniently by applying equation (49) to 
one-half of the tail surface. This application is made by 
modifying the 77 coefficients as follows: The mass value rn 

is set equal co zero, is taken as -, c is replaced by C,, and
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i9el is replaced by 0, defined as the forward-speed and 
aspect-ratio parameter of the tail by the equation: 

= 5-mA,7pUS,	 (51) 

In addition, w and (p are replaced by the deflection and 
rotation of the tail given by equations (13) and (14). With 
these substitutions the value of L,,, is found to be 

L,

f'(0)_ 1 +J2'c(0)n_2+J3 'c(0)fl_3+Yo O fl +fO_+ 

f2 6n_2+Y30n_3+Ftn +.Lg,	 (52) 

where

F1 =e—OF ' _ 1 +jw(0)_1 +j'(0)n -	 — i 	 (53) 

Lg1 is one-half the tail gust force at t=n€ and thefs and i's 
are defined by equations (A7) and (All), respectively, in 
appendix A. 

With equation (52) and difference equation (5), equations 
(33) and (34) for L, and M1 and equation (39) for fuselage 
bending may be reduced readily to the following form: 

Lf = -yow (0)fl+'/jw(0)_l+2w (0)_2+ y,w (0)fl_3+'yO'(0)n +
7 i'ca(0)_ 1	 +'YiOn_ I + 
'Y2 On_2+'y3Oj_3+Ft+Lg,	 (54) 

M1 =,2 0w(0) + /.L 1w(0)_ i +.u 2w (0) fl _ 2 + /2 3w (0) n _, + /1 o'p(0) n + 

/.L,'(0)_ 1+/12'(0)n_2+,23'(0)fl_3+OOfl  
/126n_2+!30n_3_X1F1X1Lg, 	 (55) 

o = row (0)n + T1W(0)n_ i+ r2w(0)_2+r3o(0) _-+ro'(0) +
r 1'(0)_ i+r2 p(0) n _ 2 +r3 ((0)n_i+TOOn ±r1O_1+ 
725n_2+3On_3±Ft+Lg1	 (56) 

where the 's, to's, and r's are given by equations (A8) to (AlO) 
in appendix A. 

The complete set of loading equations as well as the 
fuselage bending equations are now available in difference 
form. Equations (49) and (50) apply at each spariwise 
station and in addition the values of L1 and M, must be 
introduced at station 0. The coefficients n, v, 7, and so 
forth are seen to involve only the physical properties of the 
airplane structure, the forward-speed and aspect-ratio 
parameters given by equations (26) and (51), certain con-
stants derived from the unsteady lift function, and the time 
interval. The time interval E that is chosen should be 
fairly small in comparison with the natural period of the 
fundamental mode in bending of the wing. To serve as a 
guide an interval.chosen near 1/30 of the estimated period 
of vibration of the fundamental mode appears to be quite 
satisfactory. Of course, some caution should be observed

in the choice of this interval if the airplane is near a critical 
condition where some mode other than the fundamental 
may predominate. For example, if the airplane is flying 
near the flutter speed, the characteristic frequency of the 
response may be near the natural torsional frequency of the 
wing. The time interval should be modified accordingly. 

Recurrence matrix equation for response.—Equations (49), 
(50), (54), and (55) for loading, equation (56) for fuselage 
bending, and the equilibrium equation (43) may now be 
combined to give the recurrence matrix equation for re-
sponse. In order to simplify the process of combining these 
equations, only the abbreviated or symbolic form of the 
matrices which occur are used. The definitions of these 
matrices are given, unless otherwise stated, in a complete 
group in appendix A. 

Application of equations (49) and (50) to each of the span-
wise stations and of equations (54) and (55) to station 0 leads 
to a set of loading equations which may be put in the matrix 
form given by the following equations: 

Pin = ! oi On + ji! On _ 1+72! On_2+ 73! On_3+ [ne] !w! + 
['11] I I_ 1 + [ 172] I W Ifl_2+ [173] !WJ fl _ 3 + [ no'] IIn 4 

['1J ']!n-1+[ 17211 +!LgI + 

1I(Ft+Lg,)

	
in	

(57) 

I q In = 1/101 On + Mi! n-1+ 1/2 21 On-2+ /1 3! t3n_3+ ['] W i n + 

[vi] Jw - 1-1- [P2] I W ifl_2+ [vs] i W !n_3 -4- [v'] I4In 4- 

[ i"] IIn—i+ [P2'] Iln-2+ [i'3']icIn_3+[a -] F( + 

ILgI+!x t !(F,+Lg,)	 (58) 

where

FIne7IFin_i+ [g]wJ n _ i + [g']ico n _ i 	 (59) 

(Ft) n = eYt (Ft)n _ i +iw (0) _i+j 'o (0),, +30 71 1 (60) 

Equations (57) and (58) and equation (56) may now be 
combined to form the following matrix equation: 

0	 -7o l±o] [ro'fl 0 [nJ [r'J 

II	 i	 !o! [no] [ne'] JWJ	 + 1 [nd [17'] 1w!	 -i-

vo] [vo'I] Ip I n	 Lii [P1] [ Pi'] !	 ! n—i 

r 
72 [r2J [ r2'Jl 0 73 ft31 1r3J1 

1 12 ['12] ['12']	
J

Iwl	 + 1731 [ne] [na'] IWI	 + - 

LiM2i [P2] [i'2']J ll n-2 /13! [P3] [P3'] coIn-

1 0 Ft+Lg, 

Ill [/]
(61) 

ixt! [a_fl
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For simplicity, this equation may be abbreviated to the 
form:

a	 a	 a 

IPI=[So]w +[S1] w 	 +[S2] w	 +[831w	 + 

40 n	 'P n—I	 4 n-2	 40 n-3 

fRjlFI+ILl	 (62) 

where
a

F =[e]lln_i+[ Wj W	 (63) 

4,' n—I 

and the matrix 11, 1. is defined in the section entitled "Der-
ivation of Gust Forces." 

Substitution of equation (62) in equation (43) gives 

a	 a	 a	 a	 a 

[C] w	 [S0] w ±[S 1] w	 +[S2] w	 +[S3] w	 + 

4' n	 40 n	 40 n—i	 40 n-2	 40	 3 

FRi	 (64) 

With the use of the notations 

	

[D]=[[C]_[S0]]	 (65) 
and

a	 a	 a 

lQI= [S 1] w	 +[S2] w	 +[S31 w +[Rj F+ILgI 

40 n—i	 40n-2	 (P n-3 n 

(66) 
equation (64) may be written simply 

a 

[D]w =IQIm	 (67) 

Multiplying through by the reciprocal of [D] gives finally 
the equation

a 

W =[D]IQI	 (68) 

,, 

This equation gives the displacements that apply at time n 
in terms of the displacements that occurred at several pre-
ceding values of time (see equations (63) and (66) for the 
definitions of IF1 . and lQl).

From equation (68) the complete response of the airplane 
can be computed once the character of the gust is known. 
The matrix of gust-force values IX gfn can be determined by 
the procedure given in the section entitled "Derivation of 
Gust Forces." The initial conditions (treated in the follow-
ing section) are used to obtain three successive initial sets of 
the displacements. With these sets of displacements the 
next set may be obtained by application of equation (68). 
With the newly found set and the preceding sets of displace-
ments, the next set may then be found, and so forth, until a 
sufficient time history of the displacements is found from 
which maximum loading conditions may be determined. 

The reason for using the difference form of the derivatives 
as given by equations (4) and (5) might now be given. 
Equation (64) may be considered a differential equation, 
since the matrix [C] contains the spanwise derivative matrices 
[A] and [B] and may be likened to the differential equation 
which relates the load to the deflection for a beam. The 
unknowns are the deflections at time n. The right-hand 
terms correspond to the loading, the first term being the only 
one which is not known since it contains the unknown de-
flection. The subsequent inversion of the matrix [D] leads 
to, in effect, the solution to this differential equation and, in 
the beam analogy, corresponds to the integration of the 
loading to obtain the deflection. When numerical methods 
are used, the deflection may be computed with good accuracy 
by integration of the loading. On the other hand, if the 
difference equations which apply at an interior ordinate 
had been used, the matrix [C] would have appeared as an 
operator on one of the known deflections on the right-hand 
side of the equation. Effectively, its operation would be to 
differentiate a known deflection, and in the beam analogy 
this operation corresponds to the attempt to obtain the load 
which caused a given deflection. This process, however, 
cannot be done with accuracy when numerical methods are 
used because of the difficulty encountered in the form of 
small differences of large numbers. The difference equations 
which apply at an outer ordinate and, consequently, lead 
to an integration process, therefore, have to be used. 

DERIVATION OF THE INITIAL RESPONSE 

As has been mentioned, some initial values of deflection 
are needed before equation (68) can be used. This section 
shows how these values are obtained. The airplane, just 
before gust penetration, is considered to be in level flight, 
and all displacements which follow are given relative to this 
level-flight condition. The initial conditions are that the 
vertical displacements, vertical velocity, wing rotation, and 
angular velocity are all zero. The gust force can be shown to 
start from zero and, therefore, by Newton's second law the 
additional initial condition can be established that the 
acceleration must be zero at the start of the response. These 
conditions can be satisfied, and the beginning of the response 
can be found by means of the analysis which follows.
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The initial response is assumed to be given in terms of 
four successive ordinates, denoted by w_2 , w_ 1 , w0, and w1 ; the 
w0 ordinate is considered, as in the case of the damped oscil-
lator, to locate the origin of time. The first and second 
derivatives at the w0 ordinate are given by equations (8) 
and (9), respectively. By virtue of the initial conditions 
(the vanishing of the deflection, velocity, and accelerations 
at t=0), the ordinate w0 and the derivatives given by equa-
tions (8) and (9) must be zero; therefore, the ordinates w2 
and w 1 are found to be related to the ordinate w1 by the follow-
ing relations:

w_2=-8w1	 (69) 

(70) 

These relations are general and must apply for deflection 
and rotation at each of the spanwise stations and for the 
fuselage deflection as well; that is, the displacements at 
t= —2€ must be minus eight times the displacements at t=€, 
and the displacements at t= - € must be the negative of those 
at t=€. Substituting these conditions in equation (64), 
taking n as equal to 1, and using the condition that the dis-
placements are zero at t=0 give the following matrix 
equation in terms of the displacement at t=e alone: 

[[D]+[s21+8 [831] 1 w  =[R] I LgIi	 (71) 

II1 

The term IF!, is zero and therefore does not appear in this 
equation. Solution of this equation gives the valus of the dis-
placements that occur at t=€	 (n=1). 

The three sets of initial displacements required to proceed 
with equation (68) are thus known: the set of deflections 
found att=€, the zero set at t=0, and the set at t=—€ given 
by equation (70), or simply the negative of the displacements 
which were found at t=€. In the actual case no displace-
ments are present at t= -€, but these displacements may be 
regarded as being of a fictitious nature the only purpose of 
which is to allow the step-by-step evaluation of the dis-
placements to be started easily 

DERIVATION OF GUST FORCES 

The matrix ILgl which appears in the response equation 
(68) is derived as follows. From equation (15) and the 
notation of equation (26), the total gust force acting over a 
station section at the nth time interval may be given by the 
equation

fl 

Lgn 13C15	 — 4'( €—r)dr 	 (72) 

The integral in this expression is also of the Duhamel type 
and since the P function is expressed by exponential terms 
(see equations (21) ), the integral maybe evaluated quickly 
by a method similar to that developed in appendix D. The 
procedure of computing the gust force by this equation 
and then the response is not recommended, however, since 
a complete response evaluation would have to be made for 
each gust considered. Instead the procedure recommended 
is to compute the response due to a sharp-edge gust; then

with this response the response to any gust may be found 
directly by superposition. 

Thus for the case of a sharp-edge gust, equation (72) 
reduces simply to

Lgfl=I3C1V1/'n	 (73) 

where ii/, is the value of the 4' function at t=n€. This 
equation when applied to each of the spanwise stations leads 
directly to the matrix equation for gust force: 

lLgfn=/3 

If the gust is uniform in the spanwise direction, the v's in 
this equation will all be equal. 

In a similar manner, one-half the gust force acting on the 
tail due to a sharp-edge gust may be shown to be 

Lg,n 00041,, (75) 

where the gust gradient is assumed to be the same as for 
station 0 and ik,. is the value of the '1' function for the tail. 
This equation and equation (74) may now be combined to 
give the desired matrix 11J. as follows: 

0, V,	 0	 IVt 

0 flcolovo 

Lgj -j
0 13c111v1 

fl	 0 i3c,l,v2	 (76) 
IILgII 

Lg

I 

!fl 

0 13c,l,v, 
n

0 1&4104

0 13c515v5J 
In the application of this equation it should be kept in mind 
that Lg, does not begin to act until the tail starts to penetrate 
the gust. The time interval at which penetration starts 
may be taken as the interval nearest to the quantity

eu 
COMPUTATION OF LOADS AND STRESSES 

Once the time history of the displacements has been found 
from equation (68), the normal or torque loading on the 
wing can be found with little additional work. If the nota-
tion of equation (66) is used, equation (62) may be written 

PI=[S0J W +IQI	 (77) 

cfl 

This equation shows that the loading matrix JPJ may be found 
by adding an easily computed matrix to the matrix IQI, the 
value of which will have already been determined in the 
response calculation. The loading matrix JPJ is remembered 

c010v, 

c,11v1 

c,l,v, 

c,l,v, 
'1/fl	 (74) 

c414v4 

c,l,v,
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to be defined in terms of the normal and torque loadings, and 
either of these loadings may be found independently of the 
other. 

The loadings thus found are considered to be applied 
statically, and the stresses are then found by ordinary static 
means. Since the loadings can be computed for any value 
of time, the complete stress history of any point in the 
structure may be computed. In general, the maximum stress 
at different points in the structure is expected to occur at 
different times. Some guide as to the probable time of 
occurrence of the most severe stress may be had, however, 
if the computed wing deflection is observed. It is likely 
that maximum stress occurs in the range where wing bending 
appears to be most pronounced. 

The acceleration of any point in the structure may be 
found, if desired, with the aid of equation (5). 

COMPUTATIONAL PROCEDURE 

The principal results of the analysis presented in the 
previous sections are summarized herein in a step-by-step 
form. Only those steps are listed which actually have to be 
performed when a determination of structural response for 
any airplane is being made. In order to conform with 
standard aircraft practice the use of inch-pound-second 
units throughout is recommended. 

The steps are as follows: 
Preliminary steps 

(1) The wing semispan is divided into six sections and a 
station is located at the middle of each section (see fig. 3). 
The sections are proportioned in any convenient manner so 
that certain stations will fall at concentrated mass locations, 
such as engines or fuel tanks. Station 0 is located near 
where the fuselage intersects the wing and station 5is located 
near the tip. The properties El, GJ, 5Th, and ME' are then 
computed at each station. 

(2) From the El, GJ, and X values determine the [A] and 
[B] matrices by the method given in appendix C. 

(3) Compute the gust-force values at the successive time 
intervals for both the wing and the tail. (See section 
entitled "Derivation of Gust Forces.") The i/' functions 
used are taken from equations (21) or (22) for the aspect 
ratios which are nearest to those of the wing and tail, respec- 
tively. A time interval that appears satisfactory is one in 
the neighborhood of 1/30 of the estimated natural period 
of the fundamental bending mode of the wing. 
The recurrence equation: 

(4) With the quantities determined in steps (1) and (2), 
determine the matrix elements given by equations (A3) to 
(A5) at each of the spanwise stations. 

(5) Compute the fuselage and tail coefficients given by 
equations (A8) to (All). (See definitions of M1 , M2 , M3, 

M4 , 1115 , and M6 given by equations (35).) 
(6) With the use of the coefficients determined in steps (4) 

and (5), set up the following matrices: [D], [S1], [S21, [So], 

[R], [e], and [W]. These matrices are defined in appendix A 
and for the most part are found from simple diagonal 
matrices of the coefficients determined in steps (4) and (5). 
The form, for example, of the [8] matrices is illustrated in 
table 1 with randomly chosen numbers. All elements which

TABLE 1.ILL(JSTRATION OFgTHE [8] MATRICES 

3 4 - 

110 6 

6 4
3 

2 

i i 1 

4

3 

2

2 2: 

I I

are not shown are zero. It may be of interest to explain 
briefly the significance of the various terms that appear in 
the matrix. In order to facilitate the explanation the 
matrix has been partitioned into several submatrices. The 
terms in the upper left-hand box are associated with wing 
bending and the airplane vertical motion; whereas the terms 
in the lower right-hand box are associated with wing tórsion 
and airplane pitching. The terms along the two subdiagonals 
serve to couple together the bending and twisting action. 
The terms in the first row and first column are associated 
with fuselage bending. The omission of certain terms in the 
matrix will lead to the matrix which applies to the more 
simple type of aircraft motion. For example, for the case in 
which only wing bending and vertical motion are to be 
considered, computation of only the terms which make up 
the upper left-hand box is sufficient. 

(7) Determine the reciprocal of the [D] matrix and set up 
the following matrix equation: 

w  =[D]' j QI	 (78) 

IIn 
where 

lQl=[S1] w 	 +ES21w	 +[53]w	 +[RJIFI+Lg 

(P n—i	 n-2	 n—S	 n 

in which

IFIn=Ee]VIn_i+[T'Ti w 

4' n—i 

In these equations the matrices containing ô, w, and çp are 
dis1acement matrices aiid are defined in appendix A. The 
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matrix ITI takes into account the forces which develop due 
to the "wake effect," and ILg I is the gust-force matrix which 
is derived in step (3). Equation (78) is seen to give the dis-
placements that occur at time n in terms of the displacements 
which occurred at the times n-1, n.-2, and n-3. 
The initial response: 

(8) By use of the matrices given in step (6) and the gust 
forces which apply at n=1, set up the following matrix 
equation:

[[D]+[S2]+8[S3]] Vi	 [R]ILg I i	 (79) 

goi 

The term Pf i does not appear in this equation because it is 
zero.

(9) Solve equation (79) for the displacements. Any con-
venient method, such as the Crout method (see reference 6), 
may be used. The displacements found will be the value 
of displacements that apply at t=e or n= 1. 
The response: 

(10) The response may now be found by successive appli-
cation of equation (78). The response at n=1 has been 
found in step (9); the response at n=2 is next to be deter-
mined. The values of the displacements in the n-2 term 
of the response equation are all taken to be zero (initial 
condition), and the values in the n-3 term are taken as the 
negative of those found in step (9). The gust forces to use 
are those which apply at n=2. The deflections that apply 
at n=2 are then found by matrix algebra. For convenience 
the column matrix IQI is evaluated first, and then multiplica-
tion of this column matrix by the reciprocal of the [D] matrix 
gives the deflections at n=2. With the newly found deflec-
tions at n=2 and the deflections at n=1 and n=0, the 
deflections at n=3 can be found, and so forth. This process 
is continued until the wing bending appears to be the most 
pronounced. 
Wing loading: 

(11) With the deflections known, the value of wing loading 
in bending or in torsion can be computed directly from 
equation (77). The stresses at any point can then be com-
puted from the wing loading by ordinary static means. 
Since the loading may be computed at any value of time, 
the complete stress history of any point on the structure 
may be computed.

EXAMPLE 

As an illustration of the method of analysis given in the 
present report, the response of a typical two-engine airplane 
due to a sharp-edge gust is determined. For brevity the 
fuselage is assumed rigid and only vertical displacement 
and wing bending are considered. The weight variation 
over the wing semispan and the equivalent-weight concen-
trations are shown in figure 8. In this figure are shown also 
the station locations and the interval covered by each station 
section. The solution is made for a forward velocity of 
flight of about 210 miles per hour and a gust velocity of 10 
feet per second. In tables 2, 3, and 4 are listed, respectively, 
the various physical characteristics and the factors which

Li 
300-

p200-
Ii 

11hIN i/00

tructuo/ mass 

b 

/4769	 6050	 1433	 382	 20/	 1/8/b 

./7b	 ./sb	 .16b	 ./6b 

FIGURE 8.-Weight distribution and equivalent concentrations for example two-engine 
aircraft. 

TABLE 2.-PHYSICAL CHARACTERISTICS AND UNSTEADY 
LIFT FACTORS FOR EXAMPLE AIRPLANE 

bin--------------------------------------------------------------------------------560 
C., in--------------------------------------------------------------------------------154 

lb/in---------------------------------------------------------------------------165 

p, lb/ftl ----------------------------------------------------------------------------- 	 0.0765 

U, I
mph--------------------------------------------------------------------------210 
in./sec-------------------------------------------------------------------------3700 

tJ, in/sec---------------------------------------------------------------------------120 
,see ------------------------------------------------------------------------------- 	 0.01 

As, half-chords---------------------------------------------------------------------0.48052 
M-- -------------------------------------------------------------------------------	 0.276 
A----------------------------------------------------------------------------------10 
MA --------------------------------------------------------------------------------0.861 

0.001147 

0.381
18.3078

e-s ---------------------------------------------------------------------------------- 0.832703 
4'o=ai ------------------------------------------------------------------------------	 0.361 
4'O --------------------------------------------------------------------------------- -6.60912 

120.9985 

TABLE 3-v' ORDINATES AND GUST-FORCE MATRIX FOR 
EXAMPLE AIRPLANE 

n
'I' 

(Equation 
(22))

n (Equation 
(22)) 

0 0 10 0.72820 
1 .22105 11 .74595 
2 .36744 12 .76215 
3 .46710 13 .77707 
4 .53741 14 .79086 
5 .58888 15 .80373 
6 .62830 16 .81574 
7 .65980 17 .82696 
8 .68594 18 .83748 
9 .70840

17.8404 

15.7552 

12.1811 
Lgk120

10.5295	 - 

8.77455 

7.01964 

come from the unsteady lift function, the values of the 4' 
function and the gust-force matrix, and the matrix elements 
that are required for the solution (steps (1) to (5)). The 4 
function for an aspect ratio of 6 was chosen (see equation 
(20b)); and the C' function for an aspect ratio of infinity 
(equation (22)) was used. 
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The [A] matrix as computed from the values of X and I 
listed in table 4 is shown in table 5 (a). In the computation 
of the 77 values shown in table 4 for station 0, the fuselage 
was treated as a concentrated wing mass. This treatment 
is allowable since the fuselage is assumed rigid and further 
saves the work of computing the y values (see equations 
(A8)). The [[A]-[So]] or [D] matrix, which in this case 
applies only to bending and vertical displacement, is shown 
in table 5 (b). The equation which is formed from equation 
(78) (step (7)) and which involves the reciprocal of [D] 

and the [Si] and [Ri matrices is shown in table 6. The 
equation for computing the initial response (step (8)) is 
shown in table 7.

The solution to these equations is shown in figure 9 in 
which deflection in inches is plotted against spanwise station 
points for various intervals of time. For clarity the deflec-
tions for the odd intervals have been left off. From these 
curves the consequent wing bending and the manner in 
which the airplane is swept upward by the gust can be seen. 
The time histories of the loads (equation (77)) that occur 
at each of the spanwise stations are shown in figure 10. 
These curves indicate the presence of some second-mode 
excitation in the response. The stresses that occur at stations 
0, 1, and 2 are shown in figure 11. The presence of second-
mode excitation is not readily discernible from the stress 
curves. 

TABLE 4.-MATRIX ELEMENTS FOR EXAMPLE AIRPLANE 

Station ). I c 1 770 171 '72 '73 g 

0 0.09 2700 154 101 ---56.019712X104 139.84200 X10 -111.77100 X104 27.93800 X10' 17.9752 
1 .18 1870 136 101 -31.594032 78.802027 -62.951014 15.733559 15.2697 
2 .17 1100 118 90 -7.570015 18.783512 -14.956756 3.735946 12.2731 
3 .16 520 102 90 -2. 109675 5.151851 -4.060925 1.012428 10.6091 
4 .16 223 85 90 -1.150062 2.773208 -2.168104 .539690 8.84085 
5 .16 67.5 68 90 -.698450 1. 664566 -1.291283 .320952 7.07268 

TABLE 5.-THE [A] AND [D] MATRICES FOR EXAMPLE AIRPLANE 

(a) The [A] matrix 

r	 82, 192. 75 -133,410.07 61.949. 726 -12,599.08 2,094.4210 -237. 6981 
-133, 410.07 258,299.66 -172,806.94 56,197.447 -9,339.8380 1,059.7383 

61,959.73 -172,806.94 194,219.495 -108,709.511 28,579.472 -3,242.2365 
-12,509.080 56, 197. 447 -108,709.511 103,983.971 -47,410.326 8,567.4988 

2,094.4210 -9,339.8380 28,579.472 -47,410.326 36,607.4681 -10,531.197 
L

	
-237.6981 1,059. 7383 -3, 242. 2365 8, 567. 4988 -10, 531.197 4, 383. 89451 

(b) The [1)] matrix 

r 842,389.82 -133,410.07 61,959.726 -12,599.080 2,094.4210 -237.6981 
-133,410.07 574, 239. 980 -172,806. 94 56, 197. 447 -9,339.8380 1,059. 7383 

61,959.726 -172,806.94 269,919-640 -108,709.511 28, 579. 472 -3,242.2984 
-12,599.080 56, 197. 447 -108, 709. 511 125,050. 721 -47, 410.326 8, 567. 4988 

2,094.4210 -9, 339.8380 28, 579. 472 -47,410.326 48, 108.0880 -10,531. 197 
L	 -297.6981 1,059. 7383 -3,242.2365 8,567.4988 -10,531.197 11,368.2945 

TABLE 6.-RECURRENCE EQUATION FOR RESPONSE OF EXAMPLE AIRPLANE 

w(0) r	 0.016448152 0.003274436 -0.002535913 -0.092352527 -0.0008201844 0.0003284241 
w(1) 0.003274436 0.022344322 0.01467594 0.0020771656 -0.002939533 -0.002117350 
w(2) _jJ -0.002535913 0.01467594 0.069848456 0.06246892 0.02103792 -0.009089948 
w (3) 10 ,0001 -0.002352327 0.002077166 0.062468920 0.19074974 0.15523588 0.01762344 
w(4) -0.008291844 -0.002939533 0.02103792 0.15523598 0.40588417 0.26526111 
w(5) n 0.0003284241 -0.002117350 -0.009089948 0.01762344 0.26526111 1.10968865 

where

iI	 -14. 956766	 w(2(
3))
	 3. 735946	 I2)I	 IFI+lLglIn 

1	 I 

[139.84200	

1 Iw(o)I	 -111.77100	

] 

I w(0)	 [27. 938000 

w(5) I-2	 0.320952 ] Iw(0)! w(5) -3 

78.802027	 -62.951014	 Iw(1)i	 15.733559	 Iw(1)I 

Q	
18.783512	 w(2)	 + I =10,000	

I	 I	 I 

5.151851	 I w (3)I 	 -4.060925	 IWi
	 + 1.012428	 Iw(3)1 

2.773208	 Iw(4) 1	 -2.168104	 Iw(4)I	 0.539690	 I''(4 
1.664566	 w(5) i - i 	 -1.291283  I	 I 

In which 

17.9752	 1 w(0) 
15.2697 I 

I Fin	 0832703 F in _l+I	 12.2731 

8.84085 w(4) 
L

	
7. 077268- w(5) ,,_ 

TABLE 7.-EQUATION FOR INITIAL RESPONSE OF EXAMPLE AIRPLANE 

r 175.9720 -13.34101	 6.195973 -1.259908	 0.2094421 -0.02376981 w(0) 17.8404 
-13.34101 120.3415	 -17.28069 5.619745	 -0.9339838 0.1059738 w(1) 15.7552 

I	 6.195973 -17.29069	 41. 92278 -10.87095	 2.857947 0.3242237 w(2) 12O(0 22105) 12.1811 10,000
I	 -1.259908 5.619745	 -10.87095 16.54357	 -4.741033 0.8567499 w(3) 10.5295 

0.2094421 -0.9339838	 2.857947 -4.741033	 6.960225 -1.053120 w(4) 8.77455 
L -0.02376981 0.1059738	 -0.3242237 0.8567499	 -1.053120 2.413172 w(5) I 7.01984
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FIGURE 9.—Response of example airplane due to 10-foot-per-second sharp-edge gust. 
U210 miles per hour. 

0

Time infer-vo/,n 

FIGURE 10.—Time history of station loads for example airplane. 

Time infer-vol, n 
FIGURE 11.-13ending stress developed in example airplane due to 10-foot-per-second

sharp-edge gust.

DISCUSSION 

A method for computing the stresses and structural action 
of an airplane flying through a gust has been given. The 
method is based on aerodynamic strip theory, but over-all 
corrections for compressibility and three-dimensional effects 
can be made as is indicated by a suggested correction pro-
cedure. Some tail forces are included in the analysis and 
others might equally well be included if their character is 
known. 

The analysis as given is general enough to include the wing 
bending and twisting flexibilities and the fuselage flexibility. 
In a good many cases that may be considered, however, the 
last two of the flexibilities may prove to be of negligible im-
portance. Some investigators have indicated (see reference 
1) that, unless the forward speed of the airplane approaches 
the flutter or divergence speed of the wing, the torsional defor-
mations do not have to be included. Likewise, incases in 
which the fuselage is rather stiff, the effect of fuselage flexi-
bility on the response may be rather small. In such cases 
in which either or both of these flexibilities may be ignored, 
the analysis is, of course, simplified and shortened. The 
example presented in the previous section illustrates this 
point. In the present state of understanding of gust-
response analysis, enough information is not available to 
indicate definitely when and when not to include the various 
flexibilities of the aircraft structure. The analysis in the 
present report may provide a useful means to assess their 
importance. The extent, for example, to which coupling 
exists between wing bending and wing torsion in any par-
ticular case may be seen by comparing the displacements 
obtained from the coupling terms with the displacements 
obtained from the noncoupling terms. 

Both the symmetrical and antisymmetrical types of gusts 
can be handled by the analysis given in the present report. 
In general, the symmetrical gust is expected to produce the 
most severe stress condition, and therefore only the matrices 
which apply for a symmetrical case have been given. These 
matrices were derived by using the boundary conditions for 
the symmetrical deformation of a free-free beam. The case 
of an antisymmetrical gust can be treated by replacing these 
matrices by the ones which apply for the antisymmetrical 
deformation of a free-free beam. The case of a general un-
symmetrical gust can be handled by first breaking the gust 
into two parts—a symmetrical part and an antisymmetrical 
part—and then treating each part independently. 

It might he of interest at this point, to compare briefly the 
matrix method to a modal-function solution. One of the 
chief disadvantages of the modal-function solution is that the 
modes and frequencies of natural vibration of the structure. 
have to be computed in advance. Then, a large number of 
integrals which involve these modes have to be determined in 
order to set up the problem. In the present analysis the 
physical properties of the airplane are used directly in the 
setting-up of the problem. Further, in order to make the
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modal solution practical the higher modes must be dropped 
and only the basic or fundamental modes can be used. 
Hence, the success of the analysis depends to a large degree 
on how well single modal functions, one mode each for bend-
ing and torsion, can represent the airplane distortion. In 
the analysis of the present report the distortions are found for 
all practical purposes as the correct values at a number of 
span-,vise stations, at least to within the accuracy to which the 
aerodynamic and structural parameters are known. Also, in 
this analysis, probably the most difficult operation is the 
inversion of the matrix [D], which is actually not a very 
involved operation, especially when done by the quick and 
systematic procedure afforded by the Crout method (refer-
ence 6). 

The present report indicates the methods for determining 
the response for both a sharp-edge gust and a gust of arbitrary 
shape. Probably the best approach, however, is to compute 
only the response for a sharp-edge gust, since the response for 
any arbitrary gust may thereafter be computed by means of 
Duhamel's integral. To follow such a procedure would also 
save a great amount of work in the evaluation of the gust 
forces. 

One of the important features of the method of analysis 
presented is that it is not restricted to the gust problem. 
The approach used may be used to treat other problems of a 
similar nature. The landing problem can be handled by 
simply replacing the distributed gust force by the con-
centrated landing forces. In the landing problem also, the 
problem is set up much more easily since the aerodynamic 
terms do not ordinarily have to be included. However, the

landing problem in which aerodynamic forces are included 
maybe solved by this method if desired. The approach used 
herein may also be used to solve the problem of the release of 
heavy objects such as bombs. This problem could be consid-
ered the inverse of the gust problem; a load is released rather 
than encountered. Some maneuvering problems, such as the 
sudden deflection of the ailerons, and a number of other 
transient problems might also be treated by an approach 
similar to that given in the present report. 

CONCLUDING REMARKS 

A method for computing the stresses and structural response 
of an aircraft flying through a gust has been presented. The 
method is based on aerodynamic strip theory, but compres-
sibility and three-dimensional effects can be taken into 
account approximately by means of over-all corrections. The 
method takes into account wing bending and twisting 
deformations, fuselage deflection, vertical and pitching 
motion of the airplane, and some tail forces. A sharp-edge 
gust or a gust of arbitrary shape in the spanwise or flight 
directions may be treated. A suggested computational pro-
cedure is given to aid in the application of the method to any 
specific case. 

The possibilities of applying the method to a variety of 
transient aircraft problems, such as landing, are brought out. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., January 19, 1950. 
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APPENDIX A 

DEFINITIONS OF MATRICES USED IN ANALYSIS 

For convenience in presentation, most of the matrices and 
matrix elements that are used in the analysis are defined in 
this appendix. The matrices are presented without deriva-
tions, but their origin should become evident by a study of 
the analysis. 

Matrices.—The various matrices that are used in the 
analysis are defined as follows for the case in which the wing 
senlispan is divided into six sections (the elements which 
are used in the matrices being defined in the subsequent 
section):

W(0) 

W(1) 

w(2)

w(3)

w(4)

w(5)  

(1)

(2) 

(3)

(5)

(6) 

o	 o 

w=Iwl 

(p	 I(pI 

p(o) 

PM

p(2)

p(3)

p(4)  

P(5) 

q(0) 

q(1) 

I	
q(2) 

qI= q(3)

q(4)

q(5)

0 

iP= II 
jqj 

! See appendix C for definitions. 
[B])

10 0 0 

[C]=I 0 [A] 0 

Lo O[B] 

[D]=[[C]_[S0]] 

fli(0)+7i 

711(1)

1 

	

77,1(1)	 I 

L	

711(3)	 I 
n'(4)	 I 

77 1'(5)- 

1

	

P'(1)	 I 

[Vi]=[

	

v(4)	 I 
pi(5)] 

[pj,(0)+1Lj	

1 

,1_ 
Ii I—

 vi

 

'(3) 

v(4)	 I 

WI= 
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Ti 

0 

0 
ri=

0 

0 

0 

Jul 

0 

0 
IILiI=

0 

0 

0 

Lr ,J=Lri 0 0 0 0 0] 

Lr'i=Lri' 0 0 0 0 0] 

71 Lr,JLri 'j -
r 

[S2}=I !il [171 [17'1 

I_lil [vi ] [vj ']	 - 

1 

0 

0 
111=

o 

0 

0

0 

0 
IxiI=

0 

0 

0

1
1

1 
[1]=

1
1

1
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(a_i)

/ e\

Ic 

r cl	 42
I a-- 1= 
L	 4 i	 /	 c 

(a-- 
•	 \	 43

/ c\ 

•	 (a_) 

1	 0 

[R] = II	 ['] 

ixi [a_i] 

[e]=

[i] =[i 0 00 001 

[j']=[j' 0 0 0 0 01 

g(0)

g(1)

g(2) 
[g]=	 g(3)

g(4)

g(5) 

g'(0)

g'(l)

g'(2) 
[g]=	

g'(3)

g'(4) 

g'(5) 

1wJ=13 
I 0 [gl [g'] 
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Matrix elements.—The matrix elements which appear in 
the matrices defined in the previous section are expressed 
for convenience in terms of the following common factors: 

3= mAIrpU
	

= a1 

2U
—ya1
	 (Al) 

Co
y2a 

in which the last four are associated with the 'I function for 
the wing. (See equation (23).) With these factors the ele-
ments that must be computed at each spanwise station are 
as follows: 

d0=— 11— (l—) $cl+13c1 (o+ o€) 66 

d 1 = ( l —) j3cl 
6

(l-4) gel 

(l—) 13c1 

d0'=! (l—) 13c21(—)+13cl [u(l_o)_ 

4ou—(&+ 
€) C (_)] 

d 1'=-- (l-4) /3c21 Q a\ 
6

(l—o) G —C ) 

(l-4) $c21 (_)

2 
o---+do

2	 ,	
13c21	 1 77 of	 + 6 

5'9
€

5 WFe	
d'—$- 13c 21 01'

6 

4 
02--?-+d2 /4me+d,+9	 1321 

n3=2+d3 me+d/l132l j

vo=--+do 
2 (a_i) 

6 

p1=------+d1
5 (a_i.) € 
Th 4

---+d2 V2 — (a— 
6	

) 

P3=-----+d3 (a_i-) 

=----+do' 2k2  
(ac)— 

11 _ &31(3_S) 

=
5Tk2	

(a—.)+- +d1 j3c3l
(-) 2 6 

2 =----+d2' 
4ik2

(a—)+- fic3l(_) 

12 4,
(a— )+j-_ 13cl Q-)

g=13cicfo€ele	
) 

a	 (A5) 
g'=13cl€e [._Uo_oc Q_ . )] ) 

The coefficients which must be computed for the fuselage 
aiId tail are expressed in part in terms of the following 
common factors:

a11 

0 =	 i1'1 

4)10= 71 2 =y12a1 

in which the last four are associated with the F functions 
appropriate to the tail. Also used are the generalized 
masses given by equations (35) and the value 01 as given in 
equation (14). With these factors the coefficients for the 
tail and fuselage are as follows: 

11	 /	 1.. 
fo	 o)13+13	

10+2 FtQ€)1 

(l—t)13g	 L	 (A7a) 

f2	 (l-4t),3

j 

(A2)

(A3)

(A4) 

mA 1 7p US1 

2U
71=_ A1 

Cot

(A6) 
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f1=11 -) (Xt+ Ct)t+$t [u(1--f",,)—ls9oue— c)]+— tc, 

ji'_ (1_ 10 ct)t_4 $,Cg 

f2(1io) )	 24e 

J=_---' (1	 (x1+ c:) t - j-

 

-- 19Cs 

7(i —') (i +	 ( i + co1)]__c1o1 

(1 —') (i +ci Oi) + cO1
2	 4e 

12= - (1 —4) (i +c t ei) --- t9CO 

(1 -) (i + . o1) + - --

2M1
7o=----+fo'l 

5M1 	 I 
7lTI+J1 I 

4M1 
'Y2	 +f, 

,y3=+J3 j 

70=2M2-7—+Jo' 

5M2 
71 =-----1' 

4M2
	 I 

1k!2	 I 
'13 =--7+Ja' J 
-	 2M3 - 
7or+fo 

- 5M3 - 
71 

—	 4M3 - 
72	 T+J2 

- M3 2 
73T+J3

(A7b) 

(A7c) 

(A8a) 

(A8b) 

(A8c)
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ro=--_1

M
_

3 
+fo1 

5M3 	 I 
L 

4M3 	 I 

M3	 I 
r3==—T+f3 J 

2M2 

5M2 

4M2 
P2 =- x€f2

(A9b) (A lob) 

, 2M 
po =----------x,f 

5M4 
P1	 Xtji 

4M4 
P2 
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	 4: 

XIA/

2/i/f5 	 / 

4M5+1, 

r3'=— M +f3' 
j

(A9c) (AlOe) 

- 2M5 - 
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-	 5M5 - 
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€ 
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€ 
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j=	 fe—fic 

j'=3 1 €eTh [__u 10_10 (x 1 + )]
	

(All) 

'=	 [u&0o1-i_10 (i + co1)]



APPENDIX B 

DERIVATION OF DIFFERENCE EQUATIONS 

In this appendix the parabolic and cubic difference 
equations for the first and second derivatives of a function 
are derived. 

Parabolic equations.—For the parabolic difference equa-
tion, consider the function shown in figure 12(a). This 
function is assumed to be replaced by the are of a parabola 
which passes through the three ordinates a, b, and c. It 
can be verified readily that such a curve can be given by 
the equation 

w=-1)(_2)_b (_2)+(_1) (Bi) 

The first and second derivatives of this equation at y=€ are 
given by the equations

(B2) 
dyj	 2€ 

d2wl	 c-2b+a 

	

2	
(B3) 

These equations are the standard difference equations for 
the first and second derivatives of a function. The deriva-
tives are purposely taken at the middle of the three ordinates 
because the resulting equations are suitable for use in the 
simplification of many problems. If the derivative had 
been taken at an outer ordinate, the approximation afforded 
would not be accurate enough to be useful. 

Cubic equations.—The cubic difference equations may be 
derived in a manner similar to that for the parabolic equa-
tions. In this case four successive ordinates are used. (See 
fig. 12(h).) The function is replaced by a third-degree 
curve which is given by the equation 

= - 
(M-

 i) (- 
2) (- 3)+ (Y -2)  (M-3)— 

2-1 R-3 + 
d Y(Y-1)(Y-2)	 (B4) 

E	 ) (f	 ) ^ T E	
6 

Because of the increase in accuracy that results from the 
use of a higher-degree curve, the first and second derivatives 
may be taken at an outer ordinate with an accuracy which 
is about equivalent to that given by equations (B2) and 
(113). The derivatives at y= 3€ are 

dw	 lld-2a-2a 

	

6€	
(B5) l 

d2wl	 2d-5c+4b—a 
dy2_L.3	 2	

(B6) 

If taken at the third of the four ordinates, the derivatives are 

dw]	 2d+3c-6b+a	 (B7) 6€ 

d2w1	 d-2c+b	 (118) 
dy2j2.	 €2 

Equations (115) and (136) are used in the derivation of the 
response equation for an airplane in a gust. Equations (117) 

and (B8) are useful in the derivation of the initial response. 

v—I

(a) Parabolic. 
(b) Cubic. 

FIGURE 12.—Functional notation used in the derivation of parabolic and cubic difference 
equations.
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APPENDIX C 

DERIVATION OF MATRIX EQUATIONS OF EQUILIBRIUM 

In this appendix the matrix equations 

	

[A]IwI=jpI	 (Cl) 

	

[B]IcoI=!q	 (02) 

for symmetrical bending and twisting of a free-free beam 
under normal and torsional loads are derived. 

Bending.—In accordance with the assumptions made in 
this report the wing semispan is considered to be divided into 
six sections with a station point at the center of each section 
(see fig. 3). The inertia force of the mass and the aerody-
namic force that develops over each section is in turn assumed 
to be concentrated at the respective station points. The 
wing is thus effectively a beam bending under six concen -
trated loads and, as such, will have a linearly varying mo-
ment between each station. The following general equation 
for the moment between the i and i+ 1 stations may therefore 
be written:

	

M=a+by	 (03) 
where

ai=[i 
+-]M(o-_y(i)

M(i+1) 

b=— [M(i+1)-1%f(i)] 

in which y(i) is the abscissa to the i station. 
The wing is further assumed to have a linear 11El varia-

tion between stations with the correct value of 11El at each 
station. This type of variation would lead to an El curve 
which follows very closely the true stiffness curve of the 
wing and which of course has the correct values of El at 
each station. A general equation for 11E1 may therefore 
also be written; thus,

	

j=c+d1y	 (04) 

where

=[1+y(j)-±__
1 

bx 1 EI(i) bx+1EI(i+1) 

d	 ' 

	

b	
r1	 1 i LEI(i+1E7) 

With equation (03) and equation (04) the well-known 
expression relating deflection to moment for a beam may be 
written

d2w M
(05)

The deflection may be found most conveniently from this 
equation by use of the engineering beam theorem which 
states that the deflection of one point on a beam relative to 
the tangent of the deflection curve at another point is equal 
to the moment about the displaced point of the M/EI 
diagram between the two points. In this case symmetrical 
loading is being considered and therefore the boundary con-
dition at the center line is that the slope must be zero; the 
deflection of each station relative to this point therefore may 
be readily computed. Fortunately, because of the conven-
ient analytical representation of M/EI, these deflections may 
be found by exact integration. The deflection, for example, 
at station 4 due to the M/EI variation between stations i 
and i+ 1 may be given by the expression: 

f YU+1) 

y(i) (a+by)(c+dy)[y(4)—y]dy 

Consideration of all the expressions of this sort leads to the 
total deflection of each station relative to the wing center 
line. From this deflection the more useful deflection relative 
to station 0 can be readily determined. The values of the 
deflection thus obtained are found to be expressible by the 
following matrix equation: 

	

5(1)	

[a21

ail a12 0	 0	 0	 M(0) 

	

w(2) 	 a22 a23 0	 0 M(1) 
I	 II 

	

EI(0) a
31 a32 a33 a34 0	 M(2)

	
(06) 

a41 a42 a43 a44 a45 . I1 M(3)

	

(5) I	 La51 a52 a53 a54 a55J I M(4)

where the matrix elements are defined by the equations: 

a ll = X 0X 1 -I- X12 A, 

a 21 = Xo(
), 1+X2)+X1 2 A1+X1X2B1 - 

a31 = A 0(X 1 + X2 + X3) + X12 A, +X1(X2+X3)B1 

a41 = 70(X1+X2+),3+A4)+x12A1+x1(x2+3+x4)B1 

a51 = X 0(X 1 + X2+ X3+ X 4+X5)+X12 A1+ X1(X2+X3+X4+X5)B1 

(07a) 

a 12 = X1 
2C, 

a22 = X 2 0 +X1x 2D1 +x22A2 

a32 = X 1 2C1+ X 101 2+X3)D1 +X22A2+A2X3B2 

a42 = X 12C1+ x 1(x2+)k 3+x4)D1 + X 22A2+X2(x3+ X4)B2 

a52= X1201+Xi(X2+X3+X4+X5)D1+x22A2-I--x2(x3+x4+x5)B2 

(C7b) 
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(07c) 

(CM) 

(07e) 
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-' 215 a23 — n 2 '-'2 

a33= X 22 G2 +X 2 X3 D2 + X32A3 

a43 = ?22 C2+X2(X3+ ?4)D2+ X 32A3 + )13x4B3 

a53 = X 22 C2+ A 2(X 3 + ?4+X6) D2 + ? 32A3 + A 3 () 4 + X 5) B3 

-' 2 r1 a34— 

a44 = X32 C3 + X 3 X 4D3 +X42A4 

a54X3C3+?3(X4+X5)D3+A4A4+X4X5B4 

-' 2r1 a45 — !4 J4 

a55 = X4 2 C4 + X4X5D4 + ),52 A5 

in which

A1—! 1(0) 1	 1(0)	 - 
_4 I(i_l)+II(i) I 

B1-1 1(0) 1 1(0)	 I 
31(i_1) + 61(i) I 

1(0) 1	 1(0) 
121(i_1)+ 1 21(i) I 

1(0) 1 1(0)	 I 
6I(i_1)+3I(i) J 

(08) 

The moment M(5) does not appear in equation (06) because the boundary condition is usedso that the moment at station 
5 is zero. For convenience equation (06) may be given in the abbreviated form: 

IW_EI(0) [H1] I ml	 (09) 

From the five loads p(i), p(2), p(3), p( ct), and p(5), the moment at each station may be found. The equations 
relating the moments to the loads can be shown to be given by the matrix equation: 	 - 

M(0)I	 rx1 X1+)12 A + X2+ A3 X1+?'2+X3+X4 Ai+X2+X3+X4+)t51 I pm

M(1) 0	 X2	 X2+ )1 1	 X2+)3+X4+5 p(2) 

M(2) =b 0	 0	 X3+)4+)5 p(3) 

M(3) 0	 0	 0	 X4	 )4+X5 p(4) 

M(4) 0	 0	 0	 0	 X5 p(5)

(010) 

which can be abbreviated simply 

IMI—b[H2]Ipi	 (011) 

Substitution of equation (011) into equation (09) gives

results in the equation: 

EI(0) 
P [A] 1H211

-1 = II (013) 

°	
b3 

EI(0) [H
1] [H2] j,j	 (012) I 

This equation thus gives the loads in terms of the deflection 
of each station relative to station 0. In the case under 

[11 [H Multiplication through by the reciprocal of b3	
1]	

I consideration, however, the wing is a free body capable of 
EI(0)	

21	 motion through space and therefore to set up properly the 
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equations of motion the deflection must be given relative 
to a fixed datum line. This datum line is most conveniently 
located as the position of the wing prior to action of the 
disturbing loads. Consideration of sketch 3 

SKETCH 3. 

will show therefore that the following relation must exist: 

'Uj =W—W(0)
	

(C14) 

Substitution of this equation into equation (C13) gives 

EI(0) 
b3 [[H,] 111211 1w—w(0)j = I:II	 (C15) 

To aid in the derivation EI(0) [[H1] [H211 'is now written in 

the general form: 

rb11 b,, b 13 b 14 b151 

b 12 b 22 b 23 b 24 b25 

EI(0) [[H,][H,]]-'= b3
b,, 

L
b 23 b 33 b34 b35 I 

b14 b 24 b 34 b 44 b45 

b 15 b 25 b,, b 45 b55] 

Thus with this equation, equation (015) may be trans-
formed to the form: 

W(0) 

rb
0, b 1 , b 12 b 13 b 14 b,, 

b 02 b 12 b 22 b 23 b 24 b 25 w(2) 

b 03 b 13 b 23 b 33 b 34 b 35 w(3) 

b 04 b 14 b 24 b 34 b 44 b45 

b 05 b 15 b 25 b 35 b 45 b 55 w(5) 

where
b 01 = —(b11+ b12+ b, 3 + b,4+ 

b 02 = —(b12+ b22+ b2 3 + b24+ 

bc,,= (b,3 + b23+ b 33 + b34+ 

b04=- (b14+ b 24+ b34+ b44+ 

605= —(b1 5 + b 25 + b35 + 645+ b55)

Equation (C17) is noted to express all the loads except 
p(0) in terms of -the six deflections. An additional equation 
in which p(0) is expressed also in terms of the deflections 
may be established by use of the condition that all the loads 
acting on the wing semispan must add up to equal zero; 
that is,

p(0)+p(1)+p(2)+p(3)+p(4)+p(5) =0 	 (Ci 9) 

This condition automatically satisfies the two boundary 
conditions that the shear must be zero at the tip and center 
line of the wing. Thus if the five equations represented by 
equation (C17) are added, and use is made of equations 
(018) and (C19), the following equation results: 

b 00w(0) + b 01 w(1) + b 02w(2) + b 03w(3) + b 04w(4) + bo5w(5) =p(0) 

(020) 
where

b00= - (be, + b 02 + b 03 + b+ b 05)	 (C21) 

This equation may now be combined with equation (C17) 
to give finally

b 00	 b 0 , b 02 b 03 b 04 b 05 w(0) p(0) 

b 01	 b,, b 12 b 13 b 14 b, 5 w(1) Al) 

b 02	 b 12 b 22 b 23 6 34 b 25 w(2) p(2) 
= (C22) 

b 03	 b 13 b 23 b 33 b 34 b 35 w(3) p(3) 

b 04	 b 14 b 24 b 34 b 44 b 45 w(4) p(4) 

b 05	 b 15 b 25 b 35 b 45 b 55 w(5) p5) 

This equation is thus the desired matrix equation which 
relates the normal loads to the deflection. If the square 
matrix is denoted by [A], the equation may be abbreviated 
conveniently to the form

[A]jw=Ipj	 (C23) 

which is the form used in the text. (See equation (40).) 
As an aid in computational work, a summary of the steps 

involved in the determination of.[A] is given to close this 
section: 

(1) From the I values at the respective stations, compute 
the coefficients given by equations (C8). 

(2) With these coefficients determine the matrix elements 
given by equations (07). These elements form the matrix 
[H1] which is defined by equations (C6) and (0). 

(3) Multiply the [H1 ] matrix by the [H2] matrix, which is 
defined by equations (010) and Cli). The result should be 
a symmetrical matrix; this property serves as a very useful 
computational check. 

(4) Invert the 
EI(o) [[H

1 ] [H2]] matrix. This matrix should 

also be symmetrical. (The Crout method (reference 6) 
serves as a rather quick and useful means for performing the 
inversion.) 

PM 

p(2)
(C17) 

= p(3)

p(4)

p(5)

(018) 



q(0)= 

q(1)= T(1) 

q(2)= T(2) 

q(3)= T(3) 

ci(4 ) = T(4) 

q(5)= T(5)

—T(1)

—T(2)

—T(3)  

T(4)	
(C24) 

— 

—T(5)
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(5) Add the columns of the inverted matrix and place the 
negative of these sums at the top of their respective columns 
such as to form a new row of matrix elements. Then add 
these sums and place the negative of the sum as the first 
matrix element of the newly formed row. A new column 
headed by this value is thus in the making. Fill in the re-
mainder of the column with the respective elements of the 
new row; that is, the appropriate values should be inserted to 
make the matrix symmetrical. This final matrix is the de-
sired [A] matrix. 

Torsion.—For the torsional case the torque loads q are 
assumed to be concentrated at the stations just as in the 
case for the normal loads p. Consideration then of the fol-
lowing example torque diagram (sketch 4) 

t

q(0) q(1) q(2) q(3) q(4) q(5) 

SKETCH 4. 

will show that the following equations must apply:

From the differential relation the fact may be ob- 

served that the change in angle of twist between two stations 
is equal to the area of the T/GJ diagram between the two 
stations; therefore,

bx
 I_

T(i)	 T(i) 1

	

GJ(i-1) +OJ(i)]	
(025)

If the notation
•	 2G

1
(C26) 

is employed, equation (025) may be written 

T(i)=j[o('i)—p(i— 1)]	 (C27) 

Application of this equation to each of the spanwise stations 
gives the following equations for T: 

T(1)=j1 [(1)—(0)] 

T(2)=j2 [(2)—(1)] 

T(3)=j3 [(3)—(2)]	 (C28)

T(4)=j4 [(4)—(3)] 

T(5)=j5 [(5)—ç(4)] 

where T(i) represents the total torque present in the i interval. 
No torque exists between the wing center line and station 0. 

To aid in the derivation, the assumption is made that 
11GJ varies linearly between stations. A typical T/GJ 
diagram between, say, the i—i and the i stations would 
appear as in sketch 5: 

7(i r1 
i-I

	

	 I 
SKETCH 5.

Substitution now of these equations into equations (C24) 
gives the desired equations relating the torque loads to the 
angle of twist. The equations thus found can be given in 
the matrix form: 

j1 —j'	 0	 0	 0 0 (0) 

—i1 (i1+i2)	 —i2	 0	 0 0 (i) 

o —j2 (i2+i3)	 —j3	 0 0 (2) 

o o	 —i3 (i3+i4)	 —j4 0 ç(3) 

o o	 0	 —j4	 (i4+i5) —j5 4O (4) 

o o	 0	 0	 —j5 j5 (p(5)

which can be abbreviated to 

[B]Iccj=IqI	 (030) 

the form used in the test. (See equation (41).) Thus all 
that is involved in the computation of the matrix [B] is the 
evaluation of the matrix elements by means of equa-
tion (026). 

q (0) 

0) 
q(2)

q (3)

q (4) 

(5)1
(029) 



APPENDIX D 

RECURRENCE EQUATION FOR THE EVALUATION OF DUHAMEL'S INTEGRAL INVOLVING AN EXPONENTIAL KERNEL 

The derivation of a rather simple recurrence relation for 
the step-by-step evaluation of the three unsteady lift inte-
grals appearing in equation (25) is presented. This deriva-
tion is made possible because the kernels of the integrals are 
expressible in exponential form. 

From equation (23) the first and second derivatives of the 
function may be written 

	

2U 
Aa 1e	 (Dl) 

4U2-xi 

	

X2a1e	 o = oe_yt	 (D2) 

where
2U - 

Co 

40=72a1 

With these equations the three integrals of equation (25) 
may be combined conveniently into the following single 
integral denoted by I: 

= .f	 Q-)]
(D3) 

For convenience the notation 

v=	 ( — i)] (P }	 (D4) 

is introduced and thus equation (D3) becomes 

I, = f' Ye'dr 

or
Ij=e_7tf Yedr	 (D5) 

0 

Mathematically, the integral in this equation may be 
interpreted to represent the area under the function given 
as a product of Y and e7T. In accordance with numerical 
evaluation processes, the interval 0 to t may be divided into 
a number of time stations of interval €. The product of 
Y and e77 may then be found at each of the time stations 
and from these products the area under the curve may be 
determined in first approximation by the trapezoidal method 
of determining areas. Thus, if the time station n corresponds 
to time t, the expression for I, may be approximated as 
follows:

Y2e72E+ . . . +Y,,_ 1e -'+ Yne7°] 

(D6)

where Y0 does not appear since the initial conditions are 
used that the deflection w and rotation ço are zero at trrO, 
and therefore Vo is zero. (See equation (D4).) More ac-
curate methods, such as Simpson's method, could be used 
for determining the area under the curve, but because of the 
small interval chosen the consequent increase in accuracy is 
negligible. If the notation 

F. =€e-7n ° [ V1 e' + Y2 e 2°+ . + Y,,_ i e'°] (D7) 

is introduced, equation (D6) may be written simply 

I,,=F,,+- 
Y.
	 (D8) 

If equation (D5) is expanded similarly, only for an upper 
limit of t— €, the expanded result would be 

I,,_ =€e' I YJ e c + Y2e 2°+ .. . + Y,,_2e2+ 

1.

	

Yn _ i e n1 ]	 (D9)

By analogy with equation (D7), however, 

F,,_ 1 =ee	 '°[Y1e'-1- Y2 e 2°+	 + Y,,_ 2 e 2 J (D10)

and therefore equation (D9) becomes 

I,,_1=F,,_1+ Y,,_ 1 	 (Dli) 

A study of equations (137) and (D10) shows that the follow-
ing relation must exist: 

F,,=e°F,,_1+ €e 7 Y,,_ 1 	 (D12) 

Now, if equation (D4) is used to rewrite Y,, and Y,,_ 1 in 
equations (D8) and (D12), the value of In may be given 
finally by the equation:

I	 Q _C^11
(D13)

 where

F,, =eF,,_1+0e8clw,,..1-

	

oclee —e u$,+c 3_S ) *11] In — I 

1	 Q C
(D14) 

The value of the unsteady lift integrals is thus given by 
equation (D13). As regards the analysis given in the 
present report, w,,_ 1 and are the values of deflection and 
rotation which have, say, just been determined from the 
recurrence equation for response. The value F,,_ 1 was also 
established and therefore F,, can be determined as a definite 
quantity. The value In is thus seen to be given in terms of 
the known F,, and in terms of w,, and In which are the next 
values to be evaluated from the recurrence equation. 
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APPENDIX E 

MATRIX ALGEBRA 

This appendix is written for those not familiar with matrix notations or matrix methods. All the matrix algebra necessary 
for the understanding of this report is described hereinafter by way of examples. 

Matrix definition.—Some of the basic types of matrices are illustrated by the following arbitrary matrices which are of 
the third order: 

The column matrix
I	 21 

1 

1 
The row matrix

	

L 2	 —3	 1] 

The square matrix

	

2	 —3	 1 

	

1	 2	 —2 

	

—1	 —1	 3 

The diagonal matrix

	

4	 0	 0 

	

o	 3.	 0 

	

o	 o	 —1 

The identity matrix

	

1	 0	 0 

	

o	 i	 o 

	

o	 0	 1 

Element definition.—Each of the terms that appear in a matrix is defined as an element. Its position is usually 
denoted in a row by the number of terms from the left and in a column by the number of terms from the top. 

Matrix addition.—The addition of two matrices produces a single matrix. Addition is performed by simply adding 
together corresponding elements. For example, 

	

2 —3	 1 1 [4	 —1	 0 [6 —4 

1	 2 -21+10	 3	 2 =1	 5	 0 

	

—1 —1	 3] L2	 0	 —1	 —1	 2 

Multiplication of a matrix by a scalar number.—In the multiplication of a matrix by a scalar number every element in 
the matrix is multiplied by the number. For example, 

	

2	 —3	 1 [
	

4	 —6	 2 

2	 1	 .2	 —2=1	 2 

	

—1	 —1	 3 [-2	 —2	 6
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Multiplication of a column matrix by a row matrix.—The product of a column matrix and a row matrix is equal to the 
sum of the products of the corresponding elements. For example, 

[2 —3 1] 2 =(2X2)+(-3X1)+[lX(-4)]=-3 

1	 - 

—4 

Multiplication of a column matrix by a square matrix.—The multiplication of a column matrix by a square matrix 
produces a column matrix. Consider the following set of three simultaneous equations: 

2 Y1 -3Y2 -f - y3=ai] 

	

y1+ 2y2- 2y 3 =a 2 	 (El) 

	

—y ' — y2 +3y 3 =a3 J	 - 

The procedure adopted in matrix algebra is to write these equations in the matrix form 

2	 —3	 1 Yi	 a1 

1	 2	 —2	 j2 = a2	 (E2) 

—1-	 —1	 3 y	 a3 

where the multiplication of the Jyj column matrix by each row in the square matrix produces the respective elements 
in the lal column matrix. (See multiplication of a column matrix by a row matrix.) 

In order to simplify the presentation of an analysis, the symbolic or abbreviated matrix form is used quite often. 
The symbolic form of equation (E2) is simply

[MJ y l=la j	 (E3) 

The determination of .la l by the multiplication of jy j by [MJ is illustrated with arbitrary values of y, say y=4, y2=5, 
and y3 =6, by the following equation: 

r 2 —3	 1 4	 (2X4)+(-3X5)+ (1X6) —1 a1 

1	 2 —2 5 = (1X4)+ (2X5)+(-2X6) = 2 = a2	 (E4) 

L-i —1	 3] 6 (-1X4)+(-1X5)+ (3X6)	 9 a3 

Multiplication of a square matrix by a square matrix.—The multiplication of two square matrices produces a square 
matrix. Multiplication is performed by letting the multiplying matrix operate, as in the preceding sect-ion, on each 
of the successive columns in the matrix being multiplied to produce corresponding successive columns in the product 
matrix. For example,

r 2 —3	 11 r 1 —2	 r- 2 —12 141 

1	 2 —2	 1	 3 —2 =	 5	 2 —5	 (E5) 

L-i —1	 J L-i	 1 - 2] L-5	 2 

Order of multiplication.—In general the commutative multiplication law of ordinary algebra does not hold in 
matrix methods; that is,	 - 

Al JBI5^4-JBI JAI 

Therefore, whenever the product of several matrices is indicated, these matrices must be multiplied together without 
changing their order.
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Matrix partitioning and submatrices.—A matrix may be 
partitioned or divided at will into smaller matrices For 
example, the left-hand side of equation (E4) may be parti-
tioned as follows: 

2:_3 1 4 

i 2 —2 5 

—1 3 6 

The matrices which are formed by the dividing lines are 
called submatrices. These submatrices may be treated 
as though they were elements when matrix operations are 
performed. For example, with the notation 

a = [-3 1] 

1 
b=

—1 

r 2 —2 
c=I 

cL— i 3

5 
d=

6 

the multiplication of the foregoing partitioned matrix is as 
follows:

	

1

2 1 a 4	 8+ad

b	 c	 d	 4b+cd

The reciprocal of a matrix and the identity matrix.—By 
ordinary algebraic methods the formal operation involved 
in the solution for x of the equation 

mx=a 

is the multiplication through by the reciprocal of m; thus, 

x = m 'a 

The same formal operation may be applied to matrix equations. 
For example, the solution for jyJ in equation (E3) is simply 

JyI=[M1'IaI

where [M]' is the reciprocal, or the inverse, of [M]. 
The reciprocal of a matrix is found as the matrix which 

satisfies either of the equivalent equations 

[M]-' [MJ =[I] 

EM]	 [M]'=[I] 

where [I] is the identity matrix. For equations (E2) and 
(E3), the reciprocal of [Ill] is found as the matrix which 
satisfies the equation 

2 —3 1 b1 Cl d, 1 0 0 

1 2 —2 b2 c2 d2 = 0 1 0 

—1 —1 3 b3 c3 d3 0 0 1

If this equation is considered in relation to equations (El), 
(E2), and (E5), the values of b 1 , b2, and b3 would simply be 
values of m y2, and a which satisfy equation (El) for 
a1 =l, a2 =0, and a3 =0; c,, c2 , and c3 would be the values for 
a 1 =0, a2 =1, and a3 =0; and d1 , d2, and d3 would be the 
values for a 1 =0, a2 =0, and a3 =1. For this example, the 
solutions are

	

1	 2	 1 

1	 7	 5 
b 2=- 1--	 c2 =-1--	 d2==.1- 

	

1	 5	 7 

	

b 3 = 1-	 C3	 d3=1-
12

The Crout method (reference 6) provides a very quick and 
convenient method for determining these solutions. 

The determination of y by the operation [Mr' on Jajis 
illustrated as follows for a,= —1, a2 =2, and a3=9: 

ii

	

r 4	 8	 I—il I4 

j-I —1	 7	 5	 2= 5	 (Eli) 

	

[1	 5	 7	 9 6 

The operation performed by this equation can be seen to be 
the inverse operation of equation (E4). 
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DYNAMICS OF A TURBOJET ENGINE CONSIDERED AS A QUASI-STATIC SYSTEM' 
By EDWARD W. Oro and BURT L. TAYLOR. III 

SUMMARY 

A determination of the dynamic characteristics of a typical 
turbojet engine with a centrifugal compressor, a sonic-flow 
turbine-nozzle diaphragm, and fixed-area exhaust nozzle is pre-
sented. A generalized equation for the transient behavior of 
the engine was developed; this equation was then verified by 
calculations using compressor- and turbine-performance charts 
extrapolated from equilibrium operating data and by experi-
mental data obtained from an engine operated under transients 
infuelfiow. 

The results indicate that a linear differential equation for 
engine acceleration as a function of fuel flow and engine speed 
for operation near a steady-state operating condition can be 
written. The coefficients of this equation can be obtained 
either from actual transient data or with a fair degree of ac-
curacy from the steady-state performance maps of the com-
pressor and turbine and can be corrected for altitude in the 
same manner that steady-state performance data are corrected. 

INTRODUCTION 

In a turbojet engine, the various engine variables such as 
speed and thrust respond comparatively slowly to changes in 
fuel flow—much more slowly than reciprocating-engine vari-
ables such as torque respond to changes in manifold pressure. 
Any control mechanism charged with the responsibility of 
keeping turbojet-engine variables at a set value is faced 
with the problem of changing the fuel flow in response to 
errors in the controlled variable at a rate that is fast enough 
to bring the variable back to the set value as quickly as 
possible but not so fast that excessive turbine temperatures 
are encountered. The same problem is encountered when 
the control is asked to change the speed or thrust from one 
set value to another. Thus, to insure the design of a suc-
cessful control the designer must have information regarding 
the response rate of the particular engine variable that he is 
interested in controlling. 

A study of the dynamic behavior of engine speed, made at 
the NACA Lewis laboratory in 1948, is presented herein. 

'Supersedes NACA TN 2091,"Dynamics of Turbojet Engine Considered as Quasi-Static 
System" by Edward W. Otto and Burt L. Taylor, HI, 1950.

This variable rather than thrust has been studied because, 
in the turbojet engine, speed is almost analogous to thrust 
and can be more easily and more accurately measured. Ob-
viously, other engine variables may possess as many ad-
vantages for use as a thrust-control parameter. A previous 
investigation at this laboratory has indicated, however, that 
speed is the best parameter available because no other engine 
variable exhibits as many advantages as does speed. At 
the present time speed is used almost universally as a thrust-
control parameter in turbojet engines. 

It was felt that the needs of the control designer would be 
best served if the dynamic behavior of engine speed could be 
expressed in mathematical form and if altitude corrections to 
this expression could be indicated. Also it is desirable to 
know whether or not the engine dynamics can be predicted 
within reason from the steady-state performance charts of the 
engine components. Accordingly, the study contained herein 
was pursued as follows: A differential equation relating speed 
and fuel flow was derived by considering the thermodynamic 
and flow processes to be quasi-static. Altitude corrections 
were then applied to this equation in the same manner as 
steady-state altitude corrections are applied. The coefficients 
of the terms of the differential equation were obtained by 
plotting accelerating torque as a function of fuel flow and 
speed from calculations involving the use of the steady-state 
performance charts of the engine components. A typical 
engine was then operated under certain transients of fuel 
flow to obtain experimental data for a verification of both the 
differential equation derived and the coefficients obtained 
from steady-state component data. 

ANALYSIS 

In a turbojet engine of the type under consideration, an 
increase in fuel flow at constant speed causes an increase in 
turbine-inlet temperature, which results in an increase in 
turbine torque. The difference between the turbine torque 
and the torque absorbed by the compressor then accelerates 
the engine according to the following equation: 

Q
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Diffuser 

rAiritl/et	
:11 

-Burner
rTurbine 

Stat/or, 0	 1
	

2	 3 

	

Ambient	 Compressor Compressor 	 Turbine	 Turbine 
Diffuser
	 inlet	 outlet	 inlet	 outlet 

inlet

FIGURE 1.—Typical configuration of turbojet engine. 

where a is the angular acceleration, Q is the difference be-
tween the instantaneous torque output of the turbine and the 
instantaneous torque absorbed by the compressor, and I is 
the polar moment of inertia of all rotating parts. Thus the 
effect of a change in fuel flow on engine acceleration is pro-
portional to the effect of a change in fuel flow on the difference 
between torque output of the turbine and torque absorbed by 
the compressor. From a general consideration of the me-
chanics of the system, therefore, a differential equation relat-
ing speed and fuel flow can be written. This equation can 
then be correlated with data from a typical engine of the type 
under consideration. This procedure is demonstrated with 
an engine consisting of the components shown in figure 1. 

DEVELOPMENT OF GENERALIZED ENGINE EQUATION 

For the equilibrium running conditions of turbojet engines, 
various engine parameters may be represented by general 
functional forms of the one independent variable, effective 
fuel flow; that is, N=f(W1n), T4=g(Wj m), and so forth. 
(All symbols are defined in appendix A.) The development 
of general functional forms relating the variables during 
transient conditions of operation requires some hypothesis 
concerning the thermodynamic and flow processes during 
these periods. The hypothesis made herein is that the proc-
esses are quasi-static; that is, they act like a continuous 
series of equilibrium states. Each point of the dynamic state 
is an equilibrium condition for the flow and thermodynamic 
processes. It follows that a point reached by each component 
of the system during the transient corresponds to some equi-
librium point for that component. Furthermore, the point 
encountered by the complete engine, being a sum of the com-
ponents, is also some equilibrium point for the complete 
engine. 

Without altering the turbojet-engine geometry, equi-
librium operating points other than the equilibrium operating 
conditions can be obtained only by applying an outside

load to the engine. The action of an external load creates 
an additional independent variable for the dynamic state. 
This action may be expressed in terms of some engine 
variable, which allows this variable to be considered as the 
additional independent variable. For transient conditions 
of operation, various dependent variables of the engine 
may therefore be considered as functions of the effective 
fuel flow and another engine variable. 

Because this analysis is concerned with the transient 
behavior of engine speed, this variable was chosen as the 
additional independent variable for the dynamic state. 
Unbalanced torque was chosen as the dependent variable 
because of its relation to engine speed. The assumed func-
tional relation is therefore: 

Q =f(W,nb,N)	 ( 1) 

This function may be expanded about an initial point i as 
follows: 

Q=f(W1,N) = Ql+[o(S, )] [W.nt—(Wi)11+ 

rô2Q 1	 12 _________ 
/ ÔQ\	 _ __ 

) 2! 

2[ ô2Q ] [W—(Wjn,,)] (N—N,) 

2!	 + 

(
(N—N1)2 VA 
2!	 +	 (2) 

When the deviation from the point i is sufficiently small, the 
terms containing products of higher derivatives and products 
or powers of small numbers become negligible and only the
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first three terms of equation (2) are of significant value. 
Furthermore, if the point i is a steady-state point o, the 
initial value of accelerating torque Q is zero. 

When the deviations from the steady state are denoted 
by i, the significant terms of equation (2) can be written as 

	

Q=[,9)]^A(W.,,?,)+Q—Q) 	 iN	 (3) 

The accelerating torque can also be expressed as a function 
of engine acceleration as 

	

Id(N—N -0)1 d(AN)	
(4) 

dt	 dt 

Substitution of equation (4) in equation (3) and rearrange-
ment give 

1d(i.N)
16(WfI70 1. 

a 	
(wfflb)+()v	 (5) 

dt  

Equation (5) represents the dynamic behavior of engine speed 
in that it gives engine acceleration as a function of fuel flow 
and speed. 

A graphical representation of equation (5) for given 
altitude and ram conditions is shown in figure 2 (a). The 
Q=O line is the steady-state operating line. The slope of 

any constant-speed line of figure 2(a) at Q=O is lbfff'701 
and the slope of any constant-fuel-flow line of figure 2 (a) at 

Q=O is (y) Equation (5) can therefore be rewritten as 

	

i d()A(w)bJ	 (6) 
dt 

where a,, is the numerical value of the slope of the torque-

fuel-flow curves at constant speed and b,, is the numerical 
value of the slope of the torque-speed curves at constant 
fuel flow. 

Equation (6) holds only for constant altitude and ram 
conditions. Because speed, fuel-flow, and torque can all 
be corrected for altitude, however, equation (6) can be 
generalized to be true for all altitude conditions. By 
applying the standard corrections to the speed, fuel-flow, 
and torque terms in equation (3), this equation can be 
rewritten in terms of corrected quantities: 

[_o() 

l[Wfnb(Winb)o]th2+ ;=
 o(W\ 012  

(96 )-- 
(7) 

o() 

Equation (4) may be written as follows after both sides of the 
equation are divided by 62 and .jO2 and terms are collected: 

Q1V02 d/zN\ 
'32	

(8) 

When equation (8) is substituted in equation (7) the following 
equation results: 

I/ d AN 

[_ 
( 692) 

]0 

(W1) [ () ' AN 

'32dk192)	
o()	

t52JO2	 I	 N) I2 
 Lô( Jo

(9) 

+ Effective fuel flow, W, 77b

	

	 -	 Engine speed, N 

(a) Engine variab1 uncorrected. 

FIGURE 2.—Graphical representation of engine differential equation for condition of constant partials.
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(b) Engine variables corrected to compressor-inlet conditions relative to NACA standard atmospheric conditions at sea level. 
FIGURE 2.—Concluded. Graphical representation of engine differential equation for condition of constant partials. 

(b)

By designating all the corrected quantities with a subscript 
c and by substituting the corrected curve slopes (fig. 2 (b)) 
for the partials, equation (9) may be written as 

1\102 d(N) 
52	 dt	 n)—	 (10) 

Equation (10) represents the dynamic behavior of the 
engine in terms of corrected engine variables at constant ram. 

An examination of equation (10) reveals several pertinent 
facts concerning the behavior of engine acceleration under 
altitude conditions. First, the coefficients a,,, and b,,,,, 
are corrected quantities, which are nearly independent of 
altitude although they do depend on ram. Second, the 
burner efficiency affects the dynamic behavior of the engine. 
Burner efficiency may have a considerable effect on engine 
acceleration because the efficiency may change substantially 
under transients in fuel flow. Last, equation (10) indicates 
that the effective moment of inertia I-,J02162 increases with 
increasing altitude. Thus the permissible termperature-
limited acceleration is reduced with increasing altitude. 

Equation (10) may be rearranged into the usual form for a 
differential equation describing a simple first-order lag sys-
tem:

LL d(iNc)+N,c 
o2 b,,,	 dt	

aoz(W,),	 (11) 

With the equation written in this form, the coefficient of 
the derivative term is the time constant r for the system. 
Equation (11) shows that the effect of increased altitude is 
to increase the engine time constant above its sea-level value 
by the factor '/62. 

EVALUATION OF ENGINE CONSTANTS FROM STEADY-STATE
CHARACTERISTICS 

In order to evaluate the slopes a,, and b,,, calculations were 
made for a typical turbojet engine with a centrifugal com-
pressor, a sonic-flow turbine-nozzle diaphragm, and a fixed-

area exhaust nozzle by use of the compressor-performance 
charts and the thermodynamic relations in the engine. The 
method of making these calculations is presented in ap-
pendix B and is briefly outlined as follows: At constant 
ambient conditions, the compressor torque and the turbine 
torque were determined for a number of combinations of the 
parameters, turbine-inlet temperature and engine speed—
parameters that are common to both the compressor and 
the turbine in a direct-coupled engine. The calculations 
were made by assuming constant compressor slip factor, 
burner efficiency, fuel-air ratio, burner pressure ratio, turbine 
efficiency, nozzle efficiency, and percentage accessory and 
gear loss. The difference in torque between the compressor 
and the turbine at any speed was considered an accelerating 
torque, and the parameter turbine-inlet temperature was 
expressed in terms of fuel flow. From these data, acclera-
tion could be plotted in terms of engine speed. and fuel flow 
for a set of constant ambient conditions. Because all the 
engine parameters may be corrected for altitude, the calcu-
lations were carried through in terms of corrected quantities. 

The results of these calculations for two ram conditions 
corresponding to 0 and 340 miles per hour at sea level are 
shown in figure 3. The curves of the left-hand plot are 
essentially straight lines with variable spacing that cross-
plot to the curved lines shown on the right-hand side. The 
curves of the left-hand side are nearly straight lines because 
of the constant efficiencies assumed in the calculations. If 
variable efficiencies are assumed, the shape of the curves will 
be changed depending on ,the variation of efficiencies as-
sumed. 

For the constant efficiencies assumed, the slope a,, is nearly 
constant over the power range and for large deviations from 
the steady-state region. The slope b,,, however, changes 
substantially over the power range and for large deviations 
from the steady-state region. This change in b,, indicates 
that some of the terms dropped from the expansion (equa-
tion (1)) may have significant value, especially for large 
deviations from the steady-state line.
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Because the product of the moment of inertia and the 
reciprocal of b0 is the engine time constant, figure 3 indicates 
that!thè engine time constant depends to a considerable 

1024	 1	 I	 I

extent on the operating point of the engine, which is roughly 
defined by the engine speed and altitude. The effect of ram 
on both a 0 and b 0 is rather small. 
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FIGOBE 3.—Relation among acceleration or accelerating torque, effective fuel flow, and engine speed corrected to compressor-inlet conditions relative to NACA standard atmospheric conditions 

at sea level as calculated from steady-state component data. 
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EVALUATION OF ENGINE CONSTANTS FROM TRANSIENT DATA 

In order to determine the validity of the preceding analy-
sis, an engine of the type for which the calculations were 
made was operated under conditions in which the fuel flow 
was rapidly changed through a series of magnitudes in order 
to obtain as large a region as possible of nonequiibrium 
operation. In attempting to impose operation of this nature 
on the engine, it was necessary to include components in the 
fuel system by means of which the fuel flow could be rapidly 
changed from one value to another. The system used con-
sisted of two fuel lines from the pump to the fuel manifold 
arranged in parallel. The regular engine throttle was in-
stalled in one line and another engine throttle in series with 
a solenoid valve was installed in the other line. With the 
solenoid valve closed, the regular engine throttle was adjusted 
to give a selected lower engine speed. With the solenoid 
valve open, the auxiliary throttle was adjusted to give a 
selected higher engine speed. The fuel flows for any two 
steady-state engine speeds could thus be established and 
nonequiibrium conditions were obtained by opening or clos-
ing the solenoid valve. 

Fuel flow was measured by means of a thin-plate orifice in 
the main fuel line with a differential-pressure gage to measure 
the pressure drop across the orifice. Engine speed was 
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FIGURE 4.—Typical time-domain curves of fuel flow and engine speed for engine transient 
experiments.

measured by a standard electric tachometer indicating 
revolutions per minute and time was measured by a clock 
reading in thousandths of a minute. The data were recorded 
simultaneously by a motion-picture camera at the rate of 
12 frames per second. A preliminary investigation of the 
response rate of the fuel-flow and speed-measuring instru-
mentation showed that it was capable of following much 
more rapid rates of change than those encountered during 
the engine runs. 

Typical examples of the imposed transients of fuel flow 
for accelerations and decelerations together with the resulting 
speed-time curves are shown in figure 4. The experimental 
data are shown in figure 5 in the same form as the calculated 
data in figure 3 except that, for the experimental data, the ac-
tual fuel flow is used instead of the effective fuel flow. The left-
hand side of figure 5 was obtained from the data as follows: 
At a given speed, the acceleration and the fuel flow corre-
sponding to the same instant in time were measured. This 
procedure was repeated for a number of transient runs 
resulting from various magnitudes of fuel-flow change. The 
right half of figure 5 was obtained by cross-plotting the faired 
curves of the left-hand side. The grouping of the data 
points from several runs indicates that a unique relation 
exists among torque, fuel flow, and speed, regardless of the 
manner in which the point is reached. 

Near the steady-state region, the experimental data follow 
the results of the analysis and the calculations in that the 
slope a,,, is virtually constant over the power range and the 
slope b,,, varies substantially over the power range as indi-
cated in figure 5. For accelerations in excess of about ±5 
percent of rated speed per second, the engine begins to 
exhibit large deviations from the calculated curves. 

EFFECT OF ENGINE CONSTANTS ON CONTROLLED ENGINE 

In matching controls to engines, the damping ratio is one 
of the criterions used to evaluate the. degree of matching. 
Both engine coefficients and control coefficients appear in 
this damping term. For example, if it is assumed that a 
control operating on speed error to vary fuel flow according 
to the following equation 

w1=f(N3—dt+(N3—zv)+ 01
 d(N,) 

dt 

is applied to the engine described by equation (11), the com-
bined equation for the system becomes 

- (ab)Nc"+ (0;2+€)N,+ 
C 71

where the primes, signify derivatives with respect to time. 
The damping ratio for this expression is 

b,,2

(12) 

2J 
(1I12 +;) 

/ 
Thus if it is desired to maintain a constant value of the damp-
ing term, such as critical damping, it is evident from an 
examination of equation (12) that if an engine coefficient 
varies, some control coefficient must be varied in such a 
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FIGURE 5.—Relation among acceleration or accelerating torque, fuel flow, and engine speed can 
level as obtained from experimenta 

manner that the damping ratio remains substantially 
constant. Figures 6 and 7 are plots of a0, and b0., respec-
tively, as functions of engine speed for the calculated data 
and the experimental data. The slope a0,5 is virtually 
constant and will have little effect on the damping ratio 
but b05 may change the damping ratio considerably for 
various operating points. If the variation is considered too 
great, it will be necessary to vary a control coefficient to 
compensate for the variation in b 0,5 . Figure 7 indicates that 
b0,5 varies almost directly with engine speed, which would

correcTed engine speed, !.'/q&,, rpm 
ected to compressor-inlet conditions relative to MACA standard atmospheric conditions at sea 
data for a ram pressure ratio of 1.0 

indicate that one method of compensating for the variation 
of b, is to vary a control coefficient as a function of engine 
speed. 

/. 

I. 
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(..orrec fed engine speea Nlj(Oz, rpm 

FIGURE 6.—Values of partial of torque with respect to fuel flow or effective fuel flow at steady-
state point plotted against engine speed corrected to compressor-inlet conditions relative to 
MACA standard atmospheric conditions at sea level for calculated and experimental data.

pressure 
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FIGURE 7.—Values of partial of torque with respect to engine speed at steady-state poms 
plotted against engine speed corrected to compressor-inlet conditions relative to MACA 
standard atmospheric conditions at sea level for calculated and experimental data.
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A plot of the corrected engine time constant as a function 
of engine speed is shown in figure 8. The time constant for 
this engine varies through a 4 to 1 range over the power 
range of the engine.

DISCUSSION 

In general, the correlation between the calculated results 
and the experimental results is considered good and would 
be better if an approximation of burner efficiency were in-
cluded in the calculations. This correlation indicates that 
for an engine of the type investigated, operating near the 
steady-state region, a good approximation of the dynamic 
characteristics can be made as soon as the component 
characteristics are available. Thus an engine may be 
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FIGURE 8.—Values of corrected engine time constant at steady-state point plotted against 
engine speed corrected to compressor-inlet conditions relative to NACA standard atmos-
pheric conditions at sea level for calculated and experimental data. 

designed, at least to a certain extent, to have good transient 
characteristics as well as good steady-state performance 
characteristics or at least a compromise may be reached 
between transient and steady-state performance if the two 
conflict in certain configurations. 

Although the correlation in the steady-state regions is good, 
the correlation in the region of large accelerations can be 
regarded as only fair and in the region of large decelerations 
as poor. A possible explanation for the poorer correlation 
in the accelerating region is that the engine is approaching 
the acceleration blow-out region in the burners, which is a 
region of apparently low burner efficiencies. Temperature 
data taken during the experiments indicated that when 
excessive amounts of fuel were suddenly added combustion 
occurred through the turbine and the tail cone, which would 
result in low burner efficiencies during these periods. 

The large deviations between calculated and observed 
values of deceleration seem to have no obvious explanation. 
The very large decelerations observed would indicate that 
very large reductions in torque output of the turbine oc-
curred. These reductions can be only partly accounted for 
by the normal steady-state effect of a reduction in tempera-
ture on turbine torque. The reduction in temperature that 
did occur may possibly have caused a rotation of the

turbine-entrance-velocity vector relative to the blade to a con-
dition of negative angle of attack. Such a condition corre-
sponds to a high value of turbine-velocity ratio for which 
the turbine efficiency is rapidly falling. The existence 
of a negative angle of attack together with the increased 
air flow and consequently increased compressor torque that 
results from a reduction in temperature at constant speed 
could conceivably cause large decelerating torques. The 
existence of a negative angle of attack would also explain 
the position of the sharp breaks in the curves of figure 5, 
because at low speeds the steady-state angle of attack 
is greater than at high speeds, which are near the design 
condition; therefore a greater reduction in temperature at 
constant speed is necessary to cause negative angles of 
attack and a consequent sharp change in curve slope. The 
preceding discussion would seem to indicate- a possible 
explanation for the sharp change of slope for deceleration 
points but does not explain the vertical parts of the curves, 
which indicate that various decelerations occur with the 
same turbine-inlet temperature. A check of the data 
however, indicated that along the vertical part of a constant-
speed line of figure 5 the deceleration value was consistent 
with the rate of change of fuel flow; that is, the deceleration 
value increased with increasing rates of change of fuel 
flow. Thus, if the burner efficiency reduced as a function 
of the rate of change of fuel flow so that the temperature 
was reduced, the vertical lines of figure 5 seem logical. 

CONCLUSIONS 

The following conclusions are drawn from an analysis of 
the dynamic behavior of, and from transient data obtained 
from, a typical turbojet engine with a centrifugal compressor, 
a sonic-flow turbine-nozzle diaphragm, and a fixed-area 
exhaust nozzle: 

1. Accelerating torque is a function of fuel flow and 
engine speed. A linear differential equation approximately 
represents the transient behavior of the engine speed for 
accelerations less than approximately 5 percent of rated 
speed per second. 

2. The transient equation of the engine may be obtained 
from the steady-state performance of the engine components 
to a degree of accuracy that will permit the prediction of 
the engine transient characteristics as soon as the component 
characteristics are available. 

3. A transient equation for engine speed may be derived 
including the effects of altitude by the use of corrected engine 
variables in the derivation. 

4. The manner in which the control constants should be 
varied to compensate for the changes in engine character-
istics with altitude and with engine speed may be predicted 
from an analysis of the combined engine and control equation. 

Lnwis FLIGHT PROPULSION LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

CLEVELAND, OHIO, July 27, 1949. 
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APPENDIX A 

SYMBOLS 

The following symbols have been used throughout this 
report: 
A	 exhaust-nozzle area, sq ft 
a	 partial of torque with respect to either effective or

actual fuel flow at constant engine speed 

(_ or 
\(W1fl ,) 6 W 

b partial of torque with respect to engine speed at con-
stant values of either actual or effective fuel flow 

(0 Q\ 

C V , 	 average specific heat for gas passing through com-



pressor (assumed at 0.243 Btu/ (lb) (°F)) 
Cp. T	 average specific heat for gas passing through turbine 

(assumed at 0.276 Btu/ (lb) (°F)) 
H,	 lower heating value of fuel, 18,400 Btu/lb 
h	 enthalpy, Btu/lb 
I	 polar moment of inertia of rotating parts, 5.427 () 

(lb-ft) (see) (mm) (rad) /revolution 
N	 engine speed, rpm 
N8	 set value of engine speed, rpm 
P	 total pressure, lb/sq ft 
P	 static pressure, lb/sq ft 
Q	 accelerating torque, lb-ft 
Qc	 torque required by compressor, lb-ft.

QT	 torque output of turbine, lb-ft 
T	 total temperature, °R 
I	 time, sec 
Wa	 air flow, lb/sec 
W,	 fuel flow, lb/hr 
Wg	 total gas flow, lb/sec 
a	 acceleration of engine speed, rpm/sec

lb/hr coefficient of integral control component, (rpm) (ec) 
ratio of specific heats 
altitude pressure ratio, P2/14.7 
coefficient of proportional control component., rpm 
burner efficiency, percent 

77 T	 turbine efficiency (assumed at 83 percent), percent 
02	 altitude temperature ratio, T2/518.6

(lb/hr) sec coefficient of derivative control component, rpm 
engine time constant, sec 

Subscripts: 
C	 corrected 
i	 any engine operating point 
o	 any steady-state operating point 
0	 ambient 
2	 compressor inlet 
3	 compressor outlet 
4	 turbine inlet 
5	 turbine outlet 

APPENDIX B 

ENGINE-TRANSIENT-CHARACTERISTIC CALCULATIONS 

In general, the method used to calculate the characteristics 
of an engine operating under transient conditions involves 
determining the difference between compressor torque and 
turbine torque for assumed values of engine speed, turbine-
inlet temperature, ambient conditions, and ram pressure 
ratio. Figure 9 is a chart of typical compressor character-
istics obtained from unpublished data. For assumed values 
of ram pressure ratio, ambient conditions, engine speed, and 
turbine-inlet temperature, corresponding values of com-
pressor pressure ratid and corrected air flow may be deter-
mined. The torque required by the compressor for the 
assumed conditions may then be calculated from the follow-
ing equations:

(1102)2

	 (B 1) =1+0.5079x10-8 

TV (778) (60) (B2) Qc=c9c(T3T2)	 2rN 

Equation (Bi) is developed for an assumed slip factor of

0.925 and a compressor rotor diameter of 2.5 feet. The 
definitions of the symbols used are given in appendix A. 

The equation for the torque output of the turbine is 
similar to equation (132) in that it involves the temperature 
drop through the turbine, the gas flow, and the sped. The 
speed and the gas flow are known from the assumed condi-
tions and the resulting compressor point. The temperati,ire 
drop through the turbine, however, must be determined for 
the operating point. In the absence of a complete turbine-
performance map, general thermodynamic relations defining 
typical turbine operation must be utilized. A relation be-
tween turbine pressure ratio P4/P5 and turbine temperattre 
ratio VT,/TI is determined by assuming a constant turbine 
efficiency as expressed by the following equation: 

1T5 
T4 

'q r=	 74-1	 (113) 

213637-33-13	 185
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l.a	 - 
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Corrected air ,j,, ij.5lb/sec
70	 75	 80	 80 

FIGURE 9.—Compressor characteristics corrected to compressor-inlet temperature and pressure relative to NACA standard atmospheric conditions at sea level. Curves of constant ratio of 
turbine-inlet temperature to compressor-inlet temperature for engine are superimposed on compressor-characteristic curves. (Obtained from unpublished data.) 
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constant turbine efficiency of 0.83.

power range, the corrected gas flow through the turbine 
nozzles will have a constant value. For this engine, unpub-
lished data have indicated that . the corrected gas flow will 
have a value expressed by the following equation: 

j( T4 
lVg	

41 .6 11)/sec 

) & ) 
P4	 Y4 

( 

This equation may be expanded as follows: 

F'pTVg j5 416 T (P) 

14. 7
 

For an effective exhaust-nozzle area of 1.87 square feet and 
with 74 assumed constant at 1.33, the preceding equation 
becomes

(B4) 

For this analysis sjr was assumed at 83 percent, and was 
assumed at 1.33. The resulting relation between .JT4/T5 
and P4/P5 is plotted in figure 10. 

Because critical flow exists in the turbine nozzles over the
-	 [i
	 (B5) 
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Corrected gas flow per unit exhaust-nozzle area 

Ad5	 /b/sec)'sq ft) 
FIGURE 11.—Variation of exhaust-nozzle pressure ratio with gas flow per unit exhaust-nozzle 

area corrected to total pressure and temperature in the exhaust nozzle relative to NACA 
standard atmospheric conditions at sea level. (Obtained from unpublished data.) 
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perature-ratio parameters for exhaust-nozzle area of 1.87 square feet. 

From equation (135) and figure 11, which is plotted from 
unpublished data, values can be obtained for a plot of P5/p0 
as a function of (P41P5)1 .../T41T5 for an exhaust-nozzle area 
of 1.87 square feet. This relation is shown in figure 12.
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FIGURE 13.—Relation between engine-pressure ratio and turbine-pressure ratio for exhaust-



nozzle area of 1.87 square feet. 

Figures 10 and 12 can then be used to obtain P4/p0 as a func-
tion of P4/P5. This relation is shown in figure 13. 

The turbine torque for each condition for which compressor 
torque was computed can now be found. In this analysis, 
it was assumed that P4/P3 was constant at 0.95, which 
determines P4 for each compressor point, and that Wg/Wa 
was constant at 1.015, which determines Wg for each compres-
sor point. With the use of the value of P4 obtained by 
applying one of these assumed relations to the value of P3 
obtained from the compressor-torque calculations, -JT41T5 
can now be obtained through the use of figures 13 and 10, 
successively. The turbine torque corresponding to the 
assumed conditions of ram pressure ratio, ambient con-
ditions, engine speed, and turbine-inlet temperature can then 
be computed from the following equation: 

QT = cP,r(Td—Ts) 
T475(778)(60) 

	

2irN	 (136) 

The accelerating torque can then be calculated from the 
following equation in which 1 percent of the turbine torque 
or power was assumed lost to the accessories and to gear 
and bearing friction:

	

Q0.99 QrQcIa	 (B7) 

A plot of angular acceleration as a function of engine speed, 
turbine-inlet temperature, and effective fuel flow W1 1 5 for 
ram conditions corresponding to an airplane velocity of 0 
and 340 miles per hour at sea level, corrected to NACA 
standard sea-level conditions is shown in figure 14. The 
effective fuel flows were obtained by use of the following 
equation, which assumes no time lag between temperature 
and fuel flow:

TV (h4 —/t3) 3600
(B8) 

H1 
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The values of it4 and h3 corresponding to the assumed tern-	 was obtained by plotting, the constant-speed lines of figure 
perature 7'4 and the temperature T3 calculated from equation 	 14 and then cross-plotting to obtain the constant-fuel-flow 
(Bi) can be found from a table of enthalpies. Figure 3	 curves. 

Corrected effective fuel flow, 	 Corrected engirse speed, N//, rpm 

lb/hr

(a) Ram pressure ratio, 1.0. 
(b) Ram pressure ratio, 1.2. 	 - 

Finuag 14.—Relation among acceleration, effective fuel flow, turbine-inlet temperature, and engine speed corrected to compressor-inlet conditions relative to NACA standard atmospheric 
conditions at sea level as calculated from steady-state data.
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INVESTIGATION OF THE NACA 4-(5)(08)--03 AND NACA 4-(10)(08)-03 TWO-BLADE PROPELLERS
AT FORWARD MACH NUMBERS TO 0.725 TO DETERMINE THE EFFECTS OF CAMBER

AND COMPRESSIBILITY ON PERFORMANCE' 
By JAMES B. DELANO 

SUMMARY 

As part of a general investigation of propellers at high forward 
speeds, tests of two-blade propellers having the NAGA 
4—(5)(08)-03 and NAGA 4—(10) (08)-03 blade designs were made 
in the Langley 8-foot high-speed tunnel through a range of blade 

angle from 200 to 600 for forward Mach numbers from 0.165 
to 0.70 to determine the effect of camber and compressibility on 
propeller characteristics. Results previously reported for 
similar tests of a two-blade propeller having the I\TAGA 
4—(3) (08)-03 blade design are included for comparison. 

Blades of high design camber were more efficient than blades 
of low design camber for operation at high power loadings. 
The blade of highest camber gave efficiencies 15 to 25 percent 
higher than the efficiencies of the low-camber and medium-
camber blades for high power loadings at advance ratios cor-
responding to take-off and climb at low Mach numbers. The 
NAGA 4—(5) (08)-03 propeller generally gave peak efficiencies 
2 to 5 percent higher than those for the NAGA 4—(3) (08)—US 
propeller and 3 to approximately 12 percent higher than those for 
the NAGA 4—(10) (08)-03 propeller. These higher efficiencies 
were due mainly to reduced compressibility losses. At the 
design blade angle of 45°, the critical tip Mach number 
for maximum efficiency was 0.01 higher for the NAGA 
4—(5) (08)-U8 propeller than for the NAGA 4—(3) (08)-03 pro-
peller, which began to show compressibility losses at a tip Mach 
number of approximately 0.90. The NAGA -If—(10)(08)-03 
propeller began to show compressibility losses at a tip lfach 
number as low as 0.70 but, because of the large power-absorbing 

capacity of this propeller, produced about 46 percent more 
thrust than the NA CA 4—(5) (08)-US propeller for a high-speed 
operating condition corresponding to a tip Mach number of 

0.86, a forward Mach number of 0.53, and an advance ratio 

of 2.48.

INTRODUCTION 

Many airplanes now take off and climb with propellers 
at least partly stalled, and the tendency to use increasing 
powers may aggravate a condition that is already serious. 
Flight at high altitudes also may necessitate propeller 
operation at high lift coefficients, which would increase 
possible stall and compressibility effects and result in a 
reduction of propeller efficiency. 

The National Advisory Committee for Aeronautics has 
attempted to improve propeller performance by conducting 
a general investigation of propellers at high forward speeds. 

I Supersedes NACA ACR 1,51715, "Investigation of Two-Blade Propellers at High Forward Sj 
NACA 445)(08)-03 and NACA 4-00)(08)--03 Blades" by James B. Delano, 1945.

This investigation included the effects on propeller character-
istics of compressibility, blade solidity, and blade-section 
camber. The research program included tests of propellers 
of a sufficient range of blade forms to make possible the 
study of changes in blade shapes that might be required as 
a consequence of compressibility effects. 

The effects of compressibility and solidity on performance 
as determined from tests of the NACA 4—(3) (08)-03 and 
NACA 4—(3) (08)-045 two-blade propellers (reference 1) 
constituted the initial phase of a general investigation of 
propellers at high forward speeds. The effects of camber 
and compressibility on performance as determined from 
tests of the NACA 4—(5) (08)-03 and NACA 4—(10)(08)-03 
two-blade propellers constituted the second phase of the 
investigation and are presented herein. These results are com-
pared with results of referenc . for the NACA 4—(3) (08)-03 
propeller, iii order to indicate the effects of section design 
camber for propellers operating over a wide range of 
forward Mach number. These three blade designs cover 
the practical range of blade section camber. 

SYMBOLS 

B number of blades 
b blade width, feet 
bID blade width ratio 
Ca blade-section proffle-drag coefficient 
Cj blade-section lift coefficient 
c blade-section design lift coefficient 

Up power coefficient(-5). 

Cr thrust coeffi 	 (cient 2D4)Pn 

GTmaz maximum thrust coefficient 
D propeller diameter, feet 
G Goldstein tip-correction factor 
h maximum thickness of blade section, feet 
h/b blade thickness ratio 
J advance ratio (Vo/nD) 
M tunnel-datum (forward) Mach number (tunnel- 

empty Mach number uncorrected for tunnel- 
wall constraint)

helical tip Mach number (MV 1 + (jiy)  

n	 propeller rotational speed, revolutions per second 
P	 power absorbed by the propeller, foot-pounds per 

second 
,eeds in the NACA S-Foot High-Speed Tunnel. Ill—Effects or Camber and Compressibility 
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P.	 j)OWel' disk-loading coefficient

(
O 'spV 

1?	 propeller tip radius, feet 
r	 blade-section radius, feet

S propeller disk area, square feet 

T propulsive thrust of propeller, pounds 

T., thrustthrust disk-loading, coefficient (	
T

-9 r) 
V tunnel-dat urn	 velocit y	 (tunnel-empty	 velocity 

uncorrected	 for	 tunnel-wall	 constraint),	 feet. 
per second 

V0 equivalent free-air velocit y (tunnel-datum veloc-
it y corrected for tunnel-wall constraint), feet 
per second 

il/? blade-section station
0-C1 \ a 1 	 induced angle of attack, degrees (tail' 4Gsin) 

section blade angle, degrees 
section blade angle at 0.75 tip radius, degrees 

'y == tan 1 -, degrees
Cl

1)l0l)1lls1Ve efhciencv 	 J
(1, ) 

lilaxilnuni propulsive efficiency 
P	 air densit y , slugs per (tlbiC foot 

total blade-section solidity (Bb127rr) 
aerodynamic helix angle, degrees (+ a1) 

geometric helix angle, degrees tan' 1) 

APPARATUS, METHODS, AND TESTS 

The apparatus and methods described in reference 1 were 
iisetl in time present investigation. The investigation was 
conducted in the Laiglev 8-foot high-speed tunnel. A 
photograph showing the model setup is given as figure 1. 

Time blades of the propellers investigated were designed for 
three-blade propellers to produce minimum induced energy 
losses (profile drag assumed equal to zero) at a blade angle of 
approximatel y 45° at the 0.7-radius station. The blade 
sections are late-critical-speed sections of the NACA 16 series 
(reference 2); methods and principles employed in the design 
of the blades are discussed in reference 3. The blades 
differ onl y in design camber and are designated as NACA 
4—(3)(08)-03 (low camber, reference 1), NACA 4—(5)(08)-03 

FIGURE 1.—Setup for testing propellers in the Langley 8-foot high-speed tunnel.

(medium camber), and NACA 4—(10) (08)-03 (high camber). 
The designation numbers describe the propellers. The 

number (or numbers) of the first group is the diameter in 
feet; the number (or numbers) of the second group (enclosed 
within the first set of parentheses) is the design lift coefficient 
(in tenths) of the blade section at the 0.7-radius station; 
the numbers of the third group (enclosed within tile second 
set of parentheses) are the thickness ratio of the blade section 
at the 0.7-radius station; and the numbers of the fourth 
group are the blade solidity expressed as the ratio of the 
blade chord at the 0.7-radius station to the circumference of 
the circle having a radius 0.7 of the propeller tip radius. 
The NACA 4—(10) (08)-03 propeller thus has a diameter of 
4 feet and the blade section at the 0.7-radius station has a 
design lift coefficient of 1.0, a thickness ratio of 0.08, and 
a blade solidit y of 0.03. 

Blade-forin curves for the propellers are presented in figure 2. 
A photograph of one of these blades and a comparison of 
the sections at time 0.7-radius station are given as figure 3. 

The range of this investigation was the same, within power 
limitations, as that of reference 1. The range of blade angle 
and tunnel-datuln Mach number is given in table I. 

REDUCTION OF DATA 

The data have been reduced to the usual thrust and power 
coefficients and efficiency and have been corrected for tile 
propulsive effects of the cowling and spinner and for tunnel- 
wall constraint. Time tunnel-wall constraint necess i tated a 
velocity correction to free-air conditions and a model-drag 
correction because of the buoyancy effect. The methods 
involved in making these corrections are discussed in refer-
ence 1

72 /0 

.' ./
CA 4-(10K08)-03 64	 .8 

L -	 prope//er	 - 0 

(5

f 50	 .7' 

56..6 
C, NACA
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0.4
140 2 

IVACA 4-(3.4'08)-03 propel/er 
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FIGURE 2—Blade-form curves. 
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-NACA 16-(10)(08) 
/ 1 -1VAC4 16-(5)(08) 

 16-(3)(08) 

'Chord /'no' 
(b)

(a) Typical test blade. 
(b) Sections at 0.7 radius. 

FIGURE 3.—Typical test blade and comparison of sections at 0.7 radius. 

Thrust.—The thrust coefficient was determined from the 
propulsive thrust, that is, the net measured force minus the 
drag of the model without the propeller and minus the 
thrust due to the buo yancy effect (see reference 1). 

Velocity correction due to tunnel-wall constraint.—The 
equivalent free-stream velocity corresponding to the thrust 
and torque of the propeller measured at each rotational 
speed differs froni the tunnel-datum velocity (tunnel empty) 
bemuse of the flow constraint produced by the tunnel walls.

TABLE 1.—TEST RANGE OF BLADE ANGLE AND MACH 
NUMBER 

Tunnel-
datum 

(forward)	 Blade angle at 0.75 radius. 00. 751? 
Mach	 (deg) 

number, I M 

0.165 20 25 30 35 40 45 50 55 60 
.23 20 25 30 35 40 45 50 55 60 
35 b55 30 35 40 45 1	 20 55 60 

.43 35 40 45 50 55 60 
53 40 45 50 55 60 

.60 45 50 55 60 

.65 50 55 60 
675 50 55 60 

:70 50 55 60 
.725 50 55 60

Except for NACA 4-(10)(08)-03 propeller. 
Except for NACA 4-(3)(0S)-03 and NACA 4-(5)(08)-03 propellers. 

The velocit y correction, which has been applied to the calcu-
lation of advance ratio, is presented in figure 4 as the ratio of 
free-air velocit y to the tunnel-datum velocity (tunnel empty) 
as a function of the thrust disk-loading coefficient. The 
tunnel-wall correction was found to be dependent only on 
the thrust disk-loading coefficient for the range of tunnel 
speed and propeller operation used in this investigation. 

The tunnel-datum \1ach number has not been corrected 
for tunnel-wail constraint. For the range of velocity shown 
in figure 4, the factors required to correct the tunnel-datum 
velocity and tunnel-datum \Iacli numbers to the free-
stream condition are are esseiitiallv equal. 

RESULTS AND DISCUSSION 

The basic characteristics for the NACA 4–(5) (08)-03 and 
NACA 4–(10)(08)-03 two-blade propellers are presented in 
figures 5 and 6, respectively. For each value of the tunnel-
datum Mach number the propeller thrust coefficient, power 
coefficient, and efficiency are plotted against advance ratio. 
The variation of tip Mach number with advance ratio is 
also included. As used in this report, the tunnel-datum 
Mach number 11 is not corrected for the effects of tunnel-wall 
constraint. The free-stream Mach number can be obtained 
by applying the tunnel-wall corrections presented in figure 4 
to the tunnel-datum Macli number. Similarly, the corrected 
tip Mach number can also be obtained. 

--- - 

.0/	 - 

.00 -------	 - - - 

- 

.9E0	 .04	 .08	 .12	 .16	 20	 2
Thrust disk-loading coefficient, Tc, 

FiGURE 4.—Tunnel-wall interference correction. 
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Effect of camber on thrust coefficient.—The primary 
effect of using propeller blades of increased design camber 
(increased design lift coefficient) is to increase the power 
absorbed by the blades and consequently to increase the 
thrust. A typical illustration of the increase in thrust 
produced by increasing the design camber is shown in figure 7 
in which the thrust coefficients for the high-camber, medium_ 
camber, and low-camber propellers for a blade angle of 45° 
and a forward Mach number of 0.23 are compared. The 
power-coefficient curves are similar and hence are not shown. 
For cases in which take-off and climb performances are of 
prime importance, the increased thrust produced by the 
blades of high design camber may determine the design; 
greater thrusts may be produced with no increase in propeller 
weight. The maximum thrust coefficient and the thrust co-
efficient for maximum efficiency also increase with an increase 
in design camber, as shown in figures 8 and 9 for Mach

0 
() 
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—fDe,  sign Jfor 	 - - - - - I___________ - 
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FIGURE 8.—Effect of design camber on maximum thrust coefficient. M=0.165. 
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FIGURE 7.—Effect of design camber on thrust coefficient. .i=0.23; $Q.75B=45°.

Advance ratio,- J

FIGURE 9.—Effect of design camber on thrust coefficient for maximum efficiency. 211=0.35. 

numbers of 0.165 and 0.35, respectively. The percentage of 
increase in thrust is less than the percentage of increase in 
corresponding design camber. The maximum thrust coef-
ficients for the medium-camber propeller are 7 to 11 percent 
greater than for the low-camber propeller. The maximum 
thrust coefficients for the high-camber propeller are 41 to 
46 percent greater than for the low-camber propeller. The 
increases in thrust coefficient for maximum efficiency are
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much greater than the increase in maximum thrust coefficient. 
The thrust coefficients at maximum efficiency are 30 to 79 
percent greater for the medium-camber propeller and 105 
to 165 percent greater for the high-camber propeller than for 
the low-camber propeller. 

Operation at high angles of attack may cause the blade 
sections to become stalled or nearly stalled so that the pro-
peller efficiency is decreased because of increased profile-
drag losses. The pressure distribution over these blade 
sections is therefore far from optimum and has high peaks 
that have a tendency to cause flow separation or to initiate 
compressibility shock. The use of blades of high design 
camber, however, makes it possible for the blade sections to 
operate at high section lift coefficients, which are obtained 
at angles of attack much lower than for blades of low design 
camber; thus, the tendency of the flow to separate is reduced 
and stalled conditions are largely eliminated. Since the 
pressure distribution about the sections may closely approxi-
mate the design distribution, the profile drag and the tend-
ency for shock to be initiated are reduced. 

Effect of camber and power loading on efficiency.—The 
effect of blade power loading on propeller efficiency for the 
high-camber, medium-camber, and low-camber propellers is 
shown in figure 10 for a forward Mach number of 0.165. 
Values of the power coefficient of about 0.10 for these 
propellers represent operation at high lift coefficients for 
values of the advance ratio corresponding to take-off and 
climb. For this condition, the propeller efficiency decreases 
very rapidly as the power coefficient is increased because of 
the increased profile-drag losses and the failure of the lift to 
increase beyond the maximum section lift coefficient with 
further increase of angle of attack. The ideal efficiency 
computed from the momentum theory is also shown in figure 
10 for comparison. The divergence of the measured effi-
ciency from the ideal efficiency emphasizes the magnitude of 
the profile-drag and induced losses. 

The effect of design camber for constant values of power 
coefficient is shown in figure 11 for a forward Mach number 
of 0.165. At low advance ratios corresponding to take-off 
and climb, increased camber gives increased efficiency at 
high power coefficients. At these high power coefficients, 
the high-camber blade is 15 to 25 percent more efficient than 
the low-camber and medium-camber blades. At low ad-
vance ratios and for low power coefficients, the high-camber 
blade is approximately 5 percent less efficient than the low-
camber and medium-camber blades. These variations em-
phasize the necessity for choosing the correct blade camber 
to meet operational requirements. The high-camber blade 
is generally more efficient than the low-camber and medium-
camber blades up to values of the advance ratio approxi-
mately 10 times the value of the power coefficient. The 
medium-camber blade is generally as much as 5 percent more 
efficient than the low-camber blade for the same operating

range. These results suggest that a satisfactory compromise 
propeller may be designed by proper selection of the design 
camber. 

Single-station analysis of camber effects.—In order to 
show the effect of design camber and operating lift coeffi-
cients on propeller section efficiency, the results of tests of 
the NACA 16-series airfoil sections of 9-percent thickness 
(reference 2) were chosen as representative of the section at 
the 0.7-radius station. Since this analysis is not an attempt 
to explain or present compressibility effects, data at a Mach 
number of 0.45 are used. It can be shown that the section 
efficiency is given by

tan 00 
tan (0 +,y)	

(1) 

Figure 12 shows the results obtained by use of equation (1). 
For a given operating lift coefficient, the induced angle of 
attack for all the sections is the same; hence, the efficiency 
shows the effect of lift-drag ratio. The most obvious result 
is that the sections with design lift coefficients between 0.3 
and 0.5 are the most efficient, because these sections have 
the highest lift-drag ratios at maximum efficiency. For 
sections with design lift coefficients of 0.3 and lower, the 
maximum efficiency occurs at operating lift coefficients 
greater than the design lift coefficients. For sections with 
design lift coefficients higher than 0.3, the maximum effi-
ciency occurs at operating lift coefficients lower than the 
design lift coefficient. The maximum attainable efficiency 
at any blade operating lift coefficient is represented by the 
envelope of the efficiencies in figure 12. The greatest effi-
ciency attainable for operation at a given lift coefficient 
occurs when the section has a design lift coefficient equal to 
the operating lift coefficient. 

Effect of compressibility on maximum efficiency.—The 
envelope efficiencies for the high-camber, medium-camber, 
and low-camber propellers are presented in figure 13 for 
forward Mach numbers from 0.23 to 0.70. The values of 
advance ratio at which propeller tip Mach numbers of 0.9, 
1.0, and 1.1 are reached are indicated by vertical dash lines 
labeled with the value of M,. The medium-camber propeller 
gave the highest efficiencies for all advance ratios and for 
forward Mach numbers up to 0.53. In most cases, the 
medium-camber propeller was 2 to 5 percent more efficient 
than the low-camber propeller. The high-camber propeller 
gave peak efficiencies 3 to approximately 12 percent lower 
than those for the medium-camber propeller; the higher 
efficiency losses were due mainly to compressibility effects. 
At tip Mach numbers greater than approximately 0.90, the 
low-camber and medium-camber propellers showed com-
pressibility losses. The high-camber propeller, however, 
showed an appreciable compressibility loss at a tip Mach 
number considerably below 0.90, but the efficiencies were 
still above 82 percent.
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(a) Cp0.05.	 (b) Cp0.10. 

	

(C) Cp0.15.	 (d) Cp=0.20. 

	

(e) Cp =O.25.	 (1) Cp0.30. 

	

(g) Cp 0.35.	 -	 (h) Cp0.40.
FIGURE 1L—Fifect of design camber and power loading on efficiency. M=0.165.



__T_T 
,-Envelope efficiency 

7' -7 
7 

/ 7 K 

ho

>. 
I-) 

.q) 

'1) 

(I 
'I)

I.0 

216-- -	 REPORT 1012—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

.1	 .2	 .3	 .4	 .5	 .6	 .0
	 1.0 

3ecllon operating lift coefficient, c 

FIGURE 12.—lffect of design camber on blade-section efficiency, from single-station analysis using NACA 16-series sections. -=O.7 --=O.O9; =440 ; M=0.45. 

The effect of compressibility on maximum efficiency is 
shown in figure 14 for a blade angle of 450 Maximum 
efficiency differed very little for the low-camber and medium-
camber propellers with critical tip Mach numbers of approx-
imately 0.90 and 0.91, respectively. The high-camber pro-
peller begins to show compressibility losses at a tip Mach 
number of 0.70, but the rate of loss is less than that for the 
low-camber and medium-camber propellers. The low critical 
speed of the propeller with the highest camber obviously 
excludes the use of this propeller for very efficient high-speed 
operation. The early compressibility losses for the high-
camber propeller are due, in part at least, to the high power 
absorbed. If the low-camber and medium-camber propellers 
absorbed the same power as the high-camber propeller, these 
propellers would have to operate at high angles of attack; this 
operation would produce high pressure peaks and perhaps 
earlier and more extensive compressibility losses. 

In order for the low-camber and medium-camber propellers 
to absorb the same power as the high-camber propeller and 
still operate at high efficiencies, a considerable increase in 
solidity would be necessary. The large power-absorbing 
capacity of the high-camber propeller, however, makes it 
useful for conditions of operation at which large values of 
thrust are required, even at high speeds. For example, the 
influence of design camber on maximum efficiency and on 
the power absorbed at maximum efficiency is presented in

figure 15 for an advance ratio of 2.48 at forward Mach num-
bers of 0.23 and 0.53 (tip Mach numbers of 0.37 and 0.86, 
respectively). For these conditions, the high-camber pro-
peller shows a compressibility loss of 8 percent. The high-
camber propeller absorbs 55 percent more power than the 
medium-camber propeller and 75 percent more power than 
the low-camber propeller at a forward Mach number of 0.53. 
The corresponding differences in efficiency are reductions of 
9 and 10 percent, which result in net thrust increases of 46 
and 65 percent, respectively, for the high-camber propeller; 
in addition, these increases in thrust are obtained with no 
increase in propeller weight. 

Effect of compressibility and power disk loading on maxi-
mum efficiency.—The effects of power disk-loading coefficient 
P and compressibility on maximum efficiency are shown in 
figure 16. The curve for the ideal efficiency obtained from 
axial-momentum considerations is also shown. The ideal 
efficiency deviates from 100 percent solely because of the 
induced loss due to increasing the axial velocity of the air in 
the slipstream. The additional losses for an actual pro-
peller, however, are due to profile-drag and rotational induced 
losses. The induced losses for these propellers are small, and 
the differences shown between the ideal and the measured 
efficiencies are principally due to blade drag loss. At a given 
value of the forward Mach number, increased values of P 
correspond to loadings at low values of the advance ratio. 
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FIGURE 13.—Effect of design camber and compressibility on envelope efficiency. 
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At low values of the forward Mach number (fig. 16 (a)), for 
example, the maximum-efficiency curves for the three pro-
pellers are parallel for high values of P and are relatively 
close to the ideal-efficiency curve. This agreement is ex-
pected, because these propellers have approximately the 
optimum pitch distributions for these values of P and be-
cause the profile-drag and induced losses are not expected to 
change very much. Since at a constant forward Mach number 
the high values of P. for each curve- correspond to opera-
tion at the highest tip speeds for that condition, compressi-
bility losses would appear at the high values of the power 
disk-loading coefficient. No compressibility losses appear 
for the low forward Mach numbers. For all propellers, 
large losses begin to appear at a forward Mach number of 
0.53 and are most severe for the low-camber propeller and

least severe for the medium-camber propeller. At a Mach 
number of 0.65, the high-camber propeller appears to be more 
efficient than the other propellers for operation at the high 
power disk-loading coefficients. Of particular interest is the 
greatly reduced range of power disk-loading coefficient for 
which the maximum efficiencies obtained at low Mach num-
bers can be maintained at high forward Mach numbers. 
Similar results are shown in reference 1. At forward Mach 
numbers of 0.53 or greater, the range of power disk-loading 
coefficient that gives high efficiencies for the low-camber pro-
peller is greatly reduced because of compressibility losses. 
Previous results (reference 1) have indicated that the range 
of power disk-loading coefficient for high efficiency may be 
selected by change of blade solidity. The results reported 
herein also indicate that the same effect can be produced by 
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change of camber. This effect is particularly pronounced 
for forward Mach numbers of 0.53 and 0.65 (figs. 16 (d) and 
16 (e)). The medium-camber and high-camber propellers 
can operate more efficiently at high values of the power disk-
loading coefficient, but compressibility effects have con-
siderably lowered the efficiencies. Changing the design 
camber thus offers another possibility of operating at high 
power disk loadings without too much loss in maximum 
efficiency. 

The power disk-loading coefficient for which low-speed 
efficiencies may be maintained at high speeds can also be 
increased by using a greater number of similar blades, as 
was pointed out in reference 1. For operation at very high 
speeds, particular consideration must therefore be given to the 
aerodynamic design. The design of a propeller then ap-
proaches the design for a specific condition of operation to 
obtain • high efficiencies because of the reduced range of 
available power disk loading. 

CONCLUSIONS 

Two-blade propellers designated the NACA 4-(5)(08)-03 
(medium camber) and the NACA 4-(10)(08)-03 (high 
camber) propellers have been investigated in the Langley 
8-foot high-speed tunnel through a range of blade angles 
from 20° to 60° for forward Mach numbers from 0.165 
to 0.70 to determine the effect of camber and compressibility 
on propeller characteristics. The results of these tests and 
comparisons with results obtained from previous tests of the 
NACA 4-(3) (08)-03 (low camber) propeller indicated the 
following conclusions: 

1. Propellers of high design camber were more efficient 
than propellers of low design camber for operation at high 
power coefficients. The propeller of highest camber gave 
efficiencies 15 to 25 percent greater than the efficiencies of 
the low-camber and medium-camber propellers for high 
power coefficients at advance ratios corresponding to take-
off and climb at low Mach numbers. 

2. The medium-camber propeller generally gave peak 
efficiencies 2 to 5 percent higher than the low-camber

propeller and 3 to approximately 12 percent higher than the 
high-camber propeller. The high-camber propeller was 
operating at much higher power coefficients, which led to 
early compressibility effects. 

3. The critical tip Mach number for maximum efficiency 
at the design blade angle of 45° was 0.01 higher for the 
medium-camber propeller than that for the low-camber 
propeller, which began to show compressibility losses at a 
tip Mach number of approximately 0.90. The high-camber 
propeller, which was operating at higher power coefficients 
than the other propellers, showed the largest compressibility 
losses. The compressibility losses for the high-camber 
propeller began at a tip Mach number as low as 0.70 but 
efficiencies of more than 82 percent were still maintained. 

4. For a forward Mach number of 0.53 and an advance 
ratio of 2.48 (tip Mach number of 0.86), the high-camber 
propeller showed a compressibility loss of 8 percent in 
maximumefficiency but, because of the large power-absorbing 
capacity of this propeller, produced about 65 percent more 
thrust than the low-camber propeller and 46 percent more 
thrust than the medium-camber propeller. 

5. The range of power disk-loading coefficient over which 
high efficiencies could be obtained was greatly reduced at 
high speeds. 

LANGLEY MEMORIAL AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, \'A., May 7, 1945. 
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EFFECTS OF WING FLEXIBILITY AND VARIABLE AIR LIFT UPON WING BENDING MOMENTS 
DURING LANDING IMPACTS OF A SMALL SEAPLANE' 

By KENNETH F. MEETEN and EDGAR B. BECK 

SUMMARY 

A smooth-water-landing investigation was conducted with a 
small seaplane to obtain experimental wing-bending-moment 
time histories together with time histories of the various pa-
rameters necessary for the prediction of wing bending moments 
during hydrodynamic impact. The experimental results were 
compared with calculated results which include inertia-load 
effects and the effects of air-load variation during impact. The 
responses of the fundamental mode were calculated with the use 
of the measured hydrodynamic forcing functions. From these 
responses, the wing bending moments due to the hydrodynamic 
load were calculated according to the procedure given in R. c, M. 
JT0 2221. This comparison of the time histories of the experi-
mental and calculated wing bending moments showed good 
agreement both in phase relationship of the oscillations and in 
numerical values. 

The effects of structural flexibility on the wing bending 
moment were large, the dynamic component of the total moment 
being as much as 97 percent of the static component. Changes 
in the wing bending moment due to the variation in air load dur-
ing impact were of about the same magnitude as the static 
water-load component.

INTRODUCTION 

Recent trends in the design of aircraft have led to an 
important increase of the stresses produced in wings by land-
ing impacts. Two significant factors contributing to these 
increased stresses during landing are an increased proportion 
of the airplane weight in the wings and an increased struc-
tural flexibility, since, in most cases, these factors have caused 
the ratios of the times to peak of the applied landing loads 
to the period of the fundamental mode to approach a critical 
value. 

Several simplified methods have been developed for deter-
mining the inertia loads in wing structures during landing 
impacts, and studies have been made of the landing-impact 
inertia loads in simplified structures with the use of the 
principles of these methods. Although experimental investi-
gations have been made to determine the magnitudes of 
inertia Aloads in actual airplane structures, little correlation 
of theory and experiment has been made concerning the 
nature and magnitude of inertia loads in airplane wings 
during actual landing impacts. 

'Supersedes NACA TN 2063, 

and Edgar B. Beck, 1950.

Another aspect of the problem of wing loads during land-
ing is the variation of air load due to changes of attitude 
and flight path during impact. The importance of this 
change in air load hs been the subject of some speculation 
but little investigation. 

In order to evaluate the importance of the various com-
ponents of the load, including dynamic effects and variation 
in air load, data were obtained during full-scale landing tests 
of a small seaplane to provide a comparison of actual wing 
loads with those predicted by a simplified method 
(reference 1). 

The present report gives a comparison of the theoretical 
and experimental wing loads, in the form of time histories of 
the wing bending moments, and discusses the contributions 
of each of the components of the moment (static water-load 
moment, dynamic water-load moment, and air-load moment) 
to the total. The static and dynamic components of the 
total moment were calculated and combined according to 
the procedure of reference 1, with the responses of the funda-
mental mode being calculated from the recorded time histories 
of the applied forces. The air-load component was calcu-
lated by a simplified method which is described in this report. 

SYMBOLS 

CL	 lift coefficient () 

g	 acceleration due to gravity (32.2 ft/sec2) 
L	 lift, pounds 
M	 bending moment in wing, pound-inches 
n	 load factor, multiples of g 
S	 wing surface area, square feet 
T	 duration of impact, seconds 
t t	 time to peak of applied load, seconds 
t	 natural period of fundamental mode, seconds 
u dynamic response factor, ratio of maximum total 

water-load wing bending moment to maximum 
static water-load bending moment 

V	 velocity of seaplane, feet per second 
a	 angle of attack, degrees 
y	 flight-path angle, degrees 

prefix denoting change 
P	 density, slugs per cubic foot

trim angle, degrees 
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Subscripts: 
c corrected for air load 
h horizontal 
n normal to keel 
0 at time of water contact 
P parallel to keel 
r recorded 
T total 
V vertical 
max maximum

APPARATUS AND INSTRUMENTATION 

The airplane used in the present investigation was a small 
two-engine seaplane (fig. 1). Pertinent information about 
the seaplane is given in table I, and additional information 
may be obtained from reference 2. The frequency and shape 
of the fundamental wing bending mode were found from 
ground vibration tests and are given in table II and figure 2. 
The spanwise weight distribution is also given in table II. 

The trim variation was measured with a gyroscopic trim 
recorder mounted in the cabin floor. The airspeed was 
measured with an NACA airspeed recorder, pitot-static-tube 
type, mounted above the cabin. Accelerations of the center 
of gravity were obtained from an NACA optical-recording 
three-component accelerometer mounted securely in the 
fuselage near the center of gravity. The time of contact 
was determined from a water-contact indicator located on 
the keel at the main step. The hull immersions were deter-
mined from pressure gages installed along the bottom of the 
hull. The wing bending moments were measured by means 
of a strain gage mounted on the wing main spar 9 inches 
from the center line of the seaplane (hereinafter referred to 
as station 9). 

The estimated accuracies of the experimental data based 
on calibration, instrument, and reading error are as follows: 
Horizontal velocity, VI,, feet per second-----------------------±4 
Trim angle, r, degrees-----------------------------------±0.25 
Load factor, n, multiples of g ------------------------------ +0.2 
Initial wing lift, L0, multiples of g-------------------------±0.05 
Total wing bending moment, Ms, pound-inches -------- ± 0. 05X 106 

TEST PROCEDURE 

The landing-impact tests were made in smooth water. 
During these landing tests, airspeed, trim variation, center-
of-gravity accelerations, and wing-spar bending moments 
were recorded. The landings were made at horizontal veloc-
ities ranging from 95.4 to 112.0 feet per second, trim angles 
ranging from 3.000 to 7.83°, and initial flight-path angles 
ranging from 2.00 to 4.4°. The resulting maximum center-
of-gravity accelerations normal to the keel line ranged from 
1.10g to 1.96g and the duration of the impacts varied from 
0.63 to 0.87 second. The times to peak of these normal 
accelerations ranged from 0.10 to 0.36 second. Values of 
these parameters and other pertinent information for all the 
tests are presented in table III.

1 NACA optical-recording three-component 3 Pressure gages and water contacts 
accelerometer 

2 Gyroscopic trim recorder	 4 Water-contact indicator 

FIGURE l.—Seaplane and instrumentation. 

TABLE I 

GENERAL INFORMATION ABOUT SEAPLANE USED IN
LANDING-IMPACT INVESTIGATION 

Approximate flying weight during tests, lb-----------------19,200 
Stalling speed (flaps down), fps---------------------------94 
Wing area, sq ft----------------------------------------780.6 
First natural frequency, cps ------------------------------ 	 4.76 
Second natural frequency, CPS ----------------------------	 13.0 

'IJIIIIIIII /1 
- - - 7 III[IIIIIIIIII 

- -. NonstructuroI foir'inçi - - - - - - 

position 

E —y-Hu//-suPPorfstrut— I I II 
0	 80	 160	 240	 320	 400	 480	 56

Distance from seaplane center line, in. 
FIGURE 2.—Experimental fundamental bending-mode shape of wing semispan. Frequency, 

4.76 cycles Per second. 

TABLE II 

WEIGHT DISTRIBUTION AND UNITIZED MODE SHAPE 
FOR FUNDAMENTAL BENDING MODE (4.76 cps)

OF WING SEMISPAN 

I Distance from Associated 
station	 I Unitizedcenter line  

(in.)	 weight	 mode shape 
I	 (Ib)	 I 

0 —0.048 
31 881 —.044 
75 2,057 —.026 
87.7 5,076 —.022 

119 881 —.004 
170 116 .053 
210 102 .110 
280 88 .190 
290 181 .270 
330 64 .370 
370 53 .490 
410 43 .625 
440 18 .730 
477.7 40 .860 
516 1.000 

Total	 9,600	 I

-c a) 
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TABLE III

FLIGHT AND IMPACT VARIABLES 

R Un V,0 
(fps)

LVe 
(fps)

V,0 
(fps)

LV, 
(fps)

°'-'. '-•' s-'. T 
(see)

t. 
171 (lb-in.) u ,, 

(deg)

..., 
(deg)

O 

(deg)
La,.,. 
(deg)

LY.,.. 
(deg) 

1 103.0 4.91 5.1 8.37 1.96 2.03 0.264 1.96 0.308 0.69 3.72 0.575X100 1.47 7.83 1.30 10.66 5.30 4.7 
2 95.4 3.55 3.5 7.29 1.21 1.26 .181 1.19 .259 .87 6.28 .250 1.23 6.01 5.07 8.11 2.10 4.2 
3 100.5 3.46 7.2 11.29 1.61 1.69 .209 1.59 .340 .65 3.43 .410 1.53 5.72 5.21 9.82 4.36 6.3 
4 112.0 3.83 8.6 13.64 1.90 1.94 .255 1.59 .355 .63 1.90 .483 1.97 3.00 9.31 7.39 4.45 7.0 
5 105.9 3.54 4.4 8.10 1.16 1.24 .183 1.14 .285 .77 4.95 .345 1.42 6.07 4.28 8.45 3.29 4.4 
6 104.1 3.42 3.6 6.90 1.10 1.19 .208 1.07 .310 .80 6.85 .335 1.13 7.39 3.30 9.34 2.67 3.8

THEiRY 

WILLIAMS' METHOD 

In reference 1 a method was proposed for calculating the 
dynamic effect of an impulsive load applied to an elastic 
structure. Basically, the method follows classical normal-
mode vilration theory by considering the total response 
of the elastic structure to a forcing function at any instant 
to be the summation of the responses of all of its normal 
modes at that instant. However, a unique feature of the 
method is that the total response of each mode is separated 
into a static and a dynamic component, and the stress due 
to the sum of the static components of the responses of all 
the modes is found in one calculation by rigid-body analysis., 
This stress is referred to as the static-load stress. The 
stress of each mode due to its dynamic component of re-
spouse is found separately. The total stress is the sum of the 
static-load stress and the dynamic components of stress 
for the significant modes. Time histories of stress are found 
in these calculations and thus phase relationships of the 
modes are considered when the stresses for each mode are 
added.

AIR-LOAD VARIATION 

In determining the effect of air-load variations on the 
wing bending moment during impact, the air load was 
assumed to change instantaneously with change in angle of 
attack and the rate of change in air load was assumed to be 
slow enough to neglect excitation of structural dynamic 
response. Also, the ratio of air-load bending moment to 
lift was assumed to be constant for all impacts. On the 
basis of these assumptions, the air-load moment at any time 
(luring the impact ill was related to the lift L and the ratio 
of bending moment to lift at time of contact 141L0 by the 
following equation:

L 
Lo ) 

An average value of 7110/L0, obtained from the measured 
values of lift and moment at time of contact, was used in 
this equation. The variation of lift L was determined 
from time histories of the angle of attack and velocity in 
conj unction with a lift curve (CL plotted against a) determined 
for the wing with flaps deflected. This lift, curve was 
determined by fairing a. line with the slope of the available 
lift curve without flaps deflected through the values of 
C'L computed for all the impacts from the measured velocity,

angle of attack, and center-of-gravity acceleration at time of 
contact. With the variation in total air-load moment thus 
determined, the change in air-load wing bending moment 
during impact M was found from the following equation: in

.i1'J=M0-M 

CALCULATIONS AND RESULTS 

The variations of the wing angle of attack and velocity 
during impact necessary for computing the changes in air-load 
bending moment were determined for each impact from the 
recorded data in the following manner. The accelerations 
normal and parallel to the keel line, obtained from the 
three-component center-of-gravity accelerometer, were plot-
ted (fig. 3). After the trim-angle variation (fig. 4 (a)) was 
taken into account, these accelerations were resolved into 
vertical and horizontal components. Integration of the 
time histories of these accelerations over the duration of 
the impact produced time histories of the changes in vertical 
and horizontal velocities. Since the vertical velocity at the 
time of contact was not accurately known, the initial 

(a)

(a) Acceleration parallel to seaplane keel line during impact. 

(b) Acceleration normal to seaplane keel line during impact. 

FinuRE 3.-Typical accelerometer records and fairings. 
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velocity was determined so that integration of the time-
history curve over the duration of the impact resulted in a 
final vertical displacement of zero. (The duration of the 
impact is defined as the interval between the time of contact 
and the time when the center of gravity again reached its 
initial height above the mean water line. The instant of 
contact was found from a water-contact indicator on the 
step and the time history of the center-of-gravity displace-
ment was determined from the times of immersion and 
emersion of the hull pressure gages, the fixed location of the 
center of gravity relative to the step, and trim-angle time 
history.) Integration of the time-history curve of the 
corrected vertical velocity from time of contact to the time 
of zero vertical velocity determined the maximum displace-
ment of the center of gravity. The maximum displacements 
determined in this manner for all the impacts agreed within 
experimental error with the maximum displacements cal-
culated from the hull pressure gages. With the use of the 
corrected vertical-velocity and horizontal-velocity time 
histories, time histories of the flight-path angle and the 
resultant velocity were computed. From the time histories 
of trim angle r (fig. 4 (a)) and flight-path angle y (fig. 4 (b)), 
the time history of the angle of attack a was computed 
(fig. 4 (c)). 

With the use of the time histories of angle of attack and 
resultant velocity, the changes in bending moment in the 
wing at station 9 due to the changes in air load were deter-
mined for each impact in the manner decribed in the 
section entitled "Air-Load Variation" and are presented in 
parts (a) of figures 5 to 10.

VDynarnic water-load \- 

-
J'	 \	 moment 
== 

'Stotic water -load --Air-load moment 
- t

-

-Level-flighf moment 

- -Total theoretical moment 

Tofal experimental moment 

(b)

0	 .1	 .2	 .3	 .4	 5	 .6	 .7	 .8 
TIme, sec 

(a) Components of wing-bending-moment changes during impact. 
(b) Total wing bending moment during impact. 

FIGURE 5.—Wing-banding-moment time histories during impact; run 1. 
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(a) 

I	 111111	 (b)

Time, sec 

(a) Trim-angle variation during impact 
(b) Flight-path-angle variation during impact. 
(c) Angle-of-attack variation during impact. 

FIGURE 4.—Typical time histories of pitching motion based on recorded and calculated data.

(a) Components of wing-bending-moment changes during impact. 
(b) Total wing bending moment during impact. 
FIGURE 6.—Wing-bending-moment time histories during impact; run 2. 
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Dyn	 *	 water -load moment-, , Static woter-lood 

	

/.4x106-	 I
-Leve/-f/ight moment 

,,Total theoretical moment I'iII: 
Total experimental moment 

.4

(b) 

o	 .i	 .2	 .3	 .4	 .5	 .6	 .7	 .8	 .9 
Time, sea 

(a) Components of wing-bending-moment changes during impact. 
(b) Total wing bending moment during impact. 

FIGURE 7.-Wing-bending-moment time histories during impact; run 3. 
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0	 .1	 .2	 .3	 .4	 .5	 .6	 ./.	 .	 . 
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(a) Components of wing-bending-moment changes during impact. 
(b) Total wing bending moment during impact. 

FIGURE 8.-Wing-bending-moment time histories during impact; run 4. 
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(a) Components of wing-bending-moment changes during impact. 
(b) Total wing bending moment during impact. 

FIGURE 9.-Wing-bending-moment time histories during impact; run 5. 

	

.2x106-i-------	 r	 I	 I

Dynamic water-load 
/ moment 

	

tatic water-load	
-Air-load moment 

moment 
/.4x/06 -

.--Level-flght moment 

	

.' l.a	 s-	 -	 -	 •1-

	

-- -Total theoretical moment	 - 

I 

- 'Total experimental moment 
.6 

.4 

.2

r(b) 

	

0	 .1	 .2	 .3	 .4	 .5	 .6	 .7	 .8	 .9
Time, sec 
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(b) Total wing bending moment during impact. 

Fiouu 10.-Wing-bending-moment time histories during impact; run 6. 
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The procedure of reference 1 was used to compute the 
bending moments because it provides a convenient means of 
applying the principles essential to a dynamic-loads analysis 
which results in time histories of the wing bending moments. 
The forcing function for each impact was determined from 
the normal acceleration measured in the hull by an accelerom-
eter located near the seaplane center of gravity. Because 
of the manner of connection between the wing and hull 
(fig. 1), the measured acceleration was not appreciably 
affected by the oscillations of the wing. By including the 
effect of the varying wing lift on the center-of-gravity 
acceleration, the acceleration normal to the keel line due 
to the hydrodynamic force only was determined. From this 
acceleration and the mass of the seaplane, the hydrodynamic 
forcing function was calculated. The dynamic responses 
of the significant modes to this forcing function were computed 
by a recurrence method developed at the Langley Structures 
Research Division in which the actual forcing function 
is used without approximation. Only the dynamic effects 
of the fundamental bending mode were included in the 
final results because calculations showed the dynamic effects 
of the second symmetrical bending mode to be negligible. 
This observation was borne out by the absence of higher 
mode' effects on the strain-gage records. The calculated 
time histories of the static water-load and dynamic water-
load components of wing bending moment at station 9 are 
presented in parts (a) of -figures 5 to 10. The spanwise 
bending-moment distribution for the fundamental-mode ig 
inertia loading calculated as set forth in reference 1, a 
Ig static water loading, and a level-flight loading are plotted 
in figure 11. . The values of the bending moment at station 
9 used in the application of the method of reference 1 were 
obtained from this plot. 

These three components of wing-bending-moment changes 
obtained in this manner for station 9 were combined and 
added to the wing bending moment existing at the instant 
of contact. This total theoretical wing bending moment is 
presented in parts (b) of figures 5 to 10 together with the 
wing-bending-moment variation measured by the strain 
gage at station 9.

DISCUSSION 

Comparisons between the total theoretical and experi-
mental wing bending moments are presented in parts (b) 
of figures 5 to 10. The comparisons are made only for wing 
station 9 because the bending moments in the outer wing 
section were so small as to be of the same order as the 
estimated error. Only the dynamic effects of the funda-
mental bending mode were included in the final resuls 
because calculations showed the dynamic effects of the 
second symmetrical bending mode to be negligible. This 
negligibility was borne out by the absence of higher-mode 
effects on the strain-gage records. The comparisons show 
the predicted values to be in good agreement with the experi-
mental values. As can be seen from the figures, the phase 
relationships between the theoretical and experimental

/.4x/06

- Level-flight bending moment 
1.2

	 71 g ss'ot/c woter-lood 

	

\	
bending. moment 

Pun domento/-mode 
\	
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Distonce from seaplane centerline, in. 

FIGURE 11.—Level-flight and landing-impact bending moments. 
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values are consistently good, and the maximum changes 
from initial conditions show a range of error of 5 to 28 per-
cent based on the experimental values of the maximum 
changes in wing moment. These results indicate that when 
the three components of moment are included in the theory 
good agreement is obtained. 

A comparison of the level-flight bending moment and the 
change in bending moment due to the heaviest impact of 
the tests shows that the maximum change in bending mo-
ment accompanying a downward motion of the wing was 
approximately 50 percent of the level-flight moment (figs. 11 
and 5 (b)). This maximum bending-moment change was 
produced by a. 2.03g impact. When any differences in 
the response factor and any change in air-load bending 
moment are neglected, landings of over 4g would be required 
for the downward motion of the wing merely to start stress 
reversal in the wing. Similarly, even if the maximum 
dynamic water-load bending moment (fig. 8 (a)) caused by 
a 1.94g impact were to be twice as large for a 4g impact, 
were to exist after the water load was removed, and were to 
be superposed on a level-flight moment, the moment pro-
duced by the upward motion of the wing would still be less 
than twice the level-flight moment. Therefore, the change in 
bending moment due to a landing impact is unimportant 
in this seaplane insofar as this change will not produce 
critical stresses at the wing root. This unimportance may
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be largely attributed to the fact that the fundamental 
mode ig inertia loading is relatively small as compared 
with a. level-flight loading (fig. 11). 

The effects of structural flexibility on the computed bend-
ing moments can be seen by comparing the static and dy-
namic components of the water-load bending moment in 
parts (a) of figures 5 to 10 and by observing the dynamic 
response factors u in table III. The dynamic overstress 
attributable to structural flexibility is the dynamic compo-
nent of stress in parts (a) of figures 5 to 10 and is represented 
in the response factor u by the amount that this factor differs 
from unity. Since response factors as high as 1.97 are ob-
tained, the dynamic overstress sometimes contributes an 
increment of stress almost as large as the static water-load 
stress. This observation is in agreement with the results of 
other investigators and shows the necessity of using dynamic 
analyses in landing-load investigations. 

The change in wing bending moment due to change in air 
load on the wing is a function of the changes in velocity and 
angle of attack. (See the section entitled "Air-Load Varia-
tion.") In these tests the changes in velocity during the 
impacts were small (table III) and the changes in air-load 
bending moment were therefore almost entirely attributable 
to the changes in angle of attack. Since the angle of attack 
is a function of the trim and flight-path angles, large changes 
in angle of attack will occur when the trim and flight-path 
angles change to a great degree. For the relatively small 
changes in trim angle and flight-path angle which occurred 
in these tests (the maximum values being 9.31° and 7.0°, 
respectively), air-load changes as large as 0.2g were computed. 
For this airplane, these changes in air-load bending moment 
were of about the same magnitude as the bending-moment 
changes due to the static component of loading (parts (a) of 
figs. 5 to 10) and inclusion of the effects of air-load changes 
in the calculations was therefore necessary. For other air-
planes with structural and mass characteristics conducive 
to large inertia-load moments, the bending-moment changes 
accompanying a 0.2g change in air load would be' small 
relative to the changes in bending moment caused by inertia 
loads. However, for more severe changes in flight-path 
angle, which should be considered in a design analysis, the 
effects of the change in air load on the bending moment in 
the wing may still be large enough to warrant consideration 
in a design analysis. Further investigation is necessary to 
determine the importance of this air-load variation in design-
strength calculations. 

In most landing tests the applied forcing functions are 
not easily obtained from the center-of-gravity accelerations 
because of the superposed accelerations caused by structural 
oscillations. But because the fuselage of this airplane is 
connected to .the wing by struts located near the nodal point 
of the fundamental mode which represented the greatest 
portion of the wing bending and by a nonstructural fairing 
which neither transmitted nor interfered with the wing oscil-
1tions, the accelerometer in the fuselage was not appreciably 
affected by the wing oscillations in these tests.

The calculation of the dynamic response of each of the nor-
mal modes of the seaplane involves solving for the response 
of an equivalent simple spring-mass system to the given 
forcing function. In this calculation it is common practice 
to approximate the forcing function in order to simplify the 
computation. However, the responses used in this report 
were computed from the actual forcing functions because 
trial calculations showed that errors as large as 20 percent 
in the total response of the simple spring-mass system 
could be introduced by use of apparently good simple 
approximations.

CONCLUSIONS 

Experimental wing bending moments obtained from a 
landing-impact investigation with a small full-scale seaplane 
were compared with analytical results. The effects of the 
variation in air load during the impacts were included in the 
analytical procedure. The responses of the fundamental 
mode were calculated from the recorded time histories of 
the applied hydrodynamic forces. For the seaplane tested 
and the conditions of the impacts encountered, the following 
conclusions may be drawn: 

1. Good agreement between measured and computed 
wing bending moments was obtained when the three com-
ponents of the wing moment (static water-load moment, 
dynamic water-load moment, and air-load moment) were 
included in the calculations. 

2. The effects of structural flexibility on the wing bending 
moments, represented by the dynamic overstress and under-
stress, were large, the moment due to the dynamic component 
of the total response being as much as 97 percent of that 
caused by the static water-load component. 

3. Although the changes in seaplane attitude during the 
landing impacts were small, the variation in the air-load 
component of the total moment was of about the same 
magnitude as the static water-load component. Although 
this comparison of changes is not representative of the rela-
tive importance of the air-load variation in seaplanes with 
structures conducive to large inertia-load components, it 
indicates the probable significance of the effects of air-load 
variation since large changes in seaplane attitude must also 
be considered. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., December 21, 1949. 

REFERENCES 

1. Williams, D., and Jones, R. P. N.: Dynamic Loads in Aeroplanes 
under Given Impulsive Loads with Particular Reference to 
Landing and Gust Loads on a Large Flying Boat. R. & M. No. 2221, 
British A.R.C., Sept. 1945. 

2. Steiner, Margaret F.: Comparison of Over-All Impact Loads Ob-
tained during Seaplane Landing Tests with Loads Predicted by 
Hydrodynamic Theory. NACA TN 1781, 1949.



REPORT 1014 

STUDY OF EFFECTS OF SWEEP ON THE FLUTTER OF CANTILEVER WINGS' 
By J. G. BARMBY, H. J. CUNNINGHAM, and I. E. GARRICK 

SUMMARY 

An experimental and analytical investigation of the flutter 

of swept back cantilever wings is reported. The experiments 
employed groups of wings swept back by rotating and by 
shearing. The angle of sweep ranged from 00 to 600 and 
Mach numbers extended to approximately 0.85. A theoretical 
analysis of the airforces on an oscillating swept wing of high 
length-chord ratio is developed, and the approximations in-
herent in the assumptions are discussed. Comparison with 
experiment indicates that the analysis developed in the present 
report is satisfactory for giving the main effects of sweep, at 
least for nearly uniform cantilever wings of high and moderate 
length-chord ratios. A separation of the effects of finite span 
and compressibility in their relation to sweep has not been made 
experimentally but some combined effects are given. A dis-
cussion of some of the experimental and theoretical trends is 
given with the aid of several tables and figures. 

INTRODUCTION 

The present report is an outgrowth of the trend toward 
the use of swept wings for high-speed ffight and presents the 
results of an analysis and of an accompanying exploratory 
program of research in the Langley 4.5-foot flutter research 
tunnel on swept cantilever wings. The material was 
assembled in a memorandum form with a similar title in 
1948. The chief purposes of the present report are to 
provide a more detailed exposition of the analysis and to 
make the main material more generally available. 

Some previous experimental and analytical work on swept 
wings is mentioned here. A preliminary experimental 
investigation of the effect of sweep on flutter has been made 
(reference 1) with a single, simple rigid wing mounted flexibly 
on a base which could be rotated to various desired sweep 
angles. This investigation was made at low Mach numbers 
for two bending-torsion frequency ratios and at several 
angles of sweepback. Another investigation (data un-
published) in which the density of the test medium was a 
variable was conducted by D. Benun on the same type of 
rigid, flexibly mounted wing at higher Mach numbers and at 
sweep angles of 00 and 45°. Other unpublished work on 
swept wings exists, but a search of the available information 
indicates a need for further systematic study.

The experimental work reported herein dealt with models 
mounted as cantilevers at their roots. These cantilever 
models differed from the rigid, flexibly mounted wings, 
which had all bending and torsion flexibility concentrated 
at the root, and thus were subject to different root effects. 
In order to facilitate analysis the cantilever models were 
uniform and untapered. The intent of the experimental 
program was to establish trends and to indicate orders of 
magnitude of the various effects of sweep on flutter rather 
than to isolate precisely the separate effects. 

The models were swept back in two basic manners—
shearing and rotating. For the case- in which the wings 
were swept back by shearing the cross sections parallel to 
the air stream, the span and aspect ratio remained constant. 
For the other case, a series of rectangular-plan-form wings 
were mounted on a special base which could be rotated to 
provide any desired angle of sweepback. This rotatory 
base was also used to examine the critical speed of swept-
forward wings. 

Tests were conducted also on special models that were of 
the "rotated" type (sections normal to the leading edge 
were the same at all sweep angles) with the difference that 
the bases were alined parallel to the air stream. Two series 
of such rotated models having different lengths were tested. 

Inasmuch as the location of the center of gravity, the mass-
density ratio, and the Mach number have important effects 
on the flutter characteristics of unswept wings, these param-
eters were varied for swept wings. In order to investigate 
possible changes in flutter characteristics which might be 
due to different flow over the tips, various tip shapes were 
included in the experiments. 

In an analysis of flutter, vibrational characteristics are 
very significant; accordingly, vibration tests were made on 
each model. A special study of the change in frequency 
and mode shape with angle of sweep was made for a simple 
aluminum-alloy beam and is reported in appendix A. 

Theoretical analyses of the effect of sweep on flutter exist 
only in brief or preliminary forms. In England in 1942, 
W. J. Duncan estimated by certain dimensional consider-
ations the effect of sweep on the flutter speed of certain 
specialized wing types. Among other British workers 
whose names are mentioned in connection with problems 

I Supersedes NACA TN 2121, "Study of Effects of Sweep on the Flutter of Cantilever Wings" by J. G. Barmby, H. J. Cunningham, and 1. E. Garrick, 1950. 

Preceding Page Blank
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of flutter involving sweep are R. McKinnon Wood, A. R. 
Collar, and I. T. Minhinnick. An account of Minbinnick's 
work was given by Broadbent in reference 2. In reference 3 
a preliminary anal ysis for the flutter of swept wings in 
incompressible flow is developed on the basis of a "strip 
theory" (with the strips taken in the stream direction) and 
is applied to the experimental results of reference 1. Exam-
ination of the limiting case of infinite span discloses that 
the aerodynamic assumptions employed in reference 3 
are not well-grounded. Reference 4 adapts this strip 
theory to flexible wings and also presents an alternative 
"velocity component" treatment employing other aerody-
namic assumptions which in their end result appear more 
akin to those employed in the analysis of the present report. 
No definite choice is made in reference 4 between the two 
methods although the strip-theor y method is favored. 

In the present report a theoretical analysis is developed 
anew and given a general presentation. Application of the 
analysis has been limited at this time chiefly to those calcu-
lations needed for comparison with experimental results. 
A wider examination of the effect of various parameters 
and of additional degrees of freedom on the flutter character-
istics is desirable.

SYMBOLS 

b half-chord of wing measured perpendicular to 
elastic axis, feet 

half-chord perpendicular	 to	 elastic axis at 
reference station, feet 

it effective length	 of wing,	 measured along 
elastic axis, feet 

c wing chord measured perpendicular to elastic 
axis, inches 

1 length of wing measured along midchord line, 
inches 

A angle of sweep, positive for sweepback, degrees 

Ag
1(1	 2 geometric aspect ratio 	 cos A)

 

Xf coordinate perpendicular	 to	 elastic axis in 
plane of wing, feet 

coordinate along elastic axis, feet 
coordinate	 in	 direction	 perpendicular	 to 

x'y'-plane, feet 
Z coordinate of wing surface in z'-direction, feet 

nondiniensional coordinate along elastic axis 

coordinate in wind-stream direction 
h bending deflection of elastic axis, positive 

downward, feet 
0 torsional deflection of elastic axis, positive 

with leading edge up, radians 
q local bending slope of elastic axis Q) 

yh 

7- local rate of change of twist (-7) 

fh(y ), F) deflection function of wing in bending 
f°(y'), F0 (7) deflection function of wing in torsion 

time 
angular frequency of vibration, radians per 

second

coh angular uncoupled benching frequency, radians 
per second 

(O a angular uncoupled torsional frequency about 
elastic axis, radians per second 

first bending natural frequency, cycles per 
second 

f2
second	 bending	 natural	 frequency,	 cycles 

per second 
f first	 torsion	 natural frequency, 	 cycles per 

second 
uncoupled first torsion frequency relative to 

elastic axis, cycles per second 
i	 r	 (xa1ra)2 

1 _Jh/ft)2J 

18 experimental	 flutter	 frequency,	 cycles per 
second 

reference flutter frequency, cycles per second 
JA flutter frequency determined by analysis of 

present report, cycles per second 
V free-stream velocity, feet per second 
V 8 experimental flutter speed, feet per second 
V n component	 of	 air-stream	 velocity perpen-

dicular	 to	 elastic	 axis,	 feet	 per	 second 
(v cos A) 

V8 experimental flutter speed taken parallel to 
air stream, miles per hour 

VR reference flutter speed, miles per hour 
VR' reference flutter speed based on wing elastic 

axis, miles per hour (defined in appendix B) 
VA flutter speed determined by theory of present 

report, miles per hour 
VD theoretical divergence speed, miles per hour 

reduced frequency employing velocity com-
ponent perpendicular to elastic axis (wb/v) 

phase difference between wing bending and 
wing torsion strains, degrees 

P density of testing medium at flutter, slugs per 
cubic foot 

q dynamic pressure at flutter, pounds per square 
foot 

M ?'[ach number at flutter 
1VI critical Macli number 
Xcg distance of center of gravity behind leading 

edge taken perpendicular to elastic axis, 
percent chord 

Xea distance of elastic center of wing cross section 
behind leading edge taken perpendicular to 
elastic axis, percent chord 

Xea' distance of elastic axis of wing behind leaching 
edge taken perpendicular to elastic axis, 
percent chord 

a nondimensional elastic-axis position (--; - 1) 

a + x a nondimensional center-of-gravity position 
(2x,g_ 

100 
M mass of wing per unit length, slugs per foot 
K wing mass-density ratio at flutter (irp b2/m) 

Ia mass moment of inertia of wing per unit length 
about elastic axis, slug-feet2 per foot
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nondimensional radius of gyration of vnig 

about elastic axis (.ji2) 
El	 bending stiffness,- pound-inches- in tables, 

pound-feet2 in analysis 
GJ	 torsional stiffness, pound-inclies in tables, 

pound-feet2 in analysis 
gn	 structural clamping coefficient for bending 

vibration 
structural damping coefficient for torsional 

vibration 
P	 oscillatory, lift per unit length, positive clown- 

ward (defined in equation (6)) 
Ma	 oscillatory moment about elastic axis, positive 

leading edge up (defined in equation (7)) 
a special bracket used to identify terms which 

are due solely to inclusion of the last term 
in equation (5b) 

In order to preserve continuity and to facifftate comparison 
with previous work on the unswept wing, the subscript, a ZD 
rather than 8 is retained with certain quantities to refer to 
the torsional degree of freedom. 

ANALYTICAL INVESTIGATION 
GENERAL 

Assumptions.—An attempt is first made to point out the 
main assumptions which seem to be applicable for swept 
wings of moderate taper and of high or moderate length-
chord ratios. 

(a) The assumptions, such as small disturbances and poten-
tial flow, commonly employed in linearized treatment of 
unswept wings in an ideal incompressible fluid are made. 

(b) The structural behavior is such that over the main part 
of the wing the elastic axis may be considered straight. The 
wing is also consideecl sufficiently stiff at the root so that it 
behaves as if it were clamped normal to the elastic axis. 
An effective length 1' needed for integrtion reasons may be 
defined (for example, as in fig. 1). The angle of sweepback 
is measured in the plane of the wing from the direction nor-
mal to the air stream to the elastic axis All section param-
eters such as semichord, locations of elastic axis and center 
of gravity, radius of gyration, and so forth, are based on 
sections normal to the elastic axis. 

Actual root	 r    
/

tNN	 Tafld 
iZ 

Effective roof-
'lidchord /ie for 
scfions normal to 
-,','76 elastic axis 

Section B-S	

lz^ 
 

FIG URE 1.—Nonuniform swept wing treated in the present analysts.

(c) The aerodynamic behavior is such that any section dy' 

of the wing normal to the elastic axis, taken in the direction 
of the component v cos A of the main-stream velocity, gener-
ates a velocity potential associated with a uniform infinite 
swept wing having the same instantaneous distribution over 
the chord of velocity normal to the wing surface as does the 
actual section. 

Additional remarks on these assumptions are appropriate. 
With regard to assumption (a), in accordance with lineariza-
tion of the problem, the boundary conditions are stated and 
treated with respect to a reference surface, in this case a 
plane, containing the mean equilibrium position of the wing 
and the main-stream velocity. Furthermore, incompressible 
flow is assumed in order to avoid complexity of the analysis, 
although modifications due to Mach number effects can he 
added. Such modifications may be based, for example, for 
wings having large length-chord ratios, on existing theoretical 
calculations of aerodynamic coefficients for subsonic or super-
sonic two-dimensional flow appropriate to the component 
v cos A. On the other hand the modifications may be partly 
empirical, especially for transonic" conditions and for small 
length-chord ratios. The transonic conditions and the gen-
eral aerodynamic behavior of swept wings may depend, for 
large length chord ratios, on the coinponeat v cos A, bu the 
dependence may shift to the stream velocity vfor small length-
chord ratios. 

With respect to assumption (b), results of analyses of and 
experiment on unswept wings having low ratios of bending 
frequency to torsion frequency show that small variations of 
position of the elastic axis are not important. The assump- 
tion of a straight elastic axis over the main part of a swept 
wing, similarly, is not critical for many cases. This assump-
tion is made for convenience, however, and modifications for 
a curved elastic axis can be made when necessary, for example, 
for plate-like wings. Small differences in the angle of sweep-
back of the leading edge, quarter-chord line, elastic axis, and 
so forth, are neglected. The analysis could be further modi-
fied to take into account variation of the angle of sweepback 
along the length of the wing. 

Assumption (c) implies that associated with the action 
of the wing in pushing air downward there is a noncirculatory 
potential-type flow similar to that around sections of an 
infinite flat-plate wing. Furthermore, as in the case of the 
unswept airfoil, a circulatory potential-type flow is generated 
in which for the swept airfoil the component v cos A is 
decisive in fixing the circulation. (This assumption differs 
from that made in the strip theory of references 3 and 4 
which employs the main-streamvelocity together with 
sections of the wings parallel to the stream direction.) 
Effects of the floating of the wake in the stream direction 
rather than in the direction of v cos A and induced effects 
of variation of the strength of the wake in the wing-length 
direction are neglected, as are three-dimensional tip effects. 
For large values of the reduced frequency k,,, a given segnient 
of the wing might be influenced chiefly by the nearby wake 
and the correction would be small. On the other hand, for 
small values of k a. given segment might be influenced by a 
more widespread portion of the wake; corrections for this 
condition may possibly be based on knowledge of the static
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case (for example, slope of the lift curve). As the angle of 
sweep approaches 90 0 , obviously the mechanism for the 
generation of lift is different from the one postulated here; 
for example, a tip condition may replace the trailing-edge 
condition and considerations of very small aspect ratio arise. 

Basic considerations.—Consider the configuration shown 
in figure 1 where the vertical coordinate of the wing surface 
is denoted by z'=Z(x',y',t) (positive downward). The 
effect of the position and motion of the wing may be given 
by the disturbance-velocity distribution to be superposed 
on the uniform stream in order to represent the condition 
of tangential flow at the wing surface. This velocity 
distribution normal to the surface (positive upward) is, for 
small disturbances,

6Z ÔZ 
w(x'Y'.t)=--j-+v--	 (la) 

where	 is the coordinate in the wind-stream direction. 
With the use of the relation 

OZ oz ox' OZ by, 

OE 
_

Ox'

oz. =- cos A+- sin  Ox 

the vertical velocity at any point is 

oz oz	 oz cos A+v	 sin A (1 b) 

Let the wing  be bending so that a segment dy' (see fig. 1) is 
displaced from its equilibrium position by an incremental 
distance h (positive down) and also let the wing segment be 
twisting about the elastic axis through an incremental angle 0 
(positive leading edge up). The position of each point of 
the segment may be defined, for small deflections, by 

Z= h+x'O	 (2) 

The velocity distributioii normal to the surface, equation (lb), 
consequently becomes 

	

w = h+x'O+vO cos A +v(+x'r) sin A	 (3) 

where o- = ---- is the local bending slope of the elastic axis by 

and is thus analogous to dihedral, and where T = - is the by 
local change of twist of the elastic axis. 

In accordance with assumption (c) the noncirculatory-flow 
velocity potentials associated with the vertical-velocity dis-
tribution are first needed. In equation (3) the terms involv-
ing h, 0, and o are constant across the chord, whereas those

involving 6 and r vary in a linear manner. The noncircula-
tory velocity potentials as in reference 5 and the new poten-
tials associated with u and r are 

44 =hb/1_x2 

e= vOb-Ii —x2 

4=vr tan Abf1-2
(4) 

o=Ob2(_a) 

q5rvnrtan Ab 2 (_a) jiTi1 

where v = v cos A and x is the nondimensional chordwise 
coordinate measured from the midchord as in reference 5 
and related to the coordinate x' in the manner 

The velocity potential for the circulatory flow associated 
with the wake may be developed on the basis of assumption (c) 
and the concepts for the infinite unswept wing introduced 
in reference 5. (Thus the circulatory-flow pattern for a sec-
tion dy' of the finite swept wing is to be obtained from the 
corresponding flow pattern for an infinite uniform yawed 
wing. This infinite wing is assumed to have undergone har-
monic oscillations for a long time; the full wake is established, 
remains where formed, and consequently is harmonically 
distributed in space. For the infinite uniform yawed wing, 
results for the circulatory flow are like those of reference 5 
with v replaced by the component v and with the addition 
of terms to take care of o and r.) In particular, the strength 
of the wake acting on each section is determined by the condi-
tion of smooth flow (the velocity remaining finite) at the trail-

ing edge. This condition is utilized in the form - (Or +ON) 

is equal to a finite quantity at the trailing edge (where or is 
the velocity potential due to the vorticity in the wake, and 
c J r is the total noncirculatory velocity potential), and this 
condition leads to a relation analogous to equation (VU) of 
reference 5 involving the basic quantity 

Q=1+v0+v tan A+b 
(1— 

a)(O+v,T tan A) 

which occurs in the terms associated with the wake. The net 
result of these considerations is that the circulatory-flow 
velocity potential may be regarded as determined.
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The pressure difference between upper and lower surfaces of the wing at a. point x is (positive downward) 

p=-2p (+ -) bt 

4,	 O4,	 O4,. 
= -2p (+v	 cos A+v Sm 

where 4, is in general the total potential (the sum of circulatory-flow and noncirculatory-flow potentials). The last term in 
equation (5a) is the product of the component of main-stream velocity taken along the wing and the lengthwise change 
in the velocity potential and is often neglected even in steady-flow work. The question of the retention or neglect of this 
last term seems partly dependent on the order in which the approximations are introduced—specifically, whether velocity 
potentials for the whole flow pattern are found and then the integrated forces are determined or whether section forces are 
first determined and then integrated. It seems appropriate to retain at least the noncirculatory part ON of 4, in the last 
term of equation (5a). In view, however, of the nature of the approximate treatment of the circulatory potential and of the 
inherent shortcomings of a strip analysis, in particular the neglect of lengthwise variations in wake vortex strength, compli-
cating the results by also including or in this term does not appear worth while. (This neglect of Or and retention of is 
realized to involve some inconsistencies in that account may not be taken of other higher order terms associated with length-
wise variation of the wing wake, which may be of the same order as terms retained.) Thus equation (5a) becomes

6ONp=-2p (LO+ v-^—o cos A+ v	 sin A)	 (5b) 

For harmonic motion in each degree of freedom, relations for the pressure may be integrated over the chord to yield 
expressions for the air forces and moments. For the sake of separating and identifying the terms in force and moment ex- 
pressions which are due solely to the inclusion of the last term in equation (5b), a special bracket [ J is employed. Thus 
these terms may be readily omitted. Numerical checks among the calculations made for the present report showed the 
effect of inclusion of the last term in equation (5b) on the calculated results to be quite small, even for 600 of sweepback 
within the range of other parameters investigated. 

The expressions for the aerodynamic lift (positive down) and for the moment about the elastic axis (positive leading 
edge up), each per unit length of the wing, are as follows: 

P=-27rpv.bC [A+ v,,04 v, a tan A+b G—a) (0+ v.7- tan A)]— 

tan A+(vè tan A+v2r tan A+ v'	 tan 2A)]+ 
by 

7rpb 3a [o++ tan A+[v tan A+ v 2 	 tan' A  

M2 P v n b2 (+ a)0[/ +vnO+vnc tan A+b (!— a) (O+V,T tan 

irpvb 3 Ri-_a)	 vnr tan 1]+7rPb3a lh+v,O'" tan A+ 

[V n t.r tan A+v2r tan A+	
by
 tan 2 A)]_irpb 4 (+a2)[+ 

v,,- tan A +[vn tan A+ v,,2 
by, 

tan' A)]	 (7) 

(5a)
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where

C = C(k ) = F(k ) + iG(k ) 

is the function associated with the wake developed by 
Theodorsen in reference 5; the reduced frequency parameter 
k is defined by

wb
cos A
	 (8) 

As has already been stated, the foregoing expressions were 
developed and apply for steady sinusoidal oscillations, 

h=h 1 (y') e''t	
(9) 

0 = 01 (y') eiwt 

The amplitude, velocity, and acceleration in each degree of 
freedom are related as in the degree of freedom h; that is, 

h = i wh 

h=—w2h 

Expressions for force and moment.—With the use of such 
:relations, equations (6) and (7) may be put into the form 

- irp b 3 c 2 (hBh+ 0B 9)	 ( lOa) 

1tI=-7rpb 4 w2 (hB+0Bg)	 (11 a)
where 

B=Ah+ tan A (-_i _) (E—l)+A,)+ 

tan A Gi A 

B9=A+ b tan A (A,,)+  

b	 tan' A (-2)) 

B= 'L+ tan A (-1 
'_) (((i)+Aah)+ 

Tb tan 2 
A (}

b 2 or 
Ba8=Aaa+ b tan A (A,,,) + tfl2 A (.ta2) 2) 

in which the four following coefficients: 

2G .2F 

2F_(
-

 1	 2G+, ri 2G 71 \2F 
2 15Aca=a+ a) — L++_ a ) -k-- 

=a+(+a) _+i (+a) 
(

i_._) 

=--'—(-'+a) A,h 

A.=—g—a (I+ a g" 
+ G a + 

'. [(i_a) __(_a ) -_(+a) 2G 
 _]

are identical with those used in the case of the unswept wing. 
Additionally, 

Acrb1j—i1['+(aj+( 1 —a)A,,] 

Aa —j

 

[—('+ [ '+a 2))+i (1—[aj)—(1—a') AM] 
 

k.	 8

It is of interest to note that equations (6) and (7) reduce, 
for the case of the wing in steady flow (k = 0), to 

P=_2 7rpbv n 2 10+ tan A±rb tan A+—a)+ 

b 6 or 	(tan2 A— b 2 	 tan  A)]	 (lob) -5 Yy	 9 Yy 

M=2irpb 2v 2 [(0+ a tan A) (+a)+rab tan A	 a)+ 

ff t ab 
OTt2A_ b 2 (+a2)tan2 A)]	 (lib)

per unit length of wing. 
Introduction of modes.—Equations (lOa) and (ha) give 

the total aerodynamic force and moment on a segment of a 
sweptback wing oscillating in a simple harmonic manner. 
Relations for mechanical equilibrium applicable to a wing 
segment may be set up, but it is preferable to bring in directly 
the three-dimensional-mode considerations. (See for example, 
reference 6.) This end may be readily accomplished by 
the combined use of Rayleigh type approximations and the 
classical methods of Lagrange. The vibrations at flutter 
are assumed to consist of a combination of fixed mode shapes, 
each mode shape representing a degree of freedom associated 
with a generalized coordinate. The total mechanical 
energy, the potential energy, and the work done by applied 
forces, aerodynamic and structural, are then obtained by the 
integration of the section characteristics over -the span. 
The Rayleigh type approximation enters in the representa-
tion of the potential energy in terms of the uncoupled 
frequencies. 

As is customary, the modes are introduced into the problem 
as varying sinusoidally with time. For the purpose of sim-
plicity of analysis, one bending degree of freedom and one 
torsion degree of freedom are carried through in the present 
development. Actually, any number of degrees of freedom 
may be added if desired, exactly as with an unswept wing. 
Let the mode shapes be represented by 

h= [Jh(y')]h
(12) 

0= [jo(y')] 

where h=h0ei0e is the generalized coordinate in the bending 
degree of freedom, and 0-00e' is the generalized coordinate 
in the torsion degree of freedom. (In a more general treat-
ment the mode shapes must be solved, but in this procedure 
J(y') and fg(y') are chosen, ordinarily as real functions of y'. 
Complex functions may be used to represent twisted modes.) 
The constants h0 and 00 are in general complex and thus 
signify the phase difference between the two degrees of 
freedom.
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In the subsequent treatment the reader will notice that 
in some expressions, namely for force and moment, h and 0 
can conveniently and logically be retained in their complex 
form. In other expressions, notably for energy, one is 
forced to utilize h and 0 as real quantities. Appropriate 
statements will he made where necessary. 

For each degree of freedom an equation of equilibrium 
may be obtained from Lagrange's equation 

d/ÔT\ ÔT ÔU (13) 

where q is a generalized coordinate and Q is the correspond- 
ing generalized force. The kinetic energy of the mechanical 
system is

1	 ri' 
T=— i 2J mh(y)]2dy+- 2J I [je(y')]dy'+ 

f
' m:abLfn(')] [fo(y')]dy' 	 (14) 

where h and 0 here and in the subsequent equations (15) are 
to be interpreted as real in order that the energy be always 
positive (or zero), and for definiteness can be regarded as the 
real parts of h0&t and 00e' respectively; and where 
in	 mass of wing per unit length, slugs per foot 
I,,	 mass moment of inertia of wing about its elastic axis 

per unit length, slug-feet' per foot 
Xab	 distance of sectional center of gravity from the elastic 

axis, positive rearward, feet 
The potential energy of the mechanical system may be 

expressed in a form not involving bending-torsion cross-
stiffness terms: 

U=_h2 1 El 
1	 '	 (L2fh

 2 ) 2—jo	
dy'+02f GJ( i )dY' (15a) 

where 
El	 bending stiffness, pound-feet2 
GJ	 torsional stiffness, pound-feet2 

If Rayleigh type approximations are used to introduce 
frequency, the expression for the potential energy may be 
written in a more convenient form: 

U= Whhf mJh2dy '+ Wa202f Iafi2dy ' (15b) 

Another expression for the potential energy is
 

1 I." 
U	 h2 5 ChJh2dy+ 

02J 
Gafo2dy '	 (15c) 

0 

The effective spring constants 0, and C. correspond to unit 
length of wing and thus conform to their use in references 
5 to 7. The constants are effectively defined by 

J

1'	 1' 

2 10 GhJ,2dy	
2 5 C,fo2dy' 

Wh	 j,	 Wa	 j, 5 mf2dy	 5 
These effective spring constants are related to the frequencies 
associated with the chosen modes. For so-called uncoupled

modes the frequencies appropriate to pure modes (obtained 
by proper constraints) are often used. On the other hand, 
employment of the normal or natural modes and frequencies 
appropriate to them, which might be obtained by proper 
ground test or by calculation, may be preferred. In either 
case the convenience of not having cross-stiffness terms in 
the potential-energy expression is noted. 

Application is now made to obtain the equation of equilib-
rium in the bending degree of freedom. Equation (13> 
becomes

d(OT\ ÔT oU (16) 

The term Qh represents all the bending forces not derivable 
from the potential-energy function and consists of the aero-
dynamic forces together with the structural damping 
forces. The virtual work oW done on the wing by these 
forces as the wing moves through the virtual displacement& 
oh and 08 is 

ow=J' 1' [(_ Gh i k) Oh+(Ma_ Ga O)00}IY' 

=J (P_rnc&h2IJh&)fhdy'Oik+ 
'p 1' / 

0 \ 

f(Ma Ia Wa 2 fiO) JO dy'00=Qh Oh+Q0 00	 (17) 

where 
g,	 structural damping coefficient for bending vibration 
g	 structural clamping coefficient for torsional vibration 
In this expression the aerodynamic forces appropriate to 
sinusoidal oscillations are used. The application of the 
structural damping as in equation (17) (proportional to 
deflection and in phase with velocity) corresponds to the 
manner in which it is introduced in reference 7. In accord-
ance with the preceding development, the aerodynamic and, 
structural damping forces and moments in equation (17) 
are regarded as complex, but the virtual displacements oh 
and 00 should be considered real. Thus, the physically 
significant part of the resulting expression for virtual work is 
the real part. Since the subsequent analysis reverts to ex-
pressions for forces and moments, no further qualifications on 
the use of h and 0 in their convenient complex forms are 
needed. 

For the half-wing 

Qh=f(P_m2fhi)Jhdy' 

= - rp 
bT3w25 (F)[ 

Ahfh2+ii(_i) ((- 'i+ 

A, h) (tan A)fh - + b (tan2 A)fh ) + 

9AcaJeih+0Acb (tan 

[^(— " )b 2 (tan	 +
h 1 . /w)2 

IJfh2]dy' (18) 
k__2	 f2 =—t(— 

dy	
h b K \W
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where b, is the semichord at some reference section. Performance of the operations indicated in equation (16) and collec-
tion of terms lead to the equation of equilibrium in the bending degree of freedom 

1 f 	 21
(w)2 (1+ign] 	

b 
(i-)	

(b)2 Achfh2dy'+J (-6;) tan A ( -) (1-11+ 

—dy'— P I ()	 dy') } +.{f" 
()3(_ 

Aca)fhfOdY'— 
"	 '' b 

Jo
a 

b 7f(-) A7 (tan A)fnt_dy'+ ( b,2	
(-)	

tan2AJh 2' dY')}) irp b 73 w2 0	 (1 9a) 
Jo dy 

12 

where
1 m 
K	 irp b2 

By a parallel development the equation of equilibrium for the torsional degree of freedom may also be obtained as follows: 
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where ra=-fL7mb2 (radius of gyration of wing about the elastic axis). 
Determinantal equation for flutter.—Equations (19a) and (20a) may be rewritten with the use of the nondimensional 

coordinate i =-. They then are in the form
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in which Fh(,)=fh(l'fl) and Fg(7)=f9(1'). 
The borderline condition of flutter, separating damped and undamped oscillations, is determined from the nontrivial 

solution of the simultaneous homogeneous equations (19b) and (20b). Such a solution corresponds to the fact that mechan-
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ical equilibrium exists for sinusoidal oscillations at a certain airspeed and with a certain frequency. The flutter condition 
thus is given by the vanishing of the determinant of the coefficients 

A 2 	 B2
=0 

D2	 E2 

Application to the case of uniform, cantilever swept wings is made in the next section. 

APPLICATION TO UNIFORM CANTILEVER SWEPT WINGS 

The first step in the application of the theory is to assume or develop the deflection functions to be used. For the purpose 
of applying the analysis to the wing models employed in the experiments it appeared reasonable to use for the deflection 
functions, Fh (n) and Fe(), the uncoupled first bending and first torsion mode shapes of an ideal uniform cantilever beam. 
Although approximations for these mode shapes could be used, the analysis utilized the exact expressions developed from 
equations (120) and (106d), respectively, of reference 8 by application of appropriate boundary conditions. 

The bending-mode shape can be written 

rsinh $1+sin f3 
Fh(n)=C1 Lcoshi+cos/3i (cos 1 —cos1i i)+sinhi /3i_sini?1] 

where 0 1 =0.5969ir for first bending. The torsion mode shape can be written 

Fe()r=C2 sin 0217 

where /32= for first torsion and C1 and £2 are constants. 

The integrals appearing in the determinant elements A2 , B2, D2 , and E2 are 
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EXPERIMENTAL INVESTIGATION - 

APPARATUS 

Wind tunnel.—The tests were conducted in the Langley 
4.5-foot flutter research tunnel which is of the closed-throat, 
single-return type employing either air or Freon-12 as a 
testing medium at pressures varying from 4 inches of mercury 
to 30 inches of mercury. In Freon-12, the speed of sound 
is 324 miles per hour and the density is 0.0106 slug per cubic 
foot at standard pressure and temperature. The maximum 
choking Mach number for these tests was approximately 
0.92. The Reynolds number range was from 0.26X10' to 
2.6X 10 6 with most of the tests at Reynolds numbers of the 
order of LOX 106. 

Models.—In order to obtain structural parameters re-
quired for the flutter studies, different types of construction 
were used for the models. Some models were solid spruce, 
others were solid balsa, and many were combinations of 
balsa with various aluminum-alloy inserts. Seven series of 
models were investigated, for which the cross sections and 
plan forms are shown in figure 2. 

Figure 2 (a) shows the series of models which were swept 
back by shearing the cross sections parallel to the air stream. 
In order to obtain flutter with these low-aspect-ratio models, 
thin sections and relatively light and weak wood construction 
were employed.

Y16 spruce. 
-

models 22-25 

..-Lomninated spruce 

I	 IIIIIE:I::D: 
Models /1-15 

Sections parallel to the air stream 
(a) Sheared swept models with a constant geometric aspect ratio of 2. Series I. 

FIGURE 2.—Model plan form and cross-sectional construction. 

Lengthwise bc/so 
Aluminum alloy / laminations 

SPr_u

Models 30A, B, C, D 

Chordwise balsa laminations 

64 F Y32 

Siruce'y2 "J ( Models 40A, B, C, D 

•\Lengthwise 
balsa laminations 

(b) Models swept back by use of a rotating mount. Series II. 
FIGURE 2.—Continued.

The series of rectangular-plan-form models shown in figure 
2 (b) were swept back by using a base mount that could be 
rotated to give the desired sweep angle. The same base 
mount was used for testing models at forward sweep angles. 
It is known that for forward sweep angles divergence is 
critical. In an attempt to separate the divergence and 
flutter speeds in the sweepforward tests, a D-spar cross-
sectional construction was used to get the elastic axis rela-
tively far forward (fig. 2 (c)). 

Two series of wings (figs. 2 (d) and 2 (e)) were swept back 
with the length-chord ratios kept constant. In these series 
of models, the chord perpendicular to the leading edge 
was kept constant and the bases were alined parallel to the 
air stream. The wings of length-chord ratio 8.5 (fig. 2 (d)) 
were cut down to get the wings of length-chord ratio 6.5 
(fig. 2 (e)). 

Another series of models obtained by using this same 
manner of sweep (fig. 2 (f)) was used for investigating some 
effects of tip shape. 

Spa nwise strips of lead were fastened to the models shown 
in figure 2 (e) and a series of tests were conducted with these 
weighted models to determine the effect of center-of-gravity 
shift on the flutter speed of swept wings. The method of 

TunnE 

52S-H34 aluminum alloy 
Balsa.. 

H4 
Models 50A,B 

(c) Models in which a rotating mount is used to determine the effect of 
aweepback and sweeplorward on the critical velocit y . Series III. 

FIGURE 2.—Continued. 

Model 65	 64	 63	 62 

A - 

24ST aluminum alloy slatted lVs from 	 15' 
frci/ihg edge at I' spacing 

Lengthwise ho/so laminations. . 	 Spruce. 

4 
(d) Swept models having a length-chord ratio of 8.5. Series IV. 

FIGURE 2—Continued.
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varying the center of gravit y is shown in figure 2 (g). In 
order to obtain data at zero sweep angle it was necessary, 
because of the proximit y of flutter speed to wing-divergence 
speed, to use three different wings. These zero-sweep-angle 
wings, of 8-inch chord an([ 48-inch length. had an internal 
weight system. 

The models were mounted from the top of the tunnel as 
cantilever beams with rigid bases (fig. 3). Near the root of 
each model two sets of strain gages were fastened, one set, for 
recording principall y bending deformations and the other 
set for recording principall y torsional deflections. 

METHODS 

Determination of model parameters.—Pertinent geometric 
and structural properties of the model are given in tables I 
to VII. Some parameters of interest are discussed in the 
following paragraphs. 

As an indication of the nearness to sonic-flow conditions, 
the critical Mach number is listed. This \[acli number is 
determined by the Kármán-Tsien method for a wing section 
normal to the leading edge at zero lift. 

The geometric aspect ratio of a wing is here defined as 

Semispan2	 (1 cos A) 2 1	 A 
4plan-form area	 ic	

=- cos- 

The geometric aspect ratio A is used in place of the con-
ventional aspect ratio A because the models were only 
seinispan wings. For sheared swept wings, obtained from a 
given unswept wing, the geometric aspect ratio is constant, 
whereas for the wings of constant length-chord ratio the 
geometric aspect ratio decreases with cos 2A as the angle of 
sweep is increased. 

The weight, center-of-gravit y position, and polar moment 
of inertia of the models were determine(l b y usual means. 
The models were statically loaded at the tip to obtain the 
rigidities in torsion and bending GJ and El. 

A parameter occurring in the methods of analysis of this 
report is the position of the elastic axis. A "section" elastic 
axis located at x55 was obtained for wings from each series 
of models as follows: The wings were clamped at the root 
normal to the leading edge and at a chosen spanwise station 

245T aluminum alloy slot led /3 
from trailing edge at /"spacing

S'uc 
lengthwise ba/so /cThot3n S". 

(e) Swept models having a length-chord ratio of 6.5 Series V. 

FIGURE 2—Continued.

A45°j725

	

Balsa 	 x3e,	 "54 

52S-H34 aluminum	 --

ly—

(f) Models used to investigate the effect of tip shape on the flutter velocity. Series VI 
FIGURE 2.—Continued. 

Lengthwise balsa 24ST aluminum 

JA-i

	

laminations	 alloy

	

lead fastened with 
Scotch cellulose tape 

Model	 (deg) 

0 
5 

91-1, 91-2, 91-.----------------

93-i, 93-2,93-3--------------
1
0 3 

92-1, 92-2 , 92-3 --------- - - - -- - -

94-1.94-2,94-3------------- 45 
95-1.95-2,95-3	 ------------- 60

* Chord=8", lead inside balsa. 

(g) Models used to determine the effect of center-of-gravity shift on 
the flutter velocity of swept wings. Series VII. 

FIc,usE 2. Concluded.

L-54262 

FIGURE 3.—Model 12 in the tunnel	 i. 
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were loaded at points l ying in the chordwise direction. The 
point for which pure bending deflection occurred, with no 
twist in the plane normal to the leading edge, was determined. 
The same procedure was used for those wings which were 
clamped at the root, not normal, but at an angle to the 
leading edge. A different elastic axis designated the ''wing" 
elastic axis and located located at tea' was thus determined. 

For these uniform, swept wings with fairl y large length-
chord ratios, the wing elastic axis was reasonably straight 
and remained essentially parallel to the section elastic axis, 
although it was found to move farther behind the section 
elastic axis as the angle of sweep was increased. It is real-
ized that in general for nonuniform wings—for example, 
wings with cut-outs or skewed clamping—a certain degree 
of cross stiffness exists and the concept of an elastic axis is 
an oversimplification. More general concepts such as those 
involving influence coefficients may be required. These 
more strict considerations, however, are not required here 
since the elastic-axis parameter is of fairly secondary impor-
tance. 

The wing niass-detisity ratio K is time ratio of the mass of a 
c ylinder of testing medium, of a diameter equal to the chord 
of the wing, to the mass of the wing, both taken for unit 
length along the wing. The density of the testing medium 
vlieii flutter occurred was used in the evaluation of K. 

Determination of the reference flutter speed.—It is 
convenient in presenting and comparing data of swept and 
unswept wings to emplo y a certain reference flutter speed. 
This reference flutter speed will serve to reduce variations 
in flutter characteristics which arise from changes in the 
various model parameters such as densit y and section proper-
ties not pertinent to the investigation. It thus aids in 
systematizing the data and emphasizing time desired effects 
of sweep including effects of aspect ratio and 'Mach number. 

This reference flutter speed VR may be obtained in the 
following wa y . Suppose the wing to he rotated about time 
intersection of the elastic axis with the root to a position of 
zero sweep. In this position the reference flutter speed is 
calculated by the method of reference 7, which assumes an 
idealized, uniform, infinite wing mounted on springs in an 
incompressible me(iium. For nonuniform wings, a reference 
section taken at at representative spanwise position, or some 
integrated value, ma he used. Since the wings used were 
uniform, an y reference section will serve. The reference 
flutter speed nlay thus he considered a ''section'' reference 
flutter speed and parameters of a section normal to the lead- 
ing edge are used in its calculation. This calculation also 
employs time uncoupled first bending and torsion frequencies 
of time wing (obtained from the measured frequencies) and 
the measured (lensitof the testing medium at time of 
flutter. 'i'he calculation yields a corresponding reference 
flutter frequency which is useful in comparing the frequency 
data. For the sake of completeness a further discussion of 
the reference flutter speed is given in appendix B. 

Test procedure and records.—Since flutter is often a 
sudden and destructive phenomenon, coordinated test pro- 
cedures were required. During each test, the tunnel speed 
was slowly raised until a speed was reached for which the

amplitudes of oscillation of the model in bending and torsion 
increased rapidly while the frequencies in bending and tor-
sion, as observed on the screen of time recording oscillograph, 
merged to the same value. At this instant, the tunnel 
conditions were recorded and an osdillograph record of the 
model deflections was taken. Time tunnel speed was im-
mediately reduced in an effort to prevent destruction of the 
model. 

From the tunnel data, the experimental flutter speed Ve, 

time density of the testing medium p, and the Mach number Al 

were determined. No blocking or wake corrections to the 
measured tunnel velocity were applied. 

From the oscihlogramn the experimental flutter frequency 
.f and the phase difference ç (or the phase difference ± 1800) 
between the bending and torsion deflections near the root 
were read. A reproduction of a t ypical osciilograph flutter 
record, which indicated time flutter to be a coupling of the 
wing bending and torsion degrees of freedom, is shown as 
figure 4. Since semispan wings mounted rigidl y at the base 
were used, time flutter mode ma y be considered to correspond 
to the flutter of a complete wing having a ver y heavy fuselage 
at- mimispan—that is, to the svmnietrical type. 

The natural frequencies of the models in bending and 
torsion at zero airspeed were recorded before anti after each 
test in order to ascertain possible changes in structural char-
acteristics. Iii most cases there were no appreciable changes 
in frequencies but- there were some reductions in stiffnesses 
for models which had been weakened b y fluttering violently. 
Analysis of the decay records of the natural frequencies 
indicated that the wing damping coefficients g,, and g 
(reference 7) were about 0.02 in the first bending mode and 
0.03 in time torsion mode. 

RESULTS AND DISCUSSION 

EXPERIMENTAL INVESTIGATION 

Presentation of experimental data.—Results of the 
experimental investigation are listed in detail in tables I to 
VII. and some significant experimental trends are illustrated 
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in figures 5 to 10. As a basis for presenting and comparing 
the test results, the ratio of experimental tunnel stream 
conditions to the reference flutter conditions is emplo yed so 
that the data indicate more clearly combined effects of aspect 
ratio, sweep, and Mach number. As previously mentioned, 
use of the reference flutter speed VR serves to reduce varia -
tions in flutter characteristics which arise from changes in 
other parameters, such as density and section properties, 
which are not pertinent to this investigation. (See appen-
dix B.) 

Some effects on flutter speed.—A typical plot showing 
the effect of compressibility on the flutter speed of wings 
at various angles of sweepback is shown in figure 5. These 
data are from tests of the rectangular-plan-form models 
(type 30) that were swept back by use of the rotating mount, 
for which arrangement the reference flutter speed does not 
vary with either Mach number or sweep angle. Observe 
the large increase in speed ratio at the high sweep angles. 

The data of reference 1 from tests of a rigid, flexibly 
mounted rectangular model having a rotating base are also 
plotted in figure 5. It can be seen that the data from the 
cantilever models of the present report which had a similar 
method of sweep are in conformity with the data from the 
flexibly mounted model. This indicates that, for uniform 
wings having the range of parameters involved in these 
tests, the differences due to mode shape are not very great. 

Figure 6 is a cross plot of the data from figure 5 plotted 
against A at a Mach number approximately equal to 0.65. 
The data of the swept wings of constant length-chord ratio 
and of the sheared swept wings are also included for comparison. 
The velocity ratio VC/VR is relatively constant at small sweep 
angles but rises noticeably at the large sweep angles. It is 
pointed out that the reference flutter speed VR maw be 

considered to correspond to a horizonta.l line at 	 1 

for the rotated and constant-length-chord-ratio wings, but 
for the sheared wings this reference speed corresponds to a 
curve decreasing somewhat less rapidly than as A 

increases. (See appendix B.)

The order of magnitude of some three-dimensional effects 
may be noted from the fact that the shorter wings 
(k 6. s , fig. 6, series v) have higher velocity ratios than the 

longer wings ( . =8.s, series IV) . This increase ma5 be due 

partly to differences in flutter modes as well as aerodynamic 
effects. 

Some effects on flutter frequency.—Figure 7 is a repre-
sentative plot of the flutter-frequency data given in table II. 
The figure shows the variation in flutter-frequency ratio 
with Mach number for different values of sweep angle for 
the models rotated back on the special mount. The ordinate 
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Sweep on'/e, A, deç' 

FIGURE 6.—Cross plot of ratio of experimental to reference flutter speed as a function of 
sweep angle for various wings. Mach number is approximately 0.66. 
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FIGURE 5.—Ratio of experimental to reference flutter speed as a function of i\facli number 
for various sweep angles for series II models (fig. 2 (b)) on the rotating mount.

0	 .1	 .2	 .3	 .4	 .5	 .6	 .7	 .8	 .9
Mach number, M 

FIGURE 7.—Ratio of experimental to reference flutter frequency as a function of Mach number 
for various sweep angles for series II models (fig. 2 (b)) on the rotating mount. 
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is the rtio of the experimental flutter frequency to the 
reference flutter frequency fe/fR. It appears that there is a 
reduction in flutter frequency with increase in Mach number 
and also an increase in flutter frequency with increase in 
sweep. The data from reference 1 show, the same trend 
with increase in sweep. Considerably more scatter may be 
noted in the frequency data than in the speed data (fig. 5) 
from the same tests. 

The results of the tests for rotated wings with chordwise 
laminations (models 40A, B, C, D) are given in table II. 
At sweep angles up to 300 the values of the speed ratio 
VeIVR for wings of this construction were low (in the neigh-
borhood of 0.9), and the flutter frequency ratios fe/fR were 
high (of the order of 1.4). As these results indicate and as 
visual observation showed, these models fluttered in a mode 
that apparently involved an appreciable proportion of the 
second bending mode. The models with spanwise lamina-
tions (models 30A, B, C, D) also showed indications of this 
higher flutter mode at low sweep angles; however, these 
models were able to pass through the small speed range of 
higher mode flutter without sufficiently violent oscillations 
to cause failure. At a still higher speed these models with 
spauwise laminations fluttered in a lower mode resembling a 
coupling of the torsion and first bending modes. This 
lower mode type of flutter characterized the flutter of both 
the sheared and constant-length-chord-ratio models. 

For those wing models having the sheared type of balsa 
construction (models 22', 23, 24, and 25), the results are 
more difficult to compare with those of the other models. 
This difficulty arises chiefly because the lightness of the 
wood produced relatively high mass-density ratios K and 
partly because of the nonhomogeneity of the mixed wood 
construction. For high values of K the flutter-speed co-
efficient changes rather abruptly even for the unswept models 
(reference 7). The data are nevertheless included in table I. 

Effect of shift in center-of-gravity position on the flutter 
speed of swept wings.—Results of the investigation of the 
effects of center-of-gravity shift on the flutter speed of 
swept wings are illustrated in figure 8. This figure is a 
cross plot of the experimental indicated air speeds as a 
function of sweep angle for various center-of-gravity posi-
tions. The ordinate is the experimental indicated air 

speed VVO
.00238 , which serves to reduce the scatter 

resulting from flutter tests at different densities of testing 
medium. The data were taken in the Mach number range 
between 0.14 and 0.44, so that compressibility effects are 
presumably negligible. As in the case of unswept wings, 
forward movement of the center of gravity increases the 
flutter speed. Again, the flutter speed increases with 
increase in the angle of sweep. 

The models tested at zero sweep angle (models 91-1, 91-2, 
91-3) were of different construction from and of larger size 
than the models tested at the higher sweep angles. Because 
of the manner of plotting the results, namely as experimental 
indicated airspeed (fig. 8), a comparison of the results of 
tests at A=00 with the results of the tests of swept models

is not particularly significant. The points at zero sweep 
angle are included, however, to show that the increase in 
flutter speed due to a shift in the center-of-gravity position 
for the swept models is of the same order of magnitude as 
for the unswept models. For the unswept models, the 
divergence speed VD and the reference flutter speed VR are 
fairly near each other, and although the models appeared 
to flutter, the proximity of the flutter speed to the divergence 
speed may have influenced the value of the critical speed. 

The method used to vary the center of gravity (see fig. 2 (g)) 
produced two bumps on the airfoil surface. At the low 
Mach numbers of these tests, however, the effect of this 
roughness on the flutter speed is considered negligible. For 
proper interpretation of figure 8, the fact must be kept in 
mind that the method of varying the location of the center 
of gravity changed the radius of gyration r and the tor-
sional frequency f. 

The effect of sweepforward on the critical speed.—An 
attempt was made to determine the variation in flutter speed 
With angle of sweepforward by testing wings on the mount 
that could be rotated both backward and forward. As ex-
pected, however, the model tended to diverge at forward 
sweep angles in spite of the relatively forward position of 
the elastic axis in this D-spar wing. 

Figure 9 shows a plot of the ratio of critical speed to the 
reference flutter speed VR against sweep angle A. Note the 
different curves for the sweptback and for the sweptforward 
conditions and the sharp reduction in critical speed as the 
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Fie uae 8.—Cross plot of flutter speed as a function of sweep angle for several center-of-gravity
positions. Series VIL models (fig. 2 (g)). Length-chord ratio is approximately 6.
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FIGURE 9.—Comparison of sweepforward and sweepback tests on wings tested on a rotating 
mount. Series III models (fig. 2 (c)). 

angle of sweepforward is increased. The different curves 
result from two different phenomena. When the wing was 
swept back, it fluttered; whereas at forward sweep angles it 
diverged before the flutter speed was reached. Superposed 
on this plot for the negative values of sweep are the results 
of calculations based on an analytical study of divergence 
(reference 9). Reasonable agreement exists between theory 
and experiment at forward sweep angles. The small differ-
ence between the theoretical and experimental results may 
perhaps be due to an inaccuracy in determining either the 
position of the elastic axis of the model or the required slope 
of the lift curve or both. 

The divergence speed VD for the wing at zero sweep angle, 
as calculated by the simplified theory of reference 7, is also 
plotted in figure 9. This calculation is based on the assump-
tion of a two-dimensional unswept wing in an incompressible 
medium. The values of the uncoupled torsion frequency 
and the density of the testing medium at time of flutter or 
divergence are employed. Reference 9 shows that a rela-
tively small amount of sweepback raises the divergence speed 
sharply. For convenience, however, the numerical quan-
tity VD (based on the wing at zero sweep) is listed in table I 
for all the tests. 

Effect of tip modifications.—Tests to investigate some 
of the over-all effects of tip shape were conducted and some 
results are shown in figure 10. Two sweep angles and two 
length-chord ratios were used in the experiments conducted 
at two Mach numbers. It is seen that, of the three tip 
shapes used, namely, tips perpendicular to the air stream, 
perpendicular to the wing leading edge, and parallel to the 
air stream, the wings with tips parallel to the air stream gave 
the highest flutter speeds. 
DISCUSSION AND COMPARISON OF ANALYTICAL AND EXPERIMENTAL 

RESULTS 

Correlation of analytical and experimental results has been 
made for wings swept back in the two different manners; 
that is, (1) sheared back with a constant value of Ag , and 
(2) rotated back. The two types of sheared wings (series I) 
and two rotated wings (models 30B and 30D) have been 
analyzed.

M- 0. 6%	 Mf - 0. 4 
Model 84-1 84-2 84-3	 Model 85-I 85-2 85-3 

FIGURE 10.—Effect of tip shape on the flutter speed of swept wings. Wings of length-chord 
ratios of 7.25 and 11 (fig. 2 (fl). Series VI models. 

Results of some solutions of the flutter determinant for a 
wing (model 3013) on a rotating base at several angles of 
sweepback are shown in figures 11 and 12. Figure 11 shows 
the flutter-speed coefficient as a function of the bending-to-
torsion frequency ratio, and figure 12 shows the flutter fre-
quency ratio as a function of the bending-to-torsion frequency 
ratio. 

The calculated results (for those wings investigated analyt-
ically) are included in tables I and II. The ratios of experi-
mental to analytical flutter speeds and flutter frequencies 
have been plotted against the angle of sweep in figures 13 
to 16. If an experimental value coincides with the corre-
sponding analytical predicted value, the ratio will fall at a 
value of 1.0 on the figures. Deviations of experimental re-
sults above or below the analytical results appear on the 
figures as ratios greater than or less than 1.0, respectively. 
The flutter-speed ratios plotted in figure 13 for the two ro-
tated wings show very good agreement between analysis and 
experiment over the range of sweep angle, 00 to 600. Such 
good agreement in both the trends and in the numerical 
quantities is gratifying but probably should not be expected 
in general. In view of the discussion of the last term in 
equation (5b) it may be of interest to mention that failure 
to include the terms arising from the last term of equation 
(5b) in the calculations for model 30B would decrease the 
ratio V5/VA corresponding to A=60° by about 3 percent. 
The flutter frequency ratios of figure 14 obtained from the 
same two rotated wings are in good agreement. 

The flutter-speed ratios plotted in figure 15 for the two 
types of sheared wings do not show such good conformity at 
the low angles of sweep, whereas for sweep angles beyond 450 
the ratios are considerably nearer to 1.0. The sheared wings 
are again observed to have a constant value of Ag of 2.0 
(aspect ratio for the whole wing would be 4.0). For this 
small value of aspect ratio the finite-span correction is 
appreciable at zero angle of sweep and, if made, would bring 
better agreement at that point. Analysis of the corrections 
for finite-span, effects on swept wings requires further 
consideration. 

Figures 13 and 15 also afford a. comparison of the behavior 
of wings swept back in two manners: (1) rotated back with
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FIGURE 11.—Theoretical flutter-speed coefficient as a function of the ratio of bending to torsion 
frequency for the rotated model 30B at four angles of sweep and with a constant mass-
density ratio (_1=3 7 . 8) - 

constant length-chord ratio but decreasing aspect ratio (fig. 
13), and (2) sheared back with constant aspect ratio and 
increasing length-chord ratio (fig. 15). A study of these two 
figures suggests that the length-chord ratio rather than the 

aspect ratio () may be the relevant parameter in Area
determining corrections for finite swept wings. (Admit-
tedly, effects of tip shape and root condition are also in-
volved and have not been precisely separated.) 

Figure 16, which refers to the same sheared wings as figure 
15, shows the ratios of experimental to predicted flutter fre-
quencies. The trend is for the ratio to decrease as the angle 
of sweep increases. Table I shows that the flutter frequency 
JR obtained with VR and used as a reference in a previous 
section of the report is not significantly different from the 
frequency fA predicted by the present analysis. 

A few remarks can be made on estimates of over-all trends 
of the flutter speed of swept wings. As a first consideration 
the conclusion may be made that, if a rigid infinite yawed

(de9) 
0 

----60

1 
(aSh	

.0 
Wa 

FIGURE 12.—Ratio of theoretical flutter frequency to torsional frequency as a (unction of the 
ratio of bending to torsion frequency for the rotated model 3015 at two angles of sweep and 
with a constant mass-density ratio (-!=37.8). iii 11111111 
iiIIiiiii 

- 0 30B- - 
o 30 

0	 /0	 20	 30	 40	 50	 60
A, deg 

FIGURE 13.—Ratio of experimental to theoretically predicted flutter speed as a function of
sweep angle for two rotated models. 

wing were mounted on springs which permitted it to move 
vertically as a unit and to rotate about an elastic axis, the 
flutter speed would be proportional to 1/cos A. A finite 
yawed wing mounted on similar springs would be expected 
to have a flutter speed lying above the curve of 1/cos A 
because of finite-span effects. For a finite sweptback wing 
clamped at its root, however, the greater degree of coupling 
between bending and torsion adversely affects the flutter 
speed so as to bring the speed below the curve of 1/cos A 
for an infinite wing. This statement is illustrated in-figure 
17 which refers to a wing (model 30B) on a rotating base. 
The ordinate is the ratio of flutter speed at a given angle of 
sweep to the flutter speed calculated at zero angle of sweep. 
A theoretical curve is shown, together with experimentally 
determined points. Curves of 1/cos A and 1/ . [cos A are 
shown for convenience of comparison. The curve for model 
30D (not shown in figure 17) also followed this trend quite 
closely. The foregoing remarks should prove useful for 
making estimates and discussing trends but are not intended 
to replace more complete calculation. In particular, men-
tion may be made, for example, that a far-forward location 

1.0 

(a)

.2 

V. 

VA
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FIGURE 14.—Ratio of experimental to theoretically predicted flutter frequency as a function 

of sweep angle for two rotated models. 
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FIGURE 15.—Ratio of experimental to theoretically predicted flutter speed as a function of
sweep angle for two types of sheared models. 

of section center of gravity would lead to an entirely dif -
ferent trend. Moreover, as is apparent from. the analysis, 
the bending stiffness can play an increasingly significant 
role with increase in the angle of sweep. 

The experiments and calculations deal in general with 
wings having low ratios of natural first bending to first 
torsion frequencies. At high values of the ratio of bending 
frequency to torsion frequency, the position of the elastic 
axis becomes relatively more significant. Additional calcula-
tions to develop the theoretical trends are desirable. 

CONCLUSIONS 

In a discussion and comparison of the results of an in-
vestigation of the flutter of a group of swept wings, the 
manner of sweep is significant. This report deals with two 
main groups of uniform, swept wings: rotated wings and 
sheared wings. In presenting the data, employment of a 
certain reference flutter speed was found convenient. The 
following conclusions seem to apply: 

1. Comparison with experiment indicates that the analysis 
presented is satisfactory for giving the main effects of sweep, 
at least for nearly uniform cantilever wings of moderate 
length-chord ratios. Additional calculations are desirable 
to investigate various theoretical trends. 

2. The coupling between bending and torsion adversely 
affects the flutter speed. The fact, however, that only a 
part of the forward velocity is aerodynamically effective

/: 
4
4v----- 

Tyoe 
----------0 Spruce. 

o Balsa 

0	 /0	 20	 30	 40	 50	 60
A, deg 

FIGURE 16.—Ratio of experimental to theoretically predicted flutter frequency as a function
of sweep angle for two types of sheared wings. 

—
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0 Cxpernenf 
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FIGURE 17.—Flutter-speed ratio as a function of sweep angle for model 30B at a constant 
mass-density ratio (L= 37.$), showing analytical and experimental results. 

increases the flutter speed. Certain approximate relations 
can be used to estimate some of the trends. 

3. Although a precise separation of the effects of Mach 
number, aspect ratio, tip shape, and center-of-gravity posi-
tion has not been accomplished, the order of magnitude of 
some of these combined effects has been experimentally 
determined. Experimental results indicated are 

(a) The location of the section center of gravity is an 
important parameter and produces effects for swept wings 
similar to those for unswept wings over the range (30 per-
cent to 70 percent chord) of locations tested. 

(b) Appreciable differences in flutter speed have been 
found to be due to tip shape. 

(c) The length-chord ratio of swept wings is a more 
relevant finite-span parameter than is the aspect ratio. 

(d) Compressibility effects attributable to Mach number 
are fairly small, at least up to a Mach number of 0.8. 

(e) The sweptforward wings could not be made to flutter 
but diverged before the flutter speed was reached. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., September 9, 1948. 
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APPENDIX A 

THE EFFECT OF SWEEP ON THE FREQUENCIES OF A CANTILEVER BEAM 

Early in the investigation it was decided to make an experi-
mental vibration study of a simple beam at various sweep 
angles. The uniform, plate-like aluminum-alloy beam shown 
in figure 18 was used to make the study amenable to analysis. 
Length-chord ratios of 6, 3, and 1.5 were tested, the length 1 
being defined as the length along the midchord. A single 60-
inch beam was used throughout the investigation, the desired 
length and sweep angle being obtained by clamping the beam 
in the proper position with a 1- by 1- by 14-inch 
aluminum-alloy crossbar. 

Figures 18 and 19 show the variation in modes and fre-
quencies with sweep angle. In most cases, an increase in 
sweep angle increased the natural vibrational frequencies. 
As expected, the effect of sweep was more pronounced at the 

A=60°	 450	 300
	 15 00 

=

smaller values of length-chord ratio. The fundamental mode 
was found by striking the beam and measuring the frequency 
with a. self-generating vibration pick-up and paper recorder. 
The second and third modes were excited by light-weight 
electromagnetic shakers clamped to the beam. These shakers 
were attached as close to the root as possible to give a node 
either predominantly spanwise or chordwise. The mode 
with the spa.nwise node, designated second mode, was pri-
marily torsional vibration, whereas the mode with the chord-
wise node, designated third mode, was primarily a second 
bending vibration. 

The first two bending frequencies and the lowest torsion 
frequency, determined analytically for a straight uniform 
Uflswept beam, are plotted in figure 19. Good agreement 
exists with the experimental results for the length-chord 
ratios of 6 and 3, but for a ratio of 1.5 (length equal to 12 
inches and chord equal to 8 inches) less favorable agreement 
exists. This discrepancy may be attributed to the fact that 
the beam at the short length-chord ratio of 1.5 resembled 
more a plate than a beam and did not meet the theoretical 
assumptions of a perfectly rigid base and of simple-beam 
stress distributions. The data are valid for use in comparing 
the experimental frequencies of the beam when swept with the 
frequencies at zero sweep, which was the purpose of the test. 

- - Mode for second mode 
---Node for third mode 
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FIGURE 18.—Change in nodal lines with sweep and length-chord ratio for the vibration of	 FinuaR 19.—Variation of frequencies with sweep and length-chord ratio for the vibration 
an aluminum-alloy beam,	 of an aluminum-alloy beam.
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APPENDIX B 
DISCUSSION OF THE REFERENCE FLUTTER SPEED 

For use in comparing data of swept and unswept wings, a 
reference flutter speed VR is convenient. This reference 
flutter speed is the flutter speed determined from the simpli-
fied theory of reference 7. This theory deals with two-
dimensional unswept wings in incompressible flow and de-
pends upon a number of wing parameters. The calculations 
in this report utilize parameters of sections perpendicular to 
the leading edge, first bending frequency, uncoupled torsion 
frequency, density of testing medium at time of flutter, and 
zero damping. Symbolically,

2 Jh 
VR b Wf (K, Xcg, Xea, r , ) 

Variation in reference flutter speed with sweep angle for 
sheared swept wings.—The reference flutter speed is 
independent of sweep angle for a homogeneous rotated wing 
and for homogeneous wings swept back by keeping the length-
chord ratio constant. For a series of homogeneous wings 
swept back by the method of shearing, however, a definite 
variation in reference flutter speed with sweep Angle exists 
since sweeping a wing by shearing causes a reduction in 
chord perpendicular to the wing leading edge and an increase 
in length along the midchord as the angle of sweep is in-
creased. The resulting reduction in the mass-density-ratio 
parameter and first bending frequency tends to raise the 
reference flutter speed, whereas the reduction in semichorci 
tends to lower the reference flutter speed as the angle of 
sweep is increased. The final effect upon the reference 
flutter speed depends on the other properties of the wing. 
The purpose of this section is to show the effect of these 
changes on the magnitude of the reference flutter speed for 
a series of homogeneous sheared wings having properties 
similar to those of the sheared swept models used in this 
report. 

Let the subscript 0 refer to properties of the wing at zero 
sweep angle. The following parameters are then functions 
of the sweep angle:

b=b0 cos A 

cos A 
248

Since m is proportional to b, 

7rpbtm 
K-K0 CO5 A 

m 

Similarly, since I is proportional to b, 

0.56 IEI 
fhI1r - /	 (fhI)o(COS A)2 

Also, becausef is independent of A, 

L" ^ = (f,^ ^ (cos )2 
f. DO 

An estimate of the effect on the flutter speed of these 
changes in semichord and mass parameter with sweep angle 
may be obtained from the approximate formula given in 
reference 7,

VboJ-
0.5 

O . S+a+x	 o_VR'O5A 
K  

This approximate analysis of the effect on the reference 
flutter speed does not depend upon the first bending frequency 
but assumesfh/fa to b small. 

In order to include the effect of changes in bending-torsion 
frequency ratio, a more complete analysis must be carried 
out. Figure 20 presents some results of a numerical analysis 
based on a homogeneous wing with properties at zero sweep 
angle as follows: 

Xeg50 

Xea45 (-=io 
\ K) 

0.25 

.1a100 GA 
=0.4

In figure 20 the curve showing the decrease in Vft with A is 
slightly above the -..J cos A factor indicated by the approxi-
mate formula. 

Effect of elastic-axis position on reference flutter speed.—
As pointed out in the definition of elastic axis, the measured 
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the reference flutter speed is not very sensitive to elastic-axis 
position. The reference flutter frequency JR' was found in 
conjunction with VR'. The maximum difference between 

and .111 was less than 10 percent. Thus, the convenient 
use of the reference flutter speed and reference frequency is 
not altered by these elastic-axis considerations. 

fcos A

REFERENCES 
V 

VAO

U	 /0	 20	 30	 40	 50	 60 
Sweep angle, A, deg 

FIGURE 20.—Variation in reference flutter speed with sweep for sheared wings. 

locus of elastic centers X 5' fell behind the section elastic axis 
for the swept models with bases parallel to the air stream. 
In order to get an idea of the effect of elastic-axis position on 
the chosen reference flutter speed, computations were made 
both of VR and a second reference flutter speed VR' similar 
to VR except that XCa' was used in place of X 0. The maximum 
difference between these two values of reference flutter speed 
was of the order of 7 percent. This difference occurred at a 
sweep angle of 600 when the wing elastic axis was farthest 
behind the section elastic axis. Thus, for wings of this type,
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TABLE 1.-DATA FOR SHEARED 

Model
A 

(deg) A
NACA

-
x,, 

(irt
.. 

( rcent (pert a+x a r2 1 
- Percent 

(cps) (cs) (s) (Ib . in.2) (lb-in
se'

(ui) (in.) (f 1)
oored) chord) chord

(slugs)

Spruce wings 

HA 0 2 45 272 108 107 15,000 25,100 16-005 0.89 16.0 8.0 0.333 48.4 45 45 -0.032 -0.10 0.232 13.3 0.00287 95 11 A'
0 2 26 - - - - 59 37 16-005 .89 16.0 8.0 .333 48.4 26.6 26.6 -.032 -.468 .396 17.6 .00217 0 

11B' 0 2 29 61 43 -- ------ 16-005 .89 16.0 8.0 .333 48.4 29.7 29.7 -.032 -.406 .371 40.5 .000943 88 
12 15 2 43 103 103 14, 400 54, 700 16-005.2 .88 16.6 7.72 .321 48.5 46.3 46 -.03 -.074 .23 5.69 .00725 96 
12 15 2 42 105 105 14, 400 54 700 16-005.2 .88 16.6 7.72 .321 48.5 46.3 46 -.03 -.074 .23 & 47 .00486 98 
12 15 2 42

....
 103 102 14, 400 54,700 16-005.2 .88 16.6 7.72 .321 48.5 46.3 48 -.03 -.074 .23 11.2 .00367 97 

13 30 2 33 196 94 93

---------

11,100 53,500 16-005.8 .87 18.2 6.87 .284 48.8 46.0 49 -.024 -.080 .23 7.15 .00746 99 
14 45 2 22 139 93 92

-- - - -

9,240 33,000 16-007.1 .85 22.6 5.62 .234 48.8 46.0 60 -.024 -. 080 .23 7.78 .00720 85 
14 45 2 21 136 92 91 9,240 33,000 16-007.1 .85 22.6 5.62 .234 48. 8 46,0 60 -.024  080 . 23 19.8 *00285 (14 
15 60 2 12 68 93 93 4,520 19,100 16-010 .81 32.0 4.0 .167 48.8 46.0 65 -.024 -.080 . 23 9.10 .00757 92 
15 60 2 12 67 93 93 4,520 19,100 16-010 .81 32.0 4.0 .167 48.8 46.0 65 -. 024 -.0 . 23 14.0 .00493 90 

Balsa wings 

22' 15 31 155 63 61 16-005.2 0.88 16.6 7.72 0.321 48.8 42.4 42.4 -0.024 -0.152 0.292 2.19 0.00854 98 
22' 15 31 154 64 62 - - .88 16.6 7.72 .321 48.8 42.4 42.4 -.024 -.152 .292 3.82 .00488 93 
22 15 31 154 64 62 -

- - - -
- -16-005.2 

16-005.2 .88 16.6 7.72 .321 48.8 42.4 42.4 -.024 -.152 .292 18.7 .00150 92 
23 30 35 219 89 89 6,- 230 27,900 

-- - -
16-005.8 .87 18.2 6.87 .284 48.0 48.0 52 -.04 -.04 .304 3.18 .00864 99 

23 30 34 216 89 89

------- 
---- 

6,230 27,900 16-005. $ .87 18.2 6.87 .284 48.0 48.0 52 -.04 -.04 .304 8.54 .00321 91 
23 30 34 220 91 91

---- 

6,230

- 

27, 900 16-005.8 .87 18.2 6.87 .294 48.0 48.0 52 -.04 -.04 .304 . 9. 15 .00300 89 
23 30 2 34 216 89 89 6,230 27,900 16-005.8 .87 18.2 6.87 .284 48.0 48.0 52 -.04 -.04 .304 14.9 .00184 90 
24 45 2 19 123 73 73 2,810 10,800 16-007.1 .85 21.8 5.66 .236 47.0 49.0 57 -.06 -.02 .311 3.64 .00784 85 
24 45 2 19 122 75 75 2,810 10,800 16-007.1 .85 21.8 5.66 .236 47.0 49.0 57 -.06 -.02 .311 8.40 .00339 93 
24 45 19 122 75 75 2,810 10,800 16-007. 1 .85 21.8 5.66 .236 47.0 49.0 57 -.06 -.02 .311 13.2 .00216 91 
24 45 2 19 120 74 74 2.810 10,800 16-007.1 .85 21.8 5.66 .236 47.0 49.0 57 -.06 -.02 .311 29.4 .000970 74 
24 45 2 19 120 73 73 2,810 10,800 16-007.1 .85 21.8 5.66 .236 47.0 49.0 57 -.06 -.02 .311 30.6 .000933 89 
25A 60 2 8.6 54 68 65 1,950 6,470 16-010 .81 32.0 4.0 .167 46.9 40.0 71 -.062 -.20 .359 34.6 .000954 88 
25B 60 2 8.6 48 70 68 5.500 16-010 .81 32.0 4.0 .167 46.9 40.0 71 -.062 -.20 .359 9.36 .00353 91 

TABLE 11.-ROTATED 

Model A, airi M,, (pernt(pernt (pent a+x, r,2 ! PC
ent

(deg) (cps) (cps) (cs) (s) ( -inb.2)
section

(in (i)
(sI$s) 

Lengthwise laminations 

30A 0 6.20 11.9 76.0 90.4 83.0 3,760 16-010 0.81	 - 24.8 4 0.167 46.0 35 35 -0.08 -0.30 0.311 36.8 0.00220 0 

30B 0 6.20 12.0 72.6 90.0 88.0 - 3,760 6,920 16-010 .81 24.8 4 . 167 46.0 40 40 -.08 -.20 .277 37.8 .00214 0 
SOB 30 4.65 12.1 73.0 91.0 88.8 3,760 6,920 16-010 .81 24.8 4 .167 46.0 40 40 -.08 -.20 .277 37.7 .00215 0 
SOB 30 4.65 12.0 73.0 90.0 88.0 3,760 6,920 16-010 .81 24.8 4 .167 46.0 40 40 -.08 -.20 .277 37.8 .00214 0 
30B 45 3.10 12.1 73.0 91.0 88.8 3,760 6,920 16-010 .81 24.8 4 .167 46.0 40 40 -.08 -.20 .277 37.8 .00214 0 
30B 45 3.10 12.2 73.0 90.0 88.0 3,760 6,920 16-010 .81 24.8 4 -	 .167 46.0 40 40 -.08 -.20 .277 37.8 .00214 0 
30B 60 1.55 12.0 72.5 90.0 88.0 3,760 6, 90 16-010 .81 24.8 4 .167 46.0 40 40 -.08 -.20 .277 39.8 .00304 0 
300 0 6.20 12.2 69.0 86.0 75.8 4,000 6,950 16-010 .81 24.8 4 . 167 48.5 39 39 -.03 -.22 .252 40.5 .00200 89 
300 0 6.20 12.2 69.0 86.0 75.8 4,000 6,950 16-010 .81 24.8 4 .167 48.5 39 39 -.03 -.22 .292 98.9 .000820 86 
300 0 6. 20 13.3 70.0 84.0 74.2 4,000 6,950 16-010 .81 24.8 4 .167 48.5 39 39 -.03 -.22 .292 92.6 .000876 83 
30C 15 5.78 12.2 69.0 86.0 75.8 4,000 6,950 16-010 .81 24.8 4 .167 48.5 39 39 -.03 -.22 .252 92.6 .000870 81 
300 30 4.65 12.2 69.0 86.0 75.8 4,000 6,950 16-010 .81 24.8 4 .167 48.5 39 39 -:03 -.22 .292 40.0 .00202 89 
300 30 4.65 12.2 70.0 86.5 76.2 4,000 9,950 16-010 .81 24.8 4 .167 48.5 39 39 -.03 -.22 .292 81.4 .000995 86 
300 30 4.65 12.2 70.0 86.5 76.2 4,000 6,950 16-010 .81 24.8 4 .167 48.5 39 39 -.03 -.22 .292 80.0 .00100 85 
300 45 3.10 12.2 70.0 86.5 76.2 4,000 6,950 16-010 .81 24. 8 4 .167 48.5 39 39 -.03 -.22 .292 45.2 :00179 87 
SOD . 15 5.78 13.2 80.2 87.1 82.4 4,350 - - - - 16-010 .81 24. 8 4 . 167 48 39.5 39.5 -.04 -.21 .280 8.70 .00933 99 
301) 15 5.78 13.2 80.2 87.1 82.4 4,350 16-010 .81 24.8 4 .167 48 39.5 39.5 -.04 -.21 .280 8.72 .00930 99 
301) 15 5.78 13.2 80.2 87.1 82.4 4,330 16-010 .81 24.8 4 .167 48 39.5 39.5 -.04 -.21 .280 8.76 .00927 99 
301) 30 4.65 13.5 81.7 92.5 87.4 4,350 16-010 .81 24.8 4 .167 48 39.5 39.5 -.04 -.21 .280 8.90 .00910 99 
301) 45 3.10 13.3 81.7 88.2 83.4 4,350 16-010 .81 24.8 4 .167 48 39.5 39.5 -.04 -.21 .280 8.85 .00905 99 
301) 60 1.55 13.5 82.0 90.5 85.5 4,330 16-010 .81 24.8 4 .167 48 39.5 39.5 -.04 -.21 .280 9.54 .00852 -	 99 

Chordwise laminations 

40A 0 6.20 9.4 57.4 90.0 88.4 3,540 5,2150 16-010 0.81 24.8 4 0.167 46 40 40 -0.08 -0.20 0.277 36.5 0.00222 0 
40A 0 8.20 9.6 57.1 91.0 88.5 3,540 5,250 16-010 . .81 24.8 4 .167 46 40 40 -.08 -.20 .277 24.2 .00334 90 
40A. 0 6.20 9.6 57.1 91.0 88.5 3,540 5,250 16-010 .81 24.8 4 . 167 46 40 40 -.08 -.20 .277 37.7 .00215 89 
40A 0 6.20 9.6 57.1 91.0 88.5 3, 540 5,250 16-010 .81 24.8 4 .167 46 40 40 -.08 -.20 .277 75.0 .00108 82 
40A 15 5.78 9.3 55.8 90.6 88.2 3,540 5,250 16-010 .81 24.8 4 . 167 46 40 40 -.08 -.20 .277 35.1 .00231 0 
40A 30 4.65 9.3 55.8 90.6 88.2 3,540 5,250 16-010 .81 24.8 4 .167 46 40 40 -.08 -.20 .277 37.5 .00216 0 
40B 0 6.20 9.5 55.0 90.5 85.5 3,710 5,020 16-010 .81 24.8 4 .167 49 40 40 -.02 -.20 .297 35.5 .00228 0 
400 0 6.20 9.0 54.4 61.0 58.2 2,280 4,350 16-010 .81 24.8 4 .167 46 38.5 38.5 -.08 -.23 .287 8.74 .00928 100 
401) 0 6.20 9.4 28.0 88.9 84.0 3,330 5,050 16-010 .81 24.8 4 .167 48 39.5 39.5 -.04 -.21 .280 79.0 .000969 84 
40D 15 5.78 9.6 58.3 88.9 84.0 3,230 5,050 16-010 .81 24.8 4 .167 48 39.5 39.5 -.04 -.21 .280 36.2 .00212 89 
401) 15 5.78 9.5 57.9 87.5 82.6 3,330 5,050 16-010 .81 24.8 4 .167 48 39.5 39.5 -.04 -.21 .280 80.0 .000956 87 
40D 30 4.65 9.5 57.5 89.0 84.1 3,330 5,050 16-010 .81 24.8 4 .167 - 48 39.5 .39. 5 -.04 -.21 .280 98.2 .000867 85 
40D 45 3.10 1	 9.6 58.3 88.9 84.0 3,330 5, 050 1	 16-010 .81 24.8 4 .167 48 39.5 39.5 - -.04 -.21 .280 39.1 .00196 86 

TABLE 111.-DATA FOR MODELS USED IN 

Model
A 

(deg) A, j2 f 
(cps)

f 
(cps)

GJ 
(lb . in.2)

El 
(1bin. 2)

NACA 
airfoil M

x,, 
(percent

x. 
(percent

x,' 
(percent a+x, a r,2

1 P Percent 
Freon (cps) P (cps) section

(i	 ) (i	 ) chord) chord) chord) ' An -f t	 tJ 

bA -30 4.65 15 87 168 137 10,100 14,100 16-010 0.81 24.8 4 0.167 50 33 33 0.0 -0.34 0.352 7.98 0.00895 96 
50A -15 5.78 15 87 168 137 10.100 14,100 16-010 .81 24.8 4 .167 50 33 33 .0 -.34 .352 8.00 . 00S92 96 
5A. 0 6.20 15 87 163 133 10,100 14,100 16-010 .81 24.8 4 .167 50 33 33 .0 -.34 .352 33.1 .00216 0 
SOB 0 6.20 14 82 166 116 11,400 11,900 16-010 .81 24.8 4 .167 50 26 26 .0 -.48 .456 8.66 .00823 99 
SOB 15 5.78 14 80 166 116 11,400 11,900 16-010 .81 24.8 4 .167 50 26 26 .0 -.48 .456 8.58 .00831 99 
SOB 30 4.65 14 80 166 116 11,400 11,900 16-010 .81 24.8 4 .167 50 26 26 .0 -.48 .456 9.04 .00787 99 
SOB 45 3.10 14 80 166 116 11,400 11,900 16-010 .81 24.8 4 .167 50 26 26 .0 -.48 .456 9.45 .00756 99



STUDY OF EFFECTS OF SWEEP ON THE FLUTTER OF CANTILEVER WINGS 	 251 

SWEPT MODELS-SERIES I 

1. lB Ia I' l' ' lb M . V5 V5' V V. V. 1. VD Remarks  (cps) (cps) (cps) j 7 J (deg)
(___)

(mph) (mph) (mph) (mph) b...,, V5 (mph) 

Spruce wings 

66 70 0.62 0.93 . 50 235 0.82 274 260 260 1.80 1.05 .. 314 Tunnel excitation frequency, 67 cps. 
42 40 1. 12 1.03 80 85.0 .24 191 129 129 3.58 1.48 583 - 	 Slotted 44 inches from trailing Model failed .(38 42 e .91

....
 170 70.5 .74 262 197 197 .... 4.22 1.33 - - - - 183 e edge.	 Slots uncovered. 

64 70 63 .92 70 375 . 64 218 176 1.54 1.24 175 
62 71 71 .59 . 87 0.87 50 320 . 71 245 206 - - - - 205 1.70 1.19 1.20 217 Tunnel excitation frequency, 61 cps. 
55 69 69 .54 .80 .80 50 307 .79 276 225 220 1.95 1.23 1.25 245 
61 60 65 .66 1.01 .94 70 334 . 62 202 154 - - - - 159 1. 77 1.31 1.27 149 
54 56

-------
------

61 .59 .97 .88 60 300 .56 196 134

---- - -

166 2.11 1.46 1.18 119 
37 51 53 .41 .72 .70 40 234 .81 275 191 245 2.99 1.44 1.12 187 
37 53 58 .40 .70 .64 40 265 .51 179 103 107 184 2.71 1.73 .97 105 
36 51 55 .39 .71 .65 30 264 .62 222 124 127 222 3.35 -1.79 1.00 122 

Balsa wings 

50 
51

46 
48 48

0.82 
.83

1.07 
1.07 1.06

70 
50

101
74.7

0.30 
.34

104 
1119

97.3 
95.0 96

1.25 
1.41

1.07 
1.25 1.24

79.9 
107 Tunnel excitation frequency, 49 cps. 

45 46 46 . 72 .96 .98 50 54.2 .64 224 167 - - - 168 

-

2. 64 5.34 1.33 238 Slotted 7 o inches from trailing edge. 
60 62 .68 .96 .. 130 189 .42 142 137 1.31 1.04 110 
62 62 65 . 70 1.01 .95 70 152 .62 212 176

----- 

- - - 175 
-

1.95 1.21 1.21 180 Tunnel excitation frequency, 61 cps. 
60 63 - - . 67 .96 - - - 60 171 .66 229 185 2.07 1.24 - - - - 190 Tunnel excitation frequency, 61 cps. 
53 60 65 .59 .87 .82 90 112 .81 275 221 224 2.53 1.24 1.23 237 
51 49 .71 1.06 ... 90 125 .34 121 97.1

--

1.63 1.25 80.1 
49 49 58 .65 1.00 .84 40 120 .54 180 132

--------

145 
-

2.35 1.37 1.24 127 
45 48 .60 .95 40 -	 108 .64 215 160

---------

2.82 1.35 159 
44 --- ____ 83.5 .76 281 226

--------

3.76 1.25 232 
34 43 45 .47 .19 .75 60 78.0 .81 277 226 - - - - 252 3. 77 1.22 1.10 232 -- 
29 37

--- 
40 .44

----- 
.75 .72

-----

10 76.8 .79 272 161

- 

169 

---------
---------

278 5.90 1.69 .98 210 Model failed. 
45 48 ----- ----- ----- ----- --73.6 .41 139 93.5 97.5 161 2.85 1.49 .86 115 Model failed. 

WINGS-SERIES II 

(its) fr fr M (mTpi) (nb) Remarks
(i4s) (s) (dg) ( 'b) (1h) (rh) (nh) i jik 

Aft

Lengthwise laminations 

42 45 0.51 0.91 70 127 0.30 232 209 209 3.91 1.11 318 Wing failed; tunnel excitation	 frequency, 
40.7 cps. 

48 44 46 .54 1.08 1.04 60 121 .29 229 212 212 215 3.64 1.08 1.06 263 
51 47 47 .57 1.08 1.08 60 126 .30 235 214 214 229 3.74 1.10 1.03 266 
50 44 47 .57 1.14 1.08 40 129 .30 237 212 212 229 3.77 1.12 1.04 263 

44 47 166 .34 269 214 214 265 4.28 1.26 1.01 266 
55 44 47 .62

- 
1.25

- 
1.16

- 
50 169 .35 272 212 212 265 4.32 1.28 1.02 263 

46 48 275 .45 350 219 219 353 5.59 1.60 .99 265 Wing failed. 
34 41 .45 104 .63 219 189 189 4.05 1.16 249 
24 37 --- .32 . 66 --- 30 74.4 .81 286 290 290 ---  - 5. 29 .986 - -- - 393 
21 36 ---

------ 

.29 . 59 --- 30 79.6 .82 288 270 270 - - - - 5.43 1.07 - - - - 369 Wing failed. 
27 36 .36 .74 30 72.5 .78 278 282 282 5.13 .986 376

- 37 41 - .48 .89

-- - -

50 113 .65 226 187 187 4.18 1.21 248 
41

--------------

.81 284 263 263 5.22 1.08 355 
31 38 .40 .80 

. 83 
-- -- - - -

30

30 88.6 .81 289 260 260 5.32 1.11 352 
40 41 .53 .98 40

- 

147 .76 273 199 199 5.02 1.37 265 
50 51 51 .61 .98 .98 50 - 110 .31 104 100 100 100 1.77 1.05 1.04 119 
51 52 52 .61 .98 .98 50 115 .32 107 100 100 101 1.82 1.08 1.06 119 
51 52

---- 

52 .61 .98 

------------------ 88.1 

.98 50 121 .33 109 100 100 101 1.85 1.10 1.08 119 
53 54 56 .61 .98 .95 40 150 .38 123 106 106 116 1.97 1.16 1.06 129 
56 52 55 .67

- 

1.08

- 

1.02 60 178 .41 135 101 101 130 2.26 1.34 1.04 122 
65 53 57 .77 1.24 1.14 90 307 .55 182 107 107 182 2.98 1.70 1.00 130 

Chordwise laminations 

62 - 47 0.70 1.33 -- 140 82.0 0.24 188 211 211 . 2.98 0.892 . 260 
56 49 - .63 1.15 -- 60 86.7 .45 155 184 184 - -- - 2.45 .843 - 212 Tunnel excitation frequency, 57 cps. 
61 46 .69 1.33 -- 70 69.2 .50 172 215 215 -- 2.72 .800 - - - 265 
61 43 - .69 1.44 - - 70 63.6 .65 234 299 299 - 3.70 .784 - - 373 
61 46 . 68 1.30 - - 90 93.9 .26 201 208 208 - - . - 3.19 .967 - - - - 254 

46 127 .30 235 213 313 - -- - 3.73 1.10 - - - - 263 Wing failed. --- 
61 45 .71 1.37 -- 10 77.7 .23 178 191 191 2.91 .932 247 Wing failed. 
29 6 .51 .83 - - 80 57.6 .23 75.3 74.5 74.5 -1.81 1.01 90.4 Wing failed. 
62 40 .73 1.54 -- 30 52.3 .62 221 281 281 3.69 .787 370 Tunnel excitation frequency, 61 cps. 
62 44 .74 

-------------------

1.41 -- 70 72.7 .51 177 194 194 2.95 .913 251 
61 40 --- .74 1.54 - - 50 57.9 .67 236 279 279 - - - - 3.99 .846 - - - - 367 
65 40 .77 1.63 -- 60 79.4 .82 290 298 298 4.83 .973 392 
32 44 .38 .73 - - 80 138 .73 254 200 200 - - - - 4.24 1.27 - - - - 261 Wing failed. 

SWEEPFOR WARD TESTS-SERIES III 

(is) (as)
j!- ' - (dg) M (mph ) .---- (mph) Remarks 

(cps) (J^) (rnp ) (mh) (-ph) - 

98 0.26 86.9 174 174 0.888 0.498 294 Model diverged. 
98

- 
107 .31 105 174 174 1.075 .603 294 Model diverged. 

10- - 0.77 1.29 211 .40 303 319 319 .949 
91 94 78 .97 1 -00 260 .52 170 172 172

----------

2.05 .9S9

----------

704 
84 94

-------- ------- 

72 

------------- 
--------------------------------- 

.90 70 

---------73.4 
- -

257 .51 169 172 172

-----------
--------- 3-.18 

2.04 .982

----------
---------

700 Model failed. 
74 93 

----------
----------

63 .80

--------40 

180 352 .61 202 179 179

----------
----------

2.44 1.125

----------
----------

720 
98 93

----------
----------
---------- 841.05 100 423 .68 226 179 1	 179

----------
---------- 2.73 5.265

----------
-------- 736
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TABLE IV.-SWEPT MODELS OF A CONSTANT 

Model A 
deg) A ,

f
' 

(cps)

f 
22 

(cps) cps ,,cps, GJ 
(lb	 2) -in.

NACA 
airfoil 
section

.211
,,ifl.

x 
(percent 
chord)

x, 
(percent 
chord)

x,' 
(percent 
chord)

a + x a T2 

62 15 7.95 4.9 29.1 72.5 71.8 3,730 7,820 16-010 0.81 34 4 0.167 41 44 46 -0.18 -0.12 0.175 
62 15 7.95 4.9 29. 1 73.4 72.5 3,730 7,820 16-010 .81 34 4 .167 41 44 46 -.18 -.12 .175 
62 16 795 4.9 29.1 73.4 72.5 3,730 7,820 16-010 .81 34 4 .167 41 44 46 -.18 -.12 .175 
62 15 7.91 4.9 29.6 73.5 72.7 3,730 7,820 16-010 .81 34 4 .167 41 44 46 -.18 -.12 .175 
63 30 6.38 4.6 25.8 73.5 73.0 5,450 1,870 16-010 .81 34 4 .167 41 44 47 -.18 -.12 .176 
63 30 6.38 3.9 24.0 73.0 72.4 5,450 5,870 16-010 .81 34 4 .167 41 44 47 -.18 -.12 .175 
63 30 6.38 4.6 25.8 73.5 73.0 5,450 5,870 16-010 .81 34 4 .167 41 44 47 -.18 -.12 .175 
63 30 6.36 4.0 24.0 73.0 72.4 5,450 5,870 16-010 .81 34 4 .167 41 44 47 - -.18 -.12 .175 
63 30 6.38 4.0 24.0 73.0 72.4 5,450 5,870 16-010 .81 34 4 .167 41 44 47 -.18 -.12 .175 
64 45 4.75 4.4 29.0 66.0 65.5 3,500 6,050 16-010 .81 34 4 .167 41 44 57 -.18 -.12 .175 
64 45 4.75 4.2 27.0 66.0 65.5 3,500 6,080 16-010 .81 34 4 .167 41 44 57 -. 18 -.12 .175 
64 45 4.75 4.2 27.0 66.0 65.5 3,500 6,080 16-010 .81 34 4 .167 41 44 57 -.18 -.12 .175 
64 45 4.75 4.1 27.0 65.0 64.4 3,500 6,080 16-010 .81 34 4 .167 41 44 57 -.18 -.12 .175 
64 45 4.75 4.1 27.0 65.0 64.4 3.500 - , 6,080 16-010 .81 34 4 .167 41 44 57 -.18 -.12 .175 
65 60 2.12 5.7 33.4 77.0 76.2 4,650 11,980 16-010 .81 34 4 . 167 41 44 71 -.18 -.12 .175 

TABLE V.-DATA FOR SWEPT MODELS OF A 

Model A 
(deg) A, (cps) (cps)

fi (cps) f', (cps)
17J 

(lbin.2)
El 

(lb-in 2)
NACA 
airfoil 
section

Af (in.)
C 

(in.) (ft)
x, 

(percent 
chord)

x. 
(percent 
chord)

x.' 
(percent 
chord)

a + x,, a r2 

72 15 6.09 7.6 64 97.3 96.3 3.730 7,820 16-010 0.81 26 4 0.167 41 44 46 -0.18 -0.12 0.175 
72 16 6.09 7.6 54 97.3 96.3 3,730 7,820 16-010 .81 26 4 .167 41 44 46 -.18 -.12 .175 
73 30 4.88 6.4 40.0 98.0 97.0 5,450 5,870 16-010 .81 26 4 .167 41 44 47 -.18 -.12 .175 
73 30 4.88 6.4 40.0 98.0 97.0 5,450 5,870 16-010 .81 26 4 .167 41 44 47 -.18 -.12 .175 
73 30 4.88 6.4 40.0 98.0 97.0 5,450 6,870 16-010 .81 26 4 .167 41 44 47 -.18 -.12 .175 
74 45 3.25 6.5 40.0 79.0 78.2 3,500 6,080 16-010 .81 26 4 .167 41 .	 44 57 -.18 -.12 .175 
74 45 3.25 6.7 39.5 78.5 77.7 3,500 6,080 16-010 .81 26 4 .167 41 44 57 -.18 -.12 .	 .175 
74 45 3.25 6.7 39.5 78.5 77.7 3,500 6,080 16-010 .81 26 4 .167 41 44 57 -.18 -.12 .175 
75 60 1.65 7.2 61.8 82.4 81.6 4,650 11,980 16-010 .81 26 4 .167 41 44 71 -.18 -.12 .175 
75 60 1.65 7.2 51.8 84.6 63.8 4,650 11,980 16-010 .81 26 4 .167 41 44 71 -.18 -.12 .176 

TABLE VI.-DATA FOR TIP-

Model A 
(deg) A , he 

(cps)
122 

(cps)
ft 

(cps) (cps)
OJ 

(lb-in.2)
El 

(lb-in.2)
NACA 
airfoil 

section
.211,,

(in.) (in.) (ft) 
x 

(percent 
chord)

x 
(percent 
chord)

x.' 
(percent 
chord)

a + x,, a r, 

84-1 45 3.63 10 60 133 104 16-010 0.81 29 4 0.167 51 32 44 0.02 -0.36 0.378 
84-2 45 3.63 10 61 131 107 16-010 .81 29 4 .167' 51 32 44 .02 -.36 .378 
84-3 45 3.63 9.6 58 116 93 16-010 .81 29 4 .167 51.5 32 44 .03 -.36 .378 
85-1 60 2.75 5.0 32 92 72 10,800 

- ---------

13.400 16-010 .81 44 4 .167 50 32 58 .0 -.36 .330 

85-2 60 2.75 5.0 31 95 75 9,850 

----------

12,400 16-010 .81 44 4 .167 50 - 32 58 .0 -.36 .378 
85-3 60 2.75 5.0 30 80 63 11,200 16,600 16-010 .81 44 4 .167 51 32 58 .02 -.36 .378 

-	 TABLE VII.-DATA FOR MODELS USED TO DETERMINE 

Model (deg) (cps) (cps) (CPS) (cps) (lb-in. 2) (lb-in. 2) (in.) (in.) (in.) (ft) (percent dt (percent a + X. a T2 

91-1 0 6 4.2 24 31 23 34,100 126,000 16-010 48 8 0.333 29.9 48 48 -0.402 -0.04 0.307 17.3 
91-2 0 6 5.5 36 43 43 41,200 108,300 16-010 48 8 .333' 41.0 43.8 43.8 -.18 -.124 .179 41.7 
91-2 0 6 5.5 36 43 43 41,200 108,300 16-010 48 8 .333 41.0 43.8 43.8 -.18 -.124 .179 56.4 
91-2 0 6 5.3 33 42 42 41,200 108,300 16-010 48 8 .333 41.0 43.8 43.8 -.18 -.124 .179 12.8 
91-2 0 6 5.5 36 43 43 41,200 108,300 16-010 48 8 .333 41.0 43.8 43.8 -.18 -.124 .179 95.5 
91-3 0 6 5.0 30 40 40 28,500 83,700 16-010 48 8 .333 49.0 .48.4 48.4 -.02 -.032 .160 44.3 
91-3 0 6 4.7 29 39 39 28,500 83,700 16-010 48 8 .333 49.0 48.4 48.4 -.02 -.032 .160 36.4 
91-3 0 6 4.7 29 39 39 28,500 83,700 16-010 48 8 .333 49.0 48.4 48.4 -.02 -.032 .160 48.4 
92-1 15 6.09 8.3 48 70 62 3,730 7,820 Modified 26 4 .167 31.2 44 46 -.376 -.12 .298 77.9 

16-010 
92-2 15 6.09 8.3 49 95 95 3,730 7,820 Modified 26 4 .167 42.9 44 46 -.142 -.12 .136 76.0 

16-010 
92-3 15 6.09 8.1 47 55 52 3,730 7,820	 - Modified 26 4 .167 54.1 44 46 .090 -.12 AU 74.5 

16-010 
93-1 30 4.42 6.3 40 78 68 5,450 5,870 Modified 23.6 4 .167 30 44 47 -.40 -.12 .310 78.0 

16-010 
93-2 30 4.42	 - 6.8 44 99 99 5,450 5,870 Modified 23.6 4 .167 43 44 47 -.16 -.12 .134 74.0 

16-010 
93-3 30 4.42 6.3 51	 . 54 50 5,450 5,870 Modified 23.6 4 .167 56 44 47 .12 -.12 .428 73.2 

16-010 
94-1 -(-45) 3.81 4.5 26 38 35 2,120 4,520 Modified 30.5 4 .167 44.5 56 -.11 .12 .427 68.2 

16-010 
94-2 -(-45) 3.81 4.8 28 70 70 2,120 4,520 Modified 30.5 .	 4 .167 57.0 56 .14 .12 .134 68.2 

16-010 
94-3 -(-45) 3.81 4.6 28 40 38 2,120 4,520 Modified 30.5 4 .167 69.3 56 .386 .12 .307 68.2 

- 16-010 - 
95'-1 60 1.65 5.6 54 50 1,900 4,560 Modified 26.4 4 .167 31.4 22 41 -.372 -.56 .267 75.8 

16-010 
95'-2 60 1.65 5.9 71 47 1,900 4,560 Modified 26.4 4 .167 42.8 22 41 -.144 -.56 .308 73.0 

16-010 
95'-3 60 1.65 5.8 35 40 27 1,900 4,560 Modified 26.4 4 .167 54.3 22 41 .066 -.56 .779 69.0 

16-010
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LENGTH-CHORD RATIO OF 8.5-SERIES IV 

1 
7

'

(._) Cu it

Percent 
Freon

f. 
(cps)

J 
(cps) 7 7 (deg)

(___) sq ft

M V. 
(mph)

V 
(mph)

V5' 
(mph)

V. V. 
17

V0 
(mph) Remark R	 k 

13.5 0.00925 99 22 35 0.28 0.59 30 91.8 0.29 95.4 105 104 1.85 0.905 91.6 
37. 6 .00333 88 20 32 .28 .64 20 73.7 .41 143 167 171 2.76 .856 153 
59. 5 .00210 87 19 31 .26 .60 20 69.7 .49 175 206 - -- - 3.37 .850 192 

130.0 .000964 85 16 29 .22 .55 20 57.5 .66 234 300 4.50 .781) 284 
15.2 .00745 73 19 35 .27 .56 180 98.8 .29 111 111 2.12 1.000 97.6 
26.8 .00424 98 18 33 .25 .56 110 78.0 .38 129 142 2.49 .908 128 
46.0 .00246 50 22 32 .30 .69 180 82.1 .40 176 183 - - - - 3.37 .962 170 
53.0 .00214 94 19 31 .26 .61 140 74.0 . 52 179 195 - - - - 3.46 .918 180 
98.2 .00116 92 15 29 .20 .50 120 62.2 .64 222 262 4.30 .848 246 
50.9 .00217 0 19 28 .29 .67 30 69.6 .22 173 174 176 3.69 .995 166 
12.1 .00914 97 - - - - 32 - .24 83.9 91 90 1.80 .923 81.3 No record. 
41.9 .00263 54 18 29 .27 . 61 0 

-
68.3 .36 155 160 160 3.31 .968 132 

51.3 .00215 92 17 27 .26 .62 30 

-------70.6 

63.5 .47 165 172 171 3.59 .960 173 Record shown in figure 4. 
116.0 .000953 86 16 25

---- 

.25 . 65 0 57.5 .66 235 248 - - - - 5.10 .948 260 
44.1 00297 94 17 33 .22 .51 0

- 

172 .67 234 186 _ 4.29 1.258 176 

CONSTANT LENGTH-CHORD RATIO OF 6.5-SERIES V 

I -
' 

slugs 
cu it

Percent 
Freon

1. 
(cps)

A
(cps)

.L. 
j

f 
T.- (dog)

q 
'	 \ 

(- 
lb 
--_-) sq it

M V. 
(mph)

VR 
(mph)

V' 
(mph)

V. V. 
-17.-

V0 
(mph) Remarks 

37.2 0.00336 94 30 43 0.31 0.71 10 143 0.59 197 220 221 2.88 0.895 201 
81.5 .00153 89 22 40 .23 .55 0 109 .74 255 318 319 3.73 .804 297 
34.7 .00327 96 29 43 30 .67 133 .57 193 216 214 2.78 .893 196 
57.4 .00198 95 24 41 .24 .57 80 118 .69 234 273 ____ 3.38 .853 252 

108 .00105 93 22 39 . 22 . 55 __ 90.8 .82 280 363 __ 4.05 .770 345 
142 .00779 98 29 37 .37 .77 0 118 35 118 115 2.11 1.025 111 Wing failed. 
56.0 .00197 93 26 33 .33 .77 0 104 .64 219 214 3.95 1.023 218 

120 .000923 90 21 31 .28 .69 0 85.5 .83 291 308 -- - 5.24 .945 320 
15.8 .00829 95 39 39 .47 .99 30 294 .54 181 127 128 3.11 1.425 313 )Model damaged at root. 
16.7 .00783 100 39 38 .46 .97 0 295 .56 186 134 136 3.05 1.386 122 j Rear half separated from base. 

EFFECT MODELS-SERIES VI 

1 -
P 

slugs Percent 
Freon

f. 
(cps)

Iii 
(cps)

1. 
j.

1. 

7 (deg) (Ib\ 
-r-,'

- M V. 
(mph)

V5 
(mph)

V5' 
(mph)

V. V• 
•17

Vs 
(mph) Remarks 

9.15 0.00781 99 75 76 0.65 0.89 50 3.39 0.60 199 142 2.66 1.40 253 f"ip	 perpendicular	 to	 air	 stream. 
Model failed. 

9.25 .00764 99 60 78 .51 .70 0 382 .63 213 146 2.80 1.47 259 (Model 
perpendicular to leading	 edge. 

Model failed. 

9. 55 .00778 99 68 346	 - . 60 201 127 3.02 .	 1. 58 229 Model 
parallel to air stream. 

Model failed. 

34.6 .00205 0 35 43 .44 .72 . 225 .41 322 185 189 6.24 1.74 741 (TiP	 perpendicular	 to	 air	 stream. 
Model failed. 

34.1 .00268 0 27 46 .33 

---------------

.54 173 .35 278 189 196 5.21 1.47 348 {PiP perpendicular 	 to	 leading	 edge. 
Model failed. 

.5 .00207 0 22 38 .32 .53 0 203 • 39 304 159 159 6.77 1.91 95 {TiP parallel to air stream. 
Model failed. 

EFFECT OF CENTER-OF-GRAVITY SHIFT-SERIES VII 

(slugs)
Freon (cps) (cps) f Th (d'g) ^ (	 )

M (mp'h) (rnp) (rnph) (Qfl) 
mp

Remarks 

0.00871 95 12.5 15 0.54 0.82 - - - - 153 0.37 127 231 231 3.83 0.548 79.9 Model failed. 
.00239 0 16 19 .37 .81 40 109 .28 208 207 207 3.40 1.000 192 
.00177 0 16 19 .38 .86 20 108 .32 239 239 239 3.93 1.000 224 
.00783 81 20 21 .47 .94 40 128 .33 122 120 120 2.05 1.02 104 
.00105 0 15 18 .35 .83 30 106 .40 303 308 308 4.97 .985 291 
.00226 0 18 17 .45 1.09 100 61.5 .20 159 158 158 2.78 1.01 157 
.00274 76 15 17 .39 .91 10 58.4 .39 142 141 141 2.54 1.01 139 
.00207 75 14 16 .37 .89 0 57.2 .44 163 161 161 2.92 1.01 161 
.00214 0 26 36 .42 .72 0 195 .38 293 415 422 6.60 .706 245 

.00219 0 22 36 .23 .66 20 151 .33 255 258 257 3.76 .990 251 

00224 0 26 28 .49 .93 20 87.5 .25 191 176 177 5.12 1.09 237 

.00199 0 26	 - 26 .39 .65 .. 225 .41 324 503 6.73 .645 267 

00210 0 23 37 .23 . 64 70 156 .34 264 265 .. - 3.72 .997 257 

.00212 0 23 27 .45 .85 20 77.2 .23 185 170 5.15 1.09 231 

.00223 0 18 20 .51 .88 20 61.0 .20 160 160 6.38 1.00 122 

.00223 0 18 23 .26 .78 62.2 .21 162 139 3.24 1.17 136 Section reversed. 

.00223 0 17 16 .44 1.04 40 39.5 .17 129 93.2 4.78 1.39 110 

.00201 0 24 27 .49 .89 30 238 .44 345 279 300 5. 20 1. 24 

. 00209 0 23 26 .48 .86 20 212 .40 307 186 189 9.15 1.66 Slotted 2-le inches from trailing edge. 

00218 0 23 20 .84 1.0.3 30 12,5 .30 234 121 123 12. 1 1.94
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ANALYSIS OF TURBULENT FREE-CONVECTION BOUNDARY LAYER ON FLAT PLATE' 

By E. R. G. ECKERT AND THOMAS W. JACKSON 

SUMMARY 

TITith the use of Kdrmdn's integrated momentum equation for 
the boundary layer and data on the wall-shearing stress and 
heat transfer in forced-convection flow,, a calculation was car-
ried out for the flow and heat transfer in the turbulent free-
convection boundary layer on a vertical flat plate. The calcu-
lation is for a fluid with a P'randtl number that is close to 1. 

A formula was derived for the heat-transfer coefficient that 
was in good agreement with experimental data in the range of 
(h'ashof numbers from 1010 to 1012. Because of the good 
agreement between the theoretical formula and the experimental 
data, the formula may be used to obtain data for higher Grashof 
numbers. The calculation also yielded formulas for the max-
imum velocity in the boundary layer and for the boundary-
layer thickness.

INTRODUCTION 

Recent developments in the field of gas turbines have re-
vealed the need for data on heat transfer in turbulent free-
convection flow at very high Grashof numbers (1012 to 
10'°). For example, in using the method of free-convection 
cooling for turbine blades, the centrifugal forces generate 
a free-convection flow of the cooling fluid in the blade pas-
sages that is within the preceding range of Grashof numbers. 
Free-convection flow is also superimposed on the flow of the 
cooling air in the hollow blades of air-cooled gas turbines 
and may influence considerably the heat transfer under cer-
tain conditions. The radial flow present in the cooled 
boundary layers on the outside of cooled turbine blades is 
also of a type similar to the free-convection flow in the blade 
coolant passages. 

In order to understand and to evaluate such cooling proc-
esses, information on the heat transfer, the boundary-layer 
thickness, and the velocities connected with free-convection 
flow is necessary. The knowledge of turbulent free-
convection flow, however, is limited. Experiments on plane 
vertical surfaces give heat-transfer data up to Grashof 
times Prandtl numbers of 1012 (summarized in references 1 
and 2). Griffiths and Davis (reference 3) determined, in 
addition, temperature and velocity profiles. Watzinger and 
Johnson (reference 4) measured heat transfer and temper-
ature and velocity profiles in a superimposed forced- and 
free-convection flow in a vertical tube. Brown and Marko 
(reference 5) show by theoretical considerations that a gen-

eral relation exists between the Grashof number that char-
acterizes free-convection flow and the Reynolds number that 
characterizes forced flow. Colburn and Hougen (reference 
6) derive a formula for the heat transfer in turbulent free-
convection flow on a vertical plate. However, only the 
laminar sublayer in the immediate neighborhood of the wall 
was investigated in reference 6 and the thickness of this 
sublayer, made dimensionless by the shearing stress velocity 
and the kinematic viscosity, was assumed to be the same 
as in forced flow. This analysis therefore gives no informa-
tion on the whole boundary-layer thickness and on the 
velocities. 

The problem of turbulent free-convection flow is ap-
proached herein using another method. Certain shapes aie 
assumed for the temperature and velocity profiles in the 
free-convection boundary layer. In addition, an empirical 
relation 'for the shearing stress on the wall and a heat-
transfer coefficient derived from forced-convection flow are 
used to estimate the boundary-layer thickness, the maxi-
mum velocity within the boundary layer, and a heat-transfer 
coefficient for free-convection flow. No experimental free-
convection measurements are used in the calculations. 

SHEARING STRESS AND HEAT FLOW IN FORCED-



CONVECTION BOUNDARY LAYER 

The relations for forced-convection flow that are needed in 
the theoretical free-convection calculations are compiled in 
this section. It is known that for Reynolds numbers that 
are not too high, the velocity profile in a turbulent boundary 
layer on a flat plate can he represented by the equation 

u=u1 (2)1/7
	 (1) 

(All symbols are defined in the appendix.) The shearing 
stress on the plate surface in such a flow is given by the 
equation (reference 7,) 

T,, =0.0225 pu° (v's1hI4
	 (2) 

uy, 

This equation is the relation for the shearing stress on the 
wall that is used in the derivation of the boundary-layer 
equations for the turbulent free-convection boundary layer. 
By introducing equation (1), the velocity profile, the shear-

1 Supersedes NACA TN 2207. "Analysis of Turbulent Free-Convection Boundary Layer on Flat Plate" by E. R. G. Eckert and Thomas W. Jackson, 19. 	
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mg stress can also be expressed by the velocity u1 at the outer 
edge of the boundary layer and by the boundary-layer 
thickness &

1/4 
,-=0.0225 Pu12(

'
_

VTS ) 
	 (3) 

For fluids or gases with a Prandtl number equal to 1, the 
temperature profile is similar in shape to the velocity profile. 
When the temperatures within the boundary layer are meas-
ured with the temperature outside the boundary layer as 
reference, the expression for the temperature profile is 

	

0= 01 [i 
001

	 (4) 

Equation (4) is valid for values of y less than ô. For larger 
values of y, 0=0. 

Reynolds analogy between the turbulent exchange of 
momentum and heat gives the relation (reference 8) 

q	 dt
(5) 

Because the temperature and velocity profiles are similar in 
shape for a Prandtl number equal to 1, the finite temperature 
and velocity differences at two arbitrary points in the flow 
cn be introduced into the last equation instead of the dif-
ferentials. Using the differences between the wall and the 
flow outside the boundary layer and specifying the heat flow 
and the shearing stress for the position at the wall give the 
following equation:

q_ O 

	

--gep --	 (6) 
Tw	 Ul 

The introduction of the law (equation (3)) for the shearing 
stress into this expression yields the following equation: 

Gl_^13) 

1/4 

	

q=0.O225 gpcu1 O 	 (7) 

Heat transfer is usually calculated with dimensionless moduli. 
Such a modulus is the Stanton number 

St= _
q	 =0.0225 

/ v \1/4 

gpcu1O 

Experimental investigations show that for fluids with 
Prandtl numbers from approximately 0.5 to 50 (reference 1, 
p. 520) the same relation holds when it is multiplied by the 
factor Pr —2/1. 

St=	 =0.0225 
/ \1/4 

gpcu1O	 \Ulb) 
(Pr) 2/3	 (8) 

This relation for the heat flow q is used in the derivation of 
the boundary-layer equations for the turbulent free-
convection boundary layer. 

Replacing the boundary-layer thickness ô by 

/	 \1/5 
b=0.366x	 , ( - 

\Ui X

which is the boundary-layer thickness on a flat plate in 
turbulent forced-convection flow (reference 1, p. 481), trans-
forms equation (8) into the widely accepted formula for heat 
transfer on a flat plate in the turbulent range 

ATui__O029()(Pr)1/3	 (9) 

DETERMINATION OF TURBULENT FREE-CONVECTION 
BOUNDARY LAYER 

DERIVATION OF BOUNDARY-LAYER EQUATIONS 

If a stationary plane vertical wall is heated to a tempera-
ture higher than the surroundings, the layer of fluid adjacent 
to the wall is heated by conduction from the wall. In this 
way, buoyant forces are generated that cause this layer to 
flow in an upward direction. This layer of fluid adjacent to 
the wall to which the vertical motion is confined is called 
the free-convection boundary layer. The boundary layer 
begins with zero thickness at the lower end of the vertical 
wall and increases in thickness in the upward direction. At 
a certain distance from the lower end of the wall the bound-
ary layer becomes turbulent, depending on the critical 
Grashof number. The distance measured vertically from 
the lower end of the wall is called x and the distance normal 
to the wall y. In order to determine the boundary-layer 
thickness for steady state, a small stationary volume ele-
ment in the turbulent region of the boundary layer is con-
sidered. Figure 1 shows this volume element. The dimen -
sions of the element are dx along the wall and 1 normal to 
the wall. The length 1 should be larger than the boundary-
layer thickness ô. For two-dimensional flow, the dimension 
of the yolume element normal to the plane of figure 1 may 
be considered to be 1. The upward velocity of the fluid in 
plane 1-1 at a distance y from the surface of the wall is u. 
Then the mass flow through a small area with a width dy is 
pu dy and the flow of momentum in the x-direction is pu2 dy. 
The momentum flow in the x-direction entering the volume 
element through plane 1-1 is 

J 
In progressing to plane 2-2 the momentum flow changes by 

d
ff pu2

TX 
 dY)dx 

The mass flow entering the volume element through plane 
1-1 is generally, different from the mass flow laving the 
element through plane 2-2. Therefore fluid enters or leaves 
the volume element through the plane parallel to the wall 
at a distance 1. Because it is assumed that the velocity in 
the x-direction outside the boundary layer is so small that 
it can be neglected, no momentum in the x-direction is 
carried through the plane. 

The rate of change of momentum must be in equilibrium 
with-the forces acting in the x-direction on the fluid within 
or on the surface of the volume element considered. A shear-
ing stress r,, acts on the wall. The force connected with
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this stress is r, dx. No shearing stress occurs on the sur-
face of the volume element that is parallel to the wall and 
at a distance 1 from the wall because outside the boundary 
layer the velocity in the x-direction is zero. 

According to the boundary-layer theory, the pressure 
change can be neglected along any normal to the surface. 
A constant pressure difference dp therefore exists between 
planes 1-1 and 2-2. This pressure difference gives a force 
on the volume element of magnitude 1 dp. In addition to 
the forces on the surfaces, there is a force clue to the weight 
of the fluid within the volume element 

(.5: 
pgciy)dx 

The process of summing up all the forces and equating 
them to the change in momentum flow gives the momentum 
equation 

d(f',0dy)dx=1dp—(.f'-	 pgdy)dx_rwdx 

Because no flow exists outside the boundary layer, the 
pressure difference between planes 1-1 and 2-2 is balanced 
by the weight of the fluid layer between the planes 

dp= p 1 9 dx 

When both sides of this equation are multiplied by 1 and 
the right side of the equation is changed to the integral 
form, the following equation is obtained 

1 dp=(f pg dy) dx 

Introducing the preceding equation into the momentum 
equation gives 

4_(J"pu2dy) dx=g [f 1 ( 1_ p)dy] dx—r 0, dx 

Introducing the expansion coefficient defined by the equa-
tion

V_va(1) 
V1 

the first term on the right side of the preceding equation 
can be transformed into 

9 dxfi3(1—ttdy 

Designating the difference between the temperature t at the 
distance y and the temperature t ' outside the hotiiicla.ry 
layer by 8, the following expression is obtained: 

9 dxJ pO dy 

In the applications considered, the essential influence of 
the density changes on the flow is taken into account by the 
introduction of the expansion coefficient fi. The other in-
fluences of variable density on the flow and the variation of 

213637-53--18

the expansion coefficient 3 with small temperature differences 
are negligible. Therefore, $ and p can be assumed constant 
in the preceding expressions. The momentum equation for 
the free-convection boundary layer therefore becomes 

Iu2dy=gfoiy_-	
(10) 

dxo	 o	 p 

A similar equation is set up for the heat flow through the 
volume element iii figure 1. The heat carried with the 
fluid through plane 1-1 is 

gc9fu9dY 

where the enthalpies c 110 are measured from the temperature 
outside the boundary layer. The specific heat and density 
are considered constant.

FIGURE 1.—Nomenclature in deriving equations for free-convection boundary layer. 

The heat carried out of plane 2-2 differs from that carried 
into plane 1-1 by

d / (' 
gpc p —(j uOdy)dx 

The difference in the heat flow through planes 1-1 and 2-2 
must come from the surface and the heat flow leaving the 
plate per unit time and area is therefore 

d' 
q w =gpc p — uOdy	 (11) 

Equation (11) is the heat-flow equation for the free-convection 
boundary layer. 

Equations for the laminar free-convection boundary layer 
that are analogous to equations (10) and (11) were derived 
and solved by Squire. (See reference 9.) 

SOLUTION OF BOUNDARY-LAYER EQUATIONS 

Equations (10) and (11) are sufficient to calculate the 
boundary-layer thickness a and the velocity u when the 
shape of the velocity and temperature profiles within the 
boundary layer and the laws for the shearing stress and the
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heat flow on the wall are known. It was suggested by 
von Kârman that an approximate solution may be obtained 
by introducing approximate shapes for both profiles (ref-
erence 7). The accuracy of the solution is better the more 
closely the assumed shapes correspond to the real profiles. 
The method, however, proved comparatively insensitive to 
changes in the profile shape. 

As mentioned in the section "INTRODUCTION" some 
information on the shape of the velocity and temperature 
profiles in turbulent free-convection flow can be obtained 
from reference 3. In figure 2, the measured values of both 
profiles in the turbulent range are presented with the ratios 
8/8, and U/Umax plotted against the distance from the wall in 
an arbitrary scale. The value Umax was determined by draw-
ing curves through the measured velocity values given in 
table VI of reference 3. 

The distance from the wall where the curves U/Umax have 
the value 0.5 was arbitrarily assigned the value 1. The lines 
in figure 2 are the curves by which the temperature and 
velocity profiles are approximated herein. These profiles 
are presented in figure 2 in such a way that the velocity pro-
file has the value 0.5 at a distance 1 and the temperature 
profile the value 0.2 at a distance 0.5 from the wall. An in-
dication of the shape of turbulent free-convection flow pro-
files can also be obtained from the measurements by Watz-
inger and Johnson (reference 4) on mixed forced- and free-
convection flow in a vertical tube. Some of these measured 
profiles are presented in figure 3. 

Equation (4), which describes the forced-convection tem-
perature profile, is used for the temperature profile in turbu-
lent free-convection flow. The profiles of figure 2 indicate 
that this assumption is reasonable. The velocity profile in 
free-convection flow, however, differs from the forced-flow 
profile by having a velocity of zero outside the boundary 
layer. Accordingly, equation (1) is multiplied by a function 
of y/ô, which brings the velocities back to the value zero at 
the outer edge of the boundary layer where y=& Two 
simple expressions that fulfill this condition and that agree 
quite well with the measured. values are plotted in figure 2. 

Velocity profile 

0	 787- 

V	 562-1 
Temperoture ..'B. -- 

filedo, MEIN 
W IN No 

. . 
Isomm'014100—MEMMMM 
ME W

ROMMEMMEMME 100M

0	 /	 2	 3
Distance from wall 

FicURE 2.—Experimental and theoretical velocity and temperature profiles for turbulent
free-convection flow on a fiat plate. Experimental data from reference 3.

(a) Reynolds number of 6340 (corresponding (b) Reynolds number of 14,200 (corresponding
to average velocity of 4.7 cm/see). 	 to average velocity of 9.4 cnfsec). 

FIouRE 3.1 Temperature and velocity profiles in mixed forced . and free-convection 
flow of water in vertical tube Of 50.3 millimeter (1.98 in.) diameter. Data from figure 10 of 
reference 4. 

The velocity profile that represents the measured points 
somewhat better is used in the following calculations: 

U—V1 (i)'p( Y\4 -	
-	

(12) 

Equation (12) is valid for values of y less than o. For larger 
values of y, U=0. The maximum velocity Umax of this profile 
can be found by differentiating equation (12), giving 

Umax=0.537 u 1	 (13) 

By use of equations (4) and (12) and the fact that u=0 and 
0=0 for distances greater than 5 from the wall, the integrals 
in the momentum and heat-flow equations (equations (10) 
and (11)) become

f
l u'dY=0 . 0523 ôu.,2 

fody=0.125 

fuody=0.0366 ôu,8,0 

The same value of ô was used for the velocity and tempera-
ture profiles. Calculations on forced-convection heat trans-
fer indicate that the same value of 5 for the velocity and 
temperature profiles can be used for fluids that have a Prandtl 
number close to 1 (reference 8). For very large or small 
Prandtl numbers in forced flow, the thickness of the tempera-
ture boundary layer is considerably smaller or larger than 
the thickness of the velocity boundary layer. This condition 
is probably true for free-convection flow also. 

In order to solve boundary-layer equations (10) and (11), 
the laws for the shearing stress on the wall and the heat flow 
irnist he introduced. It is assumed that, in the layers very 

I.E 

Lo 
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near the wall, the conditions are similar for free- and forced-
convection flow and that the same laws for the shearing stress 
and the heat flow that are used in forced-convection flow can 
therefore be used in free-convection flow. A similar assump-
tion for the shearing stress was used by von Kârm5n to calcu-
late the radial flow on a rotating disk, with satisfactory 
results (reference 7). 

As a consequence of the preceding assumption, equations 
(2) and (8) will be used for free-convection flow. Very near 
the wall the second term in equation (12) for the free-
convection-velocity profile is 1 and, therefore, the same 
transformation that led in forced flow from equation (2) to 
equation (3) can be made for free-convection flow. By intro-
ducing the evaluated integrals and equations (3) and (8), 
the momentum and heat-flow equations become 

0.0523 
d	 ( V )1/4 

 (u,2 6),=0.125 g$O-0.0225 ul l 	 (14) 

\1/4 
0.0366 - dx (u,ô)=0.0225 u, (-) (Pr) 2/ 3 	 (15) 

Equations (14) and (15) are total differential equations from 
which the two unknown values 6 and u, may be determined 
as functions of x. 

Equations (14) and (15) can be solved by introducing

(16) 

(17) 

The introduction of these values transforms equations (14) 
and (15) into 

0.0523 (2m+n) G1G6x1m+71_1=0.125g0 OwC,xa_ 

0.0225 0 7 '4 06-114 P"4X (7m/4) - (n/4) (18) 

0.0366 (m+n) COCa Xm+_l 

	

=0.0225 (Pr) 213 p114 G 3í4 06_1I4x(3m14)_(f1	 (19) 

Because equations (18) and (19) must be valid for any value 
of x, the exponents of x must be identical, that is, 

2m+n — 1 =fl= 
7m 
--- n ;j 

3m n 
m +n-

It can he seen that this condition is fulfilled if 

m= and n.= (20) 

With these values of m and n, equation (19). can be solved 
for the constant C 

0=0.0689 vC (Pr) —8/3	 (21) 

Introducing this constant into equation (18) gives 

0'0 =0.00338

	

	 [1+0.494(Pr)213] (Pr) -1613	 (22) 
g

Introducing the Grashof number Gr= 0 gives for the 

velocity

u,= 1.185 - (Gr)" 2 [1 +0.494(Pr) 219 1/2 	 (23) 
X 

and for the boundary-layer thickness 

5= 0.565xGr)" 10(Pr)'5 [1 +0.494 (pr)2/311/10 	 (24) 

More significant than the value u, is the maximum velocity 
umax within the boundary layer. (See equation (13).) A 
Reynolds number is obtained to make this velocity 
dimensionless: 

Rem==0.636(Gr)/2[1 + O .4 9 4 (Pr) hlh] _hIS (25) 

A more significant value characterizing the thickness of 
the boundary layer than the value 6 used up to now is the 
displacement thickness ö, which is defined for free-convec-
tion flow by the equation

dy 
0 U max 

With the use of equations (12) and (13) it is found that

o*O 272 ö 

The displacement thickness made dimensionless by the 
distance x from the leading edge of the plate is therefore 

—=0.1 54(Gr)"°(Pr) 8115 [1 + 0.494(Pr)213]"° 
X 

The heat-transfer coefficient h=q/O at the point x on 
the wall is found by introducing the boundary-layer thick-
ness 6 and the velocity u, into equation (8). Changing to 
the usually presented Nusselt number Nu=hx/k gives 

Nu= 0.0295 (Gr) 2 ' 5 (Pr) 7/' 5 [1+0.494 (Pr)2131 215 (26) 

In order to compare this equation with experimental results, 
it is necessary to change from the local heat-transfer coeffi-
cient to the average value along the plate. By introducing 
the expression for the Grashof number into equation (26), 
it can be seen that the local heat-transfer coefficient is pro-
portional to the power 0.2 of the distance x (h=Uh2). 
With the assumption that the boundary layer is turbulent 
from the leading edge, the average heat-transfer coefficient 
becomes

h= 
1 

fox hdx=f X02dXf	
1.2

x0.2±(27) 
X 	 X 0 

In reality the boundary layer is first laminar and only at a 
certain distance from the lower edge of the plate does it 
become turbulent. The preceding expression for the average 
heat-transfer coefficient can therefore be expected to repre-
sent the true value only at Grashof numbers so high that 
the extent of the laminar boundary layer is small compared
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with the total length x. This limit for the Grashof number 
seems to be near 1010. For Grashof numbers higher than 
this value, the average Nusselt number can be calculated 
with equation (27); therefore, 

P%,TUa5 = 0.024 6(Gr)215(Pr)75[l + 0 .494(Pr)2'3] -2/5	 (28) 

In order to determine to what extent the shape of the 
velocity profile influences the results, a calculation was made 
with the second velocity distribution shown in figure 2: 

u— 

(2
)111(1 - Y)2 -	 (29) 

Only the numerical constants are influenced by the change 
in the profile shape. The constant preceding the value (Pr)213 
changes from 0.494 to 0.342 in all equations. In addition, 
the value 0.636 changes to 0.487 in the equation for Remax; 

in the equation for ö*/x the value 0.154 changes to 0.200 and 
in the equation for ATUav the constant 0.0246 changes to 
0.0198.

COMPARISON WITH EXPERIMENTS 

In figure 4 the results of experiments carried out in different 
investigations (references 1 and 2) are plotted as the average 
Nusselt number NUa5 against the product Or Pr. For the 

Fir. URE 4.—Average Nusselt number for free-convection flows on a vertical plate. Experi-



mental data from references 1 and 2. 

lower values of Or Pr the experimental results quite accu-
rately fit the equation 

N'ua5 0.555 (Or Pr)1l4 

which was, with a slight adjustment of the constant, theo-
retically derived for laminar free-convection flow. The 
experimental results in the turbulent range (Or Pr= 1010 to 1012) 
may be represented by the equation 

Nu00 =0.0210 (Or Pr)215	 (30)

The exponent of the Grashof number in this equation is the 
same as that of equation (28) derived in the previous section. 
When equation (28) is transformed into the form of equation 
(30) in such a way that the values of both equations are the 
same for Pr= 0.72, the constant of equation (28) becomes 
0.0210. The heat-transfer coefficient derived with equation 
(12) for the velocity profile is in perfect agreement with the 
experimental results. Such agreement is probably a coinci-
dence. The profile given by equation (29), which does not 
fit the velocity distributions measured by Griffiths and Davis 
in reference 3 as well as does the first profile, gives heat-
transfer coefficients that are 17 percent lower than the 
measured values. 

The values for the maximum velocity within the boundary 
layer and the boundary-layer-displacement thickness agree 
poorly with the values measured in reference 3 in the turbu-
lent range. Heat-transfer coefficients were not measured 
therein on the experimental apparatus on which velocity and 
temperature profiles were obtained. 

Whereas the velocity and temperature profile shapes as meas-
ured in reference 3 are typical of turbulent free-convection 
flow, the order of magnitude of these profiles appears to 
be in error. It can be shown that there is disagreement 
within the measured values themselves. The heat given off 
by, the plate to the air stream must be carried away within 
the boundary layer. The measured temperature and veloc-
ity profiles as well as the measured maximum velocity and 
the boundary-layer thickness 'vary little along the plate in 
the turbulent range, which means that only a small part of 
the heat given off by the wall is found in the boundary layer. 
The horizontal dimension of the plate may have been too 
small compared with the vertical length to make the flow 
in the center part two-dimensional and air may have flowed 
into the boundary layer from the sides. 

SUMMARY OF RESULTS 

With the use of Kãrmán's approximate method, a calcu-
lation was carried out for the flow and heat transfer in the 
turbulent free-convection boundary layer on a vertical flat 
plate. The calculation used relations for the heat flow and 
shearing stress on the wall developed for forced turbulent 
flow and velocity and temperature profiles that approximate 
well the shapes of profiles measured by Griffiths and Davis. 

A formula was derived for the heat-transfer coefficient that 
was in good agreement with measured values in the range of 
Grashof numbers from 1010 to 1012 and that can be used to 
extrapolate the values into the range of higher Grashof 
numbers. The formula is valid for Prandtl numbers that 
are close to 1. 

The calculation also yielded formulas for the maximum 
velocity in the boundary layer and for the boundary-layer 
thickness. 

LEwIs FLIGHT PROPULSION LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

CLEVELAND, OHIO, July 12, 1950. 
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APPENDIX 
SYMBOLS 

The following symbols are used in this report: 
a	 thermal diffusivity, sq ft/sec 
Ch	 constant for variation of heat-transfer coefficient 

with x°2 
G,,	 constant for variation of velocity,  u 1 in boundary layer 

with x- 
Ca	 constant for variation of boundary-layer thickness 

with x' 
C '	 specific heat at constant pressure, Btu/(lb) (°F) 

Gr Grashof number, 

g	 acceleration due to gravity, ft/sec2 
ii,	 heat-transfer coefficient, Btu/(sq ft) (sec) (°F) 
k	 heat conductivity, Btu/(ft) (sec) (°F) 
1	 length (fig. 1), ft 
m	 exponent 

Nu Nusselt number, 

n	 exponent
V Pr Prandtl number, a k 

P	 pressure, lb/sq ft 
q	 specific heat flow, Btu/(sec) (sq ft) 
Remax Reynolds number based on maximum velocity Umax, 

UmaxX 

V

St	 Stanton number,
gpcuiO 

t	 temperature, °F 
U	 velocity component in i-direction, ft/sec 
ui	 velocity outside boundary layer of comparable forced-

convection flow, ft/sec 
V	 specific volume, cu ft/lb 
x	 coordinate (distance along plate from starting point of 

boundary layer), ft 
y	 coordinate (distance from wall), ft 
i	 expansion coefficient, 1/°F 
a	 boundary-layer thickness, ft 
a l'	 displacement thickness of boundary layer, ft 
0	 temperature difference, °F 
O,,	 temperature difference between wall and fluid outside 

of boundary layer, °F 
absolute viscosity, p p, lb-sec/sq ft 

v	 kinematic viscosity, sq ft/sec 
P	 mass density, (ib) (sec 2) /ft

shearing stress, lb/sq ft 
Subscripts: 
a v	 average value 
max maximum value 
W	 on wall 

at outer edge of boundary layer 
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EFFECT OF TUNNEL CONFIGURATION AND TESTING TECHNIQUE ON 
CASCADE PERFORMANCE' 

By JOHN R. ERWIN and JAMES C. ElERY 

SUMMARY 

An investigation has been conducted to determine the influence 
of aspect ratio, boundary-layer control by means of slots and 
porous surfaces, Reynolds number, and tunnel end-wall condi-
tion upon the performance of airfoils in cascades. A represent-
ative compressor-blade section (the NACA 65—(12)10) of aspect 
ratios of 1, 2, and 4 has been tested at low speeds in cascades with 
solid and with porous side walls. Two-dimensional flow was 
established in porous-wall cascades of each of the three aspect 
ratios tested; the flow was not two-dimensional in any of the 

solid-wall cascades. 
Turbine-blade sections of aspect ratio 0.83 were tested in 

cascades with solid and porous side walls and blade sections of 

aspect ratio 3.33 were tested in cascades with solid walls. No 
particular advantage was observed in the use of porous walls for 
the turbine cascades tested. 

INTRODUCTION 

Airfoils are tested in cascades to provide fundamental 
information for the design of compressors and turbines. 
This information can be applied directly as basic data in 
many designs. The advantage of cascade testing lies in the 
relative ease and rapidity with which tests can he made, in 
the elimination of three-dimensional and boundary-layer 
effects not related to section performance, and in the much 
more detailed information concerning section performance 
which can be obtained in comparison with that obtainable 
from tests of rotating compressors and turbines. Cascade 
results have always contained inherent discrepancies, 
however, because the flow could not be made truly two-
dimensional. These discrepancies arose from the interference 
and interaction of the boundary layers on the side walls with 
the flow about the test airfoils because of the finite aspect 
ratios necessarily used. 

The data reported in references 1 and 2 are in some ways 
inconsistent and, in cross-plotting these data for design 
studies, irregularities appear such that the design would be 
indeterminant within the limits of required accuracy. These 
irregularities have caused much difficulty to persons attempt-
ing to interpolate or extrapolate the data for particular 
applications. Inconsistencies also arose from the fact that 
data from the Langley 5-inch cascade tunnel had always been

subject to operating technique; for example, much skill and 
experience were necessary in adjusting the flexible floors 
correctly and data that were repeatable were difficult to 
obtain. 

The specific difficulties that have led to distrust of pre-
viously obtained cascade data are: 

(1) As was pointed out in reference 3, the lift coefficient 
obtained by integrating the pressure-distribution 'plots of 
reference 1 did not agree with that calculated from the 
measured turning angle, when two-dimensional flow was 
assumed. 

(2) The fact that the pressure rise expected to result from 
the measured turning angle was not obtained obviously 
should have an effect on the magnitude of the turning angle; 
therefore, some question arises as to the validity of the data 
in references 1 and 2. The pressure distribution is also 
affected in magnitude and in shape by the failure to obtain 
the calculated pressure rise. 

(3) Compressor-blade sections of higher camber than could 
be satisfactorily tested in the original 5-inch cascade have 
been successfully used in a single-stage test blower (reference 4). 

These effects are believed to be caused by the interaction 
of the tunnel-wall and test-blade-surface boundary layers 
since premature separation occurs at the juncture of the side 
walls and test blades and produces a large low-energy region 
at the exit from the cascade. This large wake acts as a 
restriction on the flow, higher average exit velocities result, 
and the flow is not two-dimensional. 

Two-dimensional flow is believed to exist when the follow-
ing criteria are satisfied: 

(1) Equal pressures, velocities, and directions exist at 
different spanwise locations. 

(2) The static-pressure rise across the cascade equals the 
value associated with the measured turning angle and wake. 

(3) No regions of low-energy flow other than blade wakes 
exist. The blade wakes are constant in the spanwise direction, 

(4) The measured force on the blades equals that associ-
ated with the measured momentum and pressure change 
across the cascade. 

(5) The various performance values do not change with 
aspect ratio, number of blades, or other physical factors of 
the tunnel configuration. 

Supersedes NACA TN 2028, 'Effect of Tunnel Configuration and Testing Technique on Cascade Performance" by John R. Erwin and James C. Emery, 1950.	
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Past attempts to establish two-dimensional flows in cas-
cades have utilized boundary-layer removal slots on two or 
all of the tunnel walls upstream of the cascade, and cascades 
using blades of aspect ratio 4 or higher have been constructed. 
The present investigation was intended to determine the 
value of these methods and that of a method believed to be 
new—the use of continuous boundary-layer removal through 
porous surfaces from the cascade side and end walls. A rep-
resentative compressor-blade section of aspect ratios of 
1, 2, and 4 was tested at low speeds in cascades with solid 
and with porous side walls. This section was tested over a 
range of Reynolds number for each of these conditions. 
For comparison, turbine-blade sections in which the flow is 
characterized by a pressure drop through the test section 
were tested in cascades with solid and with porous side walls. 

When schlieren or shadow photographs of flows through 
cascades are desired, the use of porous side walls would 
he difficult; therefore, several methods of correcting solid-
wall-cascade results to the two-dimensional case have been 
compared and their accuracy discussed. 

SYMBOLS 

A	 aspect ratio, span of blades divided by chord of blades 
wake coefficient, coefficient of momentum difference 

between wake and free stream, based on entering 
velocity 

('N 	 blade normal-force coefficient based on entering 
velocity 

(CN) blade normal-force coefficient obtained by integra-
tion of blade pressure distribution 

(CA,) f blade normal-force coefficient calculated from meas-



ured momentum and pressure changes 
dynamic pressure, pounds per square foot 

R	 Reynolds number, based on blade chord and entering 
air velocity 

F	 velocity, feet per second 
a	 angle of attack, angle between entering air and chord 

line of blade, degrees 
inlet air angle, angle between entering air and axis, 

degrees 
0	 turning angle, angle through which air is turned by 

blades, degrees 
solidity, chord of blade divided by gap between blades 

Subscripts: 
1	 upstream of cascade 
2	 downstream of cascade 
1	 local 
C	 corrected 
a	 axial 
M	 mean value 
t	 tangential 

DESCRIPTION OF TEST EQUIPMENT 

The test facilities used in this investigat ion were were 
Langley 5-inch and 20-inch cascade tunnels. The 5-inch 
cascade test section proper uses the same design and, to it 
considerable extent, the same parts as the one described in 
reference 1. A larger settling chamber having an area of

about. 25 square feet is used, however, and provides a ratio 
of settling-chamber area to test-section area of about 40:1. 
A similar settling chamber is used on the 20-inch cascade 
with an area ratio of only 10:1. It is believed that, if a 
larger area ratio were used, this cascade would yield satis-
factory entrance flows and less attention to the flexible-wall 
curvatures and suctionpressure on time upstream slots would 
be needed. A sketch of a vertical cross section of either 
tunnel is shown as figure 1. Photographs of the two tunnels 
are presented as figures 2 and 3. 

Three

FIex,2,Je end w011s7 

I	 layer 
I	 slots

'End- wa/I-s/of 
removal duct 

Seti/irç 

FflE j—\'Ptfl(:11 ( . 1 ()s- S,(lifl Of t wo-dimensional low-speed cascade tunnels. 

2.	 .'-•h	 tinirel 'iwt,j	 aith	 rau	 vik.



EFFECT OF TUNNEL CONFIGURATION AND TESTING TECHNIQUE OX CASCADE PERFORMANCE 	 265 

The porous surface is supported by a 120-mesh screen, 
which is in turn supported by a sheet of perforated metal 
having /18-inch-diameter holes with inch between their 
centers in all directions. (See fig. 4.) This perforated sheet 
metal is available from steel suppliers as a standard item. 
A rigid frame of cellular construction is employed to carry 
the test airfoils and to minimize the bowing of the side walls 
clue to the suction pressure. A number of different materials 
were investigated for use as porous surfaces; the results of 
this study are presented in a subsequent section. 

The consideration that determined the particular cascade 
selected for detailed study was the desire to have as direct 
a comparison as possible with the present blading in the 
rotor of the 42-inch test compressor. The NACA 65—(12)10 
compressor-blade section as used in this compressor has an 
inlet angle of 60° at the mean diameter and a solidity of 
1.182 and is fairly typical of axial-flow compressor rotors. 
Because of the geometry of the cascade tunnel used, the 
sections were tested at a solidity of 1. This cascade has a 
relatively high static-pressure rise and high blade normal- 
force coefficient, conditions which make cascade testing 
difficult. 

In addition, some data obtained at the less severe condition 
of 45° inlet angle are included to provide a more complete 
picture of the problem and of the results obtained. 

The cascade of airfoils selected for detailed stud y was 
tested at low speed in the following tunnel configurations: 

(1) 5-inch, blade aspect ratio 1, solid-wall cascade 
(2) 5-inch, blade aspect ratio 1, porous-wall cascade 
(3) 5-inch, blade aspect ratio 2, solid-wall cascade 
(4) 5-inch, blade aspect ratio 2, porous-wall cascade 
(5) 20-inch, blade aspect ratio 4, solid-wall cascade 
(6) 20-inch, blade aspect ratio 4, porous-wall cascade 
Turning-angle, pressure-rise, pressure-distribution, and 

wake-survey measurements were taken. For comparison 
purposes, results obtained by using a 42-inch-tip-diameter 
test compressor and a 28-inch-tip-diameter test compressor 
are presented. All but wake-survey measurements were 
taken in the 42-inch test compressor described in reference 5. 
Turning-angle and pressure-rise measurements were obtained 
with the 28-inch test compressor (reference 4). 

The testing procedures used in this investigation were the 
same as those reported in reference 1. Most of the tests 
were made with a fixed entrance velocit y of about 95 feet 
per second and with blades of 5-inch chord. A few tests 
at other speeds were made to vary the Reynolds number. 
Tests on blades of aspect ratio 2 used airfoils of 2-inch 
chords. With the exception of tests run to determine 
proper end conditions, cascades of seven blades were used 
throughout. 

In order to expedite plotting of test pressure-distribution 
results, a constant entrance dynamic pressure is normally 
used in cascade testing at the Langley Laboratory. Ma-
nometers scaled with values of q1/q1 are used so that no 
computing is required to make these plots. It is therefore 
convenient to obtain force coefficients on the basis of the 
entering dynamic pressures. All coefficients presented herein 
are so calculated.
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FIGURE 4.—Sketch showing construction of porous wall.
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The static-pressure rise across the test section can be 
controlled to a considerable extent by the quantit y of flow 
drawn through the porous walls. The pressure rise corre-
sponding to two-dimensional flow through the observed turn-
ing angle, when allowance for effective passage-area reduc-
tion due to the observed wake is made, could be established 
by this means. A chart of pressure rise or, more specifically, 
Of q2!q1 was prepared for a range of turning angle and wake 
width for the test inlet air angle and solidit y (fig. 5). The 
effect of the blade wake oil the exit velocit y was takeii into 
account by measuring the exit velocities and averaging the 
values for a few test points. A factor, dependent upon the 
wake width, was so obtained and was applied in computing 
values of q2 /q1 for other conditions. This factor assumes that 
wakes of similar width will restrict the exit flow similarly. 
The validity of the curves was later confirmed b y detailed 
velocit y calculations for man y tests. For all tests in which 
continuous boundary-layer removal was used, the pressure 
rise across the cascade was set b y reference to the chart. 
Of course, this method was not applied to the series in which 
the pressure rise was intentionall y made different froni the 
two-dimensional value iii order to examine the resulting 
effects.

RESULTS AND DISCUSSION
GENERAL 

'l'he investigations reported in references 1 and 2 used blades 
of aspect ratio 1. The results obtained, although providing 
useful information, failed to satisfy the criteria of two-
dimensional flow. The Langley 20-inch cascade tunnel was 
constructed to permit blade models of aspect ratio 4 to be 

4	 8	 .2	 .6	 20	 24	 25 
Tu'q 0r7q/e, 9, deg

FIGURE 5.—Relation between dynamic-pressure ratio across cascade to turning angle. 8...600

tested without reduction in blade chord or test Reynolds 
number. The results for blades of aspect ratio 4 indicated 
that the static-pressure rise obtained did not agree with that 
calculated by using the measured values of turning angle and 
by assuming two-dimensional flow, even though correction 
was made for the blade wake measured at midspan. Further, 
the turning angles observed were quite different from the 
turning-angle values obtained in the test compressors. 
Correcting the data to account, for the constriction due to 
separation near the walls failed to produce corrected turning 
angles in agreement with the values measured in the test 
compressors. Wlieii the data for the 5-inch blades of aspect 
ratio 1, which agree with the data for the test compressors, 
were so corrected, however, the resultant values were lower 
than test-compressor results. The values for the normal-
force coefficient for the tests on blades of aspect ratio 4 
appear to be in closer agreement with the values calculated on 
a basis of two-dimensional momentum and pressure changes 
when they are plotted with corrected turning angles than 
when the measured turning-angle values are used, but since 
the slopes of (. against 8, differ, the results are in question. 

Thus it, appears that cascades of aspect ratio 4 (10 not 
Yield directly usable information even when axial-velocity 
corrections are applied. Because the blades are not operat-
ing under pressure-rise, turning-angle, and angle-of-at tack 
conditions that represent the two-dimensional case, cas-
cades of neither A= 1 nor A=4 provide the conditions 
sought. Furthermore, large air supplies are required for 
high-aspect-ratio cascades, particularly for high-speed tests. 
For these reasons, attempts were made to devise methods 
that would provide two-dimensional flows in cascades using 
blades of low aspect ratio. 

The interference an(l interaction of the tunnel-side-wall 
boun(larv layers with the boundary layers of the test airfoils 
were believed to be the reason for the flow not being two- 
dimensional. If the side-wall boundar y la yers could be 
removed continuousl y through the side walls, two- 
dimensional flow conditions could perhaps be established. In 
order to examine this possibilit y , the Langley 5-inch and 
20-inch cascade tunnels were modified by replacing the 
test-section side walls with a frame supporting a perforated 
metal sheet and a porous material was attached to this per-
forated sheet. As illustrated in figure 2, a suction chamber 
connected to a blower was provided on the outside of the 
test section, and a part of the flow was drawn through the 
side wall. First tests using this system indicated considera-
ble promise but also indicated that the material used for the 
porous surface affected the quantit y of flow that had to be 
removed to establish two-dimensional conditions. For this 
reason, a search for suitable porous materials was initiated, 
and several materials were tested in the 5-inch cascade. 

Other elements of the tunnel configuration that affect the 
character of the flow into the cascade are the entrance-cone 
shape, the type, location, and number of the wall slots, and 
the treatment of the end wall. Only one modification of the 
circular-arc entrance-cone shape used on both tunnels was 
tried: The 20-inch-tunnel fairings were replaced with fairings 
of parabolic curvature in an attempt to eliminate the un-
favorable pressure gradient that existed with the circular-arc
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cone. No measurable reduction of end-wall boundary-layer 
thickness was observed, however. 

TEST-SECTION CONDITIONS FOR TWO-DIMENSIONAL FLOWS 

Porous materials.—Ideally, it would be desirable to employ 
permeable surfaces having varying porosity in order to dis-
tribute the boundary-layer removal in a 'manner related to 
the local boundary-layer thickness. No scheme that would 
be practical for a series of tests was evolved to accomplish 
this result. In a general way, a surface of uniform porosity 
accomplishes the desired result, for, where the pressure 
recovery has been the greatest, the quantity flowing through 
the surface will be greatest. The regions of highest pressure 
are unfortunately not necessarily regions where the boundary 
layer is thickest or most likely to separate; therefore, a sur-
face of uniform porosity is not ideal for compressor-cascade 
side walls. The surface porosity for these low-speed 
compressor-blade tests was determined by the requirement 
that the suction-chamber pressure be lower than the lowest 
pressure on the test airfoils. In this condition, the flow 
through the wall surface was everywhere outward from the 
test section to the suction chamber. 

The first tunnel configuration using porous walls had it very 
heavy canvas as the surface. Because of the appreciable 
roughness of this material, a very large quantity of the main 
flow had to be removed through the canvas in order to obtain 
the pressure rise associated with the measured turning angle. 
Although a direct quantity measurement was not made, an 
estimate based on the suction pressure used would be that 
an air quantity of from 20 to 25 percent of the entering flow 
was removed through the walls. A medium-weight broad-
cloth material having a fairly smooth surface on one side was 
next tried. The quantity of air removed was 10.3 percent 
of the entering flow; this amount includes some leakage flow. 
Broadcloth surfaces were used for most of the tests reported 
herein. 

One test using 2-ounce nylon sailcloth was run. This 
material -appears to have desirable smootlmess, strength, and 
abrasion-resistance properties, but the sample used was too 
closely woven for the conditions of the test. A flow volume 
sufficiently large to produce the required pressure rise through 
the cascade could not be removed with the existing suction 
blower. A very light parachute silk was also tried, but with 
the opposite result—the porosity was too great, and several 
layers would have been required to obtain a satisfactory 
permeable surface. This arrangement was considered im-
practical for routine operations requiring many tunnel 
changes. 

Several tests were run with a metal screen, made by electro-
plating, as the porous surface. This material, a copper-
nickel alloy, has a very smooth, uniform surface, which is 
much smoother than wire screen of similar mesh (100), and 
is without the fuzz of cloth. The sample used had 16-
percent open area. One or two layers of broadcloth backing 
were employed to produce the necessary resistance. A 
significant reduction in the porous-wall air removal was 
measured in the tests; the air removal dropped from the 
previous value of 10.3 to 4.5 percent of the main flow. 
Better agreement resulted between normal-force coefficients

calculated from measured blade pressure distributions and 
those calculated by using the momentum equation. The 
electroplated metal screen was rather expensive, however. 
A porous surface formed by hammering copper or bronze 
screen was found to be very practical and quickly made. This 
technique is attributed to Mr. P. K. Pierpont of the Langley 
Full-Scale Research Division. By varying the number of 
hammering operations (each followed by torch annealing), 
a material of required porosity could be obtained. A screen 
successfully used over a wide range of test conditions had 
initial wire diameter of 0.014 inch, 30 mesh, and was ham-
mered to a sheet thickness of 0.009 inch. The normal flow 
velocity plotted against pressure drop for this material is 
presented in figure 6. 

A commercially available material, twill dutch double 
weave filter cloth, usually woven of monel wire, having 250 
fill wires of 0.008-inch diameter per inch and 30 warp wires 
of 0.010-inch diameter per inch was found to be very satis-
factory when commercially calendered from the as-woven 
thickness of 0.027 inch to 0.018 inch. This filter cloth per-
mitted normal velocities at a given pressure drop similar to 
those presented in figure 6 for the hammered screen. 

No comparative tests were run in the 20-inch tunnel, but 
it is believed that a similar reduction in porous-wall air 
removal could have been achieved; however, a typical value 
for this removal in the 20-inch tunnel is 2.9 percent when 
broadcloth is used. This percentage was so small that at.-
tempts to reduce the amount seemed unnecessary. 

Slot configurations.—A series of runs was made with 
several combinations of tunnel side-wall and end-wall slots 
in order to produce uniform entering flows and to reduce 
porous-wall suction-flow quantity. The possibility of using 
flush side-wall slots was considered, since flush side slots 
would eliminate the width change in the end plates and 
would increase the ease and decrease the time of operation. 
The tests were made by using existing sharp-edge protruding 
slots with and without fairings in order to vary the configura-
tion and therefore these slots do not represent optimum slot 
shapes. The side-wail slots were closed by fairings extending 
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FIGURE 0.—Velocity through two porous materials as a function of the pressure drop.
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from the entrance cone to the slot; these fairings reduced the 
tunnel width to a constant 5 inches. An increase of 2 percent 
of the main flow or 21 percent of the permeable-wall flow was 
required to establish the desired cascade pressure rise. 

The fairing was then moved % inch upstream to produce a 
flush slot, and 10.5 percent of the main flow was drawn 
through the porous wall when 8.8 percent was removed 
through the flush slot. An increase in slot suction pressure, 
which raised the slot flow to 11.4 percent, decreased the 
required porous-wall flow only slightly to 10.3 percent of the 
main flow. Increasing the flush-slot width to Y4 inch had a 
detrimental effect on the required flow through the cloth 
wall. A different slot shape similar to that recommended in 
reference 6 might have improved the performance, but this 
possibility has not yet been investigated. Flush slots parallel 
to the cascade might be expected to deflect the entering flow 
at inlet air angles other than zero. In these tests, however, 
this effect was not measurable when the static-pressure drop 
through the slot was less than one-half the dynamic pressure 
entering the cascade. For the usual range of cascade inlet 
angles, no greater static-pressure drop than one-half the 
entering dynamic pressure has been found necessary. 

The few tests run to determine the end-wall slot cotiflgura-
tion indicated the same trends as the side slots. The pro-
truding slots were slightly more effective than flush slots, but 
only an insignificant reduction in air removal was gained 
over the sealed or no-slot condition. However, when seven 
blades were used with the end blades serving as the cascade 
boundary, boundary-layer removal was necessary. Without 
the end slots, separated turbulent flow occurred over the end 
blades, and uniform entering conditions for the cascade 
apparently could not be established. 

Figure 7 shows the boundary-layer profile measured at 
several stations about 1 chord upstream of the cascade. The 
origin of each of the small plots is placed at the survey point. 
It is evident that the protruding slot produces a clean flow 
at these locations. 

For conditions of large inlet air angles, the side-wall 
length from the entrance cone to the slot varies considerably 
from one end of the cascade to the other (fig. 1), and the 
boundary thickness varies in a similar manner. With a fixed 
slot width and with essentially constant slot-suction-chamber

Boundary-layer control 
slot sealed 

Boundary layer removed 
by applied suction 0-'--

50 

,00L__

/ 

/ 

10

Boundary layer 
5.	 /	 f In. from slot

pressure, asymmetrical flow in the test section could result 
from the difference in boundary-layer thickness. No diffi-
culties encountered during the investigation reported herein 
were traced to this source, however. When testing at 0=700, 
uniform flow entering the test section could not be satisfac-
torily obtained with the slot configurations previously 
described. Inlet-anile plates having a construction similar to 
the porous-wall test section were installed in place of the 
solid plates normally used. When a small quantity of flow 
was drawn through the porous surface of the inlet-angle 
plates, uniform flow entering the test section was readily 
established at 0=70°. 

End conditions.—In order to study the effect of the end 
gap on the behavior of the main flow, a few tests using five 
blades were run with varying end gaps. A blade equipped 
with orifices was placed nearest the end walls. As indicated 
in figure 8, in the case of the half-gap end spacing, the last 
blade did not carry lift equal to that of the central blade. 
When the end spacing was increased to a whole gap, the lift 
on the end blade increased considerably, although not up to 
the value of lift on the central airfoil. The important result, 
however, is that the change of end gap had no measurable effect 
on the performance of the central blade. The pressure distri-
bution, turning angle, and drag coefficient remained as before. 

Other investigators have used the end blades in the cascade 
as the boundary (reference 7). In order to examine the possi-
bilities of this method, two extra blades were installed in the 
5-inch cascade tunnel. Runs were first made with the end 
walls sealed to the end blades approximately at their stagna-
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(a) Approximate hall-gap end spacing. 
FIGURE 7.—Total-pressure loss in percent of entering dynamic pressure, with and without 	 (b) Approximate whole-gap end spacing. 

boundary-layer slot. Survey stations located at origins of small coordinate axes. 	 I	 FIGURE 8.—Effect of end gap on the pressure distribution measured on the end blade. 
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tion points. This system provided too few variables, and 
proper entering conditions could not be established; in 
addition, the end passages exhibited stalling and fluctuating 
flows. The end walls were moved outward about Y2 inch for 
the subsequent test, and a gap between the flexible end walls 
and the end blades resulted. Attempts were made to control 
the entering static pressure and direction of flow by bending 
the end walls. Considerable stalling continued to occur, 
however, apparently because of the thick end-wall boundary 
layer. To investigate this possibility a 6-iñch protruding 
slot was built into the upper and lower end walls 1 chord 
ahead of the test blades. These slots were connected by 
ducts to an exhauster. Satisfactory control of entering con-
ditions was possible by bending the flexible surfaces. Some 
operating time is eliminated with this system since it is not 
necessary to set the end wall exactly in the direction of the 
exit flow, and less skill and time are required in adjusting 
the entering conditions. However, the flow about the 
central blade appeared to be the same as that for the other 
two satisfactory tunnel configurations. 

The number of blades required in a cascade appears to 
be an inverse function of the amount of time and care em-
ployed in establishing the end conditions. With the flexible 
end walls used in the cascades described herein, little differ-
ence in performance was noticed between similar configu-
rations of five or seven blades. In a setup where end-wall 
adjustthents are not readily made or where running time is 
limited to a few minutes, significant differences in the per-
formance might be observed. 

In tests of airfoils more highly cambered than the NACA 
65-(12)10 section reported herein, continuous boundary-
layer removal on the convex end wall has been necessary in 
order to prevent separation from this wall and to permit 
uniform exit flow from the cascade. A porous surface be-
ginning at the end-wall slot, about 1 chord upstream of the 
blades, was extended through the cascade to about 1 chord 
downstream of the blades. Provision was made for flexing 
this end wall to the desired curvatures. Although con-
tinuous boundary-layer removal might also be desirable for 
the concave end wall, the additional complexity is undesir-
able. A thin sheet-brass end wall has been found to provide 
satisfactory flows at an inlet angle of 600 and at a tu°rning 
angle of 30°, which is a rather severe case. 

COMPARISON OF CASCADE AND TEST-BLOWER RESULTS] 

Turning angle and static-pressure rise.—Results for the 
several cascades and test blowers investigated are given in 
figures 9 and 10 as plots of turning angle against angle of 
attack. All test airfoils are the NACA 65-(12)10 section. 
All inlet angles are 60° and all solidities are unity, with the 
single exception of the 42-inch-diameter test compressor, in 
which a mean diameter solidity of 1.182 existed and in which 
the inlet angle increased with angle of attack so that =60° 
occurred at a=14°. Turning-angle corrections obtained 
from reference 2 for varying inlet angle in the 42-inch com-
pressor are presented. Because the rotor-blade solidity was 
1.182, the turning angles measured in the 42-inch compressor 
were predicted to be about 0.4° higher than in the 28-inch 
test blower or cascades of solidity 1.

8	 /0	 12	 14	 16	 18	 20	 22
Angle of attack, a, deg 

FIGURE 9.—Effect of aspect ratio on turning angle for solid-wall cascades. A median curve 
(dashed line) obtained from figure 10 is presented for comparison. 
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If the results of the solid-wall cascade tests are compared, 
an increasing turning angle with increasing aspect ratio is 
very evident. The results from porous cascades and test 
blowers agree with the data from the solid-wall cascade of 
aspect ratio 1. This behavior is believed to be due to 
counteracting effects. The velocities induced by the trailing 
vortices due to reduced lift in the tunnel-wall boundary 
layers and the movement of the wall boundary layer onto 
the suction surface of the airfoils have an over-all result of 
reducing the blade lift and hence the net turning angle. A 
factor having an opposite effect is the increase of axial 
velocity resulting from thickened wall boundary layers (see 
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reference 3). That this effect exists is evident during opera-
tion of the porous-wall cascades: As the porous-wall flow is 
increased and the pressure rise across the cascade is increased, 
a measurable reduction in turning angle takes place. Figure 
11 shows this effect for the cascade with blades of aspect 
ratio 4. 

In a recent paper (reference 8), Hausmann has presented 
an analysis of the simplified trailing-vortex problem. In 
the rather severe case calculated, the indication is that the 
turning angle would be increased because of the downwash 
associated with the trailing vortices. The opposite effect is 
predicted by Carter and Cohen in reference 9. A discussion 
of these counteracting effects is presented in a subsequent 
section, with the conclusion that no method is now available 
to explain satisfactorily the flows observed in the solid-wall 
cascades. 

The solid-wall cascades studied failed to produce the 
pressure rise associated with the measured turning angles 
(fig. 12). At low aspect ratio the three-dimensional effects 
predominated, and low turning angles were observed. With 
higher aspect ratios, the induced effects were of smaller 
magnitude, and more turning of the flow resulted. To 
approach two-dimensional flows in solid-wall cascades, aspect 
ratios much greater than 4 must he used. 

Satisfactory agreement of 0 with a and 9 2/q1 with 0 was 
obtained between porous-wall cascades of aspect ratios of 

6

.460 .450 500 .520 .540 .560 .580 .600 .620 
q2/q1 

FIGURE 11—Variation of turning angle with variation in pressure rise as obtained in the 
porous-wall cascade of aspect ratio 4. The calculated value for the measured turning angle 
of 20° (001) is	 0.450; the value measured with no flow- through the porous walls was qI 

°0.630.	 =15.10.
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FIGURE 12.—Dynamic-pressure ratio as measured in the various tunnel configurations tested. 
-	 The solid-line curve indicates the calculated value of-q,/qi.

1, 2, and 4 and two test blowers at their mean diameters. 
The porous-wall cascades appear to satisfy these criteria of 
two-dimensionality. 

Passage wake surveys.—An examination of the flow down 
stream of the cascade was made in -order to determine 
how much of the flow was homogeneous. Total-pressure 
surveys of the test cascade were made in the solid-wall and 
porous-wall configurations with blades of aspect ratio 1 at 
an angle of attack of 15.1°. The results are presented in 
figure 13. In the solid-wall case, a large region of low-energy 
air, which had its core originating at the junction between 
the convex surfaces of the test airfoil and the tunnel wall, 
was observed, in reference 9, a- similar plot is presented for 
a cascade of aspect ratio 2 in which similar results are 
indicated. The percentage of the flow area affected is less, 
however, and a short region of uniform flow appears in the 
center of the tunnel. 

The porous-wall configuration had only a relatively small 
region of loss greater than that of the wake of the test blades. 
The portion of the wake unaffected by the spread near the 
wall was 80 percent of the tunnel width. The total-pressure-
loss values in this "two-dimensional" wake were lower and 
of smaller extent than in the solid-wall test. 

A comparison of these plots illustrates clearly how con-
tinuous removal of the wall boundary layers alters the static-
pressure rise across a compressor cascade. With solid walls, 
the large low-energy regions act to constrict the main flow 
and so reduce the effective flow area, so that an increase in 
the main exit flow velocity results. With permeable walls, 
since the effective exit flow area- is much larger, the exit 
velocity is smaller and the static-pressure rise is higher. 

Comparison of normal-force coefficients.—One of the im-
portant criteria for two-dimensional flow is that the value 
for the force on the blades determined by calculation of the 
momentum and pressure changes associated with the meas-
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ured turning angle be equal to the force as determined by 
integration of the surface pressures. The ability of the 
configurations used to satisfy this criterion is illustrated in 
figure 14. The solid-wall cascade of aspect ratio 1 fails 
badly. The solid-wall cascade of aspect ratio 4 is better 
but the normal-force coefficient obtained from pressure dis-
tributions is from 7 to 15 percent low. The porous-wall 
cascades are clearly superior on this count, because reason-
able correlation between (CN)p and (GN) M is indicated over 
the usual operating range. 

Figure 15 shows that good agreement was obtained between 
(GN) and (CN) f with the porous-wall cascade of aspect 
ratio 1 at the lower-pressure-rise case of =45 0. No tests at 
lower than 45° inlet angle were included in this investigation, 
but it is believed that satisfaction of all the criteria of two-
dimensionality would be obtained. 

The pressure rise across the cascade has an effect on the 
force normal to the blade. In order to calculate this force, 
the pressure rise must be known or assumed. The calcu-
lated normal-force-coefficient curves of figures 14 and 15 
were prepared by using the pressure rise measured in the 
porous-wall cascades. As previously noted, the values of 
q2 /q1 are controllable with continuous boundary-layer removal 
and were adjusted to correspond to the observed turning 
angle with allowance for the observed wake. The calculated 
values of GN presented are therefore believed to be-represent-
ative of two-dimensional flow and the most logical basis for 
comparison
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An interesting comparison is that of the pressure-distribution 
normal-force coefficients obtained with the 42-inch-diameter 
test compressor, the values calculated for the observed 
turning angles and the values obtained in solid-wall 
cascade of aspect ratio 1. This cascade might be expected 
to produce effects similar to the blower, if the physical 
similarity were the determining factor, since the test 
compressor has blades of aspect ratio of about 1,-solid 
"walls," and a solidity of 1.182. The values of CN pre-
sented in figure 16 illustrate that the effects are not similar. 
At the mean diameter, the a eN values of the test compressor 
match the values calculated for the measured turning angles 
within the limits of the measuring accuracy, but the values 
for the solid-wall cascade of aspect ratio 1 are greatly 
different. 

The excellent agreement between the test compressors 
and the porous-wall cascades on turning-angle (0 against a), 

normal-force-coefficient ((GN)p and (GN) M against 0), and 
pressure-rise (q2/q1 against 0) relations probably results from 
the relatively greater energy of the boundary layers in the 
compressors compared with the energy of the boundary 
layer in the cascade tunnels. This energy difference, which 
is due to greater relative velocities between the boundary 
layer and the running blades in the compressors as compared 
with the stationary blades in the cascade, is discussed in 
reference 3. The excellent agreement obtained illustrates 
that two-dimensional cascade data can be used directly in 
the design of axial-flow compressors. 

Spanwise pressures.—One of the characteristics of a flow 
constant in the spanwise direction is. that equal pressures 
exist at one chordwise position at different spanwise loca-
tions. In order to examine the ability of the various setups 
to meet this requirement, airfoils having static-pressure 
orifices located inch from the tunnel wall as well as at 
the usual center-line location were constructed. NACA 
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FIGURE 14.—Comparison of normal-force coefficient obtained in various cascades. Solid-line 
curve indicates calculated values of Cs'.
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FIGURE 15.—Comparison of normal-force coefficient obtained by Integration of blade pressure
distribution and by momentum-change calculations. p45°; 	 l; porous walls. 
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65—(12)10 compressor blades of aspect ratio 1 were tested 
at $=600, with a solidity of 1, with solid and with porous 
walls. In the solid-wail case (fig. 17) the pressures near the 
wall are quite different from those along the tunnel center 
at the various chordwise stations. In addition, the normal-
force coefficient obtained by integrating the center-line 
diagram is significantly lower than that calculated from the 
measured turning angle. This fact, coupled with the dif -

/0	 14	 18	 22	 26
Tcirr-i/r,g angle, b deg 

FIGURE 16.—Comparison of normal-force coefficient measured in the 42-inch-diameter test 
blower with that measured in the solid-wall cascade of A=1. The solid curve is calculated 
from measured turning angle, the appropriate inlet angle being considered. 
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FIGURE 17.—Pressure distributions at two spanwise locations in the 5-inch solid-wall cascade
of aspect rstio 1. a141°.

ference between the measured and calculated exit velocities, 
suggests that significant differences in the pressure distribu-
tion would occur either in the ideal two-dimensional case or 
in a compressor (the calculated pressure rise has been ob-
tained in several test compressors). This possibility was 
discussed in reference 3. 

Pressure distributions similar to thost for the solid-wall 
condition are presented in figure 18 for the porous-wall 
condition. Excellent agreement is obtained between the 
two diagrams. The normal-force coefficients obtained by 
integration and by calculation agree within the limits of 
experimental error. 

For purposes of comparison, the center-line pressure dis-
tributions of figures 17 and 18 have been replotted in figure 
19. Although the angle of attack and turning angle were 
similar in the solid-wall test, it is clear that the total area is 
considerably less and that the pressure distributions differ 
from each other in such a manner that it would be difficult, 
if not impossible, to devise a method for correcting the 
solid-wall test results to agree with those which would result 
in a two-dimensional flow. 

Similar agreement was obtained in porous-wall tests at an 
inlet air angle of 60" with a cascade of aspect ratio 4 (fig. 20) 
over the test range of angle of attack. It is therefore 
believed that a reasonably close approach to two-dimensional 
flow was obtained with continuous removal of the tunnel-
wall boundary layers. 

EFFECT OF REYNOLDS NUMBER 

A set of 2.5-inch-chord airfoils was constructed to permit 
cascade tests with blades of aspect ratio 2. At the usual 
test velocity of about 95 feet per second, the Reynolds 
number of this cascade would be 123,000, a value presumably 
well above the critical range at which scale effects occur 
(usually taken to be about 100,000 for typical axial-flow 
compressors). Because of the low turbulence level of the 
Langley 5-inch cascade tunnel, laminar separation existed, 
and very poor performance was observed. (Velocity varia-
tion was 0.0004 of stream velocity; however, in both tunnels 
the turbulence factor varied somewhat with the air velocity.) 
A series of tests was therefore run in an attempt to define 
the critical Reynolds number for the test cascade in several 
tunnel configurations. 

The 2.5-inch-chord blades in the original smooth condition 
were tested at several values of B by increasing the test 
entrance velocity. In figure 21, a leveling of the turning-
angle and drag-coefficient curves around values of R=250,000 
is indicated for these tests. Because the tunnel motor and 
blower appeared to be operating at speeds above a safe limit, 
attempts were made to simulate higher effective values of 
B by introducing turbulence into the air stream and by 
using airfoils roughened by a strip of masking tape at the 
leading edge. Figure 22 indicates that a turning-angle per-
formance indicative of higher effective Reynolds number can 
be obtained by the use of roughness. Some difficulty was 
encountered in introducing turbulence to the test air stream 
and still maintaining uniform entering-flow conditions; there-
fore, the results are not presented herein. However, quali-
tatively, the expected effect was observed.
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FIGURE 18.—Pressure distributions at two spanwise locations in the 5-inch porous-wall
cascade of aspect ratio 1. a=14.10. 
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FIGURE 19.—Comparison of test-airfoil surface pressure distributions measured along tunnel 
center line with solid and with porous walls. a14.1°.
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FIGURE 20.—Comparison of pressure distributions at two spanwise locations taken in the 
porous-wall cascade of aspect ratio 4, at 600 inlet angle, and with a solidity of 1. a=90. 
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FIGURE 22.—Effect of roughness on cascade performance over a range of Reynolds numbers. 
Tests were made in 5-inch solid-wall cascade of aspect ratio 2.
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To make certain that values of R above 250,000 would 
produce only insignificant changes in performance, a set of 
5-inch-chord airfoils were rerun in the 5-inch cascade with 
solid walls at the usual test velocities and at higher values. 
These results are included in figure 21. Since the aspect 
ratio of the blades used in these tests was unity, the turning-
angle values are not directly comparable with the results of 
the 2.5-inch-chord tests. The indication is that the critical 
Reynolds number is about 250,000. 

Hot-wire anemometer measurements in the 20-inch tunnel 
indicated that the turbulence factor of this tunnel was about 
ten times that of the 5-inch tunnel. To obtain further 
information on Reynolds number effects, the test cascade was 
rerun in the 20-inch tunnel. Entering speeds above and 
below the usual value were used. These results are also 
included in figure 21. In the Reynolds number range 
between 160,000 and 250,000 the turning-angle values for the 
porous-wall cascades of A= 1 and A=4 vary less with R than 
do the values for solid-wall cascades of A=2. Apparently, 
continuous removal of the side-wall boundary layer makes a 
compressor cascade less sensitive to Reynolds number 
changes. 

A large variation in the value of the measured wake 
coefficient is noted at R=250,000. The section drag for the 
solid-wall cascade of A= 1 is influenced by the blade-wall 
junction losses, as was shown in figure 13. The wake coeffi-
cients of the test airfoils of A=2 in the solid-wall cascade and 
A= 1 in the porous-wall cascade are believed to be greater 
than those of the airfoils with A=4 because of the greater 
turbulence and higher effective Reynolds number in the 
20-inch tunnel. This trend is evident in figure 23, in which a 
plot of Cw against a is presented for several tunnel configura-
tions. The scatter of the (YW values suggests the order of 
accuracy of this measurement. 

Data taken at angles of attack other than 15.1° indicate a 
large change in the values of dO/da with R (fig. 24). Most of 
these data were obtained with the solid-wall cascade with 
blades of A=2 over only a. 4° range of a; however, a more 
complete a range was run in a. porous-wall cascade with blades 
of A=2 at R= 190,000 and 176,000. The points presented in 
figure 24 are not to be considered final, but they do provide an 
indication of the trend to be expected. 

The decrease of dO/da with R is believed to be related to the 
pressure gradients near the leading edge of the convex surface 
of the test airfoils and to the extent of the laminar separation. 
At lower angles of attack, the pressure recovery in the for-
ward 35 to 40 percent chord is small (fig. 20) and laminar 
flow can exist for some distance so that a relatively thick 
laminar boundary layer results. Farther downstream a, 
rapid pressure rise occurs and, at low Reynolds numbers, a 
severe laminar separation takes place and low lift and low 
turning angles result. The fact that severe separation occurs 
is indicated by the high Cw values measured at low Reynolds 
numbers (fig. 21). At higher angles of attack, the region 
favorable to a laminar boundary layer is reduced, so that 
when laminar separation takes place the separation is of 
lesser extent. (In some cases, particularly at higher Rey-
nolds numbers, the flow may reattach to the surface.) Thus,
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FIGURE 23.—Wake coefficient of the NACA 65-(12)10 airfoils at 600 and =1 for various
angles of attack.
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as the angle of attack is increased, a disproportionate increase 
in turning angle occurs at low Reynolds numbers. At higher 
Reynolds numbers, laminar separation is less likely to occur 
so that these effects are less pronounced and a lower value of 
dO/da results. 

Attempts were made to verify the apparently reduced effect 
of Reynolds number on porous-wall cascades of aspect ratios 
1 and 4 by testing the 2.5-inch-chord airfoils of A=2 with 
permeable walls. With the exhausting equipment available, 
it was not possible to establish the desired flow conditions at 
Reynolds numbers above 190,000. At this value, a turning 
angle of 19.2° was measured at 15.1 0 angle of attack, and 
dO/da equalled 0.90. These results agree -with the previously 
recorded data. 
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COMPARISON OF SEVERAL METHODS OF CORRECTING TURNING
ANGLES TO THE TWO-DIMENSIONAL CASE 

There are many situations in which it would be desirable 
to use solid-wall cascades if suitable means for correcting the 
results were available, as, for example, when schlieren photo-
graphs of the flow are desired. Several methods for con-
verting cascade and compressor results that are not two-
dimensional to the two-dimensional case were applied to the 
data from the solid-wall cascade with blades of A=4. One 
method is based on the discussion in reference 3, in which the 
exit axial velocity is made equal to the inlet axial velocity. 
The entrance inlet angle and angle of attack are assumed to 
be unaffected by the exit flow (fig. 25(a)). A second 
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FIGURE 25.—Velocity diagrams illustrating several correction methods.

method, based on a discussion in reference 10, suggests that 
the exit axial velocity be adjusted by one-half the difference 
between inlet and exit values and the corrected turning angle 
be the difference between the actual inlet vector and the 
adjusted exit vector (fig. 25(b)). A third method is to 
average the inlet and exit axial velocities and then to reduce 
the averaged axial velocity by one-half the axial-velocity 
increment due to the wake to obtain the inlet axial velocity. 
The exit axial velocity would be greater than the average 
value by one-half the wake increment (fig. 25(c)). In all 
these methods, the change in the tangential velocity is 
assumed to be unaffected by the change in axial velocity. 
This assumption may not be valid. 

The turning angles measured in the solid-wall cascade of 
A=4 have been corrected by these three methods, and the 
results are presented in figure 26. The turning angles 
measured in the solid-wall cascade of A =1, which were in 
good agreement with test-blower and porous-wall-cascade 
results as indicated in figure 9, are included in figure 26. 
Corrected values obtained by the wake-allowance method 
(method III), which gave the smallest change for a given 
axial-velocity increase, are also included for the A= 1 solid-
wall case. The turning angles for the A=4 case as measured 
were 2° to 4° higher then the median values of figure 10. 
The second and third methods reduced these differences to 
about one-half. The first method yielded results in better 
agreement with median curve, but the corrected values 
tended to be low, with a maximum difference of about 1°. 

The wake-allowance method was applied to the data from 
the solid-wall cascade with blades of A=1. The corrected 
turning angles -appear 2° to 3° below the measured data 
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FIGURE 26.—Comparison of turning angles measured in the solid-wall cascades of A=1 and 
.4 =4 with values corrected by several methods. 	 - 
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(or the median curve) if this method is used and would be 
even lower if the other methods were used. Since the cor-
rected turning angles for blades of A=4 tend to be too high 
and the values for blades of A= 1 too low, the conclusion 
might be drawn that some combination of test aspect ratio 
and correction method could be obtained that would make 
possible the adjustment of cascade data that are not two-
dimensional to the two-dimensional case. That such a 
combination would yield satisfactory results over the useful 
range of inlet angles, solidities, and cambers seems unlikely. 
Consideration of correction attempts for aspect ratios 1 and 
4 indicates that a single simple method of adjusting measured 
values for observed axial-velocity changes is not likely to 
be found. Apparently factors other than the increase or 
decrease of axial velocity through the cascade must be taken 
into account. Undoubtedly one of these other factors is 
the effect of the flow induced by the trailing vortices. The 
method of reference 9 was used to estimate the magnitude 
of these effects in the solid-wall cascades of A= 1 and A=4, 
for a measured turning angle of 200. The turning angle in 
the cascade of A= 1 is decreased about 20 by the induced 
flow, whereas the turning angle for the blade of A=4 is 
reduced by 1.7 0 . Adding 2° to the corrected turning angles 
in figure 26 would bring the A= 1 results into closer agree-
ment with the median curve. Adding 1.7° to the A=4 
results, however, would cause greater disagreement between 
the values corrected by any of the three methods used and 
the median curve of figure 10.	 - 

The values of normal-force coefficient obtained by inte-
grating the pressure distribution about the test airfoils have 
been replotted with the turning angles corrected by three 
methods (fig. 27). The corrected (CN)p curves intersect the 
theoretical curve'urv within the test range. The (CN)p curve 
plotted against measured values of 0 did not intersect the 
theoretical curve (fig. 14). Thus the axial-velocity adjust-
ment methods used might be considered to improve the 
agreement between measured and calculated normal-force 
coefficients, but, because the slopes are quite different, only 
little improvement is gained. If the induced flows were 
taken into account by the relations of reference 9, the 
various values of dUN/dOC would be in less agreement with 
the theoretical values, because the reduction of turning 
angle due to the trailing vortices increases with Qv. Thus 
no methods are at hand to explain the observed flows in the 
solid-wall cascades.

TURBINE-BLADE TESTS 

A turbine blade designed to operate at 0=30° with about 
85° turning angle, a pressure-drop, reaction condition, was 
tested in the 5-inch tunnel in cascades of A=0.83 and in 
the 20-inch tunnel in cascades of A=3.33; solid walls were 
used. The curves of a against C are presented in figure 28. 
Little difference other than experimental scatter is noted. 
Blade-surface static-pressure measurements taken along the 
tunnel center line are shown in figure 29. Greater differences 
than can be accounted for by inaccuracies of measurement 
existed, but general agreement was obtained. Tuft surveys 
indicated a collecting of low-energy flow at the juncture of
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FIGURE 27.—Comparison of normal-force coefficients obtained in the solid-wall cascade of 
A=4 when plotted against the measured turning angles and the turning angles corrected 
by three methods. 
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FIGURE 28.—Variation of turning angle with angle of attack for one turbine-blade section
tested at aspect ratios of 0.83 and 3.33. 

the convex surface of the test blades and the tunnel side 
walls. In these tests, even at the lower aspect ratio, this 
condition seemed to have little effect on the test results. It 
is therefore believed that, with usual pressure-drop cascades, 
as with reaction turbine blades, nozzles, and guide vanes, 
useful results can be obtained with cascades of low 
aspect ratio. 

Another reaction turbine section designed for 0=105° at 
0=45° was tested in the 5-inch tunnel in cascades of A=0.83 
with solid and with porous walls. Since the dynamic pressure 
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FIGURE 29.-Comparison of surface pressure distributions of a turbine blade of aspect ratio 
0.83 and aspect ratio 3.33 in solid-wall tunnels. 

at the exit from the solid-wall cascade was not much 
greater than that calculated for two-dimensional flow, very 
little air could be drawn through porous walls without lower-
ing the exit dynamic pressure below the desired value. With 
this low porous-wall flow rate, the pressure drop across the 
porous walls in use with this test was not sufficiently great 
to produce an inflow through the entire wall. Therefore, 
the flow through the cascade could not be considered valid. 
Nevertheless, a turning angle only 10 different (in 105°) 
was measured. This test is at best only indicative of the 
effects of using porous walls with turbine cascades, but it 
seems clear that with pressure-drop cascades little benefit is 
to be gained through the use of permeable side walls. 

CONCLUSIONS 

The results of an investigation to determine the influence 
of aspect ratio, boundary-layer control by means of slots 
and porous surfaces, Reynolds number, and tunnel end-wall 
condition upon the performance of airfoils in cascades have 
led to the following conclusions: 	 - 

1. Conventional cascades of compressor blades with aspect 
ratio 4 do not simulate the two-dimensional case. The 
indication is that very large aspect ratios would be necessary 
to satisfy all criteria of two-dimensionality. 

2. Because of opposing effects, the solid-wall cascade of 
aspect ratio 1 produced a relation between turning angle 
and angle of attack for the NACA 65-(12) 10 compressor 
blade at a solidity of 1 and an inlet air angle of 60° more 
nearly like that of two test blowers than that of the solid-
wall cascade of aspect ratio 4. However, the normal-force 
coefficients obtained from the measured pressure distributions 
were significantly less than those calculated from momentum 
and pressure changes, and the measured pressure rise across

the cascade was significantly less than that associated with 
the measured turning angle. 

3. With continuous boundary-layer removal, cascades of 
aspect ratios 1 and 4 produced curves of turning angle against 
angle of attack for the NACA 65-(12)10 airfoil very similar 
to those of two test blowers, when the pressure rise associated 
with the measured turning angle was established. 

4. Much better agreement was achieved with the porous-
wall cascades between the normal-force coefficients calcu-
lated from momentum and pressure changes and those ob-
tained by integration of the measured pressure distributions 
than was obtained with the solid-wall cascades. 

5. With cascades having a decrease in static pressure in 
the downstream direction, as with guide vanes and turbine 
blades, the use of permeable walls appears to be of negligible 
advantage. With such cascades, solid-wall tunnel configu-
rations having blades of aspect ratios of 0.83 and 3.33 pro-
duced similar results. 

6. For typical compressor-blade cascades in tunnels of low 
turbulence level, scale effects seem to be negligible above 
Reynolds numbers of 250,000 but may be appreciable below 
this value. 

7. The porous-wall technique as applied to cascades of 
compressor blades makes practical the attainment of two-
dimensional flows. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., November 30, 1949. 
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INVESTIGATION OF FREQUENCY-RESPONSE CHARACTERISTICS OF ENGINE SPEED 
FOR A TYPICAL TURBINE-PROPELLER ENGINE' 

By BURT L. TAYLOR, III, and FRANK L. OPPENHEIMER 

SUMMARY 

Experimental frequency-response characteristics of engine 
speed for a. typical turbine-propeller engine are presented. 
These data were obtained by subjecting the engine to sinusoidal 
variations of fuel flow and propeller-blade-angle inputs. Corre-
lation is made between these experimental data and analytical 
frequency-response characteristics obtained from a linear differ-
ential equation derived from steady-state torque-speed relations. 

The results of this investigation indicate that engine speed is 
a linear function of fuel flow and propeller-blade angle for 
limited variations of these parameters. Algebraic expressions. 
approximately describing the frequency-response characteristics 
of the engine tested are primarily first order. Approximate 
frequency-response characteristics limited to first-order effects 
may be calculated from solutions of a linear differential equation 
and equilibrium torque characteristics of the engine and the 
propeller-.

INTRODUCTION 

In order, to design controls that will provide desirable 
transient operation, the dynamics of the various components 
of the controlled system should be known. The most general 
description of the dynamics of any system is the differential 
equations of motion, but use of the detailed and precise aero-
dynamic and thermodynamic equations for analysis of dy-
namic behavior of a gas-turbine engine and control system 
presents insurmountable problems. On the other hand, any 
description whereby linear behavior of the system com-
ponents is assumed can be placed in a form that is readily 
handled and productive of results. The advantages of the 
linear assumption are so far-reaching that its use is justified, 
even where the system is of known nonlinearity but where 
high precision of results is not required, such as in the inves-
tigation of controls for gas-turbine engines. 

In the linear field, several descriptive forms can be used. 
The most general of these is the frequency response, whereby 
the attenuation and the phase lag of steady sinusoidal inputs 
are given for the continuous frequency spectrum. When 
these data are available for each component of a closed-loop 
control system, the time response of the system can he 
calculated. By employing techniques of analysis and syn-
thesis described in reference 1, system behavior can he 
altered to obtain desired frequency-response characteristics 
and the related time response. 

A general investigation is in progress at the NACA Lewis 
laboratory to determine the nature of the dynamics of gas-
turbine power plants and to devise and to evaluate methods 
for describing this behavior in a form applicable to control 

'Supersedes NACA TN 2184, 
L. Oppenheimer, 1950.

synthesis and analysis. Special emphasis has been placed 
on the determination of the behavior of rotative speed 
because of its importance in this type of engine for safety 
and optimum operation. The results of an investigation of 
the frequency-response characteristics of a turbine-propeller 
engine are presented herein. Experimental frequency-
response data were analyzed to obtain the general form and 
nature of the frequency-response and dynamic characteristics 
of such engines, to verify the linear assumption, and to 
obtain a basis upon which other descriptive forms of the 
dynamic behavior may be compared. One such comparison 
is made between the linear differential equation obtained 
from equilibrium-torque curves and experimental frequency-
response characteristics. 

For purposes of this investigation, the dynamic response 
of engine speed to disturbances in fuel flow and propeller-
blade angle for a typical turbine-propeller engine is used. 

ANALYSIS

DEVELOPMENT OF LINEAR DIFFERENTIAL EQUATIONS 

With the hypothesis that quasi-static conditions exist in an 
engine during transient conditions of operation, a differential 
equation may be derived to express the behavior of engine 
speed as a function of fuel flow (reference 2). An assumption 
is made that the torque output of the engine is some function 
of only two variables, engine speed and fuel flow, for a given 
condition of altitude and ram pressure ratio. This function 
may be expanded and linearized so that the following equa-
tion approximates the behavior of engine speed for operation 
in a small region

Q =f1( W1, N ) )
(1) 

where a is the partial derivative of engine torque with respect 
to fuel flow and b is the absolute value of the partial deriva-
tive of engine torque with respect to engine speed. A delta 
prefix before a variable signifies deviation from the initial 
operating point. (All symbols used, in this report are 
defined in the appendix.) 

In a similar manner, the torque absorbed by a propeller 
may be expressed as some function of rotational speed and 
blade angle

Q5=f2(,N) .1
(2) 

"Investigation of Frequency-Response Characteristics of Engine Speed for a Typical Turbine-Propeller Engine" by Burt L. Taylor, III, and Frank 
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where c is the partial derivative of propeller torque with 
respect to blade angle and d is the partial derivative of pro-
peller torque with respect to propeller speed. 

Any unbalance between torque developed by the engine 
and torque absorbed by the propeller results in an accelera-
tion. If the effective moment of inertia is assumed to be 
comprised of the propeller and the rotating parts of the 
engine, the unbalanced torque may be expressed in terms 
of engine speed and the moments of inertia by the following 
equation:

(3) R	 R2 ) 

If equation (2) is divided by the gear ratio R and sub-
tracted from equation (1), the following equation results:

AQe—^—QP=aAWf— c Ag— b+y)AN,	 (4) 

Equations (3) and (4) may be combined, yielding the follow-
ing differential equation relating engine speed to fuel flow 
and blade angle: 

(i6+) z i.Te+(b+) AN6 =aW1 —	 (5) 

If equation (5) is divided through bYN6(max) and (i+) 

and the appropriate terms are divided by Ne (max), Nr(max), or 
N6 (max) N (max) 

Wf(max) ' he following dimensionless equation expressing 
Wf(max) 
Speed and fuel flow is obtained:

(i) 
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(6) 

The fo'rm of equation (6) is that of a first-order lag, which 
can be written as follows: 

+_
N6 

K 
W1 —K2	 (7) T 

N, (max)Ne(max)	 Wf(max) 

where the dynamic characteristics are entirely defined by 
the time constant r and the equilibrium condition is defined 
by K1 and K2. Thus,

1 

Ki = bd	 (8) 

T7 _______Cl 
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FREQUENCY RESPONSE 

Frequency-response characteristics may be calculated by 
solving the differential equation describing a system sub-
jected to sinusoidal forcing functions of various frequencies. 
The same results may be obtained by applying the opera-
tional calculus to the differential equation. Thus, the 
response of engine speed to fuel flow at constant blade angle 
can be expressed in terms of the operator iw as follows: 

LNe 
N. 	 K1 
wf 'l+irw) 

Wf(max) 

which is obtained from equation (7) by replacing the first 
derivative with respect to time by (iw) and treating the 
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results algebraically. The complex operator represents both 
the ratio of the amplitudes of the engine-speed and fuel-flow 
sine waves and the relative phase angles. The amplitude 
ratio is the absolute value of the complix function, as 
follows:

I lANe 1 
I NemaxI	 K1 
I iTV, I1/1+r2w2	

(10) 

Wf(max)I 

The angle by which the engine-speed sine wave lags the 
fuel-flow sine wave is as follows: 

AN, 

Ang

	

	 =tan' (wr)	 (11) 
AWf 

W1 (m) 

The frequency response of engine speed to blade angle at 
constant fuel flow may be obtained by the same procedure, 

Ne (maz) . - - K2 (12) Ag	 (1+irw) 

(max	 K2 (13) 
zf3 I.J1+r2w2 

AN, 

Ang Nmaz)tan_1 (W T)	 (14) 

APPARATUS AND PROCEDURE 

ENGINE INSTALLATION 

Engine.—The principal components of the engine used 
for the investigation are an axial-flow compressor, reverse-
flow combustion chambers, and a single-stage direct-coupled 
turbine. A two-stage planetary gear system provides a 
speed reduction between the turbine and the propeller. 

A 12-foot-i-inch-diameter, four-bladed propeller was in-
stalled on the engine. The pitch-changing mechanism is a 
self-contained hydraulic unit located in the propeller hub. 
A lever, or beta arm, on the stationary portion of the hub 
operates the hydraulic control valves in the rotating part so 
that a linear relation exists between the beta arm and the 
blade angle. Each position of the beta arm corresponds to 
a ufiique blade angle during steady-state operation. 

Harmonic-motion generator.—An approximation of simple 
harmonic motion by the beta arm was obtained by connect-
ing it to a rotating crank driven by a direct-current motor 
through a worm gear reduction unit. A minimum ratio of 
100: 1 between the connecting rod and the crank length made 
the motion of the beta arm vary less than 1 percent from a 
true sine wave. By controlling the armature current and 

213637-53-----10

substituting various speed reducers in the harmonic-motion 
generator, a range of frequencies could be obtained. The 
center of amplitude of the sine wave could be varied by 
shifting the position of the harmonic-motion generator, and 
various amplitudes could be obtained by changing the crank 
length. 

In order to vary fuel flow sinusoidally, the fuel system of 
the engine was disconnected from the manifold and replaced 
by an external system, as shown in figure 1. A line was 
connected in parallel with the main throttle in order to 
obtain a small variation of fuel input about a center of 
amplitude set by the main throttle. The harmonic-motion 
generator used in the blade-angle runs varied the flow in the 
parallel line by means of a linear valve. Changes in pressure 
drop across the valve were too small to have an effect upon 
the lineai variation of flow during transient operation. 

INSTRUMENTATION 

Steady-state measurements were taken of propeller-blade 
angle, fuel flow, engine torque, and engine speed. Provisions 
were made to measure all of these variables except the torque 
during transient conditions of operation. 

Blade-angle position was measured by the use of a potent-
iometer attached to the propeller blade that varied the flow 
of current in an electric circuit iii .direct proportion to the 
blade position. For steady-state measurements, the cur-
rent was measured by a milliammeter; during transient con-
ditions the circuit was switched to a recording oscillograph 
element. A conventional slip-ring arrangement was used 
to complete the circuit betveen the potentiometer on the 
propeller hub and the recording device. Beta-arm position 
was recorded in a similar manner. 

In order to measure, fuel flow, an A.S.M.E. orifice was 
installed in the main fuel line immediately upstream of the 
engine fuel manifold. A bellows-type differential-pressure 
gage measured the pressure drop across the orifice and 
actuated a small potentiometer that varied the current in a 
circuit similar to that used for blade-angle measurement. 
Inasmuch as flow variations were small in comparison with 
mean flow, the nonlinear relation between pressure drop 
and actual flow was insignificant.

Mo for -driven crank 
for sinusoidal input-; 

Presur 
regulator Va/VS - 7	 Linear 

valve- --

Fuel 
source'

1S,Small-s/of -, Motor -driven	 Main engine ' fuel pump- -
	

manifold-
 Ihrottle - -

Large- slot 
manifold- - - - 

FIGuRE 1.—System for providing sinusoidal fuel flow.
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FIGURE 2.—Schematic diagrams of transient response instrumentation. 

The ring gear of the planetary reduction unit of the engine 
is restrained by a self-balancing hydraulic system. The 
torque output of the engine was indicated by the pressure 
required to act on the hydraulic piston to maintain balance. 
This pressure was measured by a Bourdon gage. 

Steady-state measurement of engine speed was accom-
plished by means of a. three-phase tachometer generator 
and indicator. For recording transients in engine speed on 
the oscillograph, a direct-current tachometer generator was 
utilized in a current-measuring circuit. 

A 10-cycle-per-second timing signal generated by an audio 
oscillator was recorded on the oscillograph film to show the 
time variation of the measured variables. The signal was 
frequently compared with a standard 60-cycle-per-second 
current on a cathode-ray oscilloscope for calibration pur-
poses. 

Schematic diagrams of the transient measurement circuits 
are shown in figure 2. Table I indicates the steady-state 
and transient characteristics of the instruments used. The 
osdillograph was used to record only increments of deviation 
from the initial operating point. Conventional steady-
state instruments were used to measure the level at which 
the transient occurred and to evaluate the increments. The 
oscillograph was calibrated frequently during the runs for 
known values of deviation as measured by the steady-state 
instruments.

PROCEDURE 

Frequency-response runs.—In order to determine the 
frequency response of engine speed, sinusoidal variations 
were made in propeller-blade angle at constant fuel flow 
and in fuel flow at constant blade angle. The frequency 
range to be investigated was determined by the. following 
considerations: It is shown in reference 1 that for a first-
order system the break frequency is inversely proportional 
to the system time constant and that an adequate frequency 
range to describe the unit is 0.1 to 10 times this value. 
Therefore, by assuming the time constant to be 5 seconds and 
considering the engine primarily of first order, the range of 
descriptive frequencies was defined to be 0.02 to 2 radians 
per second. 

Dynarriic behavior about two equilibrium running condi-
tions of the engine was investigated. The first condition was 
65 percent of maximum rated fuel flow and a blade angle of 
18° (97.5 percent of maximum engine speed). The other 
condition was 81 percent of maximum rated fuel flow and a 
blade angle of 28° (92.5 percent of maximum engine speed).

The amplitude of the forcing function was the same at each 
operating condition; namely, a blade angle of 20 and 3.9 
percent of maximum rated fuel flow. For each run, oscil-
lographic records were made of the time variation of pertinent 
variables during steady-state sinusoidal operation. Typical 
records of these data are reproduced in figure 3. The high 
frequency variation of the fundamental waves in these figures 
resulted from electrical and mechanical disturbances to the 
sensing elements. 

H	 1se 

,.IIIIIIsIaII,,,,..........

(a) 

-H
(b) 

(a) Typical data showing steady-state sinusoidal response of engine speed to blade angle. 
Fuel flow, 81 percent of maximum rated; mean engine speed, 92.5 percent of maximum; 
mean blade angle, 28°; frequency, 0.928 radian per second. 

(b) Typical data showing steady-state sinusoidal response of engine speed to fuel flow. Blade 
angle, 18°; mean engine speed, 87.5 percent of maximum; mean fuel flow, 65 percent of maxi-
mum rated; frequency, 0.873 radian per second. 

FIGURE 3.—Typical steady-state sinusoidal data for turbine-propeller engine.
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(a) Amplitude-ratio relation. Fuel flow, 65 percent of maximum rated; mean engine speed, 	 (c) Phase-angle relation. Fuel flow, 65 percent of maximum rated; mean engine speed. 
97.5 percent of maximum; mean blade angle, 18°; blade-angle amplitude, 2°. 	 97.5 percent of maximum; mean blade angle, 18°; blade-angle amplitude, 2°. 

(b) Amplitude-ratio relation. Fuel flow, 81 percent of maximum rated; mean engine speed,	 (d) Phase-angle relation. Fuel flow, 81 percent of maximum rated; mean engine speed, 92.5 
92.5 percent of maximum; mean blade angle, 28 1 ; blade-angle amplitude, 2° 	 percent of maximum; mean blade angle, 28°; blade-angle amplitude, 2°. 

FLOORE 4.—Propeller-blade angle—engine-speed relations at constant fuel flow obtained from experimental sinusoidal response data for typical turbine-propeller engine. 

Equilibrium runs.—Equilibrium data required to evaluate 
the constants of equation (6) were obtained by the following 
procedure: For a set value of fuel flow, propeller-blade angle 
was adjusted to obtain nine operating points between 85 and 
100 percent of maximum engine speed. These speed points 
were used for fuel flows of 50.0, 57.6, 65.4, 69.1, 77.0, and 84.5 
percent of maximum fuel flow except when torque or turbine-
outlet-temperature limitations prohibited operation through-
out the complete range. Engine torque, engine speed, fuel 
flow, and blade-angle measurements were taken at each 
operating point.

RESULTS AND DISCUSSION 
EXPERIMENTALLY DETERMINED FREQUENCY-

RESPONSE CHARACTERISTICS 

Results of sinusoidal inputs.—Results of the sinusoidal 
blade-angle and fuel-flow inputs as obtained from the oscil-
lographic traces are shown in figures 4 and 5. Amplitude 
ratio of output to input is presented on log-log coordinates 
as a function of frequency. Phase-angle lag of the output 
relative to input is presented on semilog coordinates as a 
function of frequency. 

The form of these frequency-response curves indicates the 
nature of the dynamic characteristics of this power plant.
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(a) Amplitude-ratio relation. Mean fuel flow, 65 percent of maximum rated; mean engine 
speed, 97.5 percent of maximum; blade angle, 18°; fuel-flow amplitude, 3.9 percent of maxi-
mum. 

(b) Amplitude-ratio relation. Mean fuel flow, 81 percent of maximum rated; mean engine 
speed, 92.5 percent of maximum; blade angle, 28°; fuel-flow amplitude, 3.9 percent of maxi-
mum. 

FIGURE 5.—Fuel-flow—engine-speed relations at constant blade angle obtained from experi-



mental sinusoidal response data for typical turbine-propeller engine. 

The regularity of data points indicates that the system 
follows these predicted characteristics better than might be 
anticipated. Furthermore, in support of the assumptions 
made for the differential-equation analysis, the system 
appears to be primarily a first-order lag system. Despite 
the complexity of the physical system and the processes per-
formed in the turbine cycle, a fairly simple mathematical 
form approximates the actual behavior of the engine. 

Algebraic form of data.—As shown in figures 4 and 5, 
although the system is primarily first order, higher order 
effects are present. Increased attenuation of the output 
amplitude at phase shifts approaching 18.00 indicates that a 
second-order approximation may more exactly describe the 
data. An equation of the following form has therefore been 
fitted to the experimental data: 

output_	 K 
input (1+ir1c,)(1+jr2w) 

The equation was matched to the experimental data at the 
steady-state point and at phase shifts of 45° and 90°, thereby 
determining the three variables of the equation, K, r 1 , and 
r2 . Results of these computations are presented in column 
3 of table II.

Frequency, u, rbd,ans/sec 

(c) Phase-angle relation. Mean fuel flow, 65 percent of maximum rated; mean enginle speed, 
97.5 percent of maximum; blade angle, 18°; fuel-flow amplitude, 3.9 percent of maximum. 

(d) Phase-angle relation.. Mean fuel flow, 81 percent of maximum rated; mean engine speed, 
92.5 percent of maximum; blade angle, 28°; fuel-flow amplitude, 3.9 percent of maximum. 

FIGURE 5.—Concluded. Fuel-flow—engine-speed relations at constant blade angle obtained 
from experimental sinusoidal response data for typical turbine-propeller engine. 

A maximum error in the value of the second time constant 
T2 of 0.1 second could be attributed to instrument lags; the 
numerical values for this time constant 7-2 are therefore pre-
sented only to indicate the order of magnitude of this second-
order effect. Because the fuel-measurement device was 
slower . than the blade-angle measurement circuit, instru -
mentation error would reduce the value of -r2 in the functions 
of engine speed to fuel flow input. The opposite trend of 
experimental results indicates that the second-order effect is 
an engine phenomenon. The fact that a ratio in the order 
of 10:1 exists between the two time constants 7-1 and 7-2 makes 
the second-order effect negligible for many problems of con-
trol analysis. 

In order to compare the form of the algebraic approxima-
tions with the actual data, cross plots of figures 4 and 5 are 
presented on figures 6 and 7, respectively, together with 
curves of the algebraic expressions. The calculated first-
order curves of figures 6 and 7 will be subsequently discussed.
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a) Fuel flow, 65 percent of maximum rated; mean engine speed, 97.5 percent of maximum; mean blade angle, 18°. 
(b) Fuel flow, 81 percent of maximum rated; mean engine speed, 92.5 percent of maximum; mean blade angle, 28°. 

FIGURE 6.—Frequency response of engine speed to variations in propeller-blade angle obtained from experimental data and theoretical calculations for typical turbine-propeller engine. 
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(a) Mean fuel flow, 65 percent of maximum rated; mean engine speed, 97.5 percent of maximum; blade angle, 180. 
(b) Mean fuel flow, 81 percent of maximum rated; mean engine speed, 92.5 percent of maximum; blade angle, 280. 

Fiouns 7.—Frequency response of engine speed tc variations in fuel flow obtained from experimental data and theoretical calculations for typical turbine-propeller engine. 
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Comparison of frequency-response functions.—Variation 

of the first-order time constant with operating conditions 

may be of more importance than the second-order effect. 

A comparison of first-order time constants in table II shows 

that these constants not only vary with the engine-power 

points but also vary with the forcing function at the same 

power point. For an exact description of dynamic behavior 

of engine speed, extensive data may be required to determine 

the trend of transient characteristics. 

Linearity of dynamic behavior.—For purposes of analysis, 

an assumption was made that engine speed was a linear func-

tion of fuel flow and blade angle for small transients. In

order to evaluate this assumption from the results of experi-

mental data, the form of the outputs recorded on oscillograph 

film was compared with an analytical sine wave. For inputs 

resulting in engine-speed changes of as much as 6 percent of 

maximum speed the form of the speed sine wave varied 

negligibly from an exact sine wave. Greater input ampli-

tudes resulting in larger speed oscillations caused appreciable 

distortion, the effect being greater at low-power points. An 

assumption of linearity is therefore justified only for re -
stricted deviations on the order of 3 or 4 percent from an 
equilibrium point. 
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(a) Constant engine-speed characteristics.

	

	 (b) Constant fuel-flow characteristics including selected operating lines. 
(Cross-plotted from fig. 8(a).) 

FIGURE 8.—Relation between engine-torque parameter, percentage of maximum engine speed, and percentage of maximum rated fuel flow as obtained from experimental data for typical turbine. 
propeller engine. 

ANALYTICALLY DETERMINED FREQUENCY-RESPONSE 
CHARACTERISTICS 

Results of equilibrium runs.—The relation between steady-
state values of engine torque and fuel flow is plotted in figure 
8 (a) for several values of constant speed. Cross plots for 
lines of constant fuel flow are shown in figure 8 (b). Figure 
9 (a) is a plot of propeller torque against blade angle for 
various values of constant speed and cross plots for lines of 
constant blade angle are shown in figure 9 (b). In order to 
show the equilibrium running conditions about which sinu-
soidal data were taken, two lines of constant blade angle, 
18° and 28°, are superimposed on figure 8 (b). 

Losses to the accessories and the gear reduction unit were 
neglected in calculations of propeller torque. 

Range of linearity.—In the derivation of equations (1) and 
(2), an assumption was made that the relations presented in 
figures 8 and 9 may be considered as straight lines for small 
deviations from a given steady-state point. The actual data 
indicate that this assumption is justified for the engine 
characteristics over rather large regions, but the propeller 
characteristics should be considered linear only in very small 
regions. Furthermore, these engine data as obtained under 
steady-state conditions of operation may not be accurate 
under transient conditions if the turbine is required to oper-
ate at a point far from the design condition (reference 2). 

Analytical sinusoidal response.—Frequency-response char-
acteristics of the engine were calculated for operating points 
at which experimental sinusoidal data were taken. Values 
of the constants a 1 , b 1 , c1 , and d1 for an operating condition 
were obtained from the slopes of the curves of figures 8 (a), 
8 (b), 9 (a), and 9 (b), respectively. With values so deter-
mined, equations (10), (11), (13), and (14) were evaluated

for a range of frequencies coinciding with that used in the 
experimental runs. Results of these calculations are included 
in figures 6 and 7. 

Algebraic form of analytical results.—The algebraic form 
of the first-order curves presented in figures 6 and 7 is shown 
in equations (9) and (12). These equations were evaluated 
for the selected operating points and the results are presented 
in column 4 of table II. 

For the assumptions made in the analysis, the engine time 
constant is independent of the forcing function, as shown in 
equation (7). Variation of time constants for the two power 
points results from the nonlinearity of torque-speed charac-
teristics of the engine and the propeller. The magnitude of 
this variation is sufficient to limit the utility of an analysis 
in which linear approximations are assumed. For studies of 
behavior within restricted regions, the analysis is satisfactory. 

COMPARISON OF DIFFERENTIAL-EQUATION SOLUTION WITH
EXPERIMENTAL RESULTS 

Comparison of form.—Calculated frequency-response char-
acteristics are similar to the experimental results at low-
frequency values, as shown by figures 6 and 7. Because of 
higher-order effects exhibited by the experimental data, 
deviation between the two sets of curves increases at higher 
frequencies. This effect is particularly evident in the phase 
shift occurring at high frequencies. Presence of phase shifts 
greater than 90° in the engine system may limit the over-all 
loop gain for stability in a combined engine and control 
system. For the usual case in which the control contributes 
at least 90° additional phase shift to the engine polar dia-
gram, the gain at the 180° phase shift point has a definite 
limit according to the Nyquist criterion (reference 1). 
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(a) Constant propeller-speed characteristics. 

FIGURE 9--Relations between propeller-torque parameter, percentage of maximum propeller speed, and blade angle for 12-foot-I-inch-diameter, four-bladed propeller. 
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FIGURE 9.—Concluded. Relations between propeller-torque parameter, percentage of max-
imum propeller speed, and blade angle for 12-foot-i-inch-diameter, four-bladed propeller. 

Comparison of numerical values.—In general, the value of 
the experimental time constant is lower than the value of the 
analytical time constant for a given power operating point. 
The significance of this variation depends on the particular 
application of the data; for some problems of control analysis

a range of variation of 2 to 1 in the engine time constant 
causes little change in the combined engine-control system. 
Discrepancies between steady-state- gain values, analytical 
and experimental, can be accounted for by the fact- that the 
analytical values are calculated from slopes of equilibrium-
torque curves.

CONCLUSIONS 

From a sea-level static investigation of the frequency-
response characteristics of a turbine-propeller engine, the 
following conclusions may be drawn: 

1. Engine speed is a linear function of fuel flow and 
propeller-blade angle during transient operation, if deviations 
from the equilibrium operating point are of the order of 3 or 4 
percent. 

2. The frequency-response functions of engine Speed to 
fuel flow and engine speed to blade angle are primarily first 
order, but higher-order effects exist. 

3. A differential equation that closely describes engine 
speed as a function of fuel flow and blade angle can be de-
rived from steady-state data. 

LEWIS FLIGHT PROPULSION LABORATORY 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 
CLEVELAND, OHIO, March 24, 1950 
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APPENDIX SYMBOLS 
The following symbols are used in this report: 

a	 partial derivative of engine torque with respect to fuel 
OQe lb-ft 

ow,	
1171ii 

a 1 	 partial derivative of engine-torque parameter with 
respect to percentage maximum fuel flow, 

Qe	 1 
[Ne(max)Ie (i +j12)j 

1 
see 

LT'l'fmaz)J 
b	 absolute value of partial derivative of engine torque 

with respect to engine speed

	

	 lb-ft , 0Q8 
jiii 

b 1	 partial derivative of engine-torque parameter with 
respect to percentage maximum engine speed, 

N, 1,(i+42)] 

1 

IM-1.)
 1 	 'see 

L1J 
C	 partial derivative of propeller torque with respect to 

OQ lb-ft blade angle,	 , —de 0 13	 g 
Cl 

d 

ii 
f2

i	 imaginary number, 
I	 polar moment of inertia of rotating parts of engine, 

(lb) (ft) (sec) (rad) (min)/revolution 
I,,	 polar moment of inertia of propeller, (lb) (ft) (see) (rad) 

(min) /revolution 
K	 arbitrary constant 
K1	 constant defining equilibrium condition, 

K 
— a 1 rpm 
'b1+d1' lb/hr 

K2	 constant defining equilibrium condition,
Cl K - 	 rpm 

2 b1+d1' deg 
N engine speed, rpm 
N9 propeller speed, rpm 
Q	 engine torque, lb-ft 
Q,	 propeller torque, lb-ft 
R	 gear ratio of engine speed to propeller speed 
W, fuel flow, lb/hr 
13	 propeller-blade angle, deg 
fib beta arm, used to denote lever input to mechanism 

for changing propeller-blade angle on engine used 
to run data 

deviation from initial operating point 
engine time constant, sec 
frequency, radians/sec 

Subscript: 
max maximum
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TABLE I—STEADY-STATE AND TRANSIENT CHARACTER-



ISTICS OF INSTRUMENTS 

Measured variable Steady-state accuracy Transient characteristics 

Blade angle, ft ---------

— 

Limited	 by oscillograph do- 
2 ment (40 cps) 

Limited	 by	 oscillograph ele- 
ment (40 cps) 

Fuel flow, Wj--------- ±1 

- --- — 

percent for lull flow . 10-15 cps 
Beta arm,	 ------------1 percent of full travel------ -

±1 percent for lull scale Torque, Q--------------
Engine speed, N. of 1 percent for full scale- Limited by filter circuit (1.59 

cps) 

partial derivative of propeller-torque parameter with 
respect to blade angle, 

'or	 1 

	

[NP(maz)IP(1+J42)j	 1 
13	 ' (see) (deg)

partial derivative of propeller torque with respect to 

propeller speed, 0Q9 lb–ft- 

partial derivative of propeller-torque parameter with 
respect to percentage maximum propeller speed, 

IpIR 

P(max ) J 
function of Wi,Ne 
function of 13,N9

TABLE 11—FREQUENCY-RESPONSE FUNCTIONS 

1 2 3 4 

Frequency-response
function Operating	 oin Algebraic form of frequency-response 

function from experimental data
Algebraic form of frequency-response 

function from calculated equation 

K K, 
General --------------------------- (1+il-ic.,)(1+Ir,w) 

(iw) lV,65 percent of maximum rated- -1.06
 30	 ,.,)(l+i 0.283w) (j+i 3.75w) 

(percent/deg)  -1.73 -1.76 
W =8l percent of maximum rated- (1+13.35 w) (1+i 0.185w) (l+i 2.86w) 

--

K KI 
(l+j,.,,,)(l+i,,w) (1+irw) 

5lVfIlVf(.,) (6)

General----------------------------—

76 
(1+i 3.32 w)(l+1 0.375w)

75 
(1+13.75w) 

(percent)

----------------------------------

so 48 
=28- ----------------------------- (1+i 2.86w) - -(1+12.73 w) (1+I 0.332w)

213637-53------20
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A THEORETICAL ANALYSIS OF THE EFFECT OF TIME LAG IN AN AUTOMATIC STABILIZATION 
SYSTEM ON THE LATERAL OSCILLATORY STABILITY OF AN AIRPLANE' 

By LEONARD STEENFIELD and ORD WAY B. GATES, Jr. 

SUMMARY
	

SYMBOLS AND COEFFICIENTS 

A method is presented for determining the effect of time lag 
ii-t an automatic stabilization system on the lateral oscillatory 
stability of an airplane. The method is based on an analytical-
graphical procedure. The critical time lag of the airplane-
autopilot system is readily determined from the frequency-
response analysis. 

The method is applied to a typical present-day airplane 
equipped with an automatic pilot sensitive to yawing accelera-
tion and geared to the rudder so that rudder control is applied 
in proportion to the yawing acceleration. The results calculated 
for this airplane-autopilot system by this method are compared 
with the airplane motions calculated by a step-by-step procedure. 

INTRODUCTION 

Recent calculations and flight tests of several airplanes 
designed for operation in the transonic speed range have 
indicated unsatisfactory damping of the lateral oscillation. 
The results presented in reference 1 show that the oscillatory 
stability can be improved by the use of an automatic pilot. 
The calculations of reference 1, however, were made on the 
assumption of an idealized control system without lag. 
Reference 2 points out that lag of the type in which the 
amount of control applied at a given instant is assumed to 
be proportional to a deviation which existed at a fixed time 
previous to the given instant can be represented mathe-
matically by use of the lag operator where r, is 
nondimensional time lag based on the span and Db is the 
differential operator. Lag of this type is geiierally referred 
to as time lag. Reference 2 suggests that for purposes of 
calculation the lag operator may be approximated by three 
terms of the Taylor's series for e"b. This approximation 
was used in some recent calculations (reference 3) and the 
results were found to be erroneous and misleading. The 
purpose of this report is to present a satisfactory method 
for determining the effect of time lag on the lateral oscilla-
tory stability based on the exact expression of the lag 
operator rather than any approximation. Some recent 
analyses on the same problem, unknown to the authors at 
the time this problem was being analyzed, are presented in 
references 4 and 5. 

'Supersedes NA CA TN 2005, "A Theoretical Analysis of the Effect of Time Lag in an An 
Sternfield and Ordway B. Gates, Jr., 1950.

angle of roll, radians 
angle of yaw, radians 

(3	 angle of sideslip, radians (v1I7) 
r	 yawing angular velocity, radians per second 

(d'/dt) 
yawing angular acceleration, radians per 

second per second (d2'/dt2) 
p	 rolling angular velocity, radians per second 

(dq'/dt) 
v	 sideslip velocity along lateral axis, feet per 

second 
V	 airspeed, feet per second 

mass density of air, slugs per cubic foot 
q	 dynamic pressure, pounds per square foot 

GpV2). 

b wing span, feet 
S wing area, square feet 
W weight of airplane, pounds 
m mass of airplane, slugs (Wig) 
g acceleration due to gravity, feet per second 

per second 
lA b relative-density factor (m/pSb) 

inclination of principal longitudinal axis of 
airplane with respect to flight path, positive 
when principal axis is above flight path at 
nose, degrees 

ly angle	 of	 flight	 path	 to	 horizontal	 axis, 
positive in a climb, degrees 

k 0 radius of gyration in roll about principal 
-	 longitudinal axis, feet 

k 0 radius of gyration in yaw about principal 
vertical axis, feet 

Kxo nondimensional radius of gyration in roll about 
principal longitudinal axis (k10/b) 

K 0 nondimensional radius of gyration in yaw 
about principal vertical axis (k201b) 

Kx nondimensional radius of gyration in roll 
about longitudinal stability axis 

(.jK102 cos2	 +K 02 sin2	 ) 
tomatic Stabilization System on the Lateral Oscillatory Stability of an Airplane" by Leonard 
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Kz	 nondimensional radius of gyration in yaw 	 (TS)c	 critical time lag 
about vertical stability axis 	 KA	 maximum amplitude of acceleration in yaw 

	

-	 (JLTcos2 +K 2 sn2 ,)	 -	 produced by control deflection of unit 

Klrz	 nondimensional product-of-inertia parameter 	 amplitude (-
	 ) ((K 0 2 —Kx02) sin t cos	

b2 
CL	 trim lift coefficient (W cos 7)	 (KA)=— KA 

qS

	

/Rolling moment\	 k	 amplitude of control-surface oscillation pro- 
C1	 rolling-moment coefficient\ 	

qSb	 )	 duced by autopilot in response to oscillation 
•	 . /Yawing moment\ 	 . / ô 

CN	 yawing-moment coefficient 	 '-'Sb	 )	
of airplane acceleration 

I	 \ W ,,topi10 

\ lateral-force coefficient 	 s 
/Lateral force )
	 k, V2 r-- k 

	

60	 Kc^k 
i 

(K)8 ==-

e	 0	 phase angle, radians 
phase angle of lag of ô behind ' When osdillat-

C	 ing control surface, forces airplane to 

	

o
r b	 oscillate, radians 

	

2V	 0C	 phase angle obtained from frequency response 
c	 'of autopilot 

pb 

	

0	 ANALYSIS 

C — 00 1	 The investigation of the effect of time lag on the lateral 

	

pb	 oscillation may be conveniently divided into two parts: 

	

2 V	 (a) determination of the smallest time lag which would result 

	

OCy	 in a neutrally stable oscillation, referred to as critical time lag, 

	

pb	 and (b) the effect of a given time lag on the lateral oscillatory 

	

2V	 stability. It is important to know some of the results of the 

C	
0C	 analysis obtained in part (a) in order to facilitate the analysis 

	

rb	 presented in part (b). Part (a) is based on the frequency-

	

2V	 response method of analysis (references 6 and 7). This 

	

OC	 method affords a relatively simple means of determining the 

	

rb	 critical time lag of an automatic stabilization system and 

	

!WV 	 thereby of establishing the range of time lags for which the 

	

ben	 airplane motion is stable. Part (b) treats the solution of a c

	

lr — Oôr	 transcendental equation by means of an analytical-graphical 
t	 time, seconds	 procedure. The analysis is presented for an airplane 

nondimensional time parameter based on span 	 equipped with an automatic pilot sensitive to yawing ac-
(Vt/b)	 celeration andgeared to the rudder so that rudder control 

(
ds d \	 is applied in proportion to the yawing acceleration as sug-

D1 	 differential operator 	j bJ 	 gested in reference 3. A similar analysis is applicable, how-
P	 period of oscillation, seconds 	 ever, to any automatic stabilization system with time lag. 
T112	 time for amplitude of oscillation to damp to 	 The equations of motion used are expressed in terms of 

one-half its original value	 the nondimensional time parameter based on the span of the 
deflection of control, radians 	 airplane Sb=' but the results of the calculations obtained 

a	 real part of complex root of characteristic 	 b 
stability equation	 in terms of s,, have been 'converted from the nondimensional 

angular frequency, radians per second	 time Sb to time t in seconds. ,Thus the discussion of the 

	

b	 results and the figures included in the report are given in 
terms of t.

DETERMINATION OF CRITICAL TIME LAG 

time lag between signal for control and its 	 The critical time lag of a system is defined as the time lag 
actual motion, seconds	 that results in a neutrally stable or steady-state oscillation. 

	

V	 The motion of the control ö and the airplane acceleration t' 

	

' b 
T	 when a critical time lag exists are shown in figure 1. This
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FIGURE 1.—The relationship between the airplane acceleration and the control motion for the 
case of critical time lag. O=cLt; 

figure indicates that the relationship between the time lag 
and the phase angle U between the motion of the control and 

the airplane acceleration can be expressed as r=—
. Since 

can be expressed as a function of 0, the frequency-response

method can be utilized to determine the critical time lag 
for a combined airplane-autopilot system. This method re-
quires that the frequency-response curves be calculated for 
the airplane and autopilot separately and the results analyzed 
to ascertain the conditions for neutral oscillatory stability 
of the airplane-autopilot system. 

Frequency-response curves for airplane.—The frequency-
response curves for the airplane are obtained from the cal-
culation of the steady-state motion of the airplane in response 
to a sinusoidal forcing function of unit amplitude (see ref-
erence 8). Thus if

Or=Sjfl 0)33 

the acceleration of the airplane is 

Db2= (KA), sin (w,sb+0A) 

The values of (K4 ) 5 , known as the amplitude ratio, and °A 

are obtained over the desired range of angular frequencies by 
substituting iw, for Db in the expression for Db2 ,&16. which is 
derived from the lateral equations of motion. The non-
dimensional lateral equations of motion, referred to stability 
axes, for a given control deflection are 

N
0 

:.

-

(2izicKx2De2_ Cl Db)c+(2/.L llKxzDO2_ C1D) l_ Cfl 0 

(2ueKxzDb2_ Cn p Db)(P+(2iz f,Kz2 Db2_ Cn r De)%L_ C17 = Cfl&rOT
	 (1) 

(-1 
CD,— CL)46 +(2 J2 eDe	 Cy ,. Db— CL tan 7>c+c2,zeDe_ C)0 

The derivatives C16 =--' and Cy =–- are usually very small and therefore have been neglected in equations (1). 

Hence,

or

2,.LbKx 2 Db2_ Ci,De 

Db2 21.bKxzDbCfl5Df, 

- CY9DI,—CL 

2 /z t,Kx 2 Db2_ 015D 

2,1 bKxzDb2_  C. ,, A,

- 
I 

CY Db — CL

0	 —C1 

—Cnn 

0	 2i.LbDi—Cy f

- 

—Cnp 

2bDb— C 

2jKxzDe2	 C1, A,

2,2f,Kz 2 Db2_ C. , D

(2 b_ . CY)Db_CL tan

(2) 

After the numerator and denominator are expanded by the 
method of determinants, the expression for Db2!/'/Or results in 
the ratio of two polynomials in DD. The substitution of 
iw, for Da, in equation (2) gives a complex number A+iB 
which may be expressed as (K4),e' °1. The amplitude ratio

(K4)5, which is equal to K4 , can be determined from the 

relation (K4 ) 3= VA2 +B2. The phase angle °A can be de-

termined from the relation 04=tan 
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Frequency response of autopilot.—The frequency response 
of the autopilot is obtained from the equation for the control 
motion with time lag taken into account 

	

37 =k S Db2 (8 b — r S)	 (3a) 

where the term Db2 iJ'(sb — r8) signifies the fact that the amount 
of control applied at a given instant is proportional to the 
acceleration at a fixed time r 8 previous to the given instant. 
This time-lag effect can be expressed by the so-called lag 
operator e8"b. Thus equation (3a) becomes 

	

6T =k 3 Db24/e8' b 	 (3b) 

Solving equation (3b) for Db2 /'1ôr gives 

D52'	 1	 (4)

where

(K),=1 KC=ir 
autOptOt 

Substituting 'ice, for Db in equation (4) results in an amplitude 

ratio (K) 3 =-, which is independent of frequency, and a 

phase angle OC=T3W8. 

Conditions for stability.—The necessary and sufficient 
conditions for any one of the oscillatory modes to be neutrally 
stable are that, at a particular frequency, the phase angles 
and amplitude ratios of the airplane and autopilot must be 
equal—that is, °A=0C and (KA)S=(Kc)S. Even though 
these conditions are satisfied, the resultant motion of the 
airplane which is composed of all the individual modes of 
motion maybe unstable since, as is pointed out subsequently, 
an additional unstable oscillatory mode may be present. In 
general, the condition which must be satisfied in order that 
all the oscillatory modes be stable is that, at each angular 

frequency where 0A = 9c, the ratio (KA),
---- must be less than 1 

at that frequency. The mathematical proof of this state-
ment is given in reference 9. 

Illustrative example.—The foregoing method is applied 
to a typical present-day high-speed airplane having the 
characteristics presented in table I. The value of the control-
gearing ratio k is arbitrarily assumed to be 0.0427. (This 
value of k=0.0427 corresponds to a rudder deflection of 10 
for a yawing acceleration of 23.4°/sec/sec.) The amplitude-
ratio and phase-angle curves for the airplane, plotted as a 

'function of angular frequency c, where w= c	 are pre-

sented as solid-line curves in figures 2 (a) and 2 (b), respec-
tively. As the frequency increases to infinity, KA approaches 
a value of 15.98 and °A approaches ir. The dashed line in 
figure 2 (a), which is independent of frequency, is the ampli-
tude ratio of the autopilot K. The phase-angle curves of 
the autopilot are straight lines with slopes equal to r, where

b
Ts, and are shown as dashed lines in figure 2 (b) for 

several values of T. Since the phase angle remains between 
the range of 0 to 2ir y OC= TW continues to repeat itself when-
ever TW 27r. To take account of this fact, Oc is plotted as 
a series of parallel lines for each value of T. Figure 2. (a) 
indicates that KA = KC at w=3.8 and w=8.5. The corre-
sponding values of i- where °A=°C at w=3.8 and c=8.5 are 
71.63 and r=0.38, respectively. One of the oscillatory 
modes of motion is thus neutrally stable when 7=1.63 and 
r=0.38. However, as mentioned previously, the motion of 
the airplane is neutrally stable only if all other oscillatory 
modes present are stable. This condition is satisfied for 
r=0.38, since for each value of co where °A =0C the ratio 
KA 

K, When T=1.63, one of the oscillatory modes is 
'IC 

neutrally stable but the system is unstable, because at w=6, 
KA 

-(I 
0A = °c but j—>1. An analysis indicates that for values 

C 

of K<15.98, which is the limiting value of KA , the system 
will be unstable for any infinitesimal time lag. The reason for 
the instability is that, for any infinitesimal time lag, the 
value of 0A is equal to Oc at some high frequency where it 

can be shown that	 1 since at the very high frequencies 

KA (KA),,. +KA 
KC (KA) —K 

where AKA and AKc are small incremental values. 

TABLE 1.—STABILITY DERIVATIVES AND MASS CHAR-
ACTERISTICS OF A TYPICAL PRESENT-DAY AIRPLANE 

W/S, lb/ft2------------------------------------------ 65 
8, ft2----------------------------------------------- 130 
b, ft------------------------------------------------ 28 
p, slugs/ft' ........................................... 0.00089 
V ft/sec-------------------------------------------- 797 
y, deg---------------------------------------------- 0 
CL------------------------------------------------- 0.23 

80.7 
Kx2 ................................................. 0.00967 
Kz' ------------------------------------------------- 0.0513 
K1------------------------------------------------ —0.00145 
77, deg ------------------------------------------------ -2.0 
C,, per radian--------------------------------------- -0.40 
,, per radian--------------------------------------- 0.08 
,, per radian-------------------------------------- -0.0155 

C, per radian ---------------------------------------- —0.40 
Cy,, , per radian----------------------------------------- 0 
Ci, , per radian-------------------------------------- 0 

perradian --------------------------------------- —1.0 
C,,, per radian--------------------------------------- 0.25 
Cl ,, per radian----------------------------------------- -0.126 
C,.,, per radian--------------------------------------- -0.163



0	 4	 8	 12	 16	 20	 24	 28
u, radians/sec 

(a) Amplitude ratio. 
(b) Phase angle. 

FIGURE 2.—Frequency-response curves of the typical present-day airplane and the assumed autopilot.
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In order to verify the results predicted by the preceding 
analysis, motions of the airplane were calculated subsequent 
to an initial disturbance of 50 in sideslip. The calculations 
involved a step-by-step procedure based on the Kutta 3/8 
method (reference 10). The results of these calculations for 
r=0.38 and T= 1.63 are presented in figures 3 and 4, respec-
tively. The solid-line curve in figure 3 was obtained by 
using a time increment of 0.095 and the motion is seen to be 
slightly unstable, whereas neutral stability is predicted by 
frequency-response analysis for T= 0.38.  An additional cal-
culation was made by using a time increment of 0.0475, 
represented by the dashed-line curve in figure 3, and although 
the motion was still slightly unstable, the trend indicated 
by reducing the time increment was such as to make the 
oscillation more nearly neutrally stable. The airplane mo-
tion for r= 1.63 is presented in figure 4 and, as was predicted, 
the motion is unstable. A neutrally stable oscillation was 
also predicted for this value of time lag but it is apparent

from figure 4 that the unstable mode influences the airplane 
motion more than the neutrally stable mode. 

EFFECT OF TIME LAG ON LATERAL OSCILLATORY STABILITY 

Derivation of equations.—The nondimensional equations 
of motion, referred to the stability axes, which include the 
effect of an autopilot applying rudder control in proportion 
to the yawing acceleration at time s1 — r1 , are obtained by 
combining equation (3b) with equations (1). When 00b 
is substituted for 0, 4/0e 8b for 4,, and floe for $ in the re-
sultant equation written in determinant form, X must be a 
root of the characteristic stability equation 

Ax4 +Bx3+ CAI +DX+E+kse_ra;k (AX4 + B'x3 + C'x2 +D'A)= 0 
(5) 

where A, B, C, D, E, A', B', C', and D' are functions of the 
mass and aerodynamic parameters of the airplane. The 

-I 

—J 

-4

0	 .8	 1.6	 2.4

Time 
- 0.095 

/ncremenf 

.0475 
- - 

III
3.2	 4.0	 4.8	 56 

t, sec 
FIOtmE 3.—Effect of r=0.38 on the motion of the airplane.
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expressions for A, B, C, D, and E are given in reference 1 and	 where a and w are the real and imaginary parts of a complex 
root of equation (5). 

A'r —4Mb2Kx2Cfl	 Determination of roots of transcendental equation.—The 
characteristic stability equation of this system (equation 
(5)) is seen to be a transcendental equation because a con- 

c'=(_ cc+- c},,c1)	
stant time lag r 3 in the automatic stabilization system is rep- 

n	 resented by the so-called lag operator e_T¼. It is apparent 
that the complex roots of such an equation cannot be deter-

D'—CLCiCfl 8 	 mined by conventional methods. A method of obtaining 
the complex roots of this transcendental equation for a par- 

	

The damping and period of the lateral oscillation in 	 ticular value of r 3 is therefore presented. 

	

seconds are given by the expressions 	 If a+iw, is substituted for X in equation (5) and the real 

	

—0.693 b	
and imaginary quantities are separated, two equations in a 

=
a

b	
(6)	

and w, result: 

	

P= 
2r

= F1 (a,w 3)	 (7a) 

("s V

	

e'=F2(a,w)	 (7b) 

I0 

8 

6 

4 

2 

--2 

-4 

-6 

-8 

-/o
	

.4	 .8	 12	 1.6	 2.0	 2.4	 2.d-	 J.2	 J 0  
t, sec 

FIGURE 4.—Effect of ,-=1.63 on the motion of the airplane.
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FIGURE 5.—The effect of a and o. on the functions F,(a,o.), F2(a,o.), and e-. 
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A simultaneous solution of equations (7a) and (7b) gives the 
desired values of a and w3 which satisfy equation (5). The 
method used to solve equations (7a) and (7b) simultaneously 
is basically a graphical procedure. For a series of values of 
w 5 , the right-hand sides of equations (7a) and (7b) are 
plotted against a as illustrated in figure 5. The solid lines 
and dashed lines correspond to the functions F1 (a,c) and 
F2 (a,co5), respectively. The variation of e with a is also 
plotted in figure 5. The exact values of a and co, for which 
E (a,w 5) = F2 (a,c) = ea are determined from a cross plot 
of the results of figure 5 as shown in figure 6. In this figure, 
with a as the abscissa and Co. as the ordinate, are plotted the 
values of a and w,, which correspond to the intersection of 
the e curve with the functions Fi (a,w 3) and F2(a,w3). 
The solid curve in figure 6 thus satisfies the equation 
e 0 =Fi (a , w 3) and the dashed curve satisfies the equation 
ffa' =F2 (a,t 3). The values of a and w at the intersection 
of these two curves therefore determine a root of the char-
acteristic stability equation (equation (5)). The period and 
damping of the lateral oscillation are determined from equa-
tions (6) by using this root.

F1 = e'° 

I_I	 -a 
FIGURE 6.—A cross plot of the points of intersection of Fi (a,w.) and FI(a,w.) with e- as 

determined from figure 5.

An alternative method for the simultaneous solution of 

equations (7a) and (7b) is to substitute 1r3a+-!23 

for eTaa in each of these equations. The calculations in-
volved become considerably less laborious when this ap-
proximation is made and results obtained by using this alter-
native method have been found to be in excellent agreement 
with results obtained from the method described previously. 
Figure 7 shows that for 1 ,ral=1 very close agreement is 
obtained between the exact value of e T and its approxi-
mation by three and four terms of the series for e"'. In 
actual practice the product r 3a will almost invariably be 
much less than 1. When this substitution is made, both 
equations (7a) and (7b) become seventh degree in a for a 
given value of co,. Although these equations are of high 
degree, no serious problem is presented since the values of 
a desired must be real and, in general, small; that is, only 
one or two of the roots of these high-degree equations are 
of interest. In order to calculate the complex roots of 
equation (5) for a particular value of r 8 , the following pro-
cedure should be used. For a sequence of values of co, 
compute a from equations (7a) and (7b). The results ob-
tained from each equation may then be plotted in a figure 
similar to figure 6 and the complex root of the characteristic 
stability equation determined from the intersection of the 
two resulting curves. If the value of the approximate 
series for e" is in good agreement with the exact value 
of e" for the a determined from the intersection of the 
two curves, then the complex root obtained is valid. A 
point of intersection for a value of a which would not give 
satisfactory agreement between the approximate series and 
5-,.a might exist, however. If such be the case, the accurate 
point of intersection is readily ascertained. The estimated 
values of a and w, represent the point of intersection of 
F1 (a,w 3) or F2 (a,w 3) with the series approximating 
The desired point is the point of intersection of F1 (a,c 3) or 
F2 (a,w 3) with e.a. The first step is to evaluate the term 
e T.a for several values of a in the vicinity of the estimated 
point of intersection. The expressions F1 (a,w5) and F2(a,w5) 
are then evaluated for values of w 3 slightly less than and 
greater than the estimated value of w for several values of 
a in the range of the estimated point of intersection. Thus, 
the corrected curves of equations (7a) and (7b) are obtained 
and at their point of intersection, the accurate values of a 
and w are determined. 

A method for constructing curves of constant period 
and damping as a function of r3 and k3 is presented in the 
appendix. 

Range of w, and a to be used in the determination of the 
complex roots of the characteristic stability equation.—In 
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FIGURE 7.—A comparison between e- and its approximation by three and four terms of the series for e-'.. 

general, the analysis required to determine the damping of 
the airplane-autopilot system would be carried out for those 
values of r, that result in a stable system, since the purpose of 
equipping an airplane with an autopilot is to stabilize or 
increase the damping of the airplane motions. The range 
of r1 for which the system is stable is determined from the 
frequency-response curves of the airplane and autopilot as 
indicated in the section entitled "Determination of Critical 
Time Lag." Thus, if the system is stable, only negative 
values of a need be investigated. Also, if two stable oscil-
latory modes of motion exist, the least stable one is of 
greatest interest—that is, the complex root with the smallest 
real part is the one of most importance. 

The estimated range of values for co ., that should be used

in the analysis to determine the effect of some particular 
value of time lag, located between r,=O and the critical 
time lag (r,) 5 , on the damping of the oscillation is obtained 
from the known values of the frequency of the oscillation for 
the cases where r,=O and r,= (7-5). The imaginary part of 
the complex root of equation (5), which becomes a quartic 
equation when r,0,. gives the value of w, for the case of 
r3 =O. The value of w3 for r5 =(r3) is determined from the 
analysis presented in the section entitled "Determination of 
Critical Time Lag." As mentioned in reference 11, the 
frequency of the oscillation decreases as time lag increases; 
thus for a value of 0<75<(r5)c, the estimated values of w, 
should include frequencies greater than the value of w 5 at 
r(r8) 1 and less than the value of w3 at T=O.
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.8	 1.6	 2.4	 32	 4.0	 4.8	 56	 0	 .8	 1.6	 24	 32	 4.0	 4.8	 5.6 
t, Sec	 t, sec 

(a) ,=O.	 (d) ,=0.25. 
-	 (b) ,-=O.lO.	 (e) 7=0.287. 

(c) ,-=0.20.	 (1) 7=0.38 (same as fig. 3). 
FIGURE 8.—Effect of time lag on the airplane motion in sideslip.
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Airplane motions for various values of r.—For purposes of 
comparison, the motion of the airplane in sideslip subsequent 
to an initial displacement in sideslip of 50 was calculated, with 
the use of a step-by-step procedure, for T=O, 0.10, 0.20, 0.25, 
0.287, and 0.38. The results are presented in figures 8 (a) 
to 8 (f). These figures indicate that as r increases from 0 to 
0.2 the period increases slightly, whereas the damping is 
markedly improved. The frequency of the oscillation is 

0 N	 MEMO No No
•IIIUIUIIIIIUIII 
'iiI•l••••.RIIUl 

ONO	 N MOM 
• 

• ..a.u. mom ...uII.aU 
mom	 No EMMEM 

III	 IRUIUlU 
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so	 NONE-WOMMEME
••N•u•a•a•s•IER 

•RIUUUl•UIUIRR 
•uuuivauaiiau. 

MENEEMEMMEEMEMEMEM 
S	 .19	 :19 

Pu,t:

about w=3.7. However, as r continues to increase, the 
presence of a high-frequency oscillation is noted in the motion 
since this oscillation becomes less damped and the low-
frequency oscillation becomes more heavily damped. (See 
figs. 8 (d) and 8 (e).) For r=r0.38, the motion is neutrally 
stable at the high frequency of w=8.5 but the low-frequency 
oscillation does not appear in this motion since it is very 
well damped. In figures 9 (a) and 9 (b), the period and 
damping of the lateral oscillation for several values of r, 
calculated by the method discussed in this report, are com-
pared with the period and damping readily obtained from the 
motion calculations shown in figures 8 (a) to 8 (1). The very 
good agreement between the results presented in figures 
9 (a) and 9 (b) would probably be improved if the increment 
selected for the step-by-step calculations were reduced. The 
trends indicated by these results, however, are applicable 
only to the particular airplane-autopilot system considered 
in this example and may not be generalized to any other 
arbitrary airplane-autopilot system. 

CONCLUDING REMARKS 

A. method is presented for determining the effect of time 
lag in an automatic stabilization system on the lateral 
oscillatory stability of an airplane. The method is applied 
to a typical present-day airplane equipped with an automatic 
pilot sensitive to yawing acceleration and geared to the 
rudder so that rudder control is applied in proportion to the 
yawing acceleration. The results calculated for an airplane-
autopilot system by the method described are in good 
agreement with the airplane motions calculated by a 
step-by-step procedure. 

LANGLEY AERONAUTICAL LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., October 28, 1949.



APPENDIX 
A METHOD FOR CONSTRUCTING CURVES OF CONSTANT PERIOD AND DAMPING AS A FUNCTION OF r. AND 1, 

If an over-all picture is desired of the effect of time lag 
for a given value of k, or the effect of varying k3 for a given 
time lag, construction of curves of constant period and damp-
ing with the use of the following method is recommended. 

The characteristic stability equation of the airplane-
autopilot system (equation (5)) may be rewritten in the 
form:

A4+Bx3+Cx2+Dx+E- 
— (A'x 4 +B'x3 +C'x2 + D'x) k5 e	 (Al) 

If X=a+iw, is substituted in each side of equation (Al), 
the condition that X be a root of the characteristic equation 
is that the complex number Ai +iBj obtained from the left-
hand side must be equal to the one obtained from the right-
hand side A2+iB2. The quantities A1+iBi and A2+iB2 
may be represented by the expressions R1et ei and R202, 
respectively. Therefore, this requirement is equivalent to 
saying that R1 R2 and 81 m82 if X is to be a root of equation 
(Al). If X= a + iw is substituted in the right-hand side, 
the following expressions result: 

k5 e_aa(cos TeCa)s-i sin r 3 w8)= A2+iB2=R2e°s 
where

112= k3e'' 
and

02=tan' Sifl 7,W3	
r3w=2ir— 7, CO. cos r3w3 

Therefore, if X=a+iw., is substituted in the left-hand side and 
A1 +0j=R1 e i°i is obtained, the value of r required to make 
01 = 02 can be determined. Since r is therefore determined 
and a is fixed, the value of k3 necessary to make R1 =R2 can 
be calculated. Thus for these values of k3 and r8, 

X=a+iw, 

is a root of the transcendental stability equation (equation (5)). 
For a given value of a, the analysis may be made through-

out the range of w ., and the corresponding values of Ic 3 and 
r3 determined. A curve representing this value of a may then 
be plotted as a function of 1c3 and 7-3. This procedure is 
repeated for a sequence of values of a and the corresponding 
curves in the k3 , 3 plane are plotted. Each point on a curve 
of constant a represents a particular value of w3 . Curves of 
constant frequency may therefore be plotted by drawing a 
curve through the given value of w3 on each one of the a 
curves. The values of a and w3 are converted to Tq and P 
by equations (6). The final result would consist of curves of 
constant damping T3 and curves of constant period P in the 
k3 , 73 plane. Thus the effect of time lag on the lateral oscil-
lations for any value of the gearing ratio Ic 3 , or the effect of 
varying Ic3 for any value of time lag, may be ascertained. 
For purposes of illustration several lines of constant TM and 
P in the lc,r plane were calculated for the typical present-
day airplane described in table I and are shown in figure 10. 

A. curve can be plotted in the k3,r3 plane which divides the 
quadrant into- a satisfactory and an unsatisfactory region

i•iii 1urium•uu••iu 

iuiiu•i•hiiEiLu•uI 

EMMMONEMMEMME MIR 
NUMENMEMM 

30	 .20	 .30	 .40	 .50	 .50	 .70	 .80	 .90 
r, sec 

FIGURE 10.—Several curves of constant period and constant damping for the typical present- 
day airplane described in table 5. 

according to any prescribed relationship between the period 
and damping of the lateral oscillation. In order to calculate 
this curve, several values of a and w3 that exactly satisfy the 
criterion should be selected and substituted in equation (Al). 
The combination of 1c3 and r3 is then obtained for each set of 
values of a and w3 and the desired curve is plotted in the 
1C 3 ,T3 plane.
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RELATION BETWEEN INFLAMMABLES AND IGNITION SOURCES IN
AIRCRAFT ENVIRONMENTS' 

By WILFRED E. SCULL 

SUMMARY 

A literature survey was conducted to deter-mine the relation 
between aircraft ignition sources and inflammables. Available 
literature applicable to the problem of aircraft fire hazards is 
analyzed and discussed herein. Data pertaining to the effect 
of many variables on ignition temperatures, minimum ignition 
pressures, minimum spark-ignition energies of inflamma-
bles, quenching distances of electrode configurations, and size 
of openings through which flame will not propagate are pre-
sented and discussed. Ignition temperatures and limits of in-
flammability of gasoline in air in different test environments, 
and the minimum ignition pressures and minimum size of open-
ings for flame propagation in gasoline-air mixtures are in-
cluded; inerting of gasoline-air mixtures is discussed. 

The results of the survey indicate the possibility of reducing 
aircraft-fire hazards by: 

(1) Preventing contact of fuels or fuel vapors with the hot 
exhaust surfaces 

(2) Releasing an extinguishing agent inside of and around 
the exhaust system if a crash is imminent 

(3) Reducing the temperature of the exhaust duct or gases 
below the surface-ignition temperatures of gasoline and lubri-
cating oil in the event of a crash 

4) Increasing the surface-ignition temperatures of gasoline 
and lubricating oil 

(5) Using fuels of reduced volatility 
(6) Eliminating the electrical generating system as an igni-

tion hazard in the event of a crash 
(7) Inerting the engine nacelles and wing compartments. 

INTRODUCTION 

As a part of the aircraft-fire-research program, a literature 
survey was conducted at the NACA Lewis laboratory during 
1949-50 to determine the relation between inflammables and 
ignition sources. An effort has been made to correlate the 
limited data available with the problem of fire hazards in air-
craft environments. The results of the survey are presented 
in three parts corresponding to the main sources of ignition 
in aircraft environments; that is, heated surfaces, electric 
sparks and arcs, and flames or hot gases. 

The following variables have been considered in the igni-
tion of fuels or fuel vapors by the different ignition sources:

Heated surfaces Electric sparks and arcs Flames or hot gases 

Ignition temperature Type of spark Mixture composition 
Mixture composition Minimum spark-ignition Mixture exposure duration 
Ignition lag energy Limiting size of openings 
Mixture velocity Mixture composition for flame propagation 
Mixture turbulence Electrode spacing Size, shape, and material of 
Condition and composi- Electrode material and con- openings for flame props-

tion	 of	 the	 ignition figuration gation 
surface Spark potential Mixture pressure 

Ignition surface area Spark duration Mixture temperature 
Fuel composition Mixture velocity Effect of diluents 
Mixture pressure Mixture pressure 
Effect of diluents Mixture temperature 

Effect of diluents

Although quantitative agreement among the large quanti-
ties of data in the literature is not to be expected because of 
the many different experimental techniques used, it is be-
lieved that comparison of the effects of the different variables 
as compiled herein will provide valuable information toward 
reducing aircraft-fire hazards. 

I—IGNITION BY HEATED SURFACES 

Although the data pertaining to the ignition of inflammable 
mixtures by heated surfaces are quite extensive, little agree-
ment exists in technique, terminology, or results of various 
investigators. In the following discussions, an effort has 
been made to allow for different experimental techniques and 
to use a system of nomenclature presently acceptable in the 
combustion field.

TERMINOLOGY
IGNITION TEMPERATURES 

The ignition temperature of an inflammable mixture is the 
minimum temperature to which the mixture must be raised 
in order that the rate of heat loss from the mixture is more 
than balanced by the rate at which heat is evolved from the 
mixture by exothermic chemical reaction. At this tempera-
ture, the reaction becomes self-accelerating and the tempera-
ture increases until self-propagating inflammation of the 
mixture occurs. A definite lag during which the reaction is 
self-accelerating thus exists, the magnitude of which is 
determined by the rapidity of acceleration of the reaction 
velocity. Defined in this manner, the ignition temperature 
of an inflammable is a mixture temperature and does not 
necessarily correspond to and may be considerably lower 
than the inflammation temperature or mixture temperature 
at the instantaneous appearance of flame. The ignition 
temperature of an inflammable, therefore, cannot be regarded 

Supersedes NACA TN 2227, "Relation Between Inflammables and Ignition Sources in Aircraft Environments" by Wilfred E. Scull, 1950. 
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as a physical constant, but must depend on the experimental 
conditions under which it is determined. Mixture composi-
tion, pressure, and temperature and the presence of catalysts 
or inhibitors, which accelerate or delay the reaction, are 
some of the variables affecting the lag before inflammation. 
The lowest temperature at which any quantity of inflammable 
will ignite is known as the minimum ignition temperature 
of the inflammable for the experimental method employed. 

Efforts of various investigators to determine the ignition 
temperatures of inflammables have resulted in different 
methods of attaining the mixture temperature at which 
self-accelerating reaction begins. As a result of these ex-
perimental methods and the difficulties of determining the 
defined ignition temperature, many of the ignition tempera-
tures reported in the literature are the temperatures of 
heated elements, which raise the mixture temperature to a 
level of self-accelerating reaction. These heated element 
temperatures are not necessarily the same as the ignition 
temperature of the mixture. In general, the temperatures 
reported hereinafter are specifically designated as to the 
temperature actually measured. 

The most important methods employed to determine the 
ignition temperatures are as follows: 

(1) Crucible methods—static and dynamic 
(2) Dynamic heated-tube method 
(3) Adiabatic-compression method 
(4) Bomb method. 
In all these methods, various criterions have been chosen 

as indications of ignition and inflammation. A sudden 
rapid pressure rise, an increase in temperature, or both, have 
been used as indications of ignition, whereas the appearance 
of flame or explosive sounds have been taken to indicate 
mixture inflammation. 

The crucible methods (static or dynamic, depending on 
whether the supporting atmosphere in the crucible is quies-
cent or flowing) appear to be the most popular methods of 
determining the ignition temperatures of liquid inflammables. 
Also known as the oil-drop methods, the crucible methods 
are variations of a method described in references 1 and 2. 
Essentially, the method consists in dropping a drop of the 
inflammable liquid through an opening into a crucible fitted 
into a heated iron or steel block containing either quiescent 
or flowing air or oxygen. The crucible temperature and ig-
nition lag are measured when the droplet bursts into flame. 
A precise knowledge of the exact mixture composition at the 
instant of ignition is unobtainable. Furthermore, the latent 
heat of vaporization of the droplet must be supplied by the 
system. In these methods, experimentally measured igni-
tion temperatures are the temperatures of the heated crucible 
surfaces causing ignition. 

The dynamic heated-tube method, which attempts to 
nullify the effect of enclosing surfaces, is described in refer-
ence 3. In this method, the flowing inflammable vapor and 
the supporting atmosphere are separately heated in concen-
tric quartz or pyrex tubes. The inflammable vapor is metered 
into the supporting atmosphere in the large tube through a 
small orifice in the end of the small tube. In this case, the 
experimentally measured ignition temperature is the mixture

temperature at which inflammation occurs after a measured 
time lag. Such a method permits easy variation of the 
inflammable over-all mixture composition. 

A description of the adiabatic-compression method of 
determining ignition temperatures is given in reference 4. 
In this method, the inflammable mixture of vapor and air 
or vapor and oxygen is suddenly compressed. Ignition 
occurs after a lag depending on the temperature reached by 
the compression process. The ignition temperature is com-
puted from the experimentally measured compression ratio. 
This method is advantageous in that the mixture composition 
is known, accurate ignition-lag measurements are possible, and 
the relatively cold walls of the compression cylinder preclude 
any catalytic influence. Disadvantages of such a method 
are the large cooling losses, the difficulty of determining the 
exact value of the compression exponent y, and, the fact 
that the experimentally determined ignition temperature 
pertains to the compression pressure. 

The bomb or heated-chamber method of determining igni-
tion temperatures is described in reference 5. Essentially, 
the method consists in introducing an inflammable mixture 
into an evacuated chamber heated to a known temperature. 
The experimentally measured ignition temperature is taken 
as the chamber temperature that causes ignition after a 
measured ignition lag. Disadvantages of the method are the 
possible catalytic effects of the chamber surface and the heat 
required to increase the mixture temperature to the chamber 
temperature. Advantages of'the method are the knowledge 
of the mixture composition and the ease with which normal-
length ignition lags can be measured. Very small ignition 
lags are difficult to measure because of the time interval re-
quired to admit the mixture to the chamber. 

The results of all these methods are affected by the experi-
mental conditions and characteristics of the inflammables 
investigated. Some of the factors significantly affecting the 
experimentally determined ignition temperatures of inflam-
mable substances are: 

(1) Fuel composition 
(2) Fuel-air or fuel-oxygen ratio 
(3) State of inflammable—vapor or liquid 
(4) Size of inflammable drop 
(5) Mixture pressure and temperature 
(6) Relative stagnation of mixture—turbulent or quies-

cent
(7) Thermal conductivity of mixture 
(8) Ignition-lag period 
(9) Surface composition and physical character of ignition 

element
(10) Surface area of ignition element 
(11) Surface-volume ratio of ignition chamber 
(12) Ignition-element temperature 
(13) Approach to ignition temperature—from mixture 

temperatures above or below ignition temperature 
(14) Method of introduction of inflammable to ignition 

element. 
As a result of the effects of these variables on ignition 

temperature, the experimentally determined ignition temper-
ature of an inflammable may be different in various sources of
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information. Data from the same source, however, show 
the trends and the relative effects of different variables. 

LIMITS OF INFLAMMABILITY 

The limits of inflammability of a mixture, also known as 
the inflammation or explosive limits, are those proportions, 
generally volumetric, of fuel in air or oxygen that are just 
capable of self-propagation of flame throughout the entire 
mixture once inflammation has been initiated in a portion of 
the mixture. These limits are generally determined for up-
ward, continuous self-propagation of a flame in a vertical 
tube of sufficient diameter such that the wall cooling effects 
are negligible. Mixtures just below the lower limits or just 
above the upper limits of inflammability may burn around 
the ignition source, but are incapable of propagating flame 
throughout the entire mixtures. In addition, the mixture 
volume must be large enough that the flame may still 
propagate even after the energy input required for the initial 
inflammation has been dissipated. For any particular 
inflammable, the limits of inflammability are affected by the 
direction of flame propagation, type of test apparatus, the 
amount of water vapor present in the mixture, and the 
mixture pressure and temperature. 

Flame progress may be assisted or retarded by convection 
depending on whether the flame propagation is in an upward, 
horizontal, or downward direction; therefore a statement of 
the method of observation of the limits of inflammability is 
necessary. Generally, wider limits are found for upward than 
for downward flame propagation at atmospheric pressure and 
temperature. Data from reference 6 indicate that the lower 
and upper limits of inflammability of methane in air at 
atmospheric conditions, as determined for upward flame 
propagation, are increased and decreased, respectively, 
approximately 10 percent for downward flame propagation. 
Values reported herein are for upward flame propagation 
unless specified otherwise. 

The effect of the type of test apparatus and the method 
of ignition used in the determination of the inflammability 
limits of various mixtures are minor. The inflammability 
range of several mixtures increased with increasing tube di-
ameter up to a tube diameter of 2 inches, because of the de-
creased cooling effect of the walls. At atmospheric pressure, 
tube diameters greater than 2 inches have very little effect 
on the limits. In addition, literature indicates (reference 7) 
that inflammability limits are unaffected by the method of 
ignition—spark, flame, or fusion of a platinum wire. 

The lower limit of inflammability of a mixture is only 
slightly affected by the amount of water vapor present in 
the normal atmosphere. Water-vapor presence reduces the 
upper limit because of displacement of oxygen by the water 
vapor. Because the amount of oxygen is important in an 
upper-limit mixture, the amount of inflammable capable of 
being ignited decreases with the decreased oxygen content, 
resulting in an over-all reduction of the upper inflammability 
limit. 

The effect of varying mixture temperature on the down-
ward propagation limits of inflammability of several mix-

tures is expressed in figure 1. The upper and lower limits 
of inflammability of the various mixtures decrease and in-
crease, respectively, approximately linearly with decreasing 
mixture temperatures. 

Fuel in fuel-air- mixture, percent by volume 

154 
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a) 
t. 

1-

e 

Q 
E

0	 /	 2	 3	 4	 5	 6
Fuel iv, Fuel-oir mixture, per-cent by volume 

(a) Data from reference 8.

(b) Data from references 9 and 10. 

FIGURE I.—Effect of mixture temperature on downward propagation limits of inflammability 
of combustible fuel-air mixtures at atmospheric pressure.
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EXPERIMENTAL RESULTS IN PUBLISHED LITERATURE 

Knowledge of the approximate temperature of heated 
surfaces capable of causing ignition is desirable because 
ignition of fire in aircraft may be caused by the exposure of 
inflammables to heated surfaces. Published experimental 
results for heated-surface ignition indicate the effects of a 
number of different variable experimental conditions. As 
far as possible, the results presented here are accompanied 
by data specifying the experimental conditions. 

EFFECT OF MIXTURE COMPOSITION 

Ignition temperatures.—The relative effect of mixture 
composition on the surface ignition temperatures of quiescent 
natural-gas-air mixtures ignited by single electrically heated 
nickel strips is shown in figure 2. The nickel strips of varying 
widths were mounted in the center f a chamber of 4-cubic-
foot capacity. The surface temperatures of the heated strips 
were measured by peened-in thermocouples. For the various 
widths of the heated ignition surfaces, the surface ignition 
temperature of the mixture increases approximately linearly 
with increasing proportions of natural gas in the mixture 
between the limits of inflammability. A few comparative 
experiments with methane in place of natural gas indicated 
that these mixtures ignited at approximately 300 F greater 
surface ignition temperatures than the natural-gas-air mix-
tures. Other investigations (reference 5, for example) 
indicated that the ignition temperatures of methane-air and 
natural-gas-air mixtures are lower than those of figure 2. 
This discrepancy is explained in reference 11 by the fact that 
the temperature of a heated ignition surface is greater than 
the true ignition temperature of the mixture. Although the 
ignition temperatures of methane-air and natural-gas-air 
mixtures increase with increasing proportions of fuel; the 
ignition temperatures decrease with increasing proportions of 
fuel for the higher hydrocarbons of the paraffin series. The 
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FIGURE 2.—Effect of mixture composition on surface ignition temperature of various quies- 
cent natural-gas--air mixtures. Mixtures ignited by electrically heated nickel strips cut 
from same sheet of No. 18 B and S gage commercial nickel; length of strips, 44 inches. 
(Data from reference 11.)
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fuels at atmospheric pressure as determined by bomb ignition method except as shown. 

chamber ignition temperatures of mixtures of the higher 
paraffin hydrocarbons and air decrease with increasing pro-
portions of fuel within the range investigated (fig. 3). It 
might be expected from figure 3 that the ignition temper-
atures of mixtures of hydrocarbons and air might again 
increase with increasing richness of the mixtures. Although 
data from references 13 to 15 are erratic, it has been con-
cluded by the authors that the ignition temperatures of 
individual mixtures of coal gas, benzene, toluene, methyl 
alcohol, S-i fuel, and air, which are approximately constant 
over a wide range of fuel-air ratios, do increase eventually 
with increasing richness of the mixtures. 

The ignition temperatures of gasoline mixtures, like the 
ignition temperatures of the higher paraffin hydrocarbons, 
decrease with increasing proportions of fuel within the range 
of data available (figs. 4 and 5). The effect of the proportions 
of fuel, oxygen, and nitrogen on the ignition temperatures of 
gasoline mixtures as determined by the dynamic heated-tube 
method is shown in these figures. Similar results are given 
in reference 13. Without exception, various fuels investi-
gated singly in an engine at two engine speeds and with 
hot-spot ignition showed sharp increases in the ignition 
temperatures of lean mixtures. 

Zones of ignition and nonignition.—Two types of ignition 
may exist for the same fuel for certain oxygen-fuel ratios: 
(1) A low-temperature ignition practically independent of 
fuel concentration or oxygen-fuel ratio; and (2) a high-
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FIGURE 4.—Variation of mixture ignition temperature of gasoline with oxygen-fuel ratio for 
constant proportions of fuel. Method of ignition, dynamic heated tube; diluent component, 
nitrogen; supporting atmosphere flow, 230 cubic centimeters per minute at atmospheric 
pressure and temperature. (Data from reference 16.) 
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FIGURE 5.—Variation of mixture ignition temperature of gasoline with various proportions 
of fuel for constant nitrogen-oxygen ratios. Method of ignition, dynamic heated tube; 
supporting atmosphere flow, 230 cubic centimeters per minute at atmospheric pressure 
and temperature. (Data from reference 16.) 

temperature ignition varying rñarkedly with these variables. 
The two types of ignition for gasoline-oxygen-nitrogen mix- 
tures are indicated in figures 4 and 5. The ignition temper- 
ature of gasoline in air corresponds to the high-temperature
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Oxygen-fuel ratio, by volume 
(a) Fuel, gasoline, 4.6 percent by volume. 

(b) Fuels, 2,2,4-trimethylpentane, 3.8 percent by volume and n-octane, 4.3 percent by volume. 
FIGURE 6.—Ignition characteristics of mixtures of fuel, oxygen, and nitrogen. Method of 

ignition, dynamic heated tube; supporting atmosphere flow, 230 cubic centimeters per 
minute at atmospheric pressure and temperature. (Data from reference 16.) 

type of ignition. Dynamic crucible tests reported in refer-
ence 17 indicate that readily ignited hydrocarbons, such as 
cetane, hep tane, decane, and decahydronaphthalene exhibit 
zones of nonignition above the minimum ignition temper-
atures. Similar results, presen.tcd in reference 18, indicate 
that mixtures of straight-chain paraffins, containing three or 
more carbon atoms and air exhibit zones of nonignition. 
Oxidation-resistant hydrocarbons, such as benzene, toluene, 
and 2,2,4trimethylpentane exhibit no nonignition zone. 
Ignition and nonignition zones as determined by the dynamic 
heated-tube method are shown in figure 6 for mixtures of 
gasoline, normal octane, and isooctane (2,2,4-trimethylpen-
tane) with oxygen and nitrogen. For a fixed proportion of 
inflammable, the minimum mixture ignition temperature is 
independent of the oxygen-fuel ratio. The isooctane-oxygen 
mixture does not exhibit zones of ignition and nonignition, 
but the ignition temperature of the mixture decreases slightly 
with increasing oxygen-fuel ratios. 
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FIGURE 7.—Variation of ignition temperatures of various fuels in air with ignition lag. Ce-



tane and heptane were ignited at atmospheric pressure. 
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FIGURE 9.—Variation of surface ignition temperature of gasoline in flowing oxygen with 
ignition lag at atmospheric pressure. Method of ignition, dynamic crucible; ignition 
surface, platinum. (Data from reference 20.) 
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The phenomenon of zones of nonignition may be due to 
the occurrence of low-temperature systems capable of cool-
flame initiation. Research into the slow combustion of the 
higher hydrocarbons has shown that slow combustion re-
actions with accompanying incipient luminescence can be 
initiated at 3000 to 4000 F (reference 18). The luminescence 
increases with increasing temperatures until a cool flame 
appears. The cool flames move slowly about the reaction 
chamber, moving more slowly and becoming more diffuse 
with increasing temperature until they finally disappear 
leaving behind products of the incomplete combustion 
strongly aldehydic or peroxidic in character. At still higher
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FIGURE 10.—Effect of ignition lag on chamber ignition temperature of aviation gasoline 

injected into quiescent air, in four different heated steel configurations, at atmospheric 
pressure. (Data from reference 12.) 

temperatures, ignition and complete combustion of the mix-
ture is possible.

EFFECT OF VARYING IGNITION LAG 
Ignition lag of quiescent mixtures.—The ignition tem-

perature of inflammable mixtures also depends on the igni-
tion lag -or induction period between introduction of the 
mixture to the ignition source and the first indication of 
inflammation. The effect of ignition lag on the surface or 
chamber ignition temperature of various mixtures is ex-
pressed in figures 7 to 10. The ignition temperatures of the 
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inflammable mixtures decrease almost hyperbolically with 
increasing ignition lags. The minimum ignition tempera-
tures of the mixtures occur when the ignition temperature 
no longer decreases with increasing time lag. The effect of 
ignition lag on the ignition temperature of a mixture of 
n-heptane and air as determined by the adiabatic compres-
sion method is shown in figure 8. Figure 9 indicates the 
effect of ignition lag on the surface ignition temperature of 
gasoline in flowing oxygen as determined using the dynamic 
crucible method. The ignition temperature of gasoline in 
flowing oxygen after a 1.5-second lag is approximately 608° F, 
whereas the minimum ignition temperature, corresponding 
to a lag of 25 seconds, is approximately 544° F. The influ-
ence of ignition lag on the chamber ignition temperature of 
aviation gasoline injected into four different heated steel 
configurations is shown in figure 10. The minimum ignition 
temperature of aviation gasoline as determined from these 
data is approximately 455° F. 

Data, from reference 21, which illustrate the effect of 
ignition lag on the ignition temperature of aviation gasoline 
ignited by the heated chamber method when the fuel (4.2 
percent by volume in air) was injected from the top into a 
vertical steel cylinder 12 inches in diameter and 12 inches 
in height, are given in the following table: 

Chamber 
Ignition lag ignition 

(see) temperature 
('F) 

7 600 
12 570 

672 450

Ignition lag of mixtures ignited by heated spheres and 
rods.—Ignition of inflammable mixtures has also been 
effected by means of heated spheres shot into the mixture. 
The effect of the diameter of the heated sphere on the surface 
ignition temperatures of three fuel-air mixtures ignited by 
heated quartz and platinum spheres shot into the mixtures at 
an average velocity of 13.1 feet per second is shown in fig-
ure 11 (a). Ignition temperatures of the mixtures decreased 
with increasing sphere diameter because of the greater igni-
tion area. The criterion for ignition used in reference 22 
is the requirement that the initial rate of heat production by 
the reaction should be greater than the heat loss by conduc-
tion. Using this criterion the investigator concludes that the 
following is theoretically true for each initial sphere velocity: 

2(T,_To)K_-	 (1) 
d 

where 
A apparent energy of activation of mixture 
d diameter of sphere 
K constant characterizing gas mixture and sphere material 
R gas constant 
T0 mixture temperature 
T3 heated sphere temperature
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(a) Experimental data. 
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(b) Reduced data. 

FIGURE 11. Effect of sphere diameter on surface ignition temperature of three fuel-air 
mixtures, at atmospheric pressure, ignited by heated quartz and platinum spheres shot 
into mixture at average velocity of 13.1 feet per second. (Data from reference 22.) 

The data of figure 11(a) have been replotted in figure 11(b). 
The same relative effect of velocity on the ignition tem-

peratures of various inflammable mixtures is indicated in 
figure 12. The ignition source is at rest in this case and the 
mixture is in motion. The ignition temperature of the flow-
ing mixture is the temperature of a rod situated in the center 
of a duct filled with flowing mixture and heated sufficiently 
to cause ignition of the mixture. The measured velocity is 
the velocity at the center of the duct. High mixture veloci-
ties correspond to short ignition lags; thus, the ignition 
temperature of an inflammable mixture increases with 
increasing velocity of the mixture. 

The effect of variation of rod diameter on the ignition 
temperature of the mixture is expressed in figure 12 (b). 
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(a) Experimental data. 
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FIGURE 12.—Variation of surface ignition temperature of various fuels in air with gas-stream 
velocity. Ignition by Y4-inch heated stainless-steel rods. Mixtures, stoichiometric at 
atmospheric pressure and temperature of 155° F. (Data from reference 23.) 

0 

For flowing mixtures ignited by heated metal rods, the follow-
ing equation (reference 23) may be applied:

(2) 

where 
B,G constants 
D heated-rod diameter 
E energy of activation of mixture

R gas constant 
T0 flowing mixture temperature 
T, heated-rod temperature 
V velocity of mixture flowing past heated rod 

In cases of ignition of inflammable mixtures by both 
heated spheres and heated rods, the ignition effectiveness 
depends on the temperature of the ignition source, the size 
of the ignition source, and the duration of contact of the 
mixture with the ignition source. Factors related to these 
three criterions of ignition effectiveness are given in equa-
tion (2), which pertains to the ignition of flowing gas mixtures 
by heated metal rods. A factor that pertains to the dura-
tion of contact of the mixture with the ignition source is 
lacking in equation (1), which involves the ignition of 
quiescent gas mixtures by heated spheres shot into a mixture. 
This omission appears to be due to the author's criterion of 
ignition (reference 22) that recognized heat losses only by 
conduction. 

Effect of turbulence.—Literature pertaining to the effect 
of turbulence on the ignition temperature of inflammable 
mixtures is not extensive. The available data contain no 
quantitative measurements of the amount of turbulence. 
Figure 13, which also includes the data of figure 2, indicates 
the effect of gentle turbulence excited by a small fan at the 
top of the ignition chamber on the ignition temperatures 
of natural-gas–air mixtures. Mild turbulence of a mixture 
decreases the mixture ignition temperatures. Subsequent 
investigation (reference 12), however, has contradicted this 
result. When the turbulence is sufficiently great, the 
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FIGURE 13.—Effect of mild turbulence on surface ignition temperature of various natural-
gas-air mixtures. Mixtures ignited by electrically heated nickel strips cut from same 
sheet of No. 18 Band S gage commercial nickel. Length of strip, 414 inches. (Data from 
reference 11.) 
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ignition temperatures are increased. According to figure 14, 
gentle stirring of an aviation-gasoline-air mixture increases 
the mixture ignition 300 F. 
Similar data have been found concerning the effect of mild 
turbulence on the ignition temperatures of stoichiometric 
mixtures of methane and oxygen, and hydrogen and oxygen. 

NMEMME MMMMMMM 

_11q MM OWN MMM j;j.	 pij,J,rusts 

EFFECT OF SURFACE CONDITION AND COMPOSITION 

Open plates in air.—Various data are available concerning 
the ignition of fuels dropped on heated metal plates in open 
air. Generally, the data indicate that the ignition temper-
ature of an inflammable liquid is much higher when dropped 
on a heated metal plate in air than when dropped into a 
heated metal tube that confines the inflammable mixture 
to a high-temperature region. A comparison between the 
ignition temperatures of various liquid aircraft inflammables 
in these two environments is included in table I (a). The 
ignition temperatures of various inflammable liquids dropped 
on an electrically heated sheet-iron or nickel plate in air are 
presented in table I (b). According to reference 24, the 
same results were obtained by vaporizing the liquids and 
passing the vapor over the heated plates. Data from 
reference 25 indicate that the ignition temperatures of 
gasoline, gasoline-benzene mixtures, Diesel fuel, and motor 
oil placed on heated iron plates varied from 1325 0 to 
1400° F, but were lowered to 10000 to 1025° F when 
copper plates were used. Droplets of lubricating oil at 
750° F falling into a heated steel pipe were ignited at approx-
imately 840° F, but Diesel fuel at a temperature of 425° F 
under the same conditions did not ignite below 1200° F. 
The low ignition temperatures of lubricating oils are assumed 
to be due to the greater instability of the complex molecules. 
Lowering of the ignition temperatures of the inflammable 
liquids by using copper plates may he due to the greater 
thermal conductivity of the copper and differences in the 
catalytic activity of the two surfaces. 

Various investigators (reference 26) have indicated that 
heated surfaces in air, below temperatures of 950° F, do not 
present serious fire hazards when sprayed with small amounts 
of oil. Reference 27 indicates that oil explosions occur only 

213637-53-21

when oil vapor is confined to a high-temperature region. 
Drops of oil placed on a plate heated to 1400° F would not 
ignite, but oil vapor ignited at 750° F. Similar results are 
presented in reference 26, which indicate that lubricating 
oils will not spontaneously ignite when dropped on either 
bare open metal plates or thin asbestos mats heated to 950° F. 
Light fractions, such as gasoline, immediately formed a 
ball and gradually distilled away. Heavier oils also vapor-
ized (probably accompanied by simultaneous cracking); the 
vapors were diluted by air so quickly that no ignition could 
occur. 

The results of actual tests conducted with a Napier Lion 
reciprocating engine are given in reference 12. Aviation 
gasoline vapors confined within the exhaust pipe and exposed 
to exhaust-pipe temperatures of 570° F ignited after a lag of 
13 seconds. Outside the exhaust pipe, aviation gasoline (lid 
not ignite below temperatures of 850° F. Lubricating oil 
ignited at exhaust-pipe temperatures of 625° F. This appar-
ent controversy over the ignition temperatures of oil or 
gasoline ignited by heated surfaces is due to the fact that 
liquid oils or gasolines falling on heated metal plates in open 
air are idealized experimental conditions that allow rapid 
diffusion of the inflammable vapors. The higher ignition 
temperature for the aviation gasoline is probably due to the 
rapid local cooling of the exhaust pipe in contact with the 
rapidly evaporating liquid. Heated metal pipes, exhaust 
manifolds, or enclosed heated areas of an aircraft engine may 
confine the inflammable vapors to high-temperature regions 
for ignition-lag periods corresponding to low-temperature 
ignition. 

Varying surface compositions.—The ignition temperatures 
of inflammable mixtures ignited by heated surfaces are 
affected by the composition and the condition of the igni-
tion surfaces. The effect of the composition of the ignition 
surfaces on the surface ignition temperatures of natural- 
gas-air mixtures is shown in figure 15. The various steels, 
copper, and Monel metal do not differ in their ignition 
effectiveness as much as catalytically active platinum differs 
from nickel. The abnormal effect of molybdenum is prob-
ably associated with the rapid oxidation properties of the 
metal. In all the experiments with molybdenum strips, 
dense clouds of oxides were formed. Tungsten, however, 
which oxidizes readily at high temperatures, did not oxidize 
vigorously until raised to temperatures higher than those 
required for surface ignition of the natural-gas-air mixtures. 
The following data, from reference 19, indicate the effect of 
the ignition-surface composition on the surface ignition 
temperatures of gasoline as determined in air by the dynamic 
crucible method:

Surface 
Disk material (in shim 	 ignition tern- 

crucible)	 perature 

Platinum ----------------------878 
Iron---------------------------833 
Copper------------------------788
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FIGURE 15.—VarIation of surface ignition temperatures of natural-gas-air mixtures with 

percent of natural gas in mixture. Mixtures ignited by electrically heated metal strips. 
Size of metal strips, 4.25 by 0.50 by 0.04 inches. (Data from reference 11.) 

Similar data are contained in table II concerning the effect 
of ignition-surface composition on the ignition temperatures 
of liquid fuels dropped into heated containers. In each case, 
catalytically inactive pyrex surfaces ignited inflammable 
mixtures at temperatures lower than those of metal surfaces. 
Discrepancies in ignition temperatures for the same sub-
stances in table II are probably due to different experimental 
techniques. Of the metal ignition surfaces with about the 
same degree of catalytic activity, those surfaces having the 
highest thermal conductivities had the lowest ignition tem-
peratures. The effect of ignition-surface composition on the 
surface ignition temperatures of varying mixtures of a stand-
ard reference gasoline and benzene in air is indicated in 
figure 16. The ignition temperatures of the mixtures, ex-
cepting approximately 100-percent benzene, are 35 0 to 155° F 
greater for platinum surfaces than for quartz surfaces. 

In similar experiments, the surfaces of greater catalytic 
activity or interstitial character must be hotter to ignite in-
flammable mixtures than surfaces of catalytic inactivity. 
Some references indicate that two types of combustion may 
be present in ignition by heated surfaces (1) a flameless, sur-
face combustion, and (2) a gaseous combustion indicated by 
a flash. Combustion of a drop of liquid falling upon a sur-
face that is not interstitial or porous in character or that is 
catalytically inactive occurs mostly in the gaseous phase with 
a minimum of surface combustion occurring. If the surface 
is highly catalytic or interstitial, however, it may be impossi-
ble for a flash to occur because most of the combustion may 
take place on the surface. Apparently, with all factors con-
stant except the composition-of the igniting surface, the sur-
face ignition temperature of an inflammable mixture increases 
with increasing catalytic activity or interstitial character of 
the surface.

Rapid diffusion from the flameless reaction zones near the 
heated surfaces may explain the fact that higher surface 
ignition temperatures are required on catalytically active 
surfaces. Such rapid diffusion may diminish the concentra-
tion of fresh gas in the reaction zone below the limits for 
flame propagation at the surface temperature. 
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FIGURE 16.—Variation of surface ignition temperature of benzene-gasoline mixture in air 
at atmospheric pressure with various fuel compositions. Method of ignition, static cru. 
cible; ignition lag, 1 second. (Data from reference 28.) 

The mixtures most difficult to ignite with the catalytically 
active platinum strips are the mixtures having approximately 
stoichiometric fuel-air ratios. With platinum ignition sur-
faces, the combustion products are almost completely 
oxidized, and the greatest thermal energy of the reaction 
occurs with mixtures of approximately stoichiometric fuel-air 
ratios. The thermal energy of the reaction accounts for the 
extremely high ignition temperatures of near stoichiometric 
mixtures of natural gas and air ignited by heated platinum 
surfaces. No effect of surface composition on the ignition 
temperatures of the three mixtures ignited by shot-in spheres 
of quartz or platinum is apparent in figure 11. Compared 
with platinum, quartz is catalytically inactive. The mixture 
composition in each case, however, is less or greater than the 
stoichiometric fuel-air ratio for each particular mixture; the 
mixtures are probably too far from the stoichiometric fuel-air 
ratios to be greatly affected by the composition of the ignition 
surface. 

Varying surface conditions.—All the common metals 
having high melting points ignite inflammable mixtures with 
about equal facility except those on the surface of which scale 
or ash is formed. This scale or ash forming tendency is 
especially peculiar to iron. A possible explanation is that 
scale or ash upon a surface forms an insulating coating, which 
requires the surface to be heated to a much higher temper-
ature for ignition than would otherwise be necessary. A gas 
film or layer on the inside of a container may act in the same 
manner. 

RIINONERI1I1•RIlu 
0 NONE so 
m MEMO NO ON 

...IMEN.i1-..... 
so

U mu •uiuuuiuu 
am 

RIWEEWIIIIIUUuuuu 
uiwua•uuuuu

REPORT 1019—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 



'I 

I 
L

RELATION BETWEEN INFLAMMABLES AND IGNITION SOURCES IN AIRCRAFT ENVIRONMENTS 	 315 

According to reference 29, a stoichiometric mixture of 
methane and air introduced into a silica cylinder etched 
inside with hydrofluoric acid and maintained in a vacuum for 
15 minutes ignited at 1085° F. The same mixture, placed in 
the cylinder following the evacuation of water vapor or carbon 
dioxide vapor, ignited at 1265° F. The surface ignition 
temperature of the mixture was increased by the adsorbed 
film of water vapor or carbon dioxide vapor. 

EFFECT OF VARYING IGNITION SURFACE AREA 

Heated plates.—Because the thermal energy required for 
ignition of an inflammable mixture is essentially constant, 
increasing the area of heat transfer results in a decrease of the 
surface temperature required for ignition of an inflammable 
mixture. This effect on a quiescent 7-percent mixture of 
natural gas in air ignited by electrically heated nickel surfaces 
is indicated in figure 17. From figure 17, it is apparent that 
a minimum surface ignition temperature exists for the 
mixture and this minimum ignition temperature cannot he 
decreased by indefinitely increasing the area of the ignition 
surface. 

Heated wires.—Very fine wires electrically heated to 
incandescence may cause inflammation of explosive mixtures; 
but ignition of a methane-air mixture by an electrically 
heated platinum or tungsten wire is possible only in a narrow 
range of heating currents. Below this current range, flame-
less surface combustion occurs; above this range, the wires 
fuse without igniting the mixture. According to reference 30, 
the ignition of inflammable mixtures by heated platinum 
wires is not due to ionization, but to heat transfer alone, 
because ions do not appear until flame appears and no ions 
are formed during the flameless surface combustion. 

Because of heat generated on its surface by flameless 
combustion, an electrically heated platinum wire surrounded 
by an inflammable mixture has a higher temperature than 
when surrounded by air. The mixture near the wire becomes 
heated and convection currents are set up. Ignition of the 
mixture occurs only if a portion of the mixture remains in 
contact with the heated wire for a period of time greater 
than the ignition lag. The convective effect is greatest 
with the mixtures having the highest thermal energies; that 
is, mixtures having compositions near stoichiometric fuel-

Surface area, sq in.	 -	 - - 

FIGURE 17.—Effect of surface area on surface ignition temperature of quiescent 7-percent 
mixture of natural gas and air. Ignition surface, electrically heated nickel. (Data from 
reference 11.)

air ratios (reference 31). Thus stoichiometric mixtures 
are in contact with the heated wires for the shortest periods 
of time and consequently have higher ignition temperatures 
than mixtures of other compositions. The ignition tempera-
tures of the mixtures decrease with increasing diameter of 
the heated ignition wires, because of the greater ignition area. 

In the investigation of flameless surface combustion 
reported in reference 32, 0.02 to 0.09 cubic centimeter of 
hexane, cyclohexane, cyclohexene, and benzene were sepa-
rately introduced into an air atmosphere in a 400-cubic-
centimeter cylinder heated to 221° F that contained a 
small electricall y heated platinum wire. Heating of the 
wire to 572° F resulted in sudden increases of the wire 
temperature for a short period of time prior to inflammation 
of the mixtures. According to reference 31, small, heated 
tungsten wires exposed to inflammable mixtures are quickly 
oxidized and burst into flames immediately at high wire 
temperatures. The ignition of the mixture is caused by 
flames rather than by a heated surface. 

Data obtained from reference 33 indicate that the limiting 
minimum diameters of heated wires capable of igniting 
inflammable methane-air mixtures are approximately 0.0079 
and 0.0354 inch for platinum and iron wires, respectively. 
For wires of lesser diameters than these, it is assumed that 
a layer of oxygen molecules forms on the heated wire, and 
thermal energy sufficient to ignite the mixture cannot be 
conducted through the layer. Even in an unburned mixture 
of methane and air, a spiral piano wire heated to redness 
has been found to oxidize. 

Heated particles.—Ignition of inflammable mixtures by 
small heated spheres shot into the mixture has already been 
discussed. Friction sparks and fusion sparks both fall into 
the category of small heated particles. 

According to reference 34, although natural-gas–air mix-
tures can be ignited by friction sparks, it is improbable that 
natural gas can be ignited in the field by friction sparks. 
Reference 35 indicates that explosive mixtures of gasoline 
vapors and air at atmospheric pressure and temperatures of 
70° to 120° F would not ignite when exposed to sparks pro-
duced by the impact breaking of piano wire, contact of two 
pieces of hardened steel, steel in contact with a rotating 
emery wheel, or sparks from red-hot steel. Such sparks 
ordinarily lack the thermal energy required to ignite inflam-
mable mixtures. Ordinary white friction sparks produced by 
grinding steel in air are actually small metal particles, which 
oxidize or burn in air after being initially heated by being 
torn off in the grinding process. These sparks will not ignite 
petroleum vapors unless the metal is held to the wheel for a 
long time to preheat the metal and thereby increase the 
thermal energy of the spark. Alloy steel, in general, produces 
red friction sparks of low temperature, whereas some special 
alloys such as are used in cigarette lighters produce bright 
white sparks capable of igniting gasoline. Fusion sparks are 
small fused-incandescent particles derived from metals con-
tacting wires through which current is passing. Because the 
ignition temperature of a mixture ignited by small heated 
particles increases rapidly with decreasing particle diameter, 
fusion sparks ordinarily are very feeble ignition sources.
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EFFECT OF VARYING FUEL COMPOSITON 

The ignition temperature of an inflammable mixture varies 
with the type of fuel and the amount of antiknock additives 
in the fuel. This report is primarily concerned with the 
effect of gasoline composition on ignition temperatures, but 
the effect of hydrocarbon families in addition to those that 
appear in gasoline are also included. 

The variation of surface ignition temperature with the 
number of carbon atoms present per molecule for different 
hydrocarbon families is shown in figure 18. Under the same 
experimental conditions, the ignition temperatures of n-par-
affin hydrocarbons decrease with a lengthening of the carbon 
chain, with the shortest chain hydrocarbons having the 
highest ignition temperatures. Iso-paraffins have higher 
ignition temperatures than the n-paraffins (fig. 18 (a)). The 
ignition temperatures of aromatic hydrocarbons are also 
higher than those of n-paraffins. 

The surface ignition temperatures of various hydrocarbons 
are expressed as functions of the boiling temperatures in 
figure 19. Although the absolute value of the ignition tem- 
perature for the same hydrocarbon differs with the reference, 

Carbon atoms per molecule 

(a) Ignition temperatures determined by static crucible method. Ignition surface, platinum; 
ignition lag, 1 second; data from reference 36. 

(b) Data from reference 37. 

FIGURE 11.—Variation of surface ignition temperatures of several fuels in air at atmospheric 
pressure with number of carbon atoms per molecule.
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(a) Method of ignition, static crucible; ignition surface, platinum; ignition lag, 1 second; 
data from reference 36. 

(b) Data from reference 37. 

FIGURE 19.—Effect of boiling temperature on surface ignition temperatures of several fuels in 
air at atmospheric pressure. 

trends are similar for the same hydrocarbon families. The 
effect of fuel composition on the surface ignition temperatures 
of mixtures of isooctane and heptane ignited in air on a 
platinum surface by the static crucible method is shown in 
figure 20. In reference 38, it is stated that no exact relation 
exists between the octane number and the ignition tempera-
ture of a fuel, but figure 20 and table III indicate that the 
ignition temperatures of unleaded fuels generally increase 
with increasing octane number.
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FIGURE 20.—Effect of varying fuel composition on surface ignition temperatures of n-heptane--
iso-octane (2,2,4-trimethylpentane) mixture as determined in air at atmospheric pressure. 
Method of ignition, Static crucible; ignition Surface, platinum; ignition lag, I second. 
(Data from reference 28.) 
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FIGURE 21.—Effect of cetanc number on surface ignition temperature of various fuels in air 
at atmospheric pressure. Cetane numbers are converted A.S.T.M.—CFR numbers. 

The ignition temperatures of unleaded fuels in air are also 
generally increased by additions of tetraethyl lead. Table IV 
shows the effect of additions of tetraethyl lead on the ig-
nition temperatures of several fuels. A relation exists be-
tween the cetane numbers and the surface ignition tempera-
tures of various fuels, as indicated by figure 21. The cetane 
numbers of the fuels were converted from octane numbers, 
given in reference 41, by the method given in reference 42. 
The ignition temperatures of the various fuels increase with 
decreasing fuel quality or cetane number. 

EFFECT OF VARYING PRESSURE 

Increased pressure decreases the ignition temperatures of 
inflammable mixtures. The effect of pressure on the ignition 
temperatures of various hydrocarbons is shown in figures 22 
to 24. The chamber ignition temperature of gasoline in air

FIGURE 22.—Effect of mixture pressure on mixture ignition temperature of methane in air. 
Method of ignition, dynamic heated tube. (Data from reference 3.) 

Mix turé pressure, otm 

FIGURE 23,—Effect of mixtare pressure on chamber ignition temperatures of several fuels and 
oils in air. Method of ignition, bomb. (Data from reference 43.) 

as determined by the bomb method without spraying de-
creases from approximately 705° F at a pressure of 2.2 atmos-
pheres to approximately 450° F at 10 atmospheres (fig. 24). 

EFFECT OF DILUENTS 

Figures 4 and 5 indicate the effect of nitrogen as a diluent 
on the mixture ignition temperatures of inflammable mix-
tures ignited by the dynamic heated-tube method. The 
ignition temperatures of the mixtures increase with decreasing 
amounts of oxygen. This effect is in general agreement with 
the statement that the ignition temperatures of fuels are 
generally less in oxygen than in air. In the low ignition-
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sparks are usually bright, may be of short duration, and 
exhibit a spectrum that corresponds to the spectrum of the 
gas mixture in which the spark occurs. The current in a 
capacitance spark may be very large; however, the total 
energy transferred in the spark may be small because of the 
short duration of the spark. The total energy of a capaci-
tance spark, expressed as the energy required in a circuit to 
produce the spark, is

E=40(V22_v12)	 (3) 
where 
C capacitance of discharged condenser, farads 
E energy dissipated in spark, joules 

extinction potential remaining after spark has been dis-
sipated because of weakening of field and depletion of 
ions, volts 

I2 circuit potential immediately prior to spark, volts 

Generally, the extinction potential V, is so small that it can 
be disregarded. If V2 is very small, however, V1 may be 
important. Considerable energy losses may occur in the 
electric circuits through skin effects in the condenser plates 
and conductors especially if solid dielectrics are used. For 
this reason, it has been recommended that air condensers 
be used in electric circuits to'determine the minimum spark-
ignition energies of incendiar y capacitance sparks. 

INDUCTANCE SPARKS 

Also known as low-tension sparks, inductance sparks are 
often obtained by breaking a wire in an inductive electric 
circuit or from magnetos or ignition coils. These sparks are 
generally not as bright in appearance as capacitance sparks 
and exhibit a spectrum corresponding to the spectrum of the 
vapor of the metal electrodes. The duration of inductance 
sparks can be relatively long compared with the duration of 
capacitance sparks; the total electric energy transferred in 
such sparks may therefore be large. Like the capacitance 
spark, the energy dissipated in an inductance spark is diffi-
cult to measure, but can be expressed as, 

E=Li2	 (4) 

where 

E energy dissipated in spark, joules 
i current in circuit prior to spark, amperes 

L inductance of electric circuit, henrys 
According to reference 44, the total energy dissipated in 

the spark may be less or greater than - Li2. If the spark is 
extinguished before the available electromagnetic energy is 
dissipated, the total energy dissipated in the spark will be 
less than - Li2. The total energy dissipated in the spark 

may be greater than Li2 if the potential across the break 
is enough to maintain the spark.
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FIGURE 24—Variation of chamber ignition temperature of gasoline in air with air pressure. 
Method of ignition, bomb. (Data from reference 43.) 

temperature range of figures 4 and 5, however, the effect of 
inert gases is negligible. Regardless of the percentage of 
inert gas in the mixture, the ignition temperature in the low 
ignition-temperature range is approximately constant. 

The ignition temperatures and limits of inflammability of 
gasoline and lubricating oils are dependent on the conditions 
and methods of experiment; these properties of gasolines and 
lubricating oils as obtained by different investigators are in-
cluded in tables V and VI. 

11—IGNITION BY ELECTRIC SPARKS AND ARCS 

A study of ignition of inflammable mixtures by electric 
sparks and arcs involves an understanding of the nomencla-
ture of spark-ignition systems. Definitions of terms en-
countered in the contemporary literature, which pertain to 
electric spark and are ignition, are presented in the following 
paragraphs.

TERMINOLOGY

CAPACITANCE SPARKS 

Capacitance sparks are produced by the discharge of 
charged condensers. According to reference 44, capacitance
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FUSION SPARKS 

Fusion sparks are small incandescent particles and are 
treated in the section IGNITION BY HEATED SURFACES. 

MINIMUM SPARK-IGNITION ENERGY 

The minimum spark-ignition energy of an inflammable 
mixture is the total electric energy stored in an electric cir-
cuit at the initiation of the weakest spark just capable of 
ignition of the mixture. Essentially, this energy is the energy 
transmitted to the gas between the electrodes as heat and 
ionization.

QUENCHING DISTANCE 

The quenching distance of any electrode configuration is 
the minimum electrode spacing below which the reaction 
initiated in a hydrocarbo1i-air mixture by an incendiary 
spark is quenched. 

The amount of energy in any of the different type sparks 
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is difficult to measure exactly. Most of the results are there-
fore reported as the energy required in an electric circuit 
capable of producing an incendiary spark. This report is 
concerned with the minimum spark-ignition energy required 
to ignite a gasoline-air mixture and the minimum electrode 
spacing below which the reaction initiated in a gasoline-air 
mixture by an incendiary spark is quenched. These data 
are not extensive in the literature; however, knowledge per-
taining to the spark ignition of the lighter hydrocarbons is 
quite extensive, and many of these results are included herein. 

The spark-ignition process has been defined as an ioniza -
tion process, a thermal process, or a combination of the two 
processes. Regardless of the definition of the type of process, 
the minimum spark-ignition energy of an inflammable mix-
ture depends on mixture composition, pressure, temperature, 
velocity, spark duration, and electrode size, material, spac-
ing, and configuration. Ignition lag, when applied to spark 
ignition, is approximately zero, because of the high tempera-
ture of the spark. 
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EXPERIMENTAL RESULTS IN PUBLISHED LITERATURE 

The ignition of fires in aircraft by electric sparks and arcs 
depends generally on the energy available in the spark. 
Whether the spark-ignition energy is capable of ignition de-
pends on various experimental conditions. The manner in 
which results are presented here is similar to the manner in 
which heated-surface ignition results were presented; that is, 
the results are accompanied by data specifying the experi-
mental conditions.

CAPACITANCE SPARKS 

Effect of mixture composition.-The effect of mixture 
composition on the minimum spark-ignition energy of several 
different quiescent mixtures ignited by sparks from different 
electrode configurations is shown in figures 25 and 26. The 
curve of minimum spark-ignition energy, plotted against 
mixture composition for a methane-air mixture at a temper-
ature of 770 F and a pressure of atmosphere (fig. 25), passes 
through a minimum of approximately 1.7 millijoules at 
approximately 8.4 percent by volume of methane in air, 
when 6-inch stainless-steel electrodes embedded in 1-inch 
glass disks are used. Similar values for other mixtures are 
given in the following table for an approximate temperature 
of 77° F and pressure of 1 atmosphere. Stainless-steel elec-
trodes were used except for methane, which was investigated 
by using stainless-steel electrodes embedded in 1-inch glass 
disks. 

Mixture Elec-  vapor t,ode Elec- Least 
amIn flammable b in air, am- Electrode conhlgura- trode energy Refer- 

(percent tion spacing (mull- cures 
by vol- (in.) joules) 
ume) 

Benzene ---------- Spherical ------------ 0.05 0.4 46 
Benzene ----------

3.85 05 1.7 46 
Natural gas -------

-3.85 

8.00 10 0.4 46 
Natural gas -------

- -

8.40 
- -

Spherical--------------
Spherical----------------

-

05 2.0 46 
Methane---------

- -
-

- 

10.00 - o
Spherical---------------
Hemispherical------

- 

------ 0.7 47 

For each of these inflammable mixtures, well defined upper 
and lower limits of inflammability exist. 

The data given in the following table (reference 48) indi-
cate that the minimum spark-ignition energies of different 
quiescent hydrocarbon-air mixtures at 770 F and pressure 
of 1 atmosphere ignited by capacitance sparks from the 
same electrode configuration do not differ greatly: 

Inflammable
Percent of 

fuel In fuel- 
air mixture 

by volume

Least 
energy 
(milli-

joules) 

Methane ------------------------ 8.45 0.28 
F.thane-------------------------- 6.61 .25 
Propane------------------------- 5 .07 .26 n-Butane ------------------------

- --

4.53 .26 
3.64 .24 

n-Heptane ----------------------

- -

3.36 .25 

- -
- - -

6.34 .18 

n-Hexane--------------------------

cyclohexane -------------------- 3.94 .24 
Cyclopropane---------------------

- -

4.67 .21 Benzene --------------------------
Diethyl ether--------------------

-

5.30 .19

The effect of mixture composition on the minimum spark-
ignition energies of flowing propane-air mixtures at a pressure 
of 3 inches of mercury absolute is indicated in figure 27. The 
general shapes of the curves, for the three mixture velocities 
plotted, are much the same as the shapes of curves for various 
quiescent mixtures.

Electrode conf,gurat,o 
Inconel-.	 - 

-

A 

-f!A
/?5 velocit-y 

o	 5.0 
- - - o	 25.2 

54.2	 - 
- - 

i;iiii II1Is2II 7Z 0 
- ^

4	 .5	 6.	 .	 7	 ö Propane in propane-air mixture, 
pet-cent by volume 

FIGURE 27.-Effect of mixture composition and velocity on minimum spark-ignition energy 
of flowing propane-air mixtures at temperature of 800 F and pressure of 3 inches mercury 
absolute. Electrode spacing, 0.25 inch; capacitance-spark duration, 600 to 900 microseconds. 
(Data from reference 49.) 

Effect of electrode spacing.-The effect of varying electrode 
spacings of different electrode configurations on the minimum 
spark-ignition energies of various inflammable mixtures is 
shown in figure 28. A critical electrode spacing exists for 
each electrode configuration. The minimum spark-ignition 
energy required to ignite a mixture is approximately constant 
for electrode spacings greater than the critical spacing. 
Greatly increased electrode spacings or spacings less than -the 
critical spacing increase the required minimum spark-ignition 
energy of a mixture. According to reference 45, the critical 
electrode spacing represents the spacing below which the 
chemical reaction initiated by the initial inflammation is 
quenched by the cooling effect of the spark electrodes and is 
analogous to the diameter of the largest tube through which 
flame will not propagate. The minimum spark-ignition en-
ergies of a stoichiometric mixture of natural gas and air are 
approximately 0.45 millijoules for electrode spacings  greater 
than the critical spacing or quenching distance of approxi-
mately 0.08 inch for two electrode configurations. When the 
electrode spacing is decreased to less than the quenching dis-
tance, the minimum spark-ignition energy increases gradually 
if rounded electrodes are used and abruptly if rounded elec-
trodes embedded in glass are used. The abrupt change in the 
case of the disk eleètrode configuration may be due to the 
large cooling area of the glass disks. The quenching distance 
of one electrode configuration varies with composition of a 
methane-air mixture at a temperature of 77° F and a pressure 
of atmosphere, as indicated in figure 25. A quenching 
distance of approximately 0.089 inch exists for a glass-disk 
electrode configuration igniting a 9 percent (by volume) mix-
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ture of methane and air at a temperature of 77° F and 
atmospheric pressure (reference 50). 

Under the same atmospheric conditions, 3-inch spherical 
stainless-steel electrodes and X6-inch hemispherical brass 
electrodes have exhibited quenching distances of approxi-
mately 0.053 inch in the spark ignition of approximately 
8.5 percent by volume mixtures of natural gas and air and 

Approximate 
quenching cl/s/once - - - 

9
- -	 Electrode configuration 

Stainless steel--:ff' 
A	 / 

°	
AA	 f 

A -A	 " VE_^ 

Stainless steel-; 
pIates-1_ 

\
- -

4

Gloss 

0	 .05	 /0	 .15
Electrode spacing, in. 

(a) Fuel, natural gas; data from reference 45. 

II	 I	 I 
Approximate 

-. quenching distance - -- 

Electrode con f/guratior 

-
A-A	 A	 72" ---Stainless 

steel 

-

Fq

_

0	 02	 .04	 06.0	 .iu	 jc
Electrode spacing, in 

(b) Fuel, Pittsburgh natural gas; data from reference 46. 

FIGURE 28.—Effect of varying electrode spacing on minimum spark-ignition energy of 
approximately 8.5 percent by volume mixture of fuel and air at atmospheric pressure and 
temperature. 

213637-53-----22

0	 .0/	 .02	 .03	 .04	 .05	 .06
Elec trade spacing, in. 

(c) Fuel, methane; data from reference 44.
FIGURE 29—Continued. 

methane and air, respectively (fig. 28 (b) and 28 (c)). 
Quenching distances increase with increasing electrode size 
and thermal conductivity of the electrode material, owing to 
the increased cooling effect. Increasing the electrode size and 
electrode spacing for the same inflammable mixture increases 
the minimum spark-ignition energy required to ignite the 
mixture, because of the larger cooling area. For the same 
reason, the inflammability range is smaller when determined 
with large electrodes than with small ones (fig. 26). 

Effect of electrode material and configuration.—With 
the exception of the relative effect of varying the thermal 
conductivity of the electrodes, varying the electrode material 
has no significant effect on the ignition of inflammable 
mixtures by capacitance sparks. Ignition of gaseous mix-
tures by sparks from platinum, nickel, zinc, aluminum, lead, 
brass, and steel electrodes was unaffected by changes in 
the electrode material (references 44 and 51). Ignition of 
the mixture was affected by the changes in electrode 
configuration. 

Effect of spark potential—Generally, the minimum spark-
ignition energy of an inflammable mixture is practically in-
dependent of the spark potential of capacitance sparks. The 
same spark-ignition energy, regardless of the potential and 
capacitance changes in the circuit, ignites mixtures of the 
same composition. Some references indicate that the mini-
mum spark-ignition energy required to ignite an inflammable 
mixture decreases with increasing spark potential. These 
data are insignificant in accordance with the results reported 
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in reference 50. When the sparking potential of capacitance 
sparks was varied from 1.6 to 5.8 kilovolts the minimum spark-
ignition energies required to ignite methane-air mixtures was 
relatively unaffected by potential variations. Most of the 
references agree that it is the electrode configurations and 
electrode spacings that determine the minimum spark-
ignition energies of capacitance sparks capable of igniting 
inflammable mixtures. 

Effect of mixture velocity and spark duration.—According 
to reference 49, the minimum spark-ignition energy required 
to ignite flowing propane-air mixtures at low pressures in-
creases' approximately linearly with mixture velocity. This 
phenomenon is graphically shown in figure 29 for a 5.2 per-
cent by volume mixture of propane in air at pressures of 2, 3, 
and 4 inches of mercury absolute. The relatively high 
ignition energies are due to the very low mixture pressures. 

Minimum spark-ignition energies of flowing propane-air zn 
mixtures increase with spark duration as shown in figure 30. 
The relation is not linear, being approximately of the form 

E=Kt	 (5) 
where 
E minimum spark-ignition energy 
K constant 
fl constant <1 

spark duration 

PH 

p 
el

5( 
1-
C 
01

4C 
U,

30 

20

• "u	 100	 30	 40	 50	 60 
Mixture velocity, ft/sec 

FIGURE 29.—Effect of mixture velocity and pressure on minimum spark-ignition energy of 
flowing 5.2 percent by volume mixture of propane in air at temperature of SO' F. Electrode 
spacing, 0.25 inch; capacitance-spark duration, 600 to 800 microseconds. (Data from 
reference 49.)
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FIGURE 30.—Effect of capacitance-spark duration on minimum spark-ignition energy of 
flowing 5.2 percent by volume mixture of propane in air at temperature of 80° F. Electrode 
spacing, 0.25 inch. (Data from reference 49.) 

Electrostatic sparks.—Electrostatic sparks are a special 
type of capacitance spark. Electrostatic charges capable of 
spark production can be accumulated by friction, impact, 
pressure, cleavage, induction, successive contact and separa.. 
tion of unlike surfaces, one of which is generally an insulator, 
and transference of inflammable fluids and gases from one 
container to another. Air temperatures appear to have no 
significant effects on the charges accumulated, but increasing 
humidity tends to prevent accumulation of high potential 
electrostatic charges. The potential of electrostatic charges 
accumulated by liquids flowing in tubes decreases with 
decreasing liquid pressures. 

INDUCTANCE SPARKS 

Effect of mixture composition.—The effect of mixture 
composition on the minimum spark-ignition energies of in- 
ductance sparks is indicated in figure 31 for two hydrocarbon- 
air mixtures. Because the electric circuit inductance is 
difficult to measure, the results are expressed as the minimum 
ignition current with a constant electrode spacing. The 
effect of mixture composition is approximately the same for 
inductance sparks as for capacitance sparks. Well-defined 
limits of inflammability exist with both types of igniting 
spark. Approximately 0.59 ampere primary current in the 
inductive circuit produces a spark capable of igniting an 
8.3 percent by volume mixture of methane in air An ignition 
current of approximately 0.475 ampere in the same electric 
circuit will produce an inductive spark capable of igniting a 
4.2 percent by volume mixture of n-butane in air. These 
data were obtained at atmospheric pressure and temperature. 
According to available data, the ranges of inflammability 
determined for capacitance sparks are slightly greater than 
those determined for inductance spark ignition. 

Effect of electrode spacing.—Because of the manner in 
which inductance sparks often occur, few data are available 
that indicate the effect of electrode spacing on the ignition of 
inflammable mixtures. The variation of spacing of inductance- 
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Finn ac 31.—Effect of mixture composition on minimum ignition currents of primary circuits 
producing inductance sparks capable of igniting methane-air and si-butane-air mixtures at 
atmospheric pressure and temperature. Electrode spacing, 0.0394 inch. (Data from 
reference 52.) 

spark electrode configurations with mixture composi-
tioñ is indicated in figure 32 as being similar to the variation 
with capacitance-spark electrode configurations. A minimum 
electrode spacing of approximately 0.043 inch is indicated for 
an 8.5 percent by volume mixture of methane in air ignited by 
inductance sparks from the particular electrode configuration. 

Effect of electrode material.--Unlike the effect of electrode 
material on capacitance-spark ignition, the minimum spark-
ignition energies of inflammable mixtures ignited by in-
ductance sparks are affected by material changes in the elec-
trode configuration. Ethane-air and carbon-monoxide–air 
mixtures were ignited at atmospheric temperature and 
pressure using electrodes of platinum, nickel, copper, alu-
minum, and iron (reference 54). Decreasing density of the 
electrode material generally increased the ignitibility of the 
inflammable mixtures. The least amount of energy dissipated 
in an inductive spark capable of igniting an inflammable 
mixture occurs with spark electrodes of the lightest metal.
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FIGURE 32.—Effect of mixture composition on minimum spacing of electrode configuration 
producing inductance sparks capable of igniting methane-air mixtures at atmospheric 
pressure and temperature. Electrode configuration, 0.394-inch-diameter platinum disk 
and sharply pointed platinum cone; primary circuit current, 1.0 ampere. (Data from 
reference 53.) 

Effect of circuit inductance and potential.—The energy 
required for ignition of an inflammable mixture by inductance 
sparks depends on the inductance, the current, and the 
potential in the electric circuit prior to the spark. The 
amount of energy required to ignite the mixture is substan-
tially constant, but larger amounts of energy may be in-
dicateci if a large portion of the measured energy is dissipated 
in the inductance coil as core losses. The following data from 
reference 55 indicate the effect inductance and current in an 
electric circuit have on the measured minimum spark-
ignition energy required to ignite a mixture of coal gas and 
air at atmospheric pressure and temperature. 

Number 
of layers in	 Circuit	 Circuit	 Spark-igni-
inductance-	 Core of coil	 inductance	 current	 tion energy 

coil	 (henrys)	 (amperes)	 (millijoules) 
winding 

14	 Air -------------------- -0.01	 0.35	 0.6 
14	 Straight iron bar ------- -.07	 .15	 .8 
14	 Rectangular iron frame-	 .56	 .09	 2.3

Inductance sparks from electric circuits of low potential 
require more measured spark-ignition energy to ignite the 
same inflammable mixture than inductance sparks from 
similar electric circuits of higher potential, as indicated by 
the following data from reference 56 for inductance-spark 
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ignition of an 8.5 percent by volume mixture of methane in 
air at atmospheric temperature and pressure. 

Circuit Circuit Circuit Spark-
potential inductance Current ignition 

(volts d. c.) (henrys) (amperes) energy 
(millijoules) 

4 0.02144 0.77 6.35 
220 .02144 .35 1.30 

4 .012 1.025 6.30 
220 .012 .4 .96

The amount of energy dissipated in an inductance spark 
consists of two parts: the energy stored in the electric circuit 
prior to the spark and the continued supply of energy from 
the circuit potential. The amount of energy stored in the 
electric circuit prior to the inductance spark is the only 
spark-ignition energy measured. The spark-ignition energy 
supplied by the electric circuit potential to an inductance 
spark increases with increasing circuit potential. Thus, 
inductance sparks from electric circuits of low potential 
require greater measured amounts of spark-ignition energy 

Li' than sparks from circuits of high potential to ignite 

similar inflammable mixtures. 
Effect of type of current in circuit.—The type of current 

in the electric circuit, alternating or direct, has no significant 
Soc 
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FIGURE 33.—Effect of mixture composition on minimum ignition pressures of methane-air 

mixtures at temperatures of 78 0 to 87° F. Method of ignition, bomb; electrode configuration, 
spark-plug; electrode spacing, 0.110 inch; capacitance-spark ignition energy, 8640 millijoules; 
volume of bomb, 750-cubic-centimeters. (Data from reference 58.)

effect on the ignition ability of inductance sparks. No 
difference in the ignition ability of alternating or direct-
current inductance sparks has been found by the investi-
gators of reference 57, who ignited fire-damp—air mixtures 
at atmospheric pressure and temperature. The following 
data from reference 56 indicate the negligible effect of current 
type on the incendiarism of inductance sparks igniting an 
8.5-percent (by volume) methane-air mixture at atmospheric 
conditions: 

Type of current frequency Ignition current 
(amperes) (cps) 

Direct 0.415 
68 .4101	 values Alternating--------------

Alternating 20  1cres 

EFFECT OF GAS PRESSURES AND TEMPERATURES 

The effects of temperature and pressure are the same for 
both capacitance and inductance sparks; the following dis-
cussion therefore applies to all sparks. 

Varying pressure.—The ignition of inflammable mixtures 
is significantly affected by varying mixture pressures and 
temperatures. The inflammability range of different mix-
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FIGURE 34.—Effect of mixture composition on minimum ignition pressures of fl-butane--air 
mixtures at temperatures of 73° to 84° F. Method of ignition, bomb; electrode configur-
ation, spark-plug; electrode spacing, 0.110 inch; capacitance-spark ignition energy, 8640 
millijoules; volume of bomb, 750-cubic-centimeters. (Data from reference 58.) 
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(b) Fuel, 100-octane gasoline; ignition by hydrogen flame, electric spark, gun cotton, or heated 

platinum wire; data from reference 7. 

FIGURE 35.—Effect of mixture composition on minimum ignition pressures of two fuel-air 

mixtures. 

tures is reduced by decreasing mixture temperatures and 
pressures. This effect of mixture pressure on the limits of 
inflammability of several inflammable mixtures is shown in 
figures 33 . to 35. The minimum ignition pressure or the 
minimum mixture pressure of methane below which ignition

is no longer possible, exists at mixture compositions less 
than stoichiometric; reference 58 indicates that the same 
relation is true for hydrogen. The minimum ignition pres-
sures of heavier hydrocarbons, such as propane and n-butane, 
occur at mixture compositions greater than stoichiometric. 
These phenomena may be due to the diffusivity of air being 
less than the diffusivities of methane or hydrogen, but greater 
than those of propane or n-butane. The minimum ignition 
pressures do not vary greatly for hydrocarbons in the range 
ot molecular weights given in the following table taken from 
reference 58 which gives the minimum ignition pressures of 
hydrocarbon-air mixtures as determined in a 750-cubic-
centimeter metal bomb (mixture temperature, 75° to 85° F; 
electrode spacing, 0.110 inch; capacitance-spark ignition 
energy, 8640 millijoules). 

Minimum Ig-
Hydrocarbon nition pressure 

(mm Hg abs.) 

Hydrogen ----------------------------
11.5 

Methane--- -------------------------- 19.0 
- 21.0 

29.0 
n-Butane and iso-butane -------------

--
--

29.0 

Butadiene-1 ,3------------------------
Butenes-2-----------------------------

Benzene------ 
-----------------------

28.0 
2,4-Dimethyl-1,3-pentadiene ---------

-
-

33. 0 
n -Nonane-----------------------------

-
33.0 

Various investigators have found higher minimum ignition 
pressures for different hydrocarbons, as indicated in figure 
35 (a), for natural gas. Differences in results are due to 
different experimental techniques. Little data expressing 
the effect of varying mixture pressures and temperatures on 
the incendiary properties of gasoline-air mixtures are avail-
able. 

According to reference 60, the minimum ignition pressure 
of various gasoline-air mixtures ignited in vessels of 0.425, 
1.09, and 125.0 cubic-foot capacity by sparks or hot platinum 
wires is 33 millimeters of mercury absolute at ordinary 
ambient temperatures. Close agreement with these results 
is evident in figure 35 (b). The minimum ignition pressure of 
mixtures of 100-octane gasoline and air ignited by four 
different methods at atmospheric temperatures is 35 milli-
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FIGURE 36.—Effect of mixture pressure of 8.5 to 95 percent by volume mixture of methane and 

air at temperature of 770 F on quenching distance of one electrode configuration. (Data 

from reference 50.) 
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meters of mercury absolute for a 1.75 percent by volume 
mixture of gasoline in air. The lower and upper limits of 
inflammability of 100-octane gasoline and air mixtures are 
relatively unaffected by mixture pressure changes above 60 
and 300 millimeters of mercury absolute, respectively. 

U	 .110	 lU	 .10	 .LI	 .25	 .30	 .35	 •40 
Electrode spacing, in. 

(a) n-Butane, 3.5 percent by volume. 

(b) 2,2,4-Trimethylpentane, 2.5 percent by volume. 

FIGURE 37.—Effect of electrode spacing on minimum ignition pressures of two fuel-air mix-
tures at temperatures of 70' to 75' F. Ignition by spark-plug-electrode configuration in 
2-inch inside-diameter by 31-inch glass reactor. (Data from reference 58.)

The effect of pressure on the quenching distances or elec-
trode spacings of various electrode configurations producing 
incendiary sparks is shown in figures 36 and 37. For constant 
spark-ignition energies, the quenching distances, or electrode 
spacings, of incendiary-spark-producing electrode configura-
tions increase with decreasing inflammable mixture pressures. 
This phenomenon is explained by assuming that a constant 
spark-ignition energy can initially ignite a constant mass of 
inflammable mixture. Thus, with decreasing mixture pres-
sure, ignition of a larger volume of inflammable mixture 
occurs, and the electrode spacing must be increased to 
accommodate the increased mixture volume. 

Variation of minimum spdrk-ignition energy with mixture 
pressure is expressed in figures 38 to 40. For constant 
electrode spacing, the minimum spark-ignition energy of a 
mixture increases with decreasing mixture pressure. The 
minimum spark-ignition energies of inflammable mixtures 
increase rapidly near the minimum ignition pressures of the 
mixtures (fig. 40). 

Varying temperature.—Varying the temperature of inflam-
mable mixtures from —50° to 300° F has a small effect on the 
minimum ignition pressures of the mixtures when ignition is 
initiated by high-energy capacitance sparks. As indicated 
in figure 41, the minimum ignition pressures of n-butane--air 
and isooctane-air mixtures decrease linearly with increasing 
mixture temperatures when ignition is effected by capacitance 
sparks having spark-ignition energies from 720 to 8640 
millijoules. The minimum ignition pressures of n-butane–air 
and isooctane-air mixtures are approximately the same 
regardless of the spark-ignition energies at mixture temper-
atures of 300° F. 

U	 100 800 300 400 500 600 700 800
Mixture pressure, mm Hg abs. 

FIGURE 38.—Effect of pressure of 8.5 to 0.5 percent by volume mixture of methane and air at 
temperature of 770 F on minimum spark-ignition energy for one electrode configuration. 
(Data from reference 50.) 
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FIGURE 39.—Minimum spark-ignition energy of glass-flanged electrode configurations as functions of electrode spacing and pressure of 9.5 percent by volume mixture of methane and air at tem-



perature of 77° F. (Data from reference 50.) 
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FIGURE 40.—Effect of mixture pressures on minimum spark-ignition energy of one electrode 
configuration. Electrode spacing. 0.110 inch; capacitance-spark voltage, 600 volts. All 
mixtures slightly richer than stoichiometric. (Data from reference 59.
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(a) 2,2,4-Trimethylpentane in air, 2.5 percent by volume. 

(b) n-Butane in air, 3.5 percent by volume. 

FIGURE 41.—Effect of mixture temperature on minimum spark-ignition pressures of 2,2,4-
trimethylpentane and n-butane-air mixtures. Method of ignition, bomb; electrode config-
uration, spark-plug; electrode spacing, 0.110 inch; volume of bomb, 750-cubic-centimeters. 
(Data from reference 58.) 
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(a) Minimum spark-ignition energy. 
(b) Quenching distance. 

FIGURE 42.—Effect of diluent-gas addition on minimum spark-ignition energy and quenching 
distance of methane-oxygen-diluent-gas mixtures at temperature of 77 1 3? and pressure of 1 
atmosphere. (Data from reference 10.) 

EFFECT OF DILUENTS 

The presence of diluent gases in an inflammable mixture 
exerts a significant influence on its electric spark ignition. 
Like heated surface ignition, the spark-ignition energy re-
quired to ignite inflammable mixtures containing large per-
centages of diluents depends on the absorptive and conductive 
powers of the diluents and the proportion of inflammable 
gas to oxygen. Figure 42 indicates the effect of diluents on 
the minimum spark-ignition energies and quenching dis-
tances of methane—oxygen—diluent-gas mixtures. In figures 
42 (a) and 42 (b), the relative effect of the diluent gases is 
the same. With the exception of the methane-oxygen-argon 
mixtures, the minimum ignition energies and quenching 
distances increase with increasing diffusivity of the oxygen—
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-	 S	 II 
n-B&t one in n-butane - oxygen-diluent-gas mixture, 

percent by volume 
FIGURE 43.—Effect of diluent-gas addition on minimum ignition pressures of ss-butane-. 

oxygen-diluent-gas mixtures. Method of ignition, bomb; electrode spacing, 0.110 inch; 
capacitance-spark ignition energy, 8640 millijoules; volume of metal bomb, 710 cubic centi-
meters; mixture temperature, 74 0 to 82° F. (Data from reference 18.) 
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FIGURE 44.—Limits of inflammability of gasoline vapor in various air—diluent-gas atmos-
pheres. Automobile-exhaust-gas composition: nitrogen, 85 percent by volume; carbon 
dioxide, 15 per:cent by volume. Gasolines tested: 73, 92, and 100 octane. Inflammable 
area covers entire area inside largest curve. (Data from reference 61.) 

diluent-gas mixtures. This mixture diffusivity is expressed 
by

(6) PCP 
where 
C. mixture specific heat 	 -
k mixture thermal conductivity 
a mixture thermal diffusivity 
p mixture density 
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The minimum ignition pressures of mixtures of n-butane 
and oxygen, with argon, nitrogen, carbon dioxide, and helium 
as diluents are shown in figure 43. For all the inflammable 
mixtures containing diluents, the mixtures most and least 
ignitible are those containing argon and carbon dioxide, 
respectively. The effect of several diluents on the limits of 
inflammability of individual mixtures of 73-, 92-, and 
100-octane gasoline and air is shown to be identical in figure 44. 
The lower limit of inflammability of the mixture is relatively 
unaffected, whereas the upper limit decreases approximately 
linearly with increasing amounts of diluents such as carbon 
dioxide, automobile exhaust gas, and nitrogen. Mixtures of 
100-octane gasoline and air are rendered noninflammable by 
the addition of approximately 28.7, 36.0, and 42.5 percent by 
volume of carbon dioxide, automobile exhaust gas, or nitrogen, 
respectively. Halogenated hydrocarbons are more effective 
than any of these diluents in rendering gasoline-air mixtures 
noninflammable. 

111—IGNITION BY FLAMES OR HOT GASES 

Data pertaining to the ignition of inflammable mixtures 
by flames or hot gases are not extensive. Much of the 
available data pertain to the ignition of gas-air mixtures 
containing methane as the chief inflammable constituent. 
Whether the inflammable mixtures will or will not be ignited 
by flames or hot gases depends on mixture composition, 
duration of contact of the mixture with the ignition source, 
temperature of the ignition source, and size of the ignition 
source, in much the same manner as ignition by heated 
surfaces. 

EFFECT OF VARYING MIXTURE COMPOSITION 

The effect of mixture composition on the limiting diameters 
of openings for downward propagation of flames in methane-
air mixtures is shown in figure 45. Limiting diameters occur 
with approximately stoichiometric compositions. The igni-
tion of an inflammable mixture by a flame can be considered 
practically instantaneous. Methane-air mixtures exposed to 
flames 0.394, 0.492, and 0.591 inch in length exhibited ignition 
lags of 0.0068, 0.0042, and 0.0035 second, respectively; there-
fore, even though the ignition lag is practically zero for flame 
ignition, the lag decreases with increasing size of the ignition 
source. Minimum ignition lags have been found to occur 
with approximately stoichiometric mixtures. 

LIMITING SIZE OF OPENINGS FOR FLAME PROPAGATION 

The minimum quenching distances or the limiting diam-
eters of tubes or holes in thin plates through which a flame 
wffl not propagate are expressed in figures 45 to 47. Mini-
mum limiting tube and thin plate opening diameters of 
approximately 0.071 and 0.136 to 0.150 inch occurred for 
approximately stoichiometric mixtures of coal gas and 
methane with air, respectively. These limiting diameters for 
the downward propagation of flame in inflammable mixtures 
were determined for copper tubes having length-diameter 
ratios lid of 10, and for circular openings in thin copper foil 
and mica plates having thicknesses of 0.0033 inch and 0.0024 
to 0.0087 inch, respectively. 

Some references (for example, references 62 and 67) indi-
cate that the quenching of the flame is due solely to the

FIGURE 4.—ffect of mixture composition on limiting diameters of openings in copper and 
mica plates and copper tubes for downward flame propagation in methane-air mixtures at 
atmospheric pressure. (Data from reference 62.) 

cooling effect of the unburned gases rather than a cooling 
effect due to varying thermal conductivity of the confining 
material. Data from reference 68 indicate that in addition to 
this effect the confining material and opening configuration 
may affect the quenching distance by varying the size of the 
dead space between the surface of the flame and the opening 
of the enclosure. The reduced inflammability range and the 
increased limiting diameter of opening for downward flame 
propagation determined with copper tubes instead of open-
ings in copper foil may be due to an increase in the size of the 
dead space caused by the greater over-all cooling effect of the 
copper tubes. Investigations conducted with the glass tubes 
and the mica plates (references 62 and 63) gave approximately 
the same results as experiments in which copper tubes and 
plates were used. 

No data were found in the survey of the literature to indi-
cate the limiting sizes of openings for propagation of flames 
of gasoline-air mixtures. Reference 65, however, indicates 
that the quenching of laminar oxyhydrogen flames by solid 
surfaces is partly dependent on the factor k/SC, where 
C heat capacity per unit volume of unburned mixture at 

quenching temperature 
k thermal conductivity of unburned mixture at quenching 

temperature 
S burning velocity of mixture  
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FIGURE 46.-Limiting diameters of circular openings and limiting distances between plates 
for downward propagation of flame in various vapor-air mixtures at atmospheric pressure. 
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FIGURE 47.-Quenching of propane-air flames at various mixture pressures and temperature of 
750 F; downward flame propagation. (Data from reference 66.)

.0206	 .10	 .2	 .4	 .8 .8 1.O -	 2	 4Mix,eure pressure , atm 

FIGURE 48.-Quenching of propane-air flames at various mixture pressures and temperature of 
75' F. Downward-flame-propagation data, reference 66; spark-ignition data, reference 48. 

Figure 46 was plotted, using values of k/SC calculated as 

indicated by reference 65. Experimental data, which per-

tain to the limiting size of openings for flame propagation in 

gasoline-air mixtures, are unavailable in the literature. 

Accordingly, k/SC was calculated for a stoic,hiometric 

n-octane-air mixture, which was assumed to be approxi-

mately the same as a stoichiometric gasoline-air mixture. 

This calculated value of k/SC indicates (fig. 46) that the 

limiting diameter of circular openings and the limiting 

distance between parallel plates for downward flame propa-

gation in gasoline-air mixtures are approximately 0.13 and 

0.09 inch. respectively. 

EFFECT OF GAS PRESSURES AND TEMPERATURES 

The effect of mixture pressure on the quenching of propane-

air flames is indicated in figure 47. The configuration 

used consisted of a rectangular opening in %e-inch copper 

plates. The length-width ratio of the slit was always greater 

than 3.6. For all mixture pressures from 0.0832 to 2.77 

atmospheres, the minimum limiting slit width for downward 

propagation of flame occurs with mixtures slightly richer 

than stoichiometrie. As shown by figure 48, for any single 

mixture composition, the dependency of the limiting slit 

width on the mixture pressure is expressed approximately 
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by an equation of the form 
w= Kp'
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FIGURE 49.—Quenching of propane-air flames at various mixture temperatures (gas and plates 

at same temperature). Pressure, 14.3 pounds per square inch absolute; slit length-width 
ratio, > 3.6; slit jaws, 31e-inch copper plates; downward flame propagation. (Data from 
reference 66.)

where 
K constant 
n negative exponent 
p mixture pressure 
w slit width 

The results of investigations conducted with propane-air 
flames at atmospheric pressure to determine the effect of 
mixture temperature on the limiting slit width of the quench-
ing configuration just described are presented in figure 49. 
The mixture and the plates forming the rectangular opening 
were at the same temperature. For all temperatures from 
800 to 545° F, the minimum limiting slit width occurs with 
mixtures slightly richer than stoichiometric. The limiting 
slit width decreases with increasing mixture temperature. 
Similar data for brass-plate protective devices in natural-
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FIGURE 50.—Effect of plate temperature on performance of brass-plate protective device 
(plates, 0.09 in. by 4 in.) in inflammable atmospheres containing 8.6 to 9.5 percent by volume 
natural gas in air. (Data from reference 69j 
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gas-air atmospheres are given in figure 50. The limiting 
distance between plates for a single mixture decreases linearly 
with increasing plate temperature. 

EFFECT OF DILUENTS 

The effect of diluents on the limiting diameter of openings 
for propagation of flames in methane-oxygen-nitrogen (air) 
and methane-oxygen-argon mixtures is shown in figure 51. 
The minimum limiting diameters of copper tubes (length-
diameter ratio=10.0) are 0.150 and 0.087 inch, respectively, 
for flame propagation in the methane-air and methane-
oxygen-argon mixtures. The cooling effect of the unburned 
gases is indicated by the smaller limiting diameters of open-
ings for flame propagation in mixtures having the smaller 
heat capacities and thermal conductivities. 

IV—RELATION OF PUBLISHED DATA TO AIRCRAFT-



FIRE PROBLEMS 

Fires in aircraft usually result from the ignition of inflam-
mable vapors by heated surfaces, hot (electric) sparks and 
arcs, and flames or hot gases. The source of ignition can 
often be definitely determined for fires during flight or ground 
operation of aircraft, but the ignition source in crashes is 
often unknown, because the inflammables may soniètimes 
be exposed to all the ignition sources simultaneously. 
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FIGURE 51.—Effect of diluent-gas additions on limiting diameters of openings for flame prop-
agation in methane-oxygen-diluent-gas mixtures. Downward flame propagation through 
copper tubes; length-diameter ratio. 10.0; ratio of oxygen to diluent, 21:79. (Data from 
refereoce 63).

IGNITION BY HEATED SURFACES 

Heated surfaces are common ignition hazards in aircraft 
environments. According to reference 70, hot exhaust ducts, 
combustion heaters, carburetor-air heaters, overheated cabin 
superchargers, moving parts overheated by friction, and 
short circuited or malfunctioning electric equipment have 
been responsible for the heated surface ignition of fires in 
airline aircraft in the decade prior to 1947. Of these surface-
ignition hazards, the exhaust system is a continuous hazard 
during operation of the aircraft. The other ignition sources 
exist intermittently, generally because of malfunctioning or 
mechanical failure of the particular component. 

A survey of air-transport crash records (reference 71) indi-
cates that the inflammable most frequently initially involved 
in flight or ground fires and thus considered most hazardous 
of the liquids carried in aircraft is gasoline. Lubricating oil is 
not quite as hazardous as gasoline because of its much higher 
flash point and much lower volatility. Half the fires men-
tioned in the survey of flight fires involved either gasoline or 
lubricating oil as the initial inflammable. 

In order to ignite any inflammable by a heated surface, 
the right proportions of the inflammable must contact the 
heated element. The temperature at which ignition occi1rs 
depends on the length of time the inflammable is in contact 
with the heated air or surface. According to the aforemen-
tioned survey, this contact is brought about during ground 
operation mainly by failure of the fuel plumbing system. 
Typical of fuel-plumbing-system failures are primer line fail-
ures, primer leaks, leaky hose connections, fuel pump leak-
age, and failure of the carburetor vent line. Serious accessory 
section fires in radial engines are often due to this type of 
failure, which allows inflammable vapors or fluids to escape 
and contact or drop on the hot exhaust stacks. 

Flight fires are due primarily to engine failures, which 
usually are the result of structural faults of various com-
ponents. Engine failures, especially in radial engines, often 
result in a rupture of the engine induction and exhaust sys-
tems. This type of failure can easily be brought about by 
engine cylinders displaced by broken connecting rods. When 
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FioultE 52.—Zones of inflammability of fuel in aircraft fuel tanks. (Data from reference 72.) 
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FIGURE 52.—Zones of inflammability of fuel in aircraft fuel tanks. (Data from reference 72.) 
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such a displacement occurs, inflammable fuel-air mixtures 
and hot lubricating oil are exposed to hot surfaces, which are 
primarily components of the exhaust system. Usually, it is 
difficult to state whether inflammation results from ignition 
of the gasoline or the lubricating oil. Crash fires are gener-
ally due to structural failure of the engine, but are much more 
severe than flight fires in most cases. 

In the range of its ignition temperatures (450° to 1325' F), 
gasoline can exist only in the vapor state. Any mixture

capable of flame propagation must lie within the limits of in-
flammability. According to figure 52, aircraft fuel-tank 
minimum temperatures of —44° and 108° F are explosively 
dangerous at sea level for 100-octane aviation gasoline and 
kerosene, respectively. The area marked "equilibrium con-
ditions" indicates the limiting conditions at which inflamma-
ble mixtures exist in the fuel tank in equilibrium with the 
fuel. Breathing, which widens the limiting conditions for 
gasoline, is the influx of air into a fuel tank during a descent 
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due to increasing atmospheric pressure. For kerosene, 
which has a flash point generally greater than ambient tem-
peratures, the ignition zone is widened by conditions under 
which an ignitible spray may be formed. Research carried 
out since the publication of figure 52 (b) has shown that the 
zone in which spray ignition of kerosene may occur is known 
to be larger than reference 72 indicates. A fuel mist or spray 
may, be formed by the rupture of a fuel tank by a missile or 
the rupture of a high pressure fuel line such as are present 
in turbojet engines. Similar data are plotted in figure 53 for 
kerosene and for two lubricating oils of different composition 
but of the same viscosity. 

In any occurrence of these fire hazards in aircraft, the 
ignition temperature and ignitibiity of the fuel or lubricating 
oil will be determined by conditions described in the detailed 
discussion presented herein. The values of ignition temper-
ature and ignitibility defined by these conditions serve as 
approximate indications of the relative temperatures at 
which heated surfaces become practical hazards in aircraft 
environments. Reference 12 indicates that aviation gasoline 
will not ignite in air when exposed to the outer surfaces of 
exhaust pipes at temperatures below 850° F. Injected into 
air inside hot exhaust pipes, aviation gasoline ignited at duct 
temperatures as low as 536° F. Lubricating oil on the outer 
surfaces of exhaust ducts ignited at a minimum duct temper-
ature of 625° F. Thus, for complete immunity to fires 
ignited by the components of the exhaust system, the surface 
temperatures should not be greater than approximately 500° F. 
Although existing knowledge does not permit a complete 
description of the components of the exhaust system that 
serve as ignition sources, it is presumed in this discussion 
that the exhaust duct, the exhaust valves, and the cylinder 
interiors are the active components. 

Volatile fuels necessary for engine operation under a 
variety of climatic conditions may be responsible for the 
relative ignition hazard of present-day grades of gasoline 
used in aircraft operation. As the volatility of a fuel in-
creases, the range in which ignition sources are hazardous 
increases. Fuels of low volatility would resuFt in more 
difficult starting of aircraft engines, but would seemingly 
reduce the ignition hazard of fuel in aircraft environments. 

Reduction of the fire hazard of the exhaust system can be 
accomplished by: 

(1) Keeping the inflammables from the hot surfaces 
(2) Releasing some substance into and around the exhaust 

system in order to prevent ignition if a crash is imminent 
(3) Cooling the exhaust system below temperatures 

capable of ignition of gasoline or oil 
(4) Increasing the minimum ignition temperature of the 

fuel or oil by changing the fuel or oil composition or by 
change of material used in the construction of the exhaust 
ducts

(5) Changing the volatility of the fuel. 
An extinguishing system capable of spraying or flooding the 

exhaust ducts would aid in preventing combustion by simul-
taneously blanketing and lowering the temperature of the 
heated surfaces. According to reference 73, "it is most im-
portant that the extinguishant should be actually injected 
into enclosed hot spaces such as exhaust ducts, long exhaust

pipes or collector rings, turbine compartments and tailpipe 
ducts, and combination heater chambers." 

The ignition temperature of gasoline is increased by the 
addition of small amounts of tetraethyl lead, benzene, and 
similar substances. Possibly other substances can be found 
that will increase the ignition temperature without reducing 
the performance of the fuel in the engine. 

Changes in the surface composition of the exhaust-duct 
material may effectively increase the ignition temperature of 
the fuel. Dependent upon the mixture composition, highly 
catalytic surfaces such as platinum must be heated to tem-
peratures 300° to 700° F greater than stainless steel to ignite 
inflammable mixtures. Use of platinum is obviated by its 
cost and therefore the aforementioned comments are only of 
academic interest. 

Fuel-volatility changes apparently are desirable relative to 
the fire-hazard problem. According to tables III and IV, 
the surface-ignition temperatures of low-volatility safety 
fuels do not vary greatly from those of regular grades of 
aviation gasoline. Reduced fuel volatility would not increase 
the ignition temperature of the fuel, but would reduce the 
volume in which an ignition source is hazardous. 

IGNITION BY ELECTRIC SPARKS AND ARCS 

Sparks resulting from short circuits in wiring or from 
failures of starters, magnetos, or generators; sparks from the 
continued functioning of nonflameproofed electric apparatus; 
sparks from the continued rotation of damaged parts; dis-
charges from the brushes of rotating equipment; sparks from 
ground friction; electrostatic sparks; and electric arcs created 
by the separation of metallic contacting portions of the 
electric circuit such as voltage regulators may all be regarded 
as potential spark-ignition hazards in aircraft. 

Flight fires in transport aircraft are initiated with equal 
frequency by either electric sparks or the exhaust ducts 
(reference 71). The damage incurred by the electric spark-
ignited fires, however, was generally confined to the electric 
insulation. In addition, reference 74 shows that self-
clearing arcs are statistically more prevalent during the 
breaking of a load-carrying circuit. The clearing time was 
from 0.05 to 2.5 seconds, with a median value of 0.6 second. 
Compared with the exhaust system, electric sparks are 
relatively short, minor ignition hazards during flight operation. 

High-energy concentrations at short-circuited points result 
in self-clearing faults, but are generally accompanied by a 
scattering of molten metal globules over a considerable area. 
Low-energy concentrations at short-circuited points may re-
sult in a permanent welded contact between the conductor 
and the airplane structure. Self-clearing faults are prob-
ably more, dangerous than welded faults because they are 
accompanied by extremely high temperatures and consider-
able arcing. Welded faults, however, may disrupt the entire 
electric system and thus interfere with control of the airplane. 

Continued rotation of generators is generally not signifi-
cant in propeller-type aircraft in the event of crash. In 
jet-type aircraft, free running turbines may, however, 
continue rotation of such parts. 

According to the survey (reference 71) of fires in transport 
aircraft, two of the 61 crash fires reported were initiated by
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sliding friction. Inasmuch as data indicate that friction 
sparks ordinarily lack the thermal energy capable of igniting 
inflammable mixtures, the source of ignition of these two 
crash fires may have been surfaces heated to high tempera-
tures by sliding friction rather than by friction sparks. 

Electrostatic sparks generated in aircraft environments 
may be ignition hazards. Electrostatic charges having po-
tentials of 50 to 2000 volts have been accumulated in air of 
30- to 51-percenthumdity at atmospheric pressure and tem-
perature by benzene flowing through a 0.12-inch tube into 
an insulated receiver. The following table from reference 75 
indicates the potentials of electrostatic charges accumulated 
in air of 63-percent humidity at atmospheric conditions by 
benzene flowing through tubes of different materials. 

Potential or 
Tube material	 accumulated 

charge 
(volts) 

Iron --------------------------4000 
Brass-------------------------3600 
Aluminum--------------------2900 
Copper-----------------------2000 

In air of 78-percent humidity, no charge was accumulated 
when the benzene flowed under its own pressure, but even a 
slight increase in the liquid pressure resulted in an accumula-
tion of a high-potential electrostatic charge. At liquid pres-
sures of 2 to 6 atmospheres, electrostatic charges having 
potentials of 4000 volts and greater were accumulated. 
Thus, unless the equipment is suitably grounded, practically 
any transfer of fuel in any environment is hazardous. 

According to reference 76, the potential of the electrostatic 
charge accumulated during fuel transference is approximately 
the same for any grade of gasoline or kerosene, increases with 
the length of time of the transferring operation, increases 
with increasing fuel velocity, and is relatively unaffected by 
atmospheric conditions except that it decreases with increas-
ing humidity of the air. 

The capacitance of the human body has been determined 
(reference 77) as 0.0001 to 0.0004 microfarad. Values of 
0.00028 to 0.00032 microfarad were consistently obtained for 
the capacitance of a person leaning against a wall. An in-
dividual charged to a potential of 10,000 volts would have 
an electrostatic spark energy of 15 millijoules. Because many 
inflammable mixtures have minimum spark-ignition energies 
less than 15 millijoules, and this amount of electrostatic spark 
energy is easily acquired by ungrounded personnel, equip-
ment, and wiring, grounding precautions should be taken. 

Most of the sparks occurring in aircraft environments 
ordinarily contain many times the energy required to ignite 
inflammable mixtures. Sparks of this type must be pre-
vented from occurring in an inflammable atmosphere. Ac-
cording to reference 73, crash switches that cut off or isolate 
all electric equipment are a possibility. Batteries can no 
longer be regarded as the only power source in crashed air-
planes. Although the generators in airplanes powered - by 
reciprocating engines would be stopped during a crash by 
propeller stoppage, free-running turbines of jet-engine air-

craft may necessitate dc-energizing fields or short circuiting 
the generator across its terminals if it would aid in stopping 
the turbine. Isolation of the electric system can stop elec-
tric fuel pumps. and close solenoid valves supplying fuel to 
combustion heaters. 

Short-circuit faults in aircraft can probably be pro-
tected by rapid acting selective fuses or circuit breakers that 
would isolate the fault from the rest bf the circuit. In gen-
eral, fuses are less desirable than circuit breakers because of 
their time-operating characteristics and the fact that they 
must be replaced after one operation. As indicated by ref- 
erence 74, the isolating action must be very quick because 
the circuit voltage drops rapidly in the faulted circuit. This 
drop in voltage could cripple the entire electric system of the 
aircraft by allowing relays and contactors to open because 
of low voltage on the closing coils. 

Improved design of the load-carrying cables might result 
in reduction of the spark-ignition hazard. This improvement 
might be accomplished by using a conduit containing the 
electric leads embedded in a solid insulating material. 
Another possibility in the design of the electric circuits is the 
inclusion of mechanically weak spots surrounded by inert 
materials such as powders. During crashes, cable separation 
would occur at the weak points with the energy released by 
any sparks being dissipated in inert atmospheres. 

IGNITION BY FLAMES OR HOT GASES 

Exposure 'of inflammable vapors to flames or hot gases 
constitutes the third important fire hazard in aircraft. environ-
ments. Large, disastrous fires may result from the exposure 
of inflammable mixtures to exhaust flames and gases or 
flames initiated by electric spark or heated surface-ignition 
sources. Possible reduction of these ignition hazards seems 
more difficult than the reduction of spark or heated surface 
hazards. Use of the cooled exhaust gases to inert engine 
nacelles and fuel-tank compartments would prevent contact 
between inflammable mixtures and hot exhaust gases or 
flames during flight or ground operation. Simultaneously, 
the exhaust gases would be inerting hazardous portions of the 
plane. During a crash, however, such inerting may he 
ineffective. A possible solution to the problem of flames or 
hot gases during crashes may be quick acting, crash-actuated 
mechanisms capable of flooding the engine and exhaust 
system with fire extinguishing agents. 

CONCLUSIONS 

An analysis of the available literature included in the 
survey resulted in the following conclusions: 

The inflammability ranges of most hydrocarbon-air mix-
tures decreased with decreasing mixture pressures and 
temperatures. The minimum spark-ignition energies of 
inflammable mixtures and the quenching distances of elec-
trode configurations both increased with decreasing mixture 
pressures. As a result of these effects, sea-level pressures and 
temperatures of inflammable mixtures were the most critical 
design considerations, relative to the reduction of fire 
hazards in aircraft. environments.
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Generally, the ignition temperatures of hydrocarbons in air 
increased with different variables as shown in the following 
table: 

Decreasing variable Increasing variable 

Ignition lag Mixture turbulence 
Igniting surface area Mixture velocity 
Fuel quality or cetane number Surface catalytic activity 
Boiling point or number of carbon atoms in Tetraethyl lead additions 

n-paraffins

Ignition temperatures of hydrocarbons were also increased 
if scale or ash existed on the igniting surfaces or if the in-
flammables were dropped on heated surfaces in the open air. 
The ignition temperatures of hydrocarbons containing the 
same number of carbon atoms were lowest for normal par-
affins followed by paraffinic isomers and aromatics. 

Gasoline exhibited zones of ignition and nonignition for 
certain oxygen-fuel ratios much in the same manner as normal 
octane. The ignition temperature of gasoline in air depends 
on the degree of confinement of the mixture by the experi- 
mental apparatus. Dependent on the experimental condi-
tions and the degree of confinement, the ignition temperatures 
of gasoline in air may range from 4500 to 1325° F. The 
lower and upper limits of inflammability of 100-octane gaso-
line in air at atmospheric conditions were approximately 
1.40 percent and 7.40 percent by volume, respectively, and 
the minimum ignition pressure was approximately 35 milli-
meters of mercury absolute. The minimum diameter of a 
hole or tube through which a gasoline-air mixture flame 
would not propagate downwards was approximately 0.13 
inch as determined from interpolation of data of known 
mixtures. 

Minimum spark-ignition energies of inflammable mixtures 
were greatly dependent upon the electrode configurations; 
these energies increased with increasing size of electrodes 
and mixture velocity and decreased with increasing electrode 
spacings. Minimum spark-ignition energies as low as 
0.28 mihijoule were capable of ignition of methane-air-mix-
tures'. Electrode material had no visible effect on mixture 
ignition by capacitance sparks, but the minimum ignition 
energies of inductance sparks decreased with decreasing 
electrode-material density. The measured minimum ignition 
energies of inductance sparks decreased with increasing spark 
potentials, and were unaffected by alternating or direct cur-
rents. Although high humidity content of the air tends to 
prevent accumulations of electrostatic charges capable of 
producing sparks having sufficient energy to ignite vapor-air 
mixtures, practically any transfer of fuel in any environment 
was hazardous unless the equipment was suitably grounded. 

An increase in the amount of diluent gases in a mixture 
increased the ignition temperature. In hydrocarbon—oxygen-
diluent-gas mixtures containing either argon, carbon dioxide, 
helium or nitrogen as the diluent component, lowest values of 
quenching distances, minimum ignition energies, and mini-
mum ignition pressures were exhibited with inflammable 
mixtures containing argon as the diluent gas. Highest values 
of quenching distances and minimum ignition energies were 
exhibited with inflammable mixtures containing helium as the 
diluent gas; . highest values of minimum ignition pressures

were exhibited with inflammable mixtures containing carbon 
dioxide as the diluent. In order to render any mixture of 
100-octane gasoline and air noninflammable, approximately 
42.5, 36.0, and 28.7 percent by volume of nitrogen, automo-
bile exhaust gas, or carbon dioxide, respectively, were 
necessary. 

Application of the survey data to the aircraft-fire problem 
indicated the possibility of reducing aircraft-fire hazards by 
means of the following remedial measures: 

(1) Prevention of contact of fuels or fuel vapors with the 
hot exhaust surfaces 

(2) Release of an extinguishing agent inside of and around 
the exhaust system if a crash is imminent 

(3) Reduction of the temperature of the exhaust duct or 
gases below the surface-ignition temperature of gasoline and 
lubricating oil in the event of a crash 

(4) Increase of the surface-ignition temperatures of gaso-
line and lubricating oil 

(5) Use of fuels of reduced volatility 
(6) Elimination of the electrical generating system as an 

ignition hazard in the event of a crash 
(7) Inerting of engine nacelles and wing comprtments. 

LEwIs FLIGHT PROPULSION LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

CLEVELAND, OHIO, February 27, 1950. 
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TABLE I—SURFACE IGNITION TEMPERATURES OF 
SEVERAL INFLAMMABLES IN AIR 

(a) Ignition surfaces, heated 6-inch-diameter steel tube and open steel 
plate (reference 72) 

Fuel 
-

Ignition temperature 
(°F) Flash 

point 
(IF) 

-
Tube

- 

Plate 

473 >1238 —44 
734 >1238 —44 

Gasoline (unleaded)----------------------------

417 1202 108 
100-Octane aviation gasoline (leaded)-----------
Kerosene----------------------------------------

455 752 302 Hydraulic fluid---------------------------------
Lubricating oil -------------------------------- -572 806 482 

Heated-surface ignition environments. 

(b) Ignition surfaces, heated nickel or iron plates (reference 24) 

Plate, 0.5 or LO mm by 45 mm by 140 mm; temperatures measured by iron-constantan 
thermocouple soldered to plate.]

Fuel
Surface 
ignition 

temperature 
(°F) 

1400 
1409 
1274 

Cyclohexane ----------------------- 1125 
n-Pentane ------------------------- 1085 

Benzene----------------------------

n-Heptane ------------------------- loss 

Toluene-----------------------------
Ethyl alcohol-----------------------

,s-Decane -------------------------- 1085 

-
-

1085 

-

1040 
Rumanian aviation gasoline---------

-

977 
Shale-oil gasoline--------------------
Green mineral oil-------------------
Dimetbylcyclohexene -------------- -833

TABLE II—EFFECT OF IGNITION-SURFACE COMPOSITION 
ON SURFACE IGNITION TEMPERATURES OF SEVERAL 
FUELS IGNITED IN AIR BY STATIC CRUCIBLE METHOD 

(a) Data from reference 40 
[All configurations are 106-cc cylinders except pyrex surface, which is 125-cc spherica 

configuration.] 

Fuel

Surface ignition temperature 
(°F)________  

Pyrex Copper Lowcaçbon 
stee Chromium 

n-Hexane -------------- 479 510 516 513 
n-Heptane ------------- 452 481 484 483 

-

825 861 902 862 Isobutyl alcohol---------
Gasoline (Socony)

-

497 534 550 559 

(h) Data from reference 36 
[Ignition volume, 1180 cc; ignition lag, 1 sec] 

Fuel

Surface ignition 
temperature 

(°F) 

Platinum Pyrex 

1074 1009 
n-Hexane ---------------------------- 959 

815 
I000ctane---------------------------- - 042 999 
loododecane ------------------------- 930 
Benzene ----------------------------- 1213 1144 

1171 1119 
M:esitylene --------------------------

-993 

1150 1110 

n-Pentane (technical grade)-----------

p-Xylene ----------------------------

-

1144 1103 

a	 n -Octae-----------------------------856 

Toluene------------------------------

-968 

1065 997 
Ethyl alcohol (abs.) -----------------

-

-
-

1035 1011 
1004 979 

Methyl alcohol-----------------------

820 

n-Propyl alcohol---------------------

Isopropyl alcohol--------------------

-

1148 990 
Benzyl alcohol-----------------------936 

1008 972 Isobutyl alcohol----------------------
964 840 Isoamyl alcohol----------------------

Ethylene glycol---------------------- 972 855 

TABLE Ill—EFFECT OF OCTANE NUMBER ON SURFACE IGNITION TEMPERATURE OF UNLEADED LIQUID FUELS 
IGNITED IN AIR BY DYNAMIC CRUCIBLE METHOD OF IGNITION (REFERENCE 78) 

A.S.T.M. distillation 
Surface igni- (°F) 

Octan tion temper- Flash Reid vapor 
Fuel number (°F)

point
(°F) Initial Percentage evaporated (lbrF) 

boiling  
o 50 90 point 

Certified 22,4-trimethylpentane -- -------- 100 970 211 211 211 211 1.5 
99 930 110 330 340 342 344 about 0.1 

Straight-run gasoline plus isooctane plus 85 

- ---

910 — 212 257 7.0 
isopentane (commercial blend) max. max. max. max. 

Diisobutylene (mixture of 2 isomers) ------ b 84 to 100+ 880 220

---

 
75 790 110 327 338 354 381 about 0.1 

Paraffinic safety fuel----------------------------

74 930

--------- ----------sss 

158 212 257 7.0 

-

max. max. max. max. 

Aromatic safety fuel-----------------------
Straight-run aviation gasoline--------------

Certified n-heptane ----------------------- 0 490to530

---------------------

209 209 209 209. 1.6 -
790

Air-flow rate, 10 cc/min at atmospheric pressure and temperature; fuel addition, 0.01 ml from pipette at 2-minute intervals; ignition surface, 
stainless steel.	 - 
Depends on knock test method. 
Nonignition zone from 540 to 760° F. 
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TABLE TV—EFFECT OF ADDITION OF TETRAETHYL LEAD 

ON SURFACE IGNITION. TEMPERATURE OF -SEVERAL 
FUELS AS DETERMINED BY DYNAMIC CRUCIBLE 
METHOD

(a) Data from references 79 and 17 

Fuel

Ignition 
temperature 

without 
TEL 
('F)

Ignition 
temperature 
increase with 

TEL 
('F)

Reference 

959 135 .	 79 
Isohexane ------------------- 977 83 79 
Heptane -------------------- 149 79 

860 148 79 
Benzene--------------------

- 

1274 32 79 
Oyclohexane ----------------

--

49 79 

Pentane----------------------

Methylcyclohexane --------- 878 166 79 

Gasoline (Shell)--------------

Cetane ---------------------

-806 

450 b453 17 
n-Beptane ------------------

-
-995 

498 b341 17 

-
-

985 b 92 17 Isooctane--------------------
Isododecane-- --------------

-

-932 b r,3 17 

0.25 percent by volume TEL added (approximately 9.5 cc/gal). (Air-
flow rate, 330 cc/mm; fuel drop size, 0.012-0.013 cc); ignition surface, iron. 

3 cc/gal TEL added. (Air-flow rate, 54 cc/mm; fuel drop size, 8 mg); 
ignition surface, stainless steel. 

(b) Surface ignition temperatures obtained from reference 78 

Ignition A. S. T. M. distillation ('F) 
Igni tion tern- temperature  

Fuel perature with- increase with Flasho' Reid vapor 
out TEL TEL (*F) Percentage evaporated pressure 

('F) ('F) Initial boil-  (lb at 150' F) 
ing point 

() () 10 50 90 

Certified n-heptane -------------------------------- 490-530 209 209 209 1.6 
b790 40 

Certified 2,2,4-trirnethylpentane ------------------- -970 90 211 211 211 211 1.5 

-

930 60 110 330 340 342 344 about 0.1 
790 90 

-----------------------------209 

110 327 338 354 381 about 0.1 
830 40

-----

108 212 257 7.0 

Paraffinic safety fuel--------------------------------
Aromatic safety fuel--------------------------------

Straight-run gasoline plus i.sooctane plus isopentane
max. max. max. max. 

Straight-run aviation gasoline-----------------------

910 50

-------------- ----------------

158 212 237 7.0 (commercial blend)--------------------------------
max. max. max. max.

Air-flow rate, SOcclmin at atmospheric pressure and temperature; fuel addition, 0.01 ml from pipette at 2-minute intervals; ignition surface, stainless steel: 3 cc/gal 
TEL added. 

Nonignition zone from 540 to 7600 F.
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TABLE V-IGNITION TEMPERATURES OF VARIOUS FUELS AND OILS 

[All results from experiments conducted at atmospheric pressure and temperature unless otherwise noted.] 

Fuel Fuel specification Reference Ignition
method atmosphere Igniting surface

Ignition 
lag 

(sec)

Ignition 
tempera- 

(°F) 

Gasoline ------------------ -------------------------------------------- (o) Air ----------- ----------------- 
Aviation gasoline --------- 80 (°) 50 532 
Gasoline ----------------- -------------------------------------------- 40 (°) Copper---------------

---- c534 
Gasoline ----------------- -------------------------------------------- 40 () Air ----------- 
Aviation gasoline --------- 80 (°) 6 514 
Gasoline -----------------

62.0° A. P. 1.; initial boiling point, 111° F------------

-------------------------------------------- () 0559 

- -

- --40 
80 (°) 13 563 

Gasoline 66.8° A. P. 1.; unleaded; 73 octane----------------- 

- Socony -- 

61,81 (°) 570 
Aviation gasoline ---------

- Socony

(o) 6-7 590 
Aviation gasoline ---------

- Socony

80 (°) 594 

Aviation gasoline----------- 

Aviation gasoline ---------

- Socony

80 1.) Air ------------ Pyrex -----------------
----

624 

------------------ 

Aviation gasoline --------- 63.8° A. P. 1.; boiling range, 109°-327 0 F-----------

- 

P 59 (o) 4-5 641) 
Gasoline ------------------ 61-,81 (°) Air----------- -P 	 ----------------- 

-Lowcarbonsteel

---- 

Gasoline ----------------- 61,81 (°)

Air-------------

804 

- -

82 (d) Oxygen ------- ------------------ 
Unleaded; 75 octane; aromatic --------------------- 39 (d) Air...........-. . 

Safety fuel ---------------- 99 octane; paraffinic -------------------- 39 ('i) Air............ .

-bIOS 

Aviation gasoline ---------

--

--
--

--
--

100 octane --------------------------------

- --
- --

39 (d)

Air--------------

Air............ . 
Aviation gasoline ... ------

63.6° A. P.1.; boiling range, 111 0-3240 F--------------

run --------------------------------------- 78 (d) Air -----------

.Steel

------------------ 

-----------------°550 

.<60 830 

Gasoline	 .................

Gasoline..................

---- --

83 ...........

Pyrex-------------------

..

----------------

3 626 
Gasoline................... 16 (°) Air -----------

Pyrex-------------------

Chromium------------- 
Pyrex-------------------

-----------------

------------- 

Gasoline ------------------ 72 

- 40

(i) Air ------------

Pyrex------------------ 
Pyrex-------------------

------------------

------------

-----------

.. 
Aviation gasoline.........

68.9° A. P.1.; unleaded; 92 octane------------------
66.1° A. P.1.; unleaded; 100 octane-----------------

. 12 (I) Air ------------

Pyrex----------------------8 

-Pyrex 

Steel------------------ 7 599 
Aviation gasoline ---------

--

Mean boiling point, 167° F...........................

72 (f)

Air-------------
Air--------------

.................
....

734 
Gasoline.................

. 25 (o)

---------------

..........930 

..........900 

...........545 
- 

Gasoline -----------------

- .....

shale oil ------------------------------------ (o)

Air-------------
Air--------------

Air ------------

Pyrex-------------------

or nickel --------- 
Aviation gasoline ---------

63.8° A. P. I.; boiling range, 109°-327 0 F------------80 

Leaded; 100 octane; flash point, -44° F..........
......
.From

----------------------------------------

-

(o)

Air-------------
Air--------------

Air ------------

Pyrex------------------------------

or nickel ---------

..........865 

-----------734 

Gasoline -----------------

63.8° A. P. I.; boiling range 106 0-3250 F--------------
63.9° A. P. I.; boiling range, 1350-3250 F--------------

...24 

72 (o)

Air-------------

Air ------------

- -

------------------ >1238 
Aviation gasoline ---------

flash point, -44° F.......................
...24 

-

72 (o)

Air--------------

Air -----------

--yrex

.Iron

------------------ .. >1238 
Gasoline.................

100 octane; flash point, -44° F..............
... .. 25 (o) Air -----------

.Copper..........................

1328 

Safety fuel .................

Gasoline.................

.Unleaded; 

range, l00°-4O0° F; flash point, -50° to 37 ,84 

...

...

.

......................790 

.. ........... 

..

..........473 

.Leaded; 

-45° F; specific gravity, 0.75 

.Straight ...
... .. ........... 

.Steel

..............

...

Gasoline................... . 

.

38

...........Air

..............................

........ 

...............

.Pyrex 

.Iron 

.............................495 
.. 

flash point, -44° F.......................

Gasoline................... 

.Unleaded; 

.. ....

. 85

Air............ 

...........

.Steel 

. 

..

..

.004 

Gasoline -----------------

.....

.....

Shell ---------------------------------------------- 79 (d.)

Air............Steel 

Air -----------
................. 
................. 

------------------

............1040 

Kerosene ----------------- .Water white -------------------------------------- 39 (d)

.Iron 

.Iron

............1085 

. 

Kerosene -----------------

.Rumanian 

.Unleaded; 

.Leaded;

72

..........Oxygen

..........Air

(1) Air -----------

.Steel 

.Steel

------------------

............

..........

..........5311 

..........608 

.. 
Kerosene -----------------

..........

.Boiling

72

......... 

(o)

.......... 

Air ------------ ----- .------------ . . 1202

 

Kerosene ----------------- Flash point, 1001-1651 F...........................

.

..

............860 

.. 490 
Aircraft lubricating oil

................

.. ...............

SAE 60, mid-continent solvent extracted ---------- 39 (d)

Air............ 

Air............ 

................................520 

.. 750 
Lubricating oil -----------

Flash point, 108° F..................................
.

78 

...

...

(d) Air -----------

.Steel

------------------

..........417 

<60 750 
Lubricating oil -----------

Flash point, 108° F....................................
37. 	.84 

72

.......... 

(I)

........... 

Air -----------

.Steel 

.................... 

------------------

......... 

..........
....

572 

. 

Lubricating oil -----------
Flash point, >500°F..............................

.

72 

.

(&) Air -----------

.................... 

.Steel
------------------

..........

806 Flash point, 482° F..................................
86 (h)

.Steel 

.Steel 
Pyrex -----------------

..........

.------------
685 

.
Naval lubricating oil......
Turbine lubricating oil

Flash point, 482° F.................................
N. S. 2135..........................................
Open-cup flash point, 400°F.......................

.
84

Air ............ 
.............................. .......................................

.

.------------
700 

.

-Static crucible method. 	 c Lowest temperature measured.	 e Dynamic heated-tube method.	 g Liquid dropped on heated metal plate. 
b Average of five trials. 	 d Dynamic crucible method. 	 f Liquid dropped into heated' ron or steel tube (static). 	 b ASTM 1328t1-30. 

TABLE VT-LIMITS OF INFLAMMABILITY OF GASOLINES AND KEROSENE IN AIR 

[All results are from investigations conducted at atmospheric pressure and temperature unless otherwise noted.] 

Fuel Specification Reference Ignition source Ignition environment
Lower 
limit

Upper 
limit 

Gasoline ------ 87 Spark or flame -------- tube ---------- . 1.40 6.90 
Gasoline ------ Specific gravity, 0.75; closed-cup flash point, -10 0 to -45° F 37,84 . ........... ------------------------ 1.3 6.0 
Gasoline...... Unleaded; 100 octane; 66.1° A. P. I.; RVP, 3.21 lb/sq in. at 61

. 
Alcohol flame --------- 1.45 7.40 

77°F - 
Gasoline ------

.-------------------------------------------------------------- 

Unleaded; 92 octane; 68.9° A. P. I.; RVP, 3.52 lb/sq in. at 61 Alcohol flame --------- tube ---------- 1.50 7.60 
77° F

.Vertical 

Gasoline ------ Unleaded; 73 octane; 66.8 0 A. P. I.; RVP, 3.87 lb/sq in. at 

..

61 .. Alcohol flame ---------

Vertical . tube...........
... .

tube ---------- 

..

1.50 7.60 
77°F 

. .Vertical .

Kerosene ------ Closed-cup flash point, 100 1-165° F -------------------------- 
.

37,84 Alcohol flame ---------
.Vertical

tube ----------
.

1.50 7.60 . . .Vertical .
1.16 6.0

Inflammability limits are volumetric percentages of fuel in fuel-air mixture. 
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MEASUREMENTS OF AVERAGE HEAT-TRANSFER AND FRICTION COEFFICIENTS
FOR SUBSONIC FLOW OF AIR IN SMOOTH TUBES AT HIGH

SURFACE AND FLUID TEMPERATURES' 
By LEROY V. HUMBLE, WARREN H. LOWDERMILK. and LELAND C. DESMON 

SUMMARY 

An investigation of forced-convection heat transfer and 
associated pressure drops was conducted with air flowing 
through smooth tubes for an over-all range of surface tempera-
ture from 535° to 3050° R, inlet-air temperature from 535° 
to 15000 R, Reynolds number up to 500,000, exit Mach number 
up to 1, heat flux up to 150,000 Btu per hour per square foot, 
length-diameter ratio from 30 to 10, and three entrance con-
figurations. Most of the data are for heat addition to the air; 
a few results are included for cooling of the air. The over-all 
range of surface-to-air temperature ratio was from 0.46 to 3.5. 

Correlation of the measured average heat-transfer and friction 
coefficients with heat addition by conventional methods wherein 
the physical properties of the air were evaluated at the average 
air temperature resulted in considerable decreases in both the 
Nusseit number and the friction coefficient at constant Reynolds 
number in the turbulent region, as the ratio of surface tempera-
ture to air temperature was increased. The effect of surface-
to-air temperature ratio was eliminated by evaluating the 
physical properties of air, including density, in the Reynolds 
number, the Nusselt number, and the friction coefficient at a 
temperature higher than the average air temperature. 

Correlation of the heat-transfer coefficients was also affected 
by increases in the average air temperature, produced by in-
creasing the inlet-air temperature, which resulted in a decrease 
in the Nusselt number. This effect of temperature level was 
reduced by using the smallest variation of thermal conductivity 
with temperature available in the literature and was eliminated 
when. the thermal conductivity was arbitrarily assumed to 
vary as the square root of temperature. 

INTRODUCTION 

A large amount of data is available in the literature on 
forced-convection heat transfer from surfaces to fluids. 
Most of these data, however, have been obtained at relatively 
low surface temperatures and heat-flux densities, and do not 
extend into the range of high temperature and flux that is 
of interest in many current engineering applications. In-
asmuch as convective heat transfer is a boundary-layer 
phenomenon, the severe temperature and velocity gradients

in the fluid film adjacent to the surface (and attendant 
variation in fluid properties), which accompany heat transfer 
at high flux densities, make extrapolation of existing data 
for low flux densities uncertain. This possibility has been 
previously recognized; for example, in references 1 and 2 
it is indicated that heat transfer and friction may depend 
on both surface and fluid temperatures. 

An experimental invetigation was undertaken at the 
NACA Lewis laboratory during 1948-50 to obtain heat-
transfer and related pressure-drop information for a wide 
range of surface and fluid temperatures and heat flux. As 
part of the general program, an investigation was made 
with air flowing through smooth tubes. The effects of such 
variables as surface temperature, inlet-air temperature, and 
tube-entrance configuration on heat transfer and pressure 
drop have been investigated and are reported in references 
3 to 6. The results of references 3 to 6 are summarized 
herein and, in addition, previously unpublished data showing 
the effect of tube length-diameter ratio and inlet-air tempera-
ture on heat-transfer and friction coefficients at high surface 
temperature and heat flux are presented. Most of the data 
are for heat addition to the air; however, a few previously 
unpublished results are included for heat extraction from 
the air.

APPARATUS 

ARRANGEMENT 

A schematic diagram of the equipment used in the investi-
gation is shown in figure 1 (a). Compressed air was supplied 
through a pressure-regulating valve, cleaner, and surge tank 
to a second pressure-regulating valve where the flow rate was 
controlled. From this second valve, the air flowed through 
metering devices and a preheater into a mixing tank, which 
consisted of three concentric passages so arranged that the 
air made three passes through the tank before entering the 
test section. Baffles were provided in the central passage 
to insure thorough mixing of the air before it entered the 
test section. From the test section the air flowed through a 
second mixing tank and was discharged to the atmosphere. 
The test section, mixing tanks, and adjoining piping were 
thermally insulated. 

I Supersedes NACA RM E7L31, "Heat Transfer from High-Temperature Surfaces to Fluids. I—Preliminary Investigation with Air in Inconel Tube with Bounded Entrance, 
Inside Diameter 0(0.4 Inch, and Length 0(24 Inches" by Leroy V. Humble, Warren H. Lowdermilk, and Milton Grele, 1948; NACA MM E8L03, "Heat Transfer from High-Temperature 
Surfaces to Fluids. II—Correlation of Heat-Transfer and Friction Data for Air Flowing in Inconel Tube with Rounded Entrance" by Warren H. Lowdermilk and Milton D. Grele, 1949; 
NACA RM E50E23, " Influence of Tube-Entrance Configuration on Average Heat-Transfer Coefficients and Friction Factors for Air Flowing in an Inconel Tube" by Warren H. Lowdermilk 
and Millon D. Grele, 1950; NACA RM E501123, "Correlation of Forced-Convection Heat-Transfer Data for Air Flowing in Smooth Platinum Tube with Long-Approach Entrance 
at High Surface and Inlet-Air Temperatures" by Leland G. Desmon and Eldon W. Sams, 1950.
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Voltmeter 
tank Mixing 

Wattmeter
tank 

vIl'!

.—o,00eouo 

IIv I 
IRotameters 	 Power	 208- volt, 

I trans former ff 60-cycle supply 
Autotrans former 

Pressure-regulating valve 
x Thermocouples 

Surge
Orifice I tank I Cleaner

supply 

Heat-transfer 1en57th,24 
Distance betweep, static-pressure taps 

r Vncone)tubing	 -	 0.402" 

flji	 i?	 1111111	 ITIr- 
Ik1242'	 k 

0/stance between thermocouples 	 - - - - 
111	 —Test-section flanges--- 

Transformer leads - - 	 -
 x ThermocOup/e 

(b)
(b) Typical test section showing thermocouple and pressure-tap locations. 

FIGURE 1.—Arrangement of apparatus for heating air: 

The temperature of the air entering and leaving the test 
section was measured by thermocouples located downstream 
of the mixing baffles in the entrance and exit mixing tanks, 
respectively. 

For the runs with heat addition to the air, electric power 
was supplied to the test section from a 208-volt, 60-cycle 
supply line through an autotransformer and a step-down 
power transformer. The low-voltage leads from the power 
transformer were connected to flanges on the test section by 
flexible copper cables. A voltmeter, an ammeter, and a 
wattmeter were provided to measure the electric-power 
input to the test section. 

For the runs with heat extraction from the air, the electric-
power supply was disconnected and the test section was sur-
rounded with a water jacket. The warmed air from the pre-
heater was cooled in the water-jacketed test section. 

TEST SECTIONS 

Most of the investigation was conducted using test sections 
fabricated from commercial Inconel tubing. The range of 
tube-wall temperature was extended beyond that attainable 
with Inconel by using one test section made of platinum 
(reference 6), which was installed in a separate setup similar 
to that shown in figure 1 (a). One of the test sections used

24

'0.402" 
\\\.'.\V\\\\ 

Beginning of test 

(a) Long approach. 
(b) Right-angle edge. 
(c) Belimouth. 

FIGURE 2.—Entrances to test sections - 

for heating the air is illustrated schematically in figure 1 (b). 
Flanges were attached to both ends of the tube to provide 
electric contact with the power supply. The dimensions of 
the various tubes used as test sections in the investigation 
were as follows: 

Heat- 
Inside Outside transfer Length-

Tube material diameter diameter length diameter 
(in.) (in.) (in.) ratio 

Inconel ---------------------------- 0.402 0.500 12 30 
402 .500 24 60 

-

402 .500 48 120 
Do-------------------------------
Do-------------------------------

Platinum -------------------------- --52.5 .685 24 46

Outside-wall temperatures were measured at a number of 
stations along the tube by means of thermocouples and self-
balancing indicating-type potentiometers. Chromel-alumel 
thermocouples were used with the Inconel test sections, and 
platinum—platinum-rhodium thermocouples, with the plati-
num test section. In general, at each station along the tube, 
two thermocouples were located diametrically opposite and 

(a)
(a) Schematic diagram of setup.
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the average of the two temperatures was taken as the outside-
wall temperature at the station. Static-pressure taps were 
located at intervals along each of the Inconel test sections. 

Investigations were made with --heat acldition to the air 
using three types of entrance on the 24-inch Inconel tube 
(reference 5). The entrances, shown in figure 2, were 
(a) long approach, (b) right-angle edge, and (c) heilmouth. In 

The cooling data were obtained with an Inconel test section 
having a length-diameter ratio of 60 and a bellmout .h en-
trance.

PROCEDURE 

The following general procedure was used in obtaining the 
experimental data: For the heating  runs, the inlet-air tem-
perature was set at the desired value, the inlet-air pressure 
was adjusted to give the minimum desired flow rate (mini-
mum Reynolds number), and the electric-power input was 
adjusted to give the desired tube-wall temperature. After 
equilibrium conditions had been attained, electric-power 
input, flow rate, temperatures, and pressures were recorded. 
The air flow and the power input were then increased in 
increments (to increase the Reynolds number while main-
taining constant wall temperature) and data were recorded 
after ea,ch incremental increase. The foregoing procedure 
was repeated for a range of tube-wall temperature with each 
of the various test sections and entrance configurations. 

For the cooling runs, the inlet-air pressure was adjusted to 
give the minimum desired air-flow rate at the desired inlet-air 
temperature. The water-flow rate in the water jacket was 
set at a constant value. After equilibrium conditions were 
obtained, the data were recorded as in the heating runs. 
The inlet-air pressure was then incrementally varied to cover 
a range of Reynolds number while maintaining constant 
inlet-air temperature. The foregoing procedure was repeated 
for a range of inlet-air temperature. 

The over-all range of conditions for which data were ob-
tained is summamizecl in the following table: 

Maxi- Average Inlet-air Max i. 
Refer- Tube ma- Length- 

di ameter Entrance mum 
bulk

tube-wall 
tempera- tempera- mum 

exit ence terial I ratio type Reynolds lure ture Mach 
number 

I______ 
(°R) number 

3 IneoneL... 60 Bellmouth.. 250,060 660-1700 535 1.0 
4 do ------- 560,000 535-2050 535 1.0 
5 60 Long ap 375,000 535-1960 535 1.0 

p r a a C h, 
right angle 

6 Platinum

-60 

46

do--------

Long	 a p. 320,000 980-3050 535-1160 0.6 

do---------

proach 
() Ineonel.. 30 Bellrnouth.... 390,000 535-1685 5.35 1.0 
() do-------

- 

120 282,600 5.35-1850 5.35-1460 1.0 
()	 (b) do--------

-
60

do--------
do-------- 250,000 535-585 535-1500 1.0

Previously unpublished. 
b Cooling data. 

The over-all range of heat-flux density encountered intlie 
investigation was from 500 to 150,000 Btu per hour per 
square foot of heat-transfer area. 

213637-53-23

SYMBOLS 

The following symbols are used in the report: 
c 9 specific heat of air at constant pressure 

- (Btu/(lb) (°F)) 
D inside diameter of test section (ft) 

average friction coefficient 
modified average friôtion coefficient 

U mass velocity (mass flow per unit cross-
sectional area) (lb/(hr) (sq ft.)) 

g acceleration due	 to gravity	 (4.17X101 
ft/hr2) 

h average heat-transfer coefficient (Btu/(hr) 
(sq ft) (°F)) 

k thermal	 conductivity of air	 (Btu/(hr) 
(sq ft) (°F/ft)) 

k thermal conductivity of test-section ma-
terial (Btu/(hr) (sq ft) (°F/ft)) 

L heat-transfer length of test section (ft) 
P absolute	 total	 or	 stagnation	 pressure 

(lb/(sq ft)) 
P absolute static pressure (lb/(sq ft)) 
AP over-all static-pressure drop across test 

section (lb/(sq ft)) 
friction static-pressure drop across test 

section (lb/(sq ft)) 
Q rate of heat transfer to air (Btu/hr) 
R gas constant for air (53.35 ft-lb/(lb) (°F)) 
r radius of test section (ft) 
S heat-transfer area of test section (sq ft) 
T total or stagnation temperature (°R) 
T5 average hulk temperature, defined by 

(TI +T2)/2, (°R) 
T1 average film temperature, defined by 

(T5+T5)12, (°R) 
T0 ,75 average film temperature, 	 defined by 

T5+0.75 (T5 —T6), (°R) 
To average outside-wall temperature of test 

section (°R) 
T. average inside-wall (surface) temperature 

of test section (°R) 
t static temperature (°R) 
V velocity (ft/hr) 
Vao average velocity, defined by G/Pa, (ft/hr) 
W air flow (lb/hr) 
X distance.from entrance of test section (ft) 
-y ratio of specific heats of air 

absolute viscosity of air (lb/(hr) (ft)) 
P density of air (lb/(cu ft)) 
Pay average density of air defined by (P. +p2/) 

R (t 1 -f-t2), (lb/(cu It)) 
cz/Ic Prandtl number 
ODIA Reynolds number 
p1 VD/,

modified Reynolds number 
p8 175D/11. - 
hD/k Nusselt number
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5)-

extrapolated considerably beyond the range of experimental 
data in the reference reports and have been extrapolated 
still further in figure 3 to cover the temperature range of the 
present investigation. The upper temperature limits of the 
experimental data upon which values of thermal conductivity 
from references 7, 8, and 10 are based are 1050°, 1360°, and 
1215° R, respectively. 

Except where otherwise stated, the physical property data 
of references 7 and 8 are used in the present report. 

Determination of surface temperature.—The average 
outside-wall temperature of the test section T0 was obtained 
by measuring the area under a curve of the temperature 
distribution (as obtained-from thermocouple readings) alcug 
the heat-transfer length and dividing the area by this length. 

For the heating runs, the average inside-wall (surface) 
temperature T3 was then calculated by the following equation 
(derived in reference 11): 

Z= TO—	
Q	 (r2  

27rLk(r02—r2) 	 r	 2	 (1) 

In equation (1), the assumptions are made that heat is gen-
erated uniformly across the tube-wall thickness and that the 
heat flow from every point in the tube material is radially 
inward. For the present investigation, the radial temperature 
drop through the tube wall, calculated from equation (1), 
was very small compared with the difference between the 
average inside-wall and the air bulk temperature. 

For the cooling runs, the thermocouples were imbedded in 
the test-section wall and were assumed to measure the inside-
wall temperature, inasmuch as the calculated temperature 
drops through the wall were small. 

Heat-transfer coefficients.—The average heat-transfer 
coefficient it was computed from the experimental data by 
the relation

h= WCPb(Ta—TI) 
S(T$—Tb)	

(2) 

The use of the total air temperature Tb instead of adiabatic 
wall temperature was considered justified because the differ-
ence between these temperatures was small compared with 
the difference between the average surface and air (or 
adiabatic wall) temperatures. 

Correlation of the average heat-transfer coefficients with 
the pertinent variables is discussed in the section RESULTS 
AND DISCUSSION. 

Friction coefficients,—Friction data were obtained with 
and without heat transfer. Average friction coefficients were 
calculated from the experimental pressure-drop data as fol-
lows: The friction pressure drop was obtained by subtracting 
the calculated momentum pressure drop from the measured 
static-pressure drop across the test section. Thus 

Subscripts: 
1	 test-section entrance 
2
	

test-section exit 
inner surface of test section 
outer surface of test section 
bulk (when applied to properties, in-

dicates evaluation at average bulk 
temperature Tb) 

J film (when applied to properties, in-
dicates evaluation at average film 
temperature T1) 

0.75

	

	
film (when applied to properties, in-

dicates evaluation at T075) 

surface (when applied to properties, 
indicates evaluation at average inside-
wall temperature of test section T3) 

METHOD OF CALCULATION 

Physical properties of air.—The physical properties of air 
used in the present investigation are shown in figure 3 as 
functions of temperature. The solid curves are from references 
7 and 8, and are in agreement with the values of reference 9. 
The dashed curve for thermal conductivity is from reference 
10. The dotted curve represents values of thermal con-
ductivity assumed herein to vary as the square root of tem-
perature and its use will be discussed in a subsequent section. 
The thermal conductivities from references 7 to 10 were 

I..

7.1 

ZL

.62 

FIGURE 3.—Variation of thermal conductivity, absolute viscsity, specific heat, and Prandtl 
number of air with temperature.

LPtrp(V2Vi)	 GsR(tst	
(3) 9	 (I \P2 Pu



2000 

I8OC 

'Soc 
CC 

a-)
140C 

- 1  /200 

IQOC 

800 

600

HEAT TRANSFER AND FRICTION COEFFICIENTS FOR AIR FLOWING 'IN SMOOTH TUBES
	

347 

where t 1 and t2 , the absolute static temperatures at entrance 
and exit of the test section, respectively, were, in general, 
calculated from the measured values of air flow, static pres-
sure, and total temperature by the following equation, which 
is obtained by combining the perfect gas law, the equation of 
continuity, and the energy equation: 

______
	 Ly

.yçj-yg 	 ____e- l)R() +.%Jl)R(G)]+2Tey_ i)Rj 

(4) 

For the belimouth entrance, it was found that the entrance 
static temperature t 1 could be represented with sufficient 
accuracy by the relation

( 
P)
	 (5) 1 1 =T1	 - 

In equation (5) the total pressure at the test-section 
entrance P1 was assumed to be equal to the static pressure in 
the entrance mixing tank, where the velocity was negligible. 

Average friction- coefficients were calculated by dividing 
the friction pressure drop by four times the length-diameter 
ratio of the tube times a dynamic pressure. The density in 
the dynamic pressure was computed in three ways, resulting 
in three definitions of friction coefficient. 

The first of these friction coefficients was based on a 
density evaluated at the average static pressure and tem-
perature of the air in the tube; thus 

Pir	 _gPav-pir	 (6) 
L Pay Va 5 2 	 L 
7 

2g —2G2 

where 
-	

1 (p'+p)	
(7) Pav]	 t 1 t2 / 

In the other two definitions of friction coefficient, the 
density was evaluated at the film temperature T, and at 
the average surface temperature T8 , resulting in equations 
(8) and (9), respectively: 

Pfr	
OpLf) GI 

2T 
ff=

	

	 (8) 
t2 

D 2 

iPfr(E.1)

	

/ 2T 
J5LpV2f=ç)f	 (9) 

t2 
D 2 

Correlation of the friction data is discussed in th following 
section.

-	 RESULTS AND DISCUSSION 

- AXIAL WALL-TEMPERATURE DISTRIBUTIONS 

Representative axial wall-temperature distributions 
obtained with heat addition to the air in an Inconel tube 
hawing a length-diameter ratio of 60 and a belimouth entrance

are shown in figure 4. The outside-wall temperature is 
plotted against the ratio of the distance from the tube 
entrance to the heat-transfer length x/L for five different 
rates of heat transfer to the air. The rate of heat transfer 
to the air, the air flow, the average inside tube-wall tem-
perature, and the temperature rise of the air are tabulated. 

The wall temperature increases almost linearly over the 
major portion of the tube length, and the slope of this part 
of the curve increases with an increase in rate of heat input. 
The large - axial-temperature gradients at the entrance and 
exit of the test section are the result of conduction losses 
through the electric connector flanges and cables. 
- The curves in figure 4 are typical; similar trends were 

obtained with other entrances and for other length-diameter 
ratios.
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FIGURE 4.—Representative outside-wall temperature distribution for various amounts of heat 
input to air. Reynolds number, approximately 140000; Inconel tube; length-diameter 
ratio, 60; bellmouth entrance; inlet-air temperature, 535° R. 

CORRELATION OF HEAT-TRANSFER COEFFICIENTS 

Conventional correlation based on average air tempera-
ture.—Forced-convection, turbulent-flow, heat-transfer co-
efficients are generally correlated with other pertinent vari-
ables by means of the familiar relation in which Nusselt 
number divided by Prandtl number to a power (generally 

	

hDI/	 \O.4 

	

ii	 . 
0.4) --,i	 is plotted against Reynolds number GD/Az, 

and in which the physical properties,. of the fluid (specific 
heat, viscosity, and thermal conductivity) are usually eval-
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uated at the average fluid temperature. Results obtained 
by heating air flowing through an Inconel tube having a 
length-diameter ratio of 60 and a beilmouth entrance 
(reference 4) are plotted in this manner in figure 5 (a). 
The data shown are for an inlet-air total temperature of 
5350 R and cover a range of Reynolds number from about 
7000 to 500,000. Included for comparison is the average 
line obtained by McAdams (reference 2) from correlation 
of the results of various investigators. The equation cor-
responding to this reference line is 

-2=0.023( 
11GD)08(cp )04 \ô	 \	

(10) 
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(a) Physical properties of air evaluated at average bulk temperature. 
(b) Physical properties of air evaluated at average surface temperature. 

FIGURE 5—Conventional methods of correlating heat-transfer coefficients. Inconel tube; 
length-diameter ratio, GO; bellrnouth entrance; inlet-air temperature, 5350 R.

A family of parallel lines representing the various surface-
to-air temperature ratios and having slopes of about 0.8 at 
Reynolds numbers above approximately 25,000 is obtained. 

The data for low surface temperatures (I' s , 605° R) are in 
reasonable agreement with the reference line; however, as 
the surface temperature israised the data fall progressively 
below the reference line. For example, at a Reynolds 
number of 70,000, an increase in T9/T5 from 1.1 to 2.5 
(corresponding to an increase in surface temperature from 
605° to 2050° R) results in a decrease in the ordinate 
parameter of about 38 percent. Inasmuch as the corre-
sponding change in Prandtl number to the 0.4 power is 
small, about the same percentage decrease occurs in Nusselt 
number. 

The results shown in figure 5 (a) are typical of those 
obtained with other entrance configurations and length-
diameter ratios. 

Conventional correlation based on surface temperature.—
The heat-transfer data of figure 5 (a) are replotted in fig-
tire 5(b), whereill the physical propel't ies of the air are evaluated 
at the average inside-wall temperature T8. The line repre-
senting equation (10), but with the physical properties 
evaluated at T5 , is included for comparison. The data again 
show- a separation with surface temperature level, which in 
this case is greater than when the properties are evaluated 
at the bulk temperature. The use of any temperature 
between these extremes would, of course, cause an inter-
mediate amount of separation of the data. 

In references 1 and 12, heat-transfer coefficients were 
predicted for fully developed flow of fluids having a Prandtl 
number of 1.0 in smooth tubes. The analyses took into 
consideration the radial variation of fluid properties and 
indicated an effect of surface-to-fluid temperature ratio 
analogous to that shown in figure 5. 

Effect of surface-to-fluid temperature ratio.—The magni-
tude of the effect on the heat-transfer correlations of surface-
to-fluid temperature ratios greater than 1.0 is illustrated 
more clearly in figure 6. Lines are shown for which the air 
properties are evaluated at bulk temperature 7', film temper-
attire T, and surface temperature T0. The lines correspond-
ing to evaluation of properties at T5 anti T5 are cross plots 
of the data at a Reynolds number of 100,000 from fig-
ures 5 (a) and 5 (b), respectively. The line corresponding to 
evaluation of air properties at 7'f was obtained from a plot 
similar to those of figure 5. 

A series of straight lines is obtained, which intersect at 
T,/T5 of 1.0, at which point the ordinate parameter has the 
value predicted by equation (10). The lines have increas-
ingly greater negative slopes as the temperature at which 
the fluid properties are evaluated is increased. For example, 
an increase in 7'S/T5 from 1.0 to 2.5 results in a decrease in 
the ordinate parameter of about 40 percent when the prop-
erties are evaluated at T, of 48 percent when evaluated at 
T1, and of 54 percent when evaluated at T8. 
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If the difference between total and static temperatures is 
neglected,

Tb= p, 	 (12) 
Pb 

and the following relation is obtained by letting G=pV5 

/GD\ (Tb) — p, Vt, D 
lus	 T,	 As
	 (13) 

Equation (13) defines a modified form of Reynolds number 
in which the conventional mass velocity G is replaced by the 
product of air density evaluated at the average surface tem-
perature p. and air velocity evaluated at the average bulk 
temperature Vb. Substituting equation (13) in equation (11) 
gives

hD0023(PsVeD)° 8(Cs)04	 (14) 
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Appreciable error can be made (fig. 6) if conventional heat-
transfer correlation equations are used to compute heat-
transfer coefficients for surface-to-fluid temperature ratios 
appreciably greater than 1.0. 

Modified correlation based on surface temperature.—
The slope of the line in figure 6 corresponding to evaluation 
of the fluid properties at 7'. is —0.8. The ordinate iii this 
case is (hD/k 5)1(c.,z 5 Ik 5 )° and the corresponding Reynolds 
number is defined by GD/. Inasmuch as at T81Tb=1.0 
equation (10) applies, it might be expected that the effect 
of T/T5 could be eliminated by incorporating the term 

in equation (10) with the properties evaluated at 
T. Thus

=0.023 )	
(11) 

T

number divided by Prandtl number to the 0.4 power is 
plotted against the modified Reynolds number P,VSDI'!.LS. 

The use of the modified Reynolds number eliminates the 
trends with respect to surface-to-bulk temperature ratio, so 
that for the range of surface temperature and Reynolds 
number shown the data can be represented with good accu-
racy by a single line. For modified Reynolds numbers 
above about 10,000, the data can he represented ver y well 
by equation (14). 

Effect of entrance configuration.—Heating data obtained 
with an Inconel tube having a length-diameter ratio of 60 
and both long-approach and right -angle-edge entrances are 
shown in figure 8. The coordinates are the same as in fig-
ure 7, and the line representing the data of figure 7 (bellmouth 
entrance) is included in the figure. 
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FIGURE 6.—Variation of Nusseit number divided by Prandtl number to 0.4 power with ratio 
of surface-to-bulk temperature using conventional methods of correlating heat-transfer 
coefficients. Reynolds number, 160,600; Inconel tube; length-diameter ratio, 60; beilmouth 
entrance; inlet-air temperature. 5350 R.
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FIGURE 7.—Modified method of correlating heat-transfer coefficients. Inconel tube; length-
diameter ratio, 60; bellmouth entrance; inlet-air temperature, 5350 R; physical properties of 
air evaluated at surface temperature. 

The long-approach and beilmouth entrances tend to pro-
vide fully developed and uniform velocity profiles, respec-
tively, at the inlet to the test section. The right-angle-edge 
entrance is typical of most tube-type heat exchangers. 

As shown in figure 8, the data obtained with the long-
approach and right-angle-edge entrances can be represented 
with good accuracy by the line which best fitted the data for 
the beilmouth entrance shown in figure 7. It may be con-
eluded that the average heat-transfer coefficient is negligibly 
affected by the entrance configurations investigated, at least 
for length-diameter ratios of the order of 60 or greater. 

Effect of length-diameter ratio.—Heating data obtained 
with Inconel tubes having length-diameter ratios of 30 and 
120 and with a platinum tube having a length-diameter 
ratio of 46 (reference 6) are shown in figure 9 (a). The 
coordinates are the same as in figures 7 and 8 and the line 
(shown solid) representing the data of figures 7 and 8, which 
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are for a length-diameter ratio of 60, is included. The In-
conel tubes had bellmouth entrances, and the platinum tube 
had a long-approach entrance; however, as indicated in figure 
8, the effect of entrance configuration is negligible. 

A small trend with respect to length-diameter ratio is 
evident in the turbulent region. The data for length-
diameter ratios less than 60 tend to fall parallel to, but above, 
the reference line, whereas the data for a length-diameter 
ratio of 120 fall below the line. This effect of length-

I X T I i I I I I - I , 1 1

	 •iA••i•iiii 

a.

I

I I	 -5	 $/'b I Ifl 
I (°R) 

o Long opp'-ooch	 670-1750 
o Right-angle edge 670-1960 1.2-2.4 

—Be//mouth! I I I I ('c' 7) I I I I I 

/0'	 f0	 /0'	 /0' 
Mcxi,f,ed Reynolds number,

P3 
FIGUkE 8.-Effect of entrance configuration using modified method of correlating heat-

transfer coefficients. Inconel tube; length-diameter ratio, 60; inlet-air temperature, 535° R; 
physical properties of air evaluated at surface temperature. 

diameter ratio has been observed by other investigators (see, 
for example, references 1 and 13) and was accounted for by 
including a power function of the length-diameter ratio in 
the general correlation equation. The exponent 0.054 is 
quoted in reference 1 and the value 0.1 is quoted in refer-
ence 13. The exponent 0.1 applies best for the present data 
and accordingly the data of figures 7 and 9 (a), corrected for 
the effect of length-diameter ratio, are replotted in figure 9 (b). 

The correction for length-diameter ratio appreciably im-
proves the correlation for modified Reynolds numbers above 
approximately 10,000, and in this region the data can be 
represented by the following equation:

-0.1 hD=0034 (p, VbD)° 8( )O 

1)	 (15) 
 Ms 

The constant 0.034 is 0.023 (equation (14)) multiplied by 
600, where 60 is the length-diameter ratio of the tube used 
in obtaining the data upon which equation (14) is based. 

The data for modified Reynolds numbers below about 
10,000 show a trend with respect to length-diameter ratio 
and cannot be represented by a single line.
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FIGURE 9.-Effect of ratio of length to diameter using modified method of correlating beat 
transfer coefficients. Inconel and platinum tubes; inlet-air temperature, 535° It; physical 
properties of air evaluated at surface temperature. 

The data shown in figure 9 for the platinum tube (LID, 46) 
were obtained for surface temperatures up to 3050 0 R and 
surface-to-air temperature ratios up to 3.5: it is of interest 
that, for this extended range of temperature, the data are 
correlated with negligible scatter by use of the modified 
Reynolds number. 

Effect of air temperature.—The data presented thus far 
were obtained with an inlet-air temperature of about 5350 R. 
A wide range of surface temperature and corresponding 
surface-to-air temperature ratio was investigated. In order 
to determine whether the correlation applied for a wider 
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range of air temperature, tests were made in which the inlet-
air temperature, and hence average air temperature, was 
varied. The results are shown in figure 10. 

Inspection of figure 10 indicates that the ordinate param-
eter decreases as the inlet-air temperature and the corre-
sponding average air temperature increase. For example, 
in figure 10 (a), at a Reynolds number of approximately 
100,000 and a surface temperature of approximately 18000 R. 
an increase in inlet-air temperature from 535° to 1460° R 
(with a corresponding decrease in 7's/Tb from 1.9 to 1.2) 
results in a reduction in the ordinate parameter of about 24 
percent. The ordinate parameter would decrease further 
if the inlet temperature were increased until TIT, was 
approximately 1.0. At constant values of TIT,, the 
ordinate parameter varies approximately as temperature 
to the —0.2 power. 

As much as one-fourth of the observed separation of the 
data with temperature level may be caused by experimental 
error in measuring air temperature at the high temperature 
levels. Inasmuch as there is a considerable variation in the 
reported values of thermal conductivity at high tempera-
ture, as is evident in figure 3, the effect may be partly or 
entirely the result of using improperly extrapolated values 
of thermal conductivity. 

The values of conductivity from references 7 and 8, which 
have been used thus far in correlating the present data, 
vary approximately as the 0.85 power of the absolute 
temperature. The values from reference 10 vary approxi-
mately as the 0.73 power of the temperature. Inasmuch as 
the ordinate parameter of figure 10 varies inversely as 
conductivity to the 0.6 power, the conductivity would have 
to vary as temperature to the 0.85 power minus 0.2 divided 
by 0.6, or to the 0.5 power, in order to completely eliminate 
the effect of temperature level in figures 10 (a) and (b). 

Inspection of figures 5 and 6 indicates that the use of 
smaller values of thermal conductivity at high temperatures 
in correlation of the data would also result in a decrease 
of the effect of surface-to-air temperature ratio, so that 
correlation of the data according to equation (15), in which
the fluid physical properties and density are evaluated at the 
surface temperature, would result in an overcorrection 
of the data with increasing values of surface-to-air temper-
ature ratio. A relation of the form of equation (15) can, 
however, be used for correlation of the data by evaluating 
the fluid physical properties and density density at a reference 
temperature lower than the surface temperature. For 
example, if conductivity is assumed to vary as temperature 
to the 0.73 power, the effect of surface-to-air temperature 
ratio can be decreased by using a reference temperature 
T0.75 midway between T1 and T. If conductivity is assumed 
to vary as the square root of temperature, the effect can 
be eliminated by using the film temperature T1 as the 
reference temperature. 

In order to illustrate the effect of using smaller values of 
thermal conductivity at high temperatures, the data of
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8 Modified Reynolds number, pV,,D , 
(a)Physical properties of air evaluated at surface temperature; thermal conductivity propor-tional to T O 5; Inconel tube; length-diameter ratio. la). (b)Physical properties of air evaluated at surface temperature; thermal conductivity propor-tional to T° 85 ; platinum tube; length-diameter ratio, 46. FIGURE lO.—EfTect of inlet-air temperature using modified method of correlating heat-transfer coefficients. 
figure 10 (a) are replotted in figure 10 (c) using the conduc-
tivity data of reference 10, and with the physical properties 
and density evaluated at the film temperature T0.75 . The 
line representing equation (15), which for the lower reference 
temperature becomes 

hD Po .75 VbD)° .8 (cP075120. 75 0.4 (I 5a) 0.034	
k075 )
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is included for comparison. 
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FIGURE 10.—Concluded. Effect of inlet-air temperature using modified method of correlating 

heat-transfer coefficients. 

For an inlet-air temperature of 14600 R, a surface tem-
perature of 18500 R, and a Reynolds number of 85,000, 
the ordinate parameter is about 15 percent below the refer-
ence line. Comparison of figures 10 (a) and 10 (c) indicates 
that the use of the lower values of conductivity from refer-
ence 10 reduces the effect of temperature level by approxi-
mately one-half, or for constant values of TS/T5 , the ordinate 
parameter varies as temperature to the —0.1 power.

The data of figure 10 (b), although not shown, would 
fall within the total separation of the data in figure 10 (c). 

Figure 10 (d) is included to illustrate the effect of using 
still lower values of thermal conductivity at high tempera-
tures. The data are the same as in figures 10 (a) and 10 (c), 
but in figure 10 (d) the conductivity is assumed to vary as 
the square root of temperature and the physical properties 
and density are evaluated at the film temperature T1. 

The line representing equation (15), which for the reference 
film temperature T, becomes 

=0.034 
(pfVb D)0 - 8 (c I? ,fAf)0-'( L) -1-1

	
(15b) 

	

 /L	 i;—	 j  

is included for comparison. 
In figure 10 (d) it is indicated that both the effects of air 

temperature and surface-to-air temperature ratio are elimi-
nated by use of the assumed conductivity-temperature re-
lation and by evaluation of the physical properties and 
density at the film temperature. The data can be repre-
sented with good accuracy by equation (15b). 

No justification of the arbitrarily assumed - conductivity-
temperature relation shown in figure 3 can be given other 
than that it results in the best correlation of the data reported 
herein. 

Effect of heat extraction.—In reference 12, it is predicted 
that with heat extraction from the air the Nusselt number 
would increase as the heat-flux density increases, or as the 
surface-to-air temperature ratio decreases. It was further 
found that the effect could be eliminated by evaluating the 
physical properties and density at a reference temperature 
midway between T0 and T5. 

Tests were conducted to determine whether or not the 
effect of T5/T5 on correlation of heat-transfer coefficients 
was the same for heat extraction as for heat addition. These 
results were obtained with an Inconel tube having a length-
diameter ratio of 60 and a belimouth entrance for a range 
Of T5!T5 from 0.46 to 0.82. The data are correlated in the 
conventional manner in figure 11 using thermal conductivi-
ties from references 7 and 8 with the physical properties 
evaluated at the average temperature T5 . Included is the 
line representing equation (10) modified for variation in 
LID, which becomes 

	

kb 

=0.034 
( /Lt	

(16) 

The effect of a decrease in TS/T5 from 0.82 to 0.46 on the 
correlation of the data is negligible, and the data can be 
adequately represented by equation (16). 

The data in figure 11 do not necessarily show that no 
effect of TO/Tb exists for cooling inasmuch as the use of a 
smaller variation of conductivity with temperature would 
result in an increase in Nusselt number for a decrease in 
T,lTb and hence introduce an effect of T3/T, into the data. 
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Reynolds number,a 

FIGURE 11.—Conventional method of correlating heat-transfer coefficients with heat e xtrac 
tion from air. Inconel tube; length-diameter ratio, 60; bellmouth entrance. 

The effects of using smaller variations of conductivity are 
shown in figures 12 (a) and 12 (b) with the data based on 
the conductivity data of reference 10 and on the assumption 
that conductivity varies as the square root of temperature, 
respectively. In figure 12 (a), the data are correlated ac-
cording to equation (15a) for heat addition. A considerable 
overcorrection for the effects of TI/Tb is obtained, which 
indicates that the effect of TIT, for cooling is smaller than 
that obtained for heating. In figure 12 (b), however, where 
the data are correlated according to equation (15b) for heat 
addition, the separation of the data is very small, indicating 
that for the assumption that conductivity varies as the 
square root of temperature the effect of T9/T5 is the same 
for both the heating and cooling data, and that both the 
cooling and the heating data can be represented by equa-
tion (15b). 

Summary plots of heat-transfer data.—Heat-transfer data 
have been shown for a range of Reynolds number, surface 
temperature, inlet-air temperature, entrance configuration, 
and length-diameter ratio, and for heating and cooling of 
the' air. The results are summarized in figure 13, which 
shows on single plots data from previous figures, which 
include all the foregoing variables. 

The data are correlated in figure 13 (a) by the modified 
method using the thermal conductivity data of references 7 
and 8 with the physical properties and density evaluated at 
T3. The line representing equation (15) is included for 
comparison. As previously shown, all the heating data ob- 
tained with an inlet-air temperature of 5350 R regardless of 
length-diameter ratio, surface temperature, or entrance con-
figuration can be represented with good accuracy by the 
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Modified Reynolds number, 

(a) Physical properties of air evaluated at film temperature To,,,; thermal conductivity 
proportional to T'-".
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Modified Reynolds number, 

(b) Physical properties of air evaluated at film temperature Ti; thermal conductivity pro-
portional to 

FIGURE 12.—Modified method of correlating heat-transfer coefficients with heat extraction 
from air. 

reference line. The high inlet-air temperature data and the 
cooling data fall below the reference line, so that equation 
(15) does not apply with desirable accuracy for all the 
conditions investigated. 

The data of figure 13 (a) are replotted in figure 13 (b) 
using the thermal conductivity data from reference it), and 
with the physical properties and density evaluated at T0.75. 
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FIGURE 13.—Summary plot of experimental data using modified method of correlating heat-



transfer coefficients. 

The line representing equation (15a) is included. Trends 

with temperature level and with TI/T, are reduced compared 

with figure 13 (a). The high inlet-air temperature data and 

the cooling data again deviate farthest from the reference 

line.
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FIGURE 13.—Concluded. Summary plot of experimental data using modified method of 
correlating heat-transfer coefficients. 

Figure 13 (c) shows the data of figures 13 (a) and 13 (b) 

replotted using the assumption that thermal conductivity 

varies as the square root of temperature, and with the 

physical properties and density evaluated at T1. The line 

representing equation (15b) is included. The conductivity-

temperature relation assumed in figure 13 (c) results in the 

best correlation of all the present data. Trends with respect 

to temperature level and with TIT, for both heat addition 

and heat extraction are almost completely eliminated and 

the data can be represented by equation (15b). 

CORRELATION OF FRICTION COEFFICIENTS 

Friction coefficients without heat transfer.—Average half-

friction coefficients f/2 'calculated by equation (6) for flow 

without heat transfer are plotted against Reynolds number 

GD/,.Lb in figure 14 (a). Included for comparison is the line 

representing the Kãrm n-Nikuradse relation between friction 

coefficient and Reynolds number for incompressible turbulent 

flow, which is

log 
(17DV8 f!)_ 0.8	 (17) 

11 b	 2 

and the line representing the equation for laminar flow in 

circular tubes, which is
J_ 8	

18 
20D	 () 

'Lb 
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Reasonably good agreement with the Kârmân-Nikuradse 
line is obtained for all five configurations in the range of 
Reynolds number corresponding to turbulent flow. It is of 
interest that the Kârmän-Nikuradse relation, which was de-
rived for incompressible flow, applies with good accuracy to 
compressible flow, inasmuch as the present data cover a range 
of tube-exit Mach number up to 1.0. 

Figure 14 (a) illustrates the agreement of the data obtained 
in the present investigation without heat transfer with the 
results of other investigators, which are in general agreement 
with equations (17) and (18). 

Friction coefficients with heat addition.—Representative 
friction data, obtained with heat addition to the air, are shown 
in figure 14 (b). Data for no heat transfer (T,/T5, 1.0), and 
the Kârmân-Nikuradse and laminar flow lines are included 
for comparison. These data are for an Inconel tube having a 
length-diameter ratio of 60 and a belimouth entrance, and 
were obtained simultaneously with the heat-transfer data of 
figure 5. 

The data for low surface temperatures (T3, 605° and 675° R) 
agree fairly well with those for no heat addition. As the 
surface temperature is increased, however, J/2 decreases at 
high Reynolds numbers and stays the same or increases at 
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(a) No heat transfer; Inconel tubes; inlet-air temperature, 5350 R.
(b) Heat addition; Inconel tube; length-diameter ratio, 60; bellmouth entrance; inlet-air 

temperature, 5350 R.
FIGURE 14.—Variation of average half-friction coefficient with Reynolds number.
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(a) Viscosity and density evaluated at surface temperature T.. 
FIGURE 15.—Variation of modified half-friction coefficient with modified Reynolds number 

with heat addition. Inconel tube; length-diameter ratio, 60; bellmouth entrance; inlet-air 
temperature, 535° R. 

low. Reynolds numbers, so that the data cannot be repre-
sented by a single line. These results are typical of those 
obtained with other entrances and length-diameter ratios. 

Modified friction coefficient.—Various methods of defining 
the Reynolds number and the dynamic pressure on which to 
base the average friction coefficient were tried in an attempt 
to eliminate the trends shown in figure 14 (b). One such 
method was to base the dynamic pressure on a density evalu-
ated at the surface temperature and a velocity evaluated at 
the average air temperature and to plot the resulting friction 
coefficient against the modified Reynolds number PSVbDII.LS. 

The friction coefficient defined in the foregoing way f is 
given by equation (9). 

The results of this method of correlating the friction data 
are illustrated in figure 15 (a), where J8/2 is plotted against 
p,VD1J t 3. The data are the same as in figure 14 (b), and 
curves representing the Ktrmân-Nikuradse and the laminar 
flow equations are again included. 

In general, the friction coefficient is overcorrected and 
increases with an increase in TIT, at constant modified 
Reynolds number. Figure 15 (a) is typical of the results 
obtained with other entrances and length-diameter ratios. 

The friction factor was also defined on the basis of a 
density evaluated at the film temperature T, (equation (8)). 
The resulting friction coefficient was then plotted against the 
modified Reynolds number with the density and viscosity 
evaluated at the film temperature T,. The data of figure 15(a) 
are replotted in this manner in figure 15 (b). The trends 
with TS/T, are eliminated for Reynolds numbers above 
20,000 and the data can be represented with reasonable 
accuracy by the Krmân-Nikuradse relation using modified 
parameters. 
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Effect of entrance configuration.—Friction data obtained 
simultaneously with the heat-transfer data of figure 8 using 
an Inconel i. tube (length-diameter ratio, 60) with long-
approach and :right. angle. edge entrances are shown in figure 
16 (a). Data for no heat transfer are included. At Reynolds 
numbers above 20,000, the data of figure 16 (a) are in reason- 
able agreement with the Kãrmân line, which was seen in 
figure 15(b) to fit the beilmouth-entrance data with good 
accuracy. The data for the right-angle-edge entrance fall 
slightly below the reference line. No particular significance 
can be attached to this small deviation, however, and it is 
felt that the average friction coefficients for all three entrances 
can be approximated with sufficient accuracy at modified 
Reynolds numbers greater than about 20,000 by the relation 

i=2 log (PíVeD./;Li)_o8	 (19) 
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(b) Viscosity and density evaluated at aim temperature T1. 
FIGURE 15. —Concluded. Variation of modified half-friction coefficient with modified Rey- 

nolds number with heat addition. Inconel tube; length-diameter ratio, 60; bellmouth 
entrance; inlet-air temperature, 535° R. 

Effect of length-diameter ratio and inlet-air tempera- 
ture.—Friction data obtained with heat addition to the air 
for length-diameter ratios of 30 and 120 and for inlet-air 
temperatures from 535° to 1460° R are shown in figure 16 (b). 
The data of figure 16 (b), which are for a bellmouth 
entrance, fall above the Ktrmân line, whereas the beilmouth 
data in figure 15 (b), which correspond to a length-diameter 
ratio of 60, fall on the line. No particular significance can be 
attached to these differences, however, and it is felt that the 
data for the range of length-diameter ratio and inlet-air 
temperature considered can be represented with sufficient 
accuracy by equation (19).

/03	 /04 .	 /0'	 /06 

Modnied Reynolds number, p ,VD 

P1 
(a) Effect of entrance configuration with heat addition. Inconel tube; length-diameter 

ratio, 60; inlet-air temperature, 535° R. 
(b) Effect of length-diameter ratio and inlet-air temperature with heat addition. Inconel 

tubes. 
-	 (C) Effect of heat extraction. Inconel tube; length-diameter ratio, 60. 

FIGURE 16.—Variation of modified half-friction coefficient with modified Reynolds number. 

Effect of heat extraction.—Friction coefficients obtained 
simultaneously with the data of figure 11 for heat extraction 
from the air are shown in figure 16 (c). Data for no heat 
transfer are included. The coordinates and the reference 
line are the same as in figures 15 (b) to 16 (b). The data can 
be represented with reasonable accuracy by the reference line 
for turbulent flow. 
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SUMMARY OF RESULTS 

The results of this investigation of heat transfer and 
associated pressure drops conducted with air flowing through 
smooth tubes for a range of surface-to-air temperature ratio 
from 0.46 to 3.5, surface temperature from 535° to 3050° R, 
inlet-air temperature from 535 0 to 15000 R, Reynolds num-
ber up to 500,000, exit Mach number up to 1.0, length-
diameter ratio from 30 to 120, and for three entrance con-
figurations may be summarized as follows: 

1. Conventional methods of correlating average heat-
transfer coefficients, wherein specific heat, viscosity, and 
thermal conductivity are evaluated at the average air 
temperature, resulted in a considerable and progressive 
separation of the data with increased surface-to-air temper-
ature ratio for heat addition to the air. Evaluation of the 
physical properties at the film or surface temperature, instead 
of the bulk temperature, aggravated the separation. 

2. Satisfactory correlation of heating data obtained with 
inlet-air temperatures near 5350 R was obtained for the rang 
of surface temperature considered when the Reynolds number 
was modified by substituting the product of air density evalu-
ated at the surface temperature and velocity evaluated at the 
average total air temperature for the conventional mass flow 
per unit cross-sectional area, and the properties of the air 
were evaluated at the average surface temperature. 

3. Correlation of the heating data obtained at inlet-air 
temperatures above 535° R by the modified method resulted 
in a decrease in Nusselt number for an increase in average 
air temperature, which was eliminated by the assumption 
that the thermal conductivity of air varies as the square root 
of temperature and by the evaluation of the physical prop-
erties of air including density at a temperature midway 
between air and surface temperatures instead of at the 
surface temperature. 

4. With the assumption that thermal conductivity varies 
as the square root of temperature, data obtained for cooling 
of the air indicated that the effect of surface-to-air temper-
ature ratio was the same as for heat addition, so that both 
heating and cooling data can be represented by the same 
equation. 

5. The use of different entrances to the test section (that is, 
a long-approach, a right-angle-edge, or a beilmouth entrance) 
had negligible effect on average heat-transfer coefficients, at 
least for length-diameter ratios of 60 or greater. 

6. Variation in tube length-diameter ratio had a relatively 
small effect on average heat-transfer coefficients, which was 
satisfactorily accounted for by including a parameter for 
length-diameter ratio in the correlation equation. 

7. Friction coefficients for no heat transfer, calculated 
from a dynamic pressure based on an average air density, 
were in good agreement with those obtained by other inves-
tigators. The corresponding  friction coefficients obtained

with heat addition to the air showed a considerable effect of 
surface-to-air temperature ratio for the Reynolds numbers in 
the turbulent region. 

8. All the friction data could be represented with reason-
able accuracy by the Kãrmán-Nikuradse relation for incom-
pressible turbulent flow by using a friction coefficient cal-
culated from a dynamic pressure based on a density evalu-
ated at the film temperature and the modified Reynolds 
number in which the density and viscosity were evaluated at 
a temperature midway between the air and surface tem-
peratures. 

LEwIs FLIGHT PROPULSION LABORATORY 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

CLEVELAND, OHIO, December 31, 1950 
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ANALYSIS OF PLANE-PLASTIC-STRESS PROBLEMS WITH AXIAL 
SYMMETRY IN STRAIN-HARDENING RANGE' 

By M. H. LEE Wu 

SUMMARY 

A simple method is developed for solving plane-plastic-stress 
problems with axial symmetry in the strain-hardening range 
which is based on the deformation theory oj plasticity employing 
the finite-strain concept. The equations defining  the problems 
are first reduced to two simultaneous nonlinear differential 
equations involving two dependent variables: (a) the octahedral 
shear strain, and (b) a parameter indicating the ratio of principal 
stresses. By multiplying the load and dividing the radius by 
an arbitrary constant, it is possible to solve these problems 
without iteration for any value of the modified load. The con-
stant is determined by the boundary condition. 

This method is applied to a circular membrane under pressure, 
a rotating disk without and with a central hole, and an infinite 
plate with a circular hole. Two materials, Inconel X and 
16-25-6, the octahedral shear stress-strain relations of which do 
not follow the power law, are used. Distributions of octahedral 
shear strain, as well as of principal stresses and strains, are 
obtained. These results are compared with the results of the 
same problems in the elastic range. The variation of load with 
maximum octahedral shear strain of the member is also 
investigated. 

The following conclusions can be drawn: 

1. Inasmuch as the ratios of the principal stresses remain 
essentially constant during loading for the materials considered, 
the deformation theory is applicable to this group of problems. 

2. In plastic deformation, the distributions of the principal 
strains and of the octahedral shear strain are less uniform than 
in the elastic range, although the distributions of the principal 
stresses were more uniform. The stress-concentration factor 
around the hole is reduced with plastic deformation, but a high 
strain-concentration factor occurs. 

3. For the rotating disk and the infinite plate the deformation 
that can be sustained by the member before failure depends 
mainly on the maximum octahedral shear strain of the material. 

4. The added load that the member could sustain between the 
onset of yielding and failure depended mainly on the octahedral 
shear stress-strain relations of the material. 

INTRODUCTION 

In the design of turbine rotors, it is desirable to know the 
detailed stress and strain distributions in the strain-hardening

range and the increase in load that can be sustained between 
the onset of yielding and failure. It is also desirable to know 
the effects of a notch or a hole in a turbine rotor or other 
machine members that are stressed in the strain-hardening 
range. If a member is thin, it can be analyzed on the basis 
of plane stress. For problems of this type for ideally plastic 
material, Nadai obtained solutions for a thin plate with a 
hole and a flat ring radially stressed (reference 1), and 
Nadai and Donnell obtained a solution for a rotating disk 
(reference 2). For materials having strain-hardening 
characteristics, a solution of plane-stress problems has been 
obtained by Gleyzal for a circular membrane under pressure 
(reference 3). The concept of infinitesimal strain was used 
and the solution was obtained by an iterative procedure 
with a good first approximate solution. The plastic laws 
were always satisfied by using a chart given in reference 3. 
In reference 4, a trial-and-error method is given for a rotating 
disk with very small plastic strain, in which the elastic 
stresses and strains are used as the first approximate values. 
An experimental investigation of high-speed rotating disks 
is given in reference 5; distributions of plastic strains (loga-
rithmic strains) for different types of disk are measured. 
Reference 6 gives an experimental investigation of the burst 
characteristics of rotating disks; stress at the center of the 
disk is calculated by assuming that the material behaves 
elastically at the burst speed; the average tangential stress 
along the radius at burst speed is also calculated. 

A simple method of solving plane-plastic-stress problems 
with axial symmetry in the strain-hardening range for finite 
strains was developed at the NACALewis laboratory during 
1949-50. This method is based on the deformation theory 
of Hencky and Nadai (references 7 to 9), which is derived 
for the condition of constant directions and ratios of the 
principal stresses during loading. The equations of equilib-
rium, strain, and plastic law are reduced to two simultane-
ous nonlinear differential equations involving three variables, 
one independent, and two dependent, that can be integrated 
numerically to any desired accuracy. These variables are 
the proportionate radial distance, the octahedral shear 
strain, and a parameter a that indicates the ratio of principal 
stresses. The magnitude of variation in calculated values 
of the parameter a with change in load directly indicates 
whether the deformation theory is applicable to the problem. 

'Supersedes NACA T? 2217, "Analysis or Plane-Stress Problems With Axial Symmetry in Strain-Hardening Range" by M. H. Lee Wu, 1950. 
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The method developed is applied to: (1) a circular 
membrane under pressure, in order to compare results 
obtained by this method with those obtained by Gleyzal 
(reference 3); (2) rotating disks without and with a circular 
central hole, in order to investigate plastic deformation in 
such disks and the effects of the hole; and (3) an infinite 
plate with a circular hole or a flat ring radially stressed, in 
order to investigate the effects of the hole in the strain-
hardening range. 

In the investigation of (2) and (3), two materials, Inconel 
X and 16-25-6, with different strain-hardening character-
istics were used in order to determine the effect of the 
octahedral shear stress-strain curve on lastic deformation. 
The octahedral shear stress of these two materials is not a 
power function-of the octahedral shear strain, so that more 
general information can be obtained. Distributions of 
.stresses and strains of the same problems in the elastic range 
are also calculated for purposes of comparison. 

Acknowledgment is made to Professor D. C. Drucker for 
his discussion of this work and for his suggestion to examine 
whether the logarithmic strain could be applied correctly 
to the present problems and his suggestion to plot the 
stress-strain curves of Inconel X and 16-25-6 on a logarithmic 
scale in order to show that these materials do not obey the 
power law.

SYMBOLS 

The following symbols are used in this report: 
A, B, C, D, E, F coefficients of nonlinear differential equit-

tions .; functions of a, y, and

a initial radius of hole 
b initial outside radius of membrane, rotat-

ing disk, or flat ring 
C initial outside radius of plate, very large 

compared with radius a 
G, H, J, L trigonometric functions of a 
h instantaneous	 thickness	 of	 membrane, 

rotating disk, or plate 
h 1 ,, 1 , initial thickness of membrane, disk, or plate 
K1 , K2 arbitrary loading constants 
Ic constant having a dimension of length 
P pressure on membrane 
r radial coordinate of undeformed membrane, 

disk, or plate 
s are length 

radial displacement 
W axial displacement 
Z axial coordinate 
a parameter	 indicating	 ratio	 of	 principal 

stresses 
octahedral shear strain 
logarithmic strain	 (natural strain), loga-

rithm of instantaneous length divided by 
initial length of element 

0 angular coordinate

P	 mass per unit volume 
o	 true normal stress, normal force per unit 

instantaneous area 
octahedral shear stress 
angular velocity 

Subscripts: 
b	 at radius b 
C	 at radius c 
o at center for member without hole; at 

radius a for member with concentric 
circular hole 

1, 2, 3	 principal directions in general 
r, 0, z	 principal directions: radial, tangential, and 

axial directions 

STRESS-STRAIN RELATIONS IN PLASTIC DEFORMATION 

The deformation theory of plasticity for ideally plastic 
materials was developed by Hencky from the theory of 
Saint Venant-Levy-Mises for the cases in which the directions 
and the ratios of principal stresses remain constant during 
loading (reference 7). Nadai extended the theory to include 
materials having strain-hardening characteristics (references 
8 and 9). The conditions foi' the deformation theory have 
been emphasized by Nadai (reference 9, p. 209), Ilyushin 
(references 10 and 11), Prager (reference 12), and Drucker 
(reference 13). Experiments conducted by Davis (reference 
14), Osgood (reference 15), and others on thin tubes subjected 
to combined loads with the directions and the ratios of the 
principal stresses constant throughout the tube and remaining 
constant during loading show that good results can be 
expected from the deformation theory. 

In more recent experiments on thin tubes by Fraenkel 
(reference 16) and Davis and Parker (reference 17), it has 
been shown that even with considerable variation of the 
ratios of principal stresses during loading the strains obtained 
from the experiments were in good agreement with the strains 
predicted by use of the deformation theory. Furtherex-
perimental investigation is needed to determine- the extent 
to which the variation of ratios of principal stresses is 
permissible with the deformation theory. However, when 
the variation is small (approximately 10 percent over the 
strain-hardening range), the deformation theory can be 
expected to give good results. 

In the present problems with axial symmetry, the direc-
tions of the axes of the principal stresses remain fixed during 
loading and it is probable that the ratios of principal strains 
and of principal stresses also remain approximately constant. 
The deformation theory previously discussed is therefore 
used. The stress-strain relations are as follows:

(1) 

-	 02 03 O3 01 (2) 
61 - 2	 E 2€3	 3E1 

r=r(7)	 (3) 
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where	 to the force divided by the instantaneous area and the 

7	 [(o - 0.2)2+ (0.2— 0-)2 +(0. 0)2]1I2	 (4a)
	 strains are defined by the following equation: 

2	 - 
[(€— E2) 0E2_ 	 (4b) 

From equations (1), (2), and (4a) or (4b), the following 
relations are obtained:

1 7r 
_-(o-2+cr3)] -I 

3 r 

i7r 

lyr 
—t 

3 T 

For plane-stress problems 0. 3 =0. It is convenient to use 
cylindrical coordinates for the problems considered; the 
principal directions 1, 2, and 3 in the preceding equations 
become radial, circumferential, and axial directions, re-
spectively. The equations thus become 

€ €8 + € = 0
	

(la)

(5a)

(5b) 
_e3 

and
— 1 -y (0.10.)	 (6a) 

37

( Or o —
	 (6b) - 

37 

ir 1
(6c) 

37 

When u r and cre are expressed in terms of € and co, there is 
obtained

7 (7) 
1• 

7 

Because large deformations in the strain-hardening range 
will be considered, the concept that the change of dimension 
of an element is infinitesimal compared with the original 
dimension of the element is not accurate enough. Hence, 
the finite-strain concept, which considers the instantaneous 
dimension of the element, is used. (The equations of in-
finitesimal strains considered as special cases of finite 
strains are given in appendix A.) The stress is then equal

(€j)r4) 

where 1j is the instantaneous length of a small element having 
the original length of (l) and j is any principal direction. 
During plastic deformation, the plastic strains at a particular 
state depend on the path by which that state is reached. 
For the paths along which the ratios of principal stresses 
remain constant during loading, however, the octahedral 
shear stress-strain relation, the value of the octahedral shear 
strain, and the values of the principal strains are defined by 
the initial and final states (references 14, 15, and reference 9, 
p. 209); (t) is then anexact differential and 

ii or e 
(1)	

(8) 

It should be noted that the condition under which equation 
(8) was obtained is also one of the conditions under which 
the deformation theory is derived; as long as the deformation 
theory is applicable, equation (8) can also be used. 

EQUATIONS OF EQUILIBRIUM AND STRAINS 
INVOLVING DISPLACEMENTS 

CIRCULAR MEMBRANE UNDER PRESSURE 

Equations of equilibrium and equations of strain are de-
rived for a circular membrane under pressure. The mem-
brane considered is so thin that bending stress can be 
neglected (reference 18, p. 576). Figure 1 shows the mem-
brane clamped at the rim and subjected to a pressure p and 

-dr*hi 
4-

k-(r#u) 
Or 

Air 

A4;r- j	 -A(r+u) 

- - 

Fzouu 1.—Thin circular membrane (under-pressure) and its element in deformed state. 

a small element defined by M and As taken at radius r+u 
in the deformed state. In the undeformed state, the same 
element would be at radius r and defined by AO and Ar. The 
dotted lines represent an undeformed membrane. The in-
stantaneous -thickness of the element and the stresses acting 
on the element are also shown in the figure. Two principal 
stresses are o and 0-0, and so is the angle between 0-, and the 
original radial direction.
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Equations of equilibrium.—When all the forces acting on 
the element in the direction of 0r are summed up, the follow-
ing equation of equilibrium is obtained:

isO(h+iX/t) cos A+ 

2c9 Ls(h+j&t)sin 
AO	 A^o 

 cos —pzs(r+u)L1O sinr=r0 

\!iTElen L(r+u) approaches zero as a limit, the differential 
equation of equilibrium may be obtained: 

d(oh) 
(r+u)d(+U)=h(oe_or)	 (9) 

A cap of the membrane bounded by radius r+u and the 
forces acting on it are shown in figure 2. Summing up the 
forces in the z-direction yields

taken at radius r+u, defined byO and (r+u), are shown in 
figure 3 with all the external forces acting on the element.. 

+,-

AO

(r+u) 
V 

FIGURE 3.—Rotating disk and its element. 

))Jr(r+U)2=u7	 27rh(r+u)
	

Summing up all forces acting on the element in the radial 
or
	 direction yields 

r dwl 2	 1 
Ld(r+u)j [i2hcr ]2 	

10) 

r+u) —1 

z 

r*u	 ru dr 

—-- ---—r 

FIGURE 2.—Cap of membrane with radius r + u in deformed state. 

Equations of strains.—Inasmuch as the element at radius 
r, defined by A O and Ar in the undeformed state, is moved by 
the application of pressure p (fig. 1) to radius r+u and 
defined by iO and As, by use of equation (8) the strains are 

7=log6 ds  - 

=log, r+u 

e,= log, h 

Then
d(r+u)	

ld(r+u)]
dw 	 2 1/2

dr {1+ 	 I	 (ha.) 
.0

(lib) 

e= 1 -	 (lie) 

ROTATING DISK 

Equation of equillbrium.—A disk of radius b and thickness 
h, rotating about its axis with angular speed c, and an element

+Xh)+ 

2oo[zX(r+u)] (h+-^Ah) 

w2
 [r+u +!

2
A(r + u)] KT2210 

2 7 

When (r+u) approaches zero as a limit, the following 
equation of equilibrium is obtained: 

d(oh)	 pw2r2hT+U dr	 (12) 

	

(r+U)d(+)(crl_cTr)h_	 r d(r+u) 

Equations of strains.—The strains are

(l3a) 
dr 

r+u (l3b) 

	

eel= h	 (i3c) 

INFINITE PLATE WITH CIRCULAR HOLE OR FLAT RING RADIALLY
STRESSED 

An infinite plate uniformly stressed in its plane in all 
directions and having a circular hole is shown in figure 4. 
The whole system is equivalent to a very large circular plate 
of radius c with a small concentric circular hole radially sub- 
jected to the same uniform stress a on the outer boundary. 
The solution obtained for such a plate within any radius b 
can also be considered as a solution of a flat ring with outer 
radius b and inner radius a, that is, uniformly loaded at the 
outer boundary with the radial stress u1, obtained in the 
plate solution. 

The 'equations for this case can be obtained in a manner 
similar to the two previous cases, or by simply setting dw/dr 
and w equal to zero in equations for the membrane, or by 
setting w equal to zero in the equation for the rotating disk.
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EQUATIONS OF EQUILIBRIUM AND COMPATIBILITY IN
TERMS OF PRINCIPAL STRESSES AND STRAINS 

CIRCULAR MEMBRANE UNDER PRESSURE 

A set of ten independent equations (equations (la), (3), 
(5b), (6a), (6b), (9), (10), (ha), (lib), and (lic)) involving 
the ten unknowns o, o, €, e, €, 'y, r, h, u, and w define the 
problem of the circular membrane under pressure. If equa-
tion (1 lb) is differentiated with respect; to r and combined 
with equation (ha), 

do	 e('r'e) 

ld(r+ u)

	

dii, 12)h/21	 (14) 

Substituting equation (10) in equation (14) to eliminate w 

yields the following equation of compatibility: 

d€€ 

(_ee) { ' 
[,^fr+ufl2 

1/2 

r d—=e	 - 2h0. j} —1	 (15) 

Equations (9) and (15) can be simplified by using equations 
(11) to eliminate u and h, which results in

('u) 21/2(lOr	
T+0rT 

d€	
( o o —o r)	

1 -[rpe
	 ]}	

(16) 
dr-

on ci

	

,- o) { 1	 [rpe 8 €	 2 1/2 

-	 ] } 
—1	 (17) 

dr 
r	 = e( 

The ten equations defining this problem are now reduced to 
seven independent equations, (la), (6a), (6b), (5b), (3), (16), 
and (17), with the seven unknowns o, o, €r,€, €, i- , and -y. 

The solution of the problem is simplified by introducing an 
arbitrary constant k into equations (16) and (17):

]21/2

r drr	 r de5

_[

[ 
2 (T r 

d(	
k 
d(r)	

-	 I 

k 
d( 

r	 [pk_r e0

'e___-i.) _
]2 	 I 

	

r d€€ 
=e'°1—	

k 

0

2

	 ^1/2

 

J 
(18) 

where k is any arbitrary unknown constant with the dimen-
sion of length. By use of the two parameters r/k and 
pk/hjflf ,, it is possible to solve the problem in a simple, direct 
way without the use of the iteration. This will he further 
discussed in the section "Methods of Numerical Integration." 

ROTATING DISK 

For the rotating disk there are nine independent relations 
(equations (la), (3), (5b), (6a), (6b), (12), (13a), (13b), and 
(13c)) with the nine unknowns 0, 0.e €r, €0, 6z 'y, r, h, and u. 
If equation (13b) is differentiated with respect to r and 
combined with equation (13a), the following compatibility 
equation is obtained:

d€€ 

	

r=e(r'e)- 1	 (19) 
jr-

— — - 

/
C4Ue	 fr+s4 

Ib+ubi9 I \\	 / \	 / \

(a) 

r^u 

a+ua 

b+u	 6,. 

— 
—r+u

( (b)	 c) 
(a) Infinite plate with circular hole uniformly stressed in its plane in all directions. 

(b) Flat ring radially stressed. 
(c) Element. 

FIGURE 4.—Infinite plate with circular hole, flat ring radially stressed, and its element in
deformed state. 

As in the case of the membrane, u and h can be eliminated 
from the equilibrium equation (12) by using equations (13), 
which yields 

	

do,	 de. 

	

r 
j,— 	 W,	

(20) 

The nine equations defining this problem are now reduced 
to seven independent equations, (la), (6a), (6b), (Sb), (3), 
(19), and (20), with the seven unknowns u,, ao, 6,, 60, €, T, 

and y. 
The solution of the problem is made simpler by introducing 

an arbitrary constant k into equations (19) and (20): 

r d,	 r 

k d 
(r)+0.T k d (

	 a)_p(k) 
()2 

e(€)i 

r d€0 =e(6re)_1	 I 
kd(r)	

j 
(21) 

r;j
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By use of the parameters r/k and wk instead of r and w, a 
simple direct solution is possible for any arbitrary value of 
wk with k to be determined by the boundary condition. 

INFINITE PLATE WITH CIRCULAR HOLE OR
FLAT RING RADIALLY STRESSED 

The equations of equilibrium and compatibility for the 
infinite plate with a circular hole or the flat ring radially 
stressed are: 

r do 7	 r do,  
a d( r\)	 ad (r) 

r doo 
=er0)1	

}	

(22) 

a 
d (1)

a 

The problem is defined by equations (22) together with 
equations (la), (6a), (Gb), (5b), and (3) (seven equations 
with seven unknowns). 

EQUATIONS OF EQUILIBRIUM AND COMPATIBILITY IN 
TERMS OF OCTAHEDRAL SHEAR STRAIN AND PARAM-
ETER INDICATING RATIO OF PRINCIPAL STRESSES 

In the preceding section, displacements are eliminated 
from the equations, which result in seven equations involving 
the seven unknown quantities 0, 0.9, 9r, co, o, r, and y. The 
quantity o, can be expressed in terms of o, and co (from 
equation (la)). Two of the four unknowns o-, co, o, and E 

can be eliminated by using equations (Ga) and (6b) or (7). The 
quantity r is a known function of 7 that is experimentally 
determined. The problem is then reduced to one involving 
three unknowns. Obtaining the solution of the resulting 
equations is not, however, a simple matter; the iterative 
process is usually needed. 

It is proposed that this can be avoided by using the fol-
lowing transformation: 

0.9+ 0. 7 3 V2T sin a 

COs a 
or

0.r=.tjT(V sin a—Cos a)1
(23) 

sin a+ Cos a)J 

Then a, and ao satisfy equation (5a), because the yielding 
surfaces are ellipses according to the deformation theory. 
The octahedral shear stress r, a function of 'y, in the preced-
ing equations varies with r/k and also with loading. Such a 
transformation has been used for ideally plastic material. 
(rconstant) by Nadai in the section "Yielding in Thin 
Plate With Circular Hole or Flat Rings Radially Stressed"

(reference 1, p. 189) and for a rotating disk (reference 2). 
From equations (6a), (Gb), and (23), the principal strains 
also can be expressed in terms of and a: 

=	 (sin a - cos a) 1
(24) 

00%__(Sifl a+ i'3 cos a)J 

The equations of equilibrium and compatibility for the 
three problems considered herein are then obtained  in terms 
of and a in the following form: 

r d7 

kd(r)kd(r)	

L	 (25) 

G)	 G) J 
where the coefficients A, B, C, D, E, and F are functions of 
a, 7, and r/k. For the circular membrane under pressure, 
from equation (18), 

A=(V-3 cos a+Sin a)—(-r3 sin a — cos a)'y 
cos a 

(B=(V
-3

7
dr y sin a'\ 1 sin a — cos a) 

rd7	 jy 

(-tj7cosa) 
C=2 (Cos a)e.	 2

t/2 

[ 1 -_	
S +c c	

r 2 pk 2 
6r2(i sin a — cOS a)2 (k) (hi/] 

D=(/3 sin a — cos a)7 

E= —(/3 cos a+sin a) 

F=2112 

{ ie(1°[	
e
	 sin 

CO27	 r 2
(hi,)]

pk 
6r

-	 2	

12(sin a—cosa)2() 	 } 
(2 

For the rotating disk, from equation (21),

a 
A=(f cos a+Sin a)—(	

cos 
sin a—cos a) 

1 	 1 / \ 
B=(sina—cosa)(7 

7 dr 7 sin a )

2 2-sina I 
C=2(cosa) e ( 7CO2 )	 p(Wk)2 	 (27) 

D=(sina—cosa)7 

E=—(V3Cos a+sin a)	 I 

F=2 [1_e( )j	 j
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For the infinite plate with a circular hole, from equation (22), 

cos a+sin a) — ( / sin a—cos )7 COS _a] 
%f2- I 

dT y Sin a"1	 I 
Brz (-/ sin a—cos (. 

/ j -	 ) 
=2 (cos a) e	 2 (28) 

.D= (-/ sin a—cos a) .y 

E=—(-/3cos a+ sin a)	 I 
j 

With these transformations, the solution of the problems 
is reduced to simply a numerical integration of the two simul-
taneous differential equations (equations (25)) involving the 
two unknowns 7 and a. Furthermore, the parameter 'y, 
being the octahedral shear strain, directly indicates the 
stage of plastic deformation at any point under any. load. 
(In plastic problems, according to the deformation theory, 
the individual stress and strain distributions cannot give as 
clear a picture of the stage of plastic deformation as can the 
octahedral shear strain.) Also, the parameter a indicates 
the ratio of the principal stresses or strains. At any point, 
if a remains constant during loading, the ratio of principal 
stresses at that point remains fixed. The value of a obtained 
at each point in the calculation during loading directly indi-
cates whether or not the deformation theory is applicable to 
the problem. 

The value of a is known at the boundaries or the center. 
This value can be determined from equations (23) and (24). 
For the circular membrane under pressure, 
when r/b=0,

7= 08 

1.5708 

when rIb = 1,
to = 0 

7r=2.0944 

For the rotating dIsk without a hole, 
when r/b =0,

0-, 0-8 

1.5708 

when r/b=1,
0-7=0 

0.5236 

For the rotating disk with a hole, 
when r/a=1 and r/b=1,

a0.5236 

For the infinite plate with a circular hole, 
when r/a=l,

o,r0 

a= = 0.5236 

when na approaches c/a or a value that is large compared 
with 1,

0,= 0-

a1.5708

METHODS OF NUMERICAL INTEGRATION 

Two methods are developed to solve the differential equa-
tions (25). In the first method, the differential equations 
are numerically integrated along r/k, which is considered the 
independent variable. (In the second method, a is con- 
sidered the independent variable.) Because many terms in 
the equations are trigonometric functions of a, the use of a 
as the independent variable considerably reduces the work 
of computation. 

Numerical integration with r/k as independent variable,—
Equation (25) can be written in the following forms: 

r da CE—FBI 
k d (L)_ AE—DB

(29) 
r dy FA—CD 

EA— BD 

At any point, if a and 'y are known, 
da and dy can be 

dr/k)	 d(r/k) 

calculated by equations (29). At the boundaries or the 
center, a is known, but -y is determined by the load. Only 
one value (unknown) of -y corresponding to a particular load 
exists on each boundary; therefore it is difficult to start the 
numerical integrations on the boundary with the correct 
value of -y corresponding to a given load. Also, in plastic 
problems covering the strain-hardening range, the method 
of superposition is invalid. Usually, a method of iteration 
is used to solve the problem (for example, references 3 and 4). 

In the method presented herein, an arbitrary but unknown 
constant k has been introduced in equations (18), (21), and 
(22). For the cases considered, the terms in the equations 

that involve load are always multiplied by r, so that (-i-) 

can be written as (-)2 (jr)' in equations (18) and (26) 

and (wr) 2 as (wk)2 
()2 

in equations (21) and (27). 

\
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The numerical integration then can be started at the 
inner boundary (or at the center if there is no circular hole 
at the center) by using the known values of a,,, a desired 

value of ,,, and an arbitrary value of (-Lk-)' for the 

membrane or of (wk) 2 for the rotating disk. The numerical 
integrations can then be carried out, obtaining values of a 
and y at different values of r1/c, until a progressively reaches 
the value that satisfies the outer boundary condition. 
Because the value of r is known at the boundaries; the value 
of k can be determined for the selected value of The 
number of points and the formulas used in the calculation 
depend on the accuracy required (references 19 and 20). 
If the formula for evaluating definite integrals is applied 
after using the forward integration formula (references 19 
and 20), great accuracy can easily be obtained. 

The procedure used herein to obtain solutions is the same 
for each problem. Calculations are started from the inner 
boundary (or from the center if there is no circular hole at the 
center) with the known value of a,,, the desired value of 
-y0, and the arbitrary loading term. The parameter a,, is 
equal to 42 at r1b=0 for the membrane and for the solid 
rotating disk and is equal to 46 at r/a= 1 for the infinite 
plate with a circular hole and for the rotating disk with a 

hole. The arbitrary loading terms are () and (wk) 2 for 
hinil 

the membrane and the rotating disk, respectively. Then 

Id dalk)] and [dJk)],,' corresponding to a,, and 'Yo at the 

inner boundary or the center, are obtained from equations 
(29). The following formulas for forward integration ate 
used to determine the first approximate values of a and -y 

at the next point (ai* and yi*):

	

da	 - 
ai*=ao+[G_),—oo,i r^

 ()]
(30a) 

'n*=-Y^+ [G) 0 ri 
P Gr)jJ 

By substitution of aj* and '' into equation (29), approxi- 
da E  mate values of i	 i and i	 i are obtained and 

[d (,r)
] 	 [d ()J 

the second approximate values of a1 and yi (al ** and y1**) 

can be computed from the following formulas: 

([da] .+[ dal, 1 a1**=+	

d	 d
 (

r)] 1L  {dYdy	 J (30b) 

()01 d 
(d () 

The values of al** and 'yi are substituted into equation (29)

again in order to calculate the values of [

	 ] 

and 

[d '] . 

By use of the following formulas for evaluating 

definite integrals, the volumes of a1 and yj are calculated: 

a t = a
{[da] 0+ d a l)1 + [(i) -	 d 
	

[d (
	 1 

L (30c) 
1 (^)o	 d'y]	

d71)I =1'+	
d	

0 [d ()]J 

This procedure is applied to the next point, and so forth, 
until the value of a reaches the required value of ai at the 
outside boundary (ai=2/3 ir at r1b=1 for the membrane, 
ab = 46 at r/b =1 for the rotating disk, and ab= 42 at 
r/a=c/a for the thin plate with a circular hole). Inasmuch as 

(r	 b 
= k 

the loading terms are determined as follows: 
For the membrane, 

(yb )2 pk )2 Q )2 - (31a) 

For the rotating disk, 

(co b) 2 = (wk )2 (b)2
	 (31b)

For the infinite plate with a circular hole, 

t = ih (?it)	 h 11er=	 (31c) 

or for the flat ring radially stressed at the outside diameter 

t= ()h6 (!±	 b	 COS ab)
 (31d) r /b 

where t, and t b are the tensions per unit original circum- - 
ferential length at r=c and r=b, respectively. 

Numerical integration with a as independent variable.—
Equations (29) can be written in the following forms: 

dly 
daCE—FB 

W
(32) 

AE—DB r 
da CE—BF k

By use of equations (26) to (28) and expansion of e' 

into a series, the following equations are obtained:

FA 



PLANE-PLASTIC-STRESS PROBLEMS WITH AXIAL SYMMETRY IN STRAIN-HARDENING RANGE 	 367 

For the circular membrane, from equations (26),

rpk 
CE—BF= 20J_. [2 V3HJg (al 7,	 (a, 7)+2/] i(a, y, , ) 

/	 r pk\

}	

(33) 

AE—BD= _L2_J2g	
y dr \(a,y, - 

For the rotating disk, from equations (27), 

CE—BF= —2HL— 2VHJg(", ^I, ( 
IdT	

a, r)+L! () f(a, 1 T T')J- 	 T -k ^^ 

AF—CD {8H2_ 2HL [1—f' (a, )]+J()
2f3 (.,  )}
	 (34) 

AE_BD=_L2_J2g(a, 7	 \ , 7dr)	 j
For the infinite plate with a circular hole, from equations (28), 

CE_BF=-2HL-2../HJg a,7, 
y dr

—Ji (ai

	

)}	

(35) AF—CD= { 8Hz — 2./HL[1 —fi (a, y)] }•y 

(	
\ 

AE—BD=—L2 —J
2 g
	

','dr
 

where 

G=sin a 

H=cos a 

J= sin a — COS a 

L=V-3 cos a+sin a 

K, 
( Pk )2 

K2=J p(ok)2 

and
1	

e	
(cos 

_^02 
(cos a)y 

==1— V_^ (cos a)-y+ (cos2 a)'y2— 

	

f2(a, y)e	
(cos a) -Y 

(cos a)'+X (cos2 a)72-

	

1 1[! 
.	

(cos' a)-y3+

=1— [2
(cos a)fi(a, ) 

°' f3(a, y)e r=  

= 1+ 	 sin a) 7+ (i; in a)22+ 

11 -	 Sin 
a) ) 

'yd	 i. 	 ydr	 I• -y 
rc1y2 r3-	sin a—COS aI\"1 

[	

/2 

	

sin a+cos ')	
r 2 p/C 2 

1 6r 2(sin a—cos a) 2 (k) (g)] 

K, (1 r'\2f3(a,7fl"2 L	 6J2s.j k) J2(a,7)J 

The symbols G, H, J, and L are trigonometric functions of 
a only; K, and K2 are arbitrary loading constants. The 
symbols f., 12, 13, and g are functions of a and y; j is a 
function of a, y, and r/k. 

For the solution of an infinite plate with a circular hole a 
is the independent variable. The procedure of numerical 
integration is similar to that used in the method in which 
r/k is the independent variable. The first four terms of the 
series of e'° ) are used; the accuracy of the result is the same 
as that of the previous method, but computation is reduced 
by one half. 

g (
a7
	 ydr 

.7	 T p/C 

'h
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Both methods presented herein are used to obtain the solu-
tions for the given values of ',',. The purpose of the present 
paper is to obtain solutions for the entire strain-hardening 
range and the methods developed are very convenient for this 
purpose. If, however, a solution for only a particular value 
of loading is required, it can be obtained by interpolating 
between values obtained from two or three solutions corre-
sponding to loading near the specified value. 

NUMERICAL EXAMPLES 

Membrane.—In order to compare the results for the 
circular membrane obtained by the method developed herein 
with those obtained by Gleyzal (reference 3), one numerical 
solution for infinitesimal strain is calculated by using the 7-(7) 
curve of the tensile test in figure 1 of reference 3. Inasmuch 
as reference 3 states that: "For simplicity, strain will be 
taken to mean conventional strain (ds—ds 0)/ds,, where ds and 
ds 0 are final and initial are length, respectively.", equations 
(25a) and (36) given in appendix A for infinitesimal strain 
are used. The calculation is started at r/k=0.005. Values 
of a0 =1.5708, 7=0.0299, and pk/h 1 ,=55,920 are used. 

Rotating disk.—Numerical solutions for the rotating disk 
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- ----- -	 IriconeiX 
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(a) Linear-scale plot. 
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V.1	 .	 .i!S]llIs 
Logarithmic octahedral shear strain, 7 

(b) Logarithmic-scale plot. 
FIGURE 5.—Octahedral shear stress-strain curves.

for finite strain (equations (25) and (27)) are calculated. 
The (y) curves of two materials, Inconel X and 16-25-6, 
are plotted in figure 5 (a). These data were supplied by 
W. F. Brown, Jr., H. Schwartzbart, and M. H. Jones. The 
same r(y) curves are plotted on logarithmic coordinates 
in figure 5 (b). These materials, Inconel X and 16-25-6, 
for which r is not a power function of 7 , were chosen so that 
more general information can be obtained. The given 
octahedral shear stress-strain curves (fig. 5) of these two 
materials have not been corrected for the triaxiality and 
nonuniform stress distribution introduced by necking and 
consequently do not represent the exact stress-strain relation 
after necking of these two materials. The solutions obtained 
from the r(y) curves of the tensile test after necking can, 
however, represent the solutions corresponding to materials 
having the exact r(y) curves shown in figure 5 and for simplic-
ity such materials are herein referred to as "Inconel X' 
and "16-25-6". 

The calculation for the solid rotating disk is started at 
r/k=0.005, as in the case of the membrane. 

Three solutions are also obtained for the rotating disk with 
a central hole, using Inconel X. Calculations are started 
at r/a=1. 

All numerical, examples for the rotating disk are given 
in the following table: 

Solid rotating disk 

Material 

Inconel X 0.04 1Xl0I 
.1152 ix 105 
.30 ix 105 

10-25-6 0.04 1X10' 
.1152 1X105 
.30 2.5X10' 

Rotating disk with central hole 

Material Y. 

Inconel X 0.30 1X104 
.30 2X10' 
.30 4X10' 

Infinite plate with circular hole.—The calculations for 
the infinite plate with a circular hole are carried out for the 
case in which o=O at r/a= 1. The value of a, at r/a= 1 
is then equal to 0.5236. (When oP , is different from 0 at 
r/a=1, the corresponding value of a, should be used.) The 
same materials as in the previous problem are considered. 
The numerical examples are: 

Material Y. 

Inconel X 0.04 
.1152 

1871 
.30 

10-25-6 0.04 
1871 

.30

1!'



=1 0 

••u••iru•iuuuu•• 

MEMO MEN 
OEM EMMMWFW^ 

MM plapa-mmmsm 

•i•uuri••••••u•u• 
uu•uri••i•u••uu•u ••a•WAU••••u•••••••• 

so MMMIMMMMMM ME •uriu••uuuuu•uu•iu• 
MMEIAMMMMMMMMMMMMMMMM •uriiuu•suu•uu•u•ui 
uuri•••••u••iuuuu•••i •iiiuiiuuuu••••• 
MMMMMMMMMMM 

1.6 

1.5 

1.4 

1.3 

L 

e

PLANE-PLASTIC-STRESS PROBLEMS WITH AXIAL SYMMETRY IN STRAIN-HARDENING RANGE 	 369 
60:" 

50 

-Q
40 

30 

20 
cf

I0 

0	 .'	 .4	 .6	 .8	 1.0
Propo rliona te radial distance, r/b 
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RESULTS AND DISCUSSIONS 

The radial aiid circumferential stresses o and 00, respec- 
tively, obtained for the circular membrane are plotted against 
rib in figure 6. Two curves, taken from reference 3, cor-
responding to calculations for about the same pressure used 
in the present calculation, are included in the figure for com-
parison. In the. present calculation, the r(-y) curve given in 
figure 1 of reference 3 and the same infinitesimal-strain defini-
tion based on the original dimension are used. The initial 
thickness Li, is also used for consistency in the calculation 
rather than the instantaneous thickness h, which is used in 
reference 3. 

The variations of a with the radius for the rotating disk 
and with the radius for the infinite plate with a circular hole 
are plotted in figures 7 (a) and 7 (b), respectively, for different 
loads and materials. The variations of a with -y. (or loading) 
at various radii for the rotating disk and the infinite plate 
with a circular hole are plotted in figures 8 (a) and 8 (h), 
respectively. Similar curves for the ratio of the principal 

- stresses u,/00 are shown in figures 9 (a), 9 (h). and 10. Com-
parison of figure 7 and figures 9 (a) and 9 (b) shows that the 
variations of a with radius are very similar to the variations 
of o/g with radius, although the relation between a and 
0,/ue is not linear. 

Numerical examples for a membrane with a large strain are 
not calculated herein, because the result of reference 3 is 
sufficient to give an approximate variation of the ratios of 
principal stresses along the radius during loading, although 
the infinitesimal-strain concept is used. The variations of 
the ratio of principal stresses with radius for different loads, 
based on the values of o and og given in figures 8 and 9 of 
reference 3, are calculated and plotted on figure 9 (c).
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16-25-6. 

The values of o are plotted against og at various radii 
under different loads for the rotating disk and the infinite 
plate with a circular hole in fi gures 11(a) and ii (b). TheZD 
heavy sblicl and dashed curves represent th'e values of o-  
and og at different radii for any given load and are called 
loading curves. The loading curve moves away from the 
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FIGURE 8.—Variation of parameter a with maximum octahedral shear strain at different radii. 

origin with increasing load. The light solid and dotted lines 
connecting the different loading curves at a given radius and 
extending to the origin represent the a1ues of a, and o -g at 
different loads for any given radius and are called loading 
paths. Also shown in the figures are the yielding surfaces, 
which are ellipses under the deformation theory. 

A clear picture of the variation of the ratios of principal 
stresses in this group of problems with different loads for 
Inconel X, 16-25-6, and the material used in reference 3 is 
given in figures 7 to 11. It is evident that the ratios of 
principal stresses remain essentially constant during loading.
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FIGURE 9.—Variations of ratio of principal stresses with proportionate radial distance. 

The deformation theory is therefore applicable to this group. 
of problems, at least for the materials considered. 

The variations of 'y and '/y 0 with radius are plotted in 
figures 12 and 13, respectively, for the rotating disk and the 
infinite plate with a circular hole. It is interesting to note 
that the curves in figure 13 for different loads for the same 
material are quite close together. For different materials, 
the curves of figures 7 and 9 are also close, but the ciIrves of 
figure 13 are not as close together. 
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FIGURE 11.—Loading curves, loading paths, and yielding surfaces. 

The distributions of principal stresses and principal strains 

along the radius for the rotating disk and for the infinite plate 

with a circular hole are plotted in figures 14 and 15, respec-

tively. For comparison, the variations of uo/(oo)a, Eel(q) s, and 

'y/-y with radius for both the elastic and the plastic range are 

plotted in figures 16 and 17. (The equations for the elastic 

case are given in appendix B.) If only the stress distribu-

tions for the elastic and plastic cases are compared (figs. 

16 (a) and 17 (a)), it is seen that the stresses are more uniform 

in the plastic state; but if the distributions of the principal 

strains and the octahedral shear strain for the elastic and the 

plastic cases are compared (figs. 16 (b), 16 (c), 17 (b), and 

17 (c)), it is evident that a less-uniform strain distribution is 

obtained in the plastic state. It is of special interest in the 

case of the finite plate with a hole to note that with plastic 

deformation the stress- (tangential stress) concentration 

factor around the hole is reduced; instead there is a high 

concentration in principal strain and in octahedral shear 
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FIGURE 14.—Variation of principal stresses with proportionate radial distance. 

strain. A similar conclusion regarding the concentration 
factor around a circular hole in a tension panel is given in 
references 21 and 22. 

The quantities co/(o0) 0, o/(o.), €/(€),, and eo/(€o) along the 
radius for the rotating disk and o/(o) and o/(€e) for the 
infinite plate with a circular hole are plotted in figures 18 
and 19, respectively. The curves representing 
and Eo/(ee)o for Inconel X and 16-25-6 and different values 
Of 'fo are close together; but the curves of ae/(19) 0 are quite 
far apart for the two materials, as well as for different values 
Of 7. 

The relation between the rotating-speed function p(wb)2

and y0 for the rotating disk and the relation between the 
tension per unit original circumferential length t/h 0 , and 
Yo for the infinite plate with a hole are plotted in figures 20 (a) 
and 20 (b), respectively. it is shown in these figures that 
p(wb) 2 and t5/h1,, increase considerably for Inconel X and 
increase only slightly for 16-25-6 as the value of increases 
from 0.04 to 0.30. 

Figures 7, 13, and 16 to 19 show that for the plate with a 
hole, the variations of a, -y/-y,, 	 and €/(€o) with radius 
are essentially independent of the value of for the plate 
and the r(-y) curve of the material, at least for the materials 
considered. These results show that the deformation that 
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Fionac 19.—Comparison of stress and strain distributions for different materials and for 
different maximum octahedral shear strains of infinite plate with circular hole. 

can be accepted by the plate before failure depends mainly 
on the maximum octahedral shear strain (or ductility) of the 

material, which would not be true if the strain distributions 

were a function of the r(y) curve. For the rotating disk,
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FIGURE 20.—Relation between rotating-speed function and maximum octahedral shear strain 
for disk and relation between tension per unit original circumferential length for plate. 

however, a slight effect of Yo and the r(y) curve is apparent 

on the strains; this effect seems to be caused by the body-

force term of the disk. 
The stress distribution that will determine the load which 

a membçr can sustain is now considered. Figures 16 to 19 

show that the variation of og/(O9)o with radius depends on 

the r(y) curve of the material and on the value of -y,,for the 

member. Figure 20 indicates that the load also depends on 

the r(y) curve. It therefore follows that the added load 
that the member can sustain between the onset of yielding 

and failure depends on the r(-y) curve of the material. The 

octahedral shear (or effective) stress and strain curve of the 
material should be used as a criterion in selecting a material 
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FIGURE 21—Rotating disk with hole. Inconel X; 	 0.3000. 
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(d) Variation of principal strains with proportionate radial distance.
FIGURE 21.—Continued. Rotating disk with hole. Inconel X; )'o, 0.3000. 

for aparticular member under a particular loading condition, 
because consideration of the maximum octahedral shear 
strain only (or ductility only) of the material is insufficient 

The variations of a, -y, ci 7 , o, e-, co, and /y 4 with radius for 
three rotating disks with a hole are shown in figure 21. The 
values of the ratios of outer to inner radius b/a of these three 
disks equal 5.32, 12.45, and 28.12. These disks were made 
of Inconel X and had a maximum octahedral shear strain 

of 0.3 at the inner radius of the disk. The tangential 
stress cro, the tangential strain eo, and the octahedral shear 
strain y are much less uniform for the disk with a hole than 
for a solid rotating disk. The ratio of maximum to minimum 
octahedral shear strain 'ye/yi is equal to 7.41 for a disk with 
b/a=5.32, 11.75 for a disk with b/a=12.45, and 14.1 for a 
disk with b/a=28.12; for a solid disk of the same material, 

	

the ratio 'yoI y ii is about 5.3.	 -	 - -	 - 
The load, rotating-speed function p(wb) 2, for disks of 

Inconel X reaching a maximum octahedral shear strain 'y e, of 
0.3 at the inner radius of the disk and having different ratios 
of inner to outer radius alb is represented by the solid curve

Ratio of outer 

ILO innerrodius 

b/a 

-/245 

5.32 

_—PA

n-Solid rotating d5/í 

Lm

0	 .'	 .4	 .6	 .8	 LUProportionate radial d:&or,ce, r/b 
(e) Variation of ratio of octahedral shear strain to minimum octahedral shear strain at outer 

radius with proportionate radial distance. 
FIGURE 21.—Concluded. Rotating disk with hole. Inconel X; ,, 0.3000. 
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in figure 22. The dashed curve in figure 22 is obtained by 
extending this solid curve toward a/b=1, where the value of 
p(wb) 2 can be determined by considering a rotating ring with 
a/b-1. The figure indicates approximately how the load 
p(cob) 2 varies with disks having different ratios of inner to 
outer radius and reaching the same maximum octahedral 
shear strain at the inner radius of the disk. The value of 
p(cob) 2 for a solid rotating disk made of Inconel X with 
7=O.3 at the center of the disk is indicated in the same figure. 

CONCLUSIONS 

The results obtained for a membrane, a rotating disk 
without and with a hole, and an infinite plate with a hole 
strained in the strain-hardening range in which the elastic 
strains are negligible compared with the plastic strains for 
Inconel X and 16-25-6 in the absence of time and tempera-
ture effects and unloading show that: 

(1) The method developed not only accurately solves 
the plane-plastic-stress problems with axial symmetry in a 
simple manner but also shows clearly the octahedral shear 
strain distribution and the ratio of principal stresses during 
loading. 

(2) The ratio of the principal stresses in the cases investi-
gated remained essentially constant during loading and, 
consequently, the deformation theory is applicable to this 
group Of problems for the materials considered.

(3) The distributions of principal strains and octahedral 
shear strains in the plastic state are less uniform than those 
in the elastic state, although the distributions of tangential 
stresses appear more uniform in the plastic state. The 
stress concentration factor around a hole is reduced in the 
plastic state, but instead there is a high concentration of 
principal strain and octahedral shear strain. 

(4) The ratios of the strains along the radius to their 
maximum value are essentially independent of the value of 
the maximum octahedral shear strain of the member and 
the octahedral shear stress-strain curve of the material. 
Hence, thc deformation that can be sustained by the member 
before failure depends mainly on the maximum octahedral 
shear strain (or ductility) of the material. 

(5) The stress distributions depend on the octahedral 
shear stress-strain curve of the material. Hence, the added 
load that the member can sustain between the onset of 
yielding and failure depends mainly upon the octahedral 
shear (or effective) stress-strain curve in the strain-hardening 
range of the material. 

LEWIS FLIGHT PROPULSION LABORATORY 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

CLEVEL&ND, OHIO, February 28, 1950 

APPENDIX A 

EQUATIONS OF EQUILIBRIUM AND COMPATIBILITY FOR
INFINITESIMAL STRAIN IN TERMS OF a AND 

The final forms of the equilibrium and compatibility 
equations for small strains are given in this section. The 
concept of infinitesimal strain is defined as follows: The 
changes of dimensions are small compared with the original 
dimensions but are large enough so that the elastic strain 
can be neglected. The equations presented can be obtained 
either by direct derivation as was done previously or by 
reducing the equations for finite strains through expanding 
the efl" terms in series and neglecting the small terms. 
For infinitesimal strain, the coefficients (functions of a and ) 
A, B, C, D, E, and F of equations (25) are each denoted by 
a superscript prime but the coefficients (functions of a and y) 
are simpler than those for large strain. 

	

,4 ,r da	 D,r d7 _,-,, 

d 
k (r \°k (r - 

)

(25a) 

	

7-,r da	 ,r dy	 ,, 
k d
	 d
 (r)k (r) 

For the circular membrane under pressure, 
A' = cos a+sin a 

B' =(/ sin a—cos a)! dr 

C'=2 Cos a 

D'=(..J sin a—cos a)y	 (36)

E'=—(-.,ICos a+sin a) 

[	 pkr	 72 

	

F' =2 V-3-,y cos a+	
k 

6 [ r(-f sin a—cos a)

For the rotating disk, 

A' = cos a+ sin a

I B'=(-[ sin a—cos a) 
1d
--	 I 
rdy	 I 

C'=2 cos a—	 p(wk)2()2! L AP3	 k -r 

D'=(sin a—cos 

E'= - ( V-3 cos a+ sin a) 

F'=2(Cos a)y	 j 

For the infinite plate with a circular hole, 

A'= -A cos a+ sin a	 '1

B'=(/sin a—cos a) 
1 dr I 

C'=2 cos a	 I
D'= (V-3 sin a— Cos a) 

E'=—(-,Icos a+sifl a) 

F'=2-/(Cos a) -Y 

For small strains, the coefficients A', B', 0', D', E', and F' 
are used in equation (29) instead of A, B, C, D, E, and F; 
respectively.

(37)

(38)
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APPENDIX B 

EQUATIONS FOR ROTATING DISK AND INFINITE PLATE 
WITH CIRCULAR HOLE IN ELASTIC RANGE 

ROTATING DISK 

For a solid rotating disk with the radial stress at the 
periphery (r=b) equal to zero, the principal stresses can be 
expressed by the following equations (reference 23, p. 68): 

	

pw2(b2—r2)	 1
(39) 

3+v 2'2 1+3v 2 2PW 	o8	 - 8	 r 

where v is Poisson's ratio. At r=b, 

(uo)- P2b2(l_) 

Dividing equation (39) by (ge) , yields 

- 3±v	 _(r 2

} 
go	 3+p r 1+3v 

3+v 

The stress-strain relations of plane-stress problems in the 
elastic range are:

1 (r	 vco)

(40)
 1

(go— var) 

where E is the modulus of elasticity in tension and com-
pression. 

Substituting equations (39) into equations (40) yields: 

1 
3+v 

(l—)(3+v)(pw2b2) 
[i 3(1+v) ( 2

} 
1 

8E (l
	 )(3	 )(pw2 b 2) [i 

1+v (r)2] 

or

Or

3+v['3(1+v)(!1)2 (Eg) b 2 	 3+v- 

(ob2 
[i -
	 (r)2]	

}	

(40b) 
1+ E0 3+ 

The equations for the octahedral shear stress and strain 
given by equations (4a), (4b), and (5a) can be applied to both 
the elastic and the plastic ranges, but equation (5b) can be 
applied only in the plastic range. The octahedral shear 
strain in the elastic range can be calculated by equation (4b) 
pr by using the following equation:

2(1+)	 2(1+v)I2 
= E = E	 (41) 

Substitute equations (39) in equation (41) to obtain: 

(l+v)	 22 b)

0

1112 
[(3+v)2_4(1 + v)(3+ v)(

2
 )+(7+ 2p+ 7p2) ( 	

(41a) 
or  

'y2 (l —v) 

r 	 r 4 1/2
3 + Y2_41 + 3 + P ( (7 + 2v+ 7v2)()] (41b)[  

The value of Poisson's ratio v for the two materials are: 

P=0.29 for Inconel X (reference 24) 

v=0.286 for 16-25-6 (reference 25) 

INFINITE PLATE WITH CIRCULAR HOLE 

For a uniformly loaded infinite plate with a circular hole, 
the principal stresses are (reference 23, p. 56): 

r4+2C 1
(42) 

-	 co=-+2CJ 

where A and C are arbitrary constants. For the plate con-
sidered herein, the boundary conditions are: 

=0	 atr=a 

g r = ( gr)b at r=b 

These boundary conditions are used to determine the 
arbitrary constants A and C, which yield 

(r)2 a	 / 
r	 (a)2 (r)2 

I 
,_ 

b	 a	 (42a) 
_____ (r)2 

( ')b	 a 
go= (a)2 

(r)2 j a 

or

(2 U T	 1	 aj	 I
b1 ( )2 (r)2 [

(42b) 

00 -	 1	
(r)2	 I 

5(a)2 (r)2 

J /
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Substituting equations (42a) into equations (40) yields 

(1—v) 
(r2] 

1	 (i)b	 a1	 I 

1 
_(a 2	 (r)2	

I

(43) 

1	 (a)b	
(r)2 

Q
 2 

(1 - 

(r)2	

J 
or

(1—v) (n) 2 

[(
I
 — 0+0 + V) (6) 1	

a2(r)2

•	 (43a) 
(l_)(r)+(l+)	 I 

P V)+(l + V) (a)2] (r)2j 

Substituting equations (42a) into equation (41) yields 

11/2 r(r)43 
I 

= 
2/ (1+v) (,)b	 a	 (44)  3E 

1—
 (a)2-)(r4 

or

7	 r	 ()+3	 1 
1/2 

I +3
1()] ()1 
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TEMPERATURE DISTRIBUTION IN INTERNALLY HEATED WALLS OF HEAT 
EXCHANGERS COMPOSED OF NONCIRCULAR FLOW PASSAGES' 

By E. R. G. ECKERT and GEORGE M. Low 

SUMMARY 

In the walls of heat exchangers composed of noncircular 
passages, the temperature varies in the circumferential direction 
because of local variations of the heat-transfer coefficients. A 
prediction of the magnitude of this variation is necessary in order 
to determine the region of highest temperature and in order to 
determine the admissible operating temperatures. 

A method for the determination of these temperature distri-
butions and of the heat-transfer characteristics of a special type 
of heat exchanger is developed. The heat exchanger is composed 
of polygonaiftow passages and the passage walls are uniformly 
heated by internal heat sources. The coolant flow within the 
passages is assumed to be turbulent. The circumferential 
variation of the local heat-transfer coefficients is estimated from 
flow measurements made by Nikuradse, postulating similarity 
between velocity and temperature fields. Calculations of tem-
perature distributions based on these heat-transfer coefficients 
are carried out and results for heat exchangers with triangular 
and rectangular passages are presented. 

INTRODUCTION 

The conventional recuperative type of heat exchanger 
consists of passages for two liquids or gases separated by a 
heating surface. Heat from an outside source is carried with 
a fluid flowing through one of the passages and is transferred 
in the heat exchanger to a second fluid flowing through the 
other passage. Very often such a heat exchanger is com-
posed of a large number of tubes, with the two liquids flowing 
inside and over the outside of the tubes, respectively. 

The regenerative type of heat exchanger has passages for 
one fluid only. During the heating period, heat from an 
outside source is carried to the heat exchanger by a hot fluid 
and is stored within the solid walls of the passages. This 
heat is then given off to a cold fluid, which passes through 
the heat exchanger during the cooling period. 

In this report, a heat exchanger is considered that differs 
from the regenerative type only by the fact that the heat is 
generated by heat sources within the passage walls and is 
transferred to a coolant flowing continuously through the 
passages. The passage walls of this heat exchanger are 
assumed to be flat plates assembled to form a honeycomb; 
thus the flow passages formed in this manner have a polygonal 
cross section. A cross-sectional view of a typical heat

exchanger of this type is shown in figure 1. The exchanger 
is composed of a number of plates a, which form the coolant 
passages b. The flow of the coolant is normal to the cross 
section shown. High temperatures may be anticipated near 
the corners c of the passages, inasmuch as the rate of heat 
transfer there is expected to be poor. A theoretical inves-
tigation of the temperature distribution in such a heat 
exchanger was made at the NACA Lewis laboratory during 
1950 and is presented herein. 

The basis for this investigation is a knowledge of local 
heat-transfer coefficients in passages of noncircular cross 
section. Some information is available on the average 
heat-transfer coefficients in such tubes (references 1 and 2). 
The result of these investigations is essentially that the ex-
pressions derived for the heat-transfer coefficients in circular 
tubes apply for other cross sections as well, provided the 
diameter is replaced by the hydraulic diameter. (The 
hydraulic diameter is defined as four times the cross-sectional 
flow area divided by the circumference of the passage.) 

A knowledge of local heat-transfer coefficients in noncir-
cular passages is important not only in the present problem, 
but also for several other engineering problems, such as the 
determination of local temperatures in the walls of air-cooled 
turbine blades. No information on local heat-transfer 
coefficients was found in the available literature, however. 
These values are therefore estimated from flow measure-
ments made by Nikuradse (reference 3) on the basis of the 
similarity between temperature and velocity fields. 

FIGURE 1.—Cross section through typical heat exchanger composed of ndncircular flow
passages. 

'Supersedes NACA TN 2257, "Temperature Distribution in Internally Heated Walls of Heat Exchangers Composed of Noncircular Flow Passages" by E. R. G. Eckert and George M. 
Low, 1951.
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SYMBOLS 

The following symbols are used in this report: 
A	 cross-sectional flow area (sq ft) 
A*	 ratio of wall area to flow area (dimensionless) 
C	 internal circumference of passage (ft) 

C/D (dimensionless) 
specific heat at constant pressure, Btu/(lb) (°F) 

D	 hydraulic diameter, 4A/C, (ft) 
g	 acceleration due to gravity (ft)/(sec') 
h	 local heat-transfer coefficient, Btu/(sec) (sq It) (°F) 

average heat-transfer coefficient, J"' c h dx, 

Btu/(sec) (sq ft) (°F) 
h/h (dimensionless) 

k	 thermal conductivity of wall material, 
Btu/(sec) (ft) (°F) 

kg	 thermal conductivity of coolant, Btu/(sec) (ft) (°F) 
k*	 k/kg (dimensionless) 
N	 residual value (dimensionless) 
J\Tu	 Nusselt number, TD/kg , (dimensionless) 
n	 coordinate normal to passage wall (ft) 

n/D (dimensionless) 
Pr	 Prandtl number, v/a, (dimensionless) 
P	 pressure (lb)/(sq ft) 
q	 , local rate of heat transfer, he, Btu/(sec) (sq It) 

h* 0* (dimensionless) 
R	 radial coordinate (ft) 
Re	 Reynolds number, uD/v, (dimensionless) 
r	 rate of internal heat generation, Btu/(sec) (cu ft) 
s	 wall thickness (ft) 

s/D (dimensionless) 
T	 local total temperature of coolant, IF 

bulk total temperature of coolant, IF 
T*	 Tk/rD2 (dimensionless) 
t	 local wall temperature, IF 
t"	 1k/rD2 (dimensionless) 
U, v	 velocity components in x- and y-direction, re-

spectively (ft/see) 
x, y, z Cartesian coordinates 

x/D (dimensionless) 
y *	 y/D (dimensionless) 
2*	 z/D (dimensionless) 
a	 thermal diffusivity, kg/pgcp (sq ft)/(sec) 

angle subtended by two adjacent sides of polygonal 
passage (deg) 

increment of length (It) 
AID (dimensionless) 

B .	 increment or difference 
47	 turbulent diffusivity of heat (sq ft)/(sec) 
EM	 turbulent diffusivity of momentum (sq ft) /(sec) 
0	 temperature difference, t-T, IF 
0*	 0k/rD2 (dimensionless) 
v	 kinematic viscosity (sq ft)/(sec) 
P	 mass density (lb) (sec2)/(ft4) 

local wall shear stress (lb)/(sq It)

Subscripts: 
C	 conditions for equivalent circular tube 
M	 conditions at center of flow passage 
n	 conditions normal to passage wall 
s	 conditions at wall surface 
Superscript: 
*	 dimensionless quantity 

ASSUMPTIONS 

If this analysis were to be made without any simplifying 
assumptions, the simultaneous solution of the equations of 
motion of the coolant and of the heat flow in the coolant and 
in the passage walls would be required. The following as-
sumptions are made in order to make these equations 
amenable to solution without seriously curtailing the results 
of the analysis: 

(1) The Prandtl number of the coolant used in the heat, 
exchanger is in the neighborhood of 1. This condition is 
well fulfilled by gases and by water above a temperature of 
2000 F, excluding the neighborhood of the critical point. 

(2) The passages of the heat exchanger are long enough so 
that in the cross section investigated the flow is fully devel- 
oped, which means that the velocity profile does not change 
its shape in the direction of the tube axis. 

(3) The rate of heat generation in the walls of the heat 
exchanger is uniform. As a consequence of this condition, 
the temperature within the coolant and the walls increases 
linearly in a downstream direction provided the flow is ther-
mally developed. For a fluid with a Prandtl number of 1, 
the points of thermal and velocity development in a tube 
practically coincide provided that the heating of the tube 
starts at the entrance section. 

(4) The temperature gradient along the tube axis is as- 
sumed small as compared with the gradients in any cross 
section of the passage. 

(5) The thermal conductivity of the solid material is large 
as compared with the thermal conductivity of the coolant. 
This condition is always fulfilled for metal walls regardless 
of the type of coolant used provided that assumption (1) 
applies and for nonmetallic walls if the coolant is a gas. 
For the case of nonmetallic walls and liquid coolants, the 
applicability of the calculations presented in this report must 
be checked in each individual case. Furthermore, the tem-
perature differences within the passage wall at any one cross 
section are postulated to be small as compared with the 
temperature differences between the wall and the core of 
the coolant. As a consequence of the assumption listed in 
this paragraph, the heat transport within the coolant, normal 
to the tube axis and parallel to the walls, is small as com-
pared with the heat conduction within the walls and may 
therefore be neglected. The heat transport within the 
coolant, normal to the tube axis and normal to the walls, 
is of course taken into account. 

(6) The turbulent diffusivity of momentum em and that of 
heat E11 are equal.
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FLOW IN TUBES WITH NONCIRCULAR CROSS SECTION 

A thorough investigation of the flow through tubes with 
noncircular cross sections was made by Nikuradse (refer-
ence 3). This investigation is used in the present report 
as the basis for estimating local heat-transfer coefficients. 

The flow of water through tubes of several different shapes, 
as shown in figure 2, was investigated in reference 3. Three 
of the tubes had triangular cross sections; an equilateral 
triangle, an isosceles right triangle, and a right triangle with 
the sides enclosing the 900 angle having a ratio of 1 to 2.32. 
One tube had a trapezoidal cross section and two tubes were 
circular with one and two grooves, respectively. In a second 
report, Nikuradse investigated tubes with a rectangular cross 
section; however, only a summary of this report is available 
(reference 4). The hydraulic diameter of the passages varied 
from 0.3 to 0.6 inch and the length-to-hydraulic-diameter 
ratio varied from 100 to 200. The Reynolds number based 
on the hydraulic diameter and the mean velocity ranged 
froth 77,000 to 120,000. Because it is known that the shape 
of a turbulent velocity profile changes only slightly with 
Reynolds number, the results of the calculations should be 
applicable for a fairly large range of Reynolds number in 
the turbulent region. The velocity profiles were measured 

ANN 
FIGURE 2.—Cross sections of passages investigated in reference 3. 

FIGURE 3.—Velocity contours in triangular passage as measured in reference 3. Reynolds 
number, 81000.

with a small total-head tube in a cross section near the 
downstream end of the tube. 

Results of reference 3 for the isosceles right triangle are 
shown in figures 3 to 5. Similar results for all other cross 

FIGURE 4.—Secondary flow in triangular passage deduced from measurements of reference 3. 

FIGURE 5.—Shear stress distribution on circumference of triangular passage as determined 
in reference 3.	 - 

213637-53-26
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sections can be found in the original report. In figure 3 the 
lines of constant velocity are presented as contour lines. 
These contours are indented near the center of each side of 
the passage. The conclusion of reference 3 is that these 
indentations indicate a secondary flow normal to the main 
flow direction. A qualitative sketch of this secondary flow 
is presented in figure 4. Prandtl (reference 5) has ascribed 
the secondary flow to a turbulent mixing motion within the 
fluid, which is more intense in the direction parallel to the 
wall than normal to it. This secondary flow tends to equal-
ize the velocities and temperatures within any cross section 
of a noncircular tube and is therefore favorable for the simi-
larity consideration that will be used to deduce the tempera-
ture field from the measured velocity field. On the other 
hand, because no quantitative knowledge of the secondary 
flow exists, an exact theoretical calculation of the tempera-
ture field in noncircular passages is impossible. The local 
wall shear stresses were computed by Nikuradse, using the 
measured velocity profiles together with the assumption that 
the Blasius pipe resistance law of the turbulent velocity 
profile for circular tubes applies also for noncircular passages 
on normals to the walls (fig. 5). A check by Nikuradse of 
the calculated average shear stresses against the measured 
pressure drop showed good agreement. 

SIMILARITY BETWEEN VELOCITY AND TEMPERATURE 
PROFILES FOR Pr=1 

It is well known that the velocity and temperature profiles 
in the boundary layer of a fluid with a Prandtl number of 1 
are similar in shape in the absence of a pressure gradient. 
This similarity is immediately apparent from a comparison 
of the momentum and energy equations of the boundary 
layer for two-dimensional steady flow along a flat plate 
(reference 6):

/ on	 0 

	

P ('u—+v )=[P(v+M)]	 (1)
 oy

/ OT	 OT\ o[P(I,+^",) 
P U +V J= 	 7j	

(2) 

where Trepresents the total temperature, the Prandtl num-
ber is equal to 1, and the specific heat is constant. The 
effect of internal friction on the temperature profile is taken 
into account by basing equation (2) on the total temperature. 

Because it is assumed that the turbulent diffusivity of 
momentum em and of heat cH are equal, equations (1) and 
(2) are similar. The solutions of the equations, namely, 
the velocity and temperature profiles, are therefore also 
similar, provided the boundary conditions are similar. The 
boundary conditions for the velocity field on a flat plate are 
that the velocity is 0 along the wall and has a constant value 
outside the boundary layer. Similar boundary conditions 
for the temperature field are that the temperature is constant 
both along the wall.and in the main stream. 

It is therefore evident that similarity between velocity 
and temperature profiles in the boundary layer over a flat

plate exists in an exact mathematical sense. The same is 
not true, however, for fully developed pipe flow. The bal-
ance of the forces and of the heat energy on a stationary 
annular volume element with a radius R, thickness dR, and 
length (in the direction of the tube axis) dz, leads to the 
following equations for fully developed flow in a circular 
tube:

0uI dp 
IRp(v+&i	

]=	
(3) 

0T 1 	 OT 

	

[RP(.+C")]PU -	 (4) 

where the heat-conduction term in the z-direction is neglected 
in equation (4). It is apparent that equations (3) and (4) 
are not similar, even if the viscosity and diffusivity terms in 
the two equations are equal. The following type of analysis 
can be made, however: 

The turbulent diffusivity of momentum can be cal-
culated from equation (3), provided that the velocity profile 
u=f(R) and the pressure drop dp/dz are experimentally 
known. If it is again assumed that 6M and EH are equal, the 
temperature profile can then be calculated from equation (4). 
Such an analysis, based on constant property values and with 
internal friction neglected, was carried out by Latzko (refer-
ence 7). The results of this analysis were used to calculate 
the relation between the temperatures and the velocities for 
hydrodynamically and thermally developed flow of a fluid with 
Pr= 1. Figure 6 represents a plot of the local temperature-
difference ratio (T— t8)/ (Tm - t 5) against the local veloc-
ity ratio U/Urn. It can be seen that this relation is very 
nearly linear. This linearity means that the velocity and 
temperature profiles are similar as far as practicality is con- 

go 

I. 
4

U	 .2	 .4	 .6	 .8	 1.0 
Velocity rcfiô, v/u,,. 

FIGURE 6—Relation between local temperatures and local velocities in fuJly developed tur-



bulent region of circular tube. Based on reference 7.
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FIGURE 7. Local heat-transfer coefficients in corners of noncircu.lar passages. 

cerned, even though they are not similar in a strict mathe-
matical sense. Most of the recent theoretical investigations 
of turbulent heat transfer are therefore based on the assump-
tion of similarity between these profiles for a fluid with a 
Prandtl number of 1. 

It is known that the fully developed turbulent velocity 
profile in a circular tube is such that the essential part of the 
velocity change from 0 at the wall to it maximum value at the 
center occurs in a narrow strip around the periphery of the 
tube. The investigations of references 3 and 4 show that this 
condition is also true for tubes of polygonal cross section, as 
long as the included angles between two adjacent passage 
walls are not very small. Nikuradse further shows that the law 
for the velocity variation on a normal to the wall established 
for turbulent flow in circular tubes holds also for the non-
circular passages in this region of essential velocity variation. 
It can therefore be expected that the similarity between 
temperature and velocity profiles will also be fulfilled reason-
ably well on normals to the walls for noncircular tubes and 
fluids with a Prandtl number of 1, although a balance of forces 
and energies similar to equations (3) and (4) shows that the 
similarity cannot exist exactly in regions very close to the 
corners. 

An immediate result of the similarity between velocity and 
temperature profiles is the fact that the local wall shear stress 
determined by the velocity gradient at the wall is propor-
tional to the local heat-transfer coefficient determined by the 
temperature gradient at the wall. (The same result can be

obtained from Reynolds' analogy.) The proportionality of 
these values, together with the knowledge that the average 
heat-transfer, coefficients for circular and noncircular tubes 
with the same hydraulic diameter are equal, can be used to 
obtain local heat-transfer coefficients in noncircular tubes 
from the wall-shear-stress data of references 3 and 4. A 
generalization of this result is possible because, for a given 
Reynolds number, the shear stress distribution in the vicinity 
of a corner of the passage depends primarily on the conditions 
near that corner and not on the shape of the passage. 

The local heat-transfer coefficients, as presented in figure 7, 
were obtained by correlating the results of references 3 and 4. 
In this figure the ratio h* of the local heat-transfer coefficient 
to the mean value is plotted against the dimensionless 
distance from the corner x''. The included angle of two 
adjacent passage walls is the parameter for the curves. Some 
of these corner angles were represented on more than one of 
the cross sections investigated in reference 3, and for these 
angles the curves of h* against x agree reasonably well. 

The application of figure 7 can best be explained with the 
aid of an example. Suppose it is desired to find the distribu-
tion of h* over the short leg of an isosceles right triangle, as 
shown in figure 8. The two ends of the curve can imme-
diately be transposed from figure 7. The remainder of the 
curve is then extrapolated so that the area under the curve 
divided by length AB is equal to 1. This procedure gives a 
reasonably good approximation as long as the maximum 
value of h* is not considerably greater than 1.
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DIMENSIONLESS VARIABLES 

With the distribution of the local heat-transfer coefficient 
around the circumference of the passages established, the 
only problem remaining to be solved is the calculation of the 
heat-conduction process within the passage walls. Before 
this problem is taken up, an investigation is made to deter-
mine the dimensionless moduli on which the temperature 
distribution in a heat exchanger of the type under considera-
tion depends. This investigation may be useful as a basis 
for experimental investigations. None of the simplifying 
assumptions, as summarized previously, is necessary for the 
development in this section of the report. 

The heat conduction within the solid walls of a heat ex-
changer with internal heat generation is described by Pois-
son's equation

/?i2t
(5) j) X 2 ()y l () Z2 ) 

The number of parameters for this equation can be reduced 
by the use of the following dimensionless values: 

k_	 _x	 _z 
rD2 x—	 y—	 z--	 6 

With these values, equation (5) can be rewritten 

ost*	 a2,*	 2t
•	 (7) 

The temperature field that results under the influence of the 
internal heat generation in the solid walls depends on how 
the heat is transferred from the wall surfaces to the coolant. 
The heat must be conducted within the solid material to the 
surface and from there into the coolant. Along the surface, 
therefore, the following boundary condition exists: 

(a
YnA QT\ = k	 (8) 5  

where n represents the direction normal to the surface. In 
terms of dimensionless variables, this equation becomes 

/ \ 7ôT\ (9) 

FIGURE 8.-1)etermination of local heat-transfer coefficients in triangular heat-exchanger 
passage.

The heat transfer within the coolant by conduction and 
convection is governed by an energy equation similar to 
equation (4) and the flow of the coolant is determined by a 
momentum equation (similar to equation (3)) and the cor-
responding continuity equation. Textbooks on heat transfer 
(for example, reference 8) show that the dimensionless tem-
perature described by the energy equation of the coolant 
depends, for low-velocity flow and constant property values, 
on the Reynolds number Re and the Prandtl number Pr. At 
high velocities and variable property values, there is an 
additional influence of the Mach number and other dimen-
sionless expressions characterizing the temperature depend-
ency on the property values. By neglecting the last-
mentioned influences and summarizing all the factors that 
influence the heat flow in the solid material and in the 
coolant, a functional relation of the following type can be 
deduced:

0*=f(Re, Pr, k*, x, y*, z*)	 (10) 

where the temperature difference 0* is introduced because 
only temperature differentials appear in the equations. The 
function J as expressed by this equation depends on the 
geometric configuration of the heat-exchanger passages. 

When it can be assumed that the heat-transfer process from 
the walls to the coolant is not influenced by the temperature 
distribution within the wall, the number of factors influenc-
ing the problem can be considerably reduced. This assump-
tion is made throughout the calculations in this report and 
seems reasonable as long as previously mentioned assump-
tion (5) holds. In this case equation (8) can be replaced by 

k (
5 
6') =—h(t,—T8)	 ( 11) 

where h is a known function of the flow parameters. By 
introducing the ratio h* of the local heat-transfef coefficient 
to the value averaged over the circumference of the passage 
and the Nusselt number Nii=lD/kg based on this average 
value, and by changing to the temperature difference 0, 
equation (11) can be transformed to 

70*\
(12) 

The dimensionless temperature within the solid walls of the 
heat exchanger is determined by equations (7) and (12) and 
can be presented as a function of the following kind: 

o*=f(Nux*,y*,z*)	 (13) 

This dimensionless temperature difference depends only on 
the dimensionless local coordinates and on the parameter 
Nup . Temperature distributions and heat-transfer char-

acteristics for any given geometric configuration are therefore 
presented as a one-parameter family of curves.
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CALCULATION OF TEMPERATURE DISTRIBUTIONS WITHIN PASSAGE WALLS 
The problem of calculating temperature distributions within 

the passage walls can be classified in two general categories, 
depending on the relative thickness of these walls. If the 
dimensionless wall thickness s 1' (see fig. 8) is small as com-
pared with the length of a wall AB, the temperature differ-
ences in the direction normal to the wall surface are small as 
compared with the temperature difference in the direction x 
parallel to the surface. Only the temperature differences in 
this parallel direction need therefore be considered. Here-
inafter this special case of the problem is referred to as the 
"one-dimensional problem." On the other hand, if s be-
comes large, the heat flow in both thex* and s* directions must 
be considered. This second and more general problem is 
referred to as the "two-dimensional problem." 

One-dimensional problem.--Consider a thin plate of 
thickness s that is a section of the heat-exchanger passage 
walls. Heat is generated uniformly throughout the plate 
at a rate r. The local plate (or wall) temperature t is assumed 
to be varying in the x-direction only. The bulk temperature 
of the coolant is T and the thermal conductivities of the wall 
and coolant are k and kg , respectively. The local coefficients 
of heat transfer to the coolant above and below the plate are 
denoted by 4 and /t, as shown in the following sketch: 

h t Q. 

Q

1) I 

+ 

The heat balance for an element of volume with the 
dimensions dx and s and of unit depth is 

Q+QiQ'+Qa+Qa'	 (14) 
where

Q=—ICS dt TX. 

(dt d 
2 t \ 

= —ks—+--2dx) 

Q=rs dx 

Qa+ Qa'=(h+h')(t—TB)dx 

With the preceding values of Q, equation (14) becomes 

d 2 t 4+4' 
dx2	 k  (t—T)+=0	 (15) 

Equation (15) can be expressed in terms of dimensionless 
variables as

d20* h*+h*
Nu0*+1=0	 (16 

This equation expresses the dimensionless wall temperature 
O as a function of the dimensionless coordinate x' and a 
single parameter (h*+h/*)Nu/s*k*. For any given geo-
metric configuration (which determines 4* and 4F* as func-
tions of x*), the dimensionless wall temperature is a function 
only of the average Nusselt number Nu, the dimensionless 
wall thickness s, and the ratio of the thermal conduc-
tivities k*. 

In general, equation (16) must be solved by numerical 
means inasmuch as 4* and h' * are experimentally determined 
functions of x". Several numerical methods of solution can 
be applied and two of these are considered here. The relaxa-
tion method (see, for example, reference 2, pp. 365-379, or 
reference 9) has the advantage that it is easy to apply and 
that computational errors are immediately apparent. A 
second method of solution, based on the Runge-Kutta 
method (reference 10) is presented in the appendix. This 
method is preferable when results of high accuracy are 
desired. It is less convenient, however, than the relaxation 
method because computational errors are much more difficult 
to detect. 

For the purpose of solving equation (16) by the relaxation 
method, the equation is first expressed in finite-difference 
form. Consider a grid, or net of points, placed into the wall, 
any two adjacent points being separated by a small but 
finite distance	 , as indicated in the following sketch: 

LO 0 	 0	 0	 o	 Os* .1	 0	 2 

The second derivative of 0* at an arbitrary point 0 can be 
expressed in terms of the temperatures 0* at this point and 
the two adjacent points as follows: 

( dO* ) 0i*_0o*	 /(l0*\ 0O*_02* 

1	 0

d20* 1r 	 \
dx*2z*	 dx*dx*)2 

7 (0I+ 02 20O) 	 (17) 

With this value for the second derivative, equation (16) 
becomes 

	

01 *+ 02*_ 00* [2 +(h*+h*)4*2]+1x*2=0	 (18) 

The relaxation method, used for solving this equation, is 
subsequently discussed.
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Two-dimensional problem.—Consider a slab of homogene- 
ous solid material with unit thickness, as shown in the 
following diagram:

1 

	

__	

I 

dyl	 iiQi 1 
I	 I	 Q' 

tQv	 I 

Heat is again generated within the material at a uniform 
rate r. The heat balance for an element of volume with the 
dimensions dx and dy and of unit depth is 

	

Q+ Q+ Q= Q'+ Q,'	 (19) 

WA constant flow of heat through the slab normal to the 
plane of the preceding sketch does not influence this heat 
balance. Local deviations from this constant flow of heat 
are neglected. 

The individual terms in equation (19) are 

Q=—kdy

	

 Q'=	
ot 

_kdy(+ 62 t dx) 

Q=—kdx by 

'at o2t 
by dy 2 Y) 

Q=rdxdy 

Equation (19) can . therefore be written 

62t b2t r
(20)  

Or, in terms of the dimensionless variables, 

0 2 0* 020*
(21) 

	

C	 by 

If the slab is bounded by a coolant whose bulk temperature 
is T8 and if the local surface heat-transfer coefficient at a 
point s on the surface is h, the boundary condition at that 
point is

	

k (
"'
-- 	 =—h(t—T,,),	 (22) 

0flJ8

where n is the direction normal to the surface. Equation (22) 
can again be written in terms of the dimensionless variables 

/60" \ 	 Nu h* *	 (23) 

Equation (21) together with boundary condition (23) fully 
describes the two-dimensional problem. All physical vari-
ables are again grouped into a single parameter h* Nu/k*, 

which appears in the boundary condition. In order to apply 
the relaxation method of solution to these expressions, they 
are first converted to difference equations. 

For this purpose a rectangular grid is placed rnto the slab, 
as indicated in the following diagram: 

-i; --------

1 0 	 00 0 3 

Adjacent net points are separated by a distance *• The 
derivatives of 0* at an arbitrary point 0 can be expressed in 
terms of the temperature function at surrounding points. 
Thus the first derivatives are 

	

/*\	 fl* j*	 / *\	 * fl* 

	

U \	 Vj	 U0	 U \	 U0	 U3 

	

aO*\	 00* 04. * 

	

700*\ 02*_00*	
* 

0 

and the second derivatives become 

020* 0 1 +03 —20 
OX*2 

020* ,.,02+04200 
oy*2  

With these values, equation (21) becomes 

	

01+ 02+ 03+ 04- 400+ L - 0	 (24) 

The boundary condition can be evaluated by assuming that 
points 1, 0, and 3 lie on the surface of the wall. Point 4 then 
lies in the stream and its temperature must be expressed by 
the normal derivative at point 0. 

/O0*\ 04* 01
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or, with the use of the value of ô0*/ôy* as given by equation 
(23),

84*

0 	

,ult* 
= - Nu

 k*	
*)	 (25) 

Along the boundary, therefore, the following equation 
ZD 

applies:

0, * + 9+0— 0*(3+ ATn h**\+*so	 (26) k*	 ) 

Equation (24) together with boundary condition (26) can 
again be solved by means of the relaxation method. 

Solution by relaxation method.—A heat exchanger com-
posed of a large number of rectangular passages will be dis-
cussed. The walls of the heat exchanger are made of a 
homogeneous material in which heat is generated at a uni-
form rate r. Figure 9 represents a out through the heat 
exchanger so that the flow of coolant is in a direction normal 
to the cut. In the discussion that follows, it is assumed that 
the geometry of the configuration is given in the dimensionless 
system of coordinates. 

A complete discussion of the relaxation method is not 
presented herein, inasmuch as it is generally available 
elsewhere. (See, for example, reference 9.) The essential 
features of the method can be outlined as follows: 

Suppose it is desired to solve a given finite-difference 
equation over a certain area of integration. The equation 
is of the following type:

f(o*)=O	 (29) 

The solution of equation (29) must also satisfy prescribed 
conditions at the boundary of the area of integration. 

First, it is necessary to select a number of net points cover-
ing the entire area of integration. The distance * between 
net points is arbitrary, with the accuracy of the final solution 
increasing as the distance between points i decreased. 
Next, values of O are assumed at each net point. If by 
chance these assumed values of 0* are the correct values, 
then they satisfy the appropriate finite-difference equation 
at all net points. 

In general, however, the assumed values of the function do 
not satisfy the difference equation and the left side of equa-
tion (29) is equal to some residual value N instead of zero. 
At any given net point 0* must then be adjusted in order to 
make N vanish at that point. This adjustment of 0* also 
changes the residuals at adjacent net points. However, 
if this process of adjustment is started at the point at which 
the absolute value of N is greatest and is then repeated for 
points at which the value of the residual is successively less, 
the correct values of 0* for the entire net eventually are 
obtained. 

In applying this method to the heat exchanger under 
consideration, it is first assumed that the wall thickness s 
is small, so that the one-dimensional solution applies.

dc-Cooling passages 
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FIGURE 9.—Thick-walled heat exchanger with rectangular passages. (shaded region is 

considered in calculations.) 
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FIGURE 10.—Thin-walled heat exchanger with rectangular passages. (Calculation is confined 
to region ABC.) 
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FIGURE 11.—Relaxation net for rectangular thin-walled heat exchanger. 

The actual configuration to be discussed is shown in fig-
ure 10. Because points A, B, and C are points of sym-
metry, only the region bounded by these points need be 
considered. Furthermore, the distribution of temperature is 
also symmetric about point 0 with respect to AO and OC. 
An enlarged• view of the section under consideration is 
represented in figure 11. 

The section has been subdivided into a number of net 
points a, b, c, . . . h, each separated by a distance z* from 
adjacent points. The first step in the analysis is the assump-
tion of temperatures at all net points, which can be done by 
setting up a balance between the total heat produced within 
the walls and the total outflow of heat from the walls. In 
terms of the dimensionless variables, this heat balance 
becomes

1 Nn rc 
.i -J 0*(h*+h*)dx*=1	 (30) 

If, for the initial assumption, h*=h = 1 and 0* is constant, 
the following expression is obtained:

(31) 
2Nu 

The value of 0* given by equation (31) is assumed to exist 
at all net points. The appropriate difference equation at 
points b, c, d,f, and g is (from equation (18))
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01*+02*
oo*[2 

Nu * - +-(h +h*)oi*2]+i*2=No (32) 

where the subscript 0 refers to the point at which the equa-
tion is to be applied and subscripts 1 and 2 refer to adjacent 
points. At point a, which is influenced by three points, the 
following equation is required: 

20b*+ Of* _Oa* 13 I * (h*+hI*)i*2]+i*2N (33) k * 

At point e, which is a point of symmetry, the following 
expression applies: 

20a* - 0e 12+9*k* 
Nu (h* + hF*)eL*2]+I*2 Ne	 (34) 

A similar expression applies at point h. With these equa-
tions, the residuals N are calculated at each net point. The 
point at which N has the largest absolute value is then 
selected and 0* at that point is adjusted so that the residual 
vanishes. The effect of this adjustment on the residuals at 
adjacent points is calculated with the aid of the appropriate 
finite-difference equation. 

The, process is repeated for the point at which the next 
largest value of the residual appears. Eventually, if the 
process is repeated often enough, the residuals at all net 
points approach zero. The final adjusted values of 0* then 
satisfy the appropriate equations at all net points. 

These values of O should also satisfy the heat balance as 
given by equation (30). This equation can therefore be 
used to check the validity of the final temperature distribu-
tion. If the check is Unsatisfactory, it is necessary to 
continue the solution of the finite-difference equations by 
using a smaller net spacing. 

The same heat-exchanger configuration is now investigated 
without making the assumption that the wall thickness is 
small. The two-dimensional equations are therefore applied. 
An enlarged view of the shaded portion of figure 9 is shown 
in figure 12. The lines CD, FG, and GA are lines of sym-
metry, and there is no flow of heat across these lines. The 
temperature distribution along line DEF will be symmetric 
about point E, but there will be a flow of heat across this 
line. A large number of net points are selected to cover the 
entire section of the. configuration shown in figure 12. (Only 

fl 

-	 E	 V 
FIGURE 12.—Relaxation net for rectangular thick-walled heat exchanger.

a few of these points are presented in the fig.) An initial 
value for the temperature along lines AB and BC is obtained 
by setting up a balance between the total heat produced 
within the section and the flow of heat to the gas. In 
terms of the dimensionless variables, this heat balance 
becomes

icc. 
UW	 (35) 4Nu 

If, for the initial assumption, h*=1 and 0* is constant, 
then the following expression for 0* is obtained: 

0* =
A* k* 

4 Yu- (36) 

It can now be assumed that the temperature as given by 
equation (36) exists along the surface of the wall and that 
a somewhat higher temperature exists at internal points. 
The assumed temperatures are then adjusted by means of 
the relaxation method. 

The appropriate finite-difference equation for internal 
points, such as point e, is written as follows: 

9* + 9 + 9i + 0a 4 Oe +*2 = Ne 	 (37) 

For points along the boundary, such as point b, the equation 
is

7 Nu Oa*+ 0e+	 0 3	 hb*L*)+*2=Nb	 (38) 

and for points on a line of symmetry, such as pointf, 

0c*+20e*+8 i*4 Of* +*2zzrNi	 (39) 

The appropriate equation for points along DEF can be 
determined by taking advantage of the antisymmetry about 
this line. At point k, for instance, the equation becomes 

0h+ 0j+ 0fl+0j40k+ *2 Nk 	 (40) 

Expressions of the type (37) to (40) apply at all net points. 
The method of determining the actual temperature distribu-
tion is the same as the method outlined in the previous 
section. 

The final temperatures along the surface of the wall can 
be checked with the aid of equation (35). If the check 
is unsatisfactory, a finer net spacing is required. 

RESULTS 

One-dimensional solution.—The one-dimensional solution 
was applied to heat exchangers composed of rectangular and 
triangular passages, respectively. In each case the passages 
were staggered in order to minimize the expected hot spots. 

The rectangular configuration is represented by figure 10. 
The height-to-width ratio of each passage in this configura-
tion is 1 to 5. Figure 1 represents the triangular configura-
tion. Each passage in this configuration is an isosceles 
right triangle.
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FIGURE 13.—Temperature distribution for passage of thin-walled triangular heat exchanger 
(fig. 1). 

It has previously been stated that, for each configuration, 
the temperature distribution in the passage walls is a function 
only of the parameter Nu/s*k* . Accordingly, temperature 
distributions were calculated for several values of this param-
eter, ranging from 0.1 to 100. This range of values is 
believed to include all values actually encountered. 

Temperature distributions were calculated according to the 
method outlined in the previous section of this report and 
were then checked by equation (30). Local rates of heat 
transfer q*h*O* were calculated for this purpose. Accord-
ing to equation (30), the mean value of q* when multiplied 
by 2Nu/k*s* should equal 1. Because the finite-difference 
method of solution is essentially an approximate method, the 
results were not expected to be exact. All results presented 
in this section of the report, however, were held to an error 
of less than 6 percent. The final temperatures were multi-
plied by a constant scale factor in order to satisfy equation 
(30) exactly. 

Temperature distributions and local rates of heat transfer 
are presented for the triangular heat exchanger in figures 13 
and 14 and for the rectangular heat exchanger in figures 15

and 16. 1ff the temperature plots (figs. 13 and 15), the. 
temperature difference (t— TB) is referred to the temperature 
difference (t— TB)C for a thin-walled circular tube with the 
same hydraulic diameter and an internally heated wail with 
the same physical properties. The temperature difference 
for the circular tube is given in the nondimensional form by 
equation (31). Similarly, the ordinate in figures 14 and 16 
refers the rate of heat transfer q to the rate of heat transfer 
from the wall of a thin circular tube q. It is believed that 
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FIGURE 14.—Local rate of heat transfer from passage of thin-walled beat exchanger (fig. 1).
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Length ratio, x'=x/D 

FIGURE 15.—Temperature distribution for passage of thin-walled rectangular heat exchanger 
(fig. 10). 

the interpretation of the temperature and heat-transfer 
curves is simplified by this final change of ordinates. Tem-
perature distributions for the triangular configuration are 
shown in figure 13. These curves are presented for values 
of Nu/s*k* of 0.1, 1.0, 10, and 100. As was expected, the 
temperatures peak near the corners of the passage. The 
larget temperature differences are encountered for large 
values of the parameter Nu/s*k* . A large value of this 
parameter indicates a low conductivity of the wall material 
or a small wall thickness. Both of these conditions are 
conducive to low rates of heat exchange within the wall. 
Local rates of heat transfer corresponding to the temperature 
distributions just discussed are presented in figure 14. 

Temperature and heat-transfer curves for the rectangular 
configuration are shown in figures 15 and 16. The results for 
this configuration are similar to those for the triangular 
configuration. 

In order to determine when the one-dimensional solution 
can be used, it is necessary to obtain some information on 
the temperature difference that exists across the passage 
walls on normals to the surfaces and to compare this tem-
perature difference with the temperature differences along 
the surfaces. An estimate of the temperature difference 
st,, across the wall may be obtained by calculating this value 
for a flat plate. The result of this calculation is

(41) 

The equation can be changed to the dimensionless values 
to yield

*2 
ot *=rS °	 8	

(42) 

This temperature difference can again be referred to the 
temperature difference (t—T,), as follows:

ttn	 seNu 

(t—TB)C	
(43) 

The one-dimensional solution applies as long as this value is 
small as compared with the temperature differences presented 
in figures 13 and 15. 

Two-dimensional solution.—The two-dimensional solution 
for the temperature field within the heat exchanger depends 
on two parameters; namely, the dimensionless wall thickness 
S* and the value Nu /t*/lc*. In addition, the time required 
to obtain the solution for a special case is much longer than 
for the one-dimensional solution: Only one example was 
therefore calculated; namely, the temperature distribution 
within the walls of a heat exchanger composed of rectangular 
passages, as shown in figure 9. The ratio of the two side 
lengths of the rectangle is 1 to 5. The ratio of the hydraulic 
diameter to the short side of this passage is 1.67 and the 
dimensionless wall thickness is 0.6. Figure 17 presents the 
results of the calculation using the relaxation method with a 
network of 88 points. Lines of constant temperature (iso-
therms) are shown within the portion of the heat-exchanger 
walls that is shaded in figure 9. As may be seen, the heat 
flow within this wall is mainly in the direction normal to 
the wall surfaces. The maximum temperature differences on 
any normal to the surface are not very different from the 
value in a fiat plate as calculated in equation (42). The 
temperature differences along the surface of the wall are 
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FIGURE 16.—Local rate of heat transfer from passage of thin-walled rectangular heat exchanger 
(fig. 10). 
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FIGURE 17.—Isotherms In internally heated walls of thick-walled rectangular heat exchanger. 
(Shaded portion of fig. 9 shown.) Nu/sk, 10.0; ratio of flow area to teal area, 0.416; 
8* , 0.6; y'/x, 1/5. 

appreciably smaller than the temperature differences across 
the wall. The values of the one-dimensional solution cannot 
therefore be expected to apply to this case. Actually, the 
temperature difference found in figure 17 along the surface 
of the wall is considerably greater than for the corresponding 
one-dimensional case. In addition, heat is generated within 
the corner area of the rectangular-wall configuration and has 
to be conducted away along comparatively long paths. An 
additional temperature increase can therefore be found 
within this corner area.

CONCLUSIONS 

A method to calculate the temperature distribution in a 
heat exchanger composed of noncircular flow passages with 
internally heated walls has been presented. 

Local heat-transfer coefficients along the circumference of 
the heat-exchanger passages were obtained from flow 
measurements made by Nikuradse, assuming similarity be-
tween the velocity and temperature fields. The heat-transfer 
coefficients, as determined in this manner, decrease sharply 
near the corners of the passages and vanish at the corners. 
This decrease becomes more pronounced as the corner angle

is increased. Near the corners these coefficients are es-
sentially influenced only by the magnitude of the included 
angle of the corner. 

It was shown that the dimensionless temperature distribu-
tion within the passage walls depends on a single parameter, 
provided the dimensionless wall thickness is small. Numeri-
cal evaluations for triangular- and rectangular-passage con-
figurations for a wide range of the aforementioned parameter 
were carried out. The results of these evaluations are pre-
sented so that temperature differences arising in the walls of 
heat exchangers with the investigated passage shapes for any 
condition within the range of practical interest can be read 
off one of several curves. These curves show a temperature 
increase near the corners of the passages. This increase 
becomes more pronounced for high Nusselt numbers based 
on the average heat-transfer coefficient, for low wall-thickness 
ratios, and for low ratios of the conductivity of the wall to 
the conductivity of the coolant. 

The dimensionless temperature distribution for thick-
walled heat exchangers depends on the wall-thickness ratio 
in addition to the property parameter. Because the time 
required to calculate temperature distributions in the whole 
field of interest determined by the two parameters is prohibi-
tive, only a specific example was evaluated numerically. 
The method of calculation is presented in great detail, how-
ever, so that evaluations for other interesting cases can be 
carried out. 

Luwis FLIGHT PROPiJLSION LABORATORY 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

CLEVELAND, OHIO, October 4, 1950 

APPENDIX 

SOLUTION BY RUNGE. KUTTA METHOD 

Equation (16) is of the following form: 

dbo*  
(/X*21( * ) 0+10	 (Al) 

The boundary conditions are

the solution has to be repeated with a new initial value. 
This trial-and-error process is tedious and can be avoided 
by splitting equation (Al) in such a manner as to keep an 
undetermined constant c in the solution. This constant is 
finally determined by satisfying the second boundary con-
dition. Let

where 
where a and b are points of symmetry. 

In general, a solution of equation (Al) could be obtained 
by assuming an initial value of 6* aL point a in addition to 
the first of the boundary conditions (A2) and by working the 
solution toward point b using a numerical method of inte- 
gration. If the boundary condition at point b is not satisfied,

dx 
2 _f(x*) 02*=0 

02*(a)=1 

I=0clx * 	 ( * a
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These expressions still satisfy equation (Al) and the first 
of the boundary conditions (A2). After the solutions for 
01 * and 02 * have been numerically obtained, the constant c 
is determined so that the boundary condition at point b is 
fulfilled; thus

( dol* +)	

dx ) 
(^12*

*  

or
(d01*\ 

C-- * 

(dx * 
U,V2 
 b 

The final temperature distribution is given by equation (A3). 
The temperature distribution in a thin-walled heat ex-

changer with triangular passages was calculated in this 
manner (for Nu/s*k*= 10) and was compared with the cor-
responding curve in figure 13. The Runge-Kutta method 
(reference 10) was used for the numerical integration. This 
particular comparison showed differences of 2.2 percent of 
the temperature ratio near the corners of the passages and 
smaller deviations elsewhere. The temperature curves are 
uncertain to the same order of magnitude, however, because

of the freedom in the extrapolation of the heat-transfer-
coefficient curves. The simpler relaxation method is there-
fore regarded satisfactory for the present purpose. 
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DIFFUSION OF CHROMIUM IN ALPHA COBALT-CHROMIUM SOLID SOLUTIONS' 
By JOHN W. WEETON 

SUMMARY 

Diffusion of chromium in a cobalt-chromium solid solutions 
was investigated in the range 0 to 40 atomic percent at tempera-
tures of 13600 , 13000 , 11500 , and 10000 C. The diffusion 
coefficients were found to be relatively constant within the com-
position range covered by each specimen. 

The activation he'at of diffusion was determined to be 63,600 
calories per mole. This value agrees closely with the value of 
63,400 calories per mole calculated by means of the Dushman-
Lan gmuir equation. The exponential equation relating diffu-
sion coefficient D to temperature T is as follows: 

63,600 
D=0.443e RT 

where R is the gas constant. 
When compared with the diffusion data previously obtained 

by other investigators for most alloy systems, the diffusion rates 
of chromium in a cobalt-chromium were found to be low; 
considerably higher temperatures were required to produce 
diffusion coefficients of the same order of magnitude as were 
previously found for most substitutional alloys. This behavior 
is congruous with the fact that cobalt-chromium based alloys 
such as Haynes Stellite 21 have good high-temperature charac-
teristics. 

Chromium diffusivity from a cobalt-chromium alloys into 
pure cobalt is greater than chromium diffusivity from high-
chromium a-alloys to low-chromium a-alloys for all concentra-
tion gradients studied.

INTRODUCTION 

Several important high-temperature alloys (Haynes Stel-
lite 21, X-40, 61, and 422-19) consist primarily of cobalt 
and chromium; Haynes Stellite 21 has been one of the most 
extensively used turbojet-blade alloys in the United States. 
Because of the importance of cobalt-chromium based alloys 
and because diffusion controls many reactions within solid 
metals, an investigation was conducted at the NACA Lewis 
laboratory to determine the diffusion coefficients of chromium 
into a cobalt-chromium solid solutions, to determine the. 
dependence of these coefficients on concentration, and to 
evaluate the basic constants Q and A in the exponential 
equation relating temperature and diffusion (reference 1) 

Q 
D= AeRT 

where 
A constant, (cm'/sec) 
D diffusion coefficient, (crn2/sec) 
Q activation heat of diffusion, (cal/mole) 
B gas constant-, (cal/(mole) (°K)) 
T temperature, (°K) 

The method employed consisted in pressure-welding cobalt 
and cobalt-chromium bars unlike in composition, annealing

these joined bars at constant temperatures to cause an inter-
diffusion of atoms, and determining the distribution of 
chromium through the diffusion zones thus formed by 
machining and chemically analyzing several successive 
turnings through this zone. 

Diffusion coefficients were determined for 11 specimens at 
the nominal temperatures and composition ranges shown in 
the following table: 

CHROMIUM CONTENT OF WELDED SPECIMENS
(ATOMIC PERCENT) 

1360° C 1300° C 1150° C 10000 C 

Composition Composition Composition Composition 

Sped- Speci- Sped- Speci-
men Low- High- men Low- High- men Low- High- men Low- High. 

Cr Cr Cr Cr Cr Cr Cr Cr 
half half half half half half half half 

0 22.20 3 0 28.00 6 13.15 38.65 8 0 24.02 
2 9.60 28.06 4 9.60 41.15 7 0 28.06 9 9.80 39.97 

11 0 28.00 5 9.98 39. 90 ------- 
10 0 28.15

- -------- 
------------------------------------------------

-------- -------- -------- --------

With the exception of specimens 1 and 2, which were 
originally intended for annealing at 900° C, the specimens 
were made to cover most of the range of the a field in the 
cobalt-chromium equilibrium diagram (fig. 1). 

Chromium, afomíc percent 
/800° 112 22/ 32743053/629 726 819 911 /00 

/800 
Annealing

temperature
(°C)

/400 
/36_U-----
/300----

/200 
I/so---

0) L 

/000---

800 

600 

Is1iI 

2000i020 30 40 50 60 70 80 90 /00
Chromium, weight percent 

FIGURE 1.—Cobalt-chromium equilibrium diagram from reference 2. Also drawn are com-



position ranges at annealing temperatures used in this investigation. 
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Diffusion Coefficients were calculated by the Grube method 
(reference 3), although the Matano method (reference 3) 
was also used in two cases. 

APPARATUS AND PROCEDURE 

Materials.—Cobalt rondels and electrolytic chromium of 
high purity were used as raw materials. Spectrographic and 
wet chemical analyses were made of the rondels. Colon-
metric analyses, made for elements that were shown to be 
present by the spectrograph but were not detectable by wet 
chemical methods, are less than 0.01 percent. The results of 
the analysis of cobalt rondels and of an analysis of electrolytic 
chromium made by the supplier, the Bureau of Mines, are 
given in the following table: 

IMPURITIES IN COBALT AND CHROMIUM 

Cobalt rondels 
(percent)

Electrolytic 
chromium
(percent) 

Ni 0.38 Fe	 0.31 
Fe .10 0	 .17 
Cu .08 
Mn <	 .01 
Sn <	 .01 
Ag <	 .01 
Pb <	 .01 
Ti .(	 .01 
V <	 .01 
C .l4,.20

Determined by commercial laboratory. 

It will be shown that the carbon content was considerably 
reduced during melting. 

Melting and casting.—Cobalt and cobalt-chromium melts 
of nominally 0, 10, 25, and 35 percent-by-weight chromium 
(0, 11, 27, and 38 atomic percent) were made in zirconium 
silicate crucibles, using a 100-kilowatt, 9600-cycle-per-second 
induction unit. The rondels were first melted with no 
protective atmosphere and were held ai temperatures of 
1593° to 1649° C (2900° to 3000° F) for 5 to 10 minutes to 
burn out the carbon. As a result of this procedure, the 
carbon was reduced to less than 0.06 percent in most cases, 
but the oxide content of the metai was probably increased. 

Where chromium additions were required, an atmosphere 
of argon was kept over the surface of the melt from the time 
the addition was made until the pouring time, a total period 
of 10 to 20 minutes. Chromium was not charged with the 
cobalt because chromium prevents oxidation and removal 
of almost all the carbon. 

Castings were made in copper molds and, except for the 
heads, were shaped like truncated cones 4 inches long, 1 
inches in diameter at the top, and % inch in diameter at the 
bottom. Chemical analyses made from both ends of the 
castings containing chromium indicated that the churning 
action of the induction current produced an excellent degree 
of chemical homogeneity; differences in chromium analyses 
made from the large and the small ends of castings ranged 
from 0.02 to 0.15 percent. 

Heat treatment prior to forging.—As a precautionary 
measure, the samples containing chromium were soaked at 
1176° to 1231°C (2150° to 2250° F) for ) hour and then 
oil-quenched. This treatment was intended to reduce the

possibility of cracking the samples if insufficient soaking 
time were allowed prior to forging. 

Forging.—The tapered castings, which were forged at a 
commercial laboratory, were upset one or two times and were 
fullered out to an approximately uniform diameter of 1 inch. 
The reduction in length occurring when the castings were 
upset varied from approximately 20 to 50 percent. Forging 
at temperatures from 982° to 1093° C (1800° to 1900° F) 
reduced the grain size from grains as large as Y4 inch to 
smaller, more uniformly shaped grains that varied from 
A. S. T. M. grain size 5 to small macroscopic grains approxi-
mately inch. 

Homogenizing heat-treatment—The samples containing 
chromium were annealed at 1204° C (2200° F) for 3 hours in 
a helium atmosphere for further homogenization. Results 
presented herein indicate that this treatment does little more 
than stress-relieve the specimens. 

Machining of bars to be weld ed.—Cyliuders % inch in 
diameter and 1 to 2 inches in length were machined from 
the forged bars. Both ends of these cylinders were surface 
ground to produce flatness and one end of each bar was then 
lapped by a gage-block manufacturer until it could be 
"wrung" to another bar. 

Welding of dissimilar bars or cylinders.—Lapped speci-
mens of unlike compositions were placed in the holders shown 
in figure 2. The upper holder was bolted to a 120,000-pound 
tensile machine and the lower one was placed on the table of 
the machine. A load of 5000 pounds was applied after the 
cylinders were centered in an induction coil and the holders 
were alined. The specimens were heated with a portable, 
35-kilowatt, 360,000-cycle-per-second, spark-gap induction 
unit.

-*:--

i-Steel p/ate fastens -
 iI

holder to tensile 
 machine 

Boll bearing
/ holder for olinernent-... , ,-Brass specimen 

Cobolf or low-
chrom,um specimen-

,-2-furn induclion Coil 

Fit/in 
High - chromium -- --
spec,men-._

TO 35kw 360,000-cps 
induction machine 

holder--.-.. 
Brass specimen

- --Copper Supports

Base of tensile machine 

FIGURE 2.—Pressure-welding apparatus. 
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During the heat-up time, which varied from to 1 
minutes, the tendency for the load to increase as thermal 
expansion of the cylinders took place was reduced by the 
tensile-machine operator, who kept the pressure reasonably 
constant (within ±200 pounds). Because a skin effect could 
be produced by raising the specimen temperature too rapidly, 
the power to the induction machine was turned on and off 
to allow an even heat distribution across the weld surface. 
Wien the temperature, which was read with an optical 
pyrometer, reached a point between 982° and 1038° C (1800° 
to 1900° F), the load was reduced to 4000 pounds to prevent 
excessive bulging. This load was maintained during the 
welding period of 1 to 2 minutes at 1121° to 1204° C 
(2050° to 2200° F). Bulging was kept at a minimum to 
prevent curving of the interface. Fneveii heating or mis-
alinement of specimens caused bent or distorted welds. 
Satisfactory welds were strong enough to be hammered and 
bent. 

First welding attempts were unsuccessful because the 
surfaces were not lapped to a gage-block finish and, as a 
result, considerable oxides were formed in the welds. An 
attempt was also Ifla(le to surround the apparatus shown 
in figure 2 with a vacuum-tight shell into which argon or 
helium could be bled during welding. However, in spite of 
insulating the container and the coil front the work, exten-
sive arcing in these atmospheres prevented welding. This 
method was then abandoned in favor of the one used. 

Metallographic examination after welding.—Flat planes 
were ground lengthwise on the welded specimens for mnetallo-
graphic examination (fig. 3). In the etched and unetehed 

FIGURE 3.—Pressure-welded specimens with flat planes polished for metallographic 
examination. 

conditions, the weld interfaces were examined for oxides, 
weld curvature, and other imperfections. Examples of 
satisfactory and unsatisfactory welds are shown in figure 4. 
Diffusion zones formed during welding were measured with 
a micrometer eyepiece and a research metailograph. The 
thickness of these zones, ranging from less than 0.0001 to 
0.00046 inch (<0.00254 (<0.00254 to 0.0117 mm), were considered 
negligible (fig. 4 (b)).

Machining prior to anneal.—Specimens 1 inches long and 
'6 to inch in diameter, which included the weld inter-
face, were turned from the welded specimens. Care was 
exercised during machining to make certain that the axes 
of these cylinders were perpendicular to the weld interfaces. 

Calibration of instruments.—The thermocouple wires used 
during the diffusion anneal, subsequently to be described, 
were takemi from a coil calibrated by the National Bureau of 
Standards. The potentiometer used to read the temperature 
was calibrated at the Lewis laboratory. 

Diffusion anneal.-
1. Furnaces: \lost of the specimens were annealed in a 

furnace using silicon carbide heating elements controlled by 
a self-balancing, self-standardizing, indicating pyrometer. 
The furnace, an eight-element unit, and the controller were 
wired so that four elements cycled on and off while the other 
four received power at all times. A zirconium silicate tube 
was placed in the furnace as shown in figure 5. The speci-
mens to be annealed were placed in a porous-brick holder 
along with a platinuni—platinum-rhoclium thermocouple. 
A period of 1 to 3 hours was required to stabilize the furnace 
temperature after loading. Fluctuations of more than 
±4°C (±7.2°F) were rare and were of short duration. Time-
temperature plots were made for all of the specimens except 
those annealed at 1000° C for 87.7 days. A typical time-
temperature plot for specimen 4 is shown in figure 6. The 
plots were integrated with a planimeter to find a weighted 
average temperature, which was then correctedfor the 
thermocouple wire calibration and converted to C C (table I). 

Specimens 8 and 9, which were annealed at 1000° C, were 
first annealed for a month in the silicon-carbide-ek'meiit 
furnace and then transferred to a platinum-wouiid-resistance 
furnace. This furnace and a commercial light-beam-
galvanometer-type photoelectric-cell controller were located in 
a room kept at constant temperature. Except for a temporary 
breakdown, the furnace was controlled within -_4 0  C 
(±7.2° F). 

2. Atmospheres: During loading of the furnace, a large 
quantity of argon was blown through the tube to prevent 
oxidation of the specimen. The gas flow was decreasedafter 
the stopper was sealed in the loading end of the zirconium 
silicate tube. The argon flow was completely shut off, the 
rubber tube to the bubble jar was clamped shut, and the 
zirconium silicate tube and the argon line, including the 
drying towers, were evacuated by a pump capable of evacu-
ating the system to a pressure of 1 millimeter of mercury 
when no leaks were present. This evacuation seated the 
rubber stopper and made it possible to locate any leaks iii the 
thermocouple and the stopper seals. Argon was then bled 
into the evacuated zirconium silicate tube, which was then 
re-evacuated. This procedure was repeated five times to 
flush the tube. The vacuum pump was then closed and 
argon was allowed to pass through the system and out of 
the bubble jar. 

Specimens 3 and 4 were placed in the furnace without the 
aid of the vacuum pump but upon removal after annealing 
were appreciably scaled (table I). After the system was 
evacuated, the drying towers (commercial metallic towers) 
were found to be leaking. Laboratory-type glass drying
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(a)

(b) 
(a) Unsatisfactory weld interface. Etcisaut, none; magnification. X750. Examination of unetched polished fiat plane shows almost unbroken oxide layer in interface. 

(b) Satisfactory weld interface. Etchant, 10percent nitric acid in ethyl alcohol; magnification, X750. Examination of heavily etched surface reveals approximately half of diffusion zone 
(distance between dark area and weld interface, approximately 0.00012 in. (0.0028 mm) wide) caused by welding. Etchant has attacked only cobalt half of weld. 

FIGURE 4—Appearance of satisfactory and unsatisfactory welds. (Magnification increased 10.4 percent in printing.) 

towers were then installed and scaling was somewhat 
reduced. As an added precaution in annealing Specimens 
1, 2, 5, and  to 11, a mixture of hydrogen and helium, 
rather than argon, was passed through the zirconium silicate 
tube for a few hours after the s ystem was sealed in order to 
scavenge oxygen from the bricks inside the tube. Argon was 
used after the hydrogen-helium purge and scaling was de-
creased to a negligible amount, especially when it. is con- 
sidered that loading and unloading the furnace could account 
for almost all the scale indicated for these specimens 
(table I).

Examination and reduction of diameter after anneal.—
After the anneal, flat surfaces for meta liograph ic examination 
were again ground on the specimens so that an estimate of 
the reduction in diameter needed to eliminate surface effects 
could be made. In most cases, 1/2 to N32 inch of metal was 
removed. Flat surfaces were again ground and examined 
(fig. 7), and where surface scaling was appreciable a thin 
turning was chemically analyzed for comparison with the 
original analyses. Oxide accumulations in the interface zone 
were also observed (fig. 8). The specimens were heavily 
etched and approximate measurements of total diffusion
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ii	 Porous-brick insulators 
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Wax cement seal -

Lgurnoce_brick work 
FIGURE 5.—Sectional view of annealing furnace showing specimen holder and thermocouple placement. 

zones were made with a micrometer eyepiece. This measure-
ment was made to determine the number of machining cuts 
required to cover the diffusion zone. 

Machining successive layers through diffusion zone.—
Before machining successive layers through the diffusion 
zone, excess metal was removed from the low-chromium half 
of the specimen to establish a reference surface from which 
cuts for analyses were made. From 0.1 to 0.125 inch (2.54 
to 3.175 mm) of metal was left between the weld interface 
(determined metallographically) and the reference surface. 
Tungsten carbide cutting tools were used for all machining 
operations. 

A series of turnings was made across the entire cross section 
starting at the reference surface perpendicular to the ais of 
the cylinder.' After each turning, the distance machined was 
measured and the chips were gathered for chemical analysis. 
The cuts farthest from the interface were 0.010 inch thick 
(0.254 mm); cuts were reduced to a thickness from 0.003 to 
0.005 inch (0.0762 to 0.127 mm) in the diffusion zone. In 
all thB specimens except specimen 3, the entire zone was 
covered by the smallest cuts made. 

Three methods of machining successive cuts through the 
diffusion zone were used. In the first method, used for 
specimens 2 to 7, the cylinders with machined reference 
surfaces were chuckeci iii a large rigid lathe. The head of 
this lathe contained a large cast-iron face plate that was 
machined for use as a surface plate. All cuts less than 
0.007 inch thick were measured from the surface plate with 
a surface dial gage that could be read to 0.0001 inch and 
estimated to 0.00001 inch. Thus; removing the work from 
the chuck after each cut was unnecessary. A calibration 
of the dial showed that cuts of 0.003 inch needed no correc-
tions and that cuts of 0.005 inch were in error by as little 
as 0.00006 inch, or approximately 1 percent. If human 
errors are taken into consideration, the maximum machining 
errors were believed to be no more than 2 percent. These

 Number or days 
FIGURE 6.—Typical time-temperature plot for diffusion-anneal period in annealing furnace 

(specimen 4). Temperatures have not been corrected with platinum—platinum-rhodium 
wire calibration. 

dial corrections were considered negligible and have been 
omitted in the calculations. 

The second method, similar to the preceding one, was 
used for specimens 1, 8, and 9. The chips were machine off 
with a high-precision vertical jig borer (SIP Hydrostatic-7), 
which was kept in an air-conditioned room, and a cali-
brated surface gage was used to measure the cuts. Ma-
chining errors were measured with a micrometer and were 
determined by comparing the total amount of metal removed 
after making all the necessary cuts with the sum of all the 
small cuts measured with the surface dial gage. In specimen 
8, with a total of 48 cuts, the error was 0.25 percent, whereas 
in specimen 9, the error was 2 percent in the same number 
of cuts. 

The third method, used for specimens 10 and 11, was the 
most accurate as well as the most complicated. The vertical 
jig borer was again used, but the thickness of each cut was 
measured by an electronic height gage that measured the 
differences in height between stacks of gage blocks and the 
specimen surface to 0.00001 inch. As a further assurance 
that no discrepancies would occur, a height gage (surface 



402	 REPORT 1023—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

(a) 

W!V]
5.10.50 

(a) Scale present after an anneal of several days. Scaling occurred chiefly during loading and 
unloading of annealing furnace. 

(b) Specimen machined to smaller diameter than specimen in figure 7 (a). Another flat 
has been ground for metallographlc examination and turnings have been taken from lower 
portion for chemical analysis. 

FIGURE 7.—Specimen after diffusion anneal.

plate checker) was also used in conjunction with the elec-
tronic gage. With this gage, it was possible to measure the 
over-all height of the specimen to 0.00001 inch after each 
layer was machined off. Differences in over-all height were 
compared with the thickness of each cut as measured with 
the electronic height gage and the stacks of gage blocks. 
In the two specimens so machined, the error was 0 percent 
in 36 cuts for specimen 11 and 0.025 percent in 32 cuts for 
specimen 10. 

Chemical analyses.—At least two and usually three 
analyses by a persulfate-oxidation method were made at the 
Lewis laboratory for every sample machined from the 
diffusion zone. 

Methods of calculating diffusion coefficients.—The diffu-
sion coefficients for all Specimens were calculated by the 
Grube method (reference 3). Iii addition, calculations using 
the Matano method (reference 3) were made for specimens 
3 and 5. The Matano method was not used throughout 
because it was extremely tinie consuming and the results 
closely paralleled those calculated by the Grube method. 

The metric system was used in plotting concentration-
penetration curves and diffusion coefficients were calculated 
in this system to conform with previous work. The data 
points were plotted at distances halfwa y between successive 
cuts, which were measured from a reference plane. Leveling-
off points of the curves were drawn from mathematical 
averages of several data points, some of which are not shown 
in the figures. 

Diffusion coefficients were calculated from the concentra-
tion-penetration curves using the following equation (Grube 
method):

C—00 1/	 2 ("a	 2 
cI_cO(\l±JO e d 

where 
C	 chromium concentration, atomic percent 
C	 chromium concentration of low-chromium bar, 

atomic percent 
C1	 chromium concentration of high-chromium bar, 

atomic percent 
X 

= 2fTh 
D	 diffusion coefficient, (cm2/sec) 
X	 distance from Grube interface, (cm) 

time, (see) 
Positive values were used for calculations made from the 
high-eli romium portions of the concentration-penetration 
curves to the right of the Grube interface, whereas negative 
values were used for calculations made from the low-
chromium portions of the curves to the left of the Grube 
interface. 

The Grube interface is the distance in the diffusion zone 
at which the concentration is halfway between the lower and 
upper concentrations C' and (Y1 , respectively (figs. 9 (ci) 
and 9 (1)). 
Let

H( 	 e I2doj 
\2 ..,'Dt/	 ./Jo 

X 

2/Th
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Then
c—c0 iI 
(1—00 	 1 +11(w)] 

H(w)_±2(C1-000
 0.5 

The value of w may be obtained from probability tables and 
inasmuch as

x 
2 Dt 

then
21 

The final equation indicates that D is very sensitive to x, 
the machined distance.

RESULTS 

Concentration-penetration curves of all specimens are 
plotted in figure 9. Several of these curves, such as those for 
specimens 3, 4, 7, 8, and 10 (figs. 9 (d), 9 (e), 9 (i), 9 U), and 
9 (g), respectively) are very symmetrical. When data from 
these curves are plotted on a probability graph in the form
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Distance froln reference surface, mm 

(a) Specimen 1; annealed at 1360' C for 3.384Xl0' seconds (3.92 days). Data to left of bracket 
are inaccurate because of quench crack that formed after diffusion took place. 

FIGURK 9.—Concentration-penetration curves.

IN 
-16 18 20 22 24 26 28 30 32 34 36 38 40 42

Distance from reference surface. mm 

(c) Specimen 11; annealed at 1369' C for 3.321X10 5 seconds (3.84 days).

Ftouaz 9.—Continued. Concentration-penetration curves.
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(C—G0 )1(CY1 —00) against the distance from the Grube inter-
face, approximately straight lines are obtained (fig. 10). In 
these cases, the diffusion coefficient D is almost invariant with 
the concentration C. The curves pass through the point 

(x=0, g°X100=50). 

Other curves, such as that for specimen 5 (fig. 9 (f)), bend 
slightly from a smooth curve in the upper right, or high-
chromium portions, of the diffusion curves. These bends also 
show up in the probability plots (fig. 10 (f)). Deviations from 
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Distance 	 Grube interface, mm 

(a) Specimen 1; annealed at 13600 C for 3.92 days. 
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smooth concentration-penetration curves and from straight 
lines in the probability plots could be a function of concen-
tration. The deviations, however, are believed to be caused 
by oxide segregations that may have been present in the 
high-chromium half of the welded specimens before the 
diffusion anneal or that may have formed during the anneal-
ing by migrations of oxides that were originally randomly 
scattered throughout the matrix of the metal. The metal-
lographic examinations and the smooth lower portions of 
most of the curves indicate that migration is the most prob-
able case. 
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(b) Specimen 2; annealed at 1360° C for 3.92 days. 
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(c) Specimen 11; annealed at 13690 C for 3.84 days.	 (d) Specimen 3; annealed at 13030 C for 4.08 days. 

FIGURE 10.—Plots of (C—Co)/(C,—Co) against distance from Orube interface. 
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(e) Specimen 4; annealed at 1298° C for 7.19 days. 	 (f) Specimen 5; annealed at 1299° C for 11.05 days. 

Distance from Grube interface, mm 	 -
	

Distance from Grubs interface, mm - 
(g) Specimen 10; annealed at 1297° C for 7.17 days.	 (h) Specimen 6; annealed at 1150° C for 12.09 days. 

FIGURE 10.—Continued. Plots of (C—Co)/(C,—Co) against distance from Grube interface. 

Diffusion coefficients calculated by the Grube method from 
the concentration-penetration curves are plotted against con-
centration in figure 11. Values of diffusion coefficients ob-
tained from the extreme ends of the diffusion-penetration 
curves and from portions near the Grube interfaces were 
omitted from the plot because they are inherently inaccurate. 
The degree of reproducibility of data appears good, as shown 
in the cases of specimens 3 and 10, and 4 and 5, which were 
annealed at 1300'±3 * C. 

Specimens 1 and 2, prior to annealing at 1360° C, were 
annealed at 9000 C for several weeks. Meanwhile, diffusion

coefficients were obtained at 1300° and 1150° C and rough 
calculations from these preliminary data showed that an an-
nealing time of about 8 years at 900° C would be required to 
produce a diffusion zone comparable in thickness to the 
smallest zone obtained at the higher temperatures. Inasmuch 
as the annealing time at 900° C was insignificantly small, the 
specimens were reannealed at 1360° C to obtain additional 
data. Because the specimens were originally intended for 
heat treatment at 900° C, the composition range covered by 
specimens 1 and 2 is small compared with what would be 
possible at 1360° C. 
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(I) Specimen 7; annealed at 1151° C for 24.91 days. 	 (1) Specimen 8; annealed at 1000° C for 87.7 days. 

FIGURE 10.—Continued. Plots of (C—Co)/(Ci—Co) against distance from Orube interface. 
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(k) Specimen 9; annealed at 1000° 0 for 87.7 days. 

FIGURE 10.—Concluded. Plots of (C—CI)/(CI—CI) against distance from Grube interface.
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FIGURE 11.—Diffusion coefficients against concentration. (Data to left of 8 atomic percent 
not plotted for specimen 1 because of quench crack that formed after diffusion took place.) 
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The upper half of the curve of specimen 1 (fig. 9 (a)) is 
satisfactory and calculations were made from it by the Grube 
method. The lower portion, however, was inaccurate as a 
result of a quench crack formed by cooling the specimen in an 
air blast as it was removed from the annealing furnace. 

The composition of specimen 9 extends into the a+-y field 
(fig. 1), but because it is close to the a-phase boundary, only 
a small percentage of 7 would be present. Since they-phase 
was not observed during the metallographic examinations, 
the calculated diffusion coefficients would therefore be rea-
sonably accurate. 

In spite of several metallographic inspections, a strip of 
oxide l2 inch deep extending halfway about the periphery 
of specimen 11 was noticed as it was being machined. 
Approximately 5.4 percent of the area of the interface was 
blocked. Inasmuch as this area is a small portion of the 
total area, the data for specimen 11 were not discarded. 

A plot of diffusion coefficients against concentration (fig. 
12) shows the small differences between values determined 
by the Grube and the Matano methods. 

The relation between diffusion coefficients. and reciprocal 
temperatures are shown in figure 13. The upper and lower 
curves are plotted from data obtained for 16-atomic-percent 
chromium because these values are close to averages of the 
flat portions of the curves of figure 11. The upper curve 
represents diffusion coefficients obtained from specimens of 
cobalt welded to cobalt-chromium alloys, whereas the lower 
curve represents alloys approximately 9- to 14-atomic-
percent chromium welded to alloys of approximately 28- to 
41-atomic-percent chromium. 
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FIGURE 12.—Comparison of diffusion coefficients calculated by the Orube and Mataiio
methods. 

By use of the dashed curve, which was drawn halfway 
between the upper and lower solid curves in figure 13, and 
of the exponential equation (reference 1) 

Q 
D=Ae 

the activation heat of diffusion Q and the constant A were 
determined to be

0=63,600 (cal/mole) 
A=0.443 (cm'/sec) 

The value of Q was determined from the slope of the dashed 
curve because

2.303 (log D 1 —log D2)Q 
1. 1 R 

T1 T2

tion, using the value of Q obtained and values of D and 11 T 
chosen from the dashed curve. 

The diffusion behavior of chromium in a cobalt-chromium 
alloys may be compared with that of other metal systems 
in figure 14, where values from the dashed curve of figure 
13 are replotted for the comparison. The curves for the 
other alloy systems were taken from the graphs of references 
3 to 9.

DISCUSSION OF RESULTS 

• The exp erimental data give additional confirmation to the 
Dushman-Langmuir equation 

ffh- Pe 
Q	 Q 

RT 

where 
D	 diffusion coefficient, (cm2/sec) 
Q	 activation heat of diffusion, (cal/mole) 
N	 Avogadro's number 
h	 Planck's constant, (cal-sec) 

and A was determined from the preceding exponential equa-

Diffusion coefficients are relatively constant within the 
concentration ranges of each specimen. Appreciable differ-
ences between diffusion coefficients, however, were obtained 
from specimens of pure cobalt welded to a cobalt-chromium 
alloys and specimens of low-chromium a-alloys welded to 
high-chromium a-alloys at each nominal annealing tempera-
ture; the diffusion coefficients for specimens of pure cobalt 
welded to a cobalt-chromium alloys were larger (figs. 11 
and 13). 

The differences-.in diffusion coefficients are not the results 
of such experimental variables as: 

(1) Differences in sources of materials because single 
supplies of cobalt and chromium were used in 
this study 

(2) Differences in annealing temperatures because speci-
mens 1 and 2 and specimens 8 and 9 were annealed 
together at identical temperatures and the remain-
ing specimens were annealed at temperatures 
very close to the desired nominal temperatures 

(3) Differences due to the closeness of the high-
chromium specimens to the a--y region because 
specimens 1 and 2 were well within the a region 

A somewhat similar observation may be made from figure 
14, where curves 4 and 5 represent the diffusion of pure 
copper into pure gold, and copper from a gold-copper alloy 
into gold, respectively. 

a0	 lattice parameter 
B	 gas constant, (cal/ (mole) (°K)) 
T	 temperature, (°K) 

Q=63,400 (cal/mole) 

distance of closest approach of atoms, -, (cm) 

The following value of Q has been calculated by arbitraril y 
selecting a point on the dashed curve of figure 13 to obtain a 
D value for a given temperature:
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FIGURE 13—Diffusion coefficients against l/K. Diffusion coefficients were plotted from data for 16-atomic-percent chromium. 

DIFFUSION OF CHROMIUM IN a COBALT-CHROMIUM SOLID SOLUTIONS
	

409 

Values used in the calculation are as follows: 

D=6X10" (cm2/sec) 

4 = 7.1x10-

a0=3.54X10 8 (cm) (reference 10) 

The value of Q compares favorably with the value of Q=
63,600 (cal/mole) obtained from the slope of the clashed curve. 

The diffusion rates of chromium in a cobalt-chromium
were very low compared with those of most alloy systems 
for which diffusion data had been previously obtained. For

example, it can be determined from figure 14 that a high 
temperature (1031° C) is required to produce log D=—ii 
for chromium in cobalt, whereas annealing temperatures of 
362°, 628°, and 784° C are required for Mg in Al, Zn in Cu, 
and Pt in Au, respectively. The sluggishness of diffusion is 
congruous with the fact that cobalt-chromium base alloys 
have good high-temperature characteristics. 

The activation heat of diffusion for chromium in a cobalt- 
chromium alloys is greater than that for most systems pre- 
viously investigated, with tungsten alloys being the chief 
exceptions (reference 11). Higher activation heats of 
diffusion show up in the form of steeper slopes on the curve 
of log D against I /°K (fig. 14). 

213637-53-----27
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FIGURE 14--Comparison of diffusion behavior of chromium in a cobalt-chromium alloys with other substitutional solid-solution alloys. 
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SUMMARY OF RESULTS 

Diffusion of chromium in a cobalt-chromium solid solu-
tions was investigated at temperatures of 1360°, 1300°, 
1150 0 , and 10000 C and the following results obtained: 

1. The exponential equation relating diffusion coefficient 
D and temperature T is as follows:

63,600 

D=0.443e RT 

where R is the gas constant. The activation heat of diffu-
sion is 63,600 calories per mole. 

2. When compared with the diffusion data previously 
obtained by other investigators for most alloy systems, the 
diffusion rates of chromium in a cobalt-chromium were 
found to be low; considerably higher temperatures were 
required to produce diffusion coefficients of the same order

of magnitude as were previously found for most substitu-
tional alloys. 

3. Diffusion coefficients are relatively constant within the 
concentration ranges covered by each specimen. 

4. Chromium diffusivity from a cobalt-chromium alloys 
into pure cobalt is greater than chromium diffusivity from 
high-chromium- a-alloys to low-chromium a-alloys for all 
concentration gradients studied. 

5. The results of this investigation are further confirma-
tion of the Dushman-Langmuir equation. . The value for 
the activation heat of diffusion calculated from this equation 
agrees closely with the experimentally determined value 
(63,400 cal/mole as calculated against 63,600 cal/mole ob-
tained from experimentation). 

LEWIS FLIGHT PROPULSION LABORATORY 
NATIONAL ADVISORY COMMITTEE FOR. AERONAUTICS 

CLEVELAND, OHIO, June 23, 1950 
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TABLE I-ANNEALING DATA 

Specimen

Weighted 
average 

annealing

Annealing time Approximate 
 thickness of 

scale formed 
temperature (days) (see) during annealing 

1 1360.4 3.917 3.384X105 0.002 
2 1360.4 3.917 .3.3S4X10 .002 
3 1302. 9 4.08 3. 522X10' 
4 1297.8 7.194 6. 216X1O 
5 1299.2 11.05 9. 549X10 <.001 
6 1149.7 12.09 1.0446X10 .010 
7 1150.5 24.007 2.152XI06 364 
8 1000.3 87.704 7.664Xl0e .001-002 
9 1000.3 87.704 7.664X105 .001-002 

10 1296.9 7.174 6. 198X10S .002 
11 1368.9 3.044 3.321X105 .003
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CALCULATION OF THE LATERAL CONTROL OF SWEPT AND UNS WEPT FLEXIBLE 
WINGS OF ARBITRARY STIFFNESS' 

By FRANKLIN W. DIEDERICH 

SUMMARY 

A method similar to that of NACA Rep. 1000 is presented 
for calculating the effectiveness and the reversal speed of lateral-
control devices on swept and unswept wings of arbitrary stiff-

ness. Provision is made for using either stiffness curves and 
root-rotation constants or structural influence coefficients in the 
analysis. Computing forms and an illustrative example are 
included to facilitate calculations by means of the method. 

The effectiveness of conventional aileron configurations and 
the margin against aileron reversal are shown to be relatively 
low for swept wings at all speeds and for all wi'ng plan forms 
at supersonic speeds.

INTRODUCTION 

Adequate lateral control constitutes one of the more 
significant design requirements for airplanes. The ability 
of the airplane to enter a roll is determined by the control 
power and is measured by the maximum available rolling 
moment resulting from lateral-control deflection. A meas-
ure of the degree of lateral maneuverability is the helix 
angle at the wing tips corresponding to the highest rate of 
roll; the lateral maneuverability depends both on the control 
power and the clamping in roll. 

The control power and the damping in roll are affected 
by structural flexibility. Control deflection ordinarily gives 
rise to aerodynamic loads which tend to deform the wing 
structure in such a way as to reduce the loads on it and thus 
to reduce the control power. If the dynamic pressure of 
the air stream is sufficiently high, the amount of lift which 
results from the structural deformation may be sufficient to 
nullify the effect of the control deflection. The speed and 
dynamic pressure corresponding to this condition are known 
as the aileron reversal speed or reversal dynamic pressure, 
since at a slightly higher dynamic pressure a control deflec-
tion in a given direction would result in a rolling moment 
in a direction opposite to that of the moment on a similar 
rigid wing. 

The present report is concerned with an analysis of these 
problems for swept and unswept wings of arbitrary stiffness. 
The method is based on the analysis of loading of flexible 
wings presented in reference 1. Since suitable aerodynamic 
influence coefficients are not yet available for a.ntisymmetric

lift distributions, aerodynamic-induction effects on the lift 
distribution are taken into account only as an over-all 
correction and as a slight reduction of the load at the tip, 
as in reference 1. The method is formulated in such a 
manner, however, that aerodynamic influence coefficients 
may easily be included as soon as they become available. 

The numerical analysis required in any given practical 
case constitutes an extension of the calculations outlined in 
reference 1. The computing forms for the additional calcu-
lations required for an analysis of lateral-control effective-
ness or reversal are included in the present report. Their 
use is described in the section entitled "Application of the 
Method," which may be reach without reference to the 
derivation of the method. The material presented in refer-
ence 1 which is pertinent to the present analysis is included 
herein. As an example illustrating the method, the lateral-
control effectiveness and reversal of the wing considered in 
reference 1 are analyzed in this report. The reversal speeds 
of several wings derived from this ?ving by shifting the 
elastic axis and rotating the wing are calculated to demon -
strate some general effects of sweep on the aileron reversal 
speed. 

•	 SYMBOLS 

A aspect ratio (b2/S) 
[A], [At] aeroelastic matrices defined by equations (7) 

and (10) 
[ A], [A'] auxiliary	 aeroelastic	 matrices	 defined	 by 

equations (8) and (11) 
{A] aileron-reversal matrix defined by equation (18) 
a section aerodynamic center, measured 	 from 

leading edge, fraction of chord 
b wing span, inches 
b l wing span less fuselage width, inches 
c chord measured 	 parallel to the air stream, 

inches 
c average wing chord, inches (S/b) 

c 1 section lift coefficient (l/qc) 

c 1 section lift-curve slope, per radian 
section pitching-moment coefficient referred 

to quarter-chord point 
CL wing lift-curve slope, per radian

I Supersedes NACA EM L81124a, "Calculation of the Effects of Structural Flexibility on Lateral Control of Wings of Arbitrary Plan Form and Stiffness" by Franklin W. Diederich, 
1948.

Preceding Page Blank	
413 
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(YL effective lift-curve slope for twist distribu S total wing area including part of wing covered 
tions, per radian by fuselage, square inches 

C, rolling-moment coefficient (Rolling moment \ s trace of matrix [A]- 
qo o	 / t running torque due to air load about axes 

[6,3 1 ] matrix converting torques due to distributed perpendicular to the plane of symmetry, 
loads to torques due to concentrated torques inch-pounds per inch 

[C4 1 ] matrix converting bending moments due to w fuselage width, inches 
distributed loads to bending moments due W, distance between the effective root and the 
to concentrated loads innermost complete section of the torsion box 

cp, section center of pressure due to aileron de- perpendicular to the elastic axis, inches 
flection measured from leading edge of y lateral	 ordinate measured	 from	 plane	 of 
chord, fraction of chord symmetry, inches 

El bending stiffness in planes perpendicular to a3 angle of attack due to structural deformation, 
the elastic axis, pound-inches 2 radians 

e location of elastic axis measured from leading ao angle of attack equivalent to unit aileron 
edge, fraction of chord S c,/dô

dimensionless	 distance	 along	 chord	 from deflection OcIlda)
reference axis to section aerodynamic center 6 aileron deflection measured in planes parallel 
(e—a) to the direction of flight, radians 

e2 dimensionless	 distncc	 along	 chord	 from 6 moment-arm ratio (e2/e1) 
reference axis to section center of pressure 71 lateral distance from wing root, inches 
due to aileron deflection (ep, - e) A angle of sweepback (measured to the reference 

g factor proportional 	 to	 the rolling-moment axis unless specified otherwise), degrees 
coefficient due to aileron deflection defined [4p] influence-coefficient matrix for wing twist in 
by equation (16) planes parallel to the air stream due to 

Gd torsional stiffness in planes perpendicular to concentrated unit loads	 applied	 at	 the 
the elastic axis, pound-inches 2 reference axis, radians per pound 

[I], [I'] integrating matrices for single integration from [TI influence-coefficient matrix for wing twist in 
tip to root planes parallel to the air stream due to con-

[II], [II'] integrating matrices for double integration centrated unit torques applied in planes 
from tip to root parallel to the air stream, radians per inch-

[I',], lII'i j first rows of matrices [I'] and III'], respectively pound 
[II'J integrating matrix defined by equation (14) Subscripts: 
k dimensionless parameter c/2 midchord 

(G' 	 V/2	 an A D divergence 
k(EI).	 Cr cos2A	

) fw flexible wing 
IC wing lift-curve-slope ratio (CL/CL)	 S inboard end of aileron 

running air load per unit length perpendicular o outboard end of aileron 
to the plane of symmetry, pounds per inch P damping in roll 

Mo free-stream Mach number R reversal 
pb R0 reversal of unswept wing 

wing-tip helix angle r at root or effective root 
root-twist constants rw rigid wing 

q dynamic pressure, pounds per square inch sub subsonic 
dimensionless dynamic pressure spr supersonic 

(CL q(b'/2) 2e, Cr 2 cos A\ w wing exclusive of fuselage 
(Gd)	 ) 15 due to (unit) aileron deflection

q t
bf dynamic	 (CLa	 -Cr) reduced	 pressure

Matrix notation: 
{	 } column matrix 

dimensionless dynamic pressure I	 I row matrix 
(CL q(b'/2)3c. tan A\ [	 ] square matrix 
\	 (E1), cos A	 ) 1 diagonal matrix
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double transpose of a matrix: first about the 
principal diagonal, then about the other 
diagonal 

[1]	 unit matrix 
0000. 
1000. 
1000. 

{1']=	 1000. 
1000..] 

DERIVATION OF THE METHOD 

ASSUMPTIONS 

The assumptions made in reference 1 are that all deforma-
tions and angles of attack are small and that the wing 
deformations either are known in the form of structural in-
fluence coefficients or can be calculated from simple beam 
theory in conjunction with rotations of a flexible root. In 
addition the assumption is made in the present report that 
the angle between the aileron and the wing is constant along 
the span of the aileron and that, in the absence of suitable 
aerodynamic influence coefficients, aeroelastic effects due to 
aileron deflection can he calculated on the basis of a modified 
strip theory.

AIR LOADS 

The lift on a wing section of unit width parallel to the 
direction of flight may be expressed in terms of the loading 
coefficient cc11c 7 as

eel 
qc 'E {1}=	 <—?	 (1) 

( C ) 

In the case of a wing at zero angle of attack with ailerons 
deflected the lift may be considered to consist of two parts: 
one due to structural deformation and one due to aileron 
deflection. The loading coefficients for these two parts are 
best treated separately. 

The part of the lift due to the antisymmetric structural 
twist can be written in terms of the local values of twist as 

I CC	 r 

C
—).L[Qa1(as}	 (2) 

) 

in terms of suitable aitisyinmetric aerodynamic influence 
coefficients [Qa]. Since no such coefficients are available at 
present, modified strip theory may be used, as in reference 1, 

with some saving in labor but at some sacrifice in accuracy. 
With this modified strip theory 

-=CL L1 {	 ( 3) 
1 c Cr

where for subsonic speeds the approximate value of effective 
lift-curve slope CL may be obtained from the equation 

CL
A cos A 

= cI 
A+4 cos A 

and for supersonic speeds, 

CL.'4 
cos A,2 

1i 111 0 
CL 2 cos2 A 1/2 —I 

C: being the lift-curve slope of the section perpendicular to 
the quarter-chord line at a Mach number equal to Al, cos A. 

The lift due to aileron deflection should be calculated by 
a fairly accurate method (see references 2 and 3). This lift 
distribution may he expressed as 

(cci)	 ç C CCI
 C 	

) 
c— =cxooCLaç 
( c )o

L c	 11 e, I { (-Ic,',, } 
I Cl 

Where the coefficients 7 — I are the values of c1 calculated 
\ L'L/ 

for a unit effective aileron deflection as  and divided by (JL. 
The combined lift due to twist and aileron deflection is 

then

(l}=qctCL	 1 5 as+ao	 JJ 

	

LC l	
(4) 

C'  

The torque per unit width of span is the product of the lift 
per unit width and the local moment arm. For tho lift 
due to twist the moment arm is e 1 c; for the lift due to aileron 
deflection the moment arm is — e2c. (See fig. 1.) Conse-
quently, the torque may be written as

( Cl ) ) 

	

(t } = qc,2e1 LLQ 	 { a,) —aö [€	 (5)
eir! 

wlufre € is the ratio of the moment arms e2/e1. 

THE AEROELASTIC EQUATION 

Method employing stiffness curves.—The lifts and 
torques per unit width given in the preceding section can 
be integrated to obtain bending moments and accumulated 
torques about axes, perpendicular and parallel to the plane 
of symmetry and, hence, about axes perpendicular and 
parallel to the elastic axis. Integration of these torques 
and moments yields the twists and local dihedrals, which 
can he combined to yield the desired angle of attack due to
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,Aerodynom/c center 
Elastic axis 

/	 ,.Cente,- of pressur'e due 
to c1leron deflection 

"L('9j)rl+
W, 

	

IHI =1	 GJ	 7 (Q a TQ f

 

FIGURE i—Definition of geometrical parameters used in the analysis. 

structural deformation a. (See reference 1.) The result-
ing equation is

( c  {as}=Kq*	 ){[A]{as}_ao1A1_ }
	

(6) 

where K, the ratio of the effective to the actual wing l i ft-
curve slope, is

A+2 cosA 
cos A 

for subsonic flow and has a value of 1 for supersonic flow, 
q* is the dimensionless dynamic pressure, [A] is the aero-
elastic matrix defined in reference 1 (for subsonic flow) as 

[A] _[[J]/[(031 We 

-	 GJ	 tan A)[11'] 

(GJ).	
PE')nll 	

I -( ctan	 ET _j	 Lei. \Cr/ I 

[	 L(EI 
El 

1 W3	 b'/2 

	

-	 b'/2 e,.c. cos2A (2ee M [ h 1]] [II']
 [ C ] Cr

(7) 
and [A] is an auxiliar y aeroelastic matrix defined (for sub-
sonic flow) by

all A)[11'] 

ME
+

(GJ)r tan2 A[I]" i5r
	
[I'] 

L-^i 
(c) 2] 

[1 e \Cr  

+[k[I]"L(EI)rl [I 
W,	 b'/2 

_i7—	 e1C CO5 2 A Qa M [ i 'i] I'] I
[Cr I 

(8) 

For supersonic flow, matrices [I] and [Il] are used instead 
of matrices [I'] and [II'], provided that the decrease in lift

at the tip is known; otherwise, matrices [I'] and [II'] may 
be used in supersonic flow also as a fair approximation. 

Method employing structural influence coefficients.—If 
the angle-of-attack changes due to unit concentrated normal 
loads and torques [] and [T] have been determined in 
static tests of the actual structure or calculated b y a method 
such as that of reference 4, they may be used in an aero-
elastic analysis in the manner indicated in reference 1. The 
Pertinent, aeroelastic equation for the lateral-control problem 
is

{as}=Kqt{ [Alit a3}_a[

	

 

c	
(9) 

	

(	 ? 

a3, 
where [A l] is the aeroelastic matrix defined in reference 1 as 

[A t] = [e i cr[r] [031 i e ( C ) 2
]
 [] [C3 '] L 11 (10) L c. I] e1 

[] is an auxiliary aeroelastic matrix defined by 

[T] = Cr []	 L	 ti— [I [C4']	 1 (11) e 1	 Cr1	 LC7 I 
q is the reduced dynamic pressure defined by 

qt= GLee q 
bf

 Cr 

and the load-conversion matrices [('3'] and [C4 '] are defined 
and given in reference 1. 

SOLUTION OF THE AEROELASTIC EQUATION 

Calculation of the control effectiveness.—The aero-
dynamic loading corresponding to a given aileron deflection 
at a given dynamic pressure can he obtained by writing 
equation (6) or equation (9) in the form

( C
(12) a 3 / 

Once the right-hand side of equation (12) is evaluated it may 
be regarded as a set of knowns which in conjunction with 
the coefficients of the matrix [[1]_Kq*[A]] permits a solution 
for the unknowns { a8 ). The loading corresponding to 

a 3 ) may then be obtained from equation (4) and hence the 
net rolling moment due to aileron deflection and the result-
ing wing deformations: 

	

Rolling moment=2 Q)2LIIO]{l}	 (13)

where

[II']=[II'j+ [I'j	 (14) 

As indicated in reference 1, the solution of the set of simul-
taneous equations represented by equation (12) may be 
carried out by any conventional method of solving simul-
taneous equations or by an iteration procedure; the choice 
of method depending primarily on the preference of the 
computer. 

Calculation of the aileron reversal speed.—The aileron 
reversal speed can be obtained by calculating the rolling 
moment due to aileron deflection, as indicated in the 

Iq
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preceding paragraph, and plotting it against the speed or 
dynamic pressure. The value or values of the speed or 
dynamic pressure for which the rolling moment is zero 
constitute the aileron reversal speeds or dynamic pressures. 
However, a more direct procedure, similar to that used to 
find the divergence speed in reference 1, can be derived as 
follows.

c ) 
The term a.O	 in equation (12) can be expressed in 

terms of (a 8 } by means of equations (4) and (13) since at the 
aileron-reversal condition the rolling moment is equal to 
zero. Hence, 

iii'i [1 1 a,) + as
'

1J=o 
or

t'oi L r] f a} 
aO=—  

[II'][-
1( C1 )

Cl) 
Multiplying both sides of this equation by 	 Yields 

	

( Cl	
(15) 

aoO	 - 

	

a	 g CL	 Cr I 
where

Lfl ( 
 
C ^,

(16) 

Substitution of equation (15) in equation (12) yields 

{as}=Kq*[AR]{a3}	 (17) 

where the aileron-reversal matrix [AR] is defined by 

[AR]=[A]+! [ ] 1.11'oJ Lc l 	 (18) 
9	 ^ C, 1, •r 

The value of the dimensionless dynamic pressure Kq* at re-
versal can be found by iterating equation (17) or by expand-
ing the determinant of the matrix [1_Kq*[A]1 and setting 
the resulting polynomial in Kq* equal to 0, as described in 
reference 1.

APPLICATION OF THE METHOD 

SELECTION OF THE PARAMETERS 

The geometric and structural parameters used in the cal-
culation of the lateral-control effectiveness and related aero-
elastic properties of a wing are the same as those used in the 
calculations of the aerodynamic loading described in reference 
1. If the root-rotation constants are different for symmetric 
and antisymmetric loadings, those for antisymmetric loadings 
should be used for calculating the [A] matrix used in this 
report. Similarly, the section lift-curve slope, wing lift-curve 
slopes, and local aerodynamic-center values are choseti for 
the Mach number of interest, as described in reference 1, 
except for the calculation of the aileron reversal speed, as 
discussed in the section entitled "Calculation of the Aileron 
Reversal Speed." 

213637-53-------28

The values of aa and cp 5 are best obtained from experi-
mental section data at the appropriate Mach number M0 cos A. 
These values, in terms of commonly available quantities, are 

de, 
do 

= - 
dC5 

da 

and
dc./4 

cpo=	
do

O.25— dc, 

do 

Theoretical thin-airfoil values of these parameters are given 
in figure 2 for subsonic and supersonic speeds. Insufficient 
information exists at present to permit an accurate correction 
of these data for finite-span effects in all cases. In a quali-
tative sense, the section value of aa is known to he a useful 
approximation to the actual value required in the calculations 
of this report, except for wings of very low aspect ratio, for 
which the value of aa tends to be somewhat larger than the 
section value. 

The values of cp 1 on a wing tend to be further rearward 
than the values obtained from section data at subsonic 
speeds. The finite-span values may be estimated by calcu-
lating lift distributions for a given aileron deflection both by 
unmodified strip theory and by a rational finite-span method, 
such as that of reference 2 or of reference 3; if the local lift 
given by strip theory is assumed to act at the section value of 
cpo, and if the difference in the lifts given by the two theories 
is assumed to act at the local aerodynamic center, the chord-
wise location of the resultant of these two forces may be 
considered to be the three-dimensional value of cp 5. On the 
basis of this approximation e2= e 1 at all points on the wing 
not covered b y the aileron. 

jIri
-_ 

-	 Subsonic 
SuOerSOnic - I'—

c	 - 

0 - - - - - -

- 

.4	 b	 .	 LU 

AiIron chord ratio, co/c 

Fioune 2.—Theoretical thin-airfoil values of the aileron force parameters. 

? . 

0)
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The values of	 required in this report may also be
Cl 

obtained for subsonic speeds by the methods of references 
2 or 3 by calculating spanwise lift distributions in the form 
CC I 	 2b for a=1 and multiplying the results byA 

C.JL 

simpler but less accurate way of estimating these values 
consists in using the modified strip theory, which is also used 
in this report for the calculation of the lift due to structural 
deformations, until suitable aerodynamic influence coeffi-
cients are available. This approximation implies that the 

elements of ( 	 are 0 for stations not covered by • the 
-JL) 

aileron and 1 for stations covered by the aileron. However, 
in order to take into account the location of the inboard and 
outboard extremities of the aileron with the relatively few 
stations used in the analysis, equivalent values of aôô have 
to be used. These values, referred to as equivalent 8 values, 
are given in figure 3. They are intended to give a rounded-

off distribution of {-} which has approximately the 

same area and the same moment about the root as the 
unmodified strip-theory distribution. The equivalent 5 
values of figure 3 pertain to actual values of ao6 equal to 1; 

they apply to ailerons which extend from b'/2 to the tip but 

can be combined to apply to any aileron configuration. 
Several examples are listed in the following table for the six- 
point method, the values of a8 being 1 and the equivalent 

values being read from figure 3(a) as 0.716 for b72_000 

and as 0.293 for 

Aileron Case 1 Case 2 Case 3 Case 4 Case 5 
ends

0.55 0.95 0.55 0 0 

1.00 1.00 .95 1.00 .55 

I	 ci	 1 
cL	 according to modified strip theory 

-

Case 5 Case 2 Case 3 Case 4 Case 5 

0 0 0 0 1 1 

.20 0 0 0 1 1 

.40 0 0 0 1 1 

.60 .716 0 .716 1 .284 

.80 5 0 1 1 0 

.90 1 .293 .707 1 0

The values of case 3 are obtained from those of cases 1 and 
2 and the values for case 5, from the ones of cases .1 and 4.

CALCULATION OF THE MATRICES 

A brief introduction to matrix methods is given in the 
appendix of reference 1; a fuller treatment is given in refer- 
ence 5. The numerical constants required in the method of 
this report are given in reference 1 and in the present report. 
for 6-point and 10-point solutions. The elements of the 
matrices. [I] and [I'] are given in table I and those of the 
matrices [II] and [II'], in table II. The matrix [I]" is 
essentially the double transpose of the matrix [I] and its 
elements are given in table III. If the structural influence-
coefficient method is used, the required matrices [G 3 '] and 
[G4'] may be obtained from reference 1. 

The matrix [A] is calculated as described in reference 1 

and, if desired, by means of the computing forms given in 
reference 1. The steps in the computation may be sum-
marized as follows: 

Step Operation 

(GJ), 

Gi 

(EI)r1 

(GJ),
tan2 A [®] 

®
w

E1i'J 

[®]+[®l+[® 

EI , 1I -- ()2] 
Lei, 

[®][®] 

® k[®] 

®
W.	 b'/2 

b/2 e1 C,. cos A 

©
I	 c-i 
L	 I 

© 

© [A] 

where the notation [®], for instance, refers to the matrix 
calculated in step 7. For supersonic speeds four additional 
steps are required: 

® L e1	 '._c,  , 

[®' [®] 
(e)

[©] 

€
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0 
1) 

0 I

^0
FTN I 

:EEEEEEEE 
0

\10
.40 .60

^1110 .4 

.21 II 
oi_iiiiiiiiiiii_i Ill 

60 

•	 b72-

I/IL2SIL4 151\7L8L9 L(b) U
Lateral ordinate of iboard end of aileron,

b'/2 

(a) Six-point method. 
(b) Ten-point method. 

FUuaz 3.—Equivalent values of ö.
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To proceed with the calculation of lateral coiitrol and of 
the aileron reversal speed, the auxiliary aeroelastic and the 
aileron-reversal matrices are then calculated as shown in 
table IV; the numbering of the steps indicated in the upper 
left corner of each block is a continuation of the numbering 
of the steps required to calculate the matrix [A]. The 
auxiliary aeroelastic matrix is obtained in step 15 and the 
aileron-reversal matrix, in step 20. The value of g required 

in step 16 is obtained by postmultiplying the row [II'J L1 
obtained in the step immediately above step 16 by the 

Cl 
column	 On the other hand, the square matrix of 

step 18 is obtained by premultiplying the row matrix [@1, 

which is the same row matrix [II' 0j	 multiplied by 

by the column
^ 11, ^8- 

A separate set of calculations from step 14 to step 20, 
inclusive, has to be performed for subsonic and supersonic 
speeds; the steps for supersonic speeds can be labeled steps 
14a to 20a to follow the pattern set in reference 1. For a 
10-point solution, forms similar to those of table IV can 
easily be drawn up. For the influence-coefficient method a 
set of computing instructions and computing forms can be 
based on equations (10) and (11) in the same way as the 
instructions and forms discussed in this section are based on 
equations (7), (8), and (18). 

Special cases arise when any or all of the values of e1 or of 
e2 are zero. If only el, is zero, the value of e1 at some other 
point can be used as a reference throughout the analysis and 
the parameter q* can be redefined accordingly. The first 
column of the matrix [®] is calculated in this case by multi-
plying the first column of the matrix [®] [I'] by the ratio of 
the value e2 to the reference value of e1. Similarly, if some 
other value of e1 is zero, say the nth along the span, el, is 
used as a reference but the nth column of [@1 is calculated 
by multiplying the nth column column of the matrix [®] [I'] by 

/c\2 

- v-) , where e2 and c,, are the values of e2 and c at the 
e1r
nth station. 

If e1 is zero along the entire span, some of the computing 
instructions given in this report, as well as the ones given in 
reference 1, must be modified somewhat. In table VI (a) 

of reference 1 the matrix V G)l can be entered in the 

space provided for the [
	

)2] 
matrix. Some of the in-

structions of table VI(b) of reference 1 and table IV of this 
report are then modified as follows: 

Step 6	 [I'] e2 (cu1 
Le,  \C7/ 

Step 9	 (EI)r We QM 
(GJ) 77 tan  [1 j 

Step 10

Step 11	 As is 

Step 12	 Omit 

Step 13	 [A]e1i=[J] [@1 

e2c7 cos2 A (EI)r 1 Step 14	 [0]b'/2	 (GJ)r tan A 

Step 15 

All other instructions are unaffected. 
If e2 is zero along the span, table IV of this report may be 

modified as follows: 

Step 15	 [A1=[®] 

Step 14 may be omitted in this case; all other steps in table 
IV are unaffected. 

Similar modifications must also be made if the influence-
coefficient method is used. 

CALCULATION OF THE AILERON REVERSAL SPEED 

The matrix [AR] is iterated in table V(a) to calculate the 
critical value of the parameter Kq* and hence the critical 
speed. The calculation has to be performed once for sub-
sonic speeds and, if the airplane is to fly at transonic and 
supersonic speeds, once for supersonic speeds. From these 
critical values, from the definition of the parameters K and q*, 
and from the lift-curve slope the dynamic pressure required 
for aileron reversal qR may be calculated and plotted as a 
function of Mach number. If the actual dynamic pressure 
for the altitudes of interest is also plotted on the same chart, 
the lowest intersection of the reversal with a true-dynamic-
pressure line will give the reversal Mach number and dynamic 
pressure at the altitude of the true-dynamic-pressure line. 

The matrices [A5] calculated for the special cases men-
tioned in the preceding section do not all yield the critical 
value of the parameter Kq*. When the value of e1 is zero at 
the root; the critical value of the parameter Kq* based on the 
reference value of e1 will be obtained. If e1 is zero at some 
other point along the span or if e2 is zero along the entire 
span, critical values of the parameter lcq* will be obtained. 
In the case where e1 is zero along the entire span, iteration 
of the matrix [AR] calculated by following the instructions 
of the preceding section will yield the value of the parameter 
,cq at reversal. 

In some of these special cases, and possibly in other cases 
as well, the iteration procedure may not converge. In 
those cases the lowest value of the parameters ( Kq*) R or 
(K)R is imaginary, so that there is no physical reversal speed 
corresponding to this value, and the wing under considera-
tion is likely to be safe against reversal (in the speed range 
under consideration). If the lowest value of the parameter 
Icq* has the sign opposite to that of the value of e1 (or the 
other value of e1 used as a reference) or if the critical value of 
Icq has the sign opposite to that of the sweep angle A, the 
reversal dynamic pressure is negative. In that case the 
wing also is likely to be safe against reversal, since a negative 
dynamic pressure cannot be obtained at any real speed.
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However, if the wing is to operate at dynamic pressures 
which correspond to values of Kq* or Kq much larger than the 
absolute values of the critical values obtained by iteration, 
the next higher eigenvalues of the aileron-reversal matrix 
may have to be calculated by a method such as that given 
in reference 5, page 143. If the next higher eigenvalue is 
real and of appropriate sign, it defines the critical aileron 
reversal speed. 

Instead of iterating the matrix [AR] to calculate (Kq*) R the 
determinant of the matrix [[l]__Kq*IAR]] may be expanded 
and equated to zero, as noted in reference 1. The result is 
an equation of the type 

Cfl ( Kq*)i+ Cn _ i (Kq *) fl_I + . . . + 1(q)+ 1=0 

where n is the order of the matrix—that is, 6 or 10 in the 
case of a 6-point or 10-point solution, respectively. Solution 
of this equation yields n values of Kq*; the lowest real value 
with the appropriate sign is the one that defines the critical 
reversal speed. Instead of actually expanding the determi-
nant, however, the coefficients 01 , ('2, . . . C,, can be 
obtained in terms of the traces of the powers of the maxtrix 
[AR], the trace of a matrix being the sum of the elements on 
its principal diagonal, and the nth power of the matrix 
[AR] being the matrix obtained by multiplying [AR] by 
itself n—i times. If Sm is the trace of [AR]-, then 

Cl = — Si 

C2 = - (67151+52) 

C3 = —(C281+ C1s2+s3)

+C1s_i+s) 

Unless certain types of automatic computing machinery 
are available, the iteration procedure is generally preferable 
to the procedure based on the expansion of the determinant. 

CALCULATION OF CONTROL POWER AND MANEUVERABILITY 

The calculation of the twist distribution for a given 
aileron deflection may be carried out in table V (b), which is 
similar to table VI (h) of reference 1. The matrix []_ iq * [A]] 

is entered at the left, and the column	 is enter-
(L L) 

ed at the right. This column is prernultiplied by the 
[] matrix obtained in step 15 or step 15a and is entered in 
the second column at the right, which in turn is multiplied 
by to yield the third column. The simultaneous 
equations with the coefficients at the left and the knowns at 
the right (the third column) are then solved for the unknown 
a, values. If preferred, an iterative solution of the type 
discussed in reference 1 may be used instead of Orout's 
method (reference 6) for which table V is set up. A computing 
form similar to that of table VII (c) of reference 1 may be 
used for this purpose.

If the same values of Kq* are selected as were used in the 
calculation of the aerodynamic loading by the method of 
reference 1, the [11]_Kq*[A]] matrix is already available. 
If, in addition, Orout's method of solving simultaneous 
equations has been used to solve the simultaneous equations, 
part of the auxiliary matrix is also available so that calcu-
lation of the a, values for the aileron loading requires very 
little time. However, the iterative solution does not have 
this advantage. 

In some of the special cases discussed in the preceding 
sections, care must be taken to use the proper parameters in 
conjunction with the matrices calculated for these special 
cases. In the case where elr is zero, the values of lcq* must 
be based on the reference value of e1 selected in calculating 
the matrix; in the case where e1 is zero along the entire span, 
the parameter Eq must be used instead of Kq* in table V (b). 

The resulting a3 values may be added algebraically to the 

	

values ofmultiplied b y and	 as indicated in 
(CL)	 C 	 LC'] 

steps 4, 5, and 6 of table V(b), and plotted over the span 

to yield the net aerodynamic load distribution 

which pertains to a unit value of aô on the flexible wing. 
The rolling-moment coefficient due to this forcing loading 
(over both wings) may be obtained from a dimensionless 
form of equation (13)

	

2	
( 

	

CL,, (7;-)	 1	 (19) 

	

(	 a) 

This coefficient, which is a direct measure of the rolling 
power, is seen to be dependent only on q/qD (except for the 

factor CL ) since _q = W and (Kq*)D is constant for a 1 

	

D	 ID 
given speed range. 

The rolling maneuverability depends not only on the 
rolling power but also on the damping in roll. The rate of 
roll per unit aileron deflection (measured in a plane parallel 
to the plane of symmetry) is given by 

(T)
(20) 

p 

where C 1, is the forcing coefficient calculated from equation 
(19) (if the contributions of the pressures on the fuselage are 
neglected) and Cl,, is the clamping coefficient calculated from 

equation (19) with a column of values of	 calculated ( C L) 

• by the method of reference 1 for a case where a,=	 If

modified strip theory is used, the desired column is 

{_

cc 

}1

	

CCL	 C C 

where a3 is the structural deformation associated with the 
given values of a0.



ILLUSTRATIVE EXAMPLE 

The method described in the preceding sections has been 
used to analyze the lateral maneuverability of the wing Con-
sidered in the illustrative example of reference 1. The re-
quired additional parameters of this wing  are presented in 
table VI (a), which follows the form of table IV (a). Mo di-

fled strip theory has been used for calculating 	 The 

equivalent value of 6 at the station 	 is obtained 

from figure 3 for the given values ofand	 The 
auxiliary aeroelastic matrix for the subsonic case has been 
calculated by following the form of table IV(b); the re-
sulting matrix is shown in table VI (b). 

The aileron-reversal matrix for the subsonic case is calcu-
lated by means of the form of table IV (c). Several of the 
steps, as well as the result, are shown in table VI (c) for the 
subsonic case. In these calculations the contribution of the 
matrix [I'] to the matrix [II'] has been neglected, so that 
the matrix III',] has been used instead of the matrix [II'], 
a procedure which is not recommended in general. Iteration 
of the aileron-reversal matrix (by means of the form of table 
V(a) or otherwise) yields a value of (Kq*) R=2 . 364 . A 
similar calculation for supersonic speeds yields a value of 
( icq*) R =0.1280. From these two values and the definition 
of the parameters K and q* the dynamic pressure required for 
reversal has been calculated and is plotted against Mach 
number in figure 4. Also shown in figure 4 for comparison 
are the dynamic pressures required for divergence as well as 
the actual dynamic pressures at sea level and at an altitude 
of 25,000 feet. Where the dynamic pressure required for 
reversal is less than the actual dynamic pressure, the aileron 
control is reversed. For the example wing, reversal is likely 
to occur at a Mach number of approximately 1.3 at sea level. 

The aerodynamic loading due to aileron deflection has 
been calculated by means of the form of table V(b). For the 
subsonic case and for ,cq*=0.552 the [[1_,cq*[AJ] matrix is 
that shown in table X(b) of reference 1. The three columns 
to be entered at the right of table V(b), as well as the four 
columns obtained at the bottom of table V(b), are as follows: 

o ® 

[]I®1 -'q@T.i 

o 0 0 

o .1890 —.1043 

.265 .5100 —.2815 

1 .8217 —.4536 

1 1.0273 -.5671 

1 1.0656 —.5882

0
	 I	

0	 I	
I' Final
II matrix 

	

'iI	 {( 

—.080 -.063 —.070 —.0695 
-	 .067 .053 .065 —.1999 

.599 .473 .661 —.3392 

.435 .344 .552 —.4477 

.379 .300 .523 —.4773
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FIGURE 4.—Effect of Mach number on the divergence and aileron-reversal dynamic pressures 
of the example wing. 

The lift distribution due to aileron deflection 

ç CC 2	 c 

I 
d 

I r

	
, 

GL5	 Cr CL.51 

obtained by using the modified strip-theory values of {} 

is plotted in figure 5. For the flexible wing the lift distribu-
tions due to the calculated twist distributions, such as the 
one shown in the next to the last column of the foregoing 
tabulation, must be added algebraically to the lift distribu-
tion due to aileron deflection. This addition is best per-
formed by first plotting the lift distributions clue to twist 
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.6 

C 

0 
(I

12	 Subon.c case 
-- Supersonic case 

H
.4 

0
(a) 

0	 .2	 .4	 .6 
Dynamic prerSure ratio,

qD 

0	 .2	 .4	 .o	 .o	 IL' 

Lateral ord,'iafe, 

Case 6160 6/611 Condition 

1 0 0 Subsonic 

2 —0.25 0.254 Subsonic 

3 —0.50 0.467 Subsonic 

4 —0.50 0.577 Supersonic 

5 —1.00 1.154 Supersonic

FIGURE 5.—Loading of example wing with aileron deflected. 

separately and then adding them point for point to the lift 
distribution due to aileron deflection. The net distributions 
obtained in this manner for several cases are shown in figure 

5. The distribution for case 5 (supersonic speeds, = - 1.00) 

indicates that the wing is operating at a speed above 
its reversal speed; from the given values of q * D and q* R the 

dynamic pressure for the case of q_= - 1.00 can be seen to 
qD 

exceed by 15.4 percent the dynamic pressure required for 
aileron reversal. 

The rolling-moment  coefficient is obtained from equation 
(19) or by adding the moments corresponding to the aileron-
distribution curve and the twist curve algebraically. (As 
stated previously, the contribution of [I' ll to II'] has 
been neglected in these calculations.) The ratio of the 
flexible-wing rolling-moment coefficient obtained in this 
manner to the corresponding rigid-wing rolling-moment 
coefficient is plotted in figure 6 (a) against the ratio —q/q0; 

for the rigid wing the value of C,1 at subsonic speeds is 

(0z),,,=0.070CL 

and at supersonic speeds is 

(C,,)= 0.026CL 

The lateral maneuverability is calculated by means of equa-
tirnj (20) with the damping coefficients calculated in reference

- free-stream Mach number, M0 

(a) Variation with dynamic pressure ratio. 
(b) Variation with Mach numberand altitude. 

FIGURE 6.—Control power and effectiveness of example wing. 

1 and is also plotted in figure 6 (a) as a fraction of the rigid-
wing value, which at subsonic speeds is 

2V) rw 
0.634 

and at supersonic speeds is 

P-1)
=0.232 

Both the maneuverability and the control power become 

zero at a value of --=--0.87, which is the ratio of the re-
qD 

versal to the divergence dynamic pressure at supersonic 
speeds, as is shown in figure 4. 

Since the ratio q/q0 has been determined as a function of 
altitude and Mach number in figure 4, the parameters of 
figure 6 (a) can be plotted as functions of altitude and Mach 
number, as has been done in figure 6 (b). The maneuverabil-
ity and, to a lesser extent, the control power are relatively low 
at supersonic speeds, particularly at low altitudes. Since at 
high speeds even a small value of pb/2V implies a fairly large 
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value of the rate of roll p, this situation is not necessarily 
alarming. The wing in question should have adequate 
control at all speeds for altitudes greater than about 20,000 
feet.

DISCUSSION 

The method of this report is based in essence on a numer-
ical integration by means of matrices of the differential 
equations of structural equilibrium. The actual stiffness 
distributions, root rotations, and the lift and pitching-
moment distributions of the undeformed wing can be taken 
into account as accurately as they are known. The commonly 
made simplification of treating the wing as an aggregate of 
constant-chord segments with all flexibility concentrated at 
the ends and all forces at the midpoint of the segments 
is not resorted to in this report. No time-consuming 
graphical integrations nor trial and error procedures are 
'used. The aileron reversal speed is calculated by means of 
an iteration, but each cycle of this iteration consists of a 
single matrix multiplication so that the entire procedure is 
straightforward in application, and usually the results 
converge rapidly. If preferred, the iteration procedure can 
be replaced by an expansion of the determinant of the 
matrix [[1]_q*[A]J, as outlined in this report. 

The purpose of this section is to discuss the assumptions 
and limitations of the method of this report and to indicate 
the effect of certain design variables on the aileron reversal 
speed by means of the results of a few calculations for the 
example wing and some others related to it. 	 - 

ASSUMPTIONS AND LIMITATIONS OF THE METHOD 

The discussion of the aerodynamic and structural assump-
tions in reference 1 is also pertinent to the analysis of this 
report. This discussion may be summarized as follows: All 
angles of attack, structural deformations, and control 
deflections must be sufficiently small to give rise only to 
linear aerodynamic and structural forces. When structural 
influence coefficients are used, no further assumptions are 
necessary concerning the structural deformations; when the 
stiffness curves are used, elementary beam theory as cor-
rected by root rotations must be applicable. If elementary 
beam theory is inapplicable—that is, if shear deformations, 
shear lag, and bending-torsion interaction cannot be neg-
lected—a more refined method than elementary beam theory, 
such as the method of reference 4, can be used to calculate 
structural influence coefficients which can be used in the 
method of the present report. When suitable aerodynamic 
influence coefficients are available, no further assumptions 
need be made concerning the aerodynamic forces; if no such 
coefficients are available, the assumption must be made that 
modified strip theory is sufficiently accurate to calculate the 
aeroelastic effects of interest. 

In the present report additional aerodynamic assumptions 
must be made, primarily, because although accurate aero-
dynamic information can be used in the method of this report 
such information is not available in many instances. For 
instance, no suitable aerodynamic influence coefficients are 
available as yet for antisymmetric lift distributions so that 
modified strip theory has to be used for the lift due to

structural deformation. For the lift due to aileron deflection, 

which is used in the form of the coefficients( p-), the best 

available information should be used; for unswept wings of 
moderate or high aspect ratio the method of reference 2 gives 
accurate results, and for swept wings or wings of low aspect 
ratio the method of reference 3, with certain modifications 
explained in reference 6, may be used to calculate the desired 
coefficients. However, information concerning the param -
eters a1 and cp1 for wings of finite span is very meager; the 
suggested means of estimating them give results which must 
be used with some caution. If experimental results are 
available for these parameters, they can, of course, be used in 
this method. 

Modified strip theory should not in general be used to 

calculate the coefficients( —---"\' as was done in the illustra- 
\GLae,/ö 

tive example. If it is desired to use this approximation, the 
equivalent 6 values of figure 3 may be used to obtain a 
suitable fairing of the lift-distribution curve at the aileron 
ends. However, these equivalent values are premised on the 
use of the [I'] and [II'] matrices and should not be employed 
for any other purpose than that indicated herein. 

Two additional structural assumptions are also made in 
this report. In the first place, the angle's between the wing 
and the aileron is assumed to be constant along the span. 
This assumption appears to have been made in almost all of 
the published investigations into the problem of lateral-
control reversal and appears to have yielded satisfactory 
results; the shorter the aileron and the greater the number 
of points at which the 'aileron is supported and at which its 
hinge moment is taken out, the more nearly true is the 
assumption. Also, the control linkage is assumed to be 
stiff so that the aileron angle for a given stick displacement 
is independent of the dynamiè pressure. However, in order 
to account for the control-linkage deflection, it is necessary 
only to calculate the ratio of the true aileron angle at a given 
dynamic pressure to that at zero dynamic pressure for the 
same stick position. The calculated control moment and 
maneuverability must then be reduced by this factor to get 
values of these quantities for a given stick displacement. 
Since deformations of the control linkage only affect the 
aileron effectiveness, they have no bearing on the reversal 
speed. On the other hand, these deformations may lead to 
aileron divergence for wings with heavily overbalanced 
ailerons. This problem, as well as the problem of wing-
aileron divergence, has not been considered in the present 
analysis. 

The fuselage and tail do not contribute any appreciable 
amounts to either the control or the damping moment so 
that their effects may ordinarily be neglected for the purpose 
of lateral-control calculations. Similarly, the effect of wing 
camber does not enter into the problem, because the only 
important effect of camber is to give the flexible wing a sym-
metrical lift distribution if it is set at the angle of attack 
which would give zero lift for the rigid wing; this symmetrical 
lift distribution has no effect on the lateral-control problem.
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As in reference 1, the effects of the inertia loading on the 
aerodynamic loading have not been considered explicitly in 
the analysis of this report. As pointed out in reference 1, 
however, the structural deformations due to the inertia load-
ing may be calculated conveniently by means of the integrat-
ing matrices and then be considered as part of the geometrical 
angles of attack. This procedure may be applied in the 
case of a rolling wing to determine the change in rolling 
moment for a unit rolling acceleration at any given Mach 
number and dynamic pressure. This rolling moment must 
be taken into account in estimating the rolling accelerations 
due to a given forcing moment at any time before the steady-
roll condition is reached. 

At transonic speeds there is considerable uncertainty 
in the aerodynamic parameters. The control power is 
directly proportional to the value of the parameter 

which may be quite low in the transonic region 

due to the fact that the aileron is located in a region of sepa-
rated flow. The method of this report is applicable to this 
case if the value of do is known for the rigid wing and if the 
aerodynamic forces due to aileron deflection and due to 
twist can be superimposed linearly. If, for instance, the 
decrease in this parameter due to flow separation is 40 per-
cent at a given Mach number and if the loss in control power 
due to wing flexibility amounts to 20 percent, then the total 
loss is 52 percent. However, the loss in maneuverability 
due to the decrease in c15 may be much less than the loss in 
control power, since a decrease in c1 0 is usually accompanied 
by a decrease in C 1 and 0L and hence in the coefficient of 
damping in roll. 

Should the value of the parameter c l, decrease to zero or 
reverse, aileron reversal will occur. This type of reversal is 
altogether different from the type of reversal discussed in 
this report since it is due entirely to aerodynamic action, 
whereas the reversal of concern in this report is due to aero-
elastic action. Both types of reversal are largely independent 
of each other; aerodynamic reversal is likely to occur at a 
given Mach number regardless of the stiffness of the wing, 
whereas aeroelastic reversal will occur ordinarily at a 
different speed which is unaffected by the aerodynamic 
effectiveness. 

EFFECTS OF SOME DESIGN VARIABLES ON THE AILERON REVERSAL 
SPEED 

Some general effects of sweep and of the moment arms e1 
and e2 on the aeroelastic reversal speed may be of interest. 
The ratio of the reversal parameter (,cq*) R of a given wing 
to that of the unswept wing obtained by rotating the given 
wing (Kq *) Ro is shown in figure 7 (a) plotted against a func-
tion of the sweep angle for subsonic and supersonic speeds; 
the two curves were obtained by considering the wing of the 
illustrative example to be rotated in such a manner as to 
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(a) Effect of sweep on reversal parameter (,q) R.

(b) Effect of moment-arm ratio ton reversal parameter ('q)R, for wiswept wings. 
FIGURE 7—Effects of sweep and moment-arm ratio on reversal speed. 

Both sweepback and sweepforward apparently tend to 
decrease the reversal parameter and hence the reversal speed. 
At supersonic speeds or, more specifically, at small values of 

e 2 c r COS 2A I(EI)r the parameter	
b'/2 - 'V 	 the reversal speed for the 

sweptforward wing is somewhat lower than that of the 
swep tback wing; whereas at higher values of the parameter 
the variation of the reversal speed with the sweep parameter 

tan A I7Yr i .'v (El). s More nearly symmetrical with respect to 

the zero-sweep case. There are some indications that this be-
havior is not typical of all wings but rather is due to the fairly 
large variation of the values of e 1 , e 2 ,. and e over the span 
of the example wing. In general it appears that, for small 

values of the moment-arm parameter esrcr cos2A
b'12 

the variation of the reversal speed with the sweep parameter 

tan A -v'ft should be nearly symmetrical and that, for 

large values of the moment-arm parameter, the reversal 
speed should tend to be lower for swepthack wings than for 
swep tforward wings. 

The variation of the reversal speed of an unswept wing 
with the moment-arm ratio is shown in figure 7 (b) for wings 
which have the same distributions of the parameters e1/e1, 

and e2/e2r along the span but have different values of e, , and
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82T. The parameter (Kq*) Ro is plotted against the ratio 

where the value of € is selected at the midaileron station. 
It is seen that the plot is linear for both the subsonic and 
supersonic case. The difference in these cases is due to 
the different variations of e1 and 82 along the span; if the 
variations were the same or if e and 82 were constant along 
the span, the two lines of figure 7 (b) would coincide. Since 

the reversal parameter (Kq*) Ro is proportional to	 and 

since the reversal dynamic pressure is directly proportional 
to the reversal parameter and inversely proportional to the 
value e17 (by definition of the parameter Kq*), it follows 
that the reversal dynamic pressure is approximately propor-

tional to the ratio
-i- e2 

From figure 1 it is seen that 

the sum of e and e2 represents the distance from the aero-
dynamic center to the center of pressure of the lift clue to 
aileron deflection and is independent of the location of the 
elastic axis. This fact corroborates the commonly made 
observation that the reversal speed is independent of the 
location of the elastic axis in the case of unswept wings. 

The control power and maneuverability cannot be related 
to the structural and geometric parameters in as relatively 
simple a manner as the reversal speed. The control power 
is a function of both the ratio q/qR and the ratio q,/q; it 
normally decreases with q/qa, the rate of decrease being 
slow at first and then more rapid for positive values of 
q/q (which would generally be obtained for unswept and 
sweptforward wings) and being rapid at first and then slower 
for negative values of q/q (which would generally be 
obtained for sweptback wings). The variation of the 
maneuverability should generally be similar to that of 
the control power since the damping coefficient decreases 
(or in the case of unswept and sweptforward wings increases) 
steadily with q/qD and is independent of qRIqD. 

From the calculations for the example wings it appears 
that the control power and maneuverability of sweptback 
wings tend to be relatively low, particularly at supersonic 
speeds. A combination of high sweep and large moment 
arm 82 may lead to an undesirably low maneuverability. 
Of course, any increase in the purely aerodynamic effec-
tiveness aa of the aileron-airfoil combination results in a 
proportional increase in the lateral-control effectiveness. 
At supersonic speeds .ao is proportional to the aileron-chord 
ratio Ca/C, so that an increased aileron chord results in 
greater maneuverability; at subsonic speeds an increase 
in the aileron chord is less effective. Another obvious 
means of raising the reversal speed and of increasing the 
control power is to increase either the torsional stiffness 
or the bending stiffness of the structure. In some cases, 
however, the increase of the reversal parameter (icq*)R due 

to a change in the parameter tan A CGA  VFE —1), (see fig. 7 (a)) 

produced by a decrease in the torsional stiffness (GJ) r may

be so rapid as to cause a net increase in the reversal speed. 
If the sweep, the moment arm e,, the stiffness, and the 

aileron effectiveness cannot be changed sufficiently to 
increase the maneuverability, it may be necessary to resort 
to uncoventional control devices. Leading-edge ailerons, 
for instance, have negative values of the moment arm 82, 

so that wings equipped with them tend to reverse at very 
high speeds, if at all. This type of configuration has the 
additional advantage of relatively high effectiveness at 
transonic speeds. The effectiveness of leading-edge ailerons 
at subsonic speeds is so low, however, that they would have 
to he used in conjunction with trailing-edge ailerons to 
assure satisfactomy lateral control at low subsonic speeds; 
furthermore, they pose some other aerodynamic as well as 
structural and mechanical problems. Similarly, from an 
aeroelastic point of view spoilers appear attractive because 
they tend to have small or negative values of 82, but they 
also pose certain design problems. Consequently, both 
these devices require careful consideration before they are 
used to alleviate aeroelastic difficulties in any specific case. 

CONCLUDING REMARKS 

A method has been presented for calculating the effective-
ness and the speed-of reversal of lateral control as well as of 
the aerodynamic loading and the rolling moment produced 
by aileron deflection on swept flexible wings of arbitrary 
stiffness. 

It has been shown that the aileron reversal speed decreases 
with both sweptback and sweptforward wings and that the 
effectiveness of conventional aileron configurations on swept-
back wings at supersonic speeds tends to be relatively low. 
The control effectiveness and the resulting maneuverability 
of the airplane may be increased by varying some of the 
design parameters such as the structural stiffness and, if 
necessary, resorting to unconventional control devices, such 
as leading-edge ailerons or spoilers. 
LANGLEY AERONAUTICAL LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 
LANGLEY FIELD, VA., April 5, 1951. 
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El,] 

5/2 0 .2 .4 .6 .8 .9 

0 0.06667 0.26667 0.13333 0.26667 0.09333_- 0.15085 

.2 -.01667 .13333 . 15000 .26667 .09333 .15095 

0 0 .06667 .26667 .09333 . 15085 

.6 0 0 -.01667 .13333 .11000 .15085 

.8 0 0 0 0 .02667 .15085 

.9 0 0 0 0 -.01886 .09333 
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TABLE 1.-VALUES OF THE INTEGRATING ?MATRICES [I] AND [I']

(a) SIX-POINT SOLUTION 

Eli

0 .2 .4 .6 .8 .9 1.0 

0 0.06667 0.26667 0.13333 0.26667 0.10000 0.13333 0.03333 

-.01667 .13333 .15000 .26667 .10000 .13333 .03333 

0 0 .06667 .26667 .10000 .13333 .03333 

0 0 -.01667 .13333 .11667 .13333 .03333 

0 0 0 0 .03333 .13333 .03333 

.9 0 0 0 0 -.00833 .06667 .04167 

0 0 0 0 0 0 0

(b) TEN-POINT SOLUTION 

[l,] 

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 

0 0.03333 0.13333 0.06667 0.13333 0.06667 0.13333 0.06667 0.13333 0.06000 0. 15085 

- .0083.3 .06667 .07500 .13333 .06667 .13333 .06667 .13333 .06000 . 15085 

.2 0 0 .03333 .13333	 . .06667 .13333 .06667 .13333 .06000 .15085 

0 0 -.00933 .06667 .07500 .13333 .06667 .13333 .06000 - . 15085 

0 0 0 0 .03333 .13333 .06667 .13333 .06000 .15095 

.5 0 0 0 0 -.00833 .06667 .07500 .13333 .15085 

0 0 0 0 0 0 .03333 .13333 .06000 .15085 

.7 0 0 0 0 0 0	 - -.00883 .06667 .06833 .15085 

.8 0 0 0 0 0 0 0 0 .02667 .15085 

0 0 0 0 0 0 0 0 -.01886 .09333



[II,] 

b'/2 0 .2 .4 .6 .8 .9 

0 0 0.05333 0.05333 0.16000 0.07314 0.13792 

.2 -.00167 .01000 .02500 .10667 .05448 .10775 

.4 0	 - 0 0 .05333 .03581 .07758 

.6 0 0 -.00167 .01000 .01048 .04741 

.8 0 0 0 0 -.00152 .01724 

.9 0 0 0 0 -.00108 .00419 
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TABLE IL-VALUES OF THE INTEGRATING MATRICES [II] AND [II']

(a) SIX-POINT SOLUTION

[II'

b7/2 0 .2 .4 .6 .8 .9 1.0 

0 0 0.05333 0.05333 0.16000 0.08000 0.12000 0.03333 

.2 -.00167 .01000 .02500 .10667 .06000 .09333 .02667 

0 0 0 .05333 .04000 .06667 .02000 

0 0 .01000 .01833 .04000 .01333 

.8 0 0 0 0 0	 - .01333 .00667 

.9 0 0 0 0 -.00042 .00250 .00202 

0 0 0 0 0 0 -i;---

(b) TEN-POINT SOLUTION

[II,] 

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 

0 0 0.013333 0.013333 0.040000 0.026667 0.066667 0.040000 0.093333 0.046476 0.137920 

.1 -.000417 .002500 .006251 .026667 .020000 .053333 .033333 .080000 .040476 .122835 

.2 0 0 0 .013333 .013333 .040000 .026667 .066667 .034477 .107750 

.3 0 . - 0 -.000417 .002500 .006251 .026667 .020000 .0&3333 .028476 .092665 

.4 0 0	 - 0	 . .013333 .013333 .040000 .022476 .077580 

.5 0 - 0 0 0 -.000417 .002.500 .006251 .026667 .016477 .062495 

.6 0 - 0 0 0 0 0 0 .013333 .010476 .047410 

.7 0 0 0 0 0 0 -.000417 .002500 .004060 .032325 

.8 0 0 0 0 0 0 0 0 -.001523 .017240 

.9 0 0 0 0 0 0 0 0 -.001077 .004190 

TABLE 111.-VALUES OF THE INTEGRATING MATRIX [I]" 

(a) Six-POINT SOLUTION 

0 .4 .6 .8 .9 

0 0 0 0 0 0 0 

.2 .08333 .13333 -.01667 0 0 0 

.4 .06667 .26W .06667 0	 - 0 0 

.6 .06667 .26667 .15000 .13333 -.01667 0 

.8 .06667 .26667 .13333 .26667 .06667 0 

9 .06667 .26667 .13333 .26667 .10933 .06667 

(h) TEN-POINT SOLUTION 

0 .1 .2 .3 .4 .5 .6 .7 .8 .9 

0 0 0 0 0 0 0 0 0 0 0 

.1 .04167 

-

.06667 - -.00833 0 0 0 0 0 0 0 

.2 .03333 .13333 -	 .03333 0 0 0 0 0 0 0	 - 

.3 .03333 .13.3.33 .07500 .06667 -.008.33 - 0 0 0 0 0 

.4 .03333 .13333 

-

.06667 .13333 .03333 0 0 0 0 0 
.5 .03333 .13333 .06667 .13333 .07500 .06667 -.00833 0 0 0 
.6 .03333 .13333 .06667 .13333 .06667 .13333 .03333 0 0 0	 - 
.7 .03333 .13333 .06667 .13333 .06667 .13333 .07500 .06667 -.00833 0	 - 

.8 .03333 .13333 .06667 .13333 .06667 .13333 .06667 .13333 .03333 - 0	 - 

.9 .03333 .13333 .06667 .13333 . 06667 . 13333 .06667 .13333 .07500 .06667
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TABLE IV.-FORM FOR COMPUTATION OF AUXILIARY AEROELASTIC AND AILERON-REVERSAL MATRICES 

(a) PARAMETERS PERTINENT TO LATERAL-CONTROL CALCULATIONS 

'ii 
V/2

, 
7j (\L) CP6 e2 

0

.2 

.6 

.8 

.9

b'/2 

11 

V/2 J__- -L.-J - - 02 4 6 8__ 

(b) CALCULATION OF THE AUXILIARY AEROELASTIC MATRIX 

[®]L1 

b'/2 0 . 7 . 4 .6 .8 .9 

0 0 0 0 0 0 0 

.6 

.8 

.9

[i]=[@]+[1 

	

2	 0
.2 .4 .6

H.9 

	

0	 0	 0	 0	 0	 0	 0 

.2 

.4 

S 

.9 

(e) CALCULATION OF THE AILERON-REVERSAL MATRIX 

w 

1' 19j4 11'l j+	 [I'i] 

ri'oj[fl 

L"°' Lfli {}, 

[@1 E@1 

'I
0

I 
.2	

j	
.4 .6 .8 .9 

0 0 0 0 0 0 

.2 

.4  

.8  

.9

@
C,

.8

9 

.8 

.9 

'I 
b'/2 0 .2 .4 .6 .8 .9 

0 0 0 0 0 0 

.6 

.8 

.9



[AR] 

W/2
0 .2 .4 .6  

0 0 0 0 0 () 0 

.4 

.6 

.8 

.9 - 

(1) (2) (3) (4) (5) (6) 

0 0 0 0 0 0 0 

.2 .3000 

.4 .5000 

.6 .7000 

.8 .9000 

1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

* = 

qD

11] -q [.4] 

V/2
0 .2 .4 .6 .8 .9 

0 1.0000 0 0 0 0 0 

.2 

.6 

.8 

.9 

AUXILIARY MATRICES

0 1.0000 0 0 0 0 0 
.2 

.4 

.6 

.8 

.9 

[] { ®}	 - cq { ® 

W/2
(1) (2) (3) (4) (5) (6) 

0 0 0 0 0 0 0 

.2 

.4 

.6 

.8 

.9

Final 

iL [fl{®) {®t 
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TABLE V-FORM FOR SOLUTION OF AEROELASTIC EQUATION FOR LATERAL CONTROL 

(a) REVERSAL	 (b) CONTROL POWER

(q)k=___________________ 
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TABLE VI.-COMPUTATION OF AUXILIARY AEROELASTIC AND AILERON-REVERSAL MATRICES FOR THE EXAMPLE 
WING AT SUBSONIC SPEEDS 

(a) PARAMETERS PERTINENT TO LATERAL-CONTROL CALCULATIONS 

=0.434

	

	 1.000 

a60.547 

b'/2
(),

cp1 e2 

0 0.250 -0.2020 -1.0000 

0 250 -.1990 -1.0000 

.4 .265 .458 .0111 .0563 

1.000 .458 .0136 .0701 

1.000 .458 .0160 .0833 

1.000 .458 .0173 .9906 

(b) CALCULATION OF THE AUXILIARY AEROELASTIC MATRIX

0 .2 .4 .6 .8 .9 

0 0 0 •0 0 0 0 

2 .00414 -.00671 .02541 .09337 .03542 .06348 

.4 .00774 -.02181 .04W .21248 .09966 .18577 

.6 .00774 -.02181 .04041 .29601 .17065 .34430 

.8 .00774 -.02181 .03443 .31802 .20199

-

.49812 

.9 .00774 -.02181 .03443 .31802 .19534 .54309

(c) CALCULATION OF THE AILERON REVERSAL MATRIX 

Cr 

0 0.04826 0.04325 0.11456 0.04549 0.07917 

9=0.2507 

II'Ij1 ©
0 0.1925	 I	 0.1725 0.4570	 0.1815	 0.3158 

b/2 0 .2 .4 .6 .8 .9 

0 0 0 0 0 0 0 

.2 0 0 0 0 0 0 

.4 0 .0110 .0457 .1211 .0481 .0837 

.6 0 .1925 .1725 .4570 .1815 .3158 

.8 0 .1925 .1725 .4570 .1815 .3158 

.9 0 .1925 .1725 .4570 .1815 .3158 

0 .2 .4 .6 .8 .9 

0 0 0 0 0 0 0 

2 -.00414 - .04310 .02543 .02357 .00433 .00372 

.4 -.00774 .12000 .09385 .10715 .01583 .00695 

6 -.00774 .18000 .15503 .26327 .04642 -.00732 

.8 -.00774 .21958 .15440 . 38811 .10027 .00400. 

9 -.00774 .22695 .19101 .40563 . 10911 .04635
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EXPERIMENTAL AND THEORETICAL STUDIES OF AREA SUCTION FOR THE CONTROL
OF THE LAMINAR BOUNDARY LAYER ON AN NACA 64A010 AIRFOIL' 

By ALBERT L. BRASLOW, DALE L. BURROWS, NEAL TETVIN, and FIORAVANTE \TISCONTI 

SUMMARY 

A low-turbulence wind-tunnel investigation was made of an 
NACA 64A010 airfoil having a porous surface to determine 
the reduction in section total-drag coefficient that might be ob-
tained at large Reynolds numbers by the use of suction to 
produce continuous inflow through the surface of the airfoil 
(area suction): In addition to the experimental investigation, 
a related theoretical analysis was made to provide a basis of 
comparison for the test results. 

Full-chord laminar flow was maintained by application of 
area suction up to a Reynolds number of approximately 20 X 106. 
At this Reynolds number, combined wake and suction drags of 
'the order of 38 percent of the drag for a smooth and fair NACA 
64A010 airfoil without boundary-layer control were obtained. 
The minimum experimental values of suction-flow coefficient for 
1ull-chord laminar flow were of the same order of magnitude as 
the theoretical values and decreased with an increase in Reynolds 
number in the same manner as the theoretical values. It seems 
likelyjro?n the results that attainment of full-chord laminar/low 
by means of continuous suction through a porous surface will not 
be precluded by a further increase in Reynolds number provided 
that the airfoil surfaces are, maintained sufficiently smooth and 
fair and provided that outflow  of air through the surface is 
prevented. 
- Although area suction was able to overcome the destabilizing 
effects of an adverse pressure gradient such as that which occurs 
over the rear portion of an airfoil, area suction does not appear 
to stabilize the boundary layer completely for relatively large dis-
turbances such as those which might be caused by protuberances 
that have a height comparable to the boundary-layer thickness. 

INTRODUCTION 

The stability theory for the incompressible laminar 
boundary layer is an analysis of the damping or amplifica-
tion of vanishingly small two-dimensional aerodynamically 
possible disturbances in the boundary layer (reference 1). 
A possible definition in the physical sense of' a small dis-
turbance is one that does not produce transition from laminar 
to turbulent flow at its origin in contrast with a large

disturbance, which does cause immediate transition. Small 
disturbances may either amplify as they progress down-
stream and eventually grow large enough to cause turbulence 
or they may be damped and cause no change in the down- 
stream flow; if small disturbances of all frequencies are 
damped rather than amplified, the laminar boundary layer 
is considered stable (reference 2). 

Theoretical investigations have been made of the character-
istics of flows past a flat plate through which there is a small 
normal velocity and, in addition, the stability theory has 
been used to calculate the stability of the laminar boundary 
layer for this type of flow. Examples of some of this theo-
retical work can be found in references 3 to 7 and in British 
work (not generally available). The results of these analy-
ses indicate that a small normal velocity into the surface 
at all points along the surface has a large stabilizing effect on 
the laminar layer. Inasmuch as there appear to be no data 
that show this effect experimentally, an investigation of the 
effect of area suction on the boundary-layer stability is being 
made in the Langley low-turbulence pressure tunnel. Three 
suction arrangements were investigated on an NACA 64A010 
airfoil that had porous sintered-bronze surfaces. Measure-
ments were made up to a Reynolds number of approximately 
20 X 10 6 and included wake drags, suction-flow quantities, 
suction losses, and a few boundary-layer velocity profiles. 

In order to provide a basis of comparison for the measured 
suction flows, the stability of the laminar boundary layer 
was calculated for two important cases of chordwise suction 
distribution for the test airfoil. Theoretical results are also 
presented for a flat plate with uniform suction. The calcu-
lations were made by combining Schlichting's theory for the 
computation of the laminar boundary layer (reference 8) 
with Lin's theory for the determination of the stability of the 
laminar velocity profile (reference 1). Suction quantities 
necessary to keep the boundary layer neutrally stable at all 
points along the airfoil chord were calculated for Reynolds 
numbers of 6X10', 15X10 1, and 25X10 1. The minimum 
suction quantities required to keep the boundary layer stable 
were obtained also for the case where the inflow velocity 
is constant over the entire surface. 

Supersedes NACA TN 1905, "Experimental and Theoretical Studies of Area Suction for the Control of the Laminar Boundary Layer on a Porous Bronze NACA 64.A0I0 Airfoil' by Dale 
L. Burrows, Albert L. Braslow, and Neal Tetervin, 1949, and NAcA TN 2112, "Further Experimental Studies of Area Suction for the Control of the Laminar Boundary Layer on a Porous 
Bronze NACA 64A010 Airfoil" by Albert L. Braslow and Fioravante Visconti, 1950.
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SYMBOLS 

section angle of attack 
airfoil chord 
span of porous surface 
distance along chord from leading edge of airfoil 
distance along surface from leading edge of 

airfoil 
distance normal to surface of airfoil 
free-stream mass density 
free-stream velocity 

free-stream dvnaniic pressure ( poL ) 

local velocity parallel to surface at outer edge 
of boundary layer 

local velocit y parallel to surface aitil inside 
boundary layer 

total quantity rate of flow through both airfoil 
surfaces 

suction-flow coefficient WG) 
free-streain total pressure 
total pressure in model interior 
local static pressure on airfoil surface 

(H.—P )airfoil pressure coefficient
	 q0 

free-stream Reynolds number based oil airfoil 
chord

1110—IL suction-air pressure-loss coefficient
\	 qi) 

Cd section wake-drag coefficient 
section suction-drag coefficient (CQCP) 

Car section total-drag coefficient (C + C) 

displacement thickness 01"(1f 	
_ - ) 

11y) 

momentum thickness (f •	 (i _J) 

Us* Rv
P

P	 kinematic viscosity 
VO	 velocity through airfoil surface (for suction. 

vo<O; for blowing, r0>0) 
AP	 static pressure drop across porous surface 

cr0	 porosity factor, length ,	 12t) 

/2	 absolute viscosity 
thickness of porous material 

2 U0c (reference 8) G) p 
G	 function of k and k (reference 8) 

U 

A = z	 —°	 (reference 8) 
d

C 

k1=f1 z	 (reference 8) 

J1=0	 (reference 8)

K	 profile shape paraineter (reference 8) 

(reference 8) 

measure of bou ndarv-laver thickness (refer-
ence 8) 

U,	 velocity of disturbance in boundar y layer 
value of Rv at which (listurbance is neither 

clamped nor amplified 

MODEL 

Photographs of the 3-foot-chord b y 3-foot-span iilO(lel 
imiommnted in the Langle y low-turbulence pressure tunnel are 
presented as figure 1. The model was formed to the NACA 
64A010 profile, ordinates for which are presented in refer-
ence 9. The theoretical pressure distribution of this airfoil 
at zero angle of attack is presented in figure 2. 

A sketch showing the details of the model construction is 
presented as figure 3. The model was constructed with two 
hollow cast-aluminum end sections which were machined to 
contour and connecte(l to an un(ler-coiuI our hollow (enter 
casting that served as it base support for the bronze skin. 
The skin was directly supported oil a cllor(lwise arrangement 
of '-inch spanwise rods which were attached to the under-
contour catiflg. The chon1wP4e lO(1tiffl1S of t lose rods are 

FI; R. i.—N.'i(. A 64A010 airfoil model with porous sintered-bronze surface mounted for 
area-suction studies in Langley low-turbulence pressure tunnel. 

a0 
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b 
x 
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y 
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cv 
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shown as figure 4. This arrangement of support rods, in 
which the rods made essentially line contact with the skin, 
was intended to provide as much open area as possible on the 
inner side of the skin so that very little of the skin would be 
blanked off from the suction flow. The center casting was 
perforated with 1-inch holes over the center portion and 
1-inch slits at the model leading and trailing edges to provide 
a passageway for the air from the skin into the inner chamber 
of the hollow casting. This model configuration is herein 
referred to as configuration 1. 

The model was made such that the chordwise flow could 
be altered by installing orifices in the model base casting as 
shown iii figure 4. Flow between compartments formed by 
the -inch rods could be prevented by sealing the rods to 

I 
- /Jnders1ci 

prevent
value 
compartment 

/n,èntoutf/dw vo/,je of Cp 
for ur?comparfmerfed model, 

of Cp requied  
outflow 

I
Theoretical 

C
pressure 

-L
- 

j
EEH

0	 .2	 .4	 .5	 .8	 LO
.r/c 

FIGURE 2.—External-pressure and suction-pressure distributions for porous bronze NICA
64A010 airfoil model. aoO. 

Under-contow castng—\ 
Sintered-bonas u,tace —k 

End.ect

the skin with rubber cement. rrhe model arrangement with 
orifices and compartment seal is referred to herein as con- 
figuration 2. A photograph which shows model configura-
tion 2 with the skin removed is shown as figure 5. 

For configurations 1 and 2, the upper and lower surfaces 
of the 13-inch center section of the span were constructed 
from a continuous sheet of porous sintered bronze with a 
single spanwise joint at the model trailing edge, which was 
fastened only at the spanwise edges to h-inch inner end 
plates; consequently. a 12-inch span of the skin was left open 
to suction. In order to prevent outflow from the upper and 
lower leading-edge compartments, the leading-edge skin of 
configuration 2 was saturated with lacquer for a distance of 

1 inch (=0.028) from the leading edge on both upper and 

lower surfaces. 
A third suction arrangement was investigated (configura-

tion. 3) wherein the orifices in the model base casting were 
removed and a low-porosity skimi was installed. Flow be-
tween compartments was not prevented by sealing the rods 
to the skin. Two bronze sheets were used to form the center 
part of the airfoil surfaces from the trailing edge to the 
2-percent-chord station. A sheet of duralumin was formed 
around the leading-edge contour and butted to the bronze. 
Time skin was fastened at the butt joint iii addition to being 
fastened along the spanwise edges to the %2-inch inner end 
plates; the leading edge was glazed and faired with hard-
drying putty up to the 5-percent-chord station. 

The same sintered-bronze sheet was used in in configurations 
1 and 2 and was fabricated of spherical bronze powder that 
was specified to be small enough to pass through a 200-mesh 
screen but too large to pass through a 400-mesh screen. 
The thickness of the sheet was found to vary about ±0.010 
inch from a menu of 0.080 inch. The sintered-bronze sheets 
of configuration 3 were approximately 0.090-inch thick and 

-Support rods
,- Air holes

TtYottlrnq orifices used in comportmentsd-model orrongement (cent iqur6tion 2) 

L6 

.4

FIGURE 3.—Construction of porous bronze NACA 34A010 airfoil model. 
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T/7r0 1 t/ihg onlf,/s (used only 
/ in compartment ed-model 

/-inch ho/es,	 orrangement, con fiuration 2,) 

ComportmEnt --

f

(D C (2) C

cas I/hg 

rods 

F/on of under EH - contour-

i-inch 

desin 

SOS 

0	 .2 .4	 .6 
:1/C 

Compartment Orifice drill size 
1 20 
2 19 
3 30 
4 30 
5 30 
6 30 
7 30 
8 30 
9 30 

10 29 
11 30 
12 30 
13 30 
14 30 
15 30 
16 
17 
18 
19 31 
20 31 
21 31

8	 /0 

1•	 .tu	 Itn'nr	 ud throttling orifices of porous bronze NACA 64A010 airfoil model. 

-NACA 64A010 airfoil model with ,orotu sjio,i, 

were fabricated of spherical bronze powder which was small
enough to pass through a 400-mesh screen. 

The porosity of the sintered-bronze material was such 
that the flow quantity varied directly with the pressure drop, 
as is characteristic of dense filters. With air at standard 
conditions the measured porosity of the skiii of configurations 
1 and 2 and the skin of configuration 3 was such that an 
applied suction of 0.06 and of 1.84 pounds per square inch, 
respectively, induced a velocity of 0.5 foot per second through 
the material; these values amount to porosity factors Cr0 equal

to 1.44X10'° and 0.0525><10'° square foot which are 
independent of the material thickness and the viscosity and 
density of the flow medium provided that the flow through 
the material is purely viscous. The outer surfaces of the 
sintered bronze were sanded to reduce local surface irregular-
ities with a resultant decrease in porosity at local points 
because of a "smearing over" of metal particles. Frequent. 
vacuum cleaning of the surfaces eliminated large changes in 
the porosity with time because of dust clog. 

Photomicrographs of the sanded skin of configurations 1 
and 2 are presented as figure 6 to give a visual indication of 
the porosity. Figure 6(a) is representative of about 80 
percent of the sanded surface. Figures 6 (b) and 6 (c) indi-
cate the amount by which the metal was smeared as a result 
of excessive sanding on poorly sintered areas. Less sanding 
was required for the skin used on configuration 3 inasmuch 
as the original surface texture was much better than that of 
configurations 1 and 2. Porosity measurements made after 
sanding, however, indicated that the average porosity for the 
whole airfoil was not affected appreciably by the sanding 
operations. 

As a result of a low modulus of elasticity of the material 
and the variations in thickness, the airfoil contour of con-
figurations 1 and 2 as tested was quite wavy. Absolute 
variations from the true profile were not measured; however, 
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(a) Representative of approxinsately 80 percent of total area. 

Fir.uae 6.—Photomicrographs of sanded sintered-bronze surface as tested. 

it relative waviness survey was made at various spanwise 
stations with a three-point indicating mechanism (fig. 7). An 
estimate of the degree of waviness of the bronze surface may 
be obtained by comparing the profiles for the bronze surface 
with the profiles of the cast-aluminum end sections; the 
profiles of the end sections varied no more than +0.003 inch 
from the true airfoil profile. No waviness survey was made 
on model configuration 3; however, the surfaces were some-
what, smoother and fairer than the surfaces of configurations 
1 and 2.

APPARATUS AND TESTS 

The model was tested in the Langle y low-turbulence pres-
sure tunnel an(l was mounted as shown in figure 1. A 
detailed description of this tunnel is given in reference 10. 
Flow measurements for the suction air were made by means 
of an orifice plate in the suction duct. The suction flow 
was taken through one of the model end plates and as 
regulated by varying the blower speed and the diameter of 
the orifice which was used to measure suction flow. 

A static-pressure tube was used to measure the suction 
pressure in the inner compartment of the center casting. 
Since the velocity was low, the measured static pressure 
was very nearly equal to the total pressure. These data 
were uSe(l to obtain the total pressure lost by the suction 
air in passing froni the free stream to the inner chamber of 
the model and were also used to give an indication of outflow 
which occurred when the pressure inside the model was 
greater than the lowest pressure on the airfoil surface.

QN 

Ip rot 

 

.

- 

(b) Representative of approximately 19 p* revut of total area. 

Ftr.L'RE 6.—Continued. 

(c) Representative of approximately 1 percent of total area. 

FintaE 6.—Concluded.
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FIGURE 7.—Chordwise surface-waviness survey for various spanwise positions across porous bronze NA CA 64A010 airfoil model. Configurations land 2.
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FIOURE 8.—Spanwise variation of section wake-drag coefficient oil porous bronze NACA 
64A010 airfoil model for three Reynolds numbers and suction-flow coefficients. =ØO; 

configuration 3. 

For configurations I and 3, the skin was the only resistance 
to the suction; that is, air passages between the skin and the 
inner chamber were large enough to make the internal losses 
low in comparison with the pressure drop through the skin. 
The use of flow-control orifices in each compartment of con- 
figuration 2 hat! the disadvantage that any one set of orifices 
such as shown in figure 4 was able to produce a near-uniform 
chordwise inflow distribution only at free-stream Reynolds 
numbers below the design value, which for this case was 
6.0X 1W. No attempt was made to measure the flow in 
each compartment because of the exploratory nature of the 
tests. To obtain an indication of outflow through the skin, 
however, the suction pressure was measured in compartment 
5 under the upper-surface skin (fig. 4). Because of the 
peculiarities of the throttling system, calculations indicated 
that compartment 5 would be the most critical to outflow. 

Spanwise surveys of section wake-drag coefficient over the 
part of the model covered with the porous skin indicated 
appreciable variations in wake drag. Examples of these 
variations are shown in figure 8 for configuration 3. The 
large variations, occurring only over the outer portions of 
the bronze skin, were due to disturbances originating at or 
near the junctures between the bronze skin and the solid 
model end sections; over a spanwise region of approximately 
4 inches at the center of the bronze skin, the measured wake- 
drag coefficients were rather constant. The wake drags and 
hound ary-layer measurements presented herein were ob- 
tained at the center region of the model and are believed to 
correspond to the true two-dimensional conditions arid to be 
essentially uninfluenced by the flow disturbances outside 
this region. All wake drags were measured with a survey 
rake located at about 70 percent of the chord behind the 
model trailing edge. Boundary-layer measurements were 
obtained with a conventional multitube "mouse" (reference 
11) located on the center line of the upper surface of con-
figuration 1 at 83 percent of the chord. Station 0.83c was 
the most rearward position at which the mouse could he 
mounted conveniently. The tests were made for Reynolds 
numbers up to 19.8X 106 and for sucdon-flow coefficients up 
to 0.01 with the model set at zero angle of attack.

In order to provide it standard of comparison for the ex-
perimental results, the characteristics of the laminar bound-
ary layer were calculated for flow into the surface of the 
NACA 64A010 airfoil at an angle of attack of 00. The 
minimum suction quantities necessary to keep the laminar 
boundary layer neutrally stable over the entire surface at 
Reynolds numbers of 6X10', 15X101, and 25X 106 were 
computed. The stability of the boundary layer was also 
investigated for cases in which the velocity through through the 
surface was everywhere the same. 

The boundary-layer velocity profiles and thicknesses were 
calculated by the Schlichting method (reference 8), an ap-
proximate method. The velocity profiles of the Schlichting 
method are a single-parameter family of curves for which the 
parameter depends on the velocity of flow into the surface, 
the pressure gradient along the surface, the boundary-layer 
thickness, and the kinematic viscosity of the fluid. The 
single-parameter family of velocity profiles is used with the 
boundary-layer-momentum equation to obtain a first-order 
differential equation. In the calculations, the differential 
equation of reference 8 was integrated by Euler's step-by-
step method. In the process of integrating the differential 
equation, the boundary-layer profiles and boundary-layer 
thicknesses are found at each point along the wing surface. 
The lengths of the steps in the integration process were 
about the same for all the calculations and were so small that 
halving them made no important difference for the no-suction 
case and a Reynolds number of 25X 106 .	 - 

dz In order to begin the calculation, the value of T, the rate 

of change of a representative boundary-layer-thickness 
parameter, at x=0 (reference 8) was taken as zero. This 

va.l tie of	 was found from the equation 
ds

d2U/U0\ ÔG dJ' ,,- 
(dz\ - / ds/c2 

	

ds/c) 1	 dU/U0(1oG'fiGi 

	

C	 15/ \	 ôk) 2 k 1	 8_
0 

which was obtained by applying L'Hospital's Rule to the 
dz 

equation for	 equation (30) of reference 8. In order to 

continue the calculations as far as the trailing edge of the 
airfoil, it was necessary to modify slightly the Schlichting 
method by extrapolation of the curves in figures 5 and 6 of 
reference 8 beyond the value of k for which the Schlichting 
method breaks down. The recommendation of reference 8 
that separation be assumed to exist when Ic equals —0.0682 
was ignored in order to avoid the contradiction that the 
boundary-layer profile can become more convex and, at the 
same time, approach separation. 

RESULTS AND DISCUSSION 

THEORETICAL 
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Liii's approximate formula (reference 1) was used to cal-
culate the Reynolds number at which any Schlichting 
velocity profile is neutrally stable. The stability theory as 
originally derived assumed that the boundary-layer thick-
ness and velocity distribution did not vary with distance 
along the surface. Pretsch (reference 12), however, showed 
that the rates of variations in the thickness and velocity 
distribution which normally occur can have only a second-
order effect on the stability. Lin's stability theory may be 
used, therefore, to calculate the stability of boundary layers 
in the presence of pressure gradients. When combined 
with the Schlichting method, Lin's formula becomes 

I

1.—K (2_ )12s(I

)

L"
= irJ \d i. 

c  

where u is equal to the value of u for which 

[ 9 (du/U) 1	 7dsu/U) 

(du/U	
di	

sl]u/U(\ 
d712 =0.58 

ii	 'u/U	 (dU/U 

and where the subscript 1 denotes "at surface." The apphica-
tion of Lin's formula to the Schlichting profiles results in the 
curve of figure 9 which shows the variation of the critical 
Reynolds number Ra . , with change in the Schlichting 
velocity-profile shape parameter K. In figure 10 are shown 
velocity profiles for three values of K. 

/0o,, 

/0,

—II 

FIGURE 9.—Theoretical variation of critical boundary-layer Reynolds number with 
boundary-layer shape parameter.

A special procedure was used to calculate the distribution 
of the velocity of flow through the surface that was necessary 
to keep the boundary layer neutrally stable, R . = R6. . For 
these cases, suction was begun at the first station at which 
the boundary layer would become unstable without suction. 
The special method depends on the fact that the condition 
of neutral stability, R5. = R . , can be written as 

R5 = 1 iiç 
0I 

where Rd.,	 and 0 are functions only of K. The numeri- 

cal value of the function (K) depends on	 lz	 With a
known value of z at the station at which suction begins, K 
can be found from the value of	 .f . All the quanti-
ties necessary to proceed to the next station by the step-
by-step integration process can be calculated once K 15 de-
termined. The calculation of these quantities provides the 
value of the local-suction-velocity ratio vo/U0. 

In -figure 11 are presented the curves of Rs. and as 
determined from the calculation for thei suction flow required 
to keep the boundary layer neutrally stable at all points on 
the airfoil at a Reynolds number of 15X 106. The calculated 
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FIGURE 10.—Several boundary-layer profiles for values of shape parameter K as calculated
by Schlichting. 
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I tilE ll .—Theoretical chordwise variation of boundary-layer Reynolds number on the 
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variation of v0/U0 ovei one surface is shown in figure 12. 
The suction flow required to keep the boundary layer neu-
trally stable decreases slyl r as the region of falling pressure 
on the airfoil surface is traversL WJieiIthe region of rising 
pressure is entered, the required suction rises rapidly and 
continues to increase to the trailing edge. The summary of 
the results of the computations for the -minimum suction 
quantities is presented in figure 13. 

In figure 14 are, presented curves of R, and R, for cases 
where v0/U0 is the same over the entire surface. The figures 
illustrate that by a sufficient increase in the value of the 
suction par.meter ?
	 the position at which the boundary 

layer first becomes unstable on the NACA 64A010 airfoil 

- V0 

U0

0	 .1	 .2	 .3	 .4	 .5	 .6	 ./	 .11	 .&	 lU	 1.1
Chordwise distance along surface, s/c 

FIGURE 12.-Theoretical chordwise variation of minimum suction velocity ratio required 
to produce neutral stability at, all points along the chord of the NA CA 64A010 airfoil. 
R=15.OXlO'; =O0; C1=0.000405. 
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FIGURE 13.-Theoretical variation of free-stream Reynolds number with minimum suction.
flow coefficient required to produce full-chord laminar stability. 

213627-53----29

can be made to jump from the trailing edge to the region 
near the leading edge. It may be of interest to note from 
figure 14 (a) that the Reynolds number can be increased con-
siderably and that the suction coefficient can be decreased 
appreciably without exposing much of the trailing surface 
to turbulent flow. 

The curves of R6 ., and R, can be found at any Reynolds 
number, when they are known at one Reynolds number and 

-	 r one value of v0/U0, by noting that if 
'jV0- 'yR does not vary 

with Reynolds number then the R0. curve is independent 
of Reynolds number and

R5.2 

Ra. 1 VRI
(1) 

Thus, for a given distribution of ? which results in a 

fixed distribution of R6* r the R6 . curve for the same distribu-
tion of ° AT but some other R can be found by equation (1). 

At some value of R, R, will touch and yet not cross 
the i?. curve at only one point. (See fig. 14.) This 
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FIGURE 14.-Theoretical chordwise variation of boundary-layer Reynolds number and 
critical boundary-layer Reynolds number for the NA CA 64A010 airfoil at three free-stream 
Reynolds numbers for constant chordwise inflow velocity. aeO°. 
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procedure results in one point on the curve of figure 13 
which shows the variation of R with the minimum U0 required 
to produce full-chord laminar stability. Other points on the 
curve of figure 13 may be found by application of the fore-

going procedure to other choices of ? 	 which result in 

other	 distributions. 
Because the first theoretical studies of the effects of suction 

on boundary-layer stability were made for the flow over a 
fiat plate, it was thought of interest to include the curve for 
the flat plate in figure 13 wherein it is illustrated that no 
suction is required to keep the flow stable on a flat plate when 
the Reynolds number is sufficiently low. This result is in 
contrast to that for the airfoil which, because of the adverse

pressure gradient over its rear portion, requires suction at all 
Reynolds numbers to maintain laminar flow to the trailing 
edge. Figure 13, however, indicates the rather surprising 
result that in order to keep full-chord laminar flow at large 
Reynolds numbers the NACA 64A010 airfoil requires smaller 
values of C than are required for a flat plate. This outcome 
seems reasonable because, near the leading edge where both 
the flat plate and the airfoil become critical at high Reynolds 
numbers, the airfoil profits from the existence of a favorable 
pressure gradient which increases the critical boundary-layer 
Reynolds number and decreases the actual boundary-layer 
Reynolds number over that of the flat plate for the same 
free-stream Reynolds number. 
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FIGURE 15—Variation of section drag coefficients with suction-flow coefficient for porous bronze NACA 64A010 airfoil model. ' 0-=7.2X1O'; ao=O; configuration!. 
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EXPERIMENTAL 

CONFIGURATION 1 

Wake drag.—The variation of section wake-drag coefficient 
with suction-flow coefficient is shown in figure 15(a) for 
Reynolds numbers up to 16.7X106 for configuration 1. The 
static pressure in the interior of this model arrangement was 
everywhere the same. 

At a Reynolds number of 3.0X 106 the section wake-drag 
coefficient for CQ>0.0028 was constant and equal to about 
0.0008. For a Reynolds number of 5.9X106 and for 
(YQ>0.0050 the wake-drag coefficient remained practically 
constant at 0.0005. The wake drag at Reynolds numbers 
of 9.0X106, 12.0X106, and 16.7X10 6, however, decreased 
steadily with increase in QQ but never became less than the 
lowest drags obtained at a Reynolds number of 5.9X106, 
even for a suction-flow coefficient as high as 0.010. 

The rapid increase of Cd,, that occurred with decreasing C 
for values of CQ slightly less than 0.0024 at a Reynolds num-
ber of 3.0X10 6 and for values of QQ less than about 0.0048 
at a Reynolds number of 5.9X10 6 was caused by a rapid 
forward shift of the point of transition from laminar to turbu-
lent flow. The curves in figure 16 show that at 83 percent 
of the chord, at a Reynolds number of 6.0X 106, the boundary 
layer on the upper surface was laminar for a CQ of 0.0048 but 
was turbulent for only a slightly lower C of 0.0046. Other 
boundary-layer surveys, not presented herein, indicated that, 
whenever a rapid increase in drag coefficient accompanied a 
small decrease in flow coefficient, the boundary layer changed 
rapidly from laminar to turbulent over a large portion of the 
surface. 

Outflow through the surface occurred when the static pres-
sure inside the skin was greater than the minimum static 
pressure on the outside of the airfoil. The curves of cd. 

against G are shown in figure 15 (a) as dash lines when 
outflow occurred locally and as solid lines when inflow 
occurred over the whole airfoil. At Reynolds numbers of 
3.0 X 106 and 5.9X 106 the values of minimum CQ required to 
prevent outflow are seen to be very near the value of U at 
which the drag changes rapidly. It seems probable that out-
flow produced the rapid forward shift of the transition point 
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FIGURE 16.—Boundary-layer surveys for two values of suction-flow coefficient at station 
0.83c on upper surface of porous bronze NACA 64A010 airfoil model. Configuration 1; 
R=6.0X101 ; a00°.

at least for Reynolds numbers up to 5.9X 106. From the plots 
of ed. against C the lowest G for which no outflow occurred 
at each Reynolds number is seen to increase with increasing 
Reynolds number. This increase of the minimum value of 
U with Reynolds number is a result of the linear variation of 
flow velocity through the sintered bronze with pressure drop 
across the surface; the minimum (JQ for no outflow increases 
with the free-stream Reynolds number. A more detailed 
treatment of this subject is presented in appendix A. 

Wake-drag measurements for Reynolds numbers of 9.0 X 106, 

12.0X10 11, and 16.7X10 1 as shown in figure 15 (a) indi-
cated that laminar flow was probably not maintained over 
the complete chord of the model. The gradual decrease of 
wake-drag coefficient with increasing flow coefficient may 
have been caused either by a gradual rearward movement of 
the transition point with increasing flow coefficient or by a 
mere reduction in the size of the turbulent boundary layer. 
The extreme thinness of the boundary layer at these high 
Reynolds numbers prevented an accurate determination of 
its shape even near the trailing edge. It should be noted that 
full-chord laminar flow was not maintained even though the 
suction pressures were sufficient to prevent outflow. The-
oretical calculations for a Reynolds number of 16.7X 106 for 
the configuration and inflow distribution tested indicated 
that the laminar boundary layer should have been very 
stable. 

The basis for a possible explanation of the transition 
difficulties at the higher Reynolds number is indicated in 
reference 13. It is shown therein that the presence of a 
surface projection will cause premature transition of a 
laminar boundary layer when the Reynolds number based on 
the height of the projection and the velocity at the top of the 
projection exceeds a critical value that is dependent on the 
geometry of the projection. 

Although the numerous protuberances on the bronze skin 
were sanded to very small dimensions, calculations indicated 
that the relatively large amount of suction near the leading 
edge of the model so thinned the boundary layer (especially 
at the higher Reynolds numbers) that even the particles 
forming the material probably projected completely through 
the boundary layer. Because of the high velocity at the top 
of the particles at the high Reynolds numbers, it seems 
entirely possible that the critical Reynolds number for the 
roughness was exceeded in spite of its small height, and thus 
large disturbances were introduced into the boundary-layer 
flow. The relatively high drag coefficients measured under 
such conditions of roughness show that the suction-type 
profile is not stable to sufficiently large disturbances. The 
relative stability of the suction-type and no-suction-type 
profiles to finite disturbances is an important problem for 
future research. 

The difficulties associated with obtaining low drag at high 
values of the Reynolds number are seen from the foregoing 
discussion to result from nonuniformity of the ehordwise 
inflow distribution (excessive suction near leading edge) 
and from the surface irregularities of the material. If the 
Reynolds number is increased by increasing the value of 
Uo/v while the size of the model is held constant, the inflow 
distribution becomes increasingly nonuniform (see equation 
(A4), appendix A.) and the ratio of the size of the roughness
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to the boundary-layer thickness increases. Both of these ef-
fects are unfavorable for obtaining low drag at high Reynolds 
numbers. On the other hand, if c 0/t is held constant (no 
change in the type of material used) and if the Reynolds 
number is increased by increasing the chord of the model, 
the inflow distribution will remain imchanged but the ratio 
of the size of the roughness to the boundary-layer thickness 
will vary inversely as the square root of the Reynolds num-
ber. For this reason, it seems likely that favorable results 
can be obtained more easily with a large model than with a 
small one. 

Total drag.—The measured pressure-loss coefficient for 
the suction air was used to calculate the section suction-drag 
coefficient and the results are shown in figure 15 (b). The 
suction-drag coefficient based on the model chord was cal-
culated as Op  CO3 which is the drag equivalent of the power 
required to pump the suction air back to free-stream total 
pressure. (See appendix B.) In this method of calculating 
suction drag, the over-all pumping efficiency is considered 
to be equal to that of the main propulsive system. 

As may be seen in figure 15 (b), the variation of Cd was 
assumed to be linear with G0 for all Reynolds numbers 
because of the small variation in 'Jp which averaged about 
1.32. Inasmuch as there is no induced drag on a two-
dimensional model, the total drag is the sum of the suction 
and wake drags. As shown in figure 15 (b), the minimum 
total drag at a Reynolds number of 3.0X10 1 occurred at a 
C0 of about 0.0024, which was slightly less than the mini-
mum C0 required to prevent outflow; the minimum total-
drag coefficient of 0.0042 is an inappreciable improvement 
over 0.0043, the drag coefficient of a solid NACA 64A010 
airfoil with a smooth and faired surface at a Reynolds num-
ber of 3.0X10' (shown in figure 15 (b) as taken from refer-
ence 9). The porous model, however, did not have a com-
pletely smooth and faired surface, and a test made with the 
surface sealed resulted in a no-suction-drag coefficient of 
approximately 0.0052. The value of 0.0052 is probably 
somewhat low inasmuch as the surface was sealed with 
external applications of water glass and wax; as a result, 
the surface texture was unavoidably improved over that for 
the unsealed condition although the waviness of the surface 
was probably not affected. The no-suction-drag coefficient, 
therefore, would probably be somewhat greater than 0.0052 
but less than 0.0092, the value for the extreme condition of 
standard leading-edge roughness on the solid airfoil (refer-
ence 9). The minimum total-drag coefficient increased with 
increasing Reynolds number with the result that, at a 
Reynolds number only slightly greater than 3.0X10', no 
decrease in total drag was obtained by suction A large 
proportion of the total drag consisted of suction drag because 
of the excessive amounts of air required at the leading-edge 
and trailing-edge surfaces of the airfoil in order to prevent 
outflow at the minimum pressure point.

The total amount of air that needs to be withdrawn in 
order to prevent outflow can be greatly reduced by applying 
suction separitely to small portions of the airfoil surface. 
This purpose was accomplished by dividing the underskin 
region into separate compartments (configuration 2) as 
described previously in the section entitled "Model." 

CONFIGURATION 2 

Wake drag.—Wake-drag tests made on the compart-
mented model (configuration 2) previous to the tests re-
ported herein indicated that the nose should be sealed for 
about 1 inch back from the leading edge (fig. 4) in order to 
obtain low drags at reasonable suction coefficients. The 
character of the flow at the leading edge before the nose was 
sealed was not clearly established, but early transition prob-
ably occurred because of excessive local outflow near the 
nose where the external-pressure variation over the first 
compartment was very large. A better understanding of 
these outflow difficulties may be gained from the discussion 
on compartmentation in appendix A. 

As shown in figure 17 (a), the section wake-drag coeffi-
cient for the model with sealed nose and compartments was 
less than 0.0010 (for Reynolds numbers as high as 7.8X101) 
for suction-flow coefficients that ranged from 0.0015 at a Rey-
nolds number of 3.0X10 6 to about 0.0035 at a Reynolds 
number of 7.8X10 6. At a Reynolds numlIer of 9.1X106 
the wake drag remained greater than 0.0030 even for flow 
coefficients as high as 0.0040. Failure to obtain lower wake 
drags was believed to result from the presence of outflow. 
Although no outflow and low wake drags might have been 
obtained at higher suction-flow coefficients, the total drag 
would not have been reduced because of the excessive suc-
tion dEags that would have resulted from the large suction 
quantities. 

A comparison of figures 15 (a) and 17 (a) indicates that 
for equal Reynolds numbers the minimum suction-flow 
coefficients for which low wake drags were obtained for the 
compartmented model were about one-third of those re-
quired for configuration 1. The largest Reynolds number 
at which low drag occurred was also extended by compart-
menfing the model. Thus, low wake drags might be ob-
tained at Reynolds numbers higher than 7.8X10 1 and at 
suction-flow coefficients lower than 0.0035 if the chordwise 
distribution of suction were further controlled. 

Total drag.—Throughout the low-drag range the average 
total-pressure loss in the suction air for the compartmented 
model corresponded to an average pressure-loss coefficient 
of about 1.40. This average loss coefficient was used to 
compute the suction-drag coefficient that could be expected 
for an airfoil compartmented in the same manner as the 
model tested. The sum of the wake and suction drags is 
shown in figure 17 (b). At Reynolds numbers of 3.OX 06 
and 5.9X10 6 the minimum Cd T was about 0.0028.	 t
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higher Reynolds numbers the minimum c, was larger 
because of the larger CQ necessary for low wake drags. 
In spite of the larger GQ at a Reynolds number of 7.8X 101, 
the minimum total-drag coefficient, 0.0048, was only slightly 
greater than the drag coefficient for the smooth solid-surface 
model of the same contour (reference 9) and somewhat

less than the drag coefficient for the porous bronze model 
with the skin entirely sealed to suction. 

The over-all gain in compartmenting the model may be 
seen by comparing the total drags in figures 15 (b) and 17 (b) 
from which it is seen that at  Reynolds number of 5.9X10° 
the total drag of the compartmented model (configuration 2) 
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was only 40 percent of that for the uncompartmented model 
(configuration 1). In an attempt to improve further the 
chordwise inflow distribution and thus to obtain full-chord 
laminar flow and reductions in total drag at larger values 
of the Reynolds number, the model was equipped with a 
porous sintered-bronze surface of much lower porosity 
(configuration 3) as described previously in the section 
entitled "Model."

CONFIGURATION 3 

Wake drag.—The leading edge of this model configuration 
was sealed to the 5-percent-chord station, which is approxi-
mately the chordwise station ahead of which no suction is 
required theoretically to maintain the boundary-layer

Reynolds number less than the critical value for all test 
Reynolds numbers anticipated (figs. 11 and 14). The 
section wake-drag coefficients are plotted against suction-
flow coefficient in figure 18 (a) for Reynolds numbers from 
5.9X106 to 19.8X10 6. The static pressure in the interior 
of this model arrangement was everywhere the same as it 
was for the case of configuration 1. 

The variation of drag coefficient with suction-flow coeffi-
cient U0 is similar for all Reynolds numbers investigated; 
that is, an abrupt decrease in drag coefficient to a value 
of about 0.0008 occurs at some critical value of QQ dependent 
upon the Reynolds number and is followed by a much 
more gradual decrease with an increase in C0. Full-chord 
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laminar flow is indicated for all values of wake-drag co-
efficient of about 0.0008 or less, inasmuch as boundary-
layer profiles measured during tests of configuration 1 
indicated that the boundary layer changed rapidly from 
turbulent over a large portion of the airfoil to laminar over 
virtually the full chord whenever a large decrease in drag 
accompanied a small increase in flow coefficient. The 
gradual reduction in drag with a further increase in G 
above the value at which the large drag change occurs 
corresponds only to a progressive thinning of the full-chord 
laminar boundary layer. For the tests of configurations 
1 and 2, the sudden, forward movement in point of transition 
from laminar to turbulent flow with a small . decrease in U 
was caused by outflow of air through the surface when the 
static pressure inside the skin was greater than the minimum 
static pressure on the outside of the airfoil. For the tests 
of configuration 3, however, the skin was dense enough so 
that no outflow of air occurred for all values of CQ investigated 
at Reynolds numbers up to at least 15X 106. 

The probable cause of the rapid increase in drag and 
corresponding forward movement of transition observed in 
the tests of configuration 3 at Reynolds numbers up to 
15X 106 is revealed by a comparison of the values of CQ at 
which the rapid drag rises occurred (fig. 18 (a)) with the 
minimum theoretical values of UQ required to keep the 
laminar boundary layer stable. The experimental values of 
GQ at which the rapid drag rises occurred for configuration 3 
are plotted in figure 13 for ease of comparison. The mini-
mum experimental values of UQ for full-chord laminar flow are 
of the same order of magnitude as the theoretical values and 
decrease with an increase in Reynolds number in the same 
manner as the theoretical up to a Reynolds number of 
15X 10 6 . No outflow of air is known to have existed up to a 
Reynolds number of 15X 10 6 and because of the sealed nose 
which prevented excessive suction at the leading edge and 
the especially smooth surface of this model conflgurttion, it 
is believed that roughness did not cause transition at the low 
values of CQ ; therefore, the sudden drag rise probably oc-
curred when the suction became insufficient (at least over a 
portion of the airfoil chord) to stabilize the laminar boundary 
layer. At a Reynolds number of 19.8X10" outflow of air 
rather than insufficient suction is likely to have caused the 
rapid drag rise with a decrease in U0. For the porous bronze 
skin used in the tests of configuration 3, a value of U equal 
to 1.32 was measured at a value of CQ of about 0.0007 at 
a Reynolds number of 19.8X106. The minimum local 
pressure on the airfoil exterior when mounted in the wind 
tunnel corresponds to a value of pressure coefficient S equal 
to about 1.31. Inasmuch as Up decreases with a decrease in 

a value of 6!Q slightly lower than 0.0007 would result in 
outflow of air through the surface and forward movement in 
transition from laminar to turbulent flow. 

The maximum Reynolds number at which recorded data 
were obtained was 19.8 X 10 6 . During the tests, however, 
at a value of C0 less than 0.001, full-chord laminar flow was 
maintained up to a Reynolds number of about 24X10 1 as 
evidenced by a visual observation of the drag manometer 
which indicated values of the drag coefficient of about 
0.0006. Unfortunately, however, a sudden change in the 
model occurred before any data could be recorded. It was

found that the bronze skin had buckled to such an extent 
that it was impossible to repeat the full-chord laminar-flow 
tests at Reynolds numbers somewhat lower than 20X101, 
although before the skin took the permanent set, repetition 
of the low-drag results could be made. 

Total drag.-The dashed curve of figure' 18 (b) represents 
the variation of 0d with CQ for an assumed constant value of 
Up equal to 1.32. This value of Up was chosen in order to 
present an indication of the minimum suction-drag coefficient 
required to maintain full-chord laminar flow at any value of 
the suction-flow coefficient and Reynolds number. As 
pointed out in the previous section entitled "Wake drag" a 
value of Cp slightly lower than 1.32 would result in outflow of 
air through the surface near the 0.40c position and a forward 
movement in the position of transition. The curves of sec-
tion total-drag coefficient plotted against U (fig. 18 (b)) are 
the sums of the suction and wake drags. The minimum 
section total-drag coefficient decreased with an increase in 
Reynolds number because of the decrease in U0 required to 
obtain low wake drags. A.t a Reynolds number of 
19.8X 106 the minimum CdT was 0.0017 as compared with a 
value of about 0.0045 (estimated from data of reference 14) 
for an NACA 64A010 airfoil without boundary-layer control 
at a Reynolds number of 20X 106. 

COMPARISON BETWEEN THEORY AND EXPERIMENT 

The theoretical variations of R6 ., R5 .,,, and v0/U,, with 
s/c cannot be compared with experiment because local inflow 
velocities and boundary-layer velocity profiles were not 
measured. The theoretical total-suction quantities can, 
however, be compared with the total-suction quantities at 
the knees of the curves of wake-drag coefficient against 
suction-flow coefficient. 

The following table contains the results of the comparison 
between theory and experiment: 

.Minimum values of CQ for laminar stability 

Theoretical Experimental 
R 

Neutral Constant configitra- Configura- Configura-
stability inflow tion 1 tion 2 tion 3 

3.OX10' 0.00132 0.0028 0.0015 
5. 9 0.00056 00096 .0018 .0015 0.00096 
7.6 .00051 . 00084 .0024 
7.8 .00051 .00083 .0034 
9.0 .00048 .00077 .0100 

12. 0 .00044 .00067 .00067 
15.0 .00041 .00060

---------
.00063 

-

19.8 .00037 .00054
--------- 
---------

--------- 
--------- 
---------

-
-.00064

Although the chordwise inflow distribution for configura-
tion 3 was more uniform than for either of the previous con-
figurations and although the minimum experimental values of 
UQ for laminar stability agree very closely with the theoretical 
values of CQ for a constant chordwise inflow, the close agree-
ment cannot be construed as a quantitative check of the 
theory inasmuch as it is known that the experimental chord-
wise inflow distribution was not constant. 

As shown in the table the minimum experimental values of 
C0 for low wake drags for configurations 1 and 2 were appre-
ciably greater than the theoretical values and also increased 
with an increase in free-stream Reynolds number in contrast 
to the trend indicated by the theory. This experimental 
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variation of minimum C with Reynolds number for con-
figurations 1 and 2 was shown previously to be a result of 
outflow of air through the surface and the fact that the mini-
mum QQ for incipient outflow increases with the Reynolds 
number. (See appendix A.) When it became possible to 
attain lower values of G for incipient outflow at a given 
Reynolds number by means of the dense skin of configuration 
3, the minimum values of CQ became of the same order of 
magnitude as the theoretical values and had the same trend 
with Reynolds number as predicted by theory; that is, the 
minimum CQ decreased with an increase in Reynolds number 
up to the maximum test Reynolds number at which outflow 
of air once again prevented a further decrease in CQ for full-
chord laminar flow. It appears, therefore, that the theo-
retical concepts with regard to area suction are valid; the 
Reynolds number itself, then, should not be a limiting param-
eter in attainment of full-chord laminar flow provided that 
the airfoil surfaces are kept sufficiently smooth and fair and 
provided that outflow of air through the surface is prevented 

Quantitative information on the effects of surface rough-
ness or fairness on the stability of the laminar boundary 
layer, however, is not yet available although some indications 
of adverse effects of roughness on the ability to maintain full-
chord laminar -flow were discussed previously. Another in-
dication of the adverse effects of surface roughness was 
obtained during a preliminary test run on configuration 1 
before the model surfaces were sanded. 

For this condition, numerous protuberances existed of 
sufficient magnitude to cause premature transition of the 
boundary layer at a Reynolds number as low as 3.0X 106. 
It is possible, however, that the excessive suction at and near 
the model leading edge may have unduly decreased the 
boundary-layer thickness relative to the size of the projec-
tions; thus, the sensitivity of the boundary layer to tle existing 
disturbances was unnecessarily increased. ' This explanation, 
as discussed previously, was prompted by the work of 
reference 13. Although surface roughnes did not appear to 
cause transition on the sealed-nose configurations (configura-
tions 2 and 3) for the combinations of Reynolds numbers

and flow rates that were tested, it is believed that with other 
combinations of Reynolds numbers and suction rates (at 
least for the same model) the boundary layer could become 
thin enough to allow the surface roughness to cause transition. 
More information on the effects of area suction on the stabil-
ity of the laminar boundary layer in the presence of surface 
disturbances is still required before it can be determined 
whether area suction can be made practical for the control 
of the laminar boundary layer. 

CONCLUDING REMARKS 

Results were presented of a low-turbulence wind-tunnel 
investigation of an NACA 64A010 airfoil with porous surfaces 
of sintered bronze. Full-chord laminar flow was maintained 
by the application of area suction up to a Reynolds number 
of 19.8X106. At a Reynolds number of 19.8X106, the 
total-drag coefficient (wake drag plus the drag equivalent 
of the suction power required) was equal to 0.0017 as com-
pared with an estimated value of 0.0045 for a smooth and 
fair NACA 64A010 airfoil without boundary-layer control at 
a Reynolds number of 20X106 . The minimum experi-
mental values of suction-flow coefficient for full-chord laminar 
flow were of the same order of magnitude as the theoretical 
values arid decreased with an increase in Reynolds number 
in the same manner as the theoretical values. It seems likely 
from the results that attainment of full-chord laminar flow 
by means of continuous suction through a porous surface 
will not be precluded by a further increase in Reynolds num-
ber provided that the airfoil surfaces are maintained suffi-
ciently smooth and fair and provided that outflow of air 
through the surface is prevented. Further research is 
required, however, to determine quantitatively the effect of 
finite disturbances on the stability of suction-type velocity 
profiles. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., March 30, 1951.
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APPENDIX A 

SINTERED-BRONZE SUCTION REQUIREMENTS FOR THE CASE OF INCIPIENT LOCAL OUTFLOW 

Several important conclusions may be drawn from a study 
of the conditions that cause local outflow through a porous 
sintered-brnze sheet installed on an airfoil as a boundary-
layer suction surface. Outflow occurs through any point on 
the skin where the local static pressure on the inside of the 
skin is greater than the local external static pressure despite 
the existence of a difference in pressures at all other points 
such as to produce inflow. An internal pressure just low 
enough to prevent outflow at some critical point produces an 
average value of area suction-flow coefficient which depends 
on the porosity characteristics of the material. 

For a given type of sintered bronze, the velocity into the 
surface varies directly as the pressure drop across the surface 
and inversely as the thickness of the sheet and the absolute 
viscosity of the fluid; thus, 

VO =
Cv0LP

(Al) 
A  

A dimensional analysis will show that the factor c,0 has the 
dimensions of length'. This length is related to the effective 
diameter of the passages leading through the material. So 
long as the flow is of the purely viscous type, the value of c, 
for a specific piece of porous material may be expected to be 
independent of the physical characteristics of the fluid passing 
through the material—that is, the viscosity and density. 

Inasmuch as the suction-drag coefficient increases directly 
as the suction-flow coefficient C' (see appendix B), it is of 
interest to note the manner in which the porosity relation, 
equation (Al), affects the minimum GQ necessary to prevent 
outflow. The average area suction-flow coefficient for both 
sides of a two-dimensional airfoil may be written as 

	

GQU	

—bv0ds
(A2) 

U0cb 

where the quantity of suction air is obtained by integrating 
the inflow velocity v0 over both upper and lower surfaces as 
indicated by the line integral sign. The inflow velocity given 
by equation (Al) may be rewritten as 

=
 (

ol0) 

R 
HO—HX, Ho— 

A	 (A3) 
jut	 q0	 q0  

213637-53-----:0	 -

where IL is equal to the internal static pressure because the 
internal velocity, and therefore the dynamic pressure, is 
extremely low. The two relations in equation (A3), 
H,—Hi and H0—p are the suction pressure-loss coefficient 

q0	 q0 

and the external airfoil pressure coefficient, respectively. 
The inflow velocity at any point is now 

V 0= - 

cv0q0 
(CBS) 

/.Lt 

or
VOCVOR(CS)	 (A4) -u;;---

The suction-flow coefficient for the whole wing can now be 
written as

(A5) 
2 ct 

It may be seen by equation (A5) that, if conditions of airfoil 
pressure coefficient and suction pressure-loss coefficient re-
main fixed for a given porous-skin model wherein c, t, and c 
are fixed, the value of CQ to be associated with a given value of 

(C—S)d will vary linearly with R. Thus, for the out-

flow value of the integral where Cp equals S at some point 
on the airfoil and is higher at all other points, the value of 
UQ corresponding to outflow will increase linearly with increas-
ing R, a result approximately in agreement with experimental 
results. 

In order to have like test conditions for like Reynolds num-
ber as p, U0, c, and u are varied, it is necessary that c0/t 

vary directly with e. When models of different chords are 
geometrically similar to the extent that t is proportional to c, 
then evo must vary directly as c2 . This result would be ex-
pected since it means that the effective diameter of the pas-
sage must vary directly as the chord; that is, the geometrical 
similarity must include the detailed geometry of the structure 
of the porous material, as well as the over-all dimensions of 
the model. 

For like airfoils of different chords covered with the same 
porous material, equation (A4) indicates that the inflow 

449
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distribution at any chordwise position is unchanged if R is 
proportional to c—that is, if U01v is a constant. Thus, if 
the same airfoil profile were used throughout the span of a 
tapered wing and the wing were entirely covered with the 
same porous material, the inflow distribution would be similar 
for all sections of the tapered wing for the convenient condi-
tion of a constant suction pressure within the wing. 

Compartmentation of an area-suction model can be used as 
a method for improving the chordwise inflow distribution so 
that excessive suction flows will not occur at any point, but, 
if this method is used, each compartment must be considered 
as a source of outflow. The flow removed through each com-
partment can be decreased by decreasing the pressure drop 
across the porous surface with a throttling device; and thus 
the effective U based on. the static pressure in the compart- 
ment becomes less for no outflow than the Up that would be 
required at the point of maximum S on the airfoil. (See 
fig. 2.) The net result of compartmenting the whole airfoil is

that for no outflow the sum of the incremental values of QQ for 
each compartment will be less than the minimum UQ required 
for no outflow for the uncompartmented model; further-
more, the greater the number of compartments, the greater 
is the decrease in the value of total CQ for incipient outflow. 
The end point of more and more compartments is that the 
chordwise inflow distribution can be set to any value desired. 
The greatest difficulty in compartmenting is experienced 
at and near the nose where even very small compartments 
must combat a very high chordwise change in pressure drop 
and thus of inflow distribution because of large variations 
in the external pressure. Inasmuch as extreme compart-
mentation may result in an immense construction problem, 
it may be more desirable to provide a skin which has a 
chordwise variation of porosity that will produce the desired 
inflow distribution. Such a skin could be obtained by a 
chordwise variation of either the thickness or the density of 
the material.
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APPENDIX B 

DETERMINATION OF SUCTION-DRAG COEFFICIENT 

If it is assumed that the suction air is pumped back to 
free-stream total pressure by a blower and duct system 
which together have an efficiency of 77,, then the power re-
quired may be written as

== Q(H0—IL) 

where H is the average total pressure of the suction as 
measured at a point under the surface of the wing and 110 
is the free-stream total pressure. 

If the flow quantity is expressed as the suction-flow 
coefficient 

and the total pressure defect is expressed as a pressure-loss 
coefficient

- H0 — H 
q0 

then the power may be written as

If this amount of power were to be supplied by the airplane 
propulsive system of efficiency 71,, then the equivalent drag 
to be associated with this power could be written as 

D=
U0 

or

cd bcqo= J	 (B2) 

where the equivalent drag is expressed in terms of a suction-
drag coefficient based on the area of the wing. 

Equations (Bi) and (132) permit the suction-drag coeffi-
cient to be expressed as

C". = C 0 

On the condition that the blower system operates as efficiently 
as the propulsive system, the suction-drag coefficient reduces 
to 
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NACA INVESTIGATION OF FUEL PERFORMANCE
IN PISTON-TYPE ENGINES 

By HENRY C. BARNETT 

PREFACE 

It is generally recognized that the piston-type engine will continue 
to play an important role in air transportation for an indefinite period 
in spite of the intensive effort now being devoted to gas-turbine power 
plants. For this reason, past researches conducted in piston engines 
are still of interest in the solution of current problems relating to such 
engines. In order to simplify the task of using the data from previous 
investigations, an effort has been made to compile a portion of these 
data into a single reference source. 

This particular report is a compilation of many of the pertinent 
research data acquired by the National Advisory Committee for 
Aeronautics on fuel performance in piston-engines. The original data 
for this compilation are contained in many separate NACA reports 
which have in the present report been assembled in logical chapters 
that summarize the main conclusions of the various investigations. 
Complete details of each investigation are not included in this sum-
mary; however, such details may be found, in the original reports cited 
at the end of each chapter.
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CHAPTER I

HIGH-SPEED PHOTOGRAPHIC STUDIES OF KNOCKING COMBUSTION 

By C. DAVID MILLER* 

At the Summer ?vleeting of the Society of Automotive 
Engineers in 1946, Mr. C. David Miller of the NACA 
presented a paper entitled "Roles of Detonation Waves and 
Autoignition in Spark-Ignition Engine Knock as Shown by 
Photographs Taken at 40,000 and 200,000 Frames per 
Second." This paper was a summary of the NACA high-
speed photographic studies of combustion in engine cylin-
ders and it is reproduced substantially in its original form 
as chapter I of this report. The same material, under 
the title given above, was previously published in the Trans-
actions of the Society of Automotive Engineers in January, 
1947. 

The National Advisory Committee for Aeronautics has 
been using high-speed motion-picture photography in re-
search over a period of more than 20 years and has applied 
this method to the study of combustion within engine cy-
linders since 1933. By the early part of 1936 it had become 
apparent that commercially available cameras were not fast 
enough for the study. of engine combustion, particularly for 
the study of spark-ignition engine knock. For this reason 
work was begun at Langley Field early in 1936 on the de-
velopment of a high-speed camera using a newly invented 
optical system (reference 1). This camera, which was fully 
described in reference 2, will be referred to throughout this 
paper as the high-speed camera. It was operated success-
fully at 40,000 photographs (or frames) per second on its 
first test late in 1938 and has been used since that time 
principally in the study of knock in the spark-ignition en-
gine at Langley Field, Va., and at Cleveland, Ohio. It was 
soon found, however, that even 40,000 frames per second 
was inadequate for the study of spark-ignition engine knock, 
and work was begun in 1939 at Langley Field on the devel- 
opment of a still faster camera. This development was 
based on another optical system (invented early in 1939) 
entirely unlike that of the high-speed camera developed in 
the years 1936 to 1938. (See reference 3.) Construction 
of a camera incorporating the new optical system was com-
pleted in 1941. This camera will be referred to throughout 
this paper as the ultra-high-speed camera. The ultra-high-
speed camera could not be operated satisfactorily according 
to the original design. The difficulties were not directly as-
sociated with the optical system of the camera but with 
incidental mechanical details. Development of the design, 
continued since 1941, has not yet been completed. One 

'Now with Battelle Memorial Institute.

photograph of the phenomenon of spark-ignition engine 
knock, however, was secured with the ultra-high-speed 
camera at Cleveland at the rate of 200,000 frames per sec-
ond. It is believed that pictures can eventually be ob-
tained with this camera at a speed several times greater than 
200,000 frames per second. 

Results of the research work done with the high-speed 
camera and the ultra-high-speed camera have been reported 
on a restricted basis during the war years except for one 
paper (reference 4) presenting a small amount of work on 
diesel combustion. A report on spark-ignition engine com-
bustion printed in 1941 (reference 5) presented preliminary 
results and showed that the knock reaction occurred in less 
than 50 microseconds, and that this reaction may be pre-
ceded by much slower exothermic end-gas reactions. Ref-
erence 6 printed in 1942 included additional preliminary re-
sults and included indications that the knock reaction may 
sometimes originate at a point outside of the end gas and 
that the knock reaction may be preceded by mild vibrations 
which become manyfold intensified at the instant of knock. 
In references ' 5 and 6, the characteristic reaction occupying 
less than 50 microseconds as seen in the photographs was 
more or less assumed to be the knock reaction on the basis 
of the general appearance of the motion pictures. In ref-
erence 7, issued in 1943, this characteristic reaction was 
definitely shown to begin simultaneously, within 25 micro-
seconds, with the onset of violent knocking gas vibrations 
as shown by a piezoelectric pressure pickup exposed to the 
end gas in the combustion chamber. Reference 7 included 
additional indications that the knock reaction does not nec-
essarily originate in the end gas. Reports released in 1944 
showed that the knock reaction instantly rendered a large 
part of the unreleased energy of combustion chemically un-
available (reference 8), revealed several definite facts about 
the previously noted preknock vibrations, and showed the 
development of several types of preknock end-gas auto-
ignition as well as autoignition in a large end-gas volume 
practically without any resultant knock (reference 9). In 
1946 a report was released presenting analyses of some of 
the high-speed pictures indicating knocking detonation-wave 
velocities ranging from one to two times the speed of sound 
in the burned gases (reference 10), and ultra-high-speed 
photographs taken at 200,000 frames per second have been 
released confirming the detonation-wave character of knock 
with a wave speed of 6800 feet per second (reference 11). 
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It is the purpose of the present paper to offer a unified report 
of the facts concerning spark-ignition engine knock that 
have been previously reported on a restricted basis and to 
include as an introduction to the unified report the results 
of a literature study which the author believes support the 
new concept of knock that he and his coworkers ha'e ob-
tained from the high-speed pictures. A synopsis of the 
unified report has also been prepared in the form of a motion-
picture film (reference 12). For a general history of the 
application of photographic methods to engine combustion, 
see references 4, 10, and 11. 

Knock, one of the most serious limitations on the per-
formance of the present-day reciprocating aircraft engine, 
has been plaguing the designers and users of spark-ignition 
engines in general at least since 1880, when Clerk sup-
pressed extremely violent knock by the use of water (refer-
ences 13 and 14). Knock has been the subject of intensive 
research by groups in various countries for about 25 years. 

The past researches on knock have uncovered an immense 
amount of information, not only concerning the basic nature 
of knock but also concerning the question of what to do 
about it. The information available on the basic nature of 
knock has led most writers, at least in the United States, to 
accept the autoignition theory in preference to all others. 
(Though many writers refer to knock as "detonation," they 
do not mean to imply that they believe knock is caused by a 
detonation wave.) Only a few dissenters (references 14 to 19) 
have questioned the adequacy of the autoignition theory. * 
The photographs obtained with the high-speed camera and 
the ultra-high-speed camera have forced the author and his 
coworkers to join the ranks of the dissenters. 

The available information on what should be (lone about 
knock is outside the scope of this paper and is so well known 
that it needs no review here. The available information is 
undoubtedly accurate as far as it goes and is so extensive that 
many practical workers with engines and fuels even discount 
the need for definite knowledge as to what knock is. 

Aside from the fact that any kind of knowledge concerning 
any process of nature rarely proves in the end to be of no 
practical value, some urgent reasons exist for determining 
exactly what knock is. Probably the most important reason 
is associated with the fact that little is definitely known even 
about the harmfulness of knock. As will be shown in this 
paper, there are probably more than One and perhaps even 
more than two phenomena that are regarded as knock when 
they occur in the combustion chamber. In view of the 
possibility that these phenomena may not all be harmful, it 
seems urgently desirable to learn which are harmful and how 
to distinguish between one of the phenomena and another. 
As was pointed out by Boerlage in 1937 (reference 19), 
the noise of knock cannot be regarded too seriously until 
the harm done has been demonstrated to be proportional to 
the noise. In order to distinguish between the forms of 
knock and to know which are harmful and which are not, 
the logical first step appears to be that of learning what the 
phenomena are and under what conditions the various 
phenomena occur.

Other reasons for seeking the true explanation of knock 
are the possible saving of much labor involved in developing 
and testing ideas based on a possibly false conception of the 
nature of knock, acquisition of additional fundamental 
knowledge concerning chemical laws that might prove useful 
in other fields, and the possibility, however remote, that 
some new and simpler solution to the knock problem might 
be suggested. 

Next to autoignition, the detonation-wave theory probably 
is generally regarded as the most plausible of the many 
theories that have been advanced to explain knock. Study 
of the photographs taken at 40,000 frames per second over 
a period of 6 years has convinced the author that a detona-
tion wave, or some phenomenon very much like a detonation 
wave, actually is involved in the type of knock most fre-
quently encountered in the modern aircraft engine. Auto-
ignition also appears to be often involved in knock. A com-
bined autoignition and detonation-wave theory has been 
proposed (reference 10) on the basis of a study of the high-
speed photographs and the available literature concerning 
knock. 

The autoignition and detonation-wave theories of knock 
are actually in agreement in many respects. According to 
either theory knock occurs only after the flame has traveled 
from the spark plug through most of the fuel-air mixture at 
speeds ranging from below 50 feet per second to several 
hundred feet per second, depending on engine speed, fuel-
air ratio, and a number of other variables. This speed of 
50 to several hundred feet per second is a low speed from the 
standpoint of tendency to produce shock; it is the normal rate 
of burning in nonknocking operation. Again according to 
either theory, the shock known as knock is produced by the 
sudden inflammation of the end gas, the gas that has not 
yet been ignited at the time knock occurs by the normal 
travel of the flame from the spark plug. 

If the end gas is considered as being divided into a very 
large number of extremely small cells or increments, it is clear 
that no great shock will result from the burning of the indi-
vidual increments at widely different times, however fast the 
burning of each increment may be, and it is also clear that 
shock will not result from the simultaneous burning of all the 
increments unless each increment goes through the burning 
process within an extremely small time interval. Shock will 
result, according to either theory, only if each increment 
burns within a very small time interval and all increments 
burn at the same time within a very small limit. If these 
two conditions are satisfied, then the end gas does not have 
time to expand during the burning of the increments and a 
very high pressure is produced in the end gas relative to the 
gas in the other parts of the chamber. The subsequent 
expansion of the end gas sets up a violent vibration or system 
of standing waves throughout the entire contents of the com-
bustion chamber. Such a system of standing waves was 
shown to be the cause of audible knock, at least under certain 
conditions, by the researches reported by investigators at the 
Massachusetts Institute of Technology and at General 

Since the presentation of this paper in June 1946, prior opposition to the autoignition theory by several others has come to the author's attention.
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Motors between 1933 and 1939 (references 20 to 23). Slow-
motion pictures of these vibrations taken at 40,000 frames 
per second were first presented at an SAE meeting in March 
1940 (reference 23). - 

The only point of difference between the autoignition and 
detonation-wave theories is in the means of synchronizing 
the ignition of the end-gas increments, that is, the mecha-
nism that causes all end-gas increments to burn at the same 
time within a small enough limit to cause shock. 

The argument presenting the synchronizing mechanism 
of the autoignition theory is as follows: Each end-gas incre-
ment will burn explosively when it attains some certain 
combination of temperature and density (or the equivalent 
of some particular temperature-density history, as suggested 
by Leary and Taylor of M. I. T. in reference 24). All end-
gas increments are adiabatically compressed at the same time 
and at the same rate by the expansion of the burning gas 
behind the flame front. All increments of end gas should, 
therefore, reach the critical combination of temperature and 
density at which they will explode at the same time. 

In an analysis of the synchronizing mechanism of the auto-
ignition theory, it should be considered that the compression 
of the end gas by the burning gases is accomplished by an 
infinite series of sound waves. A given condition of tem-
perature and density should, therefore, be expected to travel 
through the end gas from the burning zone at the speed of 
sound. The combination of temperature and density in any 
end-gas increment may be expressed as some function F, 
so defined that each end-gas increment will explode when 
F=F7-±6, the term 6 representing an element of uncertainty 
due to random variation in the behavior of the end-gas 
increments or to random inhomogeneities. The value of F 
in each end-gas increment will increase by an amount equal 
to 26 in some time interval r. Now if r is not greater than 
the order of the time interval r' required for a sound wave to 
pass through the unignited end gas, then it should be ex-
pected that autoignition would take place as an explosive 
reaction traveling through the unignited end gas at least at 
the speed of sound. It would not take place as a simulta-
neous reaction throughout the end gas. The explosive reac-
tion would constitute some kind of explosive wave, if not 
an actual detonation wave. This wave might travel too 
slowly to produce shock and to be regarded as a true detona-
tion wave. Obviously, however, the less shock the wave 
produced the less the knocking sound heard outside the 
engine. 

If r is assumed to be much greater than the order of r', 
then autoignition should be expected to develop homogene-
ously throughout the end zone. The pressure built up by the 
combustion of the end gas, however, is relieved also by an 
infinite series of sound waves. Consequently, if r is many 
times greater than the order of a time interval r" required 
for a sound wave to pass through the autoigniting end gas, 
the pressure in the end gas would be relieved many times 
during the process of autoignition and shock would not occur. 

The magnitude of the time interval 'r apparently must

lie within a range somewhat greater than r' but not many 
times greater than r" if knock is to be caused by a homogene-
ous autoignition of the end gas. Above this range of values 
for r no shock can occur; below this range of values the auto-
ignition must occur as something similar to a detonation 
wave, and becoming more and more like a detonation wave 
as the knock intensity increases. (Knocks of different in-
tensity can occui' with the same end-zone volume according 
to unpublished NACA photographic records.) The time 
interval r" is a variable for different stages of the homogene-
ous autoignition process and reaches a value much less than 
T ' during the later stage s of the process. The range of values 
of r greater than r' but not many times greater than r" 
must, therefore, be quite narrow. 

Autoignition, either as a detonation wave or as a homogene-
ous reaction with -r slightly greater than r', seems a very 
plausible synchronizing mechanism. Before it is accepted 
conclusively, however, the available evidence should be care-
fully studied as to whether it actually is an adequate syn-
chronizing mechanism. The evidence should also be investi-
gated as to whether autoignition of the individual gas 
increments proceeds to completion within a short enough 
time interval to produce shock. A considerable amount of 
evidence exists against autoignition as the sole cause of the 
standing waves of knock on both counts, as will be shown in 
the later parts of this paper. 

The synchronizing mechanism postulated by the detonation-
wave theory is an intense compressive shock wave that 
travels through the end gas at supersonic velocity. Each 
gas increment is ignited probably by the combination of the 
sudden intense compression occurring in the shock front, the 
action of chain carriers in the shock front, and the radiation 
of heat from the shock front. The entire combustion, or 
some definite stage of the combustion, of each gas increment 
is presumed to occur in the shock front and to release a large 
amount of energy immediately behind the shock front. The 
energy released by the gas increments immediately behind 
the shock front maintains the high pressure required to 
propagate the shock front through the charge. Such a 
phenomenon, being an intense shock wave, would obviously 
set up vibration of the gases throughout the combustion 
chamber. If, as the author holds, simple homogeneous 
autoignition can no longer be accepted as the sole cause of 
the knocking gas vibrations, the detonation wave appears to 
he the only remaining plausible explanation that has been 
suggested. The detonation wave, however, may be only 
the end result of a comparatively slow homogeneous end-gas 
autoignition or the detonation wave may act as the initiator 
of a very rapid homogeneous combustion which in its turn 
sets up the violent gas vibrations. 

A literature-based argument in favor of a combined 
detonation-wave and autoignition theory of knock will be 
found in the first part of the section called "Discussion and 
Analysis," and the unified report of the findings obtained 
from the high-speed and ultra-high-speed photographs will 
be found in the second part of the same section.
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DEFINITION OF TERMS 

Throughout the present paper the following terms are 
used with the meanings indicated: 

1. Knock: Any type of reaction occurring within 
combustion-chamber contents and producing objectionable 
noise outside the engine, but not including the phenomenon 
of early combustion caused by too early spark timing or by 
early ignition from a hot spot. 

2. Explosive knock reaction: A specific reaction observed 
in NACA photographs of knocking combustion taken at 
40,000 frames per second, usually appearing instantaneous 
when the photographs are projected at the normal rate of 
16 frames per second and coinciding chronologically with 
the onset of gas vibrations as seen in the photographs. (This 
reaction, being regarded as one form of knock, will sometimes 
be referred to simply as "knock" when the context makes 
the meaning clear.) 

3. Flame front: The continuously changing surface that 
separates uninfiamed parts of the cylinder charge from the 
burning parts of the charge that have been ignited by the 
advance of the flame from the spark plug. 

4. Autoignition: Spontaneous burning in any part of the 
cylinder charge not caused by a spark, by contact with a 
flame front, or by contact with a hot spot, and including not 
only the initiation of burning but the entire process of 
burning resulting from the spontaneous ignition. 

5. Shock wave: An intense compressive wave traveling 
through gas at supersonic velocity, the front of such wave 
constituting an abrupt increase or practical discontinuity in 
temperature, density, and velocity of the gas. 

6. Detonation wave: A type of wave often observed in 
long tubes consisting of a shock wave traveling through a 
gas or a gas mixture and causing a reaction of the gas in the 
shock front, such reaction releasing energy immediately 
behind the shock front, the energy so released serving to 
maintain the pressure needed behind the shock front to 
propagate the wave. 

DISCUSSION AND ANALYSIS: LITERATURE-BASED ARGUMENT FOR 
COMBINED DETONATION-WAVE AND AUTOIGNITION

THEORY OF KNOCK 

Autoignition theory.—The autoignition theory of knock 
was suggested by Ricardo in 1919 (reference 25). Midgley 
in 1920 declined to accept the autoignition theory and held 
to the detonation-wave theory (reference 14). A year later 
Woodbury, Lewis, and Canby of the du Pont laboratories 
(reference 26) presented streak photographs of combustion 
in a bomb, taken by the method of Mallard and Le Chatelier 
(reference 27), and drew conclusions favoring the autoigni-
tion theory. These du Pont investigators seem to have 
regarded the detonation-wave theory as the one having had 
general credence up to that time. From an analysis of their 
streak photographs and from consideration of various facts 
reported by previous investigators, they concluded that "the 
possibility of detonation under such conditions [conditions 
existing in the engine cylinder] appears exceedingly remote." 
After mentioning that detonation is set up in a closed cylinder 
of small dimensions only with great difficulty, they further

stated: "On the other hand, autoignition of the high-density 
gases ahead of the flame front occurs over a wide range of 
fuel mixtures and conditions [in their tests] and gives a 
sudden development of pressure similar, in our opinion, to 
that characteristic of a knocking explosion. It is possible 
that this autoignition may set up detonation [a detonation 
wave] in some cases, thereby acting as an intermediate stage 
in knocking. Our experiments have not been carried to a 
definite conclusion, and present data do not warrant presen-
tation of autoignition as a positive explanation for knocking. 
It is our feeling, however, that information at hand favors 
more strongly the theory of autoignition of the high-density 
gases ahead of the flame front than that of detonation [the 
detonation wave]." 

Actual motion pictures of knocking combustion were first 
published in 1936 by Withrow and Rassweiler of General 
Motors Corp. (reference 28). These excellent photographs, 
taken at the rate of 2250 frames per second, showed the 
development of autoignition in the end gas and greatly 
increased the already existing confidence in the autoignition 
theory. They were taken at too low a rate to show a detona-
tion wave, however, even though such a wave might actually 
have occurred after the autoignition that was photographed. 

The autoignition theory, with the additional assumption 
of preflame chain reactions, has the advantage of explaining 
and correlating many of the known facts concerning knock. 
During the period of 1939 to 1945, however, urgent need for 
a modification of the simple autoignition theory of knock 
was shown by photographs of knocking combustion taken at 
the rate of 40,000 frames per second with the NACA high-
speed motion-picture camera. The first of these photographs, 
presented in references 23 and 5, showed a reaction completed 
in 50 microseconds or less. The authors believed that this 
reaction was the true knock reaction because they could see 
in the projected motion pictures that this reaction occurred 
at the same time as the beginning of the violent vibration of 
the gases, which by then had come to be regarded as an 
indication of knock. Later NACA tests (reference 7) showed 
that this extremely quick reaction did occur simultaneously 
with the beginning of the vibrations. Serruys had previously 
(in 1932) concluded that knock generally occupies a time 
interval less than 100 microseconds in reference 29 and, in 
1933, on a basis more in harmony with the standing-wave 
concept of knock, in reference 30. Considerations presented 
in the present paper have caused the author to abandon the 
exclusiveness of the concept "true knock reaction." The 
reaction will hereinafter be referred to as the "explosive 
knock reaction." 

The need for a modification of the autoignition theory of 
knock lies in the fact that the evidence available in the 
literature indicates autoignition requires for its completion 
a time interval of an entirely higher order than the 50 micro-
seconds involved in the explosive knock reaction, even under 
conditions of severity approaching those of the modern air-
craft engine. The previously mentioned photographs by 
Withrow and Rassweiler (reference 28) clearly show brightly 
luminous autoignition occupying a time interval of the order
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of 1000 microseconds. NACA high-speed photographs have 
shown autoignition flames slowly propagating themselves 
from point to point throughout the end gas before the 
explosive knock reaction occurs (reference 9); and another 
NACA high-speed photograph has shown autoignition devel-
oping slowly and simultaneously in all parts of the end gas 
before the occurrence of the explosive knock reaction (refer-
ence 5). These two types of autoignition shown in the 
NACA high-speed photographs, preceding the explosive 
knock reaction, occupied time intervals ranging from 500 
to 1250 microseconds. Streak photographs were published 
as early as 1911 by Dixon and coworkers (references 31 and 
32) showing slow autoignition in glass tubes resulting from 
quick compression. This autoignition progressed at a rate 
comparable with the rates of the autoignitions shown by 
Withrow and Rassweiler and by the NACA investigators. 

The evidence showing that autoignition occupies a time 
interval of a higher order than 50 microseconds is not the 
only reason for believing simple autoignition to be an inade-
quate explanation of knock. Many investigations have 
shown that autoignition can occur without causing marked 
gas vibrations, which are probably the best known charac-
teristic of knock in the present-day spark-ignition engine. 
These gas vibrations, if they occur, are visible in streak 
photographs taken by the method of Mallard and Le Chatelier 
(reference 27) as a series of bright bands extending across the 
photograph in a direction perpendicular to the direction of 
film movement. The gas vibrations also cause oscillations 
in pressure-time records. 

Some excellent streak photographs presented by Withrow 
and Boyd (reference 33) are examples of nonvibratory auto-
ignition in the engine cylinder. These General Motors 
investigators stated that both the pressure-time records and 
the flame traces show that the autoignition required 2° to 5° 
of crankshaft rotation (400 to 1000 microsec) for its comple-
tion. Figures 11 to 16 of their work clearly show the flame 
front traversing the greater part of the chamber at the 
normal rate and show the end gas then being consumed at a 
much higher rate. All of these figures except figure 14, 
however, reveal not the slightest indication of gas vibrations. 
It is difficult to conclude from the printed picture of figure 14 
whether there is any evidence of vibrations. Moreover, the 
pressure-time records of figures 11 to 16 of reference 33 show 
no evidence of gas vibrations. Though audible gas vibra-
tions probably did not occur in those tests, some kind of 
disturbing noise surely must have occurred, as is discussed 
in the present paper under "Detonation-Wave and Auto-
ignition Theories Combined." 

Withrow and Boyd did not comment on the absence of gas 
vibrations in their tests. Up to about the time of the writing 
of their paper (1931), gas vibrations do not seem to have been 
regarded as a usual feature of knock. The only recognized 
criterion of knock as seen in pressure-time records appears to 
have been simply a sharp increase in the rate of pressure rise. 
In 1932 Rassweiler and Withrow (reference 34) presented 
streak photographs clearly showing the gas vibrations; and 
in 1934 (reference 21) they showed that the vibrations as

seen in the photographs coincided, cycle by cycle, with 
fluctuations shown in the pressure-time records. 

Woodbury, Lewis, and Canby in 1921 did not regard the 
gas vibrations as being associated with knock, for in the 
previously quoted passage (reference 26) they concluded on 
the basis of their own experiments that autoignition of the 
high-density gases ahead of the flame front gives a sudden 
development of pressure similar, in their opinion, to that 
characteristic of a knocking explosion. The pressure-time 
traces presented for the cases of autoignition referred to 
showed, in general, no gas vibrations but only a sharp increase 
in rate of pressure rise near the end of combustion. Almost 
without exception the streak photographs also showed no 
trace of gas vibrations; the exception was with ether-air 
mixtures. With initial temperature of 150° C and initial 
pressure of 65 pounds per square inch, neither the flame trace 
nor the pressure-time trace for an ether-air mixture showed 
any sign of gas vibrations, whereas with the same initial 
temperature and with initial pressure of 75 pounds per square 
inch, both the flame trace and the pressure-time trace showed 
the gas vibrations with agreement in frequency. The change 
that occurred in the phenomena studied in a bomb by these 
investigators, when passing from 65 to 75 pounds per square 
inch with ether-air mixture at 150° C, appears to correspond 
to the change in the recognized criterion of spark-ignition 
engine knock that developed in the early 1930's. 

No particular note appears to have been made in the 
literature of the change in the recognized criterion of knock 
that developed in the early 1930's. Sufficient data do not 
appear to be available to explain the change or to indicate 
whether it was a real change caused by altered engine design 
and altered fuels or an apparent change developing with the 
securing of more extensive data. 

In 1939 Boyd (reference 35) compared a streak photograph 
of autoignition without gas vibrations (fig. 10 of reference 35, 
same as fig. 16 of reference 33) and a streak photograph of 
autoignition with gas vibrations (fig. 12 of reference 35, same 
as fig. 10 of reference 34). He very reasonably regarded the 
case of his figure 12 as involving a much more violent knock 
than the case of his figure 10. Examination of his figures 
10 and 12, however, discloses that the end zone was of nearly 
the same size in the two cases at the time the autoignition, 
or knock, occurred. The comparison therefore indicates 
that the violence of knock or at least the violence of the gas 
vibrations is not dependent on the size of the autoigniting end 
zone. Moreover, NACA high-speed photographs have 
shown plainly visible gas vibrations in cases where the end 
zone, if any existed at the time of start of the gas vibrations, 
was too small even to be seen in the photographs (references 
6 and 7). 

Other streak photographs showing autoignition without 
trace of gas vibrations may be found in papers by General 
Motors investigators (references 36 to 38). The most striking 
examples of this phenomenon, however, are to be found in the 
work of Duchene (reference 39). In this work many streak 
photographs are presented of combustion, with spark ignition, 
in a bomb equipped with a piston providing compression by
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a blow from a heavy pendulum. Many of these flame traces 
show a sudden darkening extending entirely across the trace, 
which Duchene considered as indicative of a detonation wave. 
Only three of the records, however, 21, 35, and 36, show any 
trace of gas vibrations. In most cases the darkening is quite 
diffuse instead of practically instantaneous, as it should be if 
caused by a detonation wave. The records all distinctly show 
slow autoignition preceding the sudden darkening. The frac-
tion of the total charge involved in the nonvibratory auto-
ignition in the different records covers the entire range from 
near zero to practically the entire charge. Gas vibrations 
should not, of course, be expected from simultaneous auto-
ignition of the entire charge at constant volume. Records 
23, 28, 29, and 31 of Duchene's work, however, clearly show 
autoignition of about half the contents of the chamber 
without any trace of vibrations. 

The inadequacy of simple autoignition as an explanation 
of the phenomenon of knock has been clearly recognized by 
some investigators. In 1928 Maxwell and Wheeler in refer-
ence 15 reported frequently observing autoignition flame, 
with 50-50 mixtures of pentane and benzene in a bomb, 
starting from the far end of the cylinder and progressing back 
to meet the spark flame. They reported that explosions in 
which this phenomenon occurred were no louder than usual 
and that the pressure records showed no unusual features. 
They concluded, in consequence, that such an ignition of 
unburnt residual mixture is not likely to be the cause of a 
pinking explosion in an engine cylinder. In reference 16 the 
same investigators stated: "Our objection to the 'autoigni-
tion' theory is that, when such ignitions occur during an 
explosion in a closed cylinder (for example, figs. 2 and 5), the 
explosion is no more violent than in their absence. Moreover, 
what we have termed a 'pink' in our cylinder, because it so 
closely resembles the pink in an engine cylinder, is obtained 
most commonly without the occurrence of 'autoignition.' " 

In 1935 Egerton, Smith, and Ubbelohde (reference 17), in 
discussing the work of other investigators, stated: " 'Autoig-
nition,' that is, ignition in a region of the gas prior to tle 
arrival of the flame front, was observed both in the knocking 
zone and elsewhere, but does not necessarily give rise to the 
knocking type of combustion, though it was supposed that 
the high rate of combustion in the knocking zone was due to 
autoignition within it." 

In 1936 Boerlage (reference 19), in discussing the results of 
his own streak photographs, stated: "What surprised us, 
however, in the results obtained with the test engine, was the 
relatively slow character of the combustion due to autoigni-
tion. The development of the second center of ignition was 
at all points similar to the progression of the primary flame 
due to the spark. The 'simultaneous' combustion of the 'end 
gas,' which we have believed responsible for the knock, thus 
seems to be reduced to the rather calm development of a 
secondary center of ignition." He further stated: "h * * 

the velocity of the secondary flame front is practically equal 
at each instant to that of the primary flame front. We have 
never been able to make out any speed equal to the speed- of 
sound, but at most speeds of 150 meters per second, and

these only in the case of excessive detonation (knock). In the 
case of slight detonation (knock) the speeds do not attain 
even half this figure. * * * The pressure diagrams show 
only moderate pressure rises, and this is still another indirect 
proof of the fact that the speeds of the flames are relatively 
low and remain much below the speed of sound. We have 
not succeeded in demonstrating the existence of extreme 
local pressures." 

The investigations mentioned have shown beyond possible 
doubt that autoignition can, and in many cases actually does, 
occur too slowly to cause the gas vibrations characteristic of 
knock. This fact does not prove that autoignition cannot., 
under any conditions, occur quickly enough to cause the gas 
vibrations. It does, however, preclude the possibility of 
regarding the occurrence or nonoccurrence of autoignition as 
a criterion for the occurrence or nonoccurrence of the type of 
knock characterized by gas vibrations. A different criterion 
must be sought, either the occurrence of autoignition at a 
rate above some critical value or the occurrence of some other 
phenomenon. 

Indeed the criterion of autoignition at a rate above some 
critical value seems to be precluded by some of the NACA 
photographs (references 5 and 9), for in those cases slow 
autoignition was seen to occur, followed by the much faster 
reaction that set up the gas vibrations. In this connection it 
should be noted that some investigators (references 24 and 
40) have regarded the apparent a.utoignition shown in one of 
the NACA papers (reference 5) as a preflame reaction. The 
slow apparent autoignitions shown in reference 9, however, 
are more difficult to explain as preflame reactions because 
they propagate themselves from point to point in the same 
manner and at about the same speed as a normal flame. 

The available literature, as reviewed in this section, points 
to the conclusion that some phenomenon other than simple 
autoignition must be sought as the cause of the gas vibrations 
associated with knock in the modern spark-ignition engine. 

Detonation-wave theory.—Prior to the NACA investiga-
tions that will be summarized in the present paper the oc-
currence of a detonation wave in a bomb or a knocking engine 
had not been supported by any such abundance of direct 
experimental evidence as the occurrence of autoignition. 
This fact is, of course, readily explained by the consideration 
that the detonation wave, being a many times faster phe-
nomenon than autoignition, requires very much more power-
ful methods for its detection. A very important considera-
tion in favor of the detonation wave as the explanation of 
gas vibrations is the unquestionable fact that it would cause 
gas vibrations if it did occur, whereas it has been shown that 
simple autoignition does not necessarily cause the vibrations 
when it occurs. 

Many writers have long been strongly opposed to the 
detonation-wave theory of knock, principally because it is 
very difficult to set up detonation waves in containers as 
small as an engine cylinder, or indeed in hydrocarbon-air 
mixtures at all, and because many variables have unlike 
effects on the tendency of a combustible charge to knock 
in an engine and to develop a detonation wave in a tube.
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In 1936 the Russian investigators Sokolik and Yoinov 
(reference 18) furnished direct experimental evidence of 
propagated combustion, as contrasted with the concept of 
simultaneous a.utoignition, traveling through the end zone 
in a knocking engine at the correct speed. to he regarded as 
a detonation wave. This evidence is in the form of streak 
photographs for which a sufficiently high ifim speed was used 
to resolve the slope of the luminosity front developed by the 
detonation wave. It is unfortunate that this work has not, 
in the past few years, received more careful consideration. 
The photographs of Sokolik and Voinov were taken through 
a narrow window extending across the combustion chamber 
in the direction of the flame travel. The results show the 
flame traversing the greater part of the chamber at a mean 
velocity usually less than 20 meters per second, then travers-
ing the remaining part of the chamber at a velocity of the 
order of 2000 meters per second. 

The photographs of Sokolik and Voinov are, of course, 
open to the criticism that they show the performance of 
only a narrow zone in the combustion chamber. For this 
reason, the illusion of a detonation wave traveling at 2000 
meters per second could have been caused by a much slower 
autoignition traveling through the end gas at a considerable 
angle to the visible zone. Such an illusion should not be 
expected to be consistent throughout many records. Sokolik 
and Voinov, however, do not state how many records they 
studied. 

NACA high-speed motion pictures of knock in references 
6, 7, and 11 have suggested that the explosive knock reaction 
does not necessarily originate in the flame front but that it 
originates at random anywhere within the normal flame or 
the autoigniting end gas. For this reason NACA investiga-
tors have been slow to accept the results of Sokolik and 
Voinov as having general validity, suspecting that some 
difference in test conditions may have caused a type of knock-
ing phenomenon to occur in their work different from any 
knocking phenomenon that has been found in the NACA 
investigations. 

The new evidence for the occurrence of a detonation wave 
iii the knocking engine, based on the high-speed and ultra-
high-speed photographs of references 10 and 11 will be dis-
cussed in the second part of the section called "Discussion 
and Analysis." 

Intermediate flame velocity.—Intermediate between the 
slow autoignition found by various investigators and the 
detonation-wave velocity determined by the Russian investi-
gators in reference 18 is the finding bySchnauffer (reference 41) 
of a speed of 265 to 300 meters per second for the travel 
of a flame through the end zone in knock. Schnauffer made 
this determination by means of ionization gaps mounted in 
different parts of the combustion chamber. The ionization 
current across the successive gaps was amplified and used to 
light neon bulbs. The time interval between the lighting of 
the successive bulbs was measured by the record of the bulbs 
on a photosensitive drum rotating at high speed. 

Flame travel at 265 to 300 meters per second through an 
end zone 2 to 3 centimeters long would be almost fast enough 
to satisfy the 50-microsecond limitation imposed by the

NACA photographs (reference 5), and such a rate of flame 
travel might, therefore, very well be regarded as a satis-
factory cause of the explosive knock reaction. Note should 
be made, however, that the speed of 265 to 300 meters per 
second has not been verified by other investigators. 
Schnauffer did not indicate how many ionization gaps were 
used in the actual knocking zone to determine the velocity 
of 265 to 300 meters per second. Examination of the pattern 
of the gap locations as shown in the figures of his paper in-
dicates either that the velocity was determined from the time 
interval between ionization of only two gaps or that the 
distance over which the velocity was measured was much 
greater than 2 or 3 centimeters, in winch case the 50-micro-
second limitation was not satisfied. Measurement of rate 
of flame travel on the basis of the time interval between 
ionization of two gaps would not be valid in case of any type 
of greatly accelerated reaction in the end gas. In such a 
case the normal flame travel through an indeterminate frac-
tion of the distance between the last two gaps would be 
erroneously treated as the flame travel across the entire 
distance; the result would be a meaningless velocity. 

In Schnauffer's paper oscillograph records were shown for 
the ionization currents produced both by the normal flame and 
the knock reaction in the end zone. The oscillograph records 
for the two types of combustion look very much alike. Hast-
ings has shown in reference 42, with the vibratory type of 
knock, that the total time interval throughout which 
ionization currents are measurable in the end gas is only a 
small fraction of the time interval throughout which the 
ionization currents are measurable in the earlier-burned 
parts of the cylinder charge. The similarity in the oscillo- 
graph traces of Schnauffer's work therefore indicates that 
he was dealing with simple autoignition, not vibratory 
knock. 

Nature of gas vibration s.—Many investigators have shown 
the occurrence of gas vibrations in bombs and in engine 
cylinders, both by photography and by pressure-time recods. 
When the vibrations were first observed on indicator records 
of engine combustion, the question was raised whether they 
were not natural vibrations of the indicator set up by the 
blow of knock. Undoubtedly in many cases of simple auto-
ignition this explanation was correct. In this connection the 
observation by Schnauffer in 1931 (reference 43) is of 
interest. \\Titui

 
the ionization-gap method he found ap-

parently simultaneous ignition of end gas amounting to 
approximately 50 percent of the entire cylinder charge; 
the indicator record showed no vibrations but only a sharp 
increase in rate of pressure rise. Schnauffer commented: 
"Figures 4 and. 5 show that with a pressure indicator suffi-
ciently free of inertia it is very well possible to record the 
knocking blow without the appearance of pressure oscilla-
tions. It is thereby demonstrated that the oscillations are 
not pressure oscillations." When Withrow and Rassweiler 
in 1934 (reference 21) showed a precise agreement between 
the oscillations recorded by an indicator and the bright 
bands on a streak photograph of the combustion, it was no 
longer possible to doubt the validity of the vibrations 
recorded by the best indicators.
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Examination of the published records of gas vibrations in 
bombs and in engine cylinders reveals that with com-
paratively slow-burning mixtures, such as are used in the 
spark-ignition engine, these vibrations are generally of two 
types: With the first type the first cycle of vibration re-
corded has a larger amplitude than any of the later vibra-
tions and the decay of the vibrations is gradual; with the 
second type both the buildup and the decay of the vibrations 
are gradual. A detonation wave, by definition, would cause 
the first type of vibration but not the second. With auto-
ignition ruled out as a cause of the first type of vibration, 
the detonation wave is probably the only known physical 
phenomenon that could cause it. This type of vibration 
will, therefore, be referred, to hereinafter, for convenience, 
as the "detonation wave" type of vibration. The many in-
vestigations that have shown the detonation-wave type of 
gas vibration in bombs or engine cylinders, either photo-
graphically or by means of pressure indicators, include 
some of those previously mentioned (references 5 to 7, 
18, 21, 26, 30, 34, 35, and 38), as well as investigations 
by Souders and Brown (fig. 6 of reference 44), Boerlage, 
Broeze, van Driel, and Peletier (reference 45), and Rothrock 
and Spencer (reference 46). 

The type of vibration having a gradual buildup obviously 
requires a gradual feeding in of energy over a period of many 
cycles. This gradual feeding in of energy could occur only 
if the vibrations themselves affected the local rates of com-
bustion, or energy release, in such manner as to speed up 
the combustion in the high-pressure regions relative to the 
low-pressure regions. Such an effect would cause any slight 
accidental vibration to become self-amplifying. The cause 
of an accidental vibration is not hard to find. Ignition at a 
point in a vessel will unavoidably send forth a pressure 
wave which, after reflection from the far wall, will return 
to the point of ignition and may speed up the combustion 
upon its arrival. Souders and Brown at the University of 
Michigan (reference 44) found that a very pronounced 
occurrence of this type of vibration could be eliminated by 
shortening their spark commutator contact so as to decrease 
the intensity of the pressure disturbance at ignition. The 
type of gas vibration having a gradual buildup will be 
referred to hereinafter as the "vibratory combustion" type 
of vibration. 

The possibility, of course, exists that the inertia and 
damping characteristics of a pressure indicator might cause 
it to indicate a gradual buildup of vibrations even though 
the gas vibrations actually were of the detonation-wave 
type, particularly in cases where the vibration frequency is 
nearly the same as the natural frequency of the indicator. 
The failure of such spurious records to occur in practice, 
however, is indicated by the fact that all the records to 
be found in the literature fall very distinctly into the 
detonation-wave or the vibratory-combustion type; there is 
apparently no middle ground. A middle ground would be 
expected when the detonation-wave type of vibration is

modified by a pressure indicator with only slightly too much 
inertia to produce a faithful record. 

The vibratory-combustion type of vibration, as should be 
expected, generally occurs in fairly long cylindrical bombs, 
in which the natural frequency is comparatively low and the 
total time of flame travel is comparatively long. Under such 
conditions this type of vibration may occur without any 
evidence of autoignition, hot-spot ignition, or any other type 
of combustion except the normal flame from the igniting 
spark, as in the previously mentioned work at the University 
of Michigan (figs. 5, 7, and 13 of reference 44). 

Gas vibrations of the vibratory-combustion type in bombs 
have also been shown by Hunn and Brown, Kirkby and 
Wheeler, Lorentzen, Duchene, Wawrziniok, and Kochling 
in references 47, 48, 49, 39, 50, and 51, respectively. The 
photographs by Kirkby and Wheeler show how the vibra-
tory combustion requires a bomb of considerable length. 
Lorentzen pointed out that the vibrations, which he appar- 
ently believed were caused by the same phenomenon as 
knock in the engine cylinder, could not have been caused 
by detonation because they set in before the attainment of 
maximum pressure. The vibrations shown by Duchene 
(records 21, 35, and 36) are of particular interest because 
they developed long after the charge had been completely 
inflamed, yet appear to have been built up gradually. The 
work by Wawrziniok showed gradual buildup not only of 
the vibrations in a bomb but also of the air vibrations out-
side a knocking engine. It is possible, however, that the 
forced vibrations of the engine walls built up gradually 
even with a detonation-wave type of gas vibration in the 
combustion chamber. The gradual buildup of the air 
vibrations in this case was very rapid as compared with 
the buildup of the gas vibrations in the bomb; in fact, this 
case seems to be the middle ground that is lacking in indicator 
records exposed directly to gas vibrations within the com-
bustion chamber. 

The work of Maxwell and Wheeler (references 15, 16, 
and 52) seems unique in the fact that they appear to have 
encountered both vibratory combustion and the detonation-
wave type of vibration in the same explosion, and the one 
occurring just before the end of the flame travel and the 
other just after the flame front reached the far wall of the 
bomb. There seems to be no reason, however, why the 
two types of vibration should not occur, one after the other 
in the same combustion cycle. Moreover, two independent 
vibrations, each of the detonation-wave type, can be set 
up one after the other in the same combustion cycle, as has 
been shown in reference 9. 

The excellent streak photographs by Payman and Titman 
(reference 53) are probably not pertinent to the present 
discussion because they involve only much faster-burning 
mixtures than are ordinarily used in spark-ignition engines. 
Inasmuch as pressure-time records are not included with 
the photographs by Payman and Titman, any discussion 
of the type of vibration set up by the phenomena shown 
in those pictures would be only speculation.
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Detonation-wave and autoignition theories combined.—
The foregoing discussion clearly indicates a need for some 
kind of combination of the detonation-wave and autoignition 
theories of knock, inasmuch as the occurrena of both 
autoignition and an apparent detonation wave has been 
demonstrated in the knocking engine. The combined 
theory proposed herein involves an affirmative decision on 
the controversial question as to whether afterburning takes 
place in a volume of gas for a considerable time after the 
flame front has passed through that volume of gas, or after 
the entire volume of gas has become inflamed through 
autoignition. For the purpose of this discussion "after-
burning" will be understood to mean continued oxidation 
of combustible or any other reaction that causes continued 
spontaneous expansion of gases or pressure increase at 
constant volume. 

If the concept is accepted of a body of end gas inflamed 
throughout its entire volume by autoignition, then it would 
seem reasonable that under severe conditions such an in-
flamed body of gas might be highly susceptible to the prop-
agation of a detonation wave and that a detonation wave 
traveling through the inflamed body of gas might be the 
immediate result of autoignition. Such a high suscepti-
bility to the detonation wave might be caused not only by 
the high temperature within the inflamed gases but by high 
concentrations of molecular fiagments that might be of 
importance in the propagation of the detonation wave. 
If the possibility is accepted of a detonation wave traveling 
through a body of gas previously inflamed by autoignition, 
it seems almost necessary also to accept the possibility of 
such a wave traveling through a body of gas in which after-
burning is taking place behind the normal flame front. In 
this manner a detonation wave could develop without 
autoignition after the entire contents of the combustion 
chamber had been ignited by the normal flame front. Larger 
volumes of inflamed gas at any one instant would be expected, 
however, with autoignition than without autoignition; 
therefore, a detonation wave should be expected to develop 
principally in the autoigniting end gas rather than in after-
burning gas behind the flame front. 

Concerning the possibility of burning after passage of the 
flame front through a body of gas, Withrow and Rassweiler 
in reference 36 concluded that the spectrum of the after-
glow emitted by such supposedly afterburning gas is the same 
as that emitted during the 00-02 reaction and caused by 
active CO, 02, 002, or 03 molecules. They suggested that 
the H2+CO2 ± C0+H20 reaction is in equilibrium after 
the flame front has passed and that the afterglow is due 
to a readjustment of the equilibrium when the pressure 
and consequently the temperature are increased. They 
remarked: "The distribution of intensity of the afterglow 
throughout the combustion chamber accords well with the 
idea that the emission is by carbon dioxide heated by the 
increase in pressure brought about by combustion of the 
rest of the charge." 

The suggestion that afterglow is entirely caused by read-
justment of equilibrium due to compression does not seem

compatible with the results of Stevens' work at the National 
Bureau of Standards with a soap-bubble bomb in which 
no appreciable compression of the earlier-burned gas by the 
later-burned gas was possible. Some of Stevens' streak 
photographs show very considerable afterglow (references 
54 to 56). On the other hand two of his photographs 
(references 57 and 58) show only the trace of the luminous 
flame front without afterglow. 

Other sound explanations of the afterglow may exist 
independent of the concept of afterburning, but the possibil-
ity of other explanations only precludes use of the afterglow 
as support for the afterburning hypothesis; that is, the 
possibility of such explanations may not be regarded as 
evidence against afterhuruing. 

Lewis and von Elbe in reference 59 have regarded Stevens' 
results (references 56 and 57) as evidence against the concept 
of afterburning, stating " * * thousands of explo-
sions * * * failed to reveal the slightest indication of 
further expansion of the burned sphere after the flame had 
traveled across the entire gas mixture." If close measure-
ments are made on figure 2 of Stevens' 1923 repoIt (refer-
ence 54) and figure 2 of his 1930 report (reference 56) it seems 
questionable whether a positive statement can be made that 
these figures show not even the slightest continued expansion 
of the luminous zone after the constant-velocity expansion of 
the spherical shell of flame had come to an end. (The end 
of the constant-velocity expansion of the flame shell seems 
to be the only means of determining from the photographs 
when the flame "had traveled across the entire gas mixture.") 
In one of the flame traces of figure 4 of reference 58 in which 
the afterglow is absent, continued expansion is plainly visible 
after completion of the constant-velocity expansion of the 
flame shell. The printed reproductions of photographs in 
reference 55 show the flame-front trace too indistinctly for 
judgment on continued expansion after completion of the 
constant-velocity expansion. Figure 2 of reference 54 shows 
luminosity fading  progressively from the outer edge of the 
luminous sphere toward the center after some slight expan-
sion has possibly taken place; the progressive fading is 
probably caused by rapid cooling of the outer shell of hot 
gases after the combustion is nearly complete. Figure 4 of 
a report by Randolph and Silsbee (reference 60), obtained 
with the same Bureau of Standards apparatus as used by 
Stevens, shows continued expansion most distinctly after 
completion of the constant-velocity expansion. A considera-
tion that must always be given attention in Stevens' photo- 
graphs, as well as in all photographs taken by flame raclia-
tions, is the fact that these photographs may not represent 
the true flame front because of low luminosity in the early 
stages of burning and because of the finite exposure time 
required to make a record on the photosensitive material. 

The experimental work reported and the arguments 
advanced by Lewis and von Elba in reference 59 were con-
cerned mainly with the question of whether combustion in a 
constant-volume bomb is complete at the time peak pressure 
is reached and not with the question of whether peak pressure 
is reached at the instant the flame front has passed through
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the last increment of gas. The afterburning required by the 
proposed combined detonation-wave and au toignition theory 
would cover a time interval of an entirely lower order than 
that considered in the question of whether combustion is 
complete at the instant of maximum pressure. The only 
consideration offered by Lewis and von Elbe, other than the 
photographs of Stevens, that would have a bearing on the 
question of afterburning on the smaller time scale is the 
suggestion that with afterburning the sharp breaks obtained 
with fast-burning mixtures between the rising pressure curve 
and the cooling curve would not occur. By the same token 
it might be suggested that the extremely fiat pressure maxima 
of slower-burning mixtures, such as shown in figure 16 of 
reference 7, would not occur if there were no afterburning. 

Probably the strongest experimental evidence against 
afterburning is the work presented in papers by General 
Motors investigators. Tests with a sampling valve (refer-
ence 61) showed that free oxygen disappeared from the 
charge immediately after passage of the flame front, but this 
evidence is open to the question of whether burning was not 
completed after the gases were removed from the combustion 
chamber by the sampling valve. The General Motors in-
vestigators also checked flame-front positions as shown by 
high-speed motion pictures against pressure rise obtained 
from indicator records. (See references 62 to 64.) The 
results indicated completion of burning at the flame front, 
with some exceptions in reference 64. This evidence is open 
to the previously mentioned objection that the photographs 
may not show the true flame front. The agreement between 
flame-front positions as shown by the photographs and as 
calculated from the pressure records on the assumption of 
complete combustion in the flame front may be a coincidence 
or the greater part of the combustion may actually be com-
pleted in a ver y small part of the deep combustion zone. 

That the General Motors photographs may not actually 
have recorded the true flame fronts is indicated by some of 
the NACA schlieren photographs of reference 7. In this 
work it was shown that peak pressure was reached, at top 
center, very nearly at the same time that the schlieren flame 
pattern completely disappeared from the high-speed motion 
pictures, or about 100 of crank angle at 500 rpm after the 
flame front had completely filled the chamber. This finding 
that peak pressure at constant volume coincides with the 
final fadeout of the schlieren flame pattern is supported by 
the previous demonstration of the same fact in a bomb by 
Lindner (reference 65). 

Other evidence in favor of the concept of afterburning has 
been furnished by various investigators. The ionization 
records obtained by Hastings (reference 42) showed ioniza-
tion persisting over 20° to 30° of crank angle at 2000 rpm 
with normal combustion. With his records of ionization in 
the end zone during knock, the persistence had only a 
fraction of that magnitude. He attributed the difference to 
the much faster combustion in the end zone during knock. 
It is of interest, in Hastings' records of ionization with normal 
combustion, that the ionization did not decrease steadily 
after passage of the flame front but irregularly with even 
several sharp increases in ionization after the original passage 
of the flame front.

Souders and Brown (reference 44) with their streak photo-
graphs and simultaneous pressure records of combustion in 
a constant-volume bomb noted an appreciable increase in 
pressure after the flame front reached the end of the bomb. 
Marvin and Best (reference 66), observing flame strobo-
scopically through small windows mounted in a cylinder 
head, reported pressure rise after complete inflammation of 
the charge with very low compression ratios. Wawrziniok 
in reference 55 found maximum pressure developing in his 
bomb considerably after the flame front bad ionized a gap 
at the end of the bomb. In this case the ionization gap 
was located at the most distant position in a hemispherical 
end of the bomb so that error due to curvature of flame 
front was minimized; yet the lag between ionization of this 
gap and peak pressure was about 20 percent of the total 
burning time. Marvin, Caldwell, and Steele (reference 67) 
observed that total radiation from burning gases increased 
after inflammation throughout a time interval equivalent 
to about 20° of crankshaft rotation at 600 rpm. 

Bureau of Standards investigators (reference 68), taking 
streak photographs of combustion in a spherical bomb, 
suspended fine grains of gunpowder at various points on a 
diameter of the bomb by means of human hairs. With 
central ignition, the brilliantly burning grains of gunpowder 
continued to move toward the center of the bomb for some 
time after the flame reached the wall of the bomb. This 
experiment seems to be particularly strong evidence of 
afterburningin the outer parts of the bomb. 

Lewis and von Elbe have done work determining the 
temperature zones in burner flames in reference 69. Much 
uncertainty would be involved, however, in applying the 
results to the much different conditions existing in engine 
combustion. 

In a discussion of combustion in a turbulent stream 
(reference 70) Shelkin has drawn a model of flame structure 
that might well apply under the highly turbulent conditions 
existing during combustion in the engine cylinder. Accord-
ing to this model, the turbulence in the flame front causes 
the flame to advance in microscopic, or near-microscopic, 
tongues. The structure behind the flame front is cellular; 
the cell walls constitute burning gas and the interiors of the 
cells constitute unignited gas. According to this model, the 
unignited gas within each cell is gradually consumed as the 
flame front progresses beyond the cell. With this structure, 
in the microscopic sense the burning zones might all be very 
thin; in the microscopic sense a deep afterburning zone would 
exist beyond the flame front. In any event, the preponder-
ance of experimental evidence available at this time appears 
to favor the existence of a rather deep zone of combustion 
behind the flame front in the engine cylinder, though the 
main part of the combustion may take place only within a 
small part of this zone. 'Whether the combustion zone is 
cellular on the microscopic scale or only on a submicroscopic 
molecular scale does not seem important in the presentation 
of the combined theory of knock. In either case there is a 
possibility that the gases in the combustion zone may be 
peculiarly susceptible to the propagation of a detonation 
wave, and the available evidence on this point should be 
carefully considered.
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The concept of autoignition followed by the development 
of a detonation wave was given passing attention in the 
previously quoted remarks of Woodbury, Lewis, and Canby 
in reference 26. Among the streak photographs of auto-
ignition resulting from quick compression of the charge in 
a glass tube presented by Dixon and his coworkers (refer-
ences 31 and 32) were included some records of what they 
believed to be detonation waves. Dixon and his coworkers 
pointed out the fact that the development of the detonation 
wave was always preceded by autoignition at some point 
within the charge. The concept of the development of a 
detonation wave in autoigniting end gas has also been sug-
gested by Boerlage and van Dyck in reference 71. They 
pointed out that "simultaneous combustion" at the begin-
fling should be considered as a slow pressure rise in compari-
son with "true detonation" but that it ultimately may have 
the same character. The reverse concept, autoignition 
triggered by a shock wave, has been suggested by Dreyhaupt 
in reference 72. 

The concept of autoignition followed by the development 
of a detonation wave is consistent with the high-speed 
motion pictures presented in various NACA reports (refer-
ences 5 to 9) if the explosive knock reaction is considered to 
be a detonation wave. In these photographs, in most cases 
where end gas was visible at the time of the explosive knock 
reaction, this reaction has been preceded by some form of 
apparent autoignition. In one case the apparent auto-
ignition developed at definite centers within the end gas and 
spread out in all directions from those centers to fill the end 
zone before the explosive knock reaction occurred. (See 
fig. 10 of reference 9 on preknock vibrations.) In another 
case the autoignition began at the chamber wall and propa-
gated throughout the end zone before the explosive knock 
reaction occurred. (See fig. 12 of reference 9.) In this case 
the visible explosive knock reaction was light. In other 
cases the autoignition developed uniformly and simultane-
ously throughout the end zone before the explosive knock 
reaction occurred. (See fig. 5 of the preliminary report, 
reference 5.) In yet other cases autoignition was not clearly 
viib1e in the photographs but a visible vibration of the gases 
of the detonation-wave type was set up before the explosive 
knock reaction occurred (reference 9). The occurrence of a 
visible vibration before the explosive knock reaction is an 
effect apparently not frequently encountered. It appears 
likely that this phenomenon is comparable with the explosive 
knock reaction in speed and it may, therefore, be a mild 
detonation wave followed later by the development of a 
many-times more-powerful detonation wave. 

The evidence of the NACA high-speed sclilieren photo-
graphs of references 5 to 9 is open to the criticism that the 
end-zone reactions shown before knock may not represent 
true flame because the schlieren system may reveal reactions 
much less intense than flame combustion. The same 
phenomenon has been shown, however, in photographs 
exposed by direct flame radiation presented by Rothrock 
and Spencer (reference 46). With 18- and 30-octane fuels 
at a compression ratio of 7, photographs taken at about 
2000 frames per second (fig. 7 of the report by Rothrock and 
Spencer) showed autoignition in the end gas one frame before 
the, development of the brilliant illumination caused by

knock. In the same paper Rot.hrock and Spencer showed 
that this brilliant illumination coincided chronologically 
with the beginning of the gas vibrations. 

The concept of a detonation wave set up in afterburning 
gases behind the normal flame front has been proposed 
previously by Maxwell and Wheeler in references 15, 16, 
and 52. In streak photographs of combustion in a bomb 
with knocking fuels they found only very faint afterglows 
behind the flame front during the travel of the flame through 
the bomb. After the flame had traveled completely through 
the charge they observed an extremely high-speed travel of 
a more brilliant glow through the chamber. With non-
knocking fuels, however, the afterglow hehi,ncl the normal 
flame front was brilliant. They reported invariably a 
correlation between the pinking tendencies of fuels and the 
lack of brilliancy in the afteiburning, and they reported 
that the addition of ethyl ether or amyl nitrate to a fuel 
decreised the brilliance of the afterglow, and that decom-
posed tetraethyl lead increased the brilliance of the afterglow. 
These investigators concluded in part that the tendency to 
knock was dependent on slow afterburning, leaving sufficient 
energy behind the flame front to maintain a shock wave 
(detonation wave) set up by collision of the flame front with 
the chamber wall. Lorentzen in reference 49 found evidence 
from experiments with a combustion bomb that he believed 
supported the theory proposed by Maxwell and Wheeler. 
The finding that knocking fuels show less brilliant afterglows 
than nonknocking fuels has been verified by Duchene 
(reference 39) and by Rothrock and Spencer (reference 46). 
Rothrock and Spencer have also presented in figure 12 of 
the same paper 2000-frame-per-second motion pictures of 
combustion of 65-octane gasoline in which the combustion 
chamber was entirely inflamed before the occurrence of 
knock, as indicated by very brilliant reillumination-of the 
entire chamber. In figure 4 of one of the NACA reports 
(reference 6) a knocking reaction is seen to have occurred 
not only after complete inflammation of the cylinder charge 
but even so late that the schhieren combustion pattern was 
almost gone. 

The combined detonation-wave and autoignition theory, 
to be complete, must account for the fact that combustion 
cycles involving nothing more than simple autoignition have 
been found by General Motors investigators in references 33, 
36, and 37 and have been regarded by those investigators as 
knocking cycles. It is clear that gas vibrations can cause 
forced vibrations of the combustion-chamber walls of the 
same frequency as the gas vibrations and thus cause a high-
pitched ping. As gas vibrations apparently did not occur 
in the combustion cycles reported in those papers, however, 
the question naturally arises as to the cause of the knock 
that was heard. The only possible answer appears to be 
that the knocking sound was clue to natural vibrations of 
engine parts. 

The autoignition that occurred in the General Motors 
investigations has been seen to require a period of approxi-
mately one-thousandth part of a second for its completion. 
The sharp increase of pressure in the combustion chamber 
within the period of one-thousandth part of a second could 
set up natural vibrations in some of the stressed engine
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parts. The energy imparted to the natural vibrations by 
the autoignit.ion would, in general, be greater in the case of 
low-frequency vibration than in the case of high-frequency 
vibration. The influence of vibration frequency on the 
energy imparted to the vibration by the autoignition could 
be determined mathematically only if definite information 
were available as to the rate at which energy is released by 
autoignition at each instant throughout the autoignition 
process. Though no such information is available, the 
experimental evidence at least indicates that energy is 
released by the autoignition in such a manner that it does 
not excite appreciable vibration of the gases. It may, 
therefore, be reasonably assumed that the autoignition 
would excite natural vibrations of the stressed engine parts 
only in such modes as have a natural frequency considerably 
less than the natural frequency of the vibrating gases. 

The suggestion that knock is due to vibration of engine 
parts caused by autoignition and that pink is caused by 
gas vibrations had previously been made by Boerlage and 
his coworkers (references 19, 45, and 71). 

Summary of literature-based argument for combined 
knock theory.—The following facts appear to be supported 
by the weight of experimental evidence: 

1. Autoignition of comparatively large bodies of end gas 
occurs too slowly under certain conditions to produce audible 
gas vibrations. 

2. Under suitable conditions one or both of two types of 
gas vibration may occur, the detonation-wave type and the 
vibratory-combustion type.

3. Either type of gas vibration may occur independently 
of autoignition, but under some conditions the detonation-
wave type of gas vibration tends to occur very soon after 
slow autoignition has taken place. 

4. Under, suitable conditions apparent detonation waves 
can develop in the engine cylinder. 

5. Under a wide range of conditions, either combustion 
continues for a distance sometimes as great as several inches 
behind the flame front or some adjustment of equilibrium 
takes place through the same distance, resulting in increased 
pressure, continued ionization, and continued emission of 
light. 

The foregoing facts, supported by the experimental evi-
dence, suggest the following explanation of knock in the 
spark-ignition engine: 

(a) Knock of a comparatively low pitch is caused by 
simple autoignition of end gas at a rate too slow to produce 
audible gas vibrations. 

(b) Knock involving both low- and high-pitched tones 
may be caused by autoignition followed by the development 
of a detonation wave in the autoignited gases. 

(c) Knock of high pitch may be caused by a detonation 
wave in afterburning gases behind the flame front. This 
detonation wave, having originated in the afterburning gases 
behind the flame front, may also pass through unignited 
end gas. 

This explanation of knock harmonizes with the findings 
of the NACA photographic knock investigations that will 
be summarized in the second part of this section. 
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REPORT OF FINDINGS OF NACA PHOTOGRAPHIC KNOCK INVESTIGATIONS 

Apparatus and operating conditions.—The high-speed 
motion pictures presented and discussed herein have in 
part been selected from previously published data (refer-
ences 5 to 11) obtained with the high-speed and ultra-high-
speed motion-picture camera (references 1 to 3) and the 
NACA combustion apparatus. Most of the work was done 
with the old combustion apparatus described in references

w combustion apparatus. 

5 and 46. A small part of the work was done with a newer 
combustion apparatus. A diagrammatic sketch of the old 
combustion apparatus is shown in figure I–i; the newer 
apparatus in figure 1-2. The old combustion apparatus is 
a single-cylinder engine of 5-inch bore and 7-inch stroke, 
with glass windows in the cylinder head and a glass mirror 
on the piston top, as shown in the figure. The visible part 
of the combustion chamber is 4Y2 inches long, as shown at



H 

-/	 ) 2 - ' 

I "J "I 

DDJ9flHLDt DLUULJU 

L LJULDDUDDDDHLJ ^j L/L

ii 

L 

0

0

468	 REPORT 1026—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

I	 2	 3	 4	 5	 6	 7	 8	 9	 10	 II	 ia	 13	 14	 (5	 16	 17 -	 18	 19	 20 

iA 

B 

C

/ 

J J, 	 J JJJJJ 

2	 - 

rjc))))	 J -J)D 

D 

E 

G 

0.0001 SECOND 

FIGURE 1-3.—ugh-speed photographs of normal nonknocking combustion in spark-ignition engine. Fuel, S-I; compression ratio, 7.0; fuel-air ratio, about 0.08; atmospheric intake; one Spark
plug; spark timing, 20 B. T. C. 
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frame G-20 in figure 1-3. The newer combustion appara-
tus (fig. 1-2) was designed to provide a view of the entire 
combustion chamber. This engine has a bore of 4% inches 
and a 7-inch stroke. Air for combustion is forced into 
the cylinder through ports uncovered by the piston at the 
bottom of its stroke and escapes through other ports on 
the opposite side of the cylinder. The pressure before the 
start of compression in this engine is controlled by means 
of the back pressure applied outside the escape ports. 

The optical arrangements for schuieren photography (ref-
erences 5 and 11) will not be reclescribed herein, except to 
state that with each of the combustion apparatus the schlieren 
photographs were taken by externally supplied light pro-
jected into the combustion chamber through the glass win: 
dows and then reflected back out through the glass windows 
to the high-speed camera by the mirror on the piston top. 

In all the investigations in which the combustion apparatus 
has been used, the engine has been driven by an electric 
motor and operated under its own power for only one com-
bustion cycle in each run; in each case the entire series of 
photographs was taken during the single combustion cycle. 
Solid injection of fuel was used and fuel was injected only for 
the single power cycle. With the old combustion apparatus 
the fuel was injected on the inlet stroke; with the newer full-
view apparatus it was injected early in the compression 
stroke. The engines were heated prior to the motoring 
period and kept hot during the motoring period by the 
circulation of heated glycerin through the cooling passages of 
cylinder and head. All of the investigations have been made 
with glycerin temperature approximately at 2500 F leaving 
the cylinder and head. The investigations have all been made 
with an engine speed of approximately 500 rpm. Spark 
timings and spark-plug positions were selected to produce 
knock at top center with the end gas usually well within the 
field of view. Other engine operating conditions and the 
fuels used will be stated in the discussions of the individual 
tests. Atmospheric intake was always used with the old 
combustion apparatus. 

Normal nonknocking combustion.—Figure 1-3 of this 
paper is a reproduction of figure 3 of the preliminary report 
(reference 5). This figure shows the normal process of 
smooth nonknocking combustion. Only one spark plug was 
used, in E position. (See fig. I–i.) The injection valve 
was in J position. (See fig. I–i.) The fuel was S–i refer-
cure fuel; spark timing, 20° B. T. 0.; compression ratio, 7.0; 
and fuel-air ratio, approximately 0.08. 

Throughout this paper the individual frames of figure 1-3 
and other figures will be referred to as frame A–i, meaning 
the first frame of row A, frame D-8, meaning the eighth 
frame of row D, and so on. The order in which the pictures 
were taken is from left to right through the first row, frame 
A–i through frame A-20, then from left to right through the 
second row, frame B–i through B-20, and so on. 

In the first few frames of row A of figure 1-3 the flame 
from the igniting spark is just coming into view. A large 
black spot appears at the upper left-hand corner of each of 
these frames. This large dark spot is due to an imperfection 
in the schlieren system and has nothing to do with the com-
bustion. The flame coming into view in these frames is 
barely visible as a small dark spot at the central upper edge

of each frame. The increase in size of the flame between 
one frame and the next is extremely small because the time 
interval involved is. onl y 1/40,000 second, that is 25 micro-
seconds. The flame very gradually grows larger throughout 
the first five rows of frames, A to E. In frame E-10 the 
flame has grown until it covers almost the upper half of the 
frame as a dark mottled cloud. Although these photographs 
are actually positive prints, the flame is seen as a dark mottled 
cloud because of its effect on the externally supplied light. 
The photographs were taken too fast, and the lens aperture 
was too small, for the flame to be photographed by the light 
radiated by it. The burning region appears to scatter the 
externally supplied light so that it does not get through to 
the camera lens. The burning region consequently shows 
up as a dark cloud in contrast with the areas where no com-
bustion is proceeding. The externally supplied light passes 
through the nonburning areas uninterrupted to the camera 
lens and causes a fairly uniform white appearance of these 
areas in the positive prints. For reasons that will be ex-
plained it is believed that all of the dark mottling visible in 
the upper half of frame E-1 0 is indicative of continuing com- 
bustion. In this frame, therefore, the apparent depth of the 
flame in the direction of flame travel is approximately 2 
inches. It is not known to just what extent this apparent 
depth is real and to what extent it is caused by tonguing of 
the flame. To explain the apparent depth entirely on the 
basis of flame tonguing, however, would require a quite 
illogical assumption that the flame is always much more 
extensively tongued in the planes that cannot be seen in the 
photographs than in the plane that is seen in the photographs. 
(The distance through the combustion chamber in the line 
of sight from the surface of the mirror on the piston top to 
the under surface of the inner glass window ispproximately 
1 in.) The appearance of frame E-10 of figure 1-3 is quite 
typical of this stage of combustion in all photographs taken 
under the same conditions. The leading edge of the flame 
as seen in frame E-10 is somewhat irregular but does not 
show any such pronounced tonguing as would be required to 
explain the presence of mottling throughout the entire area 
behind (above) the flame front. 

In the frames of rows F, G, and H the flame front slowly 
advances downward to a position (in frame H-20) about 
two-thirds of the way across the chamber from the point of 
ignition. At the same time the dark mottling disappears 
throughout most of the area behind (above) the flame front, 
so that in frame H-20 the apparent combustion zone ex-
tends only a short distance backward from the flame front. 
This narrowing of the combustion zone as the flame front 
travels through the central part of the chamber is also 
typical of the photographs taken under these conditions. 
In the frames of rows I to M the flame front slowly completes 
its travel to the extreme end (lower end) of the combustion 
chamber. After the flame front reaches the extreme end 
of the chamber in frame M-20, the mottled combustion 
zone gradually dissolves in the frames of rows N, 0, and P, 
leaving a clear white field throughout the entire area of the 
chamber in frame P-20. 

It may be noted that the dark spot which was visible in 
the upper left-hand corners of the early frames of row A is 
not visible in the frames of row P. This spot, caused by
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imperfection of the optical system, moved about because of 
rocking of the piston at top center and had moved com-
pletely out of the field of view in the frames of row P. 

From the standpoint of a study of knock, the most im-
portant feature of the normal combustion photographs of 
figure I-3 other than the apparent depth of the combustion 
zone is the fact that all stages of the combustion process 
appear slow and smooth. When the photographs are pro-
jected on a motion-picture screen the entire process is 
slowed down so that it resembles the motion of a storm 
cloud. After the combustion is completed and the mottled 
zone has faded out the gases in the combustion chamber are 
very quiescent, a condition contrasting decidedly with the 
appearance after a knocking combustion. 

Nonknocking combustion with preignition from hot spot.—
Figure 1-4, a reproduction of figure 7 of reference 5, shows a 
combustion process with the same fuel and the same engine 
operating conditions as those of figure 1-3 but with ignition 
from a hot spot as well as from the spark plug. The spark 
plug was again in E position (see fig. I-i), but an electrically 
heated coil was inserted by means of a special plug at F 
position (see fig I-i) and the current through this coil was 
adjusted to such a value that the coil would ignite the fuel-
air mixture at an earlier time than the igniting spark at the 
plug in E position. 

When the camera shutter opened for the shot of figure 
1-4, in the first few frames of row A, the flame from the hot 
spot had already come well into the field of view. The 
flame from the spark plug comes into view in the later 
frames of row E and the earlier frames of row F, visible at 
the top of each frame as a whitish spot. In this case the 
flame shows up white by contrast with the dark spot caused 
by the imperfection of the schlieren system. When the 
flame gets well out into the white part of the field of view 
in row J it again shows up as a dark mottled region as in 
figure 1-3. The flame from the spark plug and the flame 
from the hot spot merge in the frames of rows J and K and 
the mottled combustion zone very gradually dissolves in 
the frames of rows L to P. In this case in the frames of row 
P the dark spot at the upper left-hand corners of the frames, 
caused by imperfection of the schlieren system, is still 
visible. Again it has no significance relative to the com-
bustion process. 

From examination of the photographs of figure 1-4 as 
stills, as well as from observation of these photographs as a 
motion picture projected on the screen, it must be con-
cluded that the entire combustion process is just as smooth 
and gradual as with the normal nonknocking combustion 
process of figure 1-3. After the mottled combustion zone 
has faded out the gases again appear very quiescent, in con-
trast with the appearance after a knocking combustion. 
The photographs of hot-spot ignition clearly show that this 
type of ignition is not a direct cause of knock. 

Preliminary view of knock.—Figure 1-5 of this paper is 
the same as figure 5 of reference 5 and the same as figure 2 
of reference 10. The combustion process shown in this

figure involves one of the most violent knocks ever photo-
graphed. The engine operating conditions were the same 
as those for the normal nonknocking combustion process 
shown in figure 1-3. Instead of S-i fuel, however, a blend 
consisting of 50 percent S-i and 50 percent M-2 reference 
fuels was used. 

The flame from the igniting spark comes into view in 
figure 1-5 111 the later frames of row 6', visible at the top of 
each frame as a dark mottled cloud. The flame progresses 
downward through the field of view in the frames of rows 
D to K in the same smooth gradual manner as in figure 1-3. 
In the frames of rows J and K the flame front becomes much 
more irregular than in the case of figure 1-3, but this irregu-
larity is considered to be no greater than is occasionally 
observed with nonknocking combustion and is not thought 
to be significant relative to the knock phenomenon. In the 
frames of row L and the earlier frames of row M the end 
gas, the area ahead of (below) the flame front, gradually 
turns dark. By the time of exposure of frame M-10 the 
end gas has become so dark that it can no longer be distin-
guished from the combustion zone behind (above) the spark-
ignited flame front. This darkening of the end gas, which 
occurs gradually throughout the frames of row L and the 
earlier frames of row M, is believed to be indicative of at 
least the early stages of an autoignition process. In frame 
M-1 0, where no line of demarcation can be discerned 
between the end gas and the burning gases ignited by the 
normal flame travel, the photographs at least indicate that 
the end gas is burning just as truly as the gases behind the 
flame front. The explosive knock reaction that sets up the 
knocking gas vibrations, however, has not yet begun to 
develop in frame M-1 0. The first evidence of this explosive 
reaction appears in frame M-1 1 as a white streak along the 
lower right edge of the frame and as a slight blurring of the 
dark combustion zone. In the next frame, M-1 2, the explo-
sive knock reaction has progressed through the entire field of 
view and has given a fairly uniform white appearance to the 
entire field. (The whitened area below the lower right edge 
of frame M-1 2 is due to a pocket of gas inch thick between 
the glass window and the metal surface of the cylinder head. 
This pocket, caused by the window gasket, is completely 
explained in reference 5.) 

At the time of writing of reference 5 the reaction occurring 
during the exposure of frames M-1 1 and M-1 2 was confi-
dently believed to be the explosive knock reaction because 
the projected motion pictures clearly showed that the gas 
vibrations began at the same time as the whitening of the 
field of view in frames M-1 1 and M-1 2. Moreover, a 
violent explosion could be observed in the motion pictures in 
the general vicinity of the end gas at the same time that this 
whitening occurred. A more rigid proof that blurring of 
the combustion zone such as occurs in frame M-1 1 of figure 
1-3 coincides chronologically with the onset of violent gas 
vibrations will be discussed later in this paper. A discus-
sion of the nature of the reaction occurring in frames M-1 1 
and M-1 2 will also appear later in the paper.
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As previously mentioned, many readers of reference 5 
have been entirely unconvinced that the darkening of the 
end gas prior to the development of the explosive knock 
reaction in frames MT1 and" M t2ctuaHy-is autoignition. 
This author has held the view that this darkening must be 
regarded as aut.oignition because there has seemed to be 
no satisfactory definition of the distinction between preflame 
and flame reactions in a gradual process occupying a total 
time interval of less than 1/1000 second (frames L-i to 
M-10). In all human experience with flame the preflame 
reactions have been separated from the flame reactions by 
a sudden great increase in the rate of reaction, intensity of 
light radiation, rate of heat release, and so on. The time 
interval involved in the actual transition from preflame to 
flame reactions has never been specified and has, in effect, 
been regarded as instantaneous because of the absence of 
any method of measuring the interval. The reaction occur-
ring in frames M-i 1 and M-1 2 could be regarded as marking 
the transition from preflame to flame reactions, but so to 
regard this reaction would be entirely arbitrary and would 
be only the result of an illogical extrapolation—an extra-
polation in the sense that we think because a sharp dividing 
line appears to exist between preflame'and flame reactions 
when we "see slowly" a sharp dividing line must also be 
found to exist when we "see fast." 

Qualitatively it could be said that any reaction is pro-
ceeding at a very high rate when it produces as much optical 
change iii 1/10,000 second as can be seen between the end 
gas as it appears in frame M-7 and the end gas as it appears 
in frame M-10. An investigation is being conducted by 
G. E. Osterstrom of the NACA technical staff to determine 
whether the light radiations from the end gas before the 
explosive knock reaction are sufficient to be measurable. 
This investigation involves taking simultaneous schuieren 
photographs and direct flame photographs with a definitely 
established chronological relationship of the individual 
frames of one series of photographs to the individual frames 
of the other series. The preliminary indications are that the 
radiation from the end gas prior to the explosive knock 
reaction is sometimes sufficient to photograph at 40,000 
frames per second with the high-speed camera. Even if the 
rate of reaction, intensity of light radiation, and rate of heat 
release in the end gas could be accurately determined, 
however, for all of the time intervals covered by frames 
L-i to M-10,it would still not be possible to classify the 
reactions as preflame or flame reactions unless quite arbitrary 
values were set for these quantities above which the reactions 
would be regarded as flame reactions. 

A possible logical dividing line between preflame and 
flame reactions on the basis of the thermal theory of auto-
ignition is the condition of more rapid release of heat by the 
autoigniting gases than normal dissipation of heat from 
those gases, at constant volume. An&ther- dividing line, 
based on the chain-reaction theory, is the condition of 
more rapid formation of chain carriers by chain-branching 
reactions than destruction of carriers by chain-breaking 
reactions. Measurements indicate that the normal flame

front did not make any additional progress into the end 
gas between frames M-i and M-10 of figure 1-5. Further-
more, many photographs. have been obtained in which the 
normal flame front as seen in the projected photographs was 
actually pushed backward by the end gas a number of frames 
prior to the development of the explosive knock reaction. 
Because of this fact, the dividing line on the basis of thermal 
theory must have been passed at about frame M-1 in 
figure 1-5, so that the end-gas reaction between frames 
M-1 and M-10 would have to be regarded as flame reaction, 
unless it is assumed that the end gas is being heated by 
radiation and conduction from the burning gases more 
rapidly than the average of the other gases in the chamber 
including the burning gases themselves. There is no 
indication, of course, as to where the dividing line based 
on chain-reaction theory would be drawn relative to the 
frames of figure 1-5. 

In .view of the necessarily arbitrary nature of any distinc-
tion between preflame and flame reactions in frames L-1 
to M-10 of figure 1-5, the fact that the end gas does some-
times emit sufficient light to photograph by direct flame 
photography at 40,000 frames per second prior to the explo-
sive knock reaction, and the fact that preknock radiations 
from the end gas have been photographed at a lower speed 
by other investigators (reference 46), the reaction visiblein 
the end gas throughout frames L-i to M-10 of figure 1-5 
and similar reactions visible in other figures will be referred 
to throughout this paper as simply "autoignition." The 
reaction of frames M-11 and M-12 will be shown later 
to be a detonation wave and may be regarded as autoignition 
only in the sense that it develops during a process of auto-
ignition and that its development may be influenced by the 
autoignition process. 

The frames following M-1 2 in figure 1-5 show the develop-
ment of an extremely brilliant, intermittent luminosity 
reaching peaks in frames M-16, N-i, N-6, 0-1, and so on, 
and the development of an intense smoke cloud in the lower 
parts of the frames of rows F, Q, and R. The brilliant 
luminosity and smoke formatioi will be , discussed further 
under "Chemical Nature of Explosive Knock Reaction." 
The extremely violent vibration, or bouncing, of the gases 
that is seen when frames M-i 2 to R-i 8 are projected on the 
screeft as a motion picture cannot be seen in visual examina-
tion of the photographs in the printed figures. This effect 
is suggestive of a pot of stiff jelly that has been severely jolted 
and is characteristic of all of the photographs of knocking 
combustion obtained with the high-speed camera. 

Chronological relation betweensTôhlieren photographs and 
records of cylinder pressure.—Inthe photographs of figure 
I-S the occurrence of knock is very definitely visible in 
frames M-i 1 and M-i 2. In cases of much lighter knocks, 
however, the occurrence of the knock may be detected in the 
photographs only as a slight blurring of the dark mottled 
combustion zone. This blurring is often not visible in the 
printed reproductions of the photographs, because of inevi-
table loss of detail, but can be seen on careful inspection of 
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the original negatives. Ina.snuch as the slight blurring of 
the combustion zone could not be assumed without proof to 
be identical with the occurrence of knock, one of the early 
investigations (reference 7) was directed toward the estab-
lishment of a definite chronological relationship between this 
blur and the beginning of the violent gas vibrations associated 
with knock. Incidental to this relation. sorre investigation 
was also made into the chronological relation between the 
final fadeout of the schlieren combustion pattern and the 
attainment of peak pressure with iionknocking combustion.

One of the high-speed photographic shots used in the estab-
lishment of the chronological relationship is reproduced as 
figure 1-6 of this paper (fig. 11 of reference 7). Three spark 
plugs were used in E, F. and G positions (see fig. I—I), a 
quartz piezoelectric pickup was used in opening J, and the 
injection valve was in opening H. The spark timing at the 
plugs in E and F positions was 22° B. T. C. The timing at 
the plug in G position was earlier (29° B. T. C.) because it 
was desired to focus the end zone at the diaphragm of the 
piezoelectric pickup in opening J. and to do so required a 

FIGURE I-6.-11 igli-1,1 I	 .-	 k'..	 hilig criibw.tii,n ill spark . ipi;-i	 igine with timing otalk	 I	 .. 	 lit S-i ii U	 ii M .,	 f,r-..iori ratio, 7.4; fuel,
air ratio, about O1t; attnosph'nc intake; three spark plugs: spark tilting, for left-band plug. 29° B. 'I. (.. for otlmr two plugs, 220 B. T. C.: B. blurring caused by knock.
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much longer travel for the flame from G position than for 
the flames from E and F positions. The fuel was a blend of 
80 percent S—I and 20 percent M-2 reference fuels; com-
pression ratio 7.4; and fuel-air ratio, approximately 0.08. 

The flames from the three igniting sparks come into view 
in the frames of rows A to E of figure 1-6. By the frames 
of row I the flames have completely merged and have sur-
rounded a small body of end gas in the imirediate vicinity 
of the piezoelectric pickup diaphragm. In the first nine 
frames of row J autoignition takes place in the end gas, and 
in frame J—lO knock occurs, as indicated by the blurring 
and lightening of the combustion zone in the region desig-
nated B. 

In row A the film perforations are included in the figure. 
(The perforations were trimmed from the reproductions used 
for the other rows.) In the taking of the pictures the film 
was placed arollfl(l the inside of a drum in a continuous circle 
consisting of 372 frames. Of the 372 frames. 168 are omitted 
from the figure after frame J-18 (or before frame A—i and 28 
are omitted as indicated in row A. A specially designed 
spark plug in the camera produced a ti:.ii).g mark in the 
perforation strip at frame A-10 at about the time of the 
beginning of combustion. The same spark plug produced 
another timing mark at frame A-2, 339 frames later, after 
the combustion and knock were completed. These two 
timing sparks have heel) used in the determination of the 
chronological relationship between the photographs of figure 
1-6 and the corresponding pressure record of figure 1-7. 

In figure 1-7 the trace designated A is an actual photo-
graph of a trace pro(lUCe(l on the screen of a. cathode-ray 
oscilloscope during the exposure of the photographs of fig-
tire 1-6. TIme horizontal plates were used, as usual, to produce 
a time sweep. Two independent voltages were applied to 
the vertical-plate circuit: a small alternating voltage pro-
duced by a 4000-cycle-per-second oscillator, an(l the voltage 
produced by the piezoelectric pickup in opening J of the 
cylinder head. The trace designated B in figure 1-7 is an 
actual photograph of the trace produced on another cathode-
ray oscilloscope screen (luring the exposure of the photo-
graphs of figure 1-6. In the case of trace B, however, only 
the voltage from the 4000-cycle-per-second oscillator was 
applied to the vertical-plate circuit. 

The electric conduit that supplied the sparking voltages 
to the spark plug in the camera was coupled capacitatively 
with the vertical deflection-plate circuits of both oscillo-
scopes. This coupling produced the breaks designated F in 
the two oseillograph traces at the time of the first timing 
spark (see frame A-10 of fig: 1-6) and the breaks designated 
J at the time of the secOfl(l timing spark (frame A-2 of 
fig. 1-6). The break designated K in figure 1-7 was caused 
by time first shock on the diaphragm of the piezoelectric 
Pickup at the time of beginning of the gas vibrations in the 
combustion chamber. 

The point in the high-speed camera at which the timing 
marks were produced and the point in the camera at which

the end gas was photographed are separated by a distance 
of approximately 34 frames. Because of this separation, 
necessitated by mechanical considerations, the breaks F in 
the oscillograph traces of figure 1-7 occured 1966 (not 162) 
frames before the development of the knocking blur at B 
in frame J-10 of figure 1-6. Likewise, the breaks J in figure 
1-7 occured 143 (not 177) frames after the development of 
the knocking blur. In trace B of figure 1-7, between breaks 
F and J, 32.8 oscillator cycles were counted (reference 7); 

there were therefore 
339 .5

or 10.35 motion-picture frames 

per oscillator cycle. (The second oscilloscope was provided 
solely because in many cases the disturbances in trace A 
caused by the knocking gas vibrations were so violent that 
it was not possible to count oscillator cycles between breaks 
F and J in trace A.) Nineteen oscillator c ycles were counted 
(reference 7) on trace A of figure 1-7 between t he break F 
and the break K; the knocking break K therefore occurred 
approximately 196 frames after the first timing spark. 
Tliir vtihiie agrees exuictiv with the 196 frames tliuit separated 

epo^ K - 
\ 

Farroc 1-7—('initiriiir firi lint rile and oscillator trace A and separate o,cillator tram B 
for combustion process of figure I-B. F, breaks caused by first timing spark (frame A-tO of 
fig. 1-6);J, breaks caused by second timing spark (frame A-2 of fig. 1-6); K, break caused by 
start of knock (trameJ - tOof fig. 141); piezoelectric pickup in openingJ. (See fig. f-I.) 

the first timing spark chronologically from the knocking 
blur in frame J-10 of figure 1-6. (The picture-taking rate is 
known from camera-acceleration data to be constant within 
a very small fraction of 1 percent over the period of time 
involved in the determination, and the frequency of the 
oscillator output is believed to be similarly constant over the 
very short time interval involved.) 

In eight cases with the end zone in contact with the 
diaphragm of the piezoelectric pickup the knocking blur 
was found, by the method used with figures 1-6 and 1-7, to 
coincide chronologically with time start of the violent gas 
vibrations within one-half motion-picture frame. In 16 
cases where the end gas was on the opposite side of the 
chamber from the piezoelectric pickup, the same method 
indicated that the knocking blur preceded the start of the 
violent gas vibrations by 4±1% motion-picture frames, the 
value of four motion-picture frames being accounted for by 
the time required for the knocking disturbance to travel at 
the speed of sound from time end gas to the diaphragm of the 
piezoelectric pickup.
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FiouE I-9.—Pressure-lirne record A for nonknocking combustion process of figure s and sepa 

rate oscillator trace B. E and G, breaks caused by ignition sparks; F, break caused by first 
timing spark (frameJ -18 of fig. 1-8); J, break caused by second timing spark (frame D-1 2 of 
fig. 1-8); 1-4, point of peak pressure; piezoelectric pickup in OI*Iling I. (See fig. I-I.)

A. somewhat similar 
b

ut less accurate inetliotl of (ietermm-
lug the chronological rela t ionship is illustrated by figures 1-8 
all(I 1-9 (same as figs. 15 and 16 of reference 7) as applied 
to the significance of the mottled combustion pattern in the 
schhereii pictures. Figure 1-8 is a shot of normal nonknock-
lug combustion. Engine operatiug conditions were the same 
as with the combustion of figure 1-6 except that the piezo-
electric pickup was placed in opening I (see fig. I—i) and an 
additional spark plug replaced the piezoelectric pickup at 
opening J. The fuel was S—i reference fuel. Ninety-five 
frames were omitted from figure 1-8 after frame J-22 (or 
before frame A—i), 3 frames were lost at the splice at frame 
J-2, and 61 frames were omitted as indicated in row J. 
The first timing spark was exposed before the camera began 
taking pictures, at frame J-18, and the second timing spark
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was exposed 549 frames later, after the camera had ceased 
taking pictures, at frame D-1 2. 

The first and second timing sparks caused the breaks F 
and J, respectively, in the pressure-time trace A in figure 1-9. 
With this method the 4000-cycle-per-second oscillator record 
was not superposed on the pressure-time record. Only 
one oscilloscope was used. After the pressure-time record 
was exposed, simultaneously with the exposure of the high-
speed photographs, the piezoelectric pickup was immediately 
disconnected from the vertical-plate circuit of the oscillo-
scope the 4000-cycle-per-second oscillator was connected 
to the vertical-plate circuit, and a. second time sweep of 
the oscilloscope beam was I)ro(lhlce(l, giving the trace B 

in figure 1-9. The trace B was used solely as a measure of 
the nonlinearit y of the time sweep of the oscilloscope. Lines 
corresponding to constant voltage on the horizontal deflection 
plates were drawn through trace B from breaks F and J in 
trace A and also from the point H in trace A, which was con- 
sidered to be the point of maximum pressure, as shown by 
trace A. By simple proportionality the point H in trace A 
of figure 1-9 was found to coincide chronologically with the 
exposure of frame J-4 of figure 1-8 (with clue allowance for 
the 34 frame correction previously mentioned). Upon 
careful examination of the original negatives of figure 1-8, 
frame 1-19 was selected OS the J)Oiflt of final fadeout of the

mottled combustion zone; the difference between times of 
exposure of frames 1-19 and J-4 is 250 microseconds, or only 
0.75° of crankshaft rotation. 

In five cases similar to that of figures I-S and 1-9 the 
final fadeout of the schlieren combustion pattern in the 
photographs was found to precede peak pressure by 0.3±0.7° 
of crankshaft rotation. As explained in reference 7, peak 
pressure an(l the fadeout of the schlieren combustion pattern 
were so close to to!) center that no correction was required 
for piston motion. In 47 cases where the method of figures 
1-8 and 1-9 Was applied to knocking combustion, with the 
end zone on the opposite side of the chamber from the piezo-
eiectric pickup, the knocking blur was found to precede the 
start of the violent gas vibrations by 8±6 motion-picture 
frames, as compared with 4±1/1 '2 motion-picture frames in 
the 16 cases in which the method of figures 1-6 and 1-7 was 
used. The method of figures 1-8 and 1-9 is inherently less 
accurate than that of figures 1-6 and 1-7, the principal 
sources of error probably being lack of reproducibility of the 
time sweep of the oscilloscope and some slight interaction 
between the vertical- and horizontal-plate circuits of the 
oscilloscope. The comparison of the two methods indicates 
that the method of figures 1-8 and 1-9 is reproducible within 
± 0.5° of crankshaft rotation and that it has a constant error 
of about 0.6° of crankshaft rotation Applying the mdi-

2	 1	 4	 5	 6	 7	 8	 1,	 10	 II	 . 12	 13	 14	 15	 16	 17	 18 
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cated correction for the constant error results in the finding 
that peak pressure preceded the final fadeout of the mottled 
combustion zone by 0.3±0.7° of crankshaft rotation. The 
0.7° variation from the mean is almost within the (lelron-
strated inaccuracy of the method. It is doubtful whether 
the point of peak pressure could be selected more accurately 
than within 0.3° of crankshaft rotation in traces like that of 
figure 1-9. 

From the investigation sumnlarize(l here (reference 7) two 
conclusions appear justified: first, that tile characteristic 
knocking blur seen in the high-speed photographs does repre-
sent the reaction that sets up the violent gas vibrations 
associated with knock and, second, that the mottled com-
bustion zone does represent continuing combustion, at least 
so far as the termination of combustion is concerned. The 
second conclusion as applied to combustion in a constant- 
volume bomb was previousl y reached by Lindner (refer-
ence 65). 

Six types of end-gas autoignition.—The high-speed photo-
graphs have revealed six different types of autoignition in 
the end gas. Some of these types may be interrelated; 
others seem to be quite distinct. The type of autoignition 
that will occur under conditions sufficiently severe appears 
to depend largely upon the fuel used, although the scope of

the investigations has not been sufficient to rule out all other 
factors entirely as affecting the type of a.utoignitiou that will 
occur. Some other types of autoignition have been followed 
by the explosive knock reaction in all of the NACA tests 
where they occurred; other t y pes have been followed by the 
explosive knock reaction in some cases, in other cases not. 

Time homogeneous type of autoignition (occurring simul-
taneously and uniformly throughout the entire body of end 
gas) is observed in frames L-1 to M-10 of figure 1-5 and in 
frames J-1 to J-9 of figure 1-6. This type of autoigllition 
is also well shown in frames G-1 to G-1 1 of figure 1-10, a 
reproduction of figure 7 of reference 6. (Four spark plugs 
were used for the combustion process of fig. 1-10. The 
injection valve was in position H of fig. I-I. The fuel was 
\1-2 reference fuel, the spark timing 20° B. T. C. for the 
plugs in E, F, and J positions and 27° B. T. C. for the plug 
in G position, compression ratio 7.0, an(l fuel-air ratio ap-
proximately 0.08.) The explosive knock reaction occurs in 
the area designated B in frame G-12 of figure 1-10. The 
white regions designated A in frame G-10 of the figure are 
the regions in which combustion is complete; they should 
not be confused with the end zone which is visible as a white 
area in frame G-1 but which has become completely (lark 
in frame G-10.
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Practically homogeneous autoignit ion is seen in figure I—li 
throughout an efl(l zone very much larger than the end zones 
of figures 1-5, 1-6, and 1-10. The full-view combustion 
apparatus was used for the photographs of figure I—li. 
These photographs were obtained in a recent investigation 
conducted by H. L. Olsen of the NACA technical staff, as 
were all photographs of combustion in the full-view appara-
tus presented later in this paper. Four spark plugs were 
used in the combustion process for this figure; the flames 
from three of the plugs made considerable progress through 
the gases before the first frame of the series was taken, 
whereas the flame from the fourth spark plug develops very 
slowly throughout the frames of rows A to D of the figure. 
The positions of the four spark plugs are shown as B, C, E, 
and F at frame A—i of the figure, corresponding to the same 
lettered positions in figure 1-2. The injection valve was in 
position A (see fig. 1-2); the fuel was M-4 reference fuel; 
spark timing, 200 B. T. C.; compression ratio, approximately 
8.7; fuel-air ratio, about 0.17; inlet-air temperature, 445° F; 
and inlet-air pressure, atmospheric. (Fuel-air ratio was 
adjusted approximately to maximum knock value; the ab-
normally high value of 0.17 was required probably because 
of incomplete fuel vaporization obtained with injection on 
the compression stroke.

More than half the total volume of the combustion 
chamber is involved in the autoignition that developed in 
the case of figure 1-11. The aut.oignition is first visible as 
a wisp of mottled gas indicated by the arrow in frame C—i. 
In all the frames of rows C and D mottling appears through-
out the entire area of the end gas, and between frames E-1 
and E-7 the entire end gas becomes very dark. The first 
evidence of the explosive knock reaction appears in frame 
E-8 and the combustion is completed by frame F-4. The 
knock in this case was extremely heavy. The pressure-time 
trace from reference 12 (not reproduced in this paper) indi-
cated a very considerable pressure rise caused by the homo-
geneous autoignition before the development of the explosive 
knock reaction. 

Homogeneous autoignition has always been followed by 
the explosive knock reaction in the NACA tests.* Ill some 
cases, however, the knock has been quite light in spite of a 
very large homogeneously igniting end zone, and cases will 
be presented in which heavy knock has developed in the 
burning gases alongside of a large end-zone area in which 
no autoignition has taken place. 

A second type of end-gas autoignition, which might be 
termed "pinpoint" autoignition, is shown in figures 1-12 
to 1-15. Figure 1-12 is reproduced from. reference 9. In the 
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*Since the writing of this paper a photograph ha; been obtained by G. E. Osterstrom. NACA, with n-heptane fuel, shwing homogeneous aut)ignition throughout a third of the 
combusticnchamber volume without an y evidence of the explosive knock reaction either in the photographs or in the lressur-time record.
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case of figure I-I 2, taken with with the old combustion apparatus, 
onl y two spark plugs fired. The spark plug in G position 
(see fig. I-i) was timed at 27 0 B. T. C.; that in F position 
at 200 B. T. C. The injection valve was in H position. The 
fuel was S-i reference fuel with admixture of 200 ml amyl 
nitrate per gallon. The compression ratio was 7.1 and the 
fuel-air ratio approximately 0.08. The dark frames, D-5 to 
D-16, in figure 1-12 should be disregarded; their appearance 
was caused by faulty processing of film. The pinpoint 
autoignition begins to develop in the later frames of row F 
as very small -black (lots distributed throughout the end gas. 
Throughout frames G-1 to G-10 these black dots gradually 
grow larger until they completely fill the end zone. The 
explosive knock reaction is first visible at B in frame G-1 1 
and has spread throughout the entire visible part of the 
chamber in frame G-1 2. The knock in this case appears to 
have been violent. 

The combustion processes of figures 1-13, 1-14, and 1-15 
were fired in the full-view combustion apparatus with four 
spark plugs timed at 21°, 18°, and 18° B. T. C., respectively. 
In each case the injection valve was in position A (fig. 1-2) 
and the compression ratio in each case was 9.0. The inlet-
air temperatures were 425°, 312°, and 446° F, and the 
absolute inlet-air pressures atmospheric, 20, and 18.5 pounds 
per square inch, respectively. The fuel-air ratios for figures 
1-14 and 1-15 were about 0.22 and 0.25, respectively. The

fuel-air ratio for the case of figure 1-13 is not known even 
to an approximation, but it is thought not to be greatly 
different from the values for the other figures because the 
flame speeds are of the same order. The fuels for the three 
cases were benzene, triptane, and 5-4 reference fuel, respec-
tively. In each of these three cases the pinpoint autoignition 
is clearly visible in the end gas (rows D and E of fig. 1-13, 
rows B, C, and D of fig. 1-14, and rows B to E of fig. 1-15). 
In many cases the first visibility of the pinpoints is indicated 
by a small arrow. Careful measurements show that each 
pinpoint grows at the rate that should be expected if the 
flame spread out in all directions from a point origin at the 
same speed as that of the normal flames traveling from the 
igniting sparks. In the case of benzene (fig. 1-13) the pin-
point autoignition does not result in even the slightest gas 
vibrations. The projected motion pictures appear smooth 
throughout the entire process. The combustion zone fades 
out very gradually throughout the frames of rows F, G, and 
H; this very gradual fadeout is typical of nonknocking com-
bustion and is never seen after occurrence of an explosive 
knock reaction of any appreciable violence. The pressure-
time record (fig. 1-16 (a)) shows not the slightest evidence 
of gas vibration. (All the pressure-time traces of fig. 1-16 
were obtained from a piezoelectric pickup in position D, 
fig. 1-2.) In the case of triptane (fig. 1-14) the develop-
ment of the pinpoint autoignition and the gradual fadeout
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of the combustion zone is quite similar to the benzene case 
except that an extremely light knock develops at about 
frame G-6. The knock at frame G-6 cannot be detected 
by visual examination of the figure but is seen when the 
photographs are projected as a motion picture. Also the 

I pressure-time record (fig. 1-16 (b)) shows very light gas 
vibrations starting at the point of peak pressure. In the 
case of S-A reference fuel (fig. 1-1 5) the pinpoint autoignitioll 
develops in frames B-i 1 to E-8 and a violent explosive 
knock reaction develops in frames E-9 and E-10. Upon 
careful examination unignited end-gas areas may still he 
seen in frames E-8 and E-9. some of these unignited end-
gas areas still appear white in frame E-10; it appears if the 
gas in these regions ever burned it did so in a ver y short 
interval relative to the photographic exposure time of 25 
microseconds. The pressure-time record for the case of 
5-4 reference fuel (fig. I-16 (c)) shows very violent knock 
occurring at a time when the heat release from the nornial 
combustion was still rapid. 

Figures 1-12 to 1-16 do not indicate that pinpoint auto-
ignition is in an y way related to the explosive knock reaction; 
this type of autoignition may occur with or without the 
explosive knock reaction and, as shown by the previous 
figures, the explosive knock reaction may occur without 
pinpoint autoignition. 

A third type of end-gas autoignitioti, perhaps fundamen-
tally identical with honogeneous ailtolgnhlion, is the two-
stage type S(P1) in uigiire 1-1 7. This combustion process was 
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fired in the full-view combustion apparatus with four spark 
plugs timed at 21° B. T. C. The injection valve was in 
position A (fig. 1-2); the fuel was \1-4 reference fuel; com-
pression ratio, 7.0; inlet-air temperature, 398° F; and inlet-air 
pressure, atmospheric. The fuel-air ratio is not known but 
is believed to be quite lean—near the lower limit of flamma-
bility. The spark plug at F position (frame A-i) apparently 
did not fire. The flame from C position is quite indistinct 
in the frames of rows A and B, but becomes quite sharply 
defined in rows C an(l D. The flames from B and E positions 
are sharply defined throughout rows A to D. The indistinct 
appearance of the flame from C position in the first two rows 
of the figure may be an indication that this flame is a border-
line case between autoignition and normal propagated flame. 
A definite ease of this type will be presented later in this 

2	 3

secure better photographs of the phenomenon because of the 
danger of serious damage to the combustion apparatus. 
This photographic shot was taken just after a series of shots 
with straight M-4 reference fuel. The M-4 reference fuel 
was removed from the fuel system and replaced with benzene. 
The engine operating conditions were then changed to values 
calculated to produce extensive autoignition with straight 
benzene fuel. The first combustion cycle after the change of 
operating conditions resulted in the photographs of figure 1-18. 
It appears that some M-4 fuel was trapped in the injection 
valve and the actual fuel for the combustion process of this 
figure was probably either straight M-4 or a blend of M-4 
with a small amount of benzene. FoHr spark plugs were 
used for this combustion process, timed at 20° B. T. C. The 
injection valve was in position A (fig. 1-2): the compression 
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section. At about frame D-6 in figure 1-17 definite auto-
ignition begins to develop as a wisp of mottled gas, indicated 
by the arrow in this frame. The wisp indicated in frame 
D-6 serves as a boundary line in the following frames between 
homogeneously autoigniting gases and nonautoignit ing gases. 
The gases to the right of this wisp autoigflite in frames D-7 
to E-5. The gases to the left of the wisp show no evidence 
whatever of auloignition between the frames D-7 and E-5. 
The gases to the left of the wisp do auloignile, however, in 
frames [-6 to [-8. The beginning of a violent explosive 
knock reaction is apparent in frame [-9. 

A fourth type of end-gas autoigaition appears in figure 1-18 
as a wild runaway flame. Because of an accident the 
photographs of this figure were taken under uniquely severe 
conditions for the fuel used. No attempt was made to

ratio was 9.0; fuel-air ratio, about 0.17; inlet-air temperature, 
41.5° F; and absolute inlet-air pressure. 15.5 pounds per 
square inch. 

Because of the very severe conditions the charge was 
apparently read y to autoignite at the time the camera shutter 
opened for the photographs of figure I--iS. The entire coni-
I)ustion process, including the explosive kncck reaction, took 
place within 16 motion-picture frames after the camera 
shutter started to open. For this reason, the frames do not 
become well illuminated until about the middle of row B, 
at which time the camera shutter was open sufficiently to 
produce fair pictures. The spark-plug positions are indi-
cated at frame A-i. At frame A-7 the flames from B and 
F positions are fairly visible. The flames from C and E 
positions cannot be seen in the printed reproduction of
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about 0.08; atmospheric intake; four spark plugs; spark liming, for left-hand plug, 270 B. T. C., for other three plugs, 20° B. T. C.; B, blurring caused by knock. 

frame A-7, but both of these flames can be seen on careful 
inspection of of the original negative. At frame B-i the flame 
from B position breaks loose and it travels all the way across 
the chamber in frames B-i to C-i at a speed of 1900 feet 
per second. The explosive knock reaction occurs after this 
flame has completed its travel across the chamber at frame 
C-2, as shown by the sudden whitening of the entire chamber. 
In frame B-7, after the runaway flame has nearly completed 
its travel across the chamber, the flame from E position may 
be clearly seen still apparently under complete control. 

When the photographs of figure 1-18 are projected as a 
motion picture the phenomenon seen in row B of the figure 
has every appearance of a very fast propagated flame. On 
close inspection of the still photographs, however, it is found 
that the leading edge of this flame is never sharply defined 
and the phenomenon appears to be in fact a multistage 
autoigllition process, similar to the phenomenon of figure 1-17 
but occurring in many more than two stages. This phe-
nomenoli is regarded as a borderline ease between homoge-
neous autoignition and a detonation wave. The occurrence 
of the explosive knock reaction at frame C-2 of the figure 
will be further discussed in a later section. 

A fifth type of end-gas autoignition is shown in figure 1-19, 
same as figure 13 of reference 9. This combustion process

was fired in the old combustion apparatus with one spark 
plug in E position (fig. I-i) timed at 20° B. T. C. The 
injection valve was in H position, the fuel was S-2 admixed 
with 400 ml amyl nitrate per gallon, compression ratio 7.1, 
and fuel-air ratio about 0.08. in this case the autOigfliti011 
occurred as a flame developing at the far wall of the chamber 
and propagating out from the wall to meet the spark-ignited 
flame. A slight mottling near the far wall of the chamber 
(lower edge of the chamber as seen in the photographs) 
develops in the frames of row K of the figure. Also, in the 
later frames of row K, a few centers of pinpoint autoignition 
develop near the far wall of the chamber. In the frames of 
row L additional pinpoints of autoignition develop and a 
definite flame propagation begins to proceed out from the 
far wall. This orderly autoignition-flame propagation pro-
ceeds throughout the entire end gas in the frames of row 
M, and in the frames of row N the mottled combustion zone 
gradually fades out. When the photographs are observed 
as motion pictures only a very light explosive knock reaction 
is seen in the frames of row N; this reaction is so light that it 
cannot be identified as being associated with any particular 
motion-picture frame. The type of autoignition shown in 
figure 1-19 may be a special case of pinpoint autoignition. 

The sixth type of autoignition, an example of which
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about frame E-1 of figure 1-20, and that between frames 
E–1 and G-7 at least three cycles of vibration of the gases 
occurred. The measurements indicated that the amplitude 
of the vibrations did not increase (in fact, usually diminished) 

FInURE 1-21.—Apparent Same-front velocities during period of preknoek vibration in spark
ignition engine. 

occurred in the combustion process of figure 1-20, is detect- 
able only through the slight preknock vibration which it 
imparts to the gases. Figure 1-20 is a reproduction of figure 
2 of reference 9. For this combustion process four spark 
plugs were used, timed at 20° B. f C. in F, F, and J positions 
(fig. I–i) and at 27° B. T. C. in G position. The injection 
valve was in H position, the compression ratio was 7.1, and 
the fuel-air ratio about 0.08. The fuel was M-2 reference 
fuel with an extremely high concentration of tetraethyl 
lead-200 ml per gallon. Some pinpoint autoignition may 
be seen in the photographs, originating at centers indicated 
by the arrows at frames F-10 and F-14. No other visual 
evidence of autoignition appears, however, and when the 
explosive knock reaction begins at B in frame G-7 some 
apparently unignited end gas is still visible at the lower right 
corner of the chamber. In the original work (reference 9) 
flame areas were measured on greatly enlarged copies of 
the individual frames of the figure with a polar planimeter. 
The results showed that the end gas suddenly expanded at

O•ML TEL PER GAL 

L-a00MLTEL 
FWURE 1-22.—Actual pressure-time records showing increase in number of cycles of preknock 

vibration with increasing tetraethyl lead concentration in fuel.
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after the first cycle, from which fact it was concluded that 
a mild explosive reaction occurred in the end gas at about 
frame E-1. When the photographs of figure 1-20 are pro-
jected as a motion picture, four cycles of vibration of the 
gases are easily observed before the explosive knock reaction 
at frame G-7; the y are observed as a backward and forward 
motion of the flame fronts. 

Figure 1-21 shows the preknock vibration determined 
from planimett'r measurements of flame areas for different 
concentrations of tetraethyl lead. A similar variation in 
number of cycles of preknock vibration with varying tetra-
ethyl lead concentration is shown by the actual pressure-
time records of figure 1-22, obtained with a piezoelectric 
pickup in opening I of the cylinder lie*d (fig. I-i). The time 
interval involved in the pi-eknock vibration was found to 
increase linearly with the tetraethyl lead concentration up 
to 200 ml per gallon, the highest concentration used. 

Explosive knock reaction without evd-gas autoignition.-
iMany high-speed photographs have been obtained like the 
ones of figure 1-23, in winch the end gas appeared to be 
entirely consumed by the normal flames sonic tire he.oru 
the occurrence of the explosive knock reaction. T,iis figure 
is a reproduction of figure 6 of reference 6. Four spark

plugs were used for this combustion, timed at 20° B. rç C. 
at E, F, and J positions (fig. I-i) and at 27° B. T. C. at 
G position. The injection valve was at position H, the 
fuel was a blend of 50 percent 95-ccane gioline with 
50 percent M-2 reference fuel, compression ratio 7.0, and 
fuel-air ratio about 0.08. The last visible end gas disappears, 
because of normal flame travel, at about frame G-1 7. The 
explosive knock reaction occurs at B in frame H-], 11 frames 
after the disappearance of the last visible end gas. Other 
photographs have been obtained in which a mild explosive 
knock reaction occurred not only after the disappearance of 
the last visible end gas but even after the entire schlieren 
combustion pattern had almost faded out (reference 6). 

The cases cited are not good proof that the explosive 
knock reaction can occur without autoignition because of the 
possible existence of unignitecl gas pockets in front of or be-
hind the burning gases; such pockets could, of course, not 
be seen in the photographs. Photographs have been ob-
tained, however, in which unignited end gas may actually be 
seen at the time the explosive knock reaction occurs and the 
uroiguited end gas does not appear to play a part in the ex-
plosive knock reaction. Comment has already been made 
concerning the presence of unignited end gas in one part of 

FIGURE 1-23.--- II igh-sp.-eit I hot oer&I,hi. .ho" ing ap I larent Col npliti- rn.i Ivi tig of flart.ies before knock in spark-ignition ingu ie I- ii.-!. re,-nt 95-octane gu .oIliu it h 5 -i " tit \t -.t. com-

pression ratio, 7.0; fuel-air ratio, about 0.08; atmospheric intake; tour spank plugs; spark timing, for left-hand plug, 2 1 B. T. C for other three plugs. 20° B. T. C.; A, completely burned 

ngions; B, blurring caused by knock.
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frame G-7 of figure 1-20 at the same time that the ex-
plosive knock reaction begins in another part of the same 
frame. A more striking example of this phenomenon ap-
pears in figure 1-24. Four spark plugs were used in the case 
of figure 1-24, timed at 18° B. f C. The injection valve 
was in position A (fig. 1-2); the fuel was S-4 reference fuel; 
compression ratio, 9.0; fuel-air ratio, about 0.13; inlet-air 
temperature, 310° F; and absolute inlet-air pressure, 15.5 
pounds per square inch. In frame F-2 of this figure a fair-
sized white unignited end zone is visible, slightly below the 
center of the chamber, roughly in the shape of a T lying on 
its side. The explosive knock reaction begins in frame 
F-3, as indicated by the blurring of the (lark mottled com-
bustion zone. This dark mottled combustion zone en-
croaches somewhat. upon the the unignited end gas in frame 
F-3, but most of the end gas visible in frame F-2 remains 
unignited in frame F-3 in spite of the effect of the explosive 
knock reaction on the actual combustion zone in frame F-3. 
Moreover, the end gas that appears white and unignited in 
frame F-3 still appears white in frames F-4 and F-5, in 
which the explosive knock reaction is completed. If this 
body of end gas ever did burn it must have done so in a time 
interval much shorter than the 25-microsecond exposure 
time of the individual frames of the figure, or it would have

shown the characteristic (lark mottled appearance of burn-
ing gas in one of the frames of the figure. 

The appearance of frames F-2 to F-5 of figure 1-24 indi-
cates that the explosive knock reaction developed in the 
dark mottled combustion zone and that its effect on the 
unignitecl end gas, if it had any such effect., was only inci-
dental. In reference 7 it was concluded that the explosive 
knock reaction develops only in gases that have been pre-
viously igaltedl either by normal flame travel or by auto-
ignition. Photographs were presented in the same paper 
indicating that the origin of the explosive knock reaction 
was not necessarily in the same location as the last gas to be 
ignited. 

Physical nature of explosive knock reaction as indicated 
by high-speed photographs.—From a study of photographs 
taken at. 40,000 frames per second the author of this paper 
has concluded (reference 10) that the explosive knock re-
action is a type of detonation wave traveling through the 
unburned, or incompletely burned, gases at a speed ranging 
approximately from one to two times the speed of sound in 
the burned gases. An example of a detonation wave moving 
at a speed twice that of sound in the burned gases is found 
in frames M-1 1 and M-1 2 of figure I-5. As previously 
noted, the explosive knock reaction in this case is first visible 
as a white streak along the lower right edge of frame M-1 1
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and as a slight blurring of the combustion zone in the same 
frame. The next frame, M-12, has been rendered white 
throughout by the knock reaction. As explained in refer-
ence 10, it is believed justifiable to disregard the blurring of 
the mottled combustion zone in frame M—1 1 and to use the 
appearances of brilliant luminosity as a measure of the speed 
of the knock disturbance. On such a basis, the superficial 
impression obtained from frames M-1 1 and M-1 2 of figure 
1-5 is that the knock disturbance started at the lower right 
edge of the chamber and spread very rapidly throughout 
the charge from the point of origin. When the photographs 
are analyzed, however, with proper allowance for the focal-
plane-shutter effect of the camera (reference ), it is found 
that thu I ravel of tile iitork dit urharue a	 ltovrt b y frann

tive to the combustion-chamber image as the leading edge 
of the focal-plane-shutter slit of the camera exposing 
frame M-12. 

Figures 1-25 and 1-26 are reproductions of portions of a 
motion-picture animation (reference 12) created for the pur-
pose of demonstrating the manner of exposure of frames 
M-11 and M-12 of figure 1-5. Figure 1-25 shows this 
author's conception of what actually happened (luring the 
exposure of the two frames. In this figure the focal-plane 
shutter is assumed to have been removed from each of the 
still cameras. The frames of the figure show what would 
have been seen on the ifim in each of the two cameras if the 
film and the image appearing upon it could have been photo-
graphed at hit rate	 aIHIOt 1'0,000 frainec per second. 

FmvRE I- 5—Animation	 eight aj e! ii hut ii.i	 tim aild wage o, I 	 i p'o 1 0	 IIIi fi.ctii	 i secand. Develop.
lent or detonation wave in frames B-2 to B-S of this figure corresponds chronologically with exposure of frames M- I I  and M -12 of figure 1-5. 

M-1 1 and M-12 was actually in a direction opposite to the 
superficially apparent direction. 

An optical effect equivalent to that of the high-speed 
camera would be obtained if frames M-11 and M-12 of 
figure 1-5 were exposed by two independent still cameras 
using focal-plane shutters, provided the following three con-
ditions were satisfied: first, the width of the slit aperture 
in each of the focal-plane shutters must be equal to half the 
frame spacing, or about 7/10 the width (not the length) of 
the combustion chamber as seen in the photographs, second, 
each focal-plane-shutter slit must travel a distance equal 
to its own width in 1/40,000 second in a direction from left 
to right, as seen in figure I—S (that is, in the direction away 
from the previously exposed frames toward the frames yet 
to be exposed as seen in the figure), and third, the trailing 
edge of the focal-plane-shutter slit of the camera exposing 
frame M-1 1 must at all times be in the same position rela-

'Fhie frames are arranged in three rows of eight frames each. 
Each frame includes two images of the combustion chamber; 
the lower of the two images is the one seen on the film in 
the camera exposing frame M-11, the upper of the two 
images is the one seen on the film in the camera exposing 
frame M-12. Inasmuch as the focal-plane shutters have 
been removed from the cameras, and the cameras are still 
cameras of the most elementary type. the same image ap-
pears on the film in both cameras at all times. Throughout 
the frames of row A and the first frame of row B the film in 
each camera is being exposed to an image just like that of 
frame M-10 (fig. 1-5), At frame B-2 (fig. 1-25) a detona-
tion wave originates at the lower left corner of the visible 
portion of the chamber as indicated by the two white arrows 
in this frame. This wave travels across the chamber through 
the dark mottled combustion zone as seen on the film in 
each of the two cameras between frames B-2 and B-8. (The
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detonation-wave front has been made straight for simplicity 
of construction of the animation; approximately the same 
effect would have resulted if the detonation-wave front had 
been spherical.) The gases behind the detonation-wave front 
are, of course, incandescent and the entire area that was 
formerly the dark mottled combustion zone consequently ap-
pears brilliant white in all of the frames after the detonation-
wave front has completed its travel (frames B-8 to C-8). 

Figure 1-26 is allanimation of the same kind as figure 
1-25 but shows the motion of the focal-plane shutter in each 
of the two cameras as well as the progress of the detonation 
wave. In frame A-i of figure 1-26 the focal-plane-shutter 
slit that will provide the exposure for the lower photograph 
(frame M-i 1 of fig. I-5) may be seen just to the left of the 
combustion-chani1jer image as a tall narrow rectangle. Part 
of the focal-plane-shutter slit of the upper camera may also 
be seen in the upper part of frame A-i, with its leading edge 
exactly iii line with the trailing edge of the focal-plane-
shutter slit of the lower camera. Throughout the frames of 
row A the two focal-plane-shutter slits may be seen to move 
from left to right relative to the combustion-chamber images. 

The lower focal-plane-shutter slit begins to pass across the 
lower combustion-chamber image at frame A-5. In this 
same frame the trailing edge of the lower focal-plane-shutter 
slit and the leading edge of the upper focal-plane-shutter

slit are each indicated by a white arrow and will be seen to 
be in line with each other as in all other frames of the figure. 
The focal-plane shutters are assumed to be constructed of a 
dark material that does not reflect light well; the combustion-
chamber image consequently appears gray in all areas where 
it falls on the focal-plane-shutter material. In frames 
A-5 to A-8, however, part of the tight that forms the lower 
combustion-chamber image passes through the focal-plane-
shutter slit and falls on the photosensitive film; this film, 
being a bright material that reflects light well, causes the 
part of the image formed upon it to appear brilliant white in 
the animation. Hence, in frames A-5 to A-8 the brilliant 
white part of the picture shows the portion of the lower image 
uncovered by the focal-plane-shutter slit at each instant. 

The lower focal-plane-shutter slit continues to pass across 
the lower combusion-chamber image from left to right in 
frames B-i to B-8. At frame B-8 this slit has passed all the 
way across the lower image and the exposure of that image is 
completed. The upper focal-plane-shutter slit begins to 
pass across the upper combustion-chamber image at frame 
B-2, with its leading edge still exactly in line with the trailing 
edge of the lower focal-plane-shutter slit. The upper slit 
completes its travel across the upper combustion-chamber 
image at frame C-5, at which time the exposure of this 
image is complete. 

Ft.cri. 1-26.	 _-\rriirri,rii	 iris trail ni	 riritrin was, 	 ant lilt	 tile- hither -i-ri-ti ri 1%111 hil l	 iii ira-	 rhi	 night a twit 11 pllw^ , uihi	 I	 it	 hut Isitti irarn	 Irs-nil.
Fraitws B-2 to 8-8 of this figure correspond chronologically with exposure of(ratucr M-hI and M-12 of figure 1-5.
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In frames B-2 to B-7 of figure 1-26 the detonation-wave 
front may be seen traveling across the upper combustion-
chamber image first. just a little behind (as indicated by upper 
white arrow in frame B-2) and later just a little ahead of the 
leading edge of the upper focal-plane-shutter slit (as indicated 
by the white arrows in frames B-5, B-6, and B-7), but always 
quite close to the leading edge of the upper slit. In the same 
frames (B-2 to B-7) the detonation-wave front may be seen 
traveling across the lower combustion-chamber image at all 
times quite close to the trailing edge of the lower focal-plane-
shutter slit, first a little behind (as indicated by lower white 
arrow, frame B-2) and later a little ahead (as indicated by 
black arrows in frames B-5, B-6, and B-7). As both lower 
and upper combustion-chamber images (frames M-11 and 
M-1 2 of figure 1-5) are exposed entirely by light that passes 
through the upper and lower focal-plane-shutter slits, 
respectively, during their travel across the images, it is clear 
from frames B-2 to B-7 of figure 1-26 that the upper image 
(frame M-12 of fig. 1-5) when finally developed, will show 
incandescence over the entire area of the combustion chamber, 
whereas the lower image (frame M-1 1 of fig. 1-5) will in the 
main show the same dark mottled combustion zone that is 
seen in frame M-10 of figure 1-5. The only effect the 
detonation wave will have upon the lower combustion-
chamber image (frame M-1 1 of fig. 1-5), as finally developed, 
will be produced by that part of the detonation wave which 
travels across the chamber ahead of the trailing edge of the 
lower focal-plane-shutter slit in frames B-4 to B-7 of 
figure 1-26. Examination of frames B-4 to B-7 shows a very 
small triangular region of luminosity of gradually increasing 
size (indicated by black arrows in frames B-5, B-6, and B-7) 
progressing along the lower right edge of the chamber from 
left to right. This very small triangular area of luminosity 
would, in the final developed photograph, produce the white 
streak along the lower right edge of the chamber, with 
gradually increasing brilliance toward the right, that is 
observed in frame M-1 1 of figure 1-5. 

In the exposure of frames M-1 1 and M-1 2 of figure 1--5, 
the focal-plane-shutter slits moved at a speed of 256 feet 
per second. The linear dimensions of the actual combustion 
chamber were 21.5 times as large as those of the combustion-
chamber image formed on the film. The detonation wave 
that produced the effect seen in frames M-1 1 and M-1 2 of 
figure 1-5, in the manner illustrated in figures 1-25 and 1-26, 
must, therefore, have traveled across the combustion chamber 
at a speed greater than 6500 feet per second (with clue allow-
ance for the fact that the detonation-wave front traveled 
in a direction at an angle to the direction of motion of the 
focal-plane shutter.) 

If the explosive knock reaction had occurred simultaneously 
throughout. the end gas, as commonly supposed, its luminosity 
would simply have recorded the relative positions of the 
trailing edges of the upper and lower focal-plane-shutter 
slits, consequently the luminosity as seen in frame M-12 
of figure 1-5 would have extended farther to the left than

the luminosity as seen in frame M-1 1 by an amount not 
greater .than the width of the focal-plane-shutter slit. The 
fact that the luminosity visible in frame M-1 2 extends to 
the left of the luminosity visible in frame M-1 1 by an amount 
greater than the width of the focal-plane-shutter slit pre-
cludes the possibility that the luminosity developed simul-
taneously throughout the chamber: No satisfactory ex-
planation of the appearance of frames M-11 and M-12 of 
figure 1-5 has been advanced other than the explanation 
illustrated in figures 1-25 and 1-26. If due consideration is 
given to the fact that the luminosity visible throughout 
frame M-1 2 is quite uniform, and is less than the saturation 
limit of the photosensitive film, it would seem that each part 
of frame M-1 2 must have had about the same exposure to 
the detonation luminosity and the conditions governing the 
exposure of the two frames (M-1 1 and M-1 2) would, there-
fore, seem to be mathematically determinate. For these 
reasons the author believes that the explanation illustrated 
in figures 1-25 and 1-26 is the wily reasonable explanation 
of the appearance of these frames. 

The effect of the focal-plane shutters of the high-speed 
camera on apparent velocities of detonation waves is easily 
shown (reference 10) to comply with the following equation: 

vV' 
CO5 a 

where V is the actual speed of the wave, v the speed of the 
focal-plane shutter slits, 17 ' the apparent velocity of-the wave 
(progress of the wave between two successive frames, as 
recorded photographically, divided by nominal time between 
exposures of the successive frames), and a the angle between 
the direction of motion of the detonation-wave front and the 
direction of motion of the focal-plane-shutter slits. (Due 
regard must be had for the signs of V, V', and a, as explained 
in reference 10.) Applicai6nof this. equation to the case of 
figure 1-27 has given propagation speeds in the neighborhood 
of 4500 feet per second to tlu.points Pi P2, . . from the 
point of origin of the knock . disturbance (calculated to be 
at the intersection of line C-C with lines C'-C'). (Fig. 1-27 
is the same as fig. 7 of reference 10. The complete photo-
graphic seiies and complete treatment are presented in the 
original paper. The complete photographic series of this 
combustion process also appears as fig. 8 in reference 5. 
The engine-operating conditions for this figure were the same 
as for fig. 1-4 of the present paper.) 

No correcting equation is required to determine the true 
detonation-wave velocity from figure 1-28, because the front 
of the detonation wave may be located in three successive 
frames of this figure at points p17, p 1 , and P19 (wave front 
position indicated by a bright spot at p 19) along a line D-D, 
which is at right angles to the direction of motion of the 
focal-plane shutter. The complete treatment of this case 
(reference 10) yields a value between 3250 and 3400 feet 
per second for the speed of the detonation wave. (Fig. 1-28
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FIGURE l-27.---1li0i-speed photographs of di's elopiiienl of incandescent spots caused by detonation wave in knocking spark-ignition engine. Fuel, 50 percent S-i with 50 percent M-2; corn 
pression ratio, 7.0; fuel-air ratio, about 0.08; atmospheric intake; spark plug at top; hot spot at bottom; spark timing, 20 0 B. T. C.; detonation-wave speed, about 4500 feet per second, 
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FIGURE 1-28--High-speed photographs of development of luminous area and incandescent pots b y detonation wave in kiloehiriL' sirk'-igiiition engine. Fuel, M-l; compression ratio, 

7.0; fuel-air ratio, about 0.08; atmospheric intake; four spark plugs; spark timing, for left-hand plug, 27° B. T. C., for other three plugs, 20° B. T. C.; detonation-wave speed, about 3300 feet 
per second. 

is the same as fig. 13 of reference 10. Additional frames 
of the series are shown in fig. 12 of that paper as well as in 
fig. 10 of reference 6. The engine-operating conditions were 
the same as for fig. 1-10 of the present paper except that 
M-1 reference fuel was used.) 

Application of the correcting equation to the explosive 
knock reactions seen in frame G-1 2 of figure 1-10 and frames 
G-11 and G-12 of figure 1-12 has yielded values in the 
neighborhood of 6000 and 3600 feet per second, respectively 
(reference 10). The correcting equation, as well as the 
qualitative treatment illustrated in figures 1-25 and 1-26,

yields a value of about 7300 feet per second for the reaction 
that occurred between frames C-i and C-2 of figure 1-18 
after the runaway flame had completed its travel across the 
chamber. Between these two frames the entire combustion 
chamber changed from a fairly uniform, dark mottled con-
dition to a fairly uniform white condition. (This change 
was more evident on the original negative than it is in the 
printed reproduction. rI1I( entire series of photographs was 
badly underexposed and in copying some of the contrast 
between frames C-i and C-2 was lost in order that the frames 
of rows A and B might be brought out more clearly.) A



NACA INVESTIGATION OF FUEL PERFORMANCE IN PISTON-TYPE ENGINES
	

493 

uniform change throughout the combustion chamber from 
a dark mottled condition to a white condition between one 
frame and the next corresponds to an infinite apparent 
detonation-wave speed, that is, an infinite value of V'. 
With an infinite value of V' the correcting equation indicates 
that the actual detonation-wave velocity is equal to the 
focal-plane shutter velocity, and in the same direction. 
Consideration of figure 1-26 indicates that a uniform change 
throughout the combustion chamber would be produced if 
the detonation wave traveled across the chamber in the same 
direction and at the same speed as the focal-plane-shutter 
slit rather than at a slight angle to the direction of motion 
of the slit and at a slightly higher speed. (The white streak 
along the lower right edge of the chamber in frame M-i 1 of 
fig. 1-5 would have been absent if the detonation-wave front 
had not overtaken the trailing edge of the lower focal-plane-
shutter slit at about frame 0-19 in fig. 1-26 and had not 
traveled across the chamber slightly ahead of this trailing 
edge in frames C-19 to D-21; the combustion zone would 
have been uniformly dark in frame M-i i (fig. 1-5) and uni-
formly white in frame M-12.) For the case of figure 1-18 
the focal-plane-shutter slits traveled at 251 feet per second 
in a direction approximately opposite to the travel of the 
runaway flame in frames B-i to C-i. The actual linear 
dimensions of the cTombustion chamber were 29.2 times as 
great as the dimensions of the combustion-chamber image. 
The appearance of figure 1-18, therefore, indicates that after 
the runaway flame completed its travel through the end gas 
in one direction at about 1900 feet per second a detonation 
wave passed through the gas in the opposite direction at 
about 7300 feet per second. 

Confirmation of detonation-wave aspect of knock by ultra-
high-speed photographs.—Only one motion picture of the 
knock phenomenon taken with the ultra-high-speed camera 
(reference 3) is available. This one motion picture, however, 
taken at the rate of 200,000 frames per second, is confirma-
tory of the conclusions reached from study of the high-speed 
photographs taken at 40,000 frames per second. It has not 
been possible to take more than a very few photographic 
shots with the ultra-high-speed camera because the high-
speed rotating part of the camera, operating in a high vacuum, 
spatters oil on the 94 glass lenses of the camera to such an 
extent that the lenses become inoperative after oflly a few 
runs. Of 5 or 6 shots that were actually taken at 200,000 
frames per second, only one happened to be taken at the 
right time to cover the knock phenomenon. Further devel-
opmental work on the ultra-high-speed camera, which is still 
proceeding, has been directed toward elimination of the 
oil-spattering problem. 

The ultra-high-speed photographs are shown as a series 
of 20 still pictures in figure 1-29. The combustion process 
for this series of photographs was fired in the old combustion 
apparatus with one spark plug in G position (fig. I-i). at

27° B. T. C. The injection valve was at opening J (fig. I-i); 
the fuel was a blend of 70 percent S-3 with 30 percent M-2 
reference fuels; compression ratio, 7.0; and fuel-air ratio, 
about 0.08. Figure 1-29 was previously published as figure 4 
in reference 11 and was discussed in that paper more exten-
sively than it will be here. 

Before frame A-i of figure 1-29 was exposed the flame had 
traveled all the way across the chamber in the direction of 
the arrow that has been drawn in this frame. The whitish 
area in frames A-i to A-5, designated B in frame A-3, rep-
resents the region in which combustion is complete. The 
dark (nearly black) areas in these frames, designated F in 
frame A-3, are the dark mottled combustion zone that has 
become quite familiar in the high-speed photographs of the 
earlier figures. The series of figure 1-29 did not begin early 
enough to determine whether any autoignition occurred in 
this combustion process, but at least at the time of exposure 
of frame A-i the entire charge was ignited with the exception 
of possible small pockets in front of or behind the flame. The 
boundary between the dark and the light areas, designated 
R in frame A-2 of the figure, is the rear edge of the combustion 
zone—not the flame front. 

The ultra-high-speed camera does not have the focal-
plane-shutter effect of the high-speed camera, but has in 
effect a conventional between-the-lens type of shutter. The 
exposure time of each frame is roughly the same as the time 
between successive frames, 5 microseconds, although there is 
a slight overlapping of exposures, as specified in reference 11. 
The series of figure 1-29 is, therefore, truly representative 
of events as they occurred in the combustion chamber. 
Examination of frames A-i to B-i of the figure reveals no 
appreciable change of conditions. Frames A-2, A-4, and 
B-i are much more sharply defined than frames A-i, A-3, 
and A-5. This effect, however, is introduced by the camera 
and has no significance relative to the burning processes. 
This alternate blurring of frames can be eliminated in further 
work with the camera. The first significant change in 
appearance of the photographs occurs in the area desig-
nated by the two arrows in frame B-2. This light area is 
not present in any of the preceding frames. If this area in 
frame B-2 is compared with the same area in frame B-i, more 
difference will be noted than in a like comparison of frame 
B-i with frame A-i, five frames preceding. In frames B-3 
and B-4, the effect of the knock spreads considerably in all 
directions from the point of origin. The location of the 
point of origin at the rear edge of the combustion zone is 
strikingly confirmatory of the conclusion reached from study. 
of the 40,000-frame-per-second photographs that the ex-
plosive knock reaction apparently originates in the burning 
gases rather than in the unignited end gas. 

Frames B-i to B-5 of figure 1-29 are reproduced in figure 
1-30. In figure 1-30, however, a b!ackline (RBA has been 
drawn in frame B-i reinforcing the boundary line between
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the dark combustion zone on the right and the white burned 
region on the left. In frames B-2 to B—S of this figure the 
same black line has been constructed in each frame, not 
marking the boundary between burned and unburned as it 
appears in frames B-2 to B-5 but the boundary as it appeared 
in frame B—i. In each of the frames B-2 to B-5 two hori-
zontal black lines have been drawn marking the upper and 
lower extents of the knocking reaction in each frame as 
ifldicate(l by the whitening of the combustion zone to the 
right of the boundary line RB_i. Distances between the 
horizontal lines have been designated in each frame as 12, 13. 

and so on. rl t.t a tifl g the difference between successive 
values of I as representing the combined upward and down-
ward travel of the knocking disturbance between successive 
frames (1 1 assUme(l equal to zero), the following values have 
been obtained for the speed of the knock disturbance ac-
cording to the equation: 

V	
/211 

2k5X106
Velocity of knocking 

disturbance 
Frames (fl/see) 

1 t 2------------------------------ 9200 

2 to 3------------------------------ 4200 

3 to 4------------------------------- 6900 

4 to 5-------------------------------- 1200

Time average of the first three values is nearly 6800 feet 
per second, which is of the same order as the higher speeds

determined from the high-speed photographs and the speed 
of 2000 meters per second determined by Sokolik and 
Voinov in reference 18. 

After frame B-4 of figure 1-29 the ultra-high-speed photo-
graphs no longer show a high speed of propagation of the 
knock reaction. The portion of the black combustion zone 
that is still visible in frame B-5 gradually disintegrates 
throughout the frames of rows C and D. leaving a great 
many black clots and streaks, which will be discussed later. 
It is thought either that the areas that still appear black in 
frame B-5 represent gases that were not in a sufficiently 
advanced state of combustion to be detonable or that they 
represent a high concentration of carbon particles 1)alticl(s resulting 
from the knock reaction. 

Chemical nature of explosive knock reaction.— -The high-
speed an([ ultra-high-speed photographs, lweatise of their 
inherent nature, should not be expected to y ield much in-
formation concerning the chemical nature of the explosive 
knock reaction. Two indications have been obtained, how-
ever, that may be of the most fundamental importance rela-
tive to the chemical nature of the reaction; first, the indica-
tion that the reaction results in a definite loss of chemical 
energy that would otherwise he available, and second, the 
indication that free carbon is released by the explosive knock 
reaction. Both of these indications forcibl y recall the opin-
ion expressed by Mi(lgley in 1920 (reference 14) that the 
knocking detonation wave burns only the hydrogen in the 
hydrocarbon molecule all(] releases fiec (21 loll 

B-I	 B-2	 B-3	 8-4	 B-5 

-	 ..	 ..... 
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FIGURE 1-31.—Pressure-time records for two combustion cycles showing power gain secured 
by quenching end zone with water to avoid knock. 

In figure 1-31 are reproduced actual photographs of two 
pressure-time records obtained with the cathode-ray oscil- 
loscope and a quartz piezoelectric pickup placed at the 
knocking zone in the combustion apparatus. The manner 
of obtaining these pressure-time records was fully explained 
in reference S. The two traces were taken under identical 
engine-operating conditions, and with the same fuel (M-3 
reference fuel), except that water was injected into the end 
gas for the "quenched" trace. High-speed photographs were 
obtained (not reproduced here) showing that the spatial 
distribution of the injected water coincided fairly well with 
the remaining combustion zone at the time of knock. As 
may be observed in the figure the injected water almost 
eliminated the violent knock that occurred with the un-
quenched combustion. It is also clear from the figure that 
the elimination of the knock resulted in a very marked 
increase in pressure, not only late in the expansion stroke 
but even immediately after the occurrence of the knock. 
The comparative traces of figure 1-31 are typical of many 
tests in which the quenched and unquenched combustion 
cycles followed each other in close succession, and in which 
the order of taking the quenched and unquenched cycles was 
repeatedly reversed. 

In the ultra-high-speed photographs of figure 1-29, a 
large number of small black spots develop in the frames of 
row C, both in the dark combustion zIe and in the gas 
that was completely burned before the beginning of the 
knock development. In the frames of row D these black 
spots draw out into long narrow streaks in the direction of 
the mass motion of the gases. Two black spots (Cl in 
frame B—i) are visible in the burned gas before the start of 
knock development, but a very great increase in the num-
ber of black spots immediately after the inception of the 
explosive knock reaction is manifest. Some of the spots, 
such as C2 in frame B-5, are visible in the burned gas within 
10 microseconds after passage of the knock disturbance 
through the location of the spots. A number of spots are 
also visible in the combustion zone in frame B-5 less than 10 
microseconds after passage of the knock disturbance. 

Black spots and streaks similar to those seen in figure 1-29 
may be seen in frames J-1 1 and J—i 3 of the high-speed 
photographs presented in figure 1-6. The counterpart of 
the black spots and streaks of frames D—i to D-5 of figure 
1-29 and frames J-1 1 to J-1 3 of figure 1-6 is seen in the

white streaks visible in the frames of figure 1-27, which were 
used to determine the detonation-wave speed in the neigh-
borhood of 4500 feet per second from that figure. The 
streaks were probably highly incandescent in all cases 
(figs. 1-6, 1-27, and 1-29). With the ultra-high-speed photo-
graphs the exposure time was so short and the lens aperture 
was sufficiently small so that the incandescence of the streaks 
did not photograph. The streaks were photographed as 
black streaks because they were opaque to the externally 
supplied light by which the photographs were obtained. In 
the case of figure 1-27 the externally supplied light was much 
less intense and the exposure time was five times greater; 
consequently, the incandescence of the streaks was photo-
graphed and the streaks show up white against the less 
intense background of externally supplied light. The fact 
that the spots are black in frames J—i 1 to J-1 3 of figure 1-6 
indicates that these spots were much less incandescent than 
in the case of figure 1-27 obtained under the same photo-
graphic conditions. The streaks have probably been lost in 
many of the photographs because their incandescence has 
closely matched the brilliance of the externally supplied light. 

The facts that approximately circular black spots ap-
peared in the frames of row C in figure 1-29 and that these 
black spots smeared out into streaks in the direction of gas 
motion in the frames of row D indicate that the material 
forming these black spots had considerable inertia. Appar-
ently the inertia was sufficient so that the material of the 
black spots did not go along with the gases in their mass 
motion: the result was either that the particles were physi-
cally smeared out into streaks Or the particles caused the 
precipitation of additional material from the gases flowing by. 

Three properties of the material of the black streaks are, 
therefore, indicated by figures 1-27 and 1-29; first, the 
material is incandescent, second, the material is opaque, 
third, the material is a solid (indicated by its inertia). 
No substance is known to this author that could be formed 
from the gases present in the combustion chamber and which 
would exhibit the three properties stated at the temperature 
of the gases in the knocking engine except free carbon. It 
is, of course, well known that excessive free carbon is formed 
in knocking explosions; the smokiness of the exhaust is often 
used as a measure of knock. Large quantities of free carbon 
are deposited on the windows of the combustion apparatuses - 
by a single knocking combustion cycle, as compared with no 
noticeable carbon deposit by a single nonkhocking combus-
tion cycle with the same fuel-air ratio. 

The black spots and streaks observed in figures 1-6 and 
1-29, and the corresponding incandescent spots in figure 1-27, 
might be held t9 be different phenomena. A high-speed 
photograph has been obtained, however, in which a very 
large spot appears opaque immediately after the passage of 
the explosive knock reaction, but later becomes incandescent. 
Some of the frames of this high-speed photograph appear in 
figure I-32. The engine-operating conditions and the fuel 
for the combustion process of this figure were the same as in 
the case of figure 1-28. At frame A—i of figure 1-32, the 
normal travel of the flames has passed through most of the 
chamber; a fair-sized end zone of irregular shape still exists 
in the central portion of the visible part of the chamber. 
The end gas is consumed by the normal travel of the flames
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between frames A—i and C-3. The explosive knock reaction 
begins at frame C-4, as indicated by blurring of parts of the 
mottled combustion zone. A large black spot is very 
evident in frames C-7 to C-13 of the figure. Careful 
inspection of frames C-5 and C-6 reveals that this black 
spot was beginning to develop in these frames. Between 
frames D—i and D-4 the black spot becomes incandescent; in 
frame D-4 most of the spot is sufficiently incandescent to 
match the other parts of the combustion chamber. (Non-
uniform illumination of the chamber by the externally 
supplied light is the probable reason why the lowest 20 per- 
cent of the chamber is much less brilliant than the upper 
parts of the chamber in these frames.) In frames D-5 and 
D-6 the formerly black spot becomes sufficiently incandescent 
so that it stands out whiter than the surrounding gases. 
Between frames D-6 and F-13 parts of this formerly black 
spot become more and more white as compared with the 
other gases in the chamber; other parts of the spot apparently 
cool again and become dark. There is, of course, some 
gradual change of shape of the spot throughout these frames. 

Frames D-6 to about F-8 of figure 1-32 have been re-etched

by the engraver to bring out the whiteness of the carbon 
cloud in contrast with the surrounding gases that are only 
slightly less white. rrllis re-etching has been done only in 
order to make the printed reproduction look as nearly as 
possible like the original untouched photograph in print. 
Similarly, it was necessary to re-etch several other illustra-
tions to emphasize details that are clearly visible in the 
photographs but that would have been quite hazy because 
of the half-tone screen used in the engraving process. 

The small spots seen in figures 1-27 and 1-29, and the 
large spot in figure 1-32, are probably not the only 
aspect of the free carbon released by the explosive knock 
reaction. Most of the photographs of heavy knock have 
shown a very great increase in the general luminosity of time 
chamber at the time of the explosive knock reaction, amount-
ing in many cases to perhaps a hundredfold increase. This 
uniform increase in luminosity is probably due to finely 
divided free carbon. The change is by no means limited to 
the end gas; it appears to occur throughout the chamber and, 
if it is concentrated an ywhere, it is concentrated at the 
chamber walls rather than in the end gas. This fact,
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together with certain other features of figure 1-29 (sec 
reference 11), suggests that the explosive knock reaction 
may travel through the burned gases in the same manner as 
the burning gas&s; such a revolutionary conclusion probably 
should not be taken very seriously, however, until consider-
ably more evidence is available. 

Summary of findings of NACA photographic knock in-
vestigations.—The findings of the NACA photographic 
knock investigations at speeds of 40,000 and .200,000 frames 
per second over the period from 193to 1946 may be sum-
marized as follows: 

1. The photographs have shown that-normal nonknocking 
combustion involves an entirely smooth travel of the flames 
through the combustion chamber and a smooth gradual 
fadeout of the combustion zones aft'er completion of the 
flame travel through the chamber. 

2. The photographs have iiiclicated that normal com-
bustion involves a zone of continuing combustion behind 
the flame front with a depth measured in tenths of an inch; 
the combustion zone, however, may have a cellular structure. 

3. The photographs have shown that preignition from a 
hot spot is not a airect cause of knock and that the flame 
from a hot spot is similar to the flame from a spark plug. 
- 4. Vibratoiv knock has been shown to involve an extremely 

fast reaction, termed the "explosive knock reaction" herein, 
which develops suddenly after a period of normal burning. 
This reaction involves a time interval not greater than 50 
microseconds. 

5. The explosive knock reaction has been shown to begin 
within 25 microseconds of the same time as the violent knock-
ing vibrations shown by a piezoelectric pickup placed in the 
end zone of the combustion chamber. 

6. The photographs have indicated that the explosive 
knock rect.ion originates only in a portion of gas that is 
already ignited, either by normal flame travel or by auto-
ignition. 

7. The photographs have shown a number of different 
types of end-gas autoignition, some of which appear always 
o be followed b y the explosive knock reaction and some of 

which may occur without being followed by the explosive 
knock reaction. The photographs have also shown cases 
of the explosive knock reaction not preceded by any form of 
a.0 toignitiori. 

8. Analysis of the photographs taken at 40,000 frames per 
s cond has indicated that the explosive knock reaction is a 
type of detonation wave traveling, under, different conditions, 
at speeds ranging approximatel y from 3000 to 6500 feet per 
second or from about one to two times the speed of sound in 
the burned gases. 

9. The propagation speech of the order of 6500 feet per second 
for the explosive knock reaction has been confirmed by the 
one series of photographs obtained at 200,000 frames per 
second.

10. A definite loss of chemical energy that would otherwise 
have been available has been shown to result from the ex-
plosive knock reaction. 

11. The photographs have shown that free carbon is re-
leased in both the burning and the burned gases within 10 
microseconds after passage of the detonation wave associated 
with the explosive knock reaction.

The indications of the high-speed and ultra-high-speed 
photographs do not harmonize with the simple autoignition 
theory of knock or with the simple detonation-wave theory. 
They appear rather to support the combined detonation-
wave and autoignition theory proposed in the literature dis-
cussion that forms the first part of this paper. 
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FIGURE 11-1--Schematic diagram of travel of flame front across 

CHAPTER II 

CORRELATIONS OF KNOCK-LIMITED PERFORMANCE DATA 

If mechanical limitations are disregarded, the power output 
of an engine can be increased by varying any one of several 
operating conditions until the knock limit of the fuel is 
reached. Once this limit is encountered, further efforts to 
increase the power will result in overheating of the engine and 
prolonged operation under these knocking conditions may 
result in damage to the engine. For these reasons, much 
research has been conducted to extend knowledge of the 
nature of knock and, through application of this knowledge, 
to eliminate knock as an obstacle to greater engine power. 

Knock itself is fundamentally related to the following 
events that occur in the engine cylinder after induction of the 
fuel-air charge: 

1. The fuel-air mixture (charge) is taken into the cylinder 
at a given temperature and pressure. 

2. Compression of the charge begins as the piston moves 
upward. During this compression the volume occupied by 
the charge decreases, the pressure increases, and the tempera-
ture increases. The total temperature increase includes the 
temperature rise resulting from an amount of heat transferred 
from the hot cylinder walls.. 

3. Ignition of the charge takes place at some point before 
the piston reaches top center: 

4. From the point of ignition the burning charge moves 
across the cylinder and the flame front compresses the un-
burned portion of the charge, as illustrated in figure II-1. 
The arcs emanating from the spark represent progressive 
positions of the flame front. 

5. The density and the temperature in the unburned 
portion of the charge increase as the flame front progresses. 

Successive posThons 
of flame froni	 I

Unburned 
charge

6. For a given fuel, a unique combination of density and 
temperature may occur and at this point the unburned por-
tion of the charge will spontaneously ignite (ch. I) with 
considerable violence to produce the phenomenon called 
knock. 

Rothrock and Biermaiui (reference 1) assume density and 
temperature to be the physical properties of the combustion 
gas that determine whether or not the fuel will knock. For 
each gas density, a gas temperature exists at which the 
unburned portion of the charge ahead of the flame front 
will ignite spontaneously. This combinatioi of density and 
temperature may or may not be reached, depending upon the 
controlled and uncontrolled factors of engine operation 
These factors are listed in reference 1 as follows: 

(a) Chemical composition of fuel 
(b) Fuel-air ratio 
(c) Exhaust-gas dilution 
(d) Humidity 
(e) Compression ratio 
(f) Inlet-air temperature 
(g) Inlet-air pressure 
(h) Wall temperature of combustion chamber and cylinder 
(i) Spark advance 
(j) Engine speed 
(k) Engine dimensions 
(1) Combustion-chamber form 
If, as pointed out in reference 1, many combinations of 

density and temperature exist at which a- fuel will knock, 
it is impossible to epress the knock limit of a fuel adequately 
by testing that fuel at only one set of engine operating condi-
tions. Each fuel must be tested under a variety of conditions 
in order to establish the absolute relation between knock-
limited density and temperature. This relation will be the 
same regardless of the engine in which it is determined. 

SYMBOLS 

The following symbols are used in thi g chapter: 
a, b coefficients in specific-heat (constant volume) 

equation for charge 
e v specific heat of mixture at constant	 volume, 

Btu/(lb)/° F 
J fuel-air ratio 
F1 , F, F3 functions 
H heat content per pound of mixture, Btu/(Ib) 
i intake cycles per minute 
J mechanical equivalent of heat, 778 (ft-lb)/Btu
K	 constant 
M	 molecular weight of charge 
n.	 moles of gas present in cylinder 

500
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P pressure, (lb)/(sq in.) 
R universal gas constant, (ft-lb)/(mole) (°R) 
r compression ratio 
T temperature, °R 
T' mean temperature throughout combustion cham-

ber just before knock, °R 
AT temperature rise of cylinder contents due to 

constant-volume burning, °F 
olearance volume, (cu in.) 
displacement volume, (cu in.) 

V. specific volume, (cu ft/lb) 
W gas flow, (lb)/cycle

Z
PC 

factor replacing — j—

ratio of specific heats 
om cothbustion efficiency 

P density, (lb)/(cu in.) 
Subscripts: 
b buined mixture at top center 
C compression 
e effective 
k in knocking zone (end gas) immediately preceding 

knock 
0 inlet air

CORRELATIONS BASED UPON END-GAS CONDITIONS 

The last portion of the charge to burn, which under proper 
conditions of density and temperature ignites spontaneously, 
is commonly designated the end gas. The space occupied 
by this gas is called the end zone. From the conventional 
therrriodynamic equations, expressions are derived in refer-
ence 1 for determination of the end-gas density and tempera-
ture. The compression of the fresh charge admitted to the 
cylinder occurs in two steps: (1) . the charge is adiabatically 
compressed by the piston until ignition takes place; and (2) 
the unburned charge ahead of the flame front is assumed to 
be adiabatically compressed by both the piston and the 
flame front until knock occurs, or 
Step (1):

TO

-I—i 

T PP!`) 

Step (2):
71 

Te(Pe'\ 

TkkPk) 

where 
T0,P0 inlet-air temperature and pressure, respectively 

temperature and pressure, respectively, after com-
pression by piston 

Tk,Pk temperature and pressure, respectively, in knocking 
zone immediately preceding knock 

ratio of specific heat at constant pressure to specific 
heat at constant volume

Combining steps 1 and 2 yields 

(PT'^=
k

YTO	 (1) 

This equation expresses the temperature in the knocking 
zone. The expression for density of the unburned charge 
ahead of the flame front is given by the equation 

KPk	 (2) 

where 
Pk gas density in knocking zone immediately preceding 

knock 
K constant 
Equations (1) and (2) are the same as those of reference 2 
except that density has been used instead of pressure. 

These equations show that if an engine is operated at con-
ditions of incipient knock and P is measured, the density 
and the temperature may be calculated. Accurate measure-
ments of Pk, however, are very difficult; therefore, the cal-
culations as well as experimentation can be simplified by 
expressing the density and the temperature in terms of more 
easily determined factors. For example, equation (2) can 
be written

K PO/PkPC" 
Pk=JiP0) 

If P. and T are the compression pressure and temperature, 
respectively, and T' is the mean temperature throughout the 
combustion chamber just before knock occurs, the density 
P/c is expressed by

KPk 
P0 T' (P'y 

Because

T'= Tc+Tor71+ 

and

(R)= 
where 
H heat content per pound of mixture 
c0 specific heat of mixture at constant volume 
r compression ratio of engine 
then

Kpk=!0(1+CT1)7	 (3) 

Similarly,

T/c=T0r' (1+CT7_1)	 (4) 
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FIGURE 11-2.—Effect of estimated end-gas temperature on maximum permissible density 
factor for leaded and unleaded isooctane in flat-disk combustion chamber. Engine speed. 
2500 rpm; improved cooling in cylinder head; fuel-air ratio, 0.081. (Fig. 2of reference 1.) 

In the evaluation (reference 1) of equations (3) and (4), c, 
was estimated as 0.25 Btu per pound per °F, -y as 1.29, and 
H as 1160 Btu per pound of mixture. The quantity H was 
estimated by the following expression: 

H-18'°	 Omf 

1+j 
where 
Ocom combustion efficiency - 
f fuel-air ratio 
The combustion efficiencies used in reference 1 were obtained 
from reference 3. 
- The application of the foregoing relations is illustrated in 
figure 11-2. These data were obtained at an engine speed of 
2500 rpm and a fuel-air ratio of 0.081. Although the data 
represent several compression ratios and several inlet-air 
temperatures, a single curve is obtained for each fuel. For 
the range of values -examined in reference 1, the value of 

7	 H \' 1 +cTrl_l) at an inlet-air temperature of 120° F varied 

from a value of 3.82 at a compression ratio of 6.5 to a value of 
3.62 at a compression ratio of 8.75. It was therefore assumed 
that the density factor (equation (3)) could be expressed by 
rP0/To. Similarly, the end-gas temperature T could be 
expressed by Tor'. In reference 1, r 1 is also eliminated 
from the term for Tk because the data justified the omission. 
Proper consideration of equation (3), however, does not sup-
port the elimination of r from equation (4).

H\ The omission of the terms rr' and 1 
+CTTY_1) from 

equation (4) permits the use of T0 in place of T. A compari-
son of several fuels on this basis is shown in figure 11-3. The 
curves for the fuels tend to converge at high inlet-air tempera-

tures, which indicates that for some temperature, it is con-
ceivable that this particular group of fuels might have the 
same knock-limited performance. This trend is due to the 
similarity of the fuels used. As will be shown later in this 
chapter, the curves for various fuels are not ordinarily so 
similar. 

Because the density and temperature relations vary with 
fuel-air ratio (reference 1), Taylor, Leary, and Diver (refer-
ence 4) obtained additional data to improve the accuracy of 
the expressions in reference 1 and specifically to investigate 
further the influence of fuel-air ratio. In addition, an effort 
is made to determine the effect of exhaust-gas dilution on the 
compression ratio for incipient detonation. As a further 
refinement of the end-gas conditions, allowance is made for 
variation of specific heats and chemical equilibrium of the 
charge before and after combustion with temperature, pres-
sure, and fuel-air ratio. The procedure used for computing 
end-gas temperatures in reference 4 is as follows: 

A point is first selected on the compression. stroke of an 
indicator diagram and the specific volume V8 of the charge 
is computed. The temperature T0 is then computed from 
the following relation:

T P0V 
0--fl— 

Where 
R gas constant, 1544/rn 
rn molecular weight of charge 

Curve	 Fuel	 Knock 
—	 /	 85 percent isooctane	 Audible-

2	 90 percent isooctane	 Audible 
3	 95 percent i8000ton'e	 Audible 

— 4	 Isooctane	 Audible 
5	 Isooctane */0 ml TEL	 Audible 
6	 ISooctone + 10 ml TEL	 Incipient 

with improved cooling in	 - 
center of cylinder head 

3- --_ 

120	 160	 00	 840	 280
Inlet-air temperature, T0 , F 

FIGURE 11-3.—Effect of inlet-air temperature on maximum permissible density factor for 
series of fuel blends in flat-disk combustion chamber. Engine speed, 2500 rpm; fuel-air 
ratio, 0.081. (Fig. 4 of reference I.) 
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FIGURE 11-4--Comparison of effect of end-gas temperature on maximum permissible end-
gas density as determined by methods of references 1 and 4. (Fig. 24 of reference 4.) 

The end-gas temperature Tk is calculated from the equa-
tion for Tk taken from reference 5. 

	

log Tk=logTO + 	 log-	
b 	

(T-T5) 
(a+3) J	 ° 2.30 (a+j)

(5) 
where 
a, b coefficients in specific-heat equation at constant volume 

for charge 
J	 mechanical equivalent of heat, 778(ft-lb)/Btu 

A comparison of the end-gas calculations from references 
1 and 4 is shown in figure 11-4. The results of these refer-
ences are in agreement as to the variation of end-gas density 
with end-gas temperature, but the order of variation of end-
gas density with fuel-air ratio at any given end-gas tempera-
ture is reversed by the two methods of calculation. An 
additional analysis by Rothrock cited in reference 4 attrib-
utes the apparent reversal of the effect of the fuel-air ratio 
to the difference between the measured maximum pressures 
of reference 4 and the computed maximum pressures of 
reference 1. 

The studies of reference 4 were made at constant engine 
speed and therefore do not consider the effect of time or 
rate of combustion on knock. In a subsequent investiga-
tion, Leary and Taylor (reference 6) attempt to explain the 
significance of time in engine detonation by the use of 
indicator .diagrams obtained during knock tests. As a result 
of these studies, the investigators conclude that higher 
maximum permissible pressures can be used in an engine 
if the rate of compression of the end gas is increased. This 
conclusion led to the development of an experimental corn-

0 
.02	 .04	 .06	 .08	 .10	 .12	 .14	 .16	 .18

Fuel-air rah4f 
(a) Variable fuel-air ratio. Compression ratio, 11.7. (Fig. 32 of reference 8.) 

FIGURE 11-5.-Comparison of isooctane, 100-octane gasoline, triptane, and benzene with 
respect to variation in ignition delay. Initial pressure, 14.7 pounds per square inch abso-
lute; initial temperature, 149° F; compression time, approximately 0.006 second. 

pression machine (reference 7) for use in studies of fuel 
knocking characteristics. 

The first results obtained in the compression machine are 
reported in reference 8 as an explanation of differences in 
knocking characteristics of fuels. Ignition delay as a func-
tion of fuel-air ratio is shown in figure 11-5 (a) for four 
fuels. When the curves for isooctane (2,2,4-trirnethyl-
pentane) and 100-octane gasoline are compared, the ignition 
delay of the gasoline is seen to be greater than that of iso-
octane at fuel-air ratios greater than 0.085. The reverse is 
true at fuel-air ratios below 0.085. On the basis of these 
results, it is suggested (reference 8) that the knock-limited 

_____\ \
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SOOe 
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Compression ratio, r 

(b) Variable compression ratio. Fuel-air ratio, stoichiametric. (Fig. 33 of reference 8-) 

FIGURE 11-5.-Concluded. Comparison of isooctane, 100-octane gasoline, triptane, and ben-
zene with respect to variation in ignition delay. Initial pressure, 14.7 pounds per square 
inch absolute; initial temperature. 1490 F; compression time, approximately 0.006 second. 
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performance of these fuels may be similar; that is, isooctane 
would be higher than 100-octane gasoline at low fuel-air 
ratios but lower than gasoline at high fuel-air ratios. This 
belief was confirmed by supercharged knock tests. If igni-
tion delay were the only criterion of knock, it could be 
concluded from figure 11-5 (a) that triptane (2,2,3-trimethyl-
butane) has the highest antiknock performance with benzene 
next in order; however, the authors of reference 8 contend 
that this result may not be true inasmuch as the pressure-
time curve during the delay period is also of considerable 
importance. 

Ignition delay as a function of compression ratio is shown 
in figure 11-5 (b). The delay period decreases as the 
compression ratio increases. The ignition delays for triptane 
are higher than those of isooctane and 100-octane gasoline 
over the entire range of compression ratios. Benzene has 
ignition delays greater than those of triptane at compression 
ratios below 10.5, but over the entire compression-ratio 
range the pressure-time records of reference 8 for benzene 
always indicate a smoother reaction than that of triptane. 
From this relation it may be surmised that the high-antiknock 
characteristics of benzene are attributable to the slow pres-
sure rise during combustion of the end gas rather than to 
the long ignition delay periods. 

The correlations of end-gas conditions proposed in refer-
ences 1 and 4 do not account for variations of fuel-air ratio 
(fig. 11-4); consequently, the end-gas density-temperature 
relations are rederived in reference 9 with this factor taken 
into consideration. The following equations are proposed 
in reference 9: 

The density of the charge after adiabatic compression by 
the piston is

W 
Pcy	 (6) 

where	 - 
P C density after compression 
W weight of gas inducted per cycle 
V clearance volume 

The temperature of the charge aftr compression is

(7) 

The state of the gases before burning in .the cylinder when 
the piston is at top center may be expressed by the ideal gas 
equatioff,

PV=nRT	 (8) 
where 

P compression pressure 
n moles of gas present in cylinder 
R universal gas constant 

The state of the gases at top center after burning is 

PbV=flRTb	 (9) 

where 
Pb pressure of burned mixture at top center 
Tb temperature of burned mixture at top center

Combining equations (8) aiid (9) gives 

Pb Tb (10) 

The end gas is adiabatically compressed during constant-
volume combustion

7 
Pk,e(Tk,e'\71 
PC'TC)	

(11) 

and

pke(Tk,e'\'	 9 
pT)	

(1) 

where. 

Pk.e effective end-gas pressure at instant before knock 
Tk,e effective end-gas temperature at instant before knock 
Pic.e effective end-gas density at instant before knock 

The term "effective" was used in reference 9 in referring to 
the end-gas quantities (subscript k,e) inasmuch as these 
quantities are based upon an idealized air-cycle analysis and 
are therefore not the same as the actual values. 

As the flame front moves across the cylinder, the unburned 
gas (assumed to be small) is compressed and knock occurs 
just before completion of combustion of the entire charge. 

In equation (11), Pb can be substituted for Pk,e 

--
'b 

(Tke)7' 1j	 (13)

Combining equations (10) and (13) yields 

TkeTc()	 (14)

however,

Tb=TC+ zT	 (15) 

where 
LxT temperature rise of cylinder contents due to constant-

volume burning 
Therefore,

TkeTc(1+)	 (16) 

In reference 9, a relation is assumed to exist between effec-
tive end-gas density and effective end-gas temperature at the 
incipient-knock condition; this relation includes the effects of 
variations of fuel-air ratio, compression ratio, and inlet-air 
temperature:

pk.eFl(Tlc,e)	 (17)

Combining equations (12) and (17) yields 

Pc	 - e	 (18) 
TC
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Fuel 
o A/V-F-e8 (e8-R) 
a Aviahon a/ky/ale 
o S reference 
A Oiisopropy/ - 

Tr,pane 
Cyclobexane, 

o CycIopensane 
v Triptene

- 

- 

- 

- - -

- 

or

	

Pc	 F1 ( T, ) F(T	 )	 (19) 

T 

Replacing TIC by its equivalent in equation (16) and letting 

Z equal p/T' gives
r 
I

	

 z=F2 [Tc(1+
AT

-)	 (20) 

The constant-volume temperature rise during burning AT 
is dependent upon factors such as fuel-air ratio and pressure 
and temperature of the charge before burning. Of these 
factors, fuel-air ratio is the most important on affecting 
AT; therefore, AT is considered (reference 9) to be a function 
of fuel-air ratio alone. At some reference fuel-air ratio, AT 
can be taken as a constant. In reference 9, a fuel-air ratio 
of 0.08 is selected. A representative value (4040° F) of AT 
is chosen from reference 10 to be used in the correlation of 
the experimental data of reference 9. 

The constant-volume temperature rise clue to combustion 
becomes

	

AT=4040F3(J)	 (21) 

where  is fuel-air ratio. 
Substituting this value of AT into equation (20) gives 

=	 3(Jfl	 (22) Z 
F2{Tc[1+

4040 F
TJ ) 
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FIGURE 11-6.—Effect of compression-air temperature and fuel-air ratio on knock-limited 
values of factor Z for AN-F-28 fuel in CFR engine. Engine speed, 1800 rpm; coolant 
temperature, 250° F; spark advance, 30° B. T. C. (Fig. 4 of reference 9; data calculated 
from reference 10.) 
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FIGURE 11-7.—Effect of fuel-air ratio on function of fuel-air ratio for eight fuels in supercharged
C FR engine. (Fig. 5 of reference 9.) 

By use of equations (6), (7), (12), (16), and (21), the fol-
lowing expressions may be written for T5, , and p-,e: 

- I 
4040 

F3U)I
T1=T0r1[1+ T0r'	 (23) 

Pk, eW 7Tke) (7r	 (24) 

Equations (23) and (24) can he solved for Tt,e and Pk,e if 
F3 (J) is known. The utility of these equations for correlation 
of engine variables depends upon whether a single curve 
results between T18 and Pice, when T0, r, or f is varied and 
also upon the accuracy with which F3 (f) can be evaluated. 

In order to determine F3 (f), values of Z are computed 
(reference 9) from experimental data obtained in a CFR test 
engine with AN—F-28 (28—R), a 100/130 grade aviation 

gasoline. The values of Z are computed from and 
a constant °y of 1.4 is used. The computed values are then 
plotted against T as shown in figure 11-6. The experimental 
data upon which this figure is based covered a range of com-
pression ratios from 5 to 10 at a constant inlet-air tempera-
ture of 250° F and a range of inlet-air temperatures from 
100° to 350° F at a compression ratio of 8. A constant 
engine speed of 1800 rpm, a coolant temperature of 250° F, 
and a spark advance of 30° B. T. C., were maintained in al) 
cases. 

At constant Z (fig. 11-6), a new value of T. exists for each 
fuel-air ratio and the right side of equation (22) is constant 
regardless of fuel-air ratio; consequently, the following 
equation may be written: 

& 

C)

1.4 

IC
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compression ratio. Inlet-air pressure varied to maintain incipient knock. (Fig. 6 of 
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limited effective end-gas density for eight fuels. (Fig. 8 of reference 9.) 

7-' 
4040\ T. [i + 4040 Fsf)j	

Trees (i + Tcoos)
	

(25) 
T, 

The left side of this equation applies for any fuel-air ratio, 
whereas the right side applies only to the previously men-
tioned reference fuel-air ratio of 0.08, where F3 (f) hs been 
taken as 1.0. By substitution of different values of I', from 
figure 11-6 into the left side and the value of T for a fuel-air 
ratio of 0.08 in the right side of equation (25) it is possible 
to solve for F3(7). 

Values of F3 (f) are determined in reference 9 for seven 
other fuels and the results are plotted in figure 11-7. The 
curve on this figure represents the mean of the data. Obvi-
ously the relation between F3 (f) and f varies with the fuel 
used and for this reason t.he use of the mean curve is not 
recommended unless data for a specific fuel are unavailable. 

By means of the F3 (f) curves (fig. 11-6) for each fuel, 
values of Tk,, 'and p,, are calculated (reference 9) from 
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formance of diisopropyl plus 4 ml TEL per gallon. 

equations (23) and (24). In general, the correlations were 
quite satisfactory, as illustrated by figure Il-S (a). The 
poorest correlation was found for triptane (fig. 11-8 (b)), 
particularly at low values of Tk.C; however, good correlation 
could not be expected in this case because of the tendency of 
the fuel to preignite. (See ch. IV.) A comparison of the 
knock-limited effective density-temperature curves for the 
fuels investigated is presented in figure 11-9. 

In order to determine the accuracy of the curves of Ta,. 
against Pk.e, the authors of reference 9 calculated the knock-
limited air flow We (equation (24)) from curves 
based upon the mean and individual F3 (fl curves of fig-

ure 11-7. The results of this comparison are presented in 
the following table: 

Mean error in calculated knock-limited 
cisarge flow (percent) 

Variable inlet -air Variable compression Fuel temperature ratio 

Individual Mean Individual Mean 
F, U) F, (f) F, (f) F, (1) 

AN-F-28 (28-R) ------------------- 3.5 4.2 4.6 5.5 
2.9 6.4 3.0 5.4 
-2 7.6 3.7 7.0 

l)iisopropyl ----------------------- 3.7 5.0 4.0 3.9 

Aviation alkylate ----- --------------

Triptane --------------------------

--

8.6 24.4 6.6 22.4 

S reference------------------------.7 

Cyclopentane --------------------- 7.3 

-

7.2 7.5 8.6 
Cycloliexane --------------- --------

-

5.1 
-

7.4 7.2 9.0 
Triptene --------------------------- -

-
&0 8.5 6.2 6.6 

As would be expected, the least error in the calculated air 
flow resulted from use of the curves of T.e against pt.,, based 
upon the individual F3 (f) curves. Diisopropyl at variable 
compression-ratio conditions and cyclopentane at variable 
inlet-air-temperature conditions appear to be exceptions, 
but the difference in mean error is small between the air 
flows computed from individual or mean F3 (f) curves. 
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FIGURE 11-10.-Concluded. Effect of compression ratio and inlet-air temperature on 
knock-limited performance of diisopropyl plus 4 ml TEL per gallon. 
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FIGURE 11-11.—Effect of compression temperature on knock-limited compression-air density 
for diisopropyl plus 4 ml TEL per gallon. (Fig. 16 of reference 12.) 

CORRELATIONS BASED UPON COMPRESSION CONDITIONS 

The calculation of end-gas temperatures and densities 
described in the foregoing section is sufficiently complicated 
and uncertain to make it desirable to use some simple 
method of data correlation. One such method, based upon 
compression conditions, is proposed in reference 11. The 
method does not correlate all the variables of engine opera- 
tion such as spark advance, engine speed, or fuel-air ratio, 
but is useful in explaining the effects of compression ratio 
and inlet-air temperature on fuel performance. 

In this method, a relation is assumed to exist between 
compression conditions before ignition occurs and end-gas 
conditions after ignition occurs; therefore, calculated com- 
pression densities and temperatures may be used in place of 
end-gas densities and temperatures. 

The compression density may be calculated as follows: 

Wo W(r-1) 

	

Pc7	 (26) 

where	 - 

W0 inlet-air flow, (lb/mm) 
i	 intake cycles per minute

V clearance volume, (cu in.) 
Vd displacement volume, (cu in.) 

The calculation of compression temperature (reference 11) 
neglects the effects of fuel vaporization, heat transfer to the 
cylinder walls, fuel-air ratio, and preflame reactions; how-
ever, the correlations obtained with an adiabatic-compression 
formula justify these omissions.

(27) 

In order to verify this method of correlation, knock-
limited performance data were obtained for a number of 
fuels in references 11 and 12. These data resulted from 
tests in which all operating conditions except compression 
ratio were held constant. The tests were then repeated with 
all variables except inlet-air temperature constant. An il-
lustration of the engine data for a single fuel is presented in 
figure 11-10. Compression densities and temperatures cal-
culated from data in these figures are shown in figure Il—il. 
Comparisons of several fuels (reference 13) are shown in 
figure 11-12. 

The curves shown in these figures illustrate the relative 
sensitivities of fuels to changes of temperature and compres-
sion ratio and also may be used to describe the popular 
terms "mild" and "severe" conditions. For example 
(fig. 11-12 (a)), an increase in compression ratio or inlet-air 
temperature causes an increase in compression temperature 
and a decrease in knock-limited performance as indicated 
by the low compression densities. Any combination of 
engine operating variables, such as spark advance, inlet-air 
temperature, compression ratio, and engine speed, that 
tends to produce exceptionally low knock-limited compres-
sion densities, is commonly termed a "severe" condition. 
Conversely, "mild" conditions tend to produce high knock-
limited compression densities. 

The type of curve shown in figure 11-12 (a) has also been 
used to express the term "temperature sensitivity." Al-
though no universally accepted definition of temperature 
sensitivity has been devised, the authors of reference 12 sug-
gest that the compression-density—temperature plot offers 
a more generally applicable definition than any other yet 
devised. The slope of the curve of compression density 
plotted against compression temperature would offer a 
measurement of temperature sensitivity. Calculations of 
these slopes for the fuels investigated in reference 12 indi-
cated that the temperature sensitivities of isooctane, avia- 
tion gasoline, an aviation alkylate, and diisopropyl (2,3-
dimethylbutane) were very nearly independent of engine con-
ditions. The temperature sensitivity of triptane decreased 
as the severity of the engine conditions decreased; the tem-
perature sensitivities of cyclopentane, cyclohexane, triptene, 
(2,3,3-trimethylbutene-1), and toluene increased as the 
severity of the engine conditions decreased. 
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FIGURE 11-12.—Temperature-density relations for various fuels in OFE engine. Engine speed, 
1000 rpm; coolant temperature, 200° F; spark advance. 30° B. P. 0. (Fig. 7 of reference 13.) 
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(a) Fuel-air ratio, 0.065. 
(b) Fuel-air ratio, 0.11. 

FICURE 11-13.-Temperature-density relations for two fuels in R-2600 cylinder. Engine 
speed, 2100 rpm; spark advance, 20 0 B. T. 0.; rear spark-plug-bushing temperature, 450° F. 
(Fig. 8 of reference 13.) 

The data presented in figure 11-12 were obtained in a 
CFR engine that is designed to permit variation of com-
pression ratio. In order to determine if the compression-
density-temperature correlation would hold for full-scale 
engines, similar tests were made in an experimental engine 
employing a single cylinder from an aircraft engine.. The 
compression ratio was varied by using pistons of different 
displacement in the cylinder. The results of these runs 
(reference 13) are shown in figure 11-13. 

Inasmuch as the correlation is satisfactory for full-scale 
engines (fig. 11-13), the experimental evaluation of engines 
or fuels can be minimized. For example, investigation of 
the effect of compression ratio on knock-limited performance

in full-scale multicylinder engines is impractical because of 
the cost, time, and effort involved in changing pistons. 
Curves like those of figure 11-13, however, can be established 
with relative ease by varying inlet-air temperature. From 
the curve so established, the effect of compression ratio on 
knock-limited compression density can be calculated from 
assumed compression temperatures. 

Although the simplicity of the compression-density-
temperature correlation is greater than that of the end-gas 
correlations presented in the preceding section of this chap-
ter, the end-gas method has the obvious advantage of com-
pensating for variations in fuel-air ratio as well as for com-
pression ratio and inlet-air temperature. 
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CHAPTER ifi 

ANTIKNOCK ? PERFORMANCE SCALES 

For many years the efforts of investigators in the field of 
fuel research have been directed toward the development of 
suitable scales for measuring the knocking characteristics 
of fuels. As a result of these efforts, a number of scales have 
been studied, but only a few have passed beyond the stage of 
tentative acceptance. The emphasis in this development 
has generally been placed upon one objective—that the 
method permit- -the assignment of a numerical antiknock 
value to each fuel and that the rating so determined be 
reasonably constant regardless- of the engine or operating 
condition used. 

The achievement of this objective has been hindered be-
cause the many fuels suitable for aviation use vary widely in 
their response to changes in engine conditions and also be- 
cause the rating scales currently used are unsatisfactory for 
rating fuels in the high performance range. As a result of 
these difficulties, attention has been turned in recent years 
to the problem of establishing a rating scale that will permit 
determination of ratings for high-performance fuels. An 
effort has been made in these studies to select reference fuels 
that will respond to changes in engine conditions in a manner 
similar to that of service fuels. The material in this chapter 
is given in greater detail in reference 1. 

DEVELOPMENT OF FUEL-RATING SCALES 

Octane scale.—One of the earliest and the most enduring 
knock-rating scales is the familiar octane-number scale pro-
posed by Edgar (reference 2) in 1927. This scale is based on 
two reference fuels, isooctane (2,2,4-trimethylpentane) and 
n-hepta.ne , suggested because isooctane knocked less and 
n-hepta.ne more than any other fuels then known. In this 
system, isooctane is arbitrarily assigned a rating (octane 
number) of 100 and n-heptane, a rating of 0. The char-
acteristic shape of curves representing the octane scale is 
shown in figure III-1 from data obtained in the A. S. T. M. 
Supercharge engine (A. S. T. M. designation D909-47T). 

The octane scale is restricted to the determination of rat-
ings for fuels producing knock-limited power equal to or less 
than that of isooctane and equal to or greater than that of 
n-heptane. At the lower end of the scale, the limitation 
offers no serious obstacle because interest in fuels with 
greater knocking tendencies than n-heptane is purely aca-
demic. On the other hand, the upper or isooctane end of the 
scale offers a very serious obstacle inasmuch as many pure 
hydrocarbons and commercial blending stocks are known to 
exceed the knock-limited power output of isooctane. 

In addition to being limited in use to fuels having anti-
knock values between those of n-heptane and isooctane, the 
octane scale fails to provide numerical ratings that remain

constant from engine to engine or from one condition to 
another. That is, a fuel having an octane number of 80 in 
one engine may have an octane number of 90 in another 
engine. Investigation has shown, however, that the ratings 
of paraffinic fuels, with the exception of certain highly 
branched isomers, tend to remain more nearly constant from 
engine to engine than do widely different types of hydro-
carbon within the range of performance covered by the 
octane scale (reference 3). This fact can be attributed to 
the differences in sensitivities of various fuels to changes in 
operating conditions. Inasmuch as the rating fuels (iso-
octane and n-heptane) are paraffinic, these fuels would be 
expected to respond to changes in operating conditions in 
much the same manner as a paraffinic test fuel. If, on the 
other hand, the test fuel contains large concentrations of 
aromatic, cycloparaffinic, or olefinic compounds, the re-
sponse to variations in operating conditions would differ 
greatly from the behavior of the paraffinic rating fuels. 
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FIGURE m-I.—Octane scale determined on A. S. T. M. Supercharge engine at standard 
conditions. Oompression ratio, 7.0; engine speed, 1800 rpm; inlet-air temperature ,225° F 
coolant temperature, 375 F; spark advance, 45 1 B. T. C. (Fig. 1 of reference I.) 
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Lead scale.—When fuels with knock ratings that exceeded 
the upper limit of the octane scale were first considered for 
service use, it became apparent that the octane scale was no 
longer adequate for rating aviation fuels; consequently, the 
the search began for a performance scale that would ac-
commodate the high-performance fuels used in modern air-
craft power plants. In order to meet this problem, it was 
decided that fuels exceeding the performance of isooctane 
should be matched against isooctane to which had been 
added a given amount of tetraethyl lead. (See fig. 111-2.) 
The procedure for rating fuels by the lead scale is the same 
as that used for the octane scale; that is, the knock intensity 
of the test fuel is determined in a standard engine at standard 
conditions and the knocking tendencies of blends of iso-
octane and tetraethyl lead are compared with those of the 
test fuel until one blend is found to give a knock intensity 
equal to that of the test fuel. 

Performance-number scale.—Neither the octane scale 
nor the lead scale permitted the assignment of a numerical 
rating indicative of the power output of a fuel, and in an 
effort to circumvent this difficulty a scale of performance 
numbers was adopted. The performance scale (fig. 111-3) 
represents an approximate average of the knock-limited per-
formance as determined in several different engines at differ-
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FIGURE 111-2.—Lead rating scale determined on A. S. P. M. Supercharge engine at standard 
conditions. Compression ratio, 7.0; engine speed, 1800 rpm; inlet-air temperature, 225° F; 
coolant temperature, 375° F; spark advance, 45° B. T. C. (Fig. 2 o reference I.)

TEL, rn//gal /soocane 

FIGURE 111-3.—Performance-number scale. (Fig. 3 of reference 1.) 

ent operating conditions for isooctane containing various 
amounts of tetraethyl lead. Although empirically deter-
mined, this scale has proved useful in expressing fuel ratings 
and in correlating performance of fuels in different engines, 
but it still does not provide an absolute measure of power 
output. 

The performance-number scale does not alter the procedure 
for rating fuels by use of leaded isooctane (lead scale) but 
does change the method of reporting the rating. For ex-
ample, if a test fuel is found to give knock-limited per-
formance equal to isooctane plus 2.0 ml TEL per gallon in 
any engine at any condition, its rating is reported as 138 
performance number. (See fig. 111-3.) 

The performance scale as originally adopted was intended 
for use only with fuels having ratings above an octane number 
of 100 by the A. S. T. M. Supercharge method. General 
acceptance of the scale soon led to expression of ratings by 
the A. S. T. M. Aviation method (A. S. T. M. designation 
D614-47T) in terms of performance numbers and later 
resulted in extension of the scale below a performance number 
Of 100. 

Proposed rating scales.—One limitation of the octane 
scale and the lead scale is that the service fuels containing 
an approximately constant amount of tetraethyl lead (3.0 to 
4.6 ml/gal) must be matched against unleaded rating fuels or 
against rating fuels having variable concentrations of lead. 
This limitation is inherently related to the problem of fuel 
sensitivity to changes in operating conditions in that tetra-
ethyl lead affects the sensitivity of the fuel to which it is 
added. 

In order to minimize this effect on fuel ratings, investi-
gators in the field have proposed rating scales in which the 
reference fuels contain a constant amount of tetraethyl lead 
in the range of concentrations found in service fuels. Some 
of these schemes recommend the addition of a third com-
ponent, such as an aromatic, in the reference fuel blend in 
order to produce reference fuels having sensitivities more 
nearly equal to service fuels.
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EVALUATION OF PROPOSED FUEL-RATING SCALES 

On the basis of studies made by the Coordinating Research 
Council (reference 4), it was proposed that triptane (2,2,3-
trimethylbutane) and n-heptane be adopted as the reference 
fuels for a new rating scale. Both fuels were to contain 3.78 
ml TEL per gallon. The studies on which this proposal was 
based were conducted in A. S. T. M. Aviation and A. S. T. M. 
Supercharge fuel-rating engines at standard operating condi-
tions. In order to extend .the data of the Coordinating 
Research Council beyond standard operating conditions, an 
investigation of the proposed rating scale over a range of 
engine conditions was conducted by the NACA and is 
reported in reference 1. The results of this investigation of 
triptane and n-heptane were compared with results obtained 
under similar test conditions for current rating scales and 
other proposed scales. 

The effects of varying engine conditions were simulated by 
varying inlet-air temperature from 100° to 300° F in the 
A. S. T. M. Supercharge engine. The combinations of 
reference fuels investigated were: 

1. Isooctane and n-heptane 
2. Isooctane (containing 0 to 6 ml TEL/gal) 
3. Isooctane and n-heptane (both containing 3.78 ml 

TEL/gal) 

TABLE 111-1.-SERVICE AND SERVICE-TYPE FUELS 

Fuel
Nominal per-

formance grade 
lean/rich 

AN-F-28 (28-R)-----------------------------------------------------
- 
100/130 

Special blend number 1 (SB-I) (23 percent benzene+34 percent virgin 

AN-F-26-------------------------------------------------------------76/88 

base stock-i-43percent alkylate+4 ml 'rEL/gal) --------------------- 100/140 
115/145 AN-F-33 (33-R)------------------------------------------------------

Special blend number 2 (SB-2) (43 percent disopropyl+12 percent

-

virgin base stock+45 percent alkylate+4 ml TEL/gal) ---------------120/150 
Special blend number 3 (SB-a) (34 percent diisopro pyl+12.5 percent 

hot-acid octane+41.5 percent alkylate+12 percent isopentane+4 ml
130/160 

Special blend number 4 (SB-4) (55 percent diisopropyl+8 percent 
tripiane+29 percent alkylate+8 percent isopentane+4 ml T E L/gal) 135/175 

Special blend number 5 (S13-5) (62 percent diisopropy1+19 percent 

TL/gal) -----------------------------------------------------------

triptane+ll percent alkylate+8 percent isopentane+4 ml TEL/gal) - 140/200 
RAF D-52 (45 percent S reference fuel-i-45 percent diisopropyl+10

146/175 percent isoptntane+4.6 ml TEL/gal)--------------------------------
RAFD-53 (45 percent S reference fuel+45 percent triptane+I0 per-

cent isopentane+4.6 ml TEL/gal)----------------------------------- 153/192 

Reproduced from reference 1. 
Lean ratings by A. S. T. Al. Aviation method are intended to he indicative of 'cruise' 

performance. Rich ratings by A. 5. T. M. Supercharge method are intended to be indicative 
of take-off performance. (See reference 5.)

4. Triptane and n-heptane (both containing 3.78 ml 
TEL/gal) 

5. Triptane and isooctane (both containing 3.78 ml 
TEL/gal) 

In order to compare the merits of the various rating scales, 
several service and service-type fuels were included in the 
investigation. (See table ITT-1.) In choosing these par-
ticular fuels and blends, an effort was made to cover a wide 
range of performance numbers both rich and lean. Inspec-
tion properties for these fuels are presented in table 111-2. 

Although complete knock-limited mixture-response curves 
were obtained in the A. S. r M. Supercharge engine, the 
analysis of results presented (reference 1) is restricted to two 
fuel-air ratios, 0.065 and 0.11. Examples of data at these 
two fuel-air ratios are showrn in figure 111-4. 

The points on the curves in these figures are cross-plotted 
from mixture-response curves. 

Antiknock ratings made by the A. S. T. 1v1. Aviation 
method for the various reference-fuel blends are presented 
in table 111-3. 

Comparisons among various reference scales.-In fig-
ure 111-5 the various reference scales are compared at standard 
A. S. T. M. Aviation and A. S. T. M. Supercharge operating 
conditions. It is seen in figure 111-5 (a) that for A. S. T. M. 
Aviation conditions the data for leaded blends of isooctane 
and n-heptane fall on a 45° line, which indicates that the 
A. S. T. rvl. Aviation (lean) rating of isooctane containing 
3.78 ml TEL per gallon is equal to that of triptane containing 
the same quantity of tetraethyl lead. Conversely, data at 
A. S. T. MI. Supercharge (rich) conditions (fig. 111-5 (b)) 
show that for equal knock-limited indicated mean effective 
pressures more isooctane is required than triptane in leaded 
blends with n-heptane. In figure 111-5 (1)) it is shown that 
between 80 and 84 percent triptane in a blend with n-heptane 
(leaded) would be required to equal the upper limit (161) 
of the current performance scale. 

An additional observation can he made from figure 111-5: 
namely, that for A. S. T. M. Aviation conditions the two-
component reference-fuel systems with constant tetraethyl-
lead concenthttions are related by straight lines, whereas 
at A. S. T. M. Supercharge conditions definite curvature is 
obtained. 

TABLE 111-2.-INSPECTION DATA FOR SERVICE AND SERVICE-TYPE FUELS 

Fuel designaiion AN-F-26 A-12S A-3 S13-i S13-2 S13-3 SB-4 SB-S RAFD-52 RAFD-53 

A. S. T. Al. distillation:
136 104 96 122 122 lOG 124 122 120 140 
160 141 134 136 144 134 136 136 142 -	 lOS 
110 192 197 148 160 160 l4S 144 ISO 1IS 

50 percent evaporated, (°F)----------------------------- ISO 209 217 152 170 170 152 148 166 190 
236 273 274 224 242 240 224 180 204 200 

Initial boiling point, (°F)-------------------------------
10 percent evaporated, (°F)-----------------------------

320 33S 349 342 350 340 342 290 236 232 

40 percent evaporated. (OF)-----------------------------

Residue, percent------------------------------------- 0.9 0.9 1.0 OS 1.0 1. 0 1.2 0.9 1.0 0.4 
90 percent evaporated, (°F)-----------------------------

Loss, Percent ----------------------------------------- 1.1 1.0 1.2 1.3 0.1 1.2 0.6 1.0 0.06 
TEL content, (mi/gal) ------------------------------------ 4.36 4.53 4.02 4.17 4.39 4.11 3.96 4.52 4.69 

End point, (°F) ----------------------------------------

Copper dish gum. (mg/lOoml) ----------------------------

- -

2.9 5 101 0.8 6.3 1.5 16.6 1.1 3.3 
Freezing point, (CF)--------------------------------------

- -
-4.05

<-76 <-76 -36.4 <-76 <-76 <-76 <-76 <-76 <-76 
Hydrogen-carbon ratio-----------------------------------

<--76 
-6.9 -

0.174 0.182 0.156 0.192 0.189 0.194 0.191 0. 1S7 OilS 
Net heat of combustion, (Btu/lb)-------------------------

-0.177 - 
-19,103 18,700 1S.900 15.517 19.196 19.115 19,380 19.286 19.247 19.373

• Table II of reference 1. 
213637-53----34
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(a) Fuel-air ratio, 0.065. 
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FIGURE 111-6.-Variation of temperature sensitivity with knock-limited performance for 
various reference-fuel blends in A. S. T. M. Supercharge engine. Compression ratio, 7.0; 
engine speed, 1800 rpm; inlet-air temperature, 225° F; coolant temperature, 375° F; spark 
advance, 45° B. T. C. (Fig. 16 of reference 1.)

TABLE III-3-A. S. T. M. AVIATION RATINGS 
FOR REFERENCE-FUEL BLENDS 

Composition, percent by volume b A. S. T. M. Aviation Rating 

Octane number Performancen-Beptane Isooctane Triptane or isooctane-f number TEL 

100 0 47 
80 81) 60 
60 40 76.3 54 
40 •	 60 85.3 65.5 
20 SO .14 105 
0 106 3.78 151.3 

80 20 4.0 152.5 
60 40 4.0 152.5 
40 60 4.0 152.5 
20 80 4.4 15-4.5 
0 100 3.6 150.5 

Sc) 20 62 
60 40 76.8 545 
40 60 90.8 75.3 
20 80 .85 150

° Table HI of reference 1. 
All blends contained 3.78 ml TEL/gal. 

Temperature sensitivity of reference fuels.-As a measure 

of the temperature sensitivity of the reference-fuel combi-

nations, the slopes of curves similar to those in figure 111-4 

for all the reference-fuel combinations were computed at 

an inlet-air temperature of 225° F (standard A. S. T. M. 

Supercharge conditions) and plotted against the knock-

limited mean effective pressures at the same temperature. 

These plots were made for fuel-air ratios of 0.065 and 0.11 

and are shown in figure 111-6. A single curve was drawn 

through each set of points (lean and rich) to illustrate the 

variation of temperature sensitivity with knock-limited per-

formance for the various reference-fuel blends. The different 

portions of the curve determined by individual reference-fuel 

combinations are also indicated on figure 111-6. 

Above the upper limit of the current performance-number 

scale (fig. 111-6), the sensitivity increases rapidly as the 

knock-limited indicated mean effective pressure increases. 

If this trend is generally true for service-type fuels, it is 

apparent from this figure that such fuels having high knock 

limits should be matched against leaded blends of triptane 

and isooctance or triptane and n-heptane in order to have 

reference fuels and service fuels of comparable sensitivity. 

For lower performance fuels, however, any of the reference 

scales indicated would be suitable from sensitivity considera-

tions. 

Temperature sensitivity of service-type fuels.-The effects 

of inlet-air temperature on the knock-limited performance of 

the service-type fuels (table 111-1) were also investigated in 

the A. S. T. Al. Supercharge engine. The slopes of the 

temperature-sensitivity curves (reference 1) were computed 

at 225° F and plotted in the same manner described for 

figure III-6. The result is shown in figure 111-7 with the 

curves from figure 111-6 reproduced for comparison. 

The points representing service fuels (fig. 111-7) lie pri-

marily above the curves established for the reference fuels. 

This divergence is attributed to the fact that the service fuels 

are blends containing a number of different components; 

whereas the reference-fuel blends are composed of only two 

components. Insofar as a perfect rating scale is concerned, 

the ideal condition would be for the service-fuel data to fall 

directly on the reference-fuel curve. 

-I_P 

-I.e 

6>Lt) 

0 
0)

C 

P
0



516
	

REPORT 1026—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

-L2 

-lc 

F 
-.e 

cia

-A 

001 
(58-5) " 

I 
/35/175 
(SB-4) 

--/30/180 
(SB-3)

- -
/

- 

- -

/20/150 

---F--
°'461175 

(RAF-D-52) -

0
. 115114 
I(AN-F-33), 
[	 o/

- 
/ 

- - -
 

/00/140 
(SB-I)

- - - 

/00/130 
(AN-F-28j-' 

76/88 
(AN-F-28)0

L-J 

-.

I 
--

- I 
°-Curve  represen sinq Temperature 
sensitivity of reference-fuel b/ ends 

(reproduced from fig. ffl-6 (a)) 
I	 I	 I	 I	 I 

- 
-

I (a) 
I - 

40	 80	 120	 160	 200	 240
Knoc/c-/insitecj imep of 225°F, lb/sq in. 

(a) Fuel-air ratio, 0.065. 

-- 14611757 
(RA FD-52) 

(AN-F-28)

/30/160 
(SB-3)0 

/00/140° 
(SB-I)

,.'
/20/150 
(SB-B) 

/15/145 
(AN-F-33).' 

76/88 
(AN-F-26), - 

Curve 
Feosi/7vity 

(reproduced 
of 

representing 

from 
reference-fuel 

fiq. 

temperature 

HI-6(b)) 
blends -

50	 /00	 150	 200	 250	 300 
Knock-limited imep at 225°F, lb/sq in. 

(b) Fuel-air ratio, 0.11. 

FIGURE 111-7.—Comparison among the temperature sensitivities of reference-fuel blends and 
service-type fuels in A. S. T. M. Supercharge engine. Compression ratio, 7.0; engine speed, 
1800 rpm; inlet-air temperature, 225° F; coolant temperature, 375° F; spark advance, 45° 
B. T. C. (Fig. 18 of reference 1.)

Standard inlet-air temperature 
- for A.S.TM. Supercharge engine; 
225°F I	 I	 I	 I	 I	 I 

-r------------- i	 i 

I.. 
8)

- 0-

0 

qrode_^ 

8) 
(I

o	 76188 (AN-F-86) 
L EI 1001130 (AN-F-28) -

o 1001140 (SB-I) 
A 1151145 (AN-F-33) 
v 1201I50 (58-2) 
v 1301160 (5B-3) 

1351175 (SB-4)^_ 
1461175 (PA FD-52) 

(a) 
8)  
C	 90 

.2 8	 30 
0

- 

to 
C N 

cj 
B'--	 - 
C 
-2	 Q-00 
•0.

- 

8 'E-- 90-

•.ciiL

80 CC 
0-4-- 
00.

(b) 
70-

08)

UU 

70------

CEa)	 I 
-'---8:q) r— --
.Q- N 
tC) 60 ° --

/00	 140	 180	 250	 860	 300
Inlet—air— temperature, °F 

(a) Performance-number scale. 
(b) Leaded isooctane-n-heptane and leaded triptane-isooctane scales. 

(c)Leaded triptane-n-heptane scale. 

FIGURE 111-8.—Effect of inlet-air temperature on antiknock ratings of service-type fuels in 
A. S. T. M. Supercharge engine at rich fuel-air ratio. Compression ratio, 7.0; engine speed, 
1800 rpm; coolant temperature, 375° F; spark advance, 45° B. T. C.; fuel-sirratio, 0.11. 
(Fig. 20 of reference 1.) 

-:3/ 

in

-2 
1-

Q.I 

L a 
U 

Ii 

t 
'(-
0 

qi 

0



NACA INVESTIGATION OF FUEL PERFORMANCE IN PISTON-TYPE ENGINES
	 517 

TABLE 111-4.-A. S. T. M. AVIATION AND A. S. T. M. SUPERCHARGE RATINGS OF SERVICE AND
SERVICE-TYPE FUELS IN TERMS OF SEVERAL REFERENCE-FUEL COMBINATIONS a 

I A. S. P. M. Supercharge rating at fuel-air ratio of 0.085 A. S. T. I.M. Supercharge rating at fuel-air ratio of 0.11 

Fuel designation Rating scale b Inlet-air temperature, IF Inlet-air temperature, IF 
and nominal grade Aviation

1000 1500 225° 2500 300° 1000 1500 225° 2500 3000 

AN-F--26 Imep 134 114 94 88 79 159 163 156 152 145 
(76/88) ON 91 95 94 95 95 97 97 98 98 98 98 

P.N 76 85 82 85 85 90 90 93 93 93 93 
LIII 60 72 69 64 61 55 77 80 80 80 78 
LTI-1 60 60 58 56 55 53 63 66 66 66 65 
LTI - --- -- --- ---

AN-F-28 Imep 180 154 121 111 92 216 214 202 195 ISO 
(100/130) ON 

P 101 112 110 110 110 109
. 125 130 127 125 119 

LIII 72 86 84 81 78 68 92 93 93 92 89 
LTH 72 72 71 68 67 62 75 76 75 75 73 
LTI - ---

- S13-1 Imep .. 184 148 104 95 83	 - 231 225 212 207 193 
(100/140) ON 

PN
99.3 
98 114 107

99 
97

99 
97

100 
100 134 136 134 133 128 

LIH 71 87 83 72 67 59 95 95 95 95 93 
LTH 71 73 69 61 59 56 78 78 77 77 75 
LT --. ---

- AN-F-33 Imep 229 178 137 126 107 229 222 218 205 
(115/145) ON 

PN 115 138 126 120
. 
121

. 
122 138 140 140 137 

LIE-I 77 95 91 89 87 81 96 97 97 95 
LTH 77 80 76 73 72 70 79 79 78 77 
LTI . 

SB-2 Imep 277 212 143 131 109 260 257 249 244 231 
(120/150) ON 

I, "IT 121
.. 
157 148

.. 
125

.. 
125

. 
124 148 152 155 155 152 

LIH 79 99 91 89 83 99 ---
LTH 79 75 74 70 --

5 1 LTI . 7 .. 2 5 

SB-3 Imep --- 292 235 162 143 118 270 270 265 258 235 
(130/160) ON 

PN
. 

134
. 

156
. 
147

. 
139 135 152 159 - 155 

LIE-I 86 . 99 95 90 . 
LTH 
LTI

86 
..

. 
16 9

79 77 74 -.- 
4

---
11 14 13 4 

SB-4 Imep . 262 189 165 126 --- ... 298 286 261 
(135/175) ON - --. 

l'N 141 160 146 . .. 
LIII 91 -.- -.- 95 --- --
LTR 
LTI

91 
..

.
24 15

.- 
9

77 --- 
..

---
29 26 23 

SB-5 Imep .	 - 267 195 173 133 _- --- --- 299 
(140/200) ON -- - -.- -. - --- --- 

PN 143 . 155 - 
LIII 92 --- .- 100 _- -.. 
LTH 92 80 44 LTI 27 20 16 2 - --- --- 

RAFD-52 Imep -	 247 205 188 137 . 287 279 262 
(146/175) ON . -.- --- 

P  147 160 .-- -.- -.- 
LIlT 96 .. - --- -.- -.- --- ---
LTI-I 
LTI

96
15

. 
29

.-. 
31

-.- 
6

--. ----.. 24 23 23 

RAFD-53 Imep . 246 189 147 . 312 
(153/192) ON . . . . -_- 

PN 147 . --- --- ---
LIH 96 . . . --- --- --- ---
LTH 
LTI

96 --- --- --- 
32

--- 
16

-.- 
.

--- 
. 50

• Table IV of reference I. 
b Imep, knock-limited indicated mean effective pressure; ON, octane number; PN, performance number: LIE-I, blend of isooctane and n-heptane contaIning 3.78 ml TEL/gal; LTII, blend of 

triptane and n-heptane containing 3.78 ml TEL/gal; LTI, blend of triptane and isooctane containing 3.78 ml TEL/gal. 	 - 
° Octane numbers and performance numbers obtained by the standard A. S. T. M Aviation rating procedure. Ratings in terms of other scales estimated from fig. 111-5(a). 

Because this situation is improbable, the next best solution 
must be for reference-fuel blends and service fuels to have 
sensitivities of approximately the same magnitude at the 
same knock-limited performance levels. The attainment of 
this characteristic can be approached by the use of either 
the joint reference scale, leaded trip tane-isooctane and leaded 
isooctane—n-heptane, or by the leaded triptane—n-beptane 
scale (fig. 111-7). 

In evaluating the merits of a. ratin g scale, however, three 
factors other than temperature sensitivity must be con-
sidered, namely that the scale should: 

(1) Be a continuous scale

(2) Involve a minimum number of reference fuels 
(3) Cover the complete range of knock-limited perform-

ance likely to be encountered with a variety of service fuels. 
In figures 111-6, and 111-7, it has been shown that both the 

leaded triptane—n-heptane scale and the joint scale of leaded 
isooctane—n-heptane and leaded triptane-isooctane have the 
last of these characteristics. Only the leaded triptane-
n-heptane scale, however, possesses the first two character-
istics- as well; consequently, this scale appears to be the most 
practical choice. The problem of availability of reference 
fuels is obviously important but is beyond the scope of the 
investigation reported in reference 1. 
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Ratings of service-type fuels.—The 10 service-type fuels 
were assigned ratings in terms of the 5 reference scales 
examined in this investigation. These ratings are given in 
table 111-4 for standard A. S. T. M. Aviation conditions and 
for A. S. T. M. Supercharge conditions at five inlet-air 
temperatures and two fuel-air ratios. The ratings in this 
table were determined for comparing the constancy of the 
assigned ratings by the different rating scales over a range 
of conditions established by varying inlet-air temperature. 
This comparison is presented in figure 111-8 for the 
A. S. T. M. Supercharge engine at a fuel-air ratio of 0.11. 

These figures alone cannot serve as a basis for choosing 
the best reference scale because theconstancy of an assigned 
rating from one set of operating conditions to another is 
largely dependent upon the relative sensitivities of reference 
fuels and test fuels previously discussed. 

Limitations of reference scales.—In the preceding dis-
cussion, it has been stated that in many cases knock-limited 
indicated mean effective pressures were not obtained for 
some of the higher-performance service-type and reference 
fuels investigated in the A. S. T. M. Supercharge engine. 
The attainment of complete data for high-performance fuels 
was hampered throughout the investigation by the tendency 
of these fuels to preignite in the A. S. T. Al. Supercharge 
engine. The engine operator at all times obtained as much 
of the mixture-response curve as possible before the start of 
preignition (see ch. IV); for some fuels, however, points 
richer than a fuel-air ratio of about 0.08 could not be taken. 
Inasmuch as the peaks of the curves were not obtained, 
ratings could not he made in the fuel-air-ratio range char-
acteristic of the standard A. S. T M. Supercharge method. 

Preignition occurred with the high-performance fuels re-
gardless of the condition of the engine; changing the type 
of spark plug failed to prevent preignition. 

Preignition was encountered so frequently that early data 
obtained in the NACA laboratories were examined in order 
to define the range of indicated mean effective pressure in 
which preignition is likely to occur in the A. S. T. M. Super-
charge engine. The results of this study are presented in 
figure 111-9, together-with data from the present investiga-
tion. Each point on this plot represents the richest point 
of a mixture-response curve that could be obtained before 
the occurrence of preignition. It is seen in figure 111-9 that 
with several fuels it was possible to reach preignition-free 
performance at indicated mean effective pressures greater 
than 400 pounds per square inch; however, a number of 
fuels preignited at levels below 400 down to about 258 
pounds per square inch. In most cases, the limiting fuel-air 
ratios were leaner than the fuel-air-ratio range in which 
A. S. T. M. Supercharge ratings are usually made.

Inasmuch as preignition imposes a very real limit on an 
A. S. T. M. Supercharge rating scale at a rich fuel-air ratio, 
the maximum indicated mean effective pressures that can 
be obtained with current and proposed reference scales are 
indicated in figure 111-9. The difference between scales is 
about 75 pounds per square inch indicated mean effective 
pressure; the adoption of either reference scale utilizing 
triptane as one of the components will thus extend the range 
in which "direct-match" ratings can be made by about 75 
pounds per square inch. Even then there will be some 
fuels (as indicated by preignition test points in fig. 111-9) 
that cannot be rated in this range. In fact, only three of 
the five service-type fuels exceeding a performance number 
of 161 could be rated (shown as solid lines between fuel-air 
ratios of 0.10 and 0.12 in fig. 111-9). The remaining two 
fuels having performance numbers over 161 preignited at 
fuel-air ratios leaner than 0.08 (indicated by the square data 
points on fig. 111-9). 

If the A. S. T. M. Aviation and A. S. T. M. Supercharge 
engines are to continue in use as the standard fuel-rating 
engines, the advantages to be gained by the adoption of 
new reference-fuel systems utilizing triptane are clearly 
questionable, as pointed out by the authors of reference I. 
The present scale of performance numbers has been shown 
to permit ratings for fuels up to a performance number of 161 
in the A. S. T. M. Aviation engine; triptane plus 3.78 ml 
TEL per gallon, which represents the maximum perform-
ance of either of the proposed reference-fuel combinations, 
permits ratings only up to a performance number of 151. 
Moreover, in the A. S. T. M. Supercharge engine the tenden-
cies of many high-performance service-type fuels and high-
performance reference-fuel blends to preignite makes the 
advantage of extending the range in which ratings can be 
made in this engine somewhat uncertain. 
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CHAPTER IV 

PREIGNITION 

Over a period of years research directed toward increasing 
engine power has been paralleled by research in engine cool-
ing. This pattern of investigation arises from the occurrence 
of mechanical failures in engine cylinders when certain 
established temperature limits are exceeded. Opinions vary 
as to the principal danger of high cylinder temperatures; 
however, final cylinder failure obviously results from high 
temperatures, high pressures, or both (reference 1). The 
initial cause of failure may be knock, preignition, or failure 
of sealing devices, such as piston rings and valves, but the 
sequence in which the events leading up to failure occur will 
vary with operating conditions, design features, and fuel. 

In an effort to clarify the exact roles played by these factors 
in service operation, this chapter presents a discussion of 
NACA investigations in which the characteristics of pre-
ignition are studied and the relation of preignition and knock 
to engine temperatures is analyzed. 

CHARACTERISTICS OF PREIGNITION 

Preigriition and knock.—A hot spot in an engine cylinder 
may cause ignition of the fuel-air charge in the cylinder prior 
to ignition by the spark plug. This phenomenon is known 
as preignition. Preignition and knock are separate phenom-
ena, as indicated by Rothrock and Biermann (reference 2). 
If, as suggested by this investigation, the occurrence of 
knock depends upon the density and the temperature of the 
last portion of the charge to burn, it is reasonable to assume 
that preignition which causes the end gas to burn nearer top 
center also tends to promote fuel knock, whereas preignition 
which causes the end gas to burn well before top center may 
lessen the possibility of fuel knock. In reference 1, this 
theory is thus concluded to provide one explanation of why 
preignition is often accompanied by knock and why, in other 
cases, in which preignition may be severe enough to cause 
immediate engine failure, fuel knock may not be present. A 
specific case of this nature is reported in reference 3. 

Run-away and stable preignition.—Run-away and stable 
preignition are defined by Hundere and Bert (reference 4) in 
terms of the rate of increase of the hot-spot temperature and 
the required temperature for surface ignition. If, for example, 
the hot-spot temperature increases much more rapidly than 
the required surface temperature for ignition, run-away 
preignition occurs. When this situation exists, the ignition 
of the fuel-air charge may advance more and more until 
ignition takes place in the intake duct; a backfire then occurs. 

On the other hand, stable preignition is obtained when the 
required surface temperature for ignition increases more 
rapidly than the actual hot-spot temperature. A point is 
then reached where the required temperature and the actual 
temperature are equal, and stable ignition occurs. In this 
case, the ignition system may be inoperative and the engine 
will operate normally; ignition is then accomplished solely by 
the hot spot in the cylinder. 
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Preignition characteristics vary with fuel type; for some 
fuels, such as benzene, preignition may become severe 
enough to wreck an engine cylinder so quickl y that no ap-
preciable increase in temperature or decrease in engine output 
can be observed. 

EFFECTS OF ENGINE VARIABLES ON PREIGNITION 

An investigation reported by Corrington and Fisher 
(reference 5) was undertaken to obtain information on the 
behavior of an engine during preignition operation. Spark 
plugs of various heat ranges were used as sources of pre-
ignition in most of the tests of reference 5. In some cases, 
however, preignition was excited by exhaust valves. A valve 
having a badly corroded head was installed in place of the 
Nichrome coated valves normally employed; cold-operating 
spark plugs were used. 

Preignition was excited at various fuel-air ratios, power 
levels, engine speeds, and mixture temperatures. 

The investigation reported in reference 5 was made in a 
single, liquid-cooled engine cylinder. The setup consisted 
of a inulticylinder engine block mounted in such a manner 
that any one cylinder could be used. Details of the installa-
tion and the methods of instrumentation are described in 
references 5 and 6. 

Reproducibility of preignition runs.—Cylinder design and 
the location and heat capacity of the preignition source are 
factors that influence the behavior of an engine during pre-
ignition operation. Reproducibility of preignition data will 
be imperfect, however, even if these factors and all operating 
conditions are held constant. For the studies in which spark 
plugs initiated preignition (reference 5), the cause of ir-
reproducibility was the time required for the preignition to 
advance from normal spark timing to a point about 600 
B. T. C. On occasional cycles, a run would start with 
ignitiOn a few degrees early. The ignition time became 
earlier as the cycles with early ignition occurred more fre-
quently. Cylinder temperature rose slowly during this 
period of operation. When the ignition time had advanced 
to about 60° B. r C., the preignition process was greatly 
accelerated and successive runs were fairly reproducible. 
The time required was 30 to 60 seconds for preignition to 
become advanced to this critical value (60 0 B. T. C.). It is 
suggested in reference 5 that this variation in time to reach 
the critical value may result either from changes in condition 
of the spark plug due to deposits and corrosion or errors in 
setting the engine conditions. 

Typical preignition runs.--Data from typical preignition 
runs are shown in figure TV–i. The location of the zero 
point on the abscissa has no significance inamuch as the 
curves were adjusted on the time scale so that the points 
coincided where preignition became rapidly accelerated. 
This arrangement eliminates the period of poor reproduci-
bility from consideration.
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FIGURE tV-i—Typical preignitton runs indicating reproducibility of data in full-scale single-cylinder engine. Compression ratio, 6.65; engine speed, 3000 rpm; mixture temperature, 175' F.
coolant temperature, 250' F; spark advance: inlet, 28' B. T. C.: outlet, 34' B. T. C.; fuel-air ratio, 0.070; preignition source, spark plug in exhaust side. (Fig. 4 of reference 5.) 
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FIGURE IV-2.--Full-scale single-cylinder test-engine induction system. (Fig. 201 reference 5.) 

The curves in figure IV-1 represent the averages of the 
individual runs and may be considered t ypical of engine 
operation (luring preignition at a given set of con(Iitions. 
All curves discussed in succeeding paragraphs have been 
ohtaine(l in the same manner from several runs at each 
operating condition. 

The I)reignit ion run in figure IV-1 was terminated by back-
firing, as was tine for most of the runs conducte(l in reference 
5. Backfiring occurs when the time of ignition is considerably 
earlier than that at vincli the intake valves close (118° 
B. T. Cj. The flame cannot pass into the induction system 
unless a pressure rise occurs sufficient to slow down or to 
reverse the flow through the intake valves. 

After a backfire, the fuel-air charge iii the vaporization 
tank (fig. IV-2) burned and the resulting pressure rise caused 
reversal of the air flow at the tank entrance. Because the 
fuel was injected at this point, the flame burned out quickly. 
Combustion ill the cylinder was reestablished after about 1 
second, but the preignition source was sufficientl y hot to 
cause (ally ignition again. Backfiring continued at intervals 
until a change in the operating conditions cooled the pre-
ignition source. 

At high power output and fuel-air ratios leaner than 0.095, 
preignitiOn caused backfiring. Preignition was stable at 
richer mixtures and ignition occurred near bottom center. 

Effect of fuel-air ratio on preignition.—Fuel-air ratio, be-
c,iii,,e of its influence on combustion temperatures and rate

of burning, is one of the important variables to be considered 
during preignition operation. The effect of fuel-air ratio on 
preignition is illustrated in figure IV-3. As seen in figure 
IV-3, the time of ignition at the lean fuel-air ratio (0.070) 
advanced to about 220° B. T. C. (40° B. B. C.) about 7 
seconds after the start of the rapidly advancing preignition 
period. The time of ignition at the start of this perio(l was 
about 48° B. T. C. At the rich fuel-air ratio (0.099), the 
time of ignition advanced less rapidl y than at the lean fuel-air 
ratio and became stable at about 150 0 to 160 0 B. T. C. No 
backfire occurred at the rich fuel-air ratio. 

The increase in peak pressure was about 20 percent at the 
lean fuel-air ratio and 25 percent at the rich fuel-air ratio; 
according to reference 5, however, these increases are in 
doubt because of scatter in the experimental data. 

The power output (fig. IV-3) dropped sharply (luring the 
period of preignition. During the same period the cylinder-
head temperatures increased slia.rplt. As pointed out in 
reference 5, the piston temperature might be expected to 
follow curves similar to those shown for the cylinder-head 
temperature with the possibilit y that the temperature  rise 
might he even greater. 

Effect of power output on preignition.—The effect of 
engine power level on preignition is shown in figure IV-.4. 
In order to obtain these data, it was necessar y (reference 5) 
to use spark plugs of three different heat ranges. The results 
of these tests indicate that the time before backfiring increased 
as the power level decreased. This result is consistent with 
the decrease in c yclic temperatures as the power decreased, as 
indicated  by th e cylinder-head temperatures (fig. IV-4). 
The percentage increase in peak cylinder pressures increased 
as the power level decreased. 

- -
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Time, Sec 

FIGURE l\-3.—Effect of fuel-air ratio on engine behavior during preignition. Compression 
ratio, 6.05; engine speed, 3000 rpm; mixture temperature, 175° F; coolant temperature, 
250° F; spark advance: inlet, 28° B. T. C.; outlet. 34° B. T. C.; preignition source, spark 
plug in exhaust side. (Fig. 5 of reference 5.) 
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FIGURE IV-6.—Effect of mixture temperature on engine behavior during preignition. Com-
pression ratio, 6.65; engine speed, 3000 rpm; coolant temperature, 250° F; spark advance: 
inlet, 280 B. T. C.; outlet 34° B. P. C.; fuel-air ratio 0.070; preignition source, spark plug 
in exhaust aide. (Fig. 9 of reference 5.) 
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FIGURE IV-4.—Effect of power output on engine behavior during preignition. Compression 
ratio, 6.65; engine speed, 3000 rpm; mixture temperature, 175° F; coolant temperature, 
250° F; spark advance: Inlet, 28° B. P. C.; outlet, 34° B. T. C.; fuel-air ratio, 0.070; pre-
ignition source, spark plug in exhaust side. (Fig. 6 of reference 5.) 

°çj200 

00	
.4:. 

0

tic 

Q. 

300 

200 
0) 

0

-/00

II
U 4 C 1Z lb CU C4 CO 

Time, sec 
FIGURE IV-5.---Effect of engine speed on engine behavior during preignition. Compression 

ratio, 6.65; mixture temperature, 175° F; coolant temperature, 250° F; spark advance: 
inlet, 28° B. T. C.; outlet, 341 B. T. C.; fuel-air ratio, 0.070; preignition source, spark plug 
in exhaust side. (Fig. 8 of reference 5.) 

Effect of engine speed on preignition.--Preignition data 
obtained at two engine speeds are shown in figure TV—S.
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FIGURE IV-7.—Effect of preignition source on engine behavior during preignition. Com-
pression ratio, 6.65; engine speed, 3000 rpm; mixture temperature, 175° F; coolant tempera-
ture, 2500 F; spark advance: inlet, 28 0 B. T. C.; outlet, 34 0 B. T. C.; fuel-air ratio, 0.070. 
(Fig. 10 of reference 5.) 

These two runs were made at about the same power level. 
Backfires were encountered in both cases at about the same 
time of ignition (195° B. T. C.). 

The peak cylinder pressure increased about 15 and 25 
percent at engine speeds of 2000 and 3000 rpm, respectively. 
This difference can be partly explained by the increase in the 
heat transferred per cycle at the lower engine speed. (See 
reference 5.) The cylinder-head-temperature rise (fig. 117--5) 
was less at the lower speed because backfiring occurred sooner. 
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Effect of mixture temperature on preignition. —Little 
difference was found in the preignition behavior of the 
engine that could be attributed to the influence of mixture 
temperature (fig. IV-6). At a mixture temperature of 
175° F, the peak pressures were higher than at 275° F. 
The time-of-ignition curve at 275° F is incomplete because 
of difficulties with instrumentation. (See reference 5.)

(c) Piston failure. Clearance between top of piston skirt and cylinder barrel, 0.005 inch 
greater than normal; imep, 364 pounds per square inch; fuel-air ratio, 0.094. 

FIGURE I\'-8—Continued. Exhaust-side view of pistons after preignition runs. (Fig. 12 
of reference 5.) 

(a) Piston failure. Clearance between top of piston skirt and cylinder barrel, 0.004 inch 
less than normal; imep, 271 pounds per square inch; fuel-air ratio, 0.098. 

Fsoun IV-8.—F.xhaust-side view of pistons after preignition runs. (Fig. 12 of reference 5.) 

(b) Piston failure. Clearance between top of piston skirt and cylinder barrel, normal (0.021 
in.); imep, 394 pounds per square inch; fuel-air ratio, 0.094. 

FIGURE IV-8.—Continued. Exhaust-side view of pistons after preignition runs. (Fig. 12
of reference 5.)

(d) Undamaged piston. Clearance between top of piston skirt and cylinder barrel, 0.013
inch greater than normal; imep, 392 pounds per square inch. 

FIGURE IV-8.—Concluded. Exhaust-side view of pistons after preignition runs. (Fig. 12 
of reference 5.) 

Effect of ignition source on preignition.—In order to 
evaluate the effect of ignition source on preignition, two runs 
were made that employed a hot spark plug in one case and 
a hot exhaust valve in the other. The resulting data are 
shown in figure IV-7. Preignition advanced more slowly 
with the exhaust valve as the source; however, backfire was
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(a) Exhaust valve after run of figure IV-8 (b). (Fig. 14 of reference 5.) 
FIOURE IV-9.—Damage to engine components during piston failures in preiition runs. 

encountered sooner when the spark plug initiated the preig-
nition. The peak-pressure increase and the power decrease 
were greater when the spark plug served as the source of 
preignition. 

Types of failure caused by preignition.—Typical examples 
of piston failures are shown in figure IV-S. These failures 
occurred in runs with reduced piston cooling and at generally

higher power levels than those of the runs described in the 
preceding paragraphs. 

The first failure (fig. IV-8 (a)) resulted from a run in 
which the clearance between piston and cylinder was about 
0.004 inch less than normal (0.021 in.) for the engine. In 
this case the piston seized and the side of the piston melted. 
With normal clearance (fig. IV-8 (b)) a higher power level 
was necessary to cause failure. This failure differed from 
the failure shown in figure IV-8 (a) in that local melting 
took place in the center of the piston crown. The failure 
shown in figure IV-8 (c) resulted from a run with the clear-
ance 0.005 inch greater than normal. More local melting 
in the center of the piston crown was found with this clear-
ance than was found in the run with normal clearance 
(fig. IV-8 (b)). In the last run (fig. IV-8 (cl)), the clearance 
was increased 0.013 inch greater than normal anti seizure 
and subsequent failure were not experienced at the power 
level investigated. 

Examples of failures to other c ylinder parts are shown in 
figure IV-9. The exhaust valve (fig. IV-9 (a)) burned 
(luring the run in which the piston failure in figure IV-8 (b) 
was encountered. The valve fail tire is attributed (reference 5) 
to particles of aluminum or other substance lodging be-
tween the valve and the valve seat. The cylinder barrel 
(fig. IV-9 (h)) was damaged when the piston shown in figure 
IV-8 (c) failed. The hot gases caused burning through the 
barrel into the coolant passage.

I i	 I rn 1.,ft r run of fl g urr, I V-s (C). (Fig. 15 of reference 5.) 
FjcIL-itE lV9.—ConeIudil. Darii,ge to engine components during piston failures in pre-



ignition runs.
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ignition limits. (Fig. 1 of reference 10.) 

Air blast 

(a) 

(0)

(a) Finned hot spot. (Fig. 2 of reference 10.) 
(b) Open-tube hot spot. (Fig. 3 of reference 10.) 

m FI-RE IV-11,—Hot spots employed in preignition tud(es. 

PREIGNITION CHARACTERISTICS OF FUELS 

The nature of preignition and the behavior of an engine 
during preignition operation has been discussed; the influence 
of fuels on preignition is now considered. The fundamental 
relations that govern the preignition of fuels are studied in 
references 7 to 9. The results as cited by Male and Evvard 
(reference 10) indicate that the hot-spot "threshold" tem-
perature required to produce preignition is relatively insensi- 
tive to fuel composition. The ability of a fuel to heat an 
engine hot spot to the preignition temperature by normal 
or surface combustion, however, was found dependent upon
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FIc.URE lV-l2.----Preignition limits of fuels in supercharged CFR engine. Compression 
ratio, 7.0; engine speed, 1800 rpm; inlet-air temperature, 100° F; coolant temperature, 200° F; 
sp:irk advance. 32° B. T. C.; preignition source, finned hot spot. (Fig. 4 of reference 10.) 

fuel composition, operating conditions, and design of engine 
and hot spot. 

The investigation reported in reference 10 was intended to 
demonstrate the preignition-limited performance of several 
fuels. A later investigation reported by Male (reference 11) 
illustrates how the preignit ion-limited performance of fuels 
is affected by engine operating conditions. Both these in- 
vest.igat ions were Conducted on small-scale engi lies. 

Preignition limits of several fuels.—For the study of pro-
m ignitioti-liited performance of fuels (reference 10), a super- 

charged CFR engine with an aluminum pistol! and a sodium- 
cooled exhaust valve were used. The intake valve was 
shrouded (180° shroud) and was installed as shown in figure 
TV–b. According to reference 10, the shrouded valve ai(ls 
in isolating the effects of preignition from the effects of knock. 
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FIGURE IV-13—Preignition limits of fuels in supercharged CFR engine. Compression 
ratio, 7.0; engine speed, 1800 rpm; inlet-air temperature, 225° F; coolant temperature, 
250° F; spark advance, 20° B. T. C.; preignition source, open-tube hot spot. (Fig. 5 of 
reference 10.) 

This fact is substantiated by unpublished data showing that 
a shrouded intake valve decreases the sensitivity of thermal-
plug temperatures to knock. In order to follow the changing 
pressure diagram during preignition and to detect knock, a 
magnetostriction pickup unit was used in conjunction with 
a cathode-ray oscilloscope. The position of this pickup 
unit is shown in figure I1 7-10. (See reference 10.) 

The two types of hot spot used in reference 10 are shown in 
figure IV-11. For tests in which the finned hot spot (fig. 
I17 11 (a)) was used, the inlet-air temperature was 1000 F 
and the spark advance was 32° B. T. C. The inlet-air

temperature was 225° F and the spark advance 20° B. T. C. 
for the tests in which the open-tube hot spot (fig. TV—il (b)) 
was used. 

Preignition-limited performance data for five fuels at two 
sets of engine conditions are shown in figures IV-12 and 
TV-13. In general, the curves of preignition-lirnited indi-
cated mean effective pressure have similar shapes with the 
minimum power points occurring at fuel-air ratios richer 
than stoichiometric. Between fuel-air ratios of about 0.070 
to 0.085 the relative performance of the fuels in order of 
decreasing performance was 

S reference fuel+4 ml TEL/gal 
AN—F-29 (100/140 grade) 
S reference fuel 
Benzene 
Diisobutylene 

The over-all spread in indicated mean effective pressure for 
the five fuels was greater in figure IV-13 than in figure IV-12. 
This difference and the change in order of benzene and 
diisobutylene at mixtures richer than 0.085 is attributed 
(reference 10) to differences in the hot spots, or conditions, 
or both. 

In figures I17-12 and IV-13, the reproducibility of preig 
nition data is demonstrated by check points on the curve 
for unleaded S reference fuel. The deviations of the data 
points from the faired curve are about the same as those 
found in determinations of knock-limited performance. 

At constant inlet-air pressures, the maximum thermal-
plug temperatures were determined for the fuels (reference 10). 
This step was considered necessary because the ability of a 
fuel to increase general engine temperature's might affect the 
preignition characteristics of the fuel. Preignit.ion-limited 
fuel-air ratios (fig. IV-12) and thermal-plug temperatures 
at corresponding inlet-air pressures are shown in the follow-
ing table: 

Inlet-air pressure, In. Hg abs 

20 30 40 

Fuel
Thermal- Preig- Thermal- Preig- Thermal- Preig-

plug nition- plug nition- plug nhlion-
temper- 
ature

limited 
fuel-air

temper- 
stare

limited 
fuel-air

temper- 
ature

limited 
fuel-air 

F) ratio b (° F) ratio b (° F) ratio 

561 0.123 669 0.135 761 0.141 
Diisobutylene --------- 541 .106 649 .122 735 .133 
S reference fuel ------- 529 .093 631 .110 715 .118 
Benzene---------------

H 537 

-

.089 641- .114 728 .125 AN-F---------------
 S reference fuel+4 ml 

TEL----------------

-

529 - 631 .108 715 .118

° Observed at fuel-air ratio for maximum thermal-plug temperature. 
b Data taken from fig. IV-12. 

It was concluded (reference 10) from these data that 
thermal-plug temperatures do not offer a dependable basis 
for establishing fuel preignit.ion ratings. This conclusion 
was drawn from the investigations of S reference fuel in 
which it was found that the same thermal-plug temperatures 
were obtained with and without tetraethyl lead, although 
the preignition-limited-performance curves were different 
(fig. TV-12). 
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The presence of tetraethyl lead in S reference fuel ap-
pears (fig. IV-12) to increase the preignition-limited per-
formance. A similar investigation in which triptane was 
used showed the same trend (fig. IV-14). Also shown in 
figure IV-14 is a curve representing the preignition-limited 
performance of AN-F-28 (28-R) aviation gasoline. The 
preignition-limited performance of this fuel is very nearly 
the same as that of triptane containing 4 ml TEL per gal-
lon. This result is of interest inasmuch as the knock-
limited performance of triptane is considerably greater than 
that of AN-F-28 fuel under most operating conditions. 
(See ch. II.) A curve for S reference fuel is included in 
figure IV-14 for comparison. This curve was determined at 
the time of the triptane and AN-F-28 runs and is slightly 
different from the S reference fuel curves in figures IV-12 
and IV-13. 

Preignition limits of aromatic amines.—The effects of six 
aromatic amines on the preignition-limited performance of 
AN-F-28 (28-R) fuel were investigated in reference 12. 
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FIGURE IV-14.—Comparison of preignition limits of triptane (leaded and unleaded) with 
preignition limits of other fuels in supercharged CFR engine. Compression ratio, 7.0; 
engine speed, 1800 rpm; inlet-air temperature. 225° F; coolant temperature, 250° F; spark 
advance, 20° B. T. C.; preignition source, open-tube hot spot. (Fig. 6 of reference 10.)
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FIGURE IV-15.--Effect of compression ratio on preignition limits in supercharged CFR 

engine. Engine speed, 1800 rpm; inlet-air temperature. 225° F; coolant temperature, 250° 
F; spark advance, 201 B. T. C.; preignition sourde, open-tube hot spot. (Fig. 14 of 
reference 11.) 

In this study, blends of AN-F--28 (28-R) fuel Containing 2 
percent by weight of the following amines were prepared and 
tested: xylidines, cumidines, N-methylxylidines, N-methyl-
cumidines, N-methylaniline, and N-methyltoluidines. A 
CFR engine was used for these experiments. Pertinent 
details of the setup have been mentioned in connection with 
the runs shown in figures IV-12 to IV-14. A more com-
plete description is presented in reference 11. 
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FIGURE IV-16.-EItect of spark advance on preignition limits in supercharged CFR engine. 
Compression ratio, 7.0; engine speed, 1800 rpm; inlet-air temperature, 225 F; coolant tem-
perature, 2.50° F; preignition source, open-tube hot spot. (Fig. 15-of reference 11.) 

The results of the investigation of reference 12 are pre-
sented in the following table in the form of ratios of pre-
ignition-limited indicated mean effective pressures of the 
six blends to that of AN-F-28 (28-R) fuel. This basis of 
comparison was chosen in order to eliminate effects of 
day-to-day variations in performance of the engine as well 
as differences arising from changes in the hot spot.
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FIGURE IV-17.-Effect of inlet-air temperature on preignition limits in supercharged CFR 
engine. Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 250° F; 
spark advance, 20° B. T. C.; preignition source, open-tube hot spot. (Fig. 16 of reference IL) 

Fuel-air ratio 

Aromatic	 amine	 added	 to 
AN-F-28	 (28-11)	 (2	 percent 0.06 0.07 0.08 0.09 0.10 
by weight)

imep ratio 

None -------- -------------------- 
N.methylaniline ------------- -----
N-tnethyltoluidineo---------------
Xylidines ------------- ------------
N-methylxylidines --------- ----- 
Cumidin-- ----------------------

- -1.00 
1.02 

91 
90 
98 
9S

1.00 
.95 
.92 
.95 
.98 
.91
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.09 
- 94 
.96 
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.91

1.00 
.99 
- 97 
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.91

1.00 
1.01 
.09 

1.02 
1.00 

.91 
N-noethylcumidines -------- -----

--
--
--02 .90 .96 .97 .99 

• Ratio of imep of blend to imep of 28-R fuel. 

Of the aromatic amines examined in reference 12, 
N-methyla.niline and N-methyLxylidines had the highest 
preignition limits; however, within the experimental 
accuracy of these tests, the preignition limits of these two 
aromatic amines appear to be equal to the preignition limit 
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FIGURE IV-18.--Effect of coolant temperature on preignition limits in supercharged CFR 

engine Compression ratio, 7.0; engine speed, 1800 rpm; inlet-air temperature, 225° F; 
spark advance, 20° B. T. C.; preignition source, open-tube hot spot. (Fig. 17 of reference 11.)
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FIGURE IV-19.—Effect of engine speed on preignition limits in supercharged CFR engine. 
Compression ratio, 7.0; inlet-air temperature, 225° F; coolant temperature, 250° F; spark 
advance, 20° B. T. C.; preignition source, open-tube hot spot. (Fig. 18 of reference 11.) 

of the base fuel, AN—F--28 (28—R). At lean fuel-air ratios, 

the remaining aromatic amines lowered the preignition limit 

of AN—F-28 (28—R) fuel about 2 to 10 percent. At rich 

fuel-air ratios, the cumidines lowered the preignition limit of 

AN—F-28 (28—R) fuel about 9 percent, whereas the other 

aromatic amines had little or no effect on the base fuel. 

EFFECT OF ENGINE VARIABLES ON PREIGNITION.LIMITED PERFORMANCE 

The influence of engine operating variables on preignitiOn-

limited performance is illustrated in reference 11. The 

study was made in a supercharged CFR engine; the follow -
ing three fuels were used: S reference fuel, diisobutylene, 
and benzene. The hot spot was an open-tube type. (See 
fig. IV-11 (b).) 
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Effect of compression ratio on preignition limit.—The 
variation of preignition-limited indicated mean effective 
pressure with compression ratio is shown in figure IV-15. 
For the three fuels examined, the preignition-limited per-
formance decreased as the compression ratio increased. 
At the stoichiornetric fuel-air ratio, this change for the 
fuels varied between approximately 7 and 12 pounds per 
square inch per unit change in compression ratio. The 
decrease in preignition limits may be attributed to the 
increase in cyclic temperatures as the compression ratio is 
increased. 

Effect of spark advance on preignition limit.—In figure 
I17-16, the preignition-limited indicated mean effective 
pressure is seeii to decrease as the spark was advanced. 
Among the fuels this decrease was about 0.5 to 4 pounds per 
square inch per degree of spark advance at stoichiometric 
mixtures. The magnitude of this spread in indicated mean 
effective pressure among the fuels results from the fact that 
the sensitivity of diisobutylene to changes of spark advance is 
so different from the sensitivity of the other fuels (fig. IV-16). 

Effect of inlet-air temperature on preignition limit.—The 
effect of inlet-air temperature on preignition-limited perform-
ance is illustrated in figure IV-17. The slopes of the curves 
for the three fuels are very similar. At stoichiometric 
mixtures, the decrease in preignition-limited indicated mean 
effective pressure in these experiments was about 0.1 to 
0.3 pound per square inch per °F. Here again the decrease 
in preignition limits can be attributed to increased cyclic 
temperatures. 

Effect of coolant temperature on preignition limit.—The 
effect of coolant temperature on preignition limits of the 
three fuels was determined by using three different coolants 
in an evaporative cooling system. The coolants used were 
water, ethylene glycol, and a mixture of water and ethylene 
Z' The results of these tests are shown in figure IV-18. 

As shown in figure IV-18, the preignition-limited perform-
ance decreased as the coolant temperature was increased; 
however, as emphasized in reference 11, the effect is not 
solely a temperature effect but includes also the effect of

differences in heat-transfer characteristics of the three 
coolants. 

Effect of engine speed on preignition limit.—The results 
of runs in which the effect of engine speed on preignition-
limited performance were investigated are shown in figure 
IV-19. Many of these curves, especially those near stoich-
iometric mixtures, pass through a minimum. At the 
stoichiometric mixture, minimum values of preignition-
limited indicated mean effective pressure were found at 
engine speeds between 1500 and 2100 rpm. 
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CHAPTER V 

HYDROCARBONS AND ETHERS AS ANTIKNOCK BLENDING AGENTS 

Improvements in aircraft power plants during the past 30 
years have resulted in demands for fuels of increasingly high 
antiknock performance. This trend has necessitated a 
thorough investigation of possible high-antiknock com-
pounds that may or may not occur naturally in petroleum. 
The task of surveying an endless procession of possible fuel-
blending agents has fallen to the petroleum industry and 
interested research groups. Through the combined efforts 
of the' organizations concerned, a large quantity of data has 
been amassed. These data permit an accurate appraisal of 
the merits of many chemical compounds heretofore given 
little more than cursory cursory consideration as fuel-blending 
agents. 

As a participant in this field of research, the NACA in 1937 
sponsored a project by the National Bureau of Standards for 
the preparation of 1-liter quantities of selected paraffins and 
olefins. The engine evaluation of the antiknock qualities of 
these compounds was first conducted under the sponsorship 
of the American Petroleum Institute (API) and the results of 
this work have been reported by Lovell (reference 1). In 
addition, the API has sponsored a synthesis program con-
ducted at the laboratories of Ohio State University. All 
these programs have been continued up to the present and 
were augmented during 1942-47 by additional synthesis and 
engine evaluation at the NACA Lewis laboratory. 

The synthesis project at the National Bureau of Standards 
has been devoted to compounds in the paraffinic and olefinic 
classes; the synthesis project at the NACA Lewis laboratory 
has been devoted to compounds in the aromatic and ether 
classes; and the synthesis program at Ohio State University 
has been devoted to compounds in these and other classes. 

The engine evaluation of pure compounds sponsored by 
the API was conducted in laboratories of the General 
Motors Corp. and the Ethyl Corp. The engine evaluation 
of blends reported in this chapter was conducted at the 
NACA Lewis laboratory.	 - 

Results of the NACA study o paraffins, olefins, aromatics, 
and ethers are published in a number of reporti's (references 2 
to 14); each report contains data for several compounds on 
factors such as blending characteristics, temperature sensi-
tivity, lead response, and relation between molecular 
structure and antiknock ratings. In the succeeding sections 
of this chapter the effects of molecular structure on these 
factors of performance are discussed. 

ENGINES AND EXPERIMENTAL CONDITIONS 

The engine evaluation of the antiknock characteristics of 
organic compounds was conducted in four test engines: (1) 
a CFR engine conforming to specifications for the A. S. T. M. 
Aviation method (1J614-47T) for rating fuels; (2) CFR 
engine conforming to specifications for the A. S. T. M. 
Supercharge method (D909-47T) for rating fuels; (3) an 
engine having a displacement of 17.6 cubic inches (about 
half that of a CFR engine) and popularly known as the 17.6

engine; and (4) a full-scale air-cooled aircraft cylinder 
mounted on a CUE crankcase. 

The 17.6 and A. S. T. M. Supercharge engines were 
equipped with dual fuel systems, one line for the "warm-up 
fuel" and one for the test fuel. Knocking was detected in 
both engines by means of a cathode-ray oscilloscope in con-
junction with a magnetostriction pickup unit. 

The full-scale single-cylinder test engine was fitted with 
baffles and cooling air was directed toward the cylinder in 
order to simulate cooling conditions' in flight. Further 
details of the full-scale installation are given in reference 2. 

Pertinent operating conditions for the various engines are 
presented in table V-i. The 17.6 engine was operated at 
two inlet-air temperatures, 1000 and 250° F, in order to 
obtain an indication of the sensitivity of fuels to changes in 
temperature. When the inlet-air temperature was varied, 
all other conditions were held the same as shown in table V-i. 

TABLE NI-I.-ENGINE OPERATING CONDITIONS 

Engine

Full-scale single 
Condition A.S.T.M. cylinder 

A•$•T•M. Super-Avi	 ion charge Simulated Simulated 
take-off cruise 

Compression ratio ----------- 7.0 Variable 7.0 7.3 7.3 
Inlet-air temperature, 	 F	 -- 100 125 223 250 210 

--

250 
Inlet-mixture temperature -

Atmo

220 

Inlet-air pressure ------------ Variable spheric Variable Variable Variable 
Fuel-air ratio ---------------- -Variable 0.07 Variable Variable Variable 

- 

---

1200 1800 2,500 2000 
Spark advance, deg B. T. C.

-

30 35 45 20120 20/20 
Speed, rpm-------------------1800 

Coolant temperature, 212 374 375 
Cooling-air	 tern perature,b

-

85 85 --------------------------

Approximate. 
Cooling-air flow was determined by running engine at brake mean effective pressure of 

140 lb/sq in. and fuel-air ratio of 0.10 and by adjusting air flow until temperature of rear spark-
plug bushing was 365 F. 

The conditions shown in table V-i for the A. S. T. M. 
Aviation and A. S. T. M. Supercharge engines are standard 
for these engines when antiknock ratings are being de-
termined. As indicated in table V-i, the A. S. T. M. 
Aviation engine is a nonsupercharged engine in which the 
compression ratio is varied in order to determine the knock 
limit of a given fuel at a lean fuel-air ratio with all conditions 
other than compression ratio held reasonably constant. On 
the other hand, the A. S. T. M. Supercharge engine is 
operated with all conditions except inlet-air pressure and 
fuel-air ratio held constant. Knock limits are determined 
by varying the manifold pressure until knocking occurs. 
Although the fuel-air ratio can be varied for this engine, 
antiknock ratings are made at a rich fuel-air ratio, usually 
about O.11. The A. S. T. lvi. Aviation method (lean ratings) 
may thus be indicative of fuel performance at cruise condi-
tions; whereas the A. S. T. M. Supercharge method (rich 
ratings) may be indicative of take-off performance. 
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The full-scale engine conditions were proposed by the 
Coordinating Research Council in an effort to standardize 
full-scale single-cylinder experimental engine operation 
throughout the country. During the early stages of the 
NACA investigation, fuels were investigated in the full-scale 
single-cylinder engine (quantity permitting), but these 
methods were later abandoned when it became apparent 
that the small-scale engine adequately described the fuel 
performance.

COMPOUNDS INVESTIGATED 

The compounds investigated included 13 branched paraf-
fins, 5 branched olefins, 27 aromatics, and 22 ethers. The 
paraffins and olefins examined were in the C to C molecular-
weight range; the aromatics were in the 0 9 to 012 range; 
and the ethers were in the 0 4 tOC11 range. 

The individual compounds, together with physical prop-
erties determined by the National Bureau of Standards or 
the NACA Lewis Laboratory, are listed in table V-2. 

TABLE V-2.-PHYSICAL PROPERTIES 

(a) Paraffins and olefins. 

Boiling point . Density at Refractive 
Paraffins and olelins Formula Freezing POifl 20° c index 

(°F) (°C) (gram/ml) 

Paraffins 

2-Methylbutane --------------------------------------------------------------------- -C513 1 , -159.890 82.14 27.854 0.61967 1.35373 

2,2-Dimethylbutane ----------------------------------------------------------------- . -99.73 121.54 49.743 0.64917 1.36876 
2,3-Dimethylbutane-- --------------------------------------------------------------- - 128.41 136.38 57.990 .66164 1.37495 

2,2,3-Trimetliylbutane --------------------------------------------------------------

--

CBa -24.96 177.57 80.871 0.69002 1.38946 
2.3-Dimethylpentane -------------------------------------------------------- --------

-
--193.62 89.79 .69512 1.39200 

2,2,3-Trimethylpentane ------------------------------------------------------------- -112.27 229.72 109.844 0.71605 S. 40295 
2,3,3-Trimethyipentane ------------------------------------------------------------- - 100.70 238.57 114.763 .72620 1.40752 
2,3,4-Trimethyipentane -------------------------------------------------------------

----

------------------ 

-109.210 236.25 113.470 .71905 1.40422 

2,2,3,3-Tetramethyipentane ---------------------------------------------------------

----

C1H20 -9.9 284.41 140.23 0.7566 1.4234 

----
----

271.42 133.01 .7390 1.4146 
2,2,4,4-Tetramethylpcntane ---------------------------------------------------------

-
252.10 122.28 .7196 1.4068 2,2,3,4-Tetramethyipentane---------------------------------------------------------- --121.6 

ra
---66.54

286.77 141.54 .7547 1.4220 2,3,3,4-Tetmethylpentane---------------------------------------------------------- --102.1 
2,4-Dimethyl-3-ethylpentane-------------------------------------------------------- ---------------

- - - -

278. 11 136.73 .7379 1.4137 

Olefins

-119 207 97 0.728 1.421 

C1H11 241.27 -	 116.26 0.7434 1.4275 
2,3-Dimethyl-2-pentene ----------------------------- ------------------------------ -------

2,4,4-Trimethyl-1-pentene ----------------------------------------------------------- 214.59 101.44 .7150 1.4086 2,3,4-Trimethyl-2-pentene------------------------------------------------------------

2,4,4-Trimethyl-2-pentene -----------------------------------------------------------
---93.5 

---------------

220.84 104.91 .7212 1.4160 
3,4,4-Trimethyl-2-pentene-----------------------------------------------------------

---106.4 
---------------

----
234 112 .739 1.423 

Data from reference 15. 	
(b) Aromatics.

F Freezing point
Boiling point 

______________ Density at Refractive 
Aromatic Formula 20° C 

(gram/ml) index n 
(°F) (°C) 

C1111 5.49 176.2 80.1 0.8789 1.5012 

Methylbenzene----------------------------------------------------------------------C,238 -95.014 231.1 110.6 0.8670 1.4967 

C51110 -95.025 276.8 136.0 0.8672 1.4960 
1,2-Dimethyl benzene ---------------------------------------------------------------- -25.34 291.9 144.4 .8799 1.5052 
1,3-Di methyl benzene ---------------------------------------------------------------- -48.31 282.4 139.1 .8642 1.4971 
l,4-Dimethyl benzene --------------------------------------------------- ------------ 13.25 281.1 138.4 .8610 1.4960 

Benzene------------------------------------------------------------------------------

C11111 -09.61 318.7 159.3 0.8620 1.4920 
Isopropyl benzene ------------------------------------------------------------------- -96.16 306.3 152.4 .8621 1.4913 

Ethyibenzene------------------------------------------------------------------------

-60. 94 329.2 165.1 .8807 1.5045 
1-Methyl-3-ethylhenzene ------------------------------------------------------------ -95.62 322.3 161.3 .8645 1.4965 

-63.60 323.6 162.0 .8611 1.4951 
1,2,3-Trimethyl benzene ------------------------------------------------------------- -25.97 349.0 176.1 .8945 1.5137 

-44.23 336.7 169.3 .8758 1.5048 
i,3,5-Trimethyi benzene -------- ---------- ------------------------ ---- --------------- -44.85 328.8 164.9 .8650 1.4990 

n-Propylbenzene----------------------------------------------------------------------

n-Butyibenzene --------------------------------------------------------------------- C i oIIii S&19 361.8 183.2 0.8603 1.4898 

1-Methyl-2-ethylbenzene----------------------------------------------------------------

Isobutylbcnzene --------------------------------------------------------------------

---

-51.87 342.0 172.2 .8527 1. 4860 

1-Methyl-4-ethyi benzene ----------------------------------------------------------------

sec-Butylbenzene --------------------------------------------------------------------

-----

-75.73 343.9 173.3 .8620 1.4900 
tert-Butylbenzene ------------------------------------------------------------------- -57.96 336.6 169.2 .8665 1.4925 
1-Methyi-4-isopropylbenzene -------------------------------------------------------- -68.39 351.0 177.2 .8168 1.4906 
1,2-Diethylbenzene ------------------------------------------------------------------

----

--
----

-32.05 .	 361.8 183.2 .8797 1.5032 

1,2,4-TrimethylbenZene-----------------------------------------------------------------

1,3-Diethylbenzene ------------------------------------------------------------------

----

----
----

-84.64 355.9 181.6 .8643 1.4955 
1,4-Diethylbefizene ------------------------------------------------------------------

----
----

-43.31 362.7 183.7 .8621 1.4948 
1,3-Dimethyl-5-ethylbenzefle --------------------------------------------------------- -84.43 362.5 183.6 .8647 1.4980 

----

C,1H,6 -41.53 372.6 1S9.2 0.5658 1.4945 
M

----
----

-52.73 378.7 192.6 .8612 1.4919 1.Methyi-3-tert-butylbenzene ------------------------------------------ ----------------

1-Methyl-3,5-diethylbenzene --------------------------------------------------------- -74.01 393.1 200.6 .5633 1.4969 1-ethyi-4-tert-butyibeflzefle------------------------------------------------------------

1,3,5-Triethylbenzene ---------------------------------------------------------------

----
-Cnllii -66.44 420.6 215.9 0.5620 1.4957



534	 REPORT 1026-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TABLE V-2.--PHYSI CAL PROPERTIES-Concluded

(c) Ethers. 

Ether Formula Freezing )Olfl 
C)

Boiling point Density at 
c 

(gram/mI)
Refractive 
. index nb 

(°F) (°C) 

C511,,O -109.00 130.3 54.63 0.7403 1.3689 
Ethyl terl-butyl ether --------------------------------------------------------------- - C6H II O -94.44 161.5 71.93 .7395 1.3756 
Isopropyl tert-butyl ether ------------------------------------------------------------ - C711,,O -88.10 189.4 87.42 .7413 1.3800 
Methyl phenyl ether (anisole)--------------------------------------------------------
Ethyl phenyl ether (phenetole) ------------------------------------------------------

C,1150 
C,H,50

-37.16 
-29.49

308.5 
337.9

153.63 
169.95

.9939 
HOSt

1.5170 
1.5075 

Methyl p-to!yl ether (p-methylanisole) ---------------------------------------------- - C1H 2 O -32.20 350.0 176.69 .9701 1.5123 
o-Mcthylaniso!e --------------------------------------------------------------------- - C5H, 50 -34.21 341.3 171.81 .9796 1.5178 
m-Methylanisole -------------------------------------------------------------------- - C,H 1 50 -56.05 349.8 176.53 .9716 1.5137 
p-tertButylanisole ------------------------------------------------------------------ - CH2O 19.11 433.7 223.18 .9383 1.5030 

Methyl lert-butyl ether --------------------------------------------------------------

n-Propyl phenylether --------------------------------------------------------------- C,H2O -27.09 372.8 189.31 .9475 1.5012 
Isopropyl phenylether -------------------------------------------------------------- C,H2O -33.05 350.1 176.73 .9405 1.4975 
tert-Butyl phenyl ether -------------------------------------------------------------- C,,H, 4 0 -18.38 369 187 .9247 . 1.4880 
Methyl benzyl ether ---------------------------------------------------------------- C,H,,O -53.11 337.8 169.9 .9630 1.5019 
Isopropyl benzyl ether- - - ----------------------------------------------------------- CuH i iO -67.18 379 193 .9214 1.4859 
Methyl methallyl ether -------------------------------------------------------------

-

C,H,,O -113.15 152.3 66.86 .7772 1.3941 
Isopropyl methallyl ether -------------- ---------------------------------------------

-

-
-

C,ll,,O 217.8 103.20. 7753 1.4012 
ten-Bury! methallyl ether ----------------------------------------------------------- C,11 1 60 -85.69 237 a 114 .7853 1.4083 

-

C81140 -57.72 273.9 134.40 .8131 1.4285 
Phenyl methallyl ether --------------------------------------------------------------

-
-

C 15 11 1 20 -33.32 410 a 210 .9634 1.5157 
Dimethallyl ether. . 	 ----------------------------------------------------------------

Methyl cyclopropyl ether -----------------------------------------------------------

-

C 4 H2O 109.8 43.20 .7839 1.3799 
Methyl cyclopentyl ether -----------------------------------------------------------

-
-

C621,,O -135.03 221.7 105.39 .8625 1.4205 
Methyl cyclohexyl ether ------------------------------------------------------------

-
-C,H,4 0 -74.39 272.0 133.35 .8756 1.4346 

Approximate value (decomposed on atmospheric boiling). 

BASE FUELS 

Inasmuch as limited quantities of the compounds were 
available, all tests were conducted on blends rather than on 
the pure compound. By this procedure, considerable in-
formation could be obtained with a relatively small .quantity 
of a given compound. The pure fuels were investigated in 
blends with two base fuels, one of which was S reference fuel. 
The other was a blend of 85 percent (by volume) S reference 
fuel and 15 percent M reference fuel. This blend contained 
4.0 ml TEL per gallon. For all practical purposes, S refer-
ence fuel is pure isooctane and M reference fuel is a straight-
run stock of about 20 octane number (A. S. T. M. Motor 
method). Use of this base blend was discontinued during 
the investigation and a blend of 874 percent S reference fuel 
and 12Y2 percent n-heptane was substituted. This blend, 
too, contained 4.0 ml TEL per gallon. 

The performance rating of the leaded blend of S and Al 
reference fuels was about 113/108, whereas the rating of the 
leaded blend of S reference fuel and n-heptarie was about 
120/112.

PRESENTATION OF DATA 

The antiknock performance data for all blends and base 
fuels are presented in appendix A, tables A-i to A-8. In 
many cases the performance values have been adjusted to 
compensate for differences in the base blend used. Where 
these adjustments have been made, the values will obviously 
disagree with values reported in references 2 to 14; however, 
for the purposes herein, the data as a whole have been placed 
on a more uniform basis. 

The previously mentioned adjustments, in effect, permit 
treatment of the data as if only two base fuels had been used, 
namely, isooctane (leaded and unleaded) and a leaded blend 
of isooctane and n-heptane. 

RELATION BETWEEN MOLECULAR STRUCTURE AND
ANTIKNOCK CHARACTERISTICS 

A large part of past research relating to molecular struc-
ture and antiknock behavior has been summarized by Lovell 
(reference 1) and by Lovell and Campbell (reference 16).

In both these investigations, an attempt was made to secure 
generalizations that would assist in the prediction of relative 
antiknock values from molecular structures. The pasty 
studies have on the whole been very successful in this respect. 
As this particular phase of fuel research has progressed, how-
ever, the basic knowledge of engine performance has ad-
vanced; consequently, exceptions to these generalizations 
can and do exist by virtue of differences in engines and engine 
operating conditions. That is, the relative antiknock 
characteristics of a given group of fuels can be èhanged con-
siderably by altering the engine or experimental conditions. 

As a result, the concept of "severe" and "mild" engine 
conditions has been devised as an aid in evaluating the merits 
of different fuels. A severe condition is one in which con-
trolled conditions such as inlet-air temperature, coolant 
temperature, compression ratio, spark advance, and engine 
speed combine in their effects to make a fuel knock more 
readily. (See ch. II.) In reference 14, the various engine 
operating conditions used in the NACA investigation of 
ethers are aimed into a relative order of severity. This same 
order of severity is used in the present discussion and is 
presented in table V-3. 

TABLE V-3.-DEGREE OF SEVERITY OF VARIOUS
OPERATING CONDITIONS 

Engine condition Degree of severity 

A. S. T. M. Aviation ---------------------------- ------ ..Severe. 
Full-scale take-of! ------------------------------- --	 ------- -Moderate to severe. 
A. S. T. M. Supercharge ------------------------ ----- Moderate. 
Full-scale take-off ----- 	 -------------------------- -- 

- Lean

Do. 
Full-scale cruise	 ------	 ------ ------------------- Lean Do. -

do Do. 
Full-scale cruise	 ------------	 ------------	 ------

--do
-Rich -

Moderate to mild. 
17.6 (inlet-air temperature, 250° F) --------------

--do 
- 

--- Do. 

17.0 (inlet-air temperature, 250° F)-----------------
-Rich 

Lean Do. 17.6 (inlet-air temperature, 100° 5') ---------------
07.6 (inlet-air temperature, 100°F) --------------- Rich Mild.

Because of this so-called severity concept, any statement 
to the effect that one fuel performs better than another fuel 
has little significance unless it is true for all operating condi-
tions or restricted to one operating condition. For this 
reason, the emphasis in an investigation of the type reported 
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(a) Engine, A. S. T. M. Aviation. 

FIGURE V-i—Knock-limited performance of paraffins in blend with mixed base fuel consist-



. ing of 87.5 percent isooctane and 12.5 percent n .heptane+4 ml TEL per gallon. 

herein must be placed upon the trends in the relation between 
structure and knock rating that appear to apply under most 
conditions. 

Paraffins.—Data were obtained for 13 paraffinic hydro-
carbons in leaded blends with the mixed base fuel. Inas-
much as the quantities of hydrocarbon were somewhat 
limited, all the paraffins were compared only at the 25-percent 
(by volume) concentration level and only at standard 
A. S. T. M. Aviation and A. S. T. M. Supercharge conditions 
(appendix A, table A–i (a)). The data for these blends are 
shown in figure v-i. 

This figure illustrates the relation between molecular 
structure and antiknock performance for the paraffins 
investigated. The lines joining the various data points are 
shown merely to define the paths followed by compounds in 
an homologous series. An increase of one carbon atom on 
the abscissa of these figures is equivalent to a molecular-
weight increase equal to the molecular weight of a OH2 
group. 

At the A. S. T. M. Aviation conditions (fig. AT-1 (a)),

seven of the paraffinic hydrocarbons raised the knock-
limited performance of the base fuel. The increases varied 
between 2 and 15 performance numbers with 2,2,3-trimethyl-
butane (triptane) having the highest rating. This result 
indicates that under severe conditions, represented by the 
A. S. T. M. Aviation (lean) method, triptane has outstanding 
antiknock characteristics. 

Insofar as the effect of molecular structure on antiknock 
characteristics is concerned, three trends have been empha-
sized (references 1 and 16). The first trend is concerned 
with centralization of the molecule. For example, 2,2,3,3-
tetramethylbutane is a more centralized or compact molecule 
than 2,2,3-trimethylpentane and should therefore have a 
higher antiknock rating. The second trend shows the effect 
of adding methyl (OHO groups to a molecule in order to 
form successive members of an homologous series. The 
addition of a methyl group to increase the branching tends 
to produce a compound having a higher antiknock rating; 
however, the position in which the group is added to the 
molecule will influence the rating of the new compound. 
This effect, based on A. S. T. M. Aviation antiknock ratings 
for the blends examined in the present investigation, is 
illustrated as follows: 

CC 

C---C-C (performance number, 130) 
/ 

•CC	 CC 
I I	 / . I I 

C---C-C (performance number, 118)	 ---C-C (performance number, 124) 

C-C-C- -C (performance number. 122) 
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The third trend is concerned with the increase in length of a carbon side chain or the primary carbon chain of a molecule. 
The effect of such an addition is to decrease the antiknock rating as illustrated by the following examples: 

C 

C C C	 cc C----C (performance number, 122) 	 C- - --C (performance number, 115) 

CC	 CC 
C---C (performance number, 129)	 C---C-C (performance number, 118) 

In general, the trends reported in references 1 and 16 and 
discussed in the preceding paragraph (fig. V-i (a)) appear to 160 
be valid at mild or moderate engine operating conditions. 
At severe operating conditions, however, exceptions do occur 
as regards centralization of the molecule or increased branch-
ing in the molecule. 

At the A. S. T. M. Supercharge conditions, which, as 
indicated in table V-3, are of moderate severity, the NACA 
data (fig. V-i (b)) agree substantially with the results found 
by Lovell (reference 1). 	 In this case (fig. V-i (b)), 12 of the 
13 paraffinic hydrocarbons investigated raised the knock- ix 
limited performance of the base fuel; the increases were in 
the range of 2 to 44 performance numbers. 	 The antiknock 
rating of the blend containing 2,2,3,3-tetramethylperitane 
was the highest obtained and the triptane blend was next. 

In order to illustrate the fact that inëreased centralization 
of the molecule does not always result in high antiknock un

- 25-er6ent (by volume) blend 	 I	 I 
A.S.TM._Supercharge fuel-air ratio, 0./I 

- ccl c---c-c 
"**, ^ci

ccc
N..

- -..--
I

- _C-ç-c 
1? C 

c-c- - — h ---- IIIIIILI 
c-c-c-c-c 

c--c--c N 

values,, the A. S. T. M. Aviation ratings are plotted against 	 106	 108	 I/O	 II'	 114	 116	 118 

.the A. S. T. M. Supercharge ratings for five nonanes blended	
A. S. TM. Aviation par forrnonce number 

FIGURE V-2.—Relatiod between A. S. T. M. Supercharge and A. S. T. M. Aviation per. with the mixed base fuel in figure V-2. If, in this figure, . 	 formance numbers of nonanes in blend with mixed base fuel consisting of 87.5 percent 
2,2,3,3-tetramethylpentane is considered the most compact 	 isooctane and 12.5 percent n-heptane+4 ml TEL per gallon. 

molecule and 2,2,4,4-tetramethylpentane the least compact, 
then it is apparent (because the correlating line has a negative slope) that increasing compactness may improve antiknock 
performance under one set of conditions and depreciate antiknock performance at other conditions. As previously men-
tioned, the addition of methyl groups, that is, increased branching, does not always result in improved performance. This 
fact is illustrated by the following A. S. T. M. Aviation ratings:

C C C 

C- 
C C C	

---C (performance number, 118) 
/ II!	 / 

C-C-C-C-C (performance number, 122)
\ C C C 

N	 III 
C-C-C--C -C (performance number, 110) 

C 
It is emphasized, however, that these exceptions appear to 
exist at severe operating conditions as exemplified by the 
A. S. T. M. Aviation engine. 

Olefins.—Five olefins were examined in leaded blends 
with the mixed base fuel at standard A. S. T. M. Aviation 
and A. S. T. M. Supercharge conditions (appendix A, table 
A-i (a)). The concentration of olefin in each blend was 
25 percent by volume. 

The data obtained are somewhat limited insofar as the 
relation between molecular structure and antiknock value is 
concerned; however, comparisons can be made with refer-
ences 1 and 16 to determine further the consistency of trends 
noted by previous investigators. Lovell (reference 1) found 
that for branched aliphatic compounds if the parent paraffin 
hydrocarbon had a high antiknock value the introduction of 
a double bond would decrease the antiknock value. This

trend is supported by the following data from the present 
investigation (appendix A, table A-i (a)): 

Paraffin

Performance number of 
25-percent blend 

--	 -- Olefin

Performance number of 
25-percent blend 

&. S. T. M. A. S. T. M.
- 

A. S. T. M. Aviation Supercharge Aviation Supercharge 

cc cc 
118 114 C-C=C-C-C 100 117 

ccc

A. S. T. \....

ccc 
122 132 101 104 

CO 
C-O--C-C 130 141 C-C=C-O-C 106 108 

C

All blends were leaded to 4 ml TEL/gal. 
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r11 Full-scale single cylinder
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25-percent (by volume) blends 
Full-scale single-cylinder 
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6	 7	 8.	 9	 10 
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C	 C-C	 C-C-C	 C-C-C-C ô	 ôó
(a) n-Alkylbenzenes; lean conditions. 

FIGURE V-3.—Knock-limited performance of aromatics in blend with mixed base fuel con 
sisting of 87.5 percent Isooctane and 12.5 percent n-heptane+4 ml TEL per gallon. 

In the foregoing examples, the double bond in the olefin ap-
peared in the 2 position and, with one exception, the ratings 
for the olefins are lower than those Of the corresponding 
paraffins. The one exception is shown for the A. S. T. M. 
Supercharge ratings of 2,3-dimethylpentane and 2,3-dimethyl-
2-pentene where the olefin has an antiknock rating three 
performance numbers higher than the paraffin. 

Of the five olefins investigated, only two, 2,4,4-trimethyl-
1-pentene and 2,4,4-trimethyl-2-pentene, indicate the effect 
of the position of the double bond on antiknock perfor-
mance. For the engines and the conditions examined (ap-
pendix A, tables A–i (a) and A-5 (a)), the ratings of these 
two compounds appear to be the same at the more severe 
conditions. At milder conditions, the 2,4 ,4-trimethyl-2-
pentene has lower ratings than 2,4,4-trimet.hyl-i -pentene. 
This trend is contrary to the trend found for straight-chain 
olefins but is in agreement with data for branched-chain 
olefins (reference i). 

Aromatics.—The most complete set of antiknock per- 
forma.nce data. obtained in the present invstigatiOn resulted 
from engine studies made with 27 aromatic hydrocarbons in 
blends with selected base fuels. On the basis of these data, 
the relations between molecular structure and antiknock 
value and the influence of engine operating conditions on 
these relations for the aromatics can be readily seen. 

The relation between structure and antiknock perfor-
mance for a series of n-alkvlbenzenes at a lean fuel-air ratio 

213637-53-35

Enc,ineI 
- o A.S. T.M. upercharge 

o Full-scale single cylinder 
-	 (tak'-off)	 -4----



o Full-scale single cylinder 
(cruise) I— 
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Fuel-air . ratio, 0./I 

:

(b) 

6	 7 8 9 /0 
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C C-C C-C-C C-C-C-C 0000 
(b) n-Alkylbenzenes; rich conditions.

FIGURE v-3.—Continued. Knock-limited performance of aromatics in blend with mixed 
base fuel consisting of 87.5 percent isooctane and 12.5 percent n .heptane+4 ml TEL per 
gallon. 

is shown in figure 17-3 (a). In this figure it was necessary to 
use performance numbers for the A. S. T. M. Aviation 
engine, inasmuch as knock-limited indicated mean effective 
pressures are not measured on this engine. The first three 
carbon atoms added to the side chains of the aromatic 
compounds successively increased the blend knock limits. 
The addition of a fourth carbon atom to the side chain 
caused a sharp drop in performance at the full-scale single-
cylinder cruise condition and a slight drop in the A. S. T. M. 
Aviation engine. 

More specifically, the data in figure \T_3 (a) indicate that, 
for the full-scale single-cylinder cruise condition, the 25-
percent benzene blend has a knock limit 20 percent higher 
than the base fuel; toluene is 28 percent higher; ethylbenzene, 
35 percent higher; n-propylbenzene, 47 percent higher; 
whereas, n-butylbenzene is only ii percent better than the 
base fuel. At the other experimental conditions (fig. V-3 (a)), 
the trends are the same but the magnitude of the increases 
is less. In fact, under simulated full-scale take-off condi-
tions the benzene blend is lower in performance than the 
base fuel, which is represented by the ratio 1.0. In the 
A. S. T. M. Aviation engine, the base fuel has a perfor-
mance number of 120 and, with the exception of n-propyl-
benzene, all the aromatic blends have performance numbers 
lower than 120. This depreciation in performance is 
characteristic of aromatics at conditions as severe as those 
encountered in the A. S. T. M. Aviation engine. 

Figure 11-3 (b) is similar to figure V-3 (a) except that the 
fuel-air ratio is rich and the A. S. T. M. Supercharge (rich) 
rating method has replaced the A. S. T. M. Aviation (lean) 
rating method. The trends shown are somewhat different 
from those in figure V-3 (a), but the similarity between the 
A. S. T. M. Supercharge data and the full-scale data is 
apparent. At the conditions investigated, the first addition 

I. 

.9
/. 

I
1.2 

I. I 
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FIGURE V-3.--Continued. Knock-limited performance of aromatics in blend with mixed 
base fuel consisting of 87.5 percent isooctane and 12.5 percent n-heptane+4 ml TEL per 
gallon. 

of a carbon atom to the benzene ring produces a sharp im-
provement in performance; the next addition results in a 
decrease except for the A. S. T. M. Supercharge data, which 
are unchanged; the next addition slightly increases the per-
formance; and the addition of the fourth carbon atom to the 
side chain results in a very sharp decrease in knock limit, as 
found at the lean conditions (fig. V-3 (a)). 

The change in performance accompanying changes in 
molecular weight in an homologous series is illustrated in 
figures V-3 (a) and V-3 (b). The effect of different isomeric 
structures on performance when the molecular weight is un-
changed is shown in figure V-3 (c). For this example, the 
four butylbenzenes, n-butylbenzene, isobutylbenzene, see-
butylbenzene, and tert-butylbeuzene, were chosen. At the 
two 17.6 engine conditions and the A. S. T. M. Aviation 
condition, changing from the normal to the iso, the secondary, 
and the tertiary structures progressively improves the per-
formance. Under simulated full-scale cruise conditions, the 
isobutylbenzene is slightly better than the sec-butylbenzene, 
but the small difference in antiknock value is probably 
insignificant. 

Data for the four butylbenzenes at a rich fuel-air ratio are

I	 Fnginel 
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FIGURE V-3.—Continued. Knock-limited performance of aromatics in blend with mixed 
base fuel consisting of 87.5 percent isooctane and 12.5 percent n .heptane+4 ml TEL per 
gallon. 

presented in figure V-3 (d). The trends shown in this figure 
are similar to those found in figure V-3 (c). 

Generally speaking, in figures V-3 (a) to V-3 (d), the 
trends in performance of the aromatic blends in the standard 
A. S. T. M. Aviation and A. S. T. Al. Supercharge engines 
were similar to those in the other engines. This similarity 
among engines, however, is not always observed over wide 
ranges of operating conditions. Nevertheless, the compari-
son of performance characteristics of the organic compounds 
throughout the remainder of this chapter will be based 
primarily upon the A. S. T. M. Aviation and A. S. T. M. 
Supercharge engine data because these data were obtained 
in engines currently accepted as standards for rating fuels. 

The knock-limited performance of dimethylbenzenes 
(xylenes) is illustrated in figure V-3 (e). In both engines, 
the 1 ,3-dimethylbenzene blend gave higher performance than 
either 1,2- or 1,4-dimethylbenzene. The 1,4-dimethylben-
zene has an antiknock rating only slightly less than that of 
1 ,3-dimethylbenzene but still considerably higher than that 
of 1 ,2-dimethylbenzene. 

The trends shown in figure V-3 (f) for the methylethyl-
benzenes are the same as those shown in figure V-3 (e) for 
the dimethylbenzenes; that is, 1-methyl-3-ethylbenzene is 
appreciably better than 1-methyl-2-ethylbenzene and slightly 
better than the 1-methyl-4-ethylbenzene. A similar result 
was obtained for the diethylbenzenes (fig. V-3 (g)). 

The antiknock performance of disubstituted compounds is 
illustrated in figures V-3 (e) to V-3 (g). Figure V-3 (h) 
illustrates antiknock trends for trisubstituted compounds. 
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FIGURE V-3.—Continued. Knock-limited performance of aromatics in blend with mixed 
base fuel consisting of 87.5 percent isooctane and 12.5 percent n-heptane+4ml TEL per 
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FIGURE V-3.—Continued. Knock-limited performance of aromatics in blend with mixed 
base fuel consisting of 87.5 percent isooctane and 12.5 percent n-heptane+4 ml TEL per 
gallon. 

The 1 ,2,4-trimethylbenzene blend has a slightly higher knock 
limit than the 1,2,3-trimethylbenzene blend in the A. S. T. vI. 
Supercharge engine but has a slightly lower knock limit in 
the A. S. T. M. Aviation engine. The 1,3,5-trimethylben-
zene is considerably better than either of the other tn-
methylbenzenes. 

The relative antiknock characteristics of all the aromatic 
hydrocarbons examined are presented in figure V-3 (i) at

I	
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61C, 
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FIGURE V-3.—Oontinued. Knock-limited performance of aromatics in blend with mixed 
base fuel consisting of 87.5 percent isooctane and 12.5 percent n-lseptane+4 ml TEL per 
gallon. 

A. S. T. M Aviation lean conditions. About 15 aromatics 
improved the knock-limited performance of the base fuel. 
These particular blends fall within a range about seven 
performance numbers above the base fuel. From these data 
at lean conditions, 1,3,5-trimethylbenzene and tert-butyl-
benzene appear to be the most desirable aromatics in the 
25-percent blends investigated. 
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(i) Aromatics; lean conditions. 

FIGURE V-3.—Continued. Knock-limited performance of aromatics in blend with mixed 
base fuel consisting of 87.5 percent isooctane and 12.5 percent n-heptane+4 ml TEL per 
gallon. 
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FIGURE V-3.—Concluded. Knock-limited performance of aromatics in blend with mixed 
base fuel consisting of 87.5 percent isooctane and 12.5 percent n-heptane+4 ml TEL per 
gallon. 
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for the best aromatic. These results are consistent with 
results obtained by other investigators in that aromatics in 
fuel blends generally offer considerable advantage at rich 
fuel-air ratios but only moderate improvement or even de-
preciation at lean fuel-air ratios under severe operating con-
ditions. The 1,3,5-trimethylbenzene and tert-butylbenzene 
blends, which have good antiknock characteristics at A. S. T. M.
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Aviation conditions (fig. V-3 (i)), were still relatively high 
in performance at rich conditions (fig. V-3 (j)) but were 
exceeded by other aromatics. Among these high-perform-
ance aromatics were 1,3 -dirnethyl-5-ethylbenzene, 1-methyl-
3 ,5-diethylbenzene, 1 -metliyl-4-tert-hutylbenzene, and 1,3,5-
triethylbenzene. 

In the aromatic data just discussed, only one trend 
appears worthy of mention, namely, that meta structural 
arrangements are equal to or slightly better than para 
arrangements in antiknock performance and both arrange-
ments are considerably better than the ortho structural 
arrangement. In one case (fig. V-3 (j)), however, the para 
arrangement was better than the meta arrangement as 
shown by comparison of 1-met.hyl-3-tert-butylbenzene and 
1 -methyl-4-tert-bu tylbenzeiie. Essentially the same trend 
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is reported in reference 1 for the relation among ortho, 
meta, and para compounds. 

For the paraffins (fig. V-i), increasing the length of the 
primary carbon chain resulted in a decrease in the anti-
knock performance; however, for the aromatics (fig. V-3 (a) 
and V-3 (b)), an increase in length of a carbon side 
chain is beneficial up to a certain point, but further addi-
tions to the side chain are detrimental to the antiknock 
performance. 

Ethers.—The antiknock characteristics of three alkyl 
ethers are illustrated in figures 17-4 (a) and V-4 (b) for lean 
and rich fuel-air ratios, respectively. At lean conditions 
(fig. V-4 (a)) in the A. S. T. M. Aviation engine, isopropyl 
tert-butyl ether was appreciably higher in antiknock value 
than either methyl or ethyl tert-butyl ether. Ethyl tert-
butyl ether appears to be slightly higher than methyl tert-
butyl ether in this engine. In the 17.6 engine (fig. 17-4 (a)) 
at both conditions, the results obtained for the three alkyl 
ethers were directly opposite to those found in the A. S. T. M. 
Aviation engine. Methyl tert-butyl ether was equal to or 
better than ethyl tert-butyl ether and both were appreciably 
better than isopropyl tert-butyl ether. This trend was found 
also at the rich conditions shown in figure V-4 (b). 

The antiknock characteristics of five phenyl alkyl ethers 
are shown in figure V-4 (c). In both engines methyl phenyl 
ether and tert-butyl phenyl ether gave the lowest performance 
numbers. The remaining three ethers were about equal in 
performance in both engines. A comparison of figures 
V-4 (a) and 17-4 (c) shows that the phenyl alkyl ethers 
investigated have considerably poorer antiknock character-
istics than do the tert-butyl alkyl ethers at A. S. T. lvi. 
Aviation conditions. 

The effects of ortho, meta, and para structural arrange-
ments on the antiknock performance of phenyl alkyl ethers 
are illustrated in figure V-4 (d). The basic ether for this 
particular example is methyl phenyl ether (anisole), which 
is shown on the left side of the figure. The addition of a 
carbon atom to the benzene ring to form o-methylanisole 
caused a decrease in performance. Adding a carbon atom 
in the meta or para position to form m-methylanisole and 
p-methylanisole slightly increased the antiknock perfor-
mance. In each engine, m-methylanisole and p-methyl-
anisole were about equal in performance number and both 
were considerably better than o-methylanisole. This result 
was similar to that obtained for the aromatics (figs. V-3 (e) 
to V-3 (g)). 

Several ethers containing olefinic radicals are shown in 
figure V-4 (e). Isopropyl methallyl ether and tert-butyl 
methallyl ether blends had the highest performance numbers 
of this group of compounds and phenyl methallyl ether 
the lowest. At A. S. T. M. Aviation and A. S. T. M. Super-
charge conditions, phenyl methallyl ether was the poorest 
of the 22 ethers examined.

Hydrogenating the benzene nucleus of anisole to give 
methyl cyclohexyl ether is shown in figure V-4 (f) to produce 
a large drop in performance number. Of the three methyl 
cycloalkyl ethers shown, all of which were relatively low, 
methyl cyclopropyl ether was the highest at A. S. T. M. 
Supercharge conditions and methyl cyclopentyl ether was 
highest at A. S. T. MI. Aviation conditions. 

The relative antiknock characteristics of all the ethers 
investigated are presented in figure V-4 (g) at A. S. T. lvi. 
Aviation (lean) conditions. Under these conditions only 
the three tert-butyl alkyl ethers raised the knock limit of the 
base fuels. The maximum improvement in performance 
number was 29 and was obtained with isopropyl tert-
butyl ether. 

The antiknock characteristics of all the ethers investigated 
are compared in figure 17-4 (ii) at A. S. f M. Supercharge 
(rich) conditions. Twelve of the ethers improved the per-
formance of the base fuel; the greatest increase in knock-
limited performance, about 63 performance numbers, was 
obtained with methyl tert-butyl ether. Comparison of 
figures V-4 (g) and V-4 (h) clearly shows that nine of the 
phenyl alkyl ethers have much better antiknock character-
istics at rich mixtures than at lean mixtures. It is also 
apparent that the methyl cycloalkyl ethers show little 
promise as antiknock blending agents at the A. S. T. M. 
Aviation and A. S. T. M. Supercharge conditions. 

Comparison of classes of compounds.—As a matter of 
interest, the isomers having the highest antiknock ratings 
in figures V-i, V-3 (i), V-3 (j), V-4 (g), and V-4 (Ii) have 
been plotted in figure 17-5. The performance numbers 
have been plotted against boiling points in order to illustrate 
the most promising antiknock compounds in the boiling 
range of commercial gasolines. Comparison of the curve 
in figure V-5 is not strictly valid, inasmuch as all the isomen; 
in a given group of compounds have not been studied. 
Within the limitations of the investigation, however, these 
two figures do illustrate how the antiknock characteristics 
of the better paraffins, aromatics, and ethers compare. 

When the boiling range of aviation gasoline is assumed to 
be 1000 to 338° F, it is seen (fig. 17-5 (a)) that for A. S. T. M. 
Aviation lean conditions the C5 and C6 paraffins have the 
highest performance numbers in the boiling range from 800 
to 120° F. In the boiling range between 130° and about 
300° F, the ethers have the highest performance numbers. 
Above 300° F the highest performance numbers were obtained 
with the aromatic blends. 

At A. S. T. lvi. Supercharge conditions (fig. V-5 (b)), the 
paraffin blends had the highest performance numbers in the 
range of boiling temperatures from 80° to 120° F. Above 
120° F the ethers had the highest antiknock ratings up 
to a boiling temperature of 220° F. At higher boiling 
temperatures the aromatics exhibited superior antiknock 
characthristics.
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FIGURE V-I—Comparison of isomers having highest antiknock values in blend with mixed 
base fuel consisting of 87.5 percent isooctane and 12.5 percent n .heptane+4 ml TEL per 
gallon.

BLENDING CHARACTERISTICS 

In the preceding section, the discussion of structural 
trends was based on studies in which 25 percent of a given 
compound was blended with a selected base fuel. On the 
basis of such studies, it can be concluded that One compound 
is better than another or that all compounds aline themselves 
in an order of antiknock performance that is influenced by 
engine operating conditions. This situation is complicated, 
however, in that the relative order of antiknock value of a 
series of cothpoutids at a fixed engine condition is influenced 
by the concentration of the compound in the blends upon 
which such an investigation is based. In other words, one 
compound could be better than another if both were com-
pared in 25-percent blends but the reverse could b true if 
both were compared in 50-percent blends. 

Blending characteristics of various potential aviation-fuel 
])lending agents have been the subject of considerable investi-
gation. A portion of the more recent findings in such studies 
is reported in references 17 to 20. The results of these investi-
gations show conclusively that compounds differ radically 
in their blending behavior as regards antiknock performance. 

Paraffins.—The blending characteristics of paraffinic fuels 
at rich fuel-air ratios may be expressed by the following 
equation (see chapter VIII): 

1 -Al, Al2 AT3 (1) 

where 

N1 ,N2,N3. . . mass fractions of components 1.2,3, . 
respectively, in blend 

213137-53----36

P5	 knock-limited indicated mean effective pres-
sure of blend 

P1 ,P5,P3 ,	 knock-limited indicated mean effective pres-
sures of components 1,2,3, . .,respectively 

The application of this equation to data in the present 
investigation is illustrated in figure V-6 (a) for the A. S. T. M. 
Supercharge engine. The ordinate of this figure is a reciprocal 
scale and the abscissa is linear. For the fuels shown, 
2,2,3,4-tetramet.hvlpentane, 2,3,3 ,4-tetramethylpentane, and 
2,2,3-trimethylbutane, the blending relation with the base 
fuel is linear up to a concentration of 50 percent added 
paraffin. Knock-limited indicated mean effective pressures 
(fig. 17-6 (a)) for 2,2,3 ,4-tetra.metliylpentanse and 2,3,3,4-
tetralnetllvlpentane are from reference 12. Similar data 
for 2,2,3-trimethylbutane are from reference 11. 

Although data for these fuels at lean fuel-air ratios are not 
shown herein, an examination of such data indicated that the 
blending relation is nonlinear. The authors of reference 17 
attribute this fact to the variation of the end-gas to 
from one blend to another. That is, for a system in which a 
paraffinic blending agent is blended with a paraffinic base 
stock, the relation between the reciprocal of the knock-
limited performance and the composition will be linear if the 
end-gas temperature, or a wall temperature closely related 
to the end-gas temperature, is held constant for each blend 
tested. 

Olefins.—Blending data for two olefins (reference 12) are 
shown in figure V-6 (b) for the A. S. T. M. Supercharge 
engine operating at a rich fuel-air ratio. In this case, olefinic 
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FIGURE V4.—Knock-liznited performance of blends with mixed base fuel consisting of 87.5 
percent isooctane and 12.5 percent n-heptane+4 ml TEL per gallon. 

blending agents are blended with a paraffinic base fuel and the 
resulting relation between the reciprocal of the knock-limited 
performance and composition is nonlinear. The blending 
equation (1) is based upon one assumption, that for the 
equation to apply the blends should be tested at a constant 
percentage of excess of fuel or air. The differences between 
stoichiometric fuel-air ratios for olefins and paraffins, how-
ever, do not appear sufficiently great to explain the non-
linearity of this blending curve. 

Aromatics.—The blending relations for the aromatic hydro-
carbons (fig. V-6 (c)), like those of the olefins (fig. V-6 (b)), 
were found to be nonlinear in the A. S. T. M. Supercharge 
engine at rich mixtures. With the exception of 1,2-dimethyl-
benzene and 1,2,4-trimethylbenzene, all the aromatics in-
creased the knock-limited performance of the base fuel at 
the concentratioh investigated. 

It has previously been mentioned that the concentration 
level at which compounds are examined may have consider-
able effect on the relative order of antiknock rating, as shown 

o 2. 3 4- Trime thy/-2 -pen terse (reference 12) 
°. 3,4 4- Trimethy/-&-pen terse (re ference 12) 

AS. TM Supercharge engine 
Fuel-air ratio 0/I 

/80 
/70

"-Mixed /60 base fuel 
/50 

. /40 

/30 
.5 

-leo 0FFU 
U	 iu	 ëÜ	 30	 40	 50

Clef/n in blend with base fuel,percent by volume 
(b) Olefins. 

FIGURE V . 6.—Continued. Knock-limited Performance of blends with mixed base fuel 
consisting of 87.5 percent isooctane and 12.5 percent n-heptane+4 ml TEL per gallon,

in figure V-6 (c) for isopropylbenzene. For example, a blend 
of 50 percent by volume of isopropylbenzene has the second 
highest antiknock rating of the aromatics investigated; at 
concentrations below 35 percent by volume, however, the 
performance of isopropylbenzene is exceeded by that of 
1 ,3-diinethylbenzene, 1 ,3-cliethylbenzene, 1-ethyl-4-methyl-
benzene, and n-propylbenzene. 

This result can perhaps be seen a little more clearly in 
figure 17 -7 (b), in which the blending data for the A. S. T. lvi. 
Supercharge engine are illustrated by a bar chart. The 
hydrocarbons are listed on this chart in order of decreasing 
antiknock rating, as determined by the 50-percent blends. 
At lower concentrations, however, the bars indicate a different 
order of rating. 

At A. S. T M. Aviation conditions (fig. V-7 (a)), the 
variation of knock-limited performance with composition 
was found to be different from that obtained at A. S. T. M. 
Supercharge conditions (figs. V-6 (c) and V-7 (b)). For 
example, the data presented in figure V-7 (a) indicate that 
the knock-limited performance of the base fuel is decreased 
as the concentration of aromatic is increased. Moreover, in 
figure V-7 (a) the aromatics do not rate in the same order 
at all concentrations. 

Ethers.—Blending data for six ethers determined at 
A. S. T. lvi. Supercharge conditions are shown in figure 
V-8 (b). Methyl tert-butyl ether and ethyl tert-butyl ether 
have the highest antiknock characteristics of the six ethers at 
all concentrations. Isopropyl tert-butyl ether is also better 
than the three aromatic ethers at a concentration of 50 
percent; however, at concentrations below about 20 percent, 
isopropyl tert-butyl ether is lower than any of the other ethers. 

The ethers shown in figure V-S (b), like the olefins and 
aromatics, do not follow the reciprocal blending relation 
defined by equation (1). 

(c) Aromatics. 

FIGURE V-6—Concluded. Knock-limited performance of blends with mixed base fuel 
consisting of 87.5 percent isooctane and 12.5 percent n-heptane+4 ml TEL per gallon. 
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FIGURE V-7.—Comparison of knock-limited performance of aromatic blends with mixed 
base fuel consisting of 87.5 percent isooctane and 12.5 percent fl-heptane+-4 nil TEL per 
gallon.
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FIGURE V-7.—Concluded. Comparison of knock-limited performance of aromatic blends 
with mixed base fuel consisting of 87.5 percent isooctane and 12.5 percent II-heptane+4 ml 
TEL per gallon.
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FIGURE V-S—Comparison of knock-limited performance of ether blends with mixed base 
fuel consisting of 87.5 percent isooctane and 12.5 percent n-heptane+4 ml TEL per gallon. 
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FIGURE V-S—Concluded. Comparison of knock-limited performance of ether blends with 
mixed base fuel consisting of 87.5 percent isooctane and 12.5 percent n-heptane+4 ml TEL 
per gallon. 

The blending relations for the ethers in figure V-8 (b) 
were investigated at A. S. T. M. Aviation conditions and 
the results obtained are presented in figure V—S (a). At 
these conditions, the three tert-butyl alkvl ethers all impro ved 
the knock-limited performance of the base fuel; the improve-
ment became greater as concentration was increased. 
On the other hand, the three aromatic ethers decreased the 
performance of the base fuel; the decrease became greater 
as the cone entiation was io creased. 

TEMPERATURE SENSITIVITY 

Ft,je/-oir

In order to determine the effects of changes of inlet-air 
temperature on knock-limited performance., most of the 
hydrocarbons and ethers were evaluated in the 17.6 engine 
at inlet-air temperatures of 1000 and 2500 F. These tests 
were made with each compound in 20-percent-by-volume 
blends with isoocta-ne. The final blends were evaluated at 
both temperatures in the unleaded state and with 4 ml TEL 
per gallon. (See appendix A, tables A-3 and A-4, respec-
tively.) The greatest portion of the temperature-sensitivity 
studies of this investigation was conducted on blends with
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FIGURE V-9.—Temperature sensitivity of blends with isooctane. Compression ratio. 7.0;
engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30 0 B. T. C. 

isooctane. A few experiments, however, were made in which 
the compounds were blended with the mixed base fuel. 
(See appendix A, table A-5.) 

The term "temperaturesensitivity" has been given 
several definitions by investigators in the field of fuel re-
search; however, none of these definitions has been wholly 
satisfactory. Perhaps the data offering the most scientific 
approach to such a definition are reported in references 21 
to 24, but the emphasis in these references is placed upon 
engine severity rather than the more restricted idea of 
temperature sensitivity; that is, engine severity is a more 
inclusive term that considers other factors of engine perform-
ance such as compression ratio, spark advance, engine speed, 
and cooling, as well as inlet-air temperature. 

Considerable experimental data are required in order to 
evaluate fully the engine severity as described in references 
21 to 24 and in most cases during the present investigation 
the available quantities of the pure fuels were too small for 

Fuel-air ratio
0.065 

20-percent (by volume) blends 
/76 engine 

Bose fuel 
2,3,3,4 -Te frame thy/pen tone 

2,2,3,4- Te frame thy/pen tone  
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2,4-Dime thy/-3-e thylpentane V'-"7""1 

2,2,3,3 - Te frame thy Ipen tone	 (b) 

	

.9	 1.0	 1.1
Relative temperature censifivify 

(b) Paraffins; leaded to 4 ml TEL per gallon. 

FIGURE V-0.—Continued. Temperature sensitivity of blends with isooctane. Compression 
ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30° B. T, C.

extensive studies. For this reason, the sensitivity studies 
of these fuels to changes of engine conditions were restricted 
merely to measurements of the effect of inlet-air temperature 
on knock-limited performance. In so doing it was necessary 
to establish arbitrarily a definition for temperature sensi-
tivity. This term is defined by the following equation: 

knock-limited imep of'-blend (inlet air at 100° F) 
Relative	 knock-limited imep of base fuel (inlet air at 100° F) temperature = 
sensitivity	 knock-limited imep of blend (inlet air at 250° F) 

knock-limited imep of base fuel (inlet air at 250° F) 

The term "relative" is used in this definition as the equation 
essentially describes the temperature sensitivity of the blend 
relative to that of the base fuel. This definition is the same 
as that used in references 5 to 11 and 13. The base fuels 
used in this study were paraffins and do not show high 
temperature sensitivity. 

Temperature sensitivities computed by this equation for 
all the compounds in the present investigation are presented 
in appendix A, table A-6. In the discussion of temperature 
sensitivity in the following paragraphs and in the subsequent 
discussion of lead susceptibility, it should be remembered 
that the data were obtained over a long period of time 'and 
reproducibility errors therefore exist. Although no extensive 
reproducibility data were obtained, a few such runs indicated 
that relative tempdrature sensitivities computed by the 
equation and relative lead susceptibilities computed by a. 
similar equation may be in error by ±0.05. 

Paraffins.—The temperature sensitivities of unleaded and 
leaded paraffinic fuel blends in the 17.6 engine at two fuel-air 
ratios are compared in figures V-9 (a) and V-9 (h). Of the 
paraffinic blending agents investigated (references 12 and 13), 
the three non ones, 2,3,3 ,4-tetramethylpenta.ne , 2,2,3,4-
tetramethylpentane, and 2,2,3 ,3-tetramethylpentane, appeal' 
to be most sensitive to changes of inlet-air temperature at 
the lean fuel-air. matio in unleaded blends (fig. V-9 (a)). 
At the rich fuel-air ratio, however, the differences in tempera-
ture sensitivities among the paraffins are small. 

In figures V-9 (a) and V-9 (b), the paraffins are listed in 
the same order. Inspection of these plots illustrates that 
tetraethyl lead affects temperature sensitivity. For example, 
in figures V-9 (a) and V-9 (b) the order of temperature 
sensitivities of the various paraffins is obviously different at 
both fuel-air ratios. 

As previously mentioned, a few of the compounds in this 
investigation were examined in blends with the mixed base 
fuel. In the investigation of reference 13, paraffinic and 
olefinic blending agents in blends with the mixed base fuel 
were subjected to variations of compression ratio. When 
these data are computed in the manner explained in references 
23 and 24, it is possible to compare over a reasonably wide 
range the influence of engine severity on knock-limited per-
formance. This effect is determined by computation of 
compression-air densities and compression temperatures at 
the knock limit; the main assumption is that these factors 
are related in some manner to end-gas densities and temper-
atures that cannot be directly measured (reference 21). The
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FIGURE V . 9.—Continued. Temperature sensitivity of blends with isooctane. Compression 
ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F: spark advance, 300 B. T. C. 

Fuel-air ratio
0065

Fuel- air ratio
0.065 

I	 I	 II 

20-percent (by volume) blends 
/76 engine 

Bose fuel 
1,3-Dime thy/b enzene 
I-Methyl -4-isopropylbenzene 
te rt-Bufy/benzene 
I, 3-Die thy/benzene 
/sobuty/benzene 
n -Propy/benzene 
I-Methyl -3- e thylbenzene 
l.2- Dime fhy/benzene 
12, 3-Trimethylbenzefle 
43,5 - Trimethy/benzene 
1-Methyl-3,5- diethy/benzene 
n -Buty/benzene 
I, 2,4-Trimethylbenzene 
1,3,5- Trie rhy/benzene 

thylbenzene 
lsopropy/benzene 
1.3-Dimethy1-5-e thylbenzene 
I-Methyl -4-ethylbenzene 
I-Me thyl-4 - tert-Bufylbenzene 
I-MeThyl-3 -tert-Bufylbenzene 
I, 4-Dimethylbenzene 
4 2-Die thyl.enzene 
1,4-Diet hylbenzene 
I-Methyl -2- ethylbenzene 

sec - Buty/benzene 
Benzene 
Methylbenzene

(d) Aromatics; leaded to 4 ml TEL per gallon. 

FIGURE V-9.—Continued. Temperature sensitivity of blends with isooctane. Compression 
ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30° B. P. C. 
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FIGURE V-9.—Continued. Temperature sensitivity of blends with isooctane. Compression 
ratio, 7.0; engine speed, 1800 rpm; coolant temperature. 212° F: spark advance, 30 ` 33.T. C.
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FIGURE V-9,—Concluded. Temperature sensitivity of blends with isooctane. Compression 
ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30° B. T. C.
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compression-air densities and temperatures are calculated 
by the following equations:

1V0 (r-1) 
Pc	

iV	
(2) 

(3) 
where 
PC compression-air density, pounds per cubic inch 
W0 intake-air flow, pounds per minute 
r compression ratio 
i	 intake cycles per minute 
Vd engine displacement volume, cubic inches 
TC compression-air temperature, °R 
T0 intake-air temperature, °R 
-y ratio of specific heat of charge at constant pressure to 

that at constant volume (assumed to be 1.4) 

Although the data in reference 13 were determined by 
varying the compression ratio, it is apparent from the equa-
tion of compression temperature that the effect of varying 
the compression ratio is equivalent to that of varying the 
intake-air temperature. 

The sensitivities of two paraffinic fuels (reference 13) are 
shown in figures V–b (a) and V-b (b) at two fuel-air ratios 
in a modified A. S. T. M. Supercharge engine. The two 
paraffin blends are more sensitive than the base fuel to changes 
of compression ratio or intake-air temperature, as indicated 
by the slopes of the curves in figures V-b (a) and V-b (b). 
The two paraffin blends had lower knock limits than the 
base fuel at severe conditions (high compression tempera-
tures), but higher limits at mild conditions (low compression 
temperatures). 

Olefins.—Plots similar to those in figures V–b (a) and 
\T_10 (b) are shown in figures V-10 (c) and V-b (ci) for 
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FIGURE V-10.—Effect of compression temperature on compression-air density for blends with 
mixed base fuel consisting of 87.5 percent isooctane and 12.5 percent n-heptane+4 ml 
TEL per gallon. Compression ratio, variable; engine speed, 1800 rpm; inlet-air tempera-
ture, 250° F.; coolant temperature, 250° F; spark advance, 30 1 B. T. C.

three olefins in blends with time mixed base fuel (reference 13). 
At both fuel-air ratios. the three olefin blends were more 
sensitive to a change of engine severity than the base fuel. 
At the severe conditions the three olefin blends had lower 
knock limits than did the base fuel, but at milder conditions 
the olefin blends had higher knock limits. 

Aromatics.—The temperature sensitivities of aromatic 
blends determined in the 17.6 engine are shown in figures 
V-9 (c) and V-9 (ci). Time aromatics are listed in figure V-9 (c) 
in the order of decreasing sensitivity at the rich fuel-air 
ratio. As in the case of paraffins (figs. V-9 (a) and 1 7-9 (b)), 
the, sensitivities were inconsistent from one fuel-air ratio to 
another. Moreover, the sensitivities were influenced by 
tetraet,hvl lead. 

The most sensitive aromatics at the rich fuel-air ratio 
(fig. V-9 (c)) were 1 ,3-climethvlbenzene, 1-methyl-4-isopropyl-
benzene, and tert-butylbenzene; whereas at the lean fuel-air 
ratio, a number of aromatics had high sensitivities. In 
leaded blends (fig. V-9 (ci)), the differences in relative tem-
perature sensitivity among time a .roinatics were not great at 
the rich fuel-air ratio, but at a lean fuel-air ratio appreciable 
differences occurred. At the lean fuel-air ratio, it number of 
the aromatics had sensitivities 20 to 25 percent greater than 
the sensitivity of the base fuel. 

It has been shown herein that 1,3,5-trimethvlbenzene and 
te'rt-hutylbenzene had higher performance numbers thair the 
other aromatics investigated at the lean condition of the 
A. S. T. Al. Aviation method (fig. 1 1-3 (i)). For this reason 
the temperature sensitivities of these two aromatics are of 
particular interest. These two aromatics in unleaded blends 
have temperature sensitivities equal to or greater than sensi-
tivities of the other aromatics investigated at the lean fuel- 
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FIGURE V-10.—Continued. Effect of compression temperature on compression-air density 
for blends with mixed base fuel consisting of 87.5 percent isooctane and 12.5 percent 
n-heptane+4 ml TEL per gallon. Compression ratio, variable; engine speed, 1800 rpm; 
inlet-air temperature, 250° F; coolant temperature, 250° F; spark advance, 30° B. T. C. 
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(c) Olefins, I can conditions. 

Fin uts E \'-10.—Continued. Effect of compression temperature on corn pression-air density 
for blends with mixed base fuel consisting of 87.5 percent isooctane and 12.5 percent 
n-heptane-4-1 ml TEL per gallon. Compression ratio, variable; engine speed, 1800 rpm; 
inlet-air temperature, 250 0 F; coolant temperature, 2500 F; spark advance, 350 B. T. C. 
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FinuRE V-b—Continued. Effect of compression temperature on compression-air density 
for blends with mixed base fuel consisting of 87.5 percent isooctane and 12.5 percent 
n-heptane+4 ml TEL per gallon. Compression ratio, variable; engine speed, 1800 rpm; 
inlet-air temperature, 250° F; coolant temperature, 2500 F; spark advance, 300 B. T. C. 

air ratio (fig. V-9 (c)). On the other hand, the leaded blends 
shown in figure V-9 (d) indicate that the temperature sen-
sitivity of tert-butylbenzene is reduced considerably, whereas 
1,3,5-trirnethylbenzene is still quite sensitive. 

Similarly, among the better aromatics at A. S. T. M. 
Supercharge conditions (fig. V3 (j)) were 1,3-dimethyl-5-
ethyihenzene, 1-methv1-3,5-diet.hylbenzene, 1-met.hyl-4-tert-

/300	 1400	 1500	 1600	 /700	 1800 
Compression temperature, °R 

(e) Aromatics; lean conditions. 

FIGURE V-lO—Continued. Effect of compression temperature on compression-air density 
for blends with mixed base fuel consisting of 87.5 percent isooctane and 12.5 percent 
n-heptane+5 ml TEL per gallon. Compression ratio, variable; engine speed, 1800 rpm: 
inlet-air temperature, 250 0 F; coolant temperature, 2.50 0 F; spark advance, 300 B. T. C. 
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FIGURE V-b—Concluded. Effect of compression temperature on compression-air density 
for blends with mixed base fuel consisting of 87.5 percent isooctane and 12.5 percent 
n .heptane+4 ml TEL per gallon. Compression ratio, variable; engine speed, 1800 rpm; 
inlet-air temperature, 2500 F; coolant temperature, 250° F; spark advance, 30° B. T. C. 

butylbenzenc, and 1,3 ,5-trietliylbcnzene. As indicated in 
figure V-9 (c) for unleaded blends at a rich fuel-air ratio, 
these four aromatics show only moderate temperature sen-
sitivity varying between 1.0 and 1.05. In leaded blends 
(fig. 17-9 (d)) and at a rich fuel-air ratio, the four aromatics 
still exhibited only moderate temperature sensitivity varying 
between 1.0 and 1.05. 
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FIGURE V-11.—Cornparisoii of isomers having highest temperature sensitivities in blend with 
isooctane. Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212' F; 
spark advance, 300 B. T. C. 

Compression-air density-temperature relations were deter-
mined for several aromatics and are reported in reference 10. 
The relation obtained for three of the aromatics is presented 
in figures V–b (e) and V–b (f) in order to illustrate the 
nature of the results. As indicated by the slopes of the 
curves in these figures, the sensitivities of the aromatic 
blends are somewhat greater than the sensitivity of the base 
fuel. 

Ethers.—Temperature sensitivities determined for six 
ethers are shown in figures V-9 (e) and V-9 (f). The ethers 
(unleaded blends) are listed in figure V-9 (e) in the order of 
decreasing sensitivity at the rich fuel-air ratio (0.11); at this 
fuel-air ratio the three aromatic ethers appear to he more 

Fuel-air ratio 
006'5 

I	 .1/ 

20-percent (by volume) blends 
/Z6 engine 

Bose fuel 

2,4-Dime Thyl-3 -e thy Ipen tone r"" 

2, 3-Dimethy/pen tone 

2, 2,3,3Tetramethy/pentone 

2,2,3 - 7'rime thy/butane  

2,2,3,4 - Teframethylpe,-, tone  

23,3,4- Tetrame thylperrfane	
(a)1 

.90 .95 /00 1.05 
Relative lead 
susceptibility 

(a) Paraffins; inlet-air temperature, 100° F. 

FIGURE V-12.—Lead susceptibility (4 ml TEL/gal) of blends with isooctane. Compression 
ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30 0 B. P. C.

sensi'tive to temperature changes than do the tert-butyl 
alkyl ethers, with the possible exception of methyl tert-butyl 
ether. At the lean fuel-air ratio (0.065), anisole appears to 
be the most sensitive of the ethers; however, with considera-
tion for the estimated reproducibility of these data there may 
be little real difference in the sensitivities of the six ethers 
shown. 

In leaded blends (fig. V-9 (f)), the aromatic ethers are 
perhaps more temperature-sensitive than the tert-butyl 
alki ethers with 'the possible exception of methyl tert-butvl 
ether at the lean fuel-air ratio. At the rich fuel-air ratio, 
anisole and p-methylanisole show the highest sensitivities; 
however, the experimental accurac y may minimize the ap-
parent differences shown on the figures. 

Comparison of classes of compounds.—The temperature 
sensitivities of the various classes of compounds are compared 
in figure V–il. The procedure used in preparing these plots 
was the same as that used for figure V-5. 

In figure V–li at two fuel-air ratios, the low-boiling ethers 
have the greatest temperature sensitivities in the boiling 
range of 1000 to 175° F. Above 175° F the aromatics are 
more sensitive than the other classes examined. In the 
boiling range from 300° to 350° F, however, the ethers have 
temperature sensitivities comparable to those of the 
aromatics.

LEAD SUSCEPTIBILITY 

Lead susceptibilities of the various organic compounds 
investigated were determined in the 17.6 engine by comparing 
unleaded blends (20 percent by volume) with blends con-
taining 4 ml TEL per gallon. Data were obtained at two 
inlet-air temperatures, 100° and 250° F. (See appendix A, 
table A-7.) 

Lead susceptibility, or lead response, is usually defined as 
the increase in octane number or power output resulting from 
the addition of a given quantity of tetraethyl lead to a fuel. 
For the present investigation, however, lead susceptibility is 
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FIGURE V-12.—Continued. Lead susceptibility (4 ml TEL/gal) of blends with isooctane. 
Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 
30° B. T. C. 
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(c) Aromatics; inlet-air temperature, 100' F. 

FIGURE V-12.—Continued. Lead susceptibility (4 ml TEL/gal) of blends with isooctane. 
Compression ratio. 7.0; engine speed, 1800 rpm; coolant temperature, 212' F; spark advance, 
30' B. T. 0.
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FIGURE V-12.—Continued. Lead susceptibility (4 ml TEL/gal) of blends with isooctane. 
Compression ratio, 7.0; engine speed, 1800rpm; coolant temperature, 212° F; spark advance, 

- 300B.T.C. 
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FIGURE \7-12.—Continued. Lead susceptibility (4 ml TEL/gal) of blends with isooctane. 
Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 
30° B. T. C.

(f) Ethers; inlet-air temperature, 250° F. 

FIGURE V-12.—Concluded. Lead susceptibility (4 ml TEL/gal) of blends with isooctane. 
Compression ratio, 7.0; engine speed. 1800 rpm; coolant temperature, 212° F; spark advance, 
30° B. T. C.
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FIGURE V-iS—Comparison of isomers having highest lead susceptibility in blends with 
isooctane. Comression ratio, 7.0; engine speed, 1800 rpm; inlet-air temperature, 1000 F; 
coolant temperature, 2120 F; spark advance, 300 B. T. C. 

expressed in it manner similar to that used for temperature 
sensitivity:

knock-limited imep of blend+4 in! TEL/gal 
Relative lead
	

knock-limited imep of base fuel+4 ml TEL/gal 
susceptibility - knock-limited imep of blend+0 ml TEL/gal 

knock-limited imep of base fuel+0 ml TEL/gal 

As in the foregoing discussion of temperature sensitivity, 
the estimated accuracy of these ratios is about ± 0.05. 

Paraffins.—The lead susceptibilities of six paraffinic 
blends are shown in figures V-12 (a) and V-12 (b). In 
figure V-12 (a) (inlet-air temperature, 1000 F), the fuels are 
arranged in order of decreasing response at the rich mixture. 
At this condition, 2,4-dimetiiyl-3-ethylpentane exhibits the 
greatest susceptibility to tetraethyl lead, but at the lean 
fuel-air ratio, 2,3-dimethylpentane, 2,2,3-trimethylbutane, 
and 2,2,3,4-tetramethylpentane have the best response. 
The lead susceptibility is appreciably influenced by fuel-air 
ratio. 

In figure V-12 (b) (inlet-air temperature, 250° F), the fuels 
are listed in the same order as that of figure V-12 (a), but 
little or no difference in lead susceptibility is apparent at the 
rich fuel-air ratio except in the case of 2,2,3-trimethylbutane. 
At the lean fuel-air ratio, 2,2,3,4-tetramethylpentane and 
2,3,3,4-tetramethylpentane had the highest lead suscepti-
bilities. 

Olefins.—A limited amount of data was obtained in the 
17.6 engine to show the lead susceptibilit y of olefins in 20-

percent-by-volume blends with isoocta.ne. (See appendix A, 
table A-7 (a).) For convenience, a portion of these data is 
summarized in the following table: 

Lead susceptibility of 20-per-
cent olefinic blends relative 
to isooctane 

Inlet-air temperature (°F) 

Olefin
250 100 

Fuel-air ratio 

0.065 0.11 0.005 0.11 

2.3-dimcthyl-2-pentenc ----------------------------- 0.95 1.00 1.00 0.95 
2,3,4-trimethyl-2-pentene --------------------------- 
3,4,4-trirnethyl--pentene -----------------------------

-
- -1.05 
-1.0(1

1.05 
1.00

1.05 
1.05

1.05 
1.00

Aromatics.—In figures 17-12 (c) and V-12 (d), the lead 
susceptibilities of aromatic blends are shown. The blends 
in figure V-12 (c) are listed in order of decreasing response 
at the rich fuel-air ratio. At this ratio, the data indicate that 
1-methyl-4-ethylbenzene is the aromatic most susceptible to 
additions of tetraethyl lead. This particular aromatic also 
had the greatest response at the lean fuel-air ratio. From 
figures V-12 (c) and 17 -12 (d), lead susceptibility is obviously 
affected by fuel-air ratio. 

At the higher inlet-air temperature (fig. V-12 (d)), the 
trend in lead susceptibility differs from that observed at 
1000 F (fig. V-12 (c)) for the aromatics. For the rich fuel-
air ratio (fig. '7-12 (d)), three of the aromatics, 1-methyl-
4-ethylbenzene, 1 ,3-dirnethylbenzene, and 1-methvl-4-
isopropylbenzene, appear to be the most susceptible. At 
the lean fuel-air ratio, however, tert-butylbenzene is con-
siderably more susceptible than the other aromatics. 

Ethers.—Lead susceptibilities of the ether blends are 
presented in figures V-12 (e) and V-12 (f). At an inlet-air 
temperature of 1000 F (fig. V-12 (e)), methyl tert-butyl ether 
and p-methylanisole have the greatest lead susceptibilities 
at the lean fuel-air ratio: At the rich fuel-air ratio, methyl 
tert-butyl ether has the highest susceptibility with anisole and 
p-methylanisole next. 

At an inlet-air temperature of 250° F (fig. V-12 (1)), the 
three tert-butyl alkyl ethers have the highest susceptibilities 
at the lean fuel-air ratio. The three aromatic ethers and 
methyl tert-butyl ether exhibit the highest susceptibilities at 
the rich fuel-air ratio. 

Comparison of classes of compounds.—In figure \T_13, 

the lead susceptibilities are plotted against boiling points for 
the isomers having highest lead susceptibilities in each class 
of compounds. At both lean (fig. V-13 (a)) and rich (fig. 
V-13 (b)) fuel-air ratios, the low-boiling  ethers appear to 
be most susceptible to tetraethyl lead in the boiling range 
from 125 0 to 160° F. Above 160° F, the aromatics show 
the greatest lead response. 

CONCLUDING REMARKS 

On the basis of an investigation of the type reported 
herein, it is difficult to draw any specific conclusions, inas-
much as antiknock characteristics are influenced by many 
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factors. The relative order of antiknock ratings of a series 
of compounds is influenced by engine conditions, by the. 
tetraet.hyl lead content, and by the concentration of blending 
agent in the base fuel with which a comparison is made. 
With consideration for these factors, tert-hutylbenzene, 
methyl and eth yl tert-butyl ethers, 2,2,3-trimethylbutane, 
and several nonanes were among the best compounds in 
their respective organic classes. This selection was based 
upon temperature sensitivity and lead susceptibilit y as well 
as antiknock value. 

In an effort to generalize the data obtained iii this investi-
gation, the subsequent conclusions are expressed in terms of 
the relation of various performance factors to the gasoline 
boiling range as influenced by the classes of organic corn-
pounds investigated. Furthermore, these conclusions must 
necessaril y be restricted to the limitations of this investi-
gation and therefore cannot be applied without exception. 

Antiknock ratings.—In the low-boiling gasoline range, the 
highest antiknock ratings are among the more volatile 
paraffins and ethers. In the intermediate gasoline range, 
the ethers excel; in the high-boiling range the aromatics have 
the highest antiknock ratings. 

Temperature sensitivity.—In the low-boiling gasoline 
range, the data are incomplete as regards temperature sensi-
tivity, but there are indications that the volatile ethers are 
more sensitive to temperature changes than are the paraffins 
or aromatics. In the intermediate and high-boiling ranges 
of gasoline, the aromatics are- more sensitive to temperature 
than the paraffins and the ethers. Moreover, the aromatics 
that have the highest antiknock ratings are also sensitive 
to temperature. 

Lead susceptibility.—In the low-boiling gasoline range, 
the data are incomplete as regards lead susceptibility, but 
there are indications that the more volatile ethers are more 
susceptible to additions of tetraethyl lead than are the 
paraffins and the aromatics. In the intermediate and high-
boiling ranges of gasoline, the aromatics show greater lead 
susceptibility than either the paraffins or the ethers. 
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CHAPTER VI 

AROMATIC AMINES AS FUEL ADDITIVES 

In addition to those fuel components that may be classified 
in the broad category of blending agents, there are other 
compounds known as fuel additives. These compounds are 
generally distinguished by their chemical dissimilarity to the 
constituents normally found in petroleum and by their pro-
nounced effect, when present in even small concentrations, 
on certain fuel characteristics. An optimum concentration 
of additive for over-all fuel performance can usually be found 
that best satisfies all requirements of the fuel; that is, the 
concentration of additive that will yield maximum improve-
ment in a given fuel characteristic may have a deleterious 
effect on another equally important characteristic so that a 
compromise must be made. 

By far the most important of the fuel additives are the 
so-called antiknock dopes. Tetraethyl lead (ch. VII), one of 
the most widely publicized additives in use today, is known 
primarily for its knock-suppressing qualities. The critical 
shortages of tetraethyl lead and the high-antiknock blending 
agents during World War II stimulated the search for other 
compounds that might be of value as antiknock agents. The 
NACA participated in this search for new antiknock addi-
tives, and a summarization of that survey of the aromatic 
amines is presented in this chapter. 

Although the studies of the NACA placed greatest empha-
sis on the antiknock qualities of the aromatic amines, other 
properties were investigated to determine the useful concen-
trations that could be employed. These properties included 
low-temperature solubility measurements and determinations 
of the gasoline-water distribution coefficients. In addition, 
new methods of analysis were devised to determine the 
quantities of amines present in prepared fuels. Such ana-
lytical methods are necessary for purposes of fuel inspection 
because the use of additives is controlled by specifications. 

ANTIKNOCK EVALUATION OF AROMATIC AMINES 

Engines and test conditions.—Two small-scale engines and 
one full-scale single-cylinder test engine were used in the 
evaluation of the antiknock characteristics of aromatic 
amines. One small-scale engine was a CFR engine that 
conformed to the A. S. T. Al. Supercharge method for knock 
rating except for the fuel system and the method of knock 
detection. The fuel system was arranged so that fuel was 
circulated through a primary pump, a fuel cooler, and back 
into the injection pump gallery. Knock was detected by a 
magnetos triction pickup unit in conjunction with a cathode-
ray oscilloscope. Incipient detonation was taken as the 
criterion of knock. 

As pointed out in chapter II, antiknock behavior at one 
condition of engine operation does not afford a satisfactory 
basis for estimation of performance at another condition or 
in another engine. For this reason, the following three sets 
of conditions were chosen for the small-scale engine evalua-
tion of the aromatic amines.

Sniet-air Spark	 - Coolant 
temperature T. C) temrrature 

A. S. T. M. Supercharge standard
225 45 375 
250 20 250 

conditions-------------------------
Condition A-------------------------
Condition B------------------------- 150 30 250

The engine speed of 1800 rpm and compression ratio of 7.0 
were held constant throughout the investigation. 

Of these three sets of conditions, the A. S. T. Al. Super-
charge condition is considered to he the most severe by 
virtue of the advanced spark and high coolant temperature; 
condition A is somewhat milder; and condition B is the 
mildest of the three. Additional runs were made in the 
second CFR engine, which was equipped to conform to 
specifications of the A. S. T. MI. Aviation method for knock 
rating. 

At each of these conditions, 2-percent (by weight) blends 
of the aromatic amines were examined with AN—F-28 (28—R) 
fuel as the base fuel. In order to eliminate reproducibility 
errors, the straight base fuel and the base fuel containing 
amine were compared on the same day. The selection of 
2 percent amine as the only concentration to be investigated 
was determined primarily by the quantities of amines avail-
able. 

The full-scale engine investigation was conducted in an 
air-cooled aircraft cylinder mounted on a Cooperative Uni-
versal Engine (CUE) crankcase. The auxiliary apparatus 
used in these tests was similar to that described in reference 1 
except that a heat exchanger was installed in the cooling-air 
line to control the cooling-air temperature; the exhaust 
system was so modified that the engine could be operated 
either at atmospheric or reduced exhaust pressure. 

The cooling-air flow was determined for each run by oper-
ating the engine at a brake mean effective pressure of 140 
pounds per square inch and a fuel-air ratio of 0.10 and by 
adjusting the damper valve in the cooling-air line until a 
rear-spark-plug-bushing temperature of 365° F was reached. 
The cooling-air pressure drop across the cylinder was main-
tained constant for each run. 

Mixture-response curves were determined at two operating 
conditions: (1) simulated cruise conditions recommended by 
the Coordinating Research Council (CRC), which specify an 
engine speed of 2000 rpm, an inlet-air temperature of 210° F, 
a spark advance of 20° B. T. C., and atmospheric exhaust 
pressure; and (2) a modification of these CRC conditions 
that consisted of an advance spark setting of 30° B. rp C. 
and a reduced exhaust pressure of 15 inches of mercury 
absolute. The exhaust pressure of 15 inches of mercury was 
chosen in view of earlier test results (reference 2) in which a 
critical relation was shown to exist between manifold and 
exhaust pressures and knock-limited power in the lean region 
where the manifold pressure is within 10 and —5 inches 
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TABLE VI-1.-ANTIKNOCK EFFECTIVENESS OF AROMATIC AMINE ADDITIONS TO AN-F-28 (28-R) FUEL IN 
SMALL-SCALE (CFR) ENGINE CYLINDER 

imep of aromatic amine plus 28-R 
Relative power= imep of 28-R 

Fuel-air ratio 

Aromatic amine (2-percent addition to 0.062 0.07 0.11 
28-R fuel) __________________________ __________________________ ratings 

Condition Condition Condition Condition 

A.S.T.M. A.S.T.M. A B A.S.T.M. A B A.S.T.M. A B 
Supercharge - Supercharge Supercharge Supercharge 

I Base fuel (28-B) ----------------------- 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 100 
2 Aniline -------------------------------- 1.00 1.03 1.13 .97 1.07 1.15 1.03 1.12 1.15 1.09 1.11 1.14 105 

-

.93 1.11 1.10 .99 1.15 1.13 1.05 1.15 1.11 1.14 1.12 1.10 

.91 .99 1.04 .97 1.04 1.04 1.04 1.05 1.05 1.01 1.04 1.04 102 
1.03 1.00 1.03 .98 1.06 1.06 .96 1.03 1.04 1.02 1.02 1.06 100 

3 N-Methylaniline-----------------------
4 N-Ethylaniline-------------------------
5 N-Propylaniline------------------------
6 N-Isopropylaniline--------------------.96 

-

.91
.96 

1.00
1.01 
1.03

.95 

.90
.95 
.94

.99 
lOt

.96 

.91
1.00 
1.00

1.01 
1.01

1.01 
1.01

1.04 
1.01

1.01 
1.01 

.97 1.02 1.01 .84 1.00 1.01 .97 1.00 1.01 1.02 .99 1.02 100 

9 N, N -Dimethylanilinc------------------ .99 lOt 
1.01

.93 

.98
1.00 
.98 .99

98 
1.00

.99 

.99 1.00
.99 

1.03
1.00 
1.01 

N-Butylaniline------------------------
8 N-tert-Butylaniline---------------------

10 N,N-Diethylaniline--------------------1.00 

51 o-Toluidine .88 1.03 1.01 .92 1.03 1.04 .99 1.08 1.10 1.07 1.09 1.15 
12 m-Toluidine .98 1.15 1.09 .96 1.16 1.09 1.05 1.08 1.10 1.09 1.06 1.11 

1.03 1.08 1.02 1.06 1.13 1.11 1.09 1.13 1.12 1.11 1.14 1.11 
1.00 1.01 1.04 1.00 1.03 1.01 .92 1.05 1.04 1.00 1.04 1.07 100 

-----------------------------

.97 1.10 1.12 .97 1.13 1.12 1.04 1.12 1.14 1.00 1.13 1.12 101 

----------------------------

.92 .99 1.00 .93 .98 1. 03 .90 1.01 1.06 .97 1.01 1.05 100 
1.00 
1.06

1.09 
1.02

1.16 
1.09

1.00 
1.03

1.08 
1.02

1.16 
1.11

1.02 
1.08

1.11 
1.07

1.13 
1.08

1.11 
1.11

1.16 
1.12

1.12 
1.10 104 

.93 1.04 1.13 .92 1.03 1.14 .99 1.12 1.13 1.05 1.12 1.12 102 

.98 1.01 1.12 .81 1.07 1.12 .97 1.10 1.09 1.10 1.07 1.11 100 

17 p-lsopropylaniline----------------------
18 p-tert-Butylaniline----------------------

.95 1.04 1.07 1.00 1.03 1.11 1.06 1.10 1.10 1.07 1.15 1.12 

13p-Toluidine----------------------------
14 o-Ethylaniline ---------------- ----------

.87 .98 1.04 .92 .92 1.04 .93 1.03 1.03 .98 1.06 1.03 99.5 

15p-Ethylaniline-------------------------
16 o-Isopropylaniline----------------------

7vl .86 1.10 1.11 .86 1.00 1.12 .95 1.07 1.12 1.11 1.11 1.12 

19 2,4-Xylidine----------------------------
20 2,5-Xylidine----------------------------
21 2,6-Xylidine----------------------------
22 2,4-Diethylaniline----------------------

24 2,4,6-Trimethylaniline ----------------- .88 1.16 1.06 .92 1.07 1.05 .98 1.08 1.08 1.05 1.10 1.11 97.5 
23 2-ethyl-5-isopropylaniliiie------------

25 N-Methy!-o-toluidine .97 1.07 1.08 .95 1.07 1.07 .95 1.10 1.09 1.02 1.11 1.14 100 
.98 1.13 1.16 .91 1.07 1.17 1.05 1.20 1.19 1.19 1.18 

1.15
1.15 
1.13 100 

-------------------
26 N-Methyl-p-toluidine------------------

M 27 N-ethyl-p-ethylaniline---------------
M 28 N-ethyl-p-isopropylaniline ----------

.97 

.95
1.14 
1.15

1.13 
1.11

.98 
1.05

1.18 
1.17

1.16 
1.14

1.06 
1.08

1.14 
1.14

1.12 
1.12

1.14 
1.15 1.11 1.14 102 

29 N-Methyl-p-lert-Butylaniline-----------
30 N-Ethyl-p-toluidine -------------------

1.00 
-

1.00
1.11 
1.04

1.12 
1.07

.91 

.98
1.13 
1.06

1.14 
1.06

1.02 
.99

1.16 
1.04

1.10 
1.07

1.14 
1.02	 -

1.12 
1.04

1.10 
1.06

100 
102 

31 N-Isopropyl-p-toluidine ---------- -----.89 
1.00

.99 
1.00

1.00 
1.00

.87 

.99
.99 

1.02
1.00 
1.03

.88 
1.00

1.01 
1.01

1.03 
1.02

.96 
1.00

1.02 
1.03

1.03 
1.03 104 

-

.98 1.07 5.08 1.00 1.08 1.09 1.00 1.09 1.06 1.04 1.15 1.04 101 
32 N-Isopropyl-p-isopropylaniline---------

33 N.Methyl-2,4-xylidine-------------------

34 N,N,Dimethyl-2-methyl-5-isopropyl-
.95 .97 .98 .94 .95 .99 .97 .99 1.00 96 .97 .97 1.01

- N	 imethy1-2,4,-triniethylaniIine 35 N,-D	 6 .97 1.04 .98 .95 .98 98 .88 .94 .98 93 
aniline ---------------------------------

36 N,N-Dimethyl-p-phenyleneclianiine__ .97 1.12 .89 1.13 J	 . .99 1.18 1.16 1.16 

38 N,N-Diethyl-p-phenylenediamine .98
1.15 
1.11 1.10 .89

1. 13 
1.11 1.19 
------

1.10
1.22 
1.17 1. 19 1.16 1.17 1.14 99 

39 Diphenylamine ----------------------- 1.10 1.11 1.10 

------

1.07 1.08 1.09 1.10 1.11	 1.11_- 1.15 1.10 120 

37 N,N'-Dimethyl-p-phenylenediamine ------

--

1.00 1.06 1.16 1.10 1.01 1.04 1.04 1.01 1.00	 1.01 1.01 1.07 101 40 71ethyldipheny1amine------------------

41	 s-i\[ethoxyaniline ---------------------- - - .76 1.00 1.00 .74 .91 1.01	
J	

.80	 1.01	 1.03	 .99	 1.03	 1.04

Data from references 2 to 6. 
Performance numbers. 
1.76 percent amine added. 

mercury of the exhaust pressure. The spark advance of 
30 0 B. T. C. was chosen because of the interest in aircraft-
engine operation at advanced spark under cruise conditions. 

In the full-scale engine studies, 2-percent (by weight) amine 
blends with AN-F-28 fuel were also used. 

Knock-limited performance.-In order to present the most 
reliable comparison of the many amines examined, the anti-
knock ratings of all blends are expressed as power ratios 
(references 3 to 7). The small-scale engine results shown in 
table VI-1 (except for k. S. T. M. Aviation results) are 
therefore expressed as the quotient of the knock-limited 
indicated mean effective pressure (imep) of the amine blend 
divided by the knock-limited indicated mean effective pres-
sure of the base fuel (AN-F-28). By this method the

influence of day-to-day variations in engine reproducibility 
is reduced to a minimum because each blend was examined 
on the same day as the base fuel. 

The data from table VI-1 have been plotted in figure VI-1 
to illustrate the relations that exist between antiknock 
effectiveness and molecular structure. Because the A. S. T. M. 
Supercharge method is a rich-mixture rating method, only 
the data at a. fuel-air ratio of 0.11 have been considered in 
this analysis. 

Fuel sensitivity (ch. II) is an obstacle to the development 
of any rigid generalizations between chemical structure and 
performance. For example, in figure VI-1 (a) at A. S. T. M. 
Supercharge conditions, it is seen that 15 aromatic amines 
have antiknock values equal to or greater than aniline. At 
condition A (fig. VI-1 (h)), 17 aromatic amines are equal to 
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FIGURE V1-1.-Antiknock effectiveness of 2-percent aromatic amine blends with AN-F-28 
(2S- B) fuel. Fuel-air ratio, 0.11. 

or greater than aniline, aniline, i)Ut at condition B (fig. VI-1 (c)), 
only 5 compounds are equal to or greater than aniline. 
Purely from consideration of nominal engine operating con-
ditions it will be recalled that the A. S. T. M. Supercharge 
condition is probably the most severe, with condition B the 
mildest., and condition A intermediate. It is obvious, then, 
that some risk is involved in a statement that any single 
amine is always better than aniline. In fact, N-methvl-p-
toluidine is the only compound that did exceed aniline in 
antiknock value at all three conditions, and at condition B 
the margin of superiority was, for all practical purposes, 
negligible. 

On the basis of the data contained in figures VI-1, 
however, two generalizations can be made with regard to

7	 8	 9	 /0  
Number of carbon a/oms 

(b) A. S. T. Al. Supercharge modified A conditions. 

FIGURE V1-1.--Continued. Antiknock effectiveness of 2-percent aromatic amine blends with 
AN-F-28 (28-R) fuel. Fuel-air ratio, 0.11. 

structural trends. The first of these is as follows: When 
one hydrogen atom in the - NH2 group of any given primary 
aromatic amine is replaced by an alkyl group, the greatest in-
crease or least decrease in antiknock value from that of the 
primary amine will result when the alkyl substituent is a-
methyl radical (-cH3). This statement is supported by the 
following data: 

Relative Power 

Aromatic alpine

Supercharge Condition A condition B 

109 1.11 1.11 
N-.1etlivlanilinc ------------------------- 1.14 1.12 1.10 

1.01 1.04 1.01 
N-Propylaniline -------------------------- 1.02 1.02 1.06 

Aniline--------------------------------------

N-Bntylaniline - ---------------------------

---

1.01 1.01 1.01 

N -Ethylanilinc-----------------------------
--

1.01 1.04 1.01 N-Isopropylaniline-------------------------
N -tert-Butylaniline------------------------

--

1.02 .99 1.02 

p-Toluidine ------------------------------ 1.11 1.14 1.11 
1.19 1.18 1.15 
1.02 1.04 1.06 

N-Tsopropyl-p-toluidine ------------------

---

.96 1.02 1.03 

N-Methyl-p-toluidine------------------------
N-Ethyl-p-toluidine-------------------------

---

1.11 1.16 1.12 p4sopropylaniline-------------------------
1.15 1.11 1.14 N-Methyl-p-isopropvlan jline ------------- -

N-Isopropyl .p-isopropylaniline ------------- - 1.00 1.03 1.03

I.' 

I. I 

I
10 

I. I. 

QD 
(\J-
+ 

L /o 

I 
ct

1.06 

95 



ACA INVESTIGATION OF FUEL PERFORMANCE IN PISTON-TYPE ENGINES
	

559 

1.16 

1.14 

C\j 

I i. i 

tc 
G 
0.. I 
'B.

/.0 
q) 

0 
Q.

I. 0 

/.0lJ 

.98

(c) A. S. T. Al. Supercharge modified B conditions. 
FIGURE Vt-i—Concluded. Antiknock effectiveness of 2-percent aromatic amine blends with 

AN-F-28 (28-R) fuel. Fuel-air ratio, 0.11.

For each of these three series of compounds, the antiknock 
values of the three primary amines considered as bases 
(aniline, p-toluicline, and p-isopropylaniine) were increased 
more by the substitution of a methyl radical for one of the 
hydrogen atoms attached to the nitrogen than by substitu-
tion of any other radical. For the two cases where the per-
formance decreased (N-methvlaniinc at condition B and 
N-methyl-p-isopropylaniline at condition A), the decrease in 
performance was less with the methyl radical than with any 
of the other radicals examined. 

The influence of replacing a hydrogen atom attached to the 
nitrogen with an aromatic radical was investigated for only 
one compound; however, in this one case the aromatic radical 
appeared approximately equal in effectiveness to a methyl 
radical, as shown by the following table: 

Aromatic amil,c

Relative Power 

lra Condition A Condition B 

Aniline ----------------------------------- 1.09 1.11 1.14 
1.14 1. 1.10 N-Methylaniline--------------------------

Diphenylamine----------------------------

-

1.11 1.1
125

1.10 

The second generalization of the data can he made with. - 
reference to hydrogen substitutions on the aromatic ring: 
The addition of an alkyl radical to the aromatic ring of an 
aromatic amine is more effective insofar as antiknock value is 
concerned when the addition is made in the para position rather 
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FIGURE \'l-2.—Apparatus for determination of cloud point. (Fig. 1 of reference 9.) 
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TABLE VI-2.-ANTIKNOCK EFFECTIVENESS OF AROMATIC-AMINE ADDITIONS TO AN-F-28 (28-R) FUEL IN A 
FULL-SCALE AIR-COOLED AIRCRAFT ENGINE CYLINDER 

For each compound there are two rows of values. The first row is imep, lb/sq in.; the second is imep ratio, which is the ratio of the imep of 98 percent 28-fl fuel plus 2 percent aromatic amine to the imep of 28-R.l 

Relative power (engine speed, 2000 rpm; inlet-air temperature, 210° F; compression ratio, 7.3) 

Spark advance, 20° B. T. C.; exhaust pressure, 29±0.5 is,. Spark advance, 300 B. T. C.; exhaust pressure, 15 in. 
Aromatic amine (2-percent addition to 28-fl) Hg abs. Hg abs. 

Fuel-air ratio Fuel-air ratio 

0.665 0.07 0.08 0.09 0.10 0.065 0.07 0.08 0.09 0.10 

141 155 509 23.5 253 166 179 203 226 236 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 
Base fuel (28-fl)--------------------------------------------

164 193 .222 256 283 173 - 184 209 232 249 N-Svlethylxylidines (mixed isomers)------------------------
1.16 1.25 1.06 1.09 1.12 1.04 103 1.03 1.03 1.06 

195 208 245 272 290 182 194 220 245 259 1.38 1.34 1.17 1.16 1.15 1.10 1.08 1.08 1.08 1.10 
N-Methylcumidines (mixed isomers)-----------------------

195 216 244 275 288 178 187 204 239 260 
N-Methyltoluidinses (75 percent p., 25 percent o-)----------

1.38 1.39 1.17 1.17 1.14 1.07 1.05 1.01 1.06 1.10 
172 192 230 257 280 173 184 214 237 257 1.22 1.24 1.10 1.09 1.11 1.04 1.03 1.05 1.05 1.09 
184 200 237 257 282 - 173 188 215 -	 232 250 

Xylidines (mixed isomers)----------------------------------

1.30 1.29 1.13 1.09 1.11 1.04 1.05 1.06 1.03 1.06 
Cumidines (from refinery cumene-mixed isomers)---------

N-Methylaniline ----------------------------------------- 192 210 240 269 290 181 190 218 240 262 
-

1.36 1.36 1.15 1.14 1.15 1.09 1.06 1.07 1.06 

- 

-
- 0	 N,N-Dimef/yI-p-I 
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FIGURE VI-3.-Solubility of aromatic amines in grade 65 base stock with aromatic hydro-
carbons extracted. (Fig. 2 of reference 9.)

than in the ortho or meta positions. This statement is based 
on the following data: 

Relative Power 
Aromatic amine

Supercharge Condition A Condition B 

Aniline ----------------------------------- 1.09	 - 1.11 1.14 o-Toludine-------------------------------- . 107 1.09 1.15 m-Toluidine ------------------------------ 1.09 LOG 1.11 p-Toluidinp ---------------- -... -..........

--

1.11 1.14 1.11 
N-Methylaniline -------------------------

--
--
--

1.14 1.12 1.10 
N-Methyl-o-toluidine --------------------- 1.02 1.11 1.14 
N-l'vlethyl-p-toluidine ------- - ------------- 1. .9 1.18 1.15 
Aniline ---- -------------------------------

--

L011 1.11 1.14 
o-Ethylaniline ----------------------------

--
--

1.00 1.04 2.07 
1.09 1.13 1.12 p-Ethylaniline-------------------------------

Aniline -------
 ----------------------------

--
--

1.09 1.11 1.14 e-Isopropylaniline -------------------------
-

1.01 1.05 
p-lsopropylaniline------------------------

-.97 
1.11 1.16 1.12

The small number of A. S.T. M. Aviation ratings (table VI-1) 
does not justify inclusion as supporting data for the 
foregoing generalizations. It is interesting to note, however, 
that the addition of diphenylamine improved the perform-
ance of the base 'fuel by 15 performance numbers more than 
any of the other aromatic amines for which A. S. T. M. 
Aviation ratings were obtained. 

One additional observation to be made from the data of 
table VI-1 concerns the replacement by alkyl radicals of 
both hydrogen atoms attached to the nitrogen, that is, 

-NH2---1N,HR-9-NR2 

As shown by the following comparisons, the replacement of 
-one hydrogen atom by an alkyl radical is more effective for 
maintaining or improving the antiknock value of the starting 
compound than replacement of both hydrogen atoms: 

4	 0	 0	 IL)	 IZ 
Amine coricenfra f/on, percent by weig/n'
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Relative Power

- Aromatic amine
Condition A Condition B rge 

Aniline ----------------------------------- 1.09 1.11 1.14 
1. 14 1.12 1. 10 

- .99 1.00 
N-Methylaniline---------------------------

Aniline -----------------------------------

--

1.09 1.11 1.14 

N,N-Dimethylaniline ---------------- ------

N-Ethylaniline --------------------------- 1.01 1.04 1.04 
N,N-Diethylaniline ----------------------

-
-
-1.00 1.03 1.01

Suitable quantities of the pure aromatic amines used in 
the small-scale engine studies were not available for the 
full-scale engine investigation (reference 8); therefore, a few 
isomeric mixtures were examined. The results of these 
tests are presented in table VI-2. 

The data show that all the aromatic amines increased the 
knock-limited performance of the base fuel at both full-scale 
engine conditions throughout the fuel-air ratio range. At 
both sets of engine conditions and lean and rich fuel-air 
ratios, the blends of N-mthylcumidines, N-methyltoluidines, 
and N-methylaniine were about equal in knock-limited 
performance, and all three were superior to the other blends 
tested. 

When the severity of the test conditions was changed by 
advancing the spark and reducing the exhaust pressure, 
contrary effects were noted for the several blends. In every 
case the rich -mixture (fuel-air ratio, 0.10) knock-limited 
performance of the several fuels was decreased by the change 
of conditions. The lean-mixture (fuel-air ratio, 0.065) per-
formance of 28-R fuel and the blend containing N-methyl-
xylidines was increased, whereas the blend containing xyli-
dines remained about the same. The percentage improve-
ment in the knock-limited performance of the base fuel 
resulting from addition of the amines was less at the con-
dition of advanced spark and reduced exhaust pressure than 
at the other condition. 

PHYSICAL PROPERTIES OF AROMATIC AMINES 

Of the physical properties examined in the NACA investi-
gation of aromatic amines, low-temperature solubility and 
gasoline-water distribution coefficients received the greatest 
attention. The low-temperature solubility characteristics 
are of primary importance because of specification require-
ments that the additives must remain in solution at the lowest 
temperatures encountered in service. Current fuel specifica-
tions limit the freezing point to a maximum of -76' F 
(-60° Q. Gasoline-water distribution coefficients are of 
interest because of the wide usage of water-distribution 
storage systems. In such systems the additive may be 
extracted from the fuel by diffusion when fuel and water are 
in intimate contact. 

Physical properties, other than low-temperature solubility 
and gasoline-water distribution coefficients, were determined 
for the amines examined and are presented in table VI-3. 

Low-temperature solubility.-Solubilities of 42 aromatic 
amines in blends with gasoline were measured at tempera-
tures as low as -85° F (-65° C) and at concentrations as 
high as 10 percent by weight (reference 9). The solubilities 
of aromatic amines are appreciably affected by the compo-

TABLE VI-3.-PHYSICAL PROPERTIES OF
AROMATIC AMINES 

Aromatic amine Boiling range b (°C)
Index of 
refrac- 

tion	 n10

Density 
(grams/ 

ml) 

Aniline --- -------------------------------- 184-184.5 1.5853. 1.0220 
N.Methylaniline ------------------------- 1.5704 .98130 
N. Ethylaniline --------------------------- 203-204 1.5538 .9607 
N-Propylaniine -------------------------- 220.5-223.5 1.5425 .9448 
N-Butylaniline --------------------------- 240.0-240.5 1.5339 .9323 
N.Isopropylaniline ----------------------- 206.5-209 1.5404 .9374 
N-tert-Butylaniline ----------------------- 91 at 16 mm 1.5270 .9244 
N, N-Dimethylaniline -------------------- 192.5-193.5 1.5580 .9564 
N, N-Diethylaniline ---------------------- 215-217 1.5418 .9347 
o-Toluidine ------------------------------- 198.5-201.5 1.5718 .9989 
m-Toluidine ------------------------------

-

202.5-203.5 1.5674 .9893 
p-Toluidine -------------------------------

-
-

044.044.4 
N-Methylp-toluidine --------------------

--
-

209-211 1.5570 .9610 
N-Methyl-o-toluidine --------------------- 205.5-207.5 1.5646 .9763 
N-Methyltoluidines (60 percent p-, 40 208.5-215 1.5600 .9668 

percent o-) 
N-Methyltoluidines (80 percent p, 20 210-213 1.5590 .91338 

percent o.) 
N-Ethyl.p.toluidine ---------------------- 217-220 1.5439 .9441 
N-Tsopropyl-p-toluidine ------------------ 222-223 1.5319 .9238 
o-Ethylaniline ---------------------------- 211 1.5602 .9810 
p.Ethylaniline ---------------------------- 216 1.5547 .9672 
N-Methyl-p-ethylaniline- - ------------ - ---

-
227.5 

-
-

-

1.5485 .9485 
N-Methylethylaniline, mixed isomers - - -- -- 222.5-230.5 1.5493 .9503 

(from chloroethylbenzenes) 
p-tcrt-Butylaniline ------------------------

- -

- 96.5-98.Oat 1.5388 .9446 

-195-196 
-

5-6 mm 
o-Isopropylaniline ------------------------

-
--

- 
210-220 1.5484 .9643 

p-Isopropylaniline ------------------------ 225.5-226.5 1.5432 .9514 
N-Methyl-p-isopropylaniline ------------- - 240 1.5390 .9347 
N-Isopropyl-p-isopropylaniline -----------

-

--246-247 1.5209 .9075 
2,4,6.Trimethylaniline --------------------

--
-

- -110.0 at 15 mm 1.5502 .9615 
225-226 1.5448 .9535 

Cumidines (from refinery cumenes) ------- 229-24 1 1.5434 .9531 
Cumidines (from synthetic cumenes) - ----- -

N-Methylcumidines (from bromocurne 237.5-241.5 1.5390 .9366 
nes)

--

N.Methyl-p-tert-butylaniline--------------

-

245.5-249.5 1.5348 .9305 
o-Methoxyaniline ------------------------- 224-225 1.5750 1.0931 
Xylidines (commercial) ------------------- 216-219.5 1.5601 .9771 
2,4-Xylidinc ------------------------------ 215.0-215.5 1.5591 .9751 
2,5-Xylidine ------------------------------ 216 1.5596 .9755 
2,6-Xylidine ------------------------------ 216-217 1.5616 .9768 
N-Svlethyl-2,4-xylidine --------------------

-
-

-221-222 1.5542 .9582 
N.Methylxylidines (from bromoxylenes) - 220-227 1.5540 .9586 
2,4-Diethylaniline ------------------------ - 241-242 1.5433 .9511 
2-Methyl-5-isopropylaniline --------------- -240-242 1.5408 .9439 
N,NDimethyl-2-methyl-5-isopropylaniline. 84 at 5 mm 1.5124 .9028 
N,N-Dimethyl-2,4,f1-trimethylaniline -----

-
-

213.5 1.5116 .6066 

--
--

225-241 1.5568 .9720 
Diphenylamine ---------------------------

--

052.9-53.6 
p-Phenylenediamine ---------------------- 0140.0-142.0 
N.Methyl-p-phenylenediamine ----------- 121 at 5 	 m 1.621 

Pseudocumidine (technical) - --------------

N,N-Dimethyl-p-phenylenediamine ------

-

108-111 at 4-5 nun 
N,N-Diethyl-p-phenylenediamine --------

-
-

117 at 2.5 mm 
N,N'-Dimethyl-p-phenylenediamine- ____

-
-
-

117 at 1 mm 
N-Methyldiphenylamine------------------

- -
295-296 1.6224 1.0527

Table I of reference 9. 
Boiling range at 760mm Hg except where noted. 
Melting point measured for this solid rather than boiling range. 

sition of gasoline to which the addition is made; therefore, 
three different base gasolines were used: 

1. Grade 65 gasoline from which aromatic hydrocarbons 
were successively extracted with 10-percent fuming sulfuric 
acid and silica gel. 

2. Extracted grade 65 gasoline to which was added 15 
percent by volume of an aromatic mixture of 5 parts xylene, 
2 parts cumene, and 1 part toluene. 

3. Different batches of typical current aviation gasoline, 
AN-F-28 (Amendment 2) fuel containing 12 to 20 percent 
aromatic hydrocarbons by volume. 

The apparatus for determination of low-temperature sol-
ubilities of the amines is shown in figure VI-2. Briefly, the 
procedure used in reference 9 to determine the solubility 
consisted in slowly cooling and stirring the gasoline-amine 
sample in the sample tube until the amine separated as a 
cloud from the gasoline; the temperature at which the cloud 
formed was recorded. The sample was then slowly warmed 
until the amine went into solution and thecloud disappeared; 
the temperature was again recorded. These two tempera-
tures were averaged to give the incipient-separation temper-
ature or cloud point. Cloud points were reproducible to 
within ± 1.5° C. 
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TABLE VI-4.-SOLUBILITY OF AROMATIC AMINES 
IN THREE AVIATION FUELS AT -60° C

[Percentages by weight] 

Aromatic amine
Aromatic- 
free grade 

65

Aromatic. 
free grade 

percent °y 
volume 

aromatics b

AN-F-28 

<0.5 0.5 Aniline- ----------------------------------------
3.6 12(-62' C) >10 

N-Ethylanilino------------------------------- > 10 >10 >10 
N-Propylaniline ------------------------------ >10 >10 >10 
N-Isopropylaniline --------------------------- >10 >10 >10 
N-tert-Butylaniline --------------------------- >10 >10 >10 

N-Metbylaniline-------------------------------

N,N-Dimethylaniline ------------------------

- -

4.7 9.8 8.3 
N,N-Diethylaniline-------------------------- >10 >10 

- -
- -

1.3 4.2 4.4 o-Toluidine -------------- -----------------------
m-Toluidine ------------- ---------------------

>1-0

2.6 3.6 
N-Methyl-p-toluidine ------------------------

-0.5 
->10 >10 >10 

N-Methyl-o-toluidine ------------------------- >10 >10 >10 
N-Methyltoluidines (from chlerotoluenes) - >10 >10 >10 
N-Ethyl-p-toluidine --------------------------

- -
- -

>10 >10 >10 
N-Isopropyl-p-toluidine ---------------------- >10 >10 >10 
o-Ethylaniline -------------------------------- 0.9 >10 >10 

M >10 >10 >10 
N -Methylethylaniline, mixed isomers (from

-

-
-

>10 >10 >10 
o-Isopropylaniline---------------------------- >10 >10 
p-Isopropylaniline ---------------------------- >10 >10 >10 
N-Methyl-p-isopropylaniline -----------------

>-10 
-

>10 >10 >10 
N-Isopropyl-p-isopropylaniline ---------------

-
->10 >10 >10 

Cumidines (from synethetic cumenes) --------- >10 >10 >10 
Cumidines (from refinery cumenes) ----------- ->10 >10 >10 
N-Methylcumidines (from bromocumenes) >10 >10 >10 
N-Methyl-p-lerl-butylaniline ----------------- >10 >10 >10 
2-Methoxyaniline ----------------------------- <0.5 <0.5 <0.5 
Xylidines (commercial) (reference 10) --------- 3.7 >10 >10 

6 2,	 -Xylidine- --------------------------------- 46 li_I 9.1 

N-ethyl-p-ethylaniline----------------------

N-Methyl-2,4-xylidine------------------------

- -

>10 >10 

chloroethylbenzenes) ------------------------

N-Methylxylidines (from bromoxylenes) ------ >10 >10 >10 
2,4-Diethylaniline ---------------------------- >10 >10 >10 
2-Methyl-5-tsopropylaniline -------- - ---------- >10 >10 >10 
N,N-Dimethyl-2-methyl-5-isopropylaniline

>1-0 

>10 >10 >10 
N, N-Dimethyl-2,4,6-trimethylaniline ---------

-

-
-

>10 >10 >10 

- -
- -

-

>10 >10 >10 
Diphenylamine -------------------------------

- -

<0.5 
p-Phenylenediamine--------------------------

-
<O. 5 zo.s o<o,5 

N-Methyl-p-pheneylenediamine -------------- c <O. 5 <0. 5 c<0. 5 

Pseudocumidine (technical) -------------------

N,N-Diniethyl-p-Phenylenediamine ----------

-

<0.5 <0.5 <0.5 
N,N-Diethyl-p-phenylenediamine ------------

-<0.5 

<0.5 
N,N'-Dimethyl-p-phenylenediamine ---------

-
-

<0.5 
N-Methyldiphenylamine ---------------------

-
-
-3.3 >10 >10 

Table II of reference 9. 
Aromatic mixture consisted of five parts xylene, two parts cumene, and one part toluene. 
Solubility at room temperature. 

2 4	 6	 8	 /0	 12	 14	 16 
Amine concentration, percent by weight 

FIGURE VI-4.-Solubility of aromatic amines in blend of 85 percent extracted grade 65 base 
stock and 15 percent (by volume) of aromatic mixture consisting of 5 parts xyle,se, 2 Parts 
cumenc, and 1 part toluene. (Fig. 3 of reference 9.)

Fiou	 V1-5.-Soltsbility of aromatic amuses in AN-F-28, Amendment-2, fuel. (Fig. 4 of 
reference 9.) 

The solubilities of the amines in the aromatic-free gasoline, 
in the gasoline of 15-percent aromatic content, and in the 
AN-F-28 fuel are presented in figures VI-3, VI-4, and VI-5, 
respectively. The amines that were soluble to at least 10 
percent by weight at -76° F (-60° C) in each of the gaso-
lines are 

N -Ethylaniline 
N-Propylaniline 
N-Isopropylaniine 
N-tert-Butylaniine 
N,N-Diethylaniine 
N-Methyl-p-toluidine 
N-Methyl-o -toluidine 
N-Methyltoluidines (from chiorotoluenes) 
N-Ethyl-p-toluidine 
N-Isopropyl-p-toluicline 
N-Methyl-p-ethylaniine 
N-Methylethylaniline, mixed isomers (from chioroethyl-

benzenes) 
o-Isopropylaniline 
p-Isopropylaniline 
N-Methyl-p-isopropylaniline 
N-Isopropyl-p-isopropylanilinc 
Cumidines (from synthetic cumenes) 
Curnidines (from refinery cumenes) 
N-Methylcumidines (from bromocumenes) 
N-Methyl-p-tert-butylaniline 
N-Me thyl-2 ,4-xylidine 
N-Methylxylidines (from bromoxylenes) 
2,4-Diethylaniine 
2-Methyl-5-isopropylaniline 
N,N-Dimethyl-2-methyl-5-isopropylaniline 
N,N-Diethyl-2,4 ,6-trimethylaniline 
Pseudocumidine (technical) 
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At room temperature, N-methyl-p-phenylenediamin e and 
p-plienylenediamine were less than 0.5 percent (by weight) 
soluble in the test gasoline; no additional solubility data were 
taken for these compounds. At room temperature, N,N'
climet.hyl-p-phenylenediamine was soluble to the extent of 1 
to 2 percent by weight but was too unstable to permit accur-
ate measurement of solubility by the method employed. 
N ,N-Diethyl-p-plienylenediamine was tested only in the 
aromatic-free gasoline. 

When figures VI-3 and VI-4 are compared, it is seen that 
composition of the base fuel greatly influenced the solubil-
ities of the amines. The addition of 15 percent aromatics to 
the aromatic-free gasoline approximately doubled or tripled 
the amine solubility. Solubilities in AN-F---28 fuel (fig. 
VI-5) were about the same as those in the gasoline containing 
15 percent aromatics. Representative samples of AN-F-28 
fuel contained 12 to 20 percent (by volume) aromatics. 

A summary of the solubilities of the amines at —76° F 
(-60° C) in the different test gasolines is presented in table 
17i-4. The results were obtained by interpolating or extra-
polating the experimental data. The data obtained for 
commercial xylidines (reference 10) are included for com-
parison. 

The solubility of an aromatic amine in the aromatic-free 
gasoline at —76° F (-60° C) may be taken as an indication 
of the maximum concentration in which the amine could he 
added to current aviation fuels on the basis of solubility 
alone. The aromatic hydrocarbons present in most of the 
wartime aviation fuels provided a margin of safety in pre- 
venting this concentration of amine from separating at 
—76° F (-60° Q. 

Gasoline-water distribution coefficients.—If a fuel con-
taining an additive such as an aromatic amine is stored in 
contact with water for an extended period of time, a certain 
amount of the additive will he extracted by the water. An 
analysis of a fuel-storage system in which this extraction 
might occur was made by Olson and Tiscblei (reference 11) 
in order to develop an expression from which time loss of 
amine to water could be approximated. Storage systems of 
this t ype have been variously termed "overwater storage 
systems, water-displacement storage systems, and aqua 
storage systems." 

As pointed out in reference ii, it is unlikely that a single 
expression can be written for use under all conditions en-
countered in practice, but certain assumptions permit a 
mathematical derivation of an equation that covers a wide 
range of situations. In Lite operation of a tank utilizing the 
water-displacement principle, fuel is removed froni the tank 
by adding water at the bottom of the tank. Fuel is added 
to the tank by removal of storage water from the tank. 
Two phases, one of gasoline and one of water, exist in the 
tank, which is full of liquid at all times. 

The following assumptions are made in reference 11 in 
determining the expressions for concentration of additive in 
fuel stored over water at any volume of fuel: 

1. When equilibrium conditions are reached, the distribu-
tion law applies to the additive; namely, the ratio between 
the concentrations of the additive in the two phases of the 
gasoline-water system is constant at constant temperature.

The ratio is described as the distribution coefficient and 
defined as

K Jadditive concentration in gasoline phase 
[additive concentration in water phase 

This constant must be experimentally determined for each 
additive. It varies with temperature of the fuel and water 
and with the nature of the fuel. Any variation in the dis-
tribution coefficient caused by additive concentration may 
be assumed negligible in the range of concentrations produced 
by the distribution process. 

2. The volume of the additive itself, when present to the 
extent of 2 or 3 percent or less, is negligible by comparison 
with the volumes of gasoline and water. The equilibrium 
concentration is the minimum concentration of additive in 
the fuel at the volume in question. 

The following symbols are used in the analysis of refer-
ence 11: 

K	 gasoline-water distribution coefficient (experimentally 
determined) 

X	 concentration of additive in gasoline before addition or 
removal of portion of fuel 

X' concentration of additive in gasoline after addition or
removal of portion of fuel (at equilibrium) 

V	 volume of storage tank 
Vg volume of fuel in tank before addition or removal of 

portion of fuel 
Vg' volume of fuel in tank after addition or removal of 

portion of fuel 
V	 volume of water in tank before addition or removal of 

portion of fuel 
V' vohune of water in tank after addition or removal of 

portion of fuel 
V	 volume of fuel addled or withdraw-ii (V1= V'— Vg) 
Y	 concentration of additive in water addled or withdrawn 
Z	 concentration of additive in fuel added or withdrawn 

Because the manner in which an overwater-storage system 
is operated is one of the most important variables influencing 
the additive concentration in the stored fuel, two cases rep-
resenting two very different operating procedures have been 
studied: 

Case 1.—The first case applies to successive additions or 
withdrawals of fuel stored in contact with water when an 
appreciable period of time has elapsed between each addition 
or withdrawal. 

In order to approximate this situation it is assumed that 
during the actual addition or withdrawal of fuel, no additive 
is transferred between the gasoline and water phases but 
that equilibrium distribution of additive between the two 
phases is attained during the period between successive ad-
ditions or withdrawals of fuel. This assumption is based 
on the slowness of the rate of diffusion of additive between the 
two phases. The following equation will agree more closely 
Nvitli the actual situation the longer the period between ad-
ditions or withdrawals of fuel: 

KV 
(XV+ZVi)+(_j_YVi)=X'(V± V1)+(V,— V1) 

(1)
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0 
4-

e 
4-

a) 
0 
0 
0 

0 

0 

I.. 
0 

0 

0 
11) 

This equation may be expiessed in words as follows: 
(Quantity of additive in gasoline after addition or withdrawal 

of fuel but before equilibrium) + (quantity of additive 
in water after addition or withdrawal of fuel but before 
equilibrium) = (quantity of additive in gasoline after equi-
librium) + (quantity of additive in water after equilibrium). 

Expanding and collecting terms gives 

, =KXVg+KZVi+XVw_KYVi	 ( 2) 
K V +K V1 + V. - V1 

If fuel is displaced from the tank by fresh water, Z=X, 
Y 0, Vg' = V,+ 171 and V' = V - V. Then 

x, 
x ( Tg" 

	

=	 Vw'+KVg')	
(3) 

Case 2,—The second case applies to successive small with-
drawals of fuel over an appreciable length of time. For this 
approximation, equilibrium distribution of additive is as-
sumed to exist between gasoline and water at all times. An 
equation of this sort permits evaluation of additive concen-
tration under circumstances where withdñtwals of fuel have 
been small, compared with the tank capacity, but very num- 
rbus. Equation: (4) may thus be considered as the result of 

applying the equations of case 1 to an infinite number of 
steps, with equilibrium established between each step. 

Let X X' X, Vg= V,'- Vg , and A T7 = - 
Then,

X	 V' Vg)+ 

(\ K	
(4) 

or, in words, 
(Quantity of additive in fuel stored over water) + (quantity 

of additive in water) = (quantity of additive in stored 
fuel before removal of small increment) + (quantity of 
additive in water before addition of increment of fresh 
water) + (quantity of additive removed in small incre-
ment of fuel). 
By removing second-order differentials, equation (4) can 

be expanded and simplified: 

_X'LVw (KVg'+ T7 ')X	 (5) 

But —V=V and V,,'= V— T7'. therefore, 

Vg 

	

X'Vg'(Kl)+V	 (6) 

By integration from any concentration X and volume Vg to 
X' and T.T',

	

X, =X	 (7)Vg(K_i)+V]

TABLE VI-5.—STORAGE-SYSTEM INVESTIGATION 

Sample taken • May 27 June 7 June 19 July 3 July 13 

Fuel in tank before re 8105 8105 6105 2105 1105 
moval of batch, gal. 

Water in tank before re 16,895 16,895 18,895 22,895 23. S95 
moval of batch, gal. 

Fuel removed, gal ------ 2000 4001) 1000 1105 
storage sys- 
tem) 

Xylidines, grams/100ml 1.05 (b) J	 0.94 1.	 0.825 0.815 
(electrometrically) .98 1.1	 .826) J	 .83 .82 

-(fuelplacedin 

- 1.	 .826j I C') 
Mean 1.01 -------- .g2 f 

Equilibrium concentra-

-

----------

dO. 900 - 0.886

-----------

0.823 0. SOIl 
tion, X' (equation (2)

----------------
-----

Analysis indicated under each date is prior to removal from the storage tank of the quan-
tity of fuel indicated under that date. 

Sample was inadvertently mixed with some xylidine-free fuel. 
The fuel stored over water gave a negligible decrease in knock rating when compared 

with the original batch of fuel. 
d Sample calculation for run on June 7: Because the tank contained no fuel prior to the 

addition of the 8105 gallons on May 27, V=0, X=0, and Yo; therefore, from equation (2) 
(17) (1.01) (8105) 

(17) (8105)+25,000-8105 
=0.900 (equilibrium concentration attained on standing). 

Sample calculation for run on June 19: 1n this case, Z= X and Y=0. Equation (2) there-
fore becomes equation (3) and 

x_0 900((16,895+(17) (6105) 
)=o.sso -	

(18,895+(17) (6105) 

30

Continuous equilibrium' 
Each botch removed is /0 
percent of tori/c volume 

---Single botch removed 

Es 

IT

40	 60	 80	 /00 
Percentage of tori/c containing gasoline 

FIGURE V1-6.—Additive concentration in gasoline stored over water for distribution ccclii. 
cient of 20. (Fig. 1 of reference 11.) 

In full-scale, overwater-storage tests of xylidine-blended 
fuel, 8105 gallons of aviation fuel were stored in a tank of 
25,000-gallon capacity and immediately sampled and ana-
lyzed. The stored fuel (containing xylidines) was sampled 
and analyzed periodically, and part of the fuel was removed. 
This process is a batch process; therefore, equation (2) is 
applicable. This test provides an evaluation of the equation 
for the particular conditions. 

With the assumption of an average temperature of 65° F 
for the tank contents and fuel displacement with fresh water, 
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a volume distribution coefficient of 17 was selected for 
xylidines (reference 12). The results of the full-scale, 
water-system test and the equilibrium concentration calcu-
lated from equation (2) are compared in table VI-5. The 
calculated results agree well with the experimental data for 
this particular test. 

Normally anticipated additive concentration in fuel stored 
over water is shown in figure VT—fl for three different types of 
tank operation. A volume distribution coefficient of 20 is 
assumed, inasmuch as experimental values range from 13 to 
26 for xylidines (reference 12). 

The topmost curve of figure VI-6 represents fuel displaced

from a full tank in successive small increments over a period 
of time sufficiently long for equilibrium to exist continuously. 
Equation (7) applies for this case. The second curve ifius-
trates the variation ill concentration to be expected if fuel is 
displaced from a full tank in successive quantities with 
equilibrium existing between withdrawals. Equation (2) 
applies for this case. The lower curve illustrates the con-
centration to he expected if fuel is displaced from a full 
tank in a single, fairly rapid operation with equilibrium 
established only after the withdrawal; it also illustrates the 
change in concentration resulting from the addition of a 
batch of fuel to a tank containing additive-free water. 

wpm 

0

9C 

I
7C 

cc 

Q. 
50 

:3

(X)	 /00 XV 
X	 Vw'+KVg 

X	 Additive concentration in gasoline offer addition 
or removal of portion of fuel (at equilibrium)	 - 

K	 Additive concentration in gasoline before addition or 
removal of portion of fuel 

V,	 Volume otwaler in tank after addition or reinovo/ot 
portion of fuel 

K	 Gasoline-water dislribu f ion coefficient (esperimen tally 
determined) 

Vg'	 Volume ot . fuel in Ion/c afler addition or removal of - 
portion of fuel 

- 

-

- -- - - - 

151 0 
0

All

-_

/0	 20'	 30	 40	 50	 50	 70	 80	 90	 /00 
Gasoline displaced with water, percenT 

FIGURE VI-7.—Maximum possible loss of additive from fuel stored over water. A value for distribution coefficient is required for particular system, but plot is independent of original coucentra 
tion of additive, nature of fluids, or temperature. (Fig. 2 of reference 13.) 
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Generally speaking, the loss of an additive, such as 
xylidines, with a distribution coefficient of about 20 will not 
be severe. The greatest loss will occur when the tank 
contains a ratio of xylidine-free water to fuel greater than 
about 4:1 (reference 11). 

It is emphasized that the equations presented in the fore-
going paragraphs apply only to the extent that the assump-
tions hold for a particular application. In practice, factors 
such as temperature, varying gasoline-water interface area., 
and frequency and quantity of additions or withdrawals will 
influence the results. 

As previously stated, the evaluation of loss of additive to 
water in a water-displacement fuel-storage system is de-
pendent on the distribution coefficient K for the particular 
additive under consideration. Olson, Tischler, and Good-
man (reference 13), and Goodman and Howard (reference 14) 
have determined distribution coefficients for 45 aromatic 
amines. 

The base gasoline used in determining the distribution 
coefficients was an aromatic-extracted grade 65 gasoline to 
which was added 15 percent (by volume) of an aromatic-
hydrocarbon mixture consisting of five parts xvlene, two 
parts cumene, and one part toluene. Blends of 1, 3, and 
6 percent (by weight) aromatic amine in this base fuel were 
examined. Earlier data on xylidines (reference 12) show 
that temperature is the most significant variable affecting the 
distribution coefficient; consequently, measurements were 
made at 40° and 100° F. The distribution coefficients for 
the amines are shown in table VI-6. 

The effect of the distribution coefficient in loss of additive 
to water in a water-displacement system is illustrated in 
figure VI-7 (reference 13). This figure was prepared by use 
of the previously discussed equations (reference 11) and is 
independent of the original additive concentration, the 
nature of the two fluids, or the temperature. Figure VI-7 
shows the minimum possible additive concentration in the 
fuel remaining in the tank after part of the fuel is displaced 
from a full tank with amine-free water. The greatest amine 
loss will occur if the fuel is removed in a single batch; how-
ever, this seldom occurs in practice. A lower loss of additive 
than indicated in figure VI-7 will result if removal of the 
stored fuel is stepwise. 

Methods of analysis for aromatic amines. -For a period 
of about 2 years the NACA used spectrophotometric meas-
urements of the ultraviolet absorption of aromatic amines in 
the analysis for presence of amines in gasoline and water. 
This method of analysis has been reported in detail by

Tischler and Howard (references 15 and 16). The spectro-
photometric method is more accurate than titration methods 
and has proved to be applicable to quantitative determina-
tion in hydrocarbon solutions of all monoarvi amines tested 
in the NACA laboratories. 
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TABLE N I- I-6.-DISTRIBUTION COEFFICIENTS OF AROMATIC AMINES 

Temperature, 0 F 

40 100 Original con- 
Aromatic amine centration in 

fuel (percent 
by weight) Concentration Distribution Distribution Concentration Distribution Distribution 

in water at coefficient on in water at e coefficient on coefficient on 
equilibrium nie	 iegcn 

e•
	

S
volume equilibrium we	 asis volume 

(percent by
''

basis b,o (percent by basis o,d 
weight) weight) 

Aniline--------------------------------------------------------------1 0.405 1.48 LOS 0.287 2.50 1.76 
3 1.200 1.53 1.12 .850 2.57 1.81 
6 7.178 1.84 1.35 1.557 2.94 2.07 

N-Methylaniline --------------------------------------------------- 1 0.041 23 17	 - 0.029 34 24 
3 .112 26 19 .076 39 27 
6 .195 30 22 .141 41 29 
1 

-

0.014 70 51 0.009 110 .	 74 
3 .043 69 51 .026 115 50 
6 .074 20 59 .050 120 25 

N-Etbylaniline------------------------------------------------------

N-Propylaniline-----------------------------------------------------1 0.003 300 220 0.002 500 350 
3 .009 330 240 .007 400 250 
6 .019 320 230 .013 460 320 

N-Butylaniline ----------------------------------------------------- 1 0.002 500 370 0.501 1000 700 -
3 .005 600 440 .004 800 550 
6 .009 700 500 .007 900 630 

N-Isopropylaniline ------------------------------------------------- 1 0.016 62 45 0.012 82 
3 .04S 62 45 .034 87 61 
6 ao9g 60 44 .064 93 03 

N-lerl-l3utylaniline ------------------------------------------------- 1 0.010 - 100 73 0.005 200 140 
3 .025 120 88 .014 210 150 
6 .043 140 105 .023 260 lEO 

-

1 0.003 300 220 0.003 300 210 
3 .009 330 240 .003 370 760 

N, N-Dimethylaniline-----------------------------------------------

6 .017 350 260 .014 430 300 
N, N-Dietbylaniline-------------------------------------------------1 0.0005 2000 1500 0.0003 3000 2000 

3 .001 3000 2000 .0006 5000 4000 

-

6 .0015 4000 3000 .0003 2000 6000 
o-Toluidine -------- - ------------------------------------------------ 1 0.150 5.6S 4.16 0.096 9.4 6.6 

3 .415 6.24 4.55 .267 10.3 7.2 
6 .705 7.62 5.58 .480 11.6 8.2 

m-Toluidine---------------------------------------------------------

-

1 0.154 5.51 4.04 0.104 8.6 5.7 
3 .410 6.37 4.66 .282 9.7 6'8 
6 .717 7.47 5.47 .505 11.0 7.7 

1 0.196 4.12 3.02 0.123 7.2 5.1 
3 .571 4.30 3.15 .352 7.6 5.4 
6 ---.569 97 6.8 

p-Toluidine---------------------------------------------------------

1 0.020 49 36 0.013 76 54 
3 .055 54 40 .036 82 55 
6 .099 60 44 .066 90 63 

1 0.021 47 34 0.011 94 66 
3 .045 66 4S .029 105 74 
6 .078 76 56 .051 115 20 

N-Metbyl-o-toluidine------------------------------------------------

1 0.020 34 25 0.020 49- 35 
3 .074 40 29 .051 5S 41 
6 .129 46 34 .091 65 46 

N-Methyltoluidines (80 percent p-, 20 percent o-) ------------------- -	 1 0.022 45

-

33 0.015 65 46 
3 .053 56 41 .038 79 56 
6 .091 65 48 .064 93 65 

N-Methyl-p-toluidine-----------------------------------------------

1 0.004 250 120 0.003 300 210 
3 .010 300 220 .008 370 260 
6 .017	 - 350 260 .015 400 2S0 

N-Methyltoluidines (60 percent p-, 40 percent o-)--------------------

N-Ethyl-p-toluidine--------------------------------------------------

1 0.007 140 105 0.005 200 140 

-

3 .020 150 110 .014 210 150 
6 .035 170 125 .022 270 190 

1 0.054 is 13 0.602 30 21 

N-Isopropyl-p-Loluidine----------------------------------------------

3 .146 20 15 .038 33 23 
6 .244 24 18 .152 39 27 

o-Ethylaniline--------------------------------------------------------

1 0.067 14 10 . 0.040 24 17 p-Ethylaniline-------------------------------------------------------
3 .171 17 12 .105 23 20 
6 -

	.2 1 20 15 . 180 33 23
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TABLE VI-6.-DISTRIBUTION COEFFICIENTS OF AROMATIC AMINES-Continued 

Temperature, °F 

40
o

100 Original con- 
Aromatic amine centration in 

fuel (percent
- _______  --- 

is by	 eight) Concentration .	 . Distribution Distribution Concentration Distribution Distribution 

-
in water at coefficient on cefficient on in water at coefficient on coefficient on 

equilibrium weight basis volume equilibrium iseig	 basis volume 
(percent by K.t basis b,. (percent by basis	 ,d 

weight) .K..i weight)	 - K,.i 

N-Methylet-hylanilines --------------------------------------------- 1 0.006 155 115 0.005 200 140 
3 .017 180 130 .011 270 190 
6 .030 200 145 .025.

-

240 170 

N-Methyl-p-ethylaniline ---------------------------------- 1 0.006 160 115 0.003 300 210 
- 3 .015 200 145 .010 300 210 
-

--

6 .028 210 155 .018	 - 330 230 

p-terl-But.vlanhline -------------------------------------------------- 1 0.008 120 88 0.005 200 140 
3 .021 140 lOS .014 210 150 

--

6 .035 170 125 .027 220 155 

0-lsopropylaiiiline -------------------------------------------------- I -	 0.021 47 34 0.010 100 70 
3 .053 56 41 .030 100 70 
6 .090 66 48 .053 115 80 

p-lsopropylaniline --------------------------------------------------

--

0.021 47 34 0.012	 - 82 
3 .048 62 45 .033 90 63 
6 .077 77 56 .059 100 70 

N-Methyl-p-isopropyjaniline --------------------------------------- --1 0.003 300 220 0.001 1000 700 
3 .006 500 370 .004 800 .550 
6 -. 009 700 

76

500 .008 800 530 

2,4,6-Triinethylani1ine -------------------------------------------- . 1 0.013 56 0.007	 - 140 100 --
3 .036 82 60 .021 140 100 
6 .065 91 67 .040 150 105

Cuniidines (from	 synthetic cumene) -- ------------------------------ I - 0.021	 -

-

47 34 0.013 76

-

54 
3 .059 51 37 .037 80 56 
6 .100 59 43 .066 90 63 

N-Metliylcumidines ------------------------------------------------ I -- 0.009 110 81	 - 0.003 300 210 
3 .020 150 .110	 . .010 300 210 
6 .035 170 125 .019 320 230 

2-Methoxyaniline --------------------------------------------------- 1 0.183 4.48 3.26 -	 0.129 6.8 4.8 
3 .491 5.15 3.77 .350 7.6 5.4 

--

6 .846 6.21 4.54 .632 8.6 6.1 

Xvlidines (technical)--------------------------------------- 1 0.050 - 19 14 0.033 29 20 

--

3 .143 20 15 .083 35 25 
6 .260 22 16 .157 37 26 

2,4-Xylidine ----------------------------------------------------------1	 - 0.053 - 18 13 0.031 31 22 

-------

3 .142 20 15 .089 32 23 
6 .257 .22 16 .170 34 24 

1 0.048 20 15 0.029 33 28 2,5-Xylidine ----------------------------------------------------------
3 .132 22 16 .085 34 24 
6 .225 26 19. .149 39 27

- 1 0.063 15 11 0.940 24 - 17 
3 .173 16 12 .109 27 19 
6 .290 20 15 .190 31 22 

2,6-Xvlidine ----------------------------------------------------------

1 0.009 110 81 0.005 200 140 
3 .018 165 120 .012 250 175 
6 .028 210 155 

-

.017 350 250 

N-illetliylxylidines - ------------------------------------------------ I	 - 0.010 100 .	 73 0.005 200 - 140 
3 .021 140 105 .013 230 160 
6 .039 150 110 .024 250 175 

2,4-Diel.hylaniline -------------------------------------------------- 1 0.005 200 145 0.003 300 210 

N-I5[eth yl-2,4-xylidine ------------------------------------------------

3 .014 210 155 .008 370 260 
6 .026 230 170 .014 430 300 

2-Methyl-5-isopropylaniline -----------------------------------------

--

1 0.008 120 88 0.005 200 140 
3 .023 130 95 .014 210 150 
6 .037 160 115 .026 230 160 

--

1 0.036 -	 27 20 0.022
_15

32 Pseudocumidine (technical)------------------------------------------
3 .103 28 21 .060 49 34 
6 .172 34 25 .108 55 39

Standard water solutions of the following amines could not be prepared because of the very low water solubility of the amine: 
N-Methyl-p-tert-butylaniline 
N-Isopropyl-p-isopropylaniline 
N, N-Dimethyl-2-methyl-5-isopropylaniline 
N, N-Dimethyl-2.4,6-trimethylaniline 
Diphenylamine 
N-Methyl-diphenylamine. 

Data from references 13 and 14. 
b Density of gasoline solution at 40° F, 0.732 gram/ml. 

Values for K, 0 1 were computed by multiplying corresponding K, 01 values by density of gasoline solution. 
Density of gasoline solution at 100° F, 0.704 gram/mI.



CHAPTER VII 

TETRAETHYL LEAD AS A FUEL ADDITIVE 

For years tetraethyl lead Pb (C 2H 5 ) 4 has been considered 
the most effective practical additive for suppressing knock in 
conventional spark-ignition engines. In comparison with with 
he additive-type compoun(ls discussed in chapter VI, tetra - 

ethyl lead is considerabl y more effective. An investigation 
reporte(l by Calingaert (reference 1) indicates that the knock-
suppressing tendenc y of tetraeth yl lead is 118 times greater 
than that of aniline. 

On the basis of cost and antiknock effectiveness alone, 
tetraethvl lead is far more desirable than an y known blend-
ing agent, because so little is required in a fuel to equal the 
antiknock effectiveness of a much larger volume of blending 
agent. Deleterious effects may, however, occur in engines 
when fuels containing high concentrations of tetraethyl lead 
are used. These harmful effects have necessitated strict 
regulations on the quantity that can be tolerated in fuels 
for various types of service. 

In general, fuels used in commercial aviation contain 
smaller quantities of tetraethyl lead than those used in niili-
tarv aircraft. At the outbreak of World War II, Army- 
Navy aviation-fuel specifications permitted tetraethvl lead 
in quantities less than 3.0 ml per gallon. This limit was 
later raised to 4.0 ml per gallon; as critical shortages of more 
desirable blending agents occurred, the limit was again 
raised to 46 ml per gallon. Upon one occasion (luring the 
war, continued shortages of fuel stocks and the need for 
much higher performance fuels resulted in considerable ex-
perimentation with fuels containing 6.0 ml per gallon. 

PROCESS OF LEAD-DEPOSIT ACCUMULATIONS ON 
AIRCRAFT-ENGINE SPARK PLUGS 

As noted in reference 2, one of the disadvantages of tetra-
ethyl lead as an antiknock agent for aircraft fuels is its 
characteristic of depositing, either as metallic lead or as a 
compound, on combustion-chamber surfaces during engine 
operation. Such deposits on spark plugs cause ignition 
failures both by bridging the electrode gaps and b y forming 
conducting paths across the insulator surfaces and are sus-
pected of lowering preigriition ratings of spark plugs (ch. IV) 
and contributing to erosion of spark-plug electrodes. For 
these reasons lead deposition on spark plugs constitutes a 
fl ying hazard, increases time and cost of engine maintenance, 
and limits the use of tetraethyl lead in fuels. 

The investigation described in reference 2 illustrates the 
characteristics of the progressive build-up of spark-plug 
deposits. Iii order to determine the progressive accumula-
tion of deposit on spark plugs, each spark plug was weighed 
periodicall y throughout a series of test runs in a CFR engine 
at constant operating conditions. Additional runs were 
made in a single cylinder of a full-scale liquid-cooled air-
(raft engine. Three different types of spark plug. desig-
nated A, B, and C, were used.

Variation of deposition with time.—The results of a de-
posit test in the CFR engine for a t ype A spark plug are 
shown in figure Vu-1. The condition of large total deposit 
was simulated without the necessit y of excessive operating 
periods by increasing the tetraethvl lead content of the fuel 
to 34 ml per gallon. 

The accumulation of deposit increases with operating 
time (fig. Vu-i), but the rate of deposition decreases. After 
completion of this test, an effort was made to operate the 
engine with the coated spark plug, but the test was unsuc-
cessful because of short circuiting. 

Effect of power level on deposition. --Operating conditions 
affect the accumulation of deposits on spark plugs, as illus-
trated in figure VII-2. Failure of the spark plug (luring 
the low-power run occurred shortl y after 14 hours of opera- 
tion because of the formation of a small }wad of lead deposit 

E 
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FIGURE VII-I.—Lead deposition for type A spark plug in CFR engine with AN-F-2Sfuel 
leaded to 34 ml TEL per gallon. Compression ratio, 6.05; engine speed, 1800 rpm; iniep, 
82 pounds per square inch; fuel-air ratio, 0.10; inlet-air temperature, 85° F; coolant tem-
perature, 212° F; spark advance, 45 1 B. T. C. (Fig.! of reference 2.) 

on an electrode gap. A photograph of the spark plug in 
this case is shown in figure VII-3. 

Accumulation of deposit masses.—Spark-plug deposition 
for a t ype B spark plug in tile full-scale single-cylinder test 
engine is shown in figure VI1-4 (reference 2). The spark 
plug was located in the exhaust position and the engine was 
operated under simulated cruise conditions. The fuel con-
tained 18 ml TEL per gallon. During this test the condi-
tion of the plug was photographically recorded at various 
time intervals (fig. VII-5). As shown in these photographs, 
the deposit existed (luring operation in the form of molten 
globules, which changed position. The changes in position 
are attributed to the influence of gravitation and molecular 
forces and forces arising from gas flow in the combustion 
chamber (reference 2). The concentration of deposit near 
the lowest point of the spark-plug cavity became more pro-
nounced as the deposit increased.
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FIGURE VII-2.-Efft'ct of power level oil lead deposition for type C spark plug in C FR engine 
with AN-F-28 fuel leaded to 4.6 ml TEL Per gallon. Compression ratio, 6.65; fuel-air 
ratio, 0.10; inlet-air temperature, 9° F; coolant temperature, 212° F; spark advance, 450 
B. T C. (Fig . 2 o reference 2.)

C 

0

0	 8	 12	 18	 '20	 24
Running lime, hr 

FIGURE VlJ-I.--- Lead deposition for type B spark plug ill exhaust position of liquid-cooled 
aircraft cylinder with AN-F-28 fuel leaded to 18 ml TEL per gallon. Engine speed, 20 
rpm; inlet-air pressure, 30 inches of mercury absolute; fuel-air ratio, 0.10; inlet-air temper. 

attIre, 85° F; coolant temperature, 250° F. (Fig. 4 of reference 2.) 
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FIGURE \I1-3.-Tvpe C spark plug ivitti lead in left gap. Failure 01 plug occurred after 14
hours operation at low power in C FR engine, (Fig. 3 of reference 2.) 

As pointed out in reference 2, observation of deposits oil 
many spark plugs indicates that these deposits may vary 
considerably in characteristics and appearance under dif-
ferent conditions. Consequently, no particular deposit can 
be considered typical. Deposits similar to those in figure 
VII-5 have been observed on badl y fouled spark plugs from 
service, engines. 

Deposit losses.—From the data discussed in the foregoing 
paragraphs, it was concluded (reference 2) that the manner 
in which the rate of deposition varies (figs. Vu–i, VII-2, 
and VII-4) suggests that the. net rate is the result of deposi-
tion (possibly at constant rate) and loss of deposit at a rate

NCA 
C- 3443 

6 hQ/.,"

	 ,1- 15-45	
18 hours 

FI'/t'RE \'lI-.--Accumulation of lead deposits on type II sp'irk plug in eshaust position of 
liquid-cooled aircraft cylinder. (Fig. Sot reference 2.) 

that increases as the total deposit increases. in order to 
test this conclusion, a spark plug was operated in the CFR 
engine on S reference fuel containing 6 ml TEL per gallon. 
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After 7% hours of operation, the deposit weight was found to 
be 159 milligrams. The spark plug was then replaced with -
out cleaning and operated for 1 hour under the same condi-
tions but with unleaded S reference fuel. At the end of 1 
hour the deposit weight had decreased to 112 milligrams, a 
decrease of 30 percent. A similar test on another spark 
plug resulted in a 35-percent weight loss. 

Significance of deposit weights.—A spark plug may fail 
electrically when a deposit of sufficient electric conductance 
to prevent sparking is formed between the spark-plug shell, or 
a ground electrode, and the center electrode. A very small 
quantity of deposit may cause failure if the deposit directly 
bridges the electrode gap. (See fig. 11II-3.) There is 
evidence, however, that gap bridging is not the most com-
mon type of failure of spark plugs incorporating large nickel 
or tungsten electrodes. In the more usual case of failure 
by conduction along deposits on the insulator, relatively 
large quantities of deposit are necessary before short cir-
cuiting occurs. The amount, distribution, and conduc-
tivity of the deposit determine the path of short circuiting. 
From the photographic evidence in figure \TJJ_5 it was 
concluded (reference 2) that, aside from certain concen-
trating influences such as the force of gravity and large 
temperature differences, the deposit distribution is primarily 
a matter of chance. The amount of deposit and the chemical 
or physical properties of the deposit can then be considered 
as factors determining the probability of failure. The 
actual failure, however, is dependent upon the distribution 
of deposit. 

ETHYLENE DIBROMIDE IN TETRAETHYL LEAD FLUID 

One of the principal causes of exhaust-valve failure in 
reciprocating engines has been found to be corrosion and 
collapse of the valve crown at excessively high operating 
temperatures (reference 3). Analysis of deposits on exhaust 
valves has shown conclusively that all the lead present in 
the fuel has not been properly scavenged from the cylinder. 
This fact supports the conclusion of Banks (reference 4) 
and Hives and Smith (reference 5) that hot corrosion of 
exhaust valves is a result of the action of lead oxide deposited 
on the valve head (luring operation with leaded fuel. 

In order to minimize the undesirable lead deposits, ethy-
lene dibromide is added to the tetraethyl lead before addition 
to the fuel. The ethylene clibromicle reacts with lead in the 
cylinder during combustion to form volatile compounds 
that may be easily scavenged with the exhaust gases. The 
mixture of ethylene dibromicle and tetraethyl lead (and small 
quantities of (lye and kerosene) prior to addition to the fuel 
is called tetraethyl lead fluid. The fluid currently used in 
aircraft fuels contains 0.96 gram of ethylene dibromide per 
ml TEL. This quantity of ethylene dibromide is the amount 
theoretically required to combine with all the lead in the

mixture. Such a mixture of the dibromide and tetraethvl 
lead is popularly known as a 1–T (one-theory) mix. 

An investigation (reference 6) was conducted to determine 
the influence of excess ethylene dibromide on the degree of 
valve-crown corrosion occurring during engine operation. 
The effects resulting from use of 1–T and 2–T mixes were 
compared. Because the use of excess ethylene dibromide 
could conceivably reduce the knock-limited perfqrmnance of 
the leaded fuel, studies of knock-limited performance were 
included. 

Effect on exhaust-valve corrosion.—Results of valve-
corrosion tests in a full-scale air-cooled aircraft cylinder are 
summarized in the following table (reference 6): 

Fuel . Weight loss of valve 
Length of run 

(hr) TEL M ' Total Rate Rate (percentage of 
(ml/gal) (grams) (gram/hr) loss with 1-T mix) 

4.53 l-T 22 5.18 0.2-35 100 
2-P 16½ 1.97 .119 51 

6.0 l-T 18 3.17 0.176 100 
2-T 18 .53 .029 16 

AN-F-28 (28-11) was used as base fuel. This fuel contained about 4.55 ml TEL/gal. 

For the tests in which the concentration of tetraetliyl lead 
was 4.53 ml per gallon, the exhaust-valve temperature was 
held at approximately 1200° F. *"Then the concentration was 
increased to 6.0 ml per gallon, however, the comb ustioh-air 
inlet temperature was reduced to 95° F as compared with 
150° F for the test with the fuel of lower tetraethyl lead 
concentration. This change caused a lower exhaust-valve 
temperature and probably accounts for the reduction in 
amount of valve corrosion in the test of fuel with 6.0 ml 
TEL per gallon. 

Comparative photographs of the valves from the tests 
just described are shown in figures VII-6 and VII-7. 

Effect on lead deposition.—Because of corrosion of the 
valve crown it was difficult to determine quantitatively the 
effect of ethylene clibromide on deposits. (See reference 6.) 
For this reason, the measurement of deposits was confined 
to the piston crown and the spark plugs. In the test with 
the fuel containing 4.53 ml TEL per gallon, the rate of lead 
deposition on the piston crown with the 2–T mix was about 
73 percent of the rate during the test with the 1–T mix. 

The effect of ethylene dibromide on spark-plug deposits 
was also determined for fuel containing 6.0 ml TEL per 
gallon; these results are shown in the following table: 

Weight of Reduction in 
Spark plug Mix deposit deposit 

(gram) (percent) 

Front -----	 -------- 0.055 0 -I-P 
2 -T .021 75 

1P 0.100 0 Rear-----------------
2-T .014 87
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(it) Valve after 22 hours of operation with l-T iota.	 (b) Valve after W2 hours of operation with 2-f ink. 

FIGURE VIJ-d.--Effect of excess ethylene dibromide on exhaust valves in air-cooled aircraft cylinder with fuel leaded to 4.3 nil 1' ELIsr gilloii. (Fig. 1 of reference 6.( 

Effect on knock-limited power.—When the ethylene 
dibroniide roncelitla tioll was increased to the equivalent of 
a 2–T mix, thelO was apparently no effect on the knock limit 
over tin' range of colI(hitions investigated in the full-scale 
air-cooled CVlifl(lel (fig. VII-8). (Sue references 6 and 7.)

Other tests were made to evaluate the effects of ethylene 
dibromi(le on knock-limited power in a CFR test engine 
operating at conditions specified for the A. S. T. M. Super-
charge method; the results are presented 111 table Vu–I 

(a)	 Ifi,r Is lioum operation with IT mix.	 (h) Valve ilfWl N houN III 	 INN fili 2-I' mix. 

FIGURE V11-.—F:ITvet of vxeev ethylene dibromide on exhaust valves in air-cooled aircraft cylinder with fuel leaded to 6,11 nil TEL lvi gallon. (Fig. 2 of reference 6.)
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TABLE VII-1.-EFFECT OF ETHYLENE DIBROMIDE IN 
LEADED AND UNLEADED S REFERENCE FUEL ON 
KNOCK-LIMITED POWER 

[Where two values are given in the table for the same determination, the second value was 
- obtained from a check run.] 

Leaded S reference fuel 

Relative power 

Ethylene dibromide 
in S reference fuel Fuel-air ratio 

+6 ml TEL (ml/gal)  

0.062 0.070 0.090 0.110 

2.67(l-T) ---------- 1.00 1.00 1.00 1.00 

0 (0-T) -------------

--

0.98 1.00 1.01 1.00 
1.01 

4.01 (1.5-T) 1.01 1.01 1.01 1.01 

--

.99 1.00 .98 1.00 

5.34 (2-T) ---------- 0.92 - 0.91 0.94 0.95 -
.95 .93 

Unleaded S reference fuel 

Relative power 
Ethylene di bromide

Fuel-air ratio in unleaded S 
reference fuel 

(ml/gal)  
0.062 0.070 0.090 0.110 

0 ------------------- 1.00 1.00 1.00 1.00 

2.67 ---------------- 0.98 0.96 0.94 0.97 

--

.96 .98 

5.34 ----------------

--

0.97 0.92 0.92 0.97 -
.94 .96

imep (S+6 ml TEL+test concentration of ethylene dibromide) 
imep (S+6 ml TEL+2.67 ml ethylene dibromide (1-T)) 

t imep (S+test concentration of ethylene dibromide) 
imep (5) 

cl_.

.04	 05	 .06	 .07	 .08	 .09	 .10
Fuel-air ratio 

FIGURE VII-S.-Effect of excess ethylene dibromide on knock-limited performance in air-
cooled aircraft cylinder. Engine speed, 2200 rpm; inlet-air temperature, 250° F; spark 
advance, 20° B. T. C. (Fig. 3 of reference 6.)

Increasing the ethylene dibromide concentration from 0 to 
5.34 ml per gallon decreased the knock-limited power of the 
leaded and unleaded S reference fuel about the same amount, 
6 to 9 percent depending upon the fuel-air ratio. Changing 
the concentration of ethylene dibromide from 0 to 2.67 to 
4.01 ml per gallon had no effect on the knock-limited pr-
formance of the leaded fuel; however, a change of 0 to 2.67 
ml per gallon decreased the knock-limited power of the un-
leaded fuel a maximum of about 6 percent. 

LEAD SUSCEPTIBILITY 

The lead susceptibility or lead response of a fuel is defined 
as the increase in knock-limited performance of the fuel re-
sulting from the addition of a given quantity of tetraethyl 
lead. In 1943 the NACA conducted an analysis of existing 
data on pure hydrocarbon fuels to determine the manner in 
which the lead susceptibility is influenced by fuel type, engine 
type, and engine operating conditions. This analysis (refer-
ences 8 and 9) was based on data obtained from the American 
Petroleum Institute (API) Hydrocarbon Research Project. 

DATA FROM SUPERCHARGED ENGINES 

In cooperation with the API, the Ethyl Corporation in-
vestigated the lead susceptibility of many pure compounds. 
These data were determined in a small-scale engine having a 
displacement of 17.6 cubic inches. 

Paraffin s.-Examination of the Ethyl Corp. data demon-
strated that the lead susceptibility could be represented as 
a straight line by plotting the knock-limited indicated mean 
effective pressures of the pure fuels against the knock-limited 
indicated mean effective pressures of the leaded fuels (refer-
ence 8). By this method, data for paraffinic fuels were 
plotted as shown in figure VII-9 (a). It is obvious in this 
figure that the fuel which has the highest permissible indi-
cated mean effective pressure in the pure state has the great-
est lead response. The percentage increase in indicated 
mean effective pressure for 1.0 ml TEL, however, is constant 
regardless of the permissible indicated mean effective pres-
sure. Heron and Beatty (reference 10) found this fact to 
be true for 6.0-ml additions of tetraethyl lead. 

The susceptibility of isooctane to various quantities of 
tetraethyl lead is shown in figure VII-9 (h). Because it was 
believed that the lead susceptibility of all paraffins might be 
represented by a chart similar to figure VII-9 (b), a later in-
vestigation (reference 9) was made with blends of two paraf-
finic fuels (S and MI reference fuels) containing up to 8.0 nil 
TEL per gallon. This° study was made in a supercharged 
CFR engine modified as described in reference 11. 

Data from reference 9 are plotted in figure Vu-b. These 
plots are based on results reported by Heron and Beatty 
(reference 10) which indicate that for supercharged tests a 
linear relation exists between the reciprocal of the knock-
limited indicated mean effective pressures and blend compo-
sition. (See chapter VIII.) 
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0	 40	 80	 120	 /60	 200	 240 
Permissible imep of pure fuel, lb/sq in. 

(a) Paraffins. (Fig. 10 of reference 8.) 
(b) Isooctane (2,24-trimethylpentane). (Fig. 11 of reference 8.) 

FIGURE VII-9.—Lead susceptibility of various fuels in 17.6 engine. Compression ratio, 5.6; 
engine speed, 900 rpm; approximate fuel-air ratio, 0.07; inlet-air temperature, 225° F; coolant 
temperature, 300° F. 

The lines of constant tetraethyl lead concentration in these 
figures can be represented by the equation of an equilateral 
hyperbola:
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where	 I	 (a) Fuel-air ratio, 0.07. (b) Fuel-air ratio, 0.10. 

P knock-limited indicated mean effective pressure 	 FIGURE Vu-b—Lead susceptibility of blends of S and M reference fuels in CFR engine. 

A constant

	

	 Compression ratio: 7.0; engine speed, 2000 rpm; inlet-air temperature, 250° F; coolant tem. 
perature, 210° F; spark advance. 35° B. T. C. (Fig. 6 of reference 9.)
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FIGURE Vu-h--Lead susceptibility of paraffinic fuels in CFR engine. Compression ratio, 
7.0; engine speed, 2000 rpm; inlet-air temperature, 250' F; coolant temperature, 250° F; 
spark advance, 35° B. T. C. (Fig. 7 of reference 9.)

N volume percentage of S reference fuel in M reference fuel 
B slope 

The asymptotes of the hyperbola represented by equation (1) 
are zero and A. The constant A is independent of tetraethyl 
lead concentration and fuel-air ratio and is equal to 145 (the 
intersection of the curves with the abscissa). 

In figures VII-11, the data from figure Vil–lO have been 
converted to plots of the knock-limited indicated mean 
effective pressure of the clear fuel against the knock-limited 
indicated mean effective pressure of the leaded fuel. This 
type of plot has an advantage over that of figure VII-10 in 
that the lead susceptibility can be represented by a linear 
elation without the use of a reciprocal scale. 

A scale representing antiknock ratings in terms of octane 
numbers and leaded isooctane has been added to figure 
VII-11. This scale corresponds to the ordinate values of 
knock-limited indicated mean effective pressure; that is, a 
90-octane fuel whether clear or leaded (fig. VII-11(a)) has 
a knock-limited indicated mean effective pressure of 85 
pounds per square inch under the conditions presented. 
With the addition of this scale, the chart may be used to 
obtain either the knock-limited indicated, mean effective 
pressure or the octane rating of a paraffinic fuel containing 
various quantities of tetraethyl lead. Only the unleaded 
fuel need be tested in order to estimate the lead response 
for any concentration of tetraethyl lead. 

The estimation of lead susceptibility according to the 
foregoing procedure is of value in the study of paraffinic fuels 
in which the quantity of fuel available for testing is limited. 
In such cases the rating of the clear fuel can be determined 
by a standard rating method such as the A. S. T. M. Super-
charge rating method, and the rating of the test fuel plus 
various amounts of tetraethyl lead can be approximated 
from a chart previously established for the selected rating 
method. 

Cycloparaffins and olefins.—Insufficient data exist to 
establish definitely the susceptibilities of the cycloparaffins 
(fig. VII-12 (a)) and olefins (fig. 1711-12 (b)). When figures 
VII-9, VII-12 (a), and VII-12 (b) are compared, the order 
of lead response for the paraffins, cycloparaffins, and olefins 
is found to be as follows: 

Hydrocarbons

Percentage increase imep 

(ml TEL/gal) 

1.0 2.0 3.0 4.0 5.0 6.0 

Paraffins --------------------------
fli Cycloparans---------------------

Olefins---------------------------

26 
El 
14

36 46 51 57 61

Percentage increase in unep for olefins was estimated from diisobutylene. 

DATA FROM NONSUPERCHARGED ENGINES 

The relation between critical compression ratio and 
A. S. T. M. Motor method octane number can be represented 
by the equation for a hyperbola. (See fig. 1711-13.) The 
curve in this figure was calculated from figure 1 of reference 12, 
which shows the relation between height of compression 
chamber and A. S. T. M. Motor method octane number. 
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Permissible imep of pure fuel, lb/sq in. 

(a) Cycloparaflins. (b) Olefins. 

FIGURE VII-12.—Lead susceptibility of various fuels in 17.6 engine. Compression ratio, 5.6: 
engine speed, 900 rpm; approximate fuel-air ratio, 0.07: inlet-air temperature, 225° F; coolant 
temperature, 300° F. (Fig. 13 of reference 8.) 

The equation for the curve in figure VII-13 is 

(R-3.3) (125—N)= 125	 (2) 

	

where	 - 
I? critical compression ratio 
ATI. A. S. T. M. Motor method octane number 

The asymptotes for the curve are critical compression ratio, 
3.3 and A. S. T. M. Motor method octane number, 125. As
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FIGURE VII-13.—Variatiou of critical compression ratio with octane number for A. S. T. Al. 
Motor method. (Fig. 3 of reference 8.) 
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FIG URE VI1-14.—Lcsd susceptibility of various fuels based on A. S. T. M. Motor ratings. 

pointed out in reference 8, these asymptotes will vary with 
engine operating conditions. 

The curve just discussed is related to a linear method used 
by Heron and Beatty (reference 10) to express lead suscepti-
bility (gain of octane number per ml TEL). The method 
is illustrated in figure VII-14 (a) for data obtained by the 
API. The relation between figures VII-13 and VII-14 (a) 
may be shown by extending the lines in figure VII-14 (a) 
until they intersect. This intersection occurs at an octane 
number of 125. If both scales of figure VII-14 (a) were con-
verted to critical compression ratios, the point of intersection 
of the curves would be at a compression ratio of 3.3. These 
two points of intersection are the asymptotes of figure VII-13.
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0	 8	 4	 6	 8	 /00	 2 .4	 6	 8	 /0
Critical compression ratio of pure fuel 

(b) Paraffins. Tetraethyl lead content, 1.0 ml per gallon. (Fig. 19 of reference 8.) 
(c) Paraffins. Tetraethyl lead content, 3.0 ml per gallon. (Fig. 20 of reference 8.) 

(d) Cyclopentane derivatives. (Fig. 21 of reference 8.) 
(e) Cyclohexane derivatives. (Fig. 22 of reference 8.) 

(f) Octenes. (Fig. 23 of reference S.) 
(g) Octenes. (Fig. 24 of reference 8.) 

Figure VII-14.—Concluded. Lead susceptibility of various fuels based on A. S. T. M. Motor method ratings. 
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FIGURE VII-15.-Variation 01 K with tetraethyl lead concentration. (Fig. 25 ci reference 8.) 
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FIGURE VII-16.-Variation of compression ratio with tetraethyl lead concentration. (Fig. 
26 of reference 8.)
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FIGURE VII-17.-Variation of power increase with tetraethyl lead concentration for 
reference fuel as determined by A. S. T. M. Supercharge method. (Fig. 10 of reference 9.) 

By the use of critical compression ratios, an analysis 

similar to that used for supercharged test engine data has 

been made (reference 8). As shown in figures VII-14 (b) 

and 17II-14 (c), the lead response of the paraffins may be 

represented by single straight lines for 1.0 and 3.0 ml TEL, 

respectively. The equation for these straight lines of con-

stant tetraethyl lead concentration is 

R1 =KR-3.3 (K-i)	 (3) 

where 

R1 critical compression ratio of leaded fuel 

R critical compression ratio of pure fuel 

K slope of line of constant tetraethyl lead concentration 

Tue cycloparaffins (figs. VII-14 (d) and VII-14 (e)) may 

also be represented by single straight lines. The lead 

susceptibility of the olefins (figs. VII-14 (f) and VII-14 (g)) 

is apparently affected by.the position of the double bond and 

therefore a single line cannot be used to represent the class 

as a whole. 

For each class of hydrocarbons a different value of K will 

be obtained (equation (3)). The values of K determined 

for the data presented in this analysis are as follows: 

Hydrocarbon  

Slopes of lead susceptibility 
curves 

For 1.0 ml For 3.0 ml 

Paraffins ---------------- 1.34 1.57 
Cycloparaffins ---------- 1.24 1.41 
Octene-2 ----------------

-

1.22 1.33 
Octene-1 ----------------

- -
- -
-1.13 1.30

32 

28 

4 F-

OF-

6H
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FIGURE Vu-IS—Effect of inlet-air temperature on lead susceptibility of S reference fuel in 
CFR engine. Compression ratio, 7.0; engine speed, 2000 rpm; coolant temperature, 2500 F; 
spark advance, 350 B. T. C. (Fig. 11 of reference 9.)
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FIGURE \'II-19.—Effect of spark advance on lead susceptibility of S reference fuel in CFR 
engine. Compression ratio, 7.0; engine speed, 2000 rpm; inlet-air temperature, 250° F; 
coolant temperature, 2500 F. (Fig. 12 of reference 9.) 
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Because K is the slope of the line of constant tetraethyl 
lead concentration, it is necessary to determine the lead 
response of only one compound in a particular hydrocarbon 
classification in order to estimate the lead response of other 
compounds of the same type from their pure ratings. The 
variation of K with tetraethyl lead concentration is shown 
in figure VII-15. 

Unlike supercharged data in which the percentage increase 
in power is constant for a given quantity of tetraethyl lead 
regardless of the pure fuel rating, the percentage increase in 
critical compression ratio for a given quantity of tetraethyl 
lead varies with the pure fuel ratings. This variation is 
illustrated for the paraffins by the curves in figure VII-16. 

EFFECTS OF ENGINE CONDITIONS ON LEAD
SUSCEPTIBILITY 

Fuel-air ratio.—The effects of fuel-air ratio on lead suscep-
tibility are readily seen in figure VII-17. Curves from the 
standard reference fuel framework for the A. S. T. lvi. 
Supercharge rating engine were used in preparing this plot. 
It is emphasized that the effects shown will vary considerably 
from one engine or condition to another. 

Inlet-air temperature.—The lead susceptibility from tests 
at different inlet-air temperatures is presented in figure 
VII-18 at two different fuel-air ratios. For the range of 
inlet-air temperatures examined, the lead susceptibility of S 
reference fuel was constant; that is, the percentage increase 
of knock-limited indicated mean effective pressure caused 
by the addition of a given amount of tetraethyl lead was 
the same regardless of the inlet-air temperature. 

Spark advance.—Tests made on S reference fuel clear and 
with 2 ml TEL per gallon at spark advances of 200 and 350

B. T. C. are shown in figure Vll-19. These data indicate 
that the lead suceptibility of S reference fuel is independent 
of variations of spark advance. 
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CHAPTER VIII 

ANTIKNOCK BLENDING CHARACTERISTICS OF FUELS 

For many years it has been known that all hydrocarbons 
do not exhibit the same antiknock blending characteristics. 
Lovell and Campbell (reference 1) illustrated this fact, and 
Smittenberg et al (reference 2) likewise clearly demonstrated 
that the antiknock characteristics of fuel blends depend 
upon the nature of the components in the blend. 

An investigation was initiated in 1943 by Sanders (refer-
ence 3) to ascertain the possibility of developing a method 
for predicting the knock limits of fuel blends under super-
charged and nonsupercharged engine operating conditions. 
In the original phases of this analysis, results of critical-
corn pression-ratio (nonsupercharged) rating methods rather 
than results of supercharged methods were emphasized 
because more complete data were available and the analysis 
required was more detailed. 

The derivations developed in reference 3 require a clear 
understanding of the principles of knock testing by super-
charged and nonsupercharged methods. In supercharged 
engine tests, all conditions except inlet-air pressure and fuel-
air ratio are held constant. Fuel-air ratio may or may not 
be constant depending upon the operating technique em-
ployed. Inlet-air pressure is increased until a predetermined

standard knock intensity is observed. The knock-limited 
indicated mean effective pressure or the density of air in the 
cylinder charge may be used as a measure of the knock limit 
of the fuel being tested. 

In nonsupercharged engine tests, all conditions except 
compression ratio are held constant. The compression ratio 
is increased until the standard knock intensity is reached. 
The compression ratio at this intensity is the measure of the 
knock limit and is generally termed critical compression 
ratio. Changes of inlet-air pressure do not affect any of 
the cyclic temperatures; however, an increase of compression 
ratio increases the temperature at the end of compression, 
the combustion temperature, and the end-gas temperature. 
The primary difference between nonsupercharged and super-
charged engine methods thus lies in the fact that knock 
limits in nonsupercharged engines are measured at varying 
end-gas temperatures, whereas in supercharged engines 
knock limits are determined at the same end-gas temperature. 
(See reference 4.) 

In order to derive the desired blending equations, certain 
assumptions were made in reference 3 regarding the mecha-
nism of knock: 

(1) Knock results from the reaction of some intermediate 
products during combustion, and the nature of these products 
as well as the reaction between them is the same regardless 
of the fuel used. This assumption is introduced in order 
that the knocking properties of fuels may be treated as 
additive properties. 

(2) Knock occurs when the mass of knock-producing 
agents per unit volume reaches a given value at any end-gas 
temperature. 

(3) At any one end-gas temperature and for any one fuel 
component, the mass per unit volume of the knock-producing 
agent evolved by that component is directly proportional to 
the mass of the component per unit volume; or, as stated in 
reference 3, a unit mass of a particular component will gen-
erate a certain mass of knock-producing agent regardless of 
the other components in the blend. 

(4) In order to consider the differences in knock limits of 
the blend components, it is assumed that for any one end-gas 
temperature, the mass per unit volume of the knock-
producing agents is a function of the molecular structure 
of the fuel. 

(5) During combustion the temperature increase for all 
fuels or blends under consideration is the same. On the 
basis of this assumption it is possible to relate fuel knock 
limits to engine compression density and temperature instead 
of end-gas density and temperature. Many hydrocarbons 
of interest fulfill this condition, but some classes of fuels, 
such as alcohols and ethers, do not (reference 3). 

The initial step in the derivation of the desired equation is 
justified by assumptions (1) and (2).

SYMBOLS 

The following symbols are used in this chapter: 

A,B constants characteristic of fuels 
a,b,c constants 
F = N1 (B1 R 1 - B2R2) + B2R2 
G =N1(B1—B2)+ B2=N1B1+(1—N1)B2 
H height of compression chamber, inches 
k quantity of knock-producing agent generated per 

unit mass 
N mass fraction 
P knock-limited indicated mean effective pressure 
R compression ratio 
W,X, i constants in hyperbolic blending relation 

blending constant 
P density 
Subscripts: 
a value of subseript 1 at asymptote 
b blend 
er critical 
d pertaining to knock agent produced under condi-

tions at which blend will knock 
i isooctane 
M pertaining to knock-producing agent at condition 

of incipient knock 
t total 
1,2,3 pertaining to components 1,2,3... in fuel blend 

DERIVATIONS OF BLENDING EQUATIONS

581 



and 
P2 (A2+BIR)N2 k,= Pm --- 

Pt.i

Likewise,
Pm \Tj.f	 p 1N2+-- p,N3 + Pm	 p,I 
Pt,i	 P1,2	 P1,3 

and

A, =p,-B,R, ,r 

A 2 = Pm B2R2,7 
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PmPI+P2+P3+	 (1)
where 
Pm

	

	 mass per unit volume of knock-producing 
agent at condition of incipient knock 

P1, P2, P3, . mass per unit volume of knock agent pro-
duced by each component under conditions 
at which the blend will knock 

It has been stated previously that the end-gas tempera-
tures are constant for supercharged-engine tests but vary 
with the critical compression ratio of the fuel in nonsuper-
charged-engine tests; therefore, from assumptions (3) and (4) 
the following relations hold for supercharged tests: 

p 1 =k 1 p,N1 

p 2 =k2 p,N2 

p 3 =k 3 p1N3 
where 
N1 , N2 , N3 mass fractions of components 1, 2, 3, respec-

tively, in fuel blend 
Pt	 total mass of fuel per unit volume 
k 1 , /c2 , Ic3 quantity of knock-producing agent generated 

per unit mass by components 1, 2, 3, respec-
tively 

When the pure compound 1 is tested, the knock-limited 
density of fuel in the charge is 	 and 

	

pm=pi=ki p t, 1	 (2)
Therefore,

follows: The reciprocal of the knock-limited inlet-air density 
of a fuel blend tested by a supercharged-engine method is the 
weighted average of the reciprocals of the knock-limited 
inlet-air densities of the pure components. 

Indicated mean effective pressure is proportional to inlet-
air density; therefore, it can be substituted in equation (3) 
for density:

(3b) 

where 
Pb	 knock-limited indicated mean effctive pressure

of fuel blend 
P,, P2 , P3 knock-limited indicated mean effective pressures 

of components 1, 2, 3, respectively, when tested 
individually 

For nonsupercharged tests, the charge density at the end 
of compression is proportional to the compression ratio. 
By use of an equation similar to equation (2), Pi was related 
to the compression ratio instead of the mass of fuel per unit 
volume (reference 3). The value of Ic,, however, varies with 
compression ratio because the compression temperature 
varies with compression ratio. In order to account for the 
variation of Ic1 , the following relation was assumed (reference 3) 
between Pt and compression ratio R: 

p,=(A,+B,R)N,	 (4)
where 
A,, B, constants characteristic of fuel 1 
Similarly,

and
Pm	 7tT Pi- ----- Ptl'i 
Pt,' 

Similarly,

P2= Pm- P1N2 
-	 P1,2 

and
Pm	 7tT' P3- ----- Pti%i 

P1,3 

Substituting these values of Pi, P2, P3, .	 . in equation (1) 
yields

ps- (A3+B3R)N3 
where 
A2 , B2, A3 , B3 constants characteristic of fuels 2 and 3 
Substituting these values in equation (1) gives 

pmNi (A,+B,R)+N2 (A2+B2R)+N3 (A3+B3R)+... (5) 

The value of A, may be determined by letting N1 =1, N2=0, 
N3 =0, and RR1,cr where R,,, is the critical compression 
ratio of fuel 1 when tested individually. 

p,,, =A, +B,R,,, 

Pt P,,i P1,2 P1.3
	 (3)
	 and	

A3 = PmB3R3,cr 

As limited by the assumptions, equation (3) is a blending 
equation applicable to supercharged-engine data. Because 
the compression ratio and fuel-air ratio must be the same for 
the various components in a given application of this equa-
tion, knock-limited inlet-air densities may be used instead of 
the fuel densities for values of Pt, PIt, P1,2, P1,3 . . . With 
this substitution, equation (3) may be expressed in words as

Substituting in equation (5) gives 

R= N1B1R1 , + N2B 2R 2, + N3 B3R3, +.	 (6) N,BI+N2B2+N3B3+ 

As limited by the assumptions, equation (6) is the blending 
equation applicable to nonsupercharged-engine data.
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In this equation B1 , B2, B3 . . . are defined as , blending 
constants and each fuel has a blending  constant that is inde-
pendent of the other fuels in the blend and is determined by 
the critical compression ratio of the fuel and the rate of 
change of knock limit with inlet-air temperature. 

For two-component. blends, N2 = i—N1 and equation (6) 
may be written as 

	

R= 
j\T1 (B1 R1 - B2R2, .) + B2R2 Cl	 (7) 

N1(B1—B2)+B2 

Equation (7) is the equation of an equilateral hyperbola 
asymptotic to

NB'BNa i 

and
BIBI_B2R2_R R— B1—B2 - a 

where 
Nat value of N1 at asymptote 
Ra value of R at asymptote 
The asymptotic form of equation (7) is 

	

(RRa)(I\Ta I\Ti ) 1\Ta(R2 Ra)	 "8" \1 

According to reference 3, it is unnecessary to know the 
absolute values of the constants in equations (6) and (7), but 
the relative values must be known; that is, one component 
may be assigned an arbitrary value of the constant, thereby 
fixing the values of the constants for all other components 
tested at the same conditions. Values of B for other com-
ponents may be found by determining the critical compres-
sion ratio of the pure component and of one blend of the 
component with another component for which the blending 
constant is known. With these values the equation can be 
solved for the value of the unknown blending constant. When 
the relative values of B have been determined for all com-
pounds, the knock limits of all blends may be computed from 
the blending equation. 

GRAPHICAL SOLUTION OF BLENDING EQUATION FOR
NONSUPERCHARGED-ENGINE DATA 

A graphical method was suggested in reference 3 for deter-
mination of the blending characteristics of fuels when tested 
in nonsuperchargeci engines. Equation (7) may he put into 
the following form:

F=RG	 (9) 
where

F= N1 (B1 R1 - B2R2) + B2R2 

and
G=N(B —B2)+B2 =N1B1 + (1 —N1)B2 

If R is held constant, F is proportional to G. In figure VIII-1, 
the value of F has been plotted against the value of G for 
values of R between 2 and 15. Inasmuch as G is actually 
the weighted average value of B1 and B2, the abscissa of
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Blending 	 B or C 

FIGURE VIII-I.—Blending chart for A. S. T. M. Motor method. (Fig. 1 of reference 3.) 

figure VIII-1 has been marked G or B. All potential fuel 
components whose critical compression ratios and blending 
constants are known may be plotted on this chart. 

A straight line joining the points for any two components 
represents all blends of the two components. This relation is 
true because F and G are linear functions of N1 and, conse-
quently, F is a linear function of G. A point representing 
any blend of the two components divides the line in the same 
ratio as that in which the components exist in the blend. For 
example, a blend containing 60 percent 2,2,4-trimethylpen-
tane (isooctane) and 40 percent n-heptane will he on the line 
joining the points for the two components and will be 60 per-
cent of the distance from n-heptane to 2,2,4-trimethylpentane. 

EXPERIMENTAL VERIFICATION OF BLENDING EOUATIONS 

Heron and Beatty (reference 5) have shown that if the 
reciprocal of the knock-limited indicated mean effective pres-
sures of blends of isooctane and n-heptane is plotted against 
the percentage of isooctane in the blends, a straight line will 
result. This fact substantiates equation (3) for supercharged-
engine data. The data obtained in reference 5 are shown in 
figure VIII-2 (a). 

'/0 
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4.5+H R	
H	 (11) 

Combining equations (10) and (11) gives 

(R-3.3)(125—N1)=125	 (12) 

The equilateral hyperbola represented by equation (12) is 
asymptotic to R=3.3 and N=125. The relation between 
R and Nj is shown in figure VIII-3(a). Inasmuch as the 

2°iIIIIIrr 
Fuel-air ratio 

16 ----------o 0080 

I. 
1) 
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'3. 
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40	 60	 RU	 11717 
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'3. 
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on 0 
2

Isooctane in n-hep tone, percent 

(a) 17.6 engine. Compression ratio, 5.6; engine speed, 900 rpm; inlet-air temperature, 225° F;
coolant temperature, 300° F; spark advance, 20° B. T. C. (Fig. 2 of reference 3.) 

FIGURE VIII-2.—Effect of blend composition on knock-limited performance. 

Further verification of this relation is'presented in figure 
VIII-2 (b), which shows data for S and M reference fuel 
blends investigated in reference 3. 

Data obtained in references 2 and 6 were used in refer-
ence 3 for verification of the blending equation developed for 
nonsupercharged engine tests. The blending equation for 
n-heptane and isooctane under A. S. T. M. Motor method 
conditions is shown in reference 2 to be 

/1.369—H\ 
Ni= l954 H) 179	 (10) 

where 

N isooctane in blend, percent 
H height of compression chamber, inches 

The value of N is given on a volumetric basis in reference 2 
but, since the densities of the two components are about the 
same, N may be used as the mass fraction. The length of the 
engine stroke was 4.5 inches; therefore, the relation between 
R and H can be expressed as follows:

- S in M reference fuel, percent 

(b) OrE engine. Compression ratio, 7.0; engine speed, 2000 rpm; inlet-air temperature, 
250° F; coolant temperature, 250° F; spark advance, 35 1 B. T. C. (Fig. 3 of reference 3.) 

FIGURE VIII-2.—Concluded. Effect of blend composition on knock-limited performance. 
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(a) A. S. T. M. Motor method. (Fig. 4 of reference 3.) 

FIGURE VI11-3.—Blending characteristics of 2,2,4-trimethylpentane and n-heptane. 
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(b) A. S. T. M. Motor method; reciprocal plot. (Fig. 5 of reference 3.) 

FIGURE VIII-3.—Continued. Blending characteristics of 2,2,4-trimethylpentane and 
n-heptane. 
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(c) A. S. T. M. Research method; reciprocal plot. (Fig. 6 of reference 3.) 

FIGURE VIII-3.—Concluded. Blending characteristics of 2,2,4-trimethylpentane and 
n-heptane. 

components of this system are n-heptane and isooctane, AT 

is equivalent to octane number. (See ch. III.) The curve 
in figure VIII-3(a) is drawn from equation (12), whereas 
the data points shown are taken directly from reference 2. 
The data from figure VIII-3(a) were replotted (reference 3)

0	 20	 40	 60	 80 
--

Percent by volume 

FIGURE VIII-4.--Veriflcation of hyperbolic blending relation for knock ratings of fuel 
blends by A. S. T. M. Motor method. (Fig. 7 of reference 3.) Equation of hyperbola: 
(R-X)(Y-N)= lV 

as shown in figure VIII-3(b) as confirmation of the hyper-
bolic blending relation. 

Sirhilar data for the A. S. T. M. Research method were 
reported by Brooks (reference 6) and are plotted in figure 
VIII-3 (c). Here again the relation is linear, but the inter-
cepts are 120 and 1.53 as compared with 125 and 1.0 for the 
A. S. T. M. Motor method shown in figure VIII-3 (b). The 
equation for the A. S. T. Al. Research method data is 

(R-4.2)(120—N)=78.3	 ( 13) 

From the foregoing comparison of the A. S. T. M. Motor 
and Research methods, it was concluded (reference 3) that 
the asymptotes of the blending hyperbola change with chang-
ing engine conditions. 

Blending relations for other two-component blending 
systems are shown in figure VIII-4. The data for these 
systems were taken from reference 2. Three two-component 
systems investigated in reference 2 did not follow the hyper-
bolic relation. These systems are shown in figure VIII-5. 

11 
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FIGrRE VIII-5.—Blending characteristics of diisobutylene, benzene, and toluene in n-heptane
by A. S. T. M. Motor method. (Fig. 6 of reference 3.) 
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C Exhaust valve	 combustion-chamber wall at exhaust end 
0 Front spark plug	 zone 

G Piston 

1ioua VIII-6.—View of combustion chamber showing location of thermocouple in end
zone. (Fig. 1 of reference 8.)

In coirnection with the system of blends of ii-hepta.ne and 
benzene (fig. VIII-5), it was found that up to a concentration 
of 90 percent benzene a hyperbolic relation is valid, but 
the value for pure benzene does not follow the relation (refer-
ence 3). In explanation of this discrepanc y it should be 
noted that the authors of reference 2 expressed the tile belief that 
the knock rating of pure benzene might be in error. 

In order to illustrate the invariance of the blending 
constant, a series of calculations was made involving several 
hydrocarbons (reference 3). The constants evolved in these 
calculations have been plotted on figure VIII-1. Values for 
cyclopent ane and n-propylhenzene were computed from data 
reported ill reference 7. 

APPLICABILITY OF EQUATIONS TO DIFFERENT BLENDING AGENTS 
AND ADDITIVES 

The preliminary data used in support of the derivation 
developed in the foregoing pages were admittedl y meager; 
consequently , an extensive investigation was initiated to 
determine the general applicability of the blending equation. 
In the course of this investigation a number of fuels of various 
types were studied under different engine operating condi-
tions in supercharged engines. The result:,- of this investiga-
tion are reported in the succeeding paragraphs. 

Paraffins.—The base fuels used in this phase of the study 
were an alkylate blending agent and a virgin base gasoline. 
The blending agents examined were: 

Triptane (2,2,3-trimethylbutane) 
Isopcnt.ane (2-methylbutane) 
Dusopropyl (2,3-dirnethylbut.ane) 
IN eohexane (2 ,2-dilnet hvlbu t ane) 
Hot-acid octane 

All blending agents and base stocks contained 4.0 ml TEL 
per gallon. Inspection data for these fuels are included in 
appendix A, table A-9. (See references 8 811(1 9.) 

The experimental studies of these fuels were made in a 
single air-cooled aircraft cylinder mounted on a ('VE crank- 
case. This apparatus is described in detail ill reference 9 
with the exception of a special thermocouple embedded in 
the cylinder head about inch from the combustion-
chamber wall at a position estimated to be very near the 
exhaust end zone (fig. V111-6). The temperature at this 
thermocouple was held constant b y means of an automatic 
potentiometer regulator that controlled cooling-air flow 
across the cylinder. This instrumentation is consistent with 
he assumption made in reference 3 that for the blending 

equation to be applicable to supercharged engine data the 
cyclic and end-gas temperatures must be held constant. 

In figure VIII-7, a portion of the data determined iii the 
investigation of reference 8 is shown. The ordinate scales 
of these figures are inverted reciprocal scales. When plotted 
in this manner, the data should fall on a straight line if the 
results are applicable to equation (3b). It is apparent in 
these figures that the paraffinic fuels examined, with the 
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High-per forrnance component in blend, percent by weight 

(a) Fuel-air ratio, 0.067. 
(h) Fuel-air ratio, 0.10. 

FIGURE VIII-7.—Blending characteristics of paraffins in virgin base stock leaded to 4 ml 
TEL per gallon in full-scale air-cooled aircraft cylinder. Compression ratio, 7.7; engine 
speed, 2000 rpm; spark advance, 20 0 B. T. C.; inlet mixture temperature, 350° F; exhaust 
back pressure, atmospheric. (Data taken from reference 8.) 

exception of neoltexane at the lean fuel-air ratio, are in accord 
with the blending equation for supercharged-engine data. 

These data were obtained at a spark advance of 20° B. T. C., 
a condition considered to he relatively mild; consequently, 
additional tests were made at a more severe condition (spark 
advance, 30° B. T. C.). The results of these advanced spark 
studies are essentially the same as those shown in figure 
VIII-7; that is, the relation between the reciprocal indicated 
mean effective pressure and composition was linear. In this 
case, however, data for neohexane followed the relation at 
both lean and rich mixtures. (See reference 8.) 

Aromatics.—Experimental verification of the blending 
relation for aromatic fuels proved to be difficult inasmuch as 
pure aromatics have exceptionally high knock limits and are 
prone to preignite. (See reference 10.) Despite these ob-
stacles, however, a reasonable quantity of data was obtained 
to determine the limitations of this class of compounds. In 
pursuing this phase of the investigation, no effort was made to 
attain the knock limit of the pure aromatics. Instead, each 
aromatic was blended with a paraffinic base stock and the 
concentration was increased until the power level was con-

/romQ17c, percent ay we,q/)r 

(a) Aromatics in virgin base base stock. 
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(b) Cycloparalfins in virgin base stock. 

Methy/cycIopentane, percent by weight 

(c) Meihylcyclopentane in aviation alkylate. 

FIGURE VIII-S.—Blending characteristics of various fuels leaded to 4 ml TEL per gallon in 
full-scale air-cooled aircraft cylinder. Compression ratio, 7.3; engine speed, 2250 rpm; 
spark advance, 20° B. T. C.; inlet mixture temperature, 240° F; end-zone temperature, 
400° F; exhaust back pressure. 15 inches of mercury absolute; fuel-air ratio. 0.10. (Data 
taken from reference 10.) 

sidered too high to warrant further increases. Results of 
these tests are shown in figure VIII-8 (a). Here it is seen 
that the relation between composition and reciprocal indi-
cated mean effective pressure is nonlinear. 

5)
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FIGURE VIII-9.—Blending characteristics of benzene, virgin base stock, and aviation alkylate 
in full-scale air-cooled aircraft cylinder. Concentration of benzene in all blends, 25 percent 
by volume; compression ratio, 7.7; engine speed, 2000 rpm; spark advance, 20° B. T. C.; 
inlet mixture temperature, 240° F; end-zone temperature, 350° F. (Fig. 3(b) of reference 11.) 

A modification of equation (3b) is proposed in reference 9 in 
order to account for fuel- components that do not follow the 
linear blending relations. 

Pb= PIN1B1+P2N2B2+P3N3B3+ --.
	 (14) 

N1B1+N2B2+N3B3+... 

Another form of equation (14) is (reference 9) 

	

N101+N202+N303+ - - .N181 N$ Na$a+ . . .	 ( 15) 
Pt, - p1 +75+73 

$i, $2, $3, . . - blending constants related to constants B1, 
-	 B2, B3, . . - by the following equations: 

132=P2B2 

$3=P3B3 

Both equations (14) and (15) are equal to equation (3b) when 
01 = 02 = 33 or P1B5 = P2B2 = P3B3. 

Performance data for aromatic fuels were employed 
(reference 10) to determine the validity of equation (15). 
From the analysis it was concluded that the equation does 
not apply over the entire range of composition; that is, the 
blending constant 13 for a given aromatic varies somewhat. 

From a practical point of view, however, marketed aviation 
fuels seldom contain concentrations of aromatics in excess of 
25 percent (generally much less), and for a limited range of 
concentration it is believed that equation (15) may be useful. 
Evidence to support this belief is shown in figure VIII-9. 

It is seen in this figure that the blending relations are 
linear for a 25-percent concentration of benzene in blends of 
alkylate and virgin-base stock. Similar results were ob-
tained with toluene, mixed xylenes, and cumene (reference 
11). On the basis of figure V-6 (c) described in chapter V 
it is doubtful if the relations would he linear for concentra-
tions much greater than 25 percent. 

Cycloparaffins.—The results of tests with cycloparaffinic 
fuels are shown in figure VIII-8 (b). As in the case of the

aromatic fuels, the cycloparaffinic fuels examined failed to fol-
low the blending relation in the form of either equation (3b) 
or equation (15). 

One result of unusual interest was found in the cyclo-
paraffinic investigation of reference 10. (See fig. VIII-8 (c).) 
In this figure it is seen that methylcyclopentane, when 
blended with alkylate, produced intermediate blends having 
higher knock limits than either of the pure components. 
This was also true for other cycloparaffins in blends with 
different base stocks. (See reference 10.) 

Special additives.—The influence of special additives (for 
example, tetraethyl lead and xylidines) on the applicability 
of the blending equation is discussed in reference 9. In 
brief, the effect of such additives is essentially the same as 
the effect of low concentrations of aromatics mentioned in 
connection with figure VIII-9. That is, the blending equa-
tion applies so long as the concentration of such additives 
in the major blend components is constant. 

PREPARATION OF BLENDING CHARTS 

In the preceding sections of this chapter, a blending 
equation has been described and its limits of applicability 
have been shown by experimental data. The remainder of 
this chapter is devoted to an analysis that will illustrate the 
practical use of this equation. Specifically, the purpose of 
this analysis is to illustrate the preparation of performance 
charts from which blends of any desired lean and rich anti-
knock ratings can be selected. These charts are based 
entirely upon the A. S. T. M. Aviation (lean) and A. S. T. M. 
Supercharge (rich) knock rating methods. Experimental 
data upon which the charts are based may be found in 
appendix A, table A--b. (See reference 12.) 

Performance numbers.—The scale of performance num-
bers for fuel knock rating terminates at 161. (See ch. III.) 
It was therefore necessary to extrapolate the scale in order 

- to evaluate blends that would have antiknock ratings in 
excess of 161 by the A. S. T. M. Supercharge method. This 
extrapolation was made by plotting the performance num-
bers against knock-limited indicated mean effective pressures 
from a reference-fuel framework given in reference 13. The 
rating scale thus developed is shown in figure VIII– 10 
Although a definite break in this curve occurs at a perform-
ance number of 130, the curve appears to be linear between 
130 and 160. On the assumption that this linear relation is 
true, a straight line was drawn through the points at 130 
and 161 and extended to a performance number of 200. 

Ternary blends.—As an example of the preparation of a 
performance chart, consider first that it is desired to know 
the A. S. T. M. Aviation and the A. S. T. M. Supercharge 
performance numbers of all possible ternary blends of hot-
acid octane, an aviation alkylate, and a virgin base stock. 
A plot of composition against the reciprocal of the knock-
limited indicated mean effective pressure for binary blends 
of any two of these fuels will result in a straight line. The 
three binary combinations of these materials are shown in 
figure VIII-1 1.
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In the next operation, lines of constant performance num-
ber are drawn on the plot (shown as dashed lines on fig. 
VIII-11). These lines are established by reading values of 
indicated mean effective pressure at equal increments of 
performance number in figure VIII-10. The data as shown 
in figure VIII-11 comprise the basic information needed to 
establish A. S. T. M. Supercharge rating lines on the anal 
chart for multicomponent blends. 

For convenience in relating composition and knock-
limited performance of ternary fuel blends, all performance 
charts in this investigation were prepared on triangular 
coordinate paper. The equation of a straight line on tri-
angular coordinate paper is of the form 

a=bN1 +cV.?+A7 
where 
a, b, e	 constants 
N1 , N2 , N3 concentration of components 1, 2, and 3 in

ternary blend. Any equation relating knock-limited per-
formance and blend composition that can be reduced to this 
form can be represented by a straight line of constant per-
formance on triangular coordinate paper. Equation (3b) 
can be reduced to this form by multiplying through by any 
one of the performance values P1 , P2 , or P3. 

The performance chart, for the system of hot-acid octane, 
aviation alkylate, and virgin base stock is shown in figure 
VIII-12 (a). Lines of constant performance number in this 
figure were determined by noting the intersections of the 
constant performance lines (fig. VIII-i 1) with the blending 
lines. For example, the 150-performance-number line in 
figure VIII-1 1 intersects the blending line of hot-acid octane 
and aviation alkylate at a composition of 32 percent hot-acid 
octane and 68 percent alkylate and intersects the blending 
line of hot-acid octane and virgin base stock at a composition 

FIGURE V1II-10.—Relation between performance number and knock-limited indicated mean 
effective pressure by A. S. T. M. Supercharge method. Fuel-air ratio, 0.11. (Fig. 1 of 
reference 12.) 	 -
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FIGURE VIlE-il—A. S. T. M. Supercharge blending characteristics of hot-acid octane, 
aviation alkylate, and virgin base stock loaded to 4 nil TEL per gallon. Fuel-air ratio, 
0.11. (Fig. 2 of reference 12.) 

of 67 percent hot-acid octane and 33 percent virgin base 
stock. These two compositions were plotted on figure VIII-
12 (a) and joined by a straight line. Any point on this line 
represents a blend of hot-acid octane, alkylate, and virgin 
base stock that will give a performance number of 150 in the 
A. S. T. i\'[. Supercharge engine at a fuel-air ratio of 0.11. 
All other lines in figure VIII-12 (a) were established in the 
same manner. 

The lines in figure VIII-12 (a) are parallel, which is true 
when curves of the type shown in figure VIII-11 are linear. 
On the basis of data presented earlier in this chapter it 
appears that most paraffinic fuels do blend linearly. Even 
though certain constituents, such as the aromatics or ethers, 
do not blend linearly in combination with paraffinic base 
fuels, the procedure just outlined for the preparation of 
performance-number charts is not altered. In such cases.
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Hot-acid octane +4 ml TEL/gal 

(a) A. S. T. M. Supercharge method. (Fig. 3 of reference 12.) 

FIGURE VIII-12.—Blending charts for hot-acid octane, aviation alkylate. and virgin base stock. 

Hat-acid octane +4ml , TEL/gal 

Virgi'i base
+ 4 ml
TEL/gal

A/ky/ate 
4-4 ml 
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(b) A. S. T. M Aviation method. (Fig. 5 of reference 12.) 

FIGURE VIII-12.—Continued. Blending charts for hot-acid octane, aviation alkylate, and virgin base stock.
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Hot-acid octane + 4 ml TEL/gal

(c) A. S. T. M. Supercharge and A. S. T. M. Aviation methods. (Fig. 6f reference 12.) 

FIGURE V1II-12.—Concluded. Blending charts for hot-acid octane, aviation alkylate, and virgin base stock. 
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FIGURE VIII-13.A. S. T. M Aviation blending characteristics of hot-acid octane, aviation 
alkylatc, and virgin base stock leaded to 4 ml TEL per gallon. Fig. 401 reference 12.) 

however, the charts prepared are subject to some error that 
arises from the assumption that curves of constant perform-
ance number on triangular coordinate paper are linear. 
Moreover, a. nonlinear relation in a plot of the type shown in 
figure VIII-1 1 results in a variation of slope with performance 
number on the final triangular plot.

The procedure used for determining the lines of constant 
A. S. T. M. Aviation performance numbers for blends of the 
same fuels used in preparing figure VIII-12 (a) differs from 
that used for A. S. T M. performance in that performance 
numbers are plotted directly against composition on linear 
coordinate paper and an estimated "best" curve is drawn 
through the data points to determine the binary blending 
relations shown in figure \TJJJ_13 There is nothing to 
justify the use of this empirical method for dealing with 
A. S. T. M. Aviation ratings other than the fact that the end 
result agrees reasonably well with the experimental results. 
One or two exceptions to this method will he pointed out 
later. 

The composition at the intersections of a given constant 
performance line with the blending lines (fig. VIII-13) were 
plotted on triangular coordinate paper and joined by straight 
lines. The resulting performance lines are shown in figure 
17III-12 (b). The final chart (fig. VIII-12 (a)) was obtained 
by superimposing figure VIII-12 (h) on figure 17III-12 (a). 
Additional charts are shown in appendix B, figures B-i and 
B-2 for other blending agents and base stocks. (All blends 
contained 4 nil TEL/gal.) 

In appendix B, figure B-i (a) represents the system of 
blends for cumene, virgin base, and alkylate; the lines show-
ing A. S. T. M. Supercharge performance numbers were 
determined by plotting peak knock-limited-power values 
rather than power values at a fuel-air ratio of 0.11. This 
deviation from the procedure used for all other charts was 
necessitated by the fact that most of the mixture-response
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FIGURE VI1I-14.—A. S. T. M. Supercharge mixture-response curves for blends of cumene 

and virgin base stock leaded to 4 ml TEL per gallon. (Fig. 9 (a) of reference 12.) 

curves for the curnene blends intersected at fuel-air ratios 
between 0.10 and 0.11. (See fig. VIII-14.) The fuel-air 
ratio for peak-knock-limited power varied between 0.115 and 
0.132 for the cumene blends. No chart was prepared for 
blends of cumene, aviation alkylate, and one-pass catalytic 
stock because rich-mixture peaks were not obtained for a 
sufficient number of the binary blends of cumene and one- 
pass catalytic stock. 

For the charts representing blends of xylenes (appendix B, 
figs. B-i (f) and B-2 (g)), A. S. T. _1M. Aviation performance 
lines were omitted. This omission arises from the fact that 
the curve of composition against performance number for 
binary blends of xylenes and aviation alkylate passed through 
a minimum. (See fig. VIII-15.) 

In general, data obtained on the A. S. T. M. Aviation 
engine for the aromatic blends could not be handled with 
complete satisfaction by the empirical procedure previously

0	 20	 40	 60	 80	 /00
Mixed Yy/enes, percent 

FIGURE VI11-15.—A. S. T. AL Aviation blending characteristics of mixed xylenes and aviation 
alkylate. (Fig. 10 of reference 12.) 

explained. For this reason the accuracy of the lines of 
constant A. S. T. lvi. Aviation performance shown for the 
aromatic-paraffinic systems is questionable. 

Quaternary blends.—The performance charts presented 
in the preceding section are of interest primarily from con-
sideration of maximum knock-limited performance attainable 
with various combinations of fuel blending agents and base 
stocks. On the other hand, producers of aviation fuel are 
interested in the maximum knock-free power attainable with 
a finished blend that meets physical-property specifications 
for aviation fuels. Accordingly, several charts have been 
prepared to illustrate how physical properties might be 
taken into consideration. In these examples the only 
physical property considered is the Reid vapor pressure. 
Current aviation fuel specifications preclude the use of 
fuels having vapor pressures in excess of 7 pounds per square 
inch. 

In order to prepare these charts, adjustments in Reid 
vapor pressures of the main components were made by 
adding isopentane, which in the pure state has a vapor 
pressure of about 20 pounds per square inch. The addition 
of isopentane to adjust the vapor pressure of the components 
in a system such as that shown in figure Vill-iG will neces-
sarily affect the maximum knock-free power attainable 
because of the performance rating of isopentane relative to 
the ratings of the other components in the system, as shown 
in table VIII-1. 

TABLE VIII-1.—A. S. T. M. AVIATION AND A. S. T. M. SUPER-
CHARGE PERFORMANCE RATINGS AND REID VAPOR 
PRESSURES FOR VARIOUS AVIATION-FUEL COMPONENTS 

Blending agent
Reid vapor 

pressure

Performance number 
- - 

(lb/sq in.) A. S. T. M. A. S. T. M. 
Aviation Supercharge 

Isopentane ------------------------------- 19.6 133 0144 
Neohexane--------------------------------

-
9.7 161 159 

Methyl lert-butyl ether ------------------- - 8.8 >161 >200 
Diisopropyl ------------------------------ 7.4 142 202 
Virgin base stock ------------------------- 5.9 73 94 
Alkylate ---------------------------------- 4.7 119 137 
Benzene ---------------------------------- 35 
Triptane --------------------------------- 3.0 

- -

149 >200 
Hot-acid octane ---------------------------

-
-

2.7 127 197 
Toluene ---- ------------------------------

-

1.1 

-

118 >200 
Mixed xylenes ----------------------------

-

.5 124 >200 
Cumene ----------------------------------

-
--
-.3 85 >200

Performance numbers are for pure blending agent containing 4 ml TEL/gal. 
Performance numbers over 161 are extrapolated (fig. VhS-b). Ratings are for fuel-air 

ratio of 0.11. 
0 Extrapolated from experimental data for blends containing up to 60 percent isopentane. 

Assumed to be the same as the rating for unleaded benzene. 
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FIGURE V1I1-16.—Blending chart for triptane, aviation alkylate, and virgill base stock by A. S. T. M Aviation and A. S. T. M. Supercharge methods. (Fig. 7 (a) of reference 12.) A. S. T. M.
Supercharge fuel-air ratio, 0.11. 

In figure VIII-16, for example, a blend of 58.5 percent 

triptane, 30.5 percent alkylate, and 11 percent virgin base 

stock has a lean-rich performance-number rating of 135/200 

and a Reid vapor pressure of approximately 3.5 pounds per 

square inch. In order to obtain the same performance 

(135/200) with a blend of triptane, alkylate, and virgin base 

stock that has been isopentanized to a Reid vapor pressure 

of 7 pounds per square inch (maximum permitted), a blend 

of 55 percent triptane, 17 percent alkylate, 7 percent virgin 

base stock, and 21 percent isopentane could be used. The 

addition of isopentane has thus effectively decreased the 

quantity of triptane needed to obtain the 135/200 perform-

ance rating. Isopentane has better performance character-

istics than the alkylate or the virgin base stock used, as well 

as a higher Reid vapor pressure than the other three con-

stituents in the blend. (See table VIII-1.) 

It must be emphasized that the preceding example is given 

merely as an illustration of a fuel characteristic other than 

antiknock quality that must be considered for a finished fuel 

blend. This example is not intended to imply that the 

preparation of fuel blends with Reid vapor pressures adjusted 

to meet specifications will necessarily produce blends that 

will meet all other pertinent specifications. 

Several performance charts for quaternary blends con- 

taining isopentane were prepared for comparison with the

charts previously described for ternary blends. In each of 

the quaternary systems the vapor pressure was adjusted to 

7 pounds per square inch. Three assumptions were made 

in the preparation of these charts: 

(1) The relation between composition and Reid vapor 

pressure is linear for binary blends of isopentane with 

another paraffinic fuel. 

(2) The relation between 'composition and the reciprocal 

of the A. S. T. M. Supercharge (rich) knock-limited indicated 

mean effective pressure is linear for binary blends of iso-

pentane with another paraffinic fuel. 

(3) The relation between composition and the A. S. T. M. 

Aviation performance number is linear for binary blends of 

isopentane with another paraffinic fuel. 

On the basis of the available data, assumption (3) appears 

to be valid for only a few cases. For this reason the 

A. S. T. M. Aviation performance lines on the charts for 

quaternary blends may be in error. 

As an example of the preparation of the performance 

chart for a quaternary system, assume that it is desired to 

isopentanize the blends represented by figure VIII-16. The 

@rst step in this problem is to determine the amount of 

isopentane to be added to each of the pure components 

to obtain a Reid vapor pressure of 7 pounds per square inch 

and to determine the resultant lean and rich performance-
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FIGURE VI11-17.—Blending charts for triptane, aviation alkylate, virgin base stock, and isopentane by A. S. T. M. Aviation and A. S. T. M. Supercharge methods. Reid vapor pressure, 
approximately 7 pounds per square inch; A. S. T. M. Supercharge fuel-air ratio, 0.11. (Fig. 11 of reference 12.) 
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FIGURE V1II-17.—Concluded. Blending charts for triptans, aviation alkylate, virgin base stock, and isopentane by A. S. T. M Aviation and A. S. P. M. Supercharge methods. Reid vapor 
pressure, approximately 7 pounds per square inch; A. S. T. M. Supercharge fuel-air ratio, 0.11. (Fig. 11 of reference 12.) Percentage isopentane can be determined by subtracting sum of 
percentages of other components from 100.



/40	 /50	 /60	 /70 
A. S. TM. Super-charge performance number

'80	 Ho-f-acid ocfane 
+4 ml 

TEL /go/ 

A/ky/ate 
+4 ml 

TEL/gal

harge 

7,, 
irn her 

NACA INVESTIGATION OF FUEL PERFORMANCE IN PISTON-TYPE ENGINES
	

595 

number ratings for these blends. This information as deter-
mined from the foregoing assumptions and table VIII-1 is 
presented in the following table: 

A. S. T. M. 
A. S. T. M. Supercharge in- 

F Fuel blend Aviation dicated mean 
performance effective 

number pressu 
(lb/sq inre.) 

76 percent triptane + 24 percent isopentane + 4 ml
145 455 

85 percent alkylate + 15 percent isopentane + 4 ml 
TEL/gal-------------------------------------------

121 200 TEL/gal-------------------------------------------
92 percent virgin base + 8 percent isopentane + 4 ml 

TEL/gal------------------------------------------- 78 142

The triangular chart shown in figure VIII-17 (a) was 
obtained by treating these three blends (all of which have 
Reid vapor pressures of 7 lb/sq in.) as separate components 
by the procedure used in preparing figure VIII-16. Any 
point on figure VIII-17 (a) represents the A. S. T. AI. 
Aviation and the A. S. T. Al. Supercharge performance 
number of a quaternary blend. The actual quantity of each 
component in the blend, however, cannot be readily de-
termined from the chart because the percentages given on 
the altitudes of the triangle show only the amounts of the 
binary blends at the vertexes. For this reason, the grid of 
the chart was so adjusted, as shown in figure VIII-17 (b), 
that the quantity of any one of the four components in the 
blend could be read directly from the chart. 

As an illustration of the method for determining the com-

position of a fuel in figure VIII-17 (b), suppose that it is 
desired to prepare a blend of triptane, aviation alkylate, 
virgin base stock, and isopentane having a lean-rich rating 
of 130/180. The concentrations of t.riptarie, alkylate, and 
virgin base in the blend having the desired rating can be 
read directly from the altitudes of the triangle in the manner 
used in previous charts. These concentrations are 48, 19, 
and 13 percent., respectively. The concentration of iso-
pentane can be determined by subtracting the sum of the 
percentages of the other components from 100. 

Performance charts for other quaternary systems are pre-
sented in figure VIII-18. The experimental value for the 
Reid vapor pressure of diisopropyl (table VIII-1) is 7.4; 
however, in preparing figures VIII-18 (b) to VIII-18 (d), a 
value of 7.0 was assumed for this fuel. 

Accuracy of performance charts.—The accuracy of the 
charts was determined by selecting ternary or quaternary 
blends from the various charts and testing these blends by 
the standard A. S. T. M. Aviation and A. S. T. M. Super-
charge procedures. Inasmuch as the rich ratings shown on 
the charts were estimated at a fuel-air ratio of 0.11, the 
check ratings were determined at this same fuel-air ratio. 

The check blends tested are shown with their ratings in 
table VIII-2. These blends are also shown on the various 
charts (appendix B and figs. VIII-12 (c), VIII-16, and 
VIII-18 (a) to VIII-18 (c)) by the symbols. The fuel 
numbers shown adjacent to each of the symbols on the 
charts correspond to the fuel numbers given in this table. 

Triptane +4 m/ TEL/gal 

(a) Blends of triptane, aviation alkylate, hot-acid octane, and isopentane. 

FIGURE VIII-18.—Blending charts for quaternary blends by A. S. T. M. Aviation and A. S. T. M. Supercharge methods. Reid vapor pressure, approximately 7 pounds per square inch; 
A. S. T. 55. Supercharge fuel-air ratio, 0.11. (Fig. 12 of reference 12.) Percentage isopentane can be determined by subtracting sum of percentages of other components from 100. 
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(b) Blends of triptane, aviation alkylate, diisopropyl, and isopentane. 

FIGURE VI11-18.—Continued. Blending charts for quaternary blends by A. S. T. M. Aviation and A. S. T. M. Supercharge methods. Reid vapor pressure, approximately 7 pounds per 
square inch; A. S. P. M. Supercharge fuel-air ratio, 0.11. (Fig. 12 of reference 12.) Percentage isopentane can be determined by subtracting sum of percentages of other components 
from 100.

Trip Lane +4rn/ TEL/gal

Hot -acid octone/J\\/\/ Y X A /i1A/ ',{ /J\/ "-s ' \ D,isopropy/ 
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(c) Blends of triptane, hot-acid octane, diisopropyl, and isopentane. 

FIGURE V11I-18.—Continued. Blending charts for quaternary blends by A. S. T. M. Aviation and A. S. T. M. Supercharge methods. Reid vapor pressure, approximately 7 pounds per 
square inch; A. S. P. M. Supercharge fuel-air ratio, 0.11. (Fig. 12 of reference 12.) Percentage isopentane can be determined by subtracting sum of percentages of other components 
from 100.
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Diisopropyl +4 ml TEL/gal 

(d) Blends of diisopropyl, aviation alkylate, hot-acid octane, and isopentane. 

FIGURE VIII-18.—Concluded. Blending charts for quaternary blends by A. S. T. M. Aviation and A. S. T. M. Supercharge methods. Reid vapor pressure, approximately 7 pounds per 
square inch; A. S. P. M. Supercharge fuel-air ratio, 0.11. (Fig. 12 of reference 12.) Percentage isopentane can be determined by subtracting sum of percentages of other components 
from 100. 
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FIGURE VIII-19.—Comparison of estimated and observed knock-limited performance ratings 
determined by A. S. T. M. Aviation and A. S. T. M. Supercharge methods. A. S. P. M. 
Supercharge fuel-air ratio, 0.11. (Fig. 13 of reference 12.)

All the data in table VIII-2 are presented in figure VIII-19 
to show the relation between estimated and observed per-
formance numbers. For the 25 blends shown in figure 
VIII-19, the average deviation from the match line was 3.1 
performance numbers for the lean ratings and 1.5 for the 
rich ratings. 

In consideration of the accuracy of the charts it must be 
emphasized that the previously mentioned discrepancies 
noted in the lean ratings of binary blends containing aro-
matics are responsible for some of the large deviations in 
table VIII-2. 

Discussion of performance charts.—The performance 
charts prepared in connection with this chapter can be used 
for certain general comparisons of paraffins, aromatics, and 
ethers. In figure VIII-16, for example, at the point repre- 
senting a blend of 80 percent aviation a.lkylate, 20 percent 
virgin base stock, and 4 ml TEL per gallon, the lean-rich 
rating is 110/122. If a straight line is followed from this 
point toward the triptane vertex until 20 percent triptane 
has been added, the rating becomes 118/145. The addition 
of 20 percent triptane to the base blend has thus increased 
the lean rating of the base blend by 8 performance numbers 
and the rich rating by 23. If, however, the chart for ben-
zene (appendix B, fig. B–i (d)) with the same base stocks 
is examined, it is seen that a 20-percent addition of benzene 
changes the rating of the starting blend from 110/122 to 
106/146. The addition of 20 percent benzene has therefore 
decreased the lean rating by 4 performance numbers, whereas 
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TABLE VIII-2.—A. S. T. M. AVIATION AND A. S. T. M. SUPER-
CHARGE PERFORMANCE RATINGS OF TERNARY AND 
QUATERNARY FUEL BLENDS 

[The following abbreviations are used throughout the table: VBS for virgin base stock; 
alkylate for aviation alkylate; one-pass stock for one-pass catalytic stock; and MTB ether 
for methyl lert-butyl ether] 

- Performance numbers 

A.S.T.Al. A.S.T.Al. 
Fuel File leomposilion Aviation Supercharge 

ratings ratings b 

Esti- Oh- Esti- Ob- 
mated served mated served 

Ternary blends 

A-477-. 59% hot-acid Octane+25% VBS+16% 
alkylate -------------------------------- 112 110 150 149 

A-487- 11% hot-acid octane+48% V13S+41% 
alkylate -------------------------------- 98 90 110 111 

A-233 - 20% triptane+5% VBS+75% alkylate 	 -.
- 
126 126 150 151 

A-235. 29% triptane+20% VBS+51%alkylate--- 119 120 150 151 
A-234.. 38% triptane+357, VB S+27%alkyla te --- 114 115 150 150 
A-466- 43 070 triptane+280/, VBS+29% alkylate.. 119 116 160 158 
A-481 12% triptane+l4% VBS+74%alkylate --- 116 117 140 142 
A-486. - 13070 triptane+61% VBS+26% alkylate.. 95 93 110 112 
A-478- - 43%	 diisopropyl12%	 VBS+45%	 al-

-

123 122 150 150 
A-524. - 34%	 diisopropyl+52%	 VBS+14%	 al-

kylate ---------------------------------- 103 101 120 121 
A-483-- 56% neohexane+14% VBS+30% alkylate 131 124 140 140 
A-523 -

kylate-----------------------------------

12% neohexane+43% VBS+45% alkylate. 102 103 110 111 
A-482 23% benzene+34% VBS+43% alkylate 97 100 140 139 
A-522 - 47% benzene+41 0/, VBS+12% alkylate

--

87 77 160 154 
A-484-- 14% tOluene+54% VBS+32% alkylate.... 92 97 130 130 
A-521.... 23% tOluene+17% VBS+60 07, alkylate. 107 106 160 156 
A-520. - 33% MTB . ether+55% VBS+12% xl-

kylate ---------------------------------- 106 108 160 154 
A-539-. 6% MTI3 ether+59% VBS+35% alkylate

-

94 99 110 111 
A-470-- 55%	 hot-acid	 octane+13%	 one-pass 

stock+32% alkylate -------------------- 118 118 160 159 
A-471 35% triptane+45% one-pass stock+20% 

alkylate --------------------------------

-

lOS 111 160 159 
A-480. - 20% triptane+16% one-pass stock+64%

-

alkylate -------------------------------- 117 112 150 150 
A-555. 39% diisopropyl+24% one-pass slock+

-

37% alkylate ---------------------------

-

-lIS 115 150 150 

Quaternary blends 

A-472-- 19%	 triptane+lO%	 hot-acid	 octane+ 
52.5% alkylate+18.5% isopentane ------- 128 131 100 157 

A-474-- 11.5%	 triptane+25.5%	 diisopropyl+ 
50.5% alkylate+12.5% isopentane ------- 130 136 160 159 

A-473 - - 34%	 diisopropyl+12.5%	 hot-acid	 oc

-

tane+41.5% alkylate+52% isopentane.

-

129 131 159 159

a Each fuel contains approximately 4 ml TEL/gal. 
Ratings made at fuel-air ratio of 0.11. 

the rich rating has been increased by 24. From this com-
parison it follows that in this example the aromatic (benzene) 
and the paraffin (triptane) are equally effective for increas-

ing the A. S. T. Al. Supercharge (rich) performance but that 
trip tane is more effective than benzene for improving lean 
performance.
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CHAPTER IX 

FUEL VOLATILITY 

A number of problems arise from the influence of fuel 
volatility on engine and aircraft performance. Among these 
are vapor lock, mixture distribution, ease of starting, cold 
weather operation, and vaporization loss. In order to per-
mit reasonable control of these factors, fuel specifications 
include provisions for regulation of volatility. The particu-
lar limits establishe(l on the volatility characteristics of fuels 
are based on numerous laboratory investigations and con-
siderable service experience. Some of the laboratory re- 
searches on volatilit y characteristics of fuel are described in 
this chapter.

MIXTURE DISTRIBUTION 

In multicylinder engines an important requisite of good 
performance is uniform distribution of the fuel-air charge to 
the individual cylinders. However, design factors relating 
to engine induction systems (for example, intake manifolds, 
carburetors, and superchargers) tend to make the problem 
of distribution one of varying significance with each particu-
lar engine. Aside from the undesirable effect on general 
engine operation, nonuniform distribution increases fuel con-
sumption and cooling requirements and decreases over-all 
knock limits. For a given engine and a fuel of given vola-
tility, the mixture distribution is affected by over-all fuel-air 
ratio of the engine, engine speed, supercharger gear ratio, 
charge weight flow or engine power, throttle setting, and 
combustion-air inlet temperature. The investigation of refer-
ence 1 illustrates the degree to which these engine variables 
may affect mixture distribution. 

Distribution of fuel-air mixture to the various cylinders was 
determined by exhaust-gas analysis (reference 2) by an ml- - 
proved sampling technique reported by Cook and Olson 
(reference 3). The engine used was an 18-cylinder, double-
row, radial air-cooled engine installed on a test stand and 
fitted with a flight cowling. (See fig. IX-1.) The engine 
was equipped with a single-stage supercharger with low and 
high gear ratios of 7.6 and 9.45, respectively. Additional 
installation details may he found in reference 1. 

The carburetor-deck pressure was maintained atmospheric 
and the throttle setting was varied to maintain fixed power 
for the tests in which the over-all fuel-air ratio, the engine 
speed, the power, or the intake-air temperature was varied. 
(See reference 1.) The results therefore show the effect of 
both the variable under investigation and the associated 
variation of throttle setting and are representative of normal 
sea-level performance. When the engine power and speed 
were varied, one of the most important influences on mixture-
distribution changes was the variation in throttle angle re-
sulting from atmospheric carburetor-deck pressure. During 
the tests of varying throttle setting, the carburetor-deck 
pressure was changed to maintain constant power; operation 
at altitude was thereby simulated.

IX I	 I ft-I iift ftIji 'i I_i	 I	 i 

Effect of over-all fuel-air ratio on mixture distribution.---
in figure IX-2 the influence of over-all fuel-air ratio on dis-
tribution is illustrated. It is readily seen in this figure that 
the distribution is best at lean fuel-air ratios. The difference 
between the richest and the leanest cylinders at an over-all 
fuel-air ratio of 0.101 is reduced from 0.032 to 0.003 at an 
over-all fuel-air ratio of 0.059. This general trend was found 
to he true at all operating con(litions, although the magnitude 
of the differences varied. The trend is attributed to the 
fact that more nearly complete fuel evaporation occurs at 
low fuel flows where the irregularities of distribution caused 
by the concentration of fuel droplets are reduced. (See 
reference 1.) 
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(a) Engine power, 800 brake horsepower; over-all fuel-air ratio, 0.106. 
(b) Engine power, 1000 brake horsepower; over-all fuel-air ratio, 0.110. 

FIGURE IX-3.—Variation of mixture distribution with engine speed. (Fig. 9 of reference 1.)
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Figure IX-4.—Variation of mixture distribution with supercharger gear ratio. Engine 
speed, 2000 rpm; engine power, 800 brake horsepower. (Fig. 10 (a) of reference 1.) 
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FIGURE IX-5.—Variation of mixture distribution with engine power. Engine speed, 2200 
rpm; over-all fuel-air ratio, 0.089; low supercharger gear ratio. (Fig. 11(h) of reference 1.) 
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FIGURE IX-6.—Variation of mixture distribution with throttle setting. Over-all fuel-air 
ratio, 0.100: low supercharger gear ratio. (Fig. 12(a) of reference 1.) 

Effect of engine speed on mixture distribution.—The re-
suits of tests at low supercharger gear ratio indicated that 
the variation of mixture strength between the richest and 
the leanest cylinders is not appreciably affected by changes 
of engine speed between 1600 and 2400 rpm (fig. IX-3) 
despite the accompanying variation in throttle angles. The 
general shape of the distribution patterns does vary some-
what. For example, in figure IX-3 two peaks may be seen 
occurring in the neighborhood of cylinders 10 and 16 at low 
engine speed. The peak near cylinder 16 is diminished whereas 
that near cylinder 10 becomes more prominent as the speed 
increases. At high speeds each of the maximum points tends 
to move to the adjacent cylinder in a direction opposite that 
of the impeller rotation, that is, from cylinders 10 and 16 to 
cylinders 8 and 14, respectively. 

Effect of supercharger gear ratio on mixture distribution.—
The effect of supercharger gear ratio on mixture distribution 
is shown in figure IX-4. At the high supercharger gear ratio, 
the mixture distribution was considerably improved over the 
distribution at low gear ratio. It was suggested in reference 
1 that the more nearly uniform mixture distribution at the 
higher impeller speeds was due to the higher combustion-air 
temperature and the resulting-bétter evaporation of the fuel 
passing through the supercharger as well as from the more 
thorough mixing at the diffuser entranèe. It should be re-
called, however, that in the preceding- discussion no effect 
on mixture distribution was found when the impeller speed 
was increased by increasing engine speed at constant super-
charger gear ratio. 
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FIGURE IX-7.—Variation of mixture distribution with carburetor-deek temperature. Engine 
speed. 2,200 rpm; engine power, 1000 brake horsepower; approximate over-all fuel-air ratio, 
0.100; low supercharger gear ratio. (Fig. 14 of reference 1.) 
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FIGURE IX-8.—Effect of fuel-air ratio on fuel consumption at various engine speeds. Engine 
power, 800 brake horsepower; low supercharger gear ratio. (Fig. 17 of reference 1.) 

Effect of variation of power on mixture distribution.-
Mixture-distribution curves for various values of brake 
horsepower are shown in figure IX-5 for an over-all fuel-air 
ratio of 0.089. The differences in mixture strength between 
the. richest and leanest cylinder are not greatly affected by 
power level. Similar results were obtained at over-all fuel-
air ratios leaner and richer than 0.089. 

Effect of throttle setting on mixture distribution.—Tests 
were conducted at different throttle settings to determine the 
change in mixture distribution. The results obtained at one 
fuel-air ratio are shown in figure IX--6. The most significant 
differences in the distribution pattern were observed at the 
low power conditions. At 800 brake horsepower, for example, 
cylinder 14, the leanest cylinder at sea-level throttle setting, 
became the richest cylinder at wide-open throttle. 

Although the mixture distribution patterns were different 
at the various power levels and throttle settings, no trend of 
improvement in distribution was apparent. 
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FIGURE IX-9.—Relation between over-all fuel-air ratio and fuel-air ratio of leanest cylinder.
(Fig. 16 of reference 1.) 

Effect of combustion-air temperature on mixture distri-
bution .—Mixture distribution patterns for carburetor-deck 
temperatures of 45°, 90°, and 134° F are shown in figure 
IX-7. The general shapes of the curves in this figure are 
similar, but the differences between the richest and leanest 
cylinders decrease with increasing carburetor-deck temper-
ature. This trend may be attributed to increased fuel 
evaporation at the higher temperatures and the resulting 
better mixing of fuel and air. 

Effect of mixture distribution on fuel consumption.—In a 
multicylinder engine, operation With nonuniform distribu-
tion results in higher fuel consumption. The relation be-
tween brake specific fuel consumption and fuel-air ratio 
(fig. IX-8) is such that the over-all brake specific fuel con-
sumption for nonuniform mixture distribution is necessarily 
greater than that for uniform distribution. Calculations 
(reference 1) indicated, however, that the difference is more 
pronounced when the poor distribution is obtained at a lean 
over-all fuel-air ratio. If mixture distribution is uniform, 
the brake specific fuel consumption of the entire engine is 
the same as that of each cylinder inasmuch as the fuel-air 
ratio for each cylinder is equal to that of the engine average. 

If the extent to which tile over-all fuel-air ratio may be 
reduced is (because of detonation or cooling) determined by 
the leanest cylinder, the effect of nonuniform mixture dis-
tribution is important. The relation between the fuel-air 
ratio of the leanest cylinder ard the over-all fuel-air ratio is 
presented in figure IX-9. Also shown is the curve represent-
ing uniform distribution. At any given value of the abscissa

the difference between tile two curves represents the increase 
in over-all fuel-air ratio required by nonuniform distribution 
to attain a given value of fuel-air ratio for the leanest cylinder. 

Inasmuch as the mixture distribution is more nearly uni-
form at low over-all fuel-air ratios (fig. IX-2), the differences 
between the over-all fuel-air ratio and that of the leanest 
cylinder (fig. IX-9) decrease with decreasing mixture 
strength. 

IMPROVEMENT OF MIXTURE DISTRIBUTION BY MECHANICAL CHANGES 

One approach to the problem of elimination of nonuniform 
distribution is through the use of improved induction devices 
to permit introduction of more nearly vaporized fuel to the 
intake manifold. An investigation (reference 4) conducted 
by the NACA (luring World War II was concerned with the 
development of an inject ion-t ype impeller that would im-
prove the uniformity of fuel-air mixture and tIlUS promote 
more uniform distribution to the engine cylinders. 

Injection impeller.—The variation in fuel-air ratio among 
the engine cylinders is influenced b centrifugal and gravita-
tional separation of fuel droplets from the air as well as by 
coarse, nonuniform injection of fuel into the air stream. 
Consequently, an improvement in distribution can be 
achieved by injecting the fuel at a point where the fuel 
droplets are least likely to separate from the combustion 
an- and at the same time by eliminating the coarse droplets 
present in the charge-air stream. 

The impeller developed in reference 4 was designed to 
avoid the causes of nonuniform distribution by injecting 
fuel near the impeller outlet, where elbow and carburetor 
disturbances are at a minimum and where high velocit y and 
turbulent conditions might be utilized to reduce the effect 
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FIGURE IX-10.—Injection impeller. (Fig. 2 of reference £) 
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of gravitational forces and to provide better mixing and 
fuel evaporation. The impeller (fig. TX—b) is a centrifugal 
impeller modified to act as a fuel distributor as well as a 
supercharger. The fuel passages discharge from a centrally 
located supply chamber into the air passages at a point 
sufficiently near the impeller tip to avoid fuel impingement 
on the stationary shroud. Fuel is discharged with a centrifu-
gal force that exceeds the gravitational forces; consequently, 
a uniform peripheral fuel discharge from the impeller is 
attained. 

Metered fuel passes from the carburetor to a stationary 
nozzle ring, instead of feeding to the conventional carburetor 
spray bar, and is delivered from the ring into a collector cup 
that rotates with the impeller. Between the nozzle ring 
and the collector cup is an air gap which eliminates surging 
in the system. The fuel flows by centrifugal action through 
the collector cup and the impeller transfer passages to the 
fuel-distribution annulus. From the annulus the fuel is 
thrown through the radial holes into the air stream. 

A comparison of the mixture distribution resulting from 
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FIGURE IX-11.—Effect of injection Impeller on mixture distribution of engine 
at various engine powers and Speeds. (Fig. 6 of reference 4.)
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FIGURE IX-12.—Effect of injection impeller on mixture distribution of engine at reduced
fuel flows. (Fig. 7 of reference 4.) 

a standard carburetor spray bar with that from the injection 

impeller is presented in figure EX-11. A summary of the 

data from this figure is given in table TX-1. 

At 1200, 1500, and 1700 brake horsepower (table IX-1), 

the mixture spread was considerably less with the injection 

impeller than with the standard carburetor spray bar; how-

ever, at 2000 brake horsepower the improvement was less 

noticeable. The poorer showing at 2000 horsepower is 

attributed in reference 4 to the fact that the impeller does 

not operate as satisfactorily at the higher fuel flows, whereas 

TABLE IX-1.—EFFECT OF INJECTION IMPELLER ON 

MIXTURE DISTRIBUTION 

Fuel-air ratio 

Brake horsepower 1200 1200 1700 2000 

Method of fuel 
injection

Stand- 
ard 

spray 
bar

Injec- 
tion 

impel- 
ler

Stand- 
ard 

spray 
bar

Injec- 
tion 

impel- 
Icr

Stand- 
ard 

spray 
bar

Injec- 
tion 

impel- 
icr	 .

Stand- 
ard 

spray 
bar

I Injec. 
tion 

impel-
ler 

0.079 0.076 0.102 0.098 0.103 0.093 0.109 0.110 
Maximum--------

Minimum ------- 0.061 0.070 0.076 0.088 0.085 0.092 0.095 0.098 

Spread ---------- -

--

0.018 0.006 0.020 0.010 0.018 0.006 0.014 0.012 

Reproduced from reference 4. 
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the spray bar apparently provides better mixture distribu-
tion at the higher flows. 

A comparison of the mixture distribution at reduced fuel 
flows for the injection impeller with the mixture distribution 
at higher fuel flows for the standard spray bar is shown in 
figure IX-12. A summary of the data from this figure is 
given in table IX-2. 

For 1500 and 2000 brake horsepower (table IX-2), the 
variations in mixture distribution with the impeller at 
reduced fuel flows are much smaller than the variations at 
higher fuel flows (table IX-1). At 1700 brake horsepower 
the variations are greater. On the basis of these data it 
was suggested (reference 4) that the ability of the injection 
impeller to overcome the effects of gravitational and centrifu-
gal fuel separation is inhibited at high powers and fuel flows 

ZD 

TABLE IX-2.—EFFECT OF INJECTION IMPELLER ON MIX-



TURE DISTRIBUTION AT REDUCED FUEL FLOWS 

Fuel-air ratio 

Brake horsepower	 1500	 1700	 2000 

Method of fuel injection
Standard 

bar topeller
Standard 

bar
impeller

Standard 
pray 
bar impeller 

Maximum. ------------ 0.102 0.077 0.103 0.094 0.109 0.090 

Minimum ------------

--

0.076 0.071 0.085 0.083 0.095 0.084 

Spread----------------

--

0.026 0.006 0.018 0.011 0.014 0.006

Reproduced from reference 4.

by some design factor, the effects of which are eliminated at 
reduced values of fuel flow. 

EFFECTS OF THREE FUEL-INJECTION METHODS ON MIXTURE
DISTRIBUTION WITH LOW-VOLATILITY FUEL 

In order to compare the effects of three methods of fuel in-
jection on engine performance, an investigation (reference 5) 
was conducted utilizing low-volatility fuel (so-called safety 
fuel). Low-volatility fuel has long been considered as a 
substitute fuel for conventional aviation gasoline to reduce 
the fire hazard in aircraft. Conventional gasoline, because 
of its high vapor pressure (Reid vapor pressure, 7 lb/sq in.), 
is much more easily vaporized in an induction system than 
is low-volatility fuel (Reid vapor pressure, 0.1 lb/sq in.); 
consequently, safety fuel, offers a more rigid test of injection 
methods. Physical properties for gasoline and low-vola-
tility fuel (reference 5) are compared in the following table: 

Property Gasoline Low-volatility 
fuel 

100/130 106/139 
4.55 4.63 

Flash point, close cup, °F--------------------------- 122 
Distillation range, °F:

320 
141 334 
205 346 
255 362 
332 384 

Grade----------------------------------------------------
Tetraethyl lead content, ml/gal ---------------------------

Freezing point, °F---------------------------------- Below —76 

90-percent evaporated---------------------------------

Belo-w —30

0.1 

Initial boiling point-----------------------------------108 
10-percent evaporated ---------------------------------

Residue, copper dish, mg/100 ml---------------------
— 
2.0 .2.0 

50-percent evaporated ---------------------------------

Accelerated gum content, mg/100 ml ----------------- 2.3 2.0 

Final boiling point------------------------------------

Accelerated gum precipitate, mg/100 ml

Belo-w —76 

0.2 0.6 

Reid vapor pressure, lb/sq in--------------------------7 

Sulfur content, percent------------------------------

- -

— 

0.012 0.0001 

- -

18740 18650 Heating value, Btu/lb---------------------------------
Hydrogen-carbon ratio------------------------------

-

0.165 
Specific gravity at 60	 F ----------------------------

0-.108 
-0.719 0.782

FIGURE IX-13.—Comparison of standard nozzle bar with impinging-jets nozzle bar. (All dimensions given in inches.) (Fig. 3 of reference 5.) 
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Previous investigations (references 6 and 7) have shown 
that low-volatility fuel can be utilized successfully in recip-
procating engines by direct injection into the cylinders. 
However, the complexities of a direct injection system can 
be avoided by better atomization of fuel and injection into 
the manifold. Aside from the injection impeller discussed 
in the preceding paragraphs, the NACA has investigated 
the impinging-jets nozzle bar as a means of achieving better 
fuel atomization. With the injection impeller, finely 
dispersed fuel enters the combustion-air stream near the 
impeller exit, whereas the impinging-jets nozzle bar in-
troduces the finely atomized fuel into the air stream immedi-
ately after the carburetor. A standard nozzle bar and 
the impinging-jets bar are compared in figure IX-13. In 
the standard bar are located 24 orifices as compared to 32 
for the impinging-jets bar. The orifices in the standard 
bar are larger and the fuel is discharged in less than half 
the length of the bar. These factors result in poorer atom 
iza.tion and only partial coverage of the combustion-air 
duct. The orifices in the impinging-jets bar are at right 
angles to each other and the sprays impinge to form finely 
atomized fuel.

In order to evaluate the three methods of injecting low-
volatility fuel, a standard mixture-distribution pattern was 
selected. This pattern was produced at various powers by 
injection of gasoline through the standard nozzle bar. 
Comparisons of mixture-distribution patterns for the three 
methods of injecting low-volatility fuel with the pattern for 
the standard gasoline test are shown in figure IX-14. The 
spreads in fuel-air ratio obtained in the standard engine 
were 0.017, 0.024, 0.021, and 0.023 at 1200, 1400, 1600, 
and 1800 brake horsepower, respectively. 

At 1200 brake horsepower (fig. IX-14(a)) the injection 
impeller gave a distribution pattern similar to that of the 
standard engine; the over-all spread in fuel-air ratio was 
slightly less than that of the standard engine. The other 
methods gave patterns somewhat different from those of 
the standard engine in that the over-all spreads in fuel-air 
ratio were greater. 

At 1400 brake horsepower (fig. IX-14(b)) the injection 
impeller again gave better distribution with low-volatility 
fuel than the standard engine did with gasoline; however, 
the impinging-jets bar was worse than the standard engine. 

(a) Engine speed, 2000 rpm; engine power, 1200 brake horsepower; approximate average 	 (c) Engine speed, 2200 rpm; engine power, 1600 brake horsepower; approximate average 
fuel-air ratio, 0.070.	 fuelair ratio, 0.087. 

(b) Engine speed, 2100 rpm; engine power, 1400 brake horsepower; approximate average 	 (d) Engine speed, 2300 rpm; engine power, 1800 brake horsepower; approximate average 
fuel-air ratio, 0.082. 	 fuel-air ratio, 0.091. 

FIGURE IX-14.—Comparison of mixture distribution obtained with various methods of fuel 	 FIGURE IX-14.—Concluded. Comparison of mixture distribution obtained with various 
injection. Combustion-air temperature, 100° F. (Fig. 6 of reference 5.) 	 methods of fuel injection. Combustion-air temperature. 100° F. (Fig. 6 of reference 5.) 
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Similar results were obtained at brake horsepowers of 1600 
and 1800 (figs. IX-14(c) and IX-14(d)). Complete data 
were not obtained at 1800 brake horsepower inasmuch as 
this power was unattainable with either the standard nozzle 
bar or.. the impinging-jets bar. 

It can be concluded from the foregoing data that the 
mixture-distribution patterns 'produced -by the injection 
impeller with low-volatility fuel are better than those found 
with a standard nozzle bar and gasoline as a fuel. 

EFFECTS OF FUEL VOLATILITY ON ENGINE PERFORMANCE 

The effect of fuel volatility on engine performance was 
investigated by White and Engelman (reference 8). Four 
fuels were tested over a range of inlet-air temperatures 
between 46° F and 72° F. In general the results of this 
study were inconclusive; however, the following summary 
is offered. 

The fuel having the lowest 90-percent point (A. S. T. M. 
Distillation Procedure D86-40) gave the best power and 
fuel economy. Differences in performance among the other 
fuels were relatively slight and could, not be attributed to 
differences in volatility. The 90-percent points of the 
four fuels were 255 0, 270 0, 295 0, and 306° F. The most 
volatile fuels were found to give more uniform mixture 
distribution. 

FUEL VAPOR LOSS FROM AIRCRAFT FUEL TANKS 

The development of high-altitude, long-range aircraft 
has resulted in considerable concern over the loss of fuel 
vapor through fuel tank vents during flight. The loss of 
fuel represents an increase in the fuel consumed during 
flight and thus causes a reduction in cruising range and load-
carrymg capacity.	 -

The variables affecting fuel vapor loss were evaluated in 
a series of simulated-flight tests (reference 9). A small 
fuel tank on a bench-test installation (fig. TX–is) was 
employed to facilitate instrumentation and handling of 
the equipment during the tests. A similar apparatus was 
installed in a twin-engine airplane in order to correlate 
simulated-flight data with actual-flight data (See fig. 
IX-16.) Details of the apparatus may be found in 
reference 9. 

Effect of rate of climb on fuel vapor loss.—The fuel in the 
tank (fig. IX-15) was subjected to simulated flights at rates 
of climb of 1000, 2000, and 4000 feet per minute to an altitude 
of 40,000 feet; the results are shown in figure IX-17. These 
data are replotted in figure IX-18 with fuel vapor loss as a 
function of altitude. At any given altitude the loss increased 
only slightly with increased rate of climb for the rates tested; 
however, the losses due to foaming at the higher rates of 
climb when the fuel tank is filled close to capacity were not. 
investigated.  

Effect of altitude on fuel vapor loss.—The variation of fuel 
vapor loss with altitude in figure IX-18 is linear above some 
critical altitude (the theoretical altitude at which fuel vapor 
loss begins). For this linear portion of the curve the following 
formula was derived (reference 9): 

L Z—Z. 
1.9 

where 
L fuel vapor loss, percent 
Z	 altitude, in 1000 feet - 
Z, critical altitude, in 1000 feet (intersect-ion of linear 

portion of loss-against--altitude curve with base line, 
fig. IX-18) 
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FIGURE IX-15.--Bench-test installation for determination of fuel vapor loss under simulated flight conditions. (Fig. 1 of reference 9.) 
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FIGURE IX-16. Flight-test installation for detc 

Effects of initial fuel temperature on fuel vapor loss.—
The effect of initial fuel temperature on fuel vapor loss is 
shown in figure IX-19. These results were obtained from 
simulated flight tests in which the condition of climb to 
30,000 feet was investigated for each of the initial fuel 
temperatures shown on the figure. These data have been 
replotted in figure IX-20 to illustrate the variation of fuel 
vapor loss at the end of climb with initial fuel temperature. 
Above a fuel temperature of about 70° F the loss varies 
linearly with fuel temperature. It was suggested in reference 
9 that the fuel vapor loss during climb to an altitude of

rmimitionof Fuel vapor loss. (Fig. 2 of reference 9.) 

30,000 feet at initial fuel temperatures above 70° F could 
possibly be predicted from the following equation: 

L=K(T— T) 
where 
L fuel vapor loss, percent 
T initial fuel temperature, °F 
T temperature above which loss varies linearly with 

temperature (intersection of linear portion of curve in 
fig. IX-20 with abscissa), °F. 

K constant (0.18 percent per °F, from fig. IX-20)
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FIGURE IX-17.—Fuel vapor loss during simulated flights to 40,000 feet at various rates of 
climb. (Fig. 7 of reference 9) 
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FIGURE IX-18.—Variation of fuel vapor loss with altitude during simulated flights at various 
rates of climb. (Fig. 8 of reference 9.) 

Effect of fuel weathering on fuel vapor loss.—Several suc-
cessive standard simulated flights were made on the same 
tank of fuel in order to determine the effect of weathering on 
vapor loss. (See fig. IX-21.) In this particular test the total 
volume loss of fuel resulting from the three simulated flights 
was about 20 percent. The effects of such losses on fuel 
properties are discussed later in. this chapter. 

Effects of fuel agitation on fuel vapor loss.—An attempt 
was made in reference 9 to determine the effects of agitation 
on vapor loss. The effects of low-amplitude vibrations were 
investigated by vibrating the tank vertically during a 
simulated flight. The tank was vibrated at frequencies of 
168 and 120 cycles per second at amplitudes of 0.0009 and 
0.0018 inch, respectively. An air-operated vibrator attached 
to the tank was used for this purpose. This type of vibration 
had no significant effect on fuel vapor loss. 

The effect of turbulence on vapor loss was investigated 
(reference 9) by use of a three-bladed propeller installed in 
the tank. This mechanism simulated the turbulence arising 
from use of submerged fuel booster pumps. Two series of 
tests were made: one in which the fuel was thrust downward, 
and another in which the fuel was thrust upward. The results 
are shown in figure IX-22. For the range of speeds investi-
gated the fuel vapor loss increased with speed irrespective of 
the direction of thrust. 

A third method of agitation was investigated in which the 
fuel tank was oscillated to simulate sloshing of the fuel during 
flight. The tank was rocked through an angle of 50 at rates

I .. iflflhiiNii 
• •••........ 

•RtiiURIURRUMEN •iiiiiiii 
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FIGURE IX-19.—Variation of fuel vapor loss with initial fuel temperature, during simulated 
-	 flight. (Fig. 11 of reference 9.) 
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FIGURE IX-20.--Variation of fuel vapor loss at end of climb period with initial fuel temper-



ature during simulated flight. (Fig. 12 of reference 9.) 

of 40 and 60 cycles per minute. Fuel vapor loss was increased 
(fig. IX-23) by this method of agitation. 

Flight correlation.—A comparison was made between the 
flight and bench-test apparatuses used for determination of 
fuel vapor loss. (See reference 9.) The flight paths followed 
in these tests are shown in figure IX-24. In both cases the 
initial fuel temperature was 108° F. The fuel vapor loss 
resulting from each of the two methods is shown in figure 
IX-25. The difference in vapor loss measured by the two 
methods was about 0.06 percent. 

EFFECT OF FUEL VAPOR LOSS ON INSPECTION 
PROPERTIES OF AVIATION FUELS 

The effects of fuel vapor loss on the properties of two 
typical service fuels (AN-F--28 (28-R) and AN-F-33 (33-R)) 
were investigated in reference 10. These fuels were weathered 
in a simulated-altitude apparatus shown diagrammatically 
in figure IX-26. This apparatus represents an improvement 
over the apparatus described in the preceding section of this 
chapter. (See fig. IX-15.) 
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fuelsample. (Fig. 13 of reference 9.) 
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FIGURE IX-22.—Fuel vapor loss at end of standard simulated flight with induced fuel tur-
bulence produced by rotating propeller with blade angle at 30'. (Fig. 17 of reference 9.) 
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FIGURE IX-23.—Fuel vapor loss during standard simulated flight with fuel tank oscillated 
through angle of 5°. (Fig. 18 of reference 9.) 

The fuels were weathered during a simulated flight con-
sisting of climb at. a rate of 1000 feet per minute to an 
altitude of 30,000 feet. The altitude of 30,000 feet was 
maintained for approximately 10 minutes after the end of 
the climb. Because fuel vapor loss is dependent on the 
temperature (fig. IX-19) of the fuel in an airplane tank at 
the time of take-off, two initial fuel temperatures (90° and 
130° F) were used in the weathering tests of each fuel. 

The data obtained from the weathering tests indicated 
that with 28-R about 3.6 percent (by weight) of the fuel was 
lost during a simulated flight in which the initial fuel temper-

21 3637-53--40

FIGURE IX-24.-Flight paths followed for both simulated and actual flight tests. (Fig. 19 
of reference 9.) 
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FIGURE IX-25.—Fuel vapor loss during simulated and actual flights. (Fig. 20 of reference 9.) 
Initial fuel temperature. 108° F. 

ature was 90° F. For an initial temperature of 130° F the 
loss was about 12.8 percent. With 33-R the losses were 
about 3.5 and 14.3 percent at temperatures of 90° and 130° F, 
respectively. 

Inspection data for both weathered and unweathered fuel 
samples are shown in table IX-3. The data in this table 
show that, as a result of the weathering loss, the distillation 
temperatures were increased and the Reid vapor pressures 
decreased. The greatest increase in distillation temperature 
occurred in the. low temperature range. Specific gravities, 
aromatic concentrations, and tetraethyl lead concentrations 
were increased. 

If the data for the weathered samples are compared with 
the specification limits, it is seen that the samples of 28-R 
and 33-R fuels, weathered from an initial temperature of 
90° F, meet the requirements with the exception of lead 
concentrations. The 50-percent-evaporated temperature for 
33-R is about 3 0 higher than permitted, but this difference is 
within the precision of the A. S. rj M. distillation procedure. 

For an initial fuel temperature of 130° F the weathered 
sample of 28-R still meets the requirements with the excep- 
tion of tetraethyl lead concentration, whereas 33-R is 
unacceptable because of the high 50-percent-evaporated 
temperature as well as the high tetraethyl lead concentration. 
Both weathered samples have a Reid vapor pressure of 4.6 
pounds per square inch, which is a lower value than that of 
most aviation fuels. Under current aviation-fuel specifica-
tions, a low Reid vapor pressure is permissible as long as the 
low-end distillation temperatures are within the specified 
limits. 

/4 

q)

IL 

'I) 
0

Q



610	 REPORT 1026-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TABLE IX-3.-INSPECTION DATA FOR WEATHERED AND UNWEATHERED SAMPLES OF 28-R AND 33-R FUELS 

28-R 33-R 

Weathered Weathered 
AN-F--28 Unweath-  AN-F-33 Unweath- 

specifications ered specifications cred 
b 900 F b1300 b9°F b13OF 

Tetraethyl lead, mi/gal ---------------------------------------------------- 4.6 (max.) 4.61 4.81 5.49 4.6 (max.)	 4.53 4.72 5.29 
Specific gravity 6O/60°F -------------------------------------------------- --0.725 0.720 0.739 0.708 0.710 0.718 
Reid vapor pressure, lb/sq in -----------------------------------------------

--

------------- 

7.0 (max.) 6.6 6.0 4.6 7.0 (max.)	 6.6 5.9 4.6 
Aromatics, precent by volume ---------------------------------------------

--

------------- -15.1 15.3 17.7 7 8 7.7 9.3 

A. S. T. M. distillation 

Percentage evaporated Temperature, 0 F 

0--------------------------------------------------------------------------- 
10 109 196 117 J3 504 116 
40

167 (max.) 137 142 160 167(max) 134 140 163 -------------------------------------------------------------------------- 
50

167 (miii .) 194 200 213 167 (min.) 196 204 220 
90

221 (max.) 213 217 225 221 (max.) 219 224 232 

----------------------------------------------------------------------------

--------------------------------------------------------------------------

----
--

294 (max.) 
356 (max.)

274 
322

276 
326

283 
330 356 (max.)

272 
344

274 
349

279 
357 

----------------------------------------------------------------------------

End pOint-------------------------------------------------------------------
307 (mm.) 350

275(-- nsax.) 

359 385 307 (min.) 353 364 305 Sum of 10- and 50-percent points---------------------------------------------

Residue, percent ------------------------------------------------------------ --1.5 (max.) 0.6 0.6 0.4. 1.5 (max.) 0.9 0.9 0.8 
Loss, percent -------------------------------------------------------------- - 1.5(max.) 1.4 1.4 0.8 1.5(max.) 1.1 1.1 0.7

Table I of reference 10. 
b Temperature of fuel at start of simulated flight. 
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FIGURE IX-26.-Simulated-altitude bench-test installation for determination of fuel vapor loss. (Fig. 1 of reference 10.) 
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In an earlier investigation (reference 11) an equation was 
derived to permit estimation of fuel vapor loss by change in 
specific gravity.

L=K(A-A0) 
where 
L percentage fuel loss 
A final specific gravity of fuel at 200 C (68° F) 
A0 initial specific gravity of fuel at 20° C (68° F) 
K constant, characteristic of each fuel 

The values of the constant K were evaluated (reference 11) 
for the six fuels used in this study and were plotted against 
the initial specific gravity (A0) in figure IX-27. 

EFFECT OF FUEL VAPOR LOSS ON KNOCK-LIMITED PERFORMANCE 

The A. S. T. M. Aviation (lean) and A. S. T. M. Super- 
charge (rich) antiknock ratings for 28-B ;and 33 -R are 
shown in the following table (reference 10). Two rows of 
ratings are given for each fuel. The first row is milliliters 
of tetraethyl lead per gallon in S reference fuel and the 
second row is performance number. The A. S. T. M. 
Aviation ratings determined for unweathered 28-R and 
33-R are higher than the nominal ratings for these fuels. 

Fuel Condition
A.S.T.M. 
Aviation 

rating

A.S.T.M. 
Supercharge 

rating 

28-R 1.28 Nominal rating--------------------------------------0 -- 
100 130 

2S-R tJnweathered------------------------------------- -0.08 1.31 
103 130 

28- R Weathered (0000 F) ------------------------------- -0. 10 1.31 
104 130 

28-R Weathered ( . 130°F) ------------------------------ - 0.07 1.22 
103 133 

33-R Nominal rating ----------------------------------- 0.47 2.78 
US 145 

33-It Unweathered ------------------------------------ 0.68 2.08 
120 144 

33-R

-

0.72 2.67 

--

121 144 
33-R

Weathered ( . 30°F) ------------------------------- -

0.75 2.92 Weathered	 130' F.) -------------------------------
121 146

Temperature of fuel at start of simulated flight. 

The data indicate that the loss of fuel vapor resulting 
from weathering has little or no effect on the ratings of the 
two fuels. If the changes in ratings can be assumed to be 
significant, the A. S. T. M. Aviation and A. S. T. M. Super-
charge performance numbers of both fuels increase slightly. 
These comparisons should be valid inasmuch as the data 
were obtained on the same operating day. 
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CHAPTER X 

INTERNAL COOLING 

Over a period of years, improvements in fuel performance 
have made it necessar y to improve engine-cooling facilities 
in order to take full advantage of power potentialities of a 
given fuel. Cooling studies (reference 1) indicate that more 
and more heat must be disposed of through the engine walls 
as the specific power output of the engine is increased. If 
adequate cooling is assumed to be solel y dependent on heat 
transfer through the cylinder walls, the search for better 
engine cooling is a continuing process accompan ying the 
ever-increasing antiknock quality of conventional fuels. 
Although these comments pertain primaril y to air-cooled 
engines, the same might be said of liquid-cooled engines ill 
regard to radiator size and cooling drag. 

Complete dependency on heat transfer through cylinder 
walls for adequate cooling can, however, be avoided b y a 
method commonl y called internal cooling. Internal cooling 
may be defined as the injection of an auxiliar y liquid into 
the fuel-air charge at some point before the engine intake 
port. A desirable liquid for internal cooling should have a 
high latent heat of vaporization, since the more heat ex-
tracted from the charge fuel-air mixture, the greater the 
cooling attained. The reduction in temperature of the 
mixture achieved b y the use of an internal coolant will 
result in lower c ylinder temperatures and will extend the 
knock-free performance range. In addition to the advan- 
tage of increased permissible power, two other goals in the 
use of internal coolants are savings in fuel and savings in 
total liquid consumption. 

Each of these objectives may be sought ill itself by disre-
garding changes in the other two or it ma y he sought in com-
bination with one or both of the others in an effort to balance 
advantages against disadvantages. The most outstanding 
advantage of internal cooling is, however, the increase in 
knock-limited or cooling-limited power that it makes 
possible. 

Where gasoline shortages exist because of out-of-the-way 
destinations of transportr airplanes or because of air routes 
requiring transportation b y air of the gasoline used, the 
possibility of savings in gasoline is particularly pertinent. 
Such savings ma y result from the use of internal cooling 
rather than fuel enrichment to suppress knock at high 

Fie,rRE X-I.—Intake manifold with water spray bars in position. (Fig. 1 of reference 4.)

power output. In this case water would be the most effi-
cient internal coolant if freezing temperatures were not en-
countered in the internal-coolant system. Temperatures 
below freezing would necessitate either the addition of a 
freezing-point depressant or the use of a lagged or heated 
water system. Special cases and requirements must ob-
viously determine which of these methods is most advan-
tageous. 

The material that appears in the succeeding portions of 
this chapter considers onl y the case of internal cooling where-
in the coolant is injected at some point in the intake-air sys-
tem of the engine. 'Water injection was treated briefly in 
chapter I, however, where it was found that knock could be 
suppressed in an engine b y injection of water directl y into 
the combustion end 'one. This method was suggested as 
a means of economi. ing on the quantity of coolant that 
might be required to reduce knock. 

EFFECT OF INTERNAL COOLANTS ON ENGINE PERFORMANCE 

Several investigations (references 2 to 4) have been con-
ducted b y the N ACA in which the effectiveness of internal 
cooling with respect to knock-limited and temperature-
limited performace has been illustrated. In one of these 
investigations (reference 4) a V-t ype 12-cylinder liquid-
cooled aircraft engine was used as the test engine. 

Water was continuousl y injected through 12 spray bars 
inserted into the intake manifolds through holes drilled in 
the top of the manifolds about 1 inch back from the faces of 
the manifold mounting flanges, as shown in figure X-1. 
The spra y bars (fig. X-2) were of % 2 -inch-diameter, stainless 
steel tubing about 2 inches long with six holes, each 0.016 
inch in diameter, arranged in two of three holes each, to 
spra y water directly into each intake port. Water was 
applied to the spra y bars by individual lines front a tank, 
which Wi kept ufl(IeI' pl'essurl' With compressed cii'. 

FIGURE X-2.--(Ioseup of witer spra y bar iiisyrty,1 in intake manifold. (Fig. 2 1 reference 4.) 
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With this injection system, knock-limited performance 
data. were obtained at carburetor-air temperatures of . 158°, 
101 0 , and 50° F (fig. X-3). In figure X-3 (a) the peaks of 
the knock-limited bra.ke horsepower -curves occur at succes-
sively leaner mixtures as the water-fuel ratio is increased. 
At a. water-fuel ratid of 0.6, a rapid decrease in knock-limited 
power was found as the fuel-air ratio was increased beyond 
about 0.092. Similar results were found at the other car-
buretor-air temperatures; however, at a carburetor-air tem-
perature of 50° F (fig. X-3 (c)) the sharp decline in knock-
limited brake horsepower at a water-fuel ratio of 0.6 occurred 
at fuel-air ratios greater than 0.08. 

At the three carburetor-air temperatures investigated, the 
brake specific fuel consumption was lower with water injec-
tion than without at fuel-air ratios leaner than 0.092. This 

1.4 
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L  
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t-

.6 

.4 

(a) Carburetor-air temperature, 158° F. (Fig. 4 of reference 4.) 

FIGURE X-3.—Knock-limited performance with water injection. V-type 12-cylinder liquid.
cooled engine; fuel, AN-F-28, Amendment-2; engine speed, 3000 rpm.

Fuel-air ratio 

(b) Carburetor-air temperature, 103° F. (Fig. 5 of reference 4.) 

FIGURE X-3.—Continued. Knock-limited performance with water injection. V-type
12-cylinder liquid-cooled engine; fuel, AN-F-28, Amendment-2; engine speed, 3000 rpm. 

reduction is caused partly by increased mechanical efficiency 
of the engine at the high power outputs attainable with 
water injection. 

Cross plots of the data in figure X-3 are shown in figure 
X-4 for two fuel-air ratios. With the exception of the data 
at 0.095 fuel-air ratio and 50° F carburetor-air temperature, 
increases of water-fuel ratio resulted in increases of knock-
limited brake horsepower. For the excepted data, water-
fuel ratios greater than 0.45 resulted in a decrease of knock-
limited power. 

The effect of internal cooling on cylinder-head tempera-
tures was also observed in reference 4. The average cylinder-
head temperatures for the engine are shown in figure X-5 as a 
function of water-fuel ratio and knock-limited power. It is 
apparent in this figure that as the water-fuel ratio increases, 
the power increases continuously; however, the cylinder-
head temperatures pass through a maximum. The water-
fuel ratio at which this maximum occurs increases as the 
carburetor-air temperature increases. 
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Fuel-air rötio 

(c) Carburetor-air temperature, 50 F. (Fig. 6 of reference 4.) 

FIC.URE X-3.—Concluded. Knock-limited performance with water injection. V-type 
12-cylinder liquid-cooled engine; fuel, AN-F-28, Amendment-2; engine speed, 3000 rpm. 

Effect of internal cooling on fuel consumption.—Under 
high-power cruise operation, over-all fuel enrichment may 
be necessary in order to prevent an increase in cylinder tem-
peratures beyond the specified maximum. This practice ob-
viously results in higher fuel consumption than would ordi-
narily be desired in the interest of range considerations. 
However, the same end result can be achieved by adding 
additional fuel only to the hottest cylinders. 

This fact is substantiated by results obtained in an unpub-
lished NACA investigation conducted in an air-cooled engine. 
The results indicated that lower brake specific fuel consump-
tions could be obtained at high cruising power, with no in-
crease in maximum rear-spark-plug-gasket temperatures, by 
injecting additional fuel to the hottest cylinders and operating 
the engine in automatic-lean mixture setting instead of the 
automatic-rich mixture setting usually recommended. The 
fuel savings varied between 6 and 10 percent for two engines 
tested in flight and one engine tested in an altitude wind 
tunnel. It was found, however, that little or no fuel saving

is realized when additional fuel js supplied to the hot cylinders 
unless the temperature spread among the cylinders before 
enrichment is very large. 

Another investigation conducted in an air-cooled engine 
(reference 5) showed that further gains in fuel economy 
could be achieved by using water instead of fuel to cool the 
hottest cylinders. In this particular study, it was found that 
the use of water instead of excess fuel to maintain engine 
temperature limits at powers normally requiring a fuel-air 
ratio of about 0.09 resulted in a decrease of approximately 

0	 .1	 .3	 .4	 .5	 .6'
Water-fuel ratio 

FIr.uRE X-4.----Variation of knock-limited brake horsepower with water-fuel ratio for three 
carburetor-air temperatures and two fuel-air ratios. V-type 12-cylinder liquid-cooled 
engine; fuel, AN-F-28, Amendment-2; engine speed, 3000 rpm. Cross plot from figure 
X-3. (Fig. 14 of reference 4.) 

26 percent in brake specific fuel consumption with an in-
crease of about 3 percent in brake specific liquid consumption. 

It is obvious from the foregoing discussion that water 
injection in aircraft engines permits temperature-limited 
cruising powers to be reached at reduced engine speeds and 
increased brake mean effective pressures with fuel-air mix-
tures very near that for maximum economy. Furthermore, 
significant improvements in fuel consumption can be at-
tained without appreciable increases in over-all liquid con-
sumption. 

-a 
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These findings have been further substantiated by a study 
reported in reference 6 iii which it was found that for typical 
air-cooled aircraft engines operating under cruising conditions 
in which overheating is ordinaril y prevented by enriching 
the fuel-air mixture to the entire engine, the fuel consump-
tion may be reduced 7 to 31 percent by adding water or fuel 
to only the overheated cvlintlers. 

Effect of internal cooling on spark-advance requirements.—
Internal cooling can also be utilized to take advantage of 
gains that may be achieved by retarding the spark timing 
of an engine. This fact was demonstrated in an investiga-
tion (reference 7) conducted in a liquid-cooled single-cylinder 
test engine. Two positions were used for the injection of 
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Fir. t'aE X-5.—Variation of average cylinder-head temperature with water-fuel ratio at knock-
limited power for three carburetor-air temperatures. v-type 12-cylinder liquid-cooled 
engine; fuel, AN-F-28, Amendment-2; engine speed, 3000 rpm. (Fig. 13 of reference 4.) 
Numbers on curves are values of knock-limited brake horsepower. 

internal coolant: position A before thevaporization tank 
and position B at the intake elbow, in both positions the 
coolant was discharged downstream. The positions of 
injection are illustrated in figure X-6. 

The effect of internal-coolant--fuel ratio on spark advance 
for peak power is shown in figure X-7. For both t ypes of 
injection, the spark advance required for peak power was 
greater when the coolant was injected before the vaporiza-
tion tank than at the injection elbow; however, the difference 
was small when a 50 : 50 mixture of water and ethyl alcohol 
was used as tile coolant. This result indicates that the 
water, when injected before the vaporization tank and 
allowed to mix thoroughl y with the fuel-air mixture, slowed 
the flame speed more than when injected at the intake elbow.

Inlet-or 
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-Fuel-injection nozzle 
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w - 

	

.	 1 - Baffles 

- - -Inlet-air pi-e55ure tap 
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'--Surge tnL	 -	
L 

Fierg E X-.—Induction system used with multicylinder-block adapCation to CUE crank-



case showing two positions of internal-coolant nozzle. (Fig. 2 of reference 7). 

The flame speed was slowed to about the same degree 
regardless of injection position for the 50 : 50 mixture of 
water and ethyl alcohol. 

At the same internal-coolant--fuel ratios (fig. X-7) and for 
the same coolant injector location, the water—ethyl-alcohol 
mixture retarded burning less than the injection of pure 
water. This difference can be attributed to the fact that 
the alcohol is a fuel and as such is contributing to thecom-
bustion process. 

In figure X-8 is illustrated the effect of internal-coolant-
fuel ratio on the mixture temperatures corresponding to the 
data of figure X-7. The data for figure X-8 represent 
the case in which the coolants were injected ahead of the 
vaporization tank. The mixture temperature decreased 
until the fuel-air mixture became saturated and for further 
additions of coolant beyond this point the mixture tempera-
ture remained constant. In a similar manner, the power at 
peak-power spark advance increased because of the increased 
charge weight inducted into the cylinder until the internal-
coolant—fuel ratio for saturation was reached, at which 
point the power leveled off. (See fig. X-9.) Beyond the 
point of complete saturation the additional cooling of 
the mixture must occur after the intake valves close, which 
makes it impossible to increase engine power through an 
effect on air flow. Further additions of coolant, caused a 
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FIGURE X-7.—Effect of internal coolant-fuel ratio on spark advance for peak power for two 
internal coolants and two positions of injection. Single-cylinder adaptation of multicyl-
inder engine to CUE crankcase; compression ratio, 6.65; engine speed, 3000 rpm; fuel-air 
ratio 0.08; inlet-oil temperature, 185° F; outlet-coolant temperature, 2500 F; inlet-air tem-
perature, 250° F; inlet-air pressure, 50 inches of mercury absolute. (Fig. 11 of reference 7.) 

decrease in the power obtainable at peak-power spark 
advance because some heat of vaporization was extracted 
from the air during the compression stroke; decreased cycle 
efficiency resulted. The power increase at peak-power spark 
advance was small when coolant was injected at the intake 
elbow (fig. X-9) because so little time was available for 
charge cooling before the intake valves closed. 

The percentage loss in power at various values of spark 
advance over that obtained by using peak-power spark ad-
vance is shown in figure X-10 for each internal-coolant--
fuel ratio investigated. The data in this figure indicate that 
operation with normal spark timing at a given coolant-fuel 
ratio and position of injection results in a power loss approxi-
mately twice as high for water as for the mixture of water 
and-ethyl alcohol. 

USE OF INTERNAL COOLING FOR INCREASED TAKE-OFF POWER 

In 1944 an analysis was made by the NACA to evaluate 
the use of internal cooling as a means of increasing take-off 
power. This study (reference 8) was made for four airplanes 
to determine the effects of a 25-percent increase in take-off 
power, on the take-off load of the airplane. The operating

characteristics of the airplanes considered are presented in 
the following table: 

Airplane horse- 
e 

ower

Normal fuel 
capacity _________

Gross 
weight 

of 
airpls.ne 

(lb) (gal) (lb) 

4800 1433 8598 41,000 
2000 210 1260 11,870 

Heavy bomber------------------------------
Pursuit-------------------------------------

bo Torpedo	 mber- ----- -------------- 1700 301 1806 15,364 
Shipboard fighter---------------------------

-
2000 344 2064 12,577 

For these airplanes the estimated increase in take-off load 
for a 25-percent increase in take-off power is as follows: 

Load Load Usable Usable Percentage 
Airplane increase 

(percent)
increase 

(lb
load 

increase
load 

(gal of
increase 
(gal of 

(lb) gasoline) gasoline) 

Heavy bomber -------- 11.5 4710 3631 427 30 Pursuit --------------- 12.0 1430 1097 129 65 Torpedo bomber ------

-

10.5 
-

l6JO 1300 153 51 Shipboard fighter
-

10.5 1320 1037 122 36

Is'

Internal coolani-
Wafer 
Water and ethyl alcohol 
(50:50 by weigirt) 

I	 I	 I	 Ix	 I 

J'.....,.-...-.._....I 	 "i 

U	 .,	 dl	 .6	 .&	 1.0 
Internal coo/ant-fuel rofa 

FIGURE X-8.-----Effect of internal coolant-fuel ratio on mixture temperature for two internal 
coolants injected before the vaporization tank. Single-cylinder adaptation of multicylinder 
engine to CUE crankcase; compression ratio, 6.65; engine speed, 3000 rpm; fuel-air ratio, 
0.03; inlet-oil temperature, 185° F; outlet :coolant temperature, 250° F; inlet-air temperature, 
250° F; inlet-air pressure, 50 inches of mercury absolute. (Fig. 12 of reference 7.) 
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FIGURE X-9.—Effect of internal coolant-fuel ratio on engine power at spark advance for 
peak power for two internal coolants and two positions of injection. Single-cylinder adap-
tation of multicylinder engine to CUE crankcase; compression ratio, 6.65; engine speed, 
3000 rpm; fuel-air ratio, 0.05; inlet-oil temperature, 185° F; outlet-coolant temperature, 
250° F; inlet-air temperature, 250° F; inlet-air pressure, 50 inches of mercury absolute. (Fig. 
13 of reference 7.) 

The data presented in the foregoing table indicate that 
marked increases in the usable load, or in this usable load 
translated into gallons of gasoline, may be achieved through 
use of internal cooling for 25-percent increased take-off power. 
These numerical estimates are necessarily dependent upon 
the assumed values for many factors. For example, these 
particular calculations include the following assumptions: 

(1) that 0.78 pound of coolant per pound of fuel is 
required to produce a 25-percent increase in take-off 
power. This quantity of coolant is about 45 percent 
higher than is indicated by experimental data in 
order to provide a factor of safety in the calculations. 

(2) that sufficient coolant is provided for 5-minute 
operation 

(3)(3) that the increase in propeller weight for the addi-
tional power output is about 100 pounds 

(4) that the coolant system exclusive of the tank weight. 
is about 75 pounds.
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EMEMMEME EMINIMMMIMME 
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MENNERINNEEMOM MEN 
Inlet 2828 30	 32 . 34 36 38 40 42 
Exhaust 34 36 38 40 42 44 46 48 

Spark advance, deg B. TC. 

(a) Water. 
(b) 50:50 Water-ethyl alcohol. 

FIGURE X-10.—Loss in power incurred by operating without peak-power spark advance for 
several internal coolant-fuel ratios and for two positions of injection. Single-cylinder 
adaptation of multicylinder engine to CUE crankcase; compression ratio, 6.65; engine speed. 
3000 rpm; fuel-air ratio, 0.08; inlet-oil temperature, 155° F; outlet-coolant temperature. 
250° F; inlet-air temperature, 250° F; inlet-air pressure, 50 inches of mercury absolute. (Fig. 
14 of reference 9.) 

Other details of the estimates may he found in reference 8.
In addition to the gains in usable load, certain gains may

he realized in rate of climb and take-off run. The increase
of 25 percent in take-off power indicated an increase in rate 
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of climb from 3100 to 4100 feet per minute up to an altitude 
of 12,000 feet for the pursuit-t ype airplane and 1600 to 2200 
feet per minute for the torpedo bomber. The estimated 
take-off distances for the four airplanes are as follows: 

Take-off dis-
Normal take-off tance 25-percent 

Airplane distance. increase in 
(It) take-off power 

(ft) 

1700 1300 
1300 1Q01) 

Heavy bomber---------------------------------------

3°0 200 
Pursuit----------------------------------------------
Torpedo bomber--------------------------------------
Shipboard fiehter ----------------------------- ------ 350 250 

(a) Air at different humidities into supercharger. 
(b) Dry air into supercharger. 

FIGURE X-11.-Relation between outlet-air temperature from supercharger and final tem-
perature of air when sufficient cooling water is inducted for saturation of air. Water 
inducted as a liquid at 60° F. (Fig. 7 of reference 9.) 

PRACTICAL ASPECTS OF INTAKE-AIR COOLING BY WATER INJECTION 

Inasmuch as the application of internal cooling to aircraft 
would necessarily require the installation of additional equip-
ment, consideration has been given to means by which in-
ternal cooling might be applied without significant increase in 
aircraft weight. Calculations have been made (reference 9) 
to determine the extent to which the engine intake air is 
cooled by water injection. The results of these calculations,

presented in figure X-11, indicate that the degree of cooling 
achieved by water injection is sufficient to permit the elimi-
nation of normal intercooling and after-cooling in the super-
charger. Consequently, the weight of equipment necessary 
for internal cooling might be offset by the elimination of the 
supercharger intercooler or aftercooler. 

Further calculations reported in reference 9 indicate that 
the water to be used as internal coolant can be obtained by 
recovery from the exhaust gas. Sufficient water can he 
recovered from 50 percent of the exhaust gas to provide an 
inducted water-fuel ratio of 0.5. 

EVALUATION OF VARIOUS LIQUIDS AS INTERNAL COOLANTS 

As part of the problem of applying internal cooling to 
aircraft, extensive investigations have been conducted to 
evaluate the performance of various liquids as internal cool- 
ants. One such investigation, reported in reference 10, 
compares the performance of (1) water, (2) methyl alcohol 
and water, (3) ammonia, methyl alcohol, and water, (4) 
monomethylarnine and water, (5) dimethylamine and water, 
and (6) trimethylamine and water. These studies were 
made on a high-speed supercharged CFR engine which is 
described in detail in reference 10. The internal coolant 
was continuously injected at room temperature into the 
injection elbow just above the fuel injection nozzle and 
parallel to the air flow. 

The results of the investigation summarized in table X-i 
indicate that when water is used as an internal coolant the 
greatest improvement in knock-limited performance of 
AN-F-28 fuel is achieved at lean fuel-air ratios. The mix-
ture of methyl alcohol and water is a slightly better coolant 
than water at lean mixtures but considerably better at rich 
mixtures. As pointed out earlier in this chapter, the methyl 
alcohol is a fuel and as such contributes to the combustion 
process as well as the cooling. Of the coolants listed in 
table X-1, mixtures of water with monomethylamine or 
dimethylamine showed the greatest improvements in the 
knock-limited performance of AN-F-28; the increases in 

TABLE X-L-IMPROVEMENT IN KNOCK-LIMITED ENGINE 
PERFORMANCE OF AN-F-28 FUEL ACHIEVED BY IN-
TERNAL COOLING 

[CFR engine; compression ratio, 7.0; engine speed, 2500 rpm; inlet-air temperature, 250° F; 
inlet-coolant temperature, 250° F; spark advance, 30 0 B. T. C.]. 

Internal coolant (0.5 lb/lb fuel)

Relative power ratio 
imep (fuel + internal coolant) 

imep (fuel alone) 

Fuel-air ratio 

0.05 0.06 0.08 0.09 

None -------------------------------------- 1.00 1.00 1.00 1.00 

Water ------------------------------------ 1. 14 1.52 1.41 1.28 

Methylalcohol and water (70:30 by volume)

--

1.51 1.59 1.80 1.75 

Monomethylamine and water (32:68 by 
weight) -------------------------------

--

1.98 • 1.81 • 1.86 •1.83 

Dirnethylamine and water (26:74byweigllc).

--

1.82 1.78 1.98

Afterliring encountered. 
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knock-limited indicated mean effective pressure ranged be-
tween 78 and 98 percent for different fuel-air ratios. The 
use of trimethylamine-water solution as an internal coolant 
lowered the knock-limited performance of AN-F-28. 

The addition of anhydrous ammonia to the solution of 
methyl alcohol and water before injection (reference 10) 
reduced the knock-inhibiting effects of the solution of methyl 
alcohol and water and promoted a.fterfiring. Afterfiring 
also occurred when monomethylamine-water Solution was 
used as an internal coolant (table X-1). 

The effect of inlet-air temperature on the knock-limited 
performance of the internal coolants discussed previously is 
also reported in reference 10. A summary of these data 
(table X-2) shows that the addition of water reduced the 
temperature sensitivity of AN-F--28 fuel. The other cool-
ants appeared to increase the sensitivity at lean fuel-air 
ratios but decreased the sensitivity at rich fuel-air ratios. 

Perhaps the most impressive example of the advantages 
found for the internal coolants evaluated in reference 10 is 
the knock-limited performance of monomethiylamine-water 
mixture at an inlet-air temperature of 150° F. This par-
ticular internal coolant, when added to AN-F-28 fuel, al-
lowed a knock-limited power of 1.96 horsepower per cubic 
inch of cylinder displacement (imep of 620 lb/sq in.) at a 
fuel-air ratio of 0.049. The corresponding indicated specific 
fuel and liquid consumptions were 0.37 and 0.55 pound per 
horsepower-hour, respectively. 

The investigations reported in reference 10 were conducted 
in an engine installation in which the range of operation was 
limited to a fuel flow of 30 pounds per hour and an inlet-air 
pressure of 150 inches of mercury absolute. Because of the 
continued interest in monomethylarnine and climetliylamine 
as internal coolants, the installation was later revised to 
extend the range of operation to a fuel flow of 80 pounds per 
hour and an inlet-air pressure of 225 inches of mercury 
absolute. Following these revisions the tests with mono-
methyla.mine and climethylamine were resumed; however, 
two engine cylinders were cracked when the knock-limited 
performance with the internal coolants reached a level of 700 

TABLE X-2.-EFFECT OF INLET-AIR TEMPERATURE ON 
KNOCK-LIMITED ENGINE PERFORMANCE OF AN-F-28 
FTJELTJSEDIN CONJUNCTION WITH IN TERN ALCOOLANTS 

ICFR engine; compression ratio, 7.0: engine speed, 2500 rpm; inlet-coolant temperature, 
5501 F: spark advance, 30° B. T. C. 

Internal coolant (0.5 lb/lb fuel) 

-

Intel) at inlet-air temperature of 150° F 

Intel) at i ilet-air temperature of 250° F 

Fuel-air ratio 

0.05 0.50 0.05 0.09 

None ------------------------------------- 1.24 1.46 1.32 1.20 

Water ------------------------------------- --I. 23 1. 11 1.09 

Methyl alcohol and water (70:30 by vol-

--

----- 

1.46 157 1.9-3 1.13 ume) ------------------------------------ ---

Monomethylamtne and water (32:05 by 
weight) ---------------------------------- 1.43 

1)imethylamine	 and	 water	 (20:74	 by 
weight) ----------------------------------

--

-1.42 1.51

Afterflriflg encountered at inlet-air temperature of 150° F.

TABLE X-3.-KNOCK-LIMITED RELATIVE POWERS RE-
SULTING FROM THE USE OF INTERNAL COOLANTS 
WITH AN-F-28 (AMENDMENT 2) FUEL 

[CFR engine; compression ratio, 7.0; engine speed. 2500 rpm; inlet-air temperature, 250° F; 
coolant temperature, 250° F: spark advance, 30° B. T. C.] 

Imep (fuel+tnternal coolant) 
Weight of Imep (fuel alone) 

coolant
Fuel-air ratio Internal coolant per pound 

of fuel 
(lb)

0.05 0.05 0.07 0.08 0.09 0.10 

None	 --------------------------- --------- --1.00 1.00 1.00 1.00 1.00 1.00 

water --------------------------- -0.25 
50

-- 
--

1.25 
1.48

1.21 
1.48

1.21 
1.37

1.16 
1.24

1.08 
1.13 

Monontethylamine and water 0.25 1.78 1.46 1.50 1.75 1.70 1. CO 
(32:68 by weight) .50 2.22 2.16 2.18 2.17 2.14 2.18 

Dimethylamitie and water (27:73 
by weight)

0.25 
.50

1.72 
1.62

1.42 
1.61

1.51 
2.02

1.59 
2.16

1.57 
2.24

1.55 
2.33 

.75 1.89 1.97 2.00 2.83 3.32

° Any contribution of the amines to the energy of combustion was entirely neglected in 
computing fuel flows. 

pounds per square inch. In order to resume the investiga- 
tion, a specially designed CFR cylinder was obtained to 
permit studies at the exceptionally high powers attained with 
monomethylamine and dimethylamine. The investigation 
was again resumed and virtually completed before the next 
engine failure occurred. 

In the extended study of the two internal coolants (refer-
ence 11) tests were conducted over a wider range of fuel-air 
ratio and at higher ratios of coolant to fuel. The results 
are summarized in table X-3. It is seen in this table that 
the amines are considerably better than water as internal 
coolants. Of the two amines examined, monomethylamine 
is superior to dimethylamine at coolant-fuel ratios of 0.25; 
however, at a coolant-fuel ratio of 0.50, monomethylamine is 
better than dimethylamine at lean fuel-air ratios but slightly 
poorer at rich fuel-air ratios. It is of interest to note that 
the injection of 0.75 pound of dimethylamine-water solution 
per pound of fuel permitted the attainment of a knock-limited 
indicated mean effective pressure of 967 pounds per square 
inch, corresponding to 3.05 indicated horsepower per cubic- 
inch displacement, at a fuel-air ratio of 0.092. Failure of a 
cylinder stud terminated the tests at this point; however, 
after an overhaul the tests were again resumed -and the 
cylinder wall failed at an indicated mean effective pressilre of 
895 pounds per square inch during a test with dimetityla-mine-
water solution at a coolant-fuel ratio of 0.75. 

During the investigation reported in reference 11 a run 
was made to determine the influence of exhaust back pressure 
on the knock-limited performance when dimethylamine-water 
solution was used as an internal coolant. The results indi-
cated that increases in exhaust back pressure had little or 
no effect on the performance at fuel-air ratios leaner than 
0.095. At richer fuel-air ratios serious decreases in power 
output were encountered and engine operation was quite 
rough. 

An examination of the data in reference 1. 1 indicated that 
for certain power levels in the rich-mixture range the follow-
ing combinations of internal coolants resulted in the lowest 
indicated specific liquid consumptions: 
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Corresponding Internal 
Ic:e ?'s''g' Internal coolant fcoiIant.. 

Below 220 0.44to0.53. None 
220to370 ----- 0.53to0.63 Monomethylaminesolution ------------- 0.25 
370 to 440 ----- 0.03 to O.7L.. Dimethylamine solution ---------------- .50 
440 to 960 -----

-
-
-0.71 to 1.10... Dimethylamine solution -----------------

-
-

.75 

The success of aliphatic amines as internal coolants, 
reported in references 10 and 11, led to further studies with 
other amines reported in reference 12. The additional 
amines evaluated were ethylenediamine, diethylamine, tn-
ethylamine, and butylamine. The results of the investiga-
tion (reference 12) are summarized in table X-4. 

It is apparent in table X-4 that of all the amines tested 
monomethylamine and dimethylamine still offer the greatest 
possibilities as internal coolants, although ethylenediamine 
does permit higher knock-free power at lean fuel-air ratios. 

In the investigation (reference 12) an effort was made to 
reach the highest possible knock-limited indicated mean 
effective pressure with dimethylamine. At a fuel-air ratio 
of 0.093 and a coolant-fuel ratio of 0.75, a knock-limited 
indicated mean effective pressure of 1024 pounds per square 
inch was attained. No engine failure occurred but this 
test was limited by the available intake-air supply. 

TABLE X-4.-RELATIVE KNOCK-LIMITED POWERS RE-
SULTING FROM USE OF INTERNAL-COOLANT ADDITIVES 
IN WATER AT COOLANT-FUEL RATIO 0F 0.50 

[CFR engine; fuel AN-F-28, Amendment-2; compression ratio, 7.0; engine speed, 2500 rpm; 
inlet-air temperature, 250° F; spark advance, 30 0 B. T. C.; jacket temperature, 250° Fl 

Internal-coolant additive

Additive 
in coolant 
solution 
(percent 

byweight)

Imep (fuel+water+additive) 
Imep (fuel+water alone) 

- Fuel-air ratios 
- 
0.05

-- 
0.06

- 
0.07

- 
0.08 0.60 0.10 

None----------------------------- 0 1.00 1.00 1.00 1.00 1.00 1.00 

Monomethylamine ----------------32 1.64 1.32 1.32 1.42 1.91 2.42 

26 1.54 1.41 1.46 1.82 2.08 2.58 

Ethylenediamine ---------------- 25 1.81 1.61 1.38 1.44 1.45 1.42 

Dimethylamine -------------------

Diethylamine- ------------------- 25 1.09 0.86 0.77 0.92 0.96 1.07 

Triethylamine -------------------

--

--

25 0.92 0.71 0.80 0.04 0.83 

Butylamine --------------------- --

--

25 1.02 0.82 0.90 0.93 0.93 0.96

° The amines were not considered as fuels and their heats of combustion were neglected in 
computing the fuel-air ratios. 

In a later investigation (reference 13) the following com-
pounds were evaluated as internal coolants; however, none 
were found to be as effective as monomethylamine, di-
methylamine, and ethylenecliamine: 

- Alkyl amines: 
Isopropylaminc 
Isobutylamine 
tert-Butylamine 
Monoamylamine 

Alkanolamines: 
Ethanolamine 
Diethanolamine 
2-Amino-2 -methyl-i -propanol 

Amides: 
Formamide

Amides-Continued 
N--Ethylformamide 
N -Ethylacetamide 
N-Ethylpropiónamide 
N-N-Dimethylformamide 
N,N -Diethylaceta.mide 

Heterocyclic compounds: 
2,2 -Dimethylethylenimine 
Morpholine 
Pyridine 
2 -Methylpyridine 
3-Methylpyridine 
4-Methylpyridine 
2 ,6-Dimethylpyridine 
2-17inylpyridine 

LEwIs FLIGHT PROPULSION LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

CLEVELAND, OHIO, May 15, 1951. 
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APPENDIX A

ADDITIONAL DATA ON PERFORMANCE OF VARIOUS FUELS 
TABLE A—l.—A. S. T. M. AVIATION AND A. S. T. M. SUPERCHARGE PERFO.MANCE NUMBERS OF LEADED AND UNLEADED 

BLENDS WITH ISOOCTANE AND WITH MIXED BASE FUEL CONSISTING OF 87.5 PERCENT (BY VOLUME) ISOOCTANE 
AND 12.5 PERCENT n-HEPTANE

(a) Paraffins and olefins. 

Performance number 

A. S. P. M. Aviation method A. S. T. M. Supercharge method 

Paraffins and oh-fins Formula Unleaded 4 ml TEL!gal 4 ml TEL/gal 

Volume percent paraffin or olefin in blend with Volume percent paraffin or olefin in blend with mised base fuel b 
isooctane 

10 20 10 20 10 25 50 10 25 50 

Paraffins  

2-Methylbutan-- -------------------------- 1	 CaHli
-

128 115 121 130 

2,2-Dimethylbutan 129 117 
117

122 
130

129 
147 

2,2,3-Trimetliylbutan-- -------------------- C7H 1 6 101 104 151 151 124 135 142 127 146 
114

200 
2,3-Dimethylpentane

--
88 145 118 —— 

2,2,3-Trimethylpentan--------------------- C811 1 8 —— 

----------

——
124

123 
127

141 
138

174 
166 2,3,3-Trimethylpentan---------------------

-

2,3Dimettiylbutan------------------------- ------ 129 

———— 122 118 132 147 2,3,4-Trimethylpentan-- ------------------- —

-- --

22,3,3Tetramethylpentan
96

84 
96 

-- -- - - 130 

145
128 
133 120 118 111

127 
125

156 
141

>230 
175 2,2,3.4Tetramethylpentane

-- - -- - --
-- ---------

118 111 110 108 2,2,4,4Tetramethylpentan-- --------------- 
2,3,3.4-Tetramethylpentane 93 93 137 131

--117 110 106 125 143 192 
2,4-l)imethyl-3-ethylpentane

---------- --------- 

86

--------- --------- 

140 115 ------------------- 127 

Olefins  

2,3-Dimethyl-2-pentene -------------------- -C7H14 78 108 100 117 

2,3,4-Trimethyl-2-pentene ------------------ CuB16 80 77 127 113 113 101 77 

------

112 
131

104 
146

77 
159 2,4,4-Trimethyl-1-pentene	 ----------------- 111 119 103 

3,4,4.Trimethyl-2-pentene

-
2,4,4Trimethyl2-pentene ------------------- ----------------------------------- 108 

96 92 
------------------------------------ los 

133 120 114 106 88 118 108 93 

(b) Aromatics. 

Performance number 

- A. S. T. M. Aviation method A. S. T. M. Supercharge method 

Aromatic Formula -	 Unleaded 4 ml TEL/gal 4 ml TEL/gal 

Volume percent aromatic in blend with isooctane -	 Volume percent aromatic in blend with mixed base fuel 

10 20 10 20 10 25 50 10 25 50 

Benzene ----------------------------------- —C6H6 96	 92 121 116 97±6 125 140 175 

Cull 94 139 121 117 113 128	 152 >290 Methylbenzene------------------------------

Ethylbenzene ----------------------------- C81110 97 
93

95 
86 136

138 
118

120 
113

119 
105

106 
84

130 
104

155 
101

>260 
112 1,2. Dimethylbenzene 

1,3. Dimethylbenzene 100 98 150 125. 123 122 131 166 297 
1,4-Dimethylbenzene 98 99 148 138 125 122 130 164 >300 

n .Propylbenzene --------------------------- C9H 1 1 96 93 146 126	 . 122 
122

118 127 
133

152 
153

205 
284 Isopropylbenzene -------------------------- 

l-Methyl-2-ethylbenzene
98

86 124
—

107 —— 124 
1-Methyl-3-ethylbenzene

-

96 88
142

1 22
124 

•	 120
—— 

134
16$ 
160 214 j.ethyl-4-ethylbenzene M

- --

85 

-------------------122 

— — 
115 105 104 l,2,3-Trimethylbenzene 

1,2,4-Trimethylbenzene 91 87

------- 

141

---

121 113 101

-

97 

-- --

107

--

113 147 
1,3,5-Trimethylbenzene 150 123 127 137 168 >300 

uu-Butylbenzene -----------------------------C1 0H 14 96 
97

89 
93

118 
120

118 
119

111 
116 

------

-	

123 
12.5

135 
144

156 
174 lsobutylbenzene --------------------------- 

sec-Butylbencene -------------------------- 93 146 138 123 122 112 125 147 
162

177 
287 fert-Butylbenzene -------------------------- 99 151 142 125 

1 26
127 
123

126 
113

135 
130 15$ 223 1 .Methyl-4. isopropylbenzene

------

98 95 
84

-------------
-------------

— 
125 107 — 124 1,2.Diethylbenzene

--96 
--98 

96 92

--------- 

145

---
123 136 16.5 226 1,3-Diethylbenzene------------------------- -----

1,4.Diethylbenzene 94 
95

136 
140 

------
119 
124

-- 

---

---163 
171 1,3.Dimethyl-5-ethylhenzene -- --— 

C11H16 93 141 125 
124

169 
176 l.Methyl-3.tert-butylbenzene----------------

1-Methyl-4-tert-butylbenzene 97 
95

142 
140 126 171 1.Methyl-3,5-diethylbenzene

------
------

1.3,5-Triethylbenzefle ---------------------- -CiuBis j	
93 140 122

------

j	
170

Performance numbers greater than 161 were determined as follows: imep of blend 
performance number= 161. imep of isooctane-j-6 ml TEL/gal 

A. S. T. M Aviation and A. S. P. M. Supercharge performance numbers of mixed base fuel, 120 and 112. respectively. 
A. S. P. M. Supercharge data for compound determined at an industrial laboratory; A. S. T. M. Aviation data determined at NACA Lewis laboratory.
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TABLE A-].-A. S. T. M. AVIATION AND A. S. T. M. SUPERCHARGE PERFORMANCE NUMBERS OF LEADED AND UNLEADED 
BLENDS WITH ISOOCTANE AND WITH MIXED BASE FUEL CONSISTING OF 87.5 PERCENT (BY VOLUME) ISOOCTANE 
AND 12.5 PERCENT n-HEPTANE -Concluded

(c) Ethers. 

-.

Performance number 

A. S. T. M Aviation method 	 A. S. T. Al. Supercharge method 

Ether Formula Unleaded	 4 ml TEL/gal 4 ml TEL/cal 

Volume percent aromatics in blend with isooctane Volume percent ether in blend with mixed base fuel 

10 20 10 20 10 25 50 10 2.5 50 

C5H120 
C511140

100 
100

102 
104

149 
157

153 
161

134 
140

143 150 137 175 250 
Isopropyl tert-butyl ether.................. 
Methyl phenyl ether (anisole)

C711160 
C711€O

103 104 160 161 137
144 
149

150 
160

1 32 
126

150 
150

185 
185 

Methyl tert-butyl other- .....................
Ethyl tert-butyl ether........................

-------------
CH10O

93 
99

90 
97

141 
140

121 
120

118 
120

107 
111

94 
100

125 
128

142 
146

137 
137 Methyl p-tolyl ether (p-methylanisole) 

m.Methylanjsole ---------------------------
C5H150 
c1n10o 

..

99 99 144 133 120 112 100 133 145 136 
o-Methylanisole ---------------------------- C8fl 10 0 

..

110 
82

147 

Ethyl phenyl ether (phenetole) ..............

ptert-Butylanisole ------------------------- 
n-Propyl phenyl ether --------------------- ..C953 12 0 

..
-------- 10 

.110
147 

Isopropyl phenyl ether ---------------------
.. 
..

110
149 
150 tert-Butyl phenyl ether....................

.-------- 
.............................................

107

.....................

137 Methyl benzyl ether .. --------------------- 
Isopropyl hcnzyl ether --------------------- . c 

..

52314o

... . ..

104

....................

111 
Phenyl methallyl ether --------------------

c.0n14 o 
.CSIIIO O 

c1512o

..............................................

119 
48

...................

140 
64 Methyl methallyl ether --------------------

CB 12 o	 ...............................................
...............................................

93

....................

....................

.

...............................................

...............................................

06

....................

1 02 Butyl methallylether ..................

.

CSHI O 
.

...............................................

106 109 
Isopropyl methallyl ether................... 
tert- . 
Dimethallyl ether -------------------------- c8n 4o 77 90 Methyl cyclopropyl ether................... 

.
c4n o 

Csnso	 ................................................
................................................

.................. . . .

76

.....................

...................2 

94 M Methyl cyclopentyl ether................... c ri 2o

...............................................

.................................................

80

...................

...................

83 MetherMethyl cyclohexyl	 ...................C711110
.............................................. 

..	 ........
.. ................... 

........ 
....................

........
79 Propylene oxide ............................

.................................... 

........................... 
csnoo	 .............................................. 

. . . . ..... . 
. .. . 

.106	 .........
. 
..........

..
. 

131 

Performance numbers greater than 161 were determined as follows: 
performance number=161- imep of blend - Imep of isooctane+6 ml TEL/gal b A. S. T. M. Aviation and A. S. T. M. Supercharge performance numbers of mixed base fuel, 120 and 112, respectively. Approximate value. 

TABLE A-2.-A. S. T. M. SUPERCHARGE KNOCK-LIMITED INDICATED MEAN EFFECTIVE PRESSURE RATIOS OF BLENDS 
WITH MIXED BASE FUEL CONSISTING OF 87.5 PERCENT (BY VOLUME) ISOOCTANE AND 12.5 PERCENT n-HEPTAYE+4 
ML TEL PER GALLON

IStandard conditions] 
(a) Paraffins and olefins. 

Paraffins and olelins Formula

Imep ratio 

Volume percent added paraffin or olefin in blend with mixed base fuel 

10 25 50 

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

Paraffins 

2,2,3-Tiimethylbutane	 ..................
2,3Dimethylpcntane ---------------------

C 7 53 15 
..---- 

1.02 . 1.05 1.08 1.09 1.11 1.12 
.96

1.21 
.96

1.26 
.98

1.29
1.00

1.30 
1.00

1.49 1.51 1.66 1.73 1.74 

2,2,3,3-Tetramethylpentane...
 

---------- ...
2,2,3,4-Tetramethylpentane 
2,3,3,4-Tetramethylpentane 
2,4-Dimethyl-3-ethylpentane - -- -----------

CmHSO
0.90 

.95 
--------------------- 

0.93 
.94 

......................
1.04 
1.03

1.08 
1.09

1.10 
1.11 

-----

0.83 
.85 
.87 

-1.05

0.83 
.88 
.84 

1.05

1.06 
1.05 
1.06 
1.07

1.31 
1.19 
1.23 
1.99

1.39 
1.24 
1.28 
1.10

0.88 
.75

0 .75 
.70

0.88 
1.06

1.46 
1.50

1.59 
1.76 

Olefins 

2,3-Dimethyl-2-pentene 0.75 0.79 0.88 0.95 1.02 
2,3,4-Tri moth yl-2-pentene-----------------CtH1m 
3,4,4-Trimethyl-2-pcntene

0.84 
.87

0.82	 0.92 
.87	 1.00

1.00 
1.02

1.00 
1.03

0.69 
.75

0.67 
.73

0.72 
.79

0.86 
.91

0.93 
.97

0.59 
.66

0.50 
.59

0.48 
.59

0.58 
.72

0.67 
.84

Imep ratio =	 knock-limited imep of blend with 4 ml TEL/gal 
knoct-limited imep of mixed base fuel with 4 ml TEL/gal 
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TABLE A-2.--A. S. T. M. SUPERCHARGE KNOCK-LIMITED INDICATED MEAN EFFECTIVE PRESSURE RATIOS OF BLENDS 
WITH MIXED BASE FUEL CONSISTING OF 87.5 PERCENT (BY VOLUME) ISOOCTANE AND 12.5 PERCENT n-HEPTANE+4 
ML TEL PER GALLON-Concluded

[Standard conditions] 
(b) Aromatics. 

Irnep ratio 

Volume percent aromatic in blend with mixed base fuel 

10 25 50 Aromatic Formula

Fuel-air ratio 

0.065 0.07 0.085 0.10	 0.11 0.065 0.07	 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

Benzene ---------------------------------- C6H6 1.03 1.01 1.04 1.05 1.07 1.06	 1.10 1.12 1.15 1.19	 0.74 0.73 1.23 1.39 1.51 

C7115 1.01 1.05 1.08 1.10 1.13 1.00 1.04 1.18 1.20 1.37 0.54 0.99 1.27 2.43 
-

C51110 1.06 1.07 1.11 1.12 1.14 1.02 1.08 1.21 1.29 1.37 0.99 1.07 1.44 1.71 
1,2-Dimethylbenzene.... .95 .94 .05 .92 .91 .76 .80 .89 .91 .91 .66 .73 .87 .95 1.00 
1,3-Dimethylbenzene --------------------- 1.02 1.12 1.15 1.16 .82 .98 1.33 1.45 1.51 .80 .92 1.72 2.36 2.70 

Methylbencene----------------------------

1,4-Dimethylbcnzene---------------------
-

.04 1.07 1.10 1.10 1.11 1.01 1.00 1.28 1.39 1.50 .94 1.03 1.57 2.83 

Ethylbenzene------------------------------

n-Propylbenzene ------------------------- CH 1 2 0.94 0.99 1.08 1.10 1.11 0.94 1.08 1.24 -	 .30 1.38 0.73 0.78 1.18 1.37 1.86 
Isopropylbenzcne -------------------------- 1.14 1.13 1.12 1.11 1.12 1.05 1.07 1.14 .23 1.30 .93 1.02 1.41 1.02 2.58 
1-Methyl-2-ethylbenzene .86 .01 1.03 .08 1.09 
1-Methyl-3ethylbenzen

--- .93

1.11 1.14 1.28 .40 1.47 

----

--

1.01 1.04 1.11 1.15 1.15 .08 1.01 1.21 .34 1.43 .93 .08 1.27 1.51 1.93 
1,2,3-Trimethylbenzene

----

.82 .85 .90 .93 .94 
1,2,4-Trimethyl benzene ------------------- .95 .98 .98 .97 .81 .85 1.02 1.03 1.02 .81 .83 1.04 1.21 1.34 
1-Methyl-4-cthylbenzene---------------------

1,3,5-Trimethylbenzene-------------------
- 

1.09 1.10 1.13 1.16 1.18 .94 .05 1.26 1.39 1.49 1.02 1.04 1.6..... 

n-Butylbenzene --------------------------

--- .92 

Cn II14 0.95 1. 08 1.04 1.07 1.08 0.87 0.96 1.12 1.16 1.18 0.77 0.91 1.23 1.34 1.42 
----

1.04 1.09 1.09 1.11 .81 .07 1.20 1.25 1.30 .00 1.02 1.28 1.44 1.59 
sec-Butylbenzene-------------------------

-
- 

1.01 .99 1.03 1.07 1.09 1.03 1.01 1.14 1.25 1.31 .98 .97 1.17 1.43 1.63 
tert-Butylbenzene ------------------------- 1.06 1.06 1.10 1.14 1.15 1.12 1.17 1.31 1.42 1.47 1.06 1.13 1.46 2.28 2.08 
1 -Me thyl-4-iso pro pylbenzcne 1.01 1.06 1.12 1.15 1.15 .91 1.03 1.23 1.34 1.43 .77 .87 1.35 1.84 2. 0.3 

Isobutylbenzenc-----------------------------OF 

1,2-Diethyl benzene -----------------------

----

.96 1.01 1.05 1.07 
1,3-Diethyl benzene -----------------------

----

1.04 1.09 1.18 1.18 1.19 .99 1.07 1.28 1.42 1.51 .82 .86 1.23 1.81 2.09 
1,4- Diethyl benzene 1. -10 1.13 1.22 1.34 1.4.5 
13-Dimethyl-5-ethylhenzene --------------

------- ----- ----- ----- ---93 

1.07 1.11 1.28 1.41 1.49 

1-Methyl-3-fert-butylbenzene -------------

----

-

Ciifln 

--------------

1.10 1.15 1.28 1.40 1.49 
-44 1-Methylert-butyl benzene -------------

--
--- 
--------------------------

--- 1.11 1.14 1.28 1.43 1.53 
1-Methyl-3, 5-diethylbenzene----------------- - -

------ --
------

- 
--- 1.10 1.15 1.27 1.39 1.50 

1,3,5-Tiiethyl benzene --------------------- -CuHu -------------------------- 1.07 1.11
J	

1.25 1.40 1.51 

(c) Ethers. 

Imep ratio 

Volume percent ether in blend with mixed base fuel 

10	 25 . Ether Formula

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

Methyl lert-butyl ether ----------------- --- -
Ethyl tert-butyl ether --------------------- 
Isopropyl tert-butyl ether ----------------- 
Methyl phenyl ether (anisole)------------ 
Ethyl phenyl ether (phenetole) ----------- 
Methyl p-tolyl ether (p-methylanisole) 
m-Methylanisole ------------------------- 
o-Methylanisole -------------------------- 
p4ea-Butylanisole-------------------------
n-Propyl phenly ether -------------------- 
Isopropyl phenyl ether ------------------- 
tert-Butyl phenyl ether --------------------
Methyl benzyl ether ---------------------- 
Isopropyl benzyl ether ------------------- 
Phenyl methallyl ether ------------------- 
Methyl methallyl ether ------------------ 
Isopropyl methallyl ether ---------------- 
tert-Butyl methallyl ether ---------------- 
Dimethallyl ether ------------------------ 
Methyl cyclopropyl ether ---------------- 
Methyl cyclopentyl ether ---------------- 
Methyl cyclohexyl ether ------------------ 
Propylene oxide --------------------------

CH 1 2O 
- -C 6 H 11 0 
- -C7H,60 
- -C7HSO 
- -CHjoO 

C8H100 
- -Cfl 1 oO 
- -CH0O 

C11H,60 
- -C9H 1 20 
- -C,H2O 

C1oBO 
- -CsH 1 0O 
-CroHu i O 
-C 1 0H,10 
-C5H,00 
-C7H 11 0 
-CsH16O 
-CsHO 
-C 4 HsO 
-C5111!O 
-C7H 11 0 
-C3H60

1.07 
1.13 
1.13 
.94 
.97 
.99 

----- 
----- 
----- 
-	 ---- 
----- 
----- 
----- 
----- 
----- 

----- 
----- 

-----

-	 ----

1.01 
1.12 
1.07 
.03 
.94 
.90 

----- 
----- 
----- 
----- 
----- 
----- 
----- 
-----	 ----- 
----- 

----- 
----- 

----- 

----- 

----------------------------

----------------------------
---------------------------- 

---------------------------

1.11 
1.14 
1.09 
1.03 
1.05 
1.05 

----- 
----- 
----- 
----- 
----- 
----- 
----- 

----- 

----- 
----- 

-----	 ----- 

-----	 ----- 

1.18 
1.16 
1.10 
1.07 
1.11 
1.13 

----- 
----- 
----- 
----- 
----- 
----- 
----- 
----- 
----- 

----- 
-----

1.21 
1.17 
1.11 
1.10 
1.12 
1.16 

----- 
----- 
----- 
----- 
----- 
----- 
----- 
----- 
----- 

----- 
----- 

----- 

-----

1.34 
1.37 
1.34 
.87 
.90 
.01 

--.97 
- - -.60 
- - -.95 

- 

-1.06 
--.99 
--.68 
- -.83 
--.95 
--.48 

(14 
--.77 
--.68 

64 

- ---
63 

----

1.13 
1.15 
1.26 
.72 
.81 
.74 
.90 
.52 
.91 

1.00 
.90 
.81 
.89 
.96 
.44 
.66 
.71 
.66 

-.58 
.57 
. 6 1 
.65 

----

1.39 
1.25 
1.24 
.96 

1.05 
.98 

1.07 
.57 
.94 

1.17 
1.05 
.92 
.95 

1.10 
.38 
.79 
.85 
.81 
.68 
.72 
.69 
.61 

- 

-1.01

1.52 
1.34 
1.29 
1.13 
1.21 
1.15 
1.21 

.75 
1.10 
1.27 
1.26 
1.06 

.96 
1.20 

.45 

.81 

.90 

.90 

.78 

.82 

.75 

.67 
1.12

1.59 
1.37 
1.132. 
1.25 
1.30 
1.20 
1.31 
.85 

1.32 
1.35 
1.35 
1.21 
.99 

1.24 
.54 
. 8.3 
.92 
.07 
.81 
.85 
.75 
.70 

1.15

2.22 
1.97 

5 b. 
.89 
.9.5 
.94

1.44 
1.25 
1.45 

. 6.3 

.6.5 

.63

1.85 
1.48 
1.45 

.55 

.64 

.56

2.08 
1.56 
1.53 
.92 
.96 
.98

2.34 
1.70 
1.86 
1.21 
1.21 
1.19

knock-limited imep of blend with 4 ml TEL/gal 
Imep ratio knock-limited imep of mixed base fuel with 4 ml TEL/gal 
Approximate value.
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TABLE A-1-17.6 ENGINE KNOCK-LIMITED INDICATED MEAN EFFECTIVE PRESSURE RATIOS OF UNLEADED 
BLENDS WITH ISOOCTANE 	 - 

[Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30° B. T. C.] 
(a) Paraffins and olefins. 	 - 

Paraffins and olefins Formula  

Imep ratio 

Inlet-air temperature, 250° F Inlet-air temperature, 100° F 

Volume percent added paraffin or olefin in blend with isooctane 

10 25 50 

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

Paraffins 

2,2,3-Trisnethylbutane -------- ------------ 
2,3-Dimethylpentane

-C7Hu 1.02 1.02 1.03 5.09 1.10 1.08 
.95

1.07 
.96

1.09 
.94

1.17 
.94

1.20 
.94

1.16 
.93

1.15 
.93

1.21 
.95

1.20 
.94

5.20 
.93 

2,2,3,3-Tetramethylpentane----- - ---- ------
2.2,3,4-Tetramethylpentane 
2,3,3,4-Tetramethylpentane 
2,4-Dimethyl-3-ethylpentan.e-------------- -

CaH2O
0.96 

.97 
---- 

---------- 
0. 90 

.98 
-----

1------ 
.01 

1.03 

-----

1.11 
--- 

1.06 

-----

1
-----
.13 

1.13 

-----

1.12 
.91 
.95 

-.99

1.14 
.91 
.96 

1.00

1.20 
1.00 
1.07 
1.00

1.32 
1.15 
1.16 
1.01

1.31 
1.22 
1.27 
1.00

1.23 
1.09 
1.17 
1.03

1.22 
1.10 
1.19 
1.02

1.27 
1.15 
1.22 
1.02

1.27 
1.21 
1.27 
.98

1.27 
1.22 
1.27 

.97 

Olefins 

2,3-Dimethyl-2-pentene ---------------- ---- CTHI4 0.99 0.99

1.01'

1.09 1.15 1.14 1.12 1.17 1.23 1.27 
2,3,4-Trimethyl-2-pentene ----------------- 
3,4,4-Trimethyl-2-pentene

-C83816 0.90 
.96

0.90 
.98 

------------

0.89 
.99

0.91 
1.00

0.96 
1.05

0.79 
.93

0.79 
.94

0.78 
.94

0.82 
.98

0.89 
1.06

0.95 
1.05

0.95 
1.04

0.96 
1.08

0.99 
1.16

1.02 
1.20 

(b) Aromatics. 

Imep ratio 

Inlet-air temperature, 250° F Inlet-air temperature, 100° F 

Volume percent aromatic in blend with isooctane 
Aromatic Formula 

- 10 25 50 - 

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

,Benzene ---------------------------------- C6H6 1.00 1.01 1.02 1.03 1.04 1.00 1.01 1.02 1.10 1.17 1.08 1.06 1.08 1.12 1.15 
Methylbeneene --------- ----------------- C7H8 1.04 1.02 1.05 1.08 1.11 1.04 1.02 1.11 1.21 1.26 1.05 1.07 1.18 1.21 1.24 
Ethylbenzene ---------------------------- 
l,2-Dimethylbenzene --------------------- 
1,3-Dimethylbenzene --------------------- 
1,4-Dimethylbenzene ---------------------

--

--

--CHio 
---.95 

----

1.02 

-.01

1.02 
.95 
.98 

-	 1.01

1.04 
.93 

1.03 
1.10

1.11 
.97 

1.07 
1.12

1.16 
1.00 

.1.08 
1.14

1.02 
.90 
.93 

1.04

1.00 
.89 
.94 

1.04

1.07 
.87 

1.08 
1.16

1.21 
.93 

1.14 
1.28

1.31 
.99 

1.18 
1.38

1.19 
.97 

1.14 
1.15

1.21 
.98 

1.15 
1.20

1.28 
1.00 
1.22 
1.29

1.35 
1.02 
1.35 
1.34

1.36 
1.06 
1.40 
1.40 

n-Propylbenzene ------------------------- 
Isopropylbenzenc ------------------------- 
1-Methyl-2-ethylbenzene 
1-Methyl-3-ethylbenzene-------------------
1-Methyl-4-ethylbenzene 
1,2,3-Trimethylbenzene 
1.2,4-Trimethylbenzene ------------------- 
1,3,5-Trimethylbenzene -------------------

---.97 

- - C9HI2 

.

0.99 
1.01 

1.00 

.91 

.96

0.99 
1.00 

1.00 

.93 

.98

1.00 
1.09 

1.05 

.95 
1.03

1.10 
1.14 

1.08 

.99 
1.15

1.16 
1.16 

1.09 

1.01 
1.21

0.99 
1.05 
1.03 
1.11 
1.00 
.97 
.87 
.91

0.99 
.98 

1.01 
1.11 
1.00 

.97 

.86 

.95

1.02 
1.07 
1.03 
1.21 
1.11 
.99 
.91 

1.08

1.15 
1.20 
1.07 
1.29 
1.14 
1.00 
.96 

1.27

1.23 
1.29 
1.10 
1.33 
1.18 
1.02 
1.05 
1.42

1.14 
1.15 
1.03 
1.28 
1.01 
1.04 
.96 

1.15

1.14 
1.20 
1.04 
1.31 
1.03 
1.03 

.95 
1.16

1.19 
1.29 
1.09 
1.39 
1.11 
1.05 
1.02 
1.31

1.30 
1.32 
1.08 
1.41 
1.17 
1.07 
1.07 
1.48

1.32 
1.34 
1.10 
143. 
1.21 
1.09 
1.10 
1.51 

n-Butylbenzene -------------------------- 
lsobutylbenzene -------------------------- 
sec-Butylbenzenc ------------------------- 
ert-Butylbenzene ------------------------ 

l-Methyl-4-isopropylbenzene 
1,2-Diethylbenzene 
l,3-Diethylbenzene ----------------------- 
1,4-Diethylbenzene 
l,3-Dimethyl-5-ethylbenzene --------------

- - --

----
----

-C1 0H 1 4 
--.98 
--.98 
--.98 

-- -

0.95 

.98 

- 

1.01

0.98 
.98 

1.00 
1.00 
.99 

1.01 

----- ----

0.97 
.99 

1.05 
1.05 
1.04 

1.05 

-----

0.99 
1.02 
1.08 
1.12 
1.07 

1.12 

-----	 ----- 

1.02 
1.07 
1.10 
1.19 
1.12 

1.19

0.93 
.97 
.98 
.95 
.94 

1.03 
1.05 
1.11 
1.10

0.96 
.94 
.99 
.95 
.95 

1.01 
1.04 
1.12 
1.07

0.96 
.96 

1.08 
1.08 
1.02 
1.03 
1.11 
1.23 
1.17

0.99 
1.03 
1.16 
1.15 
1.10 
1.08 
1.24 
1.34 
1.24

1.04 
1.11 
1.26 
1.27 
1.20 
1.11 
1.38 
1.41 
1.29

1.04 
1.10 
1.14 
1.24 
1.14 
1.04 
1.27 
1.32 
1.24

1.05 
1.11 
1.12 
1.23 
1.14 
1.06 
1.27 
1.33 
1.26

1.08 
1.15 
1.19 
1.32 
1.21 
1.11 
1.39 
1.41 
1.31

1.10 
1.19 
1.23 
1.41 
1.33 
1.11 
1.46 
1.44 
1.35

1.09 
1.20 
1.23 
1.43 
1.37 
1.12 
1.49 
1:41 
1.32 

l-Methyl-3-tert-butylbenzene--------------

1-i\Iethyl-3,5-diethylbenzene 
1-Methyl-4-tert-butylbenzene-------------- ------------

----------- 

C11H16 --------------

...

--

1.16 
1.12 
1.10

1.1,d 
1.14 
1.11

1.26 
1.22 
1.23

1.36 
1.31 
1.36

1.37 
1.37 
1.44

1.30 
1.31 
1.30

1.33 
1.32 
1.36

1.37 
1.37 
1.48

1.39 
1.40 
1.51

1.38 
1.38 
1.51 

1,3,5-Triethylbenzene---------------------- C01118 1.09 1.09 1.19 1.31 1.42 1.35 1.37 1.46 1.50 1.48

knock-limited insep of blend - Imej) ratio= k	 kl•td irnep of isooctane 



C5111,0 
C611140 

---	 - 071116 0 

Methyl tert-butyl ether------------- --------
Ethyl tert-butyl ether---------------------

C71180
Isopropyl lert-butyl ether ---------	 -----
Methyl phenyl ether (anisole) ---- --- ------

CsllioO Ethyl phenyl ether (phenetole)--- ------- --
Methyl p-tolyl ether (p-methylanisole ) - - - C81][100

• Imep ratio= knock-limited imel) of blend 
knock-limited imep of isooctane 

NACA INVESTIGATION OF FUEL PERFORMANCE IN PISTON-TYPE ENGINES 	 625 

TABLE A-1----17.6 ENGINE KNOCK-LIMITED INDICATED MEAN EFFECTIVE PRESSURE RATIOS OF UNLEADED 
BLENDS WITH ISOOCTANE-Concluded 

[Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30 0 B. T. C.)
(c) Ethers.

Imep ratio 

Ether	 I Formula 

Inlet-air temperature, 250° F Inlet-air temperature. 100° F 

Volume percent ether in blend with isooctane 

10 20
J

20 

Fuel-air ratio 

0.005 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

1.06 1.07 1.10 1.16 1.16 1.15 1.14 1.20' 1.34 1.38 1.26 1.28 1.35 1.37 1.35 
1. 14 1. 15 1. 19 1. 20 1.21 1.24 1.25 1.28 1.37 1.45 1.33 1.32 1.31 1.35 1.37 
1.11 1.11 1.12 1.15 1.14 1.19 1.19 1.21 1.27 1.30 1.29 1.29 1.27 1.27 1.26 
1.06 1.05 1.07 1.10 1. 15 1. 13 1.10 1.09 1.20 1.32 1.28 1.27 1.26 1.31 1.34 
1.12 1.11 1.11 1.16 1.18 1.27 1.24 1.17 1.31 1.40 1.40 1.37 1.33 1.41 1.41 
1.12 1.06 1.12 1.18 1.21 1.20 1.14 1.17 1.28 1.38 1.29 1.29 1.34 1.42 1.44 

TABLE A-4.-17.6 ENGINE KNOCK-LIMITED INDICATED MEAN EFFECTIVE PRESSURE RATIOS OF BLENDS 
WITH ISOOCTANE+4 ML TEL PER GALLON 

Compression ratio, 7.0; engine speed, 1800rpm; coolant temperature, 212° F; spark advance, 30° B. T. C.]

(a) Paraffins and olefins. 

Paraffins and olefins Formula

Inep ratio 

Inlet-air temperature, 250° F Inlet-air temperature, 100° F 

Volume percent added paraffin or olefin in blend with isooctane
- 

10 20 20 

Fuel-air ratio 

0.005 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10	
I	

0.11 0.065	 0.07 0.085 0.10 0.11 

Paraffins 

2,2,3-Trimethylbutane -------------------- 
2,3-Dimethylpentane

0711 1 6 1.05 1.06 
..

1.09 1.10 1.10 1.13 
96

1.16 
.97

1.22 
.98

1.23 
.96

1.24 
.95

1.20 
.96

1.18 
.97

1.22 
.97

1.20 
.96

1.19 
.95 

2,2,3,3-Tetramethylpentane --------------- 
2,2,3,4-Tetramethylpentane 
2,3,3,4-Tetramethylpentane 
2,4-Dimethyl-3-ethylpentane --------------

--

-CIHIO 

------ 

----- 
1.02 
1.05

----- 
1.03 
1.05 

-----

----- 
1.04 
1.09 

-----

----- 
1.09 
1.14 

-----

----- 
1.11 
1.17 

-----

-1. 19 
1.04 
1.10 

-1.01

1.18 
1.06 
1.10 
1.01

1.31 
1.10 
1.15 
1.02

1.34 
1.19 
1.24 
1.01

1.32 
1.23 
1.27 
.99

1.23 
1.17 
1.17 
1.00

1.28 
1.18 
1.18 
1.01

1.28 
1.21 
1.20 
1.01

1.29 
1.21 
1.20 
1.01

1.29 
1.19 
1.19 
1.00 

Olefins 

Chill 0.95 0.95 1.00 1.13 1.16 1.14 1.14 1.19 1.24 1.23 2,3-Dimethyl-2-pentene ------------- --------

2,3,4-Trimethyl-2-pentene----------------. 
3,4,4-Trimethyl-2-pentene

C811 1 6 0.91 
.96

0.91 
.96 

------------

0.89 
.97

0.94 
1.01

0.97 
1.05

0.81 
.93

0.81 
.92

0.78 
.92

0.85 
.99

0.92 
1.07

0.99 
1.10

1.06 
1.10

1.00 
1.10

1.05 
1.15

1.09 
1.18

knock-limited imep of blend with 4 ml TEL/gal 
Imep ratlo_knoeklimited imep of isooctane with 4 ml TEL/gal 
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TABLE A-4.-17.6 ENGINE KNOCK-LIMITED INDICATED MEAN EFFECTIVE PRESSURE RATIOS OF BLENDS 
WITH ISOOCTANE+4 ML TEL PER GALLON-Continued 

Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 2120 F; spark advance, 30° B. T. C.l 

(b) Aromatics. 

Imep ratios 

Inlet-air temperature, 2500 F Inlet-air temperature, 1000 F 

Volume percent aromatic in blend with isooctane 
Aromatic	 - Formula

10 20 20 

Fuel-air ratio 

0.065 0.07 0.095 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

Benzene ---------------------------------- C6He 1.00 1.02 1.06 1.08 1.09 0.99 1.04 1.10 1.14 1.17 1.11 1.11 1.17 1.21 1.23 

Cfl 1.01 1.03 1.04 1.05 1.10 1.05 1.07 1.11 1.19 1.26 1.13 1.17 1.23 1.29 1.31 Methylbenzene -------------- ------------ ---

Ethylbenzene ---------------------------- 
1,2-Dimethylbenzene --------------------- 
1,3-Dimethylbenzene--------------------- 
1,4-Dimethylbenzene ---------------------

--

-CsHo 1.07 
- 

1.07 
1.04

1.07 
.91 

1.09 
1.08

1.08 
.88 

1.13 
1.12

1.10 
.87 

1.19 
1.14

1.13 
.86 

1.23 
1.16

1.14 
.77 

1.12 
1.05

1.17 
.82 

1.16 
1.13

1.22 
.84 

1.29 
1.23

1.31 
.83 

1.41 
1.34

1.36 
.82 

1.46 
1.41

1.29 
.81 

1.28 
1.23

1.33 
.82 

1.29 
1.28

1.36 
.84 

1.44 
1.42

1.37 
.86 

1.48 
1.47

1.38 
.87 

1.51 
1.48 

n-Propylbenzenc ------------------------- 
Isopropylbenzene -------------------------- 
1-Methyl-2-ethylbenzene ----------------- 
1-Methyl-3-etliylbenzene 
1-Methyl-4-ethylbenzene 
1,2,3-Trimethylhenzene ------------------- 
1,2,4-Trimethylbenzene ------------------- 
1,3,5-Trimethylbenzene -------------------

--.89 
---
---

- -('fl2 
----

1.05 
1.04 

1.03 

-06 .

1.05 
1.10 

1.04 

.94 
1.03

1.09 
1.12 

1.14 

.97 
1.12 

----------

1.14 
1.16 

1.17 

.95 
1.16

1.16 
1.20 

1.20 

.94 
1.17

1.11 
1.10 

96 
1.26 
1.11 

.85 
1. -02

1.13 
1.12 
1.00 
1.32 
1.12 

.87 

.88 
1.07

1.21 
1.19 
1.03 
1.39 
1.21 
.90 
.95 

1.24

1.29 
1.31 
1.01 
1.46 
1.33 

.89 

.94 
1.40

1.33 
1.38 

.98 
1.46 
1.41 

.91 

.94 
1.47

1.34 
1.33 
1.00 
1.42 
1.34 

.87 

.88 
1.26

1.38 
1.35 
1.00 
1.46 
1.35 

.88 

.90 
1.29

1.42 
1.35 
1.01 
1.52 
1.45 
.90 
.94 

1.49

1.36 
1.38 
1.00 
1.48 
1.42 

.93 

.94 
1.55

1.31 
1.41 
.99 

1.47 
1.41 

.94 

.95 
1.55 

n-Butylbenzene --------------------------- 
Isobutylbenzerie -------------------------- 
.!ec-Butylbenzene ------------------------- 
tert-Butylbenzene ------------------------- 
1-Methyl-4-isopropylbenzene 
1,2-IDiethylbenzene 
1,3-Dietliylbenzene ----------------------- 
1,4-Diethylbenzene 
1,3-Dimethyl-5-ethylbenzene --------------

---.91 
---- 

------ 

- -C ! OIl Il 

------

------
------

1.01 
1.09 
1.09 
1.12 
.08 1 

1.08

1.03 
1.08 
1.08 
1.12 
1.08 

1.11 

-------------83 

1.04 
1.09 
1.08 
1.12 
1.13 

1.18

1.03 
1.14 
1.14 
1.16 
1.17 

1.22

1.06 
1.15 
1.17 
1.18 
1.19 

1.25

1.02 
1.14 
1.16 
1.32 
1.12 
1.00 
1.17 
1.25 
1.17

1.04 
1.15 
1.13 
1.30 
1.13 
1.03 
1.25 
1.27 
1.24

1.07 
1.18 
1.20 
1.31 
1.22 
1.07 
1.32 
1.32 
1.35

1.10 
1.25 
1.29 
1.36 
1.39 
1.11 
1.48 
1.42 
1.38

1.11 
1.29 
1.35 
1.41 
1.41 
1.10 
1.54 
1.45 
1.38

1.10 
1.20 
1.26 
1.37 
1.30 
1.11 
1.45 
1.40 
1.39

1.11 
1.22 
1.28 
1.36 
1.32 
1.10 
1.47 
1.47 
1.46

1.12 
1.23 
1.30 
1.39 
1.42 
1.11 
1.53 
1.51 
1.53

1.14 
1.25 
1.31 
1.41 
1.42 
1.10 
1.53 
1.49 
1.46

1.14 
1.24 
1.31 
1.42 
1.43 
1.08 
1.53 
1.47 
1.43 

1\I 1-ethyl-3-terf-butylbenzene--------------
1-Methyl-4-tert-butylbenzene ------------- 
1-Methyl-3,5-diethylbenzene --------------

------

C 11 ll 1 
---------------- 

------ 

---------------

---- -----
- 
------

----
1.22 
1.23 
1.22

1.24 
1.25 
1.25

1.32 
1.32 
1.36

1.41 
1.36 
1.44

1.42 
1.36 
1.50

1.36 
1.37 
1.47

1.40 
1.40 
1.54

1.45 
1.44 
1.59

1.47 
1.45 
1. 56

1.45 
1.45 
1.54 

l,3,5-Triethylbenzene--- ------------------ -C1253 u ---------- 

------------------- 

----- -
	

---- -----

--

-1.20 1.24 1.36 1.49 1.51 1.49 1.58 1.59 1.53 1.53 

knock-limited imep of blend with 4 ml TEL/gal Imep ratio= knock-limited imep of isooctane with 4 ml TEL/gal 

TABLE A-4.-17.6 ENGINE KNOCK-LIMITED INDICATED MEAN EFFECTIVE PRESSURE RATIOS OF BLENDS 
WITH ISOOCTANE+4 ML TEL PER GALLON-Concluded 

[Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30 0 B. T. Cj 

(c) Ethers. 

- Iniep ratio 

Inlet-air temperature, 250° F Inlet-air temperature, 1000 F 

Volume percent ether in blend with isooctane 
Ether Formula

10 20 20 - 

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

Methyl lert-butyl ether ------------------- 
Ethyl ferl-butyl ether --------------------- 
Isopropyl fert-butyl ether ----------------- 
Methyl phenyl ether (anisole) ------------ 
Ethyl phenyl ether (phenetole) ----------- 
Methyl p-tolyl ether (p-methy1anisole)...

-Cll 1 2O 
-C5HO 
-C7111i0 
-CH1O 
-CiH15O 

CiH 1 50

1.14 
1.15 
1.13 
1.07 
1.11 
1.12

1.15 
1.13 
1.11 
1.07 
1.09 
1.12

1.19 
1.12 
1.13 
1.07 
1.15 
1.16

1.21 
1.15 
1.15 
1.13 
1.18 
1. 26

1.22 
1.15 
1.15 
1.16 
1.18 
1.29

1.26 
1.41 
1.32 
1.16 
1.28 
1.16

1.26 
1.39 
1.27 
1.14 
1.25 
1.17

1.32 
1.37 
1.24 
1.11 
1.29 
1.25

1.42 
1.37 
1.27 
1.26 
1.39 
1.36

1.43 
1.36 
1.27 
1.37 
1.45 
1.43

1.41 
1.41 
1.33 
1.34 
1.44 
1.43

1.43 
1.42 
1.35 
1.33 
1.43 
1.41

1.45 
1.40 
1.31 
1.33 
1.43 
1.40

1.47 
1.37 
1.27 
1.39 
1.44 
1.45

1.46 
1.33 
1.24 
1.40 
1.45 
1.48

knock-limited imep of blend with 4 ml TEL/gal 
Imep ratio=knock4imited imep of isooctane with 4 ml TEL/gal
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TABLE A-5.-KNOCK-LIMITED INDICATED MEAN EFFECTIVE PRESSURE RATIOS OF BLENDS WITH MIXED BASE FUEL 
CONSISTING OF 87.5 PERCENT (BY VOLUME) ISOOCTANE AND 12.5 PERCENT n-HEPTANE+4 ML TEL PER GALLON 

(a) Paraffins and olefins; 25 volume percent blends. 

[For 17.6 engine: compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30 0 B. T. C. For full-scale single-cylinder at simulated takeoff: compression 
ratio, 7.3; engine speed, 2500 rpm; inlet-air temperature, 250° F; spark advance, 30° B. T. C.; cooling-air flow such that rear-spark-plug-bushing temperature equals 365° F at 140 bmep and 
0.10 fuel-air ratio. For full-scale single-cylinder engine at simulated cruise: same conditions as for take-off except for engine speed, 2000 rpm; inlet-air temperature, 210° F.] 

Imep ratio 

17.6 engine Full-scale single-cylinder engine 

Inlet-air temperature, 250° F Inlet-air temperature, 100° F Simulated take-off conditions Simulated cruise conditions Paraffins and olefins Formula

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.065 0.07	 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11	 0.065 0.07 0.085 0.10	 0.11 

Paraffins 

2-Methylbutane ---------------------- -C 5 B 1.07 1.05 1.14 1.10 1.09 1.10 1.12 1.14 1.11 1.07 

2,2-Dimethylbutane ------------------ C]J 1.13 
1.27

1.10 
1.25

1.08 
1.19

1.07 
1.12

1.05 
1.10

1.10 
1.27

1.13 
1.26

1.10 
1.19

1.07 
1.13

1.07 
1.08 

2,2,3-Trimethylbutane --------------- 
2,3-Dimethylpentane - ---------------

--

-CH 1 1.24 
1.03

1.24 
1.03

1.32 
1.05

1.30 
1.04

1.28 
1.02

1.28 1.29 1.31 1.31 1.28 1.39 1.31 1.34 1.28 1.27 1.35 1.31 1.26 1.30 1.25 

2,3,3-Trimethylpentane -------------- 
2,3,4-Trirnethylpentane --------------

----- 

---- 

2,3-Dimethylbutane------------------------------------------

--------------------

----------------------

1.26 
1.26 
1.15

1.22 
1.21 
1.06

1.27 
1.22 
1.16

1.25 
1.21 
1.17

1.25 
1.20 
1.15

1.27 
1.19 
1.17

1.26 
1.20 
1.16

1.26 
1.18 
1.17

1.28 
1.22 
1.18

1.24 
1.21 
1.14 

2,2,3-Trimethylpentane ---------- ------- 

2,2,3,3-Tetramethylpentane ---------- 
l,2,34-Tetrametliylpentane 
2,2,4,4-Tetramethylpcntane ---------- 
2,3,3,4-Tetramethyl pen taiie 
2,4-Dimethyl-3-ethylpcntane

---

------- 
------- 

-CiHo 

------ 

1.26 
1.12 

1.13 
1.04

----- 
----- 
----- 

1.26 
1.10 

----- 
1.11 
1.06

----- 
----- 
----- 

1.35 
1.16 

----- 
1.19 
1.08

----- 
----- 
----- 

1.39 
1.23 

----- 
1.29 
1.08

----- 
----- 
----- 

1.37 
1.26 

----- 
1.30 
1.07

----- 
----- 
----- 

1.20 
----- 

1.22

----- 
----- 
----- 

1.21 
----- 

1.22

----- 
----- 
----- 

1.24 
----- 

1.27

----- 
----- 
----- 

1.24 
----- 

1.30

----- 
----- 
----- 

1.24 
----- 

1.28

--
--
- -

-1.14 
-----

1.00 
----- 

----------------------
0.99 

-----
0.99 

-----
1.02 

-----	 -

1.22 
1.05 
1.21

1.20 
1.03 
1.15

1.26 
.98 

1.21

1.29 
1.00 
1.27

1.22 
1.06 
1.28 

Olefins 

2,3-Dimethyl-2-pentene --------------- -
2,34-Trimetbyl-2-pentene ------------ -
2,4,4-Trimethyl-1-pentene ------------ --------- 
2,4,4-Trimethyl-2-pentene ------------ --------- 
3,4,4-Trimethyl-2-pentene

CElu 
C5H 1 6

1.03 
.94 

.99

1.07 
.94 

-----	 ----- 
-----	 ----- 

1.01

1.12 
.94 

1.04

----- 
----- 

1.16 
.99 

1.10

1.20 
1.05 

----- 
----- 

1.13

1.12 
----- 
----- 

1.25

1.11 
-----	 ----- 
-----	 ----- 

1.22

1.11 

1.20

1.14 
----- 
----- 

1.23

1.16 
----- 
----- 

1.25

----- 
-1.04 
-1.06 
-----

----- 
1.01 
1.01 

-----

----- 
1.14 
1.08 

-----

----- 
1.32 
1.12 

-----

-----	 -
1.37 
1.21 

-----	 -

0.95 
1.26 
1.25 
1.18

0.96 
1.23 
1.20 
1.12

1.05 
1.31 
1.17 
1.17

1.00 
1.35 
1.12 
1.13

1.04 
1.33 
1.15 
1.12 

(b) Aromatics 

Imep ratio 

17.6 engine Full-scale single-cylinder engine 

Inlet-air temperature, 250° F Inlet-air temperature, 100° F Simulated take-off conditions Simulated cruise conditions Aromatic Formula

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

Benzene ------------------------------ Cells 1.04 1.08 1.15 1.22 1.28 1.18 1.21 1.23 1.27 1.28 0.97 0.93 1.14 1.19 1.20 1.20 1.19 1.17 1.23 1.25 

Methylbcnzenc ---------------------- C7115------- - - ----- 1.10 1.12 1.41 1.40 1.38 1.28 1.30 1.41 1.49 1.42 

C51110 - ------- 1.12 1.22 1.33 1.36 1.34 1.35 1.39 1.45 1.39 1.35 
l,2-Dimethylhenzene ----------------- 0.81 0.84 0.89 0.91 0.92 0.89 0.90 0.91 0.92 0.94 .77 .71 .08 .99 .99 .77 .82 OS .99 .98 
1,3-Dimethyl benzene ----------------- 
l,4-1)imetliylbenzene-----------------

--

1.21 
-

1.22 
-

1.46 
-

1.53 
-

1.54 
--

1.34 
-

1.38 
-

1.51 
-

1.56 
-

1.57 
- 1.19 1.21 1.55 1.64 1.64 1.23 1.31 1.68 1.62 1.58 

Ethylbenzene--------------------------

n-Propylbenzone--------------------- C 9 11 1 , 

--

1.22 1.24 1.31 1.31 1.34 1.34 1.36 1.39 1.38 1.40 ----- 1.47 1.45 1.48 1.40 1.38 
Isopropylbeneene -------------------- 1.25 1.27 1.40 1.45 1.48 ----- 1.25 1. 27 1.39 1.47 1.43 1.40 1.36 1.52 1.48 1.41 
l-7slethyl-2-ethyl-berizene 1.02 1.06 109 1.06 1.05 
l-Methyl-3-ethylbenzene

----

1.34 1.43 1.54 1.56 1.57 
l-Methyl-4-ethylbenzeno

----

----

1.05 1.09 1.25 1.41 1.4S

-

1.33 1.33 1.59 1.59 1.58 1.19 1.18 1.59 1.62 1.58 1.53 1.52 1.65 1.66 1.56 
l,2,3-Trimethylbenzene 
l,2,4-Trimethyl ben zene

.94 

.86
.94 
.92

.99 
1.01

.98 
1.03

.99 
1.05 .96 .99 1.04 1.04 1.06 .88 .87 1.11 1.10 1.10 .74 .87 1.05 1.08 1.07 

1,3,5-Trimethylbenzene 1.13 1.22 1.45 1.58 1.66 

--------------

1.19 1.25 1.63 1.72 1.34 1.39 1.54 1.62 1.64 

v-Butylbenzenc ---------------------- 
lsobutylhenzene--------------------- 

tert-Butylbenzene -------------------- 
l-Methyl-4-isopropylbenzene

-- 

-C 1 0H 14 1.03 
OS 

1.22 
1.24 
1.23

1.04 
1.13 
1.22 
1.22 
1.23

1.12 
1.18 
1.27 
1.34 
1.36

1.16 
1.23 
1.33 
1.41 
1.44 

--------------

l7 
1.18 
1.26 
1.41 
1.44 
1.49 

--------------

1.13 
1.27 
1.31 
1.46 
1.41

1.14 
1.27 
1.32 
1.52 
1.44

1.17 
1.29 
1.36 
1.54 
1.51 

- - -- --

1.18 
1.2 
1.40 
1.54 
1.53

1.19
1.25 
1.40 
1.54 
1.53

1.16 
1.24 
-

III 
1.30 
- 

-------

1.41 
1.50 
-

1.35 
1.53 
-

1.38 
1.52 
-

1.11 
1. 
1.34 
1.49 
1.51

1.10 

1.
35	 1.31 

34 
1.49 
1.51

1.20 
1.35 
1.37 
1.57 
1.60

1.22 
1.34 
1.38 
1.55 
1.52

1.19 
1.31 
1.35 
1.49 
1.52 

sec-Butyl benzene --------------------- --

1,2-Diethyl benzene ------------------- 
1,3-Diethylbenzene -------------------

- --

- --

1.07 
1.25

1.11 
1.26

1.14 
1.43

1.14 
1.48

1.13 
1.51 1.47 1.48 

------------

1.57 1.60 1.60 1.26 1.41 1.71 1.62 1.54 1.67 1.71 1.78 1.63 1.55 
1,4-Diethylbenzene ------------------- 1.43 1.50 1.57 1.55 1.52

------------

L3-Dimethyl-5-ethylbenzene ---------

---

1.36 1.45 1.49 1.49 1.47

------------

---
---
---

CI11, 1.40 1.44 1 .52 1.55 1.50

-------

1-Methyl-3-terl-butylbenzene ---------
1-Methyl-4-Iert-butylbenzene 1. 44 1.49 1.57 1.59 1.57 
1-Methyl-3,5-diethylbenzene 1.44 1.50 1.65 1.71 1.69 

1,3,5-Triethylbenzene ----------------- -CuRls 1.44 1.51 1.62 1.63 1.60----------- ---- ----- ----- ----- ----- ---- -- ---- ----- -----	
I

Imep ratio= knock-limited imep of blend with 4 ml TEL/gal - - knock-limited imep of mixed base fuel with 4 ml TEL/gal
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TABLE A-5.-KNOCK-LIMITED INDICATED MEAN EFFECTIVE PRESSURE RATIOS OF BLENDS WITH MIXED BASE FUEL 
CONSISTING OF 87.5 PERCENT (BY VOLUME) ISOOCTANE AND 12.5 PERCENT n. HEPTANE+4 ML TEL PER GALLON-Concluded 

(c) Ethers. 
[Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 300 B. T. 0.1 

17.6 Engine imep ratio° 

Inlet-air temperature 
(°F) 

Volume  

100 250 Ether Formula ether1r o 
blend

Fuel-air ratio 

0.065 0.07	 0.085 0.10 0.11 - 0.065 0.07 0.085 0.10	 0.11 

Methyl tert-butyl ether--------------------------------
Ethyl tert-butyl ether ------------------------------- 
Isopropyl tert-butyl ether --------------------------- 
Methyl phenyl ether (anisole) ----------------------- 
Ethyl phenyl ether (phenetole) --------------------- 
Methyl p-tolyl ether (p-methylanisole) --------------

0611120 
--CHnO 
--C7H 1 60 
--C7H6O 

C811 100 
CiHioO

10 1.18 
1.11 
1.11 
1.18 
1.17 
1.18

1.17 
1.11 
1.11 
1.20 1.16 
1.15

1.17 
1.10 
1.11 
1.17 
1.16 
1.18

1.18 
1.09 
1.10 
1.18 
1.17 
1.19

1.16 
1.06 
1.11 
1.18 
1.17 
1.20

1.14 
1.11 
1.13 
1.11 
1.15 
1.15

1.14 
1.12 
1.13 
1.11 
1.14 
1.15

1.15 
1.13 
1.10 
1.12 
1.11 
1.19

1.15 
1.13 
1.10 
1.15 
1.12 
1.19

1.13 
1.13 
1.11 
1.16 
1.11 
1.20 

Methyl tert-butyl ether ------------------------------ 
Ethyl tert-butyl ether---------------------------------
Itopropyl tert-butyl ether------------------------------
Methyl phenyl ether (anisole) ----------------------- 
Ethyl phenyl ether (phenetole) ---------------------- 
Methyl p-tolyl ether (p-methylanisole) --------------

--
--

- -C31122O 
C611110 
C71160 

--CiBiO 
0811100 
0811100

25 1.51 
1.44 
1.36 
1.46 
1.57 
1.55

1.50 
1.43 
1.37 
1.48 
1.55 
1.50

1.50 
1.41 
1.38 
1.45 
1.54 
1.52

1.53 
1.36 
1.35 
1.50 
1.55 
1.59

1.51 
1.32 
1.33 
1.54 
1.56 
1.65

1.45 
1.47 
1.33 
1.31 
1.39 
1.38

1.43 
1.45 
1.33 
1.29 
1.34 
1.33

1.49 
1.38 
1.31 
1.27 
1.30 
1.37

1.52 
1.39 
1.31 
1.36 
1.37 
1.44

1.51 
1.39 
1.31 
1.41 
1.43 
1.52 

Meth'l ferl-butyl ether ------------------------------ 
Ethyl terl-butyl ether ------------------------------- 
Isopropyl tert-butyl ether----------------------------
Methyl phenyl ether (anisole) ----------------------- 
Ethyl phenyl ether (phenetole) --------------------- 
Methyl p-tolyl ether (p-methylanisole) --------------

--
--

-CiBi0 
-0811140 

C711180 
-071180	 . 
-0811100 
-C gHi0

50 

-------- 

2.28 
2.27 
2.14

--

2.31 
2.35 
2.16 

------ 
2.80 
2.71

2.56 
2.28 
2.10 

------- 
2.61 
2.42

2.59 
2.14 
2.00 

-2.63 
2.63 
2.74

2.40 
2.02 
1.98 
2.72 
2.72 
2.99

2.07 
1.99 
2.00 
1.71 
1.77 
1.43

1.84 
1.88 
1.98 
1.50 
1.64 
1.28

2.28 
1.76 
1.88 
1.41 
1.52 
1.24

2.46 
1.90 
1.90 
1.74 
1.99 
1.40

2.44 
2.01 
1.95 
2.07 
2.22 
1.65 

• (mep ratio= knock-limited imep of blend with 4 ml TEL/gal 
i knock-limited mep of mixed base fuel with 4 ml TEL/gal 

TABLE A-6.--17.6 ENGINE TEMPERATURE SENSITIVITY OF BLENDS RELATIVE TO ISOOCTANE AND MIXED BASE FUEL 
CONSISTING OF 87.5 PERCENT (BY VOLUME) ISOOCTANE AND 12.5 PERCENT n-HEPTANE+4 ML TEL PER GALLON 

ICompression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30° B. T. C.] 

(a) Paraffins and olefins. 

Relative temperature sensitivity 

20 volume percent added paraffin or olefin in blend with isooctane 25 volume percent added paraffin or 
olefin in blend with mixed base fuel 

Paraffins and olefins Formula Unleaded 4 ml TEL/gal 

Fuel-air ratio 

0.065 0.07 0.085 0/j 0	 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.100.l1 

Paraffins 

2,3-Dimethylpentane ---------------------
CH1 1.05 

1.00
1.05 
.95

1.10 
1.00

1.05 
1.00

1.00 
1.00

1.05 
1.00

1.00 
1.00

1.00 
1.00

1.00 
1.00

0.95 
1.00

1.05 1.05 1.00	 1.00	 1.00 2,2, 3-Trimethylbutane--------------------

2, 2,3,3-Tetramethylpentane ------------- 
2, 2,3 4-Tetramethylpentane 
2,3,3, 4-Tetramethylpentane 
2,4-Dimethyl-3-ethylpentane

----

-061120 1.10 
1.20 
1.25 
1.05

1.05 
1.20 
1.25 
1.00

1.05 
1.15 
1.15 
1.00

0.95 
1.05 
1.10 
1.00

0.95 
1.00 
1.00 
.95

1.05 
1.10 

. 1.05 
1.00

1.05 
1.10 
1.05 
1.00

1.00 
1.10 
1.05 
1.00

0.95 
1.00 

.95 
1.00

0.95 
.95 
.95 

1.00

1.05 
1.10

1.10 
1.10

1.05	 1.00	 1.00 
1.05	 1.00	 1.00 

Olefins 

2,3-Dimethyl-2-pentene ------------------ 071114 1.15 1.15	 1.15 1.15 1.10 1.20 1.20 1.20 1.10 1.05 

2,3,4-Trimethyl-2-pentene --------------- 
3, 4, 4-Trimethyl-2-pentene

--

-CsH 1.20 
1.15

1.20 
1.10

1.25 
1.15

1.20 
L 20

1.15 
1.15

1.20 
1.20

1.25 
1.20

1.30 
1.20

1.25 
1.15

1.20 
1.10

1.20 
1.25

1.20 
1.20

1.20 
1. 15

1.15 
1.10

1.10 
1.10

Relative temperature sensitivity= Imel) ratio of blend (inlet-air temperature, 100° F) 
imep ratio of blend (inlet-air temperature. 250° F)
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TABLE A-6.-17.6 ENGINE TEMPERATURE SENSITIVITY OF BLENDS RELATIVE TO ISOOCTANE AND MIXED BASE FUEL 
CONSISTING OF 87.5 PERCENT (BY VOLUME) ISOOCTANE AND 12.5 PERCENT n-HEPTANE+4 ML TEL PER GALLON-Continued 

[Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30° B. T. C.] 

(b) Aromatics. 

Relative temperature sensitivity 

20 volume percent aromatic in blend with isooctane 25 volume percentdbfI
	

blend 

Aromatic Formula Unleaded 4 ml TEL/gal 

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.060 0.07 0.085 0.10 0.11 

Benzene ----- ----------------------------- CeHe 
C7H,

1.10 
1.00

1.05 
1.05

1.05 
1.05

1.00 
1.00

1.00 
1.00

1.10 
1.10

1.05 
1.10

1.05 
1.10

1.00 
1.10

1.05 
1.05

1.15 1.10 1.05 1.05 1.00 

CHio 1.15 1.20 1.20 1.10 1.05 1:15 1.15 1.10 1.05 1.00 
1,2-Dimethylbenzene --------------------

-

1.10 1.10 1.15 1.10 1.0.5 1.05 1.00 1.00 1.05 1.05 1.10 1.00 1.00 1.00 1.00 

Methylbenzene----------------------------

1,3-Dimethylbenzene -------------------- 1.25 1.20 . 1.15 1.20 1.20 1.15 1.10 1.10 1.05 1.05 1.10 1.15 1.05 1.00 1.00 
1, 4-Dimethylbenzene -------------------- 1.10 1.15 1.10 1.05 1.00 1.15 1.15 1.15 1.10 1.05 

n-Propylbenzene ------------------------- C g His 1.15 1.15 1.15 1.15 1.05 .20 1.20 1.15 1.05 1.00 1.10 1.10 1.05 1.05 1.05 
Isopropylbenzene ------------------------- 1.10 1.20 1.20 1.10 1.05 .20 1.20 1.15 1.05 1.00 

Ethylbeazene-----------------------------

1-Methyl-2-ethylbenzene ----------------- 1.00 1.05 1.05 1.00 1.00 .05 1.00 1.00 1.00 1.00 
1-Methyl-3-ethylbenzene 1.15 1.20 1.15 1.10 1.05 .15 1.10 1.10 1.00 1.00 
1-Methyl-4-ethylbenzene -----------------

--

1.00 1.05 1.00 1.05 1.05 .20 1.20 1.20 1.05 1.00 1.25 1.20 1.25 1.15 1.05 
1, 2, 3-Trimethylbenzene

- -

-

1.05 1.05 1.05 1.0.5 1.05 1.05 1.00 1.00 1.0.5 1.05 
1, 2, 4-Trimethyl benzene -----------------

----

1.10 1.10 1.10 1.10 1.05 1.05 1.00 1.00 1.00 1.00 1.10 1.10 1.05 1.00 1.00 
1, 3, 5-Trimethylbenzene 1.25 1.20 1.20 1.15 1.05 1.25 1.20 1.20 1.10 1.05 

C10H14 1.10 1.10 1.10 1.10 1.05 1.10 1.05 1.05 1.05 1.05 1.10 1.10 1.05 1.00 1.00 
Isobutylbenzene --------------------------

----

1.15 1.20 1.20 1.15 1.10 1.05 1.05 1.05 1.00 .95 1.15 1.10 1.10 1.05 1.00 
aec-Butylbenzene ------------------------- 1.15 1.15 1.10 1.05 1.00 1.10 1.15 1.10 1.00 .95 1.05 1.10 1.05 1.05 1.00 
iert-Butylbenzene ------------------------ 1.30 1.30 1.20 1.25 1.15 1.0.5 1.05 1.05 1.05 1.00 1.20 1.25 1.15 1.10 1.05 
1-Methyl-4-isopropylbenzene 1.20 1.20 1.20 1.20 1.15 1.15 1.15 1.15 1.00 1.00 1.15 1.15 1.10 1.05 1.00 
1,2-Diethylbenzene ---------------------- 1.00 1.05 1.10 1.00 1.00 1.10 1.05 1.05 1.00 1.00 
1, 3-Diethylbenzene ----------------------

----

1.20 1.20 1.25 1.20 1.10 1.25 1.20 1.15 1.05 1.00 1.20 1.15 1.10 1.10 1.05 

n-Butylbenzene----------------------------

1, 4-Diethylbenzene ---------------------- 
1, 3-Dimethyl-5-ethylbenzene

----
----

1.20 
1.15

1.20 
1.15

1.15 
1.15

1.10 
1.10

1.00 
1.05

1.10 
1.20

1.15 
1.20

1.15 
1.15

1.05 
1.05

1.00 
LOS 

1-Methyl-3-tert-butyl benzene -------------

----

----

CuHit 1.10 1.15 1.10 1.00 1.00 1.10 1.15 1.10 1.00 1.00 ----- 
1-Methyl-4-€er(-butylbenzene

----
----

1.15 1.15 1.10 1.00 1.00 1.10 1.10 1.10 1.05 1.00
----- 

1-Methyl-3, 5-diethylbenzene

--

1.20 1.20 1.20 1.10 1.05 1.20 1.25 1.10 1.10 1.00

----- -- ____ 

1, 3-5-Triethylbenzene -------------------- -C12H1t 1.25 1.25 1.25 1.15 1.05 1.25 1.25 1.10 1.00 1.00 

imep ratio of blend (inlet-air temperature, 100° F) 
Relative temperature SeflSitivitY=imep ratio of blend (inlet-air temperature. 250° F) 

TABLE A-6.---17.6 ENGINE TEMPERATURE SENSITIVITY OF BLENDS RELATIVE TO ISOOCTANE AND MIXED BASE FUEL 
CONSISTING OF 87.5 PERCENT (BY VOLUME) ISOOCTANE AND 12.5 PERCENT n-HEPTANE+4 ML TEL PER GALLON-
Conclude,d

[Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30° B. T. C_i 

(c) Ethers. 

Relative temperature sensitivity 

Ether in blend with mixed base fuel, percent by volume 

20 10 25 . 

Ether Formula 
- Unleaded 4 ml TEL/gal 

Fuel-air ratio 

0.065 0.070.085 0.10 0.110.065 0.070.080 0.10 0.110.065 0.070.085 0.10 0.110.06.5 0.070.085 0.10 0.110.060 0.070.0850.10 0.11 

Methyltert-butylether -------- CsHuO 1.10 1.10 1.15 1.05 LOt) 110 1.15 110 1.05 1.00 1.05 1.05 1.00 1.00 1.00 1.05 1.05 1.00 1.00 1.00 1.10 1.25 1.10 1.05 1.00 
Ethyl tert-butyl ether ---------- C525 1 40 1.05 1.05 1.00 1.00 .95 1.00 100 100 lOt) 1.00 1.00 lOt) .95 95 .95 1(8) 1(8) 1.00 1.00 .95 1.15 1.25 1.30 1.10 100 

C7H1iO 1.10 1.10 1.05 1.00 95 1.00 1.05 1.05 100 .95 1.00 1.00 1.00 1.00 1.00 1.05 1.05 1.05 LOS 1.00 1.05 1.10 1.10 LOS 1(8) 
Methyl phenyl ether (anisole).... 
Ethyl phenyl ether (phene .

-

CHtO 
C125100 

-

1.15 
1.10

1.15 
1.10

1.15 
1.15

1.10 
1.10

LOO 
1.00

1.15 
1.15

1.15 
1.15

1.20 
1.10

1.10 
105

1.05 
100

1.05 
1.00

1.10 
1.00

1.05 
1.05

105 
1.05

1.00 
100

1.10 
1.15

1.15 
1.15

1.15 
1.20

1.10 
1.15

1.10 
1.10 1.70 1.70

1.10 
1.35

1.30 
L20 

Isopropyl tert-butyl ether -------

tole). 
Methylp-tolyl ether (p-meth C811 1 00 1.05 1.15 1.15 1.10 1.05 1.20 1.20 1.10 1.05 105 100 100 100 1.00 1.00 1.10 1.15 1.10 1.10 1.10

-------
-----------------

2.10 1.95 1.95 180 
ylanisole)

-------

imep ratio of blend (inlet-air temperature, 100° F), 
Relative temperature sensitivity- imep ratio of blend (inlet-air temperature, 2,50° F
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TABLE A-7.-17.6 ENGINE LEAD SUSCEPTIBILITY OF BLENDS RELATIVE TO ISOOCTANE 
[Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30° B. T. C.] 

(a) Paraffins and olefins. 

Paraffins and olefins Formula

Relative lead susceptibility 

Inlet-air temperature, 250° F Inlet-air temperature, 100° F 

Volume percent paraffin or olefin in blend with isooctane 

10 20 20 

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.061 0.07 0.085 0.10 0.11 0.061 0.07 0.085 0.10 0.11 

Paraffins 

2, 2, 3-Trimethylbutane ------------------ 
2,3-Dimethylpentane

C7E 1 1.05 1.05 
.

1.05 
L...

1.00 1.00 1.05 
1.00

1.10 
1.00

1.10 
1.05

1.05 
1.05

1.05 
1.00

1.05 
1.05

1.05 
1.05

1.00 
1.05

1.00 
1.00

1.00 
1.00 

2, 2, 3, 3-Tetramethylpentane ------------- 
2, 2,3,4-Tetrametbylpentane 
2,3,3, 4-Tetramethylpentane 
2,4-Dimethyl-3-ethylpentane -------------

--

-C9H20 

-.

-	 ---- 
1.05 
1.10 

-----	 ----- 

 
---- 

1.05 
1.05

----- 
1.05 
1.05 

-----

----- 

1.00 
1.10 

----- 

- -	 ---------

-----	 --

1.00 
1.05 

-----	 -

1.05 
1.15 
1.15 
1.05

1.05 
1.15 
1.15 
1.00

1.10 
1.10 
1.01 
1.00

1.00 
1.05 
1.01 
1.00

1.00 
1.00 
1.00 
1.00

1.00 
1.05 
1.00 
.95

1.00 
1.05 
1.00 
1.00

1.00 
1.05 
1.00 
.95

1.00 
1.00 
.95 

1.00

1.00 
1.00 
.95 

1.05 

Olefins 

2,3-Dimethyl-2-pentene ------------------ C7H 14

----

--0.95 0.95 1.00 1.05 1.00 1.00 1.00 1.00 1.00 0.95 
2, 3, 4-Trimethyl-2-pentene --------------- -
3, 4, 4-Trimethyl-2-pentene

--

CsHu

----

 

1.00 
1.00

1.00 
1.00

----- 

1.00 
1.00

----- 

1.05 
1.00

----- 

1.00 
1.00

1.05 
1.00

1.05 
1.00

1.00 
1.00

1.05 
1.00

1.05 
1.00

1.05 
1.05

1.05 
1.05

1.05 
1.00

1.05 
1.00

1.01 
1.00 

imep ratio of blend with 4 ml TEL/gal Relative lead susceptibility= Imep ratio of blend with 0 ml TEL/gal 

TABLE A-7.-176 ENGINE LEAD SUSCEPTIBILITY OF BLENDS RELATIVE TO ISOOCTANE-Continued 
[Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30 1 B. T. Cj

(b) Aromatics. 

Relative lead susceptibility 

Inlet-air temperature, 250° F Inlet-air temperature, 100° F 

Volume percent aromatic in blend with isooctanc 
Aromatic Formula

-	 10 20 20 

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

Benzene ---------------------------------- CaHa 1.00 1.00 1.05 1.05 1.05 1.00 1.05 1.10 1.05 LaO 1.05 1.05 1.10 1.10 1.05 
Methylbenzene --------------------------- C,H 0.95 1.00 1.00 0.95 1.00 1.00 1.05 1.00 1.00 1.00 

1.05

1.10 

1.10

1.10 

1.10

1.05 

1.05

1.05 

1.00

1.05 

1.00 Etbylbenzene ---------------------------- CsHo 1.05 1.05 1.05 1.00 0.95 1.10 1.15 1.15 1.10 
I, 2-Dimethylbenzene -------------------- .95 .95 .95 .90 .85 .85 .90 .95 .90 .85 .85 .85 .85 .85 .80 1.10 1.10 1.10 1.10 1.15 1.20 1.25 1.20 1.25 1.25 1.10 1.10 1.20 1.10 1.10 1, 4-Dimethylbenzene --------------------

--

--

1.05 1.05 1.00 1.00 1.00 1.00 1.10 1.05 1.05 1.00 1.05 1.05 1.10 1.10 1.05 
1, 3-Dimethylbenzene-----------------------

n-Propylbenzene -------------------------

---

C9H 1 2 1.05 1.05 1.10 1.05 1.06 1.10 1.15 1.20 1.10 1.10 1.20 1.20 1.20 1.05 1.00 Isopropylbenzene ------------------------- 1.05 1.10 1.05 1.06 1.05 1.05 1.15 1.10 1.10 1.05 1.15 1.15 1.05 1.05 1.05 1-Methyl-2-ethylbenzene

---

.95 1.00 1.00 .95 .90 .95 .95 .90 .90 .90 s-Methyl-3-etbylbenzene 1.15 1.20 1.15 1.15 1.10 1.10 1.10 1.10 1.05 1.05 1-Methyl-4-ethylbenzene -----------------

--
---

1.05 1.05 1.10 1.10 1.10 1.10 1.10 1.10 1.15 1.20 1.35 1.30 1.30 1.20 1.15 I, 2, 3-Trimethylbenzene .85 .90 .90 .90 .90 .85 .85 .85 .85 .85 1,2,4-Trimethyl benzene ----------------- 1.00 1.00 1.00 95 95 1.00 1.00 1.05 1.00 .90 .90 .95 .90 .90 .85 1, 3, 5-Trimethylbenzene -----------------

---

1.05 1.05 1.10 ;.jo .95 1.10 1.15 1.15 1.10 1.05 1.10 1.10 1.15 1.05 1.05 
n-Butylbenzene -------------------------- CaHH 1.05 1.05 1.05	 1.05 1.05 1.10 1.10 1. 10 1. 10 1.05 1.05 1.05 1.05 1.05 1.05 Isobutylbenzene --------------------------

---
---

1.10 1.10 1.10	 1.10 1.05 1.20 1.20 1.25 1.20 1.15 1.10 1.10 1.05 1.05 1.05 1.10 1.10 1.01	 1.05 1.05 1.20 1.15 1.10 1.10 1.05 1.10 1.15 1.10 1.05 1.05 1.15 1.10 1.05	 1.05 1.00 1.40 1.35 1.20 1.20 1.10 1.10 1.10 1.05 1.00 1.00 1-Methyl-4-isopropylbenzene

-
---

1.10 1.10 1.10	 1.10 1.05 1.20 1.20 1.20 1.25 1.20 1.15 1.15 1.15 1.05 1.05 

sec-Butylbenzene----------------------------

1.00 1.05 1.00 1.00 1.05 1.05 1.00 1.00 .95 1.05 1.10 1.10	 L	 0 1.05 1.10 1.20 1.20 1.20 1.10 1.15 1.15 1.10 1.05 1.05 

tert-Butylbenzene---------------------------

1, 4-Diethylbenzene 1.15 1.15 1.10 1.05 1.05 1.05 1.10 1.10 1.05 1.05 1, 3-Dimethyl-5-ethylbenzene ------------- 

1, 2-Diethylbenzene-------------------------------- 95 

1.05 1.15 1.15 1.10 1.05 1.10 1.15 1.15 1.10 1.10 

l,3-Diethylbenzene--------------------------

CII H I S -- - 1.05 1.05 lOS 
1-Methyl-4-tert-butylbenzene-------------

------- 

-- 

----------- 

--

--

1.10 1.10 1.10 1.05 1.00 1.05 1.05 1.05 1.05 1.05 
1-Methyl-3-tert-butylbenzene---------------

1-Methyl-3, 5-diethylbenzene-------------
------ 

-- 

---------

- - 
----
- 1.10 1.15 1.10 1.05 1.05 1.15 1.15 1.10 1.05 1.00 

1, 3, 5-Triethylbenzene ------------------- - C 1 211 1 8	 ----- 

---------

----- ---- -----	 ----- - 1.10 1.15 1.15 1.15 1.05 1.10 i ----

imep ratio of blend with 4 ml TEL/gal 
Relative lead susceptibility= mep ratio of blend with 0 mo TEL/gal 
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TABLE A-7.--17.6 ENGINE LEAD SUSCEPTIBILITY OF BLENDS RELATIVE TO ISOOCTANE--Concluded

[Compression ratio, 7.0; engine speed, 1800 rpm; coolant temperature, 212° F; spark advance, 30° B. T. C.] 

(c) Ethers. 

Relative lead susceptibility 

Inlet-air temperature, 230° F Inlet-air temperature, 100° F 

Volume percent ether in blend with isooctane 
Ether Formula I 

10 20 20 

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 0.065 0.07 0.085 0.10 0.11 

Methyl lerl-butyl ether ------------------- 
Ethyl terl-butyl ether -------------------- 
Isopropyl lert-butyl ether ----------------- 
Methyl phenyl ether (anisole) ------------ 
Ethyl phenyl ether (phenetole) ----------- 
Methyl p-tolyl ether (p-methylanisole) ---

-C5IT0O 
-C611 14 0 
-C7H 1 60 
-CiIl8O 
-C511 1 50 

C 511 100

1.10 
1.00 
1.00 
1.00 
1.00 
1.00

1.05 
1.00 
1.00 
1.00 
1.00 
1.05

1.10 
.95 

1.00 
1.00 
1.05 
1.05

1.05 
.95 

1.00 
1.00 
1.00 
1.05

1.05 
95 

1.00 
1.00 
1.00 
1.05

1.10 
1.15 
1.10 
1.05 
1.00 
.95

1.10 
1.10 
1.05 
1.05 
1.00 
1.05

1.10 
1.05 
1.00 
1.00 
1.10 
1.05

1.05 
1.00 
1.00 
1.05 
1.05 
1.05

1.05 
.95 

1.00 
1.05 
1.05 
1.05

1.15 
1.05 
1.05 
1.05 
1.05 
1.10

1.10 
1.05 
1.05 
1.05 
1.05 
1.10

1.10 
1.05 
1.05 
1.05 
1.10 
1.05

1.05 
1.00 
1.00 
1.05 
1.00 
1.00

1.10 
.95 

1.00 
1.05 
1.00 
1.05 

Relative lead susceptibility= m5 ratio of blend with 4 ml TEL/gal imep ratio of blend with 0 ml TEL/gal 

TABLE A-8.-FULL-SCALE SINGLE-CYLINDER ENGINE 
KNOCK-LIMITED INDICATED MEAN EFFECTIVE PRES-
SURE RATIOS OF ETHER BLENDS WITH MIXED BASE 
FUEL CONSISTING OF 87.5 PERCENT (BY VOLUME) 
ISOOCTANE AND 12.5 PERCENT n-HEPTANE+4 ML TEL 
PER GALLON 

[Full-scale cruise conditions; compression ratio, 7.3; engine speed, 1800 rpm; inlet-air tem- 
perature, 210° F; spark advance, 30° B. T. C.; cooling-air flow such that rear-spark-plug- 
bushing temperature equals 365° F at 140 bmep and 0.10 fuel-air ratio] 

Imep ratio 

10 volume percent ether in blend with 
mixed base fuel 

Ether Formula  

Fuel-air ratio 

0.065 0.07 0.085 0.10 0.11 

Methyl tert-butyl ether --------- CiRi3O 1.27 1.21 1.24 1.25 1.19 
Ethyl tert-butyl ether ----------- -
Isopropyl lert-butyl ether ------- -
Methyl phenyl ether (anisole). 
Ethyl phenyl ether (phenetole) 
Methyl p-tolyl ether (p-methyl-

-
C8H 14 O 
C7Ui6O 
CiRsO 
CiRuoO

1.19 
1.17 
1.11 
1.13

1.16 
1.16 
1.08 
1.11

1.19 
1.15 
1.08 
1.11

1.16 
1.15 
1.11 
1.15

1.11 
1.14 
1.11 
1.12 

anisole) ----------------------- - C911 150 1.20 1.16 1.15 1.17 1.19

Imep ratio= knock-limited imep of blend with 4 ml TEL/gal 
i knock-limited mep of mixed base fuel with 4 ml TEL/gal 
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TABLE A-9.-INSPECTION DATA FOR PURE FUEL STOCKS AND FUEL BLENDS 

The following abbreviations are used throughout the table: VBS for vir gin base stock; alkylate for aviation alkylate; one-pass stock for one-pass catalytic stock; and MTB ether for methyl 
(erl-butyl ether.1 

Fuel composition A. S. T. M. distillation date - . 
---------------

E - L 
-	 - . 55 be '- -

.

i

• mel E ! ! •t 
Components g 

c • . -- • a 4 i -.- . . 
E 

a 2 •. Z 0 I- cc C - , , 

A-202 VBS ---------------------------- 0 114 145 172 180 229 298 325 0.4 1.1 0.713 None 5.9 7.3 Below -76 0.175 19,000 1.3988 2.8 1.7 

)t-il8 50% alkylate+500/0 YBS -------- 4.04 112 10 18 200 254- 336 350 0.7 1.1 0.707 5.9 --l.397 
A-203 Alkylate ------------------------ 0 113 160 215 226 272 364 386 . 1.0 .698 2 4.7 None Below -76 0.189 19,100 1.3928 0.2 0.1 

A-132 30% one-pass stock+70% VBS 4.08 112 140 170 182 251 319 322 0.5 1.3 0.723 6.0 --- I.4Q43 
A-116 50% one-pass stock+50% VBS 4.06 103 134 170 184 269 321 318 .5 1.0 .727 7.1 --- 1. 4080 
A-1 19 80% one-pass stock+20% VBS 4.05 116 130 171 190 285 326 320 .4 1.4 .735 7.4 --- . 4141 

A-122 30% one-pass stock+70% alky-

--

------ 

late ---------------------------

--

3.96 110 147 202 218 272 345 365 0.6 1.2 0.718 5.8 1.4005 
A-117 501% one-pass stock+50% alky-

--

late --------------------------- 4.00 105 140 194 213 280 341 313 .5 1.0 .721 6.5 - 1.4051 
A-121 80% one-pass stock+20% alky- 

late ---------------------------

--

4.04 106 131 181 204 288 334 335 .7 1.3 .732 7.2 
A-204 One-pass stock-------------------

--

0 105 128 170 193 287 332 321 .5 1.0 .739 - 7.9 24.8 

-- -
-- -
-- -

Below -76 0.155 18,700 1.4177 30.4 17.66 

A-136 20% triptane+80% VBS --------

--

4.10 124 150 172 178 218 299 328 0.7 0.8 0.712 6.0

--------------- 

Below -76 1.3969 
A-137 40% triptane+60% VBS -------- 4.05 128 156 172 177 205 287 333 .6 .6 .707 5.3 Below -76 - 

--

-. 1.3953 
A-138 60% triptane+40 % VBS -------- 4.08 142 162 174 176 194 274 338 .7 .5 .704 4.5

---- -

Below -76 1.3938 

A-272 20% triptane+80% alkylate -----

--
--

( d) 122 164 202 210 259 346 374 0.9 0.6 0.701 4.4 Below -76

------

A-273 40% triptanc+60% alkylate -----

--

( 1) 130 167 192 198 251 335 365 .7 .8 .701 4.1 Below -76

-- 
----

A-274 60% triptane+40%	 ---

--
--

('i) 144 169 183 188 230 326 357 .8 .7 .700 4.0 Below -76 

----- 1.4123 

A-275
alkylate----

80% triptsne+20%alkylate ------ --(d) 158 172 178 180 202 296 352 .8 .2 .699 3.6 Below -76 

A-276 20% triptane+80% one pass- (d) 107 136 172 186 281 321 322 0.4 1.4 0.734 6.7 Below -76 
A-277

stock---------------------------
40%	 triptanc+60%	 one-pass 

stock -------------------------- -(d) 120 147 174 183 275 320 330 .9 .9 .725 5.9 Below -76 
A-278 6017o 	 triptane+40%	 one-pass 

stock -------------------------- (d) 128. 156 174 179 234 316 335 .4 6 .716 5.1 Below -76 
A-279 80%	 triptane+20%	 one-pass 

stock --------------------------

-

141 166 177 179 196 304 345 .5 .5 .710 4.2 Below -76 
A-206 Triptane -------------------------- 

-(d) 

-

-0 172 174 174 174 175 180 348. .4 .8 .694 1 3.0 ------ -18 0.191 19,200 1.3896 

A-397 200/0 diisopropyl+80% VBS ----- (d) 120 143 160 168 224 287 311 0.9 0.8 0.705 6.6 
A-398 40% diisopropyl+60% VBS ----- (d) 123 138 151 156 214 285 294 .7 1.5 .695 5.8 
A-399 60% diisopropyl+40% VBS ----- (") 128 138 146 148 197 258 286 .9 1.1 .686 5.8 
A-400 800/0 diisopropyl+200/0 VBS ----- (d ) 130 136 140 142 165 254 278 .7 1.0 .677 7.0 

.A-405 20% diisopropyl+80% alkylate....

--
--
--

(d) 120 151 187 202 263 344 353 1.1 0.7 0.695 5.5 
A-406 40% diisopropyl+60% alkylate....

--

(d) 120 140 155 162 252 330 302 1.2 .3 .687 6.3 
A-407 60% diisopropyl+407, alkylate.... (d) 127 140 150 156 246 322 296 1.1 .6 .681 6.4 
A-408 80% diisopropyl+20% alkylate... (4) 130 136 141 143 208 295 279 1.0 .6 .675 6.8 

A-401 20% diisopropyl+80% one-pass
112 132 157 172 287 322 304 0.5 1.5 0.729 6.9 

A-402 40% diisopropyl+60% one-pass 
stock - ------------------------- (d) 117 133 150 157 277 321 290 .8 .9 .713 7.1 

A-403 60% diisopropyl+40% one-pass 

stock ---------------------------(4) 

(4) 121 133 143 147 257 315 280 .4 1.2 .698 7.2 
A-404 80% diisopropyl+20% one-pass

--

stock----------------------------

(d) 127 134 138 140 169 305 274 .7 .7 .683 7.3 
A-433

stock----------------------------
Diisopropyl -------- --------------- -0 132 134 135 135 135 136 269 None 1.2 .666 None 7.4 Below -76 0.196 19.100 

A-411 20% neohexane+80% VBS ------ -(d) 118 138 157 165 227 289 303 0.9 0.9 0.705 7.0 
A-412 40% neohexone+60% VBS ------ -(d) 118 133 145 151 219 285 284 .8 .9 .694 7.5 
A-413 60% neohexane+40% VBS 113 127 135 138 201 266 265 .6 1.3 .683 8.1 
A-414 80% neohexane+200/0 VBS ------ (4) 118 128 126 128 161 241 251 .9 1.1 .672 9.1 

A-415 20% neohexane+800/, a!kylate_
-

(1) 116 146 183 203 265 345 349 1.1 0.8 0.693 5.9- . 
A-416 40% neohexane+60% alkylate.... (4) 117 134 157 169 257 332 303 1.2 .8 .686 6.0 
A-417 60% neoliexane-j-400/o alkylate..... (4)	 . 116 125 136 142 247 322 267 1.1 1.1 .677 ----- 7.9 
A-08 80% neohexane+20% alkylate.. (d) 116 122 127 129 220 290 251 .9 1.4 .670 8.8 

A-420 20% neohexane+80% one-pass
(d) 107 127 151 167 283 323 294 0.6 1.3 0.728 7.9 

A-421 40% neohcxane+60% one-pass
(4) 110 125 140 148 275 318 273 5 1.4 .712 8.3 

A-122 60% neohexane+400/0 one-pass 

stock---------------------------

stock---------------------------(4) 112 121 130 134 259 313 255 .5 1.2 .696 8.5 
A-423

stock---------------------------

8007o neohexane+20% one-pass 
stock-  ------------------------- (4) 116 120 125 126 181 302 246 .6 1.6 .678 9.1 

A-500 Neohcxane- - -------------------- 0 119 120 120 120 121 123 240 None 1.2 .658 1 9.7 0.197 19,100 

A-123 20%isopentane-l-80%	 --- 4.06 102 122 148 160 224 297 282 0.7 1.3 0.702 9.3 L3907 
A-124 4.06 96 108 124 134 216 291 242 .7 2.8 .679 11.8

-
1.3822 

A-134

-

4.16 90 98 106 110 200 266 208 .8 2.4 .664 14.4
-

1.3732 

A-375

VBS----

20% isopentane-f80% alkylate .. (4) 104 127 175 208 262 344 335 0.9 2.0 0.687 8.4 
A-376 40% isopentane+60% alkylate.... (d) 97 110 134 154 256 335 264 .7 1.4 .673 11.6 

A-388 20% isopentane+80% one-pass

--

stock -------------------------- (d) 102 118 146 167 288 322 285 0.4 2.4 0.720 9.9 
A-389

40%isopentane-l-60%VBS------ -
60% iso pentane-4-40% VBS-------

40% isopentanc+60% one-pass 
stock -------------------------- (d) 96 106 121 129 278 318 235 .6 2-1

A-209 Isopentane ------ - --------------- 0 80 82 85 86 90 92 168 None 3. .624 None 19.6 Below -76 

-

0.202 19.100 1.3544 . - 

A-139 20%hot-acidoctane-f80% VBS 4.10 118 154 184 193 232 298 347 0.5 1. 0.715 

--12.5 

5 5.8 1.3992 
A-140 40% hot-acid octane+60% VBS 4.04 123 166 198 206 234 290 372 .6 1. .716 6 5.0 1.3997 
A-141 60% hot-acidoctane+40% VBS

-

4,02 122 176 209 216 234 272 392 .7 . .715 6 4.3 1.4002 

A-367 20% hot-acid octane+80% alky-
(') 112 169 218 225 259 341 394 1.2 0.6 0.703 4.4 

A-368 40% hot-acid octane+60% alky. 
late --------------------------- (d) 124 184 223 227213342411 .8 1.2 707 3.8

----
----
----

A-369

late----------------------------

60% hot-acid octane+40% akly-

---- ............. 

late ---------------------------

-

(d) 132 193 224 226 243 315 419 .8 1.5 .710 3.1 
A-370 80% hot-acid octane+20% alky-

-

late ---------------------------- -(d) 144 208 224 225 239 279 433 .8 1.4 .714 2.9

See footnotes at end of table. 
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TABLE A-9.--INSPECTION DATA FOR PURE FUEL STOCKS AND FUEL BLENDS--Continued 

Fuel composition A. S. T. M. distillation date  

_________
___

. .: : 
---- •

;- 

Fuel  

0;.

E 
7= C .. 4Z  

Components . t2 t2 .-. 
o

c 
0

.
• - e C. •... - .- 

I
0 .-

e 
00 X 

A-371 20% hot-acid octane+80% one-  
(d) 114 142 189 208 282 322 350 0.4 1.4 0.737 6.5 

A-372 40% hot-acid octane+60% one (d) 124 15 206 218 269 321 373 .6 1.4 .732 5.5 
A-373 60% hot-acid octane+40% one- 

passstock-- --------------------

(d) 115 16 215 222 250 310 387 .8 1.1 .727 4.5 
A-374

pass stock----------------------
80% hot-acid octane+20% one- 

passstock --------------------- (d) 9 195 222 224 240 294 419 .7 .5 .722 3.6 
Hot-acid octane ----------------- 0 174 216 224 224 230 257 440 .6 .9 .715 6 2.7 None Below-76 0.188 19,200 1.4009 2.6 1.7 

A-148 20% mixed xylenes+80% VBS 4.07 116 12 191 203 272 296 355 0.4 0.6 0.746 5.3 ' 26.4 Below -76 1.4180 
A-444 40% mixed xylenes+60% VBS___ (d) 122 167 215 232 277 288 399 .3 .5 .775 4.2

------ 

A-445 60% mixed x ylenes-4--40% VB S --- (') 128 196 252 264 277 287 4b0 3 .4 .805 3.0 
A-446 80% mixed xylènes-f- 20% VBS --- (d) 140 220 266 270 278 283 490 .4 .6 .824 2.2 

A'-149 20% mixed xylenes-4-80%alkylate 3.96 121 176 234 242 276 342 418 0.8 0.7 0.731 1 3.9 20.5 Below -76 1.4132 
A-262 40% mixed xylenes+60% alkylate (d) 124 191 249 255 281 320 446 .5 1.3 .768 3.0 
A-263 60% mixed xylenes-f40%alkylate (d) 130 217 262 266 280 306 483 .5 .5 .799 2.2 
A-264 80% mixed xylenes+20% alkylate (d) 136 238 268 271 279 295 509 .8 .8 .821 1.9--

------ 

. ----- 

A-150 20% mixed xylenes+80% one- 
pass stock --------------------- 4.10 106 146 200 230 285 315 376 0.3 0.9 0.767 6.5 42.3 Below -76 1.4333 

A-266 40% mixed xylones-j-60% one (d) 115 159 244 262 284 311 421 .8 .8 .793 5.2 
PSSS stock_____________________ 

A-267 60% mixed xylenes+40% one- 
passstock --------------------- (d) 115 154 251 264 282 303 418 .1 1.1 .890 _ 4.4 

A-268 80% mixed xylenes+20% one- 
passstock --------------------- -(d) 126 222 273 275 280 294 497 .2 .8 .838 2.4 

A-237

-

0 273 275 276 276 277 278 551 .2 None .867 2 .8 Below -40 0.106 17,600 1.4959 

A-163 
A-244 cumene+60VO  

4.12 116 
123

152 
161

188 
218

.202 
238

294 
300

321 
330

354 
399

0.5 
.4

0.7 
.9

0.737 
.775

5.3 
4.4

25.6 
43.0

Below -76 
Below -76

--

1.4169 
1.4353 

A-246 60%cumene-f40%VBS----------(d) 126 180 265 284 302 335 464 6 .6 .804 3.2 62.0 Below -76 1.4538 
A-247 80%cumene+20% VBS----------(d) 130 228 296 298 306 339 526 .5 .5 .832

-
2.0 cBelow -76 

A-164 20% cumene+80% a1kylate... 3.99 116 170 234 244 300 342 414 0.7 0.5 0.732 3 4.0 19.7 Below -76

--

1.4122 

..---- 

A-249 40% cumene+60% alkylate-------(d) 118 188 257 267 302 340 455 .4 .8 .767 3.2 39.0 Below -76

--

1.4320 
A-250 60% eumene+40%alkylate-------(d) 124 206 271 280 304 339 486 .5 .5 .787 2.6 Below -76 
A-251

Mixed xylenes-------------------

(d) 140 262 293 296 304 342 558 5 .5 .831 1.4 --Below -76 

A-165 20%cumene+80% one-pass stock

-

3.91 106 136 203 234 299 325 370 0.6 0.4 0.769-6.4 40.0 Below -76 1.4325 
A-253 40%cumene+60% one-pass stock (1) 110 144 240 268 301 330 412 . 10 1.0 .787 5.3 -Below -76 
A-254

80% cumene+20%alkylate-------

607 eumene-f-40% one-pass stock (d) 120 174 
216

285 
292

289 
295

303 
303

336 
340

463 
511

.4 
1.0

1.1 
1.0

.815 

.836
3.8 
2.4

Below -76 
Below -76 A-255 

A-238

20%cumene+80	 VBS----------

807eumene+20%one-pass stock 
Cumene--------------------------

(d) 
0

125 
293 298 300 300 305 349 598 .5 5 .863 3 

-

.3

-

-Below -76 0.113 17.800 1.4903 

A-170 4.11 118 148 167 174 218 299 322 0.5 0.5 0.748 6.0 26.0 -38 1.4175 
A-342 40%benzene+60%VBS----------(d) 126 154 168 173 204 286 327 .5 1.0 .772 5.6 
A-343

20% benzene-f-80% VBS----------

60%benzene+40%VBS----------(d) 144 164 171 174 185 266 338 .4 1.1 .823 4.6 
A-344 (d) 148 168 172 174 179 238 342 .4 .6 .844 4.2

--

-
-

-

-

-

-

A-168 3.92 120 
126

156 
162

190 
180

200 
186

258 
245

345 
333

356 
348

0.7 
.8

0.3 
1.2

0.734 
.770

4 4.8 
4.7

19.5 -24 1.4124 
A-359 
A-360

(d) 
(d) 143 166 177 179 219 324 345 .6 .9 .803 4.4 

A-361

80%beneeric-4-20%VBS----------
20	 benzene-f80" alkylate-------

60%benzene+40%alkylate-------
80% benzeoe+20%alkylate------(d) 154 170 175 176 185 293 346 .6 .6 .841 3.7 

A-169

40	 benzene60'7alky1ate-------

20% benzene+80% one-pass stock 4.08 107 134 170 182 282 321 316 0.3 0.9 0.768 7.0 40.0 -53 1.4333 
A-363 40%benzene+60%one-passstock (d) 117 147 171 179 273 318 326 .5 1.0 .822 6.0 
A-364 60	 benzene+40%one-passstock (d) 122 

143
153 
164

173 
173

177 
175

227 
191

314 
316

330 
339

.4 

.4
1.1 
.8

.841 

.850
5.2 
4.4 A-365 

A-210
80benzene+20%one-passstock (d) 

0 170 173 173 173 174 175 346 .2 .8 .883 1 3.5 45 0.084 17,400 1.4989 

A-145 4.10 122 157 186 194 230 294 351 0.6 0.9 0.746 5.3 26.2 Below -76 1.4178 
A-322 (d) 126 163 193 201 231 282 364 .4 .6 .760 5.1 
A-323

Benzene--------------------------

(d) 135 179 208 215 230 256 394 .5 1.0 .792 4.0 
A-324

20%toluene+80%VBS----------

(1) 148 203 222 224 230 252 427 .1 .9. .823 2.6. 

A-146 3.96 118 172 216 223 254 349 395 1.0 0.5 0.733 4.0 19.8 Below -76 1.4126 
A-326 40% toluene+60% alkylate---- -- (d) 119 185 221 224 241 364 409 .8 .7 .766 3.3

- 

A-327 60% toluene-l-40% alkylate ------ (d) 131 203 223 225 233 311 428 1.1 .1 .800 2.6 
A-328 (d) 155 216 226 227 231 263 443 1.1 .1 .832 2.0 

A-147 20%toluene+80% one-pass stock 4.05 106 140 192 213 274 320 353 0.6 0.9 0.766 6.6 44.0 Below -76 - 1. 433.3 
A-332

40%toluene-f-60%VBS----------

40%toluene+60%one-pasSstOck (d) 119 158 212 224 259 322 382 .3 1.2 .793 5.1 
A-333

60%toluene±40%VBS----------
80%toluene-4--20%VBS----------

60%toluene-l-40%one-passstOek (1) 119 180 223 228 246 313 408 .5 .7 .817 3.9

-

-

A-334 80%toluene+20%one-passstock (d) 138 209 226 228 244 286 437 .3 5 .848 2.3 
A-232

80% toluene+20% alkylate-------

0 224 226 226 226 227 228 452 None .8 .871 1 1.1 Below -76 0.090 

---

17,500 - 1.4962 

A-Ill 3.99 117 138 157 165 222 294 303 0.6 1.2 0.721 5.8 Below-76 1.3924 
A-337 M (1) 120 135 147 152 194 282 287 .8 1.0 .725 7.1 
A-338

Toluene -------------------------

(d) 119 130 138 142 190 263 272 .7 .8 .731 7.3 
A-339

20% toluene+80% alkylate--- --- -

80%	 TB ether+20% VBS. M (d) 124 130 134 136 153 242 266 .7 1.1 .738 7.3

- 

- ---

A-172 20%MTBether+80%alkylate.. 4.02 114 144 181 200 262 340 344 0.8 1.2 0.709 5.7 Below -76 1.3876 
A-348 40% MTB ether+60%alkylate (d) 116 134 155 167 251 333 301 1.0 1.0 .717 6.5 
A-349 60%MTBether+4O%a1ky1ate (d) 120 132 142 147 240 316 279 1.1 .9 .726 6.8 
A-350 80% MTB ether-f-20%alkylate. (d) 124 130 135 137 191 304 267 .6 .9 .736 7.2

---

A-173

20%M TB ether-1-SO% VBS----- -
40%	 TB ether-F60% VBS------
60%MTBether-f40%VBS------

20% MTB ether-f80%Thne-pass
4.04 108 127 152 165 278 321 292 0.4 1.4 0.742 7.6 Below -76 

A-352 40% MTB ether+60% one-pass

----

stock -------------------------- (d) 110 126 143 150 273 318 276 5 1.5 .744

----

7.6 
A-353A- 60% MTB ether+40% one-pass

----------1.4090 stock ---------------------------

stock -------------------------- (d) 114 127 136 140 252 315 267 .6 1.4 .744

-----

7.6 
A-354 80% MTB ether+20% one-pass

-
------ -

(d) 121 128 133 134 170 301 262 .5 1.0 .745 ----- 7.4 
A-236

stock----------------------------
M TB ether----------------------

-

0 125 128 129 129 130 133 257 None 1.0 .747 None 8.8 Below -76 0.201 15.200 1.3897

o Estimated by change in refractive index following adsorption on silica gel. Correction made for olefins. 
Calculated by using average molecular weight from distillation curve (Universal Oil Products Method 11-173-40). 

-Cloudy. 
d Approximately 4 ml TEL/gal. At 14° F a small quantity of an impurity, probably water, separated and formed a cloud. When sample was dried over sodium, no cloud formation was observed to -76° F. 

213637-53-41 
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TABLE A-b-PERFORMANCE RATINGS OBTAINED IN 
A. S. T. M. AVIATION AND A. S. T. M. SUPERCHARGE 
ENGINES 

I Three rows of values are given for each fuel: The first row is insep, lb/sq in.; the second row 
for A. S. P. M. Aviation ratings is octane number or tetraethyl lead in S reference fuel, 
MI/gal; the second row for A. S. T. Al. Supercharge ratings is S reference fuel in 88 reference 
fuel, percent, or tetraethyl lead in S reference fuel, ml/gal; the third row is performance 
number. The following abbreviations are used throughout the table: VBS for virgin base 
stock; aikylate for aviation alkylate; one-pass stock for one-pass catalytic stock; MTB 
ether for methyl fert-butyl ether.' 

A. S. T. Al. Supercharge ratings 

Fuel-air ratio
--

Fuel Fuel composition s (by volume)
0 

..	 . .m 0.065 0.070 0.080 0.090 0.100 0.110 

A-355 73 83 122 137 141 143 
90.7 96.6 99.8 0.08 99.8 99.0 97.8 

PBS----------------------------

75 91 99 103 99 97 94 

A-118 50% alkylate+50% VBS ------- 86 99 143 159 162 165 
98. S 0. 10 0. 19 0.34 0.33 0.29 0.24 

96 104 107 111 111 110 109 

A-356 Alkylate ---------------------- 104 129 176 190 105 201 
0.64 0.50 0.03 1.07 1.71 1.87 2.14 

119 

-

117 124 134 135 137 140 

A-132 30% one-pass stock+70% VBS - 72 71 116 130 136 145 
90.6 93. 8 90.0 100 98.0 97.5 97.7 

75 84 78 100 94 94 94 

A-] 16

--

64 76 116 137 145 156 
00. 9 88. 6 93.1 100 0.01 0.01 0.06 

76 76 84 100 101 101 103 

A-119 S0% one-pass stock+20%VBS- 67 76 114 142 154 165 
92.7 00.6 93.1 99.2 0.00 0.16 0.24 

50%one-passstock+50%VBS--

79 78 84 97 104 106 109 

A-122 30% one-pass stoek+70% al- 82 103 152 172 178 182 
kylate. 0.15 100 0.26 0.45 0,58 0.75 0.83 

106 100 110 114 117 121 123 

A-117 50% one-pass stoek+50% al- ---- 76 91 143 167 176 186 
kylate. 100 96.3 0.06 0.34 0.44 0.56 1.17 

100 91 103 111 114 117 129 

A-121 80% one-pass stoek+20% al- - - - - 72 79 123 149 160 177 
kylate. 96.3 93.8 95 0. 09 0.19 0.26 0.48 

88 84 96 

83

104 107 110 115 

A-410 One-pass stock---------------- 73 125 151 164 179 
93.4 96. 6 99.8 0.12 0.16 0. 28 0.49 

81 91 99 

90

105 106 110 115 

A-] 36 74 134 155 162 167 20% triptamie+80% VBS----------
94.2 95.0 0.05 0.23 0.27 0.27 0.23 

83 88 102 108 110 110 110 

A-137 100 119 164 191 201 205 
0.18 0.43 0.55 0.96 1.75 2.07 2.07 

107 114 117 125 136 139 139 

A-138

40% triptane+60% VBS-----------

142 224 260 264 269 
0.67

- 
1.20 1.58 5.54 

120 129 134 160 175. 175 175 

A-272

60% triptane+40% PBS---------117

126 185 213 225 237 
1.08 0.19 0.88 2.13 3.17 3.79 4.57 
127 1 -06 123 140 148 152 156 

A-273

20% triptane+80% alkylate-------90 

40% triptane+60% alkylate ---- 126 225 262 274 283 
2.43

-98 
0.38 0.88 5.69 

142 1 -13 123 160 177 182 184 

A-274 60% triptane+40% alkylate ---- 159 275 316 326 334 

----- 

2.70
- 
0.90 2.76 

145 124 145 195 213 216 218 

A-275 80% triptane+20% mlkylate ----

----- -Ill

190 314 ----- 
3.06

-139 
2 .59 5.90 

147 144 161

• Each fuel contains approximately 4 ml TEL/gal. 
b Based on fixed reference-fuel framework (ch. VIII, reference 13).

TABLE A-10.-PERFORMANCE RATINGS OBTAINED IN 
A. S. T. Al. AVIATION AND A. S. T. M. SUPERCHARGE 
ENGINES-Continued 

A. S. P. M. Supercharge ratings 

Fuel-air ratio Fuel Fuel composition- (by volume)
o 

.

0.065 0.070 0.085 0.095 0.100 0.110 

A-276 20% triptane+80% one-pass 66 72 117 146 160 186 
stock.- 98.8 90.0 90.7 0.01 0.14 0.26 1.17 

96 77 78 101 105 110 135 

A-277 40% triptane+60% one-pass 81 89 139 176 195 231 
stock. 0.08 99 4 0.05 0.29 0.88 1.77 3.86 

103 99 101 111 124 136 152 

A-278 60%triptane+40% one-pass 100 109 171 218 244 291 
stock.- 0.48 0.43 0.36 1.36 352 

115 114 113 131 150 162 190 

A-279 80% triptane+20% one-pass 126 147 290 361 391 
stock.- 1.80 1.63 1.82 

136 134 137 

A-271 Triplane ----------------------- 204 262 d393 
3.30 

149 191 

A-397 20% diisopropyi+80% VBS --- 77 91 132 149 154 155 
96.6 96.9 0.08 0.20 0.19 0.16 0.04 

90 91 103 108 107 106 101 
A-398 40% diisopropyl+60% VBS ----81 96 143 167 575 180 

0.09 99.4 0.16 0.34 0.44 0.00 0.67 
103 98 106 112 114 116 120 

A-399 60%diisopropyl+40% VBS --- ---- 96 108 163 187 197 207 
0.33 0.33 0.34 0.90 1.55 1.86 2.21 

111 111 

-

112 124 134 137 141 
A-400 80% diisoprOpyl+20% VBS --- ---- Ill 141 202 226 236 250 

1.17 1.10 1.56 3, 23 4.14 5.07 
128 127 134 148 153 158 163 

A-405 200/,diisopropyl+80%alkylate-25 146 192 210 217 222 
0.90 1.78 1.78 2.58 2.97 3.21 3.24 

124 136 136 144 146 148 148 
A-406 40%diisopropyl+60%alkylate-138 158 206 227 234 240 

1.45 2.47 2.67 3.49 4.29 4.80 5.00 
132 143 144 150 154 156 157 

A-407 60% diisopropyl+40% alkylate --132 154 212 240 252 263 
1.40 1.91 2.29 3.87 - 132 138 141 152 162 167 171 

A-408

-

1 36 162 226 261 275 202 
2.10 2.24 3.05 5.85 

139 141 147 161 176 182 190 
A-401 20%	 diisopropyl+80%	 one- 79 89 132 163 177 195 

pass stock. 96.1 98.1 0.05 0.20 0.39 0.67 1.60 

80% diisopropyl +20% alkylate --

88 95 102 108 113 120 134 

A-402 40%	 diisopropyl+60%	 one- ... 84 99 150 177 189 209 
pass stock. 0.06 0.05 0.20 0.43 0.95 1.48 2.34 

102 102 108 114 125 133 142 
A-403 60%	 diisopropyl+40%	 one- 96 114 165 196 210 235 

pass stock. 0.24 .033 0.44 1.02 2.00 2.72 4.29 
108 111 114 126 138 145 154 

A-404 80%	 diisopropyl+20%	 one- 120 143 197 229 245 272 
pass stock. 0.68 1.34 1.65 2.90 4.57 

120 131 135 146 155 162 177 
A-393 147 173 246 289 304 324 Diisopropyl -------------------------

2.41 3 .53 4.11 
142 150 153 175 195

• Each fuel contains approximately 4in] TEL/gal. 
b Based on fixed reference-fuel framework (ch. VIII, reference 13). 

Knock-limited performance of the engine with one-pass catalytic stock was low on day 
fuels were investigated. 

d Estimated value. 
• Values for knock-limited ime.p were averaged from three curves. 
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TABLE A-10.--PERFORMANCE RATINGS OBTAINED IN TABLE A-10-PERFORMANCE RATINGS OBTAINED IN 

A. S. T. M. AVIATION AND A. S. T. M. SUPERCHARGE. 	 A. S. T. M. AVIATION AND A. S. T. M. SUPERCHARGE 
ENGINES-Continued	 ENGINES-Continued 

A. S. T. Al. Supercharge ratings b 

0 
Fuel Fuel composition	 (by volume) Fuel-air ratio 

0.065 0.070 0.085 0.095 0.100 0.110 

A-411 20% neohexane+80% N
I
BS -----74 86 124 142 147 150 

94. 5 95.0 100 0.10 0. 09 0.05 99. 2 
84 88 100 104 103 102 98 

A-412 400/, neohexane-4-60% VBS ---- 81 97 138 158 164 167 
0.05 99.4 0.17 0.28 0.31 0.32 0.28 

102 98 106 110 111 111 110 

A-413 60% neohexane+40% VBS ---- 93 108 159 178 183 187 
0.36 0.26 0.34 0.67 1.03 1.17 1.25 

112 110 112 120 126 128 130 

A-414 80% neohexane+20% VBS ---- ---- 108 130 182 203 208 210 
2.00 0.75 1.06 1.95 2.48 2.57 2.41 

138 121 127 138 143 143 142 

A-415 112 130 172 193 199 202 
1. 10 0.95 1.06 1.41 1.85 1.95 1.91 

20% neohexane+80% alkylate- --

127 123 127 132 137 138 138 

A-416 40% neohexane+60% alkylate- ---118 137 186 203 207 209 
1.50 1.25 1.38 2.19 2.48 2.50 2.35 

133 130 131 140 143 143 142 

A-417 146 195 212 215 216 
2.-57 1.03 1.78 2.78 3.10 3.07 2.83 

143 133 136 145 147 147 145 

A-418 137 158 208 224 227 226 
3.36 2.35 2.67 3.61 3.93 3.93 3.52 

149 142 144 151 152 152 150 

A-420 20% neohexane+80% one-pass -	 - - 79 95 146 171 180 190 
stock. 96. 6 98.1 0.14 0.38 0.50 0.92 1,38 

90 05 105 113 116 124 131 

A-421 40% ncohexanc+60% one-pass _ 86 107 165 190 197 203 
stock. 0.10 0.10 0.33 1.02 1.70 1.86 1.96 

104 104 111 126 135 137 138 

A-422 60% ncohesatic+40% ono-pass - -	 - 108 138 192 210 215 217 
stock. 0.33 0.75 1.43 2.58 2.97 3.07 2.90 

111 121 132 143 546 147 146 

A-423 80% neohexane+20% one-pass -- - - 132 162 214 230 233 234 
stock. 1.60 1.91 3.05 4.00 4.72 4.67 4.14 

60% neohcxane+40% alkylate--124 

135 138 147 153 156 156 153 

A-394

80% ncohcxane+20% alkylate---

187 230 240 242 243 
6.00

- 
4.76 5.58 -5.87 5.43 

161 156 160 163 162 161 159 

A-123 20% isopentane+80% VBS ---- 72 87 127 141 146 149 
94.4 93.8 0.02 0.14 0.07 0.03 98.9 

83

--

84 101 106 103 101 99 

A-124 ---- 80 99 139 151 155 159 
99.1 98.8 0.20 0.20 0.21 0.18 0.12 

Neohexalie -----------------------159 

97 96 

--

108 110 108 107 105 

A-134 60% isopentanc+40% YBS ----

-----

112 153 168 172 174 
0.23 0.12 0.41 0.46 0.46 0.45 0.42 

40% isopentane+60% VBS- - ---

108 1 -05 114 114 114 114 113 

A-375 ____ 144 186 201 204 204 
0.92 1 -.39 1.69 2.19 2.34 2.29 2.00 

20% isopentane+80% alkylate--

124 131 135 140 142 141 138 

A-376 40% isopentanc+60% alkylate-- ____ 121 144 191 203 205 204 
0.99

--
1.39 1.69 2.52 2.48 2.36 2.00 

---87 

125 131 135 143 143 142 138 

A-388 20% isopentane+80% one-pass - - - -

-121 

78 87 132 160 173 188 
stock. 95.8 97.5 0.02 0.20 0.34 0.47 1.29 

87 94 101 108 111 115 130 

A.-389 40010 isopentane+60% one-pass - - - - 85 97 140 168 180 192 
stock. 100 0.07 0.17 0.30 0.46 0.92 1.47 

100 103 107 111 115 124 133

Eachfuel contains approximately 4 ml TEL/gal. 
b Based on fixed reference-fuel framework (ch. VII, reference 13). 

Values for knock-limited imep were averaged from two curves.

A. S. P.M. Supercharge ratings 

Fuel-air ratio Fuel Fuel composition	 (by volume)	 -

S
0.065 0.070 0.085 0.095 0.100 0.110 

A-139 20% hot-acid octance+S0 --70 83 128 147 151 154 
VBS. 94.3 02.5 98.0 0.15 0.16 0.11 0.02 

83 53 94 106 106 105 101 

A-140 40% hot-acid octance+60'---74 89 143 168 173 179 
NI BS. 100 95.0 0.03 0.34 0.46 0.47 0.58 

100 94 101 111 114 115 117 

A-141 60% hot-acid otance+40'----84 106 165 191 198 207 
VBS. 0. 18 0.05 0.31 1.02 1.75 1.91 2.21 

107 102 111 126 136 138 140 

A-367 20%	 hot-acid octance+801--121 142 188 205 210 215 
alkylate. a.-8-2- 1.39 1.60 2.32 2.62 2.72 2.76 

123 131 134 141 144 145 145 

A-368 40% hot-acid octance4-60% al- --- 125 148 200 219 226 235 
kylate. 0. 72 1. 58 1.87 3.10 3.59 3.86 4.299 

121 134 137 147 150 152 154 

A-369 60% hot-acid octane+400/, al- -- -- 129 154 216 240 248 257 
kylate. 0.88 1.77 2.29 4.31 

124 136 141 154 162 164 168 

A-370 80% hot-acid octane+20% al- 129 154 238 269 276 280 
kylate. 0.72 1.77 2.29 

121 136 141 169 182 183 182 

A-371 20% hot-acid octane+80% one- --	 - 80 90 138 170 185 206 
pass stock. 05. 1 98.8 0.06 0.28 0.49 1.30 2.14 

86 95 102 110 115 130 140 

A-372 40% hot-acid octane+60% one- - - - - 88 97 154 192 208 229 
pass stock. 100 0.14 0.17 0.48 1.80 2.57 3.73 

100 105 107 115 136 143 151 

A-373 60% hot-acid octane+40% one- .- 90 101 164 203 220 245 
pass stock. 0.18 0.19 0.23 0.96 2.49, 3.43 5.71 

107 107 108 125 143 149 160 

A-374 80% hot-acid octane+20% one- 99 115 187 224 240 268 
pass stock. 0.45 0.41 0.45 2.26 3.93 5.60 - - - - 

115 114 115 141 152 160 175 

A-330 131 159 250 289 304 317 
1.08 1.86 2.76 

Hot-acid octane ------------------

127 137 145 178 195 

A-257 20% mixed xylenes+80% VBS 68 78 114 132 138 148 
92.6 91.3 94.7 99.2 98.7 98.1 98.6 

79 79 86 07 96 94 96 

A-258 78 117 147 160 182 
95.5 91.9 94.7 0.03 0.16 0.26 0.83 

40% mixed xylenes+60% VBS---69 

86 80 86 101 106 110 123 

A-259 60% mixed xylenes+40% VBS- 74 85 146 194 216 253 
95.2 95.0 99.3 0.38 1.90 3.14 

86 87 99 113 137 148 165 

A-260 84 95 214 
0.04 0.05 0.14 4.00 

101 102 105 153 

A-261 20% mixed xylents+80%alky. 85 101 158 194 208 227 
late. 0.52 0.14 0. 23 0.65 1.90 2.57 3.59 

116 105 108 119 137 143 110 

A-262 40% mixedxylenes4-60% alky- 82 05 153 206 252 287 
late. 0. 27 100 0.14 0.46 2.69 

80% mixed xylcnes+20% VBS - ----

110 100 105 113 144 167 187 

A-263 60% mixed xylenes+40% alky- 85 98 181 274 
late. 0. 14 0.07 0.19 1.89 

105 103 107 137 185 

A-264 80% mixed xylenes+20% alky- 87 103 260 336 370 
late. 6.- 27 0.12 0.27 

110 105 110 185

Each fuel contains approximately 4 ml TEL/gal. 
Based on fixed reference-fuel framework (ch. VIII, reference 13). 
Values for knock-limited imep were averaged from two curves 
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TABLE A-10.-PERFORMANCE RATINGS OBTAINED IN 
A. S. T. M. AVIATION AND A. S. T. M. SUPERCHARGE 
ENGINES-Continued 

A. S. T. M. Supercharge ratings  

.9 
Fuel Fuel composition s (by volume) - Fuel-air ratio 

- 0.065 0.070 0.085 0.095 0.100 0.110 

A-265 20% mixed xylenes+80% one- - 71 74 111 138 151 178 
pass stock o 94.7 93.1 92.0 97.9 0.03 0.11 0.50 

84 83 81 94 101 105 116 

A-266 40% mixed xylenes-f60% one- 80 86 133 172 196 246 
pass stock o- 97.5 98.8 100 0.21 0.58 1.81 5.86 

92 95 100 108 118 136 161 

•A-267 60% mixed xylenes+40% one- - . 95 100 184 251 282 339 
pass stock a 98.8 0.31 0.22 2.06 

96 111 108 139 169 187 

A-268 80% mixed xylenes+20% one- 102 106 351 
pass stock ------------------ 0.16 0.48 0.31 

106 115 111 

A-256 Mixed xylenes a,. . 105 122 
0.92 0.60 0.69 

124 118 120 

A-245 20% cumene+80% VBS ------- -67 72 98 123 134 154 
92.4

- 
90. 6 90.7 92.5 95.7 96.9 0.02 

78 78 78 82 88 91 101 

A-244 40% cumene+80% VBS ------- 70 95 117 130 160 

----- 

92.7 90 -. 6 89.3 91.3 93.7 95.6 0.14 
79 78 76 80 84 88 105 

A-246 72 94 118 132 174 
94.2

- 
90.6 90.7 90.8 94.0 96.3 0.42 

60% cumene+40% PBS----------67 

83 78 78 78 85 91 114 

.A-247 80% cumene+20% PBS ------- 77 76 90 120 151 
96.0

-
96.9 93.3 89.2 94.7 0.11 - 

88 91 84 76 86 105 

A-248 20% cumene+80% alkylate ---- 102 143 172 187 215 
0.32

- 
0.38 0.25 0.34 0.08 1.39 2.76 

111 113 109 111 117 131 145 

A-249 400/0 cumene+60% alkylate ---- -71 76 113 148 171 233 
0.11 93 -. 1 93.3 98.8 0.17 0.44 4.00 

--

105 84 84 95 106 114 153 

A-250 60% cumene+40% alkylate ---- 76 94 124 149 277 

----- 

0.03 96 -. 9 93.3 90.8 96.0 0.08 --- 
101 91 84 78 90 103 180 

A-251 80% cumene+20% alkylate ----

-------67 

-74 73 86 114 160 
97.7

- 
95.0 91.3 87.5 92.7 0.26 --- 

93 87 80 73 82 110 

A-252 20% cumene+80% one-pass

-- 

. 70 69 91 120 137 175 
stock

---98 

93.0 92.5 88.6 89.6 94.3 97.8 0.44 
80 82 75 76 85 93 114 

A-253 40% cumene+60% one-pass 70 67 75 95 112 168 
stock

----- 

93.6

-77 

92.5 87.4 82.9 86.3 90.0 0.30 
82 82 74 67 72 77 Ill 

A-254 60%	 cumene+40% one-pass

----- 

- . - - 66 62 65 81 -: 153 
stock 93.0 90.0 94.0 78.8 81.3 84.4 100 

80 78 68 62 65 69 100 

A-255 80%	 cumene+20% one-pass 66 63 70 98 141 
stock 95.0 90.0 84.8 80.8 87.3 99.1 --- 

85 78 69 64 74 98 --- 

A-240 77 75 87 122 Cumen------------------------------
95. 0 96. 9 92.7 87.9 95.3 

85 91 83 74 88

Each fuel contains approximately 4 ml TEL/gal. 
b Based on fixed reference-fuel framework (ch. VIII, reference 13). 
a Knock-limited performance of engine with one-pass catalytic stock was low on day fuels 

were investigated. 
• Values for knock-limited imep were averaged from three curves.

TABLE A-b-PERFORMANCE RATINGS OBTAINED IN 
A. S. T. M. AVIATION AND A. S. T. M. SUPERCHARGE 
ENGINES-Continued 

A. S. P.M. Supercharge ratings 

Fuel-air ratio Fuel Fuel composition s (by volume) - 

-. 0.065 0.070 0.085 0.095 0.100 0.110 

A-341 20% benzene-f80% VBS ------- 78 85 134 155 162 168 
91.4

-
97. 5 99.4 0.22 0.27 0.29 0.30 

76 93 97 108 110 110 111 

A-342 40% benzene+60% VBS ------- 8! 89 148 178 190 208 

-- 

92.4 99 .4 0.05 0.37 1.03 1.63 2.28 
78 97 102 112 126 134 141 

A-343 60% benzene+40% VBS ------- 78 85 244 346 384 ----
94.2 97 .5 99.4 

83 93 97 173 

A-344 80% benzene+20% VBS ------- 115 
96.2

- 
0.38 0.45 

88 113 115 

A-358 1W 127 182 212 222 234 
0.43 1.20 0.92 1.95 3.10 3.57 4.14 

114 129 124 137 147 150 153 

A-359 40% benzene+60% alkylate ----

-----

112 182 230 253 295 - 
0.12 0 -.48 0.41 1.95 4.72 - - - - 

105 115 114 137 156 168 192 

A-360 60% benzene+40% alkylate ----

--- 98

.	 110 336 - 
100

- 
0.48 0.38 

---102 

100 115 113 

A-361 80% benzene+20% alkylate ---- 119 178 
98.3 1.30 4.63 

94 

- -102 

130 156 

A-362 20% benzee4-80% one-pass u -- 77 86 142 172 184 203 
stock. 93.8 96.9 100 0.33 0.58 1.26 1.96 

82 91 100 11! 118 130 138 

A-363 40% benzene+60% one-pass

----

-- 82 79 160 213 238 264 
stock. 92.0 100 95. 3 0. 73 3.17 5.33 - - 

78 100 88 121 148 159 172 

A-364 60% benzene+40% one-pass -- 68 72 191 254 280 328 

20% benzene+80% alkylate-------

stock. 91.5 91.3 90.7 2.52 
77 80 78 143 172 186 --

A-365 80% benzeno+20% one-pass -- 94 93 --
stock. 93.0 0.29 0.11 

80 110 105 

A-340 199 
87 
68 186 196 

A-321 20% toluene+80% VBS -------- 96 137 156 164 172 
93.7 0.07 0.16 0.26 0.29 0.32 0.27 

82 1 -03 106 110 110 111 110 

A-322 96 175- 228 245 268 

Benzene'--------------------------

40% toluene+60% PBS----------92 
95.
-

1 -0.24 0.16 1.57 4.43 -- -- 
85 1 -09 106 134 155 162 173 

A-323

---85

95 204 303 346 425 - 
97.0 0.14 0.14 3.36 

91 1 -05 105 149 -- -- --

A-324

60% toluene+40% PBS----------88 

501 113 340 80% toluene+20% PBS---------- 
98.8 0-.45 0.42 

96 115 114

Each fiIel contains approximately 4 ml TEL/gal. 
b Based on fixed reference-fuel framework (ch. VIII, reference 13). 

Values for knock-limited imep were averaged from two curves. 
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TABLE. A-10.-PERFORMANCE RATINGS OBTAINED IN 
A. S. T. M. AVIATION AND A. S. T. M. SUPERCHARGE 
ENGINES-Concluded 

A. S. T. M. Supercharge ratings 

Fuel-air ratio Fuel Fuel composition- (by volume)

. 0.065 0.070 0.085 0.095 0.500 0.110 

A-325 207, toluene+80% alkylate ---- 121 139 191 221 232 249 
0.-48 1.39 1.47 2.52 3.73 4.53 

115 131 132 143 151 158 162 

A-326 40% toluene+60% alkylate ---- 108 128 223 275 308 348 
0.54 0.75 0.97 5.38 

116 121 125 159 186 

A-327 60% toluene+40% alkylate ---- 100 105 300 
0.25 0.43 0.30 

109 114 lii 

A-328 801/, toluene+20% alkylate ---- 108 116 
0.16 0.75 0.47 
-

106 121 115 

A-3.31 20%	 toluene+80%	 one-pass 80 90 137 169 184 212 
stock. 95.1 98.8 0.06 0.26 0.47 1.25 2.55 

85 95 103 110 115 130 143 

A-332 40%	 toluene+60%	 one-pass . 85 92 151 202 224 262 
stock. 95.3 0.07 0.09 0.44 2.41 3.72 

86 103 103 114 142 151 171 

A-333 60%	 toluene+40%	 one-pass . 91 95 178 270 319 
stock. 97.4 0.21 0.14 1.73 

91 108 105 135 182 

A-334 80%	 toluene+2007, 	 one-pass 102 106 
stock. 0.10 0.48 0.31 

104 115 111 

A-320 Toluene t ---------------------- ---- -134 140 
0.57 2.00 1.51 

118 138 133 .. 

A-336 20% MTB ether+80% VBS --- ---- -95 101 144 170 179 187 
98.8 0.31 0.23 0.30 0.49 0.83 1.28 

96 111 108 111 115 121 130 

A-337 40% MTB ether+60% VBS --- 112 113 165 204 223 253 
0.12 0.95 0.42 1.02 2.55 3.64 ---  

105 125 114 126 -	 143 151 165 

A-338 60% MTB ether+40% VBS ---

---- --

---- 192 163 228 281 307 355 
0.92 _ 3.14 

124 -	 180 148 162 190 

A-339 80% MTB ether+20% VBS --- ----

-

---- 239 309 379 
2.61 

144 

A-347 20% MTB ethcr±80% al- . 143 155 230 258 268 281 
kylste. 1.68 3.06 2.38 

135 146 142 163 174 178 183 

A-348 40%	 MTB	 ether+60%. al- 166 174 258 312 338 377 
kvlate. 2.30 5.43 4.21 

141 159 154 183 ., 

A-349 60%	 MTB	 ether+400/, al- . 258 229 327 406 442 
kylate. 2.60 

143 .. 193 

A-3FO 80% MTB	 ether+20% al- . 307 271 374 
kylate. 6.0 

161 

A-351 20% MTB ether-4-80% one- 87 91 144 179 194 218 
pass stock. 06.1 0.12 0.08 0.35 1.10 1.72 2.97 

89 105 103 112 127 135 146 

A-352 40% MTB ether+6090 one- 113 112 163 204 225 269 
pass stock. 0.14 1.00 0.41 0.85 2.55 3.79 

105 126 114 123 143 152 175 

A-353 60% MTB ether+40% one- ... 185 160 230 289 319 376 
pass stock. 0.47 2.86 

115 173 146 163 195 

A-354 800/0 MTB ether+20% one- -. -. 269 237 301 370 
pass stock. 1.00 

126 200 

A-335 M T B ether t ------------------- 330 406 ----- 
>6 90

----- - -

>161

Each fuel contains approximately 4 ml TEL/gal. 
b Based on fixed reference-fuel framework (ch. VIII, reference 13). 
1 Values for knock-limited imep were averaged from two Curves. 
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(b) Neohexane blends. A. S. T. M. Supercharge fuel-air ratio, 0.11. 
Ficuag B-L—Blending charts for ternary blends containing high-antiknock blending agents, aviation alkylate, and virgin base stock by A. S. T. M. Aviation and A. S. T. M. 

Supercharge methods. 

I The charts of this appendix were reproduced from NACA Report 904 entitled "Estimation of F-3 and F-4 Knock-Limited Performance Ratings for Ternary and Quaternary Blends 
Containing Triptane or Other High-Antiknock Aviation-Fuel Blending Agents" by Henry C. Barnett. 
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Isopentane +4n,/ TEL/gal

(c) Isopentane blends. A. S. T. M. Supercharge fuel-air ratio 0.11. 

Benzene . +4 ml TEL /gal

VIrgin	 1\//ZJ\j p A/ky/ate 
+4 ml 

+4 in! 75	 80	 85	 .90	 95	 /00	 105	 I/O	 115	 TEL/gal 
TEL/ga!	

A. S. T hi Aviation performance number 

(d) Benzene blends. A. S. T. M. Supercharge fuel-air ratio, 011. 
Blending charts for ternary blends containing high-antiknock blending agents, aviation alkylate, and virgin base stock by A. S. T. M. Aviation and A. S. T. M 

Supercharge methods. 
FIGURE B-l.--Continued
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Cuinene +4 ml TEL/go! 

(e) Cumene blends. A. S. T. M. Supercharge ratings at fuel-air ratio for peak power. 

Mixed xy/e-ne +4 ml TEL/gal 

Virgin base
+4 inl

TEL/gal

:harge 
urnber 

A/kylale 
+4 ml 
TEL/gal 

(1) Mixed xylene blends. A. S. T. M. Supercharge fuel-air ratio, 0.11. 
FIGURE B-I—Continued. Blending charts br ternary blends containing high-antiknock blending agents, aviation alkylate, and virgin base stock by A. S. T. M. Aviation and A. S. T. M. 

Supercharge methods.
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Toluene +4m/ TEL/gal

(g) Toluene blends. A. S. T. M. Supercharge fuel-air ratio, 0.11. 

Methyl tert-butyl ether +4m1 TEL/gal

Virgin base/	 ' A/ky/ate 
+4rnl	 +4m1 
TEL/gal

	

	 100	 /10	 120 130	 TEL/gal 
A. 5. T. M Supercharge performance number 

(h) Methyl tert-butyl ether blends. A. S. T. M. Supercharge fuel-air ratio, 0.11. 
FIGURE B-I—Concluded. Blending charts for ternary Mends containing high-antiknock blending agents, aviation alkylate, and virgin base stock by A. S. T. M Aviation and A. S. T. M.

Supercharge methods. 
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FIGURE B-2.—Blending charts for ternary blends containing high-antiknock blending agents, aviation alkylate, and one-pass catalytic stock by A. S. T. M. Aviation and A. S. T. M. Super 

charge methods.	 A. S. T. M. Supercharge fuel-air ratio, 011.
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Di/sopropyl +4m1 TEL/gal

Neohexane +4m/ TEL /gal

no 

	

On&-pos	 x w	 X 1 4 W	 x	 x x x x  
cata/y t	 \4' ' A/ky lote ic 

stock +4m/	 /20	 /30
	 +4 ml 

	

TEL/gal	 TEL/gal 

(d) Neohexane blends. 
FIGURE B-2.—Continued. Blending charts for ternary blends containing high-antiknock blending agents, aviation alkylate, and one-pass catalytic stock by A. S P. AI.  Aviation and 

A. S. T. M. Supercharge methods. A. S. P. M. Supercharge fuel-air ratio, 0.11.



charge 
number 
on 

644	 REPORT 1026—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 
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FIGURE B-2.—Contjnued. Blending charts for ternary blends containing high-antiknock blending agents, aviation alkylate, and one-pass catalytic stock by A. S. P. M. Aviation and 

A. S. T. M. Supercharge methods. A. S. P. M. Supercharge fuel-air ratio. 0.11.
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Mixed xylenes + 4 ml TEL/gal

Toluene +4m1 TEL/gal

(h) Toluene blends. 
FIGURE B-2.---Continued. Blending charts for ternary blends containing high-antiknock blending agents, aviation alkylate, and one-pass catalytic stock by A. S. P. M. Aviation and 

A. S. T. M. Supercharge methods. A. S. P. M. Supercharge fuel-air ratio, 0.11.
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FIGURE B-2.—Concluded. Blending charts for ternary blends containing high-antiknock blending agents, aviation alkylate, and one-pass catalytic stock by A. S. T. Al. Aviation and 
A. S. T. M. Supercharge methods. A. S. T. M. Supercharge fuel-air ratio, 0.11.
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BUCKLING OF THIN-WALLED CYLINDER UNDER AXIAL COMPRESSION 
AND INTERNAL PRESSURE' 

By Hsu Lo, HAROLD CRATE, and EDWARD B. SCHWARTZ 

SUMMARY 

An investigation was made of a thin-walled cyclinder under 
axial compression and various internal pressures to study the 
effect of the internal pressure on the compressive buckling stress of 
the cylinder. A theoretical a'nalysis based on a large-deflection 
theory was also made. The theoretically predicted increase of 
compressive buckling stress due to internal pressure agrees 
fairly well with the experimental results.

--Spreader bars
Steel cover-

,Steel blocks' 

flanged. 

INTRODUCTION 

The buckling of thin-walled cylinders under axial compres-
sion and lateral pressure has been investigated by Flugge 
(reference 1) who found that the effect of the internal pres-
sure on the buckling load is negligible. Flugge's conclusion 
is in contradiction to the results of a series of tests, made at 
the Langley Aeronautical Laboratory of the NACA, of two 
curved panels under axial compression and various lateral 
pressures. These test results, reported in reference 2, showed 
an appreciable strengthening effect of the lateral pressure 
on the buckling load of the curved panels. The apparent 
discrepancy between these experimental results and the 
prediction by Flugge's theory made it desirable to investi-
gate this problem further. Consequently, additional tests 
were made of a cylinder under axial compression and various 
internal pressures for which results are presented herein. 
A theoretical analysis of this problem is also presented 
which differs from that of Flugge in that the present analysis 
is based on large-, rather than small-, deflection theory. 

APPARATUS AND PROCEDURES 

Test specimen.—The specimen used for the tests was a 
cylinder, 32 inches long with a 15-inch inside radius, made 
of 24S-T aluminum alloy, sheet of 0.0249-inch average 
thickness. It was closely riveted around two heavy steel 
rings, one at each end. The butt joint of the two longi-
tudinal edges was covered both inside and outside by straps, 
0.032 inch thick and 134 inches wide, along the total length 
of the cylinder. (See fig. 1.) 

The two heavy steel rings were made of 34- by 4-inch steel 
bar stock rolled to the diameter of the cylinder. Two 34-
by 2-inch spreader bars were used to reinforce the ring as 
shown in figure 1. A ring with a flange, machined flat, was 
fastened to the 34- by 4-inch steel ring to provide an even 
bearing surface on which a steel cover plate was fitted.

V Longitudinal strain gages 
X Circumferential strain gages 

FIGURZ 1.—Test specimen and strain-gage positions. 

Three steel blocks were placed on top of the plate. The 
applied compressive load was transmitted from the machine 
head through the three steel blocks to the cover plate. 
The joint between the cylinder and the cover plates was 
sealed. 

Equally spaced along the inside circumference of the cylin-
der at inidlength were 16 strain gages, and directly opposite 
to them on the outside were 16 more gages. These gages 
were placed to measure strains in the longitudinal direction. 
Six more gages, three inside and three outside, were placed 
to measure the circumferential strains. 

Test procedures.—The specimen was subjected to com-
pressive load in the 1,200,000-pound universal testing ma-
chine of the Langley Structures Research Laboratory. Coin-
pressed air was used to produce internal pressure, which 
could be maintained at any desired constant value. The 
pressure was measured by a manometer. The strains were 
recorded by standard electric strain-gage equipment and 
the end-shortening was measured by dial gages. 

The cylinder was preloaded and the strain-gage readings 
were taken. The three steel blocks were so adjusted that 
all longitudinal strain-gage readings around the circumfer-
ence of the cylinder were equal. 

- - - - - 

.O249 24S- 

xO, O32"
strap, 24S-T 

Sunersedes NACA TN 2021, "Buckling of Thin-Walled Cylinder under Axial Compression and Internal Pressure" by Hsu Lo, Harold Crate, and Edward B. Schwartz, 1950. 
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(a) Linear part of load-strain curve for tour typical pairs of strain gages. 
FIGURE 2.—Typical experimental result. Internal pressure, 13 ' psi. 
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The compressed air was then let into the cylinder until 
the desired internal pressure. was reached. The axial com-
pressive load was increased in increments until buckling was 
observed. At each load increment, all gage readings were 
recorded. The load was then decreased until the buckles 
disappeared and increased a second time to check the reading 
obtained the first. time. During all these steps the internal 
pressure was maintained constant. 

The axial load was then reduced and the internal pressure 
was changed to another value. For each value of internal 
pressure the same procedure was repeated. 

EXPERIMENTAL RESULTS 

A typical experimental result is shown in figures 2(a) 
and 2(b) for the case in which the internal pressure was 1 
psi. In figure 2(a) the compressive load is plotted against 
the strain-gage readings for four different pairs of gages, 
within the range where the load-strain relation is linear. In 
figure 2(b) the strain-gage reading is plotted for all strain 
gages at three compressive loadings close to the buckling 
load. Figure 2(b) indicates that buckling occurs at a com-
pressive load of 12,700 pounds between strain gages 22 and 
23. (Note the intersection of the curves at two consecutive 
loadings.) A buckle at this location was observed during the 
test. The compressive load at which this phenomenon 
occurs is considered the buckling load. 

Since the buckling occurs locally and not simultaneously at 
all the gages, the local buckling strain is obtained by dividing 
the buckling load by the slope of the linear portion of the 
load-strain curve corresponding to the gage at which the 
buckling occurs. The corresponding stress is the buckling 
stress. The buckling stresses for various internal pressures 
were determined in this same way. 

The results are tabulated in table 1 and plotted in figure 3 
in terms of the two nondimensional parameters 

-	 O'U cr R 
0cr_E I 

- p(R2 
1E\t) 

where o is the buckling stress, p is the internal pressure, 
R is the radius of the cylinder, t is the wall thickness, and 
E is Young's modulus. Except for the first test correspond-
ing to 3=0.1028 in which the cylinder had undergone no 
previous buckling, all the tests were carried out on the cylin-
der with possible permanent set.	 - 

THEORETICAL RESULTS 

A theoretical analysis for calculating the buckling stress 
of a cylindrical shell under axial compression and internal 
pressure was obtained by a "large-deflection" theory for

An 

a) 
L 
a, 

a 
40 

a, 
L 

C')

98

VI I	 I	 I	 I	 I	 I Load
H (Ib) 
Il	 o/2000 

96	 j/
	 "12,500 V	 /2,700 

1,17	 3,19	 5,2/	 7,23	 9,25 1127 13,29	 /5,3/ 
Strafri -gage posihbns 

(b) Close to buckling load. 
FIGURE 2.—Concluded. 

which details are given in the appendix. The large-deflection 
theory was first advanced by Von Kkrmãn and Tsien 
(reference 3) in the study of buckling stress of cylindrical 
shells under axial compression (but without internal pres-
sure). This theory was subsequently improved by Leggett 
and Jones (reference 4). In reference 3 the buckling stress 
was shown to depend on whether the load was applied by a



TABLE 1

BUCKLING STRESSES FOR VARIOUS INTERNAL PRESSURES

Experimental Theoretical 

0 0.1936 0 0 0.376 0 
.01715 .252 .058 .02 .444 .068 
.03425 .277 .083 .04 .480 .104 
.0514 .309 .116 .06 .506 .130 
.0685 .350 .156 .08 .528 .152 
.0858 .36.3 .170 .10 .547 .171 
.1028 .407 .213 .12 .565 .189 

.14 .581 .205

• -
- 

o-

- 

—

- 

- roref,al 
•	 Exper,montc,l 
0	 (xperünenfçl 

- -

results 

tests 

7-1-1 

result, 
results, 

-

- 

tPSf 
subsequent 

1

- 
test

WA 

0 

BUCKLING OF THIN-WALLED CYLINDER UNDER AXIAL COMPRESSION AND INTERNAL PRESSURE 	 649 

o	 .10 
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FIGURE 4.—Theoretical and experimental results showing the increment of buckling stress 
due to internal pressure. 
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FIGURE 3.—Comparison of theoretical and experimental results of the buckling stress at 
various internal pressures. 

rigid loading machine or by a dead-weight machine. In 
the present analysis, the loading machine is assumed to be 
rigid. 

The existing procedures for computation of the buckling 
stress by large-deflection theory involve the solution of four 
simultaneous nonlinear equations for each pressure loading. 
The numerical work is quite lengthy. The method used in 
the present study introduces a fifth equation which governs 
the conditions at which the buckling occurs. The fifth 
equation is based on consideration of conservation of energy, 
which is an extension of Tsien's buckling criterion given in 
reference 5. Although a solution of five simultaneous equa-
tions is now necessary, the numerical work is actually

reduced to a small fraction of that required if the existing 
procedures were used. This reduction in labor is made 
possible through- a proper choice of the parameters in the 
equations and the process of the computations. The results 
calculated by the present method are presented in table 1 
and are represented by the solid-line curve in figure 3. The 
curve is cut off at a value of o=0.605, corresponding to 
pa0.169. This constant value of cr=0.605 for j>0.169 
is the same as that obtained by the classical theory. 

DISCUSSION AND CONCLUSIONS 

From the theoretical and experimental results shown in 
figure 3, the internal pressure is seen to have an appreciable 
strengthening effect on the cylinder. Although the two 
curves obtained from theoretical and experimental results 
do not coincide, both show the same trends as regards the 
effect of internal pressure on the buckling stresses. If the 
increment of the buckling stress due to the presence of 
internal pressure (that is, the difference between the buckling 
stress with the pressure and that without the pressure 
();) is plotted against the internal pressure, as shthvn 
in figure 4, a good agreement is obtained between the theo-
retical and experimental results. These data indicate that, 
although further improvement of the theory is necessary 
for the determination of the magnitude of the compressive 
buckling stress, the theory gives a fairly good prediction of 
the increase of buckling compressive stress that may he 
expected as a result of internal pressure. The discrepancy 
between the theoretical curve and the experimental curve 
of figure 3 is believed to be caused by such factors as manu-
facturing imperfections in the specimens, material irregulari-
ties, and energy absorbed by the loading machine, which 
have not been included in the theory. 
LANGLEY AERONAUTICAL LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 
LANGLEY FIELD, VA., October 12, 1949. 



APPENDIX 

THEORETICAL ANALYSIS OF BUCKLING LOAD OF CYLINDRICAL SHELLS UNDER AXIAL COMPRESSION AND INTERNAL 
PRESSURE BY LARGE-DEFLECTION THEORY 

BACKGROUND OF THEORY 

The use of large-deflection theory for shells under axial 
compression was first advanced by Von Kârmán and Tsien 
(reference 3) in an attempt to explain the discrepancies 
between the buckling loads predicted by classical theory and 
those obtained from experimental results. (See, for instance, 
reference 6.) The results of reference 3 indicated that 
cylindrical shells can be maintained in equilibrium in the 
buckled state by a compressive load considerably lower than 
that predicted by classical theory. A plausible explanation 
of this result is that, before the classical buckling load is 
reached during a test, the cylindrical shell "jumps" from an 
equilibrium unbuckled state to an equilibrium buckled state. 
The physical phenomena of the jump were further examined 
in reference 5 by Tsien. 

The treatment of Von Kármán and Tsien in reference 3 
was left incomplete, however, in that the equilibrium posi-
tions at the buckled state were determined by differentiating 
the total potential energy with respect to some but not all of 
the physical parameters involved. The resulting equations 
gave a relation between the average compressive stress o- and 
the end-shortening e in terms of the remaining parameters. 
A set of curves of q against € were thus obtained for various 
combinations of the remaining parameters. 

Improvement of the theory of Von Kármán and Tsien was 
made by Leggett and Jones (reference 4), who took the 
derivatives of the energy with respect to all the parameters 
and thus obtained a single curve between o- and €, represent-
ing all equilibrium positions of the cylindrical shell in the 
buckled state. The same result was obtained by Michielsen 
(reference 7) in a similar process. Such a curve is shown 
by BC of figure 5. 

Theoretically, when the cylinder is compressed, the relation 
between o- and e follows the straight line ODA which repre-
sents the unbuckled state and will reach the point A if 
everything is perfect; the cylinder then buckles and the 
relationship follows the curve ABC which represents the 
buckled state. Before point A is reached, however, some 
external disturbance may possibly cause the cylinder to jump 
from the unbuckled state represented by the point D to the 
buckled state represented by the point E. The positions 
of D and E on the respective curves depend on the actual 
physical conditions of the jump. 

If the physical condition which governs the jump is known 
or defined, the buckling stress corresponding to the point D 
can be obtained directly without going through the labor of 
finding the curve ABC. This procedure can greatly reduce 
the amount of numerical work.

or 

0	 C 

FIGuRE 5.—Relation between the average compressive stress u and the end-shortening e. 

In reference 5, Tsien introduced a criterion which governs 
the jump DE for the condition of loading obtained in a 
rigid testing machine; namely, that the strain energy remains 
the same before and after the jump and that the jump occurs 
at constant end-shortening. According to this criterion 
the line DE must be vertical and must cut the curve ABC 
in such a way that the two shaded areas ADG and GBE 
are equal. In fact, the area ADG represents the additional 
energy that is needed to assist the cylinder in jumping from a 
condition represented by D to that represented by G and 
the area GBE represents the energy that is given up by the 
cylinder when it arrives at the lower energy level, point E. 
The energy represented by the area ADG is very small, 
and therefore a slight disturbance from the surrounding air 
might assist the cylinder to jump from the unbuckled state 
to the buckled state at a compressive stress well below the 
classical buckling stress corresponding to point A. 

Since the external disturbance is required to assist the 
cylinder to jump from the state corresponding to D to that 
corresponding to G, a slightly larger external disturbance 
can well cause the cylinder to make the transition from 
the state represented by D' to that represented by B, 
except that in the case in which the cylinder jumps from 
D' to B the cylinder absorbs the energy of the external 
disturbance and does not re-emit it. The buckling stress 
can be then as low as point D'. This fact was pointed 
out by Tsien in reference 8. 

650
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In addition to the two criterions just mentioned, there 
are still others that might be used. In view of the fact 
that the choice of the buckling criterion is a much less 
important factor in the determination of buckling stress 
than are such other factors as, for example, the initial 
imperfections, Tsien's criterion of reference 5, as represented 
by the line DE, is as reasonable as any other, and the 
choice of this criterion greatly simplifies the numerical work. 

Tsien's criterion of reference 5 cannot be applied directly 
to the present analysis, however, because with the presence 
of the internal pressure the strain energy is no longer the 
same before and after the jump. In addition, the criterion 
is applied herein in quite a different manner from that of 
reference 5. In reference 5, a series of values of wave num-
ber n and aspect ratio 0 were chosen and the criterion was 
applied to each pair of values of n and $; the pair of values 
of n and f which gave the minimum value of buckling load 
was considered to correspond to the buckling condition. 
In the present analysis, since the variation of a with € can 
be plotted only as a. single curve, this criterion need be 
applied only once for each internal pressure. The results 
correspond to the minimum-potential-energy condition. 

In the derivation of the present analysis, the basic equa-
tions in reference 3 are first extended to include the effect 
of internal pressure, Tsien's criterion governing the jump 
for rigid machine loading (reference 5) is modified, and the 
buckling stress is finally obtained. 

SYMBOLS 

A list of symbols follows. ?s'Iost of the symbols used in the 
present report are the same as those in reference 3; exceptions 
are the use of !u for Poisson's ratio, X for wave length, and I 
for aspect ratio of the buckled waves. 

half wave length in longitudinal 
direction 

Xi	 half wave length in circumferential 
direction 

Jo, 11,12	 parameters used in deflection function 
M number of waves in longitudinal 

direction within length equal to 
circumference of cylinder 

n	 number of waves in circumference 
P	 internal pressure 
t	 thickness of cylinder wall 
X , 

y coordinates measured in longitu-
dinal and circumferential directions, 
respectively 

U component of displacement of a point 
on median surface of shell in 
x-direction 

W component of displacement of a point 
on median surface of shell in radial 
direction

a measure of average circumferential 
stress per wave length in longitudinal 
direction 

en4-shortening of cylinder 
U	 average compressive stress 

aspect ratio of buckled waves 

Ju Poisson's ratio 
total potential energy 

E Young's modulus 
strain energy 

B1 ,B2,. .. B6	 ) 
B1 ', B2',	 .	 .	 .	 B6

certain functions of 

D1 , D2, .	 .	 . D5 certain functions of p and i3 
OD 

P (D represents the functions D1 , D2 , 
D5) 

(D)== 0

.	 .	 . 

(D represents the functions D1 , D2, 
D5) 

R radius of cylinder 
W1 elastic extensional energy 
W2 bending energy 

work done by applied compressive load 
work done by internal pressure 

Nondimensional parameters: 
12 

p-
fi 

71=.n 

_qR 

p(R)2 

W
(W1, 1412 , W3 , and W are defined in the 

EtXaXi, same manner.) 

EtXaXi, 

EtXaXt, 

- R 
f = 4E 

U =ff—P) tD1 

Subscripts: 
o pertaining to buckling condition 
U uribuckled state just prior to buckling 
Cr buckling condition
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DERIVATION OF BASIC EQUATIONS 

Three basic equations are derived in the following analysis to include the effect of internal pressure. They are the ex-
pression for the total potential energy, the expression for the strain energy, and the relation between the end-shortening and 
the average compressive stress. 

In order to calculate the total potential energy, the work done by the internal pressure should be included in addition 
to the energies W1 , 1472 , and 1473, which are given by equations (25), (26), and (27) of reference 3 as: 

WI	
4 [( j _/22) ()2
	

( 12+1 flf2+f J2)+ 
EtXaX

(i+ )2_ 2n2 ( fi2+ f1f2+ 12)	 fi)]+ 

[
I+B4+_ 134D2	 /34G2	 4H2 

-	 (1+2)2+(1 +9 2)2+ (9+0 2)2 +16 (1 +2)21	
(1) 

W2 - 1	 (,)2 

EtXaXi 6(1— A
 2)	

4 {f12[1 (1 +2)2+ (1 + 4)]+(i +)JIf2+(1 +4)J22}	 (2) 

W3 =[ _/22) () +n2 (M+2)( 1 2 + 1 11+ 1 f2 2/2 @o+ i')]	 ( 3) 
Eta

T2	 9 

where a, b, ,, and v have been changed to X, X, $, and /2, 

respectively, to agree with the notation of the present 
report and where

A= f22_ (i 
+ 12) 

B'2 —fin 2 

C=fin2(fi+f2)_fi 

D=Jin2(fi+f2) 

G=Jin2(Ji+f2) 

and
H=n2(fi+f2) 

The work done by the internal pressure is, for a complete 
wave panel,

Wp_4ff6Wp dx dy 

The negative sign is introduced because the radial deflection 
w is considered positive inward. 

If the same deflection function given in equation (16) of 
reference 3 is used, that is,

MX 
(fo+)+(cos	 cos	 cos	 cos

 
fl

the work done by the internal pressure becomes 

Wv_4PRXaX i fo+). 	 (5) 

If the total potential energy 

0= W1 + W2 - W3-IV,  

is differentiated with respect to f and the derivative is set 
equal to zero, the following expression is obtained: 

	

G112+1112+1 2)_	 (6)
 or PR 

Substitute this expression into equations (1), '(2), (3), and 
(5) for Wi , W2 , W3 , and W, respectively, and the following 
equations are obtained: 

Wi
2 

1	 - LE) + E)Et) I VEt) + LtXaXb

n4 (B1 f+ B2f1 3 f2+ B3f12J22+ B4 J,j2 + J24)_ 

n2[(2B+l)f3+(4B+1)12f]+ 

	

R2B4+)fi2+fif2+f22]	 (7) 

1 W2
	 2'

B5f12 + B6J1J2 + B6f22)n4	 (8) 
EtXaXi, 

W3 =4 [2 ()2+2/2 ((V
))+. 

f2( 2mx2ny\	 I 
Cos -]--+CO5-7--	 (4) 1 !()fl22(f2+ff +12)]	 (9)
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WI, 
=8[()+8 U GOOD —EtXXb  

fl2() I(f12+J1J2+f22)]	 (10) 

where

B 
1	 ____ __ 

'

	 [1+0117

 8 +4 (1+$2)2+(1+9$2)2+(9+$2)2] 

B	 1[2(j+02)2+(j+9fl2)2+(9+02)2
9 	 j34	 $4	 $4	 1 

]

 04	 04	 04 
B3= [11 (1 l $) + (1 +9$2)2+(9±$2)21 

B4=
1	 j34 

+$2)2 

B5 = 6(1 1 0) [(1+fl2)2+(1+$4)] 

B6=
1	

s2) 
(1--$) 6(1— 

Equations (7) to (10) may be expressed in terms of the 
nondimensional parameters 	 ,	 , p, i,	 , and 77 as 

W1=4( 2 + 2	 1)+7j2)+ 7 24 D2+i, 3( — D3)+ 2 D4 (11) 

W_ 22D (12) 

W3 =8 2+8+ 2 D1 (13) 

(14) 

where

$2 (+P+P2) 

D2 =Bi +B2 p+B3 p 2 +B4 p 3 +	 B4 p4

D3=(2B4+)(1+2) 

D4=(2B4+)+(p+p2) 

D5=B5+Bo(p+p2) 

The nondimensiona.1 total-potential-energy parameter 0 is 

W+ W2 T'V3 W 

4(2+93+52)_(_I 5) 2D1+ 

n 24D2- 3D3+ -2D4+77 22D	 (15) 

The nondimensional strain-energy parameter is 

'=W1 + TT2 

=4 (-2 +  2ii+)+ 7724D2— 

n 3 D3+r 2 A+  77 22D5	 (16)

The relation between the end-shortening € and the average 
compressive stress can be determined from equation (23) of 
reference 3 by integrating; thus, 

1	 I . bu
dx 6 =— I — —

'aJO Ox 

I ti	 a\ =+)+n2$ 2 (f2+f22+J1f2) 

where alE, as determined from equation (24) of reference 3, 
together with equation (6) herein is 

aPR 
EEt 

Therefore, the relation between and in nndimensional 
form becomes

- R 
€	 6

(17)  

Equations (15), (16), and (17) are for cylinders in the buckled 
state. For cylinders in the unbuckled state, the correspond-
ing equations are

(18)

(19)

(20) 

EQUILIBRIUM POSITIONS OF CYLINDERS IN BUCKLED STATE 

The equilibrium positions of cylinders in the buckled state 
can be obtained by differentiating the total potential energy 
of equation (15) with respect to each of the parameters 77, 
, p, and $ and by setting the derivatives equal to zero. 

Four simultaneous, nonlinear equations are thus obtained: 

=- [(-
-3) 77D 1 - 2(i)2D2 + ()D3 - 2772D5] (-) 

077

77D1-2(-)21)2+1.5(-)D3-

D_ 77 2D] (2) 

=O= _[( - ;) 77 (D1 )— ( 77 )2(D2)+( 77 -)(D3)— 
op

(D4)0— 77 2(D5)p] -2 

=_ 
i) 77(D1)—(n)2(D2)+(n )(D3)— 

o= _[( 0$

(D4)s_772(D+5iDi]
$

(21) 
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Theoretically these four simultaneous equations can be 
solved for q, , p, and 0 in terms of j for a given pressure. If 
they are substituted into equation (17), a relation between 
end-shortening 7 and the compressive stress is obtained 
which represents all equilibrium positions at the buckled 
state. In fact, this solution is essentially that obtained by 
Leggett and Jones (reference 4) and \'1ichie1sen (reference 7) 
for cylinders with axial compression but no internal pressure. 

Practically, however, the solution of the four simultaneous 
equations (22) requires a long and tedious numerical process. 
If only the buckling stress is required, calculation of only one 
point on the curve of F against i rather than the whole curve 
is necessary. This solution can be obtained by the intro-
duction of one more equation which governs the condition 
at buckling.

BUCKLING CRITERION 

where

. $2(l+2p) 

(D2)9 =B2 + 2B3 p + 3B4 p 2 + 2B4p3 

(D3)=2(B4+) 

(D4),= (1+2p) 

(D5),=B6(1 +2p) 

(D 1)=$ 2 Q+p+p')=2A

B4'p4 

(D3)r=2B4'(1 +2p) 

ffl\ )D 
' L-'418	 '.1J4' 

(D5)=B5'+B6'(p + p2) 

and'

	

14 1= 1 [0^'+ 17	 34 
+	

$4 34 -1 
16	 (1+$2)3 (1+9/3 2)3+9 (9±$ 2)3

] 04	 04	 04 
B2'=4 [ (1 +/32)3+ (1 +9/32)3+9 (9 +$2)31 

B3' 
1[11	 $4	 /34	 34 

(l+$2)3+(1+9$2)3+9(9+fl2)3] 

B'-1 
$4 

.'	 2 (1+$2)3 

B5'= 6(1 1 2) 1/32(1+3/32) 

BI1==6(14 2) $4 
- 

Let

0- =— P) D1

In reference 5, Tsien gave the following criterion which 
governs the condition at buckling: That the strain-energy 
of the buckled cylinder is the same as the strain energy of 
the unbuckled cylinder when the cylinder is tested in the 
rigid testing machine so that the end-shortening does not 
change during buckling. This criterion is apparently 
established from considerations of conservation of energy. 
Although other physical criterions can he used (for instance, 
see reference 8), the criterion of reference 5 was chosen and 
extended to include the case for which the internal pressure 
is present. The choice of this criterion simplifies the numer-
ical work. 

When internal pressure is present in the cylinder, work is 
clone by the pressure during buckling. The strain energy in 
the buckled state is no longer equal to that in the unbuckled 
state, but

(23) 

where AIV, is the work done by the pressure during buckling, 
or

1 1
	 B 2	 r'0

[- .f J o
p(w—w)dx dy] 

tXaXbt

(24)

 Equation (14) can be rearranged as follows: 

	

The four simultaneous equations (21) become 	 (25) 

	

'i -)2( D2)—( -)D3 + 2 2D5
	 (22a)	 Therefore, for the unbuckled state, the last term is eliminated 

	

'=()2(2D2)—( )(1 .5D3)+ D4 + ?72D5	 (22b)
	 and

(26) 

	

= [( ,i )2(D2),— (n )(D3)+ (D4)-f 77 2(D5)] 
(D P 

(22c)	
Then, from equations (24), (25), and (26) 

'= [(, )2(D2)8 — ( XD3)s+(D4)fi+ 2(D5)]	 D (22d)2 g2
	 5 2D1	 (27)
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The buckling criterion becomes (equations (23) and (27)) 

-2D1 

or, from equations (16) and (19), 

4(2+ 2 5 + 5 )+n 2 - 'D2_  3D3 + - 2D4+ t122D5 

T),7 r2 	 (28) 

Since the end-shortening remains unchanged during buckling, 
that is, the following relation is obtained from equa-
tions (17) and (20):

cru=+Di.	 (29)

The intersection of these two curves determines a pair of 
values -a ' and p which are called and Po. The correspond-
ing values of (t), and (-q 2),are computed and substituted in 
equation (22d) from which the pressure p can be calcu-
lated. For each assigned value of 0, there are obtained cor-
responding values of	 and p A curve of a 0 against 
can thus he determined. If the following relations are used 

'o(fl D1)0 (
	

) 

(n 2D1)0 

the relation between a,, and T is obtained as shown in figure 3. 

CUT-OFF BUCKLING STRESS 

If this relation is substituted in equation (28) and if the 

-, (7-1 \_relationa- is used, the buckling criterion 

becomes

( )2 (D2_ Dl2)_(7 )D3+ D 4 + 2 Ds	 (30) 

The solution of the five equations (22a), (22b), (22c), (22d), 
and (30) gives the buckling stress for a given internal pres-
sure. The following section presents a very simple method 
for the solution of these five simultaneous equations. 

METHOD OF SOLUTION 

From equations (22b) and (30) and equations (22a) and 
(22b), the following equations are obtained: 

2 ( D12)

	 (31) 

D4 — D3()
(32) 

For a preassigned value of 0, assume various values of p and 
compute m and 72 from equations (31) and (32). Substitute 
these values in equations (22a) and (22c) to obtain (')a and 
('), respectively. Plot both (')a and (') against p.

When equation (31) is derived from equations (22b) and 
(30), a factor ()=0 is also obtained. If this relation is 
used instead of equation (31), it can be shown that the 
buckling stress can never exceed-the classical buckling 
stress 0.605 which is independent of pressure. 
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EFFECT OF ASPECT RATIO ON THE AIR FORCES AND MOMENTS OF 
HARMONICALLY OSCILLATING THIN RECTANGULAR 

WINGS IN SUPERSONIC POTENTIAL FLOW' 

By CHARLES E. WATKINS 

SUMMARY 

This report treats the effect of aspect ratio on the air forces 
and moments of an oscillating flat rectangular wing in super-
sonic potential flow. The linearized velocity potential for the 
wing undergoing sinusoidal torsional oscillations simultane-
ously with sinusoidal vertical translations is derived in the 
form of a power series in terms of a frequency parameter. The 
series development is such that the differential equation for the 
velocity potential is satisfied to the required power of the fre-
quency parameter considered and the linear boundary conditions 
are satisfied exactly. The method of solution can be utilized 
for other plan forms—that is, plan forms for which certain 
steady-state solutions are known. 

Simple, closed expressions that include the reduced frequency 
to the third power, which is sufficient for applicatio7i to a large 
class of practicable problems, are given for the velocity potential, 
the components of total force and moment coefficients, and the 
components of chordwise section force and moment coefficients. 
The components of total force and moment coefficients indicate 
the over-all effect of aspect ratio on these quantities; however, 
the components of chordwise coefficients yield more information 
because they account for the spanwise distribution of aerody-
namic loading of a rectangular wing and may therefore be 
more useful for flutter calculations. it is found that the com-
ponents of force and moment coefficients for a small-aspect-
ratio wing may deviate considerably from those of an in

 wing. Thickness effects which may alter some of 
the conclusions are not taken into account in the analysis. 
Results of some selected calculations are presented in several 
figures and dismissed.

INTRODUCTION 

The effect of aspect ratio on the single-degree torsional 
instability of a finite rectangular wing oscillating in a super-
sonic stream was treated in reference 1 by expanding, in 
powers of the frequency of oscillation, the linearized velocity 
potential developed in reference 2. Since only slow oscilla-
tions were considered pertinent to singie-degree torsional 
instability, terms in the expansion involving the frequency 
of oscillation to powers higher than the first were not 
considered. 

In the present report the expanded linearized velocity 
potential is used to study the effect of aspect ratio on the air

forces and moments of an oscillating, thin, flat, finite, rec-
tangular wing when higher powers of the frequency of oscilla-
tion are taken into account. The motions considered are 
sinusoidal torsional oscillations about a spanwise axis taken 
simultaneously with sinusoidal vertical translations of this 
axis. The velocity potential is developed by use of sources 
and doublets, so as to include all powers of the frequency 
of oscillations up to any desired power. Simple, closed 
expressions are given for the velocity potential, components 
of the total force and moment coefficients, and components 
of the chordwise section force and moment coefficients involv-
ing powers of the frequency up to and including the third 
power. Extension of the results to include higher powers of 
the frequency is straightforward. 

A recent publication, reference 3, that became available 
after this investigation was completed, is partly devoted to 
the treatment of a rectangular wing undergoing the same 
types of harmonic motions as those considered herein. The 
velocity potential is determined in the form of a double 
integral, by application of the Fourier transform to the 
boundary-value problem for this potential, and expressions 
for forces and moments are given in terms of this double 
integral. The reduction of the integral expressions of 
reference 3 to forms desirable for flutter calculations—that 
is, chordwise section forces and moments—is not given. 

SYMBOLS 

disturbance-velocity potential 
x,y,z rectangular coordinates attached to wing 

moving in negative x-direction 
ii rectangular coordinates used to represent 

space location of sources or doublets in 
xy-plane 

Zm function defining mean ordinates of any 
chordwise section of wing such as y = yj as 
shown in figure 1 

w(x,y 1 ,t) vertical velocity at surface of wing along 
chordwise section at y=y1 

X O abscissa of axis of rotation of wing (elastic 
axis) as shown in figure 1 

t time 
h vertical displacement of axis of rotation 

amplitude of vertical displacement of axis 
of rotation, positive downward

Supersedes NACA TN 2064, 'Effect of Aspect Ratio on the Air Forces and Moments of Harmonically Oscillating Thin Rectangular Wings in Supersonic Potential Flow" by Charles 
E. Watkins, 1950.

Preceding Page Blank 	
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a angle of attack 
a0 amplitude of angular displacement about 

axis of rotation, positive leading edge up 
h,a time derivative of h and a, respectively 
V velocity of main stream 
C velocity of sound 
M free-stream Mach number (V/c) 

7*1,72,71I,172 functions defined with equation (7) 
function used to represent space variation 

of source and doublet strengths 
W(t) function used to represent time variation of 

source and doublet strengths 
frequency of oscillation 

-	 M2w 
W= V02 

k reduced frequency (wb/V) 

R= 0 v'(n 
anm represents functions of	 , x, and lI, defined 

in equations (15) 

fl,J2,.f3

represent functions of x, x0, and	 , defined 
in equations (19) 

P. function used to denote doublet distribu-
tions (see equation (22)) 

F function defined in equation (28) 
function defined ii) equation (29) 

P density 
AP local pressure difference measured positive 

downward, defined in equation (31) 
b half-chord 
s half -span 
A aspect ratio (s/b) 

total force acting on wing defined in equa-
tion (32) 

TITITIT components	 of	 total	 force	 coefficients, 
defined in equations (35) 

Al a total moment acting on wing, defined in 
equation (36) 

components of total moment coefficients, 
defined in equations (38) 

P section force (total force at any spanwise 
station), defined in equation (39) 

L,,L 2 ,L3 ,L 4 components of section	 force coefficients, 
defined in equations (41) and (42) 

Ma section moment (total moment at any span-
wise station), defined in equation (40) 

All, Al2 , Al3 , M4 components of section moment coefficients, 
defined in equations (43) and (44) 

- - 
F,,, G. functions related to F and G5 , defined in 

appendix

ANALYSIS 
BOUNDARY-VALUE PROBLEMS FOR VELOCITY POTENTIALS 

Consider a thin flat rectangular wing moving at a constant 
supersonic speed in a chordwise direction normal to its lead-
ing edge as shown in figure 1. The boundary-value problems 
for the velocity potential for such a wing ma y be conven-
iently classified into two types associated with the nature 
of the flow over different portions of the wing. On the 
portion of the wing between the Mach cones emanating from 
the foremost point of each tip (region N in fig. 1 (a)) there 
is no interaction between the flow on the upper and lower 
surfaces of the wing. The type of boundar y-value problem 

/ 

/ 

V 

-.Iv

(a) \ 

Trailing 
z Midehora'	 edge 

t xb	 x-2b 
Leading I 

edge I Axis of 
xO I rotation I 

I 
I

I 	

-° 

I

I 

I

(b) I

(a) Plan form (xy-plane). 

(b) Section v=vI (zz-plane). 

FIGURE 1.—Sketch illustrating chosen coordinate system and the two degrees of freedom

a and h. 
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for this portion of the wing is referred to herein as "purely 
supersonic" and the velocity potential for region N is de-
noted by 4. On portions of the wing within the Mach 
cones emanating from the foremost point of each tip (regions 
T 1 , T2 , and T3 in fig. 1 (a.)), there is interaction between the 
flow on the upper and lower surfaces of the wing. The type 
of boundary-value problem for these portions of the wing is 
referred to as "mixed supersonic" and the velocity potentials 
for these regions are designated by 0, 1 1 	 and OT3 , respec-
tively. The complete velocity potential at a point may then 
be expressed as	 or 07,3 according to the region 
that contains the point. 

As customary in linear theory, as applied to thin flat sur-
faces, the boundary conditions are to be ultimately satisfied 
by the velocity potentials at the projection of the wing onto 
a plane (the xy-plane) with respect to which all deflections 
are considered small and which lies parallel to the free-
stream direction. Thickness effects are not taken into 
account; hence, the velocity potentials are associated only 
with conditions that yield lift and are consequently anti-
symmetrical with respect to the plane of the projected wing. 
It is therefore necessary to consider the potentials at only 
one surface, upper or lower, of the projected wing. The 
upper surface is chosen for this analysis. 

The differential equation for the propagation of small 
disturbances that must be satisfied by the velocity potentials 
is (when referred to a rectangular coordinate system x,y,z 
with the xy-plane coincident with the reference plane and 
moving uniformly in the negative x-direction, fig. 1) 

1 '	 O\°	 ô24 ô24 
+V)	 (1) 

The boundary conditions that must be satisfied by the veloc-
ity-potential are: (a) In regions T1 ; T2 , T3, and N the flow 
must be tangent to the surface of the wing or 

()=W(X,Y1,0=V-- ?.lZm ox	
.	 (2) 

where Z. is the vertical displacement of the ordinates of the 
surface of any chordwise section of the wing (see fig. 1 (b)). 
(b) In regions T 1 and T2 the pressure must fall to zero along 
the wing tips and remain zero in the portion of the Mach 
cones emanating from the foremost points of the wing tips 
not occupied by the wing: (Another condition, that the 
potential must be zero ahead of the wing and in the region 
off the wing adjacent to the Mach cones emanating from 
the foremost points of the tips, is automatically satisfied 
by the type of source and doublet synthesis employed in 
the solutions.)

For the particular case of a wing independently per- 
forming small sinusoidal torsional oscillations of amplitude 
I 
aol and frequency w about some spanwise axis x0 and small 

sinusoidal vertical translations of amplitude 1h o l
 

and fre-
quency w, the equation of Z. is 

Zm =e[ao(x—xo)+hola(xxo)+1t	 (3) 

Substituting this expression for Z. into equation (2) gives 

w(x,y i ,t)= Va+à(x—xo+h	 (4) 

The velocity potential may thus he expressed as the sum 
of separate effects due to position and motion of the wing 
associated with the individual terms in equation (4) as

(5) 

DERIVATION OF 4'.v 

The boundary-value problem in the purely supersonic 
region (fig. 2 (a)) is the same as that for the two-dimensional 
wing treated in reference 4. This problem is there shown to 
be satisfied by a. distribution of sources referred to, in this 
case, as moving sources because of the uniform motion; 
that is,

1 
fX-Pf'12

N(x;Y;zt)=-5---
	
l47(,i) d, d	 (6) 

1jT  

In equation (6), lV(E,) represents the space variation of 
source strength and must be evaluated in accordance with 
the individual terms of equation (4), and 0 1 is the potential 
of a moving source situated at the point (E,n,O) that may be 
expressed as

w(t-rj)+w(t-r2)	 7 
V(17-1)(172—n)	

- 

where w(t) is the time variation of source strength and the 
symbols with subscripts appearing in equation (7) are 
defined as

M(x—)	 fll)(fl2fl) 
T1	 -

13c 

T2 =
C

/)22z2 

The time variation of source strength w(t) for harmonic 
oscillations ma y be written as

(8)



66)	 REPORT 1028--NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

IV

L,-------------------
-\-  

/
l( 

/ T T1
	

2 

x2b

/ 
(a)

N

/ T T2  /
NN	 2 

 

11 ridild 

 

(b)
(a) Pure1- supersonic regio. 

(b) Mixed supersonic region.
FIc.URE 2—Sketch illustrating areas of integration for purely suprsonic and mixed super-



sonic regions of flow. 

The numerator in equation (7) thus becomes 

w(t — ri)--- w(t — 7-2)=ei0(f_11) 

=2e''e2cos 7271	
(9) 

Substituting equations (7) and (9) in to equation (6) yields 

f

(n2 ( (fi) d77 d

Ir 	 .01

(10)
 where, for briefness,

_wM M2 

and

11= /(x —)2—i32(y— ,)2_ 322_/3 (77 — 7I)(fl2— 77) 

The values of TV(E,) associated with fliv different terms of 
equation (4) are 

For h

(11) 

For Va
W(,s7 )= Va0	 (12) 

For à(x—r0)

1V(7)= M2 a
0(—x 1 ,)	 (13) 

If any of the values of W(, n) given in equations (11), (12), 
and (13) is put into equation (10), the integration with

respect to s can be readily performed and the remaining 
integral evaluated as a series of Bessel functions. (See, 
for example, reference 4.) However, in order to be con- 
sistent with and to lead naturally to a succeeding part of 
the analysis the integrand is expanded into a Maclaurin's 
series with respect to . The expansion yields 

f72 

, 
fl[(aoi+Uii+ 

)+(a02R+a12R+ 

+a2rR+ . . )+ . .+(aornR2m3+aimR2m_3 

+ U nmE'7R2m3+	 . .)± . . .]d77 dE	 (14) 

where the coefficients anm are functions of , x, and M; 

those coefficients involving , up to and including the third 
power, are

a01=1—zo,X--X2 +— .t. 

a11=w+ 
2	 2

W 

2	 j3
x

(15) 
i3 a 31 = --h-

2

ao2=	 + 1̂12 x 

i3 a12= 

Observe the following identity that is valid regardless of the 
highest power of considered and that will he of subsequent 
use, namely

• . +x 1 a 1 1	 (16) 

It will be noted in equation (14) that the potential of a mov-
ing source when expanded in terms of the frequency appears 
as a series of terms similar to stead y-state source potentials 
plus series of terms involving various powers of R. By 
grouping the terms iii equation (14) with respect to powers 
of , the following form of the source potential convenient 
for later use is obtained: 

Tf

x—$z 

J W%,?) [(a.i +a02R+ 

+ g o m R2m3+. •)+E(aii+a12R+. 

+U t mR2m3+. . )+. . + (ani+an2R 

e

+.	 . .]d77 d	 (17) 

With the terms of the series grouped in this manner, in view 
of the fact that the differential equation (1) is independent
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of t, it is apparent that the coefficient of each power of in 
equation (17) is a solution to the differential equation. 

If the values of W(,) in equations (11), (12), and (13) 
are put into either equation (14) or equation (17), the inte-
grations of each term can be easily carried out in closed 
form. Moreover it can readily be shown that, when all the 
terms involving up to a given power are taken into account, 
the differential equation (1) is satisfied to the highest power 
of considered. The boundary condition of tangential 
flow as expressed in equation (4) is satisfied exactly and 
does not depend on the order of considered. 

Putting the values of W(E,n) in equations (11), (12), and 
(13) successively into either equation (14) or equation (17), 
carrying out the indicated integration, and setting z=O 
yields for the velocity potential, to the third power of at 
the upper surface of the wing, in the purely supersonic 
region:

value problem to weight these coefficients separately. 
Furthermore the coefficient of each power of consists of a 
term that has the form of a steady-state doublet potential, 
namely

ô /1" ani	 (21) 

plus a series of other terms involving various powers of R. 
In the following analysis, attention is first directed to the 
treatment of the first term of the coefficient , (expression 
(21)). The other terms will be treated subsequently. 

Expression (21) has the form that in steady flow is con-
venient for treating the (antisylnmetric) problem of satis-
fying the condition of tangential flow for a distribution of 
normal velocity prescribed, at the wing surface, independent 
of y but proportional to x°; that is, a weight or distribution 
function D(E,) can be determined so that 

lim—J
Dn(E,) - dd,i = irx 	 n=(0,1,2,. . .) (22) 

P p 

Z-0 6-P J  
ON  	 (hf1 + Va12+ 61f3)-	 ( 18) 

where

2 _____ -x f1=x-- 12M2(2+3 	 1 

2	 02 (19) 

iix2 f3 (x —2x 0)—	 (x_3xo)_2(22+3)x3(x_4xo)j 

DERIVATION OF O TI, 0 7,2 AND T,t 

In order to satisfy the boundary-value problem in regions 
of mixed supersonic flow it is convenient to start with the 
potential of a moving doublet. Then, for a given order of 
the frequency of oscillation, this potential, as will be shown 
in the following analysis, can. be modified so that when 
integrated over the appropriate region the results will satisfy, 
as in the purely supersonic case, the differential equation to 
the given order of the frequency and will satisfy the condi-
tion of tangential flow exactly. The potential of the type of 
doublet required may be obtained by partial differentiation 
of the potential of a moving source (see integrand of equation 
(17)) with respect to the direction normal to the plane of the 
wing, namely 

e 1 '	 ô 
2	 - Kao, +a02R+. . . +aom R2m + . . 

E(aii +a12R+.. . +aimR2m3 + . . 

.+anm R2ms +. . .)+. ..]

(20) 

Examination of equation (20), like equation (17), shows 
that the coefficient of each power of satisfies the differential 
equation and, since the differential equation is linear, it is 
permissible in synthesizing the solution to the boundary-

fAlthough the derivation of these potentials in NA CA TN 2064 led to correct results, the 
procedure followed therein Is based on erroneous arguments. The present procedure is 
correct and general.

where the region of integration r is the portion of the wing 
situated in the fore cone emanating from the field point 
(x,y,z) (shown in fig. 2(b) for the rectangular wing with 
z=0). 

The distribution function D0 for rectangular wings may be 
easily determined when D0, the distribution function for this 
wing at constant angle of attack in steady supersonic flow, is 
known. The expression for D0 is derived in reference 1 and 
found to he

Do=[.(_I3si)+ t sin _'.tJ] 	 (23) 

From this expression and equation (22) it follows by direct 
substitution and reduction that 

IErE	 ('E. 
D5=n! I

Jo 
I
JoJ0 

I D0(E, s)(d)°=n I (—X)°'D0(X, s)dX 
Jo

(24) 

With D0 known so that equation (22) is satisfied it may be 
demonstrated, with use of identity (16), that these "doublet-
type" terms alone satisfy the condition of tangential flow. 
For example, let it be required to satisfy this condition for 
vertical translations; then, 

w(x, t)= 
62 f
	

[aniDm (,	 d dRI 
+x°as)=/t 

The next step in the analysis is to consider terms of the type 

(anmR2m_3)	 m>1	 (25) 

appearing in the coefficients of " (equation (20)). It is to be 
noted that, when the power of to which the potential is to be 
derived is chosen, the number of terms in equation (20) that 
are to be treated is determined by the expressions am,, that 
contain to the chosen order (see equations (15) for to the 
third power).
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If the distribution function D (equation (24)) is intro-
duced into equation (20) and the resulting equation is inte-
grated over the appropriate region of the rectangle (fig. 2(b)), 
it is found that in the limit as z-0 terms of the type 
given in expression (25) do not contribute to the resulting 
potential, but they do contribute to the resulting vertical 
velocity. Therefore, since it has been shown that the doublet-
type terms, taken alone, satisfy the condition of tangential 
flow, the distribution of vertical velocity would now contain 
extraneous terms that need to be canceled. This canceling 
may be achieved by what is essentially an iterative process: 
the functions D (equation (24)) are used with terms in 
equation (20) that have the form given in expression (25) to 
calculate the velocity that is to be canceled; then, terms in-
volving hR that may be individually weighted and which, 
of course, must satisfy the differential equation to the order 
of to which the velocity potential is to be derived are added 
to equation (20); finally, by making use of equation (22), 
weight or distribution functions for these additional terms 
may he determined so as to cancel the extraneous velocity. 

This process is illustrated for co to the third power as 
follows:

ô fJ' W(,n)[Do(aoy+ao2R)+ r =—lim 1	 z-'O	 ir 

D 1 all +a12R)+D2a2i +D3a3i+ 

3
)^!

I 
ao2(D1—D2)}	

D2— D
+ ai2( 2 	 dEdi	 (26) 

where it is noted in the integrand that two extra terms have 
been added to equation (20) to accomplish the desired 
canceling. Substituting the values of W() defined in 
equations (11), (12), and (13) into equation (26) gives the 
expression for the velocity potential at the upper surface of 
the wing 

= -i-- (i I2F,—(2i+ ) F2 —	 13]+ 

" F2 — Va [2Fi—(2i+ X_M2 X 
2
) 

22

F3+- (22_1)F4]+61{2(x_xo)Fi_ 

-' 
[2+2i(x—xo)+- (x2_ 2xxo)] F2± 

[2_P 2	 2 
1 (X_X0)] F3 + j12 (2 2 ± 1) F4 }) 	 (27)

 ) 

where the terms are grouped conveniently by the definition 
of F, in the following integral: 

Fn=J
x"'sin'	 dx	 (n=1,2,3,4)	 (28) 

Ix

(The functions F,,, given in equation (28), and certain 
related functions are of particular importance in the remain-
der of this development. Integrated values of this function 
for the first few values of n and expressions for related 
functions needed later in this analysis are given in the 
appendix.) 

Examination of equation (27) shows that along the Mach 
line x=y, separating region T 1 from region N, the expression 

reduces to the expression for Ov given in equation (18). 
The corresponding potentials for regions T 2 and T3 can 

now be obtained. The potential 0, is obtained from equa-
tion (27) by merely substituting 2s—y for y in equation (28) 
so that 

Gn=J x
,,_1sin_I2_dx	 (n=1,2,3,4) (29) 

I.' 

0 

The potential in region T 3 (that is for 1:_5 A0<2) is a simple 
superposition of the potentials for regions N, T 1 , and T2 , as 
in the steady case (see, for example, reference 5), and may be 
written as

OT, cT1 +4T2 q N	 (30) 

FORCES AND MOMENTS 

Two types of force and moment coefficients are derived. 
First, in order to gain some insight into the over-all effect of 
aspect ratio on the forces and moments, expressions for total 
force and moment coefficients are derived. Then, in order 
to present expressions that are more suitable for use in 
flutter calculations, expressions for section force and moment 
coefficients for any station along the span are derived. 

Total forces and moments.—The local pressure difference 
between the upper and lower surfaces on the wing may be 
written

Ap=-2p(Lo+v 6 
L")

(31) 

In order to derive expressions for total forces and total 
moments, it is only necessary to consider the velocity 
potential in two regions—either regions N and T1 or regions 
N and T2 . Therefore the expression for the total force, 
positive downward,' on the wing may be written as 

P= -2 J 5LPN dy dx_2fTJLprl dy dx	 (32) 

where ApN is to be calculated from equation (18) and the 
integrations in the first term are to be extended over the 
shaded portion of region N shown in figure 2 (a), and where 

is to be calculated from equation (27) and the integra-
tions in the second term are to be extended over region T1. 
(The integrations in the first term are simple and may be 
performed by inspection. Those in the second term may be 
readily performed by making use of the relations given in 
the appendix.)
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After the indicated integrations have been performed and 
all position coordinates involved have been referred to the 
chord 2b (but the original coordinate symbols maintained), 
the results can be written as 

- Sp b 2 V2k 2Ae	 (L+iL) + ao(L+iL)] (33) 

where the reduced frequency k is related to w and by the 
relations

bw b132_ (34) 

and where 

3!3 (4	
(35a)

  

T2 
1 M2k 1 El 	 A, 1 M2 --
	

[--- 
(4+13 2)]	 (351)) 

=_(3+$2+6132xo)_
92A  1  {-2— 

i [(313 2 +4)+413 2x(2 +13 2)]}	 (35c) 

1111k
(13 2—l - 2 f32xo)+-- (5H/32+12/32x)f 

1 ri 
A[	

(2+3i32xo)_	 (8+4132+20i32x0+5/31x0)] 

(35d) 

The quantities L (i=1, 2, 3, 4) are the in-phase and out-of-
phase components of the total force coefficients, T. and Z 
being the in-phase and L2 and L4 being the out-of-phase 
components. It will be noted that L1 and L2 are associated 
only with vertical translations of the wing and are inde-
pendent of axis-of-rotation location x 0. The co' ponents 
Z and L4 are associated with angular position and rotation 
of the wing about any axis x=x0 and depend partly oti the 
location of x0. 

The total moment, positive clockwise, on the wing about 
the arbitrary axis of rotation x = x 0 is 

M	 2 flPx _xo)PNdYdx_2fJ(x_xo)iPr1dydx 
 

(36) 

If steps similar to those required to obtain equation (33) 
are performed, there is obtained 

	

TT^ _8pb 3 V2k 2 Ae""[ 	 + ao(iW+iM)

(37) 
where

[3132+1 — 4x0(2 -]-13 2)]	 (38a) 
30	 6 A04

Vk 
(1 —2x)— 

2.,5 
(3-4x)-

1^ 1	 ?I12k (38b) 

—2x)— 1 E3+$ 2 +4X 0(132_ 1)_8132Xo1_ 

1(1	 1 [4(4+3132)+5Xo(3$4+3132_4)_ 

2013 2 X o2(0 2 + 2)] }
	

(38c) 

111T= 30"k [2(13 2 _i)_ 3xo(2132_ l)+ 6132xo2] + 

l'I2k (20+ 4 02 —25x,,+ 40132x0— 60132x02)+ 
1513' 

1(1 [3+4 Xo(132_ 1)_613 2 xo2] - 

[20(2+132)-24x0(2-3132-134)-30132x02(4+132)1 } 
(38d) 

The quantities 71111 and M 2 are, respectively, the in-phase and 
out-of-phase components of total moment coefficients about 
the axis x=x0 associated with vertical translations of the 
wing; M3 and M4 are the corresponding components due to 
angular position and rotation of the wing about x=x0. 

It is of interest to note in equations (35) and (38) that the 
components Z7 and M do not involve the reduced frequency 
k. The effect of frequency on these two components comes 
from terms involving the frequency to the fourth and higher 
powers; but for values of k thought likely to be enc6untered 
in supersonic flutter (k<O.l ), the contribution of these higher-
power terms to any of the components in equations (35) and 
(38) is, for the most part, negligible. 

Section forces and moments.—The section forces and 
moments at any spanwise station are derived by integrating 
the pressure difference along the chord for the forces and the 
pressure difference multiplied by a moment arm for the 
moments. Since the distribution over the entire wing is 
symmetrical with regard to the midspan section, it is only 
necessary to derive expressions for the forces and moments 
at any station of the half-span adjacent to the origin. (See 
figs. 1, 2, and 3.) 

Under the restrictions previously stipulated, two cases 
that can arise are considered (see fig. 3): (1) the Mach lines 
from the tips do not intersect on the wing (or Afl>2), and 
(2) the Mach lines intersect on the wing but the Mach line 
from one tip does not intersect the opposite tip ahead of the 
trailing edge (or 1:5 A#:5 2).  Only the final forms of the 
section force and moment equations are given. These 
forms are easily calculated by deriving the pressure difference 
for the different regions from the appropriate velocity 
potential, making use of figure 3 to determine the limits of
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integration for the regions involved, and using the relations 
given in the appendix to carry out the more troublesome 
integrations. The integrated expression for any region can 
then be reduced to the forms 

P= — 4p bV2k 2e t [! (L1 +iL2)+ ao(L3 +iL4)]	 (39) 

and

M= — 4p b 2 V2k 2e1"[ (M1 +iM2)+ ao(M3+iM4)] (40) 

where the position coordinates are referred to the chord 
length 2b. 

The components of force and moment coefficients for the 
half-span adjacent to the origin are as follows: 

Case 1 (see fig. 3(a)): For any section between the tip 
and the point where the Mach line intersects the trailing 

edge, or where 0<y<, the components of section force 
coefficients are 

T_ 4(= 1+202=\ 
i--- F— 2 2 (41a) 

fl lr 	 / 

M2k 
L2=- 

i3ir ^.'P
	 1)F2— 3$2F] }

	
(41b) 

6/3 4 +3$ 2 _1 - 
L3 =_[P1_(1_2x0)P1 +	 34	 F2-

2 ( 2 $ 2 + 1 )Xo	 6132+5p]	 (41c) $2	 2	 $2 

L4 =- {[(2 —x0)F1— 
3$ 2 + 1	

[	 f32+2$4±
F2]+

2$2xo_4$4xoF26$4(4_3xo)F3_(1_7$2_20$4)F41 } (41d) 

where F,, (n= 1, 2, 3, 4), given in the appendix, is obtained 
from F. (equation (28)) when x=2b. For any section 
between the point where the Mach line intersects the trail- 

1 ing edge and the midspan, or where	 y 
A the coinpo- 

nents of section forces are:

	

•	 1 
M2 	 I

(42)

	

[(3+$2)+6i32x0] 	 I 
I 

[($2_1)_2$2Xo]+
M2k

 ( 5 +$ 2 + 12132Xo)J 

As a check on the results in equations (41) and (42) the 
expressions in equations (41) reduce to those in equations 

1 ( 42) when

(a) 

0

(c) 
(a) \Iacli lines from tips do not intersect on wing. 
(b) Mach lines from tips intersect on wing but Mach line from one tip does not Intersect 

opposite tip. 
(c) Mach lines from tips intersect on wing and Macli line from one tip intersects opposite 

tip at trailing edge. 
FIGURE 3.—Sketch illustrating different Mach line locations accounted for in analysis. 

The components of section moment coefficients for case 1 
are as follows: 

For 0<y< 

M1=_i_ [(1 2x0)1+2x0 2j3 2 +1	 3$2+2 
F3

f3ir $2

(43a) 

M2=— {
1( =
. 

2- 0 P1) +_k 
(2 02-1)(1 - 

2xo)+ 6x0F3— 

4$2+1 
$2	 4
	 (43b) 

0 

2b

zJ 

0 

2b
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2 
1 - M3 

4U(p	 4(1_3x0+3x0p1+  ______________ 3 
(64+32_1)(1 

6(1 +2) 
xoP3_ 

20$4±21$2+3 
F]	 (43c) $2	 3$4 

M4=- G [(1 — Xo)	 2F1+	
1 x0F -. 2$2+ 1

_ F, 2 	 $2	 .j 

4M2k( 1- 
$2

 [(40'-20'+1)(1-3x 0 +3 x02)+1-3x02]F2— 

(2_4xo+3xo2)F3__4 (8/34 + 4 fl 2- 1 )F4+00

(43d) 

and for	 y < 

M1=(2-3xo) 

M2=(1-2xo)— M2k ---1j--(3-4xo) 

M3=	 (1 —2x 0)—	 (3+$2-4x0+4$2xo-8$2x02)	 (44) 

[2($2-1)-3x0(2$2-1)+6$2x02]+ 

2	 21 [4(5+$2)+5xo(8$2_5)_60$ xj 
15$ 

The expressions in equations (43) reduce to those in equa -

tions 44) when y=. The expressions in equations (42) and 

(44) correspond to the more exact two-dimensional compo-
nents of force and moment coefficients derived in reference 4. 
For values of k<0.1 these expressions yield, for the most 
part, values that are in good agreement with those that 
may be calculated from the tables in reference 4. 

Case 2 (see fig. 3 (b)): For any section between the tip 
at y=O and the point where the Mach line from the tip at 

y=2s intersects the trailing edge (or where 0 <y 

the components of section force coefficients are given by 
equations (41) and the components of section moment co-
efficients, by equation (43). For any section between the 
point where the Mach line from the tip at y=2s intersects 

the trailing edge and the midspan or where A—<y 

the components of section force coefficients are 

L1=_{-[(P1+G1)—'02	 P2+)}i}	 (45a) 

L2=

	

	 #2 i)4[2$ 2 - i)(F2 + 02) _3$2 (P3 + 

/ 1 M2k\ (45b) 

21 3637-53	 43

L3=_-[p (P1+1)-21-2x0(P1+1)+ 

6$ 4 13$ 2_1 -
+(P)— $4	 2	 2 

6$2+5 
(P+ 03)]_ 	 [(3	 +6 	

} 
(45c) $2 

L4={J[(2_xo)(Pi+i)_3' (P2+2)]+ 

M2 k [3(l_$2+2fl4+2fl2x0_4$1x0)(P2+2)_

6$(4 -3 x ) (P3 + 3 ) —(1 _7$2_20134) (P4 + 4 ) 
I } - 

M2/c 

{ 
_!_[($ 2 _1)_2132 X 	 (5+/32+12$2x0)}	 (45d)

6 07 

where G (n=1, 2, 3, 4), given in the appendix, is obtained 
from G (equation (29)) when x=2b. The corresponding 
components of section moment coefficients are 

M1=_{ 
T 

[(1 —2x) (pi+&)+2x0(2:22+l) (P2+2)]_ 

3132+1  
132 (P3 +G3)+	 (2_3x)}	 (46a) 

M2 =—- 1 [(P2—i—&)-0(P1+1)]+ 
/37rk 

M21C (202- 1)(1 - 2x) 
(P+ &) + 6x0(F3 + 03)— 

132L	 $2

 4132+1 
(P + )]} [' (1 2x) M2k (34)] $2

(46b) 

Ma j {[ (P2+ 2) — 0 (P1 + 1 ) ]-4
 1_3xo+3xo2 

3 

(6134+3/32_1)(1_2xo)+402x02(1+202) 
(==) 34 

6x(1 +132) 
(P3+3) 

2013 4 +21 
13

/32+3	
} - /32	 3 

{ f3k2 -2x0)	 [(3+$2)_4x0(1_132)_8$2x02]} (46c) •('	 -

2132+1 
M4-7--- ( [(l_X0)2(P1+1) + $2	 o (P2+ 2) - 

1 47j42 / 2/32+1 
(P3+ a3) 

j+ -j--	
[(4$4_2$2+ 1)(1-3x0+3x02)+

1- 3 Xo2] (P2 + 2) —(2 4x+ 3xo2)(P'3+03) - 

(8$ 4 +4$2_ 1)(F4 +G4) + -1-- (5$2+3)( +G) D- 6 g4

^ 

2 [2(2_1)_3xo(2$2_1)+6$2xo2]+ 

[4(5+fl)+5 x0(8$2-5)-60$2x02] }
	

(46d)
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(a) 

1	 2	 3	 4	 5	 6	 1 7
M2 

(a) L,.
FIGURE 4.—Components of total force coefficients as functions of M 2 for xo=0.4, k=0.02, and

various values of A. 

For the limiting condition of case 2—that is, when the 
I\'Iacli line from one tip intersects the opposite tip at the 

trailing edge, or A= (see fig. 3(c))—the components of 

section force coefficients are given by equations (45) and 
the corresponding components of moment coefficients, by 
equations (46). 

SOME PARTICULAR CALCULATIONS AND DISCUSSIONS 

From the expressions for total force and moment co-
efficients (equations (35) and (38), respectively) the over-all 
effect of aspect ratio on the magnitude of the forces and 
moments can be calculated for particular values of the 
parameters M, k, x0, and A. Examination of these equa-
tions shows that varying some of the parameters might 
cause some terms in the equations to vanish and to change 
sign. For example, if x0 is continuously increased from some 
value less than 1/2 to some value greater than 1/2, the first 

terms in the expressions for M2 and M3 vanish at x0= and

(b)

2	 3	 4	 5	 6	 7 
M2 

(b) L,.
FIGURE 4.—Continued. 

change sign when x 0 becomes greater than 1/2. In particular, 
decreasing the aspect ratio decreases the com ponents of force 
and moment coefficients L, L2, L, M1 , M2, andM3 but 
increases the two important components L4 and M4. 

Although the effect of aspect ratio may change considerably 
with only a small change in any one (or more) of the param-
eters M, k, and x0, some insight into what the over-all 
effect might be can be gained from calculations of all the 
components of total force and moment coefficients for various 
values of M and A and fixed values of the parameters k and 
x0 . Results of such a set of calculations are presented in 
figures 4 to 7. 

In figures 4 and 5 the components of total force and 
moment coefficients for various values of A and for x0=0.4 
and k=0.02 are plotted as functions of M 2. The curves in 
these figures calculated for infinite aspect ratio correspond 
to the two-dimensional results of reference 4. The dashed 
curves represent calculations for aspect ratio and Mach 
number combinations that cause the Mach lines from one 
tip to intersect the opposite tip at the trailing edge so that 

4 

44 

4C 

3 

32 

L2

2 

20 

/6 

/2
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(c) Ls.

FIGURE 4.—Continued. 

along the clashed curves the aspect ratio is not constant but 
varies with M 2 according to the previously given expression 

A	
1 

13 -/M2—i 

The difference, at any value of 1112, between the clashed 
curves and the curves corresponding to infinite aspect ratio 
in figures 4 and 5 is, therefore, for the chosen values of 
k and x0, the maximum effect of aspect ratio on the com-
ponents of total force and moment coefficients for a rec- 
tangular wing under the restrictions of the foregoing analysis. 
It will be noted in figures 4 and S that, when the aspect 
ratio is small, the deviation of the three-dimensional results 
from two-dimensional results may be quite large. 

In figures 6 and 7 the components of the total force and 
moment coefficients are plotted as functions of aspect ratio 
for x0 =0.4, k=0.02, and some particular values of ill.  It 
will be noted in these figures that all the components of 
force and moment coefficients undergo rapid changes with

— — — 

----- - - - 

(d)

2	 3	 4	 5	 6	 7 
M2 

(d) T. 
FIGURE 4.—Concluded. 

respect to varying aspect ratio when A becomes less than 
4 or 5. It may be remarked that the directions of the changes 
with respect to aspect ratio appear to be such that they would 
have favorable effects on the flutter characteristics of a wing. 

The spa.nwise distribution of the components of section 
force and moment coefficients computed from equations (41) 
to (44) for A=4, x0 =0.4, k=0.02, and M=2 are plotted 
in figures 8 and 9. The portions of the curves in these 

figures corresponding to values of y in the range 

are the two-dimensional values, and the effect of aspect ratio 

	

may be noted in the tip regions, 	 and A— yA, 

as deviations from these two-dimensional values. 
In conclusion, it may be stated that, in regard to the 

effect of aspect ratio on supersonic flutter, an important item 
that has not been discussed herein but can be studied for any 
particular case with the. aid of equations (33) and (36) 
is the change in center of pressure, associated with prescribed 
motions of the wing, with change in aspect ratio. An 
investigation to find the effect that thickness might have 
on the center-of-pressure location is also needed. An 
extension of the foregoing analysis to include the effect of an 
aileron as an additional degree of freedom would follow 
in a straightforward manner. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., January 6, 1950. 
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FIGURE 5.—Components of total moment coefficients as functions of M5 for Xo=0.4, k=0.02, 
and various values of A. 
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(a) L1. 
FIGURE 6.—Components of total force coefficients as functions of A for x0=0.4, k=0.02, and 

various values of M.
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FIGURE 6.—Continued. 
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FIGURE 6.—Continued.

-
FIGURE 7.—Components of total moment coefficients as functions of A for x0 =0.4, k0.02,

and various values of M.
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FIGURE 8.—Spanwise distribution of components of section force coefficients for x0=0.4, 	 FIGURE 9.—Spanwise distribution of components of section moment coefficients for xo=0.4, 
k=0.02, 151=2, and .4=4.	 k=0.02, 151=2. and A=4. 



APPENDIX 

SOME INTEGRATED VALUES OF 	 AND OTHER RELATED FUNCTIONS 

Values of F and G.—The values of the functions F. (equation (28)) and G. (equation (29)) for the first few values 
of n are as follows: 

(1 
F. =	 x"' sin' -fj/x dx	 (n=1,2,3,. . .iO 

F1 = - fy(x—I3y)+x sin' f7 

F2 =	 sin-' iI Tx-- 

3x2+4yx+82y2 F3 = 	 sin 64 45 

F4_ 
5x'+ 6 13y x 2 +80 2y 2x+ 16	

—$y)+- sin 140 

F5=3540x + 48yx + 643y3x+ 12813Y .If3y(x_3y)+- sin' /3y/x 1575 

Gfx	 sin_1	 2s-) dx	 (n=1, 2,3,. . 
X 

G= (2s -j) [x-0(2s —y)] +x 

G2=x+22s_1) ..J j3(2s—y) [x-13(2s—y)} +- sinl /(2SJ) 

03x+4(2s—y)+8(2s—y) 	 (2s—y) [x—(2s—y)]
	

sin (2s—y) 
45

 /(2s—y) GSx+ 6x2 (2s—y)+8x0 2(2s—y)2 + 163(2s—y)3 
-..j13(2s----y) [x—(2s—y)]+1 sin-i	

x 140 

G5= 35x + 40x ( 25_ Y)+ 48x25_ + 64x (2s_y)+ 128 '(2s—y) 
/I3(2s—y)[x-0(2s-y)]+- sin1 1575 

Values of F. andG..—The following expressions define the functions P. and 0,, appearing in equations (41), (43), 
(45), and (46) in the body of the report. In these expressions the variable y has been referred to the chord 2b; that is 
y/2b has been replaced by y and in the expressions for ,, the ratio s/b has been replaced by A: 

Pi = / y(1 

2=1+2y 
6	 -8y(1—/3y)+-sin'voy 

= 34$y+8P2y2 F3=-'- 

= S+G$y+8i32y2 + 16I3y 3 i'___Y( l —y)+- sin •I 140 

=
1575 
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01= -Ji3 ( A—y)[ 1 —3(A—y)] +sin 1 -fI3(A--y) 

= 1+21(A—y) 02=	 6 

3+413(A—y)+8$2(A—y)2 
/A—y)[i —fl(A—y)]+ sin 1 -/fl(A—y) 

= 5+60(A— y)+802( A— j)2 + 163(A—y)3  
04=	

140	
/3(A—y)[1 —(A—y)H- sin- -.J13(A—y) 

35 +4013(A—y)+4813 2(A—y)2 +64!33(A—y)3 + 128j34(A—y)4 
1575	

-/(A—y)[1 —#(A—y)] 	 sin- ' [ (A—y) 

Some integral relations for F,, and G.—Some pertinent integral relations for F,, are as follows: 

fox
Fdx=xF,,—F,,+, 

f
1 

o,z xF,,dx=-(x2F,,—F,,2) 

1
fox x2Fndx(x3F,,—Fn+3) 

J (x—xo	
x2-2xx0 

)F,,dx=	
2	 F,,+xoF,,+i—F,,+2 

f
(x_xo)2F,,dx=X 3x0x+3x0x F,,_xo2F,,+,+xoF+2_ F,,+3 

Corresponding integral relations for 0,, may be obtained from these relations by simply replacing F by G. 

Integral relations for F,.—Integral relations for F,, that may be used in calculating total forces and moments from 
sectional forces and moments are as follows: 

2b5
1I	 = 

F,dy=
3b r 
--- 

2b5 =

1/8
F2dy=

bir
 

2b5

'1$ = 
F3dy=

5bir 

2b5

1/8 = 
F4 dy=-

3bir 

'1$ = 
2b
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COMPRESSIVE STRENGTH OF FLANGES' 
By ELBRIDCE Z. STOWELL 

SUMMARY 

The maximum compressive stress carried by a hinged flange 
is computed from a deformation theory of plasticity combined 
with the theory for finite defiections for this structure. The com-
puted stresses agree well with those found experimentally. 
Empirical observation indicates that the results will also apply 
fairly well to the more commonly used flanges which are not 
hinged.

INTRODUCTION 

Ordinarily the ability of columns and plates to carry 
additional load does not entirely cease when they buckle. 
If the load is increased sufficiently beyond the buckling 
load, they will ultimately refuse to carry more load, with 
subsequent permanent distortion. In the case of columns, 
the maximum load is not far above the buckling load (see 
reference 1); in the case of plates, there may be a consider-
able spread between the two loads. 

The first essential requirement for the solution of the 
problem of maximum load is the existence of a finite-
deflection theory for the behavior of the structure. Maximum 
load always occurs at some finite deflection or distortion 
beyond the buckling load. The problem of the load for a 
given distortion is thus nonlinear even without the intro-
duction of plasticity. Few such solutions exist for post-
buckling behavior of structures even in the elastic region. 

The second essential requirement for computation of 
maximum load is the ability to describe the nonlinear be-
havior of the structure that results from plasticity of the 
material. Neither columns nor plates would ever possess 
a maximum load in compression, if the material of which the 
structure was made obeyed Hooke's law at all times ,l- 
though they might be tremendously distorted. In such a 
structure it would always be possible to add still another 
increment of load, which would result in still another incre-
ment of distortion. The question of a maximum load must 
therefore be directly linked with the failure of the material 
to obey Hooke's law—that is, with the plasticity of the 
material and the nonlinear behavior of the structure which 
results from that plasticity. 

For the calculation of the maximum load carried by a 
buckled structure, these two essential but difficult require-
ments must be met. This report treats the maximum com-
pressive strength of a simple, plate structure for which the 
effects of both types of nonlinearity can be found—that is, 
the compressed flange hinged along one side edge.

The maximum load carried by a long hinged flange is 
computed as follows: The strain distribution across the 
flange at any angle of twist is found from knowledge of non-
linearity due to finite deflection. This elastic strain dis-
tribution is assumed to persist into the plastic region. This 
strain distribution is transformed, with the aid of knowledge 
of nonlinearity due to plasticity, into a stress distribution 
by means of some appropriate stress-strain relation. The 
load carried by the flange at the particular twist is then 
obtained by integrating the stress distribution across the 
flange. The load is then investigated to see if it has a 
maximum value as the twist increases; the maximum load 
should correspond with the experimentally observed maxi-
mum load. 

Experimental data on the behavior of hinged flanges have 
been obtained in the Langley Structures Research Division 
by the methods of reference 2. These data are used in the 
present report for comparison with theoretical relations. 

The theoretical treatment of the behavior of a hinged 
flange commences in the next section with a discussion of the 
effects due to finite deflections. Details of the theoretical 
calculations are presented in two appendixes. 

NONLINEAR BEHAVIOR DUE TO FINITE DEFLECTION 

Theoretical strain relations.—A flange of length L, width 
b, and thickness t is shown in figure 1 together with the 
coordinate system. The flange is hinged along the line z=O 
and has a free edge along the line z=b. Compression is 
applied longitudinally. 

The load is applied uniformly at first. The theory of 
appendix A shows that, for strains below a certain critical 
strain e, the flange will shorten without twisting. The 
critical strain cr, at which twisting begins is shown to be 

(t1b)2	 1 Ot 2 
€Cr_2(1+)+3)	 (1) 

where is Poisson's ratio. 
As the load is increased beyond that required to start 

twisting, both the middle-surface strain and the stress dis-
tribution across the flange width become nonuniform, larger 
than the average at the hinge, less than the average at the 
free edge. The middle-surface strain at any point (x,z) of 
the flange is shown by the theory of appendix A to be 

	

_	 ____	 (4Kx'\ 

	

(t1b)2	 m 2 5 k2m2 (
	

z2 
€Z 2(1+)+ 12 + 24 1 +k2 \1 3b2)snL) (2a) 

I Supersedes NA CA TN 2020. 'Compressive Strength of Flanges" by Elhridge Z. Stowell, 1950. 
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in which k2 is a parameter lying -between 0 and 1 which 
specifies the amount of twist, 

K=	
da 

I Jo	 /1_k2 sin 2a 

is the complete elliptic integral of the first kind, and 

m2-12[	

(t1b)2 -I 
-	 €av_2(l+)]_K(1+k)() 

The average middle-surface strain Cay in the elastic range is 
the average stress divided by the elastic modulus E. 

X
	 1 

L 

(a)	 (b) 

(c) 

(a) Without distortion. 	 (b) With large distortion.
(c) Enlargement of section aac'c.

FIGURE 1.—Cruciform section, consisting of four identical flanges, before and after buckling. 
Coordinate system is shown on one flange.

Thus, if a value is assigned to k2 (a certain amount of 
twist), both the quantities K and m2 are determined; the 
strain at any point (,z) may then be computed. 

Equation (2a) may be simplified as shown in appendix A 
to the following expression which holds over the essentially 
straight part of the flange:

z2 (eu€) (i 3	 (2b) 

Theory also shows that over most of the flange length 
(except at the middle and extreme ends) the relation between 
the middle-surface strain at the hinge €, the average middle-
surface strain over the width of the flange Cay, and the critical 
strain E. is

4 

	

as	 CCr	 (3) 

and the rotation maz at the middle of the flange is 

maxcosh'	 1	
(4a)

-/1 —k2 

or approximately 

	

crnaz= l.37	 'J€avcr1.55	 (4b) 

Relations (1), (2), (3), and (4) are susceptible to experimental 
check, and the following section describes the results of 
experiments designed to test these relations. 

Experimental check of strain relations.—The hinged 
flange shown in figure 1 was realized experimentally by the 
cruciform column shown under test in figure 2. The cruci-
form column has four identical flanges which, if equally 
loaded, will twist at the same time without restraint to each 
other; thus the condition of zero restraint against rotation is 
fulfilled. The columns were all sufficiently short to cause 
them to buckle by twisting rather than by Euler bending. 

The tests included measurement of the stress-strain curve 
for the material from which the different groups of specimens 
were made, determination of the buckling and maximum load 
for each specimen, a study of the strain distribution across 
the flanges of two specimens, and a measurement of rotation 
of each specimen at the middle. 

Results of the buckling-load measurements and their con-
nection with the stress-strain curves for the specimens were 
given in reference 3 and are shown in figure 3 of this report 
where the buckling stress is plotted against the calculated 
elastic buckling strain. Because the experimental points 
follow along the stress-strain curve, the proper reduced 
modulus for pure twisting in the plastic range is concluded 
to be the secant modulus, which agrees with the theoretical 
value of reference 3. 

The relation between the computed and experimental 
middle-surface strain distribution over the width of the 
flange for one specimen at the quarter height for a number 
of different loads is shown in figure 4. The highest average 
stresses exceeded the proportional limit of the material. 
The measured strains for the four flanges were averaged 
to give the points shown in the figure. These average strains
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were somewhat larger than the ratio of average stress to E 
at the very highest loads where plasticity reduced the aver-
age effective modulus. From the experimentally observed 
average strain across the flange at each load and the critical 
strain at which buckling began, the corresponding theoretical 
strain distributions were computed from equation (21)) and 
are presente(l as the curves in figure 4. This calculated 
strain distribution agrees fair!y well with that observed 
cx pt ii iii i I liv 

1IGLItt: 2	 13ilt hull_i	 yr rut ii, IiIl y,llc, ti 

60 

40 

U)

r 30 
U) 

C')

20 

/0 

0	 2	 40	 60	 80	 /00 120 140 160x10 
Strain 

FIGURE 3.—Experimental values of the buckling stress for cruciform section columns of 
21S-T4 extruded aluminum alloy compared with the compressive stress-strain curve for 
that material.

The relation between average strain, corner strain, and 
critical strain given by equation (3) was investigated experi-
mentally. From measurement of the strain in two opposite 
flanges of one buckled specimen, averages were taken to 
give mean values of €. and s. The critical strain e,, was 
also accurately known. Figure 5 shows the theoretical rela-
tion of equation (3) compared with the averaged experi-
mental points. The agreement is good. The strain e 
ceases to he elastic at a value of 0.0025, so that both the 
curve and the points extend well into the plastic region. 
The persistence of the agreement between equation (3) and 
the experimental points up to the highest strains indicates 
that, even though equation (3) was derived on an elastic 
basis, it is a good approximation in the plastic region also. 

Figure 6 compares the theoretical rotation of three cruci-
form specimens of widely different lengths with the meas-
ured rotations. The ordinate in figure 6 is the shortening 
/L, which is the lunge strain Eh. Rotation was measured 

by a pointer attached to the flange and moving past a 
circular scale. Equation (4b) was used to compute the 
theoretical rotations. The agreement between theory and 
experiment is good in this  case also. 

NONLINEAR BEHAVIOR DUE TO PLASTICITY OF THE
MATERIAL 

The material of the flanges (24S—T aluminum alloy) is 
defined by the stress-strain curve of figure 3. The figure 
shows that above 25 ksi the material starts to depart from 

6x/03
---Center/,e	 Free edge-

5

I	 Average stress 
IksO

0 

a 
N	 o	 //>--232	 0 N	 -',"/--20.7	 A 0

a 

0 

I	 I	 I	 I	 I	 I 
0	 .2	 .4	 .6	 .8	 tO

z 
b 

FIGURE 4.—Theoretical middle-surface strain distribution across a hinged flange at the 
quarter-length station along a cruciform-section column compared with experiment. 
(Experimental values are average for the four flanges; f.=0.56.) 
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5x/03 

Cat

0	 2	 4	 5	 8x103 
Ch 

FIGURE 5.—Theoretical middle-surface strain relation between ,., m, and e, for a hinged 
flange compared with experiment. 	 , for 

purely elastic behavior and becomes partly plastic. As a 
result of this plasticity, the flanges exhibit nonlinear behavior 
above about 25 ksi. 

The most elementary consequence of the plastic nonlinear 
behavior is the substitution of Esee for E in the formula for 
critical stress which, for a hinged flange, is (reference 3) 

crcr = .E'seccr	 (5) 

Another consequence of the nonlinear behavior due to 
plasticity is the existence of a maximum load. Experi-
mentally, as the load is increased more and more, the twist 
of the flange will increase until a value of load is reached at 
which the flange ceases to carry more load; this value is the 
maximum load. As was pointed out in the introduction, 
if the material of the flange obeyed Hooke's law strictly 
at all times, the rotation of the flange would increase 
indefinitely with increase in load. The existence of a maxi-
mum load is therefore directly attributable to plasticity 
of the material. 

As the structure twists more and more beyond the buck-
ling load, greater and greater shear strains are setup through 
the thickness of the flange. The shear strains are zero at 
the middle surface and have opposite signs at the faces. 
These shear strains will combine with the compressive 
strain already present to form a strain intensity; at a point 
where the compressive strain is € and the shear stiain is 'y,

7x/O 

Rota tib,-, ç, radians

FIGURE 6.—Relation between the shortening oIL and the rotation 0 of a hinged flange com-
b pared with experiment.	 =12. 

plasticity used herein (reference 3), the value of e 1 at any 
stage of deformation determines the reduced modulus of the 
material at that stage. 

Since the maximum load always occurs at a finite rotation 
of the flange, the two effects of nonlinearity must be combined 
in order to account for the maximum load. Such a com-
bination is effected in appendix B and the results are given 
in the following section. 

MAXIMUM LOAD OF A FLANGE 

It is shown in appendix B how the maximum load on a 
hinged flange may be computed from the dimensions of the 
flange and the stress-strain curve for the material. 

The middle-surface strain distribution across the flange 
is given by equation (2a). In addition to these strains which 
arise directl y from the compressive load, there are also 
shear strains in the flange due to its twist. These shear 
strains become as large as two-thirds of the compressive 
strains upon which they are superposed. Although, strictly 
speaking, the deformation theory of plasticity has only been 
shown to hold for simple loading (reference 4), its validity is 
also assumed herein for complex loading. The square of 
the compressive strains and the mean square of the shear 
strains were added in the proper manner to give a strain 
intensity. (The highly localized effects of bending at the 
middle and ends have been neglected.) From the com-
pressive stress-strain curve for the material the value of the 
secant modulus Esec was read at this strain intensity. For 
increasing strain intensities the compressive stress a at 
any point across the width of the flange is then simply 
Esec times the compressive strain at the point. Near the 
free edge the strain intensity decreases; in such a case, the 
elastic modulus E is used to compute the corresponding 
stress reduction. The average stress av across the flange 
is then 

the strain intensity is e=-tJ€z 2 +. (In order not to have to 	 Uav5f or dz
	 (6) 

consider variations of y through the thickness, a mean value	 The value of Crav is computed for a number of different twists 
of y2 is used.) According to the deformation theory of	 until a maximum average stress maz is found.
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Figure 7 shows the results plotted in a nondimensional 
form similar to that employed in reference 2. The param-
eters used have some theoretical justification and have the 
effect of making the information given by the plot largely 
independent of the material. The agreement between the 
computed curve and the experimental points for cruciform-
section columns is satisfactory. 

The fact that maximum loads may be computed in this 
case solely on the basis of deformation theory suggests that 
the theory is sufficiently accurate when the stress state 
changes from pure compression to combined compression 
and shear, for shear strains up to two-thirds of the largest 
compressive strains. 

An interesting side light on this computation is revealed 
by the values of stress intensity at the supported edge when 
the load is a maximum. The stress intensity for eight widely 
different cruciforms is a constant, to about 1 percent, equal 
to about 47 ksi. (See table 1.) This value is close to the 
yield stress for the material (46 ksi). 

When the flanges are present in actual structures, they 
are generally connected to other members which offer a 
certain elastic restraint against rotation along the supported 
edge. The question arises as to what effect this connection 
has upon the calculations based on the assumption of a 
hinge connection. The elastic restraint along the supported 
edge will have two major effects: The critical strain will be 
appreciably raised and the effective length L of the buckles 
will be appreciably shortened. A necessary consequence is 
that the rotation (which is proportional to L) is reduced 

0	 .2	 .4	 .6	 .8	 1.0
dr,. 

6rn0S 

FicunE 7.-comparison of theoretical curve for the maximum strength of 24S-T4 aluminum 

alloy cruciforms with test results, compressive yield stress o,=46 ksi. (Experimental 
values for H-sections of various aluminum alloys have been added for comparison with 

the theoretical curve.)

and, therefore, is more nearly of the shape of a circular sine 
along the length of the flange than it would be when a hinge 
is present along the joint. A third effect is the introduction 
of a slight curvature across the width of the flange. When 
the revised critical strain and the revised length are inserted 
into the formulas of appendix A, which were derived for a 
flange supported along a hinge, it is found that the rotation 
and the strain relations may still be accurately predicted 
for flanges with restraint along the suiported edge. Such 
a result seems to indicate that the small amount of trans-
verse curvature introduced by the restraint does not have 
an important effect on the formulas. 

In view of the fact that the theory of appendix A applies 
fairly well to flanges with restrained edges, it might be 
expected that the maximum strength, also, might be given 
by the same theory. Experiment shows that such is the 
case; the values of maximum strength for H-sections are 
included in the experimental points shown in figure 7 and 
the points intermingle with the cruciform points such that 
one set cannot be distinguished from the other. The 
theory of this report may then be said to apply approximately 
to flanges with elastic restraint along one side edge as well 
as to flanges without elastic restraint. 

CAUSE OF MAXIMUM LOAD 

Maximum load occurs when it is no longer possible for the 
stress, on the average, to grow with increasing strain. The 
natural tendency for the stress to grow is defeated by the 
decrease in effective modulus. 

In order to illustrate this effect graphically, figures 8(a) 
and 8(b) have been prepared. These figures illustrate the 
calculated strain and stress distributions across a hinged 

flange of 24S-T4 aluminum alloy and of proportions - = 14 

and b = 12. These distributions hold over the greater part 

of the flange where the bending is negligible. Up to the 
critical strain of 0.002 and the critical stress of 21.5 psi, the 
distributions are uniform. As the load is increased beyond 
the critical value, the distributions become more and more 
nonuniform as a result of twisting of the flange. With in-
creasing load, the strain increases faster at the hinge than at 
the middle of the flange as shown in figure 8(a). For a time, 
the corresponding stress also increases faster at the hinge 
than at the middle of the flange, as shown in figure 8(b). 
Eventually, however, the strain intensity at the hinge 
(averaged over the thickness) becomes so large that the 
modulus is greatly reduced. When that occurs, the stress at 
the hinge line ceases to grow with increase in strain and even 
TABLE 1.-SHOWING CONSTANCY OF STRESS INTENSITY 

AT HINGE LINE AT MAXIMUM LOAD 

Specimen At failure 

bit US (ki) (ksi) (k) 

8 12 45.9 45.7 46.6 
9 18 40.0 40.0 45.9 

10 4 44.8 44.0 47.5 
10 10 37.6 38.0 47.5 
11 10 33.4 36.2 47.1 
12 4 37.3 39.2 46.6 
13 10 25.8 31.5 48.2 
14 12 21. 7 31.3 48.2
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FIGURE 8.—Theoretical middle-surface strain and stress distribution across a flange at the quarter-length station along a typical cruciform. 	 =I4; =12. 
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starts to decrease (see fig. 8(b)). The maximum area tinder 
the stress curve, and therefore the maximum load, occurs 
just as the hinge stress starts to recede. 

CONCLUSIONS 

A theoretical analysis of the compressive strength of 
flanges, based on a deformation theory of plasticity combined 
with the theory for finite deflections for this structure, and 
comparison with experimental data lead to the following 
conclusions: 

1. The maximum load for a flange under compression and 
hinged along one edge may be accurately computed from the 
dimensions of the flange and the compressive stress-strain 
curve for the material. 

2. Maximum load occurs when, because of the onset of 
plasticity, the effective modulus has been reduced to such a 
low value that it is no longer possible for the average stress 
to increase with increasing strain. Failure is not a local

phenomenon but is an integrated effect over the cross section 
of the flange. 

3. For a wide variety of cruciform sections, the stress in-
tensity (averaged over the thickness) along the hinge line at 
maximum load is a constant to about 1 percent. This value 
of stress intensity is very close to the yield stress for the 
material. 

4. The fact that maximum loads may be computed in this 
case suggests that the deformation theory of plasticity is 
sufficiently accurate when the stress state changes from com-
pression to combined compression and shear in the case when 
the shear strains are less than about two-thirds of the com-
pressive strains. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., December 9, 1949.



APPENDIX A 

FINITE DEFLECTION THEORY FOR A HINGED FLANGE UNDER COMPRESSION 

ELLIPTIC-FUNCTION SOLUTION 

The coordinate system and dimensions of the hinged flange 
(one-fourth of a cruciform-section column) are shown in 
figure 1 (a); the form of the distorted shape is shown in figure 
1 (b). The fundamental hypothesis of the calculation is 
that at any section x= Constant there is no curvature of the 
flange in the direction of z. The correctness of this hypothe-
sis is amply borne out by tests on the flanges while under 
twist. With this assumption it becomes possible to avoid a 
formalized plate treatment of the problem. 

For infinitesimal rotations, the differential equation of 
equilibrium for a column under the simultaneous action of a 
compressive stress a and torque T has been shown by Wagner 
(reference 5) to he	 - 

(GJ—I)—EC d3cb 
(IX	

BTi_T	 (Al) 

where 

do
GJ d	 St. Veitant component of internal resisting 

X	 torque 

7I	 component of internal torque due to applica-
dx  of compressive force. (This component 

is not a resisting torque but aids the applied 
torque T in twisting the column; its sign is 
therefore negative.) 

- EC8 component of internal resisting torque due to 
X	 bending of column as it twists 

For the case in which the applied torque T is zero, such 
as for a compressed hinged flange, equation (Al) becomes 

(GJ—il '-- ECBT	 (A2)
dx 

As previously mentioned, equations (Al) and (A2) are 
limited to infinitesimal rotations and thus cannot be used to 
determine the behavior of a column above the buckling load 
where rotations may become large. 

In order to investigate the behavior of a compressed hinged 
flange above buckling, a theory which permits the calculation 
of the large deformations which may occur after buckling 
must be employed. The differential equation (A2) must 
therefore be amended to include the effects which appear at 
finite values of the rotation 0.

DERIVATION OF THE BASIC DIFFERENTIAL EQUATION FOR
FINITE ROTATIONS 

The effects of finite rotation involve the changes in the 
middle-surface strain that occur after buckling. As the 
plate twists, the longitudinal fibers will be inclined at a small 
angle to the hinge line as shown in figure 1 (b). As a result, 
the longitudinal fibers are stretched in varying amounts and 
the horizontal components of the forces along the fibers pro-
duce a torque which resists twisting of the plate. The re-
sisting torque increases very rapidly with twisting of the 
plate, which thus becomes progressively stiffer. The rapid 
increase of stiffness with rotation provides the required 
mechanism for maintaining the rotation at a finite value. 

Stretching of middle-surface fibers after buckling.—A 
short section of the plate as shown in figure 1 (c) will have 
the length ac before the plate buckles. After buckling, the 
length ac' will be greater than ac because ac' is inclined at an 
angle Yb with the hinge line. (See fig. 1 (c).) Thus the 
strain at the free edge E b due to stretching for small values of 
Yb S

	

ac'acsec
Yb—i	 (A3) 

(The strain Eb is positive when compressive.) 

If the line aa (fig. 1 (c)) has been rotated an angle 0 from 
its original position, the free-edge fiber at c moves a distance 
b(4+d). The angle of inclination of the free-edge fiber 
is thus

	

b(cb+d4)_bthb	 (A4) Yb	 dx	 dx 

If the point c is not at the free edge but at some interior 
position a distance z from the hinge line, it can similarly 
be shown that

2	 (AS) 

d 
Tx

(AG) 

From equations (A5) and (AG), the strain e, resulting from 
the stretching action can be given as 

z2((I)2 
-- :&	 (A7) z=_  

Equation (A7) gives the difference between the hinge-line 
strain and the strain at any fiber due to the stretching action, 
for a given position along the width of the flange. It is this 

681
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difference which causes the middle-surface strain distribution 
after buckling to differ from the uniform strain distribution 
at the instant of buckling and which will now be considered. 

Middle-surface strain distribution after buckling.—A 
compressive load P applied to the hinged flange will cause the 
ends to approach each other by a distance ô. The unit 
shortening e. is 61L. Equilibrium of the internal compressive 
forces with the applied force P requires that 

P=tE5(e+)cos Yz d 	 (AS) 

The angle y, is usually so small that cos y may be taken 
as unity. Then, substituting the expression for E, from 
equation (A7) into equation (A8) yields 

EP-2
]dz=EA[e()] (A9) 

z2(d4flP=tE
 

The unit shortening e is therefore 

P b'd"2 (AlO) 

The ratio P/AE is the average strain over the cross section. 
If P/AE is denoted by eav, equation (AlO) becomes

(All) 

The longitudinal middle-surface strain E x at any fiber z in the 
cross section is therefore

2 22()2 
€x=e+fz=€av+Th—	 (Al2) 

Moment due to axial stress after buckling.—The longi-
tudinal strain € does not have the direction of the hinge line 
but of the slightly inclined longitudinal fibers (the angle Yz, 
equation (A6)). Consequently, Ey e, has components per-
pendicular to the hinge line which create the moment A M

 resulting from the applied compressive force. 
The component of El f, perpendicular to the hinge line at 

any fiber z is Ee sin Yz and for small angles is approximately 
equal to E€z Lo. As this component has a lever arm z, the 

dx 
internal resisting moment AM is 

/ 
- Et	 z dz	 (Al 3)

I \ dxj 

Substituting the expression for E,, from equation (Al2) into 
equation (A13) results in the following relationship: 

AM= _cip_+_Eb2 I	 (A14) 
dx 

2
15	 dx)

The term al, Lo is the same term that appears in equation 
dx 

(A2). The last term of equation (A14) is the required 
additional term which takes into account the stretching 
actions, which occur for finite rotations of the flange, and 
permits the computation of the rotation 0. 

Basic differential equation of torque for a compressed 
hinged flange which includes the effects of finite rotation.—
The complete differential equation of torque which replaces 
equation (A2) and includes the last term of equation (A14) is 

(A15) 
dx	 d X3 15	 dx) = 

The constants of equation (A15) are 

bt3 
J=-- 

b3t 
Ip=--	

(A16)
b3t3

E 
G=2(l+) 

Substituting equations (A16) into (A15) yields 

	

d 3o 12 [E ^'_ (t/b)2 1 d	 8 (b)2(d\3	 (A17)2(l+)j\t \dX) 

A further simplification is effected by the use of 

1 
Yb =b —

 

 
dx

 

x	

I,. (A18) 

in2=12 1€av_2(1+) 
(t/b)2 

The substitution of relations (A18) into equation (A1) 
gives the basic differential equation for a compressed hinged 
flange	

2
2	 8 

dEm+mYo5Yb=O	 (A19) 

SOLUTION OF THE BASIC DIFFERENTIAL EQUATION 
FOR FINITE ROTATION 

The basic differential equation (A19) has the solution 

d'y0 
f

	
(A20) 

where c and	 are constants of integration. (The sign of



(A23)
g	 C 

g
'fb	

(t/b)2	 1 (4Kt\ 2	 (4Kx"1 
-	 av 2(1+,L) 12	 sny-z_ (A29) 
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the radical must be chosen so as to keep dt positive.) With 

the condition that -y=O for =O ( equals zero at the ends) 
and the substitutions 

g 2	
/in 4 4 2 

h2__/_C2 
2 

V in
4 5 

equation (A20) may be written

4Kx C'2'	 da 

=Jo 1 1—k 2 shi2 a	 '\CJ 

so that taking the elliptic sine of both sides gives 

C /4Kx\ 
7b	 Sfl 

IE')	
(A28) 

The coefficient c/g is readily found from the definitions of g 
and h in equations (A21). From the first of these equations

h= '.f7n 2 _g2 = i/12iJ€ao—' 2(1+u)12 

(A21) 

(A22) and from the second

I

n	
/IJ-.\2	 2 

	

"h— /T I	 k/V)	 fl_ 

	

—" I 'J -v	 2(1+) 12 

Making use of equation (A27) leads to the general solution 

-	 d(yi/c) 

I [1 —g 2(yb/c)2] [ 1 —h2('/c)2] 

With new variables T and k defined by

equation (A22) is transformed into 

if'2, 	 d'i' 
i1—k 2 sin2 'I' 

In order to determine the constant c, use is made of the 

condition that 'y=O for 	
L or	 L. Theupper limit 

L 

	

for equation (A24) corresponding to 	 must then be '= ir 

in order to satisfy the first of equations (A23): 

L_1 ,r 

2tgfo ii—k 2 s1112 

or
4t (I	 d'I' 9=T 

011i—k2 Si,12	
(A25) 

In elliptic-function notation, 

f7/2	 da 
111 —k 2 sin2 

=K(k)

(A26) 

fo -/1 k 2 sin2 a 
=sn(sin'I')=sn" da

() 

Equation (A25) therefore may be written 

4Kt (A27)

 and equation (A24) becomes

Another form of the solution which is sometimes convenient 
may be obtained by using a different expression for h: Since 
addition of equations (A21) gives 

in 2 =g 2 -!- h 2 =g 2(1 +k 2)=() (1 +k 2)	 (A30) 

it follows that 

and that

h = kg = km 

f1+k2 

Hence,
/4Kx\ ,/5 kmSn (4Kx)

'Yb==sn(L__,+k2 	 —L 	 (A31) 

With either equation (A29) or equation (A31) now avail-
able as an accurate expression for the fiber slope 'YO, it is 
possible, besides checking the known formula for the critical 
compressive stress, to write formulas also for the rotation 
at any station along the flange, for the middle-surface strain 
distribution along and across the flange, for the relation 
between hinge-line, average, and critical strains, and for 
the fractional shortening. The formulas will now be given 
in th:at order. 

Check of critical compressive stress.—In order to show 
that equations (A29) or (A31) give the correct buckling 
stress at the start of the rotation (' y b = O), the behavior of the 
elliptic function is considered as the rotation approaches zero. 

(A24)
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The preceding section showed that the angle y b is propor-
tional to h, and therefore to k. As k approaches zero, K 
approaches 7r/2, and the elliptic sine approaches the circular 
sine. Hence for loads only slightly above the critical, from 
equation (A29),

(i/b)2	 1 1 2ii-t\	 . 2irx 
- 	Vfav21+(L) sin—--

At the critical load, Yb= O, and for loaded edges clamped, 

(T-)
27rt2 (i/b)2

(Eav) O cr +i 	 (A32) 

This is the expression given as equation (1) in the body of 
the report. The critical compressive stress o- is obtained 
by multiplying both sides of equation (A32) by the effective 
modulus in compression Esec. Then 

______
	 (27r)21[(t/b)2EseccrE 	 2(1+)+	 ]	 (A33) 

Since

This is the expression given as equation (5) in the body of 
the report. 

Rotation of any station along the flange.—By symmetry, 
the rotation of any station a distance x from either end is 
given by

	

==fYbd ()
	

(A34) 

and so is obtained by a simple integration of the fiber angle 
distribution along the length of the flange, subject to the 
condition that the rotation is zero at both ends of the flange. 

If an analytical expression for 0 is desired, either equation 
(A29) or its alternate (A31) may be integrated. Integration 
of equation (A31) gives 

•v :i km	 L I'4Kx/L /4Kx\ 
'=•2 Vl+k24bKJo	 sn(L_)d(-) 

1	 - k 2sn2(4Kx/L)1 _m _L[cosh_1 /j__cosh	
vf-i -J 2

(A35) 

m=g 1/i==	 111+k2 

the general integral becomes 

t cosh -1 	 cosh j1_k2s i12(4KX/L)1 = L = 
2 b 1/1—k2 /1_k2 x>3 

J 1> 
\ 

-	
- 

- [-	 1	 v _k25112(4KX/L)] (3> x > i" 
/1 _k2c /i—k2 

0=-'C5 t cosh-1  
1/1_k2

3\ 

max _ cosh' /X=1 \ 
/1 —k

___
2

Variation of middle-surface strain over length and width of flange.—The middle-surface strain f 2 at any distance z from the hinge line was given in equation (Al2) as

2\ 
Ez€av+(1_3 z -i;1) 

The slope of the free-edge fiber Yb may now be inserted in this expression from either equation (A29) or equation (A31). 
Thus

5 r	 (t/b)2	 1
rI2 

	

______ 	 (4Kx) ffav—Z"aV+ L21 
+,.L)T (4)2](

	

(A36a) 

5 k2m2 2 (4KX)
Z=€aV+	 jTj2 i-3 	 sn	

L 	 (A36b) 

or 

or

G)2 

m 2 5 ______ 	 (4Kx)2 
)ez_ 2(1 +)+i	 jpi (i —3	 (A36c) 
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Relationships between hinge-line, average, and critical 
strains.—Along the hinge line z=0, and equations (A36) 
give

	

5 r	 (1/b)2	 1 f4Kt\21 ., 74Kx 

	

(x)z=Oao+ L	 2(1+	 L)] 
or

5 k2m2 2 f4Kx (z)zo=eav+	 1 +k2 
sn

Along the hinge line at x= L -4 and	 3L 

2(1 +/)+	
4K1 i ()2]	 (A37a)

5[__
(t/b) 

or
k2rn2	 - 

(6z)zoav+	 1 +fr2	
(A37b)

L Along the hinge line at x=0, x=- and x=L, 

(x)z , o	 av 

Thus at the ends and at the middle the strain is uniformly 
distributed across the width of the hinged flanges. 

Fractional shortening.—The fractional shortening of the 
flange 61L (1/4 of its length is considered for convenience) is 

o 

4 L/4 

LJ'. (),0dx 

1("	 f' 
()o d 4Kx 

5 k 2m2 
1 

IK 2 (4KA 74Kx 
av+1+k2K 	 sn 

5m2 7 7 €av+ 1+k2kjK 
-	 7/2  

where	 -i1—k2 sin' a da. From equation (A30) 

m=	 /T_k2, and by use of this value of m,	 - 

	

a	 i0't'2	 - 

	

K(K77)	 (A38) 

APPROXIMATE RELATIONSHIPS FOR POSTBUCKLING BEHAVIOR 

The preceding relationships for the behavior of a hinged 
flange when compressed beyond the buckling load may be 
greatly simplified if the flange is long enough so that bending 
is negligible compared with the twist. Under such conditions 

the term ECBT in the differential equation (A15) may be d X3 

neglected. The basic differential equation (A19) then 
reduces to a simple algebraic equation 

2	 83 
m 7b--çb =0

The fiber angle -y b .—Solutions of the preceding equation 
are 

and

	

Yb= +-,1Jrn=	 faO—c7	 (A39) 

(1/b)2  in which e,,= 
2(1	

i the term n length now being omitted. 

The same quantities which were computed under "Elliptic 
Function Solution" may now be expressed once more in 
terms of the approximate solution for y. 

Rotation of flange.--The approximate rotation will be 
the integral of the approximate value of 	 or 

I	 7x\7L\	 71 x 

	

fovcr)) 
	 > 0) 

and
T5 _N,- ( 1 x)(L	 X 1

) 

A reference to figure 2 shows that the distribution of the 
angle 0 is nearly linear for large rotations. 

1 /i 

	

The ma6mum value of 0 is 	 --- 	 (W') or 

	

maz=1.37	 %Jfaocr	 (A40)

A second approximation, which contains a small correction 
term to equation (A40), may be found from the relations 

1

	

 • lim cosh- 1	 =log	 2 
k-.i	 -Ii—k2	 ./1—k2 

and
• hmK=log 4 

Since

log 2 =log 4 —log  2 
—k2 

as k-1,

cosh-' 1 =K—log 2 
,IT—k2 

The exact rotation at the middle of the column is given by 
equation (A35):

	

rt	 1 ma=Y5cosh1T 
-,1ik2 

therefore, as k-1, 

S6maz= .i-g - (K—log 2) 

iQL —lo = -
4t	

g2) 

	

=1.37	 /avcr1.55 W	 (A41) 

This corrective term 1.55 - is always a small part of
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Variation of middle-surface strain over width of flange.—
The approximate strain distribution is obtained from equa-
tion (Al2) by using the approximate value of yj, from equa-
tion (A39):

z 2\ 
z 6av+ (avcr) (i	 (A42) 

This result holds over most of the length of the flange but is 
f\ in error near the ends and the middle where sn - 4Kx 

-) 
has 

a value different from unity.

Relationship between the hinge-line, average, and critical 
strains.—Along the hinge line z=0, so that, approximately 

( 6z)z0	 av	 (A43) 

Fractional shortening.—The approximate shortening is 

1C L /9	 5 \	 9	 5 e=j Ij ao	 icr) dx= au	 cr	 (A44) 

and therefore is identical with c x along the hinge line z=0.



APPENDIX B

MAXIMUM STRENGTH OF A CRUCIFORM-SECTION COLUMN 

The value of er at any point (x, z) of a cruciform flange is 
assumed from appendix A to be as in equation (A36c) 

(t/b)2 	 m 2 5 k2m2 (
	

x (4K) 
1--k2 

where k2 is a parameter lying between 0 and 1 which specifies 
the amount of twist;

dci 
jo ./1_k2sin2cr 

M 2 12 [
	

(t/b)2 1 
=	 av_2(l+)]_K(1+k) 

(4 t) 

As soon as a value is assigned to k2 corresponding to a certain 
amount of twist, the quantities K and m2 are fixed and € 
may be computed. 

Over most of the length of the column, sn (4K L ) 1 and, 

therefore, the variation of er with x may be neglected by 
taking

-(t/b)2 m2+ 5 k2m2 p1-3 22 
_2(1+,.L)m12	 i+kk.. 

The shear strain y arises from the twist L' ofthe flange 
dx 

after buckling and is proportional to the distance r away 
from the center line of the cross section: 

r d4 
-y = 2 

However for insertion into the formula for strain intensity, 
a value of .2 is desired which is independent of r. Such a 
value may be obtained by taking the average value of 
over the thickness. The mean value of _2 over the cross 
section is
- 
j 

4r2(_ 	
12 d

-1/2	
dx dr=(_ 2
	 2 (1)2
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The deformation theory of plasticity used here states that 
a relation exists between the stress intensity a t and the 
strain intensity ej which is of the following form: 

for loading (ej increasing)

aj=Esecel 

for unloading (e i decreasing) 

d=E de 

where 

=	 e2 + €2 + z z + 

stress and strain in the x-direction 

stress and strain in the z-direction 

r, y	 shear stress and strain 

In the case of a cruciform-section column compressed beyond 
the buckling stress o, the value of o is the stress in the 
x-direction and is larger than 0r over most of the flange 
width. Also o,=O, and with Poisson's ratio equal to 1/2, 

€,= -	 ; so that the fundamental stress-strain relation for 

increasing a t reduces to 

/ç2+ 3 r2 = Esecjz2+ 

in which
0.z= Eecz 

Eeec
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From the theory of appendix A (equation (A31)), 

km 

//2

/4 x\ over most of the section for which sn --- ) 1. Hence 

- 5 /t\2 k2rn2 

=i- 'j) i'r 

and thus the strain intensity	 is completely de-

and is the average stress that would be determined from a 
testing machine at the value of k2 selected. 

In the actual calculations, the width b of the flange was 
divided into ten equal strips and the value of Orav was found 
by a numerical summation. As the twist of the flange 
varies from zero to infinity, the parameter k2 varies from 
zero to 1. The value of av may be investigated as a func-
tion of k2 and will have a maximum at some value of V. 
This maximum value of aa, multiplied by the total area 
gives the maximum load for the cruciform flange under 
consideration.
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INVESTIGATION OF SEPARATION OF THE TURBULENT BOUNDARY LAYER' 
By G. B. SCHUBAUER and P. S. KLEBANOFF 

SUMMARY 

An investigation was conducted on a turbulent boundary 
layer near a smooth surface with pressure gradients sufficient 
to cause flow separation. The Reynolds number was high, 
but the speeds were entirely within the incompressible flow 
range. The investigation consisted of measurements of mean 
flow, three components of turbulence intensity, turbulent shearing 
stress, and correlations between two fluctuation components at 
a point and between the same component at different points. 
The results are given in he .form of tables and graphs. The 
discussion deals first with separation and then with the more 
fundamental question ,of basic concepts of turbulent flow. 

INTRODUCTION 

In 1944 an experimental investigation was begun at the 
National Bureau of Standards with the cooperation and 
financial assistance of the National Advisory Committee for 
Aeronautics to learn as much as possible about turbulent-
boundary-layer separation. Considering that previous ex-
perimentation had been limited to mean speeds and pressures, 
it was decided that the best way to bring to light new in-
formation was to investigate the turbulence itself in relation 
to the mean properties of the layer. Since little was known 
about turbulent boundary layers in large adverse pressure 
gradients, the investigation was exploratory in nature and 
was pursued on the assumption that whatever kind of 
measurements that could be made on turbulence and 
turbulent processes would carry the investigation in the 
right direction. 

The investigation was therefore long range, there being no 
natural stopping point as long as there remained unknowns 
and means for investigating them. The decision to stop 
came when it was decided that the more basic properties of 
turbulent motions, such as production, decay, and diffusion, 
which form the subject of modern theories, could better be 
investigated first without the effect of pressure gradient. 
The experimental work on separation was therefore halted 
after a certain fund of information had been obtained on 
turbulence intensity, turbulent shearing stress, correlation 
coefficients, and the scale of turbulent motions. 

Use was made of the results from time to time as they 
could be made to serve a particular purpose. Certain of the 
results have appeared therefore in . references 1 to 3. It is 
now felt that the results should be presented in their entirety 
for what they contribute to the separation problem and to 
the understanding of turbulent flow, even though they leave 
many questions unanswered.

The authors wish to acknowledge the active interest and 
support of Dr. H. L. Dryden during this investigation and 
the assistance given by Mr. William Squire in the taking of 
observations and the reduction of data. 

SYMBOLS 

X	 distance along surface from forward stagnation 
point 

y	 distance normal to surface measured from 
surface 

z direction perpendicular to xy-plane 
U mean velocity in boundary layer 
U1 mean velocity just outside boundary layer 
Urn mean velocity just outside boundary layer at 

x=1734 feet, used as reference velocity 
V y-component of mean velocity in boundary layer 
U, v, w x-, y-, and i-components of turbulent-velocity 

fluctuations 
u', v', w' root-mean-square values of u, v, and w 

• density of air 
V kinematic viscosity of air 
p pressure 

q1 free-stream dynamic pressure( p U) 

q,, free-stream	 dynamic	 pressure at x = 1734 . feet 

(	
U) 

turbulent shearing stress (- p) 
mean value of product of u and v 

C,1 , 6 m coefficients of turbulent shearing stress 
(ell= r/pUt2, Cmr/PUm2) 

To skin friction 

G1 coefficient of skin friction (0/. p U12) 

boundary-layer thickness 
boundary-layer displacement thickness 

(fo

-U\
1_)dY 

0 boundary-layer momentum thickness 

(f-uU"
 -(1—)dy

LJ \	 UI1 
H boundary-layer shape parameter (ô *10) 
L, L scales of turbulence

I Supersedes NACA TN 2133, "Investigation of Separation of the Turbulent Boundary 
Layer" by G. B. Schubauer and P. S. Klebanoff, 1950.
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transverse correlation coefficient (u1 u2/u 1 'v2', 

where subscripts 1 and 2 refer to positions m 
and Y2) 

longitudinal correlation coefficient (n1i2/u1'n2', 

where subscripts 1 and 2 refer to positions x1 

and x2) 

APPARATUS AND TEST PROCEDURE 

The setup for the investigation was arranged with two 
things in mind: (1) The Reynolds number was to be as high 
as possible and (2) the boundary la yer was to be thick 
enough to permit reasonably accurate measurements of all 
components of the turbulence intensity and shearing stress 
by hot-wire techniques which were known to be reliable. 
Since this required a large setup, the 10-foot open-air wind 
tunnel at the National Bureau of Standards was chosen, 
and a. wall of airfoil-like section shown in figures 1 and 2 
was constructed in the center of the test section. The wall 
was 10 feet high, extending from floor to ceiling, and was 27.9 
feet long. It was constructed of -inch Transite on a 
wooden frame, and the surface on the working side was 
given a smooth finish by sanding and varnishing and, finally, 
waxing and polishing. The profile was chosen so that the 
adverse pressure gradient on the working side would be 
sufficient to cause separation and yet have sufficiently small 
curvature to make the l)reSsllle changes across the layer 
negligible. 

since the separation point was found to be very (lose to 

IL	 1.	 1	 jo	 f	 .	 .................f-(	 ITLI

Tunnel wa//.

2. 

H	 2Z9'	 H 
/0'	

1,5' 141, /	 o, 
-Work,,,g side 

__- 8//s fer 017 funnel 77—_ 

FIGURE 2.—Sectional drawing of "boundary -la yer wall." 

the trailing edge, a blister was constructed on the tunnel 
wall to move the separation point upstream to the location 
shown in figure 2. At the outset there was troublesome 
secondary flow from premature separation near the floor 
and, to a lesser degree, near the ceiling. A vent in the floor 
allowing air to enter the tunnel and blow awa y the accunlu-
lated dead air afforded a satisfactory remed y. The flow 
was then two-dimensional over the central portion of the 
wall from the leading edge to the separation point. 

A steeply rising pressure, caused b y the small radius of 
curvature of the leading edge an(l the induced angle of 
attack, produced transition about 2 inches from the leading 
edge. The boundar y layer was therefore turbulent over 
practically the whole of the surface and, over the region of 
major interest, ranged in thickness from 2 inches at the 
173i-foot position to 9 inches at the separation point. All 
measurements were made with a free-streani speed of about 
160 feet per second at the 17-foot position. The boundar y-
layer thickness at 17 feet was equivalent to that on a flat 
plate 14.3 feet long vitli full y turbulent layer and no pressure 
gradient, and the fiat-plate Reynolds number corresponding 
to 160 feet per second was 14,300,000. The speed was always 
adjusted for changes in kinematic Viscosit y from clay to day 
to maintain . fixed Re nolds number throughout the entire 
series of measurements. The turbulence of the free stream 
of the tunnel was about 0.5 percent. 

All measurements were made at the midsection of the 
wail, where the flow most closel y approximated two-dimemi-
sionalit.v, and on the side labeled ''Working side" in figure 2. 
While the measurements extended over it considerable 
period of time, there was no evidence from pressure and 
mean-velocit y distributions that the geometr y of the wall 
changed. There was, however, considerable scatter in the 
turbulence measurements from cla y to day , some of which 
was (hue to inherent inaccuracies associated with hot-wire 
measurements, and some of which may have been caused by 
actual changes in the flow. The results therefore do not 
lend themselves to a determination of differential changes 
in the r-direction with high accurac y . It was the intention 
to obtain results applicable to a smooth surface; therefore 
the surface was frequentl y polished and kept clean at all 
times. However, because of the texture of the Transite, 
the surface could not he given a. mirrorhike finish equal to 
that of a metal surface. 

Considerable emphasis was placed on on the precise determi-
nation of the position of separation. A method was finally 
evolved whereb y the line of separation and the direction of
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the flow at the surface in the neighborhood of this line could 
be found. This consisted of pasting strips of white cloth on 
the surface with a starch solution. Small cr ystals of iodine 
were then stuck to the strips. Blue streaks on the starched 
cloth then showed the direction of the air flow. B y this 
means separation could be located with an accurac y of ±2 
niches. Initially the line of separation was nowhere straight, 
but, after the removal of some of the reversed flow near the 
floor by the vent previousl y mentioned, the line was made 
straight for a distance of 2 feet in the center and was located 
2,5.7±0.2 feet from the leading edge. 

The pressure distribution was measured with a static-
pressure tube 0.04 inch iii diameter, constructed according 
to the conventional design for such a tube. Mean dynamic 
pressure was obtained by adding a total-pressure tube of the 
same diameter but flattened on the end to form a nearly 
rectangular openulg 0.012 inch wide.

The hot-wire equipment used in the investigation of tur-
bulence has been fully described in reference 1, and it suffices 
here merely to call attention to the manner of operation 
and the the performance of the equipment. The thick boundary 
layer made it possible to obtain essentially point measure-
ments without having to construct hot-wire anemometers 
on a microscopic scale. The several types used are shown 
in figure 3. The 6-inch scale shows the high magnification 
of types A, B, C, and D. A complete holder is shown by E 
with the inch scale above. Heads of type A were used for 
measuring u', those of type B or C were used for measuring 
turbulent shearing stresses, and those of type D were used 
for measuring i" and w'. In use the prongs pointed directly 
into the mean wind. 

When the head of type C was used for measuring shearing 
stress, an observation of the mean-square signal from each 
of the wires was necessar y. A similar pair of observations 

F1,uRE 3. —Ty j.	 f	 t-Wr	 ne	 111 C,rU;kIL n 11, 1 tel ii uifl\tigt'II
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was necessary when using type B, but with only one wire the 
head had to be rotated through 1800. Since it was usually 
difficult to execute this rotation by remote control, most of 
the measurements of shearing stress were made with the 
head of type C. 

The hot-wires themselves, shown at the tips of the prongs, 
were tungsten 0.00031 inch in diameter. Platinum wire 
could not be used because the air was taken into the tunnel 
from outdoors and platinum wires were broken by flying dirt 
particles. The diameter of 0.00031 inch was the smallest 
obtainable in tungsten at the time, and the length could not 
be reduced below about X6 inch and still maintain the re-
quired sensitivity. In all cases the boundary-layer thick-
ness was at least 25 times the wire length. 

The uncompensated amplifier bad a flat response from 2 
to 5,000 cycles per second and an amplification decreasing 
above 5,000 cycles per second to about 50 percent at 10,000 
cycles per second. The time constant of the wires ranged 
from 0.001 to 0.003 second, depending on operating condi-
tions, and the over-all response of wire and amplifier could 
be made equal to that of the uncompensated amplifier by 
means of the adjustable compensation provided in the ampli-
fier. However, with this relatively high time constant, the 
background noise level was high and had to be subtracted 
from the readings in order to obtain the true hot-wire signal. 

The methods of determining u', v', w', 7, and /u'v' are 
fully described in reference 1. The determination of R1 and 
R involved the use of a pair of heads of type A, separated 
by known distances normal to the surface for R1 and along 
the tangent to the surface for R. The "sum-and-difference" 
method described in reference 4 was used, account being 
taken of the inequality of u' at the two wires and the differ-
ences in sensitivity. 

The several measuring heads were mounted on various 
types of traversing equipment designed for convenience, 
rigidity, and a minimum of interference at the point where a 
measurement was being made. 

TEST RESULTS 

The results of the measurements are given in tables 1 to 
8 and figures 4 to 14. Figures 15 to 22 repeat certain of the 
results to aid in the analysis. 

The tabulation is made to present all of the detail contained 
in the measurements and to make the results readily available 
to any style of plotting that suits the reader's needs. Figures 
4 to 14 are summary plots intended to show an over-all 
picture rather than detail. 

PRESSURE DISTRIBUTION 

The values given in table 1 and figure 4 were obtained from 
measurements of pressure with a small static-pressure tube 
placed inch from the surface at various positions along the 
midspan. The tube was also traversed in the y-direction, 
from which it was found that changes in pressure across the 
boundary layer were barely detectable in the region from 
x=18 to 23 feet and were not measurable elsewhere. The

pressure is therefore regarded as constant across the boundary 
layer, and all of the information on pressure gradient is 
given by the variation of qi/qm with x. 
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MEAN-VELOCITY DISTRIBUTION 

Mean velocities were obtained from dynamic-pressure 
measurements made at various distances y. No correction 
was made for the effect of turbulence. The distributions of 
mean velocity are given in table 2 and summarized by the 
contour plot shown in figure 5. From these data were 
derived the values of b, 0, and H given in table 3 and figure 6.
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FIGURE 13.—Transverse correlation coefficient. 

I0

8

- 6

4

2 

0' 
13	 15	 17	 19	 2/	 23	 25	 27	 29 

.T, ft 

FIGURE 14.—Longitudinal correlation coefficient. 

The distribution of mean velocity is plotted in figure 7 in 
the manner suggested by Von Doenhoff and Tetervin in 
reference 5. If H is a universal parameter specifying the 
boundary-layer profile, the curves of figure 7 should agree 
in all detail with those of figure 9 in reference 5. The agree-
ment is good, although there are systematic differences 
slightly greater than the experimental dispersion. 

TURBULENCE INTENSITIES 

The turbulence intensities are given in table 4 in terms of 
u'/U1 , v'/U1, and w'/U1 . They are summarized in figures 8 
to 10 in terms of U'/Urn, V'/Um, and W'/Urn in order to show 
changes in the absolute magnitude of the fluctuations. As 
desired, ii', v', and w' may be expressed in relation to any

of the mean velocities U, Uj, or Urn by the aid of tables 1 
and 2.

COEFFICIENT OF TURBULENT SHEARING STRESS AND 
uv-CORRELATION COEFFICIENT 

The directly observed quantity has been expressed 
nondimensionally in terms of a coefficient of turbulent 
shearing stress

,,	 2Ti 
U12 

2Ti 
Crrn - -	 2 

rn 

The choice of coefficients is arbitrary, and C 1 is tabulated 
in table 5 while contour plots for C m are given in figure 11. 
The choice of G. for the figure was made because it was 
desired to show an over-all picture of variations in r inde-
pendent of variations in mean velocity. 

The values of the correlation coefficient /u'v' are given 
in table 6 and figure 12. 

CORRELATION COEFFICIENTS R,, AND R 

The correlation coefficients Ry and R express the correla-
tion between values of 'a at the same instant at two different 
points. This correlation between points separated by dis-
tances in the direction of the local normal to the surface is 
expressed by R, and the correlation between points separated 
by distances in the direction of the local tangent to the sur-
face is expressed by R. These directions were normal and 
tangential to streamlines only when the local mean direction-
of the flow was tangent to the surface. Where the boundary 
layer was thickening rapidly, as near the separation point, 
the flow in the outer portion of the boundary layer had a 
greater radius of curvature than the surface and the direction 
was not tangent to the surface. In such regions, therefore, 
R and R do not conform strictly to the conventional defi-
nition of such coefficients. 

Values of Ry are given in table 7 and values of R are given 
in table 8. Figures 13 and 14 show representative correlation 
curves in order to give an idea of the distances over which 'a 
is correlated compared with the boundary-layer thickness. 

It will be noted that a correlation exists over much of the 
boundary-layer thickness. With the region near separation 
excluded, fluctuations at the center of the layer are related 
to those everywhere else in the same section. Under such 
conditibns a small negative correlation is found between 
points in the layer and those outside, as shown in figure 13. 
Subsequent measurements in a boundary layer with approxi -
mately one-tenth of the free-stream turbulence have shown 
no effect of the free-stream turbulence on the magnitude of 
the negative correlation. An explanation of this negative 
correlation on the basis of continuity, requirements is offered 
in reference 3. 

From tables 7 and 8 one may calculate integral scales 
defined by 
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4=5 Rudy 

L=5 Rdx 

These are not given here because it is felt that the qualitative 
concept of scale obtained from figures 13 and 14 conveys 
about as much physical significance to scale as is possible 
at present.

DISCUSSION OF RESULTS 

MECHANICS OF SEPARATION 

The separation point is defined as the point where the 
flow next to the surface no longer continues to advance 
farther in the downstream direction. This results from a 
failure of the medium to have sufficient energy to advance 
farther into a region of rising pressure. Certain character-
istics of the mean flow serve as a guide to the imminence of 
separation. For example, the shape factor H can be expected 
to have a value greater than 2. In the present experiment H 
was found to have the value 2.7 at the separation point, 
comparing well with the value of 2.6 given in reference 5. 

The empirical guides, however, give little insight into the 
physical factors involved. Separation is a natural conse-
quence of the loss of energy in the boundary layer, and the 
burden of explanation rests rather with the question as to 
why separation does not occur at all times at a pressure 
minimum. At the surface the kinetic energy of the flow is 
everywhere vanishingly small. At a pressure minimum the 
potential energy is a minimum, and the air at the surface, 
having a vanishing amount of kinetic energy to draw upon, 
could never advance beyond a pressure minimum without 
receiving energy from the flow farther out. The necessary 
transfer is effected by the shearing stresses. 

It is a well-known fact that viscous shearing stresses are 
so small that laminar flow 'can advance but a little distance 
beyond a pressure minimum. In contrast with this, turbulent 
shearing stresses can prevent separation entirely if the rate 
of increase of pressure is not too great. This emphasizes an 
important fact; namely, that when separation has not oc-
curred, or has been delayed to distances well beyond the 
pressure minimum, as in the present experiment, viscous 
stresses play an insignificant role in the prevention or delay 
of separation. 

Turbulent shearing stresses also determine the magnitude 
of shearing stresses in the laminar sublayer by forcing there 
a high rate of shear. This, in fact, gives boundary-layer 
profiles the appearance of near slip flow at the surface. 
Thus, turbulent stresses dominate all parts of the boundary 
layer. Viscous effects in the laminar sublayer and elsewhere 
still play an important role in determining the existing state 
of the turbulence. However, in dealing with the effects of 
turbulence, and not with the origin of turbulence, effects of 
viscosity can be neglected.

At the high Reynolds numbers of the present experiment 
the laminar sublayer was extremely thin and was never 
approached in any of the measurements. At the 17-foot 
position at 0.1 inch from the surface the turbulent shearing 
stress was 190 times the viscous shearing stress. Con-
sidering the low order of magnitude of the viscous stresses 
compared with that of the turbulent stresses, the equations 
of motion may be closely approximated by including only 
the Reynolds stresses, and may be written

(1) ax	 by	 pàx ax dy 

U+V=—
	

——--	 (2) 
ax	 ày	 pàyàx by 

While all terms in equations (1) and (2) have been meas-
ured, they have not been measured with sufficient accuracy 
to test 'the adequacy of the equations. The relative impor-
tance of the terms involving Reynolds stresses depends on 
location in the boundary layer. The normal stresses p7 
and pv2 are pressures and their gradients make merely small 
contributions to àp/àx and Op/by. Among the Reynolds 
stresses the shearing stress is the more important quantity 
and, accordingly, attention is devoted to it. 

It is easy to see qualitatively on physical grounds how the 
shearing stress must be distributed across the boundary 
layer. The shearing stress is always in such a direction 
that fluid layers farther out pull on layers farther in. When 
the pressure is either constant or falling, all pull is ultimately 
exerted on the surface. Therefore the shearing stress must 
be at least as high at the surface as it is elsewhere, and it 
would be expected to be a maximum there, as it must fall 
to zero outside the boundary layer. When the pressure is 
rising, part of the pull must be exerted on the fluid near the 
surface that has insufficient energy of its own to advance to 
regions of higher pressure. In ,other words, the fluid in 
such layers must be pulled upon harder than it pulls upon 
the layer next nearer the surface. This means that the 
shearing stress must have a maximum away froni the 
surface in regions of adverse pressure gradient. 

Representative observed distributions are shown in figure 
15. It will be seen that the maximum shear stress develops 
first near the surface and move progressively outward. The 
region between the surface and the maximum is receiving 
energy from the region beyond the maximum, the rate 

per unit volume at each point being U. Thus the fall 

in the shearing stress toward the surface, producing a 
positive slope, is evidence that the shearing stress is acting 
to prevent separation. It is clear then that a falling to 
zero, as for example the curve at x=25.4 feet, is not the 
cause of separation. It is rather an indication that the 
velocity gradient is vanishing at the surface. This means 
that the velocity in the vicinity of the surface is vanishing 
and that a condition is developing in which no energy can be
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FIGURE 15.—Distribution of coefficient of turbulent shearing stress across boundary layer. 

received. When this condition is fulfilled, the fluid can 
move no farther and separation has occurred. 

The initial slope of the curves in figure 15 is given by 
equation (1), which becomes, when y=O:

(3) 
C)X by- 

A theory of the distribution of shearing stress based on 
the inner boundary conditions ô2r/y2 =O and equation 
(3) and on the outer boundary conditions r"O and ôr/ôy=O 
at y=ö has been given by Fediaevsky (reference 6). The 
agreement between Fediaevsky 's theory and experimental 
values from the present investigation was fair at the 17k-foot 
position and excellent at the 25-foot position, but elsewhere 
was poor. Two examples of the agreement are given in 
figure 16. The Fediaesvky theory, which defines merely 
how the curves shall begin and end, either loses control 
over the middle portion or ignores other controlling factors. 

Since equation (3) specifies the initial slope, it is an aid in 
finding the skin friction by the method of extrapolating the 
distribution curves to y=O. The values found in this way 
are given in figure 17. As would be expected, the skin 
friction falls to zero at the separation point. The lack of 
agreement with values calculated by the Squire-Young 
formula (reference 7) is to be expected, as this formula does 
not include the effect of pressure gradient.

- I	 I	 I.	 I	 I 
- -- Fedioevsky theory (reference 6) 
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FIGURE 16.—Experimental values for coefficient of turbulent shearing stress compared with 
curves from Fediaevsky theory. 
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FIGURE 17.—Experimental values for coefficient of skin friction compared with values calcu-



lated with Squire-Young formula. 

The foregoing discussion has simply described the shearing 
stress in the light of the present experiment and pointed out 
the role of shearing stress as an energy-transferring agent. 
While these phenomena are characteristic in every adverse 
pressure gradient, the form of the shearing stress and also 
the velocity profiles will be different for different pressure 
distributions. The present experiment gives merely one 
example. 

ORIGIN OF TURBULENCE AND TURBULENT SHEARING STRESS 

The discussion of origin of turbulence and turbulent 
shearing stress will be based on concepts that have super-
seded the older mixing-length theories. Unfortunately, 
experiments have not kept pace with ideas and the con-
cepts have not yet been fully verified. 

In recent years definite ideas have taken shape regarding 
the decay of turbulence. These stem from an observation 
made by Dryden (reference 8), namely, that the rates of 
decay of different frequency components in isotropic tur-
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bulence require that the higher-frequency components gain 
energy at the expense of the lower-frequency components. 
It has now become generally accepted that decay involves -
a transfer of energy from larger eddies to smaller eddies by 
Reynolds stresses when the Reynolds number characteristic 
of the eddies is sufficiently high. This idea forms the 
physical basis for modern theories of isotropic turbulence 
(for example, references 9 to 15).	 - 

Information about turbulent flow points more and more 
to the conclusion that the concept is basic and may be 
carried over to shear flow. (See, for example, Batchelor's 
discussion of Kolmogoroff's theory, reference 9, and Town-
send's discussion, reference 16.) The general idea may be 
expressed as follows: The highest Reynolds number is asso-
ciated with the mean flow, and here the mean Reynolds 
stresses transfer energy to the flow system comprising the 
next smaller spatial pattern, for example, the largest eddies. 
This second system involves other Reynolds stresses which 
in turn transfer energy to smaller systems and so on through 
a spectrum of turbulence until the Reynolds number gets so 
low that the dissipation is completed by the action of 
viscosity alone. The evolution of heat by the action of 
viscosity is small for the larger systems and gets progressively 
greater as the systems get smaller and smaller, with a 
weighting depending on some Reynolds number characteriz-
ing the whole system, say, a Reynolds number based on the 
outside velocity and the. boundary-layer thickness. The 
higher the Reynolds number the more is the action of vis-. 
cosity confined to the high-frequency end of the spectrum. 
Thus at sufficiently high Reynolds numbers the action of 
viscosity is not only removed from the mean flow but also 
from all but the smaller-scale components of the turbulence. 
An exception in of course, be made for the laminar sub- 
layer, and the likelihood that this is a valid picture increases 
with distance from the surface. 

These ideas then might be regarded as describing a tenta-
tive model of a turbulent boundary layer to be examined 
in the light of experiment. The model is, of course, con-
cived only in general outline and should not be assumed 
the same for all conditions. 

The rate of removal of kinetic energy per unit volume 
from the mean flow by Reynolds stresses is given by: 

P^^
-
 

M ÔU\1	 (4) —+uv 

This energy goes directly into the production of turbulence. 
_oU 
u The term v -- will generally outweigh the others, but in 

order to see the relative magnitudes near separation the 
terms in expression (4) were calculated for the 24.5-foot _ov 
position. The term uv -- was found to be negligible. The 

other terms within the brackets together with their sum are 
213637-53----45
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FIGURE iS—Rate of production of turbulence and mean energy of turbulence at x=24.5 feet. 
Right ordinate scale to be used only for top curve. 

shown in figure 18 divided by Urn3. It is seen that the term 

TV- 
bu is still the largest and the 	 remains the mostôy 

important contributor to turbulence. 
The distribution of turbulence energy is also given in 

figure 18. This shows a maximum energy content where the 
rate of production is the greatest; otherwise the comparison 
has no particular significance. Such coincidence is not re-
quired and is not found farther upstream. Data are not 
available for establishing the balance between production, 
diffusion, convection, and dissipation of turbulence energy. 

It is clear that the turbulence exists because of the Rey-
nolds stresses, and it is self-evident that the normal stresses 

? and p7 exist because of the turbulence, but the source of 
the shearing stress piii is not apparent without further 
examination. 

Since
-	 UV,,	 — 

T — PILV — p-7-7U V	 (uj 

where /u'v' is the correlation coefficient, it is seen that r 

depends on the correlation and intensity of u and v. If a 
flow is turbulent without a gradient in mean velocity, there 
can be no mean shearing stress and therefore no mean correla-
tion between u and v. It is apparent then that a gradient 
is necessary to produce a correlation, and one might expect 
to find uv/u'i,' proportional to dU/dy. From figure 12 it 
appears that itv/u'v' shows too little variation across the 
boundary layer to be proportional to the local value of the 
mean-velocity gradient. To apply a more direct test, 
uv/u'v' was plotted in figure 19 against the mean local 
gradient. Obviously uv/u'v' cannot be regarded as prôpor-
tional to (01U1 ) (dU/dy), and, what is more, it becomes 
independent of the local gradient for a wide range of values 
of (01U1 ) (dU/dy).
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FIGURE 19.—Relation between -correlatf on coefficient and local mean-velocity gradient. 

Assuming the correctness of the concept f transfer of 
energy from larger to smaller flow regimes, it is seen that 
energy flows into turbulence mainly by way of the largest 
eddies, and it is then mainly these that account for the 
average shearing stress. Returning to figure 13, it is seen - 
by the curves of R5 that the turbulent motions are correlated 
over much of the boundary-layer thickness up to the posi-
tion X=23 feet and are still correlated over a considerable 
portion of the thickness at larger values of x. The extent 
of the Ru-correlation is roughly a measure of the extent of 
the largest eddies. This means that the correlation coef-
ficient uv/u'v' arises from those . components of the turbu-
lence that extend over much of the boundary-layer thickness, 
and the correlation between u- and v-components of such 
a motion would be expected to depend on the mean-velocity 
gradient as a whole rather than upon the local gradient 
at any one point. Large mean gradients exist near the sur-
face without producing correspondingly large correlation 
coefficients in the same localit y, and it appears that the 
correlations here are very likely fixed by some over-all 
effect: If an over-all velocity , gradient is represented at 
each position by Ui/Urn divide(I by 6, and this is used as the 
independent variable in figure 20 to dross-plot values of 
Th/u'v' taken from the flat pohion of the curves in figure 
19, a definite proportionality between these two quantities 
is found. . This bears out the foregoing argument. 

Figure 21 was originally prepared to test one of the equa-
tions of state in Nevzgljadov's theory (reference 17), which 
expresses the shearing stress as proportional to the turbulent 
energy per unit irolume and the mean-velocity gradient. 
The theory is not supported by the results for the same reason 
as that mentioned in connection with figure 19. In fact, 
shearing stress per unit energy is much like the correlation 
coefficient and would be two-thirds of /u'v' if n', v', and w' 
were all equal. The similarity between figures 19 and 21 
is therefore not surprising. The hairpin loops in the curves 
in these two figures apparently result from the distribution
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FIGURE 20.—Relation between us-eorrelation coefficient near surface and general mean-
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FIGURE 21.—Relation between shearing stress per unit energy of turbulence and local mean-



velocity gradient. 

of shearing stress imposed by the adverse pressure gradient. 
Figure 22 emphasizes the great difference between turbu-

lent shear flow and laminar shear flow. In laminar flow 
the shearing stress is directly proportional to the local 
velocity, gradient. In turbulent flow, shown in figure 22, 
the shearing stress may rise abruptly for scarcely any change 
in the local velocity gradient and again fall with increasing 
velocity gradient. This illustrates the difficulty of adopt-
ing the concepts of viscous flow in turbulent flow. The 
difference probably arises because turbulent phenomena, 
unlike molecular phenomena, are on a scale of space and 
velocity of the same order as that of the mean flow.
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- present. It is with this thought in mind that the data are 
given in tiibles, in which form they are the more readily 
available for new uses. 

CONCLUDING REMARKS 

Certain measured characteristics of a separating turbulent 
boundary layer have been presented. The average charac-
teristics are mean velocity, pressure, and the derived parame-
ters, displacement thickness, momentum thickness, and shape 
factor. The turbulent characteristics comprise intensities, 
shearing stresses, transverse correlations, longitudinal corre-
lations, and correlations between two fluctuation components 
at a point. 

The results have been discussed, first, in connection with 
what they reveal about separation and, second, in connec- 
tion with what they reveal about the nature of turbulent 
boundary layers. The modern concept of energy transfer 
through a spectrum was extended to the turbulent boundary 
layer. The resulting model of a turbulent boundary layer 
was supported by the results. This together with the sup-
port from theory and experiment in isotropic turbulence 
makes it appear that the model may be a very useful one 
for guiding future experiments. 

It is seen that the investigation of separation of the 
turbulent boundary layer had to go beyond the mere investi-
gation of separation. The real problem is the understanding 
of the mechanics of turbulent shear flow under the action 
of pressure gradient. The solution of this problem depends. 
on the understanding of the mechanics of turbulence, and in 
this only rudimentary beginnings have been made. 

FIGURE 22.—Relation between coefficient of shearing stress and local mean-velocity gradient. 

The tentative picture in the form of the model previ-
ously described is still speculative and probably oversimpli-
fied. It has, however, received support in the present 
experiment, perhaps as much as could he expected from 
over-all measurements embracing the entire frequency 
spectrum. Observations of these same quantities as a 
function of frequency would he much more informative, 
but unfortunately the experimental conditions in an open-
air wind tunnel discouraged work of this sort. Other types 
of hot-wire measurements, such as those described by 
Townsend in reference 16, would he of as great value in 
probing for the true picture of a turbulent boundary layer 
as they were in bringing to light phenomena in the turbulent 
wake of a cylinder. 

The present model is buL an extension of the concepts 
required to explain the spectrum and decay of isotropic 
turbulence. However, in going from the relative simplicity 
of isotropic turbulence to boundary-layer turbulence many 
new factors are introduced. Distance from transition 
point, pressure gradient, curvature, and surface roughness 
doubtless affect details and may have profound influences. 
It must be left to future experiments and theory to fill in 
the gaps, and when this has been done perhaps the data 
given herein will have more meaning than they have at

NATIONAL BUREAU OF STANDARDS, 

WASHINGTON, D. C., June 1, 1949. 
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TABLE 2.-MEAN-VELOCITY DISTRIBUTION NORMAL TO SURFACE 

X=0.5 ft	 x=1.0 ft	 x=1.5 ft z=2.0 ft x=2.5 ft z=3.0 ft z=3.5 ft x=4.5 ft 

(IX.) U/Ui (IX)_-. UIU1 (IX.) (IX.) U[Ui (i) U/Ui (IX) U/Ui (IX) U/Ui (IX) U/Ui 
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19 . 959 .19 - .924 .19 .903 .18 .888 .19 .867 .19 .866 .19 .847 .19 .844 
27 .991 .27 .975 .27 .950 .27 .940 .27 .915 .27 .911 .27 .894 .27 .892 

.36 1.000 .36 .996 .36 .984 .36 .978 .36 .961 .36 .956 .36 .941 .35 .933 
.47 1.000 .46 .999 .46 .995 .46 .993 .46 .985 .46 .976 .46 .978 

.58 1.002 .57 1.000 .58 .999 .57 1.000 .58 .998 .58 .991 
-------------- . ------- -------- ------- -------- -.70 1.000 ------- -------- -.70 1.000 .70 1.002 

X=5.5 ft z=6.5 ft x=7.5 ft x=8.5 ft x=9.5 ft x=10.5 ft x11.5 ft z=12.5 ft 

(IX.) U/U1 (IX) U/Ui (IX) U/Ui (I) U/U, (ix) U/Ui (IX) U/Ui (IX) U/Ui (IX) U/Ui 

0.01 0.565 0.01 0.554 0.01 0.536 0.01

-

0.521 0.01 0.504 0.01 0.507 0.01 0.511 0.01 0.504 
.02 .617 .02 .596 .02 .561 .02 .538 .02 -.536 .02 .532 .02 .524 .02 .533 
.04 .670 .04 .653 .04 .617 .04 .604 .04 .577 .04 .594 .04 .563 .04 .566 
.08 .722 .08 .707 .08 .669 .08 .665 .08 .646 .08 .652 .08 .623 .08 .636 
.13 .778 .13 .761 .12 .715 .12 .718 .13 .693 .13 .693 .13 .668 .13 .680 
.19 .836

-
.19 .811 .19 .763 .19 .761 .19 .729 .19 .733 .19 .708 .19 .716 

.27 .874 .27 .851 .27 .810 .27 .802 .27 .764 .27 .764 .27 .738 .27 .751 

.36 .920 .36 .898 .36 .852 .36 .844 .36 .801 .36 .801 .36 .770 .36 .782 

.46 .956 .46 .935 .46 .897 .48 .884 .46 .850 .46 .837 .46 .806 .46 .815 

.57 .982 .58 .963 .57 .939 .57 .930 .57 .889 .57 .869 .58 .841 .57 .844 

.70 1.000 .70 .994 ,70 .968 .70 .962 .70 .924 .70 .905 .71 .876 .70 .875 
.84 .998 .84 .991 .84 .986 .84 .953 .84 .936 .99 .934 .99 .937 
. 90 1.002 .99 .998 .99 .997 .99 .984 .99 .968 1.32 .986 1.43 .979 

1.15 1.000 1.15 1.003 1.15 .997 1.15 .986 1.69 .997 1.69 .990 
1.32 .998 1.32 1.000 2.09 .997 2.08 .998 
1.50 .998 2.51 .007 2.51 .998 
1.88 1-000

------- 
-------

-------- 
------- --

-
2.95 1.002 2.94 1.002 

x=13.5 ft x=14.5 ft x=15.5 ft r=16.5 ft x=17.5 ft x=18.0 ft x=18.5 ft z=19.0 ft 

(IX.) U/Ui (IX) U/ti1 (IX) U/Ui (IX) U/Ui (IX.) U/Ui (IX.) U/Ut (IX) U/Ui (IX.) U/Ui 

0.01 0.405 0.01 0.482 0.01 0.492 0.01 0.465 0.01 0.495 0.01 .0495 0.01 0.483 0.01 0.450 
.02 .507 .04 .536 .02 .487 .02 .472 .02 .509 .02 .508 .02 .477 .02 .485 
.04 .578 .07 .616 .04 .514 .04 .529 .04 .573 .04 .563 .04 501 .04 .498 
.08 .636 .12 .666 .07 .597 .07 .595 .08 .626 .07 .62 .07 .576 .07 .562 
.13 .670 .18 .702 .12 .652 .12 .655 .12 .664 .12 .664 .13 .628 .12 .612 
.19 .718 .26 .732 .19 .690 .19 .704 .19 .698 .19 .697 .19 .674 .19 .645 
.27 .746 .35 .762 .26 .728 .26 .729 .26 .724 .26 .727 .27 .709 .26 .682 
.36 .778 .45 .792 .35 .752 .35 .752 .36 .750 .35 .756 .36 .740 .35 .708 
.46 .807 .57 .821 .46 .781 .45 .780 .46 .782 .45 .783 .46 .766 .46 .738 
.58 .834 .69 .844 .57 .810 .57 .809 .57 .802 .57 .802 .57 .700 .57 .760 
.71 .866 .98 .900 .70 .833 .70 .833 .70 .831 .70 .826 .70 .815 .70 .789 

1.60 .925 1.31 .950 .98 .888 .98 .881 .99 .878 .99 .873 .99 .860 .84 .817 
1.32 .968 1.68 .994 1.31 .936 1.31 .023 1..32 .927 1.32 .011 1.32 .924 .08 .846 
1.70 .995 2.07 .996 1.68 .975 1.68 .965 1.69 .958 1.69 .961 1.69 .945 1.31 .887 
2.09 .999 2.49 1.000 2.07 1.002 2.08 .990 2.08 .996 2.08 .992 2.08 .971 1.68 .930 
2.52 .999 .996 2.50 .997 2.51 .996 2.51 1.000 2.07 .903 
2.96 1.000

------- --------
2.93 

-2.50
1.002 2.94 .900 2.94 1.002 2.49 .990  

------- 
-------

-------- 
-------- ------- -------- - -

-

3.39 1.001	 ------- --------
------- 
-------

-------- 
--------

-
- 2.93 1.007
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TABLE 2.- MEAN-VELOCITY DISTRIBUTION NORMAL TO SURFACE-Concluded 

x=19.5 ft x=20.0 it x=20.5 it x=21.0 it x=21.5 ft x=22.0 ft x=22.5 ft 

(ix) U/Ui (i) U/Ui (i/Ui (j) U/Ui (ix) U/ U1 (j) U/Ui (ix) U/ U, 

0.01 0.442 0.01 0.404 0.01 0.409 0.01 0.396 0.01 0.368 0.01 0.357 0.01 0.314 
.02 . 4S0 .04 .489 .02 .406 .02 .394 .02 .364 .02 .350 .02 .320 
.04 .527 .07 .542 .04 .450 .05 .428 .04	 -.411 .05 .344 .05 .375 
.08 .563 .14 .582 .09 .514 .11 .488 .09 .458 .09 .410 .09 .419 

13 .599 .18 .616 .15 .556 .15 .528 .15 .503 .15 .465 .15 .448 
19 .632 .26 .654 .22 .594 .22 .572 .22 .550 .22 .500 .22 .473 

.27 .664 .35 .678 .31 .624 .31 .598 .31 .574 .31 .530 .31 .504 

.36 .698 .45 .701 .42 .664 .42 .624 .42 .600 .42 .560 .42 .531 

.46 .725 .57 .728 .54 .692 .54 .666 .54 .627 .54 .594 .54 .946 

.58 .755 .70 .755 .68 .724 .68 .695 .68 .663 .68 .616 .68 .565 

.71 .781	 - .99 .812 .83 757 .83 .729 .83 .687 .83 .652 .83 .596 
1.00 .834 1.32 .870 1.17 .809 1.18 .786 1.17 .747 1.17 .713 1.00 .631 
1.33 .896 1.68 .909 1.56 .867 1.57 .854 1.56 .823 1.56 .780 1.57 .706 
1.70 .922 2.08 950 2.00 .925 2.00 .905 2.00 .882 2.00 .844 2.00 .768 
2.10 .960 2.50 .982 2.47 .961 2.48 .950 2.47 .931 2.46 .890 2.47 .827 
2.52 .985 2.94 .999 2.97 1.002 2.98 .995 2.97 .991 2.96 .951 2.97 .896 
2.96 1.000 3.39 1.004 50 1.006 3. 59 1.006 3.48 . 988 3.49 .968  ------- -------- -3. -

4.01 1.003 4.03 .	 1.002 

x=23.0 it r=23.5 ft z=24.0 ft x=24.5 ft x=25.0 ft z=25.4 ft x=25.77 ft 

(i.) U/Ui (i) U/Ut (j) U/Ui (ix) TI/ U1 (j) U/ U, (j) U/Ut U/ U, 

0.01

- 

0.276 0.01 0.249 0.01 0.204 0.01 0.174 0.01 0.112 0.01 0.100 0.01 0.076 
.02 .282 .02 .274 .02 .216 .04 .209 .02 .116 .02 .088 .05 .084 
.04 .329 .01 .319 .05 .230 .08 .231 .04 .121 .04 .120 .15 .102 
.09 .374 .09 .346 .09 .273 .14 .251 .08 .112 .08 .137 .31 .088 

15 .389 .115 .361 .15 .297 .21 .274 .14 .157 .14 .149 .54 .122 
.22 .419 .31 .423 .22 .319 .31 .287 .22 .189 .22 .186 .83 .130 
.31 .460. .42 .443 .31 .337 .41 .303 .31 .200 .31 .188 1.18 .183 
:42 .487 .54 .469 .42 362 54 .325 .41 .290 .41 .201 1.57 .225 

54 .508 .83 .523 .54 .389 .67 .356 .54 .235 .53 .213 2.01 .263 
68 .530 1.18 .576 .69 .415 .82 .373 .67 .253 .67 .235 2.24 .284 

.83 .567 1.57 .648 .93 .442 1.17 .415 .82 .265 82 .249 2.48 .232 
1.07 .616 2.00 .725 1.18 .492 1.68 .499 1.16 .310 1.16 .293 2.73 .318 
1.57 .694 2.48 .797 1.57 .550 2.00 .560 1.55 .348 1.55 .328 2.99 .380 
2.00 .751 2.98 .855 2.00 .614 2.47 .640 1.98 .416 1.99 .353	 . 3.25 .416 
2.47 .827 3.50 .920 2.48 . 685 2.97 .710 2.45 .470 2.46 .435 3.51 .459 
2.97 .886 4.03 AM 2.98 .774 3.50 .798 2.95 .538 2.95 .528 3.78 .492 
3.50 .930 4.57 .992 3.50 .850 4.03 .858 3.47 .634 3.47 .596 4.05 .543 
4.03 .971 5.10 .998 4.03 .906 4.57 .916 4.00 .718 4.00 .678 4.32 .570 
4.57 .999 5.63 1.000 4.57 .955 5.11 .958 4.54 .788 4.54 .738 4.59 .610 
5.10 1.006 5.10 .992 5.63 .988 5.07 .8.5,5 5.07 .818 5.12 .696 

1.001 6.13 1.003 5. 58 .915 5.59 .866 5.64 .747 
.

--
5.63

6.09 .970 6.09 .938 6.15 .817 
-------

6.55 .991 6.56 .975 6.62 .880 

---------

6.77 1.002 6.99 1.000 7.05 .928 
7.45 .958 7.79 .982 

----------------------------------------

8.08 .988 
8.31 .990 

-	 8.48 .998 8.59 .999 ----------------------------------------
8.62 .995 

TABLE 3.-BOUNDARY-LAYER PARAMETERS 

(ft) (in.)
0 

(in.)
- if 

0.5 0.039 0.026 1.50 
1.0 .043 .032 1.35 
1.5 .051 .037	 - 1.38 
2.0 .058 .042 1.38 
2.5 .063 .047 1.34 
3.0 .067 .048 1.40 
3.5 .076 .055 1.38 
4.5 .075 .054 1.39 
5.5 .087 .064 1.36 
6.5 .097 . 072 1.35 
7.5 .127 .093 1.37 
8.5 .136 .099 1.37 
9.5 .170 .123 1.38 

10.5 .180 .133 1.35 
11.5 .222 .163 1.36 
12.5 .220 .162 1.36 
13.5 .234 .168 1.39 
14.5 .255 .192 1.33 
15.5 .288 .208 1.38 
16.5 .302 .226 1.34 
17.5 .303 .225 1.35 
18.0 .313 .229 1.37 
18.5 .341 .261 1.31 
19.0 .385 .282 1.37 
19.5 .407 .307 1.33 
20.0 .446 .319 1.40 
20.5 .517 .357 1.45 
21.0 .581 .390 1.49 
21.5 .65 .443 1.47 
22.0 .77	 - .501 1.54 
22.5 .99 .62 1.60 
23.0 1.09 .66 1.65 
23.5 1.24 .71 1.75 
24.0 1.61 .86 1.87 
24.5 1.89 .95 1.99 
25.0 2.57 1.16 2.22 
25.4 2.85 1.19 2.39 
25.77 3.81 1.36 2.80
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TABLE 4.-TURBULENCE INTENSITIES 

x=17.5 ft	 x=20.0 ft 

(j) V'/IL"i (j) v'/Lii (j) :fl) (in .) u,Ui (ii) v/li' w/li, 

•	 0.05 0.088 0.06 0.029 0.10

- 

0.058 0.05 0.091 0.11 0.047 0.06 0.056 .10 .092 .11 .029 .15 .058 .10 .085 .16 .045 .11 .056 .15 .090' .16 .030 .20 .062 '	 .10 .086 .21 .044 .16 .056 .20 .085 .21 .031 .25 .054 .15 .096 .26 .046 .21' .059 .25 .082 .26 .031 .30 .059 .20 .096 .31 .046 .26 .057 .30 .082 .31 .031 .35 .061 .25 .096 .36 .047 .31 .061 .35 .081 .36 .031 .40 .059 .30 .093 .41 .048 .36 .058 .45 .074 .46 .031 .50 .058 .40 .087 .51 .048 .46 .059 .55 .073 .56 .031 .60 .059 .50 .086 .61 .049 .56 .057 .65 .069 .66 .030 .70 .059 .60 .088 .71 .047 .66 .058 .75 .067 .76 .031 .80 .055 .70 .083 .81 .046 .76 .058 .85 .066 .86 .030 .90 .055 SO .089 .91 .046 .86 .059 .95 .064 .96 .029 1.00 .052 .90 .080 1.01 .047 .96 .054 1.05 .062 1.06 '	 .029 1.10 .049 1.00 .077 1.11 .045 1.06 .054 1.25 .055 1.26 .026 1.30 .043 1.20 .069 1.31 .040 1.26 .051 1.45 .047 1.46 .02.3 1.50 .0.35 1.40 .063 1.51 .038 1.46 .047 1.65 .041 1.66 .021 1.70 .029 1.55 .062 1.71 .037 1.66 .042 1.85' .033 1.86 .017 1.90 .016 1.75 .061 1.91 .034 1.86 .039 2.05 .022 2.06 .013 2.10 .015 1.95 .064 2.11 .031 2.06 .036 2.25 .016 2.26 .010 2.30 .012 2.14 .043 2.31 .028 2.26 .029 2.45 .0095 2.46 .0080 2.50 .0094 2.24 .036 2.51 .024 2.46 .023 2.65 .0072 2.61 .0073 2.70 .0088 2.44 .028 2.71 .019 2.66 .018 2.85 .0061 2.81 .0059 2.65 .020 2.91 .015 '2.86 .014 3.01 .0052 2.8.3' .013 3.11' .011 3.06 .011 3.21 .0045 3.03 '.010 3.31 .0090 3.26 .0091 3. 41 .0042 3.23 .0080 3.51 .0079 3.46 .0079 3. 61 .0042

-------------------

3.43 .0050 3.71 .0068 3.66 .0071 3.81 .0042

--------- 
---------

---------- 
----------

-
-
-

3.63 .0060 3.91 .0068 3.86 .0068 

--------- 
---------

---------- 
----------

-

4.11 .0062 4.06 .0062 
4. 3 1 .0062 4.26 .0065 

--------------------
-

4.51 .006' 

x21.0 ft	 ' x22.5 ft 

(i) W/ U, (i) v/Ui (i) iv'/Ui	
' n/U1 (j) v/Ui (i)  

0.01 0.082 0.05 0.039 0.06 0.051 0.05 0.096 0.06 0. 0.34 0.10 0.056 .06 .091 .10 .042 .11 .054 .10 .103 .11 .037 .15 .058 .11 .095 .15 .044 .16 .055 .15 .108 .16 .038 .20 .061 .16 .097 .20 .046 .21 .057	 ' .20 .108 .21 .040 .25 .062 .21 .095 .25 .048 .26 .058 .25 .113 .26 .041 .30 .063 26 .096 .30 .048 .31 .058 .30 .114 .35 .042 .35 .060 .31 .095 .35 .049 .36 .058 .35 .114 .40 .042 .40 .064 .41 .092 .45 .053 .46 .061 .40 .116 .50 .043	 . .50 .063 .51 .088 .55 .052 .56 .061 .45 .117 .60 .042 .60 .068 .61 .084 .65 .053 .66 .062 .55 .117 .70 .044 .70 .070 .71 .089 .75 .054 .76 .062 .65 .114 .80 .045 .80 .071 .81 .084 .85 .052 .86 .058 .75 .116 .90 .044 .90 .072 .91 .084 - .95 .054 .96 .058 .85 .117 1.00 .044 1.00 .070 1.01 .079 1.05 .053 1.06 .059 .95 .119 1.10 .045 1.10 .070 1.21 .077 1.25 .048 1.26 .056 1.05 .103 1.30 .045 1.30 .065 1.41 .073 1.45 .048 1.46 .055 1.25 1.09 1.45 .042 1.50 .063 1.61 .064 1.65 .048 1.66 .049 1.45 1.09 1.60 .042 1.70 .062 1.81 .063 1.85 .030 186 .047 1.65 .100 1.80 .042 1.90 .065 7.01 .060 2.05 .042 2.06 .043 1.85 .097 2.00 .043 2.10 .058 2.2t .052 2.25 .042 2.26 .038 2.05 .089 2.20 .040 2.35 .056 2.41 .045 2.45 .032 2.46 .033 2.25 .08.3 2.40 .0.37 2.60 .051 2.61 .041 2.65 .028 2.66 .028 2.45 .078 2.60 .035 2.85 .044 2.81 .032 2.85	 - .024 2.86 .023 2.65 - .075 2.80 .033 3.10 .038 3.01 .025 3.05 .022 3.06- .018 2.85 .063 .	 3.00 .030 3.40 .032 3.21 .018 3.25 .017 3.26 .014 3.05 .059	 , 3.20 .026 3.70 .024 3.41 .012 3.45 .014 3.40 .011 3.30 .052 3.40 .026 4.00 .017 3.91 .0049 3.65 .011 3.66
, 

.0091 3.55 .040 3.60 .021 4.30 .012 4.01 .0045 3.85 .0092 3.86 .0071 3.80 .029 3.80 .018 4. 60 .0095 4.21 .0043 4.05 .0078 4.06 .0063 4.05 .021 4.00 .014 4.40 .0076 4.41 .0040 4.25 .0078 4.26 .0061 4.30 .015 4.20 .012 5.20 .0067 4.46 .0062 4.55 .012 4.40 .0095 5.50 .0067 
4.80 .010 4.60 .9076 
5.05 .0091 4.80 .0064 
5.30 .0090 5.00 .0055 

• 5.55 .0089 5.05 .0051 
5.25 .0049	 • 

 ---------- ---------------------

5.45 .0043 
-

	
--------------------------- --------- j

5.65 .0043
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TABLE 4.-TURBULENCE INTENSITIES-Concluded 

I]

z=23.5.ft x24.5 ft 

It,/ U, y o'/Ui (i) ?I;'/ U, (j) u'IUj -__(ix) v'/Ui (i) WI/ U, 

0.04 0.090 0.18 0.037 0.08 0.049 0.04 0.061 0.35 0.045 0.10 0.056 
.09 .083 .26 .044 .13 .054 .09 .06.5 .40 .047 .14 .054 
.14 .088 .31 .043 .18 .054 .14 .074 .45 .048 .19 .058 
.19 .088 .36 .042 .23 .056 .19 .071 .50 .046 .29 .054 

-.24 .094 .46 .046 .28 .058 .24 .074 .5.5 .049 .39 .058 
.29 .091 .56 .049 .38 .060 .29 .075 .65 .051 .49 .064 
.34 .093 .66 .051 .48 .063 .34 .077 .75 .052 .59 .063 
.44 .097 .76 .052 .58 .063 .44 .083 .85 .052 .69 .061 

54 .099 .86 .056 .68 .066 .	 54 .084 .95 .057 .79 .063 
.64 .099 .96 .053 .78 .064 .64 .085 1.05 .054 .89 .063 
.74 .104 1.06 .052 .88 .067 .74 .086 1.15 .059 .99 .062 
.84 .103 1.16 .054 .98 .071 .84 .085 1.25 .057 .99 .062 
.94 .104 1.36 .055 1.08 .073 .94 .077 1.29 .059 1.09 .069 

1.04 .115 1.56 .053 1.28 .069 1.04 .097 1.35 .057 1.29 .070 
1.24 .112 1.76 .055 1.48 .067 1.24 .098 1.49 .063 1.49 .070 
1.44 .127 1.96 .053 1.68 .067 1.44 .098 1.55 .063 1.69 .075 
1.64 .130 2.16 .05.3 1.88 .065 1.64 .098 1.69 .062 1.89 .075 
1.84 .101 2.41 .056 2.08 .064 1.84 .099 1.89 .058 2.09 .077 
2.04 .102 2.66 .048 2.3.3 .060 2.04 .105 2.09 .063 2.34 .079 
2.22 .091 2.91 .047 2.58 .058 2.29 .112 2.34 .063 2.59 .077 
2.94 .083 3.16 .039 2.83 .054 2.54 .106 2.59 .064 2.84 .075 
2.72 .078 3.46 .036 3.08 .050 2.79 .097 2.84 .06.3 3.09 .074 
3.04 .072 3.76 .034 3.38 .042 3.04 .097 3.09 .059 3.39 .065 
3.34 .069 4.06 .028 3. 68 .037 3.34 .091 3.39 .054 3.69 .061 
3.64 .061 4.36 .022 3.98 .099 3.64 .086 3.69 .051 3.99 .056 
3.94 .050 4.66 .017 4.28 .02.3 3.94 .081 3.99 .046 4.29 .052	 - 
4.24 .039 4. 96 .014 4.58 .016 4.24 .006 4.29 .042 4.59 .043 
4.54 .028 5.26 .010 4.88 .011 4.54 .057 4.59 .039 4.89 .036 
4.84 :017 5.56 .0077 5.18 .0080 4.84 .046 4.89 .032 5.19 .029 
5.14 .011 5.86 .007.3 5.48 .0072 5.14 .042 5.19 .026 5.49 .020 
5.44 .0080 6.16 .0065 5.78 .0060 5.44 .031 5.49 .022 5.79' .015 
5.74 .0068 6.46 .0059 6.08 .0060 5.74 .022 5.79 .017 6.09 .011 
6.04 .006.3 6.76 .0056 --------- .014 6.09 \.013 6.39 .0079 
6.34 .0062 .011 6.39 .011 6.69 .0068 

6.64 .0080 6.69 .0082 6.99 -	 .0068 
--------- - --6.04 

6.94 .0067 6.99 .0080 7.29 .0066 
7.24 .0066 7.29 .0078 

---------- 6.34

7.59 .0071 7.89 .0064 5.19 .0064 

r=25.4 ft 

a'! U!	 ,'/ Ui	 w'/ U! I 
(in.)	 I	 (in.)	 I	 I	 (iii.) 

0.05 0.057 0.13 0.034 0.08 0.038 
.15 .062 .13 .036 .18 .042 
.30 .072 .13 .036 .28 .042 
.40 .081 .16 .036	 ' .38 .045 
.50 .085 .22 .039 .48 .047 
.60 .091 .42 .046 .58 .049 
.70 .091 -	 .52 .045 .68 .048 
.80 .089 .62 .049 .78 .053 
.90 .099 .72 .050 .88 .057 

1.05 .101 .82 -	 .055 .98 .055 
1.25 .108 .92 .057 1.08 .054 
1.45 .098 1.02 .056	 - 1.28 .059 
1.65 .108 1.12 .058 1.48 .060 
1.85 .117 1.32 .065 1.68 .060 
2.05 .122 1.52 .064 1.88 .072 
2.30 .126 1.72 .065 2.08 .068 
2.55 .131 1.92 .071 2.33 .069 
2.80 .129 2.12 .069 2.58 .074 
3.05 .127 2.37 .072 2.83 .073 
3.30 .129 2.62 .078 3.08 .076 
3.55 .132 2.87 .083 3.38 .075 
3.80 .121 3.12 .081 3.68 .074 
4.05 .119 3,42 .079 3.98 .075 
4.35 .114 3.72 .082 4.28 .070 
4.65 .105 4.02 .081 4.58 .066 
4.95 .102 4.32 .079 4.88 .050 
5.25 .094 4.62 081 5.18 .057 
5. 55 .087 4.92 .073 5.48 .052 
5.85 .076 5.22 .068 5.78 .049 
6.15 .065 5.52 .057 6.08 .039 
6.45 .059 5.82 .055 6.38 . 035 
6.73 .01.5 6.12 .046 6.68 .027 
7.05 . 034 6.42 .041 6.98 .022 
7.35 .023 6.72 .035 728 .015 
7.65 mr. 7.02 026 7.58 .011 
7.95 .012 7.32 .020 7.88 .0002 
8.25 .010 7.62 .015 8.18 .0079 
8.55 .0082 7.92 .011 8.30 .0079 
8.85 .0078 S. 22 .0098 8. 6.3 .0079 

8.39 .0098
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TABLE 5.-COEFFICIENT OF TURBULENT SHEARING STRESS 

1=14 ft z=17.5 ft x17.5 ft .r13.5 ft z=19.5 ft x=20.0 ft 

LI
in

LI 
(in)

LI 
(in.)

C1 LI 
(in.)

y 
(in.) c (In c 

0.16 0.0040 0.03 0.0047 0.08 0.0034 0.08 0.0041 0.06 0.0029 0.08 0.0037 .21 .0039 .15 .0037 .13 .0033 .20 .0040 .13 .0031 .14 .0038 • 76 .0037 .24 .0031 . 18 .0033 ..	 .32 0033 .30 .0039 19 0016 31 .0040 .36 .0032 .23 .0010 42 .0033 .38 .0032 14 .004S .36 .0037 .50 .0031 .73 .0033 .62 .0033 .53 .0033
. 
.20 .0047 41 .0035 .67 .0027 .33 .0037 . 77 .0026 .61 .0024 .34 .0045 .46 .0034 .86 .0024 .38 .0034 .91 .0024 .77 .004 .39 .0046 .51 .0035 1.00 .0021 .48 .0032 1.04 .0022 .90 .002 .49 .0045 56 .0031 1.16 .0018 .58 .0030 1.21 .0018 1.09 .0021 .59 .0041 .66 .0029 1.34 .0020 .68 .0030 1.10 .00!6 1.29 .0016 .69 .0043 .76 .9025 1.52 .0011 .78 .0025 1.55 .6014 1.49 .0015 .79 .0039 .36 .0024 1.63 .0007 .88 .0025 1.86 .00094 I.71 .0013 .89 .06.37 .96 .0020 1.87 .00054 .98 .0022 2.04 .00048 1.89 .00094 .99 .0034 1.06 . 00 16 2.01 .00029 1.08 .0023 2.25 .00021 2.09 .00066 1.19 .0031 1.16 .0014 2.14 .00016 1.23 .0019 2.54 .00004 2.22 .00045 1.39 .0027 1.36 .00067 2.27 .00009 1.48 .0014 2.84 0 2.42 .00031 1.59 .0022 1.511 .00026 2.54 .00002 1.68 .0010 .. 2.68 .00008 1.79 .00)8 1.76 .00006 2.74 .00001 1.8.3 .00053 289 .00002 1.99 .00)6 .96 .00002 . 2.08 .00025 3.09 0 2.19 .0011 2.06 .00001 2.28 .00011 . .. 2.39 .00063 2.26 0 2.48 .00005 .. 2.50 .00043 . 2.68 .06003 2.61 .27 - 2.83 .00002 . 2.81 .09022 3.08 .00001

..........

2.81 .00013 3.73 0 . . 3.01 .00007 ..--. -. .. .. 3.21 .00002 
.. . 3.41 0 

r=20.5 ft z21.0 ft x=21.0 ft x=21.5 ft x=22.0 ft x=22.5 ft 

(in.) c LI 
(in.)

LI 
(in.)

c
(iii.)

c LI 
(in.)

c 

0.25 0.0030 0.08 0.0031 0.98 0.0040 0.10 0.0037 0.07 0.0028 0.08 0.0028 .30 .0031 .13 .0041 .13 .0049 .15 .0041 .12 .0032 .13 .0033 .35 .0031 .18 .0044 .18 .0048 . 19 .0040 .17 .0035 .18 .0034 40, .0032 .23 .0047 .23 .0053 .20 .0048 .22 .0041 .23 .0037 .45 .0032 .28 .9032 .28 .0002 .24 .0046 .27 .0941 .28 .0039 55 .0020 .33 .0040 .33 .0054 .25 .0048 .32 .0037 .33 .0039 .65 .0029 .38 .0042 .38 .0054 .29 .0043 .37 .0040 .38 .0043 75 
85

. 0029 .43 .0044 .43 .0052 .34 .0047 .42 .0042 .43 .0045 .0029 .48 .0047 .53 .0049 . 39 .0044 .47 .0045 -.48 .0043 .95 .0031	 . . 53 .0046 .63 .0052 .44 . 0050 .52 .0047 53 0045 1.05 .0031 .58 .0045 .73 .0051 .49 .0052 .57 .0046
. 
.58

. 

.0043 1.15 .0029 .68 .0049 .83 .0047 .54 .0056 .67 .0044 .68 .0043 1.20 .0023 .78 .0047 .93 .0052 .64 .0052 77 .0050 .78 .0041 1.45 .0024 .88 .0041 1.03 .0000 .74 .0043 .87 .0048	 . .88 .0047 1.65 .9021 1.08 .0044 1. IS .0049 .84 .0950 .97 .0052 .91 .0045 1.85 .0018 1.28 .0032 1.23 .0043 .94 .0045 1.07 .0051 .08 .0043 2.05 .0014 1.48 .0031 1.23 .0042 1.04 .0045 1.27 .0044 1.01 .0044 2.25 
2.45

.9012 

.00084
1.68 
1.88

.9029 

.0022
1.53 .0036 1.24 .0051 1.47 .0944 I.!! .0044 

2.70 .00045 2.08 .0021
1.73 
1.93

.0033 

.0029
1.44 
1.64

.9040 

.0042
.	 1.67 

1.87
.0045 
.0039

1.21 
1.41

.0040 

.0038 2.95 .00025 2.33 .0014 2.13 .0022 1.84 .0034 2.07 .9032 1.61 .0038 3.20 .00013 2.56 .00002 2.33 .0020 2.04 .0032 2.32 .0030 1.81 .0043 3.45 .00006 2.73 .00043 2.53 .0017 2.21 .0029 2.57 0023 2.01 .0036 3.70 .00003 3.08. .00031 2.78 .0013 2.44 0025 2.82
. 
.0016 2.21 .0030 3.95 .00002 3.33 .00012 3.03 .00076 2. CA .0019 3.07 .0011 2.41 .0027 4.26 .00002 3.53 .00004	 . 3.28 .00042 2.84 .9013 1.26 .90072 2.01 .0024 3.83 .90002 3.38 .00012 3.01 .000S0 3.32 .09072 2.81 .0020 4. RS .00002 3.53 .00018 3.24 .00015 3.51 .90038 3.01 .0015 4.33 0 3.63 .00012 3.34 .00038 3.76 .00016 3.3.3 .0012 ... .. 3.45 .0003.! 4.01 .00009 3.27 .0012 . 3.54 .00021 4.14 .90001 3.48 .00070 . .. 3.74 .00009 4.28 .00005 3.75 .90051 .. 3.84 00005 4.39 .00001 3.98 .00015 

.
.. 3.94 .00007 .. 4.23 .00003 --.. .. 4.04 .00001 4.48 .00002 . 4.29 .09002 4.69 0 '.. . 4.44 .00001 . 4.74 .00001
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TABLE 5.-COEFFICIENT OF TURBULENT SHEARING STRESS-Concluded 

r=23.0 ft a=23.5 It x=24.0 ft x=24.5 it x=24.5 It 

(if) C,1 (d) (j) C (ix) C (if) C, 

0.08 0.0039 0.13 0.0026 0.05 -	 0.0017 0.12 0.00079 0.10 0.6622 
.13 .0026 .18 .0028 .10 .0026 .15 .0011 .15 .0021 

18 .0030 . 23 . 0029 . 15 .0034 . 17 .0016 .20 .0016 
.23 .0032 .28 .0034 .20 .0031 .22 .0013 .25 .0015 
.28 .0029 .33 .0035 .25 .0027 .27 0017 .30 .0017 
.33 .0033 .38 .0233 .30 .0040 .32 .0022 .35 .0018 
.38 .0035 .43 .0035 .35 .0029 .37 .0020 .40 .0022 
.48 .0040 .53 .0040 .40 .0039 .42 .0019 .50 .0020 
.58 .0038 .63 .0046 .45 .0034 .47 .0022 .60 .0024 
.68 .0042 .70 .0041 .50 .0039 .57 .0025 .70 .0027 
.78 .0047 .73 .0044 .55 .0041 .67 .0020 .80 .0024 
.88 .0047 .80 .0046 .65 .0045 .68 .0023 .90 .0023 
.92 .0041 .83 .005.5 .75 .0046 .77 .0031 1.00 .0031 

98 .0047 .90 .0048 .85 .0047 .78 .0021 1.10 .0034 
1.02 .0048 1.00 .0042 .95 .0047 .88 .0027 1.30 .0035 
1.22 .0047 1.20 .0047 1.05 .0048 1.08 .0031 1.50 .0047 
1.42 .0051 1.40 .0049 1.25 .0048 1.28 .0031 1.70 .0038 
1. 62 .0044 1.60 .0052 1.45 .0051 1.48 .0043 1.90 .0050 
1.82 .0046 1.80 .0053 1.65 .0057 1.68 .0045 2.10 .0057 
2.02 .0045 2.00 .0049 1.85 .0072 1.88 .0046 2.30 .0050 
2.22 .0045 2.06 .0037 2. 05 .0065 2.08 .0047 2.50 .0052 
2.42 .0037 2.20 .0043 2.25 .0065 2.22 .0048 2.70 .0053 
2.62 .0031 2.26 .0039 2.50 .0047 2.28 .0047 2.90 .0061 
2.82 .0026 2.46 .0040 2.75 .0035 2.42 .0051 3.10 .0060 
3.02 .0022 2.66 .0035 3.00 .0047 2.62 .0043 3.40 .0045 
3.27 .0019 2.86 . 0031 3. 25 .0040 2.82 .0052 3.70 .0051 
3.52 .0014 3.11 .0026 7.51) .0032 3.12 --.0051 4.00 .0042 
3.77 .00088 3.36 .0023 :3.61 .0038 3.42 .0053 4.30 .0031 
4.02 .00044 3.61 .0019 3.80 .9025 3.72 .0052 4.60 .0040 
4.27 . 0002.3 3.86 .0014 4. 16 .0017 4.02 .0038 4.90 .0019 
4.52 .00010 4.11 .00093 4.46 .00087 4.32 .0032 5.20 .00090 
4.70 .00005 4.311 .00043 4.76 .3)0037 4.60 .0023 5.40 .00061 
4.77 .00004 4.61 .00021 5.01) .00022 4.62 .0021 5.67 .00029 
4.95 .00002 4.81) .00014 5.36 .00013 4.9)) .0023 5.77 .00027 
5.20 .00001 5. 11 .00(31)5 5.62 0 5.20 .0015 5.97 .00010 
5. 45 .00003 5.18 0 5.82 0 5.50 .00079 6.11 :00004 

5.38 .0401 5.80 .00042 6.27 .00004 
---. 6.10 .00011 6.49 .0001 
--.. .. 6.79 0 

x=25.0 It x=25.0 it x=25.0 ft x25.4 ft 

(in.) Cri (it) C (ix.) C, 

0.10 0.0011 0.17 0.0010 0.06 0.00077 0.18 0.00050 
.35 .0020 .22 .0013 .11 .0014 .28 .00086 
.20 .0024 .27 .0020 .21 .0019 .38 . 00064 
.25 .0021 .37 .0026 .31 .0023 .48 .0011 
.30 .0023 All .03)23 .31 .0021 .58 .00088 
.35 .0026 .47 .0026 .41 .0025 .68 .0013 
.40 .0036 .50 .0031 .51 .00.36 .78 .0019 
.45 .0037 .60 .002S .61 .0034 .88 .0022 
.50 .0039 .70 .0035 .71 .0041 .98 .0031 
60 .0045 .80 .0032 .81 .0045 1.08 .0031 
60 .0032 .98 .005.3 .8.3 .0044 1.18 .0043 

.70 .0051 .9)) .3)04)) 1.03 .0051 1.38 .0047 

.80 .0043 .98 .3)038 1.23 .0061 1.48 .0044 

.90 .0042 1.08 .0049 1.43 .0068. 1.58 .0049 
1.030 .0063 1. 13 .0060 1.51 .0076 1. 68 .0040 
1.21 .0065 1.18 .0652 1.71 .0073 1.88 .0059 
1.31 .0070 -	 - 28 .0064 1.91 .0075 2.08 .0067 
1.40 .0071 1.43 .3)3)61 2.11 .0074 2.28 •	 .0071 
1.51 .0069 1.58 .0064 2.31 .0076 2.48 .0077 
1.71 .0077 1.73 .0061 2.51 .0092 2.68 .0093 
1.91 .0062 1.93 .0068 2.71 .0077 2.88 .0071 
1.93 .0087 2.13 .0081 2.91 .0100 3.08 .0071 
2.04 . 3)072 2.33 .0091 3.11 .009s 3.28 .0084 
2.13 .0091 2.53 .0099 3.31 .0098 3.48 .0086 
2.23 .0087 2.73 .0087 3.51 .0104 3. 68 .0088 
2.53 .0097 2.98 .0099 3.71	 • .0085 3.88 .0078 
2.83 .0102 3.23 .0084 3.96 .0094 4.13 .0072 
3.13 .0102 3.48 .0091 4.07 .0074 4.38 - .0077 
3.43 .0090 3.73 .0079 4.23 .0087 4.62 .0063 
3.65 .0060 4.03 .0081 4.32 .0072 4.88 .0065 
3.73 .0078 4.33 .0071 4.57 .0062 5.18 .0054 
3.95 .0054 4. 6.3 .0064 4.82 .0041 5.48 .0040 
4.25 .0046 4. 93 0056 5.12 .0040 5.78 .0037 
4.55 .0041 5.23 .0044 5.42 .0029 6.08 .0030 
4.85 .0033 5.37 .0033 5.72 .0020 6.38 .0015 
5.15 .0031 5.53 .0032 6.12 .0012 6.68 .0013 
5.45 .0022 5.67 .0025 6.42 .00062 6.72 .0012 
5.75 .0011 5.97 .0018 6.72 .00021 6.98 .00066 
6.02 .00066 6.27 .00082 7.02 .00010 7.02 .00043 
6.05 .00076 6.57 .00038 7.32 0 7.23 .00017 
6.36 .00007 6.87 .00023 .... 7.52 .00009 

7.1 7 .00013 7.72 .00002 
7.32 .00007 7.92 0 
7.39 .00005 . ----

2136737-53-----46
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TABLE &--CORRELATION COEFFICIENT 

z.17.5 It x20.0 It x=21.0 It 

(i) Th/u.'v'  

0.50 0.45 0.10 0.37 0.10 0.10 
.25 .57 .25 .50 .25 .42 
.50 .57 .50 .49 .50 .46 
.75 .55 .75 .40 .75 .47 

1.00 .55 1.00 .48 !.0) 45 
1.25 .55 1.25 .47 1.25 .45 
1.50 .53 1.50 .47 1.50 .43 
1.75 .48 1.75 .4(1 1.75 .42 
2.00 .42 2.00 .44 2.00 .41 
2.25 .32 2.25 .42 2.25 .59 
2.50 .21 250 .40 .2.50 .37 
2. 75 .14 2.75 .35 2. 75 .31 
3.00 .04 3.00 .1') 3.00 .27 

3.25 .02 3.25 .18 
3.50 .07 

x=22.5 It x=23.5 It x=24.5 It x25,4 It 

(j) ui/i:.v (if) Ui/U V
-

7&/U'V' (ix) UV/U'V' 

0.10 0.42 0.25 0. 39 0.25 0.22 0.25 -	 0.11 
.25 .40 .50 .39 .50 .25 .50 .15 
.50 .45 1.00 .40 1.00 .30 1.00 .24 
.75 .47 1.50 .43 1.50 .34 1.50 .31 

1.00 .47 2.00 .44 2.00 .37 2.00 . 
1.25 .48 2.50 .42 2.50 .41 2.50 AS 
1.10 .48 3.00 .41 3.00 .43 3.00- .40 
1.75 .48 3.50 .40 5.50 -	 .44 3.10 .41 
2.00 .47 4.03 .36 4.00 .45 4.00 - 42 
2.25 .47 4.50 .30 4.50 .42 4.50 .44 
2.50 .45 5.00 .21 5. 00 AS 5.00 .4; 
2.75 .45 5.50 0 5.50 .30 5.50 .43 
3.00 .42 .19 6.00 .42 
3.25 .30 - 6.50 0 6.50 .36 
3.10 .34 . ---------------

--

.26 
3.75 .26 - -7.50 

-7.00
.18 

4.00 .21

--------- 

-----  ---

---------	 -6.00

- -

8.00 0 
4.25 .12 -------- 

----------------- - --
------------------- 

-------

 - 

4.50 .06 - 

-	
---------

---------	 --------- 
--------------------------- 

---------------
------ 

.4.78 0

-
........................... 

---------	 --------- -
-........................ 

................. 

TABLE 7.-TRANSVERSE CORRELATION COEFFICIENT 

x=17.5 It x=20.0 It 

y=0.98 in. Y,	 2.02 in. yi=0.76 in. yi=I.Ol in. yi=1.53 in. y12.03 in. 7/i=2.96 in. 

R 82-81 R 82-Yi R UiYi R -i/i R Y2TVi - R l/2-Yi R (in.) (in.) (iii.) " (in.) (in.-) - (in.) (in.) 

0.01 0.96 0.01 0.92 0.03 0.94 0.04 0.03 0.02 0.03 0.02 0.96 0.06 0.91 
.07 .84 -	 .02 .89 .08	 , .78 .09 .82 .07 .85 .07 .88 .10 .82 
.12 .73 -	 .07 .76 .13 .70 .14 .74 .12 .79 .12 .79 .15 .70 
.22 .59 .11 .73 .18 .60 .19 .63 .17 .72 .17 .75 .20 .56 
.32 .49 .17 .51 .23 .53 .24 .56 .22 .65 .22 .68 .25 .48 
.42 .41 .21 .54 .33 .42 .34 .45 .32 .55 .32 .55 .30 .39 
.62 .22 .27 .29 .43 .33 .44 .35 .42 .47 .42 .46 .35 .37 
.82 .12 .31 .35 .53 .27 .54 .33 .52 .38 .52 .34 .40 .33 

1.02 .068 .41 .21 .73 .16 -	 .64 .23 .62 .32 .62 .30 .45 .29 
1.22 .027 .47 .13 .93 .10 .74 .21 .72 .27 .82 .15 .50 .24 
1.42 0 -	 .61 .12 1.13 -	 .054 .84 .18 .82 .21 .92 .032 .55 .24 
1.62 0 .67 0 1.33 .023 .94 .11 .92 .15 1.02 0 .65 .18 

-.02 .97 .81 -.040 1.43 0 1.04 .091 1.02 .10 -.01 .96 .75 .14 
-.05	 - .89 .87 -.007 1.63 0 1.14 .105 1.22 .042 -.08 .78 .85 .088 
-.10 .80 1.01 -.066 -.02 .93 1.24 .058 1.42 .040 -.13 .65 .95 .088 
-.20 .64 1.07 0 -.04 .88 1.34 .018 1.67 -.020 -.23 .56 1.15 .073 
-.30 .13 1.21 -.093 -.08 .78 1.44 0 1.87 0 -.33 .45 1.45 .067 
-.36 .38 1.27 0 -.13 .68 -.03 .93 2.87 0 -.48 .32 1.75 0 
-.39 .40 1.41 -	 0 -.23 .51 -.05 .87 -.02 .90 -.68 .24 -.01 .89 
-.49 .31 -.02 .95 -.30 .37 -.10 .76 -.04 .82 -.97 .14 -.03 .84 
-.60 .24 -.05 .89 -.35 .34 -.15 .68 -.09 - .75 -1.19 .078 -.08 .80 
-.68 .19 -.10 .79 -.48 .25 -.20 .59 -.14 .67 -1.34 .044 -.18 .65 
-.78 .16 -.20 .62 -.61 .17 -.25 .52. -.24 -.53 -1.39 .059 -.28 .47 
-.88 .10 -.30 .52 -.70 .15 -.35 .40 -:34 .42 -L41 .042 -.38 .34 

.058 -.40 .39 -.71 13 -.43 .31 -.44 .33 -1.48 .027 -.53 .18 
-.60 .26 --------- -.53 .27 -.64 .24 -1.49 .011 -.73 .12 
-.80 .21 -.63 .17 -.72 .17 -1.61 .015 -.93 .052 

-1.00 .082 -.73 .12 . -.84 .16 -1.75 0 -1.03 .033 
-1.20 .076

--------- 

-------- 

- -

- .83 .12 -.92 .11 -1.95 0 -1.23 0 
-1.40 .026 -.03 .083 -1.12 .10 
-1.42 .058

--------- 

--------

---------- 

---------

- -

- .98 .055 -1.32 .944 
-1.62 .041

-	
---------

- 

---------- 

-

- --
- --

-

-1.42 .011 
-1.82 .020

-	
--------- ---------- 

---------- - -
- --

-1.52 0 
-1.92 .028

--------- 
---------

---------- 
---------

-------------------
--------- 

-

--
-2.00 0

--------- -
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TABLE 7.-TRANSVERSE CORRELATION COEFFICIENT-Concluded 

x=22.Sft. z=Z3.5ft. 

yi =O.85 hi. yi=l.45 in. y=2.32 in. 9i=2.90 in. y=3.92 in. 9i=0.84 in. Vi=1.54 in. y=3.05in. yi=3.71 in. 

R '
92-n R ' R 92 R ' 92n R 9279! R in R R R (in.) (in.) (in.) i (in) (in.) ' (in.) i (in) (in.) (in.) 

0.02 0.95 0.01 0.96 0.02 0.96 0.02 0.98 0.01 0.97 0.03 0.95 0.02 0.96 0.02 0.97 0.01 0.96 
.05 .87 .06 .89 .07 .84 .04 .91 .06 .87 .07 .83 .06 .83 .05 .88 .08 .85 
.10 .76 .11 .76 .12 .79 .09 .85 .11 .83 .12 .75 .11 .74 .10 .80 .13 .79 
.15 .68 .16 .69 .17 .71 .14 .78 .21 .69 .22 .64 .21 .63 .20 .67 .23 .65 
.20 .65 .21 .63 .22 .65 .24 .68 .31 .55 .32 .52 .31 .54 .30 .56 .33 .52 
.30 .49 .31 .53 .32 .56 .34 .59 .41 .37 .42 .42 .41 .41 .40 .48 .43 .10 
.40 .42 .41 .46 .42 .49 .44 .52 .61 .22 .52 .37 .61 .34 .60 .30 .53 .41 
.50 .33 .51 .37 .62 .32 .64 .35 .81 .12 .62 .28 .81 .23 .80 .23 .63 .29 
.60 .26 .61 .28 .82 .23 .84 .21 1.01 .055 .82 .22 1.01 .13 1.00 .19 .83 .18 
.80 .17 .81 .19 1.02 .15 1.04 .098 1.21 .097 1.02 .14 1.21 .10 1.20 .76 1.03 .079 
1.00 .11 1.01 .14 1.22 .094 1.24 .028 1.41 .061 1.22 .12 1.41 .084 1.40 .067 1.23 .053 
1.20 .093 1.21 .12 1.42 .11 1.44 -.076 1.61 0 1.42 .085 1.71 .048 1.60 .024 1.43 0 
1.40 .067 1.41 .083 1.62 0 1.64 -.051 1.81 .068 1.62 .045 - 2.01 .026 1.80 0 1.63 -.076 
1.60 .042 1.61 .045 1.80 0 1.84 -.14 2.01 .051 1.82 .049 2.31 .029 2.00 0 1.83 -.16 
1.80 .030 1.81 .051 -.02 .94 2.04 -.099 2.41 0 2.02 .015 2.61 0 -.02 .98 2.03 -.11 
2.00 .033 2.01 .028 -.08 .80 -.04 .92 -.03 .92 2.22 .016 2.91 0 -.04 .89 2.23 0 
2.20 0 2.21 0 -.13 .71 -.07 .88 -.08 .86 2.32 .017 -.02 .95 -.09 .81 -.02 .97 
2.40 0 2.51 0 -.23 .60 -.12 .82 -! 13 .76 2.52 .018 -.04 .85 -.14 .77 -.06 .84 
2.60 0 -.05 .92 -.33 .51 -.22 .68 -.23 .60 2.82 0 -.09 .78 -.24 .67 -.11 .76 
-.02 .91 -.10 .79 -.43 .45 -.32 .55 -.33 .51 -.03 .97 -.14 .70 -.34 .59 -.21 .72 
-.14 .72 -.15 .73 -.63 .28 -.42 .46 -.43 .39 -.07 .87 -.23 .62 -.44 .52 -.31 .59 
-.34 .44 -.25 .62 -.83 .18 -.52 .38 -.53 .29 -.11 .82 -.32 .53 -.64 .34 -.41 .50 
-.59 .21 -.35 .49 -1.03 .12 -.62. .	 .28 -.63 .23 -.18 .59 -.41 .43 -.84 .26 -.61 .36 
-.80 .15 -.41 .43 -1.07 .15 -.82 .20 -.83 .12 -.41 .36 -.60 .27 -1.04 .19 -.81 .28 

-.45 .40 -1.27 .066 -1.02 .15 -1.03 .097 -.55 .26 -.79 .23 -1.24 .19 -1.01 .17 
-.71 .25 -1.47 .040 -1.22 .092 -1.23 .071 -.73 .19 -.94 .18 -1.44 .14 -1.21 .14 
-.91 .14 -1.67 .042 -1.42 .050 -1.43 .068 -.82 .18 -1.14 .11 -1.64 .088 -1.41 .12 
-1.11 .082 -1.87 .025 -1.62 .038 -1.63 0 -1.34 .12 -1.84 .091 -1.61 .081 

- -

-1.31 .051 -1.82 .019 -1.83 0 -1.44 .069 -2.04 .035 -1.81 .076 

--

-

-

-1.41 .051 -1.97 0 -1.53 .052 -2.24 .024 -2.01 .062 

-

-

-

- ---------- ---------- -
---------- 
----------

---------- 
----------

-
-

-2.44 .023- -2.31 .066 

-

-

-

--------- ----------
---------- 
----------

---------- 
----------

-
---------- ----------

---------- 
----------

---------- 
----------

---------- 
----------

---------- 
----------

-
---------- ---------- -

-2.74 .036 -2.61 0 

-

--------- 
---- ------

---------- 
----------

---------- 
----------

---------- 
----------

---------- 
----------

---------- 
---- ------

---------- 
---- ------

---------- 
----------

---------- 
----------

---------- 
----------

---------- 
----------

---------- 
----------

-
--2.92 0 

-	 x24.5 ft -	 x=25.4 ft 

yi=0.81 in. yi=l.73 in. III =3.00 in. yi=4.01 in. y1 =5.02 in. 91 0.98 in. Vi=3.66 in. 91 =5.93 in. yi=6.47 in.	 - 

9291 R 9291 R 92-9! R 9291 R 9291 R 92-91 R 92-91 R 92-9! R 92-91 R 
(in.) (in.) i (iii.) i (in.) i (in.) i (in.) (in.) (in.) (in.) 

0.03 0.90 0.02 0.95 0.03 0.90 0.02 0.95 0.02 0.97 0.01 0.97 0.02 0.95 0.02 0.96 0.01 0.96 
.07 .76 .07 .86 .04 .90 .03 .92 .08 .84 .09 .84	 - .08 .90 .05 .95 .08 .83 
.12 .67 .12 .75 .09 .82 .08 .85 .13 .79 .14 .75 .13 .84 .10 .86 .13 .79 
.22 .54 .22 .61 .14 .76 .13 .79 .18 .72 .24 .69 .23 .71 .15 .81 -.23 .71 
.32 .44 .32 .52 .24 .64 .23 .69 .23 .65 .34 .55 .33 .64 .20 .76 .33 .60 
42 .37 .42 .42 .34 .51 .33 .57 .33 .56 .44 .47 .43 .53 .25 .73 .43 .45 
.62 .23 .62 .28 .44 .42 .43 .48 .43 .46 .64 .39 .63 .45 .35 .64 .63 .31 
.82 .16 .82 .24 .64 .32 .63 .36 .63 .24 .84 .35 .83 .35 .45 .58 .83 .065 

1.02 .12 1.02 .15 .84 .20 .83 .24 .83 .15 1.04 .25 1.03 .26 .65 .41 1.03 .051 
1.22 .091 1.32 .11 1.04 .17 1.03 .19 1.03 0 1.24 .18 1.23 .20 .85 .35 1.23 0 
1.42 .045 1.62 .045 1.24 - .13 1.23 .12 1.13 -.04 1.44 .15 1.43 .17 1.05 .17 1.43 -.070 
1.72 .025 1.92 .022 1.54 .075 1.43 .075 1.33 -.09 1.64 .076 1.63 .13 1.25 .074 1.63 -.135 
2.02 .015 2.22 0 1.84 .041 1.63 0 1.53 -.10 1.84 .037 1.83 .11 1.45 0 1.83 -.095 
2.32 0 2.52 0 2.14 .026 1.83 0 1.83 -.055 2.04 .022 2.03 .060 1.65 0 2.03 -.060 
2.62 0 -.02 .97 2.44 0 -.06 .92 2.03 -.13 2.24 0 2.23 .045 -.01 .97 2.23 0 
-.04 .93 -.09 .79 2.74 0 -.11 .86 2.28 0 2.44 0 2.43 - .025 -.05 .89 2.43 0 
-.10 .75 -.14 .72 -.02 .96 -.21 .75 -.01 .99 -.01 .99 2.63 0 -.10 .84 
-.15 .69 -.24 .62 -07 .88 -.31 .64 -.05 .88 -.02 .97 2.83 0 -.20 .73 
-.20 .63 -.34 .55 -.12 .81 -.41 .57 -.10 .81 -.05 .89 -.02 .98 -.30 .58 
-.31 .41 -.44 .49 -.22 .69 -.61 .42 -.20 .71 -.10 .78 -.06 .89 -.40 .54 
-.51 .33 -.54 .42 -.32 .59 -.81 .32 -.30 .59 -.15 .61 -.11 .79 -.60 .42 
-.69 .23 -.64 .34 -.42 .46 -1.01 .25 -.40 .52 -.20 .71 -.21 .68 -.80 .31 
-.74 .15 -.81 .24 -.52 .39 -1.21 .22 -.50 .44 -.25 .58 -.31 .61 -1.00 .20 
-.80 .21 -.84 .22 -.62 .32 -1.41 .15 -.60 .40 -.30 .44 -.41 .53 -1.20 .23 

-1.01 .16 -.82 .27 -1.61 .11 -.80 .30 -.35 .37 -.61 .41 -1.40 .16 
-1.41 .10 -1.02 .17 -1.81 .065 -1.00 .22 -.40 .49 -.81 .33 -1.60 .13 . 
-1.61 .040. -1.22 .11 -2.01 .025 -1.20 .17 -.45 .33 -1.01 .28 -1.80 .079 
-1.74 0 -1.42 .079 -2.21 .025 -1.40 .12 -.58 .36 -1.21 .22 -2.00 .054 

.----- -1.62 .055 -2.41 .015 -1.60 .069 -.68 .34 -1.41 .15 -2.20 .028 
-1. 82 .015 -2.61 0 -1.80 .068 -.78 .23 -1.61 .095 -2.40 0 
-2.02 .025 -2.00 .055 -.88 .33 -1.81 0 -2.60 .042 

------ -

-2.09.038
------ 
------ -2.30 0 -.97 .35 -2.01 0 -2.80 .017 

-------- ------
------ 
------ -

-2.22 .020

------ -

-2.50 0 -3.1K) 0 
-2. 59 0

-------------
-----

------ -
------ ------ ------ ------ -

. 
-2.71 0

- ------ ------ ------- ------ ------ ------ ------ -------------
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TABLE 8-LONGITUDINAL CORRELATION COEFFICIENT 

z1 =17.5 ft =20.0 ft 

V=0.97 in. fI=2.01 in. g=0.47 in. y=1.55 in. y=2.56 in. 

R X2-X Rx X2-
X'

R R
X2-Xl R 

(in.)  (in.)  (in.) (in.) (in.) 

0.07 0.95 0.08 0.88 0.03 0.89 0.07

____________ 

0.89 0.05

_ 

0.95 
.15 .84 .15 .83 .08 .85 .12 .83 .10 .88 
.31 .78 .30 .72 .15 .79 .22 .76 .20 .82 
.51 .70 .50 .53 .23 .71 .32 .69 .40 .65 
.81 .53 .80 .44 .33 .70 .52 .63 .60 .50 

1.11 .49 1.10 .29 .53 .59 .72 .56 .90 .44 
1.51 .34 1.50 .17 .73 .48 .92 .48 1.20 .23 
2.01 .23 2.00 .13 1.01 .38 1.12 .42 1.50 .18 
2.51 .14 2.50 .	 .10 1.33 .32 1.32 .36 2.00 .094 
3.01 .12 3.00 .080 1.63 .27 1.53 .34 2.50 .077 
3.51 .075 3.50 .049 2.03 .20 1.84 .25 3.00 .038 
4.01 .058 4.00 0 2.43 .17 2.12 .22 3.50 .046 
4.51 .038 4.50 .015 2.83 .12 2.62 .11 4.00 .022 
5.01 0 5.00 .035 3. 33 .085 3.02 .14 4.51 0 
- .03 .97 5.50 0 3.83 .054 3.52 .071 5.00 0 
-.08 .92 -.03 .81 4.33 .053 4.02 .028 -.04 .91 
-.13 .88 -.08 .80 5.33 .050 4.52 0 -.06 .92 
-.28 .74 -.28 .61 5.83 0 -.02 .97 -.11 .88 
-.48 .68 -.48 .49 -.02 98 -.05. .97 -.21 .77 
-.78 .59 -.78 .44 -.05 .96 -.10 .91 -.41 .60 

-1.08 .49 -1.08 .32 -.14 .82 -.20 .82. -.61 .51 
-1.48 .35 -1.48 .28 -.29 .71 -.40 .71 -.91 .34 
-1.98 .23 -1.98 .20 -.49 .60 -.60 .62 -1.21 .24 
-2.48 .22 -2.48 .15 -.79 .44 -.90 .51 -1.51 .21 
-2.98 .14 -2.98 .12 -1.09 .33 -1.20 . . 37 -2.01 .12 
-3.48 .10 -3.48 .13 -1.49 .22 -1.50 .32 -2.51 .065 
-3.98 .043 -3.98 .059 -1.99 .15 -2.00 .24 -3.01 .022 
-4.44 . 022 -4.48 .045 -2.49 .11 -2.50 .15 -3.51 0 
-4.98 0 -4.98 .025 -2.99 .059 -3.00 .13 -4.01 0 

-5.48 .025 -3.49 .056 -3.50 .10 
-3.99 .025 -3.84 .10 
-4.69 .049 -4.34 .071 
-5.19 .015 -4.84 .028 
-5.69 0 -5.34 0 
-6.19 0 

Xj22.5 ft x,	 24.5 ft x1=25.4 ft 

V	 2.32 in. y=3.01 in. y=0.98 in. y=3.66 in. y5.96 in. 

X2 -XI R X2-Xi R R X2X1 R X2-Xi R (in.) (in.) (in.) (in.) (in.) 

0.03 0.94 0.03 0.96 0.03 0.94 0.02 0.97 0.03 0.97 
.08 .91 .08 .91 .10 .92 .07 .96 .09 .94 
.16 .87 .15 .86 .17 .86 .14 .89 .16 .92 
.31 .76 .30 .78 .32 .78 .29 .78 .31 .76 
.51 .65 .50 .67 .52 .60 .49 .68 .51 .62 
.81 .52 .85 .53 .82 .54 .79 .56 .81 .42 

1.11 .38 1.10 36 1.12 .48 1.09 .40 1.11 .50 
1.51 .28 1.50 33	 . 1.52 .32 1.49 .37 1.51 .34 
2.01 .20 2.00 20 2.02 .26 1.99 .2-9 2.01 .26 
2.51 . .12 2.50 .16 2.52 .13 2.49 .17 2.51 .16 
3.01 .040 3.00 .10 3.02 .19 2.99 .15 3.01 .10 
3.51 .019 .	 3.50 .055 3.52 .077 3.49 .11 3.51 .076 
4.01 0 4.00 0 4.02 .034 3.99 .047 4.01 .039 

-.03 .97 -.03 .97 4.52 . 0 4.49 0 4.51 0 
-.07 .95 -.09 .94 -.03 .93 4.99 0 5.01 0 
-.14 .91 -.17 .84 -.08 .92 -.03 .96 -.03 .99 
-.29 .79 -.32 .76 -.28 .81 -.08 .94 -.07 .99 
-.49 .65 -.52 .65 -.48 .67 -.15 .90 -.11 .92 
-.79 .51 -.82 .55 -.78 .47 -.30 .82 -.30 .83 

-1.09 .38 -1.12 .39 -1.08 .45 -.50 .69 -.50 .75 
-1.49 .26 -1.52 .28 -1.48 .36 -.80 .	 .60 -.80 .60 
-1.99 .13 -2.02 .18 -1.08 -	 .26 -1.10 .49 -1.10 . 51 
-2.49 .10 -2.52 .13 -2.48 .21 -1.50 .39 -1.50 .36 

•
	

-2.99 .055 -3.02 .095 -2.98 .16 -2.00 .26 -2.00 .23 
-3.49 0 -3.52 .038 -3.48 .10 -2.50 .15 -2.50 .15 

-4.02 .019 -3.98 .15 --3.00 .14 -3.00 .10 
-4.52 0 -4.48 .058 -3. W .11 -3.50 .084 

-5.00 0 -4.00 .085 -4.00 .095 
-4.50 .018 -4.50 .065 
-5.00 0 -5.00 0
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A STUDY OF THE USE OF EXPERIMENTAL STABILITY DERIVATIVES IN THE CALCULATION 
OF THE LATERAL DISTURBED MOTIONS OF A SWEPT-WING AIRPLANE AND 

COMPARISON WITH FLIGHT RESULTS' 
By JOHN D. BIRD and BYRON M. JAQUET 

SUMMARY 

An investigation was made to determine the accuracy with 
which the lateral flight motions of a swept-wing airplane could be 
predicted from experimental stability derivatives determined in 
the 6-foot-diameter rolling-flow test section and 6- by 6-foot 
curved-flow test section of the Langley stability tunnel. In 
addition determination of the significance of including the 
nonlinear aerodynamic effects of sideslip in the calculations of the 
motions was desired. All experimental aerodynamic data. 
necessary for prediction of the lateral flight motions are. pre-
sented along with a number of comparisons between flight and 
calculated motions caused by rudder and aileron disturbances. 

In general, the agreement between the calculated and measured 
motions of the airplane considered was good when the effects of 

all control movements were taken into account. The greatest 
disagreement occurred at lift coefficients where Reynolds number 
effects on the experimental derivatives would be expected to be 
high, which for the case considered was for lift coelficients above 
about 0.8 when wing slots were used. The nonlinear effects of 

sideslip for this airplane were not very significant for the motions 
considered, which generally involved sideslip angles less than 100. 

INTRODUCTION 

For the past few years, numerous investigations have been 
made in the Langley stability tunnel to determine the effects 
of geometric variables on he static-, rolling-, yawing-, and 
pitching-stability derivatives of various airplane configura-
tions. (See references 1 to 4.) In the past, however, none of 
the experimental data have been compared with data obtained 
in flight to determine its relative worth. The purpose of the 
present report is to determine the applicability of the 
experimental stability derivatives to the prediction of the 
lateral disturbed motions of an airplane in flight. The 
equations used for calculating the motions are given in the 
appendix. 

A %-scale model of a swept-wing version of a conventional 
fighter airplane, which was selected because of the large 
amount of flight data available (see references 5 and 6), was 
tested in the 6-foot-diameter rolling-flow test section and 6-
by 6-foot curved-flow test section of the Langley stability 
tunnel to determine all the stability derivatives which are

usually considered necessary to calculate the lateral motions 
arising from a disturbance caused by the rudder or the 
ailerons. Comparisons have been made between the flight 
and calculated lateral motions for a wide range of conditions 
in gliding flight. 

A few calculations have been made to determine the 
effects of nonlinear variations of the aerodynamic forces and 
moments with the angle of sideslip. 

COEFFICIENTS AND SYMBOLS 

The results of the wind-tunnel tests are presented as 
standard NACA coefficients of forces and moments. 
Moment coefficients are referred to a center if gravity located 
at 21.8 percent of the mean aerodynamic chord. The wind-
tunnel data and motion calculations are referred to the 
stability axes, which are a system of axes having their origin 
at the center of gravity and in which the Z-axis is in the plane 
of symmetry and perpendicular to the relative wind, the 
X-axis is in the plane of symmetry and perpendicular to the 
Z-axis, and the Y-axis is perpendicular to the plane of sym-
metry. The positive directions of the stability axes and of 
angular displacements of the airplane and control surfaces 
are shown in figure 1.

Lift 

FIGURE 1.—System of stability axes. Arrows indicate positive frces, moments, and angular 
displacements. 

I Supersedes NACA TN 2013, "A Study of the Use of Experimental Stability Derivatives In the Calculation of the Lateral Disturbed Motions of a Swept-Wing Airplane and Compar-
ison with Flight Results" by John D. Bird and Byron M. Jaquet, 1950.
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The coefficients and symbols are defined as follows: 

Cr, 
CL 

Cx 
C 
C1. 
C,,. 

CY 

C 
oC1 

C

, 

C 

Cy"

2V 
oC 

pb 
2V 

C •nP

2V 
Cy 6C, 

rrb 

C,-----
rb 
2V 

2 V 
Ixo 

IYo

lift coefficient (Lift /qS) 
maximum lift coefficient 
longitudinal-force coefficient (X/qS) 
lateral-force coefficient (Y/qS) 
rolling-moment coefficient (L/qS b) 
yawing-moment coefficient (N/q Sb) 

moment of inertia about longitudinal principal 
axis 

moment of inertia about spanwise principal
axis 

moment of inertia about normal principal 
axis 

X longitudinal force along X-axis 
Y lateral force along Y-axis 
Z normal force along Z-axis (Lift= —Z) 
L rolling-moment about X-axis 
N yawing-moment about Z-axis 
pb/2V wing-tip helix angle, radians 
rb/2V yawing-velocity parameter, radian measure 
P rolling angular yelocity about X-axis 
r yawing angular velocity about Z-axis. 
V linear velocity of airplane along Y-axis 
V free-stream velocity along X-axis 
V. calibrated airspeed, based on sea-level density 

of air 
angle of sideslip;	 P= —1'	 in	 wind-tunnel 

tests (tan-'	
) 

aR angle of attack of wing root chord line
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a	 angle of attack of thrust line (aR—i.20) 
1,1'	 angle of yaw, degrees 

angle of incidence of stabilizer with respect 
to thrust line, positive when trailing edge 
is down 

control-surface deflection, measured in a plane 
p erp endicular to hinge axis 

A	 angle of sweepback, degrees 

q	 free-stream dynamic pressure(. p v) 

S wing area 
b wing span 
A aspect ratio (b 21S) 
P mass density of air 
T time 
T112 time to damp to half amplitude 
P period 
1 tail length	 - 
Subscripts: 
a aileron 
r rudder 
J flap 
V vertical tail

WIND-TUNNEL TESTS 

APPARATUS AND MODEL 

The experimental static-lateral-stability derivatives, 
rolling-stability derivatives, and yawing-stability derivatives 
were determined from tests conducted in the Langley 
stability tunnel in which rolling or curved flight is simulated 
by rolling or curving the air stream about a rigidly mounted 
model. 

The tests were made on a conventional six-component 
balance system with the model mounted at the flight center 
of gravity which is at 21.8 percent of the mean aerodynamic 
chord of the wing. 

The full-scale airplane (a 'swept-wing version of a conven-
tional fighter) had the quarter-chord line of the wing, just 
outboard of the intake ducts, swept back 35°. Some of the 
pertinent airplane characteristics are given in table I. 
More details of the airplane may be obtained from refer-
ences 5 and 6. 

The -scale model shown in figure 2 and in the photo-

graphs of figures 3 to 6 was constructed of laminated mahog-
any, finished in clear lacquer, and all surfaces were highly 
polished. The model propeller had three metal blades set 
at an angle of 28° at the 0.75 radius. All propeller-on tests 
were made with windmilling propeller. The model wing had 
a removable leading edge so that slats of 0 percent, 40 per-
cent, and-80 percent of the swept span could be used inter-
changeably to simulate those of the full-scale airplane. The 
top surfaces of the slats were cast to the contour of the air-
foil and the slats were extended by means of metal brackets 
which also act as fences to reduce spanwise flow along the 
slot. A cross section through the slot arid slat is shown in 
reference 5. 



Flop hñ-ige line 
Qr7 0.849 chord 

line 

Removable L. E. 
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-L -64-
3.37-'	 4.

/- 80-perce 
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3.48 
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I	 Small ventral 

'Large ventral 

FICURE 2—Geometric characteristics of -scale model of test airplane. All dimensions

are in inches.

56792 

-.	 u,ilnL	 •-1 . - in trr,lIi2-t1.i	 section of

Langley sthilit y t uniiel.

Ri. I	 !	 r \	 I	 I-R-- II	 rIIiir-IIii t, -t -



 

I,iigh-v stability tuIIrR-I. 

FI(;1RE 5 --- - ISR-Uh) Of 10-perceit li	 liiuz-Ic sI.	 ri	 -sc-irIr- rrriotr-I. 

1,;T RE 6.—Close-up of 80-percent leading-edge slots on 4-scale model.
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The wing had a. plain trailing-edge flap with a chord of 
15.1 percent of the wing chord measured perpendicular to 
the hinge axis. The gap was sealed for all tests. As in the 
case of the airplane the main wheels of the model were fixed 
for all tests; whereas the nose wheel and nose-wheel doors 
were removed for all flaps-up tests.	 - 

Shown in figure 2 are the two ventral fins tested on the 
model. The large ventral fin was used for all tests xcept. a 
few with the 80-percent-span slot configuration for which 
the small ventral fin \\ras used. 

TEST AND TEST CONDITIONS 

Trim tests.—i'v'Iodel trim lift coefficients of 0.33,0.55, 0.76, 
and 0.95 were selected as representative of those obtained in 
flight tests. The angle of incidence of the horizontal tail 
was measured with respect to the thrust line. 

In order to determine the trim angles of the horizontal tail 
for the previously mentioned lift coefficients, tests were 
made through the angle-of-attack range with the horizontal 
tail set at 5°, 30, and 1° incidence. From these tests 
the trim angles of the horizontal tail were determined. (See 
table II.) 

Static tests.--In 'order to determine the static-stability 
derivatives C1 , C,,,, and Cy. , the model was tested at 
'= ±5° through an angle-of-attack range of a=-2' to 
a23° for the flaps up (trim CL=0.33) and a=-2° to 
a=18' for the flaps down (trim CL =0.76) for each of the 
slot configurations. Tests were also made at all selected 
test trim lift coefficients through an angle-of-yaw range of 
4,= d=20' to determine the variations of C,, C,,, and C 
with 4, for all slot configurations. 

Tare tests were made for the 40-percent-span slot configu-
ration (flaps up and down). The effect of the slots on the 
tares was assumed to be small; therefore, the tares for the 
40-percent-span slot configuration were applied to all con-
figurations. The Mach and Reynolds numbers for the tests 
were 0.17 and 1.01X 106, respectively. 

Rolling-flow tests.—Tests were conducted in the 6-foot-
diameter rolling-flow test section of the Langley stability 
tunnel, wherein rolling flight of the model was simulated by 
rotating the air stream. The model was mounted rigidly 
on a conventional support strut. Details of this test pro-
cedure are given in reference 1. 

All slot configurations were tested through the angle-of-
attack range with the flaps up (trim C,,= 0.33) and with the 
flaps down (trim CL=0.76) at helix angles pb/2V of 0, 
+0.0253, and +0.0757 radian. The slopes of C,, C,,, and 
C plotted against pb/2V are the derivatives C,, C,,, and 
C. The 40-percent-span slot configuration (flaps up and 
down) was tested at the selected trim lift coefficients for the 
previously mentioned values of pb/2V from =00 to t'=20° 
to determine the variation of Cl,, , C,,, and C with 4,. The 
Mach number, and Reynolds nunber for the rolling-flow 
tests were 0.17 and 1.01-X10 1,  respectively. 

Yawing-flow tests.—Yawing-flow tests were conducted in 
the 6- by 6-foot curved-flow test section of the Langley 
stability tunnel. In this section, curved flight is simulated

approximately by directing the air in a curved path about 
a fixed model. 

All slot configurations were tested in curved flow through 
the angle-of-attack range with the flaps up (trim CL=0.33) 
and with the flaps down (trim CL=0.76) at values at 'rb/2V 
of 0, —0.039, —0.082, and —0.108. The slopes of C,, C,,, 
and Cy plotted against rb/2V are the derivatives Cl, , C,, 
and C. 

The 40-percent- span slot configuration (flaps up and down) 
was tested through an angle-of-yaw range of '= + 20° for 
values of rb/2V of 0, —0.039, —0.082, and —0.108 at the 
previously mentioned trim lift coefficients to determine the 
variation of Cl, , C,,, and C with ip. The values presented 
herein are the average of the results at corresponding posi-
tive and negative angles of yaw. 

The 40-percent-span slot configuration (flaps up) was 
tested at a trim lift coefficient of 0.33 through the angle-of-
yaw range with the propeller off. 

The yawing-flow tests were made at a Mach number of 
0.13 and a Reynolds number of 0.8X 106. 

CORRECTIONS 

Approximate jet-boundary corrections based on methods 
derived for unswpt wings were applied to the angle of 
attack, longitudinal-force coefficient, and rolling-moment 
coefficient, and a blocking correction of 1.01 was applied to 
the dynamic pressure. 

Corrections for the effect of the support strut have been 
applied to C, CL, C,. C',,, C, C 1 , C,,, and C,	 In rolling 
flow and curved flow, accurate tares were difficult to obtain; 
and, as a, result, the derivatives C, 6',,, C, C,, C,,, and 
Cyr are not corrected for the effects of the suppor .t strut. 

The derivative C, was corrected for the effective pitching 
velocity, which exists when the model is tested at an angle 
of yaw, by the following equation: 

cos 

where C1 ' i measured about the wind .axis, and f(A, A, ii'), 
which is small as compared with C,' cos ', is a function 
determined by use of the methods of reference 4. Corre-
sponding effectiv6 pitching corrections were not applied to 
the derivatives C,, and (] 

A correction was also applied to the derivative C to 
account for .the error caused by the cross-tunnel stat-ic-
pressure gradient which is associated with curved flow. 

EXPERIMENTAL RESULTS 

The experimental data are discussed briefly with reference 
to the effects of the slots and angle of yaw on the aerody-
namic characteristics of the model, because the effects of 
these variables on the rotary derivatives have not been 
investigated extensively to date. The figures whch present 
the results obtained in the present investigation are listed in 
table III.
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The.basic lift and longitudinal-force data of figures 7 and 
8 are generally in good agreement with larger scale tests of 
another model of the same airplane, as given in reference 7. 

The main effect of the slots is to extend the linear range of 
those stability derivatives which are largely contributed by 
the wing to higher lift coefficients in a manner similar to the 
effect of slots on the lift curve of a wing. (See figs. 7 to 10 
and 12, 13, 15, and 16.) One significant effect of the slots 
is on the damping in yaw C. which increased as the slot 
span is increased. When the 80-percent-span slots are used 
C is increased (over that of the unslotted configuration) 
by about 25 percent at CL=0. (See fig. 15 (a).) When the 
flaps are deflected (fig. 15 (b)), the effects of the slots on the 
yasing-stabi1ity derivatives are not as great as when the 
flaps are retracted. 

A comparison of figures 11(a) to 11(f) shows that On 
41 

varies to some extent through the yaw range, Cy,, is apptox-
imately constant, and for any given lift coefficient C is 

- -- 

approximately' constant between t'= —10° and ,&= 100. As 
the angle of yaw is increased (fig. 14 (a)), C tends to de- 
crease, C',, remains approximately constant, and C1. de-
creases slightly. The variations are similar when the flaps 
are deflected. (See fig. 14 (b).) 

The tests for the determination of the variation of C, 
C,,, and C, with p were made for negative values of rb/2V 

only. Results for positive values of rb/2V and positive 4, 
were obtained by assuming that the model was essentially 
symmetrical about the XZ-plane and by utilizing the results 
for the corresponding opposite angles of yaw and rb/2V with 
regard for signs. This procedure amounted to averaging the 
derivatives for corresponding positive and negative angles 
of yaw. 

In general, as the angle of yaw is increased from 00 to 20°, 
the clamping in yaw C. is increased by about 15 percent, and 

and C are decreased slightly (fig. 17 (a)). Deflection 
of the flaps or removal of the propeller does not appreciably 

-4-' 

(4 

4--

'4 
0 
(4. 

4-) 
4. 
0 

4:-) 

0 

0-I 

C-, 
0 
4-
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0 
4--

0 

4-)s

c±LTiHiiLliuiiTiTiiiiiiii s	 Slots 
-c-i- -- -percent3pan)------— 

I	 —°---- 0 
0	 40 

0	 80 

LKZ

' 

1.2 0{6 
Lift coefficient, CL	 Lift coefficient, CL 

(a) Trim CL O .33; ojO.	 (b) Trim CL=0.76; 61=40°. 

FIGURE 7.—VariatiOn of longitudinal-force coefficient and angle of attack with lift coefficient for three slot configurations. Large ventral fin on: propeller on; P=O*; R=l.OlXlO'.
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change the variations of the yawing-stability derivatives with 
angle of yaw. (See fig. 17.) 

Because C,, , is largely dependent on the size of the vertical 
tail it is approximately true throughout the yaw range that. 

,,,.= _! 
Substitution of the proper values of the span,	 and the 
tail length l indicates that the trend of the variation of 
C,, with 1' shown in figure 17 is reasonable. 

31E1Iii1i!i! ''r
S/oi's	 yen fr-al fin Propeller 

'0 —± (percent span)	 - 
—o--- 40	 Large	 Off 

80	 Small	 On	 — 

EIIIIIIIIiIII 
2---

-------7------ 
— 

--- --
C7___ 

-.?	 0	 .2	 .4	 .6	 .8	 1.0	 1.2
Lift coefficient, C. 

FIGURE 8.—variation of longitudinal-force coefficient and angle of attack with lift coefficient 
for two slot configurations. Trim C'L =0.33; =O'; ojO°; R=1.01XI05.

The relative constancy of C, C1 , C,, , C, C 1 , and C,, 
with angle of yaw as indicated by figures 14 and 17 and the 
linearity of the curves of C, C 1, and C,, plotted against t' 
for angles of yaw up to approximately 100 (fig. 11) were 
factors which indicated that nonlinearities were not of first-
order importance for this airplane in the calculation of 
motions involving reasonably small variations in ip. Conse-
quently, most of the motion calculations neglect the effect of 
' on the stability derivatives. 

The results of unpublished tests of swept wings at Reynolds 
numbers to 8.0X 106 in the Langley 19-foot pressure tunnel 
indicate that the linear part of the curve of C 1 plotted against 
CL is increased by an increase in Reynolds number. The 
curves of C1 against CL given herein agree well with those 
obtained in flight (references 5 and 6) and in tests of a.. 

--scale model (reference 7) except at lift coefficients above 

CL =0.8 where the magnitude of the present test values 
decreases for the slotted-wing configurations. The linear 
parts of the curves of the rolling- and yawing-stability 
derivatives are believed to be extended similarly to higher 
lift coefficients if the Reynolds number is increased. 

MOTION CALCULATION METHODS 

The lateral disturbed motions of the test airplane were 
calculated from the aerodynamic data obtained -from the 
tests described in the section entitled "Wind-Tunnel Tests." 
The mass and dimensional characteristics of the airplane 
are given in table I, and a tabulation of the flight conditions 
for ,which lateral disturbed motions were calculated for com-
parison with the flight motions is given in table IV. Most 
of the calculations involved dynamic derivatives which were 
constant for a given lift coefficient as is usually employed in 
the theory of small disturbances used in lateral-stability 
calculations. 

Solutions of the lateral equations of motion, given in the 
appendix, were obtained for unit step disturbances in roll 
and yaw by the method described in reference 8. The 
aileron-and rudder deflections during the flight motion under 
investigation were then approximated by a series of step 

functions usually at i-second intervals. The motion arising 

from the control movements was then calculated by 

f3,, 7 p,,, or r,,	
o [(m_	 (B,,),,,,+ (em- n)ito(Bn)rou] 

where B,, is the value of the unit solution caused by 6',,= 1 
or C 1 =1 at a time T=kn, and ô,,,_,, is-the fraction of the 
unit disturbance applied by the rudder or aileron at a time 
T=k(m—n). The rudder and aileron effectiveness were 

0 
U 

U 

0 

U 
0 

0 
'4.. 
0
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obtained from reference 7. This procedure is essentially an 
approximate evaluation of Duhamel's integral and was con-
sidered sufficiently accurate for these calculations. Refer-
ence 8 gives a more exact graphical evaluation of this integral. 
The yawing moment caused by aileron deflection and the 
rolling moment caused by rudder deflection were not con-
sidered of enough significance to warrant their inclusion in 
these calculations. In some cases, however, these factors 
may be of greater significance. 

In a few cases, unit solutions to the equationsof motion 
were obtained by a Laplace transform procedure which has 
been adapted for use with automatic digital computers. 
The results were, of course, identical with those presented 
in this report.

Calculations of the lateral motions for a few cases employ-
ing a nonlinear variation of rolling-moment and yawing-
moment coefficients with angle of sideslip and a variation 
of U,, with angle of sideslip were carried out by use of the 
Kutta three-eighths rule for solving the lateral equations of 
motion. (See reference 9.) All lateral-motion calculations 
were made on an automatic digital computing machine. 

CALCULATED LATERAL MOTIONS 
GENERAL 

The flight records corresponding to the motions calculated 
for this report showed that the motions resulting from right 
and left control movements were not exactly of opposite 
magnitude. This result indicates that there was some asym-
metry in the characteristics of the airplane, although the 

cY' 

CI,

.004 - - - - - - - - - - - - - -- - _ 

OFF

slots 
-- — (percent pon)-

0 
-.004 - - - - -- - - - - - —0---- 40 —

Or—

-0---- 80 

I ---.002 -- 
-2	 .	 0	 .2	 .4	 .6	 .8	 1.0	 1.2 2	 0	 .2	 .4	 .6	 • .8	 i.e 

Lift coefficient; CL	 Lift coefficient; CL 

(a) Trim CL = 0.33; oj=O°.	 (b) Trim 0=0.76; 6,=40. 

FIGURE 9.—Variation of lateral static-stability derivatives with lift coefficient for three slot configurations. Large ventral fin on; propeller on; 4 = 0; R=I.01X106.
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wind-tunnel test results indicated no marked asymmetry in 
the model characteristic. Part of the differences in the 
flight motions to the right and left are undoubtedly due to 
variation in the thrust conditions. Although the flight tests 
were made under approximately zero. thrust, no convenient 
means of obtaining this condition was available, and thus 
this requirement was- left to the judgement of the pilot. 
Some small part of the difference in the motions to the left 
and right should be attributable to instrument error as the 
film record frequently contained considerable hash which, 
of course, tended to obscure the actual motion record. The 
differences between the motions to the right and left were 
resolved in the present report by presenting both records 
with the sign of one reversed so that the motions were super-
imposed. The shaded areas in the lateral-motion plots 
(figs. 18 to 23 and 25 to 35) represent the difference between 
the motions to the right and left. The flight motions corre-
sponding to the calculated motions were obtained from 
references 5 and 6 and related tests. The figures which 
present the results of the lateral-motion calculations are 
listed in table III. 

Cys 

Cn 

C!

Lift coefficient, CL 

FIr.URE 10.—Variation of lateral static-stability derivatives with lift coefficient for two slot
configurations. Trim C=0.33: 40°; =0°; R1.0lX106.

LATERAL OSCILLATIONS 

Lateral oscillations were initiated by abruptly deflecting 
the rudder of the airplane and returning it to neutral equally 
as rapid a moment later. Some aileron waggle caused By 
the floating tendency of the ailerons occurred and was 
accounted for in the calculations by the procedure given in 
the calculation methods. 

The calculated and flight motions are generally in good 
agreement for all motions calculated (figs. 18 to 23) except 
for the condition at CL =0.977. (See fig. 23.) A comparison 
of the flight and calculated periods and time to damp to 
half amplitude (fig. 24) also indicate fairly good agreement 
except for the motions at lift coefficients of 0.977 and 1.169. 

The values of C15 used for the calculation of the lateral 
motions were obtained from the curves of C1 plotted against 
' (fig. 11) wherever possible rather than the curves of C 

Ilk 
obtained from tests made at 'J'= ± 5° (figs. 9 and 10) . because 
this procedure is believed to be more accurate. Although 
the difference between the two methods is generally small, 
such is not always true; and in some cases the calculated 
rate of damping was found to be appreciably affected by 
the difference in C15 

At the higher lift coefficients, the experimental stability 
derivatives deviate appreciably from their initial trends. 
This tendency previously has been referred to as a Reynolds 
number effect and is probably the cause for the lack of agree-
ment at high lift coefficients between the flight and calculated 
results. References 5 and 6 which present flight tests for 
this airplane show no reduction in C1 up to the maximum 
test lift coefficient. The rotary derivatives of the airplane 
presumably behave similarly. Evidence of the deviation of 
the experimental stability derivatives from their true varia-
tion with lift coefficient is observed in figure 20 which presents 
results for a lateral oscillation occurring at CL=0.759. The 
calculated result indicates an excessive response in sideslip, 
yaw, and roll. 

A few additional calculations of the period and time to 
damp, made for other high lift coefficients in flight, indicate 
increasingly poor agreement between the flight and calcu-
lated times to damp to one-half amplitude with increasing 
lift coefficient. The relatively good agreement between the 
periods of the flight and calculated motions for all lift co-
efficients, however, indicates that the experimental values of 

are fairly close to the correct values. The period of the 
motion is primarily a function of the directional-stability 
parameter (See reference 10.) An extrapolation of 
the curves of the derivatives plotted against lift c.oefficient— 
which amounted to selecting the value of the derivative just 
previous to the break in the curves occurring at maximum 
lift coefficient—was employed for one case at CL= 1.17 but. 
failed to yield a satisfactory result.. . A linear extrapolation 
of the curves in the region preceding the departure from the 
theoretical or linear trend is expected to be more satisfactory.
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FIGURE iL—Variation of Cr, C.., and Cl with angle of yaw. Large ventral fin on; propeller on; R=i.01XI0.
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FIGURE 11.—Continued.
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RUDDER KICKS	 effect. Figure 31 indicates that this peculiar response was 

	

Rudder kicks were initiated by abruptly deflecting the 	 largely caused by the slight aileron waggle which occurred 

	

rudder of the airplaiie and holding this deflection as the 	 (luring the motion. In general, for all configurations investi-

	

airplane responded. The records of the flight motions were 	 gated, it was found necessary to account for any slight aileron 

	

short, usually covering 5 seconds. As in the case of the 	 movements in order to predict satisfactorily, the lateral 

	

lateral oscillations discussed previously, some slight aileron 	 motions of the airplane. 

	

waggle that occurred was accounted for in the calculated 	 The motions at CL = 0.794 (fig. 30) give evidence of de-

	

motions. The agreement between the flight and calculated	 parture of the experimental derivatives from the true varia- niotionsis, in general, quite good (figs. 25 to 31). Agreement
tion with lift coefficient. This result again is the Reynolds is best at the lower lift coefficients; however at a lift. coeffi-
flUlflber effect previously discussed. The flight and calcu- cielit. of 0.919 (fig. 28), good agreement is shown between 

	

flight and calculated angles of sideslip and rolling velocities. 	 Ia.ted periods of the lateral oscillation caused by the rudder 

	

The flight tests reported in reference 5 showed that at low 	 kicks are in very good agreement which indicates again that 

	

lift, coefficients the airplane rolled in response to a rudder 	 the values of	 used in the calculations were reasonably 

	

kick as if the airplane had a decided negative dihedral 	 accurate. 
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Lift coefficient, C	 Lift coefficient, CL 

(a) Trim CL0.33; öfO.	 (b) Trim CL=0.76; j=400. 

FInURE 12.—Variation of rolling-stability derivatives with lift coefficient for three slot configurations. s=0°; R1.0IXI05. 
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FIOURE 13.—Variation of rolling-stability derivatives with lift coefficient for two slot 
configurations. 4=0 0 ; 6i=00; R=1.01 X105.
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FIoURE 14.—Variation of rolling-stability derivatives with angle of yaw. Large ventral fin 
on; propeller on; 40-percent-span slots; R=1.O1X1O 6.	 -
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Lift coefficient, CL	 Lift coefficient, CL 

(a) Trim cL=0.33; 	 (b) Trim CL=0.76; 4400• 

FIOURE 15.—Variation of yawing-stability derivatives with lift coefficient for three slot configurations. Large ventral fin on; propeller on; ,=00; R0.8X1O6. 

AILERON ROLLS 

Aileron rolls were initiated by abruptly deflecting the 
aileron control of : the airplane and holding the deflected 
•position as the airplane responded. The rudder control was 
held as near neutral as possible. The records of motion 
were necessarily short because of the large angles of bank 
assumed by the airplane after a short period of time. 

Comparison of the flight and calculated aileron rolls indi-
cates fairly good agreement (figs. 32 to 35) except for the 
high-lift-coefficient condition without nose slots. The sta-
bility derivatives for the. unslotted configuration show it 
departure at fairly low lift coefficient from the initial trend 
of the variation of the derivatives with lift coefficient. As 
previously mentioned, this result is not obtained at the 
flight Reynolds numbers. The calculations for this high lift 
coefficient were carried out with two sets of stabilit y deriva-

tives. One set was obtained by a linear extrapolation of the 
curves of the derivatives plotted against lift coefficient and 
the second set, by selecting for the value of the derivative that - 
value just previous to the final break in the curves of the 
derivatives plotted against lift coefficient. The second pro-
cedure was necessary because the flight lift coefficient was 
greater than the maximum experimental lift coefficient. The 
linear extrapolation produces the better result, but it can be 
seen that neither set of derivatives was very satisfactory 
although it would appear logical to believe, in view of the 
Reynolds number effects indicated previously, that the linear 
extrapolation of the derivatives would have given fairly good 
results. The aileron roll for the 80-percent-span slot con-
figuration with flaps down at C= 1.169 (fig. .35) shows fair 
agreement between the flight and calculated motions so that 
a beneficial effect of the slots in maintaining an unseparated
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FIGURE 16.—Variation of yawing-stability derivatives with lift coefficient for two slot
configurations. Trim CL =0.33; =00 ; I=O°; R.0.8Xl06. 

flow over the wing to a fairly high lift coefficient is indicated. 
The effects of elasticity of the wing were not considered in 

the calculations of the aileron rolls because of lack of knowl-
edge of the flexibility of the wing. Rough estimates of the 
effect of elasticity on the rolling velocity for the results of 
figure 33 indicate that the discrepancies shown between flight 
and calculated results would be reduced by about 50 percent 
or more. 

A comparison has been made of the maximum rolling 
velocities obtained by calculation for conditions duplicating 
those in flight, by flight tests, and by calculations for a 
coordinated maneuver in which the yawing velocity and angle 
of sideslip are maintained at zero. For this last case, the 
rolling velocity becomes

2V 
- C1 T

The results are presented in the following table: 

Figure

Maximum rolling velocities from 
figures Ct 2V 

- -i- - 
Calcu- Flight Flight V 

lated (left) (right) 

32 0.62 0.44 2.67 
33 .77 .60 0.53 1.11 
34 .78 _ .67 1.13 
35 .34 .33 .30 .68

The comparison indicate that a marked difference may be 
obtained in the maximum rolling velocity by eliminating 
the degrees of freedom of sideslip and yaw. This last 
method of calculation is used frequently in comparing the 
relative merits of various forms of ailerons. 

NONLINEAR CALCULATIONS 

Calculations, in which the curves of C1 and G against 0. 
were represented not by a single slope but by a series of 
tangents to the curves and in which the variation of G0, 
with & was included, were made for two motions to illustrate 
the effect of these nonlinearities. The results are given in 
figures 36 and 37 along with the flight motion and the cal-
culations made for linear slopes and constant damping 
derivatives. The effect of the aileron waggle was small 
and was taken to be the same as for the linear calculation. 
These figures indicate that for the angles of sideslip encoun-
tered in these motions little is to be gained by going to the 
additional effort required to make the calculations for the 
nonlinear ca-se. The nonlinear calculations required ap-
proximately ten times as long to complete as the linear cal-
culations. Motions at large angles of sideslip or motions 
for a configuration having more pronounced nonlinearities 
than for the airplane considered herein would undoubtedly 
show the nonlinearities to be of greater significance. 

SUMMARY OF RESULTS 

The investigation indicatea that the lateral disturbed 
motions of the airplane considered herein may be generally 
calculated with good accuracy by the use of experimental-
scale-model data up to lift coefficients where any appreciable 
effects of the difference in Reynolds number between the 
scale and ffight- conditions begin to be apparent. This 
effect is usually evidenced by a departure of the scale results 
from a gradual variation with lift coefficient and, for the 
case investigated, corresponds to a lift coefficient of 0.8 for 
the slotted-wing configurations. At higher lift coefficients 
the accuracy in calculating flight motions is progressively 

Ca ,-

C,,.
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(a) Ij=O°; propeller on. 	 (b) 3j=40'; propeller on. 	 (c) oj=0°; propeller off. 

FIGURE 17.—VariatIon of yawing-stability derivatives with angle of yaw. Large ventral fin on; 40-percent-span slots; R=O.8X106. 

poorer, especially in the time to damp to half amplitude where 
errors as much as 100 percent or more may be encountered. 
For the airplane of this investigation, at these high lift co-
efficients, the calculated time to damp to half amplitud6 was 
generally higher than the flight value. In most cases the 
period of the motion cduld be calculated to within 5 percent 
of that obtained in the flight motion. In order to obtain 
good accuracy in predicting flight motions, proper considera-
tion of all control movements must be made. 

For most cases, the nonlinear variation of the directional-
stability parameter, the effective dihedral parameter, and 
the variation of the damping in yaw with angle of yaw could

be neglected: If, however, the flight motions reach a suffi-
ciently large amplitude for a long period of time, as in an 
aileron roll for example, greater accuracy in the calculated 
motions should result if the nonlinearities in the variation of 
yawing-moment coefficient, rolling-moment coefficient, and 
damping in yaw with angle of yaw are included in the 
calculations. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., November 1, 1949.
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FIGURE 21.—Comparison of flight and calculated lateral motions resulting from an abrupt 
deflection and release of the rudder. 40-percent-span slots; flaps down; CL=0.524; Vc160 
miles per hour; engine idling.
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FIGURE 28. —Comparison of flight and calcul ited lateral motions resulting from a right rudder 
kick.	 40-percent-span slots; flaps up; cL=0.919; Vcl20 miles per hour; engine idling. 
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APPENDIX 
LATERAL EQUATIONS OF MOTION 

The lateral equations of motions used for most of the cal-
culations of this report consider the fluctuation of the aero-
dynamic forces to be directly proportional to the component 
angular and translational velocities associated with the 
axis system as is customary in classical stability theory. 
The modification to these equations to account for the 
nonlinear effects of sideslip is discussed in the text. The 
equations used herein contain the necessary product of 
inertia and control terms and are given as follows: 
Roll

IC	

2 
Cqôr+ Ciôa O + Gi+ CiDc+ Gi rD= 2 {[()cos2 

+()2sin2 n] D2 +[( i) _()] cos i sin Dlip  

Yaw 

r ôt+ C.,.6.+ CnI3+ CDc+ CD=2p R)2CoS2 

+(0)2sin2 
11]	 cos sin D2} 

Sideslip 

CY & r r+ CYöaa+	 CypDc+ CD+ CLcO+

CL' tan y=12,i(DI3+D')

where 

ds 
TV

rate of change of rolling-moment coefficient 
with rudder deflection 

a
rate of change of rolling-moment coefficient 

with aileron deflection 
rate of change of yawing-moment coefficient 

with rudder deflection 
C,, a rate of change of yawing-moment coefficient 

with aileron deflection 
rate of change of lateral-force coefficient with 

rudder deflection 
rate of change of lateral-force coefficient with 

aileron deflection 
732

angle of bank, radians 
W 

pSbg 
W weight of airplane	 - 
g acceleration due to gravity 
k10 radius of gyration about principal longitu-

dinal axis
( 4^w:' 

k 0 radius of gyration about principal normal 

axis)_ (V WrZ-9 
flight path angle, positive for climb 
inclination of principal longitudinal axis of 

inertia with respect to flight path, positive 
when above flight path at nose 

ocy C Y
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TABLE 1.-PERTINENT AIRPLANE DIMENSIONS AND 
CHARACTERISTICS 

Mass characteristics: 
Normal gross weight, lb-----------------------------8,700 
Moments of inertia, ft-lb-see2:

7,654 
ho------------------------------------------ 14,088 
Iz0------------------------------------------- 20,159 

Principal axis (relative to thrust line at nose), deg------0. 45 up 
Center of gravity: 

	

Location on M.A.C., percent M.A.0 --------------- 	 21. 8 

	

Relative to thrust line, percent M.A.C. below------ 	 14.8 
Wing: 

Span, ft ------------------------------------------- 33.6 
Area, sq ft----------------------------------------250 
Airfoil section (normal to L. E.): 

Root----------------------Modified 66,2x-116 (a=0. 6) 
Tip------------------------Modified 66,2x-216 (a=0. 6) 

	

M.A.C., ft -----------------------------------------	 7.79 
Leading edge of M.A.C. (ft behind L. E. root chord).. 	 3. 27 
Aspect ratio --------------------------------------- 4.51 
Taper ratio--------------------------------------1. 84:1.00 
Dihedral, deg--------------------------------------0 
Sweepback (at quarter-chord line), deg---------------35 
Total area, plain sealed wing flaps, sq ft--------------12. 52

Ailerons: 
Span (along hinge line, each), ft ---------------------- 8.75 
Area (rearward of hinge center line, each), sq ft-------- 6. 51 

Horizontal tail: 
Total area, sq ft----------------------------------- 46. 53 

Vertical tail: 
Fin area (above horizontal tail), sq ft ----------------- 13.47 
Total rudder area, sq ft------------------------------ 10. 26 
Ventral fin area, sq ft: 

Large ventral---------------------------------- 17. 10 
Small ventral (approx.)------------------------- 8.50 

TABLE 11.-TRIM ANGLES OF HORIZONTAL TAIL 

Slots (per- 6j Ventral Pro- Trim C £ cent span) (deg) fin peller (deg) 

o o Large On 0.33 -0.10 
55 -1.10 

.76 -2.75 

0 40 Large On .33 .00 
55 -.60 

.76 -1.50 

.95 -2.25 

40 - 0 Large On .33 -.60 
and .55 -2.70 
off .76 -4.60 

40 40 Large On 33 .75 
.66 -1.50 
.76 -3.20 
95 -4.40 

80 0 Large On 33 0 
and - 55 -2. 40 

small .76 -4.25 

80 40 Large On .33 .60 
.55 -1.40 

76 -3.00 
.95 -4.20

TABLE 111.-INDEX OF FIGURES 

Wind-tunnel results: 
Static stability characteristics: 	 Figures 

	

Longitudinal characteristics___________________ 	 7 and 8 

	

Lateral derivatives___________________________	 9 and 10 

	

Variations of C, C,, and Cy with P.............	 11
Rolling derivatives: 

Derivatives at '=0°_________________________ 12 and 13 

	

Variations of derivatives with k ------------ ------	 14
Yawing derivatives: 

Derivatives at '=0°
	

15 and 16 

	

Variation of derivatives with_________________ 	 17
Calculated and flight motions: 

Abrupt deflection and release of rudder 	 18 to 23 

	

Summary of period and damping values------------- 	 24 

	

Rudder kicks____________________________________ 	 25 to 31 

	

Aileron rolls_____________________________________ 	 32 to 35 
Nonlinear aerodynamic effects of sideslip

	 36 and 37 

TABLE IV.-FLIGHT CONDITIONS FOR WHICH MOTIONS 
WERE CALCULATED 

Figure
Slots 

(percent 
span)

Flaps 
(deg)

Ventral 
fin '(mph) CL Type of test 

18 40 0 1 198 0.334 1 
19 40 0 I • 156 .551 I 
20 40 0 Largo 136 . (Oscillation 21 40 40 I	 I 160 .524 I 
22 40 40 J 128 .801 I 
23 80 0 Small 120 .977 j 
25 40 0 198 .341 
26 40 0 160 .556 
27 40 0 133 .764 
28 40 0 120 .919 Rudder kick 
29 40 40 157 .537 
30 40 40 Large 130 .794 
31 80 0 228 .278 
32 0 0 119 .983 
33 
34

40 
40

0 
40

150 
146

.508 

.598 }Aileron roll 
35 80 40 110 1.169
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A COMPARISON OF THEORY AND EXPERIMENT FOR HIGH-SPEED FREE-MOLECULE FLOW' 

By JACKSON R. STALDER, GLEN GooDwIN, and MARCUS 0. CREACER 

SUMMARY 

INTRODUCTION 

The various phenomena connected with the high-speed 
flows of rarefied gases have recently been the subject of 
several analytic investigations (references 1, 2, 3, and 4). 
Interest in this phase of aerodynamics and thermodynamics 
has been aroused primarily because of the necessity of 
being able to compute forces on and heat transfer to missiles 
which may fly at great altitudes at high speed. In another 
analytic exploration of this field, simplified concepts of 
aerodynamic and thermodynamic phenomena occurring 
at high altitudes have been used by Whipple (reference 5) 
in an investigation of the properties of the upper atmosphere 
by means of measurements of the brightness and deceleration 
of meteors. 

Experimental work in the field of high-speed rarefied gas 
flows has been practically nonexistent up to this point. The 
pioneer work of Epstein (reference 6) on the drag of spheres 

I Supersedes NACA TN 2244, "A Comparison of Theory and Experiment for High-Speei

in a rarefied gas was concerned only with very low-speed 
motions. Consequently, the purpose of the present in-
vestigation was twofold: (1) to obtain experimental data 
that could be compared with the predictions of an analytic 
treatment of aerodynamic and thermodynamic processes 
occurring at very high altitudes; and (2) as a means to this 
end, to develop a wind-tunnel and related instrumentation 
that would permit testing of models under simulated condi-
tions of high-altitude high-speed flight. In connection 
with the second objective—the development of a wind 
tunnel and instrumentation—it should be pointed out that 
a low-density wind tunnel is being developed concurrently 
at the University of California and the authors wish to 
acknowledge the assistance they have received from the 
reports issued by this group, as well as the stimulus received 
from conversations with the University of California person-
nel. 

At the beginning of the experimental work, it was decided 
that the initial model tests in the low-density wind tunnel 
should be confined to the free-molecule-flow regime despite 
the fact that this regime is probably of less technical im-
portance than the slip-flow and intermediate regimes. This 
decision was reached because the free-molecule regime is 
susceptible to analysis; whereas the slip-flow and interme-
diate regimes have not yet been adequately treated (cf., 
reference 2). In view of the many uncertainties connected 
with the development of entirely new types of wind-tunnel 
instrumentation, it was thought to be essential to test in a 
field where the experimental work could be guided by a 
theoretical background. 

The selection of the test body was governed both by the 
requirement that free-molecule flow be obtained and by the 
practical considerations arising from tunnel size and instru-
mentation. The former condition required that the signifi-
cant body dimension be small compared to the mean-free-
molecular path. 

A cylinder with axis perpendicular to the stream was 
chosen as the body which most nearly fulfilled the require-
ments of the test. The radius of the cylinder could be made 
small compared with the . mean-free path. In addition, 
since it was desired to measure both aerodynamic forces and 
body temperature, the cylinder had the virtue of being 
doubly symmetrical so that only drag force had to be 
measured. The problem of temperature measurement could 

I Free-Molecule Flow" by Jackson R. Stalder, Glen Goodwin, and Marcus 0. Creager, 1950. 

735 

A comparison is made of free-molecule-flow theory with the 
results of wind-tunnel tests performed to determine the drag and 
temperature-rise characteristics of a transverse circular cylinder. 

The model consisted of a 0.0031-inch-diameter cylinder 
constructed of butt-welded iron and constantan wires. Tempera-
tures were measured at the center and both ends of the model. 
The cylinder was tested under conditions where the Knudsen 
number of the flow (ratio of mean-free-molecular path to 
cylinder radius) varied between 4 and 185. The molecular 
speed ratio (ratio of stream speed to the most probable molecular 
speed) varied from 0.5 to 2.3. In terms of conventional flow 
parameters, these test conditions correspond to a Mach number 
range from 0.55 to 2.75 and a Reynolds number range from 
0.005 to 0.90. 

The measured values of the cylinder center-point temperature 
confirmed the salient point of the heat-transfer analysis which 
was the prediction that an insulated cylinder would attain a 
temperature higher than the stagnation temperature of the 

stream. 
Good agreement was obtained between the theoretical and the 

experimental values for the drag coefficient. As predicted, 
theoretically, the drag coefficient was independent of Knudsen 
(or Reynolds number) variation and depended primarily upon 
the molecular-speed ratio.

Preceding Page Blank
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be solved by constructing the model from dissimilar metals 
so that the model itself formed a thermocouple. 

The present investigation is a first step toward an attempt 
to gain an understanding of the comparatively new and 
unexplored field of high-speed low-density flows. The ex-
periments reported herein were made to provide a comparison 
with some important results of free-molecule-flow theory 
and to facilitate the solution of problems connected with the 
design, operation, and instrumentation of a low-density 
wind tunnel. The tests were conducted in the Ames low-
density wind tunnel.

NOTATION 

A	 surface area, square feet 
cx 

CY 	 components of total velocity, feet per second 
C2 

CD	 total drag coefficient, dimensionless 
CD , 	 impinging drag coefficient, dimensionless 
CD	 re-emission drag coefficient, dimensionless 
D	 total drag force, pounds 
Ej	 rate of incident molecular energy, foot-pounds per 

second 
E.	 rate of re-emitted molecular energy, foot-pounds per 

second 
ER 	 rotational energy, foot-pounds per molecule 

rate of incident translational molecular energy on 
front side of body, foot-pounds per second 

i(s)	 dimensionless function of s defined by f(s)=Z1 

(s2 +3)+Z2 (s2+) 

F(s)	 dimensionless function of s defined by f°(s)=Z1 

(s2 +2)+Z2 (s2+) 

g(s)	 dimensionless function of s defined by g(s)=3 
(Z1 + Z2) 

9' (s)	 dimensionless function of s defined by g°(s)=2 
(Z1+Z2) 

G	 normal force, pounds 
modified Bessel function of first kind and zero order 
modified Bessel function of first kind and first order 

J	 mechanical equivalent of heat, 778 foot-pounds per 
Btu 

k	 Boltzmann constant, 5.66X 10 24 foot-pounds per 
°F per molecule 

K	 Knudsen number (ratio of mean-free-molecular path 
to cylinder radius), dimensionless 

lx 

ly 	 direction cosines, dimensionless 
12 

L	 length, feet 
M	 mass of one molecule, slugs 
M	 Mach number, dimensionless 
n	 number of molecules striking body, molecules per 

square foot, second 
N	 number of molecules per unit volume of gas

P	 free-stream static pressure, pounds per square foot 
r	 cylinder radius, feet 
R	 universal gas constant, 1544 foot-pounds per pound-

mole, °F absolute 
s	 molecular-speed ratio (ratio of stream mass velocity 

to most probable molecular speed), dimensionless 
T	 free-stream static temperature, °F absolute 
TO	 tunnel stagnation temperature, °F absolute 
Tr	 cylinder temperature, °F absolute 

surface temperature, °F absolute 
test-section wall temperature, °F absolute 

U	 mass velocity, feet per second 
Ux 
U	 components of mass velocity, feet per second 
U2 

Vr	 re-emission velocity, feet per second 
Vm	 most probable molecular speed, feet per second 
W	 molecular weight, pounds per pound-mole 

y	 Cartesian coordinates 
2

dimensionless function of s defined by Zj=ire2/2 
1 (82/2) 

Z2 	 dimensionless function of s defined by 
= irs2 e — 32/2 [10(82 /2) +11(82 /2)] 

a	 accommodation coefficient, dimensionless 
reciprocal of most probable molecular speed, sec-

onds per foot 
F	 gamma function 

ratio of specific heats, dimensionless 
emissivity, dimensionless 

o	 angle of body element with respect to free stream, 
radians 

P	 density of free stream, slugs per cubic foot 
o	 Stefan-Boltzmann constant, 3.74X 10 0 foot-pounds 

per square foot, °F4 

dimensionless group defined by 

1+	 s sin 8 [1 + erf (s sin 8)] e2 sin2 

1 + / 7r s sin 8 [1+erf(s sin 8)] e82s1n20 

dimensionless group defined by 

3/ir 22 1--------- s sin 8[1—erf (s sin 8)]e8 Sin 8 

=1+ -
	 s sin 0 [1— erf (s sin 0)] e82 sin2 e 

X	 dimensionless group defined by 

X=e-82Sin2o 
+, i7r s sin 0 [1+erf (s sin 0)] 

x '	 dimensionless group defined by 

s sin 8 [1—en (s sin 0)] 

erf(a)	 error function (-_= 
f( 

e_12cix) dimensionless
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ANALYSIS 

The general problem of the calculation of aerodynamic 
forces and heat transfer to a body in a free-molecule-flow 
field is amenable to solution by application of the simpler 
concepts of the kinetic theory of gases. The simplification 
arises from the assumption that the motions of molecules 
that strike the body are in no way affected by collisions with 
molecules that have struck the body and have returned to 
the main stream of gas. This basic postulate allows the 
molecular motions of the oncoming stream to be treated as 
having the classical Maxwellian velocity distribution super-
imposed on a uniform mass velocity. Hence, the severe 
complication of dealing with a nonuniform-gas is avoided. 
Of course, this assumption does not imply that returning 
molecules do not collide with oncoming molecules since 
collisions do occur, on the average, at a distance from the 
body equal to one mean free path. However, if this mean 
free-path length is large compared with the body dimensions, 
it can be seen from geometrical considerations that the 
probability is small that the impinging molecules that do 
collide with returning molecules will strike the body without 
first having had their original Maxwellian velocity restored 
by collisions with other impinging molecules. It would 
seem probable, also, that a high value of mass velocity com-
pared with the random thermal velocity of the gas would 
favor free-molecule flow because the re-emitted molecules 
would tend to be swept along with the stream away from the 
zone of influence of the body. 

In general, the mechanism of energy and momentum 
transfer for free-molecule flow are inseparable. In effect, 
this means that the drag on a body is affected by the surface 
temperature of the body. This state of affairs arises because 
of the fact that a portion of the momentum imparted to the 
body is due to the emission of molecules from the surface 
and the velocity of emission depends upon the temperature 
of the body. This phenomenon will be discussed in detail 
later. 

Because of the assumption that the motions of the oncom-
ing and re-emitted molecules can be treated independently, 
the computation of the drag on and heat transfer to a 
cylinder can be broken down into separate parts—the part 
due to impact by impinging molecules and a part due to 
re-emission of the molecules from the surface. By the use 
of this basic principle, it is possible to calculate the drag 
and heat-transfer characteristics of a transverse cylinder 
in a free-molecule-flow field. 

HEAT TRANSFER TO A TRANSVERSE CYLINDER IN A FREE-MOLECULE-



FLOW FIELD 

The calculation of the heat-transfer or energy-exchange 
process between the cylinder and the gas is made by using 
the basic method described in reference 4. The general equa-
tions of reference 4 are expressed in Cartesian coordinate 
form and can be summarized as follows: 

The translational molecular energy incident upon the 
front side of an elemental plane area dA inclined at an angle 
0 with respect to the stream mass velocity U is, for a 
monatomic gas, 

213037-53------45

dE=n(_+kT)dA	 (1) 

where n, the number of molecules striking unit surface area 
per second, is given by

NVm (2) 

For the rear side of the elemental area, similar expressions 
apply.

dEt'=n'(-+VkT)dA	 (3) 

/ NVm (4) Ir 

The total molecular energy incident upon the front and 
rear sides of dA is, for a monatomic gas, given by equations 
(1) and (3), respectively, since only translational energies 
are involved. However, for a diatomic gas, the expression 
for the incident energy contains an additional term due to 
the rotational component of the molecular internal energy, 
and this component must be added to the translational coin-
ponent. The rotational energy per molecule of a gas com-
posed of rigid dumbbell molecules is 

	

ER =kT	 (5) 

Then, the total incident molecular energy on the front 
side of dA is, for a diatomic gas, given by the following 
expression:	

2 

	

dEi=dE,+nERdA=n 
?n	

(6) 

and, for the rear side of dA,

	

dEj'=dE/+n'ERdA=n'+('+1)kT] d 	 (7) 

The method of calculation of the energy transported from 
the elemental area by re-emitted molecules is shown in ap-
pendix A. The result derived therein can be applied to the 
calculation of the energy transport by a monatomic gas from 
the front side of the area by combining equations (Al) and 
(Al2) to yield

dE,=dE1(1—a)+2artkTdA	 (8) 

and, for the energy transport by a diatomic gas, as 

	

dE=(dE1+nkTdA)(1 —a)+ 3ankTdA	 (9) 

Parallel equations can be written for the rear side of the 
area, dA. 

The net radiant energy exchange is (assuming gray-body 
radiation)

(10) 

Where T, is the effective temperature of the surroundings to 
which the area dA is radiating. This expression implies 
that the body of which dA is a part is small in comparison 
with the surrounding volume. 

The problem now becomes one of applying the foregoing 
equations, which were derived for a plane area placed at an
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arbitrary angle with respect to the stream, to a specific 
body----in this case a cylinder with axis perpendicular to the 
stream velocity. For a cylinder of length L, the elemental 
area may be written as

dA=rLdO
	

(11)

Then, if internal energy input to the cylinder per unit area 
is denoted as Q (in the usual experimental arrangement this 
would be electrical energy), an equation can be written 
which expresses an energy balance on the cylinder. For a 
monatomic gas, the energy-balance equation is 

-	 r
f

ow/2 
( J2 )

	 f,12 / f',r/2	 fr/2 
2crL 

L
dO+ 	 n' ( Z2 + 1"k T) dO]_4aiLkTc ( J ndo+	 n'dO)+2irrL [Q_€u (T 4 — T14)]=O 

\.O	 0 

For a diatomic gas, a similar equation applies
	 (12) 

U0, 
/2	 (',r/2	 \Thr/2 r9nU2( " r/2 rmU2

L+(+1)1cT1b0+J0 n'[—+("±1)kT]do}—Gai'Lk T-fldO+ J n' dO )+ 2 zri' L[Q_(Tc4_ T14)]=o 
2crrLcJ	

91
	 .0	 / 

The reduction of the integrals appearing in equations (12) 
and (13) is a straightforward but lengthy procedure. The 
methods used to evaluate these integrals are given in ap-
pendix B. The final results are written here, for a monatomic 
gas, as

2 (Zi +Z2)_[Zi (8 2+2)+Z2 (S2+)]+ 

2x3'2 

I (Tc4_ Tt4)_Q]o	 (14) 
PVmcX  

and, for a diatomic gas, as 

3(Z1+ Z2)_[Zi(s2+3)+Z2(s2+-)]+

(15) 
pvmaL 

In order to facilitate computation, values of the dimensionless 
groups,

•f(s)= Zi(s 2 + 3)+ Z2(s2+) 

g (s)= 3(Z1 + Z2), 

f°(s)= Z1 (s2+ 2)+ Z2(s2+) 

and
g0(s)=2(Z1-+-Z2), 

appearing in equations (14) and (15), are tabulated in the 
table of appendi B. 

Equations (14) and (15) then completely describe energy 
transfer occurring between a transverse cylinder and its 
surroundings in terms of the cylinder temperature, static gas 
temperature and pressure, molecular-speed ratio, accom-
modation coefficient, the effective temperature of the sur-
roundings to which the cylinder is emitting radiation, the 
emissivity of the cylinder surface, and the internal energy 
input to the cylinder. The equations are subject to the 
following restrictions: 

1. The surface temperature of the cylinder is assumed to 
be constant, circumferentially. 

2. The cylinder receives and emits radiant energy as a 
gray body; that is, the emissivity is independent of wave 
length. Also, the cylinder is assumed to be small compared 
to the surrounding volume. 

3. The internal energy of the gas stream in which the 
cylinder is located has the value (3/2) kT for a monatomic 
gas and (5/2) kT for a diatomic gas.

(13) 
DRAG ON A TRANSVERSE CYLINDLER IN A FREE-MOLECULE-FLOW FIELD 

The general problem of aerodynamic forces acting on 
bodies in free-molecule flow has been treated by several 
authors (references 1, 2, and 3). The basic method of 
calculation was identical in each case. The method con-
sists of the assumption of a gas with a Maxwellian velocity 
distribution superimposed upon an arbitrary mass velocity. 
The number of molecules having specified velocities that 
impinge upon an elemental area inclined at an arbitrary 
angle to the stream mass velocity is computed and, from 
this calculation, the force due to the transmitted momentum 
is obtained. To t1is momentum due to molecular impinge-
ment, however, must be added the momentum imparted to 
the surface by molecules emitted from the surface. The 
magnitude and direction of the force imparted by emitted 
molecules depends, among other things, on the type of 
emission that is assumed to occur. A condensed discussion 
of the several possible types of surface emission can be found 
in reference 4. An extensive treatment of the subject is 
given in reference 7. 

In order to determine the total aerodynamic force on a 
body of arbitrary shape, the differential momentum imparted 
to an element of the body surface is computed, as outlined 
in the preceding paragraph, and the total momentum 
obtained by integration over the body surface. Also, since 
the impinging and re-emitted momenta can be added 
linearly, the resulting total momentum can be calculated 
for any desired type of re-emission. 

In this paper, completely diffuse scattering of the incident 
molecular stream from an insulated surface is assumed. 
By this assumption it is meant that (a) the molecules that 
are scattered from the surface are emitted with a Maxwellian 
distribution of speed, (b) the direction of molecular emission 
from the surface is controlled by the Knudsen cosine law 
(cf., references 7 and 8), (c) the body temperature is assumed 
to be uniform over the surface, and further (d) that con-
servation of number of molecules is maintained for each 
element of the body surface. These assumptions seem to 
be in accord with physical fact, as discussed in reference 6. 

The specific problem of the aerodynamic drag on a trans-
verse cylinder has been treated in references 1 and 3. The 
reason for repetition of the calculation here is that the 
results have been obtained in a compact closed form which 
is amenable to easy calculation and, further, that a solution 
for the re-emission drag is obtained which involves measur-
able physical quantities. Appendices A and C contain the
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details of the calculations and only the final results are 
presented here. The results of the computations are as 
follows: The total drag acting on an insulated transverse 
circular cylinder of radius r and length L is given by 

	

(2rL)(C D . + CD , )	 (16) 

where CD  and CD, are the drag coefficients associated with 
impinging and re-emitted momenta. The value of CD  is 
shown in appendix C to have the value 

CD	
1+ 2 s 2\ .1/2e—s2/2 { I 

0(s 2/2 ) + ( 2 ) [1,(0/2) + 1.(0/2)]Ij } 
, =

(17) 

and the value of CD, for an insulated cylinder is shown in 
appendix A to be, for a monatomic gas, 

3/2 -'I 
Z1(8 2 +2)+Z2 (s2+) 

2(Z1+Z2)	
(18)

 

and, for a diatomic gas, 

CD=-- 	

(s2+)
(19) 

3(Z1+Z2) 

APPARATUS AND TEST METHODS 

THE WIND TUNNEL 

The Ames low-density wind tunnel, in which the present 
tests were conducted, is an open-jet nonreturn-type tunnel. 
A sketch showing the major components of the wind tunnel 
is shown in figure 1. The test gas, from a bottled source, is 
throttled into a settling chamber and then passes through an 
axially symmetric nozzle which discharges a free jet into an 
18-inch cubical test chamber. The test chamber is connected 
through a surge chamber to four booster-type oil-diffusion 
pumps which continuously evacuate the system. The 
diffusion pumps are connected in parallel and are backed by a 
mechanical vacuum pump which discharges to the atmos-
phere. Valves are provided at the inlet to each diffusion 
pump in order to allow the pumping system to be isolated 
when the test chamber is opened to the atmosphere. 

A traversing mechanism is installed in the test chamber 
which permits three degrees of motion relative to the gas 
stream. The mechanism is used to position models and 
instrumentation in the desired location within the gas stream. 

The nozzles used in the tests were axially symmetric with 
an outlet diameter of 2 inches and were machined from clear 
plastic. The nozzle contours were determined by the method 
outlined in reference 9. No boundary-layer correction was 
applied to the nozzle contours. 

After the system was evacuated, the flow rate of the test 
gas into the settling chamber was adjusted until the stagna-
tion pressure, as measured by a McLeod gage, reached the 
desired value. 

The static pressure in the test chamber was read on another 
McLeod gage and, if the resulting pressure ratio was that

required to establish flow at the particular Mach number 
desired for the run, the tunnel was considered ready for 
tests. In order to match tunnel conditions of static pressure 
and pressure ratio with those that existed at an earlier time, 
it was sometimes necessary to alter the amount of throttling 
at the pump inlets due to a slight variation of pumping speed 
from day to day. 

The pressure level in the tunnel was varied by increasing 
or decreasing the flow of the test gas into the system. The 
static and stagnation pressures were again checked to de-
termine if sufficient pressure ratio was available to establish 
flow at the desired Mach number. This procedure was some-
what complicated by the fact that at the lower pressure levels 
the boundary layer in the nozzle would tend to thicken, thus 
causing a decrease in the Mach number compared with that 
obtained at the higher pressure levels. 

The wind tunnelcould be operated through a range of test-
section pressures of from 20 to 135 microns of mercury for a 
given nozzle and over a range of Mach numbers from 0.5 to 
2.75 by using several nozzles. 

INSTRUMENTATION AND THE TEST MODEL 

The static pressures which existed in the wind tunnel were, 
in general, too low to be measured with a conventional 
manometer or Bourdon-type pressure gage; therefore, two 
types of gages widely used in high-vacuum work were 
utilized, namely, the McLeod and Pirani gages. For a 
complete description of these gages the reader is referred to 
any standard text on high-vacuum technique (e. g., reference 
10); however, some of the special features of the gages used 
will be described. 

The McLeod gage used as a primary standard in these 
tests had an initial volume of 146 milliliters connected to a 
closed tube of 1.95-millimeter diameter. This arrangement 
gave a scale length of 51.4 centimeters for a pressure range 
of 0 to 3000 microns. (For the sake of brevity, the term 
micron is used throughout as a unit of pressure rather than 
the term microns of mercury.) The diameter of the closed 
tube was measured by the mercury pellet method to within 
±0.01 millimeter and the difference in height of the mercury 
colunmns could he read to the nearest 0.1 millimeter by use 
of a micrometer scale. At a pressure of 100 microns, this 
gage could be read to within 1 percent with ease. 

The gage was connected to the test chamber with an 
18-millimeter-diameter glass tube to insure a short time lag 
between equalization of the system and the gage pressures. 
A dry-ice and acetone cold trap was provided between the 
gage and the test chamber to prevent condensable vapors 
from reaching the gage. 

In general, it is difficult to obtain a completely independent 
method of checking the accuracy of pressure measurements 
made with a McLeod gage for pressures below about 1 
millimeter of mercury. Above 1 millimeter of mercury a 
U-tube manometer, filled with a very low-vapor-pressure 
oil and having a high-vacuum system (of the order of 10 mm 
of Hg) connected to one leg, may be used. The McLeod 
gage used in the tests was checked in this manner and the 
agreement between the oil manometer and the McLeod gage 
was within ±3 percent.



atmosphere 

v/n pump 

740	 REPORT 1032— NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS

FIGURE 1.—Ames low-density wind tunnel. 

An indication of the accuracy of the \IcLeod gage used in 
the tests in the pressure range below 200 microns was obtained 
by comparing the pressures indicated b y the test McLeod gage 
with those obtained with a laboratory-type McLeod gage 
having a range of 0 to 200 microns, which has been calibrated 
against a laboratory standard McLeod gage at the manufac-
turer's plant. The agreement between the test gage and 
the laboratory-type gage was within ±3 percent at a pressure 
of 100 microns. 

The Pirani gage used Hi the tests consisted of an open 
glass tube, which contained a heated filament. The gas 
pressure in the tube determined the temperature and thus 
the resistance of the filament. A temperature-compensating 
tube of identical construction was scaled off at a very low 
pressure. The measuring and compensating tube filaments 
formed two legs of a Wheatstone bridge; and the unbalance 
of the Wheatstone bridge circuit, as indicated by a self-
balancing potentiometer, was a measure of the pressure in 
the open leg of the gage. The Pirani gage was calibrated 
against the 0- to 3000-micron-range 'McLeod gage as a 
standard. 

A drift of the calibration of the Pirani gage with time was 
noted and for this reason the Pirani gage was calibrated

before and after every test run. A typical calibration 
curve is shown in figure 2. 

Examination of figure 2 reveals that the sensitivity of the 
Pirani gage used was nearl y constant from a pressure of 10 
microns to a pressure of 80 microns. Above about 200 
microns this Pirani gage becomes too insensitive to be 
usable as a pressure-measuring instrument. 

0	 40 80 130 160 200 240 280 330 360
Potentiometer reading (Arbitrary unit) 

FIGURE 2.—Typical calibration of Pirani gage in nitrogen gas. 
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FIGURE 3.—Impact-pressure-measuring system. 

Whenever a pressure-measuring device is connected to 
a vacuum system by a tube or small orifice, two troublesome 
effects are present—time lag and gassing. The time lag of 
the pressure gage is due to the fact that, as the pressure in the 
main part of the system is changed, a volume of gas must 
flow out of or into the pressure gage and its connecting 
tubing. At the low pressures encountered during the tests, 
this time lag may be of the order of hours if the gage volume 
and connecting tubing are not properly proportioned. 
Gassing, that is, gas being given up or adsorbed by the sur-
face of the pressure gage and its connecting tubing, has the 
effect of causing the pressure gage to indicate a different 
pressure than that which exists in the main part of the 
system. Outgassing effects can be reduced materially by 
proper cleaning of the surface and by heating the surface 
under a vacuum to drive off water vapor and other materials 
which cling to ordinary surfaces. 

Schaaf, \Iann, and Cyr (references 11 and 12) have 
investigated this problem in considerable detail, and show 
that, if the assumption is made that gassing is a function of 
surface area only, there exists an optimum geometry of gage 
volume and connecting tubing which will result in minimum 
time lags. References 11 and 12 were used as guides in the 
design of the impact and static-pressure-measuring devices 
which were used in the tunnel calibration tests, and, in 
addition, the time lag of these pressure-measuring systems 
was measured. 

The impact pressures encountered during the wind-tunnel-
calibration tests were too higli to be measured with a Pirani 
gage and, because of the difficulty of obtaining a suitable 
flexible tube which would have a small time lag, the McLeod 
gage could not be used. These impact pressures, therefore, 
were measured with a glass U-tube manometer filled with a 
low-vapor-pressure oil. The manometer was located inside

the test chamber with one leg of the manometer open and the 
other end fastened with a glass connection to a -inch-
diameter spherical-head impact tube. Figure 3 shows a 
diagrammatic sketch of this arrangement. The difference 
in oil level between the two legs, as read by a coordinate-type 
cathetometer located outside the tunnel, was the difference 
between the test-chamber static pressure and the impact 
pressure. The test-chamber static pressure was measured 
by the 0- to 3000-micron McLeod gage described earlier. 

The time lag of the system shown in figure 3 was measured 
by setting the pressure in the test chamber at approximately 
3 millimeters of mercury and then evacuating the chamber to 
approximately 10 microns as quickly as possible. The time 
required for the oil level in the two legs to equalize was 
approximately 15 seconds. This indicates a very short time 
lag for the practical case as the rate of pressure change 
encountere(l in the wind-tunnel calibration was small com-
pared to that measured (luring the time-lag test.. The 
procedure used in the wind-tunnel-calibration tests was to 
continue to take readings of the oil level until steady state 
was established. 

The static pressure of the gas stream from the nozzle was 
measured with a 0.10-inch-diameter ogival probe con-
nected directly to a Pirani gage as shown in figure 4. 
Three 0.0225-inch-diameter holes spaced 120° apart were 
located at a point on the ogive where the pressure is equal 
to free-stream pressure as calculated by the method given 
in reference 13. The position along the probe where the 
surface pressure is equal to free-stream pressure varies 
somewhat with \1achi number; however, this variation is 

FrOf" 	 I77echotl/5m 

4 mm. bore s/cpcock
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Nozzle
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FIGURE 4.—Static-pressure-measuring System.
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not large and static pressures measured by this probe agreed 
with pressures measured with a 4° cone. 

No boundary-layer correction was applied to the ogive, 
or cone contour; consequently, it is possible that some error 
in the measurement of static pressure existed. Figure 5 
shows the main dimensions of the static-pressure probe used. 

In order that the Pirani gage shown in figure 4 could be 
calibrated against the McLeod gage, which was connected 
to the test chamber, a 4-millimeter-bore stopcock was glass-
welded to the Pirani gage to allow calibration with a rel-
atively large opening and attendant short time lag. As the 
stream static pressures were measured with the stopcock 
closed, the following tests were conducted to measure the 
order of magnitude of the time lag of the system. The 
test chamber was pressurized to 165 microns and suddenly 
evacuated to approximately 5 microns. The rate of pressure 
change as measured by the Pirani gage with the stopcock 
open and with the stopcock closed is shown in figure 6. The 
procedure was repeated with a rising pressure and the results 
are also shown in figure 6. 

It can be seen from figure 6 that the two curves, repre-
senting the runs with the stopcock open and closed, are 
essentially congruent after 70 seconds for decreasing pressure 
and after 50 seconds for the increasing pressure runs. With 
the stopcock open, the time lag of the Pirani gage should be 
very small (references 11 and 12) and the curve of pressure 
as a function of time includes the time required for the 
pumping equipment to evacuate the test chamber, the time 
lag in the self-balancing potentiometer, and the thermal 
lag in the Pirani filaments. The curve of pressure as a 
function of time for the stopcock closed includes all these 
factors plus the additional time lag imposed by the small 
holes in the static probe. The pressure variation during the 
time-lag tests was much more severe than any encountered 
during the static survey tests; therefore it can be concluded 
that, by waiting for at least 2 minutes before recording data, 
all errors due to time lag would be eliminated. 

The test model.—The model tested was a 0.0031-inch-
diameter right-circular cylinder fabricated from iron and 
constantan wires and had an exposed length of 1% inch. 

NOTE.—A11 dimensions given in inches. 
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FIGURE 5.—Static-pressure probe used in the tests.
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FIGURE 6.—Time response of the static-pressure-measuring system. 

The iron and constantan wires were electrically butt-welded 
together to form a thermocouple junction. Figure 7 shows a 
microphotograph of the model. It can be seen that the 
welding operation did not appreciably alter the shape of 
the model. The butt-welded junction was located in the 
center of the model and a 0.0031-inch iron wire was silver 
soldered to the constantan side of the model at a distance of 
% 6 inch from the center junction. A 0.0031-inch-diameter 
constantan wire was similarly fastened to the iron side of 
the model. These two auxiliary thermocouple junctions 
were used to measure the temperature at the ends of the 
model. 

The entire model was covered with fine-grain soot ob-
tained from an acetylene flame in order that the emissivity 
would be constant over the total model length and so that 
an established value of emissivity of 0.95 could be used to 
evaluate the heat loss by radiation. 

Thermocouple voltages from the center and end thermo-
couples were read on a null-type laboratory potentiometer 
having a least count of 0.01 millivolt. 

The drag balance.—A specially constructed microbalance 
shown in figures 8 (a) and 8 (b) was used to measure the 
drag of the model tested. The balance consisted of a beam 
mounted upon an agate knife-edge which rested in a steel 
V-block, as shown diagrammatically in figure 9. The model 
was mounted between two arms extending down from either 
side of the beam. Electrical leads were transferred from 
the moving beam to the balance frame through mercury 
pools. 

A drag force on the model caused an unbalance of the 
beam which was counteracted by a magnetic-restoring force 
produced by an armature located in a magnetic field pro-
duced by an alternating-current coil. An optical lever 
approximately 2 feet long was used to determine the zero 
position of the balance. 
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The magnitude of the drag force in terms of magnetizing 
current was determaed by hanging known weights on a 
lever arm attached to the balance beam and measuring the 
current necessary to restore the balance to zero position. 
Figure 10 shows a typical calibration of the drag balance. 

The model was mounted between the extension arms of 
the drag balance and was shielded over all but the center 
10 32 inch, as shown in figures 8 (a) and 8 (b). A check was 
made on the effectiveness of the shielding on the supporting 
members. A small shield was mounted to the center main 
shield (extension arms) covering the center portion of the 
model (normally exposed). The completely shielded model 
was then placed in the gas stream. -No drag forces were 
detected. 

It was found that the balance exhibited an erratic calibra-
tion shift from day to day, which necessitated calibration of 
the balance before and after each drag determination. 

CALIBRATION OF THE WIND TUNNEL 

The purpose of the calibration of the wind tunnel was to 
determine the \Iach number and static-pressure distribu-

7	 H	 I	 ii'1	 tions of the stream in the plane at which the model was 
,IIottII1tII!.	 Ln1ttid (;() tIIfflo.

(b) Rear view. 

FIGURE 8.—Photograph of drag balance showing force shields.
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FIGURE 9.-Diagrammatic sketch of drag balance. 

located- inch downstream of the exit plane of the various 
nozzles used. 

The method used was to survey the stream with the impact-
and static-pressure probes described earlier. These impact-
and static-pressure probes, together with their pressure-
measuring gages, were mounted 2 inches apart upon a 
common support from the traversing mechanism and read-
ings were taken at -inch intervals from the center to the 
edge of the stream. This method of mounting allowed both 
the impact and static pressures to be measured during the 
course of one run, thus obviating the necessity of matching 
tunnel conditions on separate runs. 

Table I lists the nozzles tested, their design 'Mach number, 
and the tunnel conditions for which the surveys were made. 

The static pressure varied across the stream issuing from 
each of the nozzles tested. For most of the nozzles, the 
pressure was somewhat higher near the center portion of 
the stream than was the pressure of the quiescent gas in 
the test chamber. Certain of these nozzles, however, (lid

TABLE 1.-WIND-TUNNEL-CALIBRATION DATA 

D esign Test chani .	 Stagna- Test I Nozzle Mach Test her static	 tion pres- Mach number number gas pressure (mi .	 sure number crons Hg)	 (mmHg) 

1 4.5 Ns 71.0 2.7 2.49 
No 121.0 5.0 2.78 
He 18.7 .70 .55 
He 51.5 2.2 2.08 
He 90.0 3.8 2.37 

2 3.6 No 70.0 1.2 2.07 
Ni 117.0 2.2 2.25 
He 51.7 .95 1.57 
He 89.2 1.7 1.75 

3 3.0 Ni 71.0 0.90 1.85 
He 31.0 .35 .73 
He 45.0 .55 1.00 

4 3.11 lie 20.0 0.19 .89 
Ile 54.7 .55 1.67 
He 79.5 .70 1.68 
Ile 103.0 .90 1.73 
Ile 119.0 1.05 1.79 
He 137.0 1.20 1.83 

5 2. 64 He 20.0 0.17 . 78 
Ile 41.6 .30 t.Z3 
Ile 61.6 .40 1.36 
He 77.8 .45 1.44

I Average Mach number over center half inch of stream. 
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FIGURE 10.—Typical calibration curve for drag balance. 

not show this general trend. In these nozzles the pressure 
first decreased, then increased, as the probe was moved from 
the nozzle wall to the center of the stream. Figures 11 and 
12 show this effect. In general, the static-pressure variation 
across the stream was not large. The average change over 
the center 3 inch of the stream amounted to 2 percent, 
while the maximum deviation was only 5 percent. 

The impact-pressure surveys of all the nozzles had one 
common characteristic; that is, the impact pressure increased 
from a minimum value at the edge of the nozzle wall to a 
maximum value near the center of the stream. The area of 
the stream which had a constant, or nearly constant, impact 
pressure varied somewhat from nozzle to nozzle, and also 
to some extent with pressure level. The average variation 
of impact pressure over the center 3 inch of the stream for 
all nozzles tested was 7 percent with a maximum variation 

0 
L (I 
E 

'5

in some cases of 14 percent. Figures 11 and 12 show the 
variation of impact pressure across the stream for one 
nozzle using two gases, nitrogen and helium. 

The Mach number of a gas stream can be computed from 
measured values of the stagnation and static pressure of the 
stream, provided that the flow is isentropic between the 
points of pressure measurement. However, if the static 
and impact pressures are measured at the same point in the 
stream, no assumption regarding the nature of the flow need 
be made in order to compute the local stream Mach number. 
For an inviscid flow, the Mach number can be calculated 
from Rayleigh's equation, the use of which involves the 
assumption of a normal shock wave ahead of the impact-
pressure tube and isentropic compression of the gas in the 
subsonic flow behind the shock wave to the stagnation point 
on the impact-pressure tube. In a low-density flow, how-
ever, viscous effects are present in the flow about a stagna-
tion region, thus invalidating the assumption of isentropic 
compression behind the normal shock wave. Chambré 
(reference 14) computed the viscous correction to be applied 
to spherical-head impact tubes in a low-density flow, and 
figure 13 shows the Mach number distribution of nozzle 1 
as computed by the Rayleigh equation (inviscid) and as 
computed by Chambré's equation. The Mach numbers cal-
culated from the stagnation and local static pressures were, 

0 
1) 
E 

(5 

Q

0	 .2	 .4	 .0	 .8	 1.0 

Distance from center of stream. inches 

El.

FIGURE 11.—Variation of impact and static pressure with nozzle radius for nozzle number 1 	 FIGURE 12.—Variation of impact and static pressure with nozzle radius for nozzle number 1 
using nitrogen gas.	 I	 using helium gas. 
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EEEEEE - Inviscid theory 

\\.  
'C	

-Viscous theory 
 —	 - 
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FIGURE 13.—Comparison of Mach number distribution in nozzle number 1 as calculated
with and without viscous correction, test gas, nitrogen. 

in all cases, higher than those computed using local values 
of impact and static pressure, thus indicating that the flow 
through the nozzle was nonisentropic due to viscous effects. 
Chambré's equation was used to compute Mach number 
from measured static and impact pressures for the tests 
described herein. 

The variation of impact and static pressure across the 
stream resulted in a stream in which the Mach number was 
not constant. Figures 13 and 14 show this effect and are 
generally representative of all nozzles tested. If only the 
center inch of the nozzles is considered, the average 
variation in _Mach flUlnber amounted to 5 percent; however, 
at certain pressure levels in some of the nozzles the variation 
was as much as 14 percent. 

In order to determine if shock waves were present in the 
center inch of the gas stream, the nitrogen-glow-discharge 
technique of flow visualization was used to examine the 
flow qualitatively. This technique was originally described 
in reference 15. The method used to generate the glow 
discharge was to pass the test gas through a screen which 
was connected to a pulsed direct-current power supply. 
The screen was located at the entrance plane to the nozzle 
and was pulsed to a negative peak potential of 1000 volts. 
The pulsation frequency was 1000 cycles per second. 

Figure 15 shows the gas stream from nozzle 1 at a static 
pressure of 114 microns. A 5° half-angle wedge was placed 
in the stream to generate a relatively weak shock wave 
which could be used as a yardstick to evaluate the strength 
of the nozzle shocks, if present. No shock waves were

,CD 

-0 

-c

Static pressure 50 microns 

0	 .2	 .4	 .6	 .8	 1.0
Distance from center of stream, inches 

FIGURE 14.—Comparison of Mach nuniherdistrihution in nozzlenu,nber 1 as calculated with
and without viscous correction, test gas, helium. 

observed in the gas stream at at this pressure level if the wedge 
was removed. As the static-pressure level was lowered, the 
shock wave from the wedge became too indistinct to be 
photographed. Observation of the nitrogen glow did not 
indicate the presence of strong shock waves in the nozzles. 

DRAG AND HEAT TRANSFER TESTS 

The test procedure used in the drag and heat-transfer 
experiments was to calibrate the drag balance with the 
tunnel shut down and then to set tunnel conditions corre-
sponding to those obtained during tunnel-calibration tests by 
matching the stagnation and test chamber static pressures. 
As extremel y close control over tunnel conditions was diffi-
cult to attain, the pressure level during certain test runs 

frwi	 ti,-t1 wg	 1,r,  Lu U ill li(TUfl ai Sn, WI 
nitrogen glow discharge. 

t. 
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varied approximately 5 percent from those obtained during 
the tunnel-calibration tests. Examination of the results of 
the tunnel-calibration tests showed that Mach number varia-
tion is small for small changes in the pressure level; therefore; 
the Mach number obtained during nozzle-calibration tests 
was applied to the heat-transfer and drag tests without 
correction. The Mach number used in plotting the data 
(which was converted numerically to molecular-speed ratio 
by means of the relation s=M N/-y/2) was the average value 
obtained from a graphical integration of the Mach number 
distribution across the center '342 inch of the stream. 

After stable operating conditions had been attained, the 
drag force, model temperatures, and other pertinent data 
were recorded. Table II lists the recorded data. It will 
be noted that, in the column listing the recorded-drag force, 
two values occur on some of the runs. The different values 
were due to separate drag measurements during the course 
of one run or resulted from small shifts in the calibration of 
the drag balance as determined before and after each run. 
In the figures which are later presented, showing drag coeffi-
cients, the points correspond to those calculated using the 
average of the two values listed in table II. 

To determine if the model surface conditions were changing 
with time, the model drag and temperature were measured 
at 34-hour intervals over a period of 6 hours for one particular 
test condition. Figures 16 and 17 show the results of these 
tests and it can be seen that the drag coefficient and tempera-
ture ratio remained essentially constant, thus indicating that 
the accommodation coefficient and tunnel conditions were 
constant over this period of time. 

The reproducibility of the data was checked by repeating 
the above-described run on separate days. The reproduc-
ibility was found to be within the accuracy of the drag and 
temperature measurements described above. 

RESULTS AND DISCUSSION 
A DISCUSSION OF THE ASSUMPTIONS AND RESULTS OF THE THEORETICAL

ANALYSIS 

An examination of the heat-transfer equations (14) and 
(15) for a monatomic and a diatomic gas, respectively, reveals 
several interesting features. If an adiabatic case is consid-
ered, that is, if both internal-energy input to the cylinder 
and radiant-energy exchange are considered absent, it can 
be seen that the ratio of cylinder temperature to free-stream 
static temperature is a unique function of the molecular-

Static pressure-70 microns 
/ecu/ar speed ratio -208

Test gas-N5

D-D "fo l I 

0	 /	 2	 3	 4	 5	 6
Times hours

Static pressure-70 microns 
Molecular speed ratio-208-
Test gas-N2 i 

0	 /	 .j	 4 
Time, hours 

FIGURE 17.—Variation of the ratio of model to free-stream temperature, T./T with time. 

speed ratio. The values of the temperature ratio computed 
from equations (14) and (15) are shown in figure 18. For 
comparison, curves of the temperature ratio for continuum 
How are also shown. These latter curves were computed for 
the case where the total stream energy is recovered—in 
other words, the temperature recovery factor was considered 
to be unity. Several remarkable conclusions can be drawn 
from an examination of this figure. It can be seen that an 
insulated cylinder in a free-molecule-flow field will attain a 
higher temperature at a given value of molecular-speed ratio 
(or Mach number) than will be obtained in a continuum 
flow field. Since the continuum curves also represent the 
temperature ratio of a gas that has been accelerated adia-
batically from rest to any value of molecular speed ratio, it 
may be inferred that an insulated cylinder located in a low-
density wind tunnel under free-molecule-flow conditions will 
attain a temperature which exceeds the total temperature of 
the gas stream. This result, of course, is in direct contrast 
to the corresponding phenomenon which occurs under con-

Free-molecule flow 
Continuum flow 

1.0	 I	 I

Mona torn/c 

I — — 
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FIGURE 18.—Variation of the ratio of cylinder temperature to free-stream static temperature 
FIGURE 16.—Variation of measured drag coefficient with time,	 I	 with molecular speed ratio for an adiabatic cylinder in free-molecule flow.
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tinuum-flow conditions where an insulated body can have, 
at most, a temperature equal to the stream stagnation temper-
ature and normally does not even attain this temperature due 
to outward heat flow in the boundary layer. The anomaly 
can be explained, however, by a consideration, in the case 
of free-molecule flow, of the magnitudes of the incident and 
re-emitted molecular energy. The incident molecular energy 
is computed using the total velocity resulting from combina-
tion of the stream mass velocity and the random thermal 
velocities. When the total velocity term is squared there 
results a term, which is twice the scalar product of the vector 
mass velocity and the vector thermal velocity. This scalar 
product term effectively increases the apparent internal 
energy of the gas from the continuum value of 3/2 k T per 
molecule to a value varying from 2 kT to 5/2 kT depending 
upon the speed and orientation of the body. The apparent 
internal energy becomes 5/2 kT for high speeds and body 
angles of attack greater than zero. This is just equal to the 
internal plus potential energy per molecule of a cube f 
continuum gas. Therefore, the energy incident on the body 
in free-molecule flow becomes equal to that of a continuum 
for large values of the molecular speed ratio for surfaces 
inclined at angles of attack greater than zero. The molec-
ular energy which is re-emitted from the surface is assumed 
to be equal to the energy of a stream issuing effusively from 
a Maxwellian gas, in equilibrium at some yet unspecified 
temperature, into a perfect vacuum. For the case of an 
insulated body, the temperature of this gas is that of the 
body. The energy of the re-emitted stream calculated in 
this manner is equal to 2 kT per molecule. The correspond-
ing energy for a continuum gas at the same temperature is 
5/2 U. per molecule if both thermal and potential energies 
are considered. For a given re-emitted stream temperature, 
• smaller amount of energy per molecule is transported from 
• body for the case of free-molecule flow than is transported 
in the case of continuum flow. It is clear that, if the same 
total amount of energy, namely the incident energy, is to be 
removed in each case, the effusive stream temperature and, 
hence, the body temperature for an insulated, body must be 
higher for free-molecule flow than for continuum flow. 

It is seen from figure 18, that, theoretically, a higher cylin-
der temperature is predicted for the case of a monatomic gas 
than for a diatomic gas. The explanation lies in the addi-
tional energy which the diatomic gas is able to remove from 
the cylinder by virtue of the internal energy component due 
to molecular rotation. Of course, the impinging diatomic 
gas transmits more energy to the cylinder due to the rota-
tional energy component; however, the rotational component 
is a smaller fraction of the total impinging energy than of 
the total re-emitted energy. 

An examination of the equations for the drag coefficient of 
an insulated cylinder (equations (17) and (18)) shows that 
the total drag coefficient, CD= CD+ CDT, is a function only 
of the molecular-speed ratio. A plot of the total drag co-
efficient as a function of the molecular-speed ratio for an 
insulated cylinder is shown in figure 19. It is notable that 
the drag coefficient approaches infinity as the molecular-
speed ratio approaches zero. Hence, if the expression for 
total drag is written in the conventional drag-coefficient
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FIGURE 19.—The total drag coefficient for an insulated transverse cylinder in a free-molecule 
flow as a function of the molecular speed ratio, s. 

form, it can be shown from equations (17) and (18) that CD 

becomes inversely proportional to the speed ratio as s 
approaches zero. It is also notable that the drag coefficient 
approaches a constant value as the speed ratio becomes large. 
This means, simply, that the effect of the random thermal 
motions becomes negligible as the speed of the cylinder 
relative to the gas becomes high. 

HEAT-TRANSFER TEST RESULTS 

The salient point of the analysis concerning heat transfer 
to a cylinder in a free-molecule field was the prediction that 
an insulated model would attain a temperature in excess of 
the tunnel stagnation temperature. This result was observed 
in all runs. The maximum rise of the model center-point 
temperature above the tunnel stagnation temperature was 
65° F, using nitrogen as the test gas, and 147° F, using 
helium as the test gas. 

The results of the heat-transfer tests are shown in figures 
20 and 21 in which the ratio of the cylinder-center tempera-
ture to the free-stream static temperature is plotted as a 
function of the molecular-speed ratio for the nitrogen and 
helium runs, respectively. The stream-static temperature 
was computed from the adiabatic relationship, using the 
measured value of Mach number (or molecular-speed ratio) 
corresponding to the nozzle pressure ratio as determined 
from the nozzle-calibration tests. The temperature-ratio 
curve for continuum flow assuming a temperature-
recovery factor of unity is shown for comparison. It will 
be noted that in all cases the temperature ratio exceeded the 
maximum which could be attained under continuum-flow 
conditions. It can be seen that, in general, the test points 
indicate that the cylinder did not attain the full temperature 
rise that was predicted by the free-molecule analysis. This 
result may be ascribed to heat losses occurring.from radiation 
and from conduction along the wire to the end supports.



/6 

/4 

4--

UI 
a) 
0 

.4-

0	 ' Iii: 
---Theoreticol drag coefficient 

II __:._ Mona tom/c gas	 I 
----0/atomic gas 
o He test points 
0 N2 test points 

0 

A COMPARISON OF THEORY AND EXPERIMENT FOR HIGH-SPEED FREE-MOLECULE FLOW
	

749 

3.8
 

o Test gas - nitrogen 

wiiFiiitiiii/
o 

Adl^7botic free 

molecule (theory)--,.	 0	 / 22i±iiiiii"i 
/.G I /H 

 

—Continuum  
(full fe,noera tare 

•	 -

 

r

ecovery) 

ii6It 2L '

0 

00 Test 
3.4I— .4I-

Adiabatic free molecule-' --- j	 / 
1(theory)	 I	 I	 I	 I	 l.	 / 

I Yo / --Continuum 
1.8 

/4III; 1IIIIII 

t	 It	 It	 20
	

I 
Molecular speed ratio, s 

FIGURE 21.—Variation of the ratio of model temperature to free-stream static temperature 
with molecular speed ratio for a monatomic gas. 

of drag coefficient. One of the basic assumptions of the 
drag analysis is that the drag coefficients are independent 
of Reynolds number or Knudsen number. In contrast, the 
continuum- and slip-flow regimes are characterized by the 
dependence of drag coefficients both upon Reynolds number 
and Mach number (cf., reference 16). Although it was not 

-	 Mo/ecu/ar speed ratio, g 

FIGURE 20.—Variation of the ratio of model temperature to free-stream static temperature 
with molecular speed ratio for a diatomic gas. 

The fact that a large temperature gradient existed along the 
length of the wire due to end losses is clearly shown by the 
cylinder-end temperatures which are listed, together with the 
cylinder center-point temperature, in table II. 

DRAG TEST RESULTS 

The measured drag force on the cylinder was reduced to 
conventional dimensionless drag-coefficient form by means 
of the equation 
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OD=LpM2=2Lrps2	 (20) 

The data points obtained from equation (20) are shown 
in figure 22. For comparison, the theoretical curves of drag 
coefficient as a function of molecular-speed ratio for an 
insulated cylinder, taken from figure 19, are shown as a 
solid line. It can be seen that agreement between theory 
and experiment is good considering the limitations of the 
theory and the difficulties attendant with the measurement 
of drag forces from 1 to 20 milligrams. The experimental 
values for the drag coefficient tend to fall below the theo-
retical values at molecular-speed ratios above about 1.0 
and to be higher than the theoretical values at speed ratios 
below 1.0. The former characteristic may be due to a tend-
ency toward specular reflection at the higher speed ratios 
while the latter characteristic, at subsonic values of speed 
ratio, may have been caused by interference with the flow 
caused by the shields at the ends of the model. 

The major premise of the existence of free-molecule flow 
was borne out by several factors in addition to the good 
agreement between the calculated and experimental values

21-
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FIGURE 22.—Variation of total drag coefficient with molecular speed ratio.
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experimentally possible to vary the Knudsen number inde-
pendently of the speed ratio for one test gas, the use of 
both nitrogen and helium gave overlapping values of speed 
ratio with an approximate 2:1 variation of Knudsen number. 
The variation of Knudsen number covered by the tests with 
molecular-speed ratio is shown in figure 23. No trend is 
noticeable in the drag coefficients obtained in each case; 
consequently, it can be concluded that free-molecule flow 
existed. 

A comparison between measured drag coefficient and the 
drag coefficient calculated by methods as given by Lamb 
(reference 17) illustrates the inapplicability of continuum 
theory in the free-molecule regime. A sample calculation 
made by Lamb's continuum method for conditions of molec-
ular-speed ratio equal to 0.5 and a Knudsen number of 185 
(based on cylinder radius) gave a drag coefficient of 390. 
The corresponding experimental value was 14.6. 

CONCLUSIONS 

The following conclusions may be drawn from a con(pari- 
son of the test results with free-molecule-flow theory shown 
in this report: 

1. The salient point of the heat-transfer analysis, which 
was the prediction that an insulated cylinder would attain 
a temperature higher than the stagnation temperature of 
the stream, was confirmed by the test results. 

2. Drag coefficients, calculated from free-molecule-flow 
theory, agreed well with the measured drag coefficients. 
As predicted theoretically, the measured drag coefficients 
were independent of the Reynolds and Knudsen numbers and 
depended primarily upon the molecular-speed ratio. 

U	 .4	 .8	 /.'	 1.6	 2.0	 2.4
Molecular speed ratio, s 

FIGURE 23.—The range of Knudsen numbers and molecular speed ratios covered in the tests. 
Knudsen number based upon model radius.

Ames AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

MOFFETT FIELD, CALIF., Sept. 12, 1950.



APPENDIX A 

THE MOMENTUM AND ENERGY EXCHANGE PROCESSES ACCOMPANYING MOLECULAR EMISSION FROM A SURFACE 

For the case of diffuse scattering of a stream of molecules 
from a surface, all directional history of the impinging stream 
is erased upon impact with the surface. The impinging 
stream is assumed to be scattered in a random manner which 
will be described in detail later. The energy and momentum 
carried by the scattered stream depends upon the velocity 
of emission which can be related to the energy (or tempera-
ture) level that the stream has. The effective temperature 
or energy of the scattered stream depends upon the efficiency 
of the energy-exchange process that occurs between the solid 
surface and the impinging stream. This efficiency can be 
described by introduction of the accommodation coefficient 
which is defined as

(Al) 

where the symbols have the following definitions: 
Ej rate of incident molecular energy 
E, rate of re-emitted molecular energy 
E rate of re-emitted molecular energy that would be carried 

by the scattered stream if it were a stream issuing from 
a gas in equilibrium at the surface temperature, T, 

It is assumed that the emitted stream has a Maxwellian 
distribution of speed corresponding to a gas in equilibrium 
at an unspecified temperature, T,.. This fictitious gas has, 
also, an unspecified number of molecules per unit volume, 
N,. Now, as shown in reference 8, page 62, the number of 
molecules scattered from unit surface area per second that 
have speeds in Lhe range dv and that are moving in a direction 
that makes an angle lying in the range dQ with the normal 
to the surface is given by 

dnr =2 7rN,.A,.v 1e_0r2r2 sin 9 cos 1Jdvd	 (A2) 

Then, the normal component of force imparted to the 
surface by this group of molecules is 

dG,.27rN,.A,.mv 4e'22 sin Q cos' 2dvdcdA	 (A3) 

and the translational energy carried by this group is 

dE,.=7rN,.A,.mv 5e 2' sin Q cos cldvd?dA	 (A4) 

By integration of these expressions with respect to Q and v, 
the following values are obtained for the total momentum 
and energy carried by the scattered stream from dA: 

dG7=2xN,.A7mdAf v4e2'dv

 

fow sin N
0

(A5) 

	

dE,.r=r 7rNrArmdAf v 5e r2"2d j	 dQ=_JS,T,m dA 
C

	 o	 2fir,.

(A6)

In order to obtain a value for N, in terms of known variables, 
the number of molecules scattered from the surface is equated 
to the number of molecules striking the surface. The num-
ber of molecules per second scattered from unit area is 

n,.=2irN,.A,.	 v 3e_' ' 2 "2dv	 sin cos 

	

f/2	
N,. 

o 2/8 (A7) 

and the number of molecules striking unit area per second is 
shown in reference 4 to be given by 

N (A8) 
2 

The value of N, is obtained by equating n, and n from equa-
tions (A7) and (A8), thus, 

	

N,.=N	 (A9) 

By substitution of this value of N,. in the momentum and 
energy equations, the following is obtained:

(AlO) 
TOW I 

dE,.=_
Nmx dA	 (All)

2I3j3,.2 

An identical analysis yields a value for E of 

dE Nm X dA 2 k T dA	 (Al2)w 2 /$2 

For the case of a diatomic gas where the expression for the 
re-emission energy per molecule contains an additional 
term having the value kT, which accounts for the rotational 
energy per molecule, the total re-emission energy has the 
value 3nIcTdA. 

Equation (A10) describes the normal re-emission pressure 
on the front side of a unit inclined area. In order to obtain 
the net drag force (or pressure) in the direction of the mass 
velocity U, the pressure on the rear side of the inclined area 
must be taken into account. The computation of the pres-
sure on the rear side of the area is made in a similar manner 
to the computation of the pressure on the front side of the 
area and leads to an expression

(A13) 

Then, the net drag force due to re-emission pressure in the 
direction of U, the mass velocity, is 

d G,. - d G,.'= Nm 
sin 

°(x—x')dA	 (A14) 
 4,.
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The values of the integrals are shown in appendix B to be 
3/2

7r 
 

CD, =. Sr
(A26) 
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Replacing x and x' by their values, equation (A14) becomes 

d G. - d G7'-
-./iNms sin' 

0 d	 (A15)  2, 

This expression can be put into drag-coefficient form by use 
of the following substitutions: Nm=p, s/i= U. Equation 
(A15) then becomes

(.^U2	 r sin 2
0 dA	 (A16) 

where s r is the molecular-speed ratio of the re-emitted stream. 
Then the re-emission drag coefficient, based on the total 
area of one side of the plane area, is 	 - 

CDr= /7rsin2O (A17) 
Sr 

In order to obtain an expression for Sr which contains-
measurable or calculable physical quantities it is necessary 
to write an equation expressing an energy balance on the 
body in question. For the case of an insulated cylinder, if 
radiant energy exchange is neglected, only molecular ener-
gies are involved and the incident molecular energy can be 
equated to the re-emitted molecular energy. To write an 
energy balance equation for a transverse cylinder, it is 
assumed that the energy balance is maintained for the cylin-
der as a whole and not for individual elements of the cylinder. 
This means, essentially, that the cylinder has a uniform 
temperature, circumferentially. The total incident molecu-
lar energy on the cylinder is, for a monatomic gas, 

2rLp [flr/2
x(s2+)dO+

fo,
X'(s2+&')dO] (A18) 

-0  

The total molecular energy emitted from the cylinder surface 
is

2rLp	 ,r/2	 (',r/2 
x'dO)	 (A19)Er 2 _ 2(J xdo+J 

Therefore,

/	 2(Z1+Z2)	 (A21) 
-I (s2+2)+($2+5) 

A similar analysis for the case of a diatomic gas where the 
incident molecular energy is 

rLp [

	 fo,/2

	 1,r/2 
E=. (s2+1) 	 xdO+(s 2 +1) I x'dO+ 2	

3 

5 ,r/2 

xPd O +J x't"dO] 

and the re-emission energy is 

	

3rLp 
(fo, 

/2	

fo

,/2

xdo+
x'dO)	 (A23) ET=2T2  

gives a value of Or of 

f3=9 I_3(Z1-]-Z2)	 (A24) 
1,1 Z1(s 2 +3)+Z2 (s2+) 

Now, the total re-emission drag force acting on dA has been 
shown (cf., equation (A16)) to be 

,(pU2\
	 sin- 

0 dA dGrdGr - •—r) S r 

To obtain the total re-emission drag on a cylinder, equation 
(A16) must be integrated over the cylinder surface, thus, 

0r Gr'() (2rL)	
f/2

 

Then, the re-emission drag coefficient based on the pro-
jected cylinder area is

sin2 0d0=(.E--) (2rL) 
71.3/2 

45r 

(A25) 

f^2 
xdO=	

z21 

f

/2 
x,do=Z1Z2_FS 

f
 /2	 5	 5 

xdO=Zi+Z2+u7F8 

f, 

,r/2  

x''dO=Zi+-Z2—fiFs 

When Ei and E are equated from equations (A18) and 
(A19) and the values of the integrals are substituted, the 
following result is obtained: 

[82(Z1+Z2)+1Z.+5Z21=-±_/z +z2)(A2o) 2	 ]	 1

The final equation for the re-emission drag coefficient for an 
insulated cylinder in a monatomic gas stream is obtained by 
using the relation Sr= U9 r and taking 0, from equations 
(A21) and (A24).

71.3/2 (s2+) 

2(Z1+Z2)	
(A27) 

and, for an insulated cylinder in a diatomic gas stream, as 

3/2 

CD=— /Z
l (S 2+3)+Z2 (s2+) 

3(Z1+Z2)	 (A28)



10(x)=	
1 

F(1/2)f-i V1—z2 dz 
and since 

the first term of integral (B3) becomes 

e_2i'2io(ç) 

The second term (cf., equation (B7)) is 

-/,rsI
Jo 

sin 0 do= '[s 

The third term of equation (B7) is 

r_fT/2	
0 erJ (s sin 0) do

(1310 

(Bli) 

APPENDIX B 

HEAT TRANSFER TO A TRANSVERSE CIRCULAR CYLINDER IN FREE-MOLECULE FLOW 

It has been shown (see Analysis) that an energy bal- I Then 
ance on a cylinder located in a stream of monatomic gas  
flowing with a velocity U perpendicular to the cylinder axis 
is expressed by 

/2	 n
2cirL[J'n 

(/J2 
s1kT) d8+ j /2,
	

i-+'kT) dO]_ 

/ r/2	 foT/2
4arLkT( I ndo+ 	 n'dO \ )+2irrL[Q—tr(Tc4—Tg4)]=0 

\JO 	 /

(Bi) 

Equation (Bi) can be simplified by dividing through by 
27rrL and replacing n and n' by their values from equations 
(2) and (4), thus, 

NVma	 / P/2	 ('/2	 ' akTNVm 
47.3/2 (mU2_ 4kTc)(j xdo+J x'dO)+ 27r312 

 f"/2 
(fo,/2xt'd0+ 	 x'4"dO)_€o(Tc4—Tt4)+Q=0 (112)

The integrals to be evaluated are 

fz 
/ 2

xdO 

f/2
x'dO 

('w12 

J0 
x'PdO 

12 

If the value of x in equation (B3) is replaced by its defi-
nition (from list of symbols), equation (B3) becomes 

f /2 [e
2s20 +

	

	 sin 0+ V.8 sin OerJ(s sin 0)] do (B7) 

The first term of this integral can be evaluated by setting 

s=2x and cos 20=r

which can be integrated by parts. Let 

erf(s sin 0)=u 

and
sin OdO=dv 

Then

du= 2s- e al sin2 O cos odo 

and
v=—cos 0 

Then, the integral becomes 

is [_cos 0 erf (s sin 0)] , + 2s 21 cos2 0e-82sin2ed6 

(B12) 

The bracketed term of equation (B12) is zero, leaving the 
second term yet to be evaluated. Make the substitutions 

(B3)

(B4)

(B5) 

Cos 2 0=1+cosu 
2 

sin  0=1_—Cos U 

2 

82=2x 

dO=-
2 

0=0	 u=0 

ir
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Then, do= - dz. 	 and the limits become 
2 sin 20

z=1 when 0=0 

z=-1 when 0=- 

Thus we can write 

	

f	
" 

	

/2 e —82 sin2 0 do= 
e-Z I 

ow	

f i 1e:22 dz 	 (B8) 

Now, by definition (cf., equation (11), p. 46, reference 18), 
the modified Bessel function of order n can be written as 

1 	 —1 I(x)=
F[n+(1/2)1 ()J e"(1 —z

2)'2 dz (119)

Then 

and, replacing limits



7 W55
	

REPORT 1032-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

there results

2 f' 
2s'

/2
82 I 	 cos2 Oe_82Smn20dO=_ I (1+cos u)e_x(l_c0sL)du 

Jo

s2ef 
--------	 e+ 0stLdu+J cos ue20sudu	 (B13) 

0 

Integral (B13) becomes, when substituting 2=cos u and 
changing limits, 

s2e	 (' 1 e	 82e	 ri	 2e3' 

Vi	 2	 ,,Ii_z2 
dz 

[1'(
- )+i1 

(-f)] 

which is obtained by integrating the second term of (1114) 
by parts and substituting equation (B9). Then, the final 
value for integral (113) is 

f /2 ,r 
xd8= e 2/2I0 ()+ fs+- e82/2 [i0 ()1 

(82)+ 
i1 

(B15) 

Now, integrals (B4), (B5), and (116) contain only terms 
which can be evaluated by the methods shown above by 
which integral (133) was evaluated. The results are 

f/2 

 
x'dO= e_82/2Io_ Vs+- e_82/2[Io ()+ i1 ()]

(B16) 
f/2

x'IidO= ire2 '2Io +vs+ 
1r82e_82/2 [i0(ç)+i1()]	 (1317) 

fog
x'1"dO=ire2I2Io

/s2"	 5 

irse/ 
[I. (8 2)+J^

 

(82)]

	
(B 18)

In order to eliminate an excessive amount of writing, new 
variables are defined as follows: 

Zi7re_82/2Io()	 (1319) 

WS 2e 82/2 [i0 ()+ ii
 (8

)]	
(B20)

Values of the dimensionless variables Z1 and Z2 were com-
puted from the tables of Bessel functions in reference 19. 
Then, equation (B21) is obtained by substitution of equations 
(B15) to (B20) into equation (112). 

'(rnU2_ 4kTc)(Zi + Z2)+ 
47r 3/2 

akTNvm (2Z
i +Z2)-_€c(Tc4_ Tt 4)+Q=0 (B21) 

2ir3"2 

If mv 212=kT, kTN=p, and s= U/Vm are substituted into 
equation (1121), the following equation results: 

2 (Z1 + Z2)[Zi(s2+2)+ z2 (S2+)]+ 

2ii.3/2
[fr(T3 4- T1 4)- Q] 0	 (B22) 

P V m a 

which is the final energy exchange equation for a monatomic 
gas. An identical treatment of equation (13) for a diatomic 
gas gives 

3 ( Z1+ Z2)_[Zi(s 2 +3)+Z2 (52+7)]+ 

2 R312
[€0r(T34-T,4)-Q]=0 (B23) 

PVma 

The groups f(s) = Z1 (82+ 3) +Z2 (s2 + ), g(s) = 3 (Z1+Z2), 

f0 (s) = Zi (5 2 +2)+Z2 (s 2+) and g°(s)=2(Zj+Z2) are tab-

ulated in the following table: 

8 f(s) g () f0 () 0, (8) 

0.2 9.80271 9.61234 6.19860 6.40823 
• 4 10. 94784 10. 16410 7.55981 6. 77607 

6 12. 89399 11. 04924 9.21092 7.36616 
.8 15. 69746 12. 22282 11.62319 8.14855 

1. 0 19. 43609 13. 63288 14. 89180 9.08859 
1 2 24. 20781 15. 22758 19.13 197 10. 15172 
1.4 30.12863 16.96068 24.47507 11.30712 
1.6 37. 32923 18. 79408 31. 06454 12. 52939 
1.8 45. 95230 20.69872 39. 05273 13. 79915 
2. 0 56. 14932 22.65358 48. 59807 15. 10239 
2.2 68. 07771 24. 64392 59. 86307 16. 42928 
2.4 81.89947 26.65990 73.01284 17. 77327 
2.6 97. 77602 28.69470 88.21412 19. 12980 
2.8 115. 88287 30. 74382 105.63493 20. 49588 
3.0 136.37821 32.80398 125.44355 21.86932 
3.2 159. 43361 34. 87300 147.80928 23.24867 
3.4 185. 21769 36.64914 17240131 24.63276 
3.6 213. 89927 39. 03112 200.88890 26. 02075 
3.8 245. 64801 41. 11800 231. 94201 27.41200 
4.0 280. 63340 43. 20904 266. 23039 28. 80603 
4.2 319.02474 45. 30354 303.92365 30.20236 
4.4 360. 99204 47. 40108 345. 19168 31. 60072 
4.6 406. 70528 49. 50126 390. 20486 33. 00084 
4.8 456. 33364 51. 60366 439. 13242 34. 40244 
5.0 510. 04756 53.70808 492. 14487 15.80539 
5.2 568.01730 55. 81428 649.41254 37.20952 
5.4 630.41182 •	 57.92200 611.10449 38. 61467 
5.6 697. 40229 60.80114 677. 39191 40.02976



APPENDIX C 

THE DRAG DUE TO IMPINGING MOMENTUM ON A TRANSVERSE CYLINDER IN FREE-MOLECULE FLOW 

The differential momentum imparted, by the impact of impinging molecules, to the front and rear sides of a body 
located in a free-molecule flow field is (cf., references 1, 2, and 3) 

dG = 
53mN 

p.3/2 { 5 5 fo, (lc + lc+ l,c z)cxe 2 [(c u)'+( c 5 — U5)'+(c, — ui)'] dc2dc5dc - 

E. E. $ ( lc+ 15c5+	 U)'+(cu— U5)'+(c ui)'] dc2dc5dc2 I d A	 (C 1) 

In equation (C 1), l, l, 1 are the cosines of the angle between 
the coordinate axes and the direction of the momentum 
force. Now let 0 be the angle of attack of the element, that 
is, the angle between the mass velocity U and the plane of 
the plate. Then the drag force is in the direction of U and• 
the following relations can be derived: 

Ux =U Sin 0	 ,12=sin 0 

U=—UCos 0
	

l= —cos 0
	

(C2) 

U, =0	 1, =O 

Then, integration of equation (Cl) and substitution of the 
relations of equation (C2) yield 

dG pU
2r 2 e

—82; + 

2 sin 0 erj(s sin 0)
1 + A dA	 (C3) 

It is remarkable that a purely analytic solution for this type 
flow leads to a simple equation of the type of (C3) in which 
the bracketed term is a dimensionless function of molecular 
speed ratio and which may be interpreted as an ordinary drag 
coefficient. 

In order to obtain the drag force on a transverse cylinder 
due to impinging momentum, equation (03), which was 
derived for an elemental plane area, must be integrated over 
the surface of the cylinder. To this end, dA is written as 

dA=rLdO	 (C4) 

Then, for the cylinder, the impinging drag force is 

[2,1-82 sin2 0 

=2rL (--) 5	 irs 
+ 

2 sill 0 erf(s sin 0) (i+-)] do	 (C5) 

This integral can be evaluated by the methods shown in 
appendix B. The final value for the drag force due to 
impinging molecules is

G-2rL (PU
2 )7rhI'2e_ 3 2/2  {i

0 ()+ 
S 

1 +252 
2 )[i()+i()]}	 (06) (  

Thus, there results from equation (06) an impinging drag 
coefficient based on the projected area of the cylinder, which 
has the value 

j.1/2_S2/C	 2 

{Io (s)

	 2\ (1 +25 S

	 —	 2 )[°.(2)'(2)]} 
(07) 
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COMPARISON BETWEEN THEORY AND EXPERIMENT FOR WINGS AT 
SUPERSONIC SPEEDS' 

By WALTER Q. VINCENT! 

SUMMARY 

In this paper, a critical comparison is made between exper-
imental and theoretical results for the aerodynamic char-
cteristics of wings at supersonic flight speeds. As a prelimi-

nary, a brief, nonmathematical review is given of the basic 
assuptions and general findings of supersonic wing theory 
in two and three dimensions. Published data from two-di-
mensional pressure-distribution tests are then used to illus-
trate the effects of fluid viscosity and to assess the accuracy 
of linear theory as compared with the more exact theories 
which are available in the two-dimensional case. Finally, 
an account is presented of an VACA study of the over-all 
force characteristics of three-dimensional wings at super-
sonic speed. In this study, the lift, pitching moment, and 
drag characteristics of several families of wings of varying 
plan form and section were measured in the wind tunnel 
and compared with values predicted by the three-dimensional 
linear theory. The regions of agreement and disagreement 
between experiment and theory are noted and discussed. 

INTRODUCTION 

The aerodynamics of wings at supersonic flight speeds is 
currently the subject of much research and discussion. As a 
result of many recent investigations, based on the earlier 
work of Prandtl, Ackeret, Busemann, and von I(árinin, the 
theory of the subject is well advanced, both as applied to 
airfoil sections in two-dimensional flow and to complete, 
three-dimensional wings. Experimental knowledge is, by 
contrast, considerably less extensive, particularly with regard 
to the three-dimensional case. There are, however, sufficient 
experimental data in hand to permit a reasonably systematic 
comparison between theory and experiment. It is the pur-
pose of this paper to present such a comparison insofar as the 
current availability of experimental results will allow. 

THEORETICAL CONSIDERATIONS 

To provide background for those who are unacquainted 
with the fundamentals of supersonic wing theory, it may be 
useful to review briefly the assumptions and findings of work 
in this field. (For a more complete discussion of the theory

and a bibliography of pertinent references, the reader is re-
ferred to the Tenth 'Wright Brothers Lecture by Theodore 
von Kármán, reference 1.) 

In the solution of problems in supersonic wing theory, the 
following assumptions are usually made concerning the flow 
field which surrounds the wing: 

(a) The fluid medium is continuous and homogeneous. 
(b) The fluid has the thermodynamic characteristics of a 

perfect gas with constant specific heats. 
(c) Viscosity and thermal conductivity are vanishingly 

small.
(d) External forces (such as gravity) are negligible. 

For flight at ordinary altitudes and air temperatures, the 
most drastic of these assumptions is that of vanishingly small 
viscosity and thermal conductivity. This assumption allows 
the effects of fluid friction and heat transfer to be disregarded 
except as they are necessary to explain the existence of shock 
waves and vortices within the flow field. The assumption 
thus retains the essential features of supersonic flow as it is 
known to occur away from the immediate vicinity of the wing 
surface. It results, however, in the omission of the friction 
drag and of any changes in pressure distribution caused by 
growth or separation of the boundary layer. 

Oil the basis of the foregoing assumptions, it is possible to 
obtain explicit relations for the sudden changes in flow which 
occur across a shock wave as well as a differential equation 
for the gradual changes which take place in the regions 
between such waves. When expressed with the geometrical 
coordinates as the independent variables, the differential 
equation governing the flow in the region between shock 
waves is nonlinear. It is therefore difficult to apply rigor-
ously to most problems of practical interest. 

Fortunately, in the special case of an airfoil section in a 
two-dimensional supersonic stream, results can be obtained 
with a high degree of mathematical rigor despite the non-
linearity of the governing differential equation. For reasons 
of mathematical practicality, it has been usual to restrict 
the solutions to instances in which the local velocity in the 
flow field is everywhere supersonic. This limits the solutions 
to airfoils with a sharp leading edge and to angles of attack 
and free-stream Mach numbers such that the shock wave from 
the leading edge is attached to the airfoil and the flow on 

'Paper presented at the Second International Aeronautical Conference, institute of the Aeronautical Sciences and The Royal Aeronautical Society, New York 
City, May 24-27, 1940. Supersedes NACA TN 2100, "Comparison Between Theory and Experiment for wings at Supersonic Speeds" by Walter G. Vincenti, 1950. 
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the downstream side of the wave is supersonic. (It has also 
been customary to neglect the rotation of the fluid particles 
which will exist aft of the leading-edge wave in those cases in 
which the wave is curved, although this approximation is 
not essential.) Within these restrictions, section character-
istics can be calculated to a high degree of precision for sec-
tions of even appreciable thickness. The method of computa-
tion reduces in practice to a stepwise application of the known 
relations for the compression through a shock wave and for 
the expansion around a convex corner. The procedure has 
therefore been termed the "shock-expansion" method (see, 
for example, reference 2). For rapid calculations, more 
restricted methods, such as Ackeret's linear theory (references 
3 and 4) and Busemanu's second-order theory (references 
5 1 6, and 7), can be obtained by means of series approxima-
tion to the complete equations for the shock wave and the 
expansion. 

In the more practical case of a complete, three-dimensional 
wing, the general mathematical problem is forbiddingly 
complex, and it is necessary to simplify the nonlinear dif-
ferential equation at the outset in order to obtain a solution. 
To accomplish this, it is assumed that the local velocity at 
all points in the flow field differs only slightly in magnitude 
and direction froin the velocity of the undisturbed stream. 
This implies, in effect, that the thickness, camber, and angle 
of attack of the wing are small. With this approximation, 
the complete, nonlinear differential equation reduces, 
through the omission of terms of higher than the first order 
in the flow disturbances, to a linear equation which can be 
solved by established mathematical methods. On the basis 
of this equation, an extensive body of theory has been for-
mulated covering a wide range of practical wings. For the 
present it will suffice to mention certain general concepts and 
results of this theory. Examples of specific calculations will 
be presented in the course of the later discussion. 

A. fundamental result of the linear theory, well known by 
now, is the concept of the Mach cone. According to this con-
cept, the effect of a given disturbance in a uniform super-
sonic stream is felt only within the interior of a circular cone 
with vertex located at the point of the disturbance and axis 
extending downstream parallel to the original flow. The 
geometry of the cone is determined by the requirement that 
the component of free-stream velocity normal to the surface 
of the cone is equal to the speed of sound in the undisturbed 
stream. It follows that the seinivertex angle of the cone is a 
function of the free-stream Mach number only. These con-
siderations apply not only to the effects of an isolated dis-
turbance but to the region of influence of each disturbance in 
a distributed system as well. 

The concept of the Mach cone has immediate implications 
with regard to the aerod ynamic problems of three-dimen-
sional wings. This is illustrated in figure 1, which shows 
certain features of the flow over three flat lifting surfaces of 
representative plan form. In the case of the rectangular 
plan form A, for example, it follows from the concept of the 
Mach cone that, to a first approximation, the effects of the 
finite span are confined to the regions of the wing lying within 
the cone from the leading edge of each tip. The flow over

f 
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FIGURE 1—Flat lifting surfaces In supersonic flow (linear theory). 

the remainder of the wing (shown shaded) is identical with 
the two-dimensional flow over a wing of infinite span. On 
the moderately swept plan form B, the flow over the shaded 
regions is, by the same reasoning, unaffected by the presence 
of either the tips or root of the wing. Within these regions 
the flow can be treated as essentially two-dimensional by 
evaluating the velocity and the deflection angle in the direc-
tion normal to the leading edge. On the highly swept plan 
form C, all of the wing is within the fields of influence of the 
root and tips, and no regions of purely two-dimensional flow 
are to be expected. 

Carrying these considerations a step farther, we may also 
examine the effect which the relationship between the plan 
form and the Mach cones has upon the chordwise lift dis-
tribution for the three wings. On both wings A and B, where 
the leading edge lies ahead of the Mach cones from the 
corners of the plan form, the Mach number of the component 
of free-stream velocity normal to the leading edge is greater 
than one. For reasons just examined, the lift distribution at 
the spanwise stations for which it is shown will be the same 
as the distribution over a flat lifting surface in a two-dimen-
sional supersonic stream. Characteristic features of this dis-
tribution are that the intensity of lift at the leading edge is 
finite and has zero gradient in the chordwise direction. On 
plan form C, where the leading edge is swept behind the Mach 
cone, the Mach number of the flow component nominal to the 
leading edge is less than one. It develops from the theory 
that in this case the lift distribution near the edge resembles 
the theoretical distribution predicted by linear theory for a 
flat lifting surface in a purely subsonic flow—that is, the lift 
intensity tends to an infinite value at the leading edge and 
drops off rapidly along the chord toward the trailing edge. 

The foregoing differences in lift distribution provide one 
example of a general principle, the significance of which was 
first noted by R. T. Jones (reference 8). This principle, 
which arises throughout the study of wings by the linear 
theory, can be stated as follows: When the component of 
free-stream velocity normal to a wing element (i. e., lead-
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ing edge, ridge line, or trailing edge) is greater than the 
speed of sound, the theoretical flow in the vicinity of the 
element has the essential character of the two-dimensional 
supersonic flow about an element of the same geometric 
type; similarly, when the velocity component normal to the 
element is less than the speed of sound, the theoretical local 
flow resembles that which prevails in the two-dimensional 
subsonic case. Because of the utility of this general result, 
it has become customary to describe the wing elements them-
selves as either "supersonic" or "subsonic." To determine 
which category an element occupies, it is obviously sufficient, 
as in figure 1, to note whether it is swept ahead of or behind 
the Macli cone. It is apparent that a wing element may 
change from one classification to the other as its orientation 
relative to the Macli cone is changed. This can be brought 
about by variation in either the free-stream Mach number 
or the geometry of the wing. 

As a result of the inherent differences in the flow about 
supersonic and subsonic elements, theoretical calculations for 
three-dimensional wings indicate marked and interesting 
changes in the flight characteristics with changes in Mach 
number or wing geometry. By studying these effects, wing 
shapes can be found which afford optimum aerodynamic 
characteristics for a given flight condition. The results of 
such studies, indeed, provide a valuable guidance to the air-
craft designer. In anticipation of the experimental results 
to be presented later, however, a word of caution is in order 
here. As exemplified in figure 1, the differences in theoreti-
cal pressure distribution between a supersonic and subsonic 
element may be characterized by large differences in chord-
wise pressure gradient. These differences may, in a real, 
viscous medium, give rise to corresponding differences in 
boundary-layer flow and hence to aerodynamic effects which 
are beyond the scope of the inviscid theory. As a result, 
the true variation of the wing characteristics with change in 
Mach number or wing geometry may be considerably dif-
ferent from that predicted by the theory. The later experi-
mental results with regard to the drag of triangular wings 
supply an excellent example of such an effect. 

In anticipation of the experimental data, it should also be 
pointed out that the concepts and results of the linear theory, 
based as they are upon the assumption of small disturbances, 
constitute only a first-order approximation to the truth even 
for the supposedly inviscid gas. When disturbances of 
appreciable magnitude are considered, the previous concept 
of a Mach cone traversing the entire flow field is no longer 
tenable. On the contrary, a given disturbance in a super-
sonic stream is then confined, not to the interior of a cone, 
but to the interior of some more complex surface whose shape 
and position depend upon the magnitude of the disturbance 
as well as upon other conditions in the general flow field. It 
follows that the regions of influence of a wing tip or wing 
root are not strictly as shown in figure 1, and the previous 
distinction between a supersonic and subsonic element can-
not be applied without qualification. The ideas of the linear 
theory with regard to pressure propagation, therefore, 
should not be taken literally nor should deductions based 
upon them be accepted without reservation.

It is apparent from these brief theoretical considerations 
that calculations by the linear theory may be expected to fall 
short of the truth for two primary reasons. These are 

(a) the omission from the theory of all viscous phenomena, 
and

(b) the theoretical assumption that the flow disturbances 
are small. 
The importance of these approximations cannot be assessed 
at present from purely theoretical knowledge. Some in-
sight is provided, however, by the available experimental 
results. 

PRESSURE-DISTRIBUTION MEASUREMENTS IN TWO
DIMENSIONS 

It is desirable to begin the comparison between theory and 
experiment by examining some typical pressure-distribution 
results for an airfoil section in a two-dimensional supersonic 
stream. Because of the availability in the two-dimensional 
case of theories of greater accuracy than the linear theory, 
it is possible here to distinguish between the effects of vis-
cosity and the effects of the terms neglected through the as-
sumption of small disturbances. 

A typical two-dimensional pressure distribution is given in 
figure 2, which shows the calculated and measured results for 
a 10-percent-thick, symmetrical, biconvex section at a Mach 
number of 2.13 and an angle of attack of 100. The local 
pressure coefficient is plotted as a function of the chordwise 
position on the airfoil, positive values being plotted below 
the horizontal axis and negative values above. The theo-
retical pressure distributions given by the linear and shock-

---Linear theory 
- - —Shock-expansion theory 

0	 Experiment (Fern) 

/0% Thick 

M0 =213	 d=+10° 

Upper surface -cr-

 -

20	 40	 60 - 80	 /00 
Y. Chord 

FIGURE 2.—Pressure distribution for symmetrical biconvex section. 
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expansion theories are shown by curves as noted. The indi-
vidual circles indicate experimental points obtained from 
the results of Fern (reference 9). 

The data. of figure 2 show that considerable accuracy is 
gained by going from the linear to the shock-expaision 
theory. Over most of the airfoil section, the linear theory 
predicts the correct sense for the pressure gradient, but the 
quantitative agreement between the curve given by this 
theory and the experimental points is poor compared with 
theexcellent check given by the shock-expansion method. 
Over the rear 40 percent of the upper surface, neither of the 
theories agrees with the trend exhibited by experiment. 

The discrepancy between the theoretical pressure distribu-
tions calculated by the linear and shock-expansion theories is 
of importance primarily for its effect upon the chordwise 
distribution of lift. Examination of figure 2 reveals that the 
tptal lift of the section, as approximated by the area between 
the curves for the upper and lower surfaces, is gien almost 
identically by the two theories. This illustrates the fact that 
iii the two-dimensional case the higher-order terms neglected 
in the linear theory have little effect upon the over-all lift of 
the section. They do, however, serve to concentrate the lift 
farther forward on the chord than the linear theory would 
predict. This effect is essentially a consequence of the airfoil 
thickness and diminishes as the thickness is reduced. 

'The failure of even the shock-expansion theory to predict 
the pressure variation over the rear part of the upper surface 
is due to shock-wave, boundary-layer interaction (reference 
9). In the idealized, inviscid fluid, the two-dimensional flow 
over a lifting airfoil at supersonic speeds is characterized by 
,in oblique compression wave originating on the upper sur-
face at the trailing edge. In the real, viscous fluid, this flow 
pattern is modified by an interaction between the oblique 
wave and the viscous boundary layer on the airfoil surface. 
The boundary layer separates from the upper surface some 
distance forward of the trailing edge, with the formation of 
a weak compression wave at the separation point and a con-
sequent increase in pressure between this point and the trail-
ing edge. There is, as a result, a noticeable loss of lift over 
the rear of the airfoil. 

The foregoing results, of course, imply certain deviations 
of the true aerodynamic coefficients from the curves predicted 
by the linear the For the reasons outlined, the higher- 
order pressure effects neglected in the linear theory have 
little influence upon the lift-curve slope, although they do 
result in a relatively forward shift of the center of pressure 
(or aerodynamic center). The interaction between the trail-
ing shock wave and the viscous boundary layer acts both to 
decrease the lift-curve slope slightly and to displace the 
center of pressure still farther forward. Viscous friction, 
the effects of which are not visible in the pressure distribu-
tion, tends to increase the true drag relative to the calculated 
value, though this tendency is opposed here by the unpre-
dicted increase in pressure near the trailing edge as the result 
of the shock-wave, boundary-layer interaction. All of these 
effects are apparent in the available force-test data for air-
foils in two-dimensional flow (references 9 and 10). As 
will be seen, they are also observed in the results for three-

dimensional wings, at least for those cases in which the wing 
elements are predominantly supersonic. 

FORCE TESTS IN THREE DIMENSIONS 

The discussion to this point has been confined to theoretical 
considerations and to a comparison between theoretical and 
experimental results for a typical airfoil section in two-
dimensional flow. The remainder of the paper will be con-
cerned with a more general comparison between theory and 
experiment for complete, three-dimensional wings. 

The results upon which this comparison is based were ob-
tained in 1946 as part of an investigation of wing character-
istics conducted at the Ames Aeronautical Laboratory of the 

ACA. The portion Of the general investigation to be dis-
cussed here was concerned with force tests at supersonic 
speeds of approximately 30 wing models chosen to cover a 
wide range of geometric variables and to include examples 
with both supersonic and subsonic wing elements. The ex-
perimental work was performed in the Ames 1- by 3-foot 
supersonic wind tunnel No. 1, which is a continuous-flow, 
closed-return tunnel of approximately 10,000 horsepower .2 

The wing models were supported in the wind tunnel on a 
slender body of revolutionmounted directly ahead of a three-
component, strain-gage balance as shown in figure 3. For 
the majority of the models, the airfoil section taken in the 
streamwise direction was a 5-percent-thick isosceles triangle, 
that is, a triangle with maximum thickness of 5 percent lo-
cated at midehord. This cambered section was chosen pri-
marily for ease of construction. The models were made of 
hardened, ground tool steel with the leading and trailing 
edges maintained sharp to less than a 0.001-inch radius, 
except for certain tests in which the leading edge was pur-
posely rounded. The support body, which was the same for 
all models, was kept as small as possible consistent with the 
requirement that it could be used with a wide range of plan 
forms.	 - 

Because of the presence of the support body, the experi-
mental results to be presented apply, strictly speaking, to 
wing-body combinations rather than to the wings alone. The 
theoretical curves are, on the other hand, for simple, isolated 
wings. A detailed examination of the interference prob-
lem indicates that, for the particular body used here, the 
effects of the body are small insofar as the lift and pitching 
moment are concerned. The influence on minimum drag 
may, however, be considerable. The measured values of the 
minimum. drag coefficient must therefore be regarded as of 
primarily qualitative significance in comparison with theory. 

Because of limitations of time and space, it is obviously 
impossible in a paper of this kind to discuss more than a 
small portion of the results obtained in the investigation. 
The data presented will therefore be chosen primarily for 
their value in illustrating certain general ideas or typical 
conclusions. This approach will result in the omission of 

2 As with most experimental investigations, many people contributed to the 
final results of the study. Particular credit is due, however, to Jack N. Nielsen. 
Milton D. Van Dyke, and Frederick H. Matteson. who participated in the analy-
sis of the results, to Robert T. Madden, Richard Scherrer. and John A. Black-
burn, who conducted the wind-tunnel tests, and to Albert G. Oswald, who was 
In charge of the wind-tunnel instrumentation.



COMPARI SON BETWEEN THEORY AND EXPERIMENT FOR WINGS AT SUPERSONIC SPEEDS 	 761 

teristics depend primarily upon the distribution of normal 
pressure over the surface of the wing. The consideration 
of drag, which depends upon the frictional forces as well, 
will be deferred until later. 

LIFE AND PITCHING MOMENT 

(a)

(b) 
(a) Cnswept wing.

(b) Swept wing.
FIGIJBE 3.—Typical wing models mounted on support body in Ames 1- by 3-foot

supersonic wind tunnel. 

many interesting items dear to the heart of the experi-
mentalist, but it is hoped that an adequate over-all l)iCtU1e 
of the significant results will emerge. In all of the figures 
presented, the aerodynamic coefficients will be referred to 
the plan form area of the wing, including that portion of 
the plan form enclosed by the support body. All of the 
results are for a free-stream Mach number of 1.53 and a 
test Reynolds number of 0.75 million based upon the mean 
geometric chord of the wing. Unless stated otherwise, it 
may be assumed that the results were obtained using models 
With the cambered, isosceles-triangle section preioiisly 
described. 

In the discussion of the results, it is convenient to con-
sider first the lift and pitching moment, since these charac-

213637-53----49

According to the linear theory, the lift and pitching-
moment curves for any given wing are each a straight line. 
At a given Mach number, the slope of the line depends solely 
upon the plan form of the wing and is independent of the 
camber and thickness. The intercept—that is. the angle of 
zero lift or the moment at zero lift—is a function of both the 
camber and the plan form, but is independent of the wing 
thickness. Only the slope of the curves will be discussed 
here, since this is the characteristic of greatest practical 
importance. 

Lift-curve slope.—The nature of the agreement between 
theory and experiment with regard to the lift-curve slope 
for unswept wings is illustrated in figure 4. Here dUL/d(X is 
plotted as a function of aspect ratio for a series of four 
unswept wings having a common taper ratio of 0.5. The 
wing corresponding to each test point is indicated by a small 
sketch, which shows also the trace of the Mach cones from 
the forwardmost point of the wing. On this and later figures, 
the variation predicted by the linear theory is shown over 
as wide a range as is practicable on the basis of existing 
computational methods. 

The agreement between theory and experiment in figure 
4 is seen to be excellent over the entire range of aspect ratios. 
The exact coincidence for aspect ratios from 2 to 6 is, in fact, 
too good to be absolutely true. It appears likely that the 
secondary effects of viscosity and support-body interference, 
which must certainly be l) I'eselit in some degree, are com-
pletely compensating for these wings. The decrease in lift-
curve slope observed both experimentally and theoretically 
at the low aspect ratios is caused by a loss of lift within the 
Mach cones which originate at the leading edge of the wing 
tips. As the aspect ratio is reduced, a greater and greater 
percentage of the plan form is included within these Mach 
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FIGURE 4.—Effect of aspect ratio on lift-curve slope.
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-50 -40 -20	 0	 20 40' 60 
Sweep angle at rnidchord,Ai,,deg. 

FIGURE 5.—Effect of sweep on lift-curve slope. 

cones, with a resulting decrease in the lifting effectiveness 
of the wing.	 - 
- The effect of wing sweep on the slope of the lift curve is 
illustrated in figure 5. Here dOL/da is shown as a function 
of the sweep angle at the midchorcl line for a seriesi of seven 
wings also of taper ratio 0.5. The unswept wing of this 
series is identical with the aspect ratio 4 wing of the previous 
figure. In the design of the swept wings, the aspect ratio 
was made to decrease as the cosine of the angle of sweep, since 
wings of constant aspect ratio did not appear structurally 
feasible. The sweep angles were chosen to provide repre-
sentative plan forms with both supersonic-and subsonic lead-
ing and trailing edges.. The wing of 430 sweepback was 
designed to have its leading edge coincident with the Mach 
cone, which has a sweep angle of 49.2° at the test Mach num-
ber of 1.53. Since the sweep angle of these wings is specified 
at the midchord line, a given swept-forward wing can be 
obtained from the corresponding swept-back wing by a 
simple reversal of the direction of motion. 

The agreement between theory and experiment in figure 5 
is almost exact over the range of sweep angles from 00 to 431 
sweepforward, the forwardmost limit of the theoretical 
results. For all of the swept-back wings, the experimental 
slopes fall consistently below the theoretical values by from 
8 to 10 percent. In both the swept-back and swept-forward 
direction, the experimental results exhibit a marked reduction 
in dCL/dc as the edges of the plan form are swept inciea-
ingly farther behind the Mach cone. This trend is predicted 
by the theoretical curve in the swept-back case and would un-
doubtedly be confirmed for the swept-forward wings if corn-

.plete theoretical results were available .3 It is interesting to 
note, incidentally, that the 43° swept-back wing, which has its 
leading edge coincident with the Mach cone, shows no de-
parture from the generil trend of the experimental results. 

For the range of sweep angles from 43 to 60 sweepback, the shape of 
the theoretical curve is somewhat approximate. Strictly speaking, small dis-
continuities in the slope of the curve would be expected at approximately 43 
and 55 where the leading edge and trailing edge of the plan form. coincide, 
respectively, with the Mach cone. No attempt was made to determine these 
discontinuities, the theoretical curve being faired smoothly through the 
available calculated points.

For the range of sweep angles between ±43°, the theo-
retical curve of figure 5 is exactly symmetrical about the 
vertical axis. This means that, within this range, the theo-
retical lift-curve slope of a plan form of the present series is 
unchanged by a reversal of the direction of motion. Similar 
result has been obtained by several authors for other, more - 
general classes of wings (see, for example, references 11 
and 12), though the limits of generality have not, to the 
writer's knowledge, been completely established. 4 The ob-
served departure of the experimental results from the theo-
retical symmetry may be due to differences in aeroelastic de-' 
formation between corresponding swept-forward and swept-
back wings or to asymmetry in the effects of other secondary 
factors such as viscosity and support body interference. 

To summarize, we may say that the agreement between 
experiment and linear theory with regard to the lift-curve 
slope of three-dimensional wings is satisfactory for most 
practical purposes. In view of the situation previously 
observed in the two-dimensional case, however, it cannot be 
assumed that agreement in the integrated lift implies com-
plete agreement in the detailsof the lift distribution. 

Moment-cuive slope.—Further indication that the details of 
the flow over the wings are, as in the two-dimensional case, 
somewhat different from the predictions of the linear theory 
is given by the pitching-moment data. Figure 6 shows the 
inornent1curve slope as a function of aspect ratio for the 
series of unswept wings previously discussed. The moment 
coefficient is here taken about the centroid of plan-form area, 
with the mean aerodynamic chord as the reference lepgth. 
The moment-curve slope is thus an approximate measure of 
the displacement of the aerodynamic center of the wing for-
ward of th6 centroid of area, expressed as a fraction of the 
mean aerodynamic chord. 

It can be seen from figure 6 that the linear theory predicts 
a progressively forward displacement of the aerodynamic 
center as the aspect ratio is reduced. As in the case of the 

Since the present paper was written, the theoretical result observed here 
has been established with complete generality with regard to plan form by 
Clinton B. Brown of The Langley Aeronautical Laboratory of the NACA. (See 
Brown, Clinton B.: The Reversibility Theorem for Thin Airfoils in Subsonic 
and Supersonic Flow. NACA TN 1944, 1949.) According to Brown's proof, 
which is based upon previous work by Max Al. Munk, the theoretical lift-curve 
slope of a given wing is, to the first order, invariant with respect to a reversal 
of the direction of motion, irrespective of the Mach number or shape of the 
plan form.
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lift-curve'slope, this variation is due to the loss of lift which 
occurs over the rear portion of the wing within the Mach 
cones from the tips. The trend of the experiiuiental values 
is in agreement with the theoretical curve, but the forward 
displacement is uniformly greater than the theory predicts. 
The reason for this discrepancy becomes apparent if we 
imagine the wing series of figure 6 to be extended to in-
definitely high aspect ratios. In the limit of infinite aspect 
ratio, the flow over the wing would be purely two-dimen-
sional, and the theoretical characteristics would be simply 
those of the wing section. For the present isosceles-triangle 
section, the values of (lCm/dCL given by the linear and shock-
expansion theories are as indicated by the two horizontal 
lines to the right. The theoretical curve for the finite-span 
wings, of course, approaches the linear section value as an 
asymptote. If only nonviscous effects were important in the 
experiments, the measured curve would be expected to ap-
proach the section value predicted by the shock-expansion 
method. The fact that it seems to approach an asymptote 
above this latter value is consistent with the'occurrence of 
shock-wave, boundary-layer interaction near the supersonic 
trailing edge as previously observed in the two-dimensional 
results (fig. 2). We may thus infer that the discrepancy 
between experiment and linear theory over the entire range 
of aspect ratios is due to a combination of both higher-order 
pressure effects and fluid viscosity. 

The effect of sweep on the moment-curve slope is shown in 
figure 7 for the same series of wings used before. It is ap-
parent that here experiment and theory agree neither 
quantitatively nor qualitatively. For the unswept wing, the 
observed discrepancy can be accounted for as explained in 
connection with figure 6. The disagreement in the variation 
with angle of sweep is, however, difficult to reconcile on the 
basis of present knowledge. In general, the effects of 
boundary-layer separation may be expected to have a major 
influence on the moment characteristics of swept wings, 
particularly in those cases in which the wing elements are 
predominately subsonic. The possible importance of the 
higher-order pressure effects should not be overlook&l, how-
ever. It can be shown from quite general considerations that 
the calculation by the linear theory of the aerodynamic-center 
position for any given wing is subject to a possible error of 
the same order of magnitude as the percent thickness of the 
airfoil section. For this reason, the development of a rea.-
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sonably general, second-order wing theory may prove essen-
tial to a complete understanding of the pitching-moment 
problem.

DRAG 

The calculation of wing drag by the linear theory leads to 
a parabolic curve of drag versus lift. The value of the 
minimum drag coefficient depends, for a given Mach number, 
upon the thickness, camber, and plan form of the wing, while 
the lift coefficient at which the minimum occurs is a function 
of the camber and plan form. The rise in drag as the lift 
qpefficient departs from that for minimum drag depends, 
according to the linear theory, upon the geometry of the plan 
form only. 

Minimum drag.—A typical illustration of the effect of 
change in plan form on the minimum drag is given iii in figure 
8, which shows the variation in minimum drag coefficient for 
the .previóus series of swept wings. The theoretical curve 
shown is for the presstlre drag only—that is, no attempt has 
been made to estimate the skin friction. Because of the 
mathematical complications introduced by camber when the 
edges of the wing are subsonic, it was not practicable here to 
extend the theoretical curve beyond 43° in either direction. 
Within these limits, the theoretical drag increases with in-
creasing sweep. Extension of the curve to higher angles of 
sweep would be expected to show n marked decrease in the 
calculated drag, similar to the well-known results for un-
cambered wings swept behind the Mach cone. 

The experimental curve of figure 8 follows the general 
trend indicated by theory. As the sweep increases from 
zero in either direction, the measured drag first rises to a 
maximum in the vicinity of the Mach cone and then de-
creases markedly with further increase in sweep. The large 
decrease in drag obtained by sweeping the wing behind the 
Mach cone has been observed by numerous investigators and 
need not be enlarged upon here. What is more interesting in 
the present results is the failure of the experimental values 
to rise as rapidly as does the theoretical curve in the lower 
range of sweep angles. For the wings of 0° and -L30 0  sweep, 
the displacement of the experimental points above the theo-
retical curve is consistent with a reasonable allowance for 
skin friction and support-body interference. For the wings 
of ±43° sweep, however, the experimental values are almost 
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coincident with the theoretical. This result suggests that 
the linear theory may be overly pessimistic regarding wing 
drag when the Mach number normal to the wing elements is 
near unity. Support for this conjecture is found in the work 
of Hifton and Pruden (reference 10), who report a similar 
situation in two-dimensional tests of an airfoil section at 
moderately supersonic speeds. It is likely that in both in-
stances the results are due to transonic effects which are be-
yond the scope of the linear theory. 

The symmetry of the curves of figure 8 is also worthy 
of note. It has been shown by several authors (see, for ex-
ample, references 1 and 12) that, to the order of accuracy 
of the linear theory, the minimum pressure drag of a wing 
of any plan form is unchanged by a reversal of the direction 
of motion. Provided the wing section is without camber. 
For cambered iNings, the corresponding drag theorem is 
probably less general with regard to plan form, though, 
as in the case of the lift-curve slope, the limits of generality 
have not been defined. For the present wings, reversibility 
is readily proven over the range of sweep angles between 
±43°. As a result, the theoretical curve of figure 8 is, like 
the corresponding curve for dOL/da in figure 5, exactly 
symmetrical over this interval. In spite of the theoretical 
result, however, the almost perfect symmetry of, the experi-
mental curve of figure 8 comes as somewhat of a surprise. 
It might be expected that secondary differences between cor-
responding swept-forward and swept-back wings, would 
cause an asymmetry here akin to that observed in the experi 
mental values of lift-curve slope. 

The most interesting results with regard to drag, how-
ever, are concerned with the effects of thickness distribution 
on the minimum drag of triangular wings. At about the 
time the present study was beginning, theoretical results by 
Puckett appeared (reference 13) which indicated that the 
minimum pressure drag of an uncambered triangular wing 
with a subsonic leading edge could be held to a relatively 
low value by proper location of the position of maximum 
thickness. To check these results, two triangular wings of 
aspect ratio 2 were included in the present study. Both 
wings had an uncambered double-wedge section with a thick-
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triangular wings.

ness ratio of 5 percent. In one case the maximum thickness 
was located at midchord,i. n the other at a position 20 per-
cent of the chord aft of the leading edge. 

The findings for these wings are summarized in figure 
9, which shows the theoretical and experimental values of the 
minimum drag coefficient plotted as a function of the posi-
tion of maximum thickness. The curve of theoretical pres-
sure drag, which is representative of Puckett's results, is 
divided into two parts by a sharp break in slope, located in 
this instance at 42 percent of the chord. For points to the 
right of this break, the ridge line defined by the position 
of maximum thickness is supersonic, and the flow around 
the ridge resembles the supersonic flow around a convex 
coiner. Under these conditions, there is little pressure 
recovery over the rear of the wing, and the drag is relatively 
high. For points to the left of the break, the ridge line is 
subsonic, and the local flow is of the characteristically sub-
sonic type. Under these conditions, the pressure recovery 
over the rear of the wing is considerable, and the drag is 
correspondingly reduced. For the wings under considera-
tion, the net result of moving the maximum thickness for-
ward from the 50-percent to the 20-percent station is to reduce 
the computed pressure-drag coefficient from 0.0092 to 0.0054. 
Unfortunately, the measured values of the minimum drag, 
indicated by the two small circles, do not follow the theo-
retical trend. The apparent effect of the forward displace-
ment is, in fact, to increase the drag slightly. 

When this result was first noted, the experimental data 
were suspected of being in error. Repeated tests, however, 
gave identical results. It was next thought that support-
body interference might be to blame. Estimates indicated, 
however, that such interference could hardly account for the 
large difference in the increments by which the measured 
total drag exceeded the computed pressure drag for the two 
wings. Consideration of the friction drag finally supplied 
the key to a possible explanation. To examine this possi-
bility, curves of theoretical total drag were computed on 
the basis of the skin-friction coefficients corresponding to - 
completely laminar and completely turbulent flow in the 
boundary layer. When this was clone, it was found, as is 
apparent in the figure, that the experimental point for the 
wing with maximum thickness at 50 percent fell midway 
between the two resulting curves, while that for the wing 
with niaxinium thickness at 20 percent was slightly above 
the curve for completely turbulent flow. This suggested 
that the failure of the experimental paints to follow the trend 
of the theoretical pressure drag might be due to a difference 
in the extent of laminar boundary-layer flow on the two 
wings. 

To check this hypothesis, the liquid film method developed 
by Gray of the R.A.E. for the indication of transition at 
subsonic speeds (reference 14) was adapted for use in a 
supersonic stream. This method depends upon the fact that 
the rate of evaporation of a film of liquid on the surface of 
a model is, on the average, greater where the boundary layer 
is turbulent than where it is laminar. In applying this prin-
ciple at the Ames Laboratory, the model is first coated with 
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(a) 

(b) 

a ) Maximum thickness at 20-1jercent chord. 
Maximum thickness at 50-1 percent chord. 

FIGURE 10.—Results of liquid-film tests on triangular wings at zero lift. 
Section : uncambered double wedge, 3-percent thick, M 0 = 1.53. 

flat black lacquer and then. immediately prim to installation 
in the tunnel, with a liquid mixture containing glycerin. A 
nui is then made at the desired test condition for a sufficient 
time to allow the liquid to evaporate completely in the turbu-
lent region but remain moist over most of the laminar area. 
Upon removal from the tunnel, the model is dusted with 
talcum powder, powder, which adheres to the laminar but not to the 
turbulent area, thus increasing the contrast for photographic 
purposes and providing a clear indication of the extent of 
the two types of boundary-layer flow. 

The results of liquid filmy tets of the two triangular wings 
at zero lift are shown in figure 10. F6r the wing with maxi-
mum thickness at micichord, the re gion of turbulent flow, 
which appears as the dark region on the model, constitutes 
only about half of the surface area aft of the ridge line. For 
the wing with maximum thickness displaced forward, the 
turbulent legion occupies almost all of the considerably

larger area which is aft of the ridge hue on this wing.-' 
These results were repeated many times during the numerous 
tests necessary to perfect the liquid-film technique. Ex-
amination of calculated pressure distributions for the two 
wings shows in each case case excellent correlation between the 
experimentally determined region of turbulent flow and the 
calculated region of adverse pressure gl'adient. Because of 
the effects of support-body interference, it is not possible to 
make a decisive comparison between the measured values of 
total drag and theoretical values calculated on the basis of 
the observed areas of laminar 1111(1 turbulent flow. The evi-
dence of the liquid-film tests, however, leaves little doubt as 
to the primary reason why forward displacement of the 
maximum thickness fails to produce the reduction in mini-
mum drag predicted by the illviscid. linear theory. 

The foregoing result has important implication ,, with re-
gard to the degree of drag reduction possible at supersonic 
speeds through the use of sweepback. The relatively high 
pressure drag of an unswept w-ing at speeds above the speed 
of sound is a direct result of an absence of Pressure recovery 
over the rear of the wing. The high p1esS11I'e drag is thus 
associated with a chordwise pressure gradient which is, for 
the most part, favorable to the boundary-layer flow. The 
reduction of pressure drag by means of sweepback depends, 
on the other hand, UOfl the presence of -,-,inu appreciable pres- 
sure recovery, or in other words, upon the existence of a 
region of adverse gradient. If the region of such gradient 
occupies the major portion of of the wing, then, as was seen in 
the case of the triangular wing with thickness forward, the 
detrimental effects upon the skin friction may more than 
offset the gains iii pressure drag. This suggests that it may 
be desirable here, as in the case of the subsonic, low-drag air- 
foil, to look for wing shape ,, which have their pressure re-
covery confined to a relatively small part of the wing area. 
Wings of this type may, in fact, i i'o'e more practical at 
supersonic than at subsonic speeds, since there is indication 
(reference 15) that the boundary-layer phenomena at the 
higher speeds may be more coiidiicive to long runs of laminar 
flow. 

Drag rise and lift drag ratio—The final question to be dis-
cussed is that of the variation in drag with change in lift. 
As previously mentioned, the theoretical curve of drag versus 
lift is, for any given wing, parabolic in shape. The rise in 
drag as the lift coefficient departs from that for minimum 
drag depends, for a given Mach number, on the wing plan 
form only and is independent of the camber and thickness. 
The shape of the theoretical parabola for a given wing is 
thus identical with that for a flat lifting surface of the same 
plan form as the wing in question. 

In the case of a plan form with a supersonic leading edge, 
the determination of the rise of the theoretical parabola is 
relatively simple. In this case, which is exemplified by plan 
forms A and B of figure 1, the local pressure on the flat lifting 
surface is everywhere finite. The variation in drag with 
change in lift can thus be found by simple integration of 

The white streaks extending back Into the otherwise dark turbulent area 
are streamers of excess liquid blown back from the laminar region. These 
streamers may at times be used as a valuable indication of the direction of 
flow within the boundary layer, particularly on highly swept wings.
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the pressures acting on the top and bottom of the surface. 
For all of the wings of the present study having a supersonic 
leading edge, the shape of the drag curve given by the theo-
retical calculation shows good agreement with experiment. 

In the case of a wing with a subsonic leading edge, the 
theoretical problem is more complex. In this case, exempli-
fied by plan form C of figure 1, there is a singularity—that 
is, an infinite value—in the theoretical lift intensity at the 
leading edge of the equivalent flat surface. The effect of 
this singularity is to produce a finite suction force on the 
leading edge in the direction opposite to the free stream. 
This force—sometimes referred to simply as "leading-edge 
suction"—reduces the rise of the theoretical drag parabola 
below what it would be if only the pressures on the top and 
bottom of the wing were considered. Actually, of course, 
the details of the flow about the leading edge must, in any 
real case, be considerably,  different from the representations 
of the linear theory, since an infinite lift intensity is obvi-
ously impossible. It does not follow, however, that the theo-
retical forward force at the leading edge will not exist. The 
situation here is much the same as that encountered at the 
leading edge of an airfoil section in two-dimensional, incom-
pressible flow. In this latter case, it is known, both from 
experiment and from the indications of more refined calcu-
lations, that the elementary theory gives an accurate predic-
tion of the leading-edge suction within certain limits of 
angle-of-attack and leading-edge radius. The range of ap-
plicability of the linear theory as applied to swept wings at 
supersonic speeds must similarly be established by careful 
theoretical and experimental investigation. 

The results of the present study are not, in general, con-
clusive with regard to the conditions necessary for the at-
tainment of the theoretical force at the subsonic edge. The 
data for the triangular wings, however, do offer some pos-
sibily significant findings. These are illustrated in figure 
11, which shows the effects of change in wing section upon 
the drag due to lift for the triangular wings previously
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FIGURE 12—Effect of wing section on lift-drag ratio of triaogular wings. 

• discussed. The two theoretical curves show the calculated 
drag rise with the leading-edge suction both included 
and omitted. For' the wing with maximum thickness at 
midchord, the experimental curve is slightly above the theo-
retical curve with leading-edge suction omitted. This is as 
might be expected for a sharp-edged wing, the slight in-
crease above the upper theoretical curve being due possibly 
to an increase in friction drag with increasing lift or to 
support-body interference. Moving the maximum thick-
ness forward on the wing to the 20-percent-chord position 
resulted in a slight reduction in drag despite the retention 
of a sharp leading edge. This gain may be due either to 

- the attainment of leading-edge suction as a result of the 
larger leading-edge wedge angle on this wing or to a change 
in the- variation of friction drag with lift. In an attempt 

-to bring the drag rise of the second wing down to the values 
indicated by the complete theory, the edge of this wing was 
rounded to a radius of 0.25 percent of the chord, which is 
of the same order of magnitude as the radius of an NACA 
low-drag section of comparable thickness ratio. This round-
ing of the leading edge afforded some benefit, the resulting 
experimental values being approximately midway between 
the two theoretical curves. Additional rounding—to a 0.50-
percent radius over the entire span and then to a still greater 
value over the outer half—had no further effect. 

The influence of the foregoing changes on the experimental 
curves of lift-drag ratio is shown in figure 12. The wing 
with maximum thickness at midchord has a value of 
(L/D),naw of about 6.3. When the maximum thickness is 
moved forward to the 20-percent-chord station, the decrease 
in drag rise apparent in figure 11 more than outweighs the 
slight increase in minimum drag observed in figure 9. As a 
result, the maximum lift-drag ratio increases slightly. 
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Rounding the leading edge of the second wing, while reduc-
ing the drag rise as previously noted, does not alter the 
minimum drag. As a consequence, the maximum lift-drag 
ratio is increased to approximately 6.8. These results sug-
gest that the aerodynamic gains predicted on the basis of 
the theoretical leading-edge suction can be at least partially 
realized in practice. The determination of the optimum 
profile shape for . -this purpose may, however, involve con-
siderable detailed research. 

It is interesting for contrast with the foregoing results to 
point out the detrimental effects at the test Mach number of 
rounding the leading edge on an unswept wing. In tests 
of an unswept, untapered wing of aspect ratio 4, rounding 
the leading edge to a radius of 0.25 percent of the chord 
resulted in a 27-percent increase in minimum drag and a 
consequent reduction in maximum lift-drag ratio from 6 to 
about 5.5. The rise in the drag curve was unaffected by the 
modification.

CONCLUDING REMARKS 

The foregoing results represent only a small contribution 
to the body of experimental and theoretical knowledge now 
being accumulated concerning the characteristics of wings at 
supersonic speeds. As is the case with most measurements of 
over-all forces, the data of the present study raise more ques-
tions than they answer. Detailed and patient investigations 
of pressure distribution and boundary-layer flow are required 
to develop a rational explanation for many of the observed 
phenomena. Several major problems have not been dis-
cussed here at all, including the important question of the 
adequacy of the Kutta condition to describe the real flow 
at a highly swept, subsonic trailing edge. There is sufficient 
to be done, indeed, to keep many investigators occupied for 
years to come. 
AMEs AERONAUTICAL LABORATORY, 

NATIONAL- ADVISORY COMMITTEE FOR AERONAUTICS, 
MOFFETr FIELD, CALIF., May 3, 1950.
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INVESTIGATION OF SPOILER AILERONS FOR USE AS SPEED BRAKES
OR GLIDE-PATH CONTROLS ON TWO NACA 65-SERIES WINGS

EQUIPPED WITH FULL-SPAN SLOTTED FLAPS' 

By JACK FISCREL and JAMES M. WATSON 

SUMMARY 

A wind-tunnel investigation was made to determine the char-
acteristics of spoiler ailerons used as speed brakes or glide-path 
controls on an NAGA 65-210 wing and an NA CA 652-215 
wing equipped with full-span slotted flaps. Several plug-aileron 
and retractable-aileron configurations were investigated on the 
two wing models with the full-span flaps retracted and deflected. 
Tests were made at various Mach numbers between 0.13 and 
0.71. 

The results of this investigation have indicated that the use of 
plug or retractable ailerons, either alone or in conjunction with 
wing flaps, as speed brakes or glide-path controls is feasible and 
very effective. In an illustrative example, the estimated time 
required for descent of a high-performance airplane from 40,000 
feet was reduced from 12.3 minutes to 3.3 minutes. The plug 
and retractable ailerons investigated, when used as speed brakes, 
had only a small effect on the wing pitching moments-. The 
rolling effectiveness of the ailerons will not be impaired by such 
use and should be as good as the effectiveness when the ailerons 
are projected in normal manner from the retracted position. 

INTRODUCTION 

One of the less obvious but nevertheless important needs 
of the high-performance military and commercial aircraft 
currently in use 01 in the design stage is that of utilizing 
suitable devices as aerodynamic speed brakes or glide-path 
controls, or both.. Speed brakes and glide-path controls are 
beneficial for aircraft under various normal or emergency 
operating conditions, such as: a rapid descent from high 
altitude while airplane speed is being limited, landing onshort 
runways over obstacles, reducing speed rapidly to increase 
the firing efficiency of fighter aircraft, and so forth. For the 
high-performance aircraft, the use of full-span slotted flaps 
and spoiler lateral-control devices would he particularly 
beneficial for providing high lift for landing and take-off as 
well as adequate lateral control. In order to obviate the 
necessity of including additional devices on the airplane, the 
use as speed brakes of spoiler ailerons, either alone or in con-
junction with slotted flaps, was reported in reference 1 and 
was shown to be satisfactory. By means of suitable linkage, 
the slotted flaps can be deflected,and the spoiler ailerons on

both wing semispans can be projected equally above the wing 
to act as speed brakes or glide-path controls; and in either the 
neutral or an extended position, the ailerons can at the same 
time be operated differentially by movement of the control 
stick to provide lateral control. 

The lateral control characteristics of various spoiler ailerons 
on unswept wings have been presented previously (for 
example, see references 2 to 7); however, the aerodynamic 
characteristics of these ailerons pertaining to their use as 
speed brakes or glide-path controls have seldom been 
presented. 

In order to provide some information on the characteristics 
of plug and retractable ailerons when used as speed brakes or 
glide-path controls, the incremental values of lift., drag, and 
pitching-moment coefficients obtained at various aileron 
projections and flap deflections during the investigations of 
references 3 to 5 are presented herein. These data were 
obtained through a large angle-of-attack range on semispan 
wings having NACA 65-210 and NACA 652-215 airfoil 
sections. The investigation was performed in the Langley 
7- by 10-foot tunnels at various Mach numbers between 0.13 
and 0.71. Complete lift, drag, and pitching-moment data 
of these aforementioned wings with ailerons neutral have 
been presented in references 5 and 8. Data illustrating the 
rolling effectiveness of the ailerons when used as speed brakes 
or glide-path controls and a discussion pertaining to the 
application of the incremental lift, drag, and pitching-
moment data to aircraft are presented herein. 

COEFFICIENTS AND SYMBOLS 

-IL	
lift coefficient /Twice lift of sem 

C	
ispan model 

s 
CD	 drag coefficient (D/qS) 
Cm	 pitching-moment coefficient (M/qS) 

increment caused by aileron projection 
C1	 rolling-moment coefficient (L/qSb) 
c	 local wing chord, feet

/9 ('b/2 
wing mean aerodynamic chord, 2.86 feet (- I C 2 dy 

\t3 J 
b	 twice span of each semispan model, 16 feet 
y	 lateral distance from plane of symmetry, feet 

Supersedes N.'CA TN 1933, "Investigation of Spoiler Ailerons for Use as speed Brakes or Glide-Path Controls on Two NACA 65-Series Wings Equipped with Full-Span Slotted 
Flaps" by Jack Fiechel and James M. Watson, 1949. 
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S	 twice area of each semispan model, 44.42 square feet 
D	 twice drag of semispan model, pounds 
L	 rolling moment, resulting from aileron projection, 

about plane of symmetry, foot-pounds 
M	 twice pitching moment of semispan model about 35-

percent root-chord station 
q	 free-stream dynamic pressure, pounds per square 

foot( p V2) 

V	 free-stream velocity, feet per second 
V	 indicated airspeed, miles per hour 
P	 mass density of air, slugs per cubic foot 
a	 angle of attack with respect to chord plane at root 

of model, degrees 
S, flap deflection, measured between wing chord plane 

and flap chord plane (positive when trailing edge 
of flap is down), degrees 

M	 Mach number (V/a) 
R	 Reynolds number 
a	 speed of sound, feet per second 

CORRECTIONS 

All data presented are based on the dimensions of each 
complete wing. 

The test data have been corrected for jet-boundary effects 
according to the methods outlined in reference 9. The 
Glauert-Prandtl transformation (reference 10) has been 
utilized to account for effects of compressibility on these 
jet-boundary corrections. Blockage corrections were ap-
plied to the test data by the methods of reference 1.1. 

MODEL AND APPARATUS 

The right-semispan-wing models investigated with spoiler 
ailerons (figs. 1 to 6) were mounted in either the Langley 
300 MPH 7- by 10-foot tunnel or the Langley high-speed 
7- by 10-foot tunnel with their root sections adjacent to one 
of the vertical walls of the tunnel, the vertical wall thereby 
serving as a reflection plane. Two wings were used for this 
investigation: one wing embodied NACA 65-210 airfoil 
sections and the other wing embodied NACA 652-215 
airfoil sections. The wings were constructed with the same 
plan-form dimensions (figs. 1, 3, and 5) and each wing had 
an aspect ratio of 5.76 a taper ratio of 0.57, and had neither 
twist nor dihedral. The NACA 652-215 wing was con-
structed with two trailing-edge sections which were used 
alternately for tests of the plain-wing configuration and for 
tests of the wing configuration with flaps (fig. 6). The 
NACA 65-210 wing was equipped with two trailing-edge 
sections—one to accommodate the basic plug-aileron and 
retractable-aileron configurations (fig. 2) and the other to 
accommodate the circular-plug-aileron configurations (fig. 4); 
each trailing-edge section had a cut-out to accommodate the 
flap in the retracted position (ö,=0°). A more detailed

description of the construction and mounting of the models 
is presented in references 3, 4, 5, and S. 

A 0.25c slotted flap which extended from the wing root 
section to the 95-percent-semispan station was used on both 
semispan wings in this investigation: This flap was orig-
inally designed and constructed to conform to the contour 
of the NACA 65-210 wing and was used in all investiga-
tions on that wing (references 3, 4, and 8). Because of its 
availability and satisfactory aerodynamic characteristics, this 
flap was also used in the flap-deflected wing configurations 
tested on the NACA 65 2-215 wing (reference 5). The posi-
tions of the flap with respect to the wing at the various 
deflections investigated with each aileron configuration are 
shown in figures 1, 3, and 6. These positions were found to 
be optimum, aerodynamically, for each flap deflection (refer-
ences 5 and 8). 

Each of the various aileron configurations investigated 
had a span of 49.2 percent of the wing semispan and was 
fabricated from duralumin or steel sheet in five equal span-
wise segments (figs. 1 to 6). The basic plug ailerons and 
retractable ailerons on the NACA 65-210 wing had I6-inch 
perforations which removed about 9 percent of the original 
aileron area (reference 3). On the NACA 652-215 wing, 
identical ailerons of varying projection were used in tests 
of both the plug-aileron and retractable-aileron configura-
tions; these ailerons were fastened to the upper surface of 
the wing at the 0.70c station (fig. 6). Although these ailer-
ons were not projected out of the wing profile (from the 
neutral position) as they would be in a practical airplane 
installation (for example, the configurations on the NACA 
65-210 wing), the configurations investigated are believed 
to simulate practical airplane installations and to provide 
aerodynamic data representative of these installations. (See 
fig. 6.),

TESTS 

All tests of the basic plug-aileron, the basic retractable-
aileron, and the thin-plate circular-plug-aileron configura-
tions on the NACA 65-210 wing model were performed in 
the Langley high-speed 7- by 10-foot tunnel. All tests of 
the double-wall circular-plug-aileron configuration on the 
NACA 65-210 wing model and of the two aileron configura-
tions on the NACA 65,-215 wing model ere performed in 
the Langley 300 MPH 7- by 10-foot tunnel. 

With the flap retracted or deflected, the aerodynamic 
characteristics of each wing-aileron configuration were de-
termined at various aileron projections and for several angles 
of attack. Tests were made at Mach numbers between 0.13 
and 0.71 (with corresponding Reynolds numbers of 2.6X 106 
to 11.6X10 6, based on the wing mean aerodynamic chord of 
2.86 ft). Negative aileron projections indicate that the 
ailerons were extended above the wing upper surface. 

The average variation of Reynolds number with Mach 
number for all tests is shown in figure 7.
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RESULTS AND DISCUSSION 
EFFECT OF AILERON BRAKES ON WING AERODYNAMIC CHARACTERISTICS 

Incremental data of lift, drag, and pitching-moment co-
efficients obtained at various aileron projections with the 
four aileron configurations investigated on the NACA 65-210 
wing and with the flap retracted and deflected are pre-
sented in figures 8 to 15. Corresponding data obtained 
with the two aileron configurations on the NACA 652-215 
wing are presented in figures 16 to 23. 

Incremental lift coefficient CL.—The incremental values 
of lift coefficient generally became more negative with in-
crease in aileron projection for all aileron configurations 
and flap conditions. The data obtained with the basic re-
tractable aileron, however, showed inconsistent trends of 
reversed or positive values of ICL for small aileron projec-
tions at various angles of attack and Mach numbers with 
the flap deflected. (See figs. 11, 22, and 23.) This phe-
nomenon is usually exhibited by retractable ailerons with 
the flap deflected. A comparison of the present data with 
the rolling-moment data of references 3 to 5 shows, as an-
ticipated, that the aforementioned effects paralleled the 
rolling effectiveness' of the ailerons; that is, the rolling 
effectiveness increased when 1CL became more negative. 

In general, the incremental values of lift coefficient in-
creased negatively with increases in the Mach and Reynolds 
numbers and with increase in the flap deflection for all con-
figurations. In most cases, increases in the angle of attack 
produced a small or inconsistent effect on the values of ACL 
produced by almost all the ailerons; the thin-plate circular-
plug aileron on the NACA 65-210 wing was the only con-
figuration for which ACL became more negative with increased 
angle of attack (figs. 12 and 13). 

The plug ailerons on both wings usually produced slightly 
larger negative values of ICL than the retractable ailerons. 
This effect is consistent with the fact that the rolling effec-
tiveness usually observed for the plug aileron is greater than 
that for the retractable aileron (references 3 and 5). A com-
parison of the plug-aileron and retractable-aileron data ob-
tained on the two wings alsoi shows that more negative values 
Of ACL were generally obta ned on the thicker wing. (See 
figs. 8 to 11, 16, 19, 20, and 23.) 

Incremental drag coefficient LXCD .—The incremental drag 
data of figures 8 to 23—which are based on the values of drag 
coefficient measured on the wings at approximately it constant 
angle of attack (at the values of a and CL shown in the figures 
for zero aileron projection)—exhibit certain trends that 
accompanied the lift changes discussed in the section 
entitled "Incremental lift coefficient iCL." In most cases, 
the incremental values of drag coefficient increased with 
increase in aileron projection; however, at large values of 
lift coefficient with the flap deflected, an opposite trend was 
exhibited over a part of the projection range. The values of 

CD exhibited a negligible or inconsistent variation with 
increase in Mach and Reynolds numbers, except possibly at 
low negative values of CL with flap retracted (figs. 8 and 10).

In general, the values of ACD became considerably larger (or 
more positive) as the flap was deflected at a constant value 
of lift coefficient; however, an increase in the angle of attack 
and lift coefficient in any flap configuration generally caused 
a decrease in the values of ACD. This decrease in ACD became 
more pronounced with increase in aileron projection and with 
deflection of the flap and, in some instances, particularly at 
the higher lift coefficients with the flap deflected, the values 
Of ACD became negative. An analysis of the data shows that 
these trends result from the smaller positive increment in 
profile drag and the larger reduction in induced wing drag 
produced by projection of the ailerons as the angle of attack 
and lift coefficient increased. 

For all practical purposes, however, some of the afore-
mentioned changes in iCD—particularly the decreases in the 
values of A CD with increase in CL , and the negative values of 
AC'D—would probably never be realized, by an airplane in 
flight. The loss in lift resulting from projection of the aileron 
brakes on the airplane would probably have to be restored by 
an increase in the wing angle of attack to retain constant lift 
and avoid excessive accelerations and sinking speeds. This 
increase would result in approximately a constant induced 
drag and an increase in the total wing drag because of the 
larger profile drag resulting from the higher wing angle of 
attack and the projected aileron brakes. In order to illus-
trate the changes in ACD obtained at constant lift coefficient 
for various aileron projections over the lift-coefficient range, 
some of the data of figures 8 to 23 have been analyzed and 
plotted as shown in figure 24. The values of resulting 
from aileron projection, with angle of attack varied to main-
tain constant lift coefficient, increased with increase in aileron 
projection and flap deflection and, for a given aileron pro-
jection, ACD was usually fairly constant over the lift-
coefficient range. In addition, the incremental drag values 
were negligibly affected by changes in Mach and Reynolds 
numbers. 

The plug and retractable ailerons produced approximately 
similar values of ACD on each wing model, but the two 
circular-plug ailerons generally produced the highest values 
Of A CD on the NACA 65-210 wing model. The data also 
show that more positive values of ICD were usually obtained 
on the NACA 652--215 wing than on the NACA 65-210 wing 
at corresponding aileron projections and lift coefficients; 
however, the large changes in A CD observed for the plug 
ailerons on the NACA 652-215 wing at small projections 
(figs. 16 to 19, and 24) result principally from the sudden 
opening of the plug slot rather than from the projection of 
the aileron alone, as was discussed for the lateral-control 
investigation reported in reference 5. 

Incremental pitching-moment coefficient AC..—In general, 
the values of ICm obtained at various aileron projections 
became more negative (or less positive) with increase in 
angle of attack in all flap conditions and became more 
negative with increase in aileron projection in the flap-
retracted condition. Changes in the Mach and Reynolds
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numbers generally had a negligible or an inconsistent effect 
on the values of AG, obtained in all flap conditions, and 
the - values of AC. usually became less negative (or more 
positive) with increase in flap deflection. Because all values 
of ACm were fairly small, however, the incremental wing 
pitching moments would probably be easily trimmed on an 
airplane, regardless of flap condition or aileron configuration. 

EFFECT OF AILERON BRAKES ON AIRCRAFT PERFORMANCE 

In order to illustrate the utility and one of the advantages 
to be gained from the changes in lift and drag produced by 
spoiler ailerons when used as glide-path controls on an 
airplane, the descent characteristics from an altitude of 
40,000 feet of a typical high-performance airplane with and 
without glide-path- controls were computed and are presented 
in figure 25. Unpublished wind-tunnel data obtained on 
the model of a high-performance propeller-driven airplane 
having four engines were used to determine the characteris-
tics of the basic airplane. This airplane had a wing loading 
of 63 pounds per square foot, a wing aspect ratio of 10.18, 
and a wing taper ratio of 0.43; in addition, an effective 
thrust of zero in the flap-retracted condition was assumed. 
The glide-path controls assumed for the airplane were plug 
ailerons projected 8 percent chord above both wing panels, 
and the incremental data used for the glide-path controls 
were taken from data obtained on the NACA 652-215 wing 
(fig. 16). Although the NACA 652-215 wing had a lower 
aspect ratio than that of the assumed airplane, the lift 
coefficients at which the assumed airplane flew, in the 
illustrative example, were low enough to minimize differences 
in the induced drag and, hence, the incremental drag resulting 
from aileron projection. For other cases, however, . partic-
ularly at high lift coefficients, differences in aspect ratio may 
cause appreciable drag differences which should be considered 
in a performance analysis. The airplane descent was 
assumed to start at an altitude of 40,000 feet and a Mach 
number of 0.7, and the airplane maintained this Mach 
number until an indicated airspeed of 450 miles per hour 
was reached. This indicated airspeed was then maintained 
for the remainder of the descent to sea level. 

As can be seen from figure 25, projection of the plug aileron 
on both wing panels of the airplane decreased the time re-
quired to descend from 40,000 feet to sea, level from 12.3 to 
3.3 minutes. Also a. decrease in the horizontal distance re-
quired to reach sea level of approximately 73 miles was 
effected (a straight line of descent, was assumed). This saving 
of time and distance in descending from high altitudes would 
be particularly important for an emergency condition, such 
as failure in the cabin pressurization, and also for normal 
operating conditions, such as at the termination of a long-
distance flight at the most efficient altitude (reference 12). 

The illustrative example presented in the foregoing discus-
sion was computed with the assumption that the airplane 
angle of attack was varied to maintain the proper lift coeffi-
cient with the flap retracted. This method of operation, 
however, may not be the most effective one. Deflection of 
the flap and ailerons simultaneously to provide the necessary 
lift coefficient at a constant angle of attack—and, at the same 
time, to increase the drag—or dflection of the ailerons with

the flaps deflected may result in larger decreases in the time 
and distance required to reach sea level than are shown in the 
illustrative example. However, other problems, such as 
downwash fluctuations in the region of the tail plane and 
excessie flap loads possibly encountered at high Mach num-
ber, may complicate or prevent such means of operation. 
For the illustrative example (wherein a -8-percent-chord 
aileron projection was employed), in order to maintain a con-
stant a approximately a 100 deflection of the full--span flap 
would probably be required for simultaneous operation of 
flap and ailerons as glide-path controls. In general, the 
simultaneous use of the flaps and the aileron brakes will prob-
ably depend on the variation of lift and pitching moment 
desired for particular maneuvers, such as fighter combat 
maneuvers, in which only a drag increment is desired. 

In addition to their action as glide-path controls, spoiler-
aileron brakes provide the added advantage of decreasing 
wing bending moments by moving the spanwise center of 
loading inboard on the wings, as shown in figure 26. This 
effect is particularly important and beneficial for airplanes 
during descent at high speeds'peed and lessens the possibility of 
structural failure during this maneuver. 

Projection of the ailerons with the flaps deflected in a land -
ing approach would also substantially aid the airplane in 
landing over high obstacles and on short landing fields and 
would appreciably decrease thlength of landing run. The 
use of spoiler ailerons as speed brakes to limit or reduce air-
plane speed in a dive or to reduce airplane speed rapidly in 
order to increase firing efficiency of fighter aircraft is also 
feasible, as is apparent from the data previously presented. 

Another functional advantage obtainable with spoiler-
aileron brakes is the possible use of the ailerons as a gust-
alleviation device. Because of the relatively greater adverse 
effects on passenger riding comfort and wing structural loads 
of gusts at high speeds, an automatic spoiler-aileron gust-
alleviation system should be given due consideration. 

Although a comparison of the characteristics of the spoiler-
aileron speed brakes discussed herein with the characteristics 
of other brake devices (such is those of references 13 to 15) 
is not presented, several advantages of the aileron brakes are 
readily apparent. These advantages include: The variable 
braking control permitted by the aileron brakes as compared 
with the inflexibility of control of some of the other devices; 
the use of spoiler-aileron brakes would obviate the necessity 
of including separate braking devices on an airplane; the 
aileron brakes . may be used, retracted into the wing, and 
immediately used again, but a parachute brake can be used 
only once before disposal or repacking (on he ground) and 
is inflexible in control; and also, the spoiler-aileron device 
would not adversely affect the effectiveness of adjoining wing 
-controls, whereas other devices may (reference 15). In 
addition, unlike reversible-pitch propeller brakes (reference 
16), spoiler-aileron brakes may be used on aircraft having 
diverse propulsive systems and would obviate any complexity 
involved in the use of propeller brakes on conventionally 
powered aircraft. The projected ailerons, when used as 
glide-path controls or speed brakes, probably would not 
cause severe tail buffeting inasmuch as the ailerons are 
placed on the outboard part of the wing near the tip, and the
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wake formed by them would be outboard of the tail surfaces. 
Few data are available, however, concerning any induced 
effects of the aileron brakes on the wing downwash or on 
fluctuations in the downwash, and further investigation of 
such effects may be desirable. 

ROLLING CHARACTERISTICS OF THE SPOILER AILERONS USED AS SPEED
BRAKES OR GLIDE-PATH CONTROLS 

• In references 3 to 5, the rolling effectiveness of the plug 
and retractable ailerons on the NACA 65-210 and NACA 
65 2-215 wings was shown to be very satisfactory for normal 
operation from the retracted aileron position. In order to 
illustrate the rolling effectiveness of these ailerons from a 
projected position-that is, when they are used as glide-path 
controls or speed brakes-some of the data previously 
presented in references 3 to 5 have been replotted, with 
zero rolling moment corresponding to some finite aileron 
projection on both semispans of a complete wing, and are 
presented in figures 27 to 29. The values of lift coefficient 
and angle of attack listed on these figures are those obtained 
with the ailerons in the raised position on both wing panels. 

These data indicate that the rolling effectiveness produced 
by the plug and retractable ailerons from a projected-aileron 
neutral position was very satisfactory, particularly for the 
flap-deflected condition. For normal operation from the re-
tracted aileron position, an aileron control-stick differential 
providing approximately equal up and down projections will 
probably be required for the plug ailerons; whereas a differ-
ential providing large up projections and little or no down 
projections for lateral control may be required for the re-
tractable ailerons. However, when the ailerons are also 
used as speed brakes and glide-path controls, any extreme 
aileron control-stick differential normally employed for 
lateral control (such as that for the retractable ailerons) 
would probably have to change as the brakes project on 
both semispan wings, so that an aileron control-stick linkage 
allowing approximately equal up and clown projections would 
be obtained for moderate brake projections on both wing 
panels.

CONCLUSIONS 

A wind-tunnel investigation was made to determine the 
characteristics of plug and retractable ailerons used as speed 
brakes or glide-path controls on an NACA 65-210 and an 
NACA 652-215 wing equipped with full-span slotted flaps. 
The investigation was performed at various Mach numbers 
from 0.13 to 0.71. The results of the investigation led to 
the following conclusions: 

1. The time for descent and distance for descent from 
high altitudes and wing bending moments can be greatly 
reduced by use of spoiler ailerons as brakes. 

2. When used as speed brakes or glide-path controls, the 
rolling effectiveness of plug and retractable ailerons need 
not be impaired as compared with the effectiveness of the 
ailerons from the fully retracted position. 

3. The incremental values of drag coefficient A C, pro-
duced by projection of the ailerons on both wing panels of 
a complete wing generally became more positive with in-
crease in aileron projection and flap deflection and were in-
consistently or negli gibly affected by changes in Mach

number. In addition, the ailerons generally produced larger 
increments of drag on the thicker wing model. 

4. The increment in lift coefficient ACr produced by pro-
jection of the ailerons generally became more negative with 
increase in aileron projection, flap deflection, and Mach and 
Reynolds numbers. 

5. In general, the incremental values of pitching-moment 
coefficient LIGm produced by projection of the ailerons were 
fairly small, varied only slightly with changes in angle of 
attack, Mach number, aileron projection, or flap deflection 
and were about the same on both wing models. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., June 3, 1949. 
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FIGURE 18.—Incremental values of lift, drag, and pitching-moment coefficients obtained by 
projection of the plug aileron on both semispans of the NACA 612-215 wing. Flap deflected 
30° M=0.13.
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FIGURE 19. —Incremental values of lift, drag, and pitching-moment coefficients obtained by 
projection of the plug aileron on both semispans of the NACA 652-215 wing. Flap deflected 
45°; 2tf=0.13. 
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FIGURE 22.—Incremental values of lift, drag, and pitching-moment coefficients obtained by 
projection of the retractable aileron on-both semispans of the NACA 652-215 wing. Flap 
deflected 300; M=0.13.

mau•uu m•uu• 

-— , ---.'-

•URUIMENN•I 
No 0 M OMEN No 

ONE No so 
ME-NEEM No 

NEW -0 - No 
a	 CL	

1 

a	 Z2	
200

PUIUIUUU 
ui uiuui•i 

MEMMEMEM 

MMEMMEMMOMME
-/	 -/0	 -&	 -O	 -4	 -2	 0	 2

Aileron projection, percent chord 

FIGURE 23.—Incremental values of lift, drag, and pitching-moment coefficients obtained by 
projection of the retractable aileron on both semispans of the NACA 65215 wing. Flap 
deflected 45; M=0.13. 

4 C. 

4 C1,



INVESTIGATION OF SPOILER AILERONS FOR USE AS SPEED BRAKES OR GLIDE-PATH CONTROLS	 791 

Ai/€,-on pr-ojec f/on, percent chord 

4 CD

.Oi 

C 

• / 

• /t 

A CD

ot

0 
-.4

tT[i' L_1___ 
- --II

- 

--7 

IIIIIIIIIIIIIITIIiZ 
- - -1.9- - - - - - - - - - - 

I	 •i to, _____•••  
_-- -/ Lm I I I I

0	 .4	 .8	 1.2	 1.6 -.4	 0	 .4	 .8	 i'	 1.6	 2.0 
CL	 CL 

(a) Plug aileron on NACA 65-215 wing. 	 (d) Retractable aileron on NACA 652-215 - 
Plain wing; M=0.19.	 .	 wing. Plain wing; M=0.19. 

(b) Basic plug aileron on NACA 65-210 	 (e) Plug aileron on NACA 652-215 wing. 
wing. 6,00; M=0.27.	 .	 öj'15°; M=0.13. 

(c) Basic plug aileron on NACA 65-210 	 • (I) Plug aileron on NACA 652-215 wing. 
wing. a,=45°; M=0.13. 	 öt45°; M=0.13. 

FIGURE 24.—incremental values of drag coefficient obtained at constant lift coefficient for several of the wing aileron configurations investigated. 



74-2--	 REPORT 1034—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

—Airplane with plug ailerons us,sed as 
40,000 ,	 glide-pofhcontrol	 --, I 

Airplane with out glide-path control 

/0000—

'4:0— 2L4 
Distance, miles	 - T,tho minutes 

FIGURE 25.—Comparison of estimated elapsed time and ground distance covered during descent of a typical airplane from an altitude of 40,000 feet with and without a glide-path 
control. Plug ailerons raised to 8-percent-chord projection on both semispan, wings used as glide-path control. (Assumed airplane conditions: wing loading, 63 lb/sq ft; wing aspect 
ratio, 10.18; wing taper ratio, 0.43; effective propeller thrust, 0; 5=0°; M=0.7 until 1 7i=450 mph is attained.) 

°Iii II:ILI 
1	 Aileron p/-'ojec lion 

(per-cent chord) 
0/i/one 

U 
Q) F 0-5 - 

0-7 

6 
0

-.4	 0	 .4	 .8	 1.2	 45 
Lift coefficient, CL 

FIGURE 26.—Effect of aileron projection on wing-panel spanwise center of pressure of the 
NACA 652-215 wing with retractable ailerons. Plain wing; M=0.19.

W. 

S. 

S-i 

vi
-. 

9 
0

-. 0 
CZ

5, 

-.08 
-8	 -6	 -4	 -2	 0	 2	 4

Aileron projection, per-c erit chord 

(a) 0=0°, .M=0.37. 
(b) l=45°, /ilh 

FIGURE 27.—Variation of rolling-moment coefficient of complete wing with projection of 
double-wall circular plug aileron on one semispan of NACA 65-210 wing. Neutral position 

- of ailerons: — 7.3-percent-chord projection on both semispans of a complete wing. (See 
reference 4.)

--I-- ___ (deg) 
4.2	 0/2 

--7638 

(a)

----,Veufra/ position of ailerons 
or-i both scm/spans of wng  

-
CL 

- -	

0.92 
9.2	 1.36 -

- - - 

\ 

LH 1,1V

li



INVESTIGATION OF SPOILER AILERONS FOR USE AS SPEED BRAKES OR GLIDE-PATH CONTROLS
	

793 

-.08 

	

-8	 -6	 -4	 -2	 0	 2	 4 
Ailer-on projection, percent chord 

(a) 5f =Oo , .211=0.41.

	

--	 (b) 8f =45o , M=0.13. 

FIGURE 28.—Variation of rolling-moment coefficient of complete wing with projection of 
basic retractable aileron on one semispan of NACA 65-210 wing. Neutral position of 
ailerons: —7.0-percent-chord projection on both semispans of a complete wing. (See 
reference 3.)

'CL 
___ (deg) 

. 

(a)

---ileutra/position of ailerons 
on both semispons of wing 

•
CL

-	
.

(deg) 
------ 14	 0.92 

10.3	 145 

- - - - 

__.

- 

(b) 

-/0	 -S	 -6	 -4	 -2	 - U 
Aileron projection, percent chord 

(a) 8,=00, .31=0.19. 
(b) 8/=450, M=0i3. 

FIGURE 29.—Variation of rolling-moment coefficient of complete wing with projection of 
plug aileron on one semispan of NACA 612-215 wing. Neutral position of ailerons: —8.0 
Percent-chord projection on both semispans of a complete wing. (See reference 5.) 

.5) 

ç .01 
4-. 
a 
0 
0 
1-.

C 

0 

. -.01 

-.0 

-.0c 

CL 

---- A/eufro/ position of ailerons 
on both so'mispans of wt . ny  

7'c--

(deg)	
L 

-	 /7	 0.99 
6/	 1.24 

\\\ 

(b)

213037-53-----51



REPORT 1035 

ANALYSIS OF MEANS OF IMPROVING THE UNCONTROLLED LATERAL MOTIONS OF 
PERSONAL AIRPLANES' 

By MARION 0. MCKINNxY, Jr. 

SUMMARY 

A theoretical analysis has been made of means of improving 
the uncontrolled motions of personal airplanes. The purpose 
of this investigation was to determine whether such airplanes 
could be made to fly uncontrolled for an indefinite period of 
time without getting into dangerous attitudes and for a reason-
able period of time (1 to 3 mm) without deviating excessively 
from their original course. 

The results of this analysis indicated that the uncontrolled 
motions of a personal airplane could be made safe as regards 
spiral tendencies and could be greatly improved as regards 
maintenance of course without resort to an autopilot. The 
only way to make the uncontrolled motions completely satis-
factory as regards continuous maintenance of course, however, 
is to use a conventional type of autopilot. 

Theoretical analysis indicated that, although most present-day 
personal airplanes possess a slight degree of positive spiral 
stability, they can easily get into dangerous attitudes and 
deviate excessively from their original course in uncontrolled 
flight because of out-of-trim moments and insufficient spiral 
stability. In order to insure even' reasonably satisfactory un-
controlled motions, these out-of-trim moments must be almost 
entirely eliminated by trimming the airplane in flight and by 
keeping control-system friction low or using some mechanical 
system to provide positive centering of the controls. Spiral 
'stability can be increased by increasing tail length or increasing 
the vertical-tail area and dihedral angle simultaneously, or by 
increasing all of these factors simultaneously, without adversely 
affecting the flying qualities of the airplane. 

INTRODUCTION 

The problem of making a personal airplane fly uncontrolled 
for an indefinite period of time without getting into danger-
ous attitudes and for a reasonable period of time (1 to 3 
mm) without excessive change in heading has attracted 
considerable interest. Personal airplanes, when flown by 
inexperienced pilots or without the proper instruments, may 
get into dangerous attitudes during periods of blind flying. 
They may also wander off course while the pilot is busy with 
maps and, navigation problems or is otherwise occupied so 
that he does not concentrate on flying the airplane. An 
analysis has been made therefore to determine means of 
improving the uncontrolled motions of a personal airplane. 
Although an airplane may possess sufficient stability to

insure its return to the original flight attitude following a 
disturbance such as a gust, it cannot be expected to. return 
to its original heading with respect to the compass without 
the application of corrective control. If an autopilot is not 
used to supply this control action, the problem then becomes 
one of making the airplane safe in uncontrolled flight and 
reducing the deviation 'from course to a minimum. 

SYMBOLS 

All forces and moments are referred to the stability system 
of axes which is defined as an orthogonal system having its 
origin at the center of gravitand the Z-axis in the plane of 
symmetry and perpendicular to the relative wind (positive 
direction downward), the X-axis in the plane of symmetry 
and perpendicular to the Z-axis (positive direction forward), 
and the Y-axis perpendicular to the plane of symmetry 
(positive direction to right). 

S	 wing area, square feet 
S	 vertical tail area, square feet 
b	 wing span, feet 

distance from airplane center of gravity to vertical-
tail center of pressure, feet 

m	 mass of airplane, slugs 
P	 air density, slugs per cubic foot 
V	 airspeed, feet per second 

q	 dynamic pressure, pounds per square foot( p v2) 

angle of sideslip, degrees except where otherwise 
noted 

r	 yawing angular velocity, radians per second 
P	 rolling angular velocity, radians per second 
(IL	 lift coefficient (Lift/qS) 

CY	 lateral-force coefficient (Lateral force/qS) 
rolling-moment coefficient (Rolling moment/qSb) 

C.	 yawing-moment coefficient (Yawing moment/qSb) 
variation of lateral-force coefficient with angle of 

sideslip in radians (oC/ô8) 
CIO variation of rolling-moment coefficient with angle 

of sideslip, per degree except where otherwise 
noted (C1/6) 

variation of yawing-moment coefficient with angle 
of sideslip, per degree except where otherwise 
noted (ôC,,/ô) 

'Su'persedes NACA TN 1997, "Analysis of Means of Improving the Uncontrolled Lateral Motions of Personal -Airplanes" by Marion 0. McKinney, Jr., 1949.
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G lr 	 variation of rolling-moment coefficient 'with yawing-

angular-velocity factor (c1ia 
rb) 

C,,	 variation of yawing-moment coefficient with yawing- 
7, angular-velocity factor 	 rb 

,/ô 

variation of rolling-moment coefficient with rolling- 

angular-velocity factor (oc1i	
) 

(Y	 variation of yawing-moment coefficient with rolling-

angular-velocity factor (ocio 
pb) 

CLn	 slope of lift curve of vertical tail 
radius of gyration about X-axis, feet 

lC	 - radius of gyration about Z-axis, feet 
JU	 relative-density factor (rn/p Sb) 

CALCULATIONS 

Two types of calculations were performed in the present 
investigation: calculations of spiral-stability boundaries and 
calculations of the motions of several configurations of a 
hypothetical personal airplane for several disturbances. The 
characteristics of the basic airplane, which is fairly representa-
tive of present-day two-place tpersonal airplaues, are given 
in references 1 and 2 and were determined by averaging the 
characteristics of several personal airplanes. The various 
modified configurations include changes in the dihedral 
angle, vertical-tail area, and tail length for improving the 
uncontrolled motions of the conventional personal-airplane 
configuration. The results of the calculations apply directly 
only to the hypothetical personal airplane which had a wing 
loading of 9.25 pounds per square foot and a span of 32 feet. 
The results can be applied fairly well to specific personal 
airplanes, however, by dividing the values of time by 
10.5 1W	 w 

-- where -- and b are the wing loading and span, re- 

spectively, of the specific airplane. 
The spiral-stability boundaries were calculated by the 

method presented in reference 3 which states that, for level 
flight, neutral spiral stability occurs when 

0 18 0°r0fl8 0" 

The values of the stability derivatives C,,,., C, and C,, used 
in the boundary calculations are given in table I. The 
derivative C, was treated as the dependent variable. The 

TABLE 1.-VALUES OF STABILITY DERIVATIVES USED IN 
CALCULATIONS OF SPIRAL-STABILITY BOUNDARIES

C,,, 

Normal tail Long tail 
arm (0.465) arm (0.925) 

0 -0.039 -0.078 
.001 -.092 -.194 
.002 -.145 -.290 
.003 -.199 -.398 
.004 -.252 -.505 
.005 -.305 -.610

spiral-stability boundaries were calculated with the assump -
tion that the value of 0,, was increased by increasing the 
vertical-tail area so that the value of -0,,, increased as 
increased. 

The rolling and yawing motions of the airplane following 
various control and gust disturbances were calculated by 
using the equations of motion presented in reference 3. 
The applied disturbing moments used in the calculations 
are given in table II and the stability derivatives used in the 
motion calculations are presented in table III. The lift 
coefficient of 0.35 is fairly representative of the lift coefficient 
of personal airplanes at cruising speed, and the lift coefficient 
of 1.8 represents the maximum lift - coefficient of the airplane 
with flaps down.

RESULTS AND DISCUSSION 

A personal airplane may get into a dangerous attitude or 
deviate excessively from its original course in uncontrolled 
flight as far as its lateral characteristics are concerned for two 
reasons: it may be out of trim, or it may be spirally unstable. 

TABLE 11.-CONDITIONS FOR WHICH MOTIONS WERE
CALCULATED 

Type of disturbance CL C, C,, 

50° total aileron deflection 1.80 0.040 -0.908 
50° total aileron deflection .35 .060 -.002 
10 total aileron deflection .35 .002 -.00005 
10 rudder deflection .35 0 .001 
Rolling gust .35 .004 0 

TABLE 111.-VALUES OF STABILITY DERIVATIVES USED 
IN CALCULATIONS OF MOTIONS 

[i3.76, k0.1605, kz0.1835] 
(a) Cj0.35 

Configuration 
Derivative

I 1A 2 3 4 5 6 

'C -0.274 -0. 274 -0. 274 -0.510 -0.274 -0.274 -0.510 Y8 
'C -.067 -.067 -.137 -.180 -.067 -.137 -.180 
'C .064 .064 .064 .172 .064 .064 .172 np 
C,

p
-.425 -.425 -.425 -.425 -.425 -.425 -.425 

C 
2,

-.022 -.022 -.022 -.022 -.022 -.022 -.022 
C1, .086 .030 .086 .086 .086 .086 .086 
C,, , -:097 -.104 -.097 -.196 -.194 -.194 -.392 

(b) CL=1.80 

Configuration 
Derivative  

1 2 3 4 5 6 

IC 0.808 -0.808 -1.044 -0.808 -0.808 -1.044 Yp 
'C, -.130 -.259 -.143 -.130 -:259 -.143 
C,,8 .086 .086 .194 .086 .086 .194 
C, ,, -.442 -.442 -.442 -.442 -.442 -.442 • 
C,, ,, -.074 -.074 -.074 -.074 -.074 -.074 
C, .442 .442 .442 .442 .442 .442 
C,, -.220 -.220 -.319 -.317 -.317 -.517 

' a in radians. 

CL

C, 

Ailerons Ailerons 
fixed free 

0.20 0.050 
.35 .086 0.030 
.40 .100 
.60 .150 
.80 .200



C, = 0.2	 .4	 .6	 .8 

.00/	 .002	 003	 .004	 .005 
C1fl
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Several factors are involved in eliminating out-of-trim 
moments and spiral stability may be increased by several 
means. The present analysis therefore is divided into two 
parts for convenience in discussion. The first part treats 
the uncontrolled motions of a conventional personal airplane 
and means of improving these motions without changing the 
geometric configuration of the airplane. The second part 
treats the uncontrolled motions of various configurations 
modified geometrically to improve the spiral stability. 

CONVENTIONAL AIRPLANE CONFIGURATION 

Spiral stability.—An airplane must be spirally stable if 
it is to fly uncontrolled without diverging from its original 
attitude. The first step in an analysis of means of improving 
the uncontrolled lateral motions, therefore, is to determine 
whether present-day personal airplanes are spirally stable. 
An indication of whether such airplanes are spirally stable 
can be obtained from figure 1. This figure shows calculated 
spiral-stability boundaries for a hypothetical personal air-
plane at various lift coefficients with fixed controls as func-
tions of the directional-stability parameter C., and the 
effective-dihedral parameter —C. An airplane for which 
the point on the chart would be on the right side of the 
boundary is spirally stable; whereas one for which the point 
would be on the left side of the boundary is spirally unstable. 
The crosshatched region indicates the position in which 
points for most present-day personal airplanes would be 
located on the chart. The lift coefficient corresponding to 
the cruising speed was determined for several personal air-
planes from published performance specifications and was 
found to be between 0.25 and 0.35. The data presented in 
figure 1 indicate therefore that most present-day personal 
airplanes possess a slight degree of positive spiral stability 
for the cruising-flight condition for which good uncontrolled 
behavior is most desired. 

The significance of a slight degree of positive spiral stability 
is illustrated b y the calculated motion of the hypothetical 
personal airplane following a disturbance by a rolling gust. 
The location of the point representing this airplane relative to 
the spiral-stability boundary is shown in figure 2 (a) where 
the conventional personal airplane with controls fixed is desig-
nated configuration 1. The inot ion of this airplane following 

a disturbance by a mild rolling gust ( Y-'-=0.01 for i sec) 

is presented in figure 3 where the variations of the 
angles of hank and heading with time are shown. This 
figure shows that the gust caused the airplane to bank about 
5° and that the airplane slowly returned toward 0° bank. 
As a result of this bank, the airplane turned considerably off 
its original course. This motion represents about as pooa 
behavior as could be expected of present-day personal air-
planes since the directional stability of the hypothetical 
airplane (c 8 =0.00115) is higher than that of most personal 
airplanes and the cruising lift coefficient of the hypothetical 
airplane (CL= 0.35) is as high as that of any present-day 
personal airplane. Most personal airplanes, particularly 
those with relatively high performance, would be expected

to return toward 0 0 bank more rapidly and turn less in 
response to the same disturbance than configuration 1 since 
they would probably be more spirally stable than this 
hypothetical airplane. 

The effect on spiral stability of freeing the ailerons is 
illustrated by the calculations for the hypothetical personal 
airplane with ailerons free, designated configuration 1A. 
The following assumptions were made for these calculations: 
that the value of —C,0 was not affected by the freeing of 
the ailerons, that the airplane had an NACA 4412 airfoil 
section with Frise ailerons, and that no friction was present 
in the aileron control system to prevent the ailerons from 
floating freely. These ailerons have a strong up-floating 
tendency so that, as the airplane turns with the stick free, 
the aileron on the faster-moving wing deflects up and the 
aileron on on the slower-moving wing deflects down. This 
movement of the ailerons tends to roll the airplane out of 
the turn. In effect, this movement of the ailerons causes 
the value of C1, to be lower with stick free than with stick 
fixed and thereby shifts the spiral-stability boundary as 
shown for configuration 1A in figure 2 (b). This effect of 
freeing the ailerons on the motion resulting from a rolling-
gust disturbance is illustrated in figure 3 which shows that 
with the ailerons free (configuration 1A) the airplane returns 
toward 0° bank more rapidly and does not turn so far off 
the course as with the ailerons fixed. The airfoil section 
and the aileron balance assumed for configuration lÀ give 
about as much up-floating tendency as can be expected with-
out resort to some such device as downwardly deflected 
tabs on the ailerons to provide additional up-floating 
tendency; therefore, the difference between the motions for 
configurations 1 and lÀ represents the maximum that can 
be expected from freeing the ailerons unless additional 
up-floating tendency is provided. 
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Fiot'aE 1.—Spiral-stability boundaries for a personal airplane with fixed controls. 
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(a)Ailerons fixed. 
(b) Ailerons free. 

FIGURE 2.—Spiral stability of the conventional personal airplane for configurations I and 1A. 

The effect of freeing the rudder can be ascertained from 
an analysis of the iquation . for neutral spiral stability 
(C1 G 7 Freeing the rudder changes the values of C 
and Un r in approximately the same ratio so that freeing the 
rudder has almost no effect on spiral stability. 

The analysis has shown that most present-day personal 
airplanes are spirally stable with the controls fixed and will 
return toward 00 bank following a disturbance although 
they will have changed heading somewhat and that these 
airplanes are just as spirally stable or even more spirally 
stable with controls free than with controls fixed. It is 
known, however, that in uncontrolled flight most personal 
airplanes tend to deviate from their original attitude and 
not return. Since this characteristic, therefore, cannot 
usually be attributed to spiral instabilit y it must result 
from out-of-trim moments.

FIGURE 3.—Motions of the conventional personal airplane resulting from a mild gust dis-



turbance (gust strength	 =0.01 for 1 see) for the two configurations shown in figure 2. 

Out-of-trim moments.—Almost all personal airplanes are 
out of trim in roll and yaw to a certain extent because of 
improper rigging, change of trim with power, absence of 
trim tabs, and control-system friction which prevents proper 
centering of the controls. As pointed out previously, an 
airplane has no stability of course. An airplane which is 
out of trim cannot, therefore, be reasonably expected to fly 
uncontrolled for an appreciable period of time without con-
siderable change in heading. Trim tabs, or some other 
means of trimming the airplane in flight should be considered 
essential, therefore, if the airplane is to fly uncontrolled for 
a reasonable period of time without excessive change in 
heading. Control-system friction will tend to hold the con-
trols in the proper position after the pilot has trimmed the 
airplane with the stick and the rudder pedals, but it will 
cause considerable trouble that tends to offset this one good 
characteristic. For example, friction keeps the controls from 
centering after they are deflected by a gust or other dis-
turbance. Friction also obscures the feel of the controls, a 
condition which is always objectionable, particularly since 
the pilot cannot center the controls withodt the aid of 
instruments under blind-flying conditions. 

The effect of out-of-trim moments on the uncontrolled 
motions of the hypothetical personal airplane is shown in 
figures 4 and 5. Figure 4 shows the variation of bank and 
heading with time when the ailerons are 10 out of trim and 
figure 5 shows similar motions for the case of 10 out-of-trim
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FIGURE 5.—Motions of the conventional personal airplane resulting from 10 out-of-trim
rudder deflection for the two configurations shown in figure 2. 
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FIGURE 4.—MotionS of the conventional personal airplane resulting from 10 out-of-trim aileron
- deflection for the two configurations shown in figure 2. 

rudder deflection. The calculated motions presented in 
these figures show that, if either the ailerons-or rudder are 
out of trim, the airplane will bank and turn at a fairly rapid 
rate with no tendency to return to its original attitude as 
regards either bank or heading. This is true either with the 
ailerons fixed (configuration 1) where the airplane has slight 
positive spiral stability or with ailerons free (configuration 
lÀ) where the airplane has considerably more spiral stability. 
It is apparent from these calculated motions that almost no 
out-of-trim moments can be tolerated so that, in addition 
to providing some means of trimming the airplane in flight, 
the effect of control-system friction in holding the controls 
deflected and obscuring the feel of the controls must he 
eliminated. - 

As pointed out in reference 4, the allowable limits, for 
control-system friction cannot be set at the present time. 
Vibration of the airplane may relieve, to a certain extent, 
the effect- of friction in holding the controls deflected so that 
the allowable limits for control friction cannot- be determined

solely from static considerations of the aerodynamic and 
frictional hinge moments. Some special flight research work 
is required o establish an upper limit for the allowable 
friction as regards proper centering of the ailerons and rudder 
to prevent, an airplane from getting into dangerous attitudes 
or deviating excessively from its original course in uncon-
trolled flight. 

If keeping the friction forces in the control system low 
enough is found to be too difficult to be practical for a 
personal airplane, some mechanical device might be em-
ployed that would eliminate the effect of friction without 
necessitating the elimination of the friction. One such 
device, the effect of which is being studied experimentally in 
flight tests at the Langley Aeronautical Laboratory, is 
illustrated schematically in figure 6. This device consists 
essentially of preloaded springs that provide positive center-
ing for the controls since at any deflection they provide a 
restoring force which is greater than the static-friction force 
in the control system. Since these springs would cause a
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(a) Stick centered,	 (b) Stick deflected.
FIGURE 6.—Schematic diagram of a device for positively centering the controls. 

nonlinear control-force gradient through zero deflection 
which might be annoying to the pilot at times, means for 
engaging and disengaging the centering device at will might 
be required. Because of the stretch in the control system, 
such a device might preferably be installed at the ailerons 
and rudder rather than on the control stick or rudder pedals 
as indicated by the sketch. This device could also be used 
to trim the airplane if the preload in the springs is greater 
than the control forces required for trim. 

If out-of-trim moments are eliminated by trimming the 
airplane in flight and by eliminating the effect of control-
system friction in preventing the controls from centering 
properly, a conventional personal airplane should be fairly 
safe as regards the ability to fly uncontrolled for indefinite 
periods of time without getting into a dangerous attitude 
and should be fairly satisfactory as regards the ability to fly 
uncontrolled for reasonable periods of time without excessive 
deviations from its original course. A considerable improve-
ment in the uncontrolled motions of a personal airplane may, 
however, be obtained by modifying it to obtain greater spiral 
stability.

MODIFIED AIRPLANE CONFIGURATION 

Several means are available for modifying a conventional 
personal airplane so as to increase its spiral stability. These 
methods are fairly obvious from examination of the relation 
from reference 3 which shows that an airplane is spirally 
stable when

1$1r> 0°fl0r 

This expression indicates that spiral stability can be increased 
by increasing the values of - C1fl and G,, or by reducing the 
values of C,, and C. The value of — Cz, can be increased by 
increasing the dihedral angle without appreciably affecting 
the other stability derivatives. The values of C and 
are both functions of the vertical-tail size and tail length as 
shown by the following approximate equations: 

C 

and
S, 1 2 

_Cn r 2 () CL

where the principal assumption is that the airplane has about 
zero C without a vertical tail. These two equations indi-
cate that C,,5 and -C,,, can be varied either simultaneousl y or 
independently by adjusting the vertical-tail area and tail 
length. The value of C1, cannot be changed greatly for the 
controls-fixed condition by changes to the geometry of the 
airplane. As previously mentioned, however, Cir can be 
varied considerably with the ailerons free by adjusting the 
aileron floating characteristics. 

As pointed out in reference 4, the design conditions for 
increasing spiral stability often conflict with other factors 
known to be essential in the attainment of satisfactory flying 
qualities. When ai airplane is modified so as to improve its 
luicontrolled motions by increasing its spiral stability, the 
effect of these changes on its flying qualities should be con-
sidered. The discussion of the effects of modifications. to 
the conventional personal airplane is presented in two parts: 
the effect on flying qualities and the effect on the uncon-
trolleci motions. 

Effect of modifications on. flying qualities.—Experience 
has shown that increasing the dihedral angle of an airplane 
so as to increase its spiral stability causes its flying qualities 
to become less satisfactory since the rolling velocity in an 
aileron roll tends to reverse. With most personal airplanes, 
however, some increase in dihedral angle can be 6ffected 
without causing the flying qualities to become unsatisfactory. 
Experience has also shown that the spiral stability of most 
personal airplanes should not be increased by reducing the 
size of the vertical tail (reducing C,,5) since this change 
would result in unsatisfactory flying qualities in the form of 
excessive sideslip in aileron rolls. Analysis of figure 1 in-
dicates that the spiral stability of a personal airplane can 
be increased by increasing the vertical-tail area and dihedral 
angle simultaneously so as to maintain the same ratio of 

to Q,as that of the original airplane. This change can 
be made rithout sacrificing controllability. The effect of 
increasing the tail length and reducing the tail size of a 
personal airplane so as . to increase the damping in yaw with-
out increasing C,, has not been definitely determined. 
Flight experience with models has indicated, however, that 
increasing the tail length will not have an adverse effect on 
controllability. 

On the basis of this analysis several modified configura-
tions of the hypothetical conventional personal airplane were 
chosen for a more detailed analysis of flying qualitie and 
uncontrolled motions. These configurations are indicated 
by the sketches of figure. 7 and by the spiral stability charts 
of figure S. Configuration 1 represents the conventional 
personal airplane which is used as a basis for comparison. 
Configuration 2 represents an airplane with an increase in 
dihedral angle of about 6° from configuration 1. Configu-
ration 3 incorporates an increase in dihedral angle of 100 and 
an increase in vertical-tail area of about 2.5 times that of 
configuration 1. Configuration 4 represents an airplane 
having twice the tail length and half the tail area of the 
conventional personal airplane. Configuration 5 represents
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a combination of the high dihedral of configuration 2 and 
the tail length and tail area of configuration 4. Configura-
tion 6 incorporates a simultaneous increase in dihedral angle 

Configuration 1 	 Configuration 2	 Configuration 3
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of 10 0 and an increase in vertical-tail area. of about 2.5 times 
that of configuration 4. 

The effects of these various modifications on controllability 
are shown in figure 9 by the calculated rolling motions re-
sulting from 50° total aileron deflection. Figure 9 (a) shows 
that the controllability in cruising flight is not greatly affect-
ed by any of the modifications to the conventional personal-
airplane configuration. Figure 9 (b), however, shows that 

Configuration 
3,5,6,1,4 2 

50 r	 i i 

0	 .00/	 .002	 .003	 .004 

(a) 1=0.46b. 
(b) 1=0.92b. 

FIGURE 8.—Spiral stability of the conventional personal airplane (configuration 1) and the 
•	 modified airplanes (configurations 2 to 6).

-io
Tithe, Sec 

(a) CL=0.35. 

(b) CL='l.SO. 
FIGURE 9.—Rolling motions resulting from 50 total aileron deflection for the six configurations 

shown in figures 7 and 8. 
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Configuration 4	 Configuration 5	 Configuration 
FIGURE 7.—Sletches of the conventional personal airplane (configuration I) and the modified 

airplanes (configurations 2 to 6). 
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increasing the dihedral angle (configurations 1 to 2 or 4 to 5) 
has a pronounced adverse effect on the controliäbiity. The 
flying qualities for configuration 2 are unsatisfactory since 
the rolling velocity reverses. Increasing the damping in 
yaw (configurations 1 to 4 or 2 to 5) or increasing the dihedral 
angle and vertical-tail area simultaneously (configurations 
1 to 3 or 4 to 6) improves the controllability of the airplane 
at high lift coefficients. 

Effect of modifications on uncontrolled motions.—The 
effects of the various modifications on the uncontrolled 
motions of the personal airplane are shown in figures 10 to 
12. These figures show that all the modifications for increas-
ing the spiral stability of the airplane improved its uncon-
trolled motions. In response to a rolling gust (fig. 10) the 
modified configuratiojis returned toward 00 bank more 
rapidly and did not turn as far off course as the original 
airplane configuration. In response to an out-of-trim aileron 
or rudder deflection (figs. 11 and 12) the modifid configura-
tions did not bank as far or turn off course as fast as the 
original airplane configuration. These data indicate that, 
if a personal airplane is modified so as to increase its spiral 
stability, larger out-of-trim moments can be tolerated than 
on the conventional configuration. 

Increasing the dihedral angle alone (configurations 1 to 2 
or 4 to 5) is the least effective method of improving the 
uncontrolled motions of a personal airplane since the motions 
resulting from an out-of-trim rudder deflection are about the 

FIGURE 10.—Motions resulting from a fluid gust disturbance (gust strength fl ,-0.01 for 1 see) 
for the six configurations shown in figures 7and S.	 -

same with the high dihedral as with the original dihedral. 
(See figs. 10 to 12.) Since increasing the dihedral alone 
also causes the controllability to become less satisfactory, 
this method of increasing the spiral stability does not appear 
to be very satisfactory. Changing the tail length of personal 
airplanes very much is probably not very practical because 
of the greater landing-gear length required when the tail 
length is increased. The most practical method of increasing 
the spiral stability of a personal airplanq so as to improve 
its uncontrolled motions appears to be to increase its dihedral 
angle and vertical-tail area simultaneously (configurations 
1 to 3 and 4 to 6), so as to keep the ratio of G,,. , to C', about 
the same, and to use as great a tail length as is practical. 
As pointed out previously, it is also possible to improve the 
uncontrolled motions still more for the control-free condition 
by increasing the upward-floating tendency of the ailerons 
provided there is no friction to prevent the ailerons from 
floating freely. This change probably would not affect the 
controllability of. the airplane.

0	 /0	 20	 30	 40	 50	 60
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FIGURE 11.—Motions resulting from 10 out-of-trim aileron deflection for the six configurations 
shown in figures 7 and 8.	 -
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GENERAL CONSIDERATIONS REGARDING MAINTENANCE OF COURSE 

As pointed out previously, an airplane has no stability 
of course and consequently cannot he expected to return to 
its original course after a disturbance unless a conventional 
type of autopilot is used. This fact is illustrated in figures 3 
and 10 where it is shown that there is a change of heading 
after a gust disturbance even for very spirally stable con-
figurations. Continuous maintenance of course cannot, 
therefore, be obtained without an autopilot. Fairly good 
maintenance of course over a reasonably long period of time 
should be possible, however, without an autopilot if the air-
plane is spirally stable and stays in trim. From the theory 
of random motion, the deviation from course due to random 
gust disturbances would be expected to average out to no 
deviation over an infinite period of time. For any finite 
period of time, however, the deviations from course due 
to random gusts would tend to add up to no deviation but 

0	 /0	 20	 30	 40	 50	 60
Time, Sec 

FIGURE 12—Motions resulting from 10 out-of-trim rudder deflection for the six configurations 
shown in figures 7 and S.

would not he expected to add up to exactly zero deviation. 
Because of this tendency for the deviations caused by ran-
dom gusts to cancel out, the deviation from course over a 
easonably long period of time would be expected to he fairly 
small.

-	 CONCLUSIONS 

An analysis of the uncontrolled motions of personal air-
planes has shown that a personal airplane can he made safe 
as regards spiral tendencies and its uncontrolled motions 
as regards maintenance of course can be greatly improved 
without iesort to an autopilot. The only way to make the 
uncontrolled motions completely satisfactory as regards 
continuous maintenance of course, however, is to use a con-
ventional type of autopilot. 

Theoretical analysis has indicated that most present-day 
personal airplanes possess a sbght degree of positive spiral 
stability but can easily get into dangerous attitudes and 
deviate excessively from their original heading in uncon-
-trolled flight because of out-of-trim moments and insufficient 
spiral stability. In order to insure even reasonably satis-
factory uncontrolled motions, these out-of-trim moments 
must he eliminated or at least reduced to very small magni-
tudes. Some means of trimming the airplane in flight is 
necessary, therefore, and the effect of control-system friction 
in preventing proper centering of the controls by the pilot 
or by the aerodynamic forces must he almost entirely elimi-
nated by having very low friction or by having some mechani-
cal device that will provide positive centering of the controls. 
Increasing the spiral stability will also improve the uncon-
trolled motions of personal airplanes. An increase in spiral 
stability for personal airplanes can b'e obtained by increasing 
tail length or increasing the vertical-tail area and dihedral 
angle simultaneously, or by increasing all of these factors 
simultaneously, without adversely affecting the flying quali-
ties of the airplane. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., June 22, 1949. 
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EXPERIMENTAL INVESTIGATION OF THE EFFECTS OF VISCOSITY ON THE DRAG AND 
BASE PRESSURE OF BODIES OF REVOLUTION AT A MACH NUMBER OF 1.51 

By DEAN R. CHAPMAN and EDWARD W. PERKINS 

SUMMARY 

Tests were conducted to determine the effects of viscosity on 
the drag and base pressure of various bodies of revolution at a 
Mach number of 1.5. The models were tested both with smooth 
surfaces and with roughness added to evaluate the effects of 
Reynolds number jor both laminar and turbulent boundary 
layers. The principal geometric variables investigated were 
afterbody shape and length-diameter ratio. For most models, 
force tests and base pressure measurements were made over a 
range of Reynolds numbers, based on model length, from 
0.6X101 to 5.OX 10g. Schl'ieren photographs were used to 
analyze the effects of viscosity on flow separation and shock-
wave configuration near the base and to verijy the condition of 
the boundary layer as deduced from force tests. The results 
are discussed and compared With theoretical calculations. 

The results show that viscosity effects are large and depend 
to a great degree on the body shape. The effects differ greatly 
for laminar and turbulent flow in the boundary layer, and 
within each regime depend upon the Reynolds number of the 
flow. Laminar flow was found up to a Reynolds number of 
.6.5X10 and may possibly exist to higher values. 

The flow over the afterbody and the shock-wave configuration 
near the base are shown to be very much different for laminar 
thanfor turbulentflow in the boundary layer. The base pressure 
on bodies with boattaiing is much higher with the turbulent 
layer than with the laminar layer, resulting in a negative base 
drag in some cases. The total drag characteristics at a given 
Reynolds number are affected considerably by the transition to 
turbulent flow. The foredrag of bodies without bbattailing and 
of boattailed bodies for which the effects of flow separation are 
negligible can be calculated with reasonable accuracy by adding 
the skin-friction drag based upon the assumption of the low-
speed friction characteristics to the theoretical wave drag. 

For laminar flow in the boundary layer the effects of varying 
the Reynolds number were found to be large, approximately 
doubling the base drag in many cases. The total drag of the 
bodies without boattaiing varied about 20 percent over the 
Reynolds number range investigated. For turbulent flow in the 
boundary layer, however, variations in Reynolds number had 
only a small effect on base drag and total drag.

INTRODUCTION 

The effects of viscosity on the aerodynamic character-
istics of bodies moving at low subsonic speeds have been 
known for many years and have been evaluated by numer-
ous investigators. The effects of viscosity at transonic 
speeds have been investigated to a limited extent, and sig-
nificant effects on the flow over airfoils have been reported 
by Ackeret (reference 1) and Liepmann (reference 2). The 
relative thoroughness of these two investigations has fur-
nished a good start toward a satisfactory evaluation and 
understanding of the effects of -viscosity in transonic flow 
fields. However, little is known about viscous effects at 
supersonic speeds. 

The experiments reported in references 3, 4, and 5 have 
succeeded in evaluating the magnitude of the skin friction for 
supersonic flows in pipes and oh rotating surfaces, but not for 
flow over a slender body or an airfoil . 2 Reference 6 contains -
a small amount of data on the effects of Reynolds number on 
the drag of a sphere and a circular cylinder; however, these 
data are not applicable to aerodynamic shapes which are 
practical for supersonic flight. 

It has been sometimes assumed that the effects of viscosity 
are small and need be considered only when determining the 
magnitude of skin friction. In reviewing past data for the 
effects of viscosity it was found that in many reports, such as 
references 7 and 8, the model size was not stated, thereby render-
ing the calculation of Reynolds number and the evaluation 
of such tests quite difficult. Preliminary tests made during 
1945 in the Ames 1- by 3-foot supersonic wind tunnel No. 1, 
which is a variable-pressure tunnel, showed a relatively 
large effect of Reynolds number on the drag of bodies of 
revolution. The results of this cursory investigation were 
not reported because the magnitude of support interference 
was not known and because certain inaccuracies in the 
balance measurements were known to exist in the data taken 
at low tunnel pressures. An investigation of wing-body 
interaction at supersonic speeds has been conducted subse-
quently and the results presented in reference 9. Because of 
the support interference and the balance inaccuracies noted 
at low pressures the data presented therein on the effect of 

'Supersedes NACA EM A7A31a, "Experimental Investigation of the Effects of Viscosity on the Drag of Bodies of Revolution at a Mach Number of 1.5" by Chapman, Dean B., and 
Perkins, Edward W., 1947. The principal results of various investigations conducted subsequent to 1947 which either pertain to or supplement the experiments described herein are Indicated 
in footnotes. 

Subsequent to 1947 several investigations of skin friction have been conducted which indicate that at the supersonic Mach number of the present investigation the laminar and turbulent 
skin-friction coefficients for a flat plate are about 3- and 12-percent lower, respectively, than for low-speed flow at the same Reynolds number.
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Reynolds number on the drag of smooth bodies are not suffi-
ciently accurate throughout the range of Re ynolds numbers 
for direct application to the conditions of free flight. 

Since the effects of viscosity were known to be relatively 
large at the outset of this investigation, the purpose of the 
present research was made twofold. The primary purpose 
was to develop an understanding of the mechanism by which 
viscosit y alters the theoretical inviscid flow over bodies of 
revolution at supersonic speeds, and the secondar y purpose 
was to determine the magnitude of these effects for the partic-
ular bodies investigated. The experiments were conducted 
during 1946.

APPARATUS AND TEST METHODS 

WIN!) TUNNEL AND INSTRUMENTATION 

A general description of the wind tunnel and the principal 
instrumentation used can be found in reference 9. Included 
therein is a description of the strain-gage balance system 
employed for measuring aerod ynamic forces and the schliei'en 
apparatus which forms an integral part of the wind-tunnel 
equipment. In order to obtain accurate data at low as well 
as high tuiiiiel pressures, a more sensitive drag gage was used 
in the present investigation than in the investigation of 
reference 9; however, all other details of the balance system 
were the same. 

The tunnel total pressure, the static reference pressure in 
the test section, and the pressure in the air chamber of the 
balance housing were observed oil a mercury manometer. 
Because the difference between the base pressure and the 
static reference pressure in the test section was ordinaril y too 
small (only 0.5 cm. of mercury at low tunnel pressures) to be 
accurately read from a mercur y manometer, a supplementary 
manometer using a fluid of lower specific gravity was em-
ployed. Because of its lower vapor pressure and its property 
of releasing little or no dissolved air when exposed to very low 
pressures. (libutvl phthalate, having a specific gravity of 
approximately 1.05 at room temperatures, was used as an 
indicating fluid in this manometer instead of the conventional 
light manometer fluids such as water and alcohol.

MODELS AND SUPPORTS 

Photographs of the models, which were made of aluminum 
alloy, are shown in figures 1 and 2, and their dimensions are 
given in figure 3. 'Models 1, 2, and 3 were each formed of a 
10-caliber ogive nose followed by a short cylindrical section; 
they differ from one another onl y in the amount of boat-
tailing. The shape of the ogive was not varied in this 
investigation because the flow over it is not affected appreci-
ably by viscosity . Models 4, 5, and 6, which differ from 
from one another only in thickness ratio, were formed by 
parabolic arcs with the vertex at the position of maximum 
thickness. For convenience, some of the more important 
geometric properties of models 1 through 6 are listed in the 
following table: 

Frontal	 I Nose Length Base-
Model area half diameter area 

angle ratio ratio 
(deg) lID A5jA 

1 ------------------- -1.227 18.2 7.0 1.00 
2 ------------------- 1.227 18.2 7.0 .558 
3 -------------------

- -
1.227 18.2 7.0 .348 

4 -------------------
- -
-.866 ii. 3 8 8 .191 

5------------------- 1. 758 15.9 6. 2 . 186 
6 ------------------- - 3. 426 21. 8 4.4 . 187 

L_!_mcIshI 	 Al , I3Ii4IhII1 

I lI 	 ,I	 41, I 
I (a) Models used for boundary-layer tests and for comparison tests with other investigations.

FIGURE 2.—Special-purpose models. 
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In addition to the above-mentioned models, several other 
bodies were tested for certain specific purposes. Thus. mod-
els 7 and 8 were made unusually long so that the skin friction 
would be a large portion of the measured drag, thereby ella-
bling the condition of the boundary layer to be deduced 
from force tests. Various substitute ogives, shown in figure 
2 (a), were made interchangeable with the smooth ogive 
that is shown attached to the c y lindrical afterbodv of 
model 8. These ogives were provided with different t ypes and 
amounts of roughness and could be tested either alone or 
with the long cylindrical afterbody attached. When the 
ogives were tested alone, a shroud of the same diameter as 
the ogive was used to replace the cylindrical afterhody. 
Model 9, a. body with a conical nose, and model 10, a sphere 
of 1-inch diameter, were tested in order to compare the 
results of the present investigation with existing theoretical 
calculations and with the results of other experimental inves-
tigations. Models 11, 12, 13, and 14 were constructed to 
determine the effects of the length-diameter ratio for a 
fixed shape of afterbody. In all cases when a smooth surface 
was desired, the models were polished before testing to

11 = /Oft-	 —ModelI 
'--i110D	 R6D--', 

T	 -1.25 Inches 
i8fç-  

9.26 inches 
L	 5.25 inches —.1 

-

Model 4, Y=2.1
x 
--I 

115
/\l x' 
- P I' 0= 11.3*, .D=l.05 inches. 

\lO.5./ J 

Model 5, Y==3.0
11	

_( D— 1.50 inches. 
0.5 O.5\l/ J 

Model 6, Y=4.2 1--.--(--'1 6--21.8*, D=2.l0 inches. 
L10.5 \l0.5J J

(a) Boat ailed bodies. 

rR / 011

I	
D'I.50 

14__1IZIIIIII Inc es 

Mode///433D 
Model 7 733D 

Mode/S 11.13D 

Model 9,1=7.5 inches, D = 1.25 inches. 
Model 12,1=7.5 inches. D=l.SJ Inches. 
Model 13,1=9.0 inches, D= 1.50 inches. 
Model 14,1-9.0 inches, D=1.00 inches. 

(b) Models with cylindrical abterbodies. 

Fic,ag 3.—Model dimensions. 

obtain a surface as free from scratches and machining marks 
as possible. 

The models were supported in two different ways: by a 
rear support and by a side support, as shown in figure 4. 
The rear support used in the majority of the cases consisted 
of a sting which supported the model and attached to the 
balance beam. A thin steel shroud enclosed the sting and 
thereby eliminated the aerodynamic tare forces. Use of the 
rear support allowed force data, base pressure data, and 
schlieren photographs to be taken simultaneously. The side 
support which attached to the lower side of the model con-
sisted of a 6-percent-thick airfoil of straight-side segments 
and 7° serniwedge angle at the leading and trailing edges. 
The side support was used to determine the effects of the 
axial variation in test-section static pressure on base pressure, 
and, in conjunction with a dummy rear support, to evaluate 
the effects of support interference. 
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uw 	 .UI)O1i 
(b) Side support.

FIGURE 4.—Typical model installations. 

TEST METHODS 

'i'iie tests were conducted at zero angle of attack in a 
fixed nozzle designed to provide a uniform Mach number of 
approximately 1.5 in the test section. For the positions 
occupied by the different models, the free-stream Mach 
number actually varied from 1.49 to 1.51. This is some-
what lower than the \Iacli number of the tests reported in 
reference 9, which were conducted farther downstream in the 
test section. 

Before and after each run precautions were taken to test 
the pressure lines for leaks and the ba l ance system for friction 
or zero shift. Each run was made by starting the tunnel at 
R low pressure, usuall y 3 pounds per square inch absolute, 
and taking data at different levels of tunnel stagnation 
pressure up to a maxiumm of 25 pounds per square inch 
absolute. Because of the lag in the manometer system, 
approximately 15 minutes at low pressures and 5 minutes 
at high pressures were allowed for conditions to come to 
equilibrium. The over-all variation in Reynolds number 
based on bodylengt.h ranged from about 0.10X 10 6 to9.4X 106. 
The specific humidit y of the air usually was maintained 
below 0.0001 pound of water per pound of dry air, and in all 
cases was below 0.0003. 

In general, each body was tested with a polished surface 
and then later with roughness added to fix transition. As 
illustrated in figure 2 (a), several different methods of fixing 
transition on a body in a supersonic stream were tried. The

usual a 1 'undum method employed in subsonic research 
was not used because of the danger of blowing carborundum 
particles into the tunnel-drive compressors. The method 
finall y adopted was to cement a i-inch-wide band of par- 
ticles of table salt around the body. This method proved 
successful at all but the very low Reynolds numbers. On 
models 1, 2, 3, and 12, roughness was located inch down-
stream of the beginning of the cylindrical section. On 
models 4, 5, and 6 the roughness was placed 4.5 inches from 
the nose and on model 8, % inch upstream of the beginning 
of the cylindrical afterbodv. Models 7, 9, 10, 11, 13, and 14 
were tested in the smooth condition only. 

RESULTS

REDUCTION OF DATA 

The force data included in this report have been reduced 
to the usual coefficient form through division by the product 
of the free-stream dynamic pressure and the frontal area of 
the body . In each case, conditions just ahead of the nose of 
a model are taken as the free-stream conditions. 

The measurements of the pressure on the base of each 
model are referred to free-stream static pressure and made 
dimensionless through division b y the free-stream dynamic 
pressure. Thus, the base pressure coefficient is calculated 
from the equation

	

p6=PePo	
(1) q. 

where 
P1	 base pressure coefficient. 
Pb	 pressure acting on the base 
P.	 free-stream static pressure 
q	 free-stream dynamic pressure 
The dynamic pressure is calculated from the isen tropic 
relationships. A small experimentally determined cor-
rection is applied for the loss in total pressure due to conden-
sation of water vapor in the nozzle. The Re ynolds number 
is based upon the body length and is calculated from the 
isentropic relationships using Sutherland's formula for the 
variation of viscosity with the temperature of the air. 

It is convenient to consider the force due to the base pres-
sure as a separate component of the total drag. Accord-
ingly, the base drag is referred to the frontal area and in coef-
ficient form is given by

( A) (2) 
where 
CD,	 base drag coefficient 
A6	 area of base 
A	 frontal area of the body 

The foredrag is defined as the sum of all drag forces that 
act on the body surface forward of the base. Hence, the 
forecirag coefficient is given by 

	

CD, =CD CD,	 (3) 
where CD is the total drag coefficient and CDF the foredrag 
coefficient. The concept of foredrag coefficient is useful for 
several reasons. It is the foredrag that is of direct impor-
tance to the practical designer when the pressure acting on 
the base of a body is altered by a jet of gases from a power 
plant. Considering the foredrag as an independent compo-
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FIGURE 5.—Axial variation of the static pressure in the test section of the MI.5 nozzle. 
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(a) Uncorrected data. 
(b) Corrected data. 

FIGURE 6.—Comparison of the foredrag coefficient of model 9 with and without corrections
applied for the axial variation of the test-section static pressure.

neñt of the total drag greatly simplifies the drag analysis of a 
given body. Finally, the foredrag, as will be explained later, 
is not affected appreciably by interference of the rear supports 
used in the investigation. 

Since the nozzle calibration with no model present showed 
that the static pressure along the axis of the test section was 

not constant (fig. 5), the measured coefficients have been cor-
rected for the increment of drag or pressure resulting from 
the axial pressure gradient. A detailed discussion of this cor-
rection is presented in appendix A, and the experimental 
justification is shown in figures 6 and 7. 

/	 2	 3	 4
Reynolds number, Re, millions 

(a) Uncorrected data. 
(b) Corrected data. 

FIGURE 7.—Comparison of base pressure coefficients of model I measured at various positions 
along the tunnel axis, with and without corrections applied for the variation of test-section 
static pressure.

PRECISION 

The table which follows lists the total uncertainty that 
would be introduced into each coefficient in the majority of 
the results if all of the possible errors that are known to 
exist in the measurement of the forces and pressures and the 
determination of free-stream Mach number and gradient cor-
rections were to accumulate. Actually the errors may be 
expected to he partially compensating, so the probable inac-
curacy is about half that given in the table. The sources and 
estimated magnitudes of the probable errors involved are con-
sidered at greater length in appendix B. The values in 
the following table are for the lowest and highest tunnel pres-
sures and vary linearly in between. The table does not ap-
ply to data that are presented in figures 9 (b), 13, and 14. 
It also does not apply to models 4, 5, and 6 in figures 23 (a) 
and 29 (a) where the possible variation in the balance cali-
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bration constant may increase the limits of error as dis-
cussed in appendix B.

Model .9 

Coefficient	 Maximum val ue of Maximum value of 
Ierror at lowest p	

I 
error at highest pressure 

Total drag --------- - -±(2. 4%plus0. 004).	 ±(1. 1% plus 0.004) 
Foredrag------------±(1. 6%pluso. 004)	 ±(0. 6%plus0. 004) 
Base pressure ------- - -±(1. 6% plus O. 005). 	 ±(0. 5% Plus O. 005) 
Base drag ---------- -±[0. 8% plus 0.005 ±10 . 5% plus 0.005 

(A b/A)]	 . (As/A)] 

EFFECTS OF SUPPORT INTERFERENCE
	 k^l t)^.2 I

	 1\ - , ,_ j ,4-Linear theory, reference 13 1	 I	 I	 I 

Previous to the present investigation an extensive series 
of tests was conducted to determine the body shape and 
support combinations necessary to eliminate or evaluate 
the support interference. Based upon the results obtained, 
a summary of which appears in appendix C, it is believed 
that all the drag data presented herein for the models tested 
in the smooth condition are free from support interference 
effects with the exception of the data shown in figure 27. 
Also, for the models tested with roughness, the foredrag data 
are free from interference effects. However, an uncer- 
tainty in the base pressure coefficient exists which may 
vary from a minimum of ±0.005 to a maximum of ±0.015 
for the different bodies. As a result, the base drag coeffi-
cients and total drag coefficients for the same test conditions 
are subject to a corresponding small uncertainty. 	 - 

THEORETICAL CALCULATIONS 

Although at present no theoretical method is available 
for calculating the base pressure and hence the total drag of 
a body, several methods are available which provide an 
excellent theoretical standard to which the experimental 
measurements of foredrag can be compared. In this report 
the theoretical foredrag is considered to be the sum of the 
theoretical wave drag for an inviscid flow and the incom-
pressible skin-friction drag corresponding to the type of 
boundary layer that exists on the body. 

A typical pressure distribution for the theoretical inviscid 
flow over one of the boattailed bodies tested in this inves-
tigation is shown in figure 8. For purposes of comparison 
the pressure distribution as calculated by the linear theory 
of von Kãrmãn and Moore is included in this figure. 

The wave drag of the cone-cylinder bodies was obtained 
from the theoretical flow over cones (references 10 and 11). 
The wave drag for the ogive-cylinder bodies was calculated 
by the method of characteristics for rotationally symmetric 
supersonic flow as given in references 12 and 13. In accord-
ance with the theoretical results of reference 14, the fluid 
rotation produced by the very small curvature of the head 
shock wave was neglected. For moderate supersonic Mach 
numbers this procedure is justified experimentally in refer-
ence 8, where the theoretical calculation using the method 
of characteristics as presented in reference 12 are shown to 
be in excellent agreement with the measured pressure dis-
tributions for ogives with cylindrical afterbodies.

0, I	 I	 I \ 1	 +-Mefhod of choracter,shc g. reference /21 

-o 

0 

u 
5) 

Sn - , 

Sn 
Si

-2 

-3 
FIGURE 8.—Typical pressure distribution for a boattailed body at i.fi Mach number. 

An estimation of the skin-friction drag in any given case 
requires a knowledge of the condition of the boundary layer. 
The method used herein for laminar flow is as follows: 

CD1 =Cf,(Ap/A)	 (4) 
\Vllerc 
CD, skin-friction drag coefficient for the model at

'
 the 

Reynolds number, Re, based on the full lengt of 
the model 

61 5am	 low-speed skin-friction coefficient for laminar 
boundary-layer flow over a flat plate at Re 

A	 wetted area of the model forward of the base 
A	 frontal area of the model 
For the models with roughness added it is assumed that the 
disturbance of the boundary layer resulting from the salt band 
was sufficient to cause transition to a turbulent boundary 
layer to occur at the band. The skin-friction drag is esti-
mated by means of the equation 

CD = c,

 

(11..)+ 
CISUTb ()- c,. (Atam)	 (5) 

where 
Cf am low-speed skin-friction coefficient for laminar 

boundary-layer flow at the effective Reynolds 
number, Re', based on the length of the model 
from the nose to the point where the salt band 
was added 

Ajam	 wetted area of that portion of the model forward of 
the salt band 

I In the original publication of the piesent investigation (1947) numerical values for the wave drag of the cones were based on the graphs of references 10 and 11. For the present rport, 
however, slightly different numerical values are used which are based on more recent tabulated values of the surface pressure on cones in supersonic flow.
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iurt- low-speed skin-friction coefficient for turbulent 
boundary-layer flow over flat plate at the Rey-
nolds number Re, based on the full length of the 
model 

0'luyb low-speed skin-friction coefficient for turbulent 
boundary-layer flow at the effective Reynolds 
number Re' 

This method of calculation presumes that the fixed roughness 
was of such a nature as to cause the turbulent boundary-
layer flow downstream of the point where the rdughness was 
added to be the same as vould have existed had the boundary-
layer flow been turbulent. all the way from the nose of the 
body.

DISCUSSION 
FLOW CHARACTERISTICS 

Before analyzing the effects of viscosity on the drag of the 
bodies of revolution, it is convenient to consider qualitatively 
the effects on the general characteristics of the observed flow. 
In so doing it is advantageous to consider first the condition 
of the boundary layer characterized by whether it is laminar 
or turbulent and then the effect of variation in Reynolds 
number on flow separation for each type of boundary layer. 
Once the effects of the Reynolds number and the condition 
of the boundary layer on flow separation are known, the 
observed effects on the shock-wave configuration at the base 
of the model are easily explained. Likewise, once the effects 
on flow separation and shock-wave configuration are known, 
the resulting effects of viscosity on the foredrag, base drag, 
and total drag are easily understood. 

Condition of the boundary layer.—Since results observed 
at transonic speeds (references 1 and 2) have shown that the 
general flow pattern about a body depends to a marked degree 
on the type of boundary layer present, it might be expected 
that the boundary-layer flow at supersonic speeds also may be 
of primary importance in determining the over-all aerody-
namic characteristics of a body. Consequently, the deter-
mination of the extent of the laminar boundary layer under 
normal test conditions is of fundamental importance. 

In an attempt to determine the highest Reynolds number 
at which laminar flow exists on models tested in this inves-
tigation, a relatively long polished body (model 7) was tested 
from a low pressure up to the highest tunnel pressure obtain. 
able. In this case, the diameter of the shroud which enclosed 
the rear support sting was made the same as the diameter of 
the body. The forecirag measurements on this model are 
shown in figure 9 (a). Since the skin friction is a relatively 
large portion of the measured foreclrag, the condition of the 
boundary layer can he deduced from these force tests. The 
data indicate that the boundary layer on this body was still 
laminar up to the highest obtainable Reynolds number of 
6.5X 106 . The computed forccIra data used for comparison 
are obtained by adding a. laminar or turbulent skin-friction 
coefficient based on low-speed characteristics to the experi- 
mental wave drag of the ogival nose. This latter is deter-
mined by subtracting from the ogive foredra.g coefficients 
the low-speed laminar skin-friction coefficients for the 
smooth ogive at the higher Reynolds numbers where the 
error, resulting from the assumption of the low-speed co-
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FIGURE 9.—Variation of foredrag coefficient with Reynolds number for models with long 
cylindrical afterbodies. 

efficients, is a small percent of the deduced wave drag. (The 
theoretical wave drag, based on the theoretical pressure dis-
tribution from the method of characteristics, is approximately 
5 percent higher than the experimental wave drag.) Schlie-
ren photographs from which the condition of the boundary 
layer may be observed are shown in figure 10. They confirm 
the previous finding by showing that transition does not 
occur on the body, but begins a short distance downstream 
from the base of the model, as indicated by arrow 1 in the 
photograph. 
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(, I?e3.7X106. 

FIG ( - HE I U.- - Ueliliere,i photographs showing laminar flow over the ey!iudried afterbodv of
model 7 at two values of the Reynolds number. Knife edge horizontal. 

A close examination of the photographs in figure 10 reveals 
that the beginning of transition (arrow 1) is located at the 
same point on the support shroud as the waves (arrows 2 and 
3) which originate from a disturbance of the boundary layer. 
It was found by measurements on the schlieren photographs 
that the point of origin of these waves coincided with the 
intersection of the shroud and the reflected bow wave. This 
suggests that transition on the shroud is being brought about 
prematurely by the reflected bow waves. Additional evi-
dence that this is not natural transition is obtained in noting 
from figure 10 that the point where transition begins does 
not move with a change in Reynolds number. If the model 
were longer than a critical length, which is about 11 inches 
for the conditions of the present tests, these reflected waves 
would strike the model somewhere on the afterhody and 
premature transition would be expected to affect the results. 
Figure 9 (b) shows the results of the measurements of fore-
drag on a 16.7-inch body (model 8), which is considerably 
longer than the critical length. These force data confirm 
the above conjecture by clearly indicating a partially turbu-
lent boundary layer on the body even at Reynolds numbers

as low as 2X10 6 . The sclìlieren photographs of the flow 
over this body are presented in figure 11. It is seen that, in 
this case also, the transition to turbulent flow (arrow 1) is 
located at the same point as the waves (arrows 2 and 3) 
originating from the disturbance of the boundary layer by 
the reflected bow wave. Similar y, an additional small wave 
(arrow 4) can be traced back to a disturbance of the boundary 
layer caused by a- shock wave originating from an imperfect 
fit of the glass windows in the side walls. 

FIGJ'RE I l—Sehlieren photograph showing premature transition on the cylindrical afterl,ody 
of model 8. Reynolds number 9.35X 106. 

Although the maximum possible extent of laminar flow that 
may he expected on bodies of revolution cannot he deter-
mined on the basis of the present tests because of this inter-
ference from the reflected shock waves, the foregoing results 
show that, under the conditions of these tests, a laminar 
boundary layer exists over the entire surface of a smooth 
model about 11 inches long up to at least 6.5X 106 Reynolds 
number. In comparison to the values normally encountered 
at subsonic speeds, a Reynolds number of 6.5X10 6 at first 
appears to be somewhat high for maintenance of laminar 
flow over a body, unless the pressure decreases in the direction
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of the flow over the entire length of the body. The pressure 
distribution over model 7, shown in figure 12, has been 
determined by superimposing the pressure distribution 
which exists along the axis of the nozzle with no mode] 
present upon the theoretical pressure distribution calculated 
for model 7 by the method of characteristics. The resulting 
pressure distribution shows that the pressure decreases 
considerably along the ogive, but actually increases slightly 
along the cylindrical afterbody. 

Model 7 

T/seore f/cal pressure distribution, 
1 free-flight 

_4 
Theoretical pressure distribution 
with the funnel static preësure 

1	 variation superimposed for x=15 

Ell

--5--

FIGURE 12.—Theoretical pressure distribution over the surface of model 7 at zero angle of 
attack and 1.5 Mach number. 

An increase in the stability of the laminar boundary 
layer with an increase in Mach number has been indicated 
by the analysis of reference 15. With a given body shape, 
for which the pressure distribution changes with Mach 
number, an increase in stability with increasing Mach num-
ber has also been indicated for subsonic flows by the results 
of references 6 and 16 as well as by the experimental data 
given for airfoils in reference 15. The theoretical work of 
Lees (reference 17), however, indicates that the Reynolds 
number for neutral stability of laminar flow over an insulated 
flat plate decreases with an increase in Mach number. 

It appears from the results of the'present tests that any 
shock waves which originate from imperfections in the 
nozzle walls and disturb the boundary layer on a body can 
bring about transition prematurely. This may have some 
bearing on the results of the supersonic wind-tunnel tests 
conducted in the German wind tunnels at Kochel, since 
shock waves, ordinarily numbering about 15, are readily 
visible in various schlieren photographs. (See reference 
18, for example.) 

In order to cause the laminar boundary layer to become 
turbulent in the present investigation, an artifice such as 
adding roughness was necessary. In a supersonic stream, 
however, the addition of roughness to a body also increases

the wave drag. The magnitude of the wave drag due to 
roughness was determined by testing with full diameter 
shrouding and no afterbody attached, first the smooth 
ogive, and then the ogives with various amounts and kinds 
of roughness added (fig. 2 (a)). The corresponding foredrag 
measurements are shown in figure 13. These data illustrate 
that little additional drag is attributable to roughness at the 
low Reynolds numbers where the boundary layer is rela-
tively thick, but that an appreciable amount of wave drag 
is attributable to the roughness at the higher Reynolds 
numbers. For all subsequent results presented, the amount 
of drag caused by the artificial roughness has been sub-
tracted from the measured data taken for the bodies tested 
with transition fixed. In order to calculate the amount of 
drag caused by the roughness for models of diameters 
different from the ogives tested, it was assumed that for 
any model the increment in drag coefflicent attributable 
to the drag of the artificial roughness was inversely pro-
portional to the diameter of the model at the station at 
which the roughness was applied. 

i--Roughness added 

III[IJiiuIIIZi "- -Shroud 

Reynolds number, Re, millions 

FIGURE 13.—Variation of foredrag coefficient with Reynolds number of the ogives with 
varying degrees of roughness added. 

The forecirag measurements of model 8, which consists of 
a cylindrical afterbody with any one of the interchangeable 
ogives directly attached, are presented in figure 14. These 
data, from which the drag increment due to the added rough-
ness has been subtracted as noted previously, show that the 
degree of roughness produced by sand blasting the surface 
of the ogive is insufficient to cause transition at low Reyn-
olds numbers; whereas, the roughness produced by the 3' /16-

 or the %-inch-wide salt band caused transition at all 
Reynolds numbers. 

A vivid illustration of the turbulent character of the 
boundary layer on those bodies with roughness added is 
given by the schlieren photographs in figure 15. The bound-
ary layer is best seen in the photograph taken with the knife 
edge horizontal. A comparison of these photographs with 
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those of laminar boundar y layers (fig. 10, for example) illus-
trates how the condition of the boundary la yer is apparent 
from schlieren photographs. 

--Roughness added 

=̂16.7  inches	
'-Shroud 

4	 6	 8	 /0 
Reynolds number, Re, millions 

FIGURE 14—Variation of foredrag coefficient with Reynolds number for j1114-1 S a it h varinu. 
amounts of roughness. 

Flow Separation.—Changes in now separation brought 
about by changing the boundary-layer flow from laminar 
to turbulent alter the effective shape of the body, the 
shock-wave configuration, and also the drag. It is there-
fore essential to consider the effects on flow separation of 
both the condition of the boundary layer and the Reynolds 
number. 

The location and degree of separation of the laminar 
boundary layer for the boattailed bodies tested in the smooth 
condition varied noticeably with the Re ynolds number of 
the flow. The schlieren photographs of model 6 in figure 16 
are typical of this effect. Additional photographs, presented 
in figure 17, illustrate the same phenomena in the flow over 
models 2. 3, and 10, each at two different Reynolds numbers. 
In each case, as the Reynolds number of the flow is increased, 
the separation decreases, the convergence of the wake in-
creases, and the trailing shock wave mores forward. 

Separation of an apparently laminar boundary layer at 
supersonic speeds has been pointed out previousl y by Fern 
in reference 19 for the two-dimensional flow over the surface 
of curved airfoils. The schlieren photographs of Ferri ind i-

cated that a. shock wave formed at the point of laminar 
separation. On the other hand, the sehlieren pictures of 
the flow fields for the bodies of revolution tested in the

Estee I. Schijeren photographs of model S with transition fixed. Reynolds number
7.2XlO. 

present investigation, show no definite shock wave accom-
panying separation except for the sphere (fig. 17) in which 
case the shock wave is very weak. It may be concluded, 
therefore, that a separation of the laminar boundar y layer is 
not necessarily accompanied by a shock wave at supersonic 
speeds. Thesame conclusion for transonic flows has been 
drawn in reference 2. 

In order to anal yze more closely the details of the flow 
separation, the pressure distribution along the streamline 
just outside of the separated boundar y layer was calculated 
for several flow conditions over models 3 and 6. The cal-
culations were made using the method of characteristics 
and by obtaining the contour of the streamline just outside 
the separated boundar y layer from enlargements of the 
schuieren photographs. T ypical results from these calcula-
tions for model 3 are presented iii figure 18. It is seen that 
the pressure on the outside of the boundary layer is approxi-
matelv constant downstream of the point of separation as is 
characteristic along the boundary of a dead-air region. 
The pressure along the line of separation can be expected to 
be approximately equal to that in the dead-air region, and 
hence, equal to the base pressure. A comparison of the cal -
culated values of the average pressure in the dead-air region 
with the measured values of the base pressure for several 
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conditions of flow over models 3 and 6 is given in the following 
table: 

Calculated Ieasured 

Model
pressure co- 

ReYnolds(. filcient of ba.e 
number dead-air pressure 

coefficient region

3 ----------------------- --0. 6X106	 —0.06	 —0.06 
3 ------------------------ 	 2. 0X106 	 i 	 -. 11	 -. 12 
6 ----------------------- ---. 6X106 	 —.10	 —.11 
6 ----------------------- - 1. 5X 106	 13 

The preceding results indicate that under certain con-
ditions the base pressure , for laminar flow over highly 
boattailed bodies is directly related to the separation 
phenomenon which occurs forward of the base. This sug-
gests that, if a means can be found to control the separa-
tion, the base pressure also can be controlled.

The theoretical pressure distributions on models 4 and 5 
are similar to the pressure distribution on model 6, which is 
shown in figure 19. In each case the pressure in inviscid 
flow would decrease continually along the direction of flow 
upstream of the observed position of laminar separation. 
For subsonic flow this condition ordinarily would be termed 
favorable and separation would not be expected. Further 
research on this subject appears necessary in order to gain a 
satisfactory understanding of the observed results. 

The findings of previous investigations of low-speed flows 
indicate that if a boundary layer which is normally laminar 
over the afterhody is made turbulent by either natural or 
artificial means, the resistance to separation is increased 
greatly. The tests on models 2, 3, 4, 5, and 6 with roughness 
added show clearly that this is also the case in supersonic 
flows. The two schlieren photographs presented in figure 20 
were taken of model 6 with and without roughness added 
and are t ypical of this effect. A comparison of the two 
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so
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I'icE fl.- Schlieren photographs showing the effect of Reynolds number on laminar separation for models 2, 3 and 10. Knife edge vertical 

photographs shows that, without roughness added, separation 
occurs near the point of maximum thickness, but if transition 
is fixed ahead of this point the separation point moves 
downstream close to the base. 

Shock-wave configuration.—It is to be expected that the 
changes in flow separation due to changes in the condition 
of the boundary layer and in the Reynolds number of the 
flow will bring about changes in the shock-wave configuration 
at the base of a body. The schlieren photographs of figures 
16 and 17, which show how the laminar separation decreases 
and the convergence of the wake increases as the Reynolds 
number is increased, also show that these phenomena are 
accompanied by a forward motion of the trailing shock wave. 
In general, as long as the boundary layer is laminar, the 
trailing shock wave moves forward as the Reynolds number 
increases, but no major change in the shock-wave configura-
tion takes place.

The shock-wave configuration on a boattailed body with 
a turbulent boundary layer, however, is very much different 
from the configuration with a laminar layer, as is illustrated 
by the schlieren photographs of model 6, shown in figure 20. 
Such configuration changes due to the transition to turbulent 
boundary-layer flow correlate quite well with the angle 0 that 
the tangent to the surface just ahead of the base makes with 
the axis of symmetry. Figure 21 shows the changes in shock-
wave configuration for models 1 through 6 arranged in order 
of increasing angle 0. It is seen that, on the boattailed 
bodies with a small angle 3, the transition to a turbulent 
boundary layer is accompanied by the appearance of a weak 
shock wave originating at the base of the body (models 4 
and 2). For bodies with larger boattail angles (model 5) the 
strength of this wave, hereafter termed the "base shock 
wave," increases until it is approximately as strong as the 
original trailing shock wave. For even larger boattail angles,
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FIGURE is.-Caiculated pressure distribution for model 3 at a Reynolds number of 0.6X105 
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FIGURE 19.—Calculsited pressure distribution on model 6.
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FIGURE 20.--Schlieren photographs of model 6 illustrating the effect on flow separation of the 

condition of the boundary layer. 

the base shock wave becomes more distinct, an([ eventually 
is the only appreciable shock wave existing near the base of 
the body (models 3 and 6). In such a case, the compression 
through the base shock wave occurs forward of the base. 
This, as will he shown later, greatly increases the base 
pressure and decreases the base drag. 

Compared to the phenomena observed with a laminar 
boundary layer (fig. 16), changes in the Reynolds number 
for a body with a turbulent boundar y layer do not alter the 
shock-wave configuration to any significant extent, because 
the turbulent layer, even at low Reynolds numbers, ordi-
narily does not separate. This fact is evident in figure 22, 
which shows the sehlieren photographs of model 3 at different 
Reynolds numbers with roughness added. No apparent 
change in the flow characteristics takes place as the Reynolds 
number is increased. With a turbulent boundary layer, 
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4 Subsequent experiments with turbulent flow on model 3 at higher Mach numbers have shown that the base shock wave also exists at a Mach number of 2.0, but virtually d1sappeis at 
a Mach number of 3.0 and higher.
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F1URE 21—Schlieren photographs showing the effect of turbulent boundary lar on shock-wave configuration at base of models 1, 2,2,4,5 and 6. Knife edge vertical.
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therefore, the effect on base drag of varying the Reynolds 
number may be 'xpected to he much less than with a laminar 
layer.

ANALYSIS OF THE DRAG DATA 

The qualitative effects of viscosity on flow separation and 
on shock-wave configuration, which have been discussed in 
the preceding sections, provide the physical basis for under- 
standing the effects of varying the Reynolds number and 
changing the condition of the boundar y layer on the drag 
coefficients of the various bodies tested. 

Foredrag.—The foredrag coefficients of models 1 through 
6 with laminar flow- in the bounJarv layer are shown in 
figure 23 (a) as a function of the Reynolds number. These 
data show that, over the Reynolds number range covered in 
the tests, the foredrag of model 1 decreases about 20 percent, 
while that of model 6 increases about 15 percent. The 
foredrag of the other bodi's does not change appreciably. 

The reason the effects of Reynolds number vary eonsid-

erably with different body shapes is clearly illustrated by a 
comparison of the measured foredrags with the theoretical 
foredrags. In figure 24 (a) the theoretical and measured 
values of foredrag are compared for model 1, which has no 
boattailing, and for model 3, which is typical of the boat-
tailed models. From this comparison, it is seen that, as 
previously noted for other models without boattaihing, the 
theoretical and experimental foredrags for model 1 are in 
good agreement. The decrease in foredrag with increasing 
Reynolds number for the bodies without boattailing is due 
entirely to the decrease in skin-friction coefficient. For 
model 3, which has considerable boat tailing, the curves of 
figure 24 (a) show that the theoretical and experimental 
foredrags agree only at high Reynolds numbers. At the 
low Reynolds numbers the measured foredrags are lower 
than the theoretical values because of the separation of the 
laminar boundary layer as previously illustrated by the 
schlieren photographs in figures 16 and 17. With sep-

Ii.
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= 

FIGURE 2.—Schiieren photographs showing the absence of any etlect of Reynolds number on the flow over the afterbody of model 3 with roughness added. Knife edge vertical.
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ara.tioii, the flow over the boattail does not follow the con-
tour of the body, and the pressure in the accompanying 
dead-air region is higher than it would be if the separation 
did not occur (fig. 18). This makes the actual foredrag 
lower than the theoretical value for a flow without separation. 
At the higher Reynolds numbers, the separation is negli-
gible and the flow closely follows the contour of the body; 
hence, the theoretical and experimental foredrags agree. 
The reason for the approximately constant foredrag of 
models 2, 3, 4, and 5, therefore, is that the changes due to skin 
friction and flow separation are compensating. For model 
6 with a smooth surface, the foredrag shown in figure 23 (a) 
rises rather rapidly at low Reynolds numbers because the 
separation effects for this relatively thick body (fig. 16) 
more than compensate for the changes in skin friction due 
to the variation of the Reynolds number. 

Figure 23 . (b), which shows the foredrag coefficients of 
model 1 through 6 with roughness added, indicates that the 
foredrag for all the bodies decreases as the Reynolds num-
ber increases above a Reynolds number of 1.75X 106. 
This is to be expected, since with the change to turbulent 
boundary layer and consequent elimination of. separation, 
the only factor remaining to influence the foredrag coeffi-
cients is the decrease of skin-friction coefficients with in-
crease in Reynolds number. Below a Reynolds number 
of 1.75>4106, however, the foredrag of all the models except 
model 1 increases with increasing Reynolds number. The 
cause of this somewhat puzzling behavior is apparent upon 
closer exami'nation of the data. 

Figure 24 (b) shows a comparison of the theoretical fore-

drags with the experimental values for models 1 and 3 with 
roughness added. The theoretical value for skin-friction 
drag. was calculated assuming laminar flow up to the loca-
tion of the roughness, and turbulent flow behind it. This 
value of drag was added to the theoretical wave drag to 
obtain the theoretical foredrag. It is seen from figure 24 
(b) that for model 1 the curves of theoretical and experi-
mental foredrag have the previously indicated trend of de-
creasing drag with increasing Reynolds number over the 
entire range. However, for model 3,. which is typical of the 
boattailed bodies, the measured foredrag at low Reynolds 
numbers falls considerably below the theoretical value in 
the manner previously noted. The reason for this is evi-
dent from an examination of the schlieren photographs 
shown in figure 25, which were taken of the flow over models 
3 and 6 with roughness added. They show that at the low 
Reynolds numbers a flow separation similar to that observed 
for the smooth body (fig. 16) occurs, and the resulting shock-
wave configuration is characteristic of the configuration for 
a laminar boundary layer rather than that for a turbulent 
boundary layer. It appears that, at the low Reynolds num-
bers, the amount of roughness added does not cause transi-
tion far enough upstream of the point for laminar separa-
tion so that the free stream can provide the boundary layer 
with the necessary additional momentum to prevent separa-
tion. The portions of the drag curves in which the desired 
transition was not realized are shown dotted over the region 
in which separation was apparent from the schlieren pictures. 
For model 1, the schlieren photographs showed that at the 
low Reynolds . numbers the amount of roughness added was 

3	 4	 5	 5	 0	 /	 2	 3	 4	 5	 6 
Reynolds number, Re, millions 

(a) Smooth condition. 	 (b) Roughness added. 
FIGURE 23.—Variation of foredrag coefficient for models 1, 2, 3, 4, 5 and 6 in the smooth condition anft with rouhnessadded. 
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FiGusz 24.—Comparison of theoretical and experimental foredrag coefficients for models 1
and 3.

sufficient to effect transition some distance ahead of the base, 
although not immediately aft of the roughness. 

The agreement between the experimental and the theo-
retical results obtained by the use of equations (4) and (5) 
indicates that, at a \Iacii number of 1.5 and in tile range of 
Reynolds numbers covered by this investigation, the famil-
iar low-speed skin-friction coefficients can be used with fair 
approximation to estimate drag due to skin friction at 
supersonic speeds. 

A comparison of the curves of figures 23 (a) and 23 (b) 
shows that for a given body at a given value of the Reynolds 
number the foredrag with roughness added is consistently 
higher than the corresponding foredrag of the smooth-sur-
faced body. In the general case, this over-all increase in fore-
drag is attributable both to the increase in the skin-friction 
drag of the body and to the change in flow separation with 

r - Theoretical wave draq (Model 3) 

i--.I---j--- I	 - - - 
'i- .	 'Theoreficol wave drag plus  

I	 -.ijesf'rnafed turbulent friction,fMode// 
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Ft;URE 25.—Schlieren photographs at low Reynolds numbers of models 3 and 6 with rough.
ness added. Knife edge vertical. 

I.. 

4.-. 

Qj 
Li 

'4. 
51. 
0 
U 

51. 
F-

VP 



2	 3	 4	 5	 60	 /	 2 3 4
Reyno/d5 number, Re, millions 

-.24 

-20 

04

/ =4-------- 
Note: Flogged symbo/s denote reruns 

—k

__ 

_.i.___ •_ - - - - - - - 
0

- - - --

OZ Or-

VL

5	 6 

-.16 

,f.. 
'4-
a) 
0 o 

I) 
a)

-.04 

a) 
I)

822	 REPORT 1036—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

(a) Smooth condition.	 (b) Roughness added. 

FIGURE 26.—Variation of base-pressure coefficient with Re ynolds number for models 1, 2. 3, 4, 5 and S in the smooth condition and with.roughness added. 

consequent increase in the pressure drag of the boattail. Fm; 
model 1, which has no boattaiirig, the increase in skin friction 
is the sole factor contributing to the increase in foredrag. 

Base pressure and base drag.—Figure 26 (a) shows the 
base pressure coefficients plotted as a function of the Reynolds 
number for models 1 through 6, each with a smooth surface. 
It is evident from the data in this figure that the effects of 
Reynolds- number on base pressure for a body with a laminar 
boundary layer are quite large. In the range of Reynolds 
numbers covered, the base pressure coefficient of model 1 in-
creases about 60 percent, and the coefficients of models 2, 3, 
and 4 more than double. The thicker bodies with boattail-
ing, models 5 and 6, do not exhibit such large changes in base 
pressure coefficient, for the coefficients apparently reach a 
maximum at a relatively low Reynolds number, and then 
decrease with further increase in the Reynolds number. 

The base pressure coefficients for models 1 through 6 with 
roughness added are shown in figure 26 (b). Here again, the 
portions of the curves which correspond to the low Reynolds 
number region wherein transition was not completely effected 
are shown as dotted lines. Model 1 exhibits the lowest base 
pressure and model 6 the highest; in this latter case the base 
pressure is'even higher than the free-stream static pressure. 
The physical reason for this is evident from the schlieren 
photograph at the bottom of figure 20, which shows that a 
compression through the shock wave occurs just ahead of the 
base of model 6. Except for the large changes in pressure

coefficient at low Reynolds numbers where the desired transi-
tion was not effected, the variation of base pressure coefficient 
with Reynolds number is relatively small for the bodies with 
roughness added. 

From a comparison of the curves for the bodies'with rough-
ness added to the corresponding curves for the smooth-sur-
faced bodies, it is evident that a large change in the base 
pressure coefficient is attributable to the change in the condi-
tion of the boundary layer. In general, the base pressures 
for bodies with roughness added are considerably higher than 
the corresponding base pressures for the smooth-surfaced 
bodies. In the case' of the - boattailed bodies the physical 
reason for this increase in the base pressure is the appearance 
of the base shock wave, as shown in figure 21. For model 1, 
which has no boattaiing, the mixing action and greater thick-
nes of the turbulent boundary layer are probably responsible 
for the observed increase. 

The foregoing data show that the effects 'of Reynolds 
number and condition of the boundary layer on the base 
pressure of a body moving at supersonic speeds depend 
considerably upon the shape of the afterbody. In order to 
ascertain whether the effects of viscosity also depend upon 
the length-diameter ratio for a fixed' shape, of afterbody, 
some models of different length-diameter ratios were tested 
and the data presented in figures 27 (a) and 27 (b) which 
show the variation of base pressure coefficient with Reynolds 
number. The data presented in this figure are not free of 
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(a) Smooth condition. 	 (b) Roughness added. 
FIGURE 27.—Variation of base-pressure coefficient with Reynolds number for bodies without boattailing but with different length-diameter ratios. 

support interference. From these data it is apparent that 
the effects of viscosity on the base pressure increase with 
the length-diameter ratio of the body.' It is to be noted 
that the base pressure increases as the length-diameter ratio 
increases. This is somewhat at variance with the results of 
reference 20, which showed an effect, but not a systematic 
one, of length-diameter ratio on the base pressure of bodies 
without boattailing. 

The base drag coefficient can be obtained from the base 
pressure coefficient of the models by using equation (2). 
The base drag coefficients for the smooth-surfaced bodies 
are presented in figure 28 (a) and for the bodies with rough-
ness added in figure 28 (b). These curves are, of course, 
similar to the corresponding curves of base pressure coeffi-
cient given in figures 26 (a) and 26 (b). In this form the 
ordinates can be added directly to the foredrag coefficients 
of figure 23 to obtain 'the total drag coefficient of a given 
body. It is seen that the contribution of the base pressure 
to the total drag is vary small for models with large amounts 
of boattaiing, such as models 3, 4, 5, and 6. 

Total drag.—The total drag coefficients for models 1 
through 6 with smooth surfaces are shown in figure 29 (a) 
as a function of Reynolds number. These data show that 
the drag coefficients of both models 1 and 2 with a laminar 
boundary layer increase a little over 20 percent from the 
lowest to the highest value of Reynolds number obtained in

the tests. The other models exhibit somewhat smaller 
changes. The data presented in figures* 23 and 28 indicate 
that the principal effect controlling the variation of total 
drag with Reynolds number for laminar flow in the boundary 
layer is the effect of Reynolds number on the base drag of 
the bodies. For the special case of highly boattailed bodies, 
however, this effect is of little relative importance because 
the base drag is a small part of the total drag. In such 
cases, the over-all variation of drag coefficient is due almost 
entirely to the variation of foredrag with Reynolds number. 

Figure 29 (b) shows the total drag coefficients plotted 
as a function of the Reynolds number for models 1 through 
6 with roughness added. Again, the portions of the curves 
that are shown dotted represent the Reynolds number region 
in which the amount of roughness added is insufficient to 
cause complete transition. All the curves have approxi-
mately the same trend, the over-all effect on the drag 
coefficients being about 15 percent or less for the various 
bodies. 

A comparison of the curves of total drag for bodies with 
roughness added to the corresponding curves for bodies 
with smooth surfaces showA an interesting phenomenon. 
At the higher Reynolds numbers the drag of models 1 and 6 
is actually decreased slightly by the addition of roughness, 
in spite of the corresponding increase in skin-friction drag. 
The reason is, of course, that the base drags are very much 

Similar experiments conducted at a Mach number of 2.0 have shown the same trend. Both sets of data show reasonable correlation with the ratio of boundary-layer thickness to 
base diameter.
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lower for the turbulent boundary layer than for the laminar. 
The drag coefficients of the other bodies (models 2, 3, 4, 
and 5) are somewhat higher with roughness added, because 
the increase in friction drag of the turbulent boundary 
layer is greater than the decrease in base drag. 

The importance of always considering both the Reynolds 
number of the flow and condition of the boundary layer is 
illustrated by the total drag characteristics of model 2. For 
example, if model 2 were tested with a turbulent boundary 
layer at a Reynolds number of 2X10 1, the drag would be 
about 35 percent higher than if tested with a laminar bound -
ary layer at a Reynolds number of 0.5X101 . Although dis-
crepancies as large as these have not been reported as yet 
in the drag data from different supersonic wind tunnels, 
certain consistent differences, varying from about 5 to 25 
percent, have been reported (reference 18) . in the drag data 
of similar projectiles tested in the Gottingen and the Kochel 
tunnels. Although in reference 18 the discrepancies between 
the two tunnels were attributed only to the variation in skin 
friction with Reynolds number, it appears from the results 
of the present investigation that such discrepancies are attrib-
utable primarily to differences in flow separation and base 
pressure. 

A comparison of the effects of viscosity for pointed bodies 
with the effects for a blunt body shows clearly that body 
shape must be considered, and that conclusions about vis-
cosity effects based upon tests of blunt bodies may be com-
pletely inapplicable to the aerodynamic shapes which are 
suitable for supersonic flight. For example, in the case of a 
sphere at 1.5 Mach number with an over-all Reynolds num-
ber variation of from 7.5X101 to 9.0X101, the agreement 
between the drag data from Gottingen (reference 7), Peene-
munde (reference 18), and the present wind tunnel is within 
1 percent of the values measured for free-flight (references 
7 and 21). It is evident that the-effects of viscosity on the 
drag of a sphere are quite different from the effects on the 
pointed bodies tested in this investigation. 

CONCLUSIONS 

The conclusions which follow apply for a Mach number of 
1.5 and at Reynolds numbers based upon model length up to 
about 5X106 for bodies of revolution similar to the ones 
tested.

1. The effects of viscosity differ greatly for laminar and 
turbulent flow in the boundary layer, and within each regime 
depend upon the Reynolds number of the flow and the shape 
of the body. 

2. Laminar flow was found on the smooth bodies up to a 
Reynolds number of 6.5X10 1 and may possibly exist to 
considerably higher values. 

. A comparison between the test results for laminar and 
for turbulent flow in the boundary layer at a fixed value of 
the Reynolds number shows that: 

(a) The resistance to separation with turbulent flow in 
the boundary layer is much greater. 

213637-53----53

(b) The shock-wave configuration near the base of boat-
tailed bodies is markedly different for the two types 
of boundary layer flow. 

(c) The foredrag coefficients with turbulent boundary 
layer ordinarily are higher. 

(d) The base pressure on boattailed bodies is much 
higher with the turbulent boundary layer. 

(e) The total drag is usually higher with the turbulent 
boundary layer. 

4. For laminar flow in the boundary layer the following 
effects were found: 

(a) The laminar boundary layer separates forward of 
the base on all boattailed bodies tested, and the 
position of separation varies noticeably with 
Reynolds number. Laminar separation is not nec-
essarily accompanied by a shock wave originating 
from the point of separation. On many of the 
models the pressure in an inviscid flow would 
continually decrease in the direction of the flow 
upstream of the separation point. 

(b) The trailing shock wave moves forward slightly as 
the Reynolds number is increased, but no signif-
icant change takes place in the shock-wave con-
figuration near the base. 

(c) With increasing Reynolds numbers, the foredrag 
coefficients increase for highly boattailed bodies 
and decrease for bodies without boattaiing. For 
moderately boattailed bodies the variation of the 
foredrag coefficient with Reynolds number is rel-
atively small. 

(d) The base pressure changes markedly with Reynolds 
number. For bodies with the same afterbody 
shape, the base pressure also depends upon the 
length-diameter ratio of the body. 

(e) Total drag varies considerably with the Reynolds 
number, changing more than 20 percent for several of 
the models. 

5. For turbulent flow in the boundary the following 
effects were found: 

(a) Separation does not ordinarily occur upstream of 
the base except for highly boattailed bodies. 

(b) The shock-wave configuration near the base does 
not change noticeably as the Reynolds number 
changes. 

(c) The foredrag coefficients decrease slightly as the 
Reynolds number is increased. 

(d) The base pressure changes very little with changing 
Reynolds number. 

(e) The total drag decreases as the Reynolds number 
is increased. 

A.MES AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

MOFFErT FIELD, CALIF., January 31, 1947.
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APPENDIX A 

VARIATION OF TEST-SECTION STATIC PRESSURE 

Since the static pressure with no model present varied 
along the axis of the test section as shown in figure 5, it was 
necessary to apply a correction to the measured coefficients 
to account for the increment in drag or pressure resulting 
from this axial pressure gradient. Although the axial vari-
ation of test-section static pressure is not monotonic, the 
pressures at the downstream end of the test section are 
uniformly lower than the pressures of the upstream end 
where the nose of a model is ordinarily placed. This means 
that the actual pressure exerted at a given point on a body is 
lower than it would be if the ambient pressure gradient were 
zero as it is in free flight. The gradient corrections are cal-
culated on the assumption that the magnitude of the pressure 
exerted at an arbitrary point on the body in the tunnel is 
lower than it would be if no gradient were present by an 
increment equal to the amount which the static pressure 
decreases (with no model present) from the position of the 
model nose to the position of the arbitrary point. At the 
Mach number of the present tests it is Snot necessary to 
include the corresponding axial variation of dynamic pressure 
in the corrections since it varies only ± 0.2 percent from the 
mean test-section value used in all calculations. The correc-
tions to the measured coefficients of model 1 located 2.5 
inches downstream from the reference pressure orifice, for 
example, amount to ±0.012 in foredrag coefficient and 
—0.026 in base-drag coefficient; the corresponding per-
centages of the uncorrected coefficients of foredrag and base 
pressure are 12 and 15, respectively. 

Because the gradient correction is relatively large in the 
present tests an experimental justification of such theoretical

corrections is in order. The validity of the corrections as 
applied to foredrag is confirmed by tests on model 9, which 
consists of a conical nose with a 20° included angle and a 
short cylindrical afterbody. The theoretical foredrag of this 
body, which is equal to the sum of the wave and friction drags 
can -be easily determined as a function of Reynolds number. 
The wave drag of the conical nose is given by the calculations 
of Taylor and Maccoil (references 10 and 11). The frictional 
drag can be estimated using the low-speed laminar skin-
friction coefficients, since the boundary layer was completely 
laminar over this model. A comparison of the corrected 
and uncorrected foredrag with the theoretical foredrag is 
shown in figure 6. The corrected foredrag coefficients are 
seen to be in good agreement with the theoretical values; 
whereas the uncorrected data fall below the wave drag at 
high tunnel pressures. This latter condition, of course, rep-
resents an impossible situation for a body without boattailing. 

In order to check experimentally the validity of the correc-
tions as applied to the measured base pressure, model 1 was 
tested on the side support at five different positions along the 
axis of the test section. Because the. support system re-
mained fixed relative to the body, the interference of the 
support is the same in each case, hence, any discrepancies in 
the measured base pressures at the various positions are 
attributable only to the pressure gradient along the tunnel 
axis. Figure 7 shows that the uncorrected base pressure 
data taken at the five different positions differ by about 
25 percent, but the corresponding five sets of corrected data 
fall within about ± i:s percent of their mean, thus confirming 
the validity of the correction.
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APPENDIX B 

PRECISION OF DATA 

The accuracy of the results presented can be estimated by 
considering the possible errors that are known to be involved 
in the measurement of the forces and pressures, and in the 
determination of the free-stream Mach number and gradient 
corrections. 

The force measurements are subject to errors from shifts 
in the balance zero due to temperature effects and also from 
a shift in the calibration constant. The zero shift, which is 
less than ± 1 percent of the force data at low pressures and 
less than ±0.2 percent at high pressures, was checked peri -
odically by running the tunnel through the complete temper-
ature range with no force applied to the balance. In the 
majority of cases the variation of the balance calibration 
constant, which was checked before and after each series of 
tests, permitted a possible deviation of ±0.3 percent in the 
force data. All data presented in figures 9 (b), 13, 14, and 
the data for models 4, 5, and 6 in figures 23 (a) and 29 (a) 
were obtained during a period between two consecutive 
balance calibrations for which the constant differed by 6.4 
percent. A comparison of the data obtained during this 
period with theoretical results and with the results of subse-
quent reruns of some of the same models indicates that the 
change in balance calibration occurred before the data in 
question were obtained. The results in tho afore-mentioned 
figures were therefore computed on the basis of the later 
calibration. It is estimated that the maximum error in 
the balance calibration constant for these results is at worst 
no greater than +0.3 to —3.0 percent. 

The pressure data, including the dynamic pressure, are 
subject to small errors resulting from possible inexact read-
ings of the mercury manometers. The base pressure data 
are also subject to an additional error resulting from the 
small variation in the specific gravity of the dibutyl phthalate 
indicating fluid. At the most, these sources can cause an

error in the total and foredrag coefficients of about ±0.3 
percent, and in the base-drag coefficient of about ±0.8 per-
cent. The error in dynamic pressure due to the uncertainty 
in the free-stream Mach number is negligible, since ' the isen-
tropic relation for the dynamic pressure as a function of 
Mach number is near a maximum at a Mach number of 1.5. 
For slender bodies of revolution the variation of the force 
coefficients with Mach number is quite small; hence, errors 
resulting from the variation of free-stream Mach number 
from 1.49 to 1.51 are negligible. 

On the basis of the data presented in figures 6 and 7, it is 
estimated that for all tunnel pressures the uncertainty in the 
gradient corrections to total drag, foredrag, and base pres-
sure coefficients can cause at the most an error in these 
coefficients of ±0.004, ±0.004, and ±0.005, respectively. 
It should be noted that in the table on precision, presented 
in the section on results, this source of error, which is inde-
pendent of tunnel pressure, is expressed as an increment 
and not as a percentage of the measured coefficient. 

Previous investigations have shown that an uncertainty 
may be introduced in supersonic wind-tunnel data if the 
humidity of the tunnel air is very high. To determine the 
effects of this variable in the present investigation, the 
specific humidity was varied from the lowest values (approx-
imately 0.0001) to values approximately 20 times those 
normally encountered in the tests. Drag and base pressure 
measurements were taken on a body with a conical head and 
also on a sphere. The results showed no appreciable effect 
of humidity over a range much greater than that encountered 
in the present tests, provided the variation in test-section 
dynamic pressure with -the change in humidity was taken - 
into account in the reduction of the data. It is believed, 
therefore, that the precision of the results presented in this 
report is unaffected by humidity.
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APPENDIX C 

EFFECT OF SUPPORT INTERFERENCE 

A knowledge of the effects of support interference upon 
the data in question is essential to an understanding of its 
applicability to free-flight conditions. Previous to the pres-
ent investigation an extensive series of tests were conducted 
to determine the body shape and support combinations 
necessary to evaluate the support interference. 

In general, it was found that for the models tested in the 
smooth condition (laminar boundary layer) the effect of 
the rear supports used in the present investigation was 
negligible for the boattailed models 2 and 3 and was appre-
ciable only in the base pressure measurements for model 1. 
For model 1, combinations of rear support and side support 
were used to evaluate the effect of the rear support on the 
base pressure. The evaluation was made on the assumption 
of no mutual interference between the rear support and 
side support and was checked by the use of two different 
combinations of side support and rear support. The data 
indicate that the assumption is justified within the limits 
of the experimental accuracy and that the corrected, inter-
ference-free base pressures deduced by this method differ 
only slightly from those measured with the side support alone. 

For the bodies with roughness added (producing a turbu-
lent boundary layer) a complete investigation of the support 
interference was not made; consequently, a definite quan-
titative evaluation of the interference effects for each body 
in this condition cannot be given. From the data that were 
obtained it has been found that the foredrag is not affected 
appreciably by the presence of the supports used in the 
present investigation, but that a small amount of interference 
is evident in the base pressure coefficient which may vary 
from a minimum of ±0.005 to a maximum of ±0.015 for 
the different bodies. This uncertainty in the base pressure 
coefficient results in a correspondingly small uncertainty 
in the base drag coefficient and in the total drag coefficient. 
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GENERAL METHOD AND THERMODYNAMIC. TABLES FOR COMPUTATION OF EQUILIBRIUM 
COMPOSITION AND TEMPERATURE OF CHEMICAL REACTIONS' 

By VEARL N. HUFF, SANFORD GORDON, and VIRGINIA E. MORRELL 

SUMMARY 

A rapidly convergent successive approximation process is 
described that simultaneously determines both composition and 
temperature resulting from a chemical reaction. This method 
is suitable for use with any set of reactants over the complete 
range of mixture ratios as long as the products of reaction are 
ideal gases. An approximate treatment of limited amounts of 
liquids and solids is also included. This method is particularly 
suited to problems having a large number of products of reaction 
and to problems that require determination of such properties as 
specific heat or velocity of sound of a dissociating mixture. 

The method presented is applicable to a wide variety of prob-
lems that include (1) combustion at constant pressure or volume; 
and (2) isentropic expansion to an assigned pressure, tempera-
tue, or Mach number. Tables of thermodynamic functions 
needed with this method are included for 42 substances for con-
venience in numerical computations. 

INTRODUCTION 

The theoretical performance of propulsion systems having 
high combustion temperatures can be calculated on the as-
sumption that chemical equilibrium exists among the prod-
ucts of reaction. The equilibrium composition and the tem-
perature for a system of N products Of reaction are deter-
mined by the simultaneous solution of at least N+ 1 equa-
tions involving dissociation, mass balance, and energy or 
entropy balance. This calculation becomes increasingly 
difficult as N increases. 

Numerous methods for solving these equations may be 
found in the literature that provide a successive approxima-
tion or trial-and-error process for determining the composi-
tion at an assumed temperature and pressure. Examples of 
these methods are found in references 1 to 4. When it is 
desired to find the temperature of a system in equilibrium, 
with a parameter such as entropy or enthalpy assigned, the 
composition is usually computed at a sequence of tempera-
tures that either converge to the correct temperature or are 
spaced to permit interpolation to obtain the correct tem-
perature. 

A rapidly convergent successive approximation process 
that determines composition at an assigned temperature or 
that simultaneously determines both composition and tem-
perature for assigned values of another parameter, such as 
enthalpy or entropy, was developed at the NACA Lewis 
laboratory during 1948 and is presented herein. This proc-

I Supersedes NACA TN 2113, "General Method for Computation of Equilibrium Compc 
1950, and NACA TN 2161, "Tables of Thermodynamic Functions for Analysis of Aircraft-Pri

ess also permits computation of the partial derivatives 
required to compute such thermodynamic properties as 
specific heat and velocity of sound corresponding to chemi-
cal equilibrium. The equations are derived that are re-
quired for solution of the following cases: (1) combustion at 
constant pressure or volume; and (2) isentropic expansion 
to an assigned pressure, temperature, or Mach number. 
Examples are given for (1) constant-pressure adiabatic 
combustion; (2) isentropic expansion to an assigned pres-
sure; and (3) isentropic expansion to an assigned Mach 
number. 

This method is particularly suitable for problems having 
a large number of products of reaction and for problems that 
require determination of partial derivatives. Although it is 
possible, at least in special cases, to devise a procedure that 
involves less numerical computation, the method presented 
is applicable in a wide variety of cases and its numerical 
application to a given process is always simple and essen-
tially the same for all reactions. 

Tables of thermodynamic functions are needed for com-
puting equilibrium compositions and temperature of chem-
ical reactions. Tables containing the functions specific heat 
at constant pressure C°, sensible enthalpy H'—H 0, and 
molar entropy S exist for at least part of the desired tem- 
perature range for most of the substances of interest in the 
analysis of aircraft-propulsion systems. Several special 
functions. are required 'for convenient use with the method 
described herein; tables were therefore prepared, from Jan-
uary to June 1949, that contain, in addition to G°, H—H, 
and S, assigned values of enthalpy H and values of log K 

and	 (logarithm of equilibrium constant and enthalpy
RT 

change divided by gas constant times temperature, respec-
tively, for reaction of formation of a substance from its 
elements in atomic gas state). 

The data selected from various sources or computed by 
the NACA have been smoothed, interpolated to every 1000, 
and extended to 60000 K. A high degree of self-consistency 
has been maintained in the temperature range from 10000 
to 6000° K by computing from specific-heat data the values 
of the other functions and retaining, in general, more decimal 
places than are significant. Interpolation formulas are 
given that permit computation of self-consistent values for 
all the functions at any temperature between 10000 and 
6000° K. 

sition and Temperature of Chemical Reactions" by Vearl N. Huff and Virginia E. Morrell, 
pulsion Systems" by Vearl N. Huff and Sanford Gordon, 1950. -
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GENERAL METHOD 

The thermodynamic state following a specific process, 
such as combustion at constant pressure, can be determined 
from an appropriate combination of the following equations: 
(a) dissociative equilibrium; (b) conservation of mass; 
(c) conservation of energy; (d) pressure; and (e) entropy. 
Equations (a) and (b) are used to specify chemical equilib-
rium and, when used with any two of the remaining equations, 
define a process. 

The successive approximation procedure presented herein 
for finding the simultaneous solution of a specific combination 
of equations (a) to (e) consists of the following steps: 

(1) Estimates of composition and temperature are made 
and used in simple equations to compute the values of error 
parameters, which indicate inconsistency among the estimates 
of composition and temperature. (These estimates need 
not be based on previous experience, but for rapid convergence 
it is desirable that they be close to the final values.) - 

(2) A set of linear simultaneous correction equations is 
given that determine a new composition and a new tempera-
ture.

(3) The new composition is used to compute new values of 
the error parameters and step (2) is repeated until the desired 
accuracy is obtained. 

EQUATIONS FOR DISSOCIATION, MASS, PRESSURE, AND VOLUME 

The substances entering a reaction proëess will be desig-
nated the reactants and can be represented by the equivalent 
formula•

Za Yb 

where the subscripts a0 , b0....are proportional to the total 
number of atoms of the elements Z, Y,...,respectively, 
contained in a quantity of the entering substance at the 
initial conditions. (A complete list of symbols is included 
in appendix A.) For example, the reactants for a rocket 
combustion process using 3 moles of ammonia (NH 3) for fuel 
and 2 moles of nitric acid (HNO 3) for an oxidant are 

3NH3 + 2HN0 

An equivalent formula would be 

1111N506 

where the atoms hydrogen, nitrogen, and oxygen, may be 
represented by Z, Y, and X, respectively, and 11, 5, and 6 by 
a0, b0 , and c e,, respectively. The weight of the equivalent 
formula M can be computed in the usual way and would be 
177.128. (If desirable, the quantity of substance in the 
equivalent formula may be chosen to correspond to a specified 
value of lt'I,. For example, if M is to be one gram, the 
preceding values would be divided by 177.128.) 

The reaction under consideration can be written 

A(ZO Yb . . . ) fl'l (Zaj Yb1 . . . ) +fl2(Za2Yb2... ) + 

+fli(Za j Y11 ... )	
(1) 

where n1 is the number of moles of the 'ith molecule or atom. 
The subscripts a 1, b 1, . . ., which can take on only positive

integral values or zero, denote the number of Z, Y. 
atoms in the ith molecule. For example, if Z, Y, and X 
again represent hydrogen, nitrogen, and oxygen, respectively, 
the values of a 1, b 1 , and c1 for a water molecule 11 20 would be 
2, 0, and 1, respectively. It is assumed that the products of 
reaction are contained by a volume V numerically equal to 
the gas constant R times the absolute temperature T so that 
for ideal gases

pi=ni 

During the solution of the problem, it is necessary to determine 
the number of formula weights of the reactants A that are 
required to balance the reaction given by equation (1). 
Products of reaction in the gas phase are assumed to be 
ideal gases that form ideal mixtures and each condensed 
phase is assumed to have a partial pressure of zero, even 
when finely divided and suspended in the gas. For solids 
and liquids therefore

P10 

As an approximation, the following assumptions are also 
made: Each condensed product is insoluble in all others; the 
fugacity of each condensed phase is equal to 1 atmosphere; 
the total volume occupied by the liquids and solids is negli-
gible with respect to the volume occupied by the gases; and 
the. liquid and solid particles have the same temperature and 
flow velocity as the gases. 

Dissociation equatioiis.—For simplicity of nomenclature 
and presentation, the equations for dissociation can be 
written in terms of the atomic gas as 

a1Z+b1Y+ .. . Za 1 Y,1 ...	 (2) 

The corresponding equation for the equilibrium constant K1 
of gaseous molecules is

	

Pi	 (3) 
Pz Py 

For liquid or solid molecules, assuming the fugacity of each 
condensed phase is equal to 1 atmosphere, 

	

IC= ai b1	 (4) 

Pz Py 

where Pz, p, . . . are the partial pressures of the Z, Y, 
atoms in equation (1), respectively. The equilibrium con-
stants can also be expressed in terms of the free-energy 
changes (AF' ), across the dissociation reactions represented 
by equation (2) or

lnKj—( 
FO), 

 -	 (5) 

Because the trial composition may not correspond to that 
at chemical equilibrium, variables 6 1 are conveniently de-
fined so that for gaseous molecules (logarithms to the base 10 
are used) 

ô=1og p1 — a1 log p—b 1 log p — . . . —log K1 (6)
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and for liquid or solid molecules 

	

=—a log p—b log y— •. . . —log K	 (7) 

where K,, is defined by equation (5). The value of each 5,, 
must approach zero when the solution to the problem is fOund. 
Application of equation (6) or (7) to each product of reaction 
will result in one equation for each molecule considered since 
for atoms, a,, is identically zero. 

Mass-balance equations.—A mass-balance equation stat-
ing the conservation of atomic type can be written for each 
chemical element present. 	 - 

iv'a in t a

I

(8) 

I 

where a, b, . . . are the number of gram atoms of substance 
Z, Y, . . . per equivalent formula required to form the 
products of reaction. A trial composition generally leads to 
values of a, b, . . . that differ from the desired values of 
a,,, b,,, . . . but the difference will vanish when the correct 
composition is found. 

Total-pressure equation.—The total pressure P is the sum 
of the partial pressures

P=>p	 (9) 

For a process with an assigned pressure, the value of P 
must approach the assigned value P,, as the solution of the 
problem is found. 

Constant volume.—For processes that occur at constant 
volume, the density of the mixture is constant. The density 
p is defined as

AM AM. 
= VRT 

For a reaction process with an assigned density, the value of p 
must approach the assigned value p,, as the solution of the 
problem is found. 

COMBUSTION AT CONSTANT PRESSURE 

For given initial conditions, the temperature and the com-
position following a combustion process are to be found. 
When chemical energy is included in the enthalpy of each 
substance, the enthalpy of the products of reaction following 
an adiabatic combustion must be equal to the enthalpy of 
the reactants at the initial conditions. An arbitrary base 
may be adopted for assigning absolute values to the enthalpy 
of various substances because only differences are measura-
ble. The base used to compute values of enthalpy F1 was 
selected to produce positive values for all molecular types 
entering a combustion process in order to avoid a possible 
source of difficulty that might occur in the recommended

method of adjustment when a logarithm of a negative 
number (or zero) might be required. 

Enthalpy of fuel and oxidant.—The enthalpy at initial 
conditions of the amount of fuel and oxidant corresponding 
to the equivalent formula Z6,, Y,, . . . is denoted by h0 

and is given by the expression 

h,,1(H)1+flg(H)g	 (11) 

where ii, and flg are the number of moles of fuel and oxidant, 
respectively, corresponding to the equivalent formula Z,,,,Y,,, 

and (H), and (H)g are the molar enthalpies of the 
fuel and the oxidant, respectively, at the initial conditions. 
The molar enthalpy HOT is defined by the equation 

fT 
H=CdT+H

 

where G is the molar specific heat at constant pressure, 
and H 0° is the chemical energy of the substance at a tem- 
perature of 00 K. Values of H for several fuels and 
oxidants are presented with the tables of thermodynamic 
functions. 

Enthalpy of products of reaction.—The enthalpy of the 
products of reaction per equivalent formula can be con-
veniently represented by a variable h that is given by the 
equation

h=	 (H)in,,	 (12) 

When enthalpy is assigned, (for example, with adiabatic 
combustion) the difference between h and the assigned value 
h,, must vanish when the correct values of n,,, A, and T are 
found. If heat were lost (nonadiabatic combustion), the 
value of h,, would be accordingly reduced. 

Equations for constant-pressure combustion.—The equa-
tions defining the constant-pressure combustion are: 

Type	 Number of equations 

Dissociative equilibrium-- 1 for each molecular type. 
Conservation of mass. - 1 for each chemical element. 
Constant pressure-------1. 
Conservation of energy	 .1. 

These equations are to be solved simultaneously for the 
variables n,,, A, and T (p,,=n,, for gases). 

Correction equations.—Since the preceding equations are 
not all linear, it is usually not feasible to find a direct solu-
tion. The Newton-Raphson method for solving nonlinear 
simultaneous equations (reference 5) is well suited to this 
type of computation. This method can be illustrated by a 
simple example. If Q1 and Q2 are functions of q and r, 

Q. =f.i (q,r) 

Q2=f2(q,r) 

By taking estimated values, for example q0 and r,,, each func-
tion may be expanded in a Taylor's series about the point 
(q,,,r,,) and when derivatives of higher order than the first 
are neglected 

(10)



832	 REPORT 1037—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

Qi = -'	 zr 

1Q2 = 2 q+2 

The desired changes zQ1 and AQ2 can be computed; if the 
partial derivatives can be numerically evaluated, solving for 
the approximate changes in q and r to effect simultaneously 
the desired changes in both Q1 and Q2 is comparatively simple 
because the equations are linear. 

If each of the functions ô, a, b, . ., P, and h given by 
dquations (6) to (9) and (12) is expanded in a Taylor's series 
about an estimated set of values of the variables and terms 
involving derivatives of order higher than the first are neg-
lected, the following set of simultaneous linear correction 
equations results: 

For gaseous products 

x—aj x—b 1x—. . .-9x=-5,	 (13) 

For solid or liquid products 

—a x—b 1x---. .	 (14) 
For all products

aInxI—AaxA= u 

Jbjnxj--AbxA = ô	 (15) 

= '5P 	 (16) 

hj'xj—AhxA+TC'xr=ô fl 	 ( 17) 

where the correction variables and the error parameters may 
be defined in the logarithmic form

Xj=2 log flz log p 

X, Xy,	 . . . =X for atoms 

XA r=L log A 

XrL log T 

a=Aalog 

ôbAb log 

âpPlog 

=Ahlog

ô log K 
h)n,	 (G),n. andwhereq=() - ôlog T' '=(H	 G'= 

The solution to the set of simultaneous equations relates 
the value of the rth estimate to the (r+1)" estimate as 
follows:

log (n i) r+i =log (flj)r-j-Xj 

log (A) 7+i =log (A)T+XA 

log (T)r+i=log (T)r+X	 (18) 

The expansion in the Taylor's series has been carried out 
in the logarithmic form because this form has been found to 
result in rapid convergence over a wide range of conditions 
and avoids the possibility of computing negative partial 
pressures. If the expansion is carried out in powers of 

or x=nL	 the same correction equations result fl j	 (n) 
as for the logarithmic variables except for the definitions of 
the correction variables and error parameters. Quite satis-

factory results have been obtained by taking x,=— when 
ni 

X i is positive and Xj=fl (!) when X j is negative. ni 

MATRIX CONSTRUCTION AND REDUCTION 

A coefficient matrix is a scheme of detached coefficients of 
a set of linear equations that are to be solved simultaneously. 
An augmented matrix is identical to a coefficient matrix 
except that the constants are included. Equations (13) to 
(17) constitute such a set of equations for the simultaneous 
determination of the variables x i, XA, and X. 

Construction.—Because of the large number of zeros occur-
ring in the matrix, a considerable saving in effort can be 
made by proper arrangement of the order of the rows and 
the columns. The following arrangement provides a partly 
symmetrical matrix that has been found to be among the 
easiest to evaluate as long as the products of reaction are 
principally , gaseous and the dissociation constants are 
expressed in terms of the atomic species:.. 

The order of the columns should be—
(a) x of gaseous molecules 
(b) X j of atoms 
(c) X j of liquid and solid products 
(d) xA 
(e) XT

(f) Constant terms of equations 
The order of the rows is—

(a) Dissociation equations in same order as gaseous 
molecules in columns 

(b) Mass-balance equations in order of atoms in columns 
(c) Dissociation equations for solid and liquid products 

in same order as solid and liquid in columns 
(d) Total-pressure equation 
(e) Heat-balance equation in combustion calculation 

The augmented matrix of equations (13) to (17) arranged 
in this recommended order is shown in figure 1. 
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Gaseous molecules I	 Atoms	 Solids or I 
Equa- I	 I	 liquids 
tion	 I	 I 

Zi	 I Z2 I -- I -,I Zy I -- I -- I 15' I Z	 I Zr	 Const 

-	 1 0 0	 —a 1 —b, 0	 0 0	 —qi	 -oi 

(13) 0 1 0	 —a, —b, 0	 0 0	 —q,	 —82 

0 0 -- - ------ 0	 0 0	 --	 --- 

a sin, a2n2 flZ 0	 0 --	 ONflN —As	 0	 o 

b (15) bin, b,n, 0 ny	 0 --	 bvis —Ab	 0	 0, 

-- -	 ------- 0 0	 - --- ---- 0	 --

-- (14) 0 0 0	 - ----- - 0	 0 0	 --	 --

N 0 0 0	 a fIN 0	 0 0	 6N	 ON 

P (16) pi Ps Pz Pr	 0 , 0	 0 0	 0	 6p 

Ii (17) h1' h2' hz' b y'	 -- --	 h5" —Ah TC'	 8 

FIGURE 1.—General matrix of correction equations for adiabatic combustion at assigned 
pressure. Equation (13), dissociation of gaseous molecules; equation (15), mass balance; 
equation (14), dissociation of solids or liquids; equation (16), pressure; equation (17), heat 
balance.

Solution.—One of the best methods of solving simultaneous 
linear equations is given by Crout (reference 6). With this 
method, an auxiliary matrix is constructed from an original 
augmented matrix by a simple routine. This auxiliary 
matrix is of the order equal to the original matrix. The 
solution for the set of equations can be obtained by a process 
of back substitution in the auxiliary matrix. 

For convenience, the order of the matrix is reduced before 
the Crout method is applied. A matrix arranged as recom-
mended can be partitioned so that a unit matrix [Um] of 
the order (m, in) appears in the upper left corner, where m 
is equal to the number of types of gaseous molecule. The 
original augmented matrix can then be written

(19) [R.da,

 a2 :a3l 

When the Crout method is applied to the original augmented 
matrix, the Crout auxiliary matrix can be expressed as 

[.i!1	 (20) 
L a2 :a4J 

where [Urn], [aj], and [a2] are identical to the corresponding 
submatrices of the original matrix. By observing the oper-
ations involved in the construction of the Crout auxiliary 
matrix, [a4] is shown to be identical to the auxiliary matrix 
of the augmented matrix [asi defined by 

[as] = [a3] - [a2] [as]	 (21) 

For computation, equation (21) is written 

[as] = [-2631 [--.]	 (22) 

where [U4] is a unit matrix of order equal to the number of 
columns of [a1]. The numerical solution is then obtained 
by carrying out the matrix multiplication indicated in 
equation (22) to find [asi. The Crout auxiliary matrix [a41 

213637-53---54

Gaseous molecules Atoms Solids or 
liquids 

Ii 12 -- Zz
(	

Zr -- -- ZN IA Zy Const 
- 

a

-

a1n,	 an,	 -- flz 0	 0 --	 a.vnp.- —.4a 0 o 

b bin,	 bin,	 -- 0 is,'	 0 --	 b.v-iss' —Ab 0 0 

-- --	 -- 0 0	 ------ -- 0 --

iI 0	 '0	 0	 - - --- - - 0	 0 0 -- --

N 0	 0	 0 aN b 0	 0 0 qy Lv 

P Ps	 P2 pz P 0	 0 0 0 Op 

h h,'	 h2' h1' by' fIN' Ah TC' O 

(a) Submatrix 

al

a 2 :a3

ai

taken from 

-.

lower portion 

1	 0

of 

0

figure 1. 

0 0	 0 0 0 a 

b b, b, - - 0	 1 0 0 0	 0 0 0 

-- 

0

-- 

0

-- 

00 

0	 0 

0

-- 

0

0 

--

0	 0 

0	 0

0 

0

0 

0 --

0 0 0 0	 0 0 0 1	 0 0 0 

0 0 0 0	 0 0 0 0	 1 0 0 

q Qi 

0 1

62 

82

-- 

--

0	 0 

0	 0

0 

0

0 

0

0	 0 

0	 0

1 

0

0 

1

(b) Submatrix['j"] transposed(- [ai] taken from figure 1). Uk  

Fir,uaa 2.—General form of submatrices of correction equations for adiabatic combustion 
at assigned pressure. 

is constructed from [a5]. The values of the variables Xrn+1, 

XN+2 are found from [a4] by the process of back 
substitution given by Crout. The values of the remaining 
variables are found by the matrix equation 

Xm+l 
X1

(23) 

XN+2 
Xrn

—1 

For illustration, the submatrices [ai], [a2], and [a3] were 
taken from figure 1 and used to construct figure 2: The 
submatrix [a2Ia3] corresponds to equations (15), (14), (16), 
and (17) and is shown in figure 2 (a). The transposed matrix 

of[j] is shown in figure 2 (b); that is, the columns have 

been tabulated as rows with the first column at the top. 

COMBUSTION AT CONSTANT VOLUME 

The procedure given for finding the composition and the 

temperature of a combustion. process at constant pressure 

can be applied to combustion at constant volume with the 

following changes: 
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(a) The correction equation for pressure is replaced by a 
correction equation for density obtained from equation (10) 

xA — xT =log--	 (24) 

(b) The correction equation for conservation of energy 
must be written in terms of internal energy E and thus 
becomes

lowing correction equation for entropy can be written from 
equation (27):

sZ'x1—AsxA+C'xT=1	 (28) 
where

ô5 =As log 

s'=(S)3n3 —Rp(1 +lflPi) 

The row matrix of equation (28) shown in figure 3 may be 
substituted in place of the h rows of figures 1 and 2 (a) and 
the computation carried out as in the combustion calculation. 

(E)3n3 x 3 —Ae xA+T(C°) In3 x T =Ae log e o (25) 

where
1 

e=	 (E)3n3 

is the assigned internal energy per equivalent formula at 
initial given conditions, and O° is the molar specific heat at 
constant volume. Substitution of these two equations in the 
matrix of figures 1 and 2 (a) will permit the composition and 
the temperature to be found for assigned values of density 
and internal energy. The application of this method to 
constant-volume combustion, which, for example, is involved 
in reciprocating engines and pulse-jet engines, has not been 
made at the Lewis laboratory. 

ISENTROPIC EXPANSION TO ASSIGNED PRESSURE OR TEMPERATURE 

Assigned pressure.—The calculation of temperature and 
equilibrium composition of the products of reaction following 
isentropic expansion to a fixed pressure involves the simul-
taneous -solution of dissociation, conservation-of-mass, pres-
sure, and entropy-balance equations. 

For the reaction of equation (1), the dissociation, conserva-
tion of mass, and pressure equations (6) to (9) can again be 
applied. For the conditions following an isentropic expan-
sion, the entropy s of the products of combustion per equiva-
lent formula after expansion must be equal to the entropy 
s of the products of combustion per equivalent formula 
before expansion. 

s0=Z [n 1(S) 1 —Rp. in p] }combustion	 (26) 
2	 conditions 

where (S) 1 is the absolute entropy of the product i at 
standard conditions. This formula is applicable to ideal 
solids and liquids, assuming j = 0, as long as their volume is 
negligible. After the expansion takes place, the entropy per 
equivalent formula is given by the expression 

(1 
8_?A[ni(S )i__ Rpj 1n pill	 (27) 

exit conditions 

Whereas equation (26) is, of course, evaluated at combustion-
chamber temperature and pressure, equation (27) is evaluated 
for exit temperature and pressure. As the solution of the 
problem is found by successive adjustment of estimated 
quantities, the value of s approaches s,. - 

In the adjustment of the values of n, A, and T, the cor-
rection equations (13) to (16), which have been derived from 
equations (6) to (9), can be applied. In addition, the fol-

Equa-	 - 
tion 

ri-	
(28)	

[	
--	 85' 81" -	 --	 SN' —,4s C'	

o ] 
FIGURE 3.—Row matrix to be substituted in place of h row in figure 1 and in figure 2 (a)

for isentropic expansion to assigned pressure. Equation (28), entropy balance. 

Assigned temperature.—For the computation of data for 
enthalpy-entropy diagrams and for other practical computa-
tions, it is often necessary to find the exit pressure and com-
position as a function of exit temperature. The procedure 
required is the same as that described for isentropic expan-
sion to an assigned pressure except that, in addition to 
substituting the s row in place of the h row, the pressure 
equation (p row) and the temperature column (XT) are 
dropped from the matrix of figure 1; accordingly, the p row 
and XT column are dropped from figure 2 (a) and the q row 
from figure 2 (b). 

ISENTROPIC EXPANSION TO LOCAL VELOCITY OF SOUND 

The theoretical.-velocity of sound that includes the effect 
of dissociation can be computed at any point in a nozzle 
with a modification of the matrix previously derived to 
obtain the!correction quantities. 

Velocity of sound.—The velocity of sound u can be defined 
as

MD, (29) 

where the subscript s denotes the condition of constant 
entropy. The total differential of pressure dP can be found 
from equation (9).

dP=Jdp	 (30) 

and the total differential of density dp can be found from 
equation (10).

dP=dA_AMtdT	 (31) 
RT	 RT2 

Then
d log pi 

dP	
dp3	 =	 d log T 

dPMTdA AM, dT AMr(dloA 
RT	 RT2	 d log T ) 

Therefore
RTp3D3 

u2=11-)=AM('1).	 (32)
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where
D _(ô log ni\ 

ô log TJ3 

A_1ogT)s 

This expression will permit evaluation of it?, provided the 
values of the partial derivatives D and DA are found for 
conditions of chemical equilibrium and for an isentropic 
process. If the value of T is in degrees Kelvin and p i in 
atmospheres the value of 8.3144X 107 for R. will give a in 
centimeters per second. The conditions of chemical equi-
librium .and constant entropy are introduced by writing the 
total differentials of equations (6) to (8) and (27). The total 
differential of these equations expressed in logarithmic vari-
ables and divided by d log T can be written, for gaseous 
products, 

d log p	 d log pz b d log py	 -d51	 (33) 
d log T	 d log T	 d log T	 d log T 

for liquid and solid products, 

d log l2z b d log py	 -	 (34) _aidlogT_ dlogT d log T 

and for all products of reaction, 

d log n	 d log A	 d log a
Aa 

d log	 d log T=Aa d log T 

b d log nf 
Ab 

d log A 
Ab 

(1 log b 
d log T	 d log T - W109 T

(35) 
,d log n 

—A 
d log A+G,	 d logs	 (36) S 

diog T	 8	 -dlog T	 d log T 

If d log s is taken as 0, s is a constant; if d log a, 
d log b, . ., and doj are taken as 0, mass is constant, atomic 
types are conserved, and rate of change in composition 
corresponds to constant values of ô. With these assump-
tions the partial derivatives D and DA may be substituted 
for the total derivatives in equations (33) to (36). The 
augmented matrix formed from these equations may be 
partitioned in a manner similar to the combustion matrix. 
The resulting submatrices are shown in figure 4 with the sign 
reversed. When D 1 and DA are determined by means of 
the matrices shown in figure 4, the velocity of sound can be 
calculated from equation (32).. This equation can be applied 
to mixtures of liquid and solid products in equilibrium as 
long as their volume is negligible compared with the volume 
of the gas mixture and provided the liquid and solid particles 
move in velocity and temperature equilibrium with the gas. 

Specific heat.—The molar specific heat at constant pressure 
of a mixture in equilibrium may be found from equation (12) 
as follows:	 - 

	

— A (Oh \ -	
H° 

(0 log n\ 
T)lo log T) 

	

Ah(	 )+To]	 (37)

H HIH I 
a a,ni ayn 0 0	 0 0 aNnN —Aa 0 

b bin1 b,si, 0 0	 0 0 bNnN —Ab 0 

0 0	 0 0 ------------ 0 

0 0 0	 ------------------- 0 0 0 

N 0 0 0 aN IN 0 0 0 qi 

8z' Sc' 0 SN' —As C' 

(a) Submatrix	 , 

a a, aI 1 0 0 0 0 0 0 

b b .1, 0l 0 0 0 0 0 

0 0 0 0 0 0 

0 1	 0 0 0 0 0 - ----- 0 0 0 

N 0 0 0 0 0 0 0 1 0 0 

0 0 0 0 0 0 0 0 1 0 

q q, q, ------ 0 0 0 0 0 0 1

(b) Submatris ['] transposed. 

FIGURE 4.—General form of submatriceS of equations for partial derivatives at constant
entropy. 

where n= n. Equation (30) can be written as 

d log n Pd log P 
log T d log T (38) 

If d log P is taken as 0, the pressure is constant; therefore, 
when equation (38) is substituted in the matrix of figure 4 

in place of equation (36), the values of ( og )and 
70 log A\ can be fouid. These values can then be sub-
\O log Tj 
stituted in equation (37) to evaluate C. 

Isentropic expansion to assigned Mach number.—Accord-
ing to the law of conservation of energy the sum of the 
enthalpy and the kinetic energy of a certain quantity of gas 
at any point in a nozzle is constant. If this sum per equiv-
alent formula at any point 1 is denoted by a parameter h*, 

then
h*[h+1MV2IJ]	 (39) 

where v is the velocity of flow of the gas, J is a dimensional 
constant, and the subscript 1 indicates that the variables are 
evaluated at point 1 in the nozzle. The Mach number M 
of the flow is

M=	 (40) 
U 

Equations (32), (39), and (40) may be combined to give 

(H)n. M2RTE pD 
h*_ I	 .L	 41 
-	 A	 ' 2A(D4.-1) 
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where the value of R becomes 1.98718 (cal/(mole) (°K)). 
As the solution of the problem is found by successive adjust-
ments of the estimated quantities, h* approaches h0. 

If equation (41) is expanded in a manner similar to that 
used to obtain equation (17) and if the differentials of deriva-
tives are assumed to be negligible, the correction equation 
becomes

h1" xz_Ah* XA +,T6 X T = 6h* 	 (42) 

where
M2RTpfD1 
2(DA-1) 

15,,*= Ah* log 

r	 ,.-	 ) 
— Ei nj(,)i+ M2Rp, D 1	 -

 
I L 

Equation (42), together with equations (13) to (15) and (28), 
constitute the correction equations for the isentropic expan-
sion to an assigned Mach number. The coefficients of these 
equations form the submatrices shown in figure 5. 

In order to carry out the numerical computations, values 
of flj , A, and T are estimated for the assigned conditions; 
the values of D and DA are obtained by means of the sub-
matrices of figure 4, and used to compute the numerical 
values of the elements of the bottom row of figure 5(a). 
The submatrices of figure 5 are then used to compute the 
values of the corrections to nj, A, and T. This process can 
be repeated until the assigned conditions are satisfied. 

X i X Xz X ix XA 1	 Xr 

a a,n, afl nz 0 0	 ONCN —Aa 0 1, 

b bini b,n, 0 ny 0	 bsnx —Ab 0 6b 

0 0 -------------------- 0 

0 0 0	 --------------- 0	 0 0 

N 0 

Si 

h,"

0 

82, 

h,"

0	 aN 

82' 

hz"

bN 

Si" 

hy"

0	 0 

--------3x' 

----	 ----	 Fix"

0 

—As 

_Ah*

qN 

C' 

TC"

8N 

S. 

Ah. 

S 

h 

(a) Submatrix [ a2 a,].

a	 , a as 1	 0	 0	 0 0	 0 0 0 

b, b, 0	 1	 0	 0 0	 0 0 0 

0	 0	 0 0	 0 0 0 

0 0 0	 0	 0	 0 0	 0 0 0 

N - 0 0 0	 0	 0	 0	 0 1	 0 0 0 

0 0 0	 0	 0	 0	 0 0	 1 00 

q q q, 0	 0	 0	 0 0	 0 1 0 

ö al as 0	 0	 0	 0 0	 0 0 1 

(b) Submatrix [-] transposed. 

FIGURE 0.—General form of submatrices of correction equations for isentropic expansion to 
assigned Mach number.

Throat area of supersonic nozzle.—The process of isen-
tropic expansion to a local Mach number of 1 is particularly 
interesting in the determination of the throat area of a 
nozzle having greater than critical pressure ratio. By as-
suming that the flow is isen tropic and that chemical equilib-
rium is maintained throughout the expansion process, the 
flow velocity v at the throat must be equal to the velocity 
of sound u at the throat. The values fl j , A, T, and u can 
be found for a Mach number of 1 by use of the procedure 
given. 

The throat area t can be calculated from the equation 

RT 
rnAM1u	 (43) 

where m is the mass flow per second. If T is in degrees 
Kelvin and u is in centimeters per second, 1? equal to 82.0567 
(cm3) (atm)  
(°K) (mole) will give tim in (cm2) (sec) /(gm). This equation 

can be applied to mixtures of liquid or solid phases in equi-
librium provided that the volume occupied by the liquid 
and the solid phases is negligible compared with that of 
the gas phase and that the particlesof liquid and solid are in 
thermal and velocity equilibrium with the gas phase. 	 - 

EXAMPLE OF COMBUSTION OF DIBORANE WITH OXYGEN 
BIFLUORIDE 

The calculation of equilibrium temperature and composi-
tion of the reaction of 1 mole of diborane (B2H6) with 5 moles 
of oxygen bifluoride (OF2) is illustrated in this example for 
processes of 

(a) constant-pressure adiabatic combustion 
(b) isentropic expansion to 1 atmosphere 
(c) isentropic expansion to the local velocity of soi.mcl 

An equivalent formula of these reactants is 

Za0 Y 0.X 0T47110 = 116B2F1005 

and a0 =6, b0=2, c0=10, and d0=5. 
The following gaseous products will be considered as the 

products. of reaction: boron trifluoride BF3, boron trioxide 
B203, boron fluoride BF, boron hydride BH, boron oxide 
BO, diatômic boron B 2, hydrogen 112, water vapor HO, 
hydroxyl radical OH, hydrogen fluoride HF, oxygen 02, 
fluorine F2, atomic hydrogen H, atomic boron B, atomic 
fluorine F, and atomic oxygen 0. No liquids or solids are 
included. If the products are numbered in the order given, 
they can be identified in the terminology of equation (1) as 
follows:

BF3 = 110B1F300 
and therefore

a1 =0, b 5 =1, c1 = 3, and d1=0 
Similarly,

- B203=H0B2F003 
and

a20, b 2 =2, c2 =0, and d2=3 
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All values of aj, b, C j , and d for this problem, together with 
the thermodynamic properties used, aie listed in table I. 
Although these thermodynamic values and the enthalpies of 
B2118 and of OF, have since been revised, and therefore do not 
correspond to the values listed in the thermodynamic tables 
presented in a later section, they are adequate for the purpose 
of this example. The enthalpy values used are 

(H 8.16) liquid 112196= 570.149 kilocalories per mole

(H 28.3) liquid 0F2 67.077 kilocalories per mole 

The enthalpy of the amount of fuel and oxidant at initial 
conditions corresponding to the equivalent formula is, from 
equation (11), 

h0 = 570.149+ 5(67.077)=905.534

	

	
kilocalories

 equivalent formula (44) 

The values of aj, b, c 1 , d, and h0 are constant for all parts of 
this example.

COMBUSTION PROCESS 

The adiabatic combustion process was assumed to occur at 
a constant pressure of 20.4 atmospheres. 

First estimate.-From previous computations or from sim-
ple calculations with equilibrium constants, estimating 
reasonable values for the composition and the temperature is 
usually possible. This procedure is recommended inasmuch 
as close estimates reduce the number of trials that must be 
made. In order to show that an arbitrary composition 
which is not based on probable final values of the composition

can be used, however, the first estimates for this example for 
nj and A have been taken equal to 1 mole and a temperature 
of 4000° K. The possibility of divergence is discussed in a 
later section. AU estimated quantities will be used with 
three decimal places to distinguish them from numbers that 
are always integers. 

Evaluation of submatrices.-The numerical values of the 
elements of the submatrices shown in figures 2(a) and 2(b) 
can now he computed and are shown in figure 6. The steps 
are as follows: 

1. The values of aj, b, c i and d i are entered in rows a, b, 
c, and d of figure 6(b) and a 1 is entered on each square of 
the diagonal of [Uk] according to figure 2(b). 

2. Values of
ff-D
AH from tables of thermodynamic 

functions are entered in row q of figure 6(b). In this case 
they are obtained from table-I. 

3. The values of the elements of the 5 row of figure 6 (b) 
may be computed from equation (6) for gaseous products 

5 f =log P i -a i log pH -b i log pB -cf log p-dlogpo- log K, 

The values of log Kf are obtained from- tables of thermody-
namic properties, in this case table I. Because all molecules 
and atoms are estimated to be 1, their logarithms are 0 so 
that in this case

S=-logK 

4. The estimated values of nf are entered in row p of 
figure 6 (a). In case liquids or solids are present their value 
will be zero. 

Gaseous molecules Atoms 

BF3
O, F, sI o Const 

0 

1.000 

3.000 

0

1.000 

.721 -

0 

1 

3 

0 

0 

-62.075 

-5.695

0 

2.000 

0 

3.000 

1.000 

2.334 

0 

2 

0 

3 

0 

-80.593 

-5.199

0 

1.000 

1.000 

0 

1.000 

2.629 

0 

1 

1 

0 

0 

-17.258 

-1.634

1.000	 0 

1.000	 1.000 

0	 0 

0	 1.000 

1.000	 1.000 

3.569	 2.527 

1	 0 

1	 1 

0	 0 

0	 1 

0	 0 

-8.300 -18.183 

2.611	 -1.033

0 

2.000 

0 

0 

1.000 

5.720 

0 

2 

0 

0 

0 

-7.989 

-	 2.763

2.000	 2.000	 1.000	 1.000	 0 

0	 0	 0	 0	 0 

0	 0	 0	 1.000	 0 

0	 1.000	 1.000	 0	 2.000 

1.000	 1.000	 1.000	 1.000	 1.000 

.995	 .577	 .765	 .320	 .373 

(a) Submatrix [a 2	 a2]. 

2	 2	 1	 i	 0 

0	 0	 0	 0	 0 

0	 0	 0	 1	 0 

0	 1	 1	 0	 2 

0	 0	 0	 0	 0 

-13.939 -29. 209 -13.603 -19.674 -15.313 

0.406	 0.347	 0.167	 -1.894	 0.380

0 

0 

2.000 

0 

1.000 

.960 

0 

0 

2 

0 

0 

-8.705 

3.137

1.000 

0 

0 
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(b) Submatrix [;'] transposed. 

FIGURE 6.-Numerical example of submatrices of correction equations for adiabatic combustion of diborane and oxygen bifluoride after first estimate of n, A, and T. 



838 -	 REPORT 1037-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

5. The values of the 616ffi6nts in rows a, b, c, and d of 
figure 6 (a), except columns x4 , XT, and constant, are obtained 
by multiplying the value of nj by the value of the correspond-
ing element of the respective row in figure 6 (b). For 
example, the entries in the first column are OX 1.000=0, 
1X1.000=1.000, 3X1.000=3.000 and 0X1.000=0. 

6. Values of the elements of row h of figure 6 (a), except 
columns XA, XT, and constant, aie obtained by multiplying 
the value of n1 by the value of (HT°) from tables of thermo-
dynamic functions, in this case table I. For example, the 
entry in the first column is 72,172X1.000=72,172. All 
values in row h have been divided by lOs. 

7. The values of the elements of column XA figure 6 (a) are 
obtained by summing elements to the left in each row and 
writing the negative of the total in column ZA except for row 
p where the value is zero. 

8. The value of the XT column (fig. 6 (a)) is zero except for 
the h row where the value is T (G)n. The values of 
(C,'), are obtained from tables of thermodynamic functions, 
in this case table I. 

9. Values of the constant column for figure 6 (a) for all 
rows except row p are found as follows: The value already 
entered in the XA column for row a is -Aa. With the esti-
mated value of A=1.000 

Aa 8.000 
a = -X= 1 .000  = 8.000 

Oa=Aa log 

=8.000 log 8.000_0.999 

the values of O, 61 , O, and 0h are found in a similar manner. 

XH Xe XI XO XA XT ccat 

12.000 1.000 1.000 3.000 -8.000 . -127.873 1.391 

1.000 13,000 4.000 7.000 -9.000 -293.010 -16.322 

1.000 4.000 16.000 0 -8.000 -240.597 -13.564 

3.000 7.000 0 17.000 -9.000 -333.400 -17.383 

8.000 9.000 8.000 9.000 0 -294.871 -3.866 

8.854 28.736 7.861 12.414 -27.346 -454.757 -7. 663 

(a) Matrix [as] obtained from matrix multiplication la,:a,] 

12.000 0.08333 0.08333 0.2500 • -0.6667	 -10.656 0.1159 

1.000 12.917 0.3032 0.5226 -0.6451	 -21.085 -1.273 

1.000 3.917 14.729 -0.1560 -0.3263	 -10.094 -0.5902 

3.000 6.750 -2.297 12.364 -0.2745	 -14.727 -0.6487 

8.000 8.333 4.807 3.395 13.210	 -4.857 0.8731 

8.854 27.998 -1. 66 -4.644 -5.102	 172 652 0.1544 
(b) Matrix [a4] (Crout's auxiliary matrix of [a5]), 

XH Zn ZF XO IA IT 

1,299 0.9290 1.222 1.459 0.1232 0.1544

(c) Values of corrections (Crout's final matrix). 

FIGURE 7. Numerical example of the solution of correction equations by matrix methods.

10. The constant column of row p is found as follows: 
The sum of the elements of row p is the pressure P= 16.000; 
op is computed from the formula 

Op=P1og

20.4 
o=16.000 log 16.000=1.688 

The matrix multiplication [aa3] [yJ] will result in the 

matrix [a5] shown in figure 7 (a). The steps of this multipli-
cation are shown in standard textbooks such as reference 7. 
Crout's auxiliary matrix corresponding to [a5] may then be 
constructed and is shown in figure 7 (b) and the values of 
x, XB, XF, x0, XA, and xr are shown in figure 7 (c). The values 
of the remaining functions are computed with the aid of 
equation (23). The solution is found to be 

XBF3 = 0.7056 XOH=0.4907 
XB203 = -1.100 XHF=l.377 

XBF 1.116 x02=0.1737 
XB}1 1.665 X2=-2.O37 
XB00.6135 x=1.299 
X132 = -2.139 XB=0.9290 
XH2 -0.03982 XF=l.222 

x1120 =-0.7999 x0=1.459 
XA =0.1232 XT=0.1544 

These values are to be applied to the initial estimates for nj, 
A, and T according to the equation 

(log n) 0d =(log 
fl	

.	 (45) 
arto  

For example, the second estimate of flBF3 would be 

(log nBF3) 5nrn1 =log "000+0.7056 

5.077 

The second estimates of n, A, and Tare then used to set up 
new submatrices according to the procedure described. 	 The 
process is repeated until the desired accuracy has been 
obtained.	 For this example, six approximations were re-
quired to-give the following final values of fl , A, and T: 

flBF3 = 2, 6593 floHO. 6785 
fl13203 0. 1235 flHF7. 1456 
flBF =0. 1936 no  =0. 9210 
flBH	 0. 0001 11F2 =0. 0003 
nBo =0. 1669 nH =1.7694 

-	 fl2	 _0 nB =0. 0577 
11H 3 	 =0. 1271 11F =1.3043 
111120 =0. 0627 no =5. 1903 
A	 =1.6622 T =477550 K
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Discussion of convergence.-In order to demonstrate the 
convergence of the process with large errors in the first 
estimate, the example of the combustion of diborane and 
fluorine oxide was solved by using 1 mole of each product, a 
value of 1 for A, and a temperature of 40000 K for the first 
estimate. Because these first estimates were made without 
regard for the probable final values, large errors were present 
in the second approximation and six approximations were 
required to eliminate the error. The convergence is shown 
in terms of the parameters a, b, c, d, F, It, and € in the follow-
ing table where f is defined as

(101 
6	 log kt+log +log +1og +log -+ 

1og+ log 

RESULTS OF. APPROXIMATIONS 

Trial number 
Param- First es- • ____________________ Desired ___________ 

eter Limate value 
1 2 3 4 5 6 

a 8 36. 840 7.005 6.286 6.079 6.002 6.000 6.000 
b 9 23.346 11.605 2.653 2.325 2.008 2.000 2.000 

S 51.540 24.082 13.104 10.541 10.016 10.000 10.000 
a 9 29. 641 11.954 33.660 5.240 5.022 5.000 5.000 
P 16 125. 485 38.000 52. 434 21.416 20.436 20.400 20.400 
4 2734. 815 12, 055. 015 2090.090 2909.950 965.968 912.368 905.594 905.534 

26.892 5.861 4.092 2.505 .537 .011 .002 0

This method has been used in routine computation for 
several years without encountering a divergent case in a 
practical problem. At least for special cases when tempera-
ture is assigned, the process will converge for all values 
of the first estimates. Divergence is known to occur for 
certain cases where temperature is used as a variable when 
the first estimate of temperature and composition is suffi-
ciently in error. Although no mathematical analysis has 
been made to determine the theoretical limits of conver-
gence, the process appears to be satisfactory for practical 
computation. 

Special treatment would be required if divergence is 
encountered. Obtaining convergence should be possible by 
a sufficiently close new estimate of composition and temper-
ature. This procedure is recommended when it is feasible 
but other procedures can be devised, depending on the 
individual case. 

ISENTROPIC EXPANSION TO FIXED PRESSURE 

The temperature and the composition of the products 
of reaction following an isentropic-expansion ratio of 20.4 
at chemical equilibrium were also computed for the products 
of reaction of this example. The value of s0 is found from 
equation (26) by using the final values of each constituent 
of the adiabatic combustion and the absolute entropy values 
corresponding to the final combustion temperature. The 
calculated value of s, was 763.476 calories per °K per mole. 

First estimates.-The number of approximations necessary

for a complete calculation can be considerably reduced 
if the initial estimate is based on previous experience. The 
final values of n• and A determined for the combustion 
process of this example can therefore be the basis for this 
first estimate. 

Because the expansion ratio is 20.4, the four largest 
components can be estimated to be 1/20.4 of their combus-
tion value.

flBF3-O.1304 
ThHF-0.3503 
n11=0.0867 
n0=0.2544 
A= 0.0815 

For convenience of presentation, the temperature was 
estimated to be 4000° K so that the values of table I could 
be used again. The remaining products can be estimated 
from the dissociation equations by setting log k=0. For 
example, PF would be determined with the assumed values 
Of PEr and PH from equation (6) and table I (pi=n,) 

0 =log 0.3503-log 0.0867-log PF- 1.8944 
log Pr=O.4SSS6+'.°6l98'.8944 

= -1.28798 
PF=°.°515 

Similarly, p an be estimated with the assumed values 
Of PBF, and p 

0=1og 0.1304-log p-3 log 0.0515-5.6953 
log PB= -0.88472+3.86394-5.6953 

PB°.°°'9 
If this procedure is followed for all the remaining constituents, 
the following list of first estimates can be made: 

BF0304 flOH0.0150 
ThB3 0 3 -0.0078 nHF-0.3503 

Th 13F-0.0043 n02 = 0.0269 
flF2° 

nBO=0.0053 n=0.0867 
n 2 =O	 flB"0.0019 
?1H3 Zr0.0029	 flF0.0515 

n 20 0.0009 n0=0.2544 
A=0.0815 T=4000° K 

Construction of submatrices.-The construction of the 
submatrices may now be carried out and is shown in figure 8. 
The steps are the same as for the combustion example except 
for steps 6 to 9, which are different because the enthalpy equa-
tion has been replaced with the entropy equation. 

The values of the elements of row s of figure 8(a) are ob-
tained from the expression 

s'=n1 [(S)- 1.98718-4.57565 log pI 
The values of (S') are obtained from tables of thermo-
dynamic data, in this case table I. For example, the entry in 
the first column is computed to be 

(SBF3)'=0.1304 (105.951-1.98718-4.57565 log 0.1304) 
= 14.0848 



Gaseous molecules Atoms 

ZBF3
X"" X" X" X" X52 - ZH 20 XOH XBF Z02 ZF2 151 lB IF 10 Z4 VT Const 

0.0867 0 0 0 -0.4596 0 0.01238 

0 0.0019 0 0 -1.1575 0 0.00235 

0 0 0.0515 0 -0.7973 0 0.00760 

0 0 0 0.2544 -0.3528 0 0.02208 

0.0867 0.0019 0.0515 0.2544 0 0 0.02595 

a 0 

0.1304

0 

0.0156

0 

0.0043

0 

0

0 

0.0053

0 

0

0.0058 

0

0.0018 

0

0.0150	 0.3503 

0	 0

0	 0 

0	 0 b 

C 0.3912 0 0.0043 0 0 0 0 0 0	 0.3503 0	 0 
d 0 

'0.1304

0.0234 

0.0078

0 

0.0043

0 

0

0.0053 

0.0053

0 

0

0 

10.0029

0.0009 

0.0009

0.0150	 0 

0.0150	 0.3503

0.0538	 0 

0.0269	 0 P 

a 14.0848 0.9704 0.3559 0 0.4137 0 0.1751 0.0760 1.0552	 21.4213 2.0438	 0 3.7435 0.1140 2.8395 13.5827 -62.4405 8.404 0.09447 
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7. The values of the entries in the x4 column of figure 8(a) 
are obtained in the same manner as for figure 6(a) except for 
the s row where the sum of the elements of the p row times 
1.98718 is added to the sum of the elements of the s row and 
entered in column ZA. 

8. The value of the entries in the XT column is zero except 
for the s row where it is n(C) . The values of (C) are 

i	
Z'

obtained from tables of thermodynamic data, in this case 
table I. 

9. The value of ô, is found in a manner similar to ô,,. 

ISENTROPIC EXPANSION TO MACH NUMBER OF 1 

The temperature and the composition of the products of 
reaction following an isentropic expansion to the local velocity 
of sound was computed for the products of reaction considered 
in this example, assuming chemical equilibrium. The value 
of 8" is the same as that found for the isentropic expansion to 
1 atmosphere. 

First estimate.-For simplicity, the same first estiiiìates of 
I mole, 1, and 40000 K, for nj, A, and T, respectively, were 
again made. 

Construction of subniatrices.-The submatrices corre-
sponding to figure 5 may be constructed and are shown in 
figure 9. 

The submatrices corresponding to figure 4 are first con-
structed. The steps are the same as for figur .e 8 except that 
row p and the constant column are omitted. The matrix

multiplication may then be carried out and the values of the 
partial derivatives D and DA computed in a manner similar 
to the computation in the combustion example. These values 
of D, and DA together with (H) are used to calculate the 
elements of row h* of figure 9(a) except columns x, x, and 
constant. For example, when the values of DB=12.990 
and DA =19.039 are used, the value of 

M2R TpBF3 DBF3 (hBF3)"=(hBF3)'+ 2 
(DA- 1)	 becomes 75,034=72,172+ 

1X1.98718X4000X1.000X12.990 
2(19.039-1)	 (cal) 

All values in row h* have been divided by 105. 
The value of the element in row h*, column ZA is the sum of 

the elements to the left. The element in row h*, column XT 
is given by

- '7_"\	 Ikt2RpD 
_LZ_I[n,(C,',)i+ ,fn

 

and the value of the constant column is obtained as in the 
previous examples. Matrix multiplication that was carried 
out for the determination of D 1 and DA values may now be 
extended by an additional row and column and the value 
Of x, XA, and XT found as in the previous examples. These 
values may then be used to obtain the second estimates for 
nj, A, and T and the computation repeated until the desired 
accuracy has been obtained. 

(a) Submatrix [a2 as] 

0	 0 0 1 0 0	 2	 2	 1	 1	 0 0 1 0 0 0 0 0 0 
b	 1	 2 1 1 1 2	 0	 0	 0	 0	 0 0 0 1 0 0 0 0 0 

3	 0 1 0 0 0	 0	 .0	 0	 1	 0 2 0 0 1 0 0 0 0 
d	 0	 3 0 0 1 0	 0	 1	 1	 0	 2 0 0 0 0 1 0 0 0 

0	 0 0 0 0 0	 0	 0	 0	 0	 0 0. 0 0 0 0 1 0 0 
q	 -62.075 -80.593 -17.288 -8.300 -18.183 -7.989 -13.939 -29.209 -13.603 -19.674 -15.313 -8.705 0 0 0 0 0 1 0 

0	 0 0 0 0 0	 0	 0	 0	 •0	 0 0 0 0 0 0 •0 0 1 

(b) Submatrix [i'-'] transposed. 

FICUBE 8.-Numerical example of subniatrices of correction equations for isentropic expansion to I atmosphere for the reaction of diborane with oxygen billuoride after first estimate of n, A, and T.
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Gaseous molecules Atoms I 

XBF3 2O3 IBF Ian ran X J3 1H3 100	 xou	 rp XO IF2 Iii Ia Zr 10 IA IT Coust 

a 0 0 0 1.000 0 0 2.000 2.000	 1.000	 1.000	 0 0 1.000 0 0 0 8.000 0 0.999 

I> 1.000 2.000 1.000 1.000 1.000 2.000 0 0	 0	 0	 0 0 0 1.000 0 0 -9.000 0 -5.879 

3.000 .0 1.000 0 0 0 0 0	 0	 1.000	 0 2.000 0 0 1.000 0 -8.000 0 - 0.755 

d 0 3.000 0 0 1.000 0 0 1.000	 1.000	 0	 2.000 0 0 0 0 1.000 -9.000 0 -2.297 

103.984 114.773 71.917 59.425 67.633 68.593 49.067 70.471	 62.002	 59.067	 68.796 68.826 38.319 47.562 49.562 49.492-1050.944 161.162 -163.234 

0.750 2.364 2.672 3.623 2.569 5.778 1.065 0.624	 0.813	 0.347	 0.427 1.026 1.086 3.215 0.869 0.839 -28.035 -7.113 -13.760 

(a) Submatrix [a2 a3]. 

a .0 0 0 1 0 0 2 2	 1	 1	 0 0 1 0 0 0 0 0 0 

b 1 2 1 1 1 2 0 0	 0	 0	 0 0 0 1 0 0 0 0 0 

3 0 1 0 0 0 0 0	 0	 1	 0 2 0 0 1 0 0 0 0 

d 0 3 0 0 1 0 0 1	 1	 0	 2 0 0 0 0 1 0 0 0 

0 0 0 0 0 0 0 0	 0	 0	 0 0 0 0 0 0 1 0 0 

q -62.075 -80.593 -17.288 -8.300 -18.183 -7.989 -13.939 -29.209 -13.603	 19.674	 15.313 8.705 0 0 0 0 0 1 0 

-5.695 -5.109 -1.634 2.611 -1.033 2.763 0.406 0.347	 0.167	 -1.894	 0.380 3.137 0 0 0 0 0 0 1 

(b) Submatrix [j] transposed. 

FIGURE 9.-Numerical example of submatrices of correction equations for isentropic expansion to local velocity of sound for reaction of diborane and oxygen bifluoride after first estimate of 
n, A and T.

TABLES OF THERMODYNAMIC PROPERTIES 

Tables of thermodynamic data, completed June 1949, are 
presented for the following substances: 

A A1(g)	 B	 C	 Cl F H	 e- Li N 0 
Al(s)	 B,	 CO Cl, F, H, F- LiF N, 02 
Al(liq)	 BF	 CO, CIF	 HCI Li LiH NO OH 
AlO	 BF,	 HF 
Al203(g) BR	 H2O 
Al203(s)	 BO 
Al 2 0 3 (liq) B4O,(g) 

B203(S) 
B4O,(liq) 

These tables are taken from NACA TN 2161 except that 
the values for BF have been revised. Many of the data-in 
the tables are, based upon estimated vibrational frequencies 
or insufficient spectroscopic or thermochemical data to pro-
vide accurate data at high temperatures. Nevertheless, the 
data are considered sufficiently accurate for engineering eval-
uations of performance of aircraft propulsion systems until 
better data become available. 

PREPARATION OF TABLES 

The values of enthalpy and entropy below 10000 K and 
the values of specific heat at all temperatures were based 
upon data taken from the literature or calculated by NACA 
from spectroscopic data or estimated fundamental fre-
quencies. The calciilaionswere made by use of the accurate 
summation method described in reference 8 or by the use of 
the tables prepared by F J. Krieger of Douglas Aircraft 
Company, Inc. based upon a harmonic oscillator. The

values of enthalpy and entropy above 10000 K were computed 
from the specific-heat*data and these values were then used 
to compute the values of the remaining functions. 

The thermodynamic functions computed by NACA are 
based upon the fundamental constants from reference 9 and 
are given in terms of the thermochemical calorie defined as 
4.18400 absolute joules (reference 10). 

Specific heat.-The specific-heat data were interpolated 
and extrapolated when necessary to obtain values of G at 
298.16° K and every 1000 from 3000 to 6000° K. In many 
cases these C° data were smoothed by the following method: 
Values of the first differences of C° for 1000 K intervals 

were plotted against temperature and a smooth curve 
drawn. New values - of c: were then computed from the 
values of ôC read from the curve. In some cases the new 
C°5 values were tabulated to more decimal places than the 
original data. Care was taken to see that the new C values 
were within about 1 or 2 units in the last tabulated place of 
the reference data in all but a few cases in which the refer-
ence data were irregular. 

In order to minimize the labor required to integrate C 
to obtain the other functions, a linear variation of 0 was 
assumed by use of the equation 

0=c1+c,T	 (46) 

where c 1 and c2 are constants evaluated for each 1000 tem-
perature interval above 10000 K. 
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The maximum difference between a smooth function repre-
senting 0 and the series of 50 straight-line segments repre-
sented by equation (46) is usually less than 0.005 percent at 
any temperature. In a few cases near 10000 K the error 
approaches 0.05 percent. 

Enthalpy and entropy.-The data for enthalpy and entropy 
below 10000 K were taken from the literature or computed 
at the Lewis laboratory and when necessary interpolated to 
give the values at 298.16° K and every 1000 from 300 0 to 
10000 K. 

The values above 10000 K were obtained by integration of 
equation (46) for C° using the constants for each 1000 K 
temperature interval. 

The value of the change of enthalpy 5H. for a temperature 
change 6 T= T- Ti is given by 

H=J (]dT=?2T	 (47) 
T1 

where T70 is given by

(48) 

and (G) is the value of C corresponding to the temperature 
Ti. The, corresponding change in entropy ÔS°T is given by 

T Co
dT=c 1 ô mT-f-c2 5T	 (49) 

where 3 In T is given by 

ôlnT=ln T-lnT1	 (50) 

• Values of enthalpy and entropy for each 100° above 
1000° K were obtained by accumulatively adding to the 
values at 1000° K the changs of enthalpy and entropy 
computed for each 100° interval by means of equations (47) 
and (49). 

The values of enthalpy and entropy were computed to more 
decimal places than are tabulated and then rounded. Equa-
tions (47) and (49) may therefore occasionally yield values 
that differ by one unit in the last tabulated place of enthalpy 
and entropy because of rounding. Inconsistencies from this 
source are unavoidable and are not considered in the following 
discussion. 

The representation of C from 1000° to 6000° K by means 
of 50 straight-line segments permitted computation of self-
consistent values of enthalpy and entropy but lead to values 
slightly different from those that would have resulted from a 
more laborious integration of a smooth C function. For 
example, the values of enthalpy at 6000° K differ from those 
obtained by applying Simpson's one-third rule by 0.0045, 
0.0012, 0.0038, and 0.0031 percent for 1120, 112, CO,, and B]?3, 
respectively. 

In a few cases, discrepancies exist between the reference 
values of enthalpy and the values of enthalpy given herein 
that cannot be accounted for by the error resulting from the 
method of integration used. From an analysis of the values 
in the reference tables, these discrepancies appear to be 
caused by a combination of small inconsistencies and round-

ing errors in the references. The maximum discrepancy 
noted in enthalpy occurred in 11 20 and was less than 0.25 
percent of the value of H-H00. 

Enthalpy H°.-For convenience of computation, tables of 
enthalpy H°, the sum of the sensible enthalpy HT'-HO° and 
chemical energy at 0° K H, were prepared. An arbitrary 
base may be adopted for assigning absolute values to the 
enthalpy of various substances inasmuch as only differences 
in enthalpy are measurable. The base used in these tables 
was selected to obtain positive values for H of the substances 
commonly used as rocket and ram-jet propellants and occur-
ring in the products of combustion; it is shown in the follow-
ing table: 

Base substance Phase

- 

Temete (. 1 K)
Enthalpy as 
signed Ii 
(kcal/mole) 

^ 

A Gas 0 0 
AIF, Crystal 298.16 0 
BF, Gas 0 0 
CO, Gas 0 0 
Cl, Gas 298.16 10 
HF Gas	 ' 0 0 
H2O Crystal 0 0 
LIF Gas 298.16 80 
N, Crystal 0 0 
02 Crystal 0 0 

Gas 0 60 

In determining the value of HT' to be assigned to a sub-
stance having a known heat of formation, it is convenient to 
use the values of H assigned to the elements as shown in 
the following table: 

Element Phase  

Enthalpy assigned, H. 
(kcal/mole) 

0 1 K 298.16 K 

A Gas 0 1.4812 
Al Crystal 233. 6251 234. 6951 
B Crystal 173. 3793 
C Graphite 91.9274 92.1790 
Cl, Gas 7.8061 10.0000 
F, Gas 60.9562 63.0699 
H, Gas 67.4169 69.4407 
Li Crystal 132. 2250 
N, Gas 1.6992 3.7715 
02 Gas 2.0362 4.1109 
e- Gas 60.0000 61.4812

For example, if the value of enthalpy II to be assigned 
to 1120 (liq) is to be determined at 298.16° K, the reaction 
of formation would be

H2+ 02-tH20 

and H is defined as

	

(H)02	 (52) 

therefore,

	

(H) 20 =zXH+ (I:1.)n, + H)0 2	 (53) 

With the use of the value zH= -68.3174 (kcal/mole), 

(H2098 - 10) H20("Q) -68,317.4+69,440.7 + (4110.9) 

=3178.75 (cal/mole) 
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For convenience, the values of H°T thus assigned to a nuin- 
her of compounds have been computed with the, aid of data 
from references 8 and 10 to 23 and are listed in table II. 
The energy of gas imperfections has been included in com-
puting the values of HT assigned to the liquid phase of 
ammonia, n-butane, chlorine, hydrogen, and water. 

—LH°/RT and inK.—From the values of H°T and S°T ob-
tained as previously described, the values of —L.H°/RT and 
In K were computed for the reaction of formation of each 
substance from its elements in the atomic gas state. For 
example, the reaction of formation of 1120 is 

2H+O—H20	 (54) 
From the definitions of iH° and in K 

	

H° (H)H2O-2(H)H—(H)o	 ( 55) 
RT 

and
- (so.)	 .	 . H2o - 2(S.)H - (S.)0 (H)H20 - 2(H)H - (H)0 

inK—	 B	
(56) 

RT  

As shown by equations (3) and (f), K may be expressed in 
terms of partial pressures. For example, for gaseous 1120, 

K= 
PH2o 

PH 2 P 
The values of In K have been converted to log K in the 

tables for convenience. 

INTERPOLATION OF TABLES 

Interpolation formulas are given that permit computation 
of self-consistent values of the thermodynamic functions at 
temperatures intermediate to those tabulated. Linear in-
terpolation is recommended for simplicity, however, when 
a high degree of self-consistency is not required. Interpo-
lation formulas such as those of Newton or Lagrange will 
give values near the self-consistent value. Inasmuch as the 
tables are based on linear variations in C°, linear interpola-
tion yields self-consistent results for the C,,° function. An 
example of the values obtained by the interpolation formulas 
given and by linear interpolation is shown for each function. 

Interpolation of specific heat.—The value of C0° for any 
temperature T is given by 

	

co =(C)1+ T2—T1 [(C)2—(C)1]	 (57) 

where (G) and (0 ° ) 2 are the tabular values corresponding 
to the tabular temperatures T1 and 7'2 between which T 
lies and bT= T— T1 . For example, the value of 0 for 1120 
at 1573.4° K is computed to be 

C = 11.134+ 7-j- (11.343-11.134) 

=11.287 (cal/(mole) (°K)) 
Interpolation of enthalpy.—The value of H for any tem- 

perature T is given by

(58) 

where (H) 1 is the value listed at T1 and where 

(C)1+C 
2

For example, for 11 20 at 1573.4° K 

-o 11.134+11.287 
2	 =11.211 (cal/(mole) (°K)) 

H=25,202 .3+ 11 . 211 X73.4=26,025.2 (cal/mole) 

By linear interpolation, 

H°T =26,027.2 (cal/mole) 

Interpolation of entropy.—Self-consistent values of entropy 
may be obtained with the aid of equation (49), which may 
approximated by

T	 (60) 

from which ST may be written 

S=(S) 1 +âlnT	 (61) 

where (S) 1 is the value listed at T1. 

Equation (61) yields self-consistent values to within 0.0001 
(cal/(mole) (°K)) for all substances tabulated at tempera-
tures above 1600° K and for all substances except Al203 
(s and g), BF3, B203 (liq and g), CO2, and 1120 for tempera-
tures from 1000 0 to 1600° K. For these substances, the 
error due to use of equation (61) does not exceed 0.0003 
cal/(mole) (°K)), but equation (49) may be used if greater 

self-consistency is desired. 
For example, for 11 20 at 1573.4° K, 

S = 59 .8687+1 1 . 2 11 (In 1573.4—In 1500) 

= 60.4043 (cal/(mole) (°K)) 

By linear interpolation, 

S=60.4010 (cal/(mole) (CK)) 

Interpolation of —H°/RT and log K.—The values of 
—H°/R T and log K for any temperature T are given by 

-zH°(-zH°\ ---
( + b

I 	
(69 RT \RTJ1 100\T  

and
T Ic log K=(log K)1— j-(+d)	 (63) 

where (- H°/R T) 1 and (log K) 1 are the values correspond-
ing to T1 and where a, b, c, and d are interpolation coefficients 
corresponding to T1. 

For example, for 1120 at 1573.4° K, 

—AHO______	 - 73.4/7366 
RT 

=76.361o_-j--ç15734+0.05315)=72.8862 

By linear interpolation,

RT 
=72.9433 

and for log K,

4/ 3276 log K= 20.5727— 100 1573.4+0.0269o)= 19.0247 

By linear interpolation, 

log K=19.0501
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SOURCES OF DATA 

A summary of the heat of formation and spectroscopic 
constants used in computing the tables and the references 
from which these data were taken are given in table III 
together with a summary of the source and the treatment of 
specific-heat, enthalpy, and entropy data. Additional dis-
cussion for a few substances follows. 

Al 2 03(s, liq, g).-The properties of Al 203 in the solid, 
liquid, and gaseous phases were approximated by starting 
with data at 298.16° K for the solid phase and computing the 
properties of each phase from specific-heat data and enthalpy 
changes associated with phase changes. The specific heat 
for the solid was computed from a formula for G given in 
reference 27. The value of S°29856 for the solid was taken 
from selected values of National Bureau of Standards (issued 
undated but prior to June 30, 1948). The values of en-
thalpy and entropy up to 1000° K were then found by inte-
gration of the G,,° formula given in reference 27. The heat 
of fusion (H°51(,0= 6000 cal/mole at 2320° K) was taken 
from reference 25. The c: values for Al203 (liq) above 2320° 
K were calculated from a formula based upon data given 
in reference 25. 

Inasmuch as data on gaseous Al 203 are unavailable in 
the literature,, it was assumed that C values for A1,0, (g) 
are the same as those for B 203 (g) given in reference 29. 
The heat of vaporization (LH°vaporiza tion= 115.7 kcal/mole 
at boiling point of 2980±60° C) was taken from reference 
40. The uncertainty in the values given for entropy and 
enthalpy is estimated to be ±10 percent. 

BF.-Since publication of Technical Note 2161, new 
thermodynamic data have been computed for BF based 
upon a ' ground state and a dissociation energy of 4.3 
electron volts as quoted by reference 30. 

BF3 .-The thermodynamic functions of BF 3 were computed 
by the rigid-rotator-harmonic-oscillator approximation with 
the following spectroscopic data given in references 31 and 41: 

Vibrational frequencies Moment of inertia 

(g) (cm') 13"F, B"F, 
(cm- 1 ) (cm-') 

888 888 I,=157.7X10-40 691.3 719.5 1,78. 84X10-40 
p3(2) 1445.9 1497 1,78.84X10-0 

(2) 480.4 482.0 
Relative	 abun 

dance	 (percent) 81.17 18.83

B 2 0 3 (g).-The value for the heat required to convert solid 
B203 at 0° K to gaseous B 203 at 1500° K listed in reference 
29 as 106.065 (kcal/mole) was used to compute the value of 
(Hso) B2O3(g) The values of (S1'500) B203(g) and (H SOO- H) B203(g) 

were taken from reference 29. The remaining values of 
enthalpy and entropy were computed by integration of the 
specific-heat data. 

C1 2 and M.-The G data for Cl, and HCl from 10000 
to 6000° K were taken from unpublished data obtained at 
the Jet Propulsion Laboratory of the California Institute of 
Technology. 

C1F, F, and F-.-Recent spectroscopic and thermochem-
ical measurements on compounds of fluorine (reference 42)

have indicated that the values of the heat of formation of 
CIF, F, and F- are considerably less than the values given 
in reference 18. In a communication in May 1949, Dr. F. 
D. Rossini of the National Bureau of Standards listed their 
best; current estimate for the heat of formation of CIF and 
F as -13.2 and 17.8 (kcal/mole), respectively. In accord-
ance with these new values, the value of the heat of formation 
of F- has been recalculated from data in reference 18. 

HF.-The values of G, H°, -H00 , and S for HF at 298.16° K 
600° K, and every 1000° from 1000° to 6000° K were 
computed from spectroscopic data given in reference 36 
using the accurate summation process. Intermediate values 
of G were interpolated. Subsequent to the completion of 
computations for this substance, new spectroscopic data 
were made available by Dr. A. H. Nielsen of the University 
of Tennessee. Values of G°, H-H, and S at 5000° K com- 
puted with these data differ from values herein by 1 percent 
for Gpo , 0.2 percent for H-H, and 0.03 percent for S. 

e, F-, and Lft.The use of metals with low ionization 
potentials introduces the possibility of the formation of 
appreciable quantities of ionized products. Because the 
partial pressure of ions is expected to be small, the zero-
pressure properties of electron gas e have been tabulated 
from reference 38. The properties of F- have been computed 
on the assumption that only the ground electronic state is 
stable. (See reference 43, p. 218.) The contributions of all 
energy levels above the ground level to the thermodynamic 
functions of Li are negligible. The value of G, tabulated 

for all these substances is R. 

Li.-In computing the thermodynamic functions of Li, the 
summation was carried over the first five energy levels. 

LiF.-Spectroscopic data for LiF gas were not found in the 
literature. A vibrational frequency for the ground state of 
1343 (cm -1) and a moment of inertia 10=15.415X10-49, 
(gm) (cm 2) were graphically estimated from a plot of force 
constants against difference in atomic number of the two 
elements composing the substances NaH, C 2 , and BeO, each 
substance of which is isoelectronic with LiF. It is expected 
that the anharmonicity constant for LiF is sufficiently large 
to increase materially the computed value of the specific 
heat. The uncertainty in the value of the enthalpy and the 
entropy is estimated to be ±10 percent at 5000° K. 

LiH.-Spectroscopic data for Li 7H' given in reference 26 
were modified for the normal isotopic mixture Lull using 
relative abundance percentages of isotopes and atomic 
weights given in reference 44 (pp. 163 and 188, respectively). 
The value obtained for the vibrational frequency of the 
ground state of Lull is 1360.37 (cm- 1) and for the moment of 
inertia is 3.77246X 10_40 (gm) (em'). 

H 2 0(s), N 2 (s), and 0 2 (s).-The heat required to heat solid 
H20, N2, and 02 from 0° to 298.16° K in the natural state 
was taken from reference 37. 

New data.-Subsequent to the completion of the computa-
tion for 112, new values for G°, internal energy E°-E,°, and S. 
were published in reference 45 and differ from the values in 
this report at 5000° K by 0.5 percent for G°, 0.1 percent for 
H-H, and 0.02 percent for S. 
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TABLES OF THERMODYNAMIC PROPERTIES 

The values of the functions of the 42 substances are given 
in tables IV to XLV at 298.16° K and every 100 0 from 300° 
to-60000 K together with interpolation coefficients for 
—iXH°/RT and log K at every 1000 from 10000 to 6000° K. 

LEWIS FLIGHT PROPULSION LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

CLEVELAND, OHIO, January 26, 1950. 

APPENDIX—SYMBOLS 

The following symbols are used in this report: 
number of formula weights of reactants 

b.... summation of each atomic type over products 
of reaction per equivalent formula; with 
subscript, number of atoms of each element 
within chemical formula; in thermodynamic 
tables, interpolation coefficients 

molar specific heat at constant pressure and 
standard conditions (calf (mole) (°K)) 

specific heat coefficient for matrix 
molar specific heat at constant volume and 

standard conditions 
7ô logoperator I\lOgT 

molar internal energy at standard conditions 
internal energy per equivalent formula 
molar free energy at standard conditions 
gas phase of substance 
chemical energy at 00 K and standard condi-

tions (kcal/mole) 
sum of sensible eiithalpy and chemical energy 

at temperature T and standard conditions 
(kcal/mole) 

T — Hoo sensible	 enthalpy	 at	 temperature	 T and 
standard conditions (kcal/mole) 

vo enthalpy change due to formation of sub-
T stance from its elements in atomic gas 

state divided by RT 
enthalpy change due to formation of sub-

stance from its elements in standard state 
(kcal/mole) 

enthalpy per equivalent formula 
enthalpy coefficient for matrix 
sum of heat and kinetic energies per equivalent 

formula 
Ik ratio of Planck's constant times velocity of 

light to Boltzmann's constant, 1.43847
(cm) (°K) 

I moment of inertia (gm) (cm') 
J dimensional constant 
K equilibrium constant 
liq liquid phase of substance 
M Mach number 
M, molecular weight of equivalent formula 
M mass flow per second 
N number of products of reaction

n number of moles 
P total pressure 
P partial pressure 
Q any function 
q,r any variables; with subscript, matrix symbol 

for-q 

R universal gas constant,	 1.98718	 (cal/(mole) 
(°K)) 

so 
T

molar entropy at standard conditions (calf 
(mole) (°K)) 

S entropy per equivalent formula; in thermo-
dynamic tables, solid phase of substance 

• entropy coefficient for matrix 
T temperature (°K) 

throat area 
Um,Uk unit matrix 
U velocity of sound 

: volume 
V velocity of flow 
Z, Y,	 . . elements	 within	 representative	 chemical 

formula 
X correction variables 
a3 .a2 ,	 .	 .	 . submatrices 

increment 
o increment due to a temperature change; with 

subscript, error parameter 
€ total-error parameter 
v 1 , v 2 , v3 (2) spectroscopic constants 

V4(2) 
weyweXe spectroscopic constants 
P density 
Subscripts: 
a,b,	 .	 .	 . number of atoms within chemical formula 
f fuel 
g oxidant 
1 any point in nozzle 

number of types of gaseous molecule 
o initial given condition 
P constant pressure 
S constant entropy 
T temperature (°K) 
• . . Y,Z product index numbers	 (i)	 that designate 

atomic gases 
1,2,	 .	 .	 •	 , product index number 
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TABLE I-VALUES OF CONSTANTS FOR REACTION OF DIBORANE WITH OXYGEN BIFLUORIDE (112116+5F20) 

Fixed Determined at estimated temperature of 40000 K 

Product
i bi a.

I 

Ci di

() 
kcal/mole

(H/RT)1 (S°). (C,). log K4 
Equivalent

formula 0 2 6 10 5  

BF, 1 1 0 3 0 72.172 -62.0753 105.951 19.738 5.6953 

B4Oi 2 2 0 0 3 233.433 -80.5932 116.760 25.660 5.1094 

BF 3 1 0 1 0 262-961 -17.2884 73.904 8.905 1.6342 

BH - 4 1 1 0 0 356.994 -8.3004 61.412 8.826 -2.6110 

BO 5 1 0 0 1 252.739 -18.1834 69.620 9.065 1.0327 

B, 6 2 0 0 0 572.053 -7.9892 70.580 8.923 -2.7625 

112 7 0 2 0 0 99.593 -13.9385 51.054 9.151 -0.4061 

1120 8 0 2 0 1 57.706 -20.2092 72.458 13.300 -0.3470 

011 9 0 1 0 1 76.560 -13.6631 63.989 9.165 -0.1668 

HF 10 0 1 1 0 32.016 -19.6736 61.054 9.045 1.8944 

02 11 0 0 0 2 37.310 -15.3125

-

70.783 9.932 -0.3804 

F, 12 0 0 2 0 96.012 -8.7047 70.813 9.451 -3.1373 

- 11 13 0 1 0 0 105.192 40.306 4.968 

B 14 1 0 0 0 317.778 49.549 4.968 

F	 - 15 00 1 0 82.601 51.230 4.974 

0 16 0 0 0 1 79.493 51.479 5.091 

TABLE Il-ENTHALPY H. ASSIGNED TO SEVERAL SUBSTANCES 

Substance Formula Phase Temperature

j1jj 

mole)
Enthalpy assigned, 

T
Reference 

CsH, -------------- Gas --------------- 298.16 54.194 307.993 11 
12 Liquid ------------

-
191.7 302.75 

Air b Gas --------------- - -298.16 0 3.8208 13 ----------------------- 
Aluminum Crystal ----------- 298.16 0 234.6951 10 ----------------- 
Ammonia ------------------ NH, -------------- - Gas --------------- 

-

Liquid ------------
298.16 
239.76

-11.04 95.01 
'88.91 10,14 

Aniline ------ -------------- C,H,NH, --------- Liquid ------------ 298.16 d9 18 806.19 
686.108

14 
12 n-Butane ------------------ 04 11 1 0 ------------ Gas --------------- 

Liquid

--

298.16 
272.66

-29.812
"680.126 12,14 

Chlorine Cl, ------------------
------------ 

Gas --------------- -

-

298.16 
-

-

-
-

0 10.000 ------------------

-

Liquid ---------- --- 239.11 "4.61 15 
Chlorine trifloride --------- CIF, ---------------

-

-

-Liquid------------ 298.16 32.1 67.5 
562.6 16 J)iborane- ------------------ B,H, -------------- Gas --------------- 

Liquid ------ - -----
298.16 
180.63

7.5
557.8 16,17 

Acetylene ----------------- --

Ethylene-diamine---------- C,118N, ----------- Liquid -------	 ----

-

298.16 -6.36 459.53 11 
Fluorine ------------------- F, ----------------- 

-- 
--

Gas --------------- 298.16 0 6.3.0699
18 Liquid ------------ 85.24 60.04 

F,0 ---------------- Gas --------------- 298.16 5.5 70.6 18 
18 Liquid ------------ 128.3 66.4 

Gasoline f 288.16 -47.50 1346.60 
Heptane ------------------- Liquid ------------ 298.16 -53.63 1147.15 12 

12 Hexane --------------------- 061114 ------------- Liquid ------------ 298. 16 -47.52 991.64
10 

Fluorine oxide ----------- - -

Hydrazine ----------------- N,114- ------	 ----- 
N,114.H,0 Liquid

288.16 
288.16

12.05 
-57.95

154.70 
156.20 10 hydrate Hydrazine	 --------- 

Hydrogen
--- ------ 

H, ----------------

Liquid-------------

------------ 
Gas ---------------

-
-

295. 16 

--

0 69.4407 - 

AN-F-58-----------

Liquid ------------ 20.39 

--

"67.546 19 ------------------- 

Hydrogen peroxide --------- 11,0,--	 -----------

Liquid ----------- - -
-
-

Liquid------------ 298. 16 -44.84 28.71 18 
10 Hydroxylamine ------------ Nti3OH -----------

-

Liquid ------------

-

298.16

.. ---------------

-25.5 
0

82.6 
132. 2256 Lithium --------------------

-

-

-

-

-  

-

-

-

-

-

-

-

-

Li ----------------- Crystal ----------- 
Liquid ------------ 

--
288.16 
459. 16 134.53 20,21 

Lithium borohydride

-

Crystal ------- ---- 

-
-

-
-

298.16 -44.15 400.34 22 
12 Methane -------------------

-

298.16 

-

-

-

- 
-

-

-

-

17. 889 213.171
12 

-
-

111.67 209.71 
Methanol ----------------- 011.011 ----------- Liquid------------

-
- -

298.16 -57.036 1.76.080 23 
10 298.16 -41.404 1.368 

14.302 10 Nitrogen tetraoxide -------- N,0 4 -------------- 298.16 2.309
5.120 10 Liquid ------------ 294.31 

Nitrogen trifloride ---------- NF, ---------------

Liquid-------------

Gas ---------------

-

288.16 -27.2 69.3 
64.6

10 
10 

Nitromethane --------------

LiBH4-------------

-29
-Octane

Gas - ---------------

Liquid ------------ 
Liquid ------------

-
-

-
-

144.1 
8.16 -26.7 175.6 23 

12 

CU4 -------------- --- Gas -------------- - -
Liquid -------	 -----

--

298.16 -59.74 1302.66 
4.1109 Oxygen --------------------

FIN NO,--------------
-

-

0, -----------------

--

-

Gas -------------- 
Liquid------------

298.16 
90.16

0
1.0314 8.18 

Ozone -----------------------

-

03 -----------------

-

Gas --------------- 298.16 34.0 40.2 18 
18 

a	 --------------------
CH,N0, ------ ----- -

Liquid-------------

Liquid ------------ 162.6.5 36.4 
Pentaborane ---------------

-

B,Hi --------------

-

Liquid ------------

-

298.16 7.8 1187.2 
121

16 
23 Tetranitromethane ---------

-

-
C(NO,) 4 ----------

-

Liquid ------------

-
- -
-

298.16 
288.16

5 
-57.7979 13.6988 -	 18 Water ----------------------

-
-11.0 ---------------

-
-
-Gas --------------- 

Liquid ------------

-
-
-298.16 - -------------- "3.1768 18

For pressure of 900 mm Hg. 
For composition consisting of following mole fractions: N,, 0.780881; 02, 0.209495; A, 0.009324; COn 0.000300. 

"Energy of gas imperfections included. 
d Computed from heat of combustion. 

Estimate based upon unpublished value of -26.4 kcallmole at 200 0 C obtained by Dr. Swinehart of Harshaw Chemical Compan 
'Based upon representative sample having molecular weight of 122 and hydrogen-carbon atom ratio of 1.942. 
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TABLE 111-THERMOCHEMICAL AND SPECTROSCOPIC DATA AND REFERENCES FOR EACH SUBSTANCE 

Substance Phase

Heat of formation,	 H, Spectroscopic constants Reference 

0° K 298	 K ,-2o.rg
Sloment of 

inertia Heat of lec Specific heat, 
enthalpy, and h Specific heat 5roo (cm-1 ) (gm) (em2) formation 0&nts

1 
cons (00 to 1000, K) 60000 K) 

0 0 
67.50

-------- 
-------- (b)

24 
24

.	 (°) 
(.)

() 
Al ------------ Crystal 0 0 -

- 25 Al ------------

Gas----------------

Liquid--------

-------
-

25 od 25 

A-------------

AlP2 ---------

Gas---------------- 

Crystal ------- - _3293 - (b) 

Al-------------

AlO ---------- 
Al,O, --------

-
-

Gas----------- 
Gas

37.8

-
-

------- 
963 43.8223 (b) 26 () (e) 

Al,Oi --------
----------- 

Crystal, ------ - -399.09

-

------------------- --

(b)

--

(I) 
27 Al,O, --------

--

Liquid --------

-----------

- 25 B ------------ 
B ------------

--
-
-

Crystal

------------

--------- - - -

0
97.2 
0

28 29 () () 
B, ------------ 
BF -----------

-
--
-
-Gas ----------- 
-Gas -----------

124 
-16.9308

-

1304.84

--------
-------

 

----------- 

---------- ---------

19.9465
28 

h 30 30 

-

g29 
(e)

cdg9 
(.) BF, ---------- 

BH
-Gas ----------- 

Gas

Gas-----------------------

-265.2 

------------------- -

28 '31 (°) (0) 

BO ---------- Gas

-----------

--5.2
2268 2.36939 28 26 (o) (e) 

B 4 O, ---------
----------- 

Gas -----------

----------- ---

- 

- - -
---------------

28 
(f)

29 odg29 
------------

B 4O, ---------

- -

Crystal -------

-------------

-302.0
- 

-----------------

28 29 
------------ Gas

------------------------73.8 
------ 
--- ------- 

171.698

---------------

o29

-

cdg29 
C ------------

--

----------- 
Graphite

--------- 

---------- 
0 - 0 

--------------- -----------

-------------------------

23 11 Cdgli C
B4O3-----------

CO ---------- 
CO2 ----------

--

--

Gas ----------- 
Gas

--

---

-26.4157 
-94. 0518

-------------------

23

---------

32 
Cl ------------

- -

- - 

---------------------------

--------------------

23 
33

---

32 
11

odgii 
odgfl Cl2 ----------- - -

Gas ----------- 
Gas -----------

---------- 

0

---------------------

-------0dg29 

11 (f) 
F

- -
- -

Gas----------- 

---------------------
--

-13.2 773 

-----------------

54.35 (2) 34 () () ------------

- - -28.61 
- -

17.8 -- - 
0 856 33.3564

(2) 35 
36

(0) 
(e)

(0) 
(,) 

CIF -----------

11 ------------

Gas---------------

Gas ----------- 
Gas

--------- 

- 
51.620 
0

- 

-- 

-------------

18 32 32 
F,-------------

-

Gas--------------- -22.003 11
32 
11

c d g59 
(f) HF ---------- 

- -

Gas-------------0 

Gas -----------

- --

-64.2

- 

-----------------------

18 36 (f) . (1) 

11,------------
II C1-----------

1120 ----------

---------------

--
Gas ----------- 
Crystal-------

------ -

-- 
-68.4350

--
-57.7974 
- -- 

Liquid---------------------------------

---------------------

18 
b37 11 Cd g 1 

1120 ---------- Liquid--------

--------- 

- -
- 

0	 ----------------------------------

------

--------------------------
--------------------------

- 18 
F ------------ - -

Gas------------ 
Gas -----------

-------- --
- -
-----------
- 0 

- 
-

-
78.5

0 
------ 

- -68.3174 - ------------- 
- 

------ 

--------------------------

b 18 (f)
'38 
(o)

38 
(o) 

1120------------

Li'------------

--

Gas ----------- -- 161. 4604	 - 

---------------------

--------- b 24 24 (°) (o) Li ------------ Gas ----------- 36.150 20 24 (o) (o) Li ------------ Crystal 0 0 

-- ----------------

LiF ----------

- -

Gas -----------

---
----------

- 

- -

-	

766 -83. 1343

-------
----------------------------------

15.415

--

120 (0 (o) (e) 
-

Lill ----------

--

Gas----------- 25. 4564 1360.37

----------

 

------------ 

3.77246 b 139 ' - 26 (e) (,) N ------------ Gas . ----------

----- -- -

85.129	 -

----------------------

10 32 c  g 11 -

N, ----------- --

--
--

Crystal--------

---- 
---------

0 
-1.6992

0
b37 32 C 	 & 11 N,-------------

NO ---------- Gas ----------- 21.477 10 18 d C	 gil O ------------

Gas-------------

Gas-----------

- -

58.586

------------------------------------------
------------------------------------------------

32 32 Cd ill 
-

02-------------
--

-
- -
- -

0 

---------------------------------------
----------------------------------------

Cd Gas------------0 
Crystal-------

- 
-2. 0362

----------------------------------------

b37
------

 02-------------
OH ---------- -

-
Gas ----------- -

------------------------------------
10.0	 ------------------------------------

------------------------------------------8 

18 32 Cd gil

Specific heat, enthalpy, and entropy at 298.160 and every 1000 from 3000 to 10001 and specific heat for each 1000 from 10000 to 6000° K were computed from spectroscopic data given in reference listed by accurate summation method. 
b Data from selected values of National Bureau of Standards issued undated but prior to June 30, 1948. I Graphically smoothed. 

Extrapolated. 
o Specific heat, enthalpy, and entropy at 298.160 and every 1000 from 3000 to 10000 and specific heat for each 100 0 from 1000 to 6000° K were computed from spectroscopic data by rigid rotator-harmonic oscillator approximation. 

See discussion in text. 
g Interpolated. 

Computed with aid of data in reference listed. 
Unpublished data from Battelle Memorial Institute also used. 
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TABLE IVTHERMODYNAMIC PROPERTIES OF A (ARGON 
GAS)

[Atomic weight. 39.9441

C; ; 
(°K)

(	 ml\ fkcal'\ (	 cal 
mole K) \,mole) 

_kcal 
\mole ) "s.mole °K 

0 0 0 
298.16 4.9680 1.4812 1.4812 36. 9830 
300 4.9680 1.4904 1.4904 37. 0135 
400 4.9680 1. 9872 1.9872 38. 4427 
500 4.9680 2.4840 2.4840 39.5513 

600 4.9680 2.9808 2.9808 40.4570 
700 4.9680 3.4776 3.4776 41. 2229 
800 4. 9680 3.9744 39744 41.9862 
900 4.9680 4.4712 4.4712 42.4714 

1,000 4.9680 4.9680 4. 9680 42.9948 

1,100 4.9680 5.4048 5.4648 43.4683 
1,200 4.9680 5.9616 5.9616 43.9006 
1,300 4.9680 6.4584 6.4594 44.2982 
1,400 4.9680 .6.9552 6.9552 44.6664 
1,500 4.9680 7.4520 7.4520 45.0091 

1,600 4. 9650 7.9488 7.9488 45.3298 
1,700 4.9680 8.4456 8.4456 45.6310 
1,800 4.9680 8.9424 8.9424 45.9149 
1,900 4.9680 9.4392 0.4392 46.1835 
2,000 4.9680 9.9360 9.9360 46.4383 

2,100 4.9680 10.4328 10.4328 46.6807 
2,200 4.9680 10.9296 10.9296 46.9118 
2, ?00 4.9680 11.4284 11.4264 47.1327 
2,400 4.9680 11.9232 11.9232 47.3441 
2,500 4.9680 12. 4200 - 12.4200 47.5469 

2,600 4.9680 12.9168 12.9168 47.7418 
2,700 4. 9680 13.4136 13.4136 47.9293 
2,800 4.9680 13.9104 13.9104 48.1099 
2,900 4.9680 14.4072 14.4072 48.2843 
3,000 4.9680 14.9040 . 14.9040 48.4527 

3,100 4.9680 15.4008 15.4008 48.6196 
3,200 4.9680 15.8976 15.8976 48.7733 
3.300 4. 9680 16.3944 16.3944 48.9262 
3,400 4.9680 16.8912 16.8912 49.0745 
3,500 4.9680 17.3880 57.3880 49.2185 

3.600 4.9690 17.8848 17.8948 49.3584 
3,700 4.9680 18.3816 18.3816 49.4946 
3,800 4.9680 18.8784 18.8784 49.6270 
3,900 4.9680 19.3752 19.3752 49.7561 
4,000 4.9G80 19.8720 19.8720 49.8819 

4,100 4. 9680 20.3688 20.36S8 50.0045 
4,200 4.0680 20.8656 20.8656 50.1243 
4,300 4.9680 21.3624 21.3624 50.2412 
4,400 4.9680 21.8592 21.8592 50.3594 
4,500 4.9680 22.3560 22.3560 50.4670 

4,600 4.9680 22.8528 22.8528 50.5763 
4,700 4.9680 23.3496 23.3496 50.6831 
4,800 4.9680 23. 8464 23.8464 50.7876 
4,960 4.9680 24.3432 24.3432 50.8901 
5,000 -__4. 9680 24.8400 24.840o 50.9905 

5,100 4.%80 25.3368 25.3368 51.0888 
5,200 4.9680 25.8336 25.8336 51.1853 
5,300 4.%80 26.3304 26.3304 51. 2799 
5,400 4.%90 26.8212 26.8272 51.3728 
5,500 4.9680 27.3240 27.3240 51.4639 

5,600 4.9680 27.8208 27.8208 51.5535 
5,700 4.9680 28.3176 28.3176 51.6414 
5,800 4.9680 28.8144 28.8144 51.7278 
5,900 4.9680 29.3112 29.3112 51.8127 
6,000 4.9680 29.8080 29.8080 51.8960

TABLE V-THERMODYNAMIC PROPERTIES OF Al (GAS) 

[Atomic weight, 26.971 

H;-H6 H 
T 

(K) fcal	 \ al 
mole OK)

/ kcal) 
kmole)

kcal) 
,mole) mole 0K 

0 0 300.6416 
298. 16 .5. 1122 1. 6535 302. 1951 39.3027 
300 5.1104 1.6629 302.2045 39.3342 
400 5.0469 2.1703 302.7119 -40.7943 
800 5.0178 2.6734 303. 2150 41.9170 

600 5.0022 3.1743 303. 7159 42.8304 
700 4.9929 3.6740 304. 2156 43.6007 
800 4.9869 4.1730 304.7146 44.2670 
900 4.9829 4. 6715 305. 2131 44.8541 

1000 4.9800 5.1696 305. 7112 45.3790 

1100 4.9778 5.6675 306.2091 45.8535 
1280 4.9762 6.1652 306. 7068 46.2%5 
1300 4.9750 6.6628 307. 2044 46.6848 
1400 4.9740 7.1602 307. 7018 47. 05.34 
1500 4.9732 7.6576 308. 1992 47.3966 

1600 4.9726 8.1549 308. 6965 47.7175 
1700 4.9720 8. 6521 309. 1937 48.0190 
1800 4.9716 9.1493 309.6909 48.3032 
1900 4.9712 90464 310.1880 48.5719 
2000 4.9709 10.1435 310. 68.51 48.8269 

2100 4.9706 10.9406 311.1822 49.0694 - 
2200 4.9704 11.1376 311.6792 49.3007 
2300 4.9702 11.6347 312. 1763 49.5216 
2400 4.9700 12.1317 312.6733 49.7331 
2500 4.9609 12.6287 313. 1703 49. 9.360 

2600 4.9698 13.1257 313.6673 50.1309 
2700 4.9698 13.6226 314.1642 50.3185 
2800 4.9698 14.1196 314.6612 50.4992 
2900 4.9699 14.6166 315.1562 50.6736 
3000 4.9701 15.1136 315.6552 50.8421 

3100 4.9704 15.6106 316. 1522 51.0051 
3200 4.9709 16. 1077 316.6493 51.1629 
3300 4.9716 16.6048 317.1484 51.3159 
3400 4.9724 17.1020 317.0436 51.4643 
3500 4.9736 17.5993 318. 1409 51.6085 

3600 - 4.9750 18.0968 318. 6384 51.7486 
3700 4.9768 18. 5943 319. 1359 51.8949 
3800	 - 4.9791 19.0921 319.6337 52.0177 
3900 4.9818 19. 5902 320. 1318 52.1470 
4000 4.9851 20.0885 320.6301 52.2732 

4100 4.9890 20.5872 321. 1288 52.3964 
4900 4.9936 21.0864 321.6280 52. 5166 
4300 4.9990 21.5860 322. 1276 52. 6.342 
4400 5.9652 22.0862 322.6278 52.7492 
4500 5.0122 22.5871 323. 1287 52.8618 

4600 5.0203 23.0887 323. 6303 52.9720 
4700 5.0294 23.5912 324. 1328 53.0801 
4800 5.0396 24.0946 324. 6362 53.1861 
4900 5.0510 24.5992 325. 1408 53.2901 
5000 5.0637 25.1049 325. 6465 53.3923 

5100 5.0776 25.6120 326.1836 &1. 4927 
5200 5.0928 26. 1205 326.0821 53.5914 
5300 5. 1094 26.0306 327. 1722 M. 6886 
5400 5.1275 27.1424 327. 6540 53.7843 
5500 5.1470 27.6562 328. 1978 53.8785 

5000 5.1680 28.1719 328.7135 53.9714 
5700 5.1905 28.6898 329. 2314 54.0631 
5800 5.2145 29.2101 329. 7517 M. 1536 
5900 5.2401 29.7328 330. 2744 54. 2430 
6000 5.2672 30.2582 330. 7998 54.3313
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TABLE VI.-THERMODYNAMIC PROPERTIES OF Al 
(CRYSTAL) 

[Atomic weight, 26.97] 

C HT-1100 H S 
T 

(°K) f	 cal	 \ f L(21\ (kcal \ (
-

RT log 
\. mole oK) 'moIe) "mole) %.m61e0K) 

0 0 233.6251 
298.16 5.80 1.0700 234.6951 6.641 113.9245 42.3386 
300 5.81 1.0820 234.7071 6.682 113.2214 42.0354 
400 6.24 1.6860 235. 3111 8.319 94.7945 29.7284 
500 6.46 2.3210 235.9461 9.844 67.7029 22.3935 

600 6.66 2.9760 236.6011 11.013 56.2898 17. 4927 
700 6.88 3.6530 237. 2781 12.070 48.1210 14 0077 
800 7.15 4.3530 237.9781 13.018 41.9794 11. 4020 
900 7.65 5.0800 238. 7141 13.864 37.1822 9.3752 
930 7.90 5.3240 238.9491 14.130 35.9365 8.8560 

TABLE VII-THERMODYNAMIC PROPERTIES OF Al (LIQUID) 
[Atomic weight, 26.97]

ST, o log K=:([d)
T 

(°)

" 

(	 cal \ (kcel\ (kca1' (	 Cal
LH° 

- log 
100

a	 . S

_______  

d 'S mole °K / 'S mole) 'S mole! 'S mole OK) C 

930 6.75 7.8240 241. 4491 16.818 34.5838 8. 8566 
1000 6.84 8.2990 241. 9241 17.310 32.0093 3271 0. 03246 7.8061 1414 -0.01905 
1100 6.966 8.9893 242. 6144 17.9678 29.0932 2974 0.03217 6.5406 1285 -0.01953 
1200 7.092 0.6922 243. 3173 18.5794 26.5827 2726 .	 .03228 5.4893 1178 -.01955 
1300 7.218 10.4077 244. 0328 19.1520 24.4535 2517 .03174 4.6027 1087 -.01923 
1400 7.344 11.1358 244. 7609 19.6915 22.6239 2337 

------

.03190 3.8455 1009 -.01687 
1500 7.470 11.8765 245. 5016 20.2025 21.0340 2181 .03198 3.1917 941 -.01832 
1600 7.596 12.6298 246.2849 20.6886 19.6389 2045 0.03186 2.6219 882 -	 -0.01812 
1700 7. 722 13.3957 247. 0208 21.1529 18.4041 1925 .03165 2. 1212 830 -.01811 
1800 7.848 14.1742 247. 7993 21.5978 -	 17.3030 1818 .03166 1.6782 784 -.01803 
1900 7.974 14.9653 248. 5904 22.0255 16.3145 1722 .03190 1.2836 742 -.01760 
2000 8.100 15.7690 249. 3941 22.4377 15.4216 1636 .03175 .9302 705 -.01751 
2100 8.226 16.5853 250. 2104 22.8360 14.6108 1558 0.03192 0.6120 671 -0.01740 
22(8) 8.352 17.4142 251. 0393 23.2216 13.8707 1487 .03188 .3244 640 -.01706 
2300 8.478 18.1857 251.8808 23.5956 13.1923 1423 .03168 .0632 612 -.01700 
2400 8.604 19.1098 252. 7349 23.9591 12.5677 1363 .03190 -.1748 586 -.01670 
2500 8.730 19.9765 253. 6016 24.3129 11.9906 1309 .03174 -.3925 562 -.01655 
2600 8.856 20.8558 254.4809 24.6577 11.4554 1259 0.03160 -0.5921 540 -	 -0.01630 
2700 8.982 21.7477 255. 3728 24.9943 10.9575 1212 .03164 -.7758 520 -.01631 
2800 9.108 22.6522 256. 2773 25.3233 10.4930 1169 .03170 -.9452 501 -.01616 
2900 9.234 23.5693 257. 1944 25.6451 10.0582 1129 .03147 -1.1018 .	 483 -.01600 
3000 9.360 24.4990 258.1241 25.9602 9.6604 ---------	 ----------- --1.2468
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TABLE VIII-THERMODYNAMIC PROPERTIES OF AlO (GAS)

(Molecular weight, 42.971 

C° 
"

H° H° 0 H° 7' S° 7'
/ 

4RH 
°\ -IT /a	 \ -)t+b) 

-IT / c 

T logK 
K) (cal	 \ (kcal \ fkcal\ (	 cal	 \ _

'.
 

mole °K) .mole ) \mole j '.mole OK! a S c d 

0 0 272.4501 
208.16 7.3749 2.1005 274.8506 52.1648 149. 9685 -------- ---------- 59. 5342 
300 7.3820 2.1140 274.5641 52.2101 148.0580 --- 59.1343 
400 7.7510 2.8711 275. 3212 54. 3856 112.1309 928 42.1 
500 8.0424 3.6615 276. 1116 H. 1482 89.9293 ---33. 1770 

600 8.2530 4.4769 276. 9270 57.6342 75.1020 26.6609 
700 8.4035 5.3101 277.7602 58.9183 64.4956 
800 8.5122 6.1562 278. 6063 60.0479 56.5311 --------
900 8.5924 7.0116 279.4617 61.0553 50.3305 

1000 8.6529 7.8740 280.3241 61.9639 45.3658 4456 0.01379 13.5755 1955 0.01513 

1100 8.6993 8.7416 281.1917 62.7908 41.3011 4054 0.01097 11.7831 1779 0.01320 
1200 8.7356 9.6134 282.0635 63.5493 37.9118 3719 .00853 10.2874 1632 .01202 
1300 8.7645 10.4884 282.9385 64.2496 35.0425 3435 .00693 9.0-900 1508 .01056 
1400 8.7878 11.3660 283.8161 64.9000 32.5820 3191 .00597 7.9323 1402 .00923 
1500 8.8069 12.2457 284. 6958 6.5. 5070 30.4487 2980 .00470 6.9884 1309 .00888 

1600 8. 827 13.1272 255.5773 66.0759 28.5815 2795	 - 0.00388 6.1614 1228 0.00825 
1700 8.8359 14.0101 286.4602 66.6111 26.9335 2632 .00308 5.4308 1157 .00752 
1800 8.8471 14.8943 287.3444 67.1165 25.4682 2487 .00245 4. 7805 1094 .00671 
1900 8.8566 15.7795 288.2296 67. 5951 24.1568 2357 .00190 4.1980 1037 .00630 
2000 8.8647 16.6655 289.1156 .0496 22.9764 2240 .00163 3.6732 986 .00598 

2100 8.8718 17.5524 200.0025 68.4822 21.9081 2134 0.00130 3.1977 940 0.00543 
2200 8.8779 18.4390 200.8900 68.8951 20.9368 2037 .00115 2.7650 898 .00517 
2300 8.8833 19.3279 291. 7780 69.2899 20.0500 1949 

---

.00102 2.3694 859 .00508 
2400 8.8880 20.2165 292. 6666 60.6680 19.2369 1869 .00050 2.0064 824 .00480 
2500 8:8922 21.1055 293. 5556 70.0309 18.4988 1705 

-- -
--- 21.9971 

.00022 

-18.4930 

1.6720 791 .00477 

2600 8.8960 21. 9949 294.4450 70. 3798 17.79S2 1727 

-- 15.7629 

-0.00013 1.3630 761 0.00455 
2700 8.8993 22.5847 295.3348 70.7156 17. 1587 1663 -.00023 1.0766 734 .00416 
2800 8.9023 23.7747 296. 2248 71.0303 16.56W 1605 -.00065 .8103 708 .00406 
2000 8.9050 24. 6651 297.1152 71.3517 16.0122 1550 -.00087 .54521 . 684 .00390 
3000 8.9074 25.5557 266.0058 71.6536 15.4964 1500 -.00127 .3302 662 .00375 

3100 8.9096 26.4466 208.8967 71.9458 15.0138 1452 -0.00145 0.1129 640 0.00380 
3200 8.9116 27.3376 299. 7877 72.2287 14. 5615 1407 -.00156 -.0909 621 .08362 
3300 8.9134 26.2289 300.6790 72.5029 14. 1367 1365 -.00177 -.2827 602 .00364 
3400 8.9150 29.1203 301. 5704 72.7690 13.7370 1326 -.00216 -.4634 584 .00364 
3500 8.9166 30.0119 302.4620 73.0275 13.3603 1289 -.00236 -.6339 568 .00352 

3600 8.9180 30.9036 303.3537 73.2757 13.0046 1254 -0.00252 -0.7952 552 0.00351 
3700 8.9193 31.7955 304. 2456 73.5230 12.6682 1221 -.00662 -.9479 538 .00332 
3800 8.921)5 32.6875 305. 1376 73.7609 12.3497 1190 -.08013 -1.0928 524 .00324 
3900 8.9216 33.8796 306.0207 73.9927 12.0477 1160 -.00320 -1.2304 611 .00315 
4000 8.9226 34.4718 306.9219 74.2186 11.7609 1132 -.00350 -1.3613 498 .00314 

4100 8.9235 35.3641 307.8142 74.4389 11.4883 1106 -0.00393 -1.4859 486 0.00319 
4200 8.9244 36.2565 3118. 7066 74. 6539 11.2289 1081 -.00420 -1.6049 476 .00303 
4300 8.9252 37.1490 309. .5991 74.8639 10.9817 1057 -.00443.00443 -1.7183 464 .00295 
4400 8.9260 38.0415 310. 4916 75.0691 10. 7459 1034 -.00468 -1.8267 464 .00291 
4500 8.9267 38.9342 311.3843 75.2697 10.5208 1012 -.00490 -1.9305 444 .00288 

44500 8.9274 39.8269 - 312.2770 75.4659 10.3057 991 -0.00515 -2.0299 434 0.00296 
4700 8.9280 40.7196 313. 1697 75.6579 10.1000 972 -.00560 -2.1252 425 .00286 
4800 8.9286 41.6125 314. 0626 75.8489 9.9031 953 -.00579 -2.2166 416 .00350 
4900 8.9291 42.5084 314.9555 76.0300 9.7144 935 -.00610 -2.3045 407 .50300 
5000 8.9296 43.3983 315.8484 76.2104 9.5335 918 -.00650 -2.3889 400 .00287 

5101) 6.9301 44.2913 316. 7414 -	 76.3873 9.3600 901 -0.00667 -2.4702 391 0.00301 
5200 8.9306 45.1843 317.6344 76.5607 9.1934 886 -.00707 -2.5484 384 .00295 
5300 8.9310 46.0774 318. 5275 76.7308 9.0333 871 -.00740 -2.6238 377 .00289 
5400. 8.9314 46.9705 319.4206 76.s977 b.8794 857 -.00782 -2.6965 369 .00301 
5500 8.9318 47.8637 320.3138 77.0616 8.7314 843 -.00814 -2.7666 363 .00298 

5600 8.9322 48.7569 - 321.2070 77.2226 8.5390 830 -0.00851 -2.8344 356 0.00304 
5700 8.9326 49.6501 322.1002 77.3807 8.4519 817 -.00876 -2.8999 349 .00313 
5800 8.9329 50.5434 322.9935 77.5360 8.3198 805 -.00904 -2.9632 343 .00316 
5900 8.9332 51.4367 323.8868 77.6987 8.1924 793 -.00947 -3.0245 337 .00323 
6000 8.9335 52.3300 324.7801 77.8389 8.0697 --------- ----------- --3.0839
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TABLE TX-THERMODYNAMIC PROPERTIES OF Al 203 (CRYSTAL, a 

[Molecular weight, 101.941 

C,* HH'000 HIr ST
1H°

flog 

-
________ ________ log K (OK) f	 cal	 \ f kcal \ fkcal \ f	 cal	 \

_____ - 

.,mo1eK) \nole) k.mole) mole 'K a S c d 

0 
298.16 
300 
400 
100 

600 
700 
800 
900 

1000 23. 360 0 237. 0838 91. 5490 286. 1479 28. 430 0. 10445 95. 1916 12, 409 0.01799 
1100 23. 754 2.3557 239. 4395 93. 7939 260. 1980 25.870 0.08207 83.8927 11,287 0.01187 
1200 24.094 4.7466 241. 8304 95.8741 238. 5576 23.735 .06471 74.4750 10,351 .00779 
1300 24.311 7.1654 244. 2492 97.8100 220. 2352 21,925 .05269 66.5049 9, 558 .00516 
1400 24.510 9.60&4 246. 6902 99. 6189 204. 5218 20,373 .04250 59.6726 8,878 .00293 
1500 24. 672 12.0655 249. 1493 

-

101.3154 190.8973 19,026 .03505 53.7510 8,288 .00170 
1600 24.805 14.5394 - 251. 6232 102. 9120 178. 9710 - 17,846 0.02935 48.5693 7,771 - 0.00092 
1700 24.916 17.0254 254. 1092 104. 4191 168. 4440 16,805 .02429 43.9972 7.315 .00021 
1800 25. 010 19.5217 256. 6055 105. 8459 159.0836 15,878 .02056 39.9331 6,910 -.00054 
1900 25.090 22.0267 259. 1105 107. 2003 150. 7062 15,048 .01760 36.296S 6,547 -.00100 
2000 25.159 24.5392 261. 6230 108. 4890 143. 1646 14,300 .01538 33.0243 6,220 -.00130 
2100 25.221 27.0582 264. 1420 109. 7180 136. 3397 13,623 0.01353 30.0637 5,924 - -0.00133 
2200 25. 277 29.5831 266.6669 110. 8925 130.1239 13,008 .01165. 27.3723 5.655 -.00160 
2300 25.329 32.1134 269. 1972 112. 0173 124. 4666 12,447 .50965 24-9152 5,410 -.00197 
2400 25.374 34.6485 271.7323 113.9962 119.2707 11.933 .00780 22.6630 5,185 -.00210 
2500 25.408 37.1876 274. 2714 114. 1327 114.4897 11,460 .00601 20.5911 4,977 -.00193
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TABLE X-THERMODYNAMIC PROPERTIES OF Al 203 (GAS)

[Molecular weight, 101.94] 

C,, H° Ff 2'	 298.16 T 2' ,,
' 	 -6T fa	 \ -	 -9TI c 

logK 
(°K) f_cal	 \ (kcal \ (kCaI\ '\ ( ml 

mole *K ,mo1eJ mole)
_
mole *K c d 

298.16 18. 8144 0 76.4666 12.5 1200.9468 481. 895.5 
300 18.9368 0.0347 76.5013 12.6160 1193.6027 478.6968 
400 23.3603 2.1790 78.6456 18.7545 895.7357 349.0606 
500 25.5720 4.6362 81.1028 24.2285 716.6696-

-

-
-

271.2518 

600 26. 9132 7.2651 83.7317 29.0179 597. 1339 --------  
700 27.8434 10.0054 86.4720 33.2403 .511.6641 --------  
800 29.5546 12. S268 89. 2932 37.0064 447. 5067 -------- ---------- 154. 5672 
000 29.1383 15.7121 92.1787 40.4941 397. 5684 132.9781 

1000 29. 6430 18.6517 95,1183 43.5010 357. 5885 35,876 0.11865 115.7171 15,681 -0.05115 

- 1100 30.0960 21.6386 98.1052 46.3475 -	 324.8.583 -	 32,625 0.10920 101.6087 14,164 --0.05063 
1200 30.5138 24.6691 101. 1357 48.9841 297. 5.586 29,915 .10186 89.8310 12,984 -. 05099 
1300 30.9368 27,7401 104.2067 51.4421 274.4452 27,620 .09723 79.9143 11,984 -.05000 
1400 -	 31.2819 30.8496 107. 3162 33.7462 254.6194 25, 653 .09290 71.4943 11,127 -.94940 
1500 31.6436 33.9958 110.4624 55.9168 237.4245 23,948 .08950 64.0357 10,385 -.04913 

1600 31.9051 37.1778 113. 6444 57. 9702 222.3675 22,454 0.08777 57.5942 9,735 -0.04857 
1700 32.3389 40.3945 116.8611 59.9202 209.0715 21,137 .08562 51.9163 9,161 -.04774 
1800 32.6766 43.6452 120.1118 61.7782 197. 2431 19,068 .08421 46.8746 8,652 -.04769 
1900 33.0094 46.9295 123. 3961 63.5539 186. 6510 18,917 .08300 42.3686 8,196 -.04720 
2000 33.3383 50.2469 126. 7135 65.2554 177. 1095 17,973 .08183 38.3178 7,785 -.046M 

2100 33.6639 53.5970 130.0636 66.8899 168.4691 17,119 0.08114 34.6573 7,412 ,	 -0.04549 
2200 33.9870 56.9796 133.4462 - 68.4634 160. 6066 16,343 .07995 31.3337 7,074 -.04495 

-	 2800 34.3079 60.3943 136. 8609 69.9812 153. 4210 15,634 .07958 28.3030 6,762 -.04294 
2319.57 34.3704 61.6683 137.5329 70.2722 152.0864--27. 7409 

2600 25.439 39.7300 276. 8138 115.1299 110.0760 11,024 0.00414 18.6768 4,786 -0.00209 
2700 25.466 42.2752 279.3590 116.0905 105.9889 10,619 .00300 16.0083 4,608 -.00191 
2800 25.491 44.8231 281.9069 117. 0170 102. 1034 10,243 •	 .00183 15.2645 4,444 -.90201 
2900 25.514 .	 47.3733 284. 4571 117.0120 98.6595 9,892 .00107 13.7341 4,291 -.60213 
3000 25.534 49.9257 287.0095 118.7773 95.3611 9,565 .00012 12.3059 4,148 -.00216 

3100 25.552 52.4800 289.5638 119.6148 92.2755 9,260 -0.00105 10.9700 4,014 -0.00218 
3200 25.570 • 55.0361 292.1199 120.4263 89.3828 8,974 -.00299 9.7178 3,889 -.00218 
3300 25.585 57.5939 294. 6777 121. 2134 86.6655 8,705 -.00299 8.5415 3,770 -.00192 
3400 25.599 60. 1551 297. 2869 121. 9774 84.1082 8,452 -.00386 7.4346 3, 6.59 -.00183 
3500 25.613 62.7137 299.7975 122. 7197 81.6972 8,214 -.00487 6.3910 3,555 -.00190 

3600 25.624 - 65. 2755 302. 3593 123.4414 79.4804 7,988 -0.00542 5.4054 3,455 -0.00168 
3700 25.635 67.8385 304.9223 124. 1436 77.2669 7,774 -.00599 

00664
4.4733 
3.5002

3,362 
3,273

-.00184 
-.00163 3800 

3000
25.645 
25.655

70.4025 
72.9675

307.4863 
310.0513

124. 8273 
125. 4936

75.2271 
.73. 2922

7,572 
7,381

-. 
-.00745 2.7526 3,189 -.90145 

4000 25.663 75.5334 312. 6172 126. 1432 71.4544 7,199 -.00815 1.9568 3,109 -.00149 

4100 25.671 78.1001 315. 1889 126. 7770 69. 7067 7,027 -0.90899 1.2000 3.033 -0.00134 
4200 25.679 80.6676 317. 7514 127. 3957 68.0426 6,863 • -.00985 .4792 2,960 -.00117 
4300 25.687 83.2359 320. 3197 128.0001 66.4504 6,707 -.01062 -.2080 2,890 -.00092 
4400 25.693 85.8949 322.8587 138.5907 64.9427 6,557 -:01111 -.8039 2,824 -.00076 
4500 25.699 88.3745 325. 4583 129.1681 63.4967 6,414 .	 -.01185 -1.4007 2,761 -.00073 

4660 21.705 90.9447 328. 0285 129. 7330 62.1142 6,278 -0.01244 -2.0002 2,700 -0.05057 
4700 25.710 93.5154 330. 1992 130. 28.59 60.7909 6,147 -.01313 -2.6641 2,642 -.00042 
4800 25.716 96.0867 333.1705 130.8273 59.5234 6,023 -.01388 -3.2141 2,587 -.00036 
4900 25.720 98.6585 335. 7423 131. 3575 58.3081 5, W3 -.01440 -3.7417 2.533 -.00020 
5000 25.725 101. 2308 338. 3146 131. 8772 57.1419 5, 788 -.01110 -4.2481 2,482 -.00007 

5100 25.729 -	 103.S035 340. 8873 -	 132.3867 -	 56.0221 5,678 -0.01182 -4.7347 2,433 0.00002 
5200 25.733 106.3766 343. 4604 132.8863 54.9460 5,572 -.01042 -5.2026 2,385 .00030 
5300 25.737 108.9501 346.0339 133.3768 55.0111 5,471 -.01715 -5.6529 2,339 .00045 
5400 25.741 111. 1240 348.6078 133.8576 52.9151 5,373 -.01781 -6.0865 2.294 .00071 
1500 25. 745 114. 0983 351. 1821 134.3300 51.9560 5,279 -.01838 

-

-6.5043 2,252 .00086 

5600 25.748 116.6729 353. 7567 134. 7939 51.0317 5,188 -0.01908 -6.0073 2,211 0.00091 
5700 25,752 119. 2479 356.3317 135. 2497 50.1406 5,100 -.01061 -7.2961 2,172 .00102 
5800 25,756 121.8233 358.9071 135.6976 49.2809 5,016 .	 . -.02017 -7.6716 2,133 .00117 
5900 25.760 124.3991 361. 4829 136. 1379 48.4509 4,935 -.02100 -8.0343 2,096 .00137 
6000 25.763 126.9753 364.0591 136.5709 47.6494 --------- ----------- --8.3850 

TABLE XI-THERMODYNAMIC PROPERTIES OF Al 203 (LIQUID)
(Molecular weight. 101.94] 

C r,osi H 6()_'(+b RT	 100	 T	 ) 9106 100 	T 
T kcal log K 

(°K) cal	 '. (kcol '\ (cai 
\mole °K) -mole\, 	 I \mle °K/ o a b - c d 

2319.57 35.79 67.0670 143.5336 72,8593 150. 7846 15,513 0.04937 27.7409 6,666 -0.05066 
2400 35.95 69.9520 146. 4186 74.6619 145. 5461 14,995 .04850 25.5477 6, 441 -.05000 
2500 36.15 73.5570 150.0236 75.5535 139. 4996 14,396 .04828 23.0213 6,181 -.04911 

2600 36.35 77.1820 153. 6486 76.9753 133.9144 13.844 0.04759 20.6931 5.941 -0.04807 
2700 36.55 80.8270 157. 2936 78.3509 128. 7394 13.332 .04737 18.5408	 . 5,718 -.04704 
2800 36.75 84.4920 160.9586 79,6837 123.9306 12,858 .04651 16.5457 ,	 5,512 -.04629 
2900 36.95 98.1770 164. 6436 80,9768 119. 4503 12,416 .04603 14.6913 5,319 -, 04530 
30(9) 37.15 91.6820 168.3486 82.2329 115. 2656 12,004 .04554 12.9636 5,140 -.04466 

3100 37.35 95.6070 172.0736 83.4543 111.3478 11,618 0.04508 11,3502 4,972 -0,04395 
3200 37.55 99.3520 175.8186 84.6432 107,6721 11,257 .04439 9.8404 4,814 -.04309 
3300 37.75 103. 1170 179. 5836 85.8018 104. 2165 10,918 .04372 8.4247 4,666 -.04235 
3400 37.95 106.9020 183.3686 86.9317 190.9616 10,599 .04322 7.0947 4,526 -.04154 
3500 38.15 1	 110. 7070 187. 1736 88.0347 97.8901 10,298 .04264 5. 8431 4,395 -.04103 

3600 38.35 114.5520 190.9086 89.1122 94-9869 10,013 0.04228 4.6633 4,271 -0.04052 
3700 38.55 118. 3770 194.8436 90.1687 92.2384 9,745 .04163 3.5495 4,153 -.03979 
3800 39.75 122. 2420 198. 7086 91.1964 89.6323 0,491 .04101 2.4964 4,042 -.03921 
3900 38.95 126.1270 202.1936 92.2055 87.1577 9,250 04040 1.4992 3,936 -, 03870 
490	 - 39.15 130. 0320 206.4986 93.1942 84.8048 --------------------- .5539

nthalpy change in convertin g AltOz (crystal, a) at 208,16 to AllO, (liquid) at temperature indicated. 
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TABLE XII-THERMODYNAMIC PROPERTIES OF B (GAS) 
[Atomic weight, 10.82] -	 - 

C° II.-H° H° 

(J) (	 cal kcal a! \ (	 cal 
\mole oK) \.mole) 'mofe) mole *K 

0 0 269.0696 
298. 16 4. 9704 1.5097 M. 5793 36.6493 
300 4.9704 1.5188 270.5884 36.6798 
400 4.9603 2.0158 271.0854 38.1096 
500 4.0688 2.5127 271.5823 39.2183 

600 4.0686 3.0096 2772.0 792 40.1243 
700 4.9684 3.5064 272.5760 40.8902 
800 4.9683 4.0033 273.0729 41.5536 
900 4.9682 4.5961 273.5607 42.13S8 

1000 4.9682_ 4.9969 274.0665 42.6625 

1100 4.9682 6. 4937 274.5633 43.1360 
1200 4.0681 5.9005 275.0601 43.5693 
1300 4.0681 6. 4874 275.5570 43.0659 
1400 4.9681 6.9842 276.0538 44.3341 
1500 4.9681 7.4810 276.5506 44.6769 

1600 4.9681 7.9778 277. 0474 44.9975 
1700 4.9681 8.4740 277. 5442 45.2987 
1800 4.9680 8.9714 278.0410 45. 5827. 
1900 4.9680 9.4082 278. 5378 45.8513 
2000 4.9680 0.9650 270.0346 46.1061 

2100 4.9680 10.4618 279. 5314 40.3486 
2200 4.9680 10.0586 280.0282 46.5796 
2300 4.0680 11.4554 280. 5250 46.8004 
2400 4.9680 11.9522 281.0218 47.0119 
2500 4.9680 12.4490 281.5186 47.2147 

2600 4.9680 12.0438 282. 0154 47.4095 
2700 4.9680 13.4426 282. 5122 47.5970 
2800 4.9680 13.9394 283. 0090 47.7777 
2900 4.9680 14.4362 283. 5058 47.9520 
3000 4.6980 14.9330 284. 0026 48.1204 

3100 4.9680 15.4298 284.4094 48.2933 
3200 4.9680 15.9266 284. 9962 48.4410 
3300 4.9680 16.4234 285.4930 48.5939 
3400 4.9680 16.9202 285. 9898 48.7422 
3500 4.9680 17.4170 286. 4866 48.8862 

3600 4.9680 17. 9138 286. 9834 49.0262 
3700 4.9680 18. 4106 287.4802 49.1623 
3800 4.9680 18. 9074 287. 9770 49.2948 
3900 4.9680 19.4042 288. 4738 40.4238 
4000 4.9681 19.9010 288. 9706 49.5496 

4100 4.9681 20.3978 289. 4674 49.6723 
4200 4.9681 20.8046 289. 9642 49.7920 
4300 4.9682 21.3914 290. 4610 49.9089 
4400 4.9682 21.8883 290. 9579 50.0231 
4500 4.9693 22.3851 201.4547 50.1348 

4600 4.9685 22.8819 291. 9515 50.2440 
4700 4.9686 23.3788 292. 4484 50.3509 
4800 4.9688 23.8756 292. 9452 50.4555 
4900 4.9690 24.3725 293.4421 50.5570 
5000 4.0692 24.8694 293. 9390 50.6583 

5100 4.9694 25.3664 204.4360 50.7567 
5200 4.9697 25.8633 294. 9329 50.8832 
5300 4.9701 26.3603 295.4299 50.9479 
5400 4.9705 26.8674 295. 9270 51.0408 
5500 4.9710 27.3544 296. 4240 51.1320 

9696 4.9716 21.8516 296. 9212 51.2216 
5700 4.9722 28.3487 297. 4183 51.3096 
5800 4.9728 28.8460 297. 9156 51.3961 
5900 4.9736 29.3433 298.4129 51.4811 
6000 4.9745 29.8407 298. 9103 51.6647
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TABLE XIII-THERMODYNAMIC PROPERTIES -OF B 2 (GAS)

[Molecular weight. 21.64] 

C, R-H0 H° ST
/H\	 -oT/a	 \ l(--i)-j+b)

-OT/c 
o log K=--,+d 

H° 
('K) (	 cal	 \ f kcal \ f kcal /	 cal	 \ log K 

kmole°K) 'ie) ii) mole 'K a -	 5 C d 

0 0 468.6652 
298.16 7.289 2.0934 470.7586 48.652 118.8190 46.2160 
300 7.295 2.1068 470. 7720 48. 697 118.0983 --------  
400 7.645 2.8540 471. 5192 50.844 88.8842

---

---------- 33. 0562 
500 7.950 3.6338 472.2990 52.584 71.3228 25.3251 

-

600 8.165 4.4398 473. 1050 54.052 59.5932 20.1558 
700 8.330 5.2646 473. 9298 55.323 51.2012 16.4542 
800 8.450 6.1042 474. 7694 56.444 44.8980

--

13. 6718 
900 8.540 6.9637 475. 6189 57.445 39.9899 11.5032 

1000 8.608 7.8115 476. 4767 58. 348 36.0593 3526 0.01325 

-

-
-

0.7646 1552 0.01399 

1100 8.665 8.6751 477. 3403 59.1711 32.8406 3209

--

--

0.01003 8.3397 1413 0.01210 
1200 8.704 9.5436 478. 2088 59.9267 30.1664 2944 .00798 7.1501 1296 .01138 
1300 8.738 10.4157 479. 0809 60.6248 27.8858 2720 .09624 6.1418	 - 1198 .00999 
1400 8.764 11.2898 479. 9560 61.2732 25.9347 2528 .00467 5.2761 1113 .00940 
1500 8.784 12.1682 480.8334 61.8786 24.2447 2359 .00502 4.5247 1040 .00860 

1600 8.803 13.0475 481. 7127 62.4461 22.7653 2213 0.00404 3.8661 976 0.00788 
1700 8.820 13.92S7 482. 5939 62.9803 21.4595 2084 .06342 3.2841 919 .00764 
1800 8.832 14.8113 4S3.4765 63.4848 20.2983 1969 .00288 2.7659 869 .00693 
1900 8.842 15.6950 484. 3602 63.9626 19.2591 1866 .00260 2.3016 824 .00650 
2000 8.852 16.5797 485. 2449 64.4164

-
18.3235 1774 .00184 1.8831 784 .00597 

2100 8.860 17. 4653 486. 1305 64.8484 17.4769 1690 0.00172 1.5038 747 0.00565 
2200 8.868 18.3517 487. 0169 65.2608 16.7070 1614 .00136 1.1586 714 .00527 
2300 8.874 19. 2388 487. 9040 65.6551 16.0039 1544 .00127 .8429 683 .00522 
2400 8.880 20.1265 488. 7917 66.0329 15.3593 1480 .00120 .5531 655 .00500 
2500 8.884 21.0147 489. 6799 66.3955 14.7661 1421 .00106 .9861 630 .00449 

2600 8.888 21. 9033 490. 5685 66.7440 14.2185 1367 0.06080 0.0393 606 0.00446 
2700 8.891 22.7922 491. 4574 67.0795 13.7114 1316 .00090 -.1696 584 .00423 
2800 8.895 23.6815 492. 3467 67.4029 13.2405 1270 .00067 -.4024 564 .00392 
2900 8.898 21.5712 493. 2364 67.7151 12.8019 1226 .00063 -.6008 545 .00353 
3000 8.901 25.4611 494.1263 68.0168 12.3926 1185 .09074 -.7863 527 

-

.00370 

3100 - 8.903	 - 26.3513 495. 0165 68.3087- 12.0096 1147 0.00066 -0.9600 511 0.00341 
3200 8.906 27.2418 495.9070 68.5914 11.6505 1111 .00063 -1.1231 495 .00340 - 
2300 8.908 28.1325 496. 7977 68.8655 11.3132 3078 .00054 -1.2765 481 .00323 
3400 8.910 29.0234 497. 6886 69.1314 10.9956 1046 .00054 -1.4212 466 .00336 
3500 8.912 29.9145 498.5797 69.3898 10.6962 1016 .00058 -1.5577 453 .00327 

3600 8.915 30.8058 499.4710 69.6409 10.4134 988 0.00057 -1.6868 441 0.00311 
3700 8.917 31.6974 500.3626 69.8852 10.1458 961 .00061 -1.8091 429 .00311 
3800 8.919 32.5892 501. 2544 70.1230 9.8923 036 .00050 -1.9251 419 .00286 
3900 5.921 33.4812 502. 1464 70.3547 9.6518 912 .00060 -2.0354 408 .00280 
4000 8.923 34.3734 503.0386 70.5806 9.4232 889 .111.1057 -2.1402 398

-

.00283 

4100 8.925 35.2658 503.9310 70.9009 9.2058 867 0.00067 -2.2401 389 0.00268 
4200 8.927 36.1584 504.8236 71.0160 8.9987 847 .00052 -2.3354 380 .00253 - 
4300 8.930 37.0513 505.7165 71.2261 8.8012 827 .00055 -2.4263 371 .00258 
4400 8.932 37.9444 506. 6096 71.4314 8.6127 808 .111.054 -2.5132 363 .00253 
4500 8.935 38.8377 507. 5029 71.6322 8.4326 790 .00066 -2.5964 355 

-

.00253 

4600 - 8.937 39.7313 508.3965 71.8286 8.2602 773 0.00063 -2.6761 348 0.00236 
4700 8.940 40.6252 509. 2904 72.0208 8.0951 756 .09070 -2.7525 341 .00226 
4800 8.944 41.5194 510.1846 72.2091 7.9369 740 .00078 2.8258 334 .00224 
4900 8.947 42.4139 511.0791 72.3935 7.7851 724 .00090 -2.8962 327 .00220 
5000 8.951 43.3008 511. 9740 72.5743 7.6394 710 .00088 -2.9638 321 .00216 

5100 8.955 44.2041 512.8693 72.7516 7.4993 695 0.00105 -3.0289 315 0.00212 
5200 8.959 45.0998 513.7650 72.9255 7.3646 682 .00102 -3.0916 309 .00210 
5300 8.963 45.9959 514. 6011 73.0962 7.2349 669 .00101 -3.1520 303 .00209 
5400 8.968 46.8925 515.5577 73.2638 7.1100 656 .00113 -3.2102 208 .00202 
5500 8.973 47.7895 516.4547 73.4284 6.9896 644 .00110 -3.2664 293 .001.88 

5600	 - 8.979 48.6871 517.3523 -	 73.5901 6.8735 632 0.00122 -3.3206 2811 0.00187 
5700 8.985 49.5853 518.2505 73.7491 6.7614 620 .00130 -3.3730 283 .00191 
5800 8.991 50.4841 519.1493 73.9054 6.6532 610 .00131 -3.4237 278 .00188 
5900 8.998 11.3836 520.0488 74.0592 6. 5485 599 .09137 -3.4727 273 .00190 
6000 9.005 52.2837 520.9489 74.2105 6.4473 --------- ----------- --3. 5201

J970082-52-5 
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TABLE XIV-THERMODYNAMIC PROPERTIES OF BF (GAS) 

[Molecular weight, 29.82] 

.
5H°

T(+0)
1. log	 -bT(

	 +a) 
T - log K 

(°K) f	 cal	 \ \ 
..mole 050) %.moleJ moleJ \.mole °KJ a b C d 

0 0 218.1759 
298.16 7.0696 2.0789	 : 220.2548 47.9001 169.0481 67.5887 
300 7.0729 2.0919	 - 220. 2678 47.9437 168.0215 - 67. 1385 
400 7.3044 2.8101. 1220.9860 50.0081 126.4173 
500 7.5718 3.5539 221.7298 51.6668 101.4208 -- 

600 7.8149 4.3236 222.4995 53.0694 84.7288 - 
700 .	 8.0158 5.1155 . 223.2914 54.2897 72.7858 - 
800 8.1760 5.9254 224.1013 55.3710 63.8146 - 

---

- 
-- 
- 

900 8.3024 6.7495 224.9255 56.3416 56.8272

--------- 

- 

---48.8690 

- 18.2243 
1000 8.4025 7.5850 225. 7609 57.2217 51.2304 5016 0.02420 15. 7542 2207 0.01784 

1100 8.4822 8.4293 226.6053 58.0264 46.6462 4565 0.01963 13. 7300 2009 0.01523 
1200 8.5464 9.2809 227.4568 58.7673 42.8224 4189 

-37.8738 

-.01589 12.0406 1844 .01304 
1300 8.5986 10.1382 228. 3142 59.4535 39.5842 .	 3870 

-30.5239 

01341 10.6091 1704 .01166 
1400 8.6415 11.0003 229. 1762 60.0924 36.8065 3597 

-25.2615 

.ouoo 

-21.3064 

9.3860 1584 .01040 
1500 8.6770 11.8663 230.0422 60.6898 .	 34.3975 3360 "'.00900 8.3139 1480 .00920 

1600 8.7068 12.7355 230.9115 61.2508 32.2885 3152 0.00778 7.3797 1388 0.00883 
1.700 8.7319 13.6075 231. 7834 . 61.7794 30.4266 2969 .00635 6.5544 1308 .00793 
1800 8.7533 14.4818 232.6577 62.2791 28.7708 2805 .00588 5.8198 1236 .00747 
1900 8.7717 15.3580 233.5340 62.7529 27.2886 2659 .00500 .	 5.1618 1172 .00690 
2000 8.7875 16.2360 234.4120 63.2032 25.9541 2528 .00399 4. 5689 1115 .00615 -

2100 8.8013 17.1155 235. 2914 63.6323 24.7463 2408 0.00376 4.0318 1062 0.00597 
2200 8.8133 17.9962 236. 1722 64.0420 23.6480 2300 .00310 3.5431 1015 .00550 
2300 8.8239 18.8781 237.0540 64.4340 22.6449 2201 .00282 3.0963 971 .00542 
2400 8.8332 19.7610 237. 9369 64.8098 21.7250 2110 .00240 .	 2.6863 931 .00550 
2500 8.8415 20.6447 238.8206 65.1705 20.8786 2026 .00227 2.3087 894 .00505 

8.8489 21.5292 239. 7052 65.5175 20.0971 1949 0.00195	 . 1.9598 860 0.00498 
2700 8.8555 22.4145 240.5964 65.8516 19.3733 1877 .00184 1.6353 829 .00453 
2800 8.8614 23.3003 241.4763 66.1737 18.7011 1811 .00152 1.3357 801 .00399 
2900 8.8668 24.1867 242. 3626 66.4848 18.0751 1749 .00130 1.0555 774 .00380 
3000 8.8716 25.0736 243. 2496 66.7855 17.4908 1691 .00132 .7937 749 .00359 

3100 8.8760 25.9610 244. 1370 67.0764 16.9440 -	 1037 - 0.00104 0.5485 725 - 0.00354 
3200 8.8800 26.8488 245.0248. 67.3583 16.4314 - 1586 .00099 .3184 703 .00327 
3300 8.8837 27.7370 243. 9130 6i. 6316 15.9498 1538 .50105 .1021 682 .00321 
3400 8.8870 28.6256 246. 8015 67.8069 . 15.4964 1493 .00093 -.1017 662 .00326 
3500 8.8001 29.5144 247. 6904 68.1545	 - 15.0689 1451 .00084 -.2941 644 .00301 

3600 8.8929 30.4036. 248. 5795 68.4050 14.6650 1411 0.00065 -0.4760 - 626 0.00301 
3700 8.8955 31.2930 249. 4690 68.6487 14.2830 1373 .00088 -.6482 610 .00287 
3800

.
8.8979 32.1827 250.3386 68.8860 13.9210 1337 .00058 .	 -.8116 593 .00295 

3900 8.9901 33.0726 251.2485 69.1171 13.5776 1303 .00055 -.9666 579 .00275 
4000 8.9022 33.9627 252.1386 69.3425 13.2513 1270 .00074 -1.1141 565 -	 .00270 

4100 8.9041 34.8530 253. 0290 69.5623 12.9408 1239 0.00060 -1.2246 551 0.00261 
4200 8.9019 35.7435 253. 9195 09.7769 12.6452 1210 .00050 -1.3884 . 538 .00268 
4300 8.9075 36.6342 254.8101 69.9865 12-3633 1182 .00056 -1.5162 526 .00255 
4400 8.9001 37.5250 255. 7009 70.1913 1.2.0941 1155 .00053 -1.6383 514 .00258 
4500, 8.9105 38.4160 256. 5920 70.3915 11.8369 1129 .00057 -1.7151 503 .00245 

4600 8.9119 39.3071 257. 4830 70.5874 11.5909 1105 0.00049 -1.8669 492 0.00212 
4700	 . 8.9132 40.1983 258. 3743 70.7790 11.3553 1082 .00038 -1.9741 482 .00238 
4800 8.9144 41.0897 259. 2657 70.9667 11.1295 1060 .00017 -2.0769 472 .00227 
4900 8.9155 41.9812 280.1571 71.1505 10.9130 1039 .00020 -2.1755 463 .00230 
5000 8.9165 42.8728 261. 0487 71.3306 10. 7050 1018 .00019	 - -2.2704 454 .00218 

5100 8.9175 43.7645 261.5405 71.5072 10.5052 998 0.0001.8 -2.3616 445 0.00222 
5200 8.9184 44.6563 262.8322 71.6804 10.3131 979 .00008 -2.4494 437 .08205 
5300 8.9193 45.5483 . 263. 7242 71.8503 10.1283 960 .00022 -2.6339 429 .00206 
5400 8.9202 46.4402 264.6161 72.0170 9.9503 943 .00015	 . -2.6154 421 .00205 
5500 8.9210. 47.3323 265.5082 72.1807 9.7787 926 .00004 -2.6940 414 .00197 

5600 8.9247 48.2244 266. 4003 72.3414	 . 9.6133 ,910 0.00005 -2.7699 ; 407 0.00190 
5700 8.9224 49.1166 267. 2926 72.4994 9.4536 894 -.00004 -2.8432 400 .00183 
5800 8.9231 50.0089 268. 1848 72.6546 9.2995 879 -.00008 -2.9140 393 .00179 
5900 8.9237 50.9012 269. 0771 72.8071 9.1506 864 -.00010 -2.9824 387 .00180 
6000 8.9244 51.7936 269.9696 . 72.9571 9.0067	 --------- ----------- - -3.0487 -----------------------
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TABLE XV-THERMODYNAMIC PROPERTIES OF BF 3 (GAS) 

(Molecular weight, 67.821 

- - 
I1-H H S°

I	 H\ -lTfa	 \ 
--)-(+b)

-ST/c 
o log K=--,-l-d

T AH' PT

(OK) (	 eel	
\ kcal) kcal) __ T

log  
a -	 S C d ,nole°Ki ,mole) moleJ mole0K) 

0 0 0 
298.18 12.0621 2.7842 2.7842 60.6958 704. 3124 
300 12.0981 2.8066 2.8066 60.7712 700.0206 284.3981 
400 13. 7643 4. 1030 4. 1030 64. 4894 526.0482 -------- 

--- 286.2741 

---------- 208.3238 
500 15.0594 5.5471 5.5471 67.7061 421. 4916

--

162. 5976 

600 16.0460 7.1046 7.1046 70.5433 351.6741

-

132.0708 
700 16.7919 8.7482 8.7482 73.0755 301.7303 110.2416 
800 17.3580 10.4570 10.4570 75.3564 264.2235 
900 17.7915 12.2154 12.2154 77.42-70 235. 0185 -81. 1010 

1000 18.1217

-

14.0120 14.0120 .	 79.3197 211. 6314 20,970  70.8915 -_9168 0. 02195  

1100 18.3922 15.8380 15. 8380 81.0598 192. 4805 19,089 0.06350 62.5341 8339 0.01823 
1200 18.6030 17.6878 17.6878 82.6692 176.5095 17,513 .05116 55.5667 7648 .01462 
1300 18.7731 19. 5566 19.5860 84.1650 162.9868 16,178 .04179 49.6090 7063 .01180 
1400 18.9122 21.4409 21.4409 58.5613 151.5880 15,033 .03430 44.6122 6561 .09970 
1500 19.0270 23.3378 23.3378 

-

86.8709 141. 3330 14,039 .02882 40.2295 6126 .00795 

1600 19.1228 25.3453 25.2453 58.1010 132.5298 13.569 0.02423 36.3918 5745 0.00699 
1700 19.2635 27.1616 27.1616 89. 2628 124. 7591 12,490 .02691 33.0057 5409 .90540 
1800 19.2720 29.0854 29.0834 90.3623 117. 8493 11,717 .01746 29.9953 5110 .00443 
1900 19.3306 P31.0155 31.0155 91.4059 Ill. M 11,105 .01520 27.3014 4842 .00400 
2000

-

19.3813

-

32.9511 32.9511 92.3987 106.0973 10,554 .01309 24.8764 4601 .00335 

2100 19.4252 34.8915 34.8915 93.3454 101.0585 10,055 0.01135 22.6821 4383 0.90283 
2200 19.4635 36.8359 36.9359 94.2499 96.4767 9,601 .00905 20.6870 4184 .00267 
2300 19.4971 38.7839 38.7839 95.1159 92.2924 8,186 .00S90 18.8832 4003 .00225 
2400 19.5268 40.7351 40.7351 95.9463 55.4560 8,806 .00780 17.1950 3557 .00190 
2500 19. 5532 42:6891

-

42.6891 96.7440 84.9258 8,456 .00689 15. 6553 3684 .00168 

2600 19.5766 44.6456 44.6456 97.5113 81.6666 8,133 

---

0.00608 14.2397 3543 -	 0.90148 
2700 19.5976 46.6043 46.6043 98.2505 78.0483

--0.07908

7,833 

-- 93.8552 

.00560 12.9260 3412 .00133 
2500 19.6165 48.5650 48.5650 98.9636 75.8452 7,555 .00503 11.7061 3291 .00107 
2900 19.6332 50.5275 50.5275 99.6522 •	 73.2350 7.296 .00450 10.5702 3178 .00087 
3000 19.6486 52.4916 52.4916 100.3181 70.7985 7,054 .00412 9.5100 3072 .00083 

3100 19.6826 54.4572 54.4572 100.9626 -	 68.5189 6,827 0.00196 8.5182 2973 0.00094 
3200 19.6753 56.4241 56.4241 101. 8871 66.3815 6,615 .00346 7.5582 2580 .00057 
3.300 19.6867 58.3922 58.3922 102. 1927 64.3735 6,416 .00304 6.7146 2703 .00083 
3400 19.6972 66.3614 60.3614 102.7805 62.4834 6,228 .00287 5.8923 2711 .00053 
3500 19.7069 62.3316 62.3316 103.3516 60.7011 6,051 .00257 5.1169 2634 .00063 

3600 19.7158 64.3027 64.3027 103.9069 59.0177 5,884 0.00233 4.3846 2561 - 0.00054 
3700 19.7240 66.2747 66.2747 104. 4472 57.4251 5,725 .00232 3.6919 2492 .00051 
3800 19.7316 68.2475 68.2475 104.9733 55.9162 5,575 .00211 3.0356 2427 .00039 
3900 19.7386 70.2210 70.2210 105. 4860 54. 4846 5,433 .00185 2.4129 2365 .00035 
4000 19.7451 72.1952 72.1952 105.9858 53.1245 5,298 .00171 1.8213 2306 .06026 

4100 19.7511 74.1790 74.1700 106. 4734 51.8306 5,169 0.00169 1.2556 2250 0.00029 
4200 19.7567 76.1454 76.1454 106.9494 50.5982 5,046 .00161 .7226 2196 .000.30 
4300 19.7619 78.1213 78.1213 107. 4144 49.4331 4,929 .00157 .2116 2145 .00030 
4400 19.7668 80.0977 80.0077 107. 8688 48.3013 4,817 .00146 -.2762 2007 .00020 
4500 19.7714 82.0746 82.0746 108. 3130 47.2294 4,711 .00127 -.7424 2050 .00025 

4600 19.7737 84.0519 84.0519 108. 7476 46.2040 4,609 .00116 -1.1883 2006 0.00019 
4700 19.7777 86.0295 86.0295 100.1729 45.2222 4,512 .00100 -1.6153 1963 .00014 
4800 19.7814 88.0074 88.0074 109.5893 44.2812 4,418 .00097 -2.0244 1922 .00026 
4900 19.7849 89.9557 89.9957 109.9972 43.3786 4.328 .00090 -2.4169 1883 .00020 
5000 19.7882 91.9644 91.9644 110.3970 42.5121 4,242 .00084 -2.7937 1845 .00024 

5100 19.7913 03.9434 93.9434 - 110.7889 41.6795 4,159 0.00079 -3.1557 1809 0.00022 
5200 19.7942 95.9226 95.9226 111. 1732 40.8789 4,079 .00078 -3.5M 1775 .00009 
5.300 19.7969 97.9022 97.9022 111. 5503 40.1085 4,002 .00070 -3.9398 1741 .00019 
5400 19.7995 99.8820 99.8820 111.9204 39.3666 3,929 .00064 -4.1614 1708 .00025 
5500 19.8020 101.5621 101.8621 112.2837 38.6516 3,857 .00065 -4.4722 1678 .00016 

5600 10.8044 103.8424 103.5424 152.6405 37.9622 3,789 0.00056 -4.7720 1648 0.00008 
5700 19.8067 105.8230 105.8230 112.0910 37.2069 3,722 .00058 -5.0612 1619 .00016 
5800 19.8089 107.8037 107.8037 113.3.355 36.6546 3,659 .	 .00043 -5.3405 1591 .00014 
5000 19.8110 109. 7847 109.7847 113.6742 36.0340 3,597 .00040 -5.6103 1564 .00013 
6000 19.8131 111.7659 111.7659 114.0072 35.4341	 --------- ----------- - -5.8711

213037-53----55
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TABLE XVI-THERMODYNAMIC PROPERTIES OF BR (GAS)

Elolecular weight. 11 828) 

H-II ologK='(+d) 
T log 
(OK) f	 eal	 \ kl hi PT 

mole 0K) k. mole) \. mole) \mole 0K) a S C d 

0 0 279.8258 
298.16 6.9593 2.0739 281.8997 41.0362 127.4086 50.3050 
300 6.9596 2.0867 281.9125 41.0790 126.6364 49.0656 
400 6.9931	 - 2.7839 282.6D97 43.0847 95.3504 -------- ---------- 36. 1918 
500 7.0796 3.4871 283.3129 44.6534 76.5727 - 27.895 4) 

600 7.2130	 - 4.2014 284.0272 45.9554 64.0449 --- 22.3429 
700 7.3713 4.9305 284.7563 47.0790 55.0858 --- 18.3628 
800 7.5344 5.6758 283.5016 48.0740 48.3563 - 18.3677 
900 7.6897 6.4371 286.2629 48.9705 43.1133 13.0308 

1000 7.8309 7.2133 287.0391 49.7881 .38.9114 8754

--
--

0.03127 11.1558 0.02285 

1100 7.95q1 8.0026 287.8284 50.5404 35.4674 3417

--

0.02740 9.6175 1519 0. 01927 
1200 8.0656 8.8037 288.6295 51.2373 32.5925 3136 .02419 8. 33.24 1395 .01702 
1300 8.1607 9. 6150 289.4408 81.8567 30.1560 2899 

----

.02089 7.2423 1294) .01507 
1400 8.2431 10.4352 290. 2610 52.4948 25.0644 2696 .01807 -	 6.3058 1200 .01340 
1500 8.3144 11.2631 291.0659 53.0656 26.2490 2520 .01550 5.4924 1122 .01195 

1600 8.3764 12.0976 291.9254 53.6042 24. 6585 2366 0.01344 4.7792 1054 0.01060 
1700 8.4302 12.9380 292.7638 54.1136 23.2533 2229 .01217 -4.1486 

-

-

993 .00983 
1800 8.4772 13.7833 293.6091 54.5968 22.0028 2108 .01033 3.5871. 939 .00919 
1900 8.5184 14.6331 294.4589 55.0562 20.8830 2000 .00900 3.0837 891 .00840 
2000 8. 5546 15.4868 295.3126 55.4941 19.8740 1902 .00789 2.6298 848 .00749 

.2100 8.5866 16.3438 296.1696 55.9123 18.9604 1813 0.90721 2.2185 809 0.90687 
2200 8. 6150 17. 2039 297.0297 56.3124 18. 1291 1733 . 00612 : 18439 773 .00651 
2300 8.6401 18.0667 297892.5 56.6959 17.3695 1659 .00555 5013 740 .00627 
2400 8.6626 18.9318 298.7576 57.0641 16.6727 1891 .00510 5. 1867 710 .00580 
2500 8.6828 19.7991 299.6249 57.4181 16.0312 1529 .00442 -:8969 682 .09569 

2600 8.7909 20.6683 300.4941 57.7590 15.4387 1471 0.00409 O1.289 657 0.90527 
2700 8.7172 21.5392 301.3650 58.0877 14.8898 1418 .00357 .3803 633 .00503 
2800 8.7320 22.4116 302.2574 58.4050 14.3798 1368 .00338 .1492 611 .09481 
2900 8.7453 23.6555 303. 1113 65.7116 13. 9047 1322 .00293 -.0663 590 .00473. 
3000 8.7575 24.1666 303.9864 59.0083 13.4611 1279 .00262 -.2677 571. .00451 

3100 8.7686 25.0369 304.8627 59.2956 13.0459 1238 0.00252 -0.4564 554 0.00408 
3200 8.7788 25.9143 305. 7401 69.5742 12.6505 1200 .90236 -. 6336 537 .00397 
3300 8.7881 26.7926 306. 6184 59.8445 12.2905 1164 .00225 -.8903 521 .00386 
3400 8.7966 27.6719 307. 4977 60.1070 11.9459 1130 .00204 -.9574 506 .00373 
3500 8.8045 28.5519 3777 60.3621 11.6210 1099 . .00182 -1.1057 492 .09363 

3600 8.8117 29.4327 309.2585 60.6102 11.3139 1068 0.00185 -1.2460 479 0.00344 
3700 8.8184 30.3143 310. 1401 60.8517 11.0234 1040 .00162 -1.3789 466 .00347 
3800 8.8246 31.1964 311.0222 61.0870 10.7481 1013 .09156 -1.5050 454 .00339 
3900 8.8304 32.0792 311.9050 61.3163 10.4868 988 .00130 -1.6248 443 .00315 
4000 8.8357 32.9625 312. 7883_- 61.5399 10.2385 964 .00118 -1.7387 432 .90313 

4100 8.8407 33.8463 313.6721 61.7581 10.9022 940 0.00119 -1.8472 422 0.00302 
4200 8.8453 34.7306 314.5594 61.9712 9.7772 918 .00111 -1.9507 412 .00299 
4300 8.8497 35.6153 315.4411 62.1794 9.5626 897 .00114 -2.0495 403 .00291 
4400 8.8537 36.5005 316. 3263 62.3829 9.3576 877 .00091 -2.1440 394 .00274 
4500 8.8575 37.3861 317. 2119 62.5819 9.1618 858 .00088 -2.2343	 . 386 .00269 

4600 8.8611 38.2720 318. 098 62.7766 8.9744 840 0.00078 -2.3209 378 0.00257 
4700 8.8644 39.1583 318.9841 62.9672 8.7949 822 .00075 -2.4039 370 .00282 
4800 8.8676 40.0449 319.8707 63.1539 8.6229 805 .00072 -2.4835 363 .00242 
4900 8.8705 40.9318 320. 7576 63.3368 8.4579 789 .00060 -2.5600 356 .00230 
5000 8.8733 41.8190. 321.6448 63.5160 8.2995 774 .00054 -2.6335 349 -	 .00227 

-	 5100 8.8759 42.7064 322.5322 -	 63.6918 8.1472 758 0.00063 -2.7042 342 0.00233 
5200 8.8784 43.5941 323.4199 63.8641 8.0008 744 .00052 -2.7723 336 .00220 
5300 8.8807 44.4821 324.3079 64.0333 7.8599 730 .00052 -2.8379 330 .00209 
5400 8.8830 45.3703 325.1041 94.1993 7.7242 717 .00044 -2.9011 325 .00201 
5500 8.8850 46.2587 326. 0845 64.3623 7.5934 704 .00039 -2.9022 -	 319 .09194 

5600 8.6570 47.1473 326.9731 94.5224 7.4673 692 0.00040 -3.0211 313 0.09199 
5700 8.8889 48.0361 327. 8619 64.6797 7.3455 680 .00026 -3.0780 308 .00200 
5800 8.8007 48.9251 328.7509 94.8343 7.2280 -	 .668 .00028 -3.1331 303 .00184 
5900 8.8924 49.8142 329.6400 64.9863 -7.1145 .657 .00030 -3.1883 298 .00183 
6000 8.8941 50.7035 330.5293 65.1358 -	 7.0047	 ------------ ----------- --3.2378
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TABLE XVII-THERMODYNAMIC PROPERTIES OF BO (GAS) 

[Molecular weight, 26.82] 

HTO T T
/	 AJ-1°\	 -aTf a -IT / c O1ogK=--,,+d 

T 
(°K) (c1\ (kcal \ (kcal " (eal\

if loeK 

a b c d \moIe0}7J mo1e mo1e mo1e'KJ 

0 0 168. 1616 
298.16 6.976 2.0731 170.2947 48.603 272.6896 - 112.6243 
300 6.977 2.0839 170.2475 48.647 271.0072 111.8980 
400 7.062 2. 7872 170. 9488 50.664 203. 6499 - '82.4477  
500 7.230 3.5018 171.6634 52.259 163.2146 64. 7442 

600 7.427 4.2347 172.3963 53.594 136.2389

--

--

52.9207' 
700 7.635 4.9880 173. 1496 54.755 116.9540 --

-
44.4620 

800 7.810 5. 7600 173. 9216 5.5. 785 102.4775 - 38.1086 
900 7.970 6.5400 174. 7106 36. 714 91.2079 33.1604 

1000 8.109 7.3530 175. 5146 57 563 82. 1842 8094
-

0.03092 29.1974 3547 0.02195 

1100 8.225 8.1697 176. 3313 68.3413 74.7951 7363 0.02647 25.9309 3229- 0.01747 
1200 8.325 8.9972 177.15S8 59.0613 68.6328 6754 .02252 29.2426 2963 .01467 
1300 8.411 9.5340 177. 9956 59.7310 63.4149 6239 .01907 20.9487 2737 .01310 
1400 8.485 10.6788 178.8404 60.3570 58.9394 5797 .01653 18.9806 2544 .01120 
1500 8.5485 11.5305 1.79.6921 60.9446 55.0582 5414 .01425 17.2734 2376 .01010 

1600	 ' 8.6025 12.3881 180. 5497 61.4980 51.6602 5079 0.01195 15.7753 2229 0.00912 
1700 8.6483 13.2506 181. 4122 62.0209 48.6606 4783 .01048 14.4580 2099 .00839 
1800 8.6883 14.1174 182. 2790 62.5164 45.9929 4520 .00885 13.2935 1984 .00749 
1900 8.7235 14.9886 153.1496 62.9871 43.6051 4284 .00790 12.2318 1880 .00720 
2000 8.7550 15.8620 184.0236 63.4354 41.4552 4071 .00733 11.2846 1787 .00665 

2100 8.7835 16.7389 184. 9005 63.8632 39.5093 3879 0.00632 10.4270 1703 0.00611 
2200 8.8095 17.6185 185.7801 64.2724 37.7398 3704 .00587 9.6468 1627 .00551 
2300 8.8333 18.5007 186. 6623 64.6645 36.1235 3.545 .00492 8.9339 1556 .00547 
2400 8.8549 19.3851 187. 5467 65.0409 34.6415 3398 .00460 8.2801 1493 .00480 
2500 8.8749 20.2716 188. 4332 65.4028 33.2777 3264 :00382 7.6781 1434 .00456' 

2600 8.8934 21.1600 189. 3216 65.7513 32.0185 3140 0.00324 7.1220 -	 1379 0.00436 
2700 8.9106 22.0502 190.2118 66.0872 30.8523 3024 .00320 6.6069 1329 .00406 
2800 8.9268 22.9421 191.1037 66.4116 29.7691 2918 .00249 6.1282 1282 .00393 
2900 8.9421 23.8355 191.9971 66.7251 28.7604 2818 .00217 5.6822 1238 .00383 
3000 8.9565 24.7304 192.8920 67.0285 27.8189 2725 .00197 5.2657 1197 .00367 

-	 3100 5.9702 25.6268 193.7884 67.3224 26.9379 2638 0.00162 4.8759 1159 0.00351 
3200 8.9833 26.5244 194.6860 67.6074 26.1119 2557 .00115 4.3102 1124 .00319 
3300 8.9959 27.4234 195, 5854) 67.8840 25.3359 2480 .00109 4.1664 1090 .00311 
3400 9.0081 28.3236 196. 4852 68.1527 24.6054 2408 .00070 3,8427 1058 .00311 
3500 9.0200 29.2250 197.3866 68.4140 23.9167 2340 .00060 3.5373 1028 .00304 

3600 9.6616 30.1276 198.2892 68.6683 23.2661 2275 0.00054 1.2487 1000 0.00293 
3700 9.0430 31.6613 199. 1929 68.9159 22. 6507 2214 .00037 2.9755 973 .00285 
38(j) 9.0943 31.9362 200.0978 69.1572 22.0677 2157 .00012 2.7166 948 .00272 
3900 0.0654 32.8422 201.0038 69.3925 21.5145 2102 .00000 2.4708 924 .00270 
4000 9.0763 33.7492 201.9198 69.6222 20.9890' 2050 -.00020 2.2371 901 .00264 

4100 9.0870 34.6574- 202.8190 69.8464 20.4892 2000 -0.00009 2.0147 879 0.00261 
4200 0.0976 35.5666 203.7282 70.0655 20.0131 1953 -.00029 1.8028 859 .00243 
4300 9.1080 36.4769 204.6385 70.2797 19.5592 1908 -.00044 1.6006 839 .00242 
4400 9.1183 37.3982 205. 5498 70.4892 19.1260 1865 -.00044 1.4075 820 .00238 
4500 9.1284 38.3006 206. 4622 70.6943 18.7120 1824 -.00062 1.2229 802 .00235 

4600 9.1384 39.2139 207. 3755 70.8950 18.3161 1785 -0.00069 1.0462 785 -	 0.00238 
4700 9.1482 40.1282 208. 2898 71.0916 17.9370 1747 -.00076 .8768 768 .00230 
4500 9.1579 41.0325 209. 2051 71.2843 17.5738 1710 -.00058 .7145 753 .00213 
4900 9.1675 41.9598 210. 1214 71.4733 17.2254 1676 -.00070 .5587 738 .00210 
5000 9.1769 142.8770 211.0386 71.6586 16.8909 -__1642 -.000643 .4090 722 .00223 

5100 9.1862 43.7952 211.9568 71.8404 16.5696 1610 -0.00072 0.2652 709 0.00215 
5200 9.1954 44.7143 212.8759 72.0189 16.2607 1580 -.00091 .1267 695 .00217 
5304) 9.2045 45.6343 213. 7959 72.1941 15.9635 1510 -.00084 -.0066 682 .00210 
5400 9.2135 46.5552 214. 7168 72.3662 15.6773 1521 -.00085 -.1350 669 .00216 
5500 9.2224 47.4770 215. 6386 72.5354 15.4016 1494 -.00099 -.2588 657 .00218 

5600 9.2312 48.3996 216. 5612 72.7016 15.1358 1467 -0.00077 -0.3783 645 0.00214 
5700 9.2399 49.3232 217.4848 72.8651 14.8792 1441 -.00085 -.4936 634 .00219 
6800 9.2485 50.2476 218.4092 73.0259 14.6316 1416 -.00080 -.6051 623 .00211 
5900 9.2570 51.1729 219.3345 73.1840 14.3924 1393 -.00097 -.7128 612 .00220 
6000 9.2654 52.0990 220.2666 73.3397 14.1612 --------- ------------- --.8170 -.....................
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-	 TABLE XVIII-THERMODYNAMIC PROPERTIES OF B 203 (GAS) 

[Molecular weight, 69.64] 

C HH T T I
ologK=TT(+d)

100	 T 
° (K) (	 cal	 \ (kcal \ (kcal \ ( cil	 \ RT 

m ole K) \, mole) \,	 ole) m
_

\, mole K) a S C d 

0 - 0 126.0889 ----------  
298.16 
300 
400 
500 

600 
700 
800 
900 

1000 23. 360 16. 5945 .	 142. 6834 82. 1636 301. 8037 29,998 0. 10329 101. 1271 13, 090 0.01700 

1100 23.754 18.9502 145.0391 94.4095 274. 4295 27,295 0.08117 89.2101 11,905 0.01197 
1200 24.064 21.3411 147. 4300 86.4886 251.6025 25,041 .06409 79.2773 10,917 .00821 
1300- 24.311 23.7599 149. 8488 88.4246 232. 2761 23,131 .05176 70.8714 10,081 .00499 
1400 24. 510 26.2009 152. 2898 90.2335 215. 7022 21,492 .04230 63. 6657 9,363 .00340 
1500 24.672 28.6600 154. 7489 91.9300 201. 3319 29,071 .03442 57.4203 8,741 .00178 

1600 24. 805 31. 1339 157. 2228 93.5266 188. 7531 18,825 0.02917 51.9554 8.196 0.00092 
1700 24. 916 33.6199 159.7088 95.0337 177. 6504 17,726 .02422 47. 1333 7,715 .00009 
1800 25. 010 36. 1162 162. 2051 96.4505 167.7784 16,748 .02046 42.8471 7,287 -.00026 
1900 25.090 38.6212 164. 7101 97.8148 158. 9432 15,872 .01760 39.0121 6,904 -.00070 
2000 25.159 41. 1337 167. 2226 99.1036 150.9896 15,063 .01032 35,5608 6,560 -.00131 

2100 25.221 43.6527 169. 7416 100. 3326 143. 7919 14,368 0.01369 32.4393 6,248 -0.00160 
2200 25.277 46.1776 172. 2665 101.9871 137. 2473 13.718 .01235 29.5999 5,965 -.00198 
2300 25.329 48.7079 174. 7968 102.6319 131. 2706 13,127 .00092 27.0084 5.705 -.00178 
2400 25.374 51.2430 177.3519 103. 7108 125. 7911 12,587 .00710 24.6331 5,468 -.00210 
2500 25.408 53.7821 179. 8710 104.7473 120. 7492 12.087 .00565 22.4480 5,249 -.00195 

2600 25.439 56.3245 182. 4134 105. 7445 116.0947 11,626	 . 0.00418 20.4311 5,047 -0.00196 
2700 25.466 58.8697 184.9&S6 106.7050 111.7846 11,197 .00367 18, 5638 4,861 -.00227 
2800 25.491 61.4176 187. 5065 107. 6316 107. 7820 10,802 .00177 16.8300 4,687 -.00221 
2900 25.514 63.9678 190.0567 108.5266 104.0554 10,432 .00097 15.2166 4,525 -.00203 
3000 25. 534 66.5202 192. 6091 109. 3919 100. 5771 10,087 .00003 13.7097 4,374 -.00207 

3100 25.552 69.0745 195. 1634 110. 2294 97.3232 9,764 4. 00065 12.3008 4,233 -0.00201 
3200 25.570 71.6306 197. 7195 111.0409 94.2726 9, 4633 -.00197 10.9800 4.100 -.00182 
3300 25.585 74.1884 200.2773 111.8280 91.4070 9,178 -.00261 9.7394 3,976 -.00191 
3400 25.599 76.7476 202.8365 112. 5920 88.7102 8,910 -.00301 8.5719 3,858 -.00159 
3500 25.613 79.3082 205. 3971 113.3342 86.1675 8,659 -.00418 7.4712 3,748 -.00161 

3600 25.624 81.8700 207, 9589 114. 0560 83.7664 8,420 -0.00447 ,	 6.4317 3,644 -0.00166 
3700 25.635 84.4330 210. 5219 114. 7582 81.4952 8,195 -.00528 5.4485 3,545 -.00159 
3800 25.645 86.9970 213.0859 115. 4419 79.3439 7,980 -.00535 4.5172 3.452 -.00155 
3900 25.655 89.5620 215.6509 116.1082 77.3031 7,779 -.00035 3.6336 3.362 -.00130 
4000 25.663 92.1279 218.2168 116.7578 75.3647 7,585 -.00640 2.7944

-

3,278 -.00121 

4100 25.671 94.6946 220. 7835 117. 3916 73.5211 7,401 -0.00664 1.9961 3,198 -0.00123 
4200 25.679 97.2621 223.3510 118. 0103 71.7656 7,226 -.00696 1.2359 3,122 -.00125 
4300 25.687 99.8304 225,9193 118.6147 700921 7,060 -.00755 .5111 3,049 -.00115 
4400 25.693 102, 3994 228. 4883 119. 2053 68.4951 6,900 -.09753 -.1807 2,979 -.00090 
4500 25.699 1O. 9690 231. 0579 119.7827 66.9693 6,748 -.00776 -.8418 2,912 -.00084 

4600 25.705 107. 5392 233. 6281 120. 3476 65.5101 6,602 -0.00808 -1.4740 2,849 -	 -0.00087 
4700 25.710 110.1099 236. 1988 120.9005 64.1135 6.461 -.00784 -2.0793 2,788 -.00073 
4800 25.716 112.6812 238.7701- 121, 4418 62,7753 6,328 -.00823 -2.6594 2.730 -.00074 
4900 25.720 115. 2530 241.3419 121. 9721 61.4921 6,198 -.00800 -3.215S 2.673 -.00050 
5000 25.725 117.8253 243. 9142 122. 4918 60.2005 6.075 -.90818 -3.7499 2.619 -.00043 

5100 -	 25.729 120. 3980 246. 4869 123.0013 59.0775 5,956 -0.00828 -4. 2630 • 2. 568 -0.00045 
5200 25.733 122. 9711 249. 0600 123. 5009 57.9404 5,842 -.00836 -4.7564 2.518 -.00029 
5300 25. 737 125.5446 251. 6335 123.9811 56.8465 5,731 -.00820 -5.2312 2.470 -.00021 

25.741 128.1185 254. 2074 124. 4722 55.7934 5,625 -.00813 -5.6884 ' 2.424 -.00013 
5500 25.745 130. 6928 256. 7817 124. 9446 54.7789 5,524 -00841 -6.1290 2.379 -.00002 

.5600 25.748 13.3. 2074 259,3563 125.4085 53.8009 5,423 -0.00800 -6.5538 2,337 -0.00010 
5700 25.752 135.8424 261. 9313 125.8643 52.8575 5.327 -.00785 -6.9637 2.295 .00011 
5800 25.756 138. 4178 264. 1067 126. 3122 51.9469 5,235 -.00789 -7.3595 2. 255 .00020 
5900 25.760 140.9936 267.9825 126. 7525 51.0675 3.148 -.00810 -7.7419 2.216 .00027 
6000 25.763 143.5698 269.6587 127. 1855 50.2176 --------- ----------- --8.1115 

TABLE XIX-THERMODYNAMIC PROPERTIES OF B2O3

(CRYSTAL) 
[Molecular weight, 69.64] 

C,' H;-Ho' H o 
T 

(°K) (	 cal	 '\ f kcal ' ( kcal\ (	 cal	 '\ - - JI log 
mole °K) ',moleJ ,,mo1ej mole °K/ 

0 0 48.6839 
298.16 14.73 2.2410 50.9249 13.07 1137;336 455.554 
300 14.79 2.2680 50.9519 13.16 1130.300 432.523 
400 18.40 3.9240 52.0079 17.90 848.915 329.717 
500 21.12 5.9W 54.5919 22.31 679.678 255.953 

600 23.26 8.1300 56.8129 - 20.36 566.642 2D6.747 
700 25.15 10.5520 59.2359 30.09 485.703 171.589 
723.16 25.57 11.1400 59.8239 30.91 470.191 164.833



GENERAL METHOD AND TABLES FOR COMPUTATION OF EQUILIBRIUM COMPOSITION AND TEMPERATURE	 861 

TABLE XX-THERMODYNAMIC PROPERTIES OF B 2O3 (LIQUID)
[Molecular weight, 69.64]

Hr er
H° RT

6 log K(+d) _ log K (°K) ( cal	 \ (kcal'\ (	 cal	 \ k _
mole OK) \ mole) \. mole °K / a b c	 . a 

723.16 31.75 16.5600 1	 65.2439 38.41 466:420 164.833 
800 31.660 18.9962 07. 6801 11.6117 421.294 145.384 
900 31.242 22.1413 70.8252 45.3166 374.121 125.064 

1000 30.835 25. 2452 73.9291 48. 5872 336. 4027 34, 014 -0.07512 108.8151 14,670 -0.06036 

1100 30.550 25.3159 76.9998 51.5141 305.5560 30,893 -0.04637 95.5391 13,333 -0.05693 
1200 30.442 31.3670 80.0509 54.1690 279. 8582 28,291 

---

-.02131 84. 4852 12,216 -.05142 
1.300 30.392 34.4087 83.0926 56.6037 258.1172 26,095 -.00489 75.1397 11,271 -.04681 
1400 30.377 37.4472 86.1311 58.8554 239.4828 24,226 -.00097 

-

67. 1358 10,462 -.04377 
1500 30.372 40.4846 89.1695 60.9511 223.3331 22,610 -. 00015 60.2049 9,760 -. 04040 

1600 30.370 43.5217 -	 92.2056 62.9112 209.2020 21,197 -0.00022 54.1453 9,146 -0.03770 
1700 30.370 46. 5587 95.2426 64. 7523 196. 7334 19,951 -.00049 48.8030 8,605 -.03586 
1800 30.370 49.5957 98.2796 66.4882 185. 6500 18,842 .-.00024 -	 44. 0583 8,123 -.03346 
1900 30.370 '52.6321 101. 3166 68.1303 175. 7334 17,851 -.00030 39.8165 7,692 -.93180 
2000 30.370 55.6697 104. 3536 / 69.6880 166.8082 16,958 -.00024 36.0020 7,304 -.02990 

2100 30.370	 - 58.7067 107. 3906 71.1698 155. 7332 16,151 -0.00036 32.5538 6,954 -0.02861 
2200 30.370 61.7437 11 0. 427 6 72.5826 151.3922 15,416 -.00011 29.4215 6,635 -.02738 
2300 30.370 64. 7807 113. 4646 73.9326 144. 6897 14,746 -.00027 26.5641 6,344 -.02613 
2400 30. 370 67.8177 116. 5016 75.2251 138. 5458 14,131 -.00010 23.9469 6.077 -.02500 
2500 30.370 70.8547 119.5.3.S6 76.4649 132.8935	 --------- -----------	 - 21.5411 

Enthalpy change in converting B203 (crystal) at 00 K to B203 (liquid) at temperature indicated. 

TABLE XXI-THERMODYNAMIC PROPERTIES OF C (GAS)
[Atomic weight, 12.0101 

Coo IIoT_II.) 'jT 
(°K) (	 cal	 \ (kcal \ (kcal \ (cal 

\-Mole oKJ ,,mo1e) \mole) \mole°K 

0 0 262.3181 
298.16 4.9803 1.5589 263.8770 37.7611 
300 4.9801 1.5681 203.8862 37.7917 
400 4.9747 2.0658 264. 3839 39.2235 
500 4.9723 2.5631 264.8812 40.3333 

600 4.9709 3.0603 265.3784 41.2398 
700 4.9701 3.5573 285.8754 42.0060 
800 4.9697 4.0543 266.3724 42.6696 
900 4.9693 4.5513 266.8694 43.2550 

1000 4.9691 5.0482 267. 3663 43.7785 

1100 4.9691 5.5451 267.8632 44.2521 
1200 4.9697 6.0821 268.3602 44.6945 
1300 4.9705 6.5391	 .. 268. 8572 45.0823 
1400 4.9725 7.0362 269.3543 45.4507 
1500 4.9747 7.5336 269.8517 45.7939 

1600 4.9783 8.0312 270. 3493 46.1150 
1700 4. 9835 8.5293 270.8474 46.4170 
1800 4.9899 9.0280 271. 3461 46.7020 
1900 4.9980 9.5274 271.8455 46.0720 
2000 5.0075 10. 027 7 272.3458 47.2287 

2100 5.0189 10.5290 272.8471 47.4732 
2200 5.0316 11.0315 273. 3496 47.7070 
2300 5.0455 11.5354 273.8535 47.9310 
2400 5.0607 12.0407 274. 3588 48. 1460 
2500 5.0769 12.5476 274.8657 48.3530 

2600 5.0941 13.0501 275. 3742 48.5524 
2700 5.1118 13.5664 275. 8845 48.7450 
2800 5.1299 14.0785 276. 3966 48.9312 
2900 5.1486 14.5924 276.9105 49.1116 
3000 5.1677 15.1082 277. 4263 49.2864 
3100 -5.1866 15.6259 277. 9440 49.4562 
3200 5.2055 16.1455 278.4636 49.6212 
3300 5.2243 16.6670 278. 9851 49.7816 
3400 5.2428 17.1904 279. 5085 49.9379 
3500 5.2610 17.7156 280.0337 50.0901 
3600 5.27786 18.2426 290.5667 50.2386 
3700 5.2959 18.7713 281.0894 50.3834 
3800 5.3126 19.3017 281. 6198 50.5249 
3900 5.3286 19.8338 292.1519 50.6631 
4000 5.3442 20.3674 282.6855 50.7982 
4100 5.3590 20.9026 283.2207 50.9303 
4200 5.3732 21.4392 283.7573 51.0596 
4300 5.3866 21.9772 284.2953 51.1962 
4400 5.3994 22.5165 284.8347 51.3102 
4500 5.4115	 1 23.0570 285.3571 51.4317 
4600 5.4227 23.5987 285.9168 51.5508 
4700 5.4331 24.1415 2S6.4596 51.6675 
4800 5.4427 24.6853 287.0334 51.7820 
4900 5.4514 25.2300 287. 5481 51.8943 
5000 5.4592 25.7755 -298.0936 52.0045 
5100 5.4661 26.3218 288.6399 52.1127 
5200 5.4720 26.8687 289. 1868 52.2189 
5300 5.4770 27.4162 289.7343 52.3231 
5400 5.4810 27.9641 290.2822 52.4256 
5500 5.4841 28.5123 290.8304 1	 52.5262 
5600 5.4865 29.0608 291.3789

1
52.6250 

5700 5.4882 29.6096 291.9277 52.7221 
5800 5.4893 30.1585 292.4766 52.8176 
5900 5.4898 30.7074 293.0255

1

52.9114 
6000 5.4899	 . 31.2,%l 293. 5745 53.0037
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TABLE XXII-THERMODYNAMIC PROPERTIES OF CO (GAS) 

[Molecular weight, 28.0101 

T
H°-H H° o log K=TJ(+d) 

(°K) cal	 \ (kcal \ ( kcal \ -

______ _______

log K  

moIe 0K) mo1e) \.mole) mole *K a 5 C d 

0 0 65.7461 
298.16 6.965 2.0727 67.8188 47.301 434.2122 182.2536 
300 6.965 2.0855 67.8316 47.342 85 431.91 - 181.0967 
400 7.013 -2.7838 68.5299 49.352 324.0685 -

-
134.2147 

500 7.120 3.4900 69.2361 50.927 259.5584 106.0510 

600 7.276 4.2095 69.9556 52.238 216.5368 - 

-----

87.2536 - -- __________ 
700 7.451 4.9458 - 70.6919 53.373 185.7931

--

73.8126 
800 7. 624 5.6998 71.4459 54.379 162. 7232

---

63.7218 
900 7.787 6.4706 72.2167 55.287 144.7699

--
----
-- -

55.8663 
1000 7.932 7.2565 73.0026 56.1160 130.3992 12,904 

--

0.03349 
----

49.5767 5640 

-

0.02293 

1100 8.058 8.0560	 - 73.8021 56.8779 118.6348 11,736 0.02870 

-- -

44.4265 5131 0.01927 
1200 8.167 8.8673 74.6134 57.5837 108.8261 10,762 .02534 40.1314 4706 .01680 
1300 8.265 9.6989 75.4350 58.2413 100. 5223 9.939 .02161 36.4946 4346 .01491 
1400 8.349	 . 10.5196 76.2657 58.8569 93.4014 9,235\ .01733 33.3754 4038 .01310 
1500 8.419 11. 3580 77.1041 59.4353 87.2274 8,623 .01492 30.6703 3771 .01142 

1600 8.481 -	 12.2030 77.9491 59.9806 81.8231 8,087 0.01304 28.3020 3537 0.01031 
1700 8.536 13.0538 78.79W 60.4964 77.0530 7,615 .01094 26.2111 3330 .00960 
1800 8.5s5 13.9099 79.6560 60.9857 72.8115 7,196 .00863 24.3515 3146 .00891 
1900 8.627 14.7705 80.5160 61.4510 69.0155 6,S20 .00720 22.6868 2982 .00800 
2000 8.665 15.6351 81.3812 61.8945 65.5983 6,482	 . .00563 21.1878 2834 .00748 

2100 8.699 16.5033 82.2494 62.3181 62.5060 6,176 0.00443 -	 19.S308 2700 0.00693 
2200 8.730 17.3747 83.1208 62.7234 59.6943 5,898 .00325 18.5966 2578 .00653 
2300 8.758 18.2491 83.9952 63.1121 57.1267 5,644 .00213 17.4692 2467 .00608 
2400 8.784 19.1262 84.8723	 - 63.4854 54.7729 5,412 .00080 16.4352 2365 .00580 
2500 8.806

-

20.0057 85.7518 63. 8444 52.6073 5,197 .00025 15.4834 2271 .00544 

2600 8.827 20.8874 86.6335 64.1902 50.6082 4,999 -0.00048 14.6045 2184 0.90531 
2700 8.847 21.7711 87.5172 64.5238 48.7572 4,815 -.00084 13.7903 2104	 - .00507 
2800 8.865 22.6567 88.4028 64.8458 47.0384 4,645 -. 00163 13.0338 2029 .00494 
2900 8.882 23.5440 89.2901 65.1572 45.4383 4,486 -.00203 12.3292 1959 .00490 
3000 8.898 24.4330 90.1791 65.4586 43.9450 4,338 -.00236 11.6713 1894 .00483 

3100 8.913 25.3246 91.0707 65.7506 42.5480 4,196 -0.00289 11.0555 1834 0.00448 
3200 8.927 26.2166 91.9627 66.0338 41.2387 4,070 - 00353 10.4779 1777 00432 
3300 8.939 27.1099 -	 92.8560 66.3087 40.0089 3,946 -.00339 9.9351 1723 .00444 
3400 8.952 28.0044 93.7505 66.5757 38.8517 3,832 -.00386 9.4239 1673 .00420 
3500 

-

8.963 28.9002 94.6463 116.8354 37.7607 3,723 -.00417 8.9417 1626 .00403 

3600 8.974 29.7970 95.5431 67.0880 36.7307 3,619 -0.00391 8.4860 -	 1580 0.00417 
3700 8.985 30.6950 96.4411 67.3340 35.7565 3,522 -.00414 8.0548 1538 .00406 
3800 8.995 31.5940 97.3401 67.5738 34.8338 3,429 -.00403 7.6460 1498 .00390 
3900 9.005 32.4940 98.2401 67.8076 33.9586 3,341 -.00405 7.2580 1460 .00380 
4000 9.015 33.3950 - 99. 1411 -68.0357 33.1274 3,258 -.00423 6.8892 1423 .00393 

4100 9.024 34.2969 100.0430 68.2584 32.3370 3,177 -0.00383 6.5382 -	 1389 0.00379 
4200 9.034 35.1998 100. 9459 68.4760 31.5844 3,103 -.00423 6.2037 1356 .00365 
4100 9.042 36.1036 101.8497 68. 6887 - 30.8670 3,030 -.00394 5.8847 1325 .06366 
4400 9.051 37.0083 102. 7544 68.8966 30.1823 2,961 -. 00400 -	 5.5799 1295 .00362 
4500 

-

9.059 37.9138 103. 6599 69.1001 29.5283 2,896 -.00395 5.28S5 1266 .00358 

4600 9.067 38.8201 104. 5662 69. 2993 28.9029 -	 2,832 -0.00395 5.0097 1239 -	 0.00358 
4700 9.074 39.7271 105.4732 69.4944 28.3043 2,770 -.00358 4.7425 1213 .00349 
4800 9.082 40. 6349 106.3810 69.6855 27.7308 2,712 -.00347 4.4863. 1187 .00356 
4900 9.089 41.5435 107.2896 69.8729 27.1808 2,655 -.00310 4.2405 1164 .00340 
5000 9.096 42.4527 108.19S8 70.0565 26.6529 2,601 -.00300 4.0043 1140 .00347 

5100 -	 9.103 43.3627 109.1088 70.2367 26.1459 2,549 -0.00279 3.7773 1118 0.00340 
5200 9.110 44. 2733 110.0194 70.4136 25.6585 2,499 -.00261 3.5589 1097 .06332 
5300 9.117 45.1847 110.9308 70.5872 25.1896 2,451 -.00239 3.3486 1077 .00326 
5400	 - 9.123 46.0967 111.8428 70.7576 24. 7381 2,403 -.00501 3.1459 1057

- 
.00322 

5500 9.130 47.0093 112. 7554 70.9251 

-

24.3032 2,358 -.00167 2.9505 1037 .00332 

5600 9.137 47.9227 113. 6688 71.0897 23.8838 2,316 -0.00172 2.7620 1019 0.00333 
5700 - 9.143 48.8367 114. 5828 71.2514 23.4792 2,273 -.00140 2.5799 1001 .00321 
5800 9.150 49.7513 115. 4974 71.4105 2.3. 0887 2,234 -.06135 2.4041 984 .00322 
5900 9.156 50.6666. 116,4127 71.5670 22.7114 2,196 -.00130 2.2341 968 .00317 
6000 9.152 51.5825 117.3286 71.7209 22.3467	 --------- ----------- - 2.0696
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TABLE XXlII-THERMODYNAIIC PROPERTIES OF CO2 (GAS) 

[Molecular weight, 44.0101 

H-II0 lIT ST
I	 4).H\	 -aT/a	 \ -ST /c

foO 
o1ogK=--1+d 

1H° 
K) (	 cal\ kcal) (kcal' (	 cal	 \

log K  

\mole oK) mo1eJ \.mole) mole *K a S c d 

0 0 0 
298. 16 8.874 2. 2381 2. 2381 51. 061 648.2084 ----------- 6053 
300 8.894 2.2546 2.2546 51.116 644.2527 265.8787 
400 9.871 3.1948 3.1948 53.815 483.9359 ---195. 8795 
500 10.662 4.2228 -_4.2228 56. 113 287.6422 -------- 

---

---------- 153. 8214 

-	 600 11.311	 - 5.3224 5.3224 58.109 323.3792 - 125. 7469 
700 11.849 6.4813 6.4813 59.895 277.4307 105.6751 
800 12.300 7.6894 7.6894 61.507 242.9362 90.6086 
900 12.678 8.9399 8.9399 62.980 216.0824

--

78.6521 
1000 12.995 10.2220 10.2220 64.3310 194. 5823 19,288 0. 07095 69.4953 8428 0.02238 

- 1100 13.265 11.5350 11.5350 65.5822 176. 9768 17,548 0.05867 61.8111 7666 0.01797 
1200 13.450 12.8728 12.8728 66.7461 162.2948 16,097 .04919 55.4048 7031 .01434 
1.300 13.680 14.2312 14.2312 67.8334 149.8633 14,868 .04210 49.9820 6494 .01103 
1400 13.844 15. 6074 15.6074 65.8532 139.2012 13,814 .03647 45.3324 6033 .00880 
1500 13.988 16.9990 16.9990 69.8112 129.9554 12,900 .03180 41.3016 5633 .00718 

1600 14.116 18.4042 18.4942 70.7200 121.8611 12,100 0.92796 37.7738 5283 0.00585 
1700 14.230 19.8216 19.8216 171.5792 114.7155 11,395 .02394 34.6603 4974 .00467 
1800 14.331 21.2496 21.2496 72.3955 108.3610 10,767 .02116 31.8923 4699 .00394 
1900 14.421 22.6872 22.6872 73.1727 102.6730 10,206 .01820 29.4152 4453 .00320 
2000 14.502 24.1334 24.1334 73.9145 97.551S 9,70r .01548 27.1855 4231 .00274 

2100 14.576 25.5872 25.,%72 74.6238 92.9168 9, 244 0.01318 25.1680 4030 0.00248 
2200 14.643 27.0482 27.0482 75.3034 88.7018 8.829 .01124 23.3337 3848 .00196 
2300 14.705 28.5156 28.5156 75.9557 84.8523 $7447 .01002 21.6587 3681 .00175 
2400 14.763 29. 9890 29.9890 76. 5828 81. 3227 8:099 .00850 20 1232 3529 .00120 
2500 14.817 31.4650 31.4650 77.1865 78.0746 7,778 00716 18.7104 3388 .00112 

- 2600 14.865 32.9522 32. 9522 77.7687 75.0759 7.482 0.00599 17.4062 3258 0.00093 
2700 14.916 34.4414 34.4414 78.3307 72. 2988 7,208 .00491 16.1986 3138 .00069 
2800 14.961 35.9353 35.9353 78.8740 69.7196 61955 .00322 15.0772 3026 .00065 
2900 15.003 37.4335 37.4335 79.3997 67.3181 6.717 .00260 14. 0331. 2922 .00060	 - 
3000 15.043 38.9358 38.9358 79.9090 65.0765 6,456 .00172 13.0585 2825 .00041 

3100 15.081 40.4420 40.4420 80.4029 62.9793 6. 289 0.00079 -	 12.1468 2734 0.00032 
3200 15.117 41.9519 41.9519 80.8822 61.0132 6,094 .00043 11.2921 2649 .00027 
3300 15.152 43. 4654 43.4654 81.3480 59.1661 5,912 -.00052 10.4991 2568 .00051 
3400 15.185 44.9822 44.9822 81.8008 57.4278 5,740 -.00100 9. 733.3 2493 .00031 
3500 15.216 46.5022 46.5022 82.2414 55.7888 5,578 -.00154 9.0207 2421 .00050 

3600 15.246 48.0254 48.0254 82.6705 54.2409 5 424 -0.00184 8.3477 2354 0.00348 
3700 15.275 49.5514 49.5514 83.0886 52.7765 5,280 -.00257 7.7110 2290 .00047 
3800 15.302 51.0802 51.9802 83 4963 51.3899 5,141 -.00250 7.1079 2230 .00051 
3900 15.329 52.6118 52.6118 83.8941 50.,0742 5,011 -.00205 6.5556 2173 .00045 
4000 15.355 54.1460 54.1460 84.2826 48.8244 4,886 -.00311 5.9919 2119 .00037 

4100. 15.380 55.6828 55.6828 84.6620 47.6358 4,767 -0.00310 5.4747 - 2067 0.00046 
4200 15.405 57.2220 57.2220 85.0329 46.5030 .	 4,654 -.00322 4.9821 2018 .00040 
4300 15.429 58.7637 58.7637 85.3957 45.4248 4,546 -.00318 4.5124 ,	 1970 .00057 
4400 15.452 60.3078 60. 3078 85.7507 44.3948 4.443 -.003.33 4.0641 1926' .00050 
4500 15.475 61.8541 61.8541 86.0982 43.4108 4,343 -.90313 3.6356 1883 .00055 

4600 15.498	 - 63.402S 63.4028 86. 4386 42.4698 4,249 -0.00314 3.2257 -1842 0.00049 
4700 15.520 64.9556 64. 9536 86.7721 41.5659 4,158 -.00.305 2.8333 1803 .00048 
4600 15.542 66.5068 66. 5068 87.0991 40.7057 4,070 -.90271 2.4572 1765 .00060 
4900 15.564 68.0620 68.0620 87.4198 39.8778 3,086 -.00250 2.0964 1729 .00060 
5000	 ' 15.586 69.6196 69.6196 87.7344 39.0831 3,905 -.00239 1.7500 1694 .00064 

5100 15.608 71.1792 71.1792 88.0433 38.3198 3.827 -0.90196 1.4172 1661 0.00068 
5200 15, 630 72.7412 72.7412 88.3466 37.5858 3,752 -.00172 1.0971 1629 .00064 
5300 15.652 74.3052 74.3052 98.6445 36.8756 3. 680 -.00158 .7891 1598 .00067 
5400 15.674 75.8716 75.8716 88.9373 36.1997 3,610 -.90116 .4925 1568 .00071 
5500 15.696 77.4400 77.4400 89.2251 35.5445 3,543 -.00088 .2067 1540 .(9)070 

5600 15.718 79.0108 79.0108 89.5081 34.9127 3,478 -0.00068 -0.0690 1512 0.00074 
5700 15.740 80.5936 80.5836 89.7865 34.3032 3.416 -.00037 -.3350 1486 .00069 
5800 15.762 82. 1588 82.1.%S 90.0604 33.7146 3.356 -.00031 -.5919 1460 .90074 
5900 15.784 83.7360 83.7360 90.3301 3:3.1461 3,298 -.00007 -.8401 1435 .00073 
6000 15.806 85.3156 85.3056 90.5955 325965 --------- ----------- --1. OSOO
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TABLE XXIV-THERMODYNAMIC PROPERTIES OF 	 - 
Cl (GAS) 

[Atomic weight, 33.4571 

11 
T 

(K) (cal !\ (k' (	 cal 
\. mole K I .mole) \.niolej mole °K 

0 0 32.5131 
298. 16 5. 2203 1.4991 34.0122 39.4569 
300 5.223 1 1.5087 34.0218 39.4890 
400 5.3705 2.0391 34.5522 41.0138 
500 5.4363 5801 35.0932 42. 2206 
600 5.4448 3.1244 35.6375 43.2132 
700 5.4232 3.6880 36.1811 44.0511 
800 5.3887 4.2086 36.7217 44.7731 
900 5.3506 4. 7456 37.2587 45.4056 

1000 5.3133 5.2788 37.7919 45.9674 
1100 5.2788 5.8084 38.3215 46.4722 
1200 5.2477 6.3347 38.8478 46.9302 
1300 5.2201 6.8581 39.3712 47.3491 
1400 5.1958 7.3789 39.8920 47.7351 
1500 5.1745 7.8974 40.4105 48.0928 
1600 5.1557 8.4139 40.9270 48.4262 
1700 5.1392 8.9286 41.4417 48. 7383 
1800 5. 1246 9.4418 41.9549 49.0316 
1900 5.1117 9.9536 42.4607 49.3063 
2000 .1002 10.4642 42.9773 49.5702 
2100 5.0900 10.9737 43.4808 49.8188 
2200 5.0809 11.4823 43.9954 50.0554 
2300 5.0727 11.9900 44.5031 50.2811 
2400 5.0654 12.4969 45.0100 50.4968 
2500 5.0588 13.0031 45.5162 50.7034 
2600 5.0528 13.5087 46.0218 50.9017 
2700 5.0474 14.0137 46.5268 51.0923 
2800 5.0425 14.5182 47.0313 51.2758 
2900 5.0380 15.0222 47.5353 51.4527 
3000 5.0339 15.5258 48.0389 51.6234 
3100 .	 5.0301 16.0290 48.5421 51.7884 
3200 5.0267 16.5318 49.0449 51. 9480 
3300 5.0235 17.0343 49.5474 52.1027 
3400 5.0206 17.5365 50.0496 52.2526 
3500 5.0179 18.0385 50.5516 .52.3981 
3600 5.0154 18.5401 51.0532 52.5394 
3700 5.0131 19.0416 51.5547 52.6768 
1800

- 
5.0109 19.5428 52.0559 52.8103 

3900 5.9089 20.0437 52.5568 52.9406 
4000 5.9070 20.5445 53.0576 53.0674 
4100 5.0052 21.0452 53.5583 53.1910 
4200 5.0035 21.5456 54.0587 53.3116 
4300 5.0020 22.0459 54.5590 53.4293 
4400 5.0006 22.5460 . 55.0591 53.5443- 
4500 4. 9993 23.0460 55.5591 53. 6566 
4600 4.9981 23.5459 56.0590 53.7665 
4700 4.9970 24.0456 56.5587 53.8740 
4800 4.9960 24.5453 57.0584 53.9792 
4900 4.9950 25.0448 57.5579 58.0822 
5000 4.9941 25.5443 58.0574 54.1831 
5100 4.9932 26.0416 58.5567 54.2820 
5200 4.9924 26.5429 59.0560 54.1789 
5300 4.9916 27.0421 59.5552 54.4740 
5400 4.9908 27.5412 60.0543 54.5673 
5500 4. 9901 28.0403 60.5534 54.6589 
5600 4.9894 28.1393 61.0524 54.7488 
5700 4.9887 29.0382 61.5513 54.8371 
5800 4.9880 29.5370 62.0501 54.9239 
5900 4.9873 30.0358 62.5489 55.0091 
6000 4.9866 30.5345 63.0476 55.0929
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TABLE XXV-THERMODYNAMIC PROPERTIES OF C12 (GAS) 

[Molecular weight, 70.914] 

T
P . ö(Mi)lT(a^5)

o1ogK='(+d) 

(°K) ( k 1kl  '
-. log f 

\.mole  K) \.molej mole) ..mole °K) a b c d 

0 0 7.8061 
298. 16 8. 11 2. 1939 10.0000 53. 286 97. 9319 36. 9304 
300 8.12 2.2089 10.0150 53. 336 97. 3383 36. 6695 
400 8.44 3.0384 10.8445 55. 720 73.2947 --------  
500 8.62 3.8920 11.6981 57.625 58.8656 19.7044 

600 8.74 4.7610 12.5671 59.207 49.2389

--
--

15.4354 
700 8.82 5.6399 13.4460 60.562 42.3545

---

- 12.3755 
800 8.88 6.5248 14.3309 61.744 37.1837 10.0725 
900 8.92 7.4142 15.2203 62.792 33.15.54 -------- 8.2757 

1000 8.96 8.3090 16.1151 63.7350 29.9262 2884

-

0.02478 6.8337 1282 0.01765 

1100 8.99 9.2065 17.0126 64.5904 27.2796 2624 0.02283 5.6506 1168 0.01517 
1200 9.02 10.1070 17.9131 65.3739 25.0701 2410 .01895 

--

4.6621 1073 .01312 
1300 9.04 11.0100 18.8161 66.0967 23.1973 .	 2227 .01719 3.8236 992 .01183 
1400 9.06 11.9150 19.7211 66.7674 21.5894 2070 .01570 3.1032 923 .01047 
1500 9.08 12.8220 20.6281 67.3931 20.1937 1930 .01695 2.4774 863 .00923 

1600 9.109 13.7315 21.5376 67.9800 18.9705 1817

--

0.01228 1.9288 810 0.00863 
1700 9.124 14.6431 22.4492 68.5327 17.8854 1712 .01109 1.4437 764 .00766 
1800 9.139 15.5563 23.3624 69.0547 16.9272 1618 .01042 1.0116 722 .00720 
1900 9.155 16. 4709 24. 2770 69. 5492 16.0652 15.34 .00990 .6244 686 .00620 
2000 9.171 17.3873 25.1934 70.0192 15.2883 1460 .00856 .2752 653 .00545 

2100 9.185 18.3051 26.1112 70.4670 14. 5845 1391 0.00823 -0.0412 623 0.00492 
2200 9.200 19.2243 27. 0304 70.8946 13.9440 1329 .00767 -.3293 595 .00480 
2300	 . 9.215 20.1451 27.9512 71.3039 13.3585 1272 .60740 -.5928 570 .00440 
2400 9.230 21.0673 28.8734 71.6964 12.8211 1220 .00700 -.8347 547 .00410 
2500 9.244 21.9910 N. 7971 72.0735 12.3261 1172 .00663 -1.05713 526 .00379 

2600 9.259 22.9161 30.7222 72.4364 11.8687 1128 - 0.00632 -1.2637 506 0.00359 
2700 9.273 5.3.8427 31. 6488 72. 7860 11.4446 1087 .00599 -1. 4.547 488 .00331 
2800 9.287 24.7707 32.5768 73.1235	 . 11.0564 1049 .00568 -1.6323 471 .00319 
2900 9.300 25.7501 33.8062 73.4497 10.6830 1012 .00597 -1.7979 456 .00250 
30130 .9.315 26.6309 34.4370 73.7652 10.3397 981 .00495 -1.9527 441 .00264 

3100 9.327 27. 5629 35.3690 74.0708 10.0183 949 0.90514 -2.09713 427 0.00256 - 
3200 9.341 28.49133 36.3024 74.3672 9.71136 919 .00532 -2.2336 415 .00224 
3300 9.355 29.4311 37.2372 74.6548 9.4328 893 .09465 -2.3616 402 .00226 
3400 9.368 30.3673 38.1734 74. 9343 9. 1655 8613 .00487 -2.4821 391 .00209 
3500 9.382 31.3048 39.1109 75.2060 8.9132 843 .00443 -2.5959 381 .00177 

3600 9.395 32.2437 40. 0498 75.4705 8.6746 819 0.00455 -2.7035 371 0. 00163 
3700 9.409 33.1839 40.0990 75.7281 8.4487 798 .00430 -2.8054 361 .00160 
3800 9.422 34. 1254 41.9315 75.9792 8:2344 776 .00458 -2.9020 352 .00144 
3900 9.436 35.0138.3 42.8744 76.2241 S.03Q9

.. 
758 .00410 . -2.9937 343 .00155 

4000 9.448 36.0125 43.8186 76.4632 -7;8373 39 .00406 -3.0810 334 .00154 

4100 9.461 36.9579 44.7640 76.6966 7.6530 1721 - 0.00403 -3.1640 327 0.00134 
4200 9.474 37. 9047 45.7108 76.9248 74773 703 .00431 -3.2432 319 .90131 
4300 9.488 38.8528 46. 6589 77.1479 7.3(Y95 .00394 -3.3187 312 .00129 
4400 9.501 39.8023 47. 6084 77.3662 7.1492 670 .00397 -3.3909 305 .00122 
4500 9.514 40.7530 48.5591 77.5798 6.9959 658 .00386 -3.4599 299 .00110 

4600 9.527 41.7051 49.5112 77.7891 6.8490 644 0.00378 -3.5260 292 0.00117 
4700 9.540 42.6584 50.4645 77.9941 6.7082 630 .00385 -3.5893 286 .00112 
4800 9.553 43.6131 51.4192 78.1951 6.5731 617 .00378 -3.6500 281 .00095 
4900 9.566 44.5690 52.3751 78.3922 6.4434 605 .00370 -3.7083 275 .00100 
5000 9.579 45.5263	 . 53.3324 78.5856 6.3187 593 .00363 -3.7643 270 .000813 

5100 9.592 46.4868 - 54.2909 78.7754 6.1988 581 0.00377 -3.8181 265 0.90084 
5200 9.605 47. 4447 55. 2508 78.9618 6.0833 569 /	 .00384 -3.8699 260 .00084 
5300 9.619 48.4059 56.2120 79.1449 5.9721 559 .00378 -3.9198 255 .00078 
5400 9.632 49.3684 57.1745 79.3248 5. 8&48 549 .00368 -3.9678 250 .00095 
5500 9. 645 50.3323 58.1384 79.5016 5.7613 539 .00365 -4.0141 246 .00077 

5600 9.658 51.2974 59.1035 79.6755 5.6614 530 0.00362 -4.0588 242 0.00074 
5700 9.671 52.2639 60.0700 79.8466 5. 5648 520 .00364 -4. 1020 238 .00067 
5800 9.684 53.2316 61.0377 80.0149 5.4715 511 .00369 -4.1437 233 .0007! 
5900 9.697 54.2007 62.0068 80.1806 5.3812 503 .00357 -4.1839 230 .00067 
6000 9.710 53.1660 62.9771 80.3436 5.2938 --------- -----------	 - -4.2229 . ---- .------------

-213637-53-----50 
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TABLE XXVI-THERMODYNAMIC PROPERTIES OF CIF (GAS) 

Molecular weight, 54.457] 

C° a H-H H° . 1 1 log K-- (-+d 
.5H \	 RTJ	 100T	 / 100 \T 

K) (	 cal	 \ (keal ' (kcal \ (_Cal	 \
1	 K log 

mole K) .mole) .mole) \mole °K) a S c d 

0 0 21.2069 
298. 16 7. 6517 2. 1281 23.3350 . .0433 102. 1326 38.8196 
300 7.6599 2.1422 23.3491 52.0904 101. 5154 38. 5476 
400 8.0382 2. 9283 24.1351 54.3491 76.4945 27. 5018 
500 8.2920 3.7456 24.9525 56.1720 61.4528 20.8444 

600 8.4594 4.5838 25.7907 57.6997 51.4044 16.3882 
700 8.5723 5.4357 26.6426 59.0127 44.2125 13. 1937 
800 8.6511 6.2971 27.5040 60.1628 38.8081 10.7898 
900 •	 8.7077 7.1652 28.3721 61.1852 34.5972 8.9145 

1000 8.7496 8.0381 29.2450 62.1049 31.2228 3018 0.02146 7.4100 1337 0.01885 

1100 8.7814 8.9147 30.1216 62.9404	 - 28.4577 2748 0.01730 

--

6.1757 1218 0.01620 
1200 8.8060 9.7940 31.0009 63.7055 26.1504 2522 .01490 5.1445 1119 .01383 
1300 8.8255 10.6756 31.8825 64.4111 24.1955 2331 .01250 

--

--

--

--

4.2699 1035 .01211 
1400 8.8411 11.5589 32.7658 65.0657 22.8180 2167 .01073 .	 3.5185 962 .01127 
1500 8.8538 12.4437 33.6506 65.6761 21.0626 2025 .00908 2.8659 900 .00980 

1600 8.8644 13.3296 34.5365 66.2479 19.7879 1901

-

-
-

0.00747 2.2936 845 0.00904 
1700 8.8732 14.2165 35.4234 66.7855 18.6622 1790 .00696 1.7875 796 .00848 
1800 8.8808 15.1042 36.3111 67.2929 17.6608 1692 .00617 1.3368 753 .00778 
1900 8.8875 15.9926 37.1995 67.7733 16.7641 1605 .00500 .9327 714 .00730 
2000 8.8937 16.8817 38.0886 68.2293 15.9566 1525 .00491 .5684 680 .00649 

2100 8.8997 17.7713 38.9782 68.6634 15.2255 1453 0.00465 0.2381 648 0.00635 
2200 8.9059 18.6616 39.8585 69.0775 14.5604 1388 .00412 -. 0628 619 .00607. 
2300 8.9126	 . 19.5525 40.7594 69.4736 13.9528 1327 .00448 -.3390 593 .00562 
2400 8.9202 20.4442 41.6511 69.8530 13.3954 1272 .00430 -.5907 569 .00530 
2500 8.9291 21.3366 42.5435 M. 2174 12.8823 1220 .00477 -.8236 547 .00492 

2600 8.9398 22.2301 43.4370 70.5678 12.4083 1173 0.00476 -1.0389 527 0.00461 
2700 8.9525 23.1247 44.3316 70.9054 11.9691 1128 .005.34 -1.2387 508 .00437 
2800 8.9678 24.0207 45.2276 71.2313 11.5609 1086 .00602 -1.4245 490 .00433 
2900 8.9858 24.9184 46.1253 71.5463 11.1804 1047 .00650 -1.5978 474 .00390 
3000 9.0072 25.8180 47.0249 71.8513 10.8249 1009 .90762 -1.7597 459 .00374 

3100 9.0320 26.7200 47.9269 72.1470 10.4918 974 0.00832 -1.9115 445

- 

0.00344 
3200 9.0606 27.6246 48.5315 72.4342 10.1791 941 .00915 -2.0540 432 .00319 
3300 9.0932 28. 5323 49.7392 72.7135 9.8848 909 .01015 -2.1981 419	 - .00306 
3400 9.1299 29.4435 50.6504 72.9855 9.6073 879 -	 .01116 -2.3144 408 .00273 
3500 9.1709 30.3585 51.5654 73.2508 9.3490 850 .01229 -2.4337 397 .00252 

3600 9.2162 31.2779 52.4848 73.5098	 - 9.0966 823 0.01317 -2.5465 387 0.00221 
3700 9.2658 32.2020 53.4089 73.7630 8.8610 797 .01416 -2.6533 377 .00219 
3800 9.3197 33.1312 54.3381 74.0108 8.6371 772	 . .01535 -2.7547 368 .00184 
3900 9.3778 34.0661 55.2730 74.2536 8.4238 749 .01605 -2.8509 359 .00175 
4000 9.4399	 - 35.0070 56.2139 74.4918 8.2 205 726 .01713 -2.0424 351 .00149 

4100 9.5059 35.9543 57.1612 74.7257 8.0263 705 0.01804 -3.0295 343 0.00133 
4200 9.5754 36.9084 58.1153 74.9556 7.8404 684 .01893 -3.1125 336 .00106 
4300 9.6485 37.8696 59.0765 75.1818 7. 6624 .	 666 .01954 -3.1917 329 .00093 
4400 9.7246 38.8382 60.0451 75.4045 7.4915 647 .02032 -3.2674 322 .00074 
4500 9.8035 39.8146 . 61.0215 75.6239 7.3274 630 .02084 -3.3397 316 .09050 

4600 9.8849 40. 7990 62.0059 75.8403 7.1696 614 0.02146 -3.4089 . 310 0.00024 
4700 9.9686 41.7917 62.9986 76.0538 7.0175 599 .02181 -3.4751 305 -.00004 
4800 10.0539 42. 7928 63. 9997 76.2645 6.8709 585 .02221 -3.5386 299 -.00012 
4900 10.1407 43.8026 65.0095 76.4727 6.7293 572 .02230 -3.5995 294 -.00030 
5000 10.2287 44.8210 66.0279 . 76.6785 6.5926 560 .02250 -3. 6580 289 -.00057 

5100 10.3173 45.8483 67.0552 76.6819 6.4603 -	 548	 . 0.02272 -3.7141 284 -0.00072 
5200 10.4064 46.8845 68.0914 77.0831 6.3322 538 .02259 -3.7680 280 -.00093 
5300 10.4955 47.9296 69.1365 77.2822 6.2081 528 .02252 -3.8199 275 -.00103 
5400 10.5844 48.9836 70.1905 77.4792 6.0878 519 .02244 - -3.8698 270 -.00109 
5500 10.6725 50.0465 71.2534 77.6742 5. 9710 511 . 02215 -3. 9178 267 -.00138 

5600 10.7597 51.1181 72.3250 77.8673 5.8576 504 0.02178 -3.9641 263 -0.00154 
5700 10.8457 52.1983 73.4052 78.0085 5.7474 497 .02141 -4.0087 259 -.00156 
5800 10.9302 53.2871 74.4940 78. 2478 5. 640.3 491 -	 .02098 -4.0518 255 -.00182 
5900 11.0129 54.3843 75.5912 78.4354 5.5361 485 -.02067 -4.0932 252 -.00190 
6000 11.0937 55.4896 76.6965 78.6212 3.4346 --------- ----------- --4.1333
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TABLE XXVII-THERMODYNAMIC PROPERTIES OF F (GAS) 

[Molecular weighs, 19.00] 

C .1 ii 

(°K) (_cal \ kcal (\ (_' mole 'K \mole j \moleJ mole 'K 

0 0 48.2781 
298.16 5.4364 1.5580 49.8361 37.9173 
300 5.4355 1.5680 49.8461 37. 9507 
400 5.3612 2.1081 50.3862 39.5W 
500 5.2819 2.6401 50.9182 40.6926 

600 5.2179 3.1650 51.4431 41.6497 
700 5.1692 3.6842 51.9623 42.4502 
800 5.1324 4. 1992 52.4773 43.1379 
900 5.1043 4. 7110 52.9891 43.7407 

1000 5.0826 5.2203 53.4994 44.2774 

1100 5.04155 5.7277 54.0058 44.7610	 - 
1200 5.0519 6.2336 54.5117 45.2012 
1300 5.0409 6.7382 55.0163 45.6051 
1400 5.0318 7.2419 55.5200 45.9783 
1500 5.0244 7.7447 56.0228 46.3252 

1600 5.0181 8.2468 56.5249 46.6493 
1700 5.0129 8.7483 57.0264 44.9534 
1800 5.0084 9.2494 57.5275 47.2398 
1900 5.0045 9.7501. 58.0282 47.5105 
2000 5.0012 10.2503 58.5284 47.7671 

2100 4.9993 10.7503 59.0284 48.0110 
2200 4.9957 11.2500 59.5281 48.2435 
2300 4.9935 11.7495 60.0276 48.4655 
24110 4.9911 12.2487 60.5268 48.6780 
2500 4.9898 12.7478 61.0259 48.6817 

2600 4.9882	 - 13.2467 61.5248 49.0774 
2700 4.9868 13.7454 62.0235 49.2656 
2800 4.9855 14.2441 -62.5222 49.4469 
2900 4.9844 14.7425 63.0206 49.6219 
3000 4.9834 15.2409 63.5190 49.7908 

3100 4.9824 15.7392 64.0173 49.9542 
3200 4.9816 16.2374 64.5155 50.1124 
3300 4.9808 16.7355 65:0136 50.2657 
3400 4.9801 17.2336 65.5117 50.4143 
3500 4.9794 17.7316 66.0097 50.5587 

3600 4.9788 18.2295 66.5076 50.6990 
3700 4.9782 18.7273 67.0054 60.8354 
3800 4.9777 19.2251 67.5032 50.9681 
3900 4.9772 19.7229 68.0010 51.0974 
4000 4.9768 20.2206 68.4987 51.2234 

4100 4.9764 20.7182 68.9W 51.3463 
4200 4.9760 21.2158 69.4939 51.4662 
4300 4.9756 21.7134 69.9915 51.5833 
4400 4.9753 22.2110 70.4891 51.6977 
4500 4.9750 22.7095 70.9866 51.8095	 - 

4600 4.9747 23.2060 -	 71.4841 51.9188 
4700 4.9744 . 23.7034 71.9815 52.0258 
4800 4.9741 24.2009 72.4790 52.1305 
4900 4.9739 24.6983 72.9764 52.2331 
5000 4.9737 25.1950 73.4737 52.3336 

5100 4.9735 25.6930 73.9711 52.4320 
5200 4.9732 26.1903 74.4694 52.5286 
5300 4.9731 26.6876 74.%57 . 523234 
5400 4.9729 27.1949 75.4630 - 52.7163 
5500- 4.9727 27.6822 75.9603 52.8076 

5600 4.9725 28.1795 76.4576 52.8972 
5700 4.9724 28.6767 76.9548 52.9852 
5800 4.9723 29.1740 77.4521 53.0716 
5900 4.9721 29.6712 77.9493 53.1566 
6000 -4.9720 30.1684 78.4465 53. 2402
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TABLE XXVIII-THERMODYNAMIC PROPERTIES OF F 2 (GAS) 

[Molecular weight, 38.001 

T
TO -11C C H°

o(_°)=_T(.-+b) ologK=T(.+a ) 
K) (_cal	 \ (kcal \ (kcal' (	 cal	 \

- 

log A  

b 
\mole oKJ \.moleJ \mole/ \.moleoKJ .	 a c d 

0 0 60.9562 
298.16 7.5183 2.1137 63.0699 48.5590 61.7763 20.8681 300 7.5262 2.1276 63.0838 48.6053 61.4076 --------  400 7.9077 2.9001 63.8563 50.8251 46.4428 --------  500 8.1822 3.7055 64.6617 52.6211 37.4145 9.9626 
600 8.3704 4.5337 65.4899 54.1306 31.3646

-

- 7.2467 700	 . 8.5004 5.3776 66.3338 55.4313 27.0238 5.2959 800 8.5924 6.2325 67.1687 56.5727 23.7560
.. ------

3. 8255 900 8. 6593 7.0953 68.0515 57.5888 21.2063 2* 6768 1000 8.7092 7.9643 68.9205 58.5042 19.1610 1825 0.01791 1.7540 817 0.01517 
1100 8.7472 8.8371 69.7933 59.3360 17.4840 1663

-

0.01427 0.9961. 745 0.01297 1200 8.7768 9.7133 70.6695 60.0984 16.0839 1528 .01142 .3623 684 .01205 1300 8.8002 10.5921 71.5493 60.8019 14.8971 1413 .00931 -.1759 633 .01076 1400 8.8190 11.4731 72.4293 61.4547 13.8785 1315 .00733 -.6388 589 .00983 1500 8.8326 12.3557 73.3119 62.0636 12.9945 1229 .00618 -1.0413 551 .00883 
1600 8.8471 13.2397 74.1959 62.6341 12.2202 1154 0.00518 -1.3945 518 0.00799 1700 S. 8577 14.1249 75.0811 63.1708 11.5362 1087 .00461 -1.7072 488 .00759 1800 8.8666 15.0111 75.9673 63.6774 10.9277 1028 .00375 -1.9859 462 .00694 1900 8.8742 15.8982 76.8544 64.1570 10.3829 975 .00330 -2.2360 438 .00680 2000 8.8807 16.7859. 77.7421 64.6123 9.8921 927 .00287 -2.4618 417 .00633 
2100 8.8863 17.6742 78.6304 68.0457 9.4478 884 0.00238 -2.6667 398 0.00579 2200 8.8912 18.5631 79.5193 65.4592 9.0436 844 .00224 -2.8534 381 .00535 2300 8.8955 19.4525 80.4087 65.8546 8.6744 808 .06193 -3.0244 365 .06512 2400 8.8993 20.3422 81.2984 66.2332 8.3358 •	 775 .00170 -3.1816 350 .00500 2500 8.9026 21.2323 82.1885 66.5966 8.0241 744 .00165 -3.3266 336 .00497 
2600 8.9056 22.1227 83.0789 66.9458 7.7363 716 0.00152 -	 -3.44308 324 0.00460 2700 8.9082 23.0134 83.9696 67.2819 7.4696 690 .00117 -3.5854 313 .00431 2800 8.9106 23.1043 84.0605 67.60W 7.229-0 666 .00104 -3.7015 302 .00416 2900 8.9127 24.7955 85.7517 67.9187 6.9913 643 .06107 -3.8098 292 .00397 3000 8.9146 25.6869 86.6431 68.2209 6.7759 622 .00085 -3.9111 283 .06371 
3100 8.9164 2u.5784 87.54443 68.5132 6.5744 602 0.00088 -4.0061 275 .00346 3200 8.9180 27.4701 88.4263 68.7963 6.3854 584 .00063 -4.0955 266 .00349 3300 8.9194 28.3620 89.3182 69.0708	 . 6.2078 5436 .00063 -4.1796 258 .00352 3400 8.9209 29.2540 00.2102 69.3370 6.0407 550 -	 .00056 -4.2590 251 .00339 3500 8.9220 30.1462 91.1024 69.5956 5.8830 534 .06057 -4.3341 244 .00322 
3600 8.9231 31.0384 91.9946 69.8470 5.7341 520 0.00046 -4.4051 238 0.00308 3700 8.9241 31.9308 92.8870 70.0915 5.5931 506 .00034 -4.4725 232 .00295 3800 8.9250 32.8232 93.7794 70.3295 5.4596 492 .00055 -4.5365 226 .00295 3900 8.9259 33.7158 94.6720 70.5614 5.3329 480 .00040 -4.5974 221 00275 4000 8.9267 34.6084 95.5646 70.7873	 . 5.2125 468 .00035 -4.6554 215 .00276 
4100 8.9274 35.5011 96.4573 71.0078 5.0980 457 .00039 -4.7106 210

-

.00280 4200 8.9281	 - 36.3939 97.3501 71.2229 4.9888 446 .00028 -4.7634 206 .00259 4300 8.9288 37.2867 98.2429 71.4330 4.8848 436 .00021 -4.8139 201 .00262 4400 8.9204 38.1796 99.1358 71.6383 4.7855 .	 426 .00023 -4.8622 196 .00264 4500 .	 8.9300 39.0726 100.0288 71.8390 4.6906 417 .00025 -4.9084 192 .00256 
4600 8.9305 39.9656 100.9218 72.0352 4.5997 407 0.00030 -4.9527 188 0.00260 4700 8.9310 40.8587 101.8149 72.2273 4.5128 399 .00028 -4.9953 184 .00247 4800 8.9315 41.7518 102.7080 72.4153 4.4294 391 .00010 -5.0361 181 .00246 4900 8.9319 42.6450- 103.0012 72.5995 4.3495 383 .00020 -5.0755 177 .00240 5000 8.9323 43.5382 104.4944 72.7900 4.2727 375 .00027 -5.1133 174 .00228 
5100 8.9327 44.4315 105.3877 72.9568 4.1989 368 0.00013 -5.1497 171 0.06222 5200 8.9331 45.3248 106.2810 73.1303 4.1280 361 .00019 -5.1848 168 .00220 5300 8.9334 46.2181 107. 1743 73.3005 4.0597 354 .00014 -5.2187 165 .00214 5400 8.9337 47.1114

-
108.0676 73.4674 3.9940 348 .00013 -5.2514 161 .00223 5500 8.9340 48,0048 108. 9610 73.6314 -__3.9306 341 .00021 -5,2829 159 .00221 

5600 8.9343 48.8982 109.8544 73. 7924 3.8695 335 0.00023 -5.3135 156 0.06213 5700 8.9346 49.7917 110.7479 73.9501 3.8105 329 .00018 -5.3430 153 .00222 5800 9.9349 50.6852 111.6414 74. 1059 3.7536 324 .00008 -5.3716 150 .00218 5900 8.8351 51.5787 112. 5349 74. 2586 3.6986 318 .00020 -5. 3992 148 .00213 6000 8.8353 52.4722 113.4284 74.4088 3.6454 --------- ----------- --5.4260
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TABLE XXIX-THERMODYNAMIC PROPERTIES OF H (GAS) 

[Atomic weight, 1.008] 

C. i•i-ii, II 

(°K) (_ 1	 " (	 ' 
'..

 
mole K/ \mole/ %..molej mole *K 

0 0 85.3285 
298.16 4.9680 1.4212 86.8097 27.3927 
300 4.9680 .1. 4904 86.8180 27.4392 
400 4.9680 1.9872 87.3157 28.8524 
500 4.9680 2.4840 87.8125 29.9610 

600 4.9680 2.9808 88.3093 30.8667 
700 4.9680 3.4776 88.8061 31.6326 
800 4.9680 3.9744 89.3029 312959 
900 4.9680 4.4712 89.7997 32.8811 

1000 4.9680 4.9680 90.2965 33.4045 

1100 4.9680 5.4648 90.7933 33.8780 
1200 4.9680 5.9616 91.2901 34.3103 
1300 4.9680 6.4524 91.7809 34.7079 
1400 4.9680 6.9552 92.2837 35.0761 
1500 4.9680 7.4520 92.7805 35.4188 

5600 4.9680 7.9488 93.2773 35.7395 
1700 4.9680 8.4456 93.7741 36.0407 
1800 4.9680 8.9424 94.2709 36.3246 
1900 4.9680 9.4392 94.7677 36.5932 
2000 4.9680 9.9360 95.2645 36.8480 

2100 4.9680 10.4228 95.7613 37.0904 
2200

-
4.9680 10.9296 96.2581 37.3255 

2300 4.9680 11.4264 96.7540 37.5424 
2400 4.9680 11. 9392 97.2517 37.7538 
2500 4.9680 12.4200 97.7485 37.9566 

2600 4.9680 12.9168 98.2453 38.1515 
2700 4.9680 13.4136 98.7421 38.3390 
2800 4.9680 13.9104 99.2389 35.5196 
2900 4.9680 14.4072 99.7357 38.6940 
3000 4.9680 14.9W 100.2325 38.8624 

3100 4.9680 15.4008 100.7293 39.0253 
3200 4.9680 15.8976	 . 101.2261 39.1830 
3300 4.9680 16.3944 101.7229 39.3359 
3400 4.9680 16.8912 102. 2197 39.4842 
3500 4.9680 17.3880 102.7165 39.6282 

3600 4.9680 17.8848 103.2133 39.7681 
3700 4.9680 18.3816 103.7101 39.9043 
3800 4.9680 18.8754 104. 2069 40.0368 
3900 4.9680 19.3752 194.7037 40.1658 
4000 4.9680 19.8720 105. 2005 40.2916 

4100 4.9680 20.3688 105.6973 40.4142 
4200 4.9680 20.8626 106. 1941 40.5340 
4300 4.9680 21.3624 106.6909 40.6209 
4400 4.9680 21.8592 107. 1877 40.7651 
4500 4.9680 22.3560 107.6845 40.8767 

4600 4.9680 22.8528 108. 1813 40.9859 
4700 4.9680 23.3496 108.6781 .	 41.0928 
4800 4.9680 23.8464 109.1749 41.1973 
4900 4.9680 24.3432 109.6717 41.2998 
5000 4.9680 24.8400 110. 168.5 41.4002 

5100 4.9680 25.3368 110.6653 41.4985 
5200 4.9680 25.8336 111. 1621 41.5950 
5300 4.9680 26.3304 111.6589 41.6896 
5400 4.9080 26.8272 112.1657 41.7825 
5500 4.9680 27.3240 112.6525 41.8736 

5600 4. 9680 27.8208 113. 1493 41.9632 
5700 4.9680 28.3176 113.6461 42.0511 
5800 4.9680 28.8144 114.1429 42.1375 
5900 4.9680 29.3112 114. 6397 42.2224 
6000 4.9680 2q.8080 115. 1365 42.3059
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TABLE XXX-THERMODYNAMIC PROPERTIES OF 112 (GAS) 

[Molecular weight, 2.0161 

T
II-IJ H j(M)__oT()

oIogK='(+d) 
(J) (_Cal kcal kcal f	 J\ log 

b mole 'K '.mole J \.moleJ \moleoK) a c d 

0 0 67.4169 
298.16 6.892 2.0238 69.4407 31. 211 1-7-5-.- 8- 29- 7 71.21398 300 6.895 2.0 369 69.4534 31.253 174.7610 70.7414 400 6.974 2.7310 70. 1479 33.250 131.4465 51.7421 500 6.993 3.4295 70.8464 34.809 105.4544

--

-- 40.3099 
600 -	 7.008 4.1286 71.5455 36.084 88.1261 - 32.6669 700 7.035 4.8315 72.2484 37.167 75.7454 27. 1921 800 7.078 5.5374 72.9543 38.108 66.4582 23.0744 900 7.139 6.2480 73.6649 38.946 59.2322 - 19.8636 1000	 . 7.219 6.9658 74.3827 39.7040 53.4478 5185 0.02306 17.2883 2291 0.03007 

1100 7.310 7.6923 75.1092 40.3963 48.7111 4712 

-------
-- --

------

0.02453 15.1755 2087 0.0258.3	 - 1200 7.407 8.4281 75.8450 41.0365 44.7599 4318 .02556 13.4105 1916 .02315 1300 7.509 9.1739 76.5908 41.6334 41.4128 3985 .02837 11.9135 1772 .02029 1400 7.615 9.9301 77.3470 42.1938 38.5400 3700 .02653 10.6275 1648 .01833 1500 7.7292 10.6969 78.1138 42.7227 36.0468 3454 

-----

.02605 9.5105 1541 .01628 
1600 7.8232 11.4740 78.8909 43.2243 33.8620 3240 

-----

0.02502 8.5311 1447 0.01472 --1700 7.9229 12.2613 79.6782 43.7016 31.9311 3051 .02400 7.6652 1364 .01332 1800 8.0185 13.0584 80.4753 44.1571 30.2125 2884 

-----

.02261 6.8941 1291 .01173 1900 8.1093 13.8648 81.2817 44.5931 28.6716 2734 

------

.02170 6.2029 1229 .01060 2000 8.1949	 . 14.6800 82.0969 45.0112 27.2829 2600 .92031 5.5798 1166 .00946 
2100 8.2762 15.5036 82. 9205 45.4130 26.0245 2478 0.01954 5.0151 1112 0.00865 2200 8.3537. 16.3351 83.7520 45.7998 24.8786 2367 .01807 4.5010 1063 .00793 2300 8.4274 17.1741 84.5910 46.1728 23.8308 2267 .01752 4.0309 1018 .00733 2400 8.4977 18.0204 85.4373 46,5329 22.8687 2174 .01690 3.5994 978 .00640 2500 8.5647 18.8735 86.2904 46.8812 21.9822 2089 .01604 3.2018 940 .00586 
2600 8.6286 19.7331 87.1500 47.2183 21.1627 2011 - 0.01519 2.8344 905 0.00541 - 2700 8. 6896 20.5991 88.0160 47.5451 20.4027 1938 .01466 2.4938 873 .00481 2800 8.7479 21.4709 8.8.8878 47.8622 19.6959 1870 .01417 2.1772 843 .00441 2900 8.8042 22.3485 89.7654 48.1702 19.0369 1807 .01377 1.8821 815 .0048.3 3000 8.8587 23.2317 

24.1202

90.6486 

91.5371

48.4696 18.4208 1748 1	 .01323 1.6064 789. . 00368 
3100 8.9118 48.7609 17.S437 1693 0.01294 1.3482 764 0.00355 3200 8.9636 25.0140 92.4309 49.0447 -	 17.3017 1640 .01283 1.1059 741 .00325 3300 9.0143 25.9129 93.3298 49.3213 16.7919 1591 .01266 .8781 719 .00313 3400 9.0639 26.8168 94.2337 49.5911 16.3113 1546 .01219 .6635 699 .00279 3500 9.1125 27. 7256 95.1425 49.8545 15.8574 1502 .01298 .4610 680 .00241 
3600 9.1602 28.&392 96. 0561 50.1119 15.4281 1461 0.01184 0.2697 662	 - 0.00228	 - 3700 9.2070 29.5576 06.9745 50.3635 15.0214 1423 .01153 .0885 644 .00223 3800 9.2529 30.4806 97.8975 50.6097 14.6354 1386 .01132 -.08.32 628 .	 .00197 3900 9.2979 31.4081 98.8250 50.8506 14.2687 1351 .01125 -.2462 613 .00175 4000 9.3421 32.3401 99.7570 51.0866 13.9197 1318 01104 -.4012 598 .00165 
4100 9.3856 33.2765 .	 100.6934 51.3178 13.9872 1287 0.01067 -0.5487 584 --	 0.00145 - 4200 9.4283 34.2172 201. 6341 51.5445 13.2701 1257 .01057 -.6892 571 .00131 4300 9.4704 35.1621 102. 5790 51.7668 12.9672 1229 .01038 -.8233 558 .00118 4400 9.5118 36.1113 103. 5282 51.9850 12.6775 1201 .01031 -.9513 546 00097 - 4500 9.5526 37.0645 104. 4814 52.1992 12.4003 1175

. 
.01017 -1.0736 535 .00080 

4600 9.5928 38.0217 105.4386 52.4096 12.1347 1150 - 0.01002 -1.1907 524 0.00071 --4700 9.6124 38.9830 106. 3999 52.6164 11.8800 1127 .00971 -1.3029 514 .00042 4800 9.6714 39.9482 107. 3651 52.8196 11.6355 1104 .00969 -1.4104 503 .00045 4900 9.7099 40.9173 108.3242 53.0194 11.4005 1082 .00950 -1.5135 494 .00030 5000 

-

9.7479 41.8901 109.3070 53.2159 11.1746 1061 .00936 -1.6126 484 .00020 
5100 9.7853 42.8668 110. 2837 . 53.4093 10.9572 1041 0.00931 -1.7077 475 0.00015	 - 5200 9.8222 43.S472 111. 2641 53.5997 10.7477 1021 .00916 -1.7992 466 .00018 5300 9.8586 44.8312 112. 2481 53.7871 10.5459 1003 .00906 -1.8873 458 -.00001 5400 9.8945 45.8189 113. 2358 53.9717 10.3511 985 .00891 -1.9721 450 -.00002 55439 .	 9.9299 46.8101 114. 2270 54.1536 10.1631 967 .00882 -2.0539 442 -.00013 
5600 9.9649 47.8048 115. 2217 54.3328 9.9816 951 0.00876 -2.1327

- 

434 -0. 00014 5700 9.9994 48.8031 116. 2200 54.5095 -	 9. 8060 934 .00867 -2.2087 427 -.00012 5800 10.0334 49.8047 117.2216 54.6837 9.6363 919 .00854 -2.2822 420 -.00029 5900 10.0670 50.8097 118. 2266 54.8555 9.4720 .	 904 .00843 -2,1531 413 -. 00033 6000 10.1001 51.8181 119.2350 55.0250 8.3129	 ----- ----	 ----------- - -2.4216



GENERAL METHOD AND TABLES FOR COMPUTATION OF EQUILIBRIUM COMPOSITION AND TEMPERATURE 	 871 

TABLE XXXI-THERMODYNAMIC PROPERTIES OF BC! (GAS) 

[Molecular weight, 36.465] 

C, H-H /1-, 4(M1o)-oT(a±5) ologK=,j(fld) 
T

- 

1gR 
K) ( cal	 \ (lcal\ (kcal\ (cal	 \ _\mole oK/ \mole/ .\.mole) .mole0KJ a S C d 

0 0 15.5926 
298.16 6.96 2.0648 17.6574 4-1.617 174.1180 70.7598 
300 6.96 2.0778 17.6704 44.661 173.0598 70.2960 
400 6.97 2.7740 18.3666 46.656 130.2113 51.4775 
500 7.00	 - 3.4730 19.0656 48.224 104.5100

---
--- 40. 
--
--

1522 

\ 600 7.07 4.1766 19.7692 49.506 87.3747 32.5758 
700 7.17 4.8881 20.4807 -	 50.60.3 75.1291 27. 1468 
800 7.29 5.6112 21.2038 51.568 65.9356 23.0623 
900 7.42 6.3468 21.9394 52.434 58.7762 ---------- 19. 8761 

1000 7.554 7.0950 22.6876 53.2220 53.0404 5124 0.04282 17.3201 2274 0.02943 

1100 -	 7.690 7.8572 23.4498 53.9484 48.3394 4661 .	 0.04023 15.2234 2071 0.02567 
1200 7.819 8.6326 24.2252 54.6230 44.4150 4277 .03660 13.4719 1903 .02145 
1300 7.938 9.4205 25.0131 55.2536 41.0884 3952 .03354 11.9866 1760 . .01876 

01667 1400 8.046 10.2197 25.8123 55.8458 38.2320 3676 

---

.02903 10.7107 1637.	 . . 
1500 8.140 11.0290 26.6216 56.4041 3.5. 7573

-- 

3437 

----
---

.02498 9.6027 1530 .01505 

1600 8.221 11.8470 27.4398 56.9320 33.5792 3227 0.02197 8.6314 1437 0.01331 
1700 8.292 12. 6727 28. 265.3 57.4325 31.6590 3040 .02031 7.7728 1355 .01172 
1800 8.358 13.5052 29.0978 57.0084 29.9498 2871 .02045 7.0083 1282 .01936 
1900

. 
8.426, 14.3444 29.9370 58.3621 28.4183 2723 .01870 6.3232 1216 .00960 

2000 8.488 15.1001 30.7827 58.7958 27.0381 2590 .01717 5.7956 1157 .00855 

2100 -	 8.545 16.0417 31.6.343 59.2114 25.7876 2471	 .. .	 0.0l502. 5,1461.. .	 1103 . 0.00804.. 
2200 8.595 16.8987 32.4913 59.6100 24.6494 2361 .01398 4.6367 1055 .00710 
2300 8.643 17.7666 33.3932 59.9832 23.6089 2262 .01240 4.1709 1010 .00667 
2400 8.685 18.6270 34.2196 60.3619 22.6540 2169 .01190 3. 7434 969 .00620 
2500	 - 8.726 19.4976 35.0902 66.7172 21.7745 2086 .01669 3.3496 931 .00582 

2600 8.762 20.3720 35.9646 61.0602 9-0.9618 2007 0. 00997 2.9857 896 0.00545 
2700 8.796 21.2499 36.8425 61.3915 20.2085 1934 .00939 2.6484 864 .00513 
2800 8.829 22.1311 37.7237 61.7120 19.5684 1868 .00846 2.3347 834 .00471 
2900 8.858 23. 0155 38.6081 62.0223 18.8558 1805 .00783 2.0424 806	 . .00443 
3000 8.885 23.0026 39.4952 62.3231 -__18.2463 1745	 - .00780 1.7693 780 .00409 

3100 8.912 24.7935 40.3851 62.6148 17.6756 1691 0.00706 1.5136 756 0.00375 
3200 8.937 25.6849 41.2775 62.8982 17.1401 1639 .0068.3 1.2736 733 .00358 

3300 8.961 .	 26.5798 42.1724 63.1736 16. 6366 1591 .00626 1.0479 711 .00348 

3400 8.983 27.4770 43.0696 W. 4414 16.1624 1545 .00607 .8353 691 .00327 

3500 9.004 28.3764 43.9690 63.7021 15.7149 1502 .00578 .6346 671 .00321

- 3600 9.024 29.2778 44.8704 63.9560 15.2919 1462 0.00527 0.4450 654 0.002S4 
3700 9.043 30.1811 45.7737 64.2035 14.8915 1421 .00565 .2654 636 .00283 
3800 9.063 31.0864 46.6790 64.4450 14.5119 1386 .00502 .0952 620 .00273 
3900 9.081 31.9936 47.5862 64.6906 14.1515 1352 .00460 -.0665 604 .00270 
4000 9.098 32.8026 48.4952 64.9108 138089 1318 .00474 -.2202 590, .00250 

4100 9.115 33.8132 49.4058 65.1356 13.4827 1287 0.00437 -0.3666 576 0.00226 
4200 9.131 34.7255 50.3181 65.3554 13.1719 1256 .00451 -.5060 51)3 .00217 
4300 9.147 35.6394 51.2320 65.5705 12.8753 1228 .00421 -.6391 551 .00197 
4400 9.162 36. 5549 52.1475 65.7810 12.5920 1202 .00379 -.7663 5.38 .00194 
4500 9.176 37.4718 53.0644 65.9870 12.3211 1174 .00408 -.8878 527 .00183 

4600	 - 9.191 38.3001 53.9827 66. 1888 12.0618 1150 0.00372 -1.0042 516 0.00171 
4700 9.205 39.3099 54.0025 66.3567 11.8134 1127 - 00341 -1.1157 505	 .. .00169 
4800 9.218 40.2311 55.8237 66.5806 11.5752 1102 .00380 -1.'2226 495 .00158 
4900 9.232 41.1536 56.7462 66.7708 11.3465 1081 .00340 -1..8252 485	 .- .0016,0 
5000 9.245 42.0774 57.6700 66.9574 11.1269 1060 .00336 -1.'438 476	 . .00147 

-	 5100 9.257 43.0025 - 58.5951 67.1406 10.9157 1038 0.00348 -1.0186 467	 '. 0.00139	 - 

5200 9.270 
9.282

43. 9289 
44.8565

59.5215 
60.4491

67.3205 
67.4972

10.7126 
.10.5169

1020 . 
1001

.	 .00325 
.00313

-1.,6j)98 
-1.'t)76

458 
449	 •

.00138 

.00145 5300 
5400 9.294 45.7853 61.3779 67.8708 10.3284 985 .00325 - 1.7822 441	 : .00142 

5500 9.306 46.7153 62.3079 67.8415 10.1466 964 .00316 -1.8638 433	 . .00138 

5600 9.318 47.6465 - 63.2391 -	 68.0093 9.9713 947 0.00326 -1.9425.. 426 
419

0.00126 
0011.' 

5700 9.330 48.5789 64.1715 68.1743 9.80)9 
9.6383

930 
914

.00326 . 

.0028
-201$& 
-2_q919 412 .001I": 586)0 

5900
9.342 
9.354

49.5125 
50.4473

65. 1051 
66.0399

68.3367 
68.4965 9.4801 900 .00300

. 
-2.1629 4086:; .00110 

6000 9.365 51.3832 66.9758 68.6538 9.3271 ---------------------- -2.23 15 --
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TABLE XXXII-THERMODYNAMIC PROPERTIES 'OF HF (GAS) 

[Molecular weight, 20.008] 

HTI H 
T 

(°K) f	 cal kcal kcal cal '\ log 
\.moleoK) '.moleJ \,molej \mole0KJ a S C d 

0 0 0 0 298.16 6.9615 2.0553 2.0553 41.5114- 227.1579 93.4523 300 6.9615 2.0681 2.0681 41.5542 225.7754 92.8472 400 6.9652 2.7645 2.7645 43,5575 169,7599

---

68.3058 500 6.9715 3.4613 3.4613 45.1124 - 136.1421

---

53.5438 
600 6.9858 4.1592 4.1592 46.3848 113.7233 - 43.6784 700 7.0150 4.8592 4.8592 47.4639 97.7043 36.8149 800 7.0627 5.5631 6.5631 48.4038 85.6849 31.3051 900 7.1290 6.2727 6.2727 49.2396 76.3316 271660 1000 7.2108	 - 6.9897 6.9897 49.9950 68.8439 6714 

------

0.02746 23.8476 2959 0.03070 
1100 
1200

7.3038 7.7154 7.7154 50.6866 62,7128 6103 0.02817 21.1269 2694

- 

0.02690 
1300

7.4035 
7.5059 .

8.4568 
9.1962

8.4508 
9.1962

51.32&4 
51.9231

57.5988 
53.2672

5594 
5164

.02852 

.02823
18.8550 2473 .02359 

1400 7.6084 9.9520 9.9520 52.4831 49.5504 4797 .02700
16.9291 
15.2752

2247 
2126

.02033 

.01847 1500 7.7084 10.7178 10.7178 53.0114 46.3254 4479 .02573 13.8394 1987 .01653 
1600 
1700

7.8048 11.4935 11.4935	 ' 56.5120 
-

43.5003 4201 0.02452 12.5810 1866 0.01455 
1800

7.8967 12.2785 12.2785 33.9879 41.0046 3956 .02332 11.4688 1758 .01333 
1900

7.9836 
8.0657	 -

13.0726 
13.8750

13.0726 
13.8750

54.4417 
54.8756

38.7835 
36.7940

.------

3739 
3545

.02161 

.02030
10.4788 1662 .01236 

2000 8.1427 14.6854 14.6854 55.2912 35.0012 3370 

------
------

------

.01904
9.5917 
8.7922

1577 
1500

.01100 

.01011 
2100	 • 
2200

8.2150 
8.2828

15.5033 
16.3282

15.5033 55.6903 33.3774 3212 0.01790 8.0678 1430 0.00920 
2300 8.3464 17.1597

16.3282 
17.1597

56.0740 
58.4436

31.8995 
30.5486

3069 
2938

.01655 
01543

7.4086 13b7 .00835 
2400 8.4061 17.9973 17.9973 56.8001 29.3090 2818 .01450

6.8059 
6.2528

1309 
1256

.00768 

.00710 2500 8.4623 18.8407 18.8407 57.1444 29.1673 2707 .01385 5.7433 1206 .006R5 
2600 8.5152 19.6896 19.6896 57.4773 27.1123 2605 0.01289 5.2726 1161 0.00630 2700 
2800

8.5650 20.5436 20.5436 57.7996 26.1346 2510 .01247 4.8363 1119 .00596 
2900

8.6124 21.4025 21.4025 58.1119 25.2257 2423 .01148 4.4307 1080 .00549 
3000

8.6572 
8.7000

22.2660 22.2660 58.4149 24.3787 2341 .01587 4.0528 1044 .00510 23.1338 23, 5338 58.7091 23.5875 2264 .01058 3.6997 1010 .00479 
3100 97408 24.0073 24.01)59 55.9051 3 200 8.7797 24. 8819 24.8819 59.2732 22

22.8100 
.1513 21

2155
26

0.00200 
.00946

5. 
3. 0589

573 
949

O.00.42G 
.00402 3300 8.8169 25.7617 25.7617 59.0439 21.4976 2062 .	 .00933 2.7673 921 .00382 3400 8.8527 26. 6452 26.6452 59.8077 20.8818 2003 .00981 2. 4926 895 .00349 3500 8.8872 27.5322 27.5322 60.0648 20.3007 1947 .00847 22334 870 .00333 

3600 8. 9205 28.4226 28.4226 60.3156 19.7514 1894 0.00821 1. 9884 847 0.00308 3700 8.9528 29.3162 29.3162 60.5605 19.2313 1843 .00820 1.7564 824 .00296 3800 8.9842 30,2131 30,2131 60.7996 18.7381 1795 -.00794 1.5366 804 .00265 3900 9.0151 31.1130 31.1130 61.0334 18.2699 1750 .00780 1.3278 784 .00240 4000 9.0453 32.0181 32.0161 61.2620 17.8246 1707 .00756 1.1294 765 .00231 
4100 9.0750 32.9221 32. 9221 61.4858 17.4007 1666 - 0.00733 0.9405 746 0.00228 4200 
4300

9.1043 33.8310 33.8310 61.7048 16.9967 1626 .00756 .7606 730 .00203 9.1336 a4.7429 34.7429 61.9194 16.6111 1588 .00759 .5888 713 .00195 4-400 9.1651 35.6578 35.o578 62.1297 16. 2426 '1551 .00773 .4248 697 .00191 4600 9.1936 36.5756 36.5756 62.3359 15.8902 1513 .00849 .2680 682 .00174 
4600 9.2271 37.4966 37.4966 62.5384 15.5528 1479 0.00872 0.1180 668 0.00567 4700 9.2623 38.4211 38.4211 62.7372 15.2294 1446 .00915 -.0258 654 .00155 4800 9.2979 39.3491 39.3491 62.9326 14.9190 1416 .00902 -.1636 641 .00138 4900 9.3335 40.2907 40.2807 63.1246 14.6210 1387 .00910 -.29.% 629 .06130 5000 9.3690 41.2158 41.2158 63.3136 14.3345 1360 .00893 -.4229 616 .00132 
5100 9.4040 42.1545 42.1545 85.4904 14.0589 1334 0.00876 -0.5450 604 0.00125 5200 9.4386 43.0966 43.0966 63.6824 13.7936 1309 .00872 -.6624 592 .00130 8300 9.4726 44.0422 44.0422 63.8625 • 13.5379 1285 .00844 -.7754 582 .00112 5400 9.5061 44,9911 44.9911 64.0399 13,2915 1262 .00845 -.8843 571 .00118 5500 9.5391 45.9434 45.9434 64.2146 13.0536 1240 .00817 -.9893 561 .00112 
5600	 9.5718	 46.8989	 46.8989	 64.3868 12.8240 1218 0.00822 -1.0906 551 0.00103 5700	 9.6040	 47.8577	 47.8577	 64.5565 12.6021 1198 .00795 -1.1883 541 .00102 5800	 9.6358	 48.8197	 48.8197	 64.7238 12.3876 - 1177 .00801 -1.2826 532 .00103 5900	 9.6673	 49.7o48	 49.7848	 64.8888 12.1801 1158. .00780 -1.3738 524 .00097 6000	 9.6986	 50.7531	 50.7531	 85.0315 11.9793	 --------- ----------- - '-1.4621

11



GENERAL METHOD AND TABLES FOR COMPUTATION OF EQUILIBRIUM COMPOSITION AND TEMPERATURE	 873 
TABLE XXXIII-THERMODYNAMIC PROPERTIES OF 11 20 (GAS) 

[Molecular weight, 18.016) 

H-H, H S o(_ T(-+s) 
T 

(°K) ", (_
ol
cal (J\ \

H° 
--

 logK 

a c a \me oK ) mo \.leJ mole) mole *K 

0 0 11.3311 
298.16 8.025 2.3677 13.6988 45.106 373.7200 151.5648 
300 8.026 2.3820 13.7131 45. 154 370. 9541 - 150.5708 
400 8.185 3.1940 14.5251 47. 490 279.0956 - 

----

110.2372 
500 8.415 4.0255 15.3566 49.344 223.9534 - 85.9609 

600 8.677 4.8822 16.2133 50.903 187. 1673 69. 7280 
700 8.959 5.7715 17.1026 52.269 160.8663 58.0996 
800 9.254 254 6. 6896 18.0207 53.490 141. 1213 49.3548 
900 9.859 7.6347 18.9658 54.599 125.7485 -- 42.5361 

1000 9.861 8.6080 19.9391 55.6180

-

113.4355 11,015
--

0.07316 37.0674 4875 0.05158 

1100 10.145 9.6083 20.9394 56.5712 180.3487 10,019 0.06833 32.5840 4439 0.04493 
1200 10.413 10.6362 21.9673 57.4654 94.9312 9,188 .06491 28.8399 4076 .03902 - 
1300 10.668 11.6902 25.0213 58.3090 87.7986 8,486 .06137 25.6655 3768 .03457 
1400 10.909 12.7691 24.1002 59.1094 81.6758 7,886 

---

.05696 22.9395 3505 .03013 
1500 11.134 13.8712 25.2023 59.8687 76.3615 7,366 .05315 20.5727 3276 .02690 

1600 11.343 14.9951 28.3262 - 60.5939 71.7046 6,913 

---
--
--

0.04853 18.4953 3075 0.02428 
1700 11.534 16.1389 27.4700 61.2873 67.5896 6.514 

---

.04401 16.6652 2898 .02200 
1800 11.708 17.3010 28.6321 61.9515 63.9267 6,160 

----

.03959 15.0332 2741 .01957 
1900 11.865 18.4797 29.8198 62.5887 60.6450 5,843 .03590 13.5710 2600 .01770 
2000 12.008 19.6733 31.0044 63.2010 57.6876 5,557 .03271 12.2533 2474 .01570 

2100 12.138 20.8806 32.2117 63.7900 -	 55.0087 5,299 0.02966 11.0595 2359 0.01423 
2200 12.256 22.1003 33.4314 64.3574 52.5704 5,004 .02686 9.9730 2255 .01277 
2300 12.364 23.3313 34.6624 64.9045 50.3418 4,849 .02468 8.9798 2160 .01150 
2400 12.463 24.5727 35.9038 65.4328 48.2967 4,653 .02220 8.0683 2072 .01060 
2500 12.554 25.8235 37.1546 65.9434 46.4133 4,471 .02049 7.2289 1991 .00993 

2600 12.638 27.0831 33.4142 66.4374 44.6732 4,304 0.01863 6.4532 1916 0.00927 
2700 12.715 28.3508 39.6819 66.9159 43.0665 4,149 .01691 5.7343 1846 .00896 
2800 12.786 29.6258 40.9569 67.3796 41.5618 4,005 .01547 5.0661 1781 .00856 
2900 12.852 30.9077 42.2388 67.8294 40.1653 3,871 .01407 4.4434 1721 .00803 
3000 12.913 32.1960 43.5271 68. 2661 38.8609 3,747 .01239 3.5617 1666 .00728__-

3100 12.968 33.4900 44.8211 68.6904 37.6398 3,630 0.01113 3.3170 1613 0.00694 
3200 13.018 34.7893 46.12G4 69.1029 36.4943 3,520 .00993 2.8060 1564 .00656 
3300 13.064 36.0934 47.4245 69.5042 35.4177 3,417 .00890 2.3255 1517 .00642 
341)0 13.107 37.4020 48.7331 03.8049 34.4038 3,320 .00793 1.8729 1473 .00624 
3,900 13.147 38.7147 80.0458 70.2754 33.4473 3,228 .00703 1.4488 1431 .00610 

3600 13.184 40.0312 51.3623 70.6463 32.5436 3,142 0.00601 1.0422 1392 - 0.00588 
3700 13.218 41.3513 52.6824 71.0080 31.6894 3,059 .00550 .6601 1355 .00572 
3800 13.250 42.6747 54. 0058 71.3609 33.8779 2,981 .. 00484 .2978 1320 .00554 
3900 13.280 44.0012 55.3323 71.7054 50.1087 2,907 .00425 -.0462 1287 .00525 
4000 13.308 45.3306 56.6617 72.0420 29.3777 2,836 .00379 -.3732 1255 .00520__-

4100 13.314 46.6627 57.9938 72.3710 28.6822 2,769 0.00321 -0.6845 1266 0.00480 
4200 13.358 47.9973 59.3294 72.6926 28.0197 2,705 .00283 -.9812 1198 .00450 
4300 13.381 49.3343 60.6654 73.0071 27.3878 2,643 .00262 -1.2643 1170 .00449 
4400 13.403 50.6735 62.0046 73.3150 26.7845 2,584 .00238 -1.6347 1144 .00438 
4500 13.424 52.0148 63.3459 73.6164 26.2079 2,528 .00204 -1.7933 1119 .00434 

4600 13.444 53.3582 64.6893 73.9117 25.6563 2,473 0.00203 -2.0409 1095 - 0.00412 
4700 13.464 54.7036 66.0347 74.2011 25.1281 2,421 .00193 -2.2780 1073 .00396 
4800 13.483 56.0510 67.3821 74.4847 24.6218 2,371 .00182 -2.5055 1051 .00381 
4900 13.502 57.4002 68.7313 74.7629 24.1361 2,323 .00170 -2.7238 1030 .00370 
5000 13.521 58.7414 70.0825 75.0359 23.6698 2,276 .00183 -2.9335 1010 .00356 

5100 13.540 60.1044 71.4355 75.3038 23.2217 2,232 0.00177 -3.1351 991 0.00342 
5200 13.559 01.4594 72.7905 75.5669 22. 7907 2,189 .00168 -3.3291 973 .00322 
5.300 13.577 62.8162 74.1473 75.8254 22.3760 2,148 .00172 -3.5189 955 '	 .00315 
5400 13.596 64.1748 75.5059 76.0794 21.9765 2,108 .00163 -3.6959 938 .00305 
5500 13.614 65.5353 76.8664 76.3290 21.5916 2,070 .00166 -3.8695 921 .00304 

5600 13.633 66.8977 78.2298 76.5745 21.2-003 2,033 0.00163 -4.0370 905 0.00293 
5700 13.651	 . 68.2619 79.5930 76.8159 20.8620 1,998 .00162 -4.1987 890 .00285 
5800 13.669 69. 6279 80.9590 77.0535 20.5159 1,963 .00159 -4.3550 875 .00279 
5900 13.687 70.9957 82.3268 77.2873 20.1816 1,930 .00163 -4.5061 860 .00277 
6000 13.705 72.3653 83.6964 77.5175 19.8583 --------- ----------- --4.6522 --------- --------------
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-	
S	 TABLE XXXIV-THERMODYNAMIC PROPERTIES OF 

e (ELECTRON GAS)	 - 

[Atomic weight, 5.4847x10-4] 

-I

C H.-H6, 
T 

(°K) (	 cal \ (kcal\ (kcal \ (_cal 
\mole°K/ \mole / \molel \mole°K 

0 0 60.0000 
298. 16 4.9680 1.4812 61.4812 4.9882 
300 4.9680 1.4904 61.4904 5.0188 
400 4.9680 1.9872 61.9872 6.4480 
500 4.9680 2. 4840 62. 4840 7.5565 

600 4.9680 2.9808 - 62,9808 - 8.4623 
700 4.9680 3.4776. 63.4776 9.2281 
800 4.9680 3:9744 63.9744 0.8915 
900 4.9680 4. 4712 68.4712 10.4766 

1000 4.9680 4.9680 64.9680 11.0001 

1100 4. 9680 5.4648 - 65.4648 11.4736 
1200 4.9680 5.9616 65.9616 11.9058 
1300 4.0680 6.4584 66.4584 12.3035 
1400 4.9680 6.9552 66.9552 12.6717 
1500 4. 9680 7.4520 67.4520 13.0144 

1600 4.9680 7.9488 67.9488 13.3350	 - 
1700 4.9680 8.4456 68.4456 13.6362 
1800 4.9680 8.9424 68.9424 13.9202 
1900 4.9680 9.4192 69. 4392 14.1888 
2000 4.9680 -__9.9360 69.9360 14.4436 

2100 4.9680 10.4328 70.4328 14.6860 
2200 4.9680 10. 9296 70.0296 14. 9171 
2300 4.9680 11.4264 71.4264 15.1379 
2400 9680 .4. 11.9232 71.9232 15.3494 
2500 4.9680 12.4200 72.4200 

-

15.5522 

2600 4.9680 12.9168 72.9168 .	 15.7470 
2700 4.9680 13.4136 73.4136 15.9345 
2800 4.9680 13.9104 73.9104 16.1152 
2900 4.0680 14.4072 74.4072 16.2895 
3000 4.9680 14.9040 74.9040 16.4579 

3100 4.0680 15.4008 75.4008 16.6208 
3200 4.9680 15.8976 75.8976 16.7786 
3300 4.9680 16.3944 76.3944 16.9314 
3400 4.9680 16.8912 76.8912 17.0797 
3500 4. 9680 17.3880 77.3880 17.2237 

3600 4.9680 17.8848 77.8848 17.3637 
3700 4.9680 18.3816 78.3816 17.4998 
3800 4.9680 18.8784 78.8784 17.6323 
3900 4.9680 19.3752 79.3752 17.7614- 
4000 4.9680 19.8720 79.8720 17.8871 

4100 4.9680 20.3688 80.3688 18.0098 
4200 4.9680 20.8656 80.8656 18.1295 
4300 4.9680 21.3624 81.3624 18. 2464 
4400 4.9680 21.8592 81.8592 18.3606 
4500 4.9680 22.3560 82.3560 18.4723 

4600 4.9680 22.8528 82.8528 18. 5815 
4700 4.9680 23.3496 83.3496 18.6883 
4800 4.9680 23.8464 63.8464 18.7929 
4900 4.9680 24 3432 84.3432 18.8953 
5000 4.9680 -_24. 8400 84.8400 18.9957 

5100 4.9680 25.3368 85.3368 19.0941 
5200 4.9680 25.8336 85.8336 19.1906 
5300 4.9680 26.3304 86.3304 19.2852 
5400 4.9680 26.8272 86.8272 19.3781 
5500 4.9680 27.3240 87.3240 19.4692 

5600 4.9680 27.8208 87.8208 19.5587 
5700 4.9680 28.1176 88.3176 '19.6467 
5800 4.9680 28.8144 88.8144 19.7331 
5900 4.9680 29.3112 89.3112 19.8180 
6000 4.9680 29.8080 89.8080 19.9015
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TABLE XXXV-THERMQDYNAMIC PROPERTIES OF F- (GAS) 

[Atomic weight, 19.001 

HTO l(4H°)__öT(a+b) o log KJ(ji+d) 
T 

(°}) (	 cal	 \ (kcal' (kcal \ (	 cal	 ' - log 

a S

______  

c d mole *K \mole j \mole j \moleKJ 

0 0 11.9781 -	 ----------- ---------- -------- 
298. 16 4.9680 1.4812 13.4593 34.7682 165. 1619 69.9505 
300 4.9680 1.4904 13.46S5 34.79S8 164. 1656 69.5105 
400 4.9680 1.9872 13.9688 36.2280 123. 8037 51. 6419 
500 4.9680 2.4940 14.4621 37.3366 99.5784 40. 8614 

600 4. 9690 2.9808 14.9589 38.2423 83.4222 33. 6357 
700 4.9680 3.4776 15.4557 39.0081 71.8780

----

- 28.4472 
800 4.9680 3.9744 15.9525 39.6715 63.2172

--
--

--

24. 5355 
900 4.9680 4.4712 16.4493 40. 2566 56.4793 4775 

1000 4.9650 4.9679 - 16.94 60 40.7801 51.0877 4849
- 21. 

0.00402- 

-

--

19.0187 

-

2164 0.05463 

-	 1100 4.9680 5.4647 17.4428 41.2536 46.6755 4409 0.00333 16.9968 1972 0.04997 
1200 4.9680 5.9615 17.9396 41.6858 42.9980 4042 .00297 15.3035 1812 .04605 
1300 4.9680 6.4583 18.4364 42.0835 39.8858 3732, .00219 13.8636 1677 .04234 
1400 4.9680 6.9851 18.9332 42.4517 37.2179 3466 .00193 12.6234 1561 .03953 
1500 4. 9680 7.4519 19.4390 42.7944 34.9053 3235 .03172 11.3432 1461 .03648 

1600 4.9680 7.9487 19.9268 43.1180 .	 32.8817 3034 0.00110 10.5936 1373 0.03435 
1700 4.9680 8.4455 20.4236 43.4162 31.0959 2855 .00129 9.7516 1296 .03210 
1800 4.9690 8.9423 20. 9204 43.7002 29.5085 2697 .00103 8.9995 1227 0303.1 
1900 4.9680 9.4391 21.4172 43.9688 28.0888 2555 .00110 8.3235 1165 .02890 
2000 4.9680 9.9359 21.9140 44.2236 26.8094 2428 .00061 7.7121 1110 .02713 

- 2100 4.9680 10.4327 22.4108 44.4660 25.6526 2312 0.00079 7.1564 1059 0.02614 
2200 4.9680 10.9295 22.9076 44.6971 24.6009 2207 .00073 6.6489 1014 .02473 
2300 4.9680 11.4263 23.4044 44.9179 23.6406 2112 .00040 6.1833 972 .02380 
2400 4.9690 11.9231 23.9012 45.1294 22.7602 2024 .00030 5.7545 934 .02270 
2500 4.9680 ' 12.4199 24.3980 45.3322 21.9503 1943 .00039 5.3582 899 .02173 

2600 4.9680 12.9167 24.8948 45.5210 21.2026 1868 0.00045 4.9907 866 0.02106 
2700 4. 9680 13.4135 25.3916 45.7145 20.5103 1799 .00040 4.6489 836 .02023 
2800 4.9680 13.9103 25.8884 45.8952 19.8674 1735 .00032 4.3301 808 .01958 
2900 4.9680 14.4071 26.3852 46.0695 19.2688 1675 .00037 4.0319 782 .01893 
3000 4.9680 14.9039 26.8820 46.2379 18.7101 1619 .00044 3.7523 758 .01818 

- 3100 4.9680 15.4007 27.3788 46.4008 18.1874 1567 0.00031 3.4896 735 0.01761, 
3200 4.9680 15.8975 27.8756 46.5586 17.6974 1518 .00030 3.2423 714 .01704,' 
3300 4.9680 16,3943 28.3724 46.7114 17.2371 1472 .00036 3.0089 694 .01658 
3400 4,9680 16.8911 28.8692 46.8598 16.8038 1429 .00021 2.7882 675 .01614 
3500 4.9680 17.3879 29.3660 47.0038 16.3953 1388 .00024 2.5792 658 .01542 

3600 4.9680 17.8847 29.8628 47.1437 16.0095	 - 1350 0.00014 2.3810 641 0.01506 
3700	 - 4.9680 18.3815 30.3596 47. 2798 15. (.445 1313 - 00027 2. 1927 625 .01473 
3800 4.9680 18,878.3 30.8504 47.4123 15.2987 1279 .00005 2.0135 610 .01429 
3900	 ' 4.9680 19.3751 31.3532 47.5414 14.9707 1246 .00010 1.8425 595 .01415 
4000 4.9680 19.8719 31.9500 47.6672 14.6591 1215 1.6799 582 .01365 

- 4100 4.9680 20.3687 32.3468 47.7898 14.3626 1185 0,00026 1.5243 569 0.01332 
4200 4.9680 20.8655 32.8436 47.9095 14.0802 1157 .00013 1.3755 557 .01297 
4300 4.9680 21.3623 33.3404 48.0264 13.8110 1130 .00018 1.2330 545 .01274 
4400 4.9680 21.8591 33.8372 48.1406 13.5540 1104 .00017 1.0964 534 .01243 
4500 4.9680 22.3559 34.3340 48.2523 13.3085 1080 .00012 .9653 ,524 .01199 

4600

- 

4.9680 22.8527 34.8308 48.3615 13.0736 1057 0,00001 0.8394 514 0.01174 
4700 4.9680 23.3495 35.3276 48.4683 12.8487 1034 .00008 .7183 504 .01150 
4800 4.9680 23.8463 35.8244 48.5729 12.6332 1013 .00007 .6018 494 .01138 
4900 4.9680 24.3431 30.3212 48.6754 12,4264 992 .00000 .4896 485 .01110 
5000 '	 4.9680 24.8099 36.8188 48.7757 12.2290 972 .00011 .3815	 . 477 -01087 

5100 4.9690 25. 3.367 37.3148 48.8741 12.0373 - 953 0.00013 0.2771 468 0.01070 
5200 4.9680 25.8335 37.8116 48.9706 11.8539 934 .00017 .1764 460 .01051 
5300 4.9680 26.3303 38.3084 49.0652 11.6775 917 .00009	 - .0791 453 .01031 
5400 4.9680 20.8271 38.8052 49.1581 11.8076 900 .00016 -.0151 445 .01009 
5500 4.9690 -27.3239 39.3020 49.2492 11.3438 883 .00012 -.1061 439 .00981 

5600 4.9680 27.8207 39.7988 49.3387 11.1860 868 0.00012 -0.1943 432 0. 00961 
5700 4.9680 28.3175 40.2956 49.4267 11.0336 853 .00003 -.2797 425 .00942 
5800 4.9680 28.8143 40.7924 49.5131 10.8865 838 .00007 -.3624 419 .00928 
5900	 - 4.9680 29.3111 41.2892 49.5980 10.7444 824 .00007 -, 4427 413 .00917 
6000 4.9680 29.8079 41.7860 49.6815 10.6070 --------- ------------ --.5207
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TABLE XXXVI-THERMODYNAMIC PROPERTIES OF Li+(GAS) 

[Atomic weight, 6.940] 

C; HTO öiog 
(°K) (	 cal	 \ kcal (kCaI' (	 cal -- logK  

a S C d 
mO1e 0K) moleJ \.moleJ \.moleoKJ 

0 0 230.7290 
298.16 4.9680 1.4812 232.2102 31.7662 -211.5052 -91.0660 
300 4.9680 1.4903 232.2193 31.7967 -210.2229 ---------- -90.5026 
400 4.9680 1.9871 232.7161 33.2259 -158.2922 -67.6371 
500 4.9680 2.4839 233.2129 34.3343 -127.1337 - 

---

-53.8629 

600 4.9680 2.9807 233.7097 35.2403 -106.3614

--------- 
---

-44.6436 
700 4.9680 3.4775 234.2065 36.0061 -91.5241 ---------- -38.0325 
800 4.9680 3.9743 234.7033 36.6695 -80.3961 - 

--

-33.0546 
900 4.9680 4.4711 235.2001 37.2546 -71.7410 - 

----

- 

-

1000 4.9680 4.9679 235.6969 37.7780 -64.8169

--------- 

-6232 
--29.1679 

0.00035 -26.0464 -2761 -0.05380 
1100 4.9680 5.4647 236. 1937 38.2515 -59.1518 -5665 

---

-0.00017 -23.4826 -2515 -0.04897 
1200 4.9680 5.9615 236. 6905 38.6838 -54.4308 -5193 -.00008 -21.3378 -2310 -.04488 
1300 4.9680 6.4593 237. 1873 39.0814 -50.4361 -4793 -.00043 -19.5160 -2136 -.04179 
1400 4.9680 6.9551 237. 6841 39.4496 -47.0121 -4451 -.00017 -17.9485 -1987 -.03893 
1500 4.9680 7.4519 238.1809 39.7924 -44.0446 -4154 -.00035 -16.5849 -1858 -.03655 
1600 4.9680 7.9487 238.6777 40.1130 -41.4480 -3894 -0.00051 -15.3871

-

-1745 -0.03433 
1700 4.9680 8.4453 239.1745 40.4142 -39.1569 -3664 -.00194 -14.3263 -1646 -.03206 
1800 4.9680 8.9423 239.6713 40.6981 -37.1203 -3460 -.00125 -13.3798 -1558 -.03000 
1900 4.9680 9.4391 240. 1681 40.9668 -35.2980 -3277 -.00186 -12.5298 -1479 -.02840 
2000 4.9680 9.9359 240.6649 41.2216 -33.6577 -3112 -.00220 -11.7619 -1408 -.02682 
2100 4.9680 10.4327 N1.1617 41.4640 -32.1736 -2963 -0.00258 -11.0646 -1343 -0.02585 
2200 4.9680 10.9295 241.6585 41.6951 -30.8242 -2827 -.00327 -10.4283 -1285 -.02440 
2300 4.9680 11.4263 242.1553 41.9159 -29.5918 -2702 -.00407 -9.8452 -1231 -.02348 
2400 4.9680 11.9231 242.6521 42.1273 -28.4619 -2588 -.00480 -9.3088 - -1183 -.02220 
2500 4.9680 12.4190 243. 1489 42.3301 -27.4219 -2482 -.00569 -8.8134 -1138 -.02111 
2600 4.9680 -12.9167 243. 6457 - 42.5250 -26.4616 -2384 -0.00674 -8.3546 -1097 -0.02010 
2700 4.9680 13.4135 244. 1425 42.7125 -25.5719 -2293 -.00777 -7.9282 -1058 -.01944 
2800 4.9680 13.9103 244.6393 42.8932 -24.7452 -2208 -.00892 -7.5309 -1023 -.01 844 
2900 4. 9680 14.4071 245. 1361 43.0675 -23.9749 -2129 -.00993 -7.1597 -990 -.01770 3000 4.9680 14.9039 245.6329 43.3359 -31.2554 -2055 -.01090 -6.8120 -959 -.01695 
3100 4.9050 15.4W7 546.i297 43.3988 -22.8315 -1383 -0.85178 5.4857 -030 -0.01638 
3200 4.9680 15. 8975 246.6265 43. 5565 -21.9492 -1921 -. 01268 -6.1787 -903 -.01566 
3300 4.9680 16.3943 247.1233 43.7094 -21.3544 -1860 -.01354 -5.8894 -878 -.01506 
3400 4.9680 16.8911 247.6201 43.8577 -20.7938 -1802 -.01444 -5.6161 -854 -.01440 
3500 4.9680 17.3879 248. 1169 44.0017 -20.2645 -1748 -.01524 -5.3577 -831 -.01397 
3600 4.9680 17.8947 248.6137 44.1417 -19.7637 -1698 -0.01568 - -5.1129 -810 - -0.01348 
3700 4.9680 18.3815 249.1105 44.2778 -19.2891 -1649 -.01645 -4.8805 -790 -.01291 
3800 4.9680 18.8783 249.6073 44.4103 -18.8387 -1603 -.01707 -4.6597 -771 -.01231 
3900 4.9680 19.3751 250. 1041 44.5393 -18.4106 -1561 -.01745 -4.4497 -753 -.01195 
4000 4.9680 19.8719 250.6009 44.6651 -18.0029 -1520 -.01787 -4.2495 -736 -.01149 
4100 4.9680 20.3687 251.0977 -	 44.7878 -17.6143 -1481 -0.01838 -4.0585 -720 -0.01097 
4200 4.9680 20.8655 251. 5945 44.9075 -17.2433 -1444 -.01869 -3.8761 -705 -.01045 
4300 4.9680 21.3623 252.0913 45.0244 -16.8888 -1410 -.01895 -3.7017 -690 -.01008 
4400 4.9680 21.8591 252. 5881 45.1386 -16.5494 -1376 -.01922 -3.5348 -676 -.00968 
4500 4.9680 22.3559 253.0849 45.2502 -16.2244 -_-1345 -.01941 -3.3749 -663 -.00927 
4600 4.9680 22.8527 253.5817 45.3594 -15.9126 -1315 -0.01961 -3.2215 - -650 -0.00890 
4700 4.9680 23.3495 254.0785 45.4663 -15.6132 -1286 -.01978 -3.0743 -639 -.00838 
4800 4.9680 23.8463 254.5753 45.5709 -15.3255 -1259 -.01986 -2.9328 -626 -.00814 
4900 4.9680 24.3431 255. 0721 45.6733 -15.0487 -1233 -. 01990 -2.7969 -616 -.00770 
5000 4.9680 24.8399 255.5689 45.7737 -14. 7822 -1208 -.01994 -2.6660 -605 -.00737 
5100 4. 9680 25.3367 256. 0657 43.8721 -14.5254 -1185 -0.01982 -2.5400 -595 -0.00706 
5200 4.9680 25.8335 256.5625 45.9695 -14.2777 -1163 -.01967 -2.4185 -585 -.00672 
5300 4.9680 26.3303 257.0593 46.0632 -14.0386 -1142 -.01942 -2.3014 -576 -.00633 
5400 4.9680 26.8271 257.5561 46.1560 -13.8077 -1122 -.01930 -2.1884 -568 -.00593 
5500 4.9680 27.3239 258.0529 46.2472 -13.5844 -1103 -.01904 -2.0792 -558 -.00576 
5600 4.9680 27.8207 258.5497 46.3367 -13.3684 -1084 -0.01882 -1.9738 -550 -0.00551 
5700 4. 9680 28.3175 259. 0465 46.4246 -13.1594 -1067 -.01853 -1.8718 -541 -.00532 
5800 4.9680 28.8143 259.5433 46.5110 -12.9569 -1050 -.01833 -1.7732 -534 -.00499 
5900 4.9680 29.3111 260.0401 46.5960 -12.7606 -1033 -.01813 -1.6777 -526 -.00473 
6000 4.9680 29.8079 260.5369 46.6795 -12.5703	 --------- ----------- - -1.5853
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TABLE XXXVII-THERMODYNAMIC PROPERTIES OF 
Li (GAS) 

[Atomic weight, 6.940] 

C H-H, S. 
T 

(°K) (_cal	 \ (kcal' (kcal \ (cal 
mole *K \mole J \.mole / 'mole °K 

0 0 166.8941 
M. 16 4.9680 1.4809 168.3750 33.1418 
300 4.9680 1.4904 168.3845 33.1734 
300 4.9680 1.9872 168.8813 34.6026 
500 4.9680 2.4840 169.3781 35.7112 

600 4.9680 2. 9808 169. 8749 36.6169 
700 4.9680 3.4776 170. 3717 37.3828 
800 4.9680 3.9743 170. 8884 38.0461 
90) 4. 9680 4.4711 171. 3682 38.6312 

1000 4.9680 4.9679 171. 8620 39.1547 

1100 4. 9680 5.4647 172. 3588 39. 6282 
1200 4.9680 5.9615 172.8856 40.0665 
1300 4. 9681 6.4583 173. 3524 40.4581 
1400 4.9683 6.9551 173. 8492 40.8263 
1500 4.9687 7.4520 174. 3461 41.1691 

1600 4.9666 7.9489 174. 8430 41.4898 
1700 4.9711 8.4459 175.3400 41.7911 
1800 4.9736 8.9432 175.6373 42.0783 
1900 4.9775 9.4407 176.3348 42.3443 
2000 4.9828 9.9398 176.8329 42.5998 

2100 4.9908 10.4374 177.3315 42.8431 
2200 5.0011 10.9370 177. 8311 43.0755 
2300 5.0142 11.4378 178.3319 43.2981 
2400 5.0304 11.9400 178.8341 43.5119 
2500 5.0506 12.4441 179. 3382 43.7176 

2600 5.0742 12.9503 179.8444 43.9162 
2700 5.1017 13.4591 180. 3532 44.1082 
280(1 5.1332 13.9709 M. 8630 44.2943 
2900 5.1687 14.4849 181. 3800 44.4750 
3000 5.2083 15.0048 181.8989 44.6509 

3100 5.2520 15.5278 182. 4219 44.8224 
3200 5.2997 16.0584 182.9495 44.9899 
3300 5.3497 16.5879 183.4820 45.1538 
3400 5.4034 17.1255 184.0196 45.3143 
3500 5.4619 17.6638 184. 5629 45.4718 

3600 5.5223 18.2180 185.1121 45.6263 
3700 5.5841 18.7733 188.6674 45.7786 
3800 5.6495 19.3350 186. 2291 45.9294 
3900 5.7182 19.9034 186. 7975 46.0760 
4000 5.7870 20.4786 187. 3727 46.2217 

4100 5.8586 21.0609 187. 9550 46.3655 
4200 5.9316 21.6504 188.8445 46.3075 
4300 6.0053 22.2473 189. 1414 46.6480 
4400 6.0813 22.8516 189. 7457 46.7869 
4500 6.1576 23.4636 196.3577 46.9244 

4600 6.2356 24.0832 190. 9773 47.0606 
4700 6.3129 24.7106 191. 6047 47.1955 
4800 6.3919 25.3459 192.2400 47.3293 
4900 6.4702 25.9890 192.8831 47.4619 
5000 6.6495 26.6400 193. 5341 47.3934 

5100 6.6275 27. 2988 194. 1929 47.7238 
5200 6.7059 27. 9655 194.8596 47.8533 
5300 6.7833 28.6399 195. 5340 47.9818 
5400 6.8608 29.3222 196. 2163 48.1093 
5500 6.9373 30.0121 196.9062 48.2359 

5600 7.0130 30.7096 197. 6037 48.3616 
5700 7. 0880 31.4146 198.3087 48.48&3 
5800 7.1617 32.1271 199.0212 48.6102 
5900 7.2348 32.6469 199. 7410 48.7333 
6000 7.3063 33.5740 200.4681 48.8585
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-	 S	

TABLE XXXVI1I-THERIODYNAMIC PROPERTIES OF LiF (GAS) 

[Molecular weight, 25.940] 

T
C° 1I S

5H° 1(-°'.-+5\ .
-

olog K=.i(S_d 

(K) f	 cal	 \ fkcal \ f\ (	 cal	 \ --
\ RTI	 100\.T	 I og 100\T 

S 
mo1e0Kj mo1e) !s.molej mole *K a - c d 

0 0 77.9204 
298.16 7.0836 2.0796 80.0000 47.1209 233.2(158 96.9757 
300 7.0872 2.0926 80. 0130 47.1645. 231.8488 95.4543 400 7.3314 2.8129 80.7333 49.2349 70.2551 
100 7.6048 3.5598 81.4802 50.9005 139.7116 55.1023 
600 7.8484 4.3328 82.2532 52.3092 116.6350 44.9810 700 8.0471 5. 1250 83.0484 53 -100.1316 --.5345 37. 7391 800 8.2042 5.9409 83.8613 54.6197 87.7402 32.2995 900 8.3275 6.7677 84.6881 55.5935 78.0930

------
----

28.0630 1000 8.4245 7.6055 85.5259 56.4761 70.3683 6931 

---
- -

0.02599 24.6694 3039 0.01707 
1100 8.5016 8.4518 86.3722 57.2826 64.0434 6306 

---

0.01920 21.8896 2765 0.01483 1200 8.5635 9.3050 87.2254 88.0210 58.7692 

174.2849 -- -

5785 

--

.01560 19.5706 2556 .01353 1300 8.6137 10.1639 88.0843 58.7124 54.3036 5344 .01236 17.6063 2343 .01173 1400 8.6549 11.0273 88.9477 59.3523 50.4741 4965 .01050 15.9210 2177 .01077 1500 8.6890 11.8945 89.8149 59.9506 47.1536 4637 .00858_- 14.4889 2033 .00988 
1600 8.7175 12.7649 90.6853 60.5123 44.2469 4350 0.00668 13.1784 1907 0.00904	 - 1700 .8. 7416 13.6378 91.5582 61.0415 41.6814 4096 .00564 12.0476 1796 .00842 1800 8.7621 14.5130 92.4334 61.5417 39.4002 3871 .00433 11.0414 1697 .00774 1900 8.7796 15.3901 93.3105 62.0159 37.3585 3669 .00330 10.1405 1609 .00710 2000 8.7948 16.2688 94.1892 62.4666 35.5207 3488 .00215 9.3289 1529 .00680 
2100 8.8079 17.1489 95.0693 62.8961 33.8576 3324 0.00109 8.5940 1457 0.00633 2200 8.8194 18.0303 95.9507 63.3061 32.3456 3176 -.00037 7.9254 1392 .00678 2300 8.8295 18.9128 96.9332 63.6983 30. 96.51 3040 -.00117 7.3144 1332 .00560 2400 8.8384 19.7961 97.7165 64.0743 29.6996 2917 -.00280 6.7538 1277 .00540 2500 8.8463 20.6804 98.6008 64.4353 28.5356 2803 -.00375 6.2376 1226  
2600 8.8534 21.5654 99.4858 64.7824 27.4613 - 2698 -0.00486 5.7608 1179 0.00523 - 2700 8.8597 . 22.4510 100.3714 65.1166 26.4669 2602 -.00639 5.3189 1136 .00499 .2800 8.8653 23.3373 101. 2577 65.4389 25.5440 2512 -.00731 4.9082 1095 .00511 2900 8.8704 24. 2241 102. 1443 65.7101 24.6851 2429 -.90867 4.5255 1058 .00483 3000 8.8750 25.1113 103.0317 66.0509 23.8841 2351 -.00969 4.1680 1023 .00480 
3100 
3200

8.8792 25. 9990 203.0194 06.3420 2-3 1114 3270 -0 111(179 3 9352 990 0.00473 8. 8830 26.8871 104.8075 66. 6239 22.4340 2210 -.01160 3.5191 919 .00479 3300 8.9865 27.7756 105. 6960 66.8973 21.7759 2146 -.01248 3.2237 930 .00477 3400 8.8897 28.6644 106. 5848 67.1627 21.1572 2088 -.01397 2.9454 903 .00470 3500 8.8926 29.5535 107. 4739 67.4204 20.5746 2030 -.01439 6827 877 .00469 
3600 8.8953 30.4429 .108.3633 67.6710 20.0251 1975 -0.01473 2.4344 952 0.00493 3700 8.8978 31.3326 109. 2530 67.9147 19.5061 1925 -.01568 2.1992 829 .00484 3800 8.9001 32.2225 110. 1429 68.1520 19.0152 1878 -.01674 1.9762 807 .00498 3900 8.9022 33.1126 111.0330 68.3832 -	 18.5504 1830 -.01670 1.7643 786 .00510 4000 8.9041 34.0029 111.9233 68.6087 18.1096 1787 -.01735 1.5627 766	 - .00507 
4100 8.9060 34.8934 112.8138 68.8286 17.6911 1741 -0.01788 1.3708 748 0.00500 4200 8.9076 35.7841 113.7045 69.0432 17.2935 1704 -.01788 1.1877 729 .00517 4300 8.9092 36.6749 114.5953 69.2528 16.9151 1668 -.01879 1.0130 712 .00528 4400 8.9107 37.5659 115. 4863 69.4576 16.5548 1630 -.01872 .9459 696 .00523 4100 8.9121 38.4571 116.3775 69.6579 16.2113 1596 -.01926 .6860 680 .00537 
4600 8.9134 39.3484 117.2688 69.8538 15.8836	 - 1561 -0.01923 -	 0.5328 665 0.00541 4700 8.9146 40.2398 118.1602 70.0445 15.5707 1529 -.01944 .3859 651

.
.00538 4800 8.9167 41.1313 119.0517 70.2332 15. 2716 1497 -.01941 .2449 636 .00560 4900 8.9168 42.0229 119.9435 70.4170 14.9855 1468 -.01970 .1095 623 .00570 5000 8.9178 42.9146 120.8350 70.5972 14.7116 1437 -.01936 -.0208 611 .00560__-

5100 8.9187 43.8064 121. 7268 70.7738 14. 4492 1409 -0.01946 -0.1462 598 0.00580 5200 8.9196 44.6984 122.6188 70.9470 14.1977 1.381 -.01917 -.2670 586 .00553 5300 8.9294 45.5904 123.5108 71.1169 13.9563 1315 -.01935 -.3834 575 .00592 5400 8.9212 46.4824 124.4028 71.2936 13.7247 1328 -01895 -.4958 •	 564 .00595 5500 

-

8.9220 47.3746 125. 2950 71.4474 13.5021 1303 -.01878 -.6043 553 -	 .00605 
5600 8.9227 48.2668 126. 1872 71.6081 13. 2882 1279 -0.01869 -0.7091 543 0.00604 5700 8.9234 49.1591 127. 0795 71.7661 13.0825 1255 -.01826 .-.8104 534 .00%3 5800 8.9240 50.0515 127. 9719 71.9213 12.8844 1232 -. 01811 -.9085 524 .00609 5900 8.9246 50.9439 12,9.8643' 72.0738 12.6937 1209 -.01780 -1.0034 515 .00617 6000 8.9252 518364 129.7568 72.2238 12.5100	 --------- ----------- - -1.0954
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TABLE XXXIX-THERMODYNAMIC PROPERTIES OF Lull (GAS) 

[Molecular weight, 7.9481 

H-, 1 0 1Ir . .
'H\	 -oTf a 

ö-)-j+b)
-oTI c 

ologK=-
	

j+d 
log ________________ 

(°K) (	 cal	 \ (kcal \ (kcal \ (	 cal	 \ mole 0KJ moleJ '.mole/ mo1e0KJ c d 

0 0 190.3225 . 
298.16
-

7.0763 2.0793 192.4018 40. 7963 105.9633 '41.7055 
300 7.0797 2.0923 192.4148- 40.8398 105.3228 41.4233 
400 7.3175 2. 8115 193.1340 42.9072 79.3373 29.9651 
500 7.5879 3.5568 193.8793 44.5692 63.7197

--

23.0611 

600 7.8313 4.3281 194.6506 45.9748 53.2862

--

- 18.4412 
700 8.0312 5.1216 195.4441 47.1975 45.8178 15.1301 
800 8.1899 5.9330 196.2555 48.2807 40.2052 --12.6394 
900 8.3148 6.7585 197.0810 49.2529 35.8319 

22.0320 --

-

---

--

10.6968 .... 
1000 8.4134 7.5951 197.9176 50.1342 32.3277 3136 0.02009 9.1388 1388 0.01598 

1100 8.4918 8.4403 198.7628 50.9398 29.4567 2856 0.01550 7.8610 1264 0.01387 
1200 8.5548 9.2927 199.6152 51.6814 27.0612 2621 .01305 6.7938	 , 1160 .01269 
1300 8.6060 -	 10.1507 200.4732 52.3581

-

2423 .01019 5.8888 1072 .01149 
1400 8.6481 11.0134 201.3359 53.0074 23.2911 2252 .00877 5.1116 997 .01033 
1500 8.6829 11.8809 202.2024 53.6053 21.7810 2104 .00730 4.4366 932 .00930 

1600 8.7121 12.7497 203.0722 54.1666	 - 20.4587 1975 0.00574 3.8448 875 0.00839 
1700 8.7367 13.6221 203.9446 54.6955 19.2912 1861 .00451 3.3217 824 .00812 
1800 8.7576 14.4969 204.8194 55.1955 18.2528 1759 .00371 2.8558 780 .00707 
1000 8.7756 15.3735 205.6960 '55.6694 17.3232 1669	 ' .00230 2.4382 739 .00700 
2000 8.7911 16.2518	 . 206. 5743 56.1200 16.4865 1588 '.00121 2.0617 703 .00644 

2100 8.8946 17.1316 207.4941 56.5492 15.7291 1514 0.00042 1.7265 670 0.00625 
2200 8.8162 18.0127 208.3352 56.9591 15.9405 1448 -.00087 1.4097 640 .00804 
2300 8.8266 18.8948 209.2173 57.3512 14.4118 1387 -.00172 1.1294 613 .00558 
2400 8.5358 19.7779 210.1004 57.7270 13.8356 1332 -.00290 .8644 588 .00530 
2500 8.8439 20.6619 210.0844 58.0879 13.3057 1282 -.00428 .6239 565 .00519 

2600 8.8511 21.5467 211.8692 58.4349 12.8169 .	 1235	 - -0.00511 0.4014 543 0.00519 
2700 8.8576 22.4321 212. 7546 58.7691 12.3646 1193 -. 00647 .1951 524 .00486 
2800 8.8634 23.3182 213.6407 59.0913 11.9450 1154 -.00773 .0031 505 00486 
2900 8.8686 24.2048 214.5273 59. J 024 11.5548 1117 -.00883 -.1759 458 00483 
3000 8.8733 25.0918 215.4143 59.7032 11.1913	 - 1083 -.00975 -.3434 472 .00464 

3100 8.8776 25.0794 216.3019 50.9942 10.8517 1052 -.0.01115 -0.5001 457 0.00459 
3200 8.8815 26.8673 217. 1898 60. 2761 10.5341 1021 -.01159 -.6477 443 .00456 , 
3300 8.8851 27.7557 218.0782 60.5495 10.2363 093 -.01256 -.7865 429 .00472 
3400 8.8884 28.6444 218.9660 60.8148 9.9568 969 -.01416 -.9174 417 .00456 
3500 8.8913 29.5333 219.8558 61.0724 9.6941 943 7.01454 -1.0411 404 .00478 

3600 8.8941 30.4226 220.7451 61.3230 9.4467 918 -0.111491 -1.1581 394 0.00461 
3700 -	 8.8966 31.3121 221.6346 61.5667 9.2135 897 -.01595 -1.2692 383 .00461 
3800 8.8900 32.2019 222.5244 61.8040 8.9034 877 -.01687 -1.3746 373 .00466 
3900 8.9011 33.0919 223.4144 62.0352 8.7854 854 - -.01670 -1.4749 363 .00475 
4000 8.0032 33.9821 224.3046 62.2605 8.5886 836 -.01760 -1.5704 354 .00476 

4100 8.9050 34.8726 225. 1951 62.4804 9.4023 817 -0.01792 -1.6615 345 0.00486 
4200 8.9068 35.7631 226.0856 62.6950 8.2257 798 -.01808 -1.7485 336 .00506 
4300 8.9084 36.6539 226.9764 62.9046 8.0582 783 -.01885 -1.8317 328 .00505 
4400 8.9099 37.5448 227.8673 63.1094 7.8991	 . 765 -. 01880 -1.9113 321 .00507 
4500 8.9113 38.4395 228.7584 63.3097 7.7479 750 -.01924 -1.0877 313 .00526 

46010 -	 8.9126 .	 39.3271 229.6496 63.5056 7.6041 733 -0.01906 -2.0610 305 0.00541 
4700 8.9138 40.2194 230. 5409 ' 63.6972 7.4672 720 -.01970 -2.1313 299 .00541 
4800 8.9150 41.1098 231.4323 63.8849 7.3360 704 -.01947 -2.1990 292 .00561 
4900 8.9161 42.0014 232.3239 64.0688 7.21277 691 -.01970 -2.2642 285 .00570 
5000 8.9171 42.8933 233.2156 64.2489 7.0942 675 -.01925 -2.3269 279 .00579 

5100 8.9181 43.7848 234. 1073 64.4255 6.9811 663 -0.01950 -2.3874 274 0.00881 
5200 8.9190

- 
44.6767 234.9992 64.5987 6.8731 649 -.01935 -2.4459 267 .00602 

5300 8.9193 45.5686 235.8911 64.7686 6.7700 637 -.01936 -2.5023 262 .00598 
5400 8. 9207 46.4606 236.7831 64.9353 6.6714 624 -.01905 -2.5568 257 . 00607 
5500 8.9215 47. 3527 237. 6752 65. 0990 6,1770 611 -- 01881 -2. 6096 251 . 00625 

5600 S. 9222 48.2449 238.5674 65.2598 6.4867 599 -0.01859 -2.6607 247 0. 00627 
5700 8. 9229 49.1372 239.4597 65.4177 6.4002 587 -.01S41 -2.7103 241 .00645 
5800 8.9236 50.0295 240.3520 62.5729 6.3174 576 -.01823 -2.7583 236 .00660 
5900 8.9242 50.9219 241.2444 65.7254 6.2380 564 -.01780 -2.8049 232 00663 
6000 8.9248 51.8144 242. 1369 65.8754 6.1618 .-------- .---------- .-2.8502
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TABLE XL-THERMODYNAMIC PROPERTIES OF N (GAS) 

lAtornic weight, 14.0081 

C H-H8 H,- 
T 

(O K) (_cal	 \ fkcal \ (kcal \ (	 cal 
\.mole°K/ \molej \mole) mole *K 

0 0 85.9696 
298.16 4.9680 1.4812 87.4508 36.6145 
300 4.9680 1.4904 87.4600 36. 6450 
400 4.9680 1.9872 87.9568 38. 0742 
500 4.9680 2.4840 88.4536 39.1828 

600 4.9680 2.9808 88.9504 40.0885 
700 4.9680 3.4776 89.4472 40.8544 
800 4.9680 3.9744 89.9440 41.5177 
900 4.9680 4.4712 90.4408 42.1029 

1000 4.9680 4.9W 90.9376 42.6263 

1100 4.9680. 6.4648 .91.4344 43.0998 
1200 4.9680 5.9616 91.9312 43.5321 
1300 4.9680 6.4584 92.4280 43.9297 
1400 4.9680 6.9552 92.9248 44.2979 
1500 4.9680 7.4520 93.4216 44.6406 

1600 4.9680 7. 9488 93.9184 44.9613 
1700 4.9681 8.4456 94.4152 45.2625 
1800 4. 9683 8.9424 94.9120 45.5464 
1900 4.9685 9.4393 95.4089 45.8151 
2000 4.9690 9.9362 95.9058 46.0696 

2100 4.9697 10.4331 96.4027 46.3124 
2200 4.9708 10.9301 96.8997 46.5436 
2300 4.9724 11.4273 97.3969 46.7646 
2400 4,9746 11.9246 97.8942 46.9763 
2500 4.9777 12.4222 98.3918 47.1794 

2600 4.9816 12.9202 98.8898 47.3747 
2700 4.9869 13.4186 99.3882 47.5628 
2800 4.9935 13.9177 99.8873 47.7443 
2900 5.0015 14.4174 100.3870 47.9197 
3000 5.0108 14.9180 190.8876 48.0894 

3100 5.0222 15.4107 101.290 4S 2.Q 
3200	 . 5.0384 15.9226 101.8922 48. 4135 
3300 5.0504 16.4268 102.3964 48. 5687 
3400 5.0675 16.9327 102. 9023 48.7197 
3500 5.0866 17.4404 103.4100 48.8669 

3600 5.1079 17.9502 103. 9198 49. 0105 
3700 5.1812 18.4621 194.4317 49.1508 
3800 5.1567 18.9765 194.9461 49.2880 
3900 5.1844 19.4936 105.4632 49.4223 
4000 5.2143 20.0135 105. 9831 49.5539 

4100 5.2461 20.5365 106. 5061 49.6830 
4200 5.2800 21.0628 107. 0324 49.8099 
4300 5,3158 21,5926 107, 5622 49.9345 
4400 5.3533 22.1261 108. 0957 50.0572 
4500 5.3927 22.66-34 108. 6330 50.1779 

4600 5.4335 23.2047 109. 1743 50.2969 
4700 5.4759 23.7502 109. 7198 50.4142 
4800 5.5197 24.2999 110.2695 50.5299 
4900 5.5646 24.8542 110.8238 50.6442 
5600 5.6109 25.4129 111. 3825 50.7571 

5100 5.6581 25. 9764 111. 9460 50.8687 
5200 5.7063 26.5446 112. 5142 50.9790 
5300 5. 7553 27.1177 113. 0873 51.0882 
5400 5.8052 27.6957 113.6653 51.1962 
5500 5.8558 28.2788 114. 2484 51.3032 

5600 5.9070 28.8669 114. 8365 51.4092 
5700 5.9588 29.4602 115. 4298 51.5142 
8800 6.0114 30.0587 116.0283 51.6183 
5900 6.0644 30.6625 116. 6321 51.7215 
6000 6.1179 31.2716 117. 2412 51.8238
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TABLE XLI--THERMODYNAMIC PROPERTIES OF N 2 (GAS) 

[Molecular weight, 28.0161 

H-H, "T ST
H°

o1oK=J(+d) 

(°K) (_cal	 \ (kcal \ (\ (_	 \ jZ Iogii 

a b c d 'rno1c"K) .mole) .moIe) mole *K 

0 0 1.6992 
298.16 6.960 2.0729 3.7715 45. 767 288.8283 --------  
300 6.961 2.0851 3. 7843 45.809 287.0664 118.6656 
400 6.991 2.7824 4.4816 47.818 215. 6725 - 87. 4738 
500 7.070 3.4850 1.1842 49.385 172.8306 --------  

---

600 7.197 4.1990 5.8972 50. 685 144. 2610 --------  
700 7. 351 4.9253 6.6245 51.805 123.8438 47. 2492 
800 7512 5.6686 7.3678 52.79 108. 5207 -------- 

- -
40. 5214 

900 7.671 6.4280 8.1272 53.692 96.5937 35.2815 
1000 7.816 7.2025 8.9017 54.5090 87.0447 8565

--
0.03284 31.0841 

-

3756 0.02405 

1100 7.947 7.9907 9.6899 55.2601 79.2255 7790 0.02943 27.6455 3418 0.02057 
1200 8. 063 8. 7912 10. 4904 55.91%5 72.7044 7145 .02594 24.7766 3136 .01779 
1.300 8.165 9.6026 11.3018 56.6060 67.1823 6600 .02241 22.3465 2898 .01510 
1400 8.253 10. 4235 12. 1227 57.2143 62.4456 6133 .01923 20.2614 2693 .01347 
1500 8.3.30 11.2526 12.9518 57.7863 58.3377 5727 .01732 18.4526 2515 .01233 

1600 8.399 12.0891 13.78S3 58.3261 54.7410 5373 0.01481 16.8684 2360 0.01076 
1700 8.459 12.9320 14.6312 58.8371 51.5656 5060 .01309 15.4694 2223 .00970 
1800 8.512 13.7805 15.4797 59.3221 48.7414 4781 .01180 14.2247 2101 .00881 
1900 8.560 14.6341 16.3333 59.7836 46.2132 4532 .01050 13.1101 1991 .00830 
2000 8.602 15.4922 17.1914 60.2237 43.9367 4308 .00927 12.1063 1893 .00757 

2100 8.640 16.3543 18.0535 60.6443 41.8760 4105 0.00819 11.1973	 - 1804 0.00700 
2200 8.674 17.2200 18.9192 61.0471 40.0019 3921 .09702 10.3703 1723 .00647 
2.300 8.705 18.0890 19.7882 61.4333 38. 2901 3753 .00595 9.6147 1649 .00602 
2400 8.733 18.9609 20.6601 61.8044 36.7204 3599 .00490 8.9216 1581 .00570 
2500 8.759 19.8358 21.5347 62.1614 35.2759 3457 .00419 8.2835 1519 .00527 

2600 S. 783 20.7126 22.4118 62.5054 33.9421 3327 0.00298 7.6940 1461 0.00499 
2700 8. SOS 21.5920 29.2912 62.8373 32.7069 3207 .00174 7.1479 1407 .00500 
2800 8.8253 22.4735 24.1727 63.1579 31.5598 3096 .00061 6.6404 1357 .00477 
2900 8.8440 23.3570 25.0562 63.4679 30.4916 2992 -.00043 6.1677 1311 .00460 
3000 8.8610 24.2422 25.9414 63.7680 29.4947 2896 -.00169 5.7261 1268 .00427 

3100 •	 8.8774 25.1291 26.8283 64.0588 28.5622 2806 -0.00268 5.3128 1227 0.00436. 
3200 8.8928 26.0177 27.7169 64.3409 27.6880 2722 -.00395 4.9250 1189 .00420 
3300 8.9073 26.9077 28.6069 64.6148 26.8671 2644 -.90525 4. 5605 1153 .00418 
3400 8.9210 27.7991 29.4983 54.8899 26.0947 2570 -.00628 4.2172 1120 .00390 
3500 8.9340 28.6918 30.3910 65.1397 21,3667 2501 -.00772 3.8933 1088 .00.388 

3600 8.9462 29.5858 31.2850 •	 65.3915 24.6797 2436 -0.00878 3.5872 1058 0.00485 
3700 8.9577 30.4810 32.1802 65.6368 24.0301 2375 -.01020 3.2974 1029 .00391 
3800 8.9686 31.3773 33.0765 65.8758 29.4153 2317 -.01140 3.0227 1002 .00398 
3900 8.9790 32.2747 33.9739 66.1089 22.5326 2262 -.01240 2. 7618 976 .00400 
4000 8.9890 33.1731 34.8723 66.3364 22.2795 2210 -.01362 2.5138 952 .00390 

4100 8.0%7 34.0725 35.7717 66. 5585 21.7541 - 2160 -0.01459 2.2777 928 0.00405 
4200 9.0082 34.9729 36.6721 66.7754 21.2544 2113 -.01570 2.0527 906 .00410 
4.300 9.0174 35.8741 37.5733 66.9875 20.7787 2068 -.01660 1.8379 885 .00406 
4400 9.0263 36.7763 38.4755 67.1949 20.3253 2026 -.01772 1.6327 864 .00420 
4500 9.0350 37.6794 39.3786 67.3979 19.8928 1984 -.01840 1.4365 845 .00420 

4600 9.0435 38.5833 40.2925 67.5965 19. 4799 1945 -0. 01923 1.2486 827 0.00414 
4700 9.0518 39.4881 41.1873 67. 7911 19.0853 1907 -.02009 1.0685 809 .00426 
4800 9.0600 40.3937 42.0929 67.9818 24.7081 1870 -.02053 .8957 792 .00427 
4900 9.0681 41.3001 42. 9993 68.1687 18.3470 1835 -.02120 .7298 775 .00450 
5000 9.0760 42.2073 43.9065 68.3520 18.0012 1801 -.02184 .5703 759 .00448 

5100 9.0838 43.1153 44.8145 68.5318 17.6699 1768 -0.02220 0.4170 744 0.00462 
5200 9.0915 44.0240 45.7232 68.7082 17.3521 1737 -.02284 .2693 729 .00475 
5300 9.0991 44.9336 46.6328 68.8815 17. 0472 1706 -.02313 .1270 714 .00498 
5400 9.1066 45.8438 47.5430 69.0516 . 16.7544 1677 -.02361 -.0102 700 .00513 
5500 , 9.1140 46"1549 48,4141 19,2188 16,1731 1648 -.02389 -.1426 - 686 .00530 

5600

 

9.1214 47.6666 49.3658 69.3831 16.2027 1620 -0.02421 -0.2794 673 0.00543 
5700 9.12S7 48.5791 50.2783 69.5446 15.9427 1594 -.02453 -.3939 661 .00553 
5800 9.1359' 49.4924 51.1916 69.7034 15. 6924 1568 -.02486 -.5134 648 .00577 
5900 9.1431 50.4063 52.1055 69.8596. 15.4515 1543 -.02507 -.6290 637 .00583 
6000 9.1502 -	 51.3210 S.3. 0202 70.0134 15.2194 -	 -------- ----------- --. 7410
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TABLE XLII-THERMODYNAMIC PROPERTIE OF NO (GAS) 

[Molecular.  weikht, 30.008]	 - 

C	 - H S.
H°

o(_!)=±_T(!-+o) 11ogK=T(+d) 

(°K) f	 cal	 \ (kcal\ f kcal \ (	 cal	 \ --
log K 

.mo1e 0K/ \.molel .mo1e) mole 'K a 0 C d 

0 0 23.3447 
298.10 7.137 2.1942 25.2389 50.339 207.8039 
300 7.134 2.2068 25.5515 50.384 206.5399 -

-
.84.2076 

400 7.162 2.9208 26.2655 52.436 155.2032 ----------- 61.8373 
500 7.289 3.4440 26.7887 54.048 124.5125 48.3348 

600 - .	7.46 8 4.3812 27.7259 55.392 103.9835 -- 39.3132 
700 7.657 5.1366 28.4813 56.556 89.3049 - 32.8556 
800 7.833 5.9096 29.2543 57.589 78.2839 - 28.0035 
900 7. 990 6.7005 30.0452 58.520 69.7015 24.2220 

1000 8.126 7.5060 30.8507 59.3700 62.8276 6160 0.03020 21.1937 2707 0.02129 

1100 8.243 8.3245 31.6692 60.1500 57.1974 5606 0.02567 18.7115 2465 0.01723 
1200 8.342 '9.1537 32.4984 60.8715 52. 5009 5143 .02155 . 16.6401 2262 .01500 
1300 8.420 9.9921 33.3368 61.5425 48.5232 4751 .01873 14.8851 2090 .01334 
1400 8.498 10.8383 34.1S30 62.1696 45.1109 4415 .01837 13.3789 1943 .01147 
1.500 8.560 11.6912 36.0359 62.7590 42.1512 4124 .01410 12.0721 1815 .01033 

1600 8.614 12.5499 35.8946 63.3122 39.5596 3869 

-- --

0.01232 10.9274 1703 0.06944 - 
1700 8.660 13.4136 36.7593 63.8358 37.2714

---------- 

3644

---84.89)3 
--- 

.01086

--

9.9162 1604 .00659 
1800 8.702 14.2817 37.6264 64.3319 35.2361

--------- 

3444 

-------

.00937

--

9.0165 1516 .00791 
1900 8.738 15.1537 38.4984 64.8034 33.4141 3265 .00830 8.2107 1437	 . .00740 
2000 8.771 16.0292 39.3739 65.2524 31.7733 3104 

-----
-----
--- --

.00711 7.4848 1367 .00645 

2100 8.801 16.9078 40.2525 65.6811 30.2881 2958 0.00616 6.8274 1302 0.00628 
2200 8.828 17.7892 41.1339 66.0912 28.9374 2826 .00120 6.2293 1244 .00583 
2300 8.852	 . 18.6732 42.0179 1	 66.4841 27.7035 2704 .00473 5.6826 1191 .00525 
2400 8.874 19.5595 42.9042 66.8613 26.5721 2593 .00410 5.1811 1142 .00500 
2500 8.895 20.4480 43. 7927 67.2240 25.5308 2491 .00332 4.7193 1097 .00468 

2600 8.914 21.3384 44.6931 67.5732 24.5694 2398 0.00235 4.2927 1056 0.00429 
2700 8.932 22.2307 45.5754 67.9100 23.6789 2311 .00154 3.8973 1017 .00419 
2800 8.949 23.1248 46.4695 68.2351 22.8520 2230 .00103 3.5299 981 .00412 
2900 8.966 24.0205 47.3652 68.5494 22.0820 2156 .00013- 3.1875 948 .00380 
3000 8.981 24.9179 48.2626 68.8537 .21.3632 2086 -.00060 2.8677 916 .00392__-

3100 0 ((((0 - -	 25. 8167 49. 1614 69,1494 20. 6909 2021 -0.00136 2. 5683 887 0.00371 
3200 9.010 26.7170 50.0617 00.4345 20.0607 1251 -.00224 2 2074 860 .08360 
3300 9.024 27. 6187 50. 9634 69.7117 19.4687 1904 -. 00310 . 2.0233 834 .00351 
3400 9.037 20.5218 51.8661 69. 9813 18.9114 1851 -.00386 1.7745 810 .00337 
3500

- 
9.049 29.4261 52.7708 70. 2434 18.3868 1800 -.00450 1.5397 787 .00329 

3600 9.061 30.3316 53.6763 70.4985 17.8913 1753 -.00528 1.3178 765 0:00334 
3700 9.073 31.2383 54.1830 70.7469 17.4228 1708 -.00597 1.1077 745 .00315 
3800 9.085 32.1462 55.4909 70.9891 16.9793 1666 -. 00608 .9085 725 .00320 
3900 9.096 33.0552 56.3999 71.2252 16.5588 1626 -.00740 .7194 707 .00315 
4000 9.107 33.9654 57.3101 71.4556 16.1397 1588 -.00812 .. 5395 689 .00325 

4100 9.118 34.8766 58.2213 71.6806 -	 15.7905 1552 -0.00872 - 0.3682 672 0.00320 
4200 9.128 35.7889 59.1336 71.9005 15.4197 1518 -.00952 .2050. 656 .00324 
4300 9.138 36.7022 60.0469 72.1154 15.0762 1485 -.01000 -	 .0492 641 .00322 
4-100 9.148 37.6165 66.9512 72.3256 14.7487 145.3 -.01039 -.0997 627 .00317 
4500 9.158 3S.5318 61.8765 72.5312 14.4362 1422 -.01063 -.2422 612 .00320 

4600 9.169 39.4481 62.792 72.7326 14.1377 1393 -0.01108 -0.3785 599 0.00325	 - 
4700 9.178 40 36.54 63.7101 72.9299 13.8524 1365 -.01148 -.5092 586 .00332 
4800 9.188 41.2S37 64.6204 73.1232 13.5795 1338 -.01176 -.6346 574 .00336 
4900 9.198 42.2030 65.5477 73.3128 13.3182 1313 -.01220 -.7551 561 .00350 
5000 9.208 43.1233 66.4690 73.4937 53.0678 1288 -.01255 -.8708 550 .00356 

3100 9.218 44.0446 67.3893 73.6912 12.8218 1264 -0.01268 -0.9822 539 - 0.00355 
5200 9.227 44.9669 68.5116 73.8602 12.5974 1240 -.01276 -1.0894 528 .00368 
5.300 9.237 45.8901 69.2348 74.0351 12.3762 1218 -. 01306 -1.1927 517 .00386 
5400 9.246 46.8142 70.1589 74.2089 12.1637 1195 -.01315 -1.2923 507 .00392 
5500 9.256 47.7393 71.0840 74.3786 11.9591 1175 -.01332 -1.3884 497 .00405 

3600 9.266 48.6654 72.0101 74.5454 11.7629 1155 -0.01353 -1.4812 488 - 0.00409 
5700 -	 9.275 49.5925 72.0372 74.7095 11.5738 1136 -.01366 -1.5709 478 .00429 
5800 9.285 50.5205 73.8652 74.8709 11.3916 1117 -.01382 -1.6576 469 . 00441 
5900 9.294 51.4494 74.7941 75.0297 11.2161 1099 -.01397 -1.7415 461 .00447 
6000 9.304 52.3793 75.7240 75.1860 11.0469	 -- --------	 ----------- - -1.8228
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TABLE XLIII-THERMODYNAMIC PROPERTIES OF 0 (GAS) 

(Atomic weight, 16.00001 

C H°-H, H. S. 
3) (cal	 \ (kcal \ (kcal ' (	 cal 

ii ole°KJ \moleJ \mole/ mole *K 

0 0 59.6041 
298.16 5.2364 1.6074 61.2115 38.4689 
300 5.2338 1.6170 61.2211 38.5010 
400 5. 1341 2. 1349 61.7390 39.9915 
500 5.0802 2.6454 62.2495 41.1308 

600 5.0486 3.1517 62.7558 42.0540 
700 5.0284 3.6555 63.2596 42.8307 
800 5. 0160 4.1576 63.7617 43.5011 
900 5.0055 4.6587 64.2628 44.0914 

1000 4.9988 6.1588 64.7629 44.6183 

1100 4.9936 5.6584 65.2625 45.0945 
1200 4.9894 6.3576 68.7617 45.5298 
1300 4.9864 6.6564 66.2605 45.9281 
1400 4.9838 7.1549 66.7590 46.2975 
1500 4.9819 7.6532 67.2573 46.6413 

1600 4.9805 8. 1513 67.7554 46.9628 
1700 4.9792 8.6493 68.2534 47.2546 
1800 4.9784 9.1471 68:7512 47.5492 
1900 4.9778 9.6450 69.2491 47.8184 
2000 4.9776 10.1427 69.7468 48.0737 

2100 4.9778 10.6405 70.2446 48.3166 
2200 4.9784 11.1383 70.7424 48.5481 
2300 4.9796 11.6362 71.2403 48.7695 
2400 4.9812 12.1343 71.7384 48.9814 
2500 4.9834 12.6325 72.2366 -	 49.1948 

2600 4.9862 13.1310 72.7351 49. 3803. 
2700 4.9897 13.6298 73.2339 49.5686 
2800 4.9935 14.1289 73.7330 49.7501 
2900 4.9986 14.6285 74.2326 49. 9254 
3000 5.0041 15.1287 74. 7328 50.0950 

3100 5.0102 15.6294 75.2335 50.2592 -. 
3200 5.0170 16.1307 75.7348* 50.4183 
3300 5.0245 16.6328 76.2369 50.5728 
3400 5.0325 17.1357 76.7398 50.7229 
3500 5.0411 17.6393 77.2434 50.8689 

3600 5.0502 18.1439 77.7480 51.0111 
3700 5.0599 18.6494 78.2535 51.1496 
3800 5.0700 19.1559 78.7600 51.2S46 
3900 5.0805 19.6634 79.2675 51.4163 
4000 5.0914 20.1720 79.7761 51.5452 

4100 5.1026 20.6817 80.2858 51.6711 
4200 5.1140 21.1925 80.7966 51.7942 
4300 5.1257 21.7045 81.3086 51.9147 
4400 5.1375 22.2177 81.8218 52.0326 
4500 5.1495 22.7320 82.3361 52.1482 

4600 5.1616 23.2476 82.8517 52.2615 
4700 5.1738 23.7644 83.3685 52.3727 
4800 5.1860 24.2824 83.8868 52.4817 
4900 5.1981 24.8016 84.4057 52.5888 
5000 5.2102 25.3220 84.9261 52.6939 

5100 5.2223 25.8436 85.4477 52.7972 
5200 5.2344 26.3664 85.9705 52.8988 
5300 5.2464 26.8905 86.4946 52.9986 
5400 5.2583 27.4157 87.0198 53.0968 
5500 5.2701 27.9421 87.5462 53.1933

- 5600 5.2818 28.4697 88.0738 53.2884 
5700 5.2933 28.9985 88.6026 53.3829 
5800 5.3047 29.5294 89.1325 53.4742 
5900 5.3159 30.0594 89.6635 53.5649 
6000 5.3270 30.5916 90.1957 M. 6544
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TABLE XLIV-THERMODYNAMIC PROPERTIES OF 02 (GAS) 

[Molecular weight, 32.00001 

(_AH'
a io K=-100	 +d 

(OK)
(mole	

\ (kcal\ fkcal \ (	 cal	 \
log  

S 
\. moIe oK) \.moleJ \mole) \mo1e0K)

a C d 

0 0 7.0362 
298.16 7.021 7.0747 4.1109 49.011 199.6835 80.6182 
300 7.023 2.0816 4.1238 49.056 198.4695 - 80.0867 
400 7.196 2.7977 4.8339 51.098 149.2619 58.5109 
500 7.431 3.5288 5.5650 52.728 119.7013 45.5311 

600 7.670 4.7841 6.3203 54.105 99.9669

--
--

36.8580 
700 7.883 5.0620 7.0982 55.303 85.8510 ---30.6499 
800 8.063 5.8596 7.8958 56.368 75.2496 ---25. 9854 
900 8.212 6.6737 8.7099 57.327 66.9937 22.3515 

1000 8.336 7.5012 9.5374

-

58.1990 08.3812 5926 0.02823 19.4400 2604 0.01823 

1100 8.439 8.3400 10.3762 58.9983 54.9654 5392 0.02417 17.0545 2370 0.01550 
1200 8.527 9.1883 11.2245 59.7364 50.4479 4947 

---

.02061 15.0640 2173 .01322 
1300 8.604 10.0448 12.0810 60.4220 46.6219 4569 .01873 13.3777 2009 .01200 
1400 8.674 10.9087 12.9449 61.0622 43.3396 4245 .01700 11.9307 1867 .01083 
1500 8.738 11.7793 13.8155 61.6628 

-

40.4926 3963 .01642 10.6752 1744 .00960 

1600 8.800 12.6562 14.6924 62.2287 37.9993 3717 

---

0.01523 9.5756 1637 0.00826 
1700 8.858 13.2391 15.5753 62.7640 35.7976 3499 .01501 8.6044 1542 .00743 
1800 8.916 14.4278 16.4640 63.2719 33.8787 3305 

---

.01473 7.7403 1458 .00643 
1900 8.973 15.3223 17.3585 63.7555 32.0845 3132 .01420 6.9665 1383 .00550 
2000 9.029

-

16.2224 18.2586 64.2172 30.5043 2976 .01386 6.2695 1315 .00491 

2100 9.084 17.1280 19.1642 64.6590 29.0733 2835 0.01356 5.6384 1253 0.00455 
2200 9.139 18.0392 20.0754 65.0829 27.7711 2707 .01324 5.0643 1197 .00407 
2300 9.194 18.9558 20.9920 65.4904 26.5809 2590 .01283 4.5398 1146 .00370 
2400 9.248 19.8779 21.9141 65.8828 25.4889 2484 .01200 4.0586 1099 .00330 
2500 9.301 20.8054 22.8416 66.2614 24.4833 2386 .01161 3.6157 1056 .00295 

2600 9.354 21.7381 23.7743 66.6272 23.5540 2295 0.01120 3.2066 1016 0.00260 
2700 9.405 22.6761 24.7123 66.9812 22.6928 2212 .01060 2.8277 980 .00210 
2800 9.455 23.6191 25.6553 67.3241 21.8922 2135 .00979	 . 2.4716 945 .00204 
2900 9.503 24.5670 26.6032 67.6568 21.1462 2063 .00913 2.1477 913 .00187 
3000 9.551 25. 5197 27.5559 67.9797 20.4494 1997 .00831 

0.00761

-. 1.8415 

1.5550	 -

883 .00166 

3100 9.596 26.4770 28.5132 68.2936 19.7969 1935 855 0.00161 
3200 9.640 27.4388 29.4750 68.5990 19.1846 1877 .00671 1.2862 829 .00129 
3300 9.682 28.4049 30.4411 68.8963 18.6091 1822 .00622 1.0337 804 .00123 
3400 9.723 29.3752 31.4114 69.1859 18.0670 1771 .00540 .7960 781 .00106 
3500 9.762 30.3494 32.3856 69.4683 17.5556 1723 .00469. .5718 759 .00097 

3600 9.799 31. 3275 33.3637 69.7419 17.0723 1677 0.09426 0.3600 739 0.00077 
3700 -	 9.835 32.3092 34.3454 70.0128 16.6148 1634 .00350 .1595 719 .00069 
3800 9.869 33.2944 35.3306 70.2756 16.1813 1594 .00278 -.0304 700 .00071 
3900 9.901 34.2829 36.3191 70.5323 16.7698 1555 .00225 -.2106 682 .00070 
4000 9.932 35. 2745 37.3107 70.7934 15.3788 1519 .00161 -.3818 665 .00070 

4100 9.960 36.2691 38.3023 71.0290 -	 15.0067 1484 0.00107 -0.5447 649 0.00068 
4200 9.987 37.2665 39.3027 71.2693 14.6523 1450 .00069 -.6999 634 .00056 
4300 10.013 38.2665 40.3027 71.5046 14.3144 1419 .00010 -.8479 619 .00062 
4400 10.037 39.2690 41.3052 71.7351 13.9918 1388 -. 00014 -.9892 606 .00043 
4500 10.060 40.2738 42:3100 71.9609 13.6835 1359 -.50063 -1.1243 592 .00050 

4600 10.081 41.2809 43.3171 72.1822 13.3887 1331 -0.00089 -1.2235 579 0.00051 
4700 10.103 42.2961 44.3263 72.3993 13.1064 1304 -.00127 -1.3772 567 .00048 
4800 10.121 43.3013 45.3375 72.6122 12.8360 1279 -.00162 -1.4958 555 .00053 
4900 10.139 44.3143 46.3505 72.8210 12.5766 -	 1254 -.00190 -1.0896 543 .00060 
5000 10.156 45.3290 47.3652 73.0261 12.3277 1230 -.00208 -1.7188 533 .00049 

5100 10.172 46.3454 48.3816 73.2273 12.0886 1207 -0.00232 -1.8238 522 0.00062 
5200 10.187 47.3634 49.3996 73.4250 11.8588 1184 -.00240 -1.9248 512 .00060 
5300 10.201 48.3828 5()49() 73.6192 11.6378 1162 -.00248 -2.0220 502 .00064 
5400 10.215 49.4036 51.4398 73.8100 11.4251 1143 -.00282 -2.1156 493 .00056 
5500 10.228 50.4257 -52.4619 73.9975 11.2201 1122 -.00286 -2.2058 484 .00057 

5600 10.239 51.4496 13.4858 74.1819 11.0226 1102 -0.90293 -2.2928 475 0.00067 
5700 10.250 52.4735 54. 5097 74.3632 10.8322 1084 -.00310 -2.3768 466 .00076 
5800 10.261 23.4991 55.5353 74.5416 10.6483 1067 -.00335 -2.4579 458 .00077 
5900 10.270 54. 3256 56.5618 74.7171 10.4709 1049 -.00343 -2.5363 450 .00080 
6000 10.279 55.5531 57.5893 74.8898 10.2995	 --------- ----------- - -2.6121
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TABLE XLV-THERMODYNAMIC PROPERTIES OF OH (GAS) 

[Molecular weight, 17.008] 

C; H-H, H
H°

o log K=T(+d) 
T 

(K) f	 cal	 \ (kcal '\ fkcal \ (_cal	 \
________ logR -

a b c d m \oleoKJ m le .oJ mo) le mole 

0 0 44.7266 
298.16 7.141 2.1062 46.8328 43.888 170.7827 69.3677 
300 7.139 2.1225 46.8491 43.934 169. 7395 68.9110 
400 7.074 2.8296 47.5562 45.978 127.6916 50.4585 
500 7.048 35350 48.2616 47.553 102.4572 -

-
-

39.3522 

600 7.053 4.2408 48.9674 48.840 85.6303

--

31.9260 
-700 7.087 4.9469 49.6735 49.927 73.6091 26.6057 

800 7.1-50 5.6584 50.3850 50.877 64. 5888 22. 6043 
900 7.234 6.3774 51.1040 51.723 57. 5682

---

19.4833 
1000 7. 333 7. 1060 51.8326 52.4910 51.9464 5034 

--

--
-

0.02814 16.9801 2227 0.02885 

5100 7.440 7.8446 52.5712 83.1949 47.3419 4575 0.02930 14.9267 2029 0.02457 
1200 7.551 8.5942 53.3208 53.8470 43.5001 4194 0.02915 13.2113 1863 .02172 
1300 7. 663 9.3549 84.0815 54.4559 40.2448 3873 .02777 11.7565 1723 .01909 
1400 7.772 10.1266 54.8532 55.0278 37.4506 3599 .02607 10.5067 1603 .01673 
1500 7.875 10.9090 55.6356 55.5675 35.0252 3361 . 02478

-

9.4213 1498 .01535 

1600 7.973 11.7014 56.4280 56.0788 32.8M 3152 0.02340 8.4697 1407 0.01355 
1700 8.066 12.5033 57.2299 56.5650 31.0217 2970 02210 7.6285 1327 .01198 
1800 8.152 13.3142	 - 58.0408 57.0285 29.3496 2808 .02041 6.8793 1255 .01087 
1900 8.233 14.1335 58.8601 57.4714 27.8513 2663 .01890 6.2079 1190 .01020 
2000 8.308 14.9605 59.6871 57.8956 26.5009 2533 .01731 

-

5.6027 1133 .00898 

2100 8.378 15.7948 60.5214 58.3027 25.2774 2415 0.01617 5.0842 1080 0.00839 
2200 8.443 16.6359 61.3625 58.6939 24.1635 2308 .01482 4.5549 1032 .00790 
2300 8.504 17.4832 62.2098 59.0705 23.1452 2210 .01387 4.0983 989 .00702 
2400 8.561 18.3365 .	 63.0631 59.4337 22.2105 2121 .01260 3.6792 949 .00650 
2500 8.614 19.1952 63.9218 59.7842 21.3495 2038 .01185 3.2931 912 .00603 

26007 8.663 20.0591 64.7857 60.1230 20.1538 1962 0.01093 2. 9363 878 0.00561 
2700 8.710 20.9277 65. 6543 60.4508 19.8162 1892 .00999 2.6055 846 . 00546 
2800 8.755 21.8010 66.5276 60.7684 19.1305 1826	 ' .00934 2.2979 817 .00488 
2900 8.798 22.6786 67.4052 61.0764 18.4915 1765 .00877 2.0113 790 .00457 
3000 8.938 23.5604 68.2870 61.3753 17.8944 1708 .00813 1.7434 764 .00435 

3100 8.877 24.4462 69.1728 61.6658 17.3353 1655 0.00741 1.4926 740 0.00415 
3200 8.913 25.3357 70.0623 61.9482 16.8107 1605 00694 -	 1.2572 718 .00372 
3300 8.949 26.2288 70.9554 62.2230 16.3174 1558 .00646 1.0359 697 .00360 
3400 8.982 27.1283 71.8519 62.4906 15.8527 1513 .00621 .8273 677 .00327 
3500 9.015 28.0252 72.7518 62.7515 15.4142 1471 00579 .6306 659 .00304 

3600 9.047 28.9283 73. 6549 63. 0059 -	 14.9998 1432 0.00527 0.4445 641 0.00286 
3700 9.07; 29.8345 74.5611 63.2542 14.6075 1395 .00489 .2684 624 .00279 
3800 9.107 30.7437 75.4703 63.4986 14.2355 1159 .00464 .1014 608 .00270 
3900 9.135 31.6558 76.3824 63.7336 13.8824 1325 .00435 -.0572 593 .00255 
4000 9.162 32.5706 77.2972 63.9652 13.5468 1293 .00413 -.2080 579 .00238 

4100 9.189 33.4882 78.2148	 - 64.1917 13.2273 1263 0.00379 -0.3516 565 0.00228 
4200 9.215 344084 79.1350 64.4135 12.9228 1234 00352 -:4884 552 .00223 
4300 9.241 35.3312 80.0578 64.6306 12.6323 1206 .00331 -.6100 539 .00220 
4400 9.266 36.2565 80.9831 64.8434 12.3549 1179 .00320 -.7437 528 .00197 
4500 9.290 37.1843 81.9109 65.0518 12.0897 1154 .00303 

'

-.8630 517 .00181 

-	 4600 9.314 38.1145 82.8411 65.2563 11.8358 1129 0.00289 -0.9772 506 0.00174 
4700 9.338 39.0471 83.7737 65.4569 11.5927 1106 .00268 -1.0866 495 .00178 
4800 9.362 39.9821 84.7087 65.6537 11.3596 1084 00258 -1.1915 485 .00172 
4900 9.384 40.9194 85.6460 65.8470 11.1358 1062 .00250 -1.2922 476 .00160 
5000 9.406 41.8589 86.5855 66.0368 10.9209 1041 .00248 -1.3800 466 .00163 

5100 9.427 42.8006 87.5272 66.2233	 ' 107143 1021 0.00235 -1.4820 458 000152 
5200 9.448 43.7443 88.4709 66.4065 10.5156 1002 .00214 -1.5716 449 .00148 
5300 9.469 44.6902 89.4168 66.5867 10.3244 984 .00208 -1.6578 440 .00152 
5400 9.489 45.6381 90.3647 66.7639 10.1401 966 .00206 -1.7408 433 .00137 
5500' 9.509 46.5980 91.3146 66.9382 9.9624 949 .00194 -1.8209 .	 425 .00141 

5600 9.529 47.5399 92.2665 67.1097 9.7910 932 0.00189 -1.8982 418 0.00127 
5700 9.548 48.4937 93.2203 67.2785 9.6256 916 .00187 -1.9728 411 .00124 
5800 9.567 49.4495 94.1761 67.4447 9.4658 901 .00179 -2.0449 404 .00123 
5900 9.585 50.4071 95.1337 67.6084 9.3113 886 00163 -2.1146 397 .00123 
6000 9.603 51.3665 96.0931 67.7697 9.1620 --------- ----------- --2.1820
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WIND-TUNNEL INVESTIGATION OF AIR INLET AND OUTLET 
OPENINGS ON A STREAMLINE BODY' 

By JOHN V. BECKER 

SUMMARY 

In connection with the general problem of providing air 
flow to an aircraft power plant located within a fuselage, an 
investigation was conducted in the Langley-8-foot high-speed 
tunnel to determine the effect on external drag and pressure 
distribution of air inlet openings located at the nose*os of a stream-
line body. Air outlet openings located , at the tail and at the 
21-percent and 63-percent stations of the body were also investi-
gated. Boundary-layer transition measurements were made 
and correlated with the force and the pressure data. Individual 
openings were investigated with the aid of a blower and then 
practicable combinations of inlet and outlet openings were tested. 
Various modifications to the internal duct shape near the inlet 
opening and the aerodynamic effects of a simulated gun in the 
duct were also studied. 

The results showed that the external drag (measured drag 
less computed drag due to internal duct losses) of the body 
with suitably • designed nose-inlet and tail-outlet openings was 
no higher than the drag of the streamline body over a wide range 
of rates of internal air flow. The static-pressure distribution 
with the best 'inlet profiles developed during the investigation 
was almost identical with that of the corresponding portion of 

the streamline body. As a consequence, the same favorable 
laminar-boundary-layer flow as on the streamline body was 
obtained. The local velocity increments over the nose profiles 
were so low that the critical speed of a fuselage employing these 
shapes would depend on the peak-velocity increments occurring 
elsewhere than on the nose. 

The results of the tests .suggested that outlet openings should 
be designed so that the static pressure of the internal flow at the 
outlet would be the same as the static pressure of the external 
flow in the vicinity of the opening. Radical changes in the 
internal-duct arrangement near the inlet openings had little 
effect on the external drag or pressure distribution. 

INTRODUCTION

external drag may occur as a result of the formation of com-
pression shocks on cowlings (reference 2) or protruding 
scoops. The excessive cowling drag costs at high speeds can 
he reduced to some extent by reducing the bluntness of the 
nose profile (reference 2); however, the improvement which 
can be made in this direction is limited for conventional 
installations in which the engine is located at the nose of the 
fuselage. If it is assumed that the engine is located near the 
center of the fuselage or nacelle, then radical changes in the 
shape of the nose are' possible. The present investigation 
was designed to explore the possibilities of high-speed drag 
reduction by use of nose inlets proportioned solely from aero-
dynamic requirements without any restrictions arising from 
engine dimensions, location, or air-flow requirements. 

At the outset of the present investigation little information 
was available in regard to the characteristics of inlet open-
ings at the nose of a streamline body. Previous tests had 
been made without air flow into the openings, a, condition 
seldom occurring in practice, and the results were therefore 
inconclusive. Little pressure-distribution 'or critical-speed 
data were available, and it was not known whether any 
appreciable laminar boundary layer could exist behind an 
inlet opening. 

The principal purpose of this investigation was to develop 
nose-inlet openings of various relative sizes which would have 
the lowest possible external drag and the highest possible 
critical compressibility speed. The air-inlet flow rates used 
were not restricted to the relatively small requireihen ts of radial 
engines but were varied from zero flow to inlet-velocity ratios 
in excess of unity. Pressure-distribution and boundary-
layer data were obtained to aid in interpreting the drag re-
stilts and to permit the estimation of the critical speeds. 
Typical annular and tail-outlet openings were similarly in- 
vestigated. In order toavoid possible confusing interference 
effects, the inlet and the outlet openings were tested sepa-
rately with the internal air flow being supplied through wing 
ducts from a blower located outside of the wind tunnel. 
Representative combinations of the inlet and outlet open-
ings were then tested without the use of the blower. The 
effects on external drag of a protruding simulated gun in the 
inlet opening and of various internal-duct arrangements near 
the nose were also included in the investigation of the indi-
vidual inlet openings.

887 

Various wind-tunnel tests of full-scale airplanes and of air-
plane models have shown large external losses associated 
with the power-plant installations. The external drag of 
clean NACA cowling installations with no protruding scoops 
or surface irregularities was shown in reference 1 to be 
considerable. At high speeds, prohibitive increases in the 

I Supersedes NACA ACE, 'Wind-Tunnel Tests of Air Inlet and Outlet Openings on a Streamline Body" b y John V. Becker, November 1940. 

preceding page Btafl
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The external drag cost of an inlet opening at the nose of a 
smooth streamline body is generally greater at low Reynolds 
numbers, when the opening may disturb extensive low-drag 
laminar boundary layers, than at high-speed flight Reynolds 
numbers, where the boundary-layer flow may be almost 
wholly turbulent. Although it was impossible to attain 
full-scale conditions in this investigation, the boundary-
layer-flow condition corresponding to high Reynolds num-
bers was simulated by artificially forcing transition to take 
place near the nose of the models. The tests were made 
both with the natural-transition and the fixed-transition 
boundary-layer conditions. The results thus show the effect 
of the openings at conditions corresponding to extremes of 
the Reynolds number range. 

SYMBOLS 

V	 free-stream velocity 
P0	 free-stream static pressure 
P0	 free-stream density 

q 0 	 free-stream dynamic pressure (- poV) 

V	 mean' velocity in duct 
p	 local static pressure 
P	 density in duct 
V1	 initial velocity of air passing through duct 
V	 hypothetical final velocity of air passing through duct 

based on total pressure at discharge 
A	 cross-sectional area of inlet or outlet opening 
d	 diameter of inlet or outlet opening 
D	 maximum diameter of streamline body 
F	 maximum cross-sectional area of streamline body 
L	 length of streamline body 
I	 distance.' between end of streamline body and end of 

nose 
R	 maximum radius of streamline body 
R.	 fuselage Reynolds number (VL/v) 

kinematic viscosity 
P	 pressure coefficient ((p—po)/qo) 

a	 velocity of sound in air 
M	 'Mach number (V/a) 

Q	 volume of flow through duct, cubic feet per second 
a	 angle of attack referred to center line of streamline 

body, degrees 
(OF	 external-drag coefficient 

(Measured drag of model) -(Drag of wing 
I L alone)—(Drag due to internal flow) 

q0F' 

CDFI calculated drag coefficient due to internal air flow 
U	 velocity just outside the boundary layer 
U	 velocity in the boundary, layer 
X	 distance from nose of streamline body, along major 

axis 
distance from nose of inlet openings, along major axis 

X	 length of nose measured from L/4 station 
y	 ordinate measured from center line of streamline body 
y'	 nose-profile ordinate measured from inlet-opening 

radius 
V	 value of y' at L/4- station	 -

APPARATUS AND METHODS 

The tests were made in the Langley 8-foot high-speed tun-
nel in its original form inco1porating an 8,000-horsepower 
drive motor. The tunnel was of the closed-throat., circular-
section, single-return type and was capable of air speeds of 
about 500 miles per hour at the time of these tests. This 
tunnel was chosen for the investigation principally because 
of the low turbulence of the air stream, which permitted the 
boundary-layer-flow conditions more nearly to approach 
those obtained in free air than in streams of high turbulence. 
Most of the tests were run at low-speed (140 miles per lour). 

Streamline body.—The streamline body (fig. 1 and table I) 
is a slightly modified version of fuselage form No. 111 of 
reference 3. The thickness distribution was modified slight-
ly to eliminate the unfavorable pressure gradient occurring 
ahead of the 50-percent station of the original 111 form. 
This modification was made to encourage a more extensive 
laminar bohndary layer. The fineness ratio of S is repre- 
sentative of several current pursuit-type fuselages. 

The streamline body was mounted in the wind tunnel on a 
24-inch-chord airfoil of NACA 27-212 section, which com-
pletely spanned the jet (fig. 2). The wing contained two 
large duets to permit air to be supplied to or drawn from the 
openings on the body. The ratio of wing chord at the body 
to the length of the body is within the range of current 
practice. 

Inlet openings.'—Nose-inlet openings of three sizes were 
tested (figs. 1 and 3; ordinates in table I). The largest open-
ing, nose A, was approximately the size, relative to the max-
imum cross section of the body, of average NACA cowling 

(a)

70 

DE 

'Streamline body "Tall outlet A 
(b)

CA 27-212 airfoil	 4. 7213 
4.38' 

.-/4.Q0'Dfrnaz)

0 

"B
	

"Tail au/let A 

Scale 
(C)

(a) Inlet openings, 
(b) Outlet openings. 

(c) Inlet-outlet combinations, 
FIGURE 1,—Streamline body with general arrangement of inlet and outlet openings
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l,uitE ;.-- titiular outIt opening at .r=ug;IL. 

FIGURE 3—Nose inlet openings compared with streamline nose. 

inlet openings. Nose B had one-half the area of nose A, 
and nose C, one-quarter the area of nose A. The profile 
shapes of the noses were developed in a series of tests (not 
discussed in detail in this report) in which the nose lengths 
and profiles were progressively modified until the most satis-
factory pressure-distribution characteristics were obtained. 
The profiles all fall within the profile of the streamline body. 
It will be noticed that the nose ordinates (table I) are given 
only to the quarter-length station. Beyond this point, 
streamline-body ordinates apply. Several modifications of 
the straight duct (fig. 1) that was used in most of the nose-
inlet tests will be described later in the discussion of the 
results. 

Outlet openings.—Outlet openings at the tail and annular 
outlets located ahead of and behind the wing were investigated 
(figs. 1, 4, and 5). The tail-outlet profiles coincide with the 
streamline-body lines. Various tail-outlet areas were ob-
tained by successively decreasing the length of the body. 
The internal duct was of converging section to represent 
typical practice in the design of outlet openings. The 
annular outlet openings were designed primarily to exhaust 
the air as nearly as possible in the stream direction. The 

213037--53----57

areas were selected from consideration of the quantity of air 
required by a radial engine large enough to occupy the maxi-
mum section of a fuselage. The outlet openings are not in 
any sense optimum shapes arrived at on the basis of experi-
ment as in the case of the inlet openings; they merely repre-
sent typical design practice. 

Blower setup.—Air flow in the tests of the individual open-
ings was supplied by a 50-horsepower centrifugal blower 
mounted outside the wind tunnel on the floor of the test 
chamber (figs. 6 and 7). Freedom of the floating balance 
structure was maintained by a mercury seal that connected 
the blower duct to the wing duct leading to the model. The 
air flow through the mercury seal was at right angles to the 
longitudinal (drag) axis of the wind tunnel so that the flow 
had no momentum in the drag direction. Preliminary tests 
were made throughout the range of blower speeds at zero air 
speed in the tunnel, with and without air inlet, to insure that 
the pressures and flow at the mercury seal had no effect on 
the drag scale readings. 

The flow was metered by a venturi installed on the balance 
ring between the mercury seal and the model. Several 
calibrations were made with the venturi in its operating 
position by surveying the flow in the duct with a rake of 25 
total-pressure and 7 static tubes.
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The flow in the system was controlled either by regulating 
the blower speed or by adjusting a butterfly valve. The 
zero flow condition was obtained by closing a special airtight 
valve located near the end of the wing duct. Utmost care 
was taken to prevent leakage in the system. 

Inlet-outlet combinations.—The combinations tested and 
the internal-duct arrangement are shown in figure 1. The 
wing-duct openings within the body were faired over and 
sealed to prevent leakage. Flow regulation was accom-
plislied by means of perforated plates of various conductance 
installed as shown in figure 2. Static-pressure orifices were 
installed at two stations in the converging section of the duct 
ahead of the outlet openings. The flow quantity was de-
termined from the magnitude of the pressure drop between 
these stations according to a calibration obtained during the 
tests of the individual outlet openings with the blower-
venturi setup. The total pressure and the static pressure at 
the outlet were determined from this same calibration. In 
several cases, as a check on the calibration, the quantities 
were measured directly by means of a small pitot-static tube 
mounted in the outlet opening. 

No particular attempt was made to design an efficient 
internal-duct system because interest was centered on the 
external drag and because the blower was more than adequate 
to overcome large internal losses. However, in the combi-
nation tests with the duct open—that is, with no resistance 
plates inserted to restrict the flow—the internal losses were 
practically negligible owing to the low duct velocities. 

Method of fixing boundary-layer transition .—Transition in 
the tests designated ''with fixed transition" was fixed arti-
ficially by means of a -inch wide ring of No. 180 carbo-
rundum grains glued to the surface at the desired station. 
It was found necessary to fix transition on the wing at the 
10-percent station by the same method in order to make the 
drag of the wing constant so that the effective drag of the 
body could be obtained accurately. 

Except for the strips of carborundum, the surfaces of the 
model were made aerodynamically smooth—that is, further 
conditioning would result in no decrease in (irag. 

Static-pressure measurement. —Flush orifices, closely spaced 
near the nose and iii the vicinity of the openings, were 
installed along the top of the body. Additional static pres-
sures on the bottom and on the side of the streamline body 
were obtained by means of a small movable static tube. 
The pressure tubing was led through a channel in the wing 
to a multiple-tube alcohol manometer in the test chamber. 

Boundary-layer measurements.—The measurement of the 
boundary-laver profiles used in determining the transition 
point and in showing the effect on skin friction of air inlet 
was made with small survey units comprised of a single static 
and four total-pressure tubes. A discussion crf the details of 
the method of determining the location of transition and a. 
descriptiomi of the small survey unit are given in reference 4. 

Wake surveys.—In order to ascertain whether the drag-
force measurements were affected by possible variations in 
the wind-tunnel pressure gradient due to air inlet at the nose, 
momentum-loss measurements were made in the wake be- 
hind the model with nose B. Vertical total-pressure-loss
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profiles were obtained at 23 spanwise stations behind the 
wing and body at several rates of air inlet. The effective 
drag of the body was obtained by subtracting from the total 
drag of the section surveyed the drag of a corresponding sec-
tion of the wing. The wake surveys were made only with 
nose B.

TESTS 

The drag and the pressure-distribution measurements were 
made simultaneously. The transition determinations re-
quired a separate series of runs for each configuration. 

Tests of the wing alone and of the wing with the streamline 
body were carried to 450 miles per hour. The tests of the 
openings were made at one speed only: 140 miles per hour. 
This speed was selected from considerations of the available 
blower performance and of the magnitude of the drag forces 
required for adequate precision. 

The tests were made at an angle of attack of 00 (referred 
to the axis of the streamline body) with the exception of the 
runs with the gun in the inlet opening of nose B, which were 
carried to 3.5°.

RESULTS 

The method of computing the velocity, the Mach number, 
and the Reynolds number in the Langley 8-foot high-speed 
tunnel is described in reference 5. 

The drag data are presented in terms of the . external-drag 
coefficient CDF plotted as a function of the internal-flow 
quantity coefficient pQ/p0 FV. The external-drag coefficient 
represents the effective external drag of the body in the 
presence of the wing; the drag due to the internal flow was 
deducted from the measured effective body drag in all the 
tests. 

The drag due to the internal flow arises from the change 
in the momentum of the flow in the drag direction. From 
the momentum equation, 

Drag force= Mass flow  ( Vi — V) 

where V and V are taken at the same static pressure and 
in the same direction as the air stream. 

For the inlet-opening tests,

Vi=V 
and

V' =0 

because the air was brought to rest in the drag direction. 
The drag-coefficient increment due to the internal flow there-
fore is

---=2
G PQ

 CDFC,—  q 0F	 GFV) 

For the outlet-opening tests, the air exhausted through 
the outlets had no initial velocity in the drag direction—that 
is, 17 =0. The velocity at the exit opening v was necessarily 
measured where the static pressure pe was generally different 
from the stream static pressure. Therefore the final outlet 
velocity attained at some distance behind the model where 
the pressure had returned to the free-stream static pressure

Po was computed by Bernoulli's theorem 

Vw[Ve2+ 2ppo)]''2 
PD 

and

C, Fioullej=1 pQ.[V e 2+20)] 
P0 

or
PQ \  

CDFiouglet = 2( 
poFV) R) + (

i go
°	

—Poll"2
_j 

For the tests in which inlet-outlet combinations were 
investigated,

CDF4bina9 ion
 =CDp1.11 +CDFI,, 

whence

=2"_	 _____ 
CD F	 poFV) V) 	 q0 ] 

or, in terms of the mean total-pressure loss in the duct zH, 

—2"_	 [ ( iH)"2 
CD	 poFV) L 

It will be observed from these equations that the large 
internal drag in the inlet tests and the thrust in the outlet 
tests are balanced in the combination tests, so that only a 
relatively small internal drag due to total-pressure losses in 
the duct occurs. 

The internal flow quantity coefficient pQ/p0FV appearing 
in the equations is the ratio of the mass flow through the 
internal ducts to the mass flow at stream velocity through 
the area F, the maximum cross-sectional area of the body. 

The pressure-distribution results obtained in the tests of 
the individual inlet and outlet openings are presented for a 
number of values of the ratio of mean velocity in the opening 
to stream velocity v/V. This parameter determines the local 
angle of attack at the inlet nose lip and hence governs the 
pressure distribution over a given nose shape. 

The characteristics of the streamline body are shown in 
figures 8 to 11. Low-speed pressure-distribution data are 
given in figure 8, and the variation with Mach number of the 
peak pressure coefficients Pmaz on top of the body for the 
wing-body combination is presented in figure 9 with extra-
polations to show the critical Mach number of the combina-
tion and of the body alone. The variation with Mach 
number of the critical pressure coefficient P, the pressure 
coefficient corresponding to the local attainment of sonic 
velocity, is also shown in figure 9. Figure 10 shows the 
results of the transition measurements, and in figure 11 the 
force-test results, for Reynolds numbers ranging from 
4,000,000 to 20,000,000 and the corresponding Al values ' of 
0.10 to 0.60 are given. 

The results of the tests of the inlet openings with the inlet 
air exhausting through the external-blower system are pre- 
sented in figures 12 to 21. Figure 12 shows the pressure 
distributions about the three inlet openings for various values 
of v/V (ratio of mean inlet velocity to stream velocity) com-
pared with the streamline-body distribution. Only the
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FIGURE 8.-Measured static-pressure distribution about streamline body mounted on NA CA 
27-212 airfoil compared with theoretical distribution on wing alone and body alone. 
M=0.18; R=7.0X101.
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FIGURE 9.-Variation with Mach number of peak pressure coefficient on top of streamline 
body. Comparison with theory. 

forward quarter of the body is representd because the pres-
sures over the remainder of the body were essentially un-
affected by the inlet openings. In figure 13 the pressure 
distributions on the bodies with noses A, B, and C and on the 
streamline body are compared at the condition of zero inlet 
flow and at a flow coefficient of 0.057, a practicable high-
speed value. The inlet-velocity ratios corresponding to this 
flow coefficient are approximately 0.20, 0.40, and 0.80,. 
respectively, for noses A, B, and C. 

The drag and the transition results obtained are correlated 
in figure 14. Figure 15 shows the drag-force data obtained 
with transition artificially fixed near the leading edge of the 
noses as compared with that of the streamline body with 
transition fixed at corresponding locations. The drag ob-
tained from the wake surveys is also plotted in figure 15.

(.1	 .'U	 .40	 .00	 .()	 100 
x/L 

FIGURE 10.-Variation with Reynolds number of the location of the transition point on top 
and bottom of streamline body. 
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(a) Nose A.	 (b) Nose B. 
(C) Nose C. 

FIGURE 12.—The static-pressure distribution over the nose inlet openings. 
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FIGURE 17.—Boundary-layer velocity profiles at two stations for various air-inlet velocity 
ratis, and the corresponding diagrams of local velocity distribution over the top of the 
body. Nose B; fixed transition. 

In the correlation of the pressure distribution and the 
transition data, it was found that for values of A P (fig. 16) 
greater than approximately. 0.2, transition (fig. 14) occurred 
at the location of the pressure peak. For lower values of 
AP (higher rates of air inlet), extensive laminar boundary 
layers existed in spite of the large adverse pressure gradient 
that followed the peak. 

The effect of - air inflow (nose B) on the boundary-layer 
velocity profiles at two stations on the body is shown in 
figure 17. 

In figure 18 the changes in pressure distribution resulting 
from modifications of the lip shape of nose inlet B-4 (one of 
the intermediate shapes tested in developing nose B) are 
given. The force-test results obtained with these modifica-
tions showed that shapes B-4a and B-4b caused very slight

05	 .10	 .15	 .20	 .25
XIL 

FIGURE 18.—The effect on static-pressure distribution of variations in nose shape at the duct 

entry. 
V 

FIGURE 10.—Nose C with conical expanding duct and with inner cowl. 

increases in external drag; the cut-out, B-4c, had no effect 
on the drag. Major changes in the internal duct employed 
with nose C (fig. 19) had no measurable effects on either the 
external pressure distribution or the external drag. 

Optimum nose shapes for arbitrary inlet-duct sizes.—In 
order to make possible the derivation of optimum nose pro-
files for inlet-opening sizes other than those investigated, the 
three nose profiles tested were reduced to the same length 
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FIGURE 20.—Comparison of the three inlet-opening nose profiles reduced to the same length and depth. 
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FIGURE 21.—Variation with duct diameter of the distance between the end of the nose and
the tip of the streamline body.

(measured from the L14 station of the streamline body) and 
the same depth. The ordinates thus obtained are given in 
table TI and plotted in figure 20. The marked similarity of 
the profiles plotted in this way suggested that optimum nose 
shapes for intermediate inlet-opening sizes on the streamline 
body could be obtained either by interpolation or by the use 
of the mean of the three profiles of figure 20. The optimum 
nose length as a function of tITe inlet-opening diameter is 
given in figure 21. The actual nose-profile ordinates for a 
given inlet diameter are related to the nondimensional 
ordinates of figure 20 and table II as follows: 

X,= 

(X) x 
or

/ (x'\(L 

where 1 is obtained from figure 21. Similarly, 

d 
Y (ky) YLI4—
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where Y1,14 is the ordinate of the streamline body at the 
quarter-length station. If desired, the nose ordinates re-
ferred to the end and center line of the streamline body (as 
in table I) may be obtained from the relations 

X	 x', 1 
LLL 

and
y yc 
RRD 

or
x- l\ 1 L) (0.2-1+Z 

y4\(090 d' d 
D)+D 

The results obtained in the tests of the outlet openings 
with air supplied by the blower are shown in figures 22 to 26. 
Figures 22 and 23 show the pressure and force-test results 
for outlets at the tail. Transition measurements with the 
largest tail outlet showed that transition occurred at the 
same station as on the streamline body (fig. 10). The pres-
sure distribution obtained with the two annular outlets is 
shown in figure 24. Force-test results for the 63-percent 
annular outlet are given in figure 25. Transition measurements 
with the 21-percent annular outlet showed that transition 
occurred at the outlet for all rates of flow. The 63-percent 

x/L 
Finuax 22.—The static-pressure distribution on the afterbody with a typical tail outlet.. 

Tail D. 
213637-53-58

annular outlet was about 0.14L behind the most 
rearward position of the transition point but appeared to 
have a slight influence on the transition location, such that 
the location was displaced somewhat toward the tail as the 
flow rate was increased. 

Figure 26 shows a sketch of the probable outlet flow con-
ditions with tail outlet D and with a suggested improved 
form of tail outlet. 

Before the results of the inlet-outlet combination tests are 
presented, figure 27 is given in order to show the relatively 
small internal drag occurring in the combination tests. At 
high flow rates, where no internal resistance plate was re-
quired, this internal drag approached zero; whereas in the 
individual opening tests the internal drag was several times 
the external drag of the body. The xternal-drag deter-
minations in the combination tests were consequently more 
reliable than in the tests of the single openings. 

Figures 28 to 32, show the drag results obtained for the 
combinations of inlets with three tail outlets. Figure 33 
compares the drag of the 63-percent annular outlet with 
that of tail outlet C when tested in combination with nose B. 

The pressure-distribution results obtained with the com-
binations are not shown because no consistent measurable 
interference effects occurred—that is, the outlets had no 
appreciable effects on the pressures at the inlets and vice 
versa. Similarly, the transition locations on the combina-
tions were the same as in the tests of the inlet openings alone. 

In figure 34 the drag of the nose B and tail C combination 
is compared with an estimate of the drag based on the tests 
of the single openings. The drag increments (above the 
streamline-body drag) due to nose B and tail C were added 
to the streamline-body drag in making the estimate.

cc 
.072L' 'Trans//ion fixed 
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- Flow coefficient, pQ/,tFV 

FIGURE 23.—Variation with flow coefficient of the external-drag coefficient obtained with the
tail outlet openings. Fixed transition on nose. 
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FIGURE 25.-Variation with flow coefficient of the external-drag coefficielsl obtained with the 
annular outlet opening at the 63-percent station.

FIGURE 26.-Sketch of flow conditions (no internal losses) for a tail outlet opening, similar to 
those tested, and for a suggested improved type. 

of the gun with a rounded edge of small radius. It is con-
sidered likely that the unfavorable effects of the guns would 
be somewhat less in the high Reynolds number (fixed tran-
sition) condition than shown in table III, because no drag 
would result from disturbance of the laminar flow. 

PRECISION 

The accuracy of the body-drag determinations was some-
what impaired by the high drag of the wing with fixed 
transition relative to the body drag, the effective body drag 
varying from about 0.5 to 0.3 of the wing drag. In the tests 
of the individual openings, additional sources of error were 
the leakage of air in the external ducts and possible changes 
in the tunnel-pressure gradient due to the removal or the 
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(a) Opening at 21-percent station. 
(h) Opening at 63-percent station. 

FIGURE 24.-The static-pressure distribution with annular outlet openings. 

The main increase in drag due to the guns (table III) oc-
curred at angles of attack other than zero as a result of partial 
separation of the external flow at the top of the nose as evi-
denced by the pressure-distribution plots (fig. 35). Increasing 
the rate of air inlet had a beneficial effect in reducing or pre-
venting this separation. The smooth-barrel cannon had con-
siderably less drag than the machine gun (sketched in fig. 
35). Decreases in the length of the barrel extending beyond 
the nose resulted in appreciable drag reductions. It has 
been found that the drag of a smooth-barrel gun was con-
siderably reduced by replacing the sharp edge at the muzzle 
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(a) Inlet: nose B; outlet: wing duct. 
(h) Inlet: wing duct; outlet: tail C. 

(c) Inlet: nose B; outlet: tail C.

FIGURE 27—Comparison of magnitude of total body drag with internal drag in typical tests 
of individual openings and of a combination of an inlet and an outlet opening. 

addition of air to the tunnel stream. The results obtained 
with the inlet-outlet combinations, however, are believed 
free of these two sources of inaccuracy because no air was 
added or removed from the tunnel and no leakage was likely 
due to the absence of all external ducts. A buoyancy cor-
rection of about 10 percent of the effective body drag was 
applied to all of the force-test results. 

The wake measurements are more nearly free of these 
sources of error that affect the force tests. Evaluation of the 
possible magnitude of the drag-test errors will be made in the 
discussion of the results. 

The precision of measurement of the rate of internal air 
flow is considered to be of a high enough order so that the 
external-drag determinations are practically unaffected by 
the small error in obtaining the internal drag, except possibly 
in the case of the individual opening tests at the highest rates 
of air flow. Repeated calibrations of the venturi during the 
tests showed excellent agreement. 

The only significant sources of error in the pressure data 
are due to the inaccuracy of flow measurement and the
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(a) Fixed transition. 
(b) Natural transition. 

FIGURE 23.—Variation with flow coefficient of the external-drag coemcients for nose inlet 
opening A combined with various tail outlet openings. 

tunnel-wall effects. The maximum possible change in the pies-
sure coefficients due to the tunnel-wall effects was computed 
to be only about 3 percent. Possible errors in flow measure-
ment could cause measurable changes in pressure coefficients 
only at the lowest inlet-velocity ratios. 

DISCUSSION 

STREAMLINE BODY 

Pressure distribution and transition.—The presence of the 
wing had a pronounced effect on the pressure distribution 
over the body (fig. 8). The local velocities over the central 
portion were increased and the peak-pressure point was 
moved forward. At low Reynolds numbers the disturbances 
due to the wing controlled the location of transition on the 
body. (See sketch in fig. 10.) There was a rapid forward 
movement of the transition point with Reynolds number so 
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(a) Fixed transition. 
(b) Natural transition. 

FIGURE 29.—Variation with flow coefficient of the external-drag coefficients for nose inlet 
opening B combined with various tail outlet openings. 

that at the highest test Reynolds number transition occurred 
considerably ahead of the leading edge of the wing (fig. 10). 
If a similar forward movement of transition with Reynolds 
number should occur under flight conditions, the extent of 
laminar flow obtainable at full-scale Reynolds number would. 
be slight. 

Critical speed.—The variation with the Mach number of 
the peak pressure coefficient on top of the body (fig. 9) was 
found to agree well with the theoretical variation (obtained 
from reference 6). Extrapolations of the low-speed, peak 
negative pressure coefficients to the critical pressure coeffi-
cient (at which the speed of sound is attained locally) were 
made according to the theory. The critical Mach number

FIGURE 30.—Variation with outlet velocity ratio of the external-drag coefficients for nose B 
combined with various tail outlet openings. Fixed transition. 

of the streamline body alone was thus found to be 0.84 
(fig. 9), which corresponds to 600 miles per hour at 20,000 
feet (-12° F) in standard air. The critical speed of a 
wing-body combination is considerably less than that of either 
component, owing to the increase in peak negative pressures 
on the wing due to the presence of the body. (See reference 6.) 

Effective body drag.—Figure 11 shows the large differences 
in drag at low Reynolds numbers between the fixed and the 
natural transition conditions. Calculations based on flat-
plate skin-friction coefficients showed that these differences 
are wholly accounted for by the changes in skin friction on 
the body. The difference decreases with increasing Reynolds 
number due to the forward movement of the transition point 
(fig. 10). The rise in the drag coefficient at the high Mach 
numbers is indicative of the approaching critical speed of 
the wing-body combination (estimated M 7 =0.66). Com-
parison of the magnitude of the low-speed drag coefficients 
with the results obtained in reference 3 for the NACA in 
form indicated that the flow over the body was satisfactory. 
Tuft surveys corroborated this conclusion. It was found, 
however, that the addition of the body to the wing caused a 
local separation of the flow at the trailing edge of the wing. 
The effective drag of the body was therefore somewhat 
higher than it would have been had a more efficient wing-
body juncture been employed. 

NOSE-INLET OPENINGS 

Pressure distribution.—The nose-inlet shapes employed in 
this investigation were developed in a series of tests in which 
the no shape and the length for a given inlet size were 
progressively modified to obtain the most satisfactory drag 
and pressure-distribution characteristics. It was found that 
by taking air into the body at sufficiently high velocities the 
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(a) Fixed transition. 
(b) Natural transition. 

FIGURE 32.—Comparison of the external-drag coefficients of the three nose-inlet openings 
tested with tail outlet opening C. 

body. Figures 12 (b) and 12 (c) show that the desired results 
were achieved when the inlet-velocity ratios reached or 
exceeded 0.3 or 0.2 for noses Band C, respectively. Extensive 
laminar boundary layers (fig. 14) were formed even before 
the peak was fully eliminated with values of A P (fig. 16) 
as high as 0.2. 

For the largest inlet opening, nose A, it was impossible 
entirely to eliminate the pressure peak, even with imprac-
tically high rates of air inlet (fig. 12 (a)). The peak was 
greatly reduced at practical inlet velocities but little advan-
tage due to laminar flow was attainable (fig. 14). 

Comparison of the pressure distribution of the streamline 
body with those for the three noses is made in figure 13 at a 

(a) Fixed transition. 
(b) Natural transition. 

FIGURE 31.—Variation with flow coefficient of the external-drag coefficients for nose inlet. 
opening C combined with various tail outlet openings. 

high negative-pressure peak which occurred over the noses 
at low flows could be greatly reduced in magnitude; for the 
smaller inlet sizes, the peak could be entirely eliminated. 
This result has the obvious beneficial effect of greatly in-
creasing the critical compressibility speed which, as in the 
case of NACA cowling installations (reference 2), is generally 
fixed by the magnitude of the peak-negative pressures at the 
nose. In addition, it was found that laminar boundary layers 
as extensive as the ones with the streamline nose could be 
obtained. The design objectives then aimed at in developing 
noses B and C were to eliminate the pressure peak at as low 
an inlet-velocity ratio as possible and to obtain a uniform 
favorable pressure gradient similar to that of the streamline 
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FIGURE 33.—Comparison of the external-drag coefficients of tail outlet C and the annular 
outlet at the 113-percent station of the fuselage. Nose B. 

value of the flow coefficient corresponding to high-speed 
flight conditions and at zero flow. 

Critical speeds.—The critical Mach number corresponding 
to the pressure peak on the largest inlet opening, nose A, at 
a practical rate of air inlet for a large radial engine (fig. 13), 
is 0.64. With the smaller inlets, noses B and C, no pressure 
peak occurred, and the indicated local velocity increments 
were so small that the critical speed of a fuselage employing 
these shapes would be determined by the cockpit enclosure 
or the wing-fuselage juncture—that is, the highest local 
velocity would occur at some point other than on the nose. 

External drag.—Figure 14 shows that the abrupt decreases 
in ètternal-drag coefficient of noses B and C at low rates of 
flow occurred as a consequence of the formation of extensive 
low-drag laminar boundary layers. This phenomenon did 
not occur with nose A because, as previously discussed, the 
unfavorable pressure distribution near the nose precluded 
the possibility of appreciable laminar flow. It will be 
noticed, however, that the drag of nose A showed a general 
decrease with increasing flow coefficient as did the drags of 
noses B and C after the laminar boundary layers had been 
formed. Similar decreases occurred with transition fixed 
(fig. 15).

Flow coefficient, p9/p0FV 

FIGURE 34.—The external-drag coefficient of the nose B and tail C combination compared 
with an estimate based on the drag increments obtained in the tests of the individual 
openings. Natural transition. 

In order to aid in finding the cause of the decrease in drag 
with increasing air-inlet velocity, partial boundary-layer 
velocity profiles were measured at two stations, 0.15L and 
0.35L, behind nose B with fixed transition for a wide range of 
inlet-flow ratios. The results (fig. 17) showed a decrease in 
the thickness of the turbulent boundary layer as the rate of 
air-inlet velocity was increased in spite of slight decreases in 
the velocity outside of the boundary layer. Two conclusions 
may be drawn from this result: 

(1) The losses over the forward part of the nose are 
decreased as air inlet is increased. 

(2) The' skin friction over the main part of the body 
(to the rear of the 0.15L station) should increase 
slightly with air inlet. 

From the drag results (fig. 15), it is evident that the de-
crease in losses at the nose more than compensates for the 
slight increases in skin friction behind the nose because an 
over-all decrease in external-drag with air inlet occurs. 

In regard to the magnitude of the external drag with air 
inlet, figure 14 shows that the external drag with noses B 
and C was reduced to less than that of the streamline body. 
For the fixed transition condition, the drag of these noses 
was approximately the same as for the streamline body. 
With nose A, in both cases, the drag was considerably higher. 
Tests of the three noses in combination with tail outlet C 
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FIGURE 35.—The effect of the presence of a.50-caliber machine-gun mode) in the inlet opening 
on static-pressure distribution on top of the body. Nose B; natural transition. 

(fig. 32) showed about the same relative drag characteristics 
as the tests of the single openings. The fact that the ex-
ternal drag with the openings decreased to that of the stream-
line body may he accounted for by the fact that the wetted 
area with the openings is somewhat less than that for the 
streamline body. In addition, the passage of air through 
the internal system has an effect on the external flow similar 
to a decrease in the effective thickness of the body. 

The wake-survey results (fig. 15) show that the rate of 
drag decrease with air-inlet-flow coefficient was actually 
somewhat less than that indicated by the force-test results.

The exaggerated effect shown by the force data is believed 
due to leakage and possible changes in the tunnel-pressure 
gradient as air was removed at the nose of the body. Maxi-
mum leakage would occur where the pressure in the duct 
system was the greatest and may account for part of the 
maximum discrepancy (7 percent) between force and wake 
drags occurring at zero flow, where stagnation pressure existed 
in the ducts. At a flow coefficient of about 0.11, the mean 
duct pressures, and hence leakage, reached a minimum; at 
this point the force and wake data agree closely. At least 
for the range of flow covered in figure 15, leakage effects 
apparently predominated over possible changes in the buoy-
ancy effect in exaggerating the rate of drag decrease with air 
inlet. 

Inlet-opening size.—The size of the inlet opening in an 
actual installation should be governed by considerations of 
both the external and internal flow. In a consideration of 
the external drag, it has been shown that nose B, although 
twine as large in area as nose C, was equally effective, so 
that either nose might be employed, the choice depending 
on the quantity of air flow required. It has also been shown 
that the opening must be designed for an inlet-velocity ratio 
of at least 0.3 in order to permit the nose-pressure peak to be 
eliminated. Higher inlet velocities would be of some benefit 
externally. 

High inlet-velocity ratios are detrimental to the internal-
duct efficiency because they necessitate large expansions 
and make the friction and bend losses high. It is suggested 
in reference 7 that low inlet velocities may have an additional 
advantage to the internal flow in that comparatively large 
expansions can be made efficiently near the inlet owing to 
the natural spreading of the streamlines at this point. 

The final compromise between the conflicting require-
ments of the internal and the external flows will depend on 
the internal arrangement and the space available for the 
ducts. In general, it is believed that efficient installations 
incorporating nose B or nose C should have inlet-velocity 
ratios in the range of 0.3 to 0.6. 

Derivation of optimum nose profiles for arbitrary inlet-
opening sizes.—The method, described in section entitled 
"Results," for obtaining suitable nose-inlet shapes for inlet 
sizes other than those tested (see figs. 20 and 21) is obviously 
strictly applicable only to openings on the modified 111 body 
form. It was thought possible, however, that the shapes 
obtained by this method could be applied with good results 
where only the basic forebody profile was similar to the 111 
body form. In a subsequent investigation (reference 8) 
it was found that considerable stretching of the nose B profile 
was permissible with the stretched profile still retaining the 
desirable fiat pressure contour and low values of the pressure 
peak. It was thus indicated that the profile ordinates of the 
present tests could be directly used in the design of nose 
inlets having proportions greatly different from the shapes 
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developed in these tests. In order to simplify the procedure 
of designing inlets of other proportions, it was found desirable 
to base the nondimensional ordinates on the distance X 
from the maximum diameter station (0.4L) to the nose rather 
than on the distance from the 0.25L station to the nose, as 
suggested under "Results." Reference 9, which was an 
outgrowth of the present work, presents high-speed-test 
results for related inlets derived by the foregoing method and 
covers a wide range of proportions. 

Internal-duct shape near inlet opening.—The modifications 
of figure 19 consisted of a conical expansion with a 100 in-
cluded angle, a large irregular expansion formed by the cut-
out for the inner cowl, and a gradual (4° equivalent cone) 
annular expansion obtained with the inner cowl. None of 
these changes had a measurable effect on either the external 
drag or the pressure distribution. Modification B-4c of 
figure 18 likewise had no effects. Modifications B-4a and 
B-4b of figure 18, however, caused slight drag increases and 
disturbed the external pressures at the nose. These latter 
modifications are equivalent to inferior nose shapes cor-
responding to smaller inlet sizes than the basic nose B inlet. 
It will be observed that the internal-duct shapes included 
both satisfactory and very inefficient designs and that neither 
had any external effects, provided that the size of the inlet 
was not altered. 

Angle of attack.—The effect of increase in angle of attack 
from 00 to 3.5° on the pressure distribution over the top of 
nose B can be seen in figure 35. A considerably higher air-
inlet-velocity ratio is required to reduce the pressure peak at 
3.5° angle of attack than at 0° angle of attack. In flight, the 
inlet-velocity ratio would automatically increase with angle-
of-attack increases owing to decreases in the flight speed, 
if the engine power were assumed constant. Force-test data 
obtained with fixed transition on a fuselage model employing 
nose C (reference 8) showed that the external drag, at an 
inlet-yelocity ratio of 0.56, was practically constant over the 
angle-of-attack range of0° to 350 

OUTLET OPENINGS 

The outlet openings tested were not optimum shapes 
arrived at by a series of tests, as were the inlet openings. As 
previously stated, they merely represented typical practice 
in the design and the construction of outlets. It became 
apparent during the course of the tests that the openings 
had several undesirable characteristics, but it was not 
feasible at the time to extend the investigation to include 
modifications. Further outlet research embracing the im-
provements that suggested themselves in the course of this 
investigation are included in references 8 and 10. 

Pressure distribution.—The effect on the pressure distri-
bution of air flow from the outlets was generally unfavorable. 
In the case of the annular outlets (fig. 24) a negative-pressure 
peak occurred at the higher flow rates, owing to an effective

thickening of the body due to the flow of exhaust air in the 
rear of the openings. In some cases, the peak was suffi-
ciently high to fix the critical speed of the body. The pressure 
disturbance at the 21-percent outlet precipitated boundary-
layer transition at all outlet velocities. 

The static pressure at the tail outlets (fig. 22) became more 
positive as the flow was increased. This effect was due to 
the fact that the streamlines of both the internal and the 
external flows were converging at the opening, so that con- 
siderable contraction of the flow in the rear of the outlet 
resulted. Thus, about one-third of the total pressure 
(measured from Po) at the tail outlets was in the form of 
static pressure which, of course, increased as the flow ratio 
was advanced. The static pressure in the internal flow at 
the outlet tended to be considerably more positive than that 
of the external flow near the tail outlet. The high outlet 
pressures are believed to have caused local separation of the 
external flow near the tail outlets. 

External drag.—The external drag with the 63-percent 
annular outlet (fig. 25) at first decreased as the flow rate 
was advanced probably because of the elimination of locally 
separated flow in the wake of the opening, and then it 
increased rapidly, probably because of the increasing skin 
friction over the part of the body in the wake of the outlet. 

Similar drag characteristics were exhibited by the tail 
outlets wherever velocity ratios v/V, up to 0.5 or greater, 
could be attained, as in the case of tails D and F tested 
singly (fig. 23) and tails B, C, and E tested in combination 
with the nose inlets (figs. 28 to 31). The rise in drag at the 
higher flow rates in the combination tests is shown con-
clusively in figure 30 to be due to the tail outlets. When 
compared on the basis of tail-outlet-velocity ratio (fig. 30) 
instead of flow coefficient (fig. 29 (a)), the drag obtained 
with three outlets of widely different size shows close agree-
ment. The drag increase at the higher tail-outlet-velocity 
ratios is believed to be due to local separation of the external 
flow as a result of the high outlet pressures. 

The tail outlets were superior to the annular outlets. A 
comparison of tail C with the 63-percent annular outlet in 
combination with nose B (fig. 33) shows that in spite of a 
somewhat larger area the tail outlet had the lower drag 
throughout the range, particularly at the higher outlet 
velocities. As would be expected, the comparison was 
independent of the location of boundary-layer transition 
because neither opening had any appreciable effect on the 
transition location. 

Outlet-opening design.—The outlet velocity is not 
arbitrary as is the inlet velocity but is fixed by the internal 
total-pressure losses and the pressure drop across the system. 
From the standpoint of the internal drag, it is desirable to 
have the outlet total pressure as nearly equal to the free-
stream total pressure as possible so that aminimum amount
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of energy will be left in the wake. In well-designed cooling 
systems, the internal total-pressure losses are only a few 
percent of the free-stream total pressure at high speeds. 
Under these conditions, the ideal outlet total pressure is 
approached and the internal drag is small. The relation be-
tween internal total-pressure loss and the internal drag was 
shown in the section entitled "Results." The outlet velocity 
at a given flight speed is readily calculable from estimates of 
the total-pressure losses and the pressure drop across the 
system. A contraction or an orifice coefficient (dependent 
on the outlet shape) should be applied to the velocity as com-
puted from the pressure characteristics. With the tail out-
lets tested, for example, the velocity at the outlet was about 
0.8 of the final velocity. For the annular outlets, the co-
efficient was roughly 0.9. The velocity having thus been 
obtained at the outlet, the size of the opening will depend on 
the required quantity of air flow. 

The economy of passing exactly the required amount of 
cooling air through the internal system at all flight speeds is 
generally appreciated. Variation in the size of the exit 
opening is the most efficient method of controlling the rate of 
flow. 

The shape of the opening is not critical as far as the in-
ternal flow is concerned, provided there are no expansions. 
But the present tests have indicated that the external flow 
maybe adversely affected if the static pressures are different 
from those of the main stream near the outlet. The shape 
of the opening, therefore, should permit the internal air to 
exhaust at the same static pressure as exists in the external 
flow near the opening. A suggested optimum tail-outlet 
shape is sketched in figure 26, and the flow characteristics are 
compared with those existing at one of the outlets tested for 
the ideal outlet condition of free-stream total pressure in the 
opening. The desired conditions at the outlet are obtained 
in the proposed opening by eliminating the contraction of the 
outlet flow. The desired outlet conditions can be attained 
at any outlet location by making the streamlines of both 
internal and external flows parallel. 

The optimum shape for an annular-outlet opening is not 
as obvious as in the case of the tail outlets. It is evident 
from figure 24, however, that the body fairing immediately 
behind the outlet should be altered to reduce the thickness of 
the body and thus to relieve the thickening effect of the outlet 
flow. Further research is recommended to determine in 
detail the shapes required to give the minimum disturbance 
to the static-pressure distribution. 

In regard to the relative merits of the annular and the tail 
outlets for efficient internal systems, it is probable that the 
optimum tail outlet will be superior to the best possible 
annular outlet because the high-velocity flow from the annu-
lar openings will generally increase the skin friction of the 
portion of the body in the wake of the outlet.

INLET-OUTLET COMBINATIONS 

The combination tests (figs. 28 and 34) are of principal 
interest in showing that the over-all external drag of the body 
with suitable inlet and outlet openings of practicable size 
was no higher than that of the basic streamline form. This 
result was obtained at rates of internal air flow sufficient for 
cooling a radial engine located at the maximum fuselage sec-
tion at moderate to high-speed flight conditions. 

The variation of the rate of internal flow in the combina-
tion tests was accomplished by means of varying the internal 
resistance. At the condition of maximum flow attainable 
with a given outlet size, the internal losses were very small 
and consequently the outlet conditions closely approached 
the ideal. The outlet velocities over approximately the 
higher 25 percent of the flow range covered with each outlet 
correspond to high-speed-flight outlet conditions for typical 
heat-exchanger installations; at lower flow rates the internal-
resistance losses were considerably higher than would be 
encountered in present practice. The actual magnitude of 
the internal drag throughout the flow range covered with tail 
C is shown in figure 27. 

The rise in drag at the higher flow rates has been shown 
to be due to the unfavorable outlet conditions at the higher 
outlet velocities (fig. 30). It is believed that by improving 
the outlet design as suggested in figure 26 the rise in drag at 
the high outlet velocities would be eliminated. 

It will be observed that the drag obtained for the best 
combinations with fixed transition was, in general, slightly 
greater than for the streamline body with transition fixed at 
the same station. The difference may be entirely accounted 
for by the higher drag of the carborundum strip itself when 
located at the nose of the inlet openings than when located 
in the thicker boundary layer on the streamline body. In 
addition, it should be remembered that the stations selected 
for fixing the transition on the streamline body are entirely 
arbitrary. Under actual flight conditions, transition on the 
streamline body might occur somewhat ahead of the corre-
sponding station on the noses owing to the greater length of 
the streamline body. In this case, the drag of the stream-
line body would be relatively higher than in the present 
comparisons. 

The drag of the inlet openings in the presence of the outlets, 
and vice versa, was considerably less than it was when the 
openings were tested individually. (See fig. 34.) A part of 
this effect, particularly at low rates of internal flow, may be 
due to leakage in the tests of the individual openings, as has 
previously been pointed out. Another contributing factor 
of secondary importance may be the difference in the methods 
of restricting the internal flow—that is, the resistance plates 
inserted near the inlet opening in the combination tests 
(fig. 2) may have had some small tendency to affect the 
external flow. In general; however, it is reasonable to expect
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that the openings, in combination, would contribute less 
drag than when tested individually. 

Comparison with NACA cowling.—The results of reference 1 
provide a comparison of the inlet-outlet combinations with 
the NACA cowling. In the investigation cited, the best 
NACA cowling shape of reference 2 was adapted in a typical 
fuselage installation to the NACA 111 fuselage form. This 
basic streamline shape was almost identical with the body 
employed in the present tests, and the effective body-drag 
coefficients with natural and fixed transition, 0.040 and 0.055, 
respectively, were practically equal to the corresponding drag 
coefficients, 0.042 and-0.054, obtained in this investigation. 
The flow and the boundary-layer conditions on the basic 
shapes employed were evidently quite similar. The drags 
of the cowling with fixed and natural transition as given in 
reference 1, with cooling air flow, were reduced about 5 
percent to obtain the external drag necessary to the com-
parison. The results, taken at the same Mach number and 
at very nearly the same Reynolds number as in the present 
tests, are shown on each of the figures along with the results 
of the combination tests (figs. 28, 29, and 31) with the tail 
outlets. 

The combinations tested were aerodynamically superior 
to the NACA cowling, particularly in the natural transition 
condition where the inlets B and C permitted extensive 
laminar flow and caused no increase in drag. The NACA 
cowling produced a drag increase of some 56 percent in this 
case. 

The NACA cowling shape employed in the tests of refer-
ence 1 was developed (reference 2) to have the highest 
critical speed, M=0.63, of eight typical cowling shapes of 
the same over-all dimensions. The critical speed of the 
body alone with the largest of the present inlets, nose A, 
was M7= 0.64 at a practical rate of air inlet (fig. 13). With the 
smaller inlets the critical speed was advanced to M'=0.84, 
the critical speed of the basic 111 fuselage shape. 

CONCLUSIONS 

The results of this investigation of inlet and outlet openings 
led to the following conclusions: 

1. Modification of a streamline body permitting air inlet 
at the nose and outlet at the tail can be accomplished without 
increasing the external drag. 

2. Inlet profiles were developed which,. with practicable 
rates of air flow, produced velocity distributions approaching

closely that of the basic streamline body. Consequently, 
the critical speed was as high as that of the streamline body 
and the same favorable laminar-boundary-layer-flow condi-
tions were realized. 

3. The test results indicated that outlet openings should 
be designed so that the static pressure of the internal flow 
at the outlet would be the same as the static pressure of the 
external flow in the vicinity of the opening. 

4. The internal-duct shape near an inlet of given size had 
no appreciable effect on the external drag or pressure 
distribution. 

5. The location of a simulated smooth-barrel gun in the 
nose-inlet opening caused no appreciable increase in drag at 
low angles of attack. The muzzle of the gun should be 
slightly rounded, and the length of barrel extending beyond 
the inlet should be as small as possible. 

LANGLEY MEMORIAL AERONAUTICAL LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., September 11, 1940. 
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Streamline body 

ilL y/R z/L y/R 

0 0 0.5000 0.986 
.0125 .190 .5500 .952 
.0250 .287 .6000 .898 
.0500 .431 .6500 .820 
.0750 .5.36 .7000 .724 
.1000 .620 .7500 .612 
• 1500 . 742 .8000 .491 
.2000 .820 .8500 .371 
.2500 .898 .9000 .249 
.3000 .948 .9500 .124 
.3500 .982 .9750 .0624 
.4000 1.000 1.0000 0 
.4500 1.000

20 

Nose A Nose B Nose C 

z/L yjR z/L p/R r/L y/R 

0.1238 0,550 0.0654 0.396 0. 0536 0.286 
.1244 .508 .0657 .408 .0540 .297 

1250 .578 .0660 .416 .0143 . 304 
.1258 .587 .0664 .420 .0546 .310 
.1265 .595 .0668 .425 .0550 .317 
.1272 .602 .0674 .432 .0557 .326 

1286 .614 .0682 .439 .0564 .334 
.1300 .626 .0696 .451 .0578 .349 
.1322 .640 .0724 .472 .0593 .361 

1358 .661 .0796 .516 .0607 .375 
1394 .680 .0858 . 550 .0643 .404 

.1465 .708 .0939 .580 .0678 .429 
15.36 .732 .1082 .630 .0750 .473 

.1608 .752 .1224 .670 .0822 .510 

.1679 .768 .1308 .706 .0964 .574 
1822 .797 .1654 .768 .1107 .626 

.1965 .821 .1939 .817 .1393 .707 

.2108 .842 .2064 .937 .1678 .770 

.2322 .875 .2321 .875 .1966 .821 
2500 .898 .25W .898 .2322 .875 

.2500 .898 

-=0.0143 j=0.0143 -=0.0143 

-=0.1238 4=0.0653 4=0.0536 

-=0.5360 -=0.3785 =0.2680
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•	 TABLE I	 TABLE II 

ORDINATES OF STREAMLINE BODY AND NOSE INLETS ORDINATES FOR DERIVING OPTIMUM NOSE SHAPES FOR 
INLET DUCT SIZES OTHER THAN THOSE TESTED 

k	 L 

1

x

See figure 20.

TABLE III 

INCREASE IN DRAG WITH SIMULATED GUN IN
NOSE-INLET OPENING 

dose, B 
(natural transition)

Increase in 
I'd r'V body drag 

(deg) due to gun. 
percent 

.10-caliber machine gull 

0 1.13 0 12.8 
0 1.13 .25 12.5 
0 1.13 .50 10.6 
0 .57 0 9.6 
0 0 0 2.6-
1.5 1.13 0 21.5 
1.5 1.13 .25 16.1 
1.5 1.13 .50 10.2 
3.5 1.13 0 38.0 
3.5 1.13 .25 20.4 
3.5 1.13 .50 7.2 
3.5 .57 0 18.4 
3.5 0 0 4.8 

37-millimeter cannon (smooth barrel) 

0 1.13 0 6.7 
0 1.13 .25 4.3 
0 1.13 .50 0 
1.5 1.13 0 11.5 
1.5 1.13 .25 9.0 
1.5 1.13 .50 0 
3.5 1.13 0 19.2 
3.5 1.13 .25 9.1 
3.5 1.13 .50 0 

y'/Y 

$0.536 4=0.379 4=0.268 

0 0.669 0.606 0.027 0.804 
.005 .091 .079 .069 .080 
.010 .119 .101 .089 .103 
.020 .160 .135 .123 .139 
030 .192 .163 .152 .169 

:050 .247 .211 .204 .221 
.075 .303 . 259 . 258 .273 

100 .352 .304 .308 .321 
.150 .435 . 382 .392 .403 
.200 .501 .448 .462 .470 
.300 .603 .555 .574 .577 
400 . 679 . 644 . 664 . 662 
500 .740 .721 .740 .734 

. 600 .798 .788 .804 .797 

.800 .902 .899 .910 .004 
1.000 1.000 1.000 1.000 1.000
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ON THE PARTICULAR INTEGRALS OF THE PRANDTL-BUSEMANN ITERATION EQUATIONS
FOR THE FLOW OF A COMPRESSIBLE FLUID' 

By CARL KAPLAN 

SUMMARY 

The particular integrals of the second-order and , third-order 
Prandtl-Busemann iteration equations for the flow of a com-
pressible fluid are obtained by means of the method in which 
the complex conjugate variables z and z are utilized as the 
independent variables of the analysis. The assumption is made 
that the Prandtl-Glauert solution of the linearized or first-order 
iteration equation for the two-dimensional flow of a compressible 
fluid is known. The forms of the particular integrals, derived 
for subsonic flow, are readily adapted to supersonic flows with 
only a change in sign of one of the parameters of-the problem. 

INTRODUCTION 

For the past several years iteration methods have been 
increasingly applied to the solution of compressible-flow 
problems. The most useful method from the point of view 
of aeronautical applications and the one discussed in this 
report is based on small perturbations with respect to the 
undisturbed flow. The Prandtl-Glauert and Ackeret solu-
tions in two-dimensional subsonic and supersonic flow, 
respectively, obtained by means of the, linearization of the 
fundamental nonlinear differential equation for compressible 
flow, are presumed to be known and are taken as the initial 
steps in this iteration process. Higher-order solutions are 
then obtained by retaining appropriate powers and products 
of the perturbation quantities. This method of iteration 
has been variously labeled the Ackeret iteration process and 
the Prandtl-Busemann small perturbation method when 
limited to two-dimensional subsonic flow. The procedure 
has been extended in recent years to both two-dimensional 
and axisymmetrical supersonic-flow problems. 

In a recent publication (reference 1), Van Dyke succeeded 
in obtaining by trial the particular integral of the nonhomo-
geneous second-order iteration equation for the velocity 
potential in supersonic flow. The general solution is then 
easily obtained by adding solutions of the homogeneous 
equation with proper regard to the boundary conditions at 
the surface of the solid and at infinity. 

The purpose of the present report i's to show a procedure 
by means of which the particular integrals of the higher-
than-first-order iteration equations can be derived in a

systematic manner. The explicit expressions obtained for 
the particular integrals of the second- and third-order itera-
tion equations are believed to yield essentially the solution 
of the problem of high subsonic flow past an arbitrary two-
dimensional profile, since it is never .a difficult problem to 
supply the solutions of the homogeneous equation necessary 
for the fulfillment of the boundary conditions. It is note-
worthy that the particular integrals, derived for subsonic 
flow, can be adapted to supersonic flow with simply a change 
in sign of one of the parameters. 

FUNDAMENTAL EQUATIONS 

The fundamental nonlinear differential equation governing 
the flow of a compressible fluid is 

(c2_u	 - 2)	 +(C2— V2) Ov	 / —uv Ov Ou\ +y)= O 	 (1) 

where 

X, Y rectangular Cartesian coordinates in flow plane 
u, v fluid velocity components along X- and Y-axis, respec-

tively 
local speed of sound 

The condition for irrotational motion is that 

Ou Ov 
o y ox 

and leads to a velocity potential 4) defined by 

04)

(2) 
04) 

If the body is held fixed in a uniform stream of velocity U, 
the relation between the local speed of sound c and the speed 
of the fluid 1I1Pi is given for adiabatic processes by 

c 2 	 7-1 
Al 

2( 
1 	 u2 )	

(3) 

I Supersedes NACA Till 2159, "On the ['articular Integrals of the Prandtl-Buseniann Iteration Equations for the Flow of a Compressible Fluid" by Carl Kaplan, 1950. 

Preceding Page Blank
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where 

c	 sound speed in undisturbed fluid 

-y ratio of specific heats at constant pressure and constant 
volume 

M Mach number of undisturbed stream (U/co) 

With the introduction of a characteristic length 1 as unit 
of length and the undisturbed stream velocity U as unit of 
velocity, the quantities X, Y, u, v, and <F for the remainder 
of the analysis denote, respectively, , the nondimensional 
quantities Xli, Y11, u/U, v/U, and <F/Ui, while c and c 0 retain 
their original meanings. By means of equations (2),. equa-
tions (1) and (3) then become, respectively, 

G-2— MO2u2)	 +(-2— M ,, 2 v 2)<F Y 	 =0

(4)  

and

y 1 (5) 

where the' subscripts X and Y denote partial differentiations 
with respect to the designated variables. 

In order to obtain the iteration equations based on small 
perturbations of the undisturbed stream, the assumption is 
made that the velocity potential <F can be expanded in the 
form

(6) 

For the purpose of defining and controlling the iteration 
procedure, the function 4) n+1 and its derivatives are then 
regarded as small compared with the preceding approxima-
tion <F,, and its derivatives. 

From equations (2) and (6), 

and

V=<Fy(1'1y+(1'2y+<F3y+ 

When these expressions for u,v are introduced into equation 
(4), together with the expression for c21c0 2 given by equation 
(5),and the powers and products of <F,, and their derivatives 
are grouped according to the assumptions of the small per-
turbation method, the following iteration equations for the 
first three approximations <Fr, 4)2, and <F result: 

(1—M 2)<F11 +<F1 0	 (7) 

( 1 —M_2 )(D2XX+4)2YY = M_ 2 1(-y +

	

(1_M2)<F3X+<F3yyMo2{( 4)1x2+(D2x)	 1)4)1 XX 

(y - 1 )<F ]+ <F i y 2 [(y-

'F 1X [('y+ 1)4)2xx-l-(y 1)4)2y]+2(cF1x4)41+ 

4)2Y 4)IXY+ 4)1Y 4)2XY)}	 '	 (9) 

For slender bodies, the first few steps of this iteration process 
may be expected to yield an accurate result with the excep-
tion of a small region in the neighborhood of a stagnation 
point. Even at stagnation points, the iteration method has 
been shown to represent correctly the effect of compressibility 
(reference 2). The accuracy of the calculations obviously de-
pends upon the number of terms determined, each additional 
term reducing the region of inaccuracy in the neighborhood 
of a stagnation point. 

The iteration equations (7),'(8), and (9) may be put into 
more familiar forms by the introduction of a new set of 
independent variables x and y, where 

x=X	 ) 
_______	 (10) 

y=YiI1_M,,2) 

Thus, for M0,<1, equation (7) is transformed into a Laplace 
equation; whereas equations (8) and (9) are transformed into 
Poisson equations with the right-hand sides composed of, 
respectively, double products and triple products of previ-
ously determined perturbation quantities. It is further as-
sumed that the solution of equation (7) is available. This 
initial step in the approximation to the exact nonlinear solu-
tion is usually easily obtained, as it represents the Prandtl-
Glauert approximation (reference 3, appendix B). The 
purpose of the present report is then to derive explicit ex-
pressions for the particular solutions of the second- and 
third-order iteration equations (8) and (9). 

CALCULATION OF THE PARTICULAR INTEGRAL OF THE
SECOND-ORDER ITERATION EQUATION 

By introducing the independent variables x and y defined 
by equation (10), the second-order iteration equation (8) 
becomes

+ a)<Fiz<Fizz+<Fjv<Fi,]	 (11) 
where

7+1 M,2 
-j-

j32 1 —M,,2 

and where use has been made of Laplace's equation 

(7 1 )<Fix<F i yy + 24) i y<Fix yJ (8) 1	 .
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The procedure for obtaining the particular integrals of the 
higher-order iteration equations is based on the use of the 
complex conjugate variables z and as independent variables. 
Thus,

z=x+iy	 - 

=x—iy 

and the equivalence of operators 

+ 

o .(6-6 
by 

= 16 3z 
FZ) 

02	 62	 02	 62 
ax2_ 6z2+2 6za52 

6 2	 a2	 02	 a2 
0y2_ a2 aa- 62 

Then equation (7) for 'F becomes 

4 624)
1 0	 (12) 

az Oz 

The most general real solution of this equation is

(13) 

or
4) 1 =R.P. wj(z)=R. P. () 

where w1 (z) is an arbitrary analytic function of z, i() is its 
conjugate complex, and where the symbol R.P. stands for 
"real part of." The imaginary part of w1 (z) is a function ki, 
say, related to 'F by means of the Cauchy-Riemann equations 
and hence also satisfies Laplace's equation. The function 

does not represent the stream function of the actual com-
pressible flow and does not appear in the final expressions 
of the particular integrals. The following relations will be 
found useful and are easily verified: 

(w1+51) 

(wI+i5I2) 

I	 - 
4'1v= (w1,—w12) 

(w12+512)

Then
24)14,11=R. P. (w1+1) wi, 

24)4)= —R. P. (w 1 , —') w1 

and equation (11) for the second approximation 'F 2 becomes 

M, 2 R.P. [uwj,wi,+(2+)izwi,z] 

M,,2R.P. D (Wl2)z+(2+T)(WlzWl2)z] 

If 4)2 is defined to be the real part of a nonanalytic function 
w2(z,), then

M0,2 [
	

(14) 

This equation can be integrated immediately by inspection 
and yields the general solution 

w2 =4 M2 
[17 

w 2 +(2+o) wiwiz+F(z)]	 (15) 

where, because only the real part 4)2 of w2 is of interest, only 
one arbitrary analytic function F(z) need be included. The 
function F(z) satisfies Laplace's equation and is so chosen 
as to satisfy the required boundary conditions at the surface 
of the body and at infinity. The part of the expression on 
the right-hand side of equation (15), excluding the arbitrary 
function F(z), is the particular integral of equation (14) and 
may be expressed in real form in the following manner: 

Suppose

	

F(z)=— zw1 2 +(2+cw1w1+f( z )	 (16) 

where f(z) is again an arbitrary analytic function of z. 

Then with the aid of the relation 

i/a.0\ 
wiz=	 ) (4)1+i'1)=4)1—i'F1 

where use has been made of the Cauchy-Riemann conditions 

'F= 4'lv 

Ib il 	 411. 

the expression for 'F2 , obtained from equation (15), becomes 

4)2=M. 2 [217Y4)1z4)Iv+2(2 + 17)'F 1'F 1 +R. P. f(z)] (17) 

The expression on the right-hand side of this equation, 
excluding R.P. f(z), namely, 

	

4)2 2 [( 1 +)'F1_ 17Y'Fiv]4)iz	 (18)
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corresponds precisely to the particular integral obtained by Van Dyke (reference 1) for two-dimensional supersonic flow 
with u replaced by - or, where for supersonic flow the definition of o• is 

_7+1 M2 

It is rather noteworthy that the particular integral of the second-order iteration equation (8) can be obtained for both sub-
sonic and supersonic flows by simply interchanging the sign of the parameter o. 

CALCULATION OF THE PARTICULAR INTEGRAL OF THE THIRD-ORDER ITERATION EQUATION 

• In this section, the particular integral of equation (9) involving only , 4)2, and their derivatives is derived. For this 
purpose, the variables x,y and the parameter o are introduced. Equation (9) then takes the following form: 

{(i +)( 1xx z+Ir2x)+[2I32(1 +) 	 +u) 120'(1 +cr)_]1zz1z2+ 

	

(2	 (19) 

Use is again made of the compleg conjugate variables z and 7 as independent variables. Thus, 

2 =R. P. w2(z,) 

I-=R. P. (w22+w2) 

2 =R. P. (w2—w2) 

4 2zz = R. P. (w22 +2 w22 + w2) 

	

P. i(w2zz —w2u) 	 - 

4 1 cI 1 2 =R. P. 1 

1 1zz1y = — R. P. 1 

P. (w12 +1)(w2 +w) +R. P. (w1 +12)(w2 + 2w2+ w2) 

4) 1 4 2 —R. P. 

1v'2Xy —R. P. 

IxIyIxi —R. P. (w122-12)w122 

Then equation (19), with 3 =R. P. w3(z,), can be written as follows: 

(1 _ 2)( w2 w 1 +w2w1w -+W	 )+(1 _2)(2 + )(w21 

1 (10 2) { 2(1 +2)—(1	 (1	 +2u)]12w1+ 

(1 

Introducing the expressions for w2 (z,) and its derivatives with respect to z and from equation (15) yields for W&I the 
following equation: 

	

W3zj (1 - /32)2g2(w2w)+l (1-02)2  ff(2 +	 +-j (1 —j32)2o(w1F) +•j (1_02)0r[02 (2+ 
o)+ 

	

(4+ 3 0•)]17(wiz2)z +	 (1-#2)2a (2 +	 ( 1 -02)2 (2  +	 (1-02)2 (2 + (f)(ülIF)+ 

(1 _132)2(2 +	 (1_02)U2(5+3 132)(w13) + ( 1— 13 2)[/3 2(8+ lOo. +3r2)+ cr(6 + 5 )]1w1 2	 (20) 32
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In the derivation of this expression for w3 ;, free use was made of the fact that insofar as the real part of w3 is con-
cerned, terms of the nature g(z)T( F) and ()h(z) are equivalent. It is important to note that this type of operation leaves 
unaltered the real part 'I of w3. Since 4 is the quantity sought in the calculations, changes in the imaginary part of w3 
are of no consequence in the final results. 

Equation (20) can be integrated immediately by inspection and yields the following result: 

w3=(1 _ 2)222W i 2W i +i ( 1 	 _2)2r(2 + &)i1w12w12+(1 _132)o.[132(2 + r)+(4+ 3u)131w12 +16 	 16

T2	 T6	 T6
(1 - 2)2o2 +	 (1 - 132)2(2 +	 + (1 _/32)2(2 + o)(Fi+ F1)+ (1 _,32)2(9+ a)1 2wi2 + 

V6 ( 	 J, _$2)2(3132 5)w1+ (1 fi2)[132(8+	 (21) 

Equation (21) is the particular integral of equation (20). The most general solution is obtained by adding an arbitrary 
analytic function 0(z), satisfying the homogeneous or Laplace equation 0=0. An arbitrary function of 7, customarily in-
cluded in the general solution, need not be considered here because only the real part of w3 is of interest. In fact, the 
omitted arbitrary function is the complex conjugate G(). 

In order to obtain the desired form of	 (thereal part of w3) from equation (21), F(z) is replaced by its expression 
given in equation (16), and the real part of f(z) in equation (17) is replaced by 

R. 

The final form of the particular integral of the third-order iteration equation (9) then becomes 

c= 1( -	 (1 - ,32)(2 + r)IZ42+1'I)+ 

1(1 _13 2) 2 c 2y 2 izx( iz2 _ iy2)_(1 _ 13 2) 2 o 2y 2 1ziyizv+(1 _I32)[(6+ 5)+3(2+)/32]Yiy3+ 

1(1 _132)[(1O_ )(1o+	 I32)2(2 + 

_13 2)[(-16-10o-+u   2)+(16+22a+7 2)13 2] i 2_ (1 _132)T[(6+5(T)+3(2 + 

(1132)2(2 +	 (1— 13 2)[(6 + 5 )+ (8 + 10 + 32)f32]if [(1 2-1 2)dx +	 dy]	 (22) 

The corresponding expression for for supersonic flow is obtained by simply replacing a by -o- with 

i'+l M0,2 
M,r,21 

and 132 by _132 with 13 2 =M 2-1. The physical plane variables X and Y are easily inserted into both equations (18) and 
(22) by means of the transformation equations (10),

x =X 

y=j9Y 

It is pointed out that the forms of the two particular integrals, equations (18) and (22), derived in this report are identical 
for both subsonic and supersonic flow. The apparent differences are caused by a change in sign of the parameter 132• Thus, 
132 and o are positive for both subsonic and supersonic flow. Actually, of course, the functions represented by 	 42, 

are different for the two types of flow. For subsonic flow, these functions are derived from analytic and nonanalytic 
functions of z and ; whereas for supersonic flow, they involve the real "characteristics" variables x±fly. 

Note that the last term of the expression on the right-hand side of equation (22) contains the indefinite integral 

1=5 ft4,1 - 1 2)dx + 21F1 dy]	 (23)
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It is obvious from the corresponding complex integral in 
equation (21) that the integrand of equation (23) is an exact 
differential. This fact can also be easily verified with the 
help of Laplace's equation 

4'i+iUY= 0 
Thus,

(244)	 (24) 

Equation (24) represents the necessary and sufficient condi-
tion that the integrand of equation (23) be an exact differ-
ential. Further, according to the theory of exact differential 
equations, the integral I may be expressed as follows: 

Mdx)dy	 (25) 1=5 Mdx+5 (N-i fx

 
where

.111	 .2 

N= 

and where by JM dx is meant the result of integrating 

Mdx with y considered constant. The expression within 
the parentheses, namely 

N-— 
f 

is a function of y only. This statement can be verified as

follows: Thus, 

N_ 
C 

z Mdx 6N 6 6 fx Mdx (26) 

	

dX ( Yy- f	 )= ox — by C)X 

and because y is considered constant in the process of inte-
grating Mdx, it is clear that 

.- 
5 Mdx = M 

Hence the right-hand side of equation (26) is 
6N bm 

which vanishes because of the condition for the existence .of

	

an exact differential.	 - 
- Note that in general it is simpler to perform the complex 

integration f Wi z 
2 dz rather than transform to a real integral 

and then perform the integration. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., May 29, 1950. 
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SPECTRA AND DIFFUSION IN A ROUND TURBULENT JET' 

By STANLEY CORRSIN and MAH[NDER S. UBEROI 

SUMMARY 

In a round tubulent jet at room temperature, measurement 
of the shear correlation coefficient as a function of frequency 
(through band-pass filters) has given a rather direct verification 
of Kolmogoroff's local-isotropy hypothesis. 

One-dimensional power spectra of velocity and temperature 
fluctuations, measured in unheated and heated jets, respectively, 
have been contrasted. Under the same conditions, the two cor-
responding transverse correlation functions have been measured 
and compared. 

Finally, measurements have been made of the mean thermal 
wakes behind local (line) heat sources in the unheated turbulent 
jet, and the order of magnitude of the temperature fluctuations 
has been determined.

INTRODUCTION 

At the present time there apparently exists no statistical 
theory of turbulent shear flow. One signifi .cant theoretical 
consideration has been proposed: The hypothesis of local 
isotropy, originated by Kolmogoroff (references 1 and 2). 
Kolmogoroff has suggested that thefine structure in turbu-
lent she(r flow may be isotropic; recent experiments of 
Townsend (references 3 and 4) in a turbulen't wake seem to 
verify this hypothesis. 

In view of this situation, the various experimental re-
searches in the field follow two courses: First, they attempt 
to verify or disprove local isotropy; second, they try in all 
conceivable ways to make measurements that may shed light 
U011 the basic nature of the turbulent shear flow, so that the 
foundations for a successful theory can be laid. 

During recent years it has become evident that measure-
ments of the intensity of turbulence alone cannot provide 
sufficient information about the statistical and dynamical 
properties of the flow fields. Such quantities as correlations, 
spectra, probability densities, the various terms in the turbu-
lent kinetic-energy balance, and so forth may be expected to 
reveal many essential features of the problem. 

The types of turbulent shear flow that have come under 
close experimental scrutiny  are the boundary layer (references 
5 and 6), the plane channel (reference 7), the plane wake 
(references 3 and 4), the plane single free-mixing region 
(reference 8), and the round jet (references 9 and 10). The 
present work is a continuation of that reported in references 
9 and 10. 

The general objectives of this investigation have been to 
learn something more about the flow in a fully developed 
round turbulent jet and about the heat transfer in such a 
flow. The work reported here has fallen into three phases:

(a) An attempt to establish the presence or absence of local 
isotropy, (b) a comparison of velocity- and temperature-
fluctuation fields when the over-all boundary conditions on 
mean velocity and temperature are effectively the same, and 
(c) a study of the diffusion of heat from a local (line) source 
in the turbulent flow. 

The only specific experimental verification of local isotropy 
in a turbulent shear flow to date was by Townsend in the 
plane wake behind a circular rod (references 3 and 4). He 
found that the skewness and flattening factors of the prob-
ability density of ôu/t in the shear flow are very closely 
equal to those in the (effectively isotropic) turbulence far 
behind a grid. Since differentiation emphasizes the higher 
frequencies, his measurement shows, in essence, that the 
values of certain statistical quantities related to the smaller 
eddies ma shear flow are the same as the values for the smaller 
eddies in isotropic turbulence. He also found the microscale 
of u in the stream direction to be nearly -.,/ times the micro-
scale of v in that direction, a relation which is exactly true 
for isotropic turbulence. 

Until recently, only mean-velocity and mean-temperature 
distributions were measured to provide a comparison of the 
transfer rates of momentum and of heat in turbulent shear 
flows with over-all heat transfer. The previous report in this 
round-jet investigation (reference 10) included a beginning on 
the problem of direct comparison of the velocity and tempera-
ture fluctuations as well as some measurements of velocity-
temperature correlations. The fluctuations in a warm 
turbulent wake have been studied by Townsend (reference 
11). 

Up to the present time, however, there appears still to be no 
successful hypothesis to account for the well-known fact that 
heat (and other scalar quantities, like material) is diffused 
more rapidly than momentum in a turbulent flow. Thus, 
more detailed study of the fluctuations seemed in order. 

The first real analysis on the diffusive property (for scalar 
quantities) of a homogeneous turbulent field was Taylor's 
well-known work "Diffusion by Continuous Movements" 
(reference 12). 

The mean thermal wake behind a line source of heat in a 
flowing isotropic turbulence has been carefully measured by 
Schuhauer (reference 13) in the region close to the source, and 
by Simmons (measurements reported in reference 14) over an 
extended range. Taylor's theory of diffusion by continuous 
movements is directly applicable to the diffusion from a line 
source of heat in a homogeneous turbulent field, and he has 

'Supersedes NACA TN 2124, "Spectrums and Diffusion in a Roupd Turbulent Jet" by 
Stanley Corrsin and Mahinder S. Uberoi, 19E4.
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made a generalization to permit application of the method in Omax maximum mean temperature difference at a 
a decaying isotropic turbulence (reference 14). cross section 

In a turbulent shear flow, the only published measurements 00 maximum mean temperature in jet at orifice 
of the thermal wake of a local source seem to be those of instantaneous	 temperature	 fluctuation 
Skramstad and Schubauer in a turbulent boundary layer. 2 (YO—O) 
These were reported by the experimenters (reference 15) and 
by Dryden (reference 16). 	 The temperature distribution t time 
across the wake in shear flow is decidedly skew. On the other e voltage fluctuation 
hand, in the isotropic turbulence, it is to all intents and pur- a,fl sensitivity of a diagonal hot-wire to u and poses a Gaussian curve. 	 Of course, in a homogeneous field to v, respectively 
this curve (measured close enough to the source so that the Ruv shear correlation coefficient (/u'v') 
Lagrangian correlation coefficient is still effectively unity) is u 5 ,v 0 instantaneous contributions of u(t) and v(t), 
simply the probability density of the lateral velocity fluctua- respectively, in a narrow frequency band tions.	 This relation may be roughly true for shear flow as of nominal frequency n; in a Fourier series 
well, in which case the contrasting results mentioned above discussion, the nth harmonic of periodic 
would mean that the probability density of v(t) is skew in u(t) and v(t),respectively 
shear flow, but Gaussian in decaying isotropic turbulence. 

No measurements had been made of the fluctuations in
= 

these thermal wakes, and it was felt that some information on vn' - 
the nature of these might help further a general under- 0Rv shear correlation coefficient for a narrow band 
standing of the diffusive process. of frequencies (/u 0 'v0 '); this function 

This investigation was	 conducted -,,it	 the Aeronautics is	 referred	 to	 as	 the	 "shear-correlation 
Department of The Johns Hopkins University under the spectrum" or, briefly, the "shear spectrum" 
sponsorship and with the financial assistance of the National phase angles 
Advisory Committee for Aeronautics. 	 The authors would 0F0 , 5F, in Fourier series analysis, 0F0 a 52 	 a02, 
like to acknowledge many stimulating conversations with 
Dr. L. S. G. Kovásznay, and to thank Dr. F. H. Clauser for

_
	
/:Lbn', .,V,,= b
	

2 where a 0 and b 5 are Fourier
 his helpful criticism.	 Donation of the hot-jet unit by Dr. C. series coefficients B.	 Millikan.,	 Director of the	 Guggenheim Aeronautical n cyclic	 frequency in	 general;	 in	 particular, Laboratory at the California Institute of Technology, is magnitude of radial coordinate in three- greatly appreciated.	 Mr. Philip Lebowitz helped to set up dimensional frequency space much of the laboratory equipment.

n5 cyclic frequency of one-dimensional spectra 
of 'a(t) and e(t) 

SYMBOLS k wave-number	 magnitude	 for	 threedimen- 
d	 diameter of orifice (1 in.) sional spectra (2irn/) 

x	 axial distance from orifice k, wave-number magnitude for one-dimensional 
r	 radial distance from jet axis spectra (2irn1[U) 

U	 axial component of mean velocity a reference constant with dimensions of wave 

V	 radial component of mean velocity numbers 

tangential component of mean velocity F(k) one-dimensional power spectrum of u(t) in 
-	 maximum	 at a cross section (on axis) terms of wave number 

'a	 axial component of instantaneous velocity
Fj*(ni) one-dimensional power spectrum of u(t) in 

fluctuation terms of frequency 

v	 radial component of instantaneous velocity F(k) three-dimensional power spectrum of velocity 
fluctuation uctuation 

W	 tangential component of instantaneous veloc- G1 (k 1 ) one-dimensional power spectrum of s(t) in 
ity fluctuation terms of wave number 

G*(n) one-dimensional power spectrum of t(t) in 
terms of frequency 

G(k) three-dimensional power spectrum of tern-
0	 instantaneous temperature difference (meas- perature fluctuation 

ured above room temperature as reference) R5 transverse correlation function of u measured 
0	 mean temperature difference (measured above symmetrically about jet axis (/u2) 

room temperature as reference) R. longitudinal correlation function of u 
S5 transverse correlation function of 0 measured 

2 Wieghardt has recently measured the diffusion 6f heat from a local source in a turbulent symmetrically about jet axis 
boundary layer (reference 17), but his source was flush with the solid surface and thus he was longitudinal scale of u-fluctuations studying a different problem, that is, one more directly related to micrometeorological 
conditions.	 - longitudinal scale of 0-fluctuatioris



SPECTRA AND DIFFUSION IN A ROUND TURBULENT JET
	

917 

lateral scale of u-fluctuations 
lateral scale of 0-fluctuations 
longitudinal microscale of u-fluctuations 
lateral microscale of u-fluctuations 

I lateral microscale of 0-fluctuations 
Ix longitudinal mieroscale of 6-fluctuations 
E distance downstream from local heat source 

in x-direction 
lateral distance, perpendicular to source line, 

from local heat source 
dimensionless temperature ratio (/m) 

standard deviation of mean-temperature dis-
tribution in wake behind local heat source 

T pulse spacing 
h pulse height 
j pulse width

EQUIPMENT 

AERODYNAMIC EQUIPMENT 

The 1-inch hot-jet unit is shown schematically in figure 1. 
The centrifugal blower is driven by a-horsepower direct- 
current motor. Heat is added through two double banks 
of coils of No. 16 Nichrome wire. As can be seen in the 
sketch, a good part of the heated air is directed around the 
outside of the jet-air pipe in order to maintain a flat initial 
temperature distribution in the jet. A vacuum-cleaner 
blower is used to help the air through this secondary 
heating annulus, and this warm air is fed back into the intake 
of the main blower. 

The section of relatively high velocity between heaters and 
final pressure box permits adequate mixing behind the grid, 
to insure thermally homogeneous initial jet air. 

Figure 2 is a photograph of the unit as set up previously 
(reference 10); the present arrangement is essentially the 
same. 

All turbulence measurements were made with an initial 

det-

Centrifugal blower -
	 11-'1-

jet total head in the range from 3.5 to 5.0 inches of water. 
In free turbulent flows there is no detectable effect of jet 
Reynolds number over a much wider range of Reynolds 
numbers than this. 

When the jet was run unheated, there was a slight temper-
ature rise through the blower and duct. In the measure-
ments of thermal wake behind a local heat source, correction 
for this ambient-temperature field was necessary. For all 
hot runs, time orifice air temperature was very close to 200° 
C, about 175 0 above room temperature. 

Three different "local heat sources" were used: 
(a) A straight diametrically strung wire of 0.008-inch 

Nichrome 
(b) A 2-inch-diameter Niclirome ring 
(c) A 4-inch-diameter Xichrome ring 

Because of the extremely high turbulence levels encounted 
in a free jet, a measurable thermal wake could onl y be ob-
tained by using source temperatures in the range from 300° 
to 700° C. This undoubtedl y led to some local buoyancy 
effects, but, even with this order of temperatures, the thermal 
wake was barely detectable 1 inch downstream. 

The Reynolds numbers of these heat-source wires were 
about as follows: 
For straight wire on axis, 

150, based on air temperature 
22, based on wire temperature 

For 2-inch-diameter ring, 
110, based on air temperature 
16, based on wire temperature 

For 4-inch-diameter ring, 
59, based on air temperature 
9, based on wire temperature 

No noticeable additional turbulence was generated by these 
wires, and no average momentum defect could be detected 
with a flattened total-head tube, even as close as inch 
downstream.

WN 

Screen, 30-mesh-r,'

 -Centrifugal blower-
, - Screen, 30-mesh 

- -Heating coils 

Diffuser-' Ga, '	 - a'. roo 
on	 'r7' ICS 

FIGURE 1.—SchematIc dlagrRm of 1-inch hot-jet unit. FIGURE 2.—The jet unit. 
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MEASURING EQUIPMENT 

The measuring instruments used were: Total-head tube, 
Chromel-Alumel thermocouple, and hot-wire anemometer 
(also used as resistance thermometer). 

The hot-wires were nominally 0.000635-centimeter plat-
inum, about 1.5 millimeters in length, etched from Wollaston 
wire. The etched platinum was soft-soldered to the tips 
of small steel needle supports. A discussion of heat loss 
from a wire at various ambient temperatures is given in 
appendix A. 

The basic hot-wire-anemometry equipment was purchased 
from Mr. Carl L. Thiele of Altadena, California. One of 
the two identical heating circuits is shown in figure 3. 

The amplifier, with resistance-caacitance compensation 
network, is given in figure 4: The uncompensated gain is 
constant to within ±2 percent over a frequency range from 
3 to 12,000 cycles per second (fig. 5). With the wires and 
operating conditions used (time constants on the order of 
1 millisecond), the over-all compensated response was good 
over the same range. Correct setting of the compensation 
network was determined by superimposing a square wave 
upon the hot-wire bridge (reference 18). Unfortunately, in a 
free turbulent shear flow the ambient disturbance is so great 
(because of the extremely high turbulence levels) that 
calibration cannot be made in the flow to be studied. 

The vacuum-thermocouple signal output was measured

either with a inillivoltmeter or by the average deflection rate 
of a fluxmeter. 

The various spectra reported here were measured with a 
modified General Radio Type 760—A Sound Analyze: 
(reference 19). The changes in output stage (fig. 6) were 
made to eliminate the direct-current component and to 
obtain linear instead of logarithmic response. As modified, 
the sound analyzer had rather undesirable frequency-
response characteristics, particularly a day-to-day shift in 
relative amplification of the higher-frequency ranges. The 
frequency-response calibration in figure 7 is plotted in terms 
of voltage squared, since this was the quantity ultimately 
measured. 

The frequency pass band for this analyzer is far from the 
optimum rectangular shape. However, the slopes of the two 
Sid es are sufficiently steep that no appreciable error is 
attributable to noninfinite slopes with the spectra meas-
ured in this investigation. Figure 8 is an experimentally 
determined band shape. There was fair similarity of band 
shape over the entire frequency range. For computational 
purposes, an equivalent rectangular pass band was defined as 
indicated in the figure. 

The instrument is a type recording constant-percent band 
width, measuring the product of power spectrum times 
frequency. This has obvious advantages in the high-
frequency range where there is so little turbulent energy. 
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FIGURE 3.—Control circuits.
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FIGURE 4.—Hot-wire-anemometer amplifier.

Frequency, cps

FIGURE 5.—Amplifier frequency response without compensation. 

Possibly the chief disadvantage of the actual band shape is 
the extremely sharp peak, causing a great deal of fluctuation 
in the output signal, and making any simple meter-reading 
technique virtually impossible in the low- and medium-
frequency ranges. Consequently an integrating technique 
was devised, making use of the negligible restoring-torque 
characteristics of a Sensitive Resarch Co. flu.xmeter. The 
integrating technique used is shown schematically in figure 9. 
Actually a bank of vacuum thermocouples was used, and the 
resistances shown are just typical alues. The signal put out 
by the thermocouples is a highly fluctuating direct current. 

The bucking circuit was necessitated by the following 
combination of requirements: 

(a) For the lowest frequencies reasonable consistency 
could be obtained only by integrating over periods as long as 
3 minutes. 

(b) Appreciable static bearing friction in the fluxmeter 
demanded more or less continuous motion of the needle. 

(c) The restoring torque of the fluxmeter is no longer

(b)

(a) Original output Circuit. 
(b) Modified output circuit. 

FIGURE 6.—Modification of General Radio Type 760-A Sound Analyzer. 

negligible in the range of very large deflection. Hence it was 
desirable to keep total deflection to a minimum. 

Thus, most of the average direct-current component of the 
thermocouple signal was bucked out, and the constant buck-
ing current was read on a precision microammeter. The 
fluxmeter needle fluctuated more or less about the zero-
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FIGURE 7.–Response of sound analyzer with modified output circuit. 
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FIGURE 8.—Filtration characteristics of sound analyzer with modified output circuit. Area 
of rectangle equals area under curve. 
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FIGURE 9.—Integrator and bucking circuit. 

deflection point during the time of integration, and its reading 
at the end of this time ordinarily gave a small correction on 
the result. 

In the highest-frequency range, overload considerations on 
the sound analyzer limited the signal drastically, and only a 
part of the thermocouple direct current was bucked. 

For the determination of average wake temperatures 
behind the local heat sources, the thermocouple voltage was 
measured with a Leeds & Northrup type K-2 potentiometer. 

Oscillograms were taken from a blue oscilloscope tube by 
means of a General Radio Type 651—AE camera, using fast 
film.

PROCEDURES 

VELOCITY SPECTRUM 

The power (or energy) spectrum of the longitudinal 
velocity fluctuations at a point in the unheated jet was 
measured by conventional hot-wire-anemometry technique,

with a continuously adjustable band-pass filter, as described 
under "Equipment." 

TEMPERATURE SPECTRUM 

The power spectrum of the temperature fluctuations in 
the heated jet was measured by using the hot-wire effectively 
as a simple resistance thermometer (reference 20). The 
amplified voltage signal was analyzed exactly as .in the 
measurement of velocity spectra. 

SHEAR-CORRELATION SPECTRUM 

For the shear-correlation spectrum, the quantity to be 
measured is the correlation coefficient between a narrow 
frequency band of u-fluctuations and the same narrow fre-
quency band of v-fluctuations, at the same point in the flow 
field. 

The method, for any particular nominal frequency, was 
to pass the various voltage signals (e 1 , e2 , e1+e2, e 1 —e2) from 
an X-type shear- (or v'—) meter through the band-pass 
filter after amplification. By appropriate combination of 
the mean-square values of these four signals (identical with 
total-shear measurement), there results. 

V 

where the subscript n indicates the narrow band of nominal 
frequency n cycles per second. A justification for the 
validity of this procedure is obtainable by considering the 
two velocity-fluctuation components as periodic, functions. 
Of course, this is not a real proof. 

If asymmetrical X-meter is assumed, the two instan-
taneous voltage signals are 

e 1 = ceu+v
(1) 

e2=au—j3v) 

For periodic fluctuations,

cos (2irnt+) 
i=1

(2) 

v=	 b,, cos (2irnt+') 

In this simple case, the correlation coefficient for any spectral 
line is merely

R=cos (—',,)	 (3) 

If equations (2) are substituted into equations (1), it is 
easily shown that 

cos (4,,—)=	
net	 nI2 

(e 1+e2) (e1—e2)2	
(4) 

in complete analogy to the conventional method for measur-
ing Rn,, with an X-meter. The algebraic details are given 
in appendix B. 

When the meter is not perfectly symmetrical (ai$a2;
X0), the formal processes, both algebraic and experi-



mental, become excessively involved. Consequently, in 



SPECTRA AND DIFFUSION IN A ROUND TURBULENT JET
	

921 

actual practice the effect of unavoidable unsymnietry in the 
X-meter was essentially nullified by taking double sets of 
readings at each frequency rotating the instrument 1800 
about the axis of flow direction between sets. 

VELOCITY CORRELATION FUNCTION 

The double correlation R between longitudinal velocity 
fluctuation at pairs of points on opposite sides of the jet 
axis was measured only in the unheated jet, Hence the 
standard hot-wire-anemometry technique was used. The 
two hot-wires were always equidistant from the axis (oil a 
diameter), so that they were under identical operating 
COI1ClitiOfl5.

TEMPERATURE CORRELATION FUNCTION 

In the hot jet, the wires traversing symmetrically as for 
R. were operated as simple resistance thermometers, so that 
the double temperature correlation S coutd be determined 
directly.

MEAN TEMPERATURES BEHIND LOCAL SOURCE 

To determine mean temperatures behind a local source, 
traverses were made with a Chromel-Alumel thermocouple, 
whose voltage was measured with a Leeds & Northrup type 
K-2 potentiometer. 

TEMPERATURE FLUCTUATIONS BEHIND LOCAL SOURCES 

To determine temperature fluctuations behind local 
sources, the fine platinum wire was operated at small cur-
rents, so that it worked essentially as a resistance thermom-
eter.

EXPERIMENTAL RESULTS 

Mean-velocity and mean-temperature distributions for 
various orifice temperatures are presented in reference 10. 

SHEAR-CORRELATION SPECTRUM 

The spectrum of shear correlation coefficients 
was measured in the unheated jet at x/d=20 at 

a radial station corresponding to maximum shear at this 
cross section. Figure 10 shows quite definitely that ,,R55(n) 

is a function decreasing monotonically to zero. Thus, the 

.5 

.5 

.4 
nR'u

.1 

0 
I(_ -	 -	 ,-,-	 -	 -	 ' 1-'	 ,04 

11,, cps 

	

FIGURE 10.—Variation of shear correlation coefficient 	 • with frequency. Round turbulent 
jet. x/d=20; U=270 centimeters per second. 

213G37-53------59

ñ2

hypothesis of local isotropy is seen to he verified in a very 
direct way. The value of the directly measured total-shear 
correlation coefficient R 5 =7i7u'v' is indicated in the figure. 

VELOCITY AND TEMPERATURE SPECTRA 

The one-dimensional power spectrum F1 (k 1) of the longi-
tudinal velocity fluctuations u(1) was measured at two radial 
positions in the unheated jet at x/d=20. Figure 11 gives the 
two spectra, one measured on the axis and one measured at 
about the maximum-shear location. Plotted against wave 
number (kj=2Tfl i /U), the two spectra are identical within 
the experimental scatter. The solid line drawn as approxi-
niation to the points is made up as follows: 

(a) For 0<k1<1.25, it is Von Krrniin's semiempirical 
formula (reference 21): 

-	 (k1\	 Constant	 - 
(ki\21516	 (•) 

L kJ] 
(b) For k1>1.25, a nonanalytical curve has been faired in 

Is; 

FIGURE II.—One-dimensional power spectra of u(€) measured in 1-inch unheated jet atz/d= 20. 
Computed scales: L=33 centimeters for both stations, x=0.31 centimeter for both 
stations. 

Iota/-shear corr-G'/at/on coeff/ -tc?r R 

-\-
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The Von Kármáu expression. was used primarily to 
simplify the problem of extrapolation to k 1 =0 and to shorten' 
the work of transformation to three-dimensional spectra. 
(See "Velocity and Temperature Spectra" under "Analysis 
of Results.") 

The corresponding one-dimensional power spectra of 
temperature fluctuations G1 (k 1 ) were measured in the heated 
jet (O0= 170 0 C) atx/d=20. One spectrum is on the jet axis; 
one is at about the radial station of maximum heat transfer 
(and shear). From figure 12, it can be seen that they differ 
noticeably in the high-frequency range, but are essentially 
identical in the low- and moderate-frequency ranges. The 
curves used to approximate the experimental points are as 
follows: On the axis—the Von Kármán formula is used over 
the entire range. At the maximum-heat-transfer point—

(a) For O<k1<1.0, the Von Kármá'n formula is used 
(b) For k1>1.0, a nonanalytical curve has been faired in 
Figures 13 and 14 contrast velocity spectra with tempera-

ture spectra a•t corresponding radial stations.

TRANSVERSE CORRELATION FUNCTIONS 

The double correlation function R=/u i 'u 2 ', measured 
symmetrically about the axis at x/d=20 in the unheated jet, 
is plotted in figure 15. Of course, since the wires are in 
identical flow conditions, u 1 '=u2'=u' (say), and 

The double correlation function S=	 /I1't2' in the
heated jet at x/d=20 is plotted in figure 16. Since this was 
also measured symmetrically,	 where 1'=2'=t' 
(say).	 - 

Clearly, the range of measurable temperature correlation 
exceeds the range of measurable velocity correlation by an 
amount greater than can be attributed simply to the fact 
that the hot jet is wider than the unheated jet (reference 10). 

MEAN THERMAL WAKES BEHIND LOCAL HEAT SOURCES 

Typical radial distributions of average temperature behind 
a straight (diametrical) wire, a 2-inch-diameter ring, and a 
4-inch-diameter ring at x/d=20 in the unheated jet Are 
shown in figures f7, 18, and 19, respectively. The points in 
these figures are not direct experimental points, but merely 

Wave rumber,k1 2nrn 1 /0, cm - 
FIouR.E 12.—One-dimensional power spectra of (t) measured in 1-inch heated jet at x1d=20.

Computed scales: A=-1 0,(0)-2.18 centimeters for both stations.

8 

tc

Wave number, k1 21rn 1 1U, cm' 
FIGURE 13.—One-dimensional spectra of u(t) and o(t) on axis of 1-inch jet at x1d-'20.



/	 2	 3 

SPECTRA AND DIFFUSION IN A ROUND TURBULENT JET	 923 

serve to indicate the faired results for different distances 
downstream. All these have been corrected for the pre-
viously mentioned small ambient-temperature field in the 
unheated jet. There was rather large scatter (illustrated 
only in fig. 20) clue to the small temperature- differences 
measured and to the extremely large degree of fluctuation 
present. The 4-inch ring is slightly outside of the fully tur-
bulent jet core (reference 9); consequently the results for 
this case are not of direct interest in a study of fully developed 
turbulence. The figures show that each of the thermal 
wakes possesses similarity well within the accuracy of 
nieasurement. 

All of the thermal wakes spread linearly in the measured 
range (figs. 21, 22, and 23). From Thylor's theory of diffu-
sion by continuous movements, this simply indicates that, 
for the maximum downstream station studied, the Lagran-
gian correlation coefficient of the v-fluctuations has still not 
departed appreciably from unity. 

For .a straight-line source at the jet axis, because of con-

/0 _5L	 I	 11111111 	 I	 11111111	 I	 IlillIll 
/0'	 /02

Wave number, k, = 2,rn1/U, cm' 

FIGURE 14.—One-dimensional power spectra of u(t) and d(€) in maximum-shear region of
1-inch jet atx/d=20.

r, in. 
FIGURE 15.—Symmetric transverse cofrelation of u, measured about axis at x1d=20-in 1-inch

-	 unheated jet. R=/i. 

!1 

S5

/	 2	 3	 4
Eu; , 

FIGURE 16.—Symmetric transverse correlation of 5, measured at x/d 20 in 1-inch heated jet. 
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FIGURE 17.—Similarity of temperature behind line source of heat on jet axis at z/d=20 in 
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FIGURE 18.—Similarity of temperature distribution behind 2-Inch-diameter-ring source or 

	

heat in unheated jet at x1d=20. j i,	 at which
III-

8 

0max 

FIGURE 19.—Similarity of temperature behind 4-inch-diameter-ring source of heat in unheated 

jet atx/d=20. II, l2l at which 

-ii 
0 

.13 

I

, cm 

FIGURE 20.—Experimental scatter; temperature behind line source of heat on jet axis. t=1.27 
centimeters; x/d=20.

\ 

Qt .111 1	 I	 1	 1 0 
-25	 0	 .25	 .50	 .75	 /00

(,fri. 
FIGURE 21—Spread or heat from a line source in center of unheated jet. x1d=20. 

r,=r at which 

+ 

IC,J 

FIGURE 22.—Spread of heat from 2-inch-diameter-ring source in unheated jet. x1d=20. 

li,	 at which 

+

E, Ic? 
FIGURE 23.—Spread of heat froln 4-inch-diameter-ring source in unheated jet. xfd=20. 

l•i, 1,=l- at which  

servation of heat., it follows immediately from similarity and 
linear spread that the maximum temperature at a cross 
section in the wake maz must decrease hyperbolically with 
increasing downstream distance. Let ö/maz = (si), where 
s=/ô and 6 is some chai-acterist.ic width of the wake, for 
example, the at which 4, = ; conservation of heat gives 

fOd=Constant	 (6) 

where the mean-velocity changes are neglected. Then, 

6maz6= Constant/I 1	 (7) 

9
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where

ii=f: ''(?1)(17 
The same is true of the annular wake in the range of so 
small that &<r. 

Single traverses were also made behind a straight-line heat 
source for two other cases: 

(a) With the line source set perpendicular to r at a radius 
of 1 inch, a temperature traverse was made in the r-direction, 
at =34 inch (fig. 24) 

(b) With the line source set on a diametral line, a tem-
perature traverse was made perpendicular to r at a radius of

	

1 inch;	 inch (fig. 25) 

TEMPERATURE FLUCTUATIONS BEHIND LOCAL HEAT SOURCE 

As can be anticipated, the temperature fluctuations close 
behind a local heat source are quite different in nature from 
the velocity fluctuations at the same point or from the tem- 
perature and velocity fluctuations in a turbulent flow .with 
over-all heat transfer. Since a suitable source produces no 
additional turbulence,' the velocity fluctuations should be 

,.&

F/ow 

	

8	 perpendicular
Line to page 

source 

0 
0lnax

.4

Jet center 

I	 p 
.4	 .3	 .2	 .1	 0	 .1	 .2	 .3 

FIGURE 24.—Temperature behind line source of heat in unheated jet. x/d=20; E=1/2 inch.
Line source set perpendicular to r at a radius of 1 inch. Traverse made in r-direction. 

0 

0rz2x

.4	 .3	 .2	 .1	 0	 .1	 .2	 .3	 .4
S, in. 

FIGURE 25.—Temperature behind line source of heat in unheated jet. x/d=20; =1/2 Inch. 
Line source Set on a diametral line. Traverse made perpendicular to r at a radius of 
1 inch.

the same as in undisturbed flow. On the other hand, the 
"turbulent" thermal wake close to the source must be 
simply a very narrow laminar thermal wake which is fluctuat-
ing in direction as v(t) fluctuates. Since all of the fluid out-
side of this unsteady laminar wake is of constant tempera-
ture and the temperature fluctuations can only be positive, 
the general character of the osdillogram of 0 (t) in figure 26 
is understandable. These records were taken about % inch 
downstream from the straight-line heat source, and about 

inch off the wake axis. All of the oscillograms were made 
with insufficient compensation for the hot-wire thermal lag, 
in order to suppress the (high frequency) noise and thus 
permit the basic form of 0(t) to stand out. From these two 
oscillograms of u(t) and check measurements of the turbu-
lence levels for the two cases, it appears that the source wire 
has made no appreciable change in the turbulence. 

Measurements of the intensity of the temperature fluctua-
tions across a section at =0.4 inch are given in figure 27. 

200 cps	 —t 

j(t) und/Sturbed 

u(t) 
------- -...----- - . ..----- --. ..----- — ... 

t9(t) 
..	 A 

FIGURE 26.-0scillograms of velocity and temperature fluctuations. 

2 

,	 I 

-In 

-1E 

3 An ideal source would also produce no average momentum defect. - However, as men- 	
tJ /17 

tiened previously, the momentum wakes of the locai sources were relatively so small as to be 	 FIGURE 27.'--Temperature fluctuations behind line source of heat in center of unheated jet. 
completely undetectable as close as 9 inch downstream.	 I	 xld=20: f=0.4 inch.
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In the same vicinity the, values of u '/_U and v'/U are on the 
order of 20 percent. The extremely high values of #'/_0 are 
not surprising since the mean temperature difference is due 
only to the presence of the fluctuation. Since the simple- 
resistance-thermometer theory is based upon the assumption 
of small fluctuations compared with absolute temperature 
(ieference 20), it is expected that these measurements are 

about as accurate as the measurements of much lower t'/O 
in the hot jet (reference 10). 

ANALYSIS OF RESULTS 
SHEAR-CORRELATION SPECTRUM 

A very convenient check upon the shear-spectrum measure-
ments can be gotten by thesimple expedient of computing 
the total (or "net") turbulent shear correlation coefficient 
(which was also directly measured) from this spectrum and 
the turbulent-energy spectrum. Again, an elementary 
Fourier series treatment serves to justify (not prove) the 
intuitive idea that the total correlation, coefficient R5 is 
simply a weighted average of the R5 (i. e., the cosines of 
the phase angles), weighted simply by the product of the 
square roots of the energy spectra of IL and v. The calcula-
tion is given in appendix B,and yields the relation 

	

D	 (8) 
n=1 

Unfortunately, 25 cycles per second is the lower limit of 
the measured frequency range, so that some extrapolation 
must be made to lower frequencies which contain much of 
the turbulent energy. Since no theoretical basis yet 
exists to guide this extrapolation (like the Von Kãrmân for-
mula in the case of energy spectrum), guesses' had to be' 
made as to the maximum and minimum of reasonable-
looking extrapolation curves. These are plotted in figure 28, 
along with the energy spectrum of the u-fluctuations. Since 
no spectrum of the v-fluctuations was measured, the expres-
sion actually used for computing Rn,, is 

R U = fF I (k I )k1 RUV dk l 	 (9) 

The best of the three extrapolations tried (extrapolation ®) 
gives R1=0.46, which is satisfactorily close to the directly 

l.0

Computed: R 

40 

Extrapolation ® 052 

	

®	 .50 
© 46 

ectmeasured:44 

F1 

1W 

0	 .4	 .8	 12 ' 1.6	 20	 24 28	 32 3.6 

	

Wove number k1 . 2,rn 1/1Z cm'	 - 
FIGURE 28.—Shear spectrum and power spectrum in 1-inch unheated jet at x/d=20 in region

of maximum shear.

measured value of 0.44, especially since there is no reason to 
suppose that the spectrum of the v-fluctuations is identical 
with the spectrum of the u-fluctuations, except in the range 
of local isotropy. 

VELOCITY AND TEMPERATURE SPECTRA 

The one-dimensional spectra of velocity and temperature 
fluctuations, as plotted in figures 11 and 12, respectively, are 
area-normalized; that is, they are defined such that 

Q,(k1)dk-, = 1.0	 (10) 

S
01 (k 1 )dk 1 =i.o	 (11) 

0 

However, the original measurements were made on an 
absolute-value basis, so that the total fluctuation levels u'/ 
and ?Y/ö could be used as checks on the spectra. The spectra 
as measured were Fi*(nj) and Gi*(ni), defined such that, 
ideally,

J'F*(n)dn	 .	 (12) 

f
G*(n)dn	 (13) 

Integration of F1* as indicated in equation (12) yielded 
the following: 
On the axis (r0),

=1 (f F't*dn, 
)112= 

0.28 

(u'1tJ=0.22, directly measured) 

In the maximum-shear region (r=4.0 cm), 

0.52 
U, UOP 

(u'/U=0.40, directly measured) 

Similar integration of the measured tei'nperature spectrum 
in the heated jet yielded the following: 
On the axis (r=0),

I (f G'I*dn^ 

)1/2= 
0.21 

(6'1O=0.18, directly measured) 

In the maximum-shear region (r=4.8 cm), 

(fn) 1/2 
=0.41 

O  

(0'/=0.36, directly measured) 

On the jet axis, where conventional small-perturbation 
hot-wire theory may still be moderately accurate, the agree-
ment is satisfactory. 

It should he noted in passing that these directly measured 
values of t'/ë are appreciably higher than thasereported in
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reference 10. No explanation for this difference is-apparent.. 
The longitudinal scale of u-fluctuations is obtainable 

approximately from the power spectrum: 

L=F1(0)	 -	 (14) 

which follows from the fundamental Fourier transforma-
tion,

Fi(ki)fRz cos (k 1 x)dx	 (15) 

in the limit. k1-0. 
An analogous treatment of a temperature-fluctuation field 

leads to an identical expression for the longitudinal scale of 
6-fluctuations:

A=G1(0)	 (16) 

Within the the accuracy of measurement, - the longitudinal 
sonic of u(t) was found to be the same on the jet axis and in 
the maximum-shear region: 

L,,=3.6 centimeters 

The same was true of the longitudinal temperature scales 
in the hot jet:

A,=2.4 centimeters 

In all these computations the measured spectra. were 
extrapolated to zero wave number with a parabola', as first 
suggested by Dryden (reference 22). Approximately the 
same numerical values are obtained with the Von Kârmãn 
formula illustrated in the plotted curves. 

In order to compare L in the unheated jet with A in the 
heated jet, L may he multiplied by 1.15, the jet-width ratio 
at x/d=20 for these two initial temperatures (reference 10). 
The "corrected" L is then 4.15 centimeters. 

It must be recalled that the Fourier transformation rela-
tion between time spectrum and space correlation would be 
xactly true only if the turbulent fluctuations at a. point 

were due to pure rectilinear translation (by U) of a. fixed 
fluctuation pattern. For the free jet flow, the extremely 
high turbulence levels make such a transformation very 
uncertain. Therefore, equations (14) and (16) (and the re-
sulting scales) can only he considered as crude approxima-
tions.	 - 

The longitudinal microscale, 

x	 [	
1/2 

=	 R 
2 
"(0)]	

(17) 

may also be computed approximately from the one-dimeii-
sional power spectrum, by 

1	 1C
k 1 2F1 (k 1 )dk 1	 (18) 

(Primes signify differentiation when applied to correlations 
and spectra.)-

Again, an analogous approach to temperature fluctuations 
gives

1	 1f'o
k 1 2 G1 (k 1)dk1	 (19) 

Unfortunately, the high-frequency ranges of the G I 's are 
.too uncertain to permit reasonable extrapolation and the 
use of equation (19), although it can be seen from figure 13 
that ) >1. However, equation (18) has been used to com-
pute the longitudinal velocity microscale. Figure 29 is a 
plot of the integranci of equation (18). The integration 
and appropriate computation give 

X=0.44 centimeter 

ana the same value for both radial positions. 
Since the turbulence on the axis of such a jet seems to 

be rather isotropic (the experimental evidence is that 
=0 and u'v'), the lateral microscale 

2 

J112
(20) 

is of the order of ?/.I; that is, 

)e0.31 centimeter 

With the assumption of isotropic turbulence on the jet 
axis, it is possible to compute the three-dimensional power 
spectrum F(k) from the one-dimensional spectrum F1(k1). 
Heisenberg (reference 23) has given the inverse trans-
formation

-	
2 " 

'k 2 —k
1 ft.'.

 
k	

12)dk	 (21)

and the desired F(F1 ) is readily found to be 

	

F(k 1)=2k, [k 1 F 1 1' (k 1)—F1 ' (k 1 )]	 . (22) 

A three-dimensional spectrum computed in this way is given 
in figure 30. 

The corresponding spectral transformations for the three 
dimensional isotropic fluctuation field of a scalar quantity 

Ic 
FIGURE 29.—Viscous dissipation and microscale ),on  ails of 1-inch jet. z/d20; 

-	 i-f ki'F,(k,) dk1: )0.31 centimeter.
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FIGURE 30.—General nature of three-dimensional spectra on jet axis. x/d=20 

(temperature, for example) are simply (reference 24) 

G1 (k 1)=f	 dk	 (23) 

and
G(k1)= —2k 1 0 1 ' (k 1)	 (24) 

With the assumption of isotropic temperature fluctuations 
on the jet axis, equation (24) has been used to compute 
6(k). 

The three-dimensional velocity and temperature spectra 
on the jet axis are very nearly the same—provided that the 
isotropy assumption is reasonably good. The curve in 
figure 30, which shows the general nature of both F and 0, 
is simply the transformation of the Von Kãrmán approxima-
tions to F1 and G. 

It must be recalled, however, that F1 is in the unheated jet, 
while Gi is in the heated jet. Although the results of 
references 9 and 10 indicate no essential change in the de-
tailed dynamics of jet turbulence as a result of moderate 
increase in jel temperature, there is an appreciable increase 
in jet width at a given rid. - As mentioned earlier, the width 
ratio between = 175° and 00= 0° is about 1.15 at x1d=20. 

TRANSVERSE CORRELATION FUNCTIONS 

The integral area under the velocity correlation function 
(fig. 15) may be considered to give a sort of lateral. scale of 
turbulence in the jet, although the iesult is not associated 
with any particular region in t.hTe jet. The conventional 
expression

I 14(r) dr	 .(25) 

gives a scale, L5 =0.67 centimeter. 
If a lateral temperature scale is defined in similar fashion, 

	

A v==fSs(r) (Ir
	

(26) 

then for the heated jet at x1d=20 it turns out that A=0.77 
centimeter from the function as given in figure 16. 

Appropriate comparison of these transverse scales may be 
had if L5 is multiplied by the jet-width ratio: 1.15.L5=0.77 
centimeter, the same value as 4 . However, the two correla-
tion functions that yield these net areas are still quite

different in shape. The contrast is shown in figure 31. 
Clearly, even though the net areas are identical, there is 
nonzero temperature correlation over appreciably greater 
distances. 

A rough approximation to the microscale of turbulence can 
he gotten by guessing at the osculating parabola for ir=0. 
In this particular case "guessing" is more appropriate than 
"fitting," since the job is entirely extrapolatory in nature. 
Figure 32 (a) shows the vertex region of 14 with the parabola 
that corresponds to 

[ 14"(o)] 
= ------ =0.28 centimeter	 (27) 

This value is in surprisingly good agreement with the 0.31 
centimeter obtained from the power spectrum on the axis. 
In fact, the agreement must be regarded as fortuitous, since 
the difference is appreciably less than the experimental 
uncertainty. 

If the temperature-fluctuation field is again considered 
analogously, the transverse microscale of temperature 
fluctuations (fig 32 (b)) is 	 - 

C)	 /	 2	 .	 3	 4
r and L/5(r), ,. 

FIGURE 31.—Comarjso,, of transverse correlation functions. 1-inch heated jet. 
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(b) Lateral microscale of 5-fluctuations. 

FIGURE 32.—Estimates of microscales. 1-inch jet. r/d=20.
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i [ S"(0)] 
= —	 =0.43 centimeter	 (28) 

For comparison, 1.15)=0.32. 

MEAN THERMAL WAKES BEHIND LOCAL HEAT SOURCES 

The rate of spread of the thermal wake close behind a local 
source of heat was first used by Schubauer (referene.13) as a 
means of measuring the intensity of lateral velocity fluctua-
tions v'/U. A detailed discussion of this technique has been 
given by Taylor (reference 14) and need not be repeated here. 
The results of such a computation, compared with direct 
X 7-meter measurements of v'/, are as follows: 

0 0.J8 0.180 
0.22 0.20 

2 0.10 0.30

The X-meter measurements were corrected for the effects 
of both u' andi3 upon the slightly unsymmetrical meter. 

It is possible to get some additional information about the 
fluctuation field by computation from the turbulent-heat-
transfer equation. In particular, an estimate of the chistribu-
t.iön t9v across a section of the thermal wake behind the line 
source may be made as follows. 

The steady turbulent-heat-transfer equation for low veloc-
ity (negligible viscous dissipation to heat), negligible molec-
ular heat conduction, and constant density is, in Cartesian 
tensor notation,

--.	 — U	 o j —==--- (Uk) 
ôXj	 OX 

For the region in the immediate vicinity of the jet axis, 
assume that conditions approximate those in a homogeneous 
field of turbulence; that is, V= T4'=O and U=Consta.nt= 
Umax.	 - 

Then equation (29) becomes simply 

Uma	 ()	 (W)	 (30)

where A is the standard deviation of the mean-temperature 
distribution, and, according to the theory of diffusion by 
continuous movements, is therefore proportional to the 
standard deviation of the probability density of v(t) as well. 
Specifically, for a 'small in a homogeneous turbulent flow, 

(33) 

Similarity also implies that 

lV=OmaxUmaxw('i) (say)	 (34) 

Equation (7) may be written 

Omax1 = Constant	 (7a) 

Then, with equations (32), (34), and (7a.), equation (31) 
may be transformed to

dw=dA d (35) 

or, with equation (33), 

dw	 v' d (36) 

Since V '1U,ax is constant in this approximation, 

n f(n)+ Constant 
max 

and the boundary condition, c=0 at 'i=O, gives finally 

— TV	
V =i: =	 ( 37) 

0..U.. Umax A 0maz 

which is conveniently written inthe form 

--. ==—	 (38) 
OmaxUmax 0max 

In figure 33 this function is plotted against' c/t for the trav-
erse inch downstream from the straight-wire heat source 
across the jet center. 

(29) 

The assumption of small turbulence level implies i9v < OUmax 

and hence

rrnax_&(Th)	
(31) 

This would be a good approximation in turbulence far behind 
a grid placed in a uniform stream, but is certainly rather 
crude here. 

The final assumption, that of similarity in the thermal 
wake, is well-supported by the experimental results. Then 
let

(32) 
Omar 

213637-53-----00

cit 
FIGURE 33.—Thermal wake behind straight-line heat source. Temperature-velocity correla-



tion computed from	 E=0.0 inch. 
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DISCUSSION 

LOCAL ISOTROPY 

The monotonic decrease to zero in shear correlation co-
efficient ' vith increasing frequency seems to be decisive evi-
dence for:: the existence of local isotropy at sufficiently high 
Reynolds numbers. It is interesting to note that the spectral 
region. of negligible shear (n1>1000 cps in the present par-
ticular determination, for example) contains only about 1.5 
percent of the turbulent kinetic energy in 7. Of course, 
this is by no means an indication of the importance of the 
existence of local isotropy in a turbulent shear flow. A more 
pertinent comparison would be with figure 29, which shows 
in effect dissipation as a function of frequency. From this 
it appears that about 90 percent of the dissipation of turbu-
lent kinetic energy to heat takes place in essentially isotropic 
turbulence.. This permits the use of the Taylor expression 
for dissipation in isotropic turbulence (reference 25). Of 
course it also implies that the isotropic relation between 
longitudinal and lateral microscales, )= -.fX, will be fairly 
accurate even in the region of high turbulent shear. Further-
more, it implies a universal dimensionless spectral function 
for all turbulent flows, in the high-frequency region. For 
turbulence at this Reynolds number, it appears that a uni-
ersal part of the spectrum exists only for lc1>7.9, which is 

well beyond the point of slope—• In fact, the 	 -point" 

in this spectrum is just at k1=1.0. 
At this point a few remarks on the appropriate type of 

measurement for verification of local isotropy may be in 
order. In particular, a careful distinction must be made 
between the shear spectrum R 0 as presented in this report 
and the power spectrum of the randomly fluctuating quantity 
uv which might be measured with a multiplying circuit 
followed by a frequency analyzer. 

Local isotropy specifies that restriction to a sufficiently 
small domain in a turbulent shear flow shows up isotropy in 
the various statistical properties that are studied within that 
domain. It implies that the frequency (or wave-number) 
vector must be large in magnitude. Clearly then a good 
indication of isotropy is zero correlation between orthogonal 
velocity-fluctuation components; this means that the highest-
frequency parts of 'u, v, and w are uncorrelated with each 
other. Hence it is clear that if 15 decreases to zero with 
increasing frequency faster than the product u'v' decreases 
to zero, local isotropy exists. In terms of coefficient, this 
merely requires that nRuv decrease to zero eventually. 

Now consider the fluctuating quantity uv. In a- turbulent 
shear flow ^0, so that uv consists of a direct-current 
component with superimposed random fluctuations. Since 
the conventional electronic techniques eliminate the direct 
current, the quantity to be analyzed would be tv-5 as .a 
function of time. If local isotropy were present, the lower 
frequencies of u and v would be rectified in the multiplying 
process, and therefore the oscillogram and power spedtrum 
of wv— would have relatively great emphasis on the high 
frequencies. In other words, if the naively measured power 
spectrum of uv were used as an indication of local isotropy, it 
would show a trend opposite to that of i3'; that is, it would

decrease more slowly than the product u,1'v'. In general, 
the measurement of ,,R, seems like a much more specific and 
direct approach than the measurement of the power spectrum 
of iw. Presumably, a (somewhat more complicated) Fourier 
series discussion like that in appendix B could also he carried 
out for the powel' spectrum of uv. 

VELOCITY AND TEMPERATURE SPECTRA 

The apparent identity of the velocity power spectra 
F1 (k 1 ) on the jet axis and in the region of maximum shear is 
only, approximate and has been determined only down to 
1c 1 =0.1. There still exists the possibility of measurable di-
vergence in the lowest wave-number range. The good degree 
of agreement indicates that, in diffusing from the region of 
maximum production (near the maximum-shear region) to 
the region of maximum dissipation (on the jet axis), the 
turbulent kinetic energy has not done any. gross migrating 
in the wave-number space. 

On the other hand, the apparent decided difference between 
temperature power spectra measured on' the 'axis and in the 
maximum-heat-transfer region seems to indicate such a 
migration. However, the considerable scatter at the highest 
measured frequencies renders definite conclusions impossible. 

Somewhat more specific conclusions can be drawn from the 
comparison between one-dimensional velocity and tempera-
ture spectra. - On the jet axis, for example, in spite of distijict, 
differences between these two spectra, it turns out that within 
the experimental scatter (which is considerable) the three-
dimensional power spectra may be much more nearly iden-
tical. The fact that they did in fact come out to be identical' 
over a wide range of wave number when computed from the 
empirically fitted Von Kármn formula must certainly be 
regarded as pure chance. This is true not only because of the 
experimental uncertainty, ,:but also because these spectra 
were measured in two similar but different flows, whose 
characteristic lengths probably differed by 15 percent. 

KINEMATIC AND THERMAL SCALES 

From the extrapolated zero-wave-number intercepts of the 
one-dimensional spectra, the following longitudinal scales 
were obtained at x/d=20: 

L=4.15 centimeters 

A=2.4 centimeters 

This LL' is 15 iercent greater than the unheated-jet value, 
to allow for the greater width of the heated jet. Thus, 
L/A= 1.7. In a homogeneous, isotropic field of velocity and 
temperature fluctuations, it turns out (reference 24) that, if 
the three-dimensional power spectra of velocity and tempera-
ture are proportional, L/A= 1.50. It may also he noted 
that, if the measured ratio were in an isotropic field, , L1= 
LX and so that L/A=0.85. The ideal value would 

be 0.75. Actually, the integrals of the transverse correlation 
functions R and S are considerably less than the scales that 
would be expected, according to these relations, in a- homoge-
neous isotropic turbulence. 

On the other hand, the relative values of longitudinal and 
lateral kinematic microscales follow the isotropic relation,-
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X= -.,/X, at least within the experimental uncertainty. This 
is on the oi:der of ±25 percent in the case of the parabola 
"fitted" at the vertex of R5. 

Unfortunately, the temperature spectrum on the jet axis 
is not extended sufficiently far to permit computation of 
longitudinal microscale l there. The spectra in figure 13 
show only that l is considerably less than X; that is, l is 
considerably less than 0.44 centimeter. It may be remarked 
in passing that isotropy for a scalar quantity means equality 
of longitudinal and lateral correlation functions. The lateral 
microscale, 1= 0.43 centimeter, obtained by" fitting" a parab-
ola at the vertex of S seems of reasonable magnitude 
relative to 1.15X=0.32 centimeter. 

TRANSVERSE CORRELATION FUNCTIONS 

Of course, the reason L5 and A5 as determined by integra-
tion of functions R5 and S, are not related isotropically to 
L and A is that over most of the range of ir the probes are 
in decidedly nonisotropic turbulence. Thus, there is no 
reason to expect L5 y2L or A5 =A, when L and A are 
compUtedi from the spectra. 

An examination of the behavior of these two symmetrically 
measured correlation functions shows that there is nonzero 
correlation over a considerable part of the jet, but that the 
relatively small scales result from the rather extensive regions 
of negative correlation. This behavior is emphasized by a 
comparison of R5 with the corresponding function in some 
typical isotropic turbulence downstream of 1 7inch-mesh grid 
(reference 26). Figure 34 shows the contrast clearly. 

It is conceivable that such an extended region of negative 
correlation is characteristic of turbulent shear flow. How-
ever, until someone establishes this in a shear flow whoe 
transverse extent is very large compared with the maximum 
correlation distance, it may be safer to guess that the" excess" 
amount of negative correlation is simply due to a slight irregu-
lar waving of the jet as a whole. In reference 9 it was 
assumed that, since R5 actually goes to zero at large values 
of ir, there is no over-all "whipping" of the jet. However, 
such a conclusion does not appear to be completely war-
ranted. 

'0	 /	 2	 3	 4 
and 

FIGURE 34.—Transverse velocity correlation functlons. R=ii/i2in round jet; 5=9Ji7.i
.n isotropic turbulence.

In the section entitled "Transverse Correlation Func-
tions" under "Analysis of Results," it was found that in the 
heated jet L5 A5. On the other hand, it is well-known that 
the lateral rate of transfer of heat is appreciably greater than 
the lateral rate of transfer of momentum, as was first found 
by Ruden (reference 27) from mean-velocity and mean-
temperature measurements. Since diffusion is essentially 
Lagrangian in nature, while L and A are Eulerian scales, the 
above results are not necessarily in contradiction. The 
appreciably greater distance over which S 5 54 0 (as contrasted 
with R5) may, however, be related to the fact that the mean 
thermal jet diameter is appreciably greater than the mean 
momentum jet diameter. 

PROBABILITY DENSITY OF v(t) AND w(t) 

The mean-temperature distribution close behind the 
straight-line heat source on the jet axis is effectively sym-
metrical, and closely resembles a Gaussian curve in shape 
(fig. 20); this shows that the probability density of v(t) on 
the axis is more or less Gaussian, as in isotropic turbulence. 

The mean-temperature distributions close behind the two 
ring heat sources are decidedly skew. However, some of 
this skewness seems to be due simply to the curvature of the 
line sources. Therefore, the temperature distribution across 
the wake of a straight wire set tangent to the circle r= 1 
inch was measured. Neglecting the effects of mean-velocity 
gradient, this curve (fig. 24) is proportional to the probability 
density of the radial velocity fluctuation v(t) in the shear 
region. It is seen to he slightly skew; the skewness factor 

Sns ()3/2 —0.1 

is computed directly from this curve. The thermal wake 
measurements of Skramstad and Schuhauer behind a line 
source in a turbulent boundary layer (reported in reference 
16) show a skewness of 0.38. The differences in sign and 
magnitude of these two skewness factors suggest lateral 
turbulence-level gradient as the cause. The gradients in 
v'/TJ are of opposite sign in these two flows. 

Calculation from figure - 25 shows that the probability 
density of the tangential fluctuation w(t) is symmetrical. 
It may be noted that on the axis of such an axially sym-
metric flow there is no distinction between radial and tan-
gential velocity fluctuation; hence figure 20 also applies to 
w(t) on the axis. 

TEMPERATURE FLUCTUATIONS BEHIND LOCAL HEAT SOURCE 

The extremely high temperature-fluctuation levels 
7 '/0_> 1 . 0) encountered in the wake of the line heat source 

are easily understood from a brief consideration. of the 
nature of the temperature field. Close behind the source, 
there is just a single narrow lathinar thermal wake which 
is being blown in random deviations from the s-direction by 
the turbulent fluctuations. The gross turbulent thermal 
wake is simply the wedge-shaped region over which this 
relatively narrow wake wanders. Hence the total thermal 
signal at any fixed point in the gross wake consists simply
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of a series of pulses, where each pulse corresponds to an 
occasion upon which the laminar wake swept over the 
point. Obviously, the frequency of occurrence of pulses 
will decrease monotonically with increasing transverse 
distance from the center of the gross wake. 

If this type of temperature signal is represented schemati-
cally by periodic square pulses of height h, width j, and 
fundamental wave length r (fig. 35), then it can be easily 
deduced that the fluctuation level is	 - 

0	 V.1 

where it is recalled that 0=0-0 by definition.. 

Two pulse spacings of interest are 

(1) r2j; then i',=1.0 

(2) r—	 ; then '/-

• Hence, the measured results for 6'10 seem quite reason-
able in both order of magnitude and in qualitative behavior 
across the gross thermal wake of the local heat source. 

The distribution of V/max m ax computed from the 
thermal wake, plus the availability of the measurements of 
?Y/ömax and V'/Umaz, suggests the computation of the heat-
transfer correlation coefficient Fvl6 lvl . Unfortunately, when 
the results of figures 33 and 27 are used, a part of the corre 
lation-coefficient distribution reaches impossible values 
(slightly above unity). It must be concluded that .the 
absolute values of FV IOmaxUmax are too inaccurate for such a 
computation.

SOURCES OF ERROR 

• Aside from the specific instances mentioned earlier in this 
section, the sources of experimental error are much the same 
as outlined on pages 27 and 28 of reference 10. Additional 
uncertainties arise in the spectrum measurements, espe-
cially in the higher-frequency range, because of (a) rapid 
changes in the calibration of the sound analyzer (band peak 
response against frequency, fig. 7) and (b) slight static 
friction of fluxmeter hearings. 

0 

0

7-	 '1	 t 
,) 0-

FIGURE 35—Simulation of temperature signal close behind local heat source.

In general, it should be emphasized that measurements 
by conventional (small-perturbation) hot-wire anemometry 
in a flow of this high level of turbulence cannot be consid-
ered as accurate -absolute-value measurements. Even on 
the jet axis, where the level is a minimum and conditions 
are relatively steady, there is no reason to believe that 
absolute values are better than within, say, ± 10 percent of 
the "correct" values. However, relative behaviors are 
undoubtedly determined, and dimensionless measures of 
the type of correlation coefficients are more accurate than 
absolute values. 

None of the measurements reported here have been 
corrected for finite length of hot-wires. 

SUMMARY OF RESULTS 

From measurements in a round turbulent jet at room tem-
perature of the shear correlation coefficient as afunction of 
frequency, of velocity and temperature fluctuations with 
and without jet heating, and of the mean thermal wakes 
behind local heat sources, the following statements may be 
made:

1. The Kolmogoroff hypothesis of local isotropy is verified 
for the shear flow in around, turbulent jet. This is concluded 
from. the monotonic deèrease to zero of the shear-correlation 
spectrum (iii/u'v') with increasing frequency n. 

2. The one-dimensional power spectra of longitudinal 
velocity fluctuations and of temperature fluctuations appear 
to be basically different. 

3. The three-dimensional power spectra of velocity and 
temperature fluctuations on the jet axis seem to be roughly 
alike—if the assumption of isotropy in this region be true. 
IL may then follow that the difference in the one-dimensional 
power spectra is a. direct manifestation of the fact that 
velocity and heat are vector and scalar quantities, respec-
tively. 

4. The ratio of longitudinal to lateral scale (for both 
velocity and . temperature fluctuations) is considerably larger 
than would follow from isotropy.. Longitudinal scales are 
measured on the jet axis, while lateral scales involve a 
traverse of most of the fully turbulent core of the jet. 

5. The ratio of longitudinal to lateral kinematic micro-
scale on the jet axis is about equal to the isotropic value. 

6. The longitudinal thermal microscale (from one-dimen-
sional -power spectra) is less than the longitudinal kinematic 
microscale, but the lateral microscales (from correlation 
measurements) have the opposite relation; that is, the 
thermal is greater than the kinematic. 

7. The probability density of the radial fluctuation v(t) on 
the jet axis is effectively Gaussian. The probability density 
in the shear region is slightly skew. 

8. The temperature-fluctuation field in the wake behind a 
local heat source consists of a randomly. waving narrow 
laminar thermal wake. Hence the temperature signal at a. 
fixed point is a random-pulse type of function. Its fluctua-
tion intensity is on the order of 100 percent on the center 
line, and increases toward the edges. 

The JOHNS HOPKINS UNIVERSITY, 

BALTIMORE,MD.,AUgV8t 17, 1949. 

no
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APPENDIX A 
HEAT LOSS FROM A WIRE AT VARIOUS AMBIENT TEMPERATURES 

In figure 3 of reference 20 a rough check was made on the 
temperature-variation first term in King's (referenëe 28) 
equation for the steady static heat loss from a cylinder 
perpendicular to a fluid stream, at low Reynolds numbers. 
The conventional form is 

j2 R 
R_Ra+	 (Al) 

where
l*k* 

A=c1
.rt0a 

BC7Id*Cpk* 

and 
I?	 wire resistance 
R.	 wire resistance at ambient fluid temperature 
R0 	 wire resistance at 00 C 
1*	 wire length 
d *	 wire diameter 

temperature coefficient of change of resistivity of 
wire material 

k*	 thermal conductivity of fluid at ambient tempera-
ture 

specific heat of fluid at ambient temperature 
P	 density of fluid at ambient temperature 
i	 current 
c 1 ,c2 	 empirical constants 

In reference 20 the check on A as a function of temperature 
was made by assuming the second term in equation (Al) to 
be exact in its temperature variation. Then each measured 
calibration point at any velocity and temperature led to a 
value for A. 

The present check was carried out more completely; a 
full calibration curve was run for each ambient temperature. 
From this, both A and B were determined. Figure 36 
gives the results compared with King's predicted variation, 
using physical constants from reference 29. Each point 
corresponds to a. calibration. The vertical line through a

point obviously does not represent the over-all uncertainty; 
it simply shows the range of values that could be gotten by 
drawing different reasonable-looking straight lines through 
the same set of original calibration points. From the figure 
it can be seen that King's equation predicts the temperature 
variation of A quite well. The changes in B (the slope of 
the calibration line in the plot of 12R/(RRa) against 
are so small that the experimental scatter is as great as the 
changes predicted for these temperature differences. 

'.4 

I. 

A 
A.

ing's eq.Io/iOn 

rs obtainable 
on 

1.00 

98 

B

.94 

.92 1 	 1
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FIGURE 36.—Variation of hot-wire constants with air tempei-ature. ( ),,room temperature, 

APPENDIX B 
MEASUREMENT OF SHEAR-CORRELATION SPECTRUM 

The two voltage signals from an ideal symmetrical 
X-meter are

e1=au+9v)
(B 1) 

e2=au—$v) 

Suppose that the velocity fluctuations are periodic: 

cos (2irnt±0) 
n=1

(B2) 

cos (27rnt±4')

Of course, there would be no loss in generality if 0. or p,, 
were taken as zero. 

The quantity to be measured is 

=_U,V,	
(B3) nLIu I,	 ,	 , tn Vn 

For two simple harmonic functions the correlation coefficient 
is simply the cosine of the phase angle. Thus, 

cos ( * fl_ /fl)	 (114) 

Substitution of equations (B2) into equations (BI), folioed
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by trigonometiic transformation, gives 

cos	 cos 41,,) cos 2rnt-

(aa,, sin	 ±I3b,, sin 4',,) sin 2irnt]	 (135a) 

e 2 = 7 [(cxa,, cos O n 	 b n cos 4',,) cos 27rnt-

(aa,, sin ,,—(3b,, sin 4',,) sin 27rntj	 (B 5b) 

When these two signals are put separately through a 
narrow band-pass filter that passes only the nth harmonic, 
the two output voltages may be represented as 

.el =K[(aa,, cos 4,,+I3b,, cos 4',,) cos 27i-nt-

(aa,, sill	 sin 4',,) sin 27rnt]	 (B6a) 

,,e,=K[(aa cos	 cos 4',,) cos 2irnt-
(aa,, sin 0,,-0b,, sin 4',,) sin 2ir7d}	 (B6b) 

where K is an attenuation factor. 
For brevity, write 

,,e 1 =K(A n cos 2irnt—B,, sin 27rnt)	 (B6c) 

,,e 2 =K(C,, cos 27rnt—D,, sin 2irnt)	 (116d) 

These filtered signals go next into the vacuum-thermo-
couple unit, which puts out the mean-square values, 

cos2 (2irnt)-2AB, cos (27rnt) sin (27rnt)+ 

7, 
2 sin2 (2 rid) 

cos 2 (2W)— 2 C,, D. cos (2nt) sin (2nt)+ 

D,,' sin2 (27rnt) 

where K' is an over-all attenuation factor. 

But,	 and cos sinO, over a large number of 

wavelengths. Thus,

(An 2+Bn2)1

(B7) 
;;ç (c7,2+Dn2)j

The sum and difference of the two wire voltages are 

ej+e2=2au=2aa,, cos(2nt+,,)1

	

-	 (BlO) 
e1—e2=213v=213	 b,, cos (27rnt+4,n)J 

Filtering gives

11(e1+e2) = 2Kaa,, cos (2irnt+,,) 

,,(e1—e2)=2Kb,, cos (27rmt+4',,) 

Passage through the vacuum thermocouple gives 

,,(e 1 +e,)2 = 2K'a2a2) 

n(ei_e2)2=2K2bn2	
(Bli) 

Combination of equations (B 11), (119), and (B4) gives the 
final result:

n	 e2 
,,R,,. = ___________  211/2	 (B12) 

[n(ei+e2)2 ,,(e 1 —e 2) j 

The computation of total-shear correlation coefficient from 
shear-coefficient spectrum suggests itself as a useful clie'ck 
possibility:

R,,,=7i57v!v'	 (B13) 

with the Fourier series for u and v, 

a,,2 1
(B14) 

v I2 = 	 bn2j 

and the instantaneous cross product can be transformed to 

iiv=2anbm(Cos (p,, cos 2rnt—sin On sin 27rnt)X 
n=lm1 

(cos I'm CO5 27rmt—sin Im 5jfl 21rmt) 

The time average of this expressiolil is 

(cos On Cos 4',,+sin /',, 5111 4',,) 

Then, within the approximation, 

—K1. 
?-?= 2-(A,,2—C,,2+B,,2—D,,2)	 (B8) 

or

cos (,,-4')	 (B 15) 
Thus, 

and when the expressions for A, B, C, and D are substituted, 
it turns out that

cos (-4',,)	 (BO) 

The necessity of determining a and f is ordinarily avoided 
with a symmetrical meter, if only the correlation coefficient 
is required.

In terms of the Fourier coefficients, 

,,R,,, 

Ruv-- 
(±an2
	

1
\1/2	 (B16) 

Jb,,2) 
1	 1	 /
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But nFuman 2/an 2 and nFvmbn 2/EbnS are simply the nor-

malized one-dimensional energy spectra of ii and v, respec-
tively. Therefore,

R ,, =4( F F 1/2\ Z	 (B17) Un 0 IUL(.U& 
n1 
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EQUATIONS AND CHARTS FOR THE RAPID ESTIMATION OF HINGE-MOMENT AND 
EFFECTIVENESS PARAMETERS FOR TRAILING-EDGE CONTROLS HAVING LEADING 

AND TRAILING EDGES SWEPT AHEAD OF THE MACH LINES' 

By KENNITH L. GOIN 

SUMMARY 

Existing conical-flow solutions have been used to calculate the 
hinge-moment and effectiveness parameters of trailing-edge con-
trols having leading and trailing edges swept ahead of the 
Mach lines and having streamwise root and tip chords. Equa-
tions and detailed charts are presented for the rapid estimation 
of these parameters. Also included is an approximate method 
by which these parameters may be corrected for airfoil-section 
thickness. 

Deflected controls are assumed to be located either at the wing 
tip or far enough inboard to prevent the outermost Mach lines 
from the controls from crossing the wing tip. For either of 
these locations, the innermost Mach lines are assumed not to 
cross the wing root chord. The method for determining con-
trol hinge moment resulting from wing angle-of-attack loading 
is valid for wing plan forms having the leading edges swept 
ahead of the Mach lines and having streamwise tips. The only 
additional restrictions are that the controls must not be influenced 
by the tip conical flow from the opposite wing panel or by the 
interaction of the wing-root Mach cone with the wing tip. 

INTRODUCTION 

Linearized theory, though neglecting viscosity and second-
order effects existing in practice, is the most practical method 
now available for estimating the characteristics of control 
surfaces at supersonic speeds. A general application of this 
theory to control surfaces having edges swept either ahead 
of or behind the Mach lines is presented in reference 1. 
(Edges swept ahead of or behind the Mach lines are subse-
quently referred to as supersonic or subsonic edges.) 
Conical-flow solutions for various deflected control con-
figurations are presented in reference 2. Such solutions 
were used in reference 3 to evaluate the characteristics of a 
restricted family of trailing-edge control surfaces. 

In the present report a general analysis based on existing 
conical-flow solutions has been made which will apply to a 
broad range of trailing-edge control configurations having 
supersonic edges and will provide for a comprehensive cover-
age of control location, aspect ratio, taper ratio, and sweep. 
Equations and detailed charts are presented from which 
lift, pitching-moment, rolling-moment, and hinge-moment 
coefficients due to control deflection and hinge-moment

coefficient due to wing angle of attack, as predicted by 
linearized theory, may be determined in an estimated 5 
percent of the time required without the use of such equa-
tions and charts. Also included is an approximate method 
by which these hinge-moment and effectiveness parameters 
may be corrected for airfoil-section thickness. 

The equations and charts presented are applicable to 
control-surface plan forms that vary throughout the range 
in which the leading and trailing edges are supersonic and 
the root and tip chords are in a streamwise direction. 
Deflected controls are assumed to be located either at the 
wing tip or far enough inboard to prevent the outermost 
Mach lines from the controls from crossing the wing tip. 
For either of these locations, the innermost Mach lines are 
assumed not to cross the wing root chord. The method for 
calculating the hinge-moment coefficient due to wing angle 
of attack is valid for wing plan forms having straight super-
sonic edges and streamwise tips. This method is restricted 
only in that the controls must not lie in a region influenced 
by the tip conical flow from the opposite wing panel or by 
the interaction of the wing-root Mach cone with the wing tip. 

SYMBOLS 

M free-stream Mach number 

C1 , C2 functions of Mach number used in calculat-
ing two-dimensional-flow characteristics 

A angle of sweep of wing leading edge, posi-
tive when swept back 

AHL angle of sweep of control hinge line, posi-
tive -,hen swept back 

ATE angle of sweep of wing trailing edge, posi-
tive when swept back 

bf span of control surface 
c1 root chord of control surface 
c, tip chord of control surface 
Xf control-surface taper ratio (c,/c,) 
5, area of control surface 
A, aspect ratio of control surface (b/IS,) 
A,' =J3A1 
Afa area moment of control surface about 

hinge axis
'Supersedes NACA TN 2221, "Equations and Charts for the Rapid Estimation of Hinge-Moment and Effectiveness Parameters for Trailing-Edge Controls Having Leading and 

Trailing Edees Swept Ahead otthe Mach Lines' by Kennith L. Coin, 1950.
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tan AHL a	 /3 
d= tan ATE 
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area of a loaded region 
area of part of deflected control surface 

lying in two-dimensidnal-flow region less 
area lying in region of overlap of 
conical-flow fields 

moment of S,.0 about hinge axis 
moment of SL,0 about control root chord 
distance of center of loading from control 

hinge axis measured normal to hinge axis 
spanwise distance of center of loading from 

control root chord 
slope of airfoil-section contour 
one-half airfoil-thickness ratio measured 

in plane normal to control hinge axis 
maximum airfoil-thickness ratio measured 

in plane normal to control hinge axis 
chordwise position measured in plane 

normal to control hinge axis 
chordwise location of control hinge axis 

measured in plane normal to control 
hinge axis 

dimensions measured in plane normal to 
wing leading edge 

distance of leading edge of control root 
chord behind wing axis of pitch 

•	 distance of root chord of control from root 
chord of wing 

wing span 
Wing root chord 
wing tip chord 
mean aerodynamic chord of wing 
area of semispan wing 
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a	 wing angle of attack, degrees 
angle of control-surface deflection meas-

ured in streamwise direction, degrees 
q	 free-stream dynamic pressure 

,Lift induced by deflected control 
qS, 

Moment about control root chord induced by 
deflected control 

-	 qb1S1 

C,/ =Moment   about hinge axis induced by deflected control 
2qMa 

c 
Hinge moment 

h	 2qMa 
Lift induced by deflected control 

CL= 
Lift

- Rolling moment about wing root chord 
1	 2qbS 

CM= 
Pitching moment about wing axis of pitch 

qS5 
F1	 thickness correction factor for CL, ' and C1' 

F2	 thickness correction factor for Ch, and Cm5' 

F3	 thickness correction factor for Gb 

difference between local pressure and stream 
static pressure 

pressure coefficient (p/q) 
C 0	 two-dimensional pressure coefficient 

(57.30IT--a) 
25 	 /2a

 or57•3131_g2 

local pressure ratio (C/C90) 
P	 average value of pressure ratio F' over 

/ j'P'dS L conical-flow region	
S. ) 

angle denoting arbitrary position of ray 
in conical-flow field 

T'T+ATE 

t=/3tanr 
t'=0 tan T 

1 

n, r' non dimensional coordinates used in inte-
gration of wing root and tip conical 
pressures 

angle of sweep of line intersecting conical-
flow regions of wing at angle of attack 

Subscripts: 
a	 denote partial derivative of force and mo-

ment coefficients with respect to ô or a 

cp	 denotes center-of-pressure ray location 
Superscript: 
*	 indicates that parameters P, PSL1 PSL5, 

PSLY, t,', and	 refer to loss of load-
ing from two-dimensional value rather 
than to actual loading 

ANALYSIS 

CHARACTERISTICS DUE TO DEFLECTION OF CONTROL SURFACES 

Scope.—Existing solutions of the linearized equations of 
fluid motion have been used as 'a basis for calculating the 
characteristics due to deflection of trailing-edge control 
surfaces on wings in steady flight at supersonic speeds. 
These solutions, as presented in reference 2 are applicable 
to configurations for which the leading and trailing edges of 
the control are supersonic and the root and tip chords are 
streamwise. Two controlsurface locations are considered.
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The control is assumed to be located either at the wing tip 
or far enough inboard to prevent the - Outermost Mach line 
from the control from crossing the wing tip. For either of 
these locations, the innermost Mach lines are assumed not to 
cross the wing root chord. For these locations, deflected 
control-surface characteristics are functions. only of Mach 
number and control-surface plan form. (The parameter 
Ch, depends on control-surface location only when the 
control is located inboard from the wing tip and lies in a 
region influenced either by the interaction of the control-tip 
Mach cone with the wing tip or by the reflection from the 
wing root chord of the innermost control Mach line.) If 
the limitations previously mentioned are considered, the 
analysis is valid for all controls except those located at the 
wing tip and having the inboard conical-flow regions inter-
secting the tip. In such cases, the conical pressures on the 
control, as given in reference 2, are not applicable in the 
region influenced by the interaction of the Mach cone with 
the wing tip. Necessary corrections for this region can be 
determined by the method described in reference 4. Such 
corrections are not considered in the present report because 
of the prohibitive amount of computation involved. Results 
not including these corrections are presented, however, 
because they should be very useful as an indication of trends 
and should in many cases closely approximate the corrected 
result. 

Method.—In order to determine control-surface character-
istics, the two-dimensional region and the triangular segments 
of the conical-flow regions (fig. 1 )are considered independently. 
The characteristics are ohtained by uInming the products 
of pressure ratio and nondimensional-area and moment-arm-
parameters for all parts (table I). The nature of conical 
flow is such that the pressure is constant along any ray from 
the origin of the flow field. Any infinitesimal triangle having 
the origin of the flow field as an apex, therefore, has its 
center of pressure located at two-thirds of the distance from 
the apex to the base. It follows that the summation of the 
loading of such infinitesimal triangles results in a finite 
triangle having its center of pressure lying on a line parallel 
to the base and located at two-thirds of the distance from 
the apex to the base. The center-of-pressure location and, 
consequently, the desired moment arms can therefore be 
determined from the location of the ray on which the center 
of pressure lies. General equations for the average pressure 
ratio and center-of-pressure ray location for each conical 
segment (tables II (a) and II (b)) were obtained by integrat-
ing the pressure equations of reference 2. (See appendix A3 
Table 11(c) presents equations for the nondimensional-area 
and moment-arm parameters (in terms of center-of-pressure 
ray location) for each conical segment. Equations pertaining 
to the two-dimensional region were obtained by treating

this region as a. simple geometric area and are also included 
in table 11(c). Results obtained by evaluating the general 
equations of table II when they become indeterminate 
at taper ratios of 1.0 are presented in table III. 

For regions in which the two conical-flow fields overlap, 
the method of superposition must he used wherein the losses 
in pressure ratio -from the two-dimensional value (P'= 1.0) 
in the two conical-flow regions are additive; that is, 

P' 1.0(1 .0Pmc')(1.0Pmc') 

= 1.0+Pmc'+Pmc' 

(Subscripts rnc 1 and inc2 refer to inboard and outboard 
conical-flow regions, respectively.) The net effects of the 
pressure distribution in this region are obtained by adding 
the effects of the two conical-flow regions as though the flow 
regions did not overlap and by subtracting the effects of a 
two-dimensional pressure distribution. This subtraction is 
accomplished by use of the equations for the two-dimensional 
region (tables II (c) and III b) ). In calculating control 
hinge moments it was convenient to calculate We effects of 
regions I and TI or III (fig. 1) , and then to subtract the 
effects of the parts of these regions lying off the controk. 
For controls located at the wing tip and having the inboard 
Mach cone intersecting the tip, a similar procedure was also 
used to reduce to zero the lift, pitching moment, and rolling 
moment contributed by the triangular part of the inboard 
conical-flow region lying beyond the tip. As previously 
mentioned for this case, a rigid application of linearized 
theory would require a correction, as described in reference 4, 
to the loading assumed in the region influenced by the inter-
action of the root Mach cone with the ffee edge. It should 
be pointed out that the areas influenced by such interactions 
become appreciable for extreme conditions and approximate 
results for such configurations should be used with caution. 

HINGE MOMENT DUE TO WING ANGLE-OF-ATTACK CHANGE 

Scope.—Conical-flow solutions for swept wings at super-
sonic speeds, as presented in reference 5, are used as a basis 
for the analysis. - These solutions are applicable to wing plan 
forms having straight supersonic edges and streamwise tips. 

As in the analysis for deflected control surfaces, only con-
trol surfaces having supersonic edges and streamwise root 
and tip chords are considered. The only restrictions re-
garding control location are that the control must not lie in a 
region influenced by the tip conical flow from the opposite 
wing panel or by the interaction of the wing-root Mach cone 
with the wing tip. 

Method.—The method consists essentially of determining 
the hinge-moment parameter PSL for the flap by assuming 
two-dimensional loading and then subtracting the losses
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resulting from the wing-root and wing-tip concial flows. 
The conical-flow losses are obtained by dividing the conical 
regions into a series of triangular segments, each having its 
apex at the origin of the Mach cone, and by summing the 
hinge-moment parameters (PSL )* for these segments as 
illustrated in figure 2. In determining (PSL_x)* for the 
triangular segments, integrations of the loading are nec-
essary for obtaining * and 7. As has been previously 
explained for this type of conical-flow segment, it is sufficient 
to determine * and t,, because the moment arm I can 
be determined from ta,,. The method for obtaining P* 
and t i,,, is illustrated in figure 3 and involves integrating the 
pressure losses along the bases of the segments. From 
integrations of the pressure losses between 0 and n1 (or 0 and 
r i '), values of * and n (or r') are obtained. Values of 

and-values of t, corresponding to ne,, (or r'), obtained 
in this manner are applicable to the triangular segment 
bounded by the Mach line, the ray r=7- 1 , and the section 
intersecting the Mach cone; Results have been obtained 
by numerical integration using Simpson's rule (reference 6) 
except in regions where the slopes of the pressure curves 
become infinite (fig. 3). In these regions, integrating coef-
ficients, as presented in reference 7, have been used. Forms 
by which the integrations were made are presented in tables 
IV to VII. The upper parts of these forms are used for com-
puting the pressure distributions ( 1 —P) along the sections 
intersecting the Mach cones (fig. 3). In the lower part of 
the form, the areas and area .moments about n (or r')=O 
of the curves of 1—P plotted against n (or r') are deter- 
mined and are used to obtain * and t v ,, for the corresponding 
triangular segments. 'Tables IV to VII can be used directly 
for calculating the. loading distribution for intermediate 
cases o cases not included in the present report. 

METHOD FOR APPROXIMATELY CORRECTING RESULTS OBTAINED FROM 
USE OF LINEARIZED THEORY FOR AIRFOIL-SECTION THICKNESS 

Scope.—The method - for approximately correcting the 
theoretical results for airfoil-section thickness is based on 
the assumption that, at any chordwise position on an airfoil 
having finite thickness, the ratio of conical to two-
dimensional pressure is the same as that predicted by linearized 
theory for an infinitely thin flat plate. (This method is a 
variation of the method presented in reference 8.) The 
method can be logically applied only to configurations having 
similar sections at all spanwise positions affected. The 
method is expected to give most accurate results at moderate 
and high Mach numbers for thin controls located inboard 
from the wing tip and having relatively large areas over 
which the flow is two-dimensional. 

Method.—On the basis of the preceding assumption, the 
method requires the determination of the following three 
factors:

F CL (Two-dimensional with thickness) 
'	 CL'(Two-dimensional flat plate) 

-
C i '(Two-dimensional with thickness) 	

1 
 CL (Two-dimensional flat plate)

F — Cm'(Twodimensional with thickness) 
Cm'(Twodimensional flat plate) 

— Ch(Two-dimensional with thickness)	
2 

— C, (Two-dimensionalflat plate) 
Ch(Two-dimensiónal with thickness) 

	

F3 —	 .	 (3)Ch (Two-dimensional flat plate) 

(The coefficients in equations (1) 'and (2) are for deflected 
controls, and the coefficients in equation (3) are those result-
ing from wing angle-of-attack loading.) Corrected values 
of Ce,', CmL ', ChL and Gb are obtained by multiply-
ing the results obtained by use of the linearized theory for 
three-dimensional flat plates by the appropriate factors. 

The factors are determined, as described in appendix B, 
by using the Busemann second-order approximation to 
determine the coefficients for sections having thickness. This 
approximation gives results which are generally in good agree-
ment with results obtained by use of the more involved 
exact theories. The theory is not considered accurate, 
however, at Mach numbers for which the shocks become 
detached or at Mach numbers below about 1.3 (reference 9). 
For the general group of airfoil sections that are symmetrical 
about the chord plane, equations for the correction factors 
as derived in appendix B are: 
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CHARTS 

PRESENTATION 

Aside from the restrictions regarding location, the charac-
teristics of deflected control surfaces are functions only of 
control plan form and Mach number. The effects of plan 
form and Mach number are determined from solutions to 

equations (tables I to III) involving the variables tan AHL
 

tanATE	
(

Forand Xf . 	 untapered controls the variables 

are tan AHL and f34,) Figure 4 presents 	 $Cz,',f3Cm,' 

and /3C as functions of these variables for controls located 
at the wing tip. Each chart of figure 4 presents the charac-
teristics of a series of plan forms having a fixed hinge-line 
sweep angle (if the Mach number is considered to be. fixed)
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and varying trailing-edge sweep angles and •taper ratios. 
The solid-line curves present the effects of varying taper ratio 
for plan forms having fixed hinge line and trailing-edge sweep 
angles. The characteristics of controls having constant as-
pect ratios are indicated in the charts for Ch by dashed 
lines. Constant-aspect-ratio curves are not included in the 
charts for the other characteristics because, in many cases, 
they would be quite confusing. If desired, such curves can 
he drawn by simply determining the taper ratio at which the 
curve will intersect each of the curves of constant d from the 
following relation:

2—A1'(a—d) 
'2+Af'(a—d) 

For inversely tapered controls, the parameter 1/X, is used as 
a coordinate to avoid elongation of the curves. Calculations 

were made at values of X f and - =0, 0.20, 0.40, 0.60, 0.80, 

ancl.0.95 and at values of A1'=0.8, 2.0, 4.0, 6.0, 8.0, and 
10.0 for untapered controls. Calculated results not included 
in the charts are presented in table VIII. The results not 
included in the charts are mainly for configurations having 

values of tan ATE near 11.01 and, consequently, having ex-

tremely large areas of induced loading on the wing. Results 
for such configurations are of little practical value because if 
these large areas are to lie entirely on the wing, as has been 
assumed, the wing must have a vy large span or the control 
must have a very small chord. 

Charts presenting the characteristics of deflected controls 
located inboard from the wing tip are presented in figures 
5 and 6. These charts vary somewhat from those for con-
trols located at the wing tip. Equations for and 
13Cm,' were simplified and found to be dependent only on 
tan AHL	 tan	 ,, and	 . These equations, with results in 

chart form, are presented in figure 5. Charts for OCh, and 

13C' (fig. 6) are presented only for normal taper ratios 
because the characteristics of inversely tapered controls can 

—tan A ff L —tan ATE 
be obtained by entering the charts at 	 -, 
and 1/X,. 

The computing form for Ch is presented in table IX and 
is self-explanatory. Supplementary charts for determining 
the loading distribution (P* and t) for the various triangular 
segments of the conical-flow regions are presented in figures 
7 to 10. It should be pointed out that figures 8 and 10 can 
easily be used for determining the spanwise and chordwise 
loading of the wings considered in this report and will there-
fore be of value in making loads analyses. 

USE 

In order to use the charts for determining the character-
tan AYL tan ATE istics of deflected controls, values of	 an 

)v for the configuration being considered must be determined.

These values are then used for entry into the charts, figures 4 
or 5 and 6, depending on control location. The coefficients 
obtained from the charts have been made nondimensional 
by use of control geometric parameters. For determining 
the coefficients based on the usual wing parameters, the fol-
lowing equations are given (approximate thickness correction 
factors are included but can be neglected by letting the 
factors equal 1.0):

	

(GL)=FlCL'	 (7) 

(y,,+bi -i)	 (8) 

(Cm,)c'' 
(F2Cm'2Ma

	 Cl,	 \ 

Z	 F, CL 	
1+132ai_$abf_7_xf)

(9)

	

(C,) = F2 7h,	 (10) 

(The subscript c indicates that the approximate thickness 
correction factors have been included.) 

For determining the control hinge moment due to wing 
angle of attack, preliminary calculations are first made on the 
computing form of table IX. Results of these computations 
indicate positions in the charts (figs. 7 to 10) from which * 

and t are to be obtained. Values from the charts are then 
inserted in table IX and the operations indicated in the com-
puting form are completed. The approximate thickness cor-
rection factor can be applied by use of the following equation: 

	

(Gb) =F3C
	

(11) 

ILLUSTRATIVE EXAMPLE 

As an example of the use of the charts, the control-surface 
characteristics are determined for the configuration shown in 
figure 11. The wing is assumed to have 5-percent-thick 
symmetrical parabolic sections in planes normal to the 
control hinge line. 

Lift and pitching-moment coefficients are obtained by 

entering the charts of figure 5 at values of tan 
AHL=040 and 

tan AT =0.3 - . Hinge-moment and rolling-moment coef -

ficients are obtained by entering the charts of figure 6 (g) at 

values of tan ATE 035 and X1=0.713. Coefficients obtained 

from the charts are flC.,'0.0748, $Cm,'0.0365, 
13C,, ' = 0.0372, and 0(, h,= —0.0345. The calculation of C 

for the example is presented in table IX. Preliminary 
calculations are made in table IX (a) and in column (1) of 
table IX (b). Values of n and r' calculated in column (1) are 
used to enter the charts (figs. 7 to 10). Values of * and t 
obtained from the charts are inserted in columns (2) and (3) 
of table IX (h) and the computations are completed. The 
theoretical value of Ch is —0.0194.
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The equation for the section contour in a plane normal to 
the con'ontrol hinge axis is 

--L^2	
x_(x 1	

(12) 
2c GC)max[_C C) I 

The slope in this plane at any point along the airfoil is 

C=2()mar(12)	 (13) 

Substitution of equation (13) in equations (4) and (5) yields 
the following equations for F1 and F2: 

F'=1-4)	
(14) CiCmaxC 

F2=1_(	 (1+2	 (15) 
c max Cj 

For determining F3 , the equation for the section contour 
in a plane normal to the wing leading edge is written as 

/	 2 ( ').[(Of
 _(X) 12

21 
 C 	

(16) () =cos (A—A [1 +K (i I C/J 

where
K= tan (A —AHL) tan (AA—ATE) 

The slope of the airfoil contour in this plane is 

(x)' -,- K(x
\2 

dl—)	 21-)i-2
CJmà • iJ	 C 	 c	 r 

'd (X)' Cos,(A—AmL)	
[1+K()']2

or in terms of nc 

(1 ()'_ 
2( i)maz	 ____ K Ix 2 

d (x)' COS (A—AHL) [2+ ±K)l (17b) 

Substitution of equation (17b) in equation (6) yields the 
following equation for F3: 

F 1 -
	 ±K) cos (A_5[2@ +4)_K(1 

h)2] 

(18) 

From equations (14), (15), and (18), the following correction 
factors are obtained for the sample configuration: F1=0.8077, 
F2=0.7889, and F3 =0.7355. It is of interest to note that 
these values indicate appreciable losses in loading due to 
airfoil-section thickness, and it might be pointed out that 
greater losses would be obtained for thicker airfoil sections. 

The coefficients obtained from the charts and the preced- 
ing correction factors are then substituted in equations (4) 
to (8). The results obained are 

(G,,,) , =0.00411 

(C.,),= — 0.00318 

(0)=0.000619 

(Chl) C r —0.0182 

1 C ' aic =—O.0143 

LANGLEY AERONAUTICAL LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 
LANGLEY FIELD, VA., September 8, 1950. 
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APPENDIX A 

METHOD OF INTEGRATING PRESSURES OVER CONICAL REGIONS OF DEFLECTED CONTROLS 

The pressure distributions in the conical-flow regions 
shown in figure 12 are given in reference 2. With suitable 
changes in notation these are: 
For region I,

a—t	 (Al) 1—at 
For region III,

1—(2+a)t	 (A2)
1+at 

Because the flow is conical in regions I and III, integrations 
of the pressures along the trailing edge within - these regions 
are representative of integrations over corresponding tri -
angular segments having the Mach cone origin as apexes. 
For such integrations, a coordinate for distance along the 
trailing edge must be introduced. The nondimensional 
coordinate chosen was t'= tan r' (fig. 12 and reference 2). 
The integrations required for determining average pressure 
ratio and-center-of-pressure ray loCation for any segment are 

rt2 

j1, 
P.' di'	

(A3)
fdt' 

and
f'2 '

t'P'(lt' 
! '=	 (&4) 

f12 
"C 	

'p, dt' 

(Subscripts 1 and 2 indicate values of t' corresponding to the 
end points of the part oft' over which integrations were made.) 

A Mach number of was assumed for convenience (0= 1) 
in making the integrations of equations (A3) and (A4). This 
assumption is valid becauseany case of Mach number greater 
than 1 can readily be reduced to an equivalent case at M= -/ 
by an affine transformation corresponding to the Pra.udtl-
Glauert transformation for the subsonic case (reference 5). 
An example of this transformation is shown in figure 13. 
The equivalent plan form is obtained by dividing all stream-
wise. dimensions by fi and leaving lateral dimensions un-
changed; consequently, values of a, d, and t (for equia1ent 
points) are the same. From equations (Al) and (A2), it can 

- readily be seen that values of P' for equivalent points are the 
same. It follows that summation of F' over equivalent 
regions results in equal values of P and t. It is apparent 
from figure 13, however, that values of ta,' are different. 
This difference is of no consequence because values of t 9 for 
the equivalent wing (obtained from t' and geometric re-
lations) are the same as values of t, 1, for the initial wing.

The procedures followed in the integrations of equations 
(A3) and (A4) are the same for regions I and III and are 
only shown for region I. If the Mach number is assumed 
to equal -.,I, where 0 = 1, equation (Al) may be written in 
terms of t' as follows: 

Pf=1 Cos- 
(a+d)—(1—ad)t' 

If y is substituted for cos 7r.P', equations (A3) and (A4) 
become

—(l—a2)(1+d 2) 1 Lz 	 cos'y	
2(ly 

P=
•JY1 [(1—ad)—(a—d)yj	

(A5) 

	

Y2
	

dy	 -	 - 
- —(1—a2)(1±d2) [(1—ad)—(a—d) 

—(1_a2)(1+d2) fy

^Y2 __(a-4--d)—(l+a-d)y Cos ydy 
1r	 [(1—ad)—(a—d)y]3 	 (AG) t 

=	 —(1—a2)(l+d2)

5Vi
[(l_ad)_(a_d)y]2dY 

1I•  

Integration by parts was then employed in the solutions 
of equations (A5) and (A6). 

For cases in which the conical-flow region overlaps the 
opposite parting line, the average pressure loss and center-
of-pressure ray location are required for regions 'a and L 
(fig. 1). Equations (A3) and (A4) may be used in obtaining 
the solutions for region Ia by a slight modification requiring 

	

no additional integration. Thus, 	 -	 - 

J, 
£2'	 ft2 

	

(1 —F') di'	 P' cit' 
P *= _1'	 =1 

dt'	
-	 £	

(A7) 
1t'	 - 

f
11

'2' 	 rt21t2	 ( 2

t'( 1 - P')dt' [--j, it t'P'dl' 
t ==  

s:' (1 —P") di'	 P' dl' - 
(A8) 

In obtaining the solutions for region lb (fig. 1), essentially 
the same procedure as previously outlined was used. The 

parameter r=4- was used to represent distance along the 

parting line nondimensionally. Values of P* and r, were 
obtained ,by making integrations similar to those in equa- 
tions (A7) and (A8) (before simplifications). 

Results of integrations over all regions shown in figure 1 
are presented in tables II (a) and II (b). Results of evalu-
ating these equations at taper ratios of 1.0, where they 
become indeterminate, are presented in table III (a). 
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APPENDIX B 

METHOD FOR DETERMINING THICKNESS CORRECTION FACTORS 

The pressure coefficient at any point on a two-dimensional 
surface as given by the Busemann second-order approxi-
mation (reference 8, with suitable changes in notation) is 

C=C(o+0)+C2(+0)2	 (B 1) 

(rrlle angle ô is considered positive when calculating C9 for 
lower surface and negative when calculating C,, for upper 
surface. Throughout appendix B, ö is considered to be in 
radians.) The constants C1 and C2 are functions only of 
Mach number. Equations for these constants and tabu-
lated values are presented in reference 10. 

The lifting pressure coefficient at any chordwise position 
is simply the difference between the pressure coefficients on 
the lower and upper surfaces. The net lift coefficient is 
obtained by integrating the local lifting pressure coefficients 

between the hinge line (=) and the trailing edge 

(==i.o) . (See fig: 14.) Thus,

[(C,,).—(C9)uI d 

C 

(The subscripts L and U denote lower and upper surfaces.) 
Similarly, the hinge-moment coefficient is obtained by inte-
grating the products of local lifting pressure coefficient and 
moment arm between the hinge line and the trailing edge. 
Thus, 

011 thickness (6)
X 

1 IXh y f';° ( -) [(C). —(C9)I d 	 (B3) 

An application of sweep,back theory, as explained in refer-
ence 10, must be used for determining CPL — CpU. It is im-
portant to note that, for deflected controls, this theory 
requires the use of the Mach number component and the 
airfoil section in a plane normal to the control hinge axis. 
Values of CL' and Ch thus obtained are based on the dynamic-
pressure component normal to the hinge line and the deflec-
tion angle measured in a plane normal to the hinge line. 
Values of Cj and Ch for a two-dimensional flat-plate control, 
based on the same q and 6, are obtained by considering the 
Mach number normal to the hinge line in determining values 
of C1. Equations for these coefficients are 

CL'	 =2C i5	 (B4) flaplate	 1 

Ch flat Plate —C 1 6	 .	 (B5) 
944

The following correction factors are then determined by 
dividing equations (B2) and (133) by equations (134) and 
(B5), respectively: 

F1=-
1	

i:;: [(C9)L—(C9)U] '1	 (B6) 

2Ce5( i_ C ) 

F2==
1	

1.0 (-) [(Cp)L—(6'9)o] d	 (B7) 

c1o(1_
C C 

C  

If the sections are assumed to be symmetrical about the 
chord plane, equations (116) and (1 3 7) can be simplified because 

t\ 

(0 1 )L—(O 9)U=2	 (B8) 

( CI 

Equations (136) and (137) thou become 

1.0 
( 

+ g 	 ci?	 (139) 

X — Xh 
(1+2 C 2 Ye- ci 

The equation for F3, may be written as equation (137) for 
F2 (substituting a for ) 

	

F3—	
1 

X,

1 0 (xx) 
[(C P)L—(0 9)uI d (1311)

C1a
 ( 1 C, 

Iii this case, however, the airfoil section and Mach number 
component in a plane normal to the wing leading edge must 
be used in determining values of G and (CP)L—(CP)U:. 

For symmetrical sections, the equation for F3 may be 
simplified in the same manner as the equivalent equation 
for F.2. Thifs, 

	

F3=( 	Y i:;: (-) 
[

1 +2	 (1312) 
Lh 	 C C	 C ff C C	 C^] 

1 -

 

/
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Equation (1112) will in some cases become somewhat in-
volved because AK must be determined from the equation 

for the airfoil section in a plane normal to the wing leading 
edge and must then be written in terms of x/c (unless the 
surfaces are plane). It should be pointed out that suitable 
approximations for most symmetrical biconvex airfoils (which 
in general require involved expressions for defining the con-
tour) may he obtained by assuming the sections to have 
parabolic contours. General equations for the thickness 
correction factors for symmetrical sections having parabolic 
contours have been derived in the illustrative example of 
the present report.
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A 14 _ 
Region	 ia\	 i\J

Inboard Mach cone, configurations (a) and (b) 

_ /4l  

	

Region ll'ik	 ila4	 hlb"t	 LI .
- Outboard Mach cone configuration (a) 

Re_ 
_ Ic 

gion	 lila	 IIl "l
Outboard Mach cone, configuration (b) 

FIciulcE 1.—Conical-flow regions for which solutions were obtained in the calculation of 
deflected control characteristics. 

	

M 

Root 	 0 Mach 
ille

	

•	
+	 •	 = 

FIGURE 2.—Procedure followed in summing (PS,j) of conical-flow regions for calculation 
of Ch,. (Encircled numbers correspond to regions as designated in computing form for

/Mch fines 

Strean7wise Sections 
FIGURE 3.—Illustration of method by which P and t.v for triangular segments of the 

wing-root and wing-tip Mach onesc are obtained for use in determining C•
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(a) tan 
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i—a PsowsE 4.—Characteristira of deflected trailing-edge controls located at the wing tip. Results for values of Xfj__d have been obtained by use of an approximation and 
should be used with caution. 
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FIGURE 4.—Continued.
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(b) Pitching-moment coefficient.
FIGURE &—Concluded.
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(a) r'=O to 1.0. 
F1lWRE 10.—Loading distribution along streamwise sections intersecting wing-tip Mach cone.
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a

r 

(b) r'= 1.0 to 10.0.
FIGURE 10.—Concluded. 
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'legion III 

FIGURE 12.—I1lustration of ordinates used in integrating pressures over conical regions 
of deflected controls.
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FIGURE 13.—Example transformation from one plan-form Mach number configuration to 
an equivalent plan form at a Mach number of -./ 
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TABLE 1.—GENERAL EQUATIONS USED FOR DETERMINING CHARACTERISTICS OF DEFLECTED CONTROLS 
[Subscripts I, I,, 1b, I, IT, II, Ih, IL, III, III, and fIb refer to regions defined in fig. 1] 

(a) Configuration Having Control Located Jnboard from the Wing Tip 

Parameter Formula 

CLat 2C	 SL 

Gm
. 

cis 2Cpo	
10 

+ ( P SLp 

Ch
2cp 

[+(	 &.y(p
Till 

(b) Configuration Having Control Located at the Wing Tip 

Parameter Formula 

- 
GLb '

2C0 [IS L5

+ '+	 \ ),+(	 ] L	 S1jiii 

C. 6 —2ce0[ 
rn0	 SLX'	 _('p SLX - .

iJi, 

b1S11 i, \ bI Sf/lb 

_2cP0[ mo +(
	 )1 +(	 )-(ç);+( 6	 2M,,

SL'	 +(Y	 SL\ 

iL)LIrbj III	 /ni	 \.
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TABLE IL—COMPONENT PARTS OF EQUATIONS USED IN CALCULATING CHARACTERISTICS OF DEFLECTED CONTROLS 
HAVING TAPERED PLAN FORMS

(a) Average Pressure Ratio 

Values of P for regions II, I1, III, and IL are obtained by substituting —a, —d, and lpj for a, d, and Xjin equations for regions I. I, I, and L,respectively. In cases where plus and minus 
signs are together (rE), the upper sign must be used when values of a and d substituted are such that a—d is negative and the lower sign must be used when values of a and d substituted 
are such that o—d is positive.] 

Region 
(fig. 1) Average pressure ratio 

/(1_a2)(1_d2)(1_a)(1+d) 
2(a—d) 

1—d	 Xf	
—1 

[(1_a2)_Xf(1_ad)
] Xj(1—d)—(1—a)	 Xf(a—d) 

IL
1	 /1—&

OS 	 [(l—ad)—X'(1—d2)i V1drC 	 (a—d) 

P*=	 1 d)co 1
 [(1_as)_Xf(1_ad) 

(a—	 ]+ X,(1—d)—(1—a) l 	 Xr(a—d) 
1b

(i—X)-/1---&	 (a_Xfd)±\I2Xf(1_ ad) _Xf2(1__d2)_(1_ft2)} 
log, I	 1—X1 

1—d r	 /f	 (iI 3-1 

d) 
+

I
	

1—al a-----j 
a_d[1J1_ d2 \ / 

(1+a)—V(1+a)(1+d) III a—d 

1	 ul+d	
[(2+a+d)-2Xj(1+a)] (1+d)—Xf(1+a)	 sr	 (a—d) 1 

1110
Xj/(1+a)(1+d)r2(1+d)_Xf(2+a+dYll 

cos	
[	 Xj(a—d)	 J 

I	
_I 

1	 a—d	 1(2+a+d)-2Xf(1+a)] 
- P*=	 cos 

\f(1+a)—(1+d)	 sr	 (a—d)  
II'b  

- (1+d))}
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TABLE 11.—COMPONENT PARTS OF EQUATIONS USED IN CALCULATING CHARACTERISTICS OF DEFLECTED CONTROLS 
HAVING TAPERED PLAN FORMS—Continued

(b) Center-of-Pressure Ray Location 
[Values of t,,' (Or r 9) for regions II, II, II, and IL are obtained by substituting —a, —d, and l/)j for a, d, and X, in equations for regions I, I,, f, and L, respectively. In cases where plus and minus signs are together (±), the upper sign must be used when values of a and d substituted are such that a—d is negative and the lower sign must be used when values or a and d substituted are such that a—d is positive.] 

Region 
(fig.	 1) Center-of-pressure ray location (t' or r) 

_____	 1+d 
sP=4p( ' d)2{\ i 2 (1+3ad-3d—ad)- 1--	 [(1—a2) (1_d2)_2d(1_a)iJ} 

1	
{(1—ds\

) [2A(1+ad) - X	 (1— a2) - Xj(1 - ad) f2 (l +d5)] cos' 2P*(a_d)(1+d)[Xj(1_d)_(1_a)]	 /	 Xj(a—d) 
[ 

--V•j-- (l+3ad-3d—ad3) cos' [_l_	 ai l_d2) ] ± 
(12)	

/ (1 —a2)[2Xf( 1—ad) - Xf2 (1—d2) - (1_a2)]} 7r	 J2 

1	 JXf(a—d)[2a—Xr(a+d)} 	 [(1—a2)—Xi(1—ad)1 
5	 '	 ens- 2P*[Xf(1_d)_.(1_a)1[	 sr(1—Xf)	 Xj(a—d) 

\/(1_a2)L2xf(1_ ad) _xf2(1__d2)_(1_.as)1+a(1__xf)Viii 
log,	

a_xfd)±V2xf(1_ ad) _xf2(1_d2)_(1..az)I} 
IT. 	 7r	 1— Xf 

(1+3ad-3d5 --ad) (i -- cos' 

1+d	 2 (1_ds)(1+2ad.d) [(1_aS)(1_d5)_2d(1_a)2]+	 cos-' a} j— 

III 4=4P(l+d)(ad)2bI(1+a)(1+d)[(2_a+d) (1—d2)+2ad(1+d) +2d(1+a)]-2[ (1—(2)(1—d2) +2d(1+a)21} 

1	
12(1+d) [2X1(1+ad)—(1+d2)] 	 —1 [(2+a+d)-2Xf(1+a)]± 

4P*(ad)[Xf(1+a)_(1+d)]l	 irXí a—d 

III 2(1+d5) V(1+a)[xr(2+a+d) - X12 (l+a) - (1+d)]—Sr 

•	 Xf  - 1/j-- [(2—a+d) (1—dZ) +2ad(1+d) +2d(1+a)] cos-' [2(1+d) - 
Xj(a—d) 

1	 J3(a—d)[2aXf—(a+d)]cos-, [(2+a+d)-2Xf(1+a)
]± 

Sr	 a—d 

2[2Xf(1-2a)—(2-3a—d)] V(1+a[x2+a+d)x(1+)(1+d)1}
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TABLE 11.—COMPONENT PARTS OF EQUATIONS USED IN CALCULATING CHARACTERISTICS OF DEFLECTED CONTROLS 
HAVING TAPERED PLAN FORMS—Concluded 

(c) Geometric Parameters	
(a— d) (1 + > and 2M0= 62 b? (a— d) 2 (l - X?) 
2(1—Xj)	 3(1_Xf)3\/l+62a2 

Region SL/Sf Sy/br81 SL/21lI, 

2(a—d) 
(1—X12)(1—d2)

SL 2(a—d)(t,'—d) 
8, 3(1—X,)(1+d2)

SL I 2L r(1+ad)—(a—d)t' 
s, i—x, L	 1+d2 

la
- d) - (1— a) SL 2(a— d) (t 0 ' - d) 

8, 3(l—X,)(l+d2)
SL 1—Xj2 r 
8, i —?L

(1 + ad) - (a - d) t' 

(1—X,2)(1—d) l+d2 

I b
Xf(1—d)—(l—a) 2S, ISL	 f2 

S,i—x,3L 
r(1—x,)(r—a) 

(1+Xr)(a—d) a—d 

(a—d)[(1+ad)—(a—d)t,'] 
(1— X,3)(1—d)(1+d2) 

H
2X,2 (a—d) 

(1_,2)(1_d2)
SL	 1	

2Xj(a—d)(t 9'+d) 

Sf	 - 3(1—X,)(l+d2) j
SL	 1—X12 
8,

(1+ad)+(a—d)t,,' 
1+d2 

II
X12[Xj(1+a) - (1+d)][(1+ad) + (a—d)t,'] (1—X?)(1+d)(1+d2) 

(1_Xj)2[Xj(1+a)(1+d)I(rp+a) 
(1—Xj3)(a—d)2 

II (1—A?)(1+d)(1+d2) 

III
)j2(a—d) 

(1_X12)(1+d)
SL,	 1_2Xf(a—d)(t'+d) 
8,	 3(1—\,)(1+d2) (1—X,3)(1+d)(1+d2) 

III
X?[ Xj( 1 + a) - (1+d)][(1+ad) + (a—d)t'] 

(1—Xj)(1+d)(l+d2) 

Ilib
(1— X,)2[Xi(1+a) - (1+d)1(r9+a) 

(1—Xj)(a—d)2 

Two- 
dimensional

/l—a\	 f1+a\ j—j)—Xr U) 

-----

/	 (a—d)3 
l— X 2 1—d2 

2 
)	 [(l+d)—Xj(1+a)]3 

(1—X,)2(1+d)2

f1_a\2	 (1+a\2 

J)	 '\v) 
2(1—X?) (1_X 2)

3(a—d)(1+Xj)
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TABLE 111.—COMPONENT PARTS OF EQUATIONS USED IN CALCULATING CHARACTERISTICS OF DEFLECTED CONTROLS 
HAVING UNTAPERED PLAN FORMS 

(a) Average Pressure Ratio and Center-Of-Pressure Ray Location 
[Values of P and t,,' (or r,9) for regions II, if., lib, and IL, are obtained by substituting —a for a in equations for regions I, 1., I, and I,, respectivelyj 

Region  (	
ns 

Cs. 1) pressure ratio Center-of-pressure ray location (t,' or r,) 

I - ,5e+(1+a2) 
4(1_al) 

I	 1/i — a2) 11+2aA,'— (1 —a 2)A1'2] 1  " cos' [(1—a2)A1'—a]+ '(1+a)[1—(1—a)A?]l 	 - 4P(l+a)(l_a2)l1_(l_a)Af'l 

(I —a1) A;' —a cos' [(I_a2Af'_aJ} la(7_a+(I_a1)_4f'r%bo_a2 I1+2aAJ'_U_a2_4;'h1} 

lb 1"=	 Cos-' 1——a)4r'	 - l(1_02)_4i'_a]+ (l1
	

{ 1
1	

{1+2aAf' 
Cos-' ((l_a2)JI/_a]_b02)h1+A1_(I_02)Al2]+ __________  

TP2P*Il_(l_a)A,] ,-Aj' 

I l+aAi'_V'1+2oAf1_(1_a)A;'2 aAr'I1_a210g,	 1+a.4f'-1+2a.4/'—U—a').4f" log. A;'	 I} A1'	 } 

I, (+	 &s I
1 _____________ [	 7a2-2a4+1	 a(7	 al)\f1	 a2 _________  8a+(l+a2)+	 cos-' a—_- (1+a) 4P(l+a) (1-0) 

111 ,5-8a-3a2 
tu 2 .	 5(1+a) 

111, 1	 I2'IA;'(1+a) [1—A ,'(1+a) 1
- T'2[l—(l+a)A,'1 1.

t	 1	 13_sa_5a2_SA,'(l+a)2[Af'(l+aI) —2a) ,t=	 - cos' [2Aj'(l+a) —1]-
16P(1+a)[l—(l+a)Af']l. 	

I, ,r 

2A;'(l+a)—1 cos-' [2A;'(l+a)_1)} 1 2 [5a2+8a_3_2A11(I+a)(l+a)
 ] VA;'(l+a)l1_A;'(1+a)]} 

III 1	 1! COS- 1 2.4,'(l+a)—l]— 
1—(l+a)A;' [ ,r 	 -

1	 (3(l-2aAr') os- 
6P.4,'l1—(1+a)A-'1t

	 c	 [2A;'(l+a) —11— 

2V.4j'(l+a) 11 — ( 1+a) Ai']}	 - 2[l+24/(1-2a)1 
'IA/(l+a) I1_(1+a)A1']} 

(1)) Geometric Parameters 	 and 2M= 
A'2/1 + 2a2 Afl 

Region SLIS! —	 SLy/bfSf S/2M 

1 S	 (1+4a) 25L 
-	 A1'(1—a2) Tf 6A1'(1—a2) 3 S, 

la
1—Af'(1—a) SL	 2(1 5 '—a)	 - 2S 
2A1'(1—a) Sf 3A/(1+a2)  

1—A/(1—a) 25L 2SLA, -—	 f(r,5,—a) 2

3A1'(l—a) 

II
1 ,SL r 1	 (1-4a)	 -I 2 SL 

Af'(1a2) L	 6A f'(1—a2)J 3 S1 

II 1—A,'(l+a) 
3Af'(l+a) 

'lb
Aj'(r,5,+a)[1—A1'(l+afl 

3 

II

---

1 

.	 3A1'(l+a) 

1 

--- 

----

5	 1 
L	 12A1'(i+a)J

2 S 
2A/(1+a) 381 

III 1—Aj'(l+a) 
3A1'(l+a) 

III - Af'(rre+a)[l—Af'(l+a)] 

-Two- A11(1—a2)— 1 3Af'(1—a)(1--a2)[Af'(1 +a) — 1 ]- 4a 3A,'(1—a2).--4 
dimensional 6A/ (1 — a2) A/ 0—a2) 6A/2 (1 — a2) 2
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TABLE VIII.-CONTROL-SURFACE CHARACTERISTICS NOT INCLUDED IN FIGURES 

(a) Tapered Controls 

a d X1 l/)

Wing-tip controls tr
a d X1

Wing-tip controls controls 

$C/

- 

PCL' C' flCz1' PC16, 8C' C' 

1 -0.80 0.95 -0.2678 -0.80 0 -0.0474 0.1164 -0.1875 -0.0174 
1. -.90 95 -.2778 .20 -.0680 .1139 -.1865 -.0661 

-.80 .40 -.1162 .1053 -.1794 -.1102 
-.60 95 -.2162 0.20 -.80 .60 -.2086 .0846 -.1553 -.2106 

8.5 -.. - 95 0 -.13.35 -.95 0 -.7606 .2236 -1.3644 --.7606 
-.95 0 - 0.2236 -0.2751 -.95 .20 -.9921 .2184 -1.3578 -.9917 
-.95

- -----

.20 2232 -.2751 -.95 .40 -1.4204 .1997 -1.308.5 -1.4551 - . 80 -.95 .40 -. 1076 .2218 -.2741 
-.95

-- ----

.60 -.2325

----- 

.2181 -.2709 -0.2311

-

-.80 0 1164 -.213.3 
-.95 .80

-- ---- - -

-.6156 .2074 -.2587 -.6.306 -.80 .20 1128 -.2118 
-. 95 .95

-----------

-2.3878 .1399 -.1814 -3.0759 -.80 .40 -.1369 .1002 -.200 1 -.1422 

-

- .95 0 -.9058 .2236 -1.5823 -. 9058 
-.80 . 95 -.3349 -.4466 -.95 .20 -1.1787 .2161 -1.5715 -1.178.3 
-.95 0

-

-.1796
------- 

.2236 -.4930 -.1796 -.95 .40 -1.660.5 .1896 -1.4907 -1.7248 
- -.95 .20 -.2420 .2226 -.4925 -.2413 - -.95 .40 -- -.3773.2192 -.4888 -.3762 '-.60 0 -.0927 

I -.95 .60 . -.6670 .2105 -.4758 -.6759 -.60 .20 -- - -.0917 
L-.95 .80 . -1.4710 .1823 -.4276 -1.6150 -.60 .40 -- - -.0845 

-.80 0

--------
--------

-.0819 .1164 -.2392 -.0819 
-.80 0

----------------- 

-.1099 60 -.80 .20 -.1148 .1109 -.2366 -.1106 
-.80 .20 ----- -.1097 

------------------.80 

-.81) .40 -.1820 .0927 -.2180 -.1742 
-.80 .40 -------- - 

-----------------

------

-.1084 

-
--------

-.95 0

--------

-1.0510 .2236 - 1.8001 -1.0.510 
-.80 .60

-----

-.1038 -.95 .20 -1.36-12 .2123 -1.7818 -1.3669 
-.80 .80 -.1747 -.0868 -.1776 -.95 .40 -1.8747 .1737 -1.53 64 -1.9945 

- .40 -. 95 0
. 

- - - -.3249 .2236 -.7109 -.3249 
-.95 .20 -.4299 .2219 -.7097 -.4289 .75 .95 .1405 
-.95 .40 . -.6446 .2159 -.700S -.6459 .60 .95 - .2229 
-.95 .60 -1.08.35 .2009 -.6705 -1.1206 -.60 0

-----

-
-- 
-.1009 

-.95 .80 -2.1657 .1526 -.5574 -2.5993 -.60 .20

- ------ 
- --- 
-	 -------- -.099(1 

------- -

-.60 .40 -------- 
----

-.0361 
-.80 0

------

-------- -.1357 .80- -.80 0

-----

-.0991 -.2650 - 
-.80 . 00

-----

-------- -.1364 -.80 .20 -.1397 -.2602 
-.80 .40 --------  

----------
-----

----------

-.1328 -.80 .40 -.2121 -.2252 
-.80 .60 -.1106 

----------

-.1241 -.1050 -.95 0 -1.1963 .223 6 - 2.0180 
-.21) -.80 .80 -.2618 -.0926 -.2945 -.95 .20 -1.546.3 

-------------

.2042 -1.9822 
-.95 0

------ 
------ 

.. -.4701 .2236 -.9287 -.4701 -.95 .40 -2.0117 .1395

---

-1.7162 
-.95 .20

------

-.6175 .2210 -.9264 -.6165 
-.95 .40 . -.9086 .2119 -.9094 -.9156 .00

-----
--

-.95 .60 . -1.4756

------

.1890 -.8509 -1.5(354 .80 .95 -------- 

--------

 - -------- .4359 

------

.60 0 .------ ;1070 - .0132 
-.80 0 --------

------

 - -.1616 -.60 .20 - - - -.1026 -.0207 
-.80 .20 --------

---
--  --- -.1610 -.60 .40 -------- -.0703 -.0411 

-.80 .40 -------- - -.1566 .95 -.80 0 -------- 

--------
------------------.4493 

-.2844 -.1121 
-.80 .60 -.1617 -. 1 416 -.1578 -.80 .20 -.1625 -.2721 -.1496 
-.95 0

----- 

.. 

... -.6153 .2236 -1.1466 -.6153 -.80 .40

-- 

-.2250

------
- -

-.1812 -.3.302 
-.95 .20

----- 
-----

-.8050 

-------

.2199

--

-1.1426 -.8041 -.95 0 -1.3052 

---------
---------

.23.36 -2.1813 -1.3052 
-.95 .40 -1.1650 .2067 -1.1129 -1.1853 -.95 .20 -1.6659 .1789 -2.0869 -1.6952 
-.95 .60 . -1.8326 .1740 -1.0110 -2.0102 -.95 .40 -1.7604 .0264 -1.3815 -2.4665 

(b) Untapered Controls 

a 21/

Wing-tip controls
a

Wing-tip controls 

Cz,' flCL' 8C,,,,' 8C1,' $C:,' $C,4' C' $C,' 

0.8 -1.1421 0.1878 -0.0879 -1.2498 6.0 0.0320 0.0669 -0.0.330 0.0349 
2.0 -.4242 .2093 -.1022 -.4328 0 8.0 .0327 .0676 -.0335 .0349 
4.0 -.1619 .2164 -.1070 -.1605 10.0 .0331 .0681 -.0337 .0349 

-0.95 6.0 -.0720 .2185 -.1086 -.0698 
8.0 -.0265

-
.2200 -.1094 -.0244 .8 .0123 .0446 -.0182 .0449 

10.0 .0009 .2207 -.1099 .0029 2.0 .0272 .0601 -.0282 .0.363 
4.0 .0317 .0657 -.0319 .0375 

.8 -.1061 .0962 -.0447 -.1034 - 6.0 .0330 .0675 -.0332 .0369 
2.0 -.0117 .1083 -.0528 .0065 8.0 .03.37 .0685 -.0338 .0366 
4.0 .0225 .113.3 -.0555 .0259 10.0 .0341 .0690 -.0341 .0364 -
6.0 .0342 .1137 -.0564 .0366 
8.0 .0402 .1143 -.0568 .0420 .8 .0128 .0415 -.0158 .0608 

10.0 .0437 .1147 -.0571 .0452 2.0 .0289 .0603 -.0275 .0472 
4.0 .0341 .0682 -.0328 .0426 

.8 -.0190 .0702 -.0323 -.0075 - 6.0 .0356 .0709 -.0.346 .0411 
2.0 .0173 .0804 -.6691 .0232 8.0 .0362 .0722 -.0354 .0404 
4.0 .0302 .0839 -	 -.0414 .0334 10.0 .0366 .0730 -.0360 .0399 -
6.0 .0346 .0850 -.0421 .0368 
8.0 .0369 .0856 -.0425 .0385 .8 .0120 .0379 -.0131 .0948 

10.0 .0382 .0859 -.0427 .0395 2.0 .0300 .0603 -.02.57 .0641 
4.0 .0384 .0736 -.0345 .0539 

.8 .0005 .0592 -.0268 .0154 . 6.0 .0406 .0782 -.0376 .0505 
2.0 .0226 .0694 -.0336 .0290 8.0 .0415 .0804 -.0391 .0487 
4.0 .0302 .0728 -.0358 .0336 10.0 .0420 .0818 -.0400 .0477 

- 6.0 .0328 .0739 -.0366 .0351 
8.0 .0341 .0745 -.0370 .0358 .8 .0087 .0.321 -.0087 .2198 

10.0 .0549 .0748 -.0372 .0363 2.0 .0296 .0589 -.0222 .1228 
- 4.0 .0441 .0804 -.0343 .0905 

.8 .0078 .0527 -.0232 .0263 . 6.0 . 0508 .0921 -.0420 .0797 
2.0 .0245 .0638 -.0307 .0319 - 8.0 .0535 . 0982 -.0461 .0743 
4.0 .0301 .0675 -.0332 .0338 10.0 .0549 .1018 -.0185 .0711 -
6.0 .0319 .0688 -.0340 .0344 
8.0 .0328 .0694 -.0344 .0.347 .8 -.0048 .0149 .0032 1.4733 

10.0 .0334 .0698 -.6646 .0349 2.0 .0242 .0526 -.0157 . 6564 
4.0 .0440 .0809 -.0282 .3541 

.8 .0110 .0482 -.0205 .0349 - 6.0 .0564 .0998 -.0368 .2933 
0 2.0 .0258 .0611 -.0201 .0349 8.0 .0657 .1145 -.0438 .2479 

1	 4.0 .0305 .0655 -.0320 .0349 10.0 .0732 .1209 -.0501 .2207



/	
Case

.

\:

\Cose 

Roof Mod, cone - Tip Mach cone 

Root case 3 

131M2_ 1=1.4967 Tip case 3 

tall A Tapered flap: 
g=--=0.5995

1
=5.2159 

tan AH L 1
Cf,—Cf, 

A	 a= =0.3990 A= =1.0262 (1—d) Untapered flap: 

d=tan ATE03489 K,= 1	
=1.1117 2Mo311+2a2=3bjci2 

$	 - $(1—a) - 

K 1 =$y2 =7.8577 K8=$y12=5.9868 

2	 K2=$y1=2.9934 - Kg=$(_yi)==23.9472 

K,=$ (_Yi)=5.9868 K1o=$(ld)=0.4953 - 

" "	 K4=$ ( — Y2) = 1.1225 Kfl=(1)=0.4776 

K5 =$y,2 =41.2528 K2=$ 2 — Y2	 =0.8419
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TABLE IX.—COMPUTING FORM FOR Ch 

(a) Dimensions and Preliminar y Computing Form 
Cases
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TABLE TX—COMPUTING FORM FOR Ch—Concluded

(b) Form for summing (PS1.x)" of triangular segments of conical-flow region 

(1) (2) (3) (4) (8) (6) 
Figures for Column  

determining Reg (6)	 O for 
columns (2) 

and (3)
cases in 

table IX(a)
Enter curve at 

following value of P 1,, H !J+8o 2 2& t2X(4)X(5) 
a or r' 

1 3,5.6 ---(1—d)
- 2Ki(1—at)_,,,,________

(l)XKi= 0
Gp 

Figure - 

2 2,3,4,5,6
__ 

-----(1—a)'.........._
- 
-

-- - -
32Ki(1—at,,) (l)XK,=...................... 0 

Figure 7 3 6 1'(Id)0.6l02 os o 2(1.)_3	 —2.4965 (1) Xc,	 &K,=I	 6847 —10.0832 

c tan,7
8 4 3,8,6 1—	 (l—d)=............ "'I1dt''

(I)XcK6=........._ 0 

Figure 7 5 4,5,6 1— 	 (1—a) =0. 5802 .245 r,=4.0000 (I)Xz2K;9. 7865 9.5908 

tan ,7  
8° 6 2,3,4,5.6 1—	 (1—a)='............... (1)Xr,.1K7=............. 0 - 

7 6 --(I—d)'=1.0l92 300 645 1074 (l)XKi=6.1017 9.3941 
K,	 - - - - 

Figures
S 4,5,6

---  
--(l—a)70-7353 .277 .711 2K,(1—at,,)	 _, (I)xK4421 —7.2778 

3,5,6 ---(l+d)=................
2K,(l+at,,)	 _______ (1)xK=................ - 

K, 
Figure 10  

2 2,3,4,5,6 - (1+0) — - 342K3(+at.P)	 - (1) XK,=........... 0 
K73

- G^ 

Figure 9 3 6 1_K4(1+d)4494 .280 .662 2)_,O 9520 (l)Xct'K,o'=16833 —.4487 

- 
tan 9_

4 3,5,6 R,(1+a, 2cg(I+at.p)
(1)XCgKii__ 0 

Figure 9 4,5,6 1_K4(l+a)	 0. 2862 .224 2000 (1)Xri2Kii0. 6616	 . .3260 
a. 14 

E
8 6 2,3,4,5,6 K(l+

'	
a) 1— -

- —X,............. (l)Xx,K11=............... 0 

7 6 c!(l+d)=l. 1010 .314 .609
3ri— K '1-'-at ")	 2.0179 (I)XK,,=0.9185 .5820 

K4 - - -

- - Figure 10
8 4,5,6

- 
--(1-I-a)=0. 5609 .236 .751 2K4(1+at ' —3.n=-2.7180 (1)XKj,=0. 4722 —.3025 
K4 - - f,, - 

E (6)	 \ (6)I. 7358 
c	 -	 —2 0_0194 

57.35I1Q\	 2M,,3j+82a2J
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SOME EFFECTS OF NONLINEAR VARIATION IN THE DIRECTIONAL-STABILITY 
AND DAMPING-IN-YAWING DERIVATIVES ON THE 

LATERAL STABILITY OF AN AIRPLANE' 

By LEONARD STERNFIELD 

SUMMARY 

A theoretical 'investigation has been made to determine the 
effect of nonlinear stability derivatives on the lateral stability 
of an airplane. Iilotions were calculated on the assumption 
that the directional-stability and the damping-in-yawing 
derivatives are functions of the angle of sideslip. The applica-
tion of the Laplace transform to the calculation of an airplane 
motion when. certain types of nonlinear derivatives are present is 
described in detail. The types of nonlinearities assumed 
correspond to the condition in which the values of the directional-
stability and damping-in-yawing derivatives are zero for small 
angles of. sideslip. 

The results of the investigation indicated that under certain 
conditions the nonlinear stability derivatives assumed in the 
analysis caused a motion which had different rates of damping 
for the large and small amplitudes of motion, with very little 
damping at the small amplitudes. In general, the period of the 
resultant oscillation increased with time. 

INTRODUCTION 

Recent flight tests of several airplanes designed for high-
speed high-altitude flight have indicated neutrally damped 
lateral oscillation g of small amplitude generally referred to 
as snaking. Upon examination of the flight records, the 
decrement of the oscillatory motion is found in some cases 
to be different for the large and small amplitudes of motion 
with a. neutrally stable oscillation occurring at the small 
amplitudes. One of the explanations offered for the cause 
of this type of motion is that some of the stability derivatives 
are nonlinear; that is, the derivatives have different values 
for the large and small amplitudes of motion. The non-
linearity could be caused by boundary-layer effects or flow 
separation due to poor fairing at the junction of the tail 
surfaces. 

The present report represents a preliminary investigation 
of the effect of the presence of two nonlinear stability 
derivatives, the directional-stability derivative and the 
damping-in-yawing derivative C,,, on the motion of an air-
plane. These derivatives were selected for the analysis 
since the clamping of the oscillation is a. function of C, and

since (! r depends upon the Onp contributed by the tail. 
The derivatives C,, and C,, were both assumed to be func-
tions of the sideslip angle g. Calculations were made of the 
airplane motion due to a disturbance in sidesl

i
p for three 

different types of nonlinearities. 

SYMBOLS AND COEFFICIENTS 

angle of roll, radians 
angle of yaw, radians 
angle of sideslip, radians except where noted 

in figures (v/V) 
r	 yawing angular velocity, radians per second 

(d'p/dt) 
p	 .	 rolling angular velocity, radians per second 

(d/dt) 
v	 sideslip velocity along the Y-axis, feet per 

second 
V	 airspeed, feet per second 
P	 mass density of air, slugs per cubic foot 
q	 dynamic pressure, pounds per square foot 

(V2) 

b wing span, feet 
S wing area, square feet 
W weight of airplane, pounds -
in mass of airplane, slugs (T'TT/g) 
g acceleration due to gravity, feet pr second per 

second 
relative density factor (m/pSb) 
inclination of principal longitudinal axis of 

airplane with respect to flight path, positive 
when principal axis is above flight path at 
the nose, degrees 

angle of flight path to horizontal axis, positive 
in climb, degrees 

radius	 of gyration in roll	 about principal 
longitudinal	 axis,	 feet 

k 0 radius of gyration in yaw about principal 
vertical	 axis,	 feet 

K.0 nondimensional radius of gyration in roll about 
principal longitudinal axis (kx0/b)

I Supersedes NACA TN 23, "Some Effects of Nonlinear variation in the Directional-Stability and Damping-in-Yawing Derivatives on the Lateral Stability of an Airplane" by 
Leonard Sternfleld, 1050.

Preceding Page Blank 
1009 
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nondimensional radius of gyration in yaw 
about principal vertical axis (k01b) 

nondimensional radius of gyration in roll 
about longitudinal stability axis 
( 1/K102 cos2 77 +K 02 sin  71 ) 

nondimensiona.l radius of gyration in yaw 
about vertical stability axis 
( 1/K z02 cos2 77 +K102 sin i 77)

K' 
-4 -2 0 2 4

/ deg

0y 

-4 -2 0 2 
/1, deg

COL

V . 
-4 -2 0 2 4

/i deg 

01

I, 
-4 -2 0 2 

fl, deg

0

(b) 
-4 -2 0 2 4

13, dog

C,-,,-	 - 
0	 - 

-4 -2 0 2 4
, dog 

(a) Case 1.	 (b) Case 2.	 (c) Case 3.
FIe.uaE 1—Three types of nonlinear stability de:ivatives assumed in the analysis. 

nonclimensional product-of-inertia parameter 
((K 02 —K102) sin n cos 

7_ trim lift coefficient l\ W cos -y\ 
 qS ) 

'Rolling moment\ rolling-moment coefficient 
kgSb) 
'Yawing moment\ yawing-moment coefficient (.. 	 qSb 

Lateral force lateral-force coefficient (
	 ) 

yawing-moment constant

1010 

K1 

KZ 

K1 

I-, 
'-IL 

ci 

en 

cy

o C1 
C15 

C11 0 -

Cy '-I 
'-I y5 = 
- OCT1 

G" IV 
o c 

Ca - 0(pb 
\\2V 
act 

- a1 pb 
'\2V 
6c, 

- a 
(pb) 

2V 
o c 
(rb 

O2 V 

oci 
1r	

(rb 
V 

cnc-. 

t	 time, seconds  
nondimensional time parameter based on span 

(Vt/b) 

differential operator (i-) 

or	 operator in Laplace transformation 
TM 	 time for amplitude of oscillation to damp to 

one-half its original value, seconds 

The subscript 0 is used to indicate initial conditions and 
a bar is used to denote variables in the operttiona.l equations. 

ANALYSIS
NONLINEAR STABILITY DERIVATIVES 

The assumptions made with regard to the nonlinearity of 
the stability derivatives G,, and C are shown in figure 1.

For all three cases presented in the figure, C. is equal to zero 
for —20<0<20, a region which is subsequently referred to 
as a dead spot. Thus when the airplane is within the dead 
spot, the value of the directional stability derivative 
is zero. Since the damping-in-yawing derivative G,, is a 
direct function of G,, contributed by the tail, Gn r was also 
assumed to be zero for values of —2 0<<20. In the region 
outside of the dead spot, each one of the cases represents a. 
different type of variation of C. with fl in order to simulate 
the effect of several possible flow conditions on the side force 
acting on the vertical surface. For cases 1 and 2, C,,0=0.28 
and for case 3, C 5 =0.41. The corresponding value of 
G,, for all three cases is —0.39. It should be noted in figure 1 
that for cases 2 and 3, C'=0 at of 2° and —2°, whereas 
for case 1, 6 has a finite value at of 2 0 and —2°. 

METHOD OF CALCULATING MOTION 

Since the nonlinearities shown hr figure 1 can be treated 
its linear derivatives of different value within and outside of 
the dead spot, the airplane motion is calculated on the basis 
of classical linear theory. The equations of motion and the 
general method of calculating the motion of an airplane are 
given in references 1 and 2. The methods of references 1 
and 2 are based on the Laplace transformation which in-
herently takes into account the initial conditions of the 
problem. Because the Laplace transformation considers 
the initial displacements and initial velocities of the problem, 
this method is directly applicable to the calculation of the 
motion of an airplane which has nonlinear derivatives 
similar to the derivatives presented in figure 1. 

The nondimensiona.l linearized lateral equations of mo-
tion, referred to the 5tabilitv axes, are for rolling, for yaw-
ing, and for sideslipping, respectively: 

2(K12D 24i-f-K1D 2i,t') = C15 j3 +-C1 D+G1 D4' 

2Mb(Kz 2 Db2 &4-KxzDs2cb)= cfl 5$+Cfl D 0 +C,,Db+ Cfl 

2(D + D)= C1. +C D+ CLq - -Gy D+ 

(CL tan y)'
(1) 
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The Laplace transformation of equations (1), with the use of the symbol a for the operator, is 

C1	 2 Kx2[ao+(Db)o]_C,4o+

(2) 

Cr p a_ CL)+(2 ba_CY a_ c' tan Y)+(2Mba_ C)=  
—2.	 j 

2fl0 

Equations (2) represent three simultaneous algebraic equations which can be solved for , , , and their derivatives by 
the method of determinants. For example,

-	 i f(a)	 (3) 

where a is the characteristic lateral-stability equation 

(Aa4 + Ba3 + Ga2 + Da +E) a 
and

= A1 a4 + B 1 a3 + 010,2 + D 1 o- + E, 

The expressions for A, B, C, D, and E, in terms of the mass and aerodynamic parameters of the airplane, are given on 
pages 27 and 28 of reference 1. The coefficients of the A, equation are 

A 1 = fl [8,iO3(K2K2—K2)] 

B1 = 0. [4 IL b2CL(KX 2KZ 2 —K 2)] +(D)0 [2,b2Cy (KK 2KZ2 —Kxz 2)] + 'o [4IIb2CL tan -y (K 2K 2 —K 2)] +

(D,4')0 [2l b2(C Y, - 4,11o) (K 2K 2 —K 2)] + fib [2 ii 2 (KzC1 , —Kx 2C , ) + 2  !1b2 (KxzCn ,, Kz2C19)] 

C 1 = o [bCL(KxzCi,—K X2C.') +bL(KXZCfl —K2C, )] +(D b )o[ 10Kx2 (C Cy —CC) +	 - 

2o2Kx 2 (2Kz2CL—C11)+2o2Kxz(0z —2KxzCL).+oKxz(ClCr _CzCY , )]+ o[oCL tan (KxzC1C ,Kx 2) + 

bCL taii (KC	 K2C1 )] +(DMo[ jzKxz(Cn Cy	 p) + iKz2 (C1 ,C _C19 C , ) + 

4!JO2CL tan Kx2Kz2 —Kxz 2)+2I1b2 (Kz2C1 _KxzC 9)]+fio[ Lb(C ill C n, _C:;Cn,)]+ 

Cfl[—,KxzCy+,,Kx2Cy-4Lb2Kx2] 

D, = o[ CL(CI C , - CcCn)]+ (Db )o[ bCL tan y (Kx 2C —KxzC1 9 ) +. zoC (KxzCz , —K 2C)] + 

o[ CL tan (C 1 C—C 1 Cn )]+(Db )o [ bCL (Kz 2Cs —IC ) + /LCL tan (KC —K22C1]+ 

C [ CC1 — 2,KXZ CL+ 2L bkX 2CL tan 'i+Cç _CirCv,] 

E1=C (- CLCl-- CLCL tan 

The solution of equation (3), which will result in a time history of Pas a function of Sb, is obtained from the Heaviside 
expansion theorem (reference 3):

in 

$F'(x) e 
£b (4) 

where X are the roots of F(a) set equal to zero. Similar solutions are derived for , 4', D, D4', and Db$.. The time 

scale is readily converted from s b units to I units by the equation 

The values of the stability derivatives and mass characteristics used in the calculations are presented in table I. The 
table is divided into two columns which differ only in the values of C,,5 and C,, of the airplane for the cases where the
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TABLE I 

STABILITY DERIVATIVES AND MASS CHARACTERISTICS
OF THE AIRPLANE CONSIDERED IN THE ANALYSIS 

Derivative or characteristic Outside of 
dead spot

Within dead 
Spot 

117/3, lb/ft 2 80 
"b -------------------------------------------------- --

— 

101.1 101
000so

101.1 
slugs/it' --------------------------------------------- o.000so -o

— 

57, ft/sec--------------------------------------------------- 753 
CL ---------------------------------------------------- 0.318 0.-31S 
1' , ft ---------------------------------------------------

-80 

27.7 27.7 
, d- --------------------------------------------------- 0 

- -

0.0573 

- -

— 

0.0573 
-.0 

0.0069 0.0060 
2, C	 per radian ---------------------------------------- - --0.462 —0.462 

C. per radian ---------------------------------------- — -0.0105 —0.0155 
-0.120 —0.126 

0 
per radian ---------------------------------------------

Cy,, per radian -------------------------------------- 
,, dcg---------------------------------------------- ----

- 

-2.0.0,2.0 —2.0,0.2.0 

Cy, per radian--------------------------------------------0 

C,, Per radian ---------------------------------------- -0.392 0 
C,, 0 (cases 1 and 2), per radian------------------------

-
-

0. SS 0 
C,, 5 (case 3), per radian.	 ------------------------------ 0.41 0

airplane is either outside of or within the dead spot. From 
the analytical solution of the motion, based on the mass and 
aerodynamic characteristics of the first column of table I 
and an initial condition of j3=5°, the time history of 13 was 
computed for several values of 59 until the value of 8b for 
which 13=2° was reached. For values of 89 greater than the 
89 which results in 13=2°, this analytical solution is incorrect 
since the airplane has now entered into the dead spot and the 
values of C,, and C0 are zero. Thus, a new solution must 
be calculated with the use of the values given in the second 
column of table I with new initial- conditions. The new 
initial conditions are determined by substituting the value of 
S h at which 13=2° in the original analytical solutions of 0, 
&, D 9cb, D94' , and D913. Once these initial conditions are 
known, another set of analytical solutions are computed for 
13, , ', and their derivatives from equations (3) and (4). 
This procedure is followed every time 13 crosses through 2° 
or —2°. The final resultant motion in sideslip is the sum of 
all the analytical solutions in 13, each one of which is correct 
only for a particular interval of time. 

The constant G,, is introduced into the yawing-moment 
equation of equations (1), since the value of the yawing-
moment coefficient due to sideslip is 6/3 +C0 for the con-
dition of the airplane having the dead spot in cases 2 and 
3 of figure 1. The values of C. are 10.00977 and 10.01431 
for cases 2 and 3, respectively. The sign of 67 is opposite 
to that of 3. For case 1 of figure 1, C,,, =0. 

It is apparent that the procedure employed is a time-
consuming process and subject to the possibility of many 
computational errors due to the magnitude of the computa-
tions. The final solution can be obtained, however, in a 
relatively short time through the use of automatic digital 
computing machines.

RESULTS AND DISCUSSION 

The effect of the nonlinear stabilit y derivatives on the 
lateral motion was investigated for t.he airplane described 
by the mass and aerodynamic characteristics given in table 
I, with three different values for the damping of the lateral 
oscillation as calculated on the basis of derivatives constant 
with amplitude. Since the damping was varied arbitrarily 
by assuming different values for the angle .of inclination of 
the principal longitudinal axis of the airplane to the flight 
path s, three values of s, —2°, 0°, and 2°, were selected 
which correspond to a damping of -the lateral oscillation, 
expressed in terms of T112 , of 5.6, 3.0, and 1.8, respectively. 
The motion of the airplane in sideslip, due to an initial 
disturbance in sideslip of 5°, for the three values of s is 
shovn in figure 2. Since these motions are calculated on 
the assumption of derivatives constant with amplitude, the 
amplitudes of the motion decrease exponentially with time 
and will eventually reduce to zero. As can be noted in the 
first column of table I, the C,,5 for cases 1 and 2 is 0.28; 
whereas the C,,5 for case 3 is 0.41. The motions presented 
in figure 2 are for C,,,=0.28; however, the motions for 

0.41 would exhibit oscillations of 'approximately the same 
damping and a slightly smaller period. 

The motions of the airplane in sideslip, showing the effect 
of the nonlinearities illustrated in figures 1(a), 1(b), and 1(c), 
are presented in figures 3 to 5, respectively. In all cases, 
an initial disturbance in sideslip of 5° was assumed. The 
pronounced effect of the nonlinearities on the lateral motion 
is noted by a comparison of figure 2 and either one of figures 
3, 4, or 5. In all three figures (figs. 3 to 5) the motion for 
=20 , the most stable case, approaches a constant value. 

The analytical solution of the motion for the case of =2° 
in figure 3 indicates that, within the dead spot, the airplane 
will oscillate at .a period of 6.56 seconds and T112=3.38 
seconds and will eventually approach the valise of 13= -0.00920. 
Similar motions would be obtained for the case of =2° in 
figures 4 and 5. As n is decreased, the damping of the 
oscillatory motion depends- upon the nonlinearity assumed 
and the values of n• In figure. 3, the motion for 7=00 
damps at a slow rate at the large amplitudes until the oscil-
lation reaches an amplitude of approximately 2.4 0 where 
the damping of the oscillation is zero. The period of the 
oscillation increases from 1.5 to 1.85 seconds. For the case of 
i = —2°, a very lightly damped oscillation is apparent within 
the first few seconds and the airplane may be considered to 
be neutrally stable at an amplitude of +4.5°. In figures 
4 and 5 the motion for 77 =0° clearly indicates that the damp-
ing is decreasing as the amplitude decreases and the period 
of the oscillation increases; for = —2°, the oscillatory motion 
is slightly unstable. A neutrally stable oscillation would be 
expected to occur in figures 4 and 5 for the combinations of 
a value of q between 0° and —2 0 and the dead spot assumed 
in the calculations or for s= —2° and a smaller dead spot. 
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FInIJBE 2.—Calculated motion of an airplane due to an initial disturbance in sideslip for several values of j.
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F1URE 3.—The effect of the nonlinear derivatives described in figure 1(a) on the motion of an airplane.

S.
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F1uRE 4.—The effect of the nonlinear derivatives described in figure 1(b) on the motion of an airplane.
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Fir URE .—The effect of the nonlinear derivatives described in figure 1(c) on the motion of an airplane. 

In general, the results indicate that the damping of the 
lateral oscillation calculated with the use of derivatives con-
stant with amplitude is a determining factor in the type of 
motion obtained where nonlinear derivatives are present. 
As the inherent damping of the lateral oscillation decreases, 
a smaller dead spot will result in a neutrally stable oscillation. 
Obviously, if the inherent damping is zero, a neutrally stable 
oscillation already exists with zero dead spot.

Some additional calculations were made for the case where 
the airplane is disturbed within the dead spot. The motions 
for an initial condition of f= l were computed for 77 = 20 
and 00 with the assumption of the nonlinearity described in 
figure 1 (b). The results are presented in figure 6. It should 
he noted that the only difference between figures 4 and 6 is 
the initial condition assumed in the calculations. In figure 6, 
the motion for q = —2° is unstable and gradually approaches
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t, sec 
FIGURE 6.—The effect of the nonlinear derivatives described in figUre 1(b) on the motion of an airplane. Initial disturbance in sideslip of 10. 

the amplitude and peiid of the motion for the case of s = —20 
in figure 4. The motion for 71 =O° in figure 6 is slightly un-
stable and will probably increase until its amplitude and 
period are in close agreement with the motion for the case 
of 71 =00 in figure 4. Calculations have indicated that the 
oscillatory motion of the airplane within the dead spot will 
double amplitude about every 4 seconds for s = - 2° and 
about every 30 seconds for n=O°. If the motion is unstable 
within the dead spot, either the airplane motion will be neu-
trally stable with an amplitude equal to or greater than the 
amplitude of the dead spot or the motion will be unstable. 

The loss in damping and the increase in period which ap-
peared in some of the lateral oscillations in figures 3 to 5 can 
be attributed to the type of nonlinearity assumed. From 
classical dynamic stability theory, it is well known that the 
damping of the oscillation is a function of C,, ,. and the period 
of the oscillation is a function of C,,. If the airplane is con-
sidered as a mass-spring dashpot system, C,, is the equiv-
alent spring constant of the ystein and C, , corresponds to 
the damping constant contributed by the dashpot. Thus as 

is reduced the period increases, andas 0,,, is reduced the 
damping decreases. 

213037-53-----65

CONCLUDING REMARKS 

The results of the investigation made to determine the 
effect of nonlinearities assumed in the analysis on the lateral 
stability indicate that under certain conditions a motion is 
obtained which has different rates of damping for the large 
and small amplitudes of motion, with very little damping at 
the small amplitudes. In general, the period of the resultant 
oscillation increases with time. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., September 19, 1950. 
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A NUMERICAL METHOD FOR THE STRESS ANALYSIS OF STIFFENED-SHELL STRUCTURES
UNDER NONUNIFORM TEMPERATURE DISTRIBUTIONS  

By RIcHARD R. HELDENFELS 

SUMMARY 

A numerical method is presented for the stress analysis 
of stiffened-shell structures of arbitrary cross section under 
nonuniform temperature distributions. The method is based 
on a previously published procedure that is extended lo include 
temperature effects and multicell construction. The applica-
tion of the method to practical problems is discussed, and an 
illustrative analysis is presented of a two-cell box beam under 
the combined action of vertical loads and a nonuniform tem-
perature distribution.

INTRODUCTION 

The effects of nonuniform temperature distributions, 
such as those produced by aerodynamic heating, are becoming 
of greater concern in the design of modern high-speed aircraft. 
The structural effects of temperature changes and the 
results of some analyses of a simplified structure under 
nonuniform distributions of temperature have been dis-
cussed in reference 1. The analytical methods considered 
in reference 1 were found, however, to yield inaccurate values 
for the secondary stresses in complicated structures, and 
in such cases some type of numerical approach is desirable. 
Numerical methods, however, usually require extensive and 
tedious calculations and they should be used only when 
satisfactory results cannot he obtained from a simplified 
analysis. 

Severalnumerical methods of stress analysis have been 
presented in the literature, but none contains provisions for 
temperature changes. In the present report, one such 
method, the numerical procedure of reference 2, has been 
extended to include the effects of a nonuniform distribution 
of temperature. In addition, -the equations developed 
permit the analysis of a stiffened-shell structure of arbitrary 
cross section with any number of internal cells. The appli-
cation of the method is discussed and ilustiated by analysis 
of a two-cell box beam under the combined action of vertical 
loads and a nonuniform temperature distribution. 

DESCRIPTION OF THE NUMERICAL METHOD 

BASIC THEORY 

The structure analyzed is an idealized representation of a 
mulicell stiffened-shell structure (see fig. 1) and has the

following characteristics: 
(1) The basic unit is a rectangular panel bounded on two 

parallel sides by extensionally flexible stringers and on the 
other two sides by rigid bulkheads. 

(2) The panels consist of sheet material and are assumed 
to carry shear stress only. The shear stress is constant with-
in a given panel. 

(3) The stringers run parallel to the direction of the pri-
mary stresses and carry axial load only. 

(4) The bulkheads lie perpendicular to the stringers and 
are rigid in their own plane but offer no resistance to warping 
out of their plane. 

(5) The structure is loaded only at the bulkheads. 
(6) ?vlaterial properties, cross-sectional dimensions, and 

temperature distribution do not vary along the length of a 
given bay. 

With these assumptions about the basic elements of the 
structure, any type of stiffened shell can be analyzed, pro-
vided taper is excluded. The state of stress in such a struc-
ture can then be defined by suitable stress-strain relations 
and two types of displacements: 

(1) Stringer displacements, which are displacements, at 
the end of a bay, of each flexible stringer in a direction parallel 
to the stringer 

(2) Bay displacements, which are translations and rota-
tions of the plane of each cross section defined by the rigid 
bulkheads

FIGURE 1.—Typical multicell. stiffened-shell wing structure. 

I Supersedes NACA TN 2241, "A Numerical Method for the Stress Analysis of Stiffened-Shell Structures under Nonuniform Temperature Distributions" by Richard R. Heldenfels, 1950. 
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Once the stress-strain relations are established for the 
components of the idealized structure, equations of equilib-
rium can be used to obtain relationships between the dis-
placements. The equilibrium equation for the forces on an 
individual stringer yields an expression for the stringer dis-
placement of any panel point in terms of the surrounding 
stringer displacements and the displacements of the two 
adjacent bays. From this general expression, equations 
equal in number to the unknown stringer displacements are 
obtained. The additional equations required for the deter-
mination of the bay displacements are obtained from the 
equations of equilibrium of the shear forces on the cross sec-
tions. These equations then completely define the dis-
placements of the structure. In most cases the number of 
equations is so large that a direct solution would be imprac-
tical and it has been found expedient to solve them by the 
recommended iteration procedure described in the next sec-
tion. The required equations are derived in detail in the 
appendix.

SOLUTION OF EQUATIONS BY ITERATION 

Matrix iteration often provides the easiest and quickest 
solution to the equations, and the procedure recommended 
is as follows: 

The equations to be solved can be written in matrix 
notation as

[B]{d}={c}	 (1) 

For purposes of iteration, these equations are rearranged to 
give

{d}={C]{d}+{c}	 (2) 
where 
[C] = [U] - [B] 
[B]. square matrix of coefficients of general equations with 

diagonal terms reduced to unity 
[U] unit matrix 
d} column matrix of stringer and bay displacements 
C } column matrix of constant terms in general equation; 

these terms arise from applied load and thermal 
expansion 

Initial approximate values of stringer and bay displace-
ments Idol  are then selected. These values may be deter-
mined in any convenient manner; however, subsequent 
operations can be simplified, as explained in the appendix, if 
these values are chosen to correspQnd to elementary theory. 
Next, the initial displacement values are substituted into the 
righthand side of equation (2) to obtain a second approxi-
mation { d1 } to the displacements 

{di}=[C]{d0}+{c}	 (3) 

and the differences between the second and initial approxi-
mate displacement values are computed from the equation 

{M1}={d1}—d0}	 (4)

The iteration process is then begun by using these dis-
placement differences. The nth difference is defined as

(5) 

and it can be easily verified that the use of these differences 
leads to the following matrix equation:

(6) 

The iteration process consists of a. series of solutions of equa- 
tion (6), each successive solution yielding a better approxi-
mation to the displacement differences than the previous 
one. The process is continued until successive solutions of 
equation (6) yield the same result, that is, until

(7) 

The final displacements are then determined from the final 
differences by using equation (5) and the initial values. 

When equation (6) is being iterated, improved values 
should be used as soon as they are obtained; that is, each 
individual difference M should be substituted into the 
{ } matrix immediately after calculation rather than 
at the end of the cycle. In this manner, each new value 
determined receives the benefit of all previous work and 
convergence is speeded. 

The iteration of differences reduces the work required to 
obtain a solution because smaller numbers are involved. 
However, it is essential that no errors be made in the deter-
minationof the first differences { Ad, } since a single significant 
error will render the whole solution useless. 

CONVERGENCE OF THE ITERATION PROCESS 

In order to obtain more rapid convergence of the iteration 
process, bay displacements and loads are referred to the 
principal shear axes of each bay. The use of these axes 
greatly simplifies the equations for bay displacements by 
making each bay displacement independent of all other bay 
displacements and thus a function of the stringer displace-
ments only. In addition, a special correction cycle •is 
periodically introduced to bring the stringer forces on each 
cross section into equilibrium with the applied loads. Mathe-
matically, the orrection cycle is a special cycle that uses a 
certain combination of the basic equations. Its success in 
the particular case of the numerical method of stress analysis 
is a result of its physical significance, and in that respect it is 
similar to Southwell's "group relaxations" (reference 3). 

The optimum frequency of application of the correction 
cycle depends largely on the characteristics of each individual 
problem and must be determined on a basis of experience 
with the method. If this frequency cannot be determined 
from previous experience, it cami be approximated satisfac-
torily by one that permits the disturbances to spread their 
significant effect over, the structure between correction cycles.
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The application of the correction cycle begins at a station 
where the displacements are known and then proceeds out-
board. The corrections required to bring the first bay into 
equilibrium are determined, -and the stringer displacements 
at its outboard end are changed accordingly before the cor-
rections required by the second bay are calculated. 

EFFECT OF INTRODUCING NONUNIFORM TEMPERATURE DISTRIBUTIONS 

The preceding method is applicable to any type of stress 
problem. Nonuniform temperature distributions do not 
affect the general procedure but merely change the details. 
These effects are of two types: A change in the effective 
structure due to changes in elastic properties of the material 
with temperature and thermal stresses resulting from re-
strained thermal expansion. The changes in elastic prop-
erties are easily handled if the moduli are treated as variables 
during the derivation of the equations. Their effect is 
analogous to that of variations in stringer area and panel 
thickness. The presence of thermal expansion requires 
modification of the stress-strain relationships for the stringers 
but does not affect those for the panels. Tb&equations for 
stringer displacements contain thermal-expansion terms that 
are analogous to the applied-load terms. Bay-displacement 
equations are unaffected by thermal expansion, but thermal-
expansion terms appear in the equations used for the 
correction cycle. If a difference solution is iterated, the 
elementary solution should include the distributions of 
thermal strain associated with the primary thermal stresses, 
which may be obtained from the equations derived in the 
appendix. 

DISCUSSION OF THE NUMERICAL METHOD 

The application of a method, such as that just described, 
always poses a number of questions; for example, what are 
some of the limitations of the method, would it be advan-
tageous to use some other method of analysis, and how should 
the structure he idealized? Some of the factors requiring 
consideration, other than those mentioned in the previous 
section, are therefore now discussed. 

VALIDITY OF BASIC ASSUMPTIONS 

The assumptions upon which the method is based are 
commonly accepted in the analysis of stiffened shells. Com-
parison of theoretical and experimental results has estab-
lished the fact that these assumptions will yield good results 
in most cases. Two important assumptions—that the 
bulkheads are rigid in their own plane and that the shear 
stress is constant in a given panel—may, however, introduce 
significant errors into the analysis in some cases. These 
assumptions are therefore examined in detail. 

The assumption of rigid bulkheads is satisfactory as long 
as the primary stresses run perpendicular to the bulkheads, 
but, as demonstrated in reference 1, this assumption may 
not he good when dealing with problems involving thermal

stress. Large temperature gradients along the length of the 
structure or across the depth of a bulkhead distort the real 
bulkhead and make the assumption of rigidity inapplicable. 
In many cases, however, these effects are small and the as-
sumption yields satisfactory results. 

The numerical method could be extended to include the 
effects of bulkhead flexibility. Such an analysis, however, is 
very cumbersome and tedious and, if the equations are solved 
by iteration, the process is often very slowly convergent. 
Therefore, these extensions are not considered herein. 

The assumption of constant shear stress in a given panel 
simplifies the development of the equations, and it yields 
satisfactory results if the bulkheads are reasonably close 
together. Cases arise, however, in which the assumption 
will lead to unreasonable results because the assumed con-
stant shear stress is a poor approximation to a shear stress 
which should be changing rapidly in the spanwise direction. 
This situation is usually accompanied by slow convergence 
of the iteration process. This difficulty, however, can be 
minimized by reducing the bulkhead spacing of the idealized 
structure since it occurs only when the total shear stiffness 
of the panels joined to a stringer exceeds the extensional 
stiffness of that stringer. 

IDEALIZATION OF AN ACTUAL STRUCTURE 

The idealization process described in reference 2 is straight-
forward. However, it provides an opportunity for the stress 
analyst to exercise his engineering judgment and thus to 
simplify the analysis. By restricting the analysis to only 
a part of the structure or by using a comparatively simple 
idealized structure, the time required for the analysis can be 
substantially reduced. Such simplifications, however, can 
reduce the value of the results, and a compromise between 
speed and exactness is required. 

The number and location of the idealized stringers com-
pletely define the stress-distribution shapes obtainable from 
the analysis. (For example, in an idealized shell of n stringers, 
there are n possible types of independent normal-stress 
distributions, three of which can be determined from ele-
mentary theory, the remaining n-3 being statically indeter-
minate.) Stringer location is thus an important part of the 
idealization process and in conventional problems the loca-
tions should be selected after consideration of the charac-
teristics of the actual structure, the nature of the expected 
results, and the time available for the analysis. When non-
uniform temperature distributions are involved, the shape 
of the temperature distribution should also be considered 
because the thermal-stress and temperature distributions 
will have similar shapes and the analysis will yield good 
results only if the idealized structure permits a stress distri-
bution of that shape. 

The bulkhead spacing usually is the same in the idealized 
and actual structures, but the idealized spacing should never 
be so large that trouble is caused by the assumption of
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constant shear stress. A proper bulkhead spacing is one for 
which the extensional stiffness of each stringer element is 
greater than the sum of the shear stiffnesses of the adjacent 
panels so that no negative terms appear on the right-hand 
side of the equations for the stringer displacements. 

CALCULATING PROCEDURES 

All the calculations required by the numerical procedure 
(determining the coefficients of the equations, solving by 
iteration, and computing the stresses) are routine and, 
involve only simple arithmetic. The calculations can be 
easily arranged in tabular form so that the bulk of the work 
can be done by modern automatic computing machinery or 
by a computer who does not need to have a knowledge of the 
structural theories involved. 

In any problem that involves extensive numerical work, 
errors are very apt to occur. One of the advantages of the 
numerical method described herein is that a number of 
checking procedures can be devised to check the various 
steps in the calculations. No attempt is made to describe 
the many possible checks; a few, however, have been indi-
cated in the illustrative example. 

Solution of the equations by simple iteration also possesses 
another advantage with regard to errors. Values obtained 
from successive cycles of iteration show trends that can 
be observed by an experienced computer, and errors can 
be detected by their effects on these trends. Error that 
do appear during the iteration process eventually work 
themselves out but may adversely affect the rate of con-
vergence. 

APPLICATION OF THE NUMERICAL METHOD

of temperature increase shown in figure 3. The temper-
ature is highest at the tip and along the front web and 
decreases in both spanwise and chordwise directions, but it 
is constant across the depth of the beam. The beam is 
assumed to be constructed of 75S—T6 aluminum alloy which 
has the variation of elastic properties with temperature 
increase shown in figure 4. These data are the same as 
those used in reference 1. 

It is assumed that no thermal stresses were present at 600 F. 
Since the method of analysis involves the assumption that 
no changes in temperature distribution occur over each 
element, the temperature used in the calculations was the 
temperature at the center of the element concerned.

4 

4 
FIGURE 3.—Distribution of temperature increase. 

DESCRIPTION OF THE PROBLEM
IC 

The application of the numerical method is illustrated by 
an analysis of the idealized two-cell box beam shown in 
figure 2. The cross section is symmetrical about the hori-
zontal center line and the beam is untapered; however, the 
stringer areas and sheet thicknesses vary from bay to bay. 

The box beam is l9aded by four concentrated vertical loads 
applied at the bulkhead stations along the inner web; in addi-
tion, it is subjected to the arbitrarily selected distribution

0' 

FIGURE 2.—Idealized structure used in illustrative example. (Stringer areas and skin thick-



neeses are listed in tables land IT.)
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FIGURE .4 —Variation of elastic properties of 75S-T6 aluminum alloy with temperature 
increase (reference I).
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DETAILS OF THE ANALYSIS 

Since the structure and the temperature distribution are 
symmetrical about the horizontal center line, the analysis 
can be restricted to one cover. Two solutions are required 
however, to determine the total stress since the thermal-
stresssystem is symmetrical about the horizontal center 
line, but the load-stress system is antisymmetrical. In this 
way, the analysis requires the solution of two sets of equa-
tions (one of 20, the other of 24) which, can be solved more 
easily than the set of 44 needed for a single analysis of the 
complete box. 

The computations required are given in tabular form with 
most tables containing two parts—one related to the load 
stresses and the other related to the thermal stresses. The 
final solution is obtained by. the superposition of these two 
solutions. The rectangular cross section and its symmetry 
permit several simplifications of the general equations. In 
each case the equations used are listed. The notation is 
described in the appendix. Methods used to check the 
calculations are also given in the tables. The checking 
methods used were determined from mathematical relation-
ships existing between the coefficients of the equations and 
from equilibrium of forces. 

Tables I and II present the physical characteristics and 
stiffness parameters of the individual stringers-and panels. 
Table III gives the location of the principal shear axes of 
each bay and the coefficients of the bay-displacement equa-
tions. The location of the principal inertia axes of each 
bay, the coefficients used in the correction cycle, and the 
initial stringer displacements are given in table IV. The 
coefficients of the stringer-displacement equations are tabu-
lated in table V. Table VI contains the [C] matrices used 
for the iteration. The rows and columns have been inter-
changed in order that the matrix multiplications required 
will consist of the cumulative multiplication of the adjacent 
numbers in two columns. Table VII is a similar arrange-
ment of data required for the correction cycle and also lists 
each correction determined. The displacements obtained 
from each cycle of iteration are given in table VIII and the 
correction cycles are indicated. Table IX contains the cal-
culation of each type of stress and the superposition required 
to obtain the total stresses. 

The numerical calculations in this example were done by a 
computer who had previous experience with the method. 
The following times were required: 
Setting up the equations (table Ito table VII) --------------3 days 
Solving the equations (table VIII)-------------------------4 days 
Computing stresses (table IX)----------------------------1 day 

In this example, the displacements were computed to six 
decimal places (five or six significant figures) in order that 
the stress would be accurate to 1 psi and thus would provide 
accurate equilibrium checks. Most practical problems will 
not require such numerical accuracy and a smaller number 
of decimal places should be used in order to speed the solu-
tion. It is estimated that the time required to solve this 
example could have been reduced by one-half if the number 
of decimal places had been reduced from six to four. This 
reduction would have given stresses accurate to 100 psi or 
about 1 percent of the maximum stress.

RESULTS OF THE CALCULATION 

The results of the calculation are shown graphically in 
figure 5 by spanwise and chordwise plots of the stringer 
stresses in the top and bottom covers and a spanwise plot 
of shear stresses in the webs. The spanwise plots have a 
jagged appearance because stringer areas and sheet thick-
nesses are assumed constant in each bay with an abrupt 
change at the bulkheads. The dashed lines in the plots of 
stringer stresses are the values obtained from an elementary 
analysis.

CONCLUDING REMARKS 

- A numerical method for the stress analysis of stiffened-shell 
structures under nonuniform temperature distributions has 
been presented. The method is not applicable to the solu-
tion of all structural problems involving temperature effects 
because it requires extensive and tedious calculations and 
because the basic assumptions of bulkheads rigid in their own 
plane and constant shear stress in a given panel occasionally 
lead to unsatisfactory results. It is, however, a powerful 
tool for the solution of many structural problems because: 

(1) It is a means for accurately determining all . types of 
secondary stresses in complicated structures that cannot be 
satisfactorily analyzed by simplified methods. 
• (2) It is sufficiently flexible to cope with a wide variety of 
structural problems involving nonuniform temperature dis-
tributions. 

(3) It involves only simple arithmetic that can be handled 
by automatic computing machinery. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., September 12, 1950. 

(a) Spanwise distribution of upper-surface stringer stress. 

Finuac 5—Calculated stress distribution in the idealized structure. 
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(b) Spanwise distribution of lower-surface stringer stress. 
FIGURE 5.—Continued.
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(e) Spanwise distribution of web shear stress. 
FIGURE 5.—Concluded. 
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(c) Chordwise distribution of upper-surface normal stress. 
FIGURE 5.—Continued. 
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(d) Chordwise distribution of lower-surface normal stress. 
FIGURE 5.—Continued.

APPENDIX 

DERIVATION OF GENERAL EQUATIONS 

The general equations required for the numerical analysis 
of a stiffened shell of arbitrary cross section with any number 
of internal cells and under a nonuniform temperature dis-
tribution are developed. The basic assumptions and a gen-
eral description of the method have been given previously 
and are not repeated.

SYMBOLS 

A	 cross-sectional. area of stringer, square inches 
b	 width of panel on Ic grid line, inches 
E	 modulus of elasticity, psi 
F	 applied force, pounds 
G	 modulus of rigidity, psi 
h	 width of panel on j gi'id line, inches 
I	 moment of inertia, inches' 
J	 shear stiffness parameters 
1, in	 coordinates of a special set of axes 
L	 length of bay, inches 
M	 applied moment, inch-pounds 
P	 axial load in stringer, positive for tensile load, 

pounds 
Q	 area moment, inches' 
F	 normal distance to panel on k grid line, positive in 

positive z-direction, inches 
T temperature increment, measured from tempera-

ture of zero thermal stress which is 60° F in the 
example presented, degrees Fahrenheit 

panel thickness, inches 
U, v, w	 displacements in x-, y-, and z-directions, respec-

tively, inches 
X , y, z	 rectangular coordinate axes 
a	 coefficient of thermal expansion, inches per inch 

per degree Fahrenheit 
angular rotation used in correction cycle, radians 

ly	 shear strain, radians 
increment 

U) 
Q. 
5) 
(5 

5) 

U) 

Q 
(0 
Q) 

(0 

U) 
U) 
0,

6 

(c 
Q 
lr., 
U) 
U). 

/6x/()2

4



STRESS ANALYSIS OF STIFFENED-SMELL STRUCTURES 	 1025 

C	 normal strain, inches per inch 
o	 angular rotation about x-axis, radians 

rotation of special set of axes, degrees or radians 
P	 normal distance to panel on.? grid line, positive in 

positive y-direction, inches 
normal stress, positive for tensile stress, psi 

r shear stress, positive in direction of associated co-
ordinate axis when tensile stress on cross section 
is in positive x-direction, psi 

angle between normal line r and z-axis, degrees or 
radians 

angle between normal line p and y-axis, degrees or 
radians 

Subscripts: 
i, j, k	 grid system 
X , y, z	 coordinate axes 
V, w, 0	 bay displacements 
0	 initial value 
91	 cycle of iteration 

A prime refers to the principal shear axes and two primes 
refer to the principal inertia axes. A bar over a symbol 
indicates an average value at the center of a hay. 

NOTATION 
The notation employed is illustrated in figure 6. The 

system adopted for designating parts of the structure is as 
follows: 

Bulkheads divide the length of the structure into.a number 
of bays. The subscript i is used to designate a given bulk-
head or the bay between the i—i and ith bulkheads. 

The stringers and panels in a given cross section form the 
basis of a grid work which can be used to designate these 
elements. These grid lines are not necessarily straight, 
parallel, or perpendicular but follow the panels. Those grid 
lines that are approximately parallel to the 2-axis are desig-
nated by the subscript j ; those approximately parallel to the 
y-axis are designated by the subscript k. 

With this system, points and stringers can be uniquely 
located as follows: 

The point on the ith bulkhead at the intersection of the 

1

Li 

Root V-__5	 j, 

bj.i,k ^^ z	 '_1 ' 

k	 i f. ,jk*1 

f_i
	 .:

k+1 

hfk

Tip 

rf,k

M I3,

jt.h and kth grid lines is designated by the subscripts i,j,k. 
The stringer in the ith bay at the intersection of the jth 

and kth grid lines is designated by the subscripts i,j,k. 
In order to locate a panel, the grid line on which it lies 

must be known. This notation consists of underlining the 
appropriate subscript; for example: 

The panel in the it.h bay on the jth grid line and between 
the k—i and kt.h grid lines is designated by the subscripts 
i,j,k. 

The panel in the ith bay on the kt.h grid line and between 
the j—i and jth grid lines is designatód by the subscripts 
i,j, k. 

The grid lines and bulkheads are numbered such that the 
numbers increase in the directions of the positive coordinate 
axes.

STRESS -, STRAIN RELATIONSHIPS 

The shear strain in a given panel is constant and is 
defined by the following relationships which depend upon 
the location of the panel: 

IT 
Yi.j,k( 71 

-	 \LJ),, J,1: 

(ui, 5,5+u-1,,5—u1,1-1,u1-1.5-1,5)± 

Av i	 wi. . 
ji cos j+-- sm j._-- r	 (Ala) 

=() . 1 k 

2/ilk	 i,k_l1Li_1,j,k_1 

Avi sin	 cos 'i.1+ –f- Plic	 (Alb) 

When the shear strains are being computed, the normal 
distances r and p must he given their proper signs. 

The constant shear stress produces a linearly varying 
strain in the stringer and its average value at the center of 
the hay is

	

i' '
	

' '—(_--	 55+ al,
)
	 (A2) 

Note that the thermal expansion is included in the relation-
ship between stringer stress and strain. 

EQUILIBRIUM OF INDIVIDUAL STRINGERS 

If a half-hay length of stringer on each side of point (i, j, k) 
is isolated, the force system of figure 7 is obtained, and the 
following equilibrium equation can be written: 

	

i±\ +(\	 (rtL"\	 - 
\. 2	 \. 2	 \. 2 J	 \. 2 )jj51 

(_2'

rtL	 tL	 (i"	 + 
/ i+I. I. k--1 

FIGURE 0.—Notation and coordinate system.	 J,k_ 1 1. 5,5+(F)1,	 0
	

(A3) 
213637-53------66
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Substituting equations (Al) and (A2) into equation (A3) yields the following equation for the stringer displacement 
of point (i, j, k) in terms of the displacements of the adjacent bays and stringers: 

1 (GL\ 
Ui, i ic	 + (Tfli'J'k

 

,.

r/AE\	 'GtL\	 /GtL\	 'GtL\ /GtL\ + L( *),5k i7 i,k+I 

'GtL\ 
I. +UJ_1.k

r/GtL\
i, J, k	 J, Il

+

RGIL\	 / GiL)
)jjk+Jj+1jkJ1+ 

J, k+1
r/GIL\ 
[(\_	 _)ijk+l+(\__,1+l,k+IJ 

/GtL)	 1+ Iti.j+i,
r/GtL\ /GtL) GtL\ 

AE\	 GL GL /GtL\ (GtL'\ 
(GtL +n+1. 

k R i 	 'I,j+l,k i
GtL\ +l.\

	 J.k+ll+ 

'GtL\
ui+Iik+1  (LL4 h—)i+I,J,k+l

'+Ui+1.J^I.k()	 + 

,[(Gt
cos 4>) Gt cos	 (Gt sin ti)	 +(Gt sin	 1+ 
2 2 2 

cos	 cos 4>) 	
sin L

)f+I, 
(Gt	 (Gt sin st,)	 1+ Av i +1

RGt
2 )+J.j+1,k	 2	 2	 j,k+1	 .	 2	 /+1,i,kJ 

Gt sin)
	

cos 4,) +(Gt Gt cos
, 
[(at2 

sin 4>)
i , J+I , k—( 2	 2 2	 /jj&J 

+(Gt Gt cos 4, 
(	 )+l,LJ [(

4>)	 t sin 4>)
	

cos 4,) 
2	 i+I,J.k	 2	 + 2 

Gtr\ 'OW" +(GtP)	 1(GtP\ 
AO,
R

2 	
i,J+I,k— 2	 ,',j,kJ 

M+
RGtr\ 

i)I^I.^I,k /Gtr 	
GIP\)	

+(-) 2 i+(AEa)i,ik_(AEaT)i+I.i,k+(Fz)i.i.I (A4) 
i+I.5.	 /i+I,k±1	 i^1,j 

where
C)

/GtL\ ( LAAE î^
YJS.1. 1c 	 k1l), k(4h)	 + 

1,j, k-4-1 

tL
)i+I,J.k +(

GtL\ 
NL_) i

E 	 'GtL\	 'GtL\
-) 

Equation (A4) involves no assumptions regarding equality 
of structural dimensions, temperatures, or elastic properties 
about point (i, , k). If any element is missing, the associated 
stiffness goes to zero and the general equation is still 
applicable. Since AE and Gt always appear as products, 
the variation of elastic properties with temperature is 
equivalent to changes in the stringer areas and sheet thick-
nesses of the effective structure. Furthermore, the thermal-
expansion terms appear in the same manner as axial loads 
applied to the stringers. Thus, if desired, the effects of a 
nonuniform temperature distribution can be determined by 
applying a set of equivalent loads to a new effective structure. 

'1 
J,k

,',.&	 Ij+I,k

/r(L) 
2 

k.	 ((Zih 

2

BAY SHEAR AND TORQUE EQUILIBRIUM 

The equations for the bay displacements (v,w,O) can be 
FIGURE 7.—Forces on stringer 	 obtained from equilibrium of the shear forces on the bay 



• (A9b) 

r'=r+l' sin 4)—rn' cos 4) (AlOa) 

p'=p—l' cos iJ' —rn' sin 'it' (AlOb) 

Then the location of the principal shear axes is 

tan 2X=2J05 (Alla) 

,	 J0oJgwJowJe,, 
- A11b) 

J	 - T 2 J. WW	 OW

Allc) 

and, with respect to these axes, 

cos' X'+J	 sin' X' +2JOW sin X' cos
(Al2a) 

J'=J00 sin' X'+ J,	 cos' V— 2 J w sin X' cos 
- (Al2b) 

Joe, = Joe +l'Jo—rn'Je0	 • (Al2c) 

F8'=F2 sin V+ F, cos X' (A13a)

z

z 

0j, 'r,

011	

pill \

(Jv1)i==

 

—1'—

FIGURE 8.—Not8tion used to locate principal shear axes.
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cross section 

(F)—EE [(Ttb cos 4))j, k—(th sin 'l')aJ.k]=O (A5a) 

	

j k	 -	 - 

(F)—E	 [(rtb sin 4))i,J,k+(rth cos 'l')i.,.kI=O (A5b) 

	

jk	 - 

(M1)+ E [(rtbr) ,J, —(rthp)i,Jk] = 0	 (A5c) 

	

jk	 -	 - 

Substitution of equations (Al) for the shear stresses in equa-
tions (A5) results in 

(J0)	 iwj—(Jev)t i8=(F5)+ 	 (Uj j.+Uj_,j) 
1k 

	

(Gt cos	 lOt cos 0- 
L\.	 2	 2	 )f, j, k 

lOt sin\  

	

2	 Gt	 (A6a)2 ) 
i, j. k] 

(J0 ) J Lxvi +(J)zw1 —(Je)1iO=(F,)+ Z Z (ui , J,k+UI_1, ik) 
j	 k 

(R

Gt sin4))
i,J+I,k —( 

Ot sin	
+

	

2 	 2	 /iJ,k

Ot cos	 Gt cos 'l" 1 	 (A6b)

	

2	 ), , ,+1_ (,j 	 2	 )i.jk]

—(Jo,)iv —(J9)iw + (Je	 = (M) - 

	

R
Gtr\	 f0tr"

..	 1.k)) 

i'Otp\	 1	 (A 6c)
A+' \. 2 )i,'J

where

K
Gtb cos'4)\	 +(Oth sin2 '\	 1

)i.L,k_J 

R
Gtb sin 40 cos 4) 	 (Gth sin 9& CO5

L 	 i.,.	 L 

RGtb 
sin24)) 

+(Gth cos2
j k L 	 L	 )1.L.k] 

(J9,) 1 = E R

	

Gtbr cos 4)\ 	 sih1 4)') I
J k 	 L 

RGtbr sin 4)	

—(Gthp 
cos	 1 

	

f k	 L	 ,i.i.	 L	 ,i.J,k] 

RGtbr2\ 	 fOthp2\ 
L 

	

jk 	 - j 

Equations (A6) can be simplified by eliminating the cou-
pling terms if the axes used in the computations are theprin-
cipal shear axes of the cross section. These axes are defined 
such that

'-lOW - 

	

'—Jot,'=Jow'=o	 (A7) 

The relationship between the location and orientation of 
points and panels in two systems of coordinates, arbitrary 
axes . (x,y,z) and the principal shear axes (x',y',z'), is shown 
in figure 8 and given by the following equations: 

y'=(z — m') sin X'+(y—l') cos V	 (A8a) 

z'= (z — rn ') cos X'—(y—l') sin X' 	 (A8b)

(A9a) 
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cos X'—F1 sin )'	 (A13b) 

M'=M+m'F1 —VF,	 (A13c) 

When referred to the principal shear axes, the equations 
for the bay displacements become 

U.-I) i
 {(FVI±(Iik+uf_l. 

r'tcos ")
	 - 2 

(
Gt cos fOt sin	 +(Gt sin 

2	 2	 12,j,k+1 

(A14a) 

A	 (—
"	

^(F^')i+Z;E(ui,j,k+Ui-I,J,L- )F^Gts 'mo , 

2	 ),,+I.k IJ•WW I 

,Gtsin

	

th"	 _ 	 _________ 

(	 20
	 Gtcos,V ts'	 (\ 


-	

2 \	 /

(A14b)

Gtrl

	

o1 =(_J_) {(lX')i_	 -. 

	

, k	 R	 2.1+1k 

(Ot it)	 Otp, 	 +(1) ]}
	

(A14c)' 
2	 -	 2 i. j,k±1 	 i,j,k 

BAY THRUST AND MOMENT EQUILIBRIUM 

The equations obtained from equations (A4) and (A14) 
are sufficient in themselves to define completely the dis-
placements of the structure. However,, if the equations are 
solved by iteration, it is helpful to employ a periodic cor-
rection cycle based on the gross equilibrium of axial loads 
in the cross section

	

(P)I,I,k=o	 (A15a) 

	

(MY) l —(Pz) lIk=o	 (A15b) 

	

j	 k 

	

(AL)t+(i5y)I J k=5o	 (A15c) 

	

j	 k 

It can be shown .tlutt equations (A15) are satisfied b y the 
solution of equations (A4) and (A14); however, they are not 
likely to be satisfied by the displacement values obtained 
from any given cycle of iteration. In reference 2 it was 
demonstrated that convergence of the iterative process can 
be speeded if the displacement values are periodically cor-
rected so that the stringer displacements satisfy equations 
(A 15). 

The corrections applied to the stringer displacements are 
a planar distribution over the cross section and are deter-

	

mined as follows:	 - 

(u, j, k)z+l (ui, , j n +Au1 , , , (A16) 
where

Uj,j,&ôUj+@z, Y1,k+y,i Zj,iç 

Substituting ei quation (A16) into (A15) yields	 - 

(AE) 1 Mt1 + (E Q)1 i + (E Q), 0,j = (LF)1 + 

L,ZZ
	

( 1,ki-1, 
(AL

E\
I k	 )1,5, j 

(Al7a)

(E Q tu 2 + (El12) 2 0, i ± (El11) I3 = (LM1) 2 +
AEz /	 '	 1 
L 

(A17b). 

	

(EQ,)aa2+(EI,,)1	 +(I)	 —(LItl',)2± 

Li[(AEaTy)iik_(u2j_Uj_ijk) E
(AL
	 1 j 

where	
(A17c) 

(AE) 2 = 57, E(AE)j , Jk	 (E111)2=	 (AEz2)2 j,k 

	

j k	 j k 

(EQ,)1 = 23 Y-(AEy)i.,, '. 	 (EI,) 1 =	 (AEy2)1, j,k 

	

j k	 j k 

(EQ1) 1 =	 (AE) j, k	 (E112)=	 (AEyz)lJk 
j	 k	 .	 j	 k 

These equations can be simplified by elimination of the 
coupling terms if the computations are referred to the equiva-
lent principal inertia axes of the cross section. These axes 
are referred to as equivalent because the variation of modulus 
of elasticity over the cross section is taken into consideration. 
These axes (x",y", z") are defined such that 

EQ,"=EQLI	 Jl 
"=i;-'r

y "=0	 (A18) 

and then the following relationships are applicable: 

y" = (z—m") sin X"+ (ij—l") cos A"	 (A19a) 

z"= (z—n") cos A"—(y—l") sin A"	 (A19b) 

tan 2X" =  	 2(E11. - AE1"m")	
(A2 Oa) (E	 AEin"2) —(El,. - A.El"2) 

AE	 (A20b) 

?fl	 (A20c)

El "—(ElYr —AEin" 2) cos2 X"+(EI,—AE1"2) sin  A"— Ill -' 

2(E112—AEI"n-t") sin A" cos A" (A21a) 

El — "(E111 —AEin"2) sin  A"+(EI —AEl" 2' cos2 A"+ -

2(E112—AEI"m") sin A" cos A" (A21b) 

(A22a) 

	

M1"=M sin A"+M.,, cos A"	 (A22b) 

	

cos X—M1 sin A"	 (A22c) 

A further simplification of the correction cycle can be made 
by eliminating the load and temperature terms on the right-
hand side of equations (A17). This elimination can be 
accomplished by iterating the difference between the exact 
solution and one which satisfies statics (equations (A15)) 
but not necessarily continuity. The iteration of differences 
has an additional advantage in that smaller numbers, and 
consequently less work, are required to obtain a solution. 

An examination of equations (A17) indicates that they can 
be satisfied by a planar distribution of strain corresponding
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to the elementary analysis of reference 1. Then the initial 
values of stringer displacements u can be defined as follows: 

'U', i,k'U'i-I, 1.1+(e04, ,, k	 (A23) 
where

,/\ (6 0L)1, , ,= (5u1")0+	
', 

+ (v,t JoZj,i,, 

and, with respect to the equivalent principal inertia axes, 

('U'")°=jA-) [(F1") 1 +ZZ (AEA)1	 (A24a) 

/ L ),[-(T17z'%+ZE(AEaTy'%,j,k 

(A24b) 

(iLy") [(M9" ) 1 +	 (AEaTz")1 ,

(A24c) 

The corresponding values of the bay displacements are 
obtained from equations (A14) and (A23). 

Then the correction-cycle equations applicable to the 
iterated differences are as follows: 

u"=	 ('u,J,k-ul_l,J,k)(AE)l,	 (A25a) 

,,	 ( 1 \ 
) E k (ui,,,e-ui_l,,,k)(AEy")l,j,k (A25b) 

I zz ,8 j  

)	
j,k-'Ui_l,j,k)(AE2 ), 	 (A25c)

El." i j k 

Equations (A25) provide corrections to the stringer dis-
placements u only. These corrections remove any unbal-
anced moment or thrust on the cross section but add 
unbalanced shear forces which are removed by correcting the

bay displacements (v,w,O). The corrected bay displacements 
are obtained from the corrected stringer displacements by 
application of equation (A14). These two operations con- 
stitute the complete correction cycle that brings the stringer 
loads into equilibrium with the external loads without chang-
ing the shear stress in any panel. 

REFERENCES 

1. Heldenfels, Richard R.: The Effect of Nonuniform Temperature 
Distributions on the Stresses and Distortions of Stiffened-Shell 
Structures. NACA TN 2240, 1950. 

2. Duberg, John E.: A Numerical Procedure for the Stress Analysis 
of Stiffened Shells. Jour. Aero. Sci., vol. 16, no. 8, Aug. 1949, 
pp. 451-462. 

3. Southwell, R. V.: Relaxation Methods in Engineering Science. 
A Treatiseon Approximate Computations. The Clarendon 
Press (Oxford), 1940. 

TABLE 1.-STRINGER PROPERTIES 

®®®® ® 

L j T E aT A .4E AEaT 

 1 205 9. 55640X10' 2,728.5X10' 1.11 10. (',0760X10' 530,380 23,943 
20 

120
2 158 9.89078 2,066.0 1.15 11.37440 598,720 23,500 

20 3 155 9.90937 2,025.2 .74 7.33293 366,647 14.851 
20 4 162 9.86558 2,120.6 1.01 9.96424 498,212 21,130 

1 219 9.45386 2,910.7 0.98 9.26478 463,239 26,967 
20 2 173 9.79376 2,271.3 1.05 10. 25345 514,173 9-3,357 

1
20 20 3 165 9.84635	 - 2,161.6 .66 6.49859 324,930 14,047 
20 4 167 9.83339 2,189.0 .89 8.75172 437,586 19,158 

1 231 9.35468 3,080.0 0.59 5.51925 275, 963 16,999 
20 2 187 9.69703 2,464.3 .62 6.01219 300,610 14,816 

1
20 20 3 175 9.78031 2,298.8 .38 3.71652 185,826 8,544 
20 4 172 9.80044 2,257.6 .54 5.29224 264,612 11,948 

20 1 244 9.24233 3,264.4 0.46 4. 25147 212,574 13,878 
20 2 202 9.58691 2,672.7 .52 4.98520 249,260 13,324 
20 3 185 9. 71125 2,436.7 .30 2.91338 145,669 7,099 
20 4 177 9. 76674 2,326.3 .42 4.10203 205,102 9,543 

'E= (10.5-0.00147T-0.0000151 T2) X 10° 
"aT (12.52T+0.00352T2)X106 

TABLE 11.-PANEL PROPERTIES 

Cover- panels1,,.1 Webs: panels1,1,1 - 

© © © © 0 0 ® 0 0 0 0 0 0 0 0 0 

at Gth GtL 2 T C t S
Ct 635 ML 2 

0 L .s T C £ S
.- 2 T IL 

IgIX® 20X@ ©X© 2 • OX® 2®XO ©XO 2 

@1 21107<0 © 20 OX® 2 2 

1 3.49967X10° 0.064 10 111,989 111,989 111,989 1.56250 
1, 20 2 182 3. 57892X10° 0.040 10 71, 5-7--8- 71, 578 71, 578 _2._5__.5 153 3.65265 .051 10 93,143 93,143 93,143 1. 96078 120 

20 
20

3 
4

157 
159

3.65560' 
3.64969

.040 

.040
10 
10

73,112 
72,994

73,112 
72,994

73,112 
72,994

2.5 
2.5 162 3.64075 .051 10 92,839 92,839 92,839 L 96078 

20 1 219 3.4544.3 0.064 10 110,542 110,542 110,542 1.56250 
2 20 2 196 3.53336 0.040 10 70,60 70,607 70,607 2.5 173 3.60722 .051 10 91,984 91,984 91,984 1.96078 

20 
20

3 
4

169 
166

3.61955 
3.62869

.040 

.040
10 
10

72,391 
72,574

72,391 
72,674

72,391 
72,574

2.5 
2.5 167 3.62365 .051 10 92,454 92,454 92,454 1.96078 

20 1

--------- ---- 206

3.41122 0.032 10 54.580 54,580 54,580 3.12500 
3 20 2 209 3.48937 0.020 10 34,894 34,894 34,894 5.0 187 3.56287 .025 10 44,336 44,536 44,536 4.00000 

20 
120

3 181 3.58211 

------------
7 

.020 10 35,821 35,821

----

35,821 5.0 
4 173 3.60722 .020 10 36,072 36,072 36,072 5.0 172 3. 61032 .025 10 45,129 41,121 45,129 4.00000 

20 1

-------------- 291

3.36287 0.032 10 53,806 53, 806 53,806 3.12500 
4 20 2 223 44018 0.020 10 34,402 34,402 34,402 5.0 202 3.51326 .025 10 43,916 43,916' 43,916 4.00000 

20 
120

3

--------- 

194 3.53999 .020 10 

3.---------------------------- 244 

35.400 a5, 400 35,400 5.0 
•4 181 3.53211 .020 10 35,821 - 35,821 

1
35,821 5.0 177 3.59474 .02.5 1	 10 1	 44. 934 1	 44,934 1	 44.934 1	 4.00000

G=(4.0-0.00144 T-0.0000048 77) x100
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TABLE V.-STRINGER-DISPLACEMENT EQUATIONS-Concluded 
(b) Temperature problem 

j 571, S iu-.i,-j Vj-,j Uj-1.j.-1 V,j-j Ui.j+i lLi+,,j-i ti*hi Ui+I.j+t AV, Vi+' 

- 1 1,13.5.864 0 0.403923 0.063016 0 0.125231 0 0.345615 0.062214 0.063016 0.062214 0.001740 
2 1,370. 641 .052222 .309366 .0.53341 .10.3780 .106157 .051558 .270760 .052815 .001119 .001258 .000104 
3 982. 648 . 074403 .224435 .07428.3 .148072 .148138 .073669 .183143 .073856 -. 000120 .000166 .000818 
4 I, 081,366 .067502 .393223 0 .134615 0 .067113 .337547 0 -.067502 -. 067113 .001824 

1 844,763 0 0.464713 0.083653 0 0.124959 0 0.285369 0.041306 0.083653 0.041306 0.011800 
2 1.028,556 .068705 .360812 .070381 .102630 10520S . .033925 .223512 .034826 .001676 .000898 .008304 
3 727. 614 .099491 .247336 .099742 .148722 .149318 .049231 .166584 .049576 .000252 .000345 .0075C3 
4 810,844 .089564 .450163 0 .133991 0 .044487 . 281854 0 -.089564 -.044487 .008892 

- 1 557,833 0 0.432153 0.062553 0 0.124224 0 0.318400 0.061671 0.062553 0.061671 0.005395 
2 600,387 .050543 .332994 .051885 .100373 .10.3161 .049830 .259938 .051276 .0013.38 .001446 .002161 
3 474,609 .075475 .240057 .076004 .150062 .151478 .074588 .156862 .075475 .000529 .000887 .003045 
4 541,607 .066602 .4219(56	 - U .132740 0 .066138 .3 12553 0 -.066602 -.066138 .0644.0 

1 246, 976 0 0.721414 0.139293 0 0.139293 0 0 0 0. 139293 0 0.056192 
2 319 062 .107822 .562455 .110950 .107822 .110950 0 0 0 .003128 0 .041760 
3 216,890 .163217 .343252 .165158 .163216 .165157 0 0 0 .001941 0 .032731 
4 240, 923 . 148682 .702635 0 .148682 0 0 0 0 -.148682 0 .039610 

1	 ( 7 GIL\ rIGtL\	 IGIL\	 1 /'OIL\	 r/AE\ 7o'L\ 7au'\	 1 rfat\	 1 [(,--)+(\-	
).+	

J+Ui+l._i.l(,,,-j1.4-Ui-Id.l [y--
(GI) 

..	
. 

r7AE\ fGtL\	 /GIL\	 '1 7GIL\ r7GtI\ /GIL\ 1 r/ot\	 1 
lLj+i,j,j (-:--1 -(-1 -(-1 +Ui-id+I.l('----'J .4-Uj+i,i (-J -(-) 1+ 

\	 L	 /--l .j .l \ 4b J+i,.i	 \ 44 /-i-i.-i-i.iJ \ 4(5 / j , j+i,i \ 4b \ 4b /,+i.,+i,iJ L\ 2	 \ 2 

+(AEaT)i,i.z- (A Er 
i+l.j+l.I 

Al)7 IAE\ fatL\	 fGtL\	 7 GIL\	 (otL\

Check: 
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TABLE VI.-MATRIX OF COEFFICIENTS 
(a) Load problem 

U1i1	 0121 ti131 ti141 U311 0331 U231 0211 0311 U321 0331 0341 

UlIl 0 0.081708 0 0 0.145946 0.054293 0 0 0 0 0 0 
.089976 0 . 148072 0 .060142 .143783 .099491 0 0 0 0 0 

U131 0 .083579 0 .100257 0 .055617 .247336 .066826 0 0 0 0 
ui 0 0 .148138 0 0 0 - .099742 .165840 0 0 0 0 

0211 0.108473 0.040592 0 0	 - 0 - 0.081101 0 0 0.170292 0.040233 0 0 
U331 .044700 .101-500 .073669 0 .089839 0 .148722 0 .045047 .162371 .075475 0 
tL33 .0 .041583 .183143 .049984 0 .083138 0 .100041 0 .041302 .240057 .049980 
32241 0 0 .073856 .124043 0 0 .149318 0 0 0 .076004 .191597 

0311 0 0 0 0 0.112262 0.026809 0 0 0 0.079899 0 0 
32331 0 0 0 0 .029697 .108193 .049331 0 .089460 0 .150062 0 
0331 0 0 0 0 0 .027521 .156584 .033215 0 .082119 0 .099612 
0341 0 0 0 0 0 0 .049576 .127330 0 0 .151478 0 

U411 0 0 0 0 0 0 0 0 0.091092 0.039666 0 0 
32411 0 0 0 0 0 0 0 0 .044412 .105646 .074588 0 
0131 0 0 0 0 0 0 0 0 0 .040817 .156862 .049632 
0411 0 0 0 0 0 0 0 0 0 0 .075475 .110031 

Aw l ' -0.070838 -0.053503 0 -0.083941 0 0 0 . 0 0 0 0 0 
-.069922 -.052837 0 -.083676 -.094078 -.070670 0 -.085132 0 0 0 0 

2W3' 0 0 0 0 -.046451 -.034216 0 -.041555 -.070462 -.051351 0 -.062529 
2104' 0 0 0 0 0 0 0 0 -.060483 -.050836 0 -.062258 

AOi ' 0.657179 0.127908 0.000600 -0.869324 0 0 0 - 0 - 0 0 0 0 
2181' .652002 .128254 -.000931 -.863065 - .877243 .171540 -.001258 -1.153883 0 0 0 0 
2183' 0 0 0 0 .430917 .081071 -.001725 -.562239 .653662 .121669	 . -.002644 -.846015 

-_ 2104' 0 0 0 0 0 0 0 0 .648157 . 122248 -. 004435 -.839626 

C 0 0 0 0 .0 0 0 0 0 0 0 0 

0411 0432 0431 0441 2101' 21W2' 2103' 21W4' 2101' 2182' 2183' 2184' 

UlIl 0 0 0 0 -0.751678 -0.749488 0 0 0.036202 0.036204 0 0 
Ui,3 0 0 0 0 -.625182 -.623662 0 0 .007760 .007842 0 0 
14131 0 0 0 0 0 0 0 0 .000020 -.000032 0 0 
U141 0 0 0 0 -.623142 -.626850 0 0 -.943982 -.044014 0 0 

UI,I 0 0 0 0 0 -0.749488 -0.756768 0 0 0.036204 0.036210 0 
U321 0 0	 - 0 0 0 -.623662 -.617504 0 0 .007842 .007546 .	 0 
022! 0 0	 - 0 0 0 0 0 0 0 -.000032 -.000090 0 
U241 0 0 0 0 0 -.626850 -.625728 0 0 -.044014 -.943666 0 

0311 0.198992 0.084548 - •0 0 0 0	 - -0.756768 -0.754346 0 0 0.036210 0.036220 
U121 .097020 .225184 .163216 0 0 0 -.617504 -.615690 0 0 .007546 .007648 
31331 0 .087001 .343252 .108289 0 0 0 0 0 0 -.000090 -.000142 
31341 0 0 .165157 .240070 0 0 -.625728 -.629962 0 0 -.043666 -.943716 

0411 0 0.084548 0 0 0 0 0 -0.754346 0 0 0 0.036220 
U431 .097020 0 .163216 0 0 01 0 -.615690 0 0 0 .007648 
U433 0 .087001 0 .108289 0 0 0	 • 0 0 0 0 -.000142 
0443 0 0 .165158 0 0	 . 0 0 -.629962 0 0

-

0 -	 -.043716 -

AW1' 0 0 0 0 0 0 0 0 0 0 0 0 
2103' 0 0 0 0 0 0 0 0 0	 . 0 0 0 
21143' 0 0 0 0 0 0 0 0 0 0 0 0 

-_2104' -.151742 -. 107930 0 -.135838 0 0	 - 0 0 0 0 0 0 

218' 0 0 0 0 0 0 0 0 0 0 0 0 
2181' 0 0 0 0 0 0 .0 0 0 0 0 0 
2183' 0 0 0 0 0 0 0 0 0 0 0 0 
2184' 1.415914 -._260572 -.009705 -1.831930 0 0 0 0	 - 0 0 0 0 

c 0 0 0 0 -- 0.026848 0.020340 0.027731 0.014020 -0.000345 -0.000266 -0.000354 -0.000182
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TABLE VI.-MATRIX OF COEFFICIENTS-Concluded 

(b) Temperature problem 

UIIl U121 UjSj 21143 21311 11124 U734 21744 24341 11321 

11111 0 0. 103780 0 0 0.464713 0.068705 0 0 0 0 
Out . 125231 I) .148072 0 .083653 .360812 .099491 0 0 0 
uu 0 .106157 0 .134615 0 .070381 . 247336 .089104 0 0	 - 
11141 0 0 .148138 0 0 0 .099742 .450163 0 0 

Ulii 0.345615 0. 0515.58 0 0 0 0.102630 0 0 0.432153 0.050543 
.062214 .270760 .073669 0 .124959 0 .148722 0 .062553 .332994 

uu 0 .052815 .153143 .067113 0 .105208 0 .133991 0 .051885 
11141 0 0 .073856 .337547 0 0 .149318 0 0 0 

U311 0 0 0 0 0.285369 0.033925 0 0 0 0.100373 
11314 0 0 0 0 .041306 .223512 .649231 0 .124224 0 
Uu1 0 0 0 0 0 .034826 .156584 .644487 0 .103161 
11344 0 0 0 0 0 0	 . .649576 .281854 0 0 

lllii 0 0 0 0 0 0 0 0 0.319400 0.1049830 
2143! 0 0 0 0 0 0	 - 0 0 .061671 .259938 
11431 0 0 0 0 0 0 0 0 0 .051276 
21444 0 0 0 0 0 0 0 0 0 0 

Vi' 0.063016 0.001119 -0.000120 -0.067502 0 0 0 0 0 0 
1'3' .062214 .001258 .000186 -.067113 .083653 .001676 .000252 -.089504 0 0 

1V3' 0 0 0 0 .041306 .000898 .000345 -.044487 .062555 .001338 
584' 0 0 0 0 0 0 0 0 .061671 .001446 

0.001740 0.000104 0.000818 0.001824 0.011800 0.008364 0.007563 0.008892 0.005595 0.002161 

31334 U341 U411 U471 U431 U141 4111' 41427' 41423' 41424' 

71444 0 0 0 0 0 0 0.328816 0.327720 0 0 
U221 0 0 0 0 0 0 .007047 .007995 0 0 
11131	 - 0 0 0 0 0 0 -.000542 .000649 0 0 
11241 0 0 0 0 0 0 -.335321 -.336,%4 0 0 

0344 0 0 0 0 0 0 0 0.327720 0.326763 0 
13274 .075475 0 0 0 0 0 0 .007995 .008681 0 
U231 .240057 .066602 0 0 0 0 0 .000849 .002350 0 

076004 .421066 0 0 0 0 0 -.336564 -.337794 0 

21344 0 0 0.721414 0.107822 0 0 0 0 0.326763 0.325706 
U331 .150062 0 .13M3 .562455 .163217 0 0 0 008681 . 009449 
11331 0 .132740 0 .110950 .343252 148682 0 0

.
002350 . .003986 

0344 .151478 0 0 0 .165158 .702635 0 0 -.337794 -.339140 

24411 0 0 0 0.107822 0 0 0 0 0 0.325706 
U431 .074598 0 .139293 0 . 163216 0 0	 . 0 0 .009449 
0431 .156862 .066138 0 .110910 0 .148682 0 0 0 .003986 
14441 .075475 .312553 0 0 .165157 0 0 0 0 -.339140 

4142i' 0 0 0 0 0 0 0 0 0 0 
41v' 0 0 0 0 0 0 0 0 0 0 

.000529 -.066602 0 0 0 0	 . 0 0 0 0 
584' .000887 -.066138 .139293 .003128 .001941 -.148682 0 0 0 0 

c 0.003045 0.004440 0.056192 0.041760 0.032731 0.039610 0 0 0 0
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TABLE VII.-CORRECTION CYCLE
(a) Load problem 

U111 -0.054016 0.053248 
Urn -.057921 .059103 
11131 -.037341 .037350 
U141 -.050740 .050299 
11311 -0.053248 0.053741 
11221 -.059103 .058541 
11231 -.037350 .036188 
11211 -.050299 .051505 
11311 -0.053741 0.052.320 
U321 --. 058541 .061348 
11331 -----.036188 .035852 
21342

---

-.051505 .050482 
U111 rn

----

-0.052320 
U421 -.061348 
U433

----

-
-.035852 

U443 -.050480 
5 

------ 
------ 
--------

5 5 5 
5th cycle -35.25 

--------

-62.43 -85.11 -97.77 10th cycle -.7006 -1.198 1.799 -2.156 
14th cycle .09770 .1949 .1669 .2673 

(b) Temperature problem 

Ouj" '	 , i" 9113 ,	 " lu" J9., 3" 0114" B.	 " 

u311 -0.270057 0.029722 0.266240 -0.029618 34 131 -.289578 .009505 .295514 -.009780 
U131 -.186687 -.008325 .186749 .008413 
U143 -.253677 -.030952 .251497 .030984 
34211 -0.266240 0.029618 0.268705 -0.029594 81221 ------------- -.295514 .509780 .292703 -.009945 8l231 -.

--
-.186749 -.008413 .180039 .007953 U341

------------- 
------

--
---.251497 -.010984 .257653 .031226 -- -----------

-0.258705 0.029564 0.261595 -0.029254 11221

------------- 
------------- 

------------ ------------- .009845 .306742 -.010188 -	 11331
-

-------------
---.292703

-.007983 .179262 508139 1-1842
------------- 
- - ----------- -------------

---.180939 
---. 257653 -.031226 .252400 .031303 

11431

------------- 
-------------

-0.261195 0.029254 UI21 -.306742 .010188 U431

-------------

-.179262 -.008139 11441

------------- ------------- ------------- 

-------------

------------- 

------ --
--

-.252400 -.031303 

94,2"

-------------

-14.239858 

------------ 

--

------------- 

--------------

------------- 
------------- 

-14.235020 -14.275390 - -14.224672 
94.3"

-- - ------ - --- 

-4.239858 
5.760142

-4.235020 -4.275390 -4.224672 
94,4" 15.750142

5.764980 

--------

5.724610 5.775328 
15.764980 

-- ----

15. 724610

--

15.775328 
5th cycle -33 1.951 -64 3.713 -94 5.286 -98 5.604 9th cycle 0 -.0199 0 .05987 -2 .07765 -2 .06513
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THE METHOD OF CHARACTERISTICS FOR THE DETERMINATION OF 
SUPERSONIC FLOW OVER BODIES OF REVOLUTION 

AT SMALL ANGLES OF ATTACK 1 

By ANTONIO FERRI 

SUMMARY 

The method üf characteristics has been applied for the deter-
mination of the supersonic-flow properties around bodies of 
revolution at a small angle of attack. The system developed 
considers the effect of the variation of entropy due to the curved 
shock and determines a flow that exactly satisfies the boundary 
conditions in the limits of the simplifications assumed. Two 
practical methods for numerical calculations are given. 

INTRODUCTION 

For the determination of aerodynamic properties of bodies 
of revolution at supersonic speeds, two methods have been 
used: a method that uses the small-disturbances theory and 
a method-that uses the characteristics theory. Both methods 
are successful in the determination of the flow properties for 
bodies at zero angle of attack, but the precision of the small-
disturbances theory decreases when a body of revolution at 
an angle of attack is considered. 

For bodies of revolution having supersonic flow every-
where, the theory of characteristics can also be used at an 
angle of attack. 

The method of characteristics for the determination of the 
flow field around bodies of revolution at an angle of attack 
was first used by Ferrari (reference 1) in 1936. Ferrari 
considers the flow as potential flow and develops a method 
for the analysis of the flow field around a body that in the 
approximation of potential flow appears to be general and 
can be applied to bodies of any shape and with any angle of 
attack. In the determination of the flow properties along 
the first characteristic surface from which the analysis starts, 
however, Ferrari analyzes the flow around a cone of revolu-
tion, and in this part of the analysis only small values of 
angle of attack are considered. 

Sauer in 1942 (reference 2) considers the same problems 
and shows that, for small values of angle of attack, the 
analysis of the flow field around a body of revolution can be 
made by applying the characteristics method only in one 
meridian plane; and, therefore, Sauer uses characteristic 
lines in place of the characteristic suifaces considered by 
Ferrari. Sauer, in the development of his system, is inter-
ested essentially in the analysis of the flow around circular 
cones; and when the method is applied to bodies of revolution 
of shapes different from cones, the boundary conditions are

'S 

no longer satisfied. The flow obtained from the solution 
used, also at small angles of attack, wets a body that is 
not a body of revolution. The body can be obtained from 
the body of revolution considered initially by curving its 
axis of symmetry. Saner also assumes that the flow is 
potential flow. With this assumption, the flow must be 
considered as potential flow for the .case of the body at-zero 
angle of attack also; therefore, all the effects of entropy 
gradients are neglected. 

The flow field around circular cones at small angles of 
attack has been analyzed in a more exact form by Stone and 
Fern. (See references 3 to 5.) In his analysis, Stone 
considers the flow as rotational flow and, therefore, takes 
into account the effect of entropy gradients on the velocity 
distribution. This effect exists only when the cone has an 
angle of attack and, at low Mach numbers, is small but of the 
same order as the effect of other parameters that are con-
sidered in the analysis. Ferri considers correctly the 
entropy distribution at the surface of the cone and found the 
existance of a vortical layer at the surface of the cone across 
which the pressure does not change although density and 
velocity change. 

Here, the method of characteristics is extended to the 
analysis of the flow field around a body of revolution at small 
angles of attack for the case of rotational flow. The effect 
of entropy gradients about bodies of revolution even at small 
angles of attack can be important because the entropy 
gradients that exist in the stream for small angles of at.taèk 
are due to the variation of curvature of the shock existing 
at zero angle of attack also, together with the fact that the 
shock surface does not have axial symmetry with respect 
to the direction of the undisturbed velocity. 

The method presented permits the determination of a 
flow that in the assumption of small angles of attack exactly 
satisfies the boundary conditions and, therefore, wets the 
body of revolution considered. This method is given in a 
form that permits its application to practical problems and 
requires either numerical or numerical and graphical calcu-
lations of the same type as the calculations used for the 
analysis of the flow around bodies at zero angle of attack. 
The method can be applied to cases in which the entropy 
variations can be neglected or are zero. In these cases the 
terms that contain the entropy variations become zero. 

1 Supersedes NACA TN 1809, "The Method of Characteristics for the Determination of Supersonic Flow over Bodies of Revolution at Small Angles of Attack" by Antonio Fern, 1949. 
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SYMBOLS 

X , y, 0 cylindrical coordinates (fig. 1) 
r, V, , 0 polar coordinates (fig. 8) 
V local velocity (function of x, y, 0) 
U, v, w velocity components in cylindrical coordi-

nates (u along x-axis, v along y-axis, and 
w normal to meridian plane) 

V" v,, w velocity components in polar coordinates 
(v, along r, v,, normal to r in meridian 
plane, and w normal to meridian plane) 

V1 limiting velocity corresponding to adiabatic 
expansion to zero pressure 

P pressure 
o density 

ratio of specific heats 

a speed of sound (a2=y 	
) 

a angle of attack of body 

13 Mach angle (sin [3=) 

angle between velocity V and x-axis 
angle between the axis of the cone tangent 

to the shock and the axis of the body 
-	 angle at the apex of the cone tangent to the 

shock 
Xa, Xb tangents to the characteristic surfaces in 

the meridian plane 0= Constant 
velocity component normal to the shock 

surface 
VT velocity component along the generatrix of 

the cone tangent to the shock 
W velocity component tangent to the cross 

section of the cone tangent to the shock 
angle between the tangent to the shock 

and the axis of the body 
AS entropy variation for unit mass 
n normal	 to	 the streamline in	 the plane 

0 r= Constant 
normal to the surface of the shock 

H, L, K, Z coefficients defined by equations (24) 
A- coefficient defined by equation (41) 
9 coefficient defined by equation (45) 
D1 , D2 coefficients defined by equations (55) 
A 1 , A2, P 1 , P2 , T coefficients defined by equations (60) 
R radius of the hodograph diagram 
Subscripts: 
0	 - free-stream flow quantities 
I flow quantities for the condition of zero 

angle of attack 
2- flow quantities related	 to	 the effect of 

angle of attack as defined in equations 
(5) and (11)

\\	

J	 - 
P	 U	

0 0 

\(

y
9.41 

FIGURE 1.—Cylindrical coordinates and corresponding velocity components. 

The prime (') represents quantities in front of the shock 
and the double prime (") represents quantities behind the 
shock. 

EQUATION OF MOTION FOR FLOW AROUND A BODY OF 
REVOLUTION AT A SMALL ANGLE OF ATTACK 

Consider a cylindrical coordinate system in which the 
x-axis is coincident with the axis of the body of revolution, 
the y-axis is normal to the x-axis in any meridian plane, and 
the position of every meridian plane is defined by the angle 
0 measured with respect to the meridian plane that contains 
the direction of the undisturbed velocity (fig. 1). 

Euler's equations of motion for steady flow in cylindrical 
coordinates are

àu	 àu 

	

p ox_ u+ v + w	 - (la) 

	

_!i?_ ôv	 .-- w--- w2—u ày +—v+	 (ib)

	

pàyôx ày yào	 y 

	

ow Ow	 vw (ic) 

The continuity equation in cylindrical coordinates can be 
expressed in the form 

	

O(pu) O(Pvy)+O(wP)o 	 (2)bX yOy y 6 

whereas the law of conservation of energy can be written in 
the form

	

flOp pOP'	 (Ou+ à y 	 Ow\ 

	

ypp2OJ	 ax v — +w--)	 (3a) 

	

71 op p bp \	 / Ou ày	 Ow\ 
-	 -'f—i	

(3b) 

71 Op p bp '\_ / Ou	 ày	 Ow\ -i-	 (3c)ybo 
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If the density is eliminated from equation (2) by means of 
equations (1) and (3) and the quantity a is introduced as 
defined by

a2=l 
P 

the following equation can be obtained: 

Ou ( u2\ Ov ( .v 2\ Ow ( w2\ v 
Ox	 a2)+Oy 1 a2)+yOO 1 a)+y 

vufOu Ov\ uw(Ow Ou\ vw,'Ov Ow\0 
j(	 (4) a 2 Ox +yOO) a2 yO0+Oy)_	 (4) 

In this analysis only small angles of attack will be con-
sidered, and, therefore, only the first-order effect of the 
angle of attack will be determined; whereas, the quantities 
of the same or higher order than the square of the angle of 
attack will be neglected. In this approximation the velocity 
components of the flow around the body can be expressed 
in the following form (references 1 to 4): 

u= u1-I-au2 Cos 0	 (5a) 

v = vi+av2 COS 0	 (5b) 

w=aw2 sin 0	 (Sc) 

where u, v, and w are functions of the three coordinates x, y, 
and 0; whereas u1, v1 , 14, v2 , and w2 are functions only of the 
coordinates x and y of any meridian plane. The quantity a 
is the angle of attack of the body, the quantities with sub-
script 1 are the quantities existing at the position (x, y) for 
the body considered at zero angle of attack at the same Mach 
number, and the quantities with subscript 2 are functions 
that take into account the effect of angle of attack. 

It will be shown in the following considerations that the 
form assumed in equations (5) for the velocity components 
permits the boundary conditions to be satisfied in the simpli-
fications assumed. For small angles of attack equation (4) 
becomes 

Ou( 1 u'\Ov( 1 v2\v (Ou+Ov'uv+	 -o	 6 Ox\.	 a2) I Oy\.	 a2) y \..Oy Ox) a2 yOO 

Equation (6) is similar in form to the .corresponding 
equation for the case of the body at zero angle of attack and 

Ow differs only in the term	 In order to analyze the differences 

between this expression and the expression for the axial 
symmetrical case and in order to obtain another relation that 
defines the quantity w, the relation between rotation of the 
flow and entropy gradient will now be introduced.

Between rotation of flow and entropy the following relation 
exists:

curl VXV= - gradS	 (7)

or for small angles of attack 

OS a2	 /Ov Ou\ (8a) 

OS a2 /Ov Ou\ s- —=u (---)	 (8b) 

OS a2	 (Ow OV) wv (Ou Ow) 
V	 (8c)

yOO Ox 

If n, is the normal, in the meridian plane 0= Constant, to 
the local tangent to the streamline, then 

OS___ 
On	 OxV'OyV 

V (Or Ou\

	

- )	
(9)

whereas from equation (8c), when equations (5) are used, 
it follows that 

1 a2 OS r (^^2 v2) __-_— by [ V -+ +_+u (+)] a sin 0 (10) 

Therefore, the entropy can be expressed in the forth 

zS=zS 1 +a AS2 cos 0 (11) 

where AS and A82 are functions nnly of x and y. Equation 
(11) is valid outside of the vortical layer existing at the 
surface of the body (see reference 5); whereas the entropy 
at the surface of the body is constant and equal to the 
value existing at the conical tip. Because no pressure 
gradient exists across the vortical layer, the pressure will 
be determined outside of the layer and equation (11) will 
be used in all the flow field. The presence of the layer must 
be considered for the velocity and density distribution at 
the surface of the body. At the surface of the body the 
entropy is constant and equal to S 1 —a AS2. (The meridian 
plane 0=0 is defined as in figure 1.) From equation (11) 
it results

Ow2	 Ow2	 ,2 
------iS2	 (12) 

Oy	 Ox	 y	 y7R 

Equation (6) can be written in the following form: 

Ou( tt2\ Ov( v 2\ v 2uvOv uv OS Ow 
Ox	 a2fOy' a2)+y OF Ox+VROn+yOO° 

(13)
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Equation (13) together with equation (12) defines the law 
of motion of the flow around the body at small angles of 
attack. These equations will be used as a basis for the cal-
culation of the flow field by the method of characteristics 
to be treated in a subsequent section. 

CONDITIONS AT THE SHOCK FRONT 

Equations (5) and (11) represent a stream that wets a 
body of revolution at a small angle of attack. In order to 
satisfy the boundary conditions at the surface of the body, 
the functions u2, v2, and w2 must be properly selected. 
Equations (5) and (11) must, however, satisfy the boundary 
conditions at the shock surface also in order to be a solution 
of the problem. It is necessary, therefore, to show that a 
shock surface can exist across which the undisturbed stream 
inclined at a with respect to the axis of the body is trans- 
formed into a flow represented by equations (5) and (11). 

In order to show that the shock boundary conditions can 
be satisfied, the following procedure will be employed. A 
shock surface distorted in a manner to be described is 
assumed. Then, the free-stream velocity ahead of the shock 
will be resolved into three components: VN normal to the 
shock in the plane 0= Constant, yr tangent to the shock in 
the plane 0= Constant, and w perpendicular to the plane 
0= Constant. Similarly, the flow behind the shock will be 
resolved into three components. In addition, each com-
ponent of the flow-behind the shock will be divided into two 
terms: one term for zero angle of attack and one term for 
the difference due to the angle of attack (for example, 
U=ui+ aU2 cos 0). Then, the-conditions of equilibrium at 
the shock will be imposed, and it will be shown that the 
terms u2 , v2 , and w2 ,at thesliock are independent of 0 when 
the angle of attack is small as initially assumed; hence, the 
distorted shock is consistent with the field of flow behind it. 
Such a shock surface can be obtained by deforming the shock 
surface produced by the body when the angle of attack a 

is zero in the following way (fig. 2): 
When a=0, the shock surface is a surface of revolution 

in axis with the body; therefore, if OP,OP' is the curve 
intersection, of the shock with the meridian plane 0=0, 
then for a=0 the tangent AQ at any point Q of the curve 
OP is the generatrix of a circular cone having the vertex at 
a point A of the axis and tangent along the circle QQ' to the 
shock surface. The shock surface, therefore, can be consid-
ered as a surface envelope of circular cones having the axis 
coincident with the axis of the body but having variable 

FIGURE 2.—The shock surface at aO and

cone angle and variable position of the apex A along the 
axis AB of the body. For the case of a #0 the shock surface 
is not a surface of revolution but can still be considered, 
for small angles of attack, as the envelope of the same 
circular cones considered for the case a=0. These cones 
have the same apexes and the same cone angles as the cases 
for a=0 but do not have the axis of symmetry AB coincident 
with the axis of the body AB although they are rotated in 
the plane 0=0 with respect to the body axis. The angle 
o, through which each axis of the cones must rotate in the 
plane 0=0 with respect to the axis of the body, is not 
constant but varies for each cone considered. For example, 
the cone AQQ' tangent to the shock surface for a=O, when 
a#0, must be rotated by an angle q to the position AQ1Q1'; 

-the axis AB, remains in the plane 0=0 
The shock surface so generated is consistent with the flow 

represented by equations (5) and (11), and this can be shown 
in the following way: 

Consider a point P of the shock produced by the body at 
an angle of attack, and consider the cone tangent to the 
shock at the point P (fig. 3). Call o' the semiangle of the 
cone with respect to its axis of symmetry. The axis of this 
cone is inclined at an angle 77 with respect to the axis of the 
body and lies in the plane 0=0. 

The uniform velocity V0 ahead of the shock is decomposed 
in the three components: VN' in the direction PB normal to 
the shock, VT ' in the direction AP along the generatrix of the 
cone, and •w' in the direction normal to the plane APB. 
These components are, at small angles of attack,. 

v= V0 sin o'—Vo(a—) cos q cos 0	 (14a) 

VT' = Vo cos cr+Vo(a—'i) sin u cos 0	 (14b) 

w'=—Vo(a-7) sin 0	 (14c) 

Strictly, in equations (14) Ik must be written in place of 0; 
but, for small angles of attack in equations (14), the differ-
ence between 4, and 0 can be neglected. Indeed, 

where S is of the order of a, and 0' differs from 0 by a quantity 
of the order of a. 

"Axis of the body 

FIGURE 3.—The velocity components in front of and behind the shock.
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The velocity components behind the shock are (fig. 3) 

VN"=U sin cr— v cos cr+n cos 0(v sin cr+u cos cr) (iSa) 

Vr"=li COS (r+V Sill cr + 71 COS 0(v cos cr—U sin cr)	 (15b) 

	

w" =w+n(u—v cot cr) sin 0	 (15c) 

where u, v, and w are the velocity components behind the 
shock in cylindrical coordinates in axis with the body at the 
point P considered. 

The velocity components u, v, and w at the point P can be 
expressed in the form given by equations (5), in which the 
components u1 and VL are the quantities obtained at the point 
P for the condition of cx=0 and are direct functions only of 
x and y. The point P, however, is a point of the shock, and its 
coordinates x and y change when the coordinate 0 changes; 
therefore, the velocity components u l and v1 at P also change 
with 01 . In order to separate the part of the components u, 
v, and w dependent on 0 from the part independent of 0, the 
velocity components u1 and v1 at P will now be expressed as a 
function of the flow properties at a point P1 near P, having a 
constant value of x and y for every value of 0. 

Now, it has been assumed that the angle of the cone cr 

tangent to the sh5ck at the point P is equal to the angle of the 
cone tangent to the shock for the condition of zero angle of 
attack at the point P 1 (fig. 4). The point P 1 is obtained on 
the shock by rotating the cone APQ tangent to the shock for 
the condition a=0 through an angle j around the axis AN 
normal to the plane 0=0 at the apex A of the cone. Because 
for the condition of zero angle of attack the velocity com-
ponents n 1 and v1 are independent of the coordinate 0, the 
velocity components u1 and v1 at P(x,y) (fig. 4) are equal 
to the velocity components at P2 (x,y) in the plane AP1C. 
Therefore, if AN is the distance P2P1, 

	

Ulp=Uip+(MLP%T	 (16a) 

+Q V ')P AN	 (16b)

where (fig. 4) -

AN= 
XPI 77 cos 0	 (17) 

COScr 

Substituting equations (5), (16), and (17) in equations (15) 
results in 

VN" = (UI sin o — Vi cos cr)p , +a cos 0(U2 sin cr — v2 Cos 0')p1+ 

cos 0(u1 cos cl+ vi sin 0')p1+ 

Xp1fl	

On .
	 0v1 \cos 0 	 sin o----- cos cr j(18a) 

Cos cr 	 ON	 ,p 

Vr"(lLi cos cr+ v 1 sin cr)p 1 +a cos 0('u2 cos cr+V2 sin cr)p 1 -

Cos 0(u1 sin cr—v 1 cos cr)p1+ 

XP ill

(Paz
	 0v1 

cos or
cosO	 coscr+_ON s1flcr

)P1 	
(18b) 

w" = aw2p1 sin 0+(ui —v i cot cr)p1 sin 0	 (18c)

FIGURE 4—The velocity components behind the shock for a dO as a function of the velocity 
components behind the shock for a=O. 

For the condition of zero angle of attack at Pi 

sin cr—v 1 cos or	 (19a) 

VT1"= Ui cos cr+ Vi Sin or	 (19b) 

and for the condition of the equilibrium at the shock at zero 
angle of attack

V0 cos ffVT1	 (20a) 

VN 1" V0 sin	 (20b) 

At the point P for the case of a small angle of attack, 

7— 
(vN'vN")p=—--(Vl

2 Vr 112)
p 	 (21a) 

,, vs_p =vrp'	 (21b) 

(21c) 

If equations (19) are used, equations (18a) and (18b) can 
be written in the form 

(V1 11 )p= (VN 1 11 )p 1 + a cos 0 (VV 21' )p 1 +'1 cos 0 (vs_1")1+ 

Xp1 fl	 ____ 

Cos	

6V It 

coscr	 \ON/p1 

cos 0 (vs_2") 1 -17 cos 0 (vz1")p1+ 

Xpfl	

(Ovr,"
cos 0 

coscr	 ON )p1 

Therefore, from equations (14), (20), and (21), 

cos Or (v1V11f)p1+ 

VO sin cr (aVN2"+	
,, Xp1fl	

)P, ?1Vs_1 +SlflØ. ON 

- 2(7-1) 
-- 7+1 

(a —) V02 cos cr sin cr	 (22a) 

(a — )Vosin cr(vr2")p 1 a— 

x'n (ovr1',\
(22b) 

sin LT



77 
XP 1 

(vT",\ a sinV0 ON )1	
(23a) 

and
a sin f=

_%/ V 2  +U 2 
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or

(L') ==(i _	
+(!0V0 p1 	 a,	 a	 1

or for small angles of attack 

tan = V 
- 
U 

(vN2,,)
1

 

[-2 (!J)(i_.')sin
V0  	 i'+1 

( i?(VNi")	 1 IOVN1)] 
a	 a cos c T7 k. ON

(23b) 

("')
	 _(i_+(_ull0ot!L (23c)

V0 p 1 =	 a,	 V0	 / a 

In equations (23) the coordinate 0 does not appear; there-
fore, for the shock considered the functions u2, v2, and. w2 
are independent of 0, and equations (5) represent a flow con-
dition in agreement with the conditions at the shock. 

The ratio /a which appears in equations (23) is independ- 
ent of a; therefore, for a given point P 1, /a remains constant 
in all the range of angle of attack in which the simplifica-
tions assumed are valid. (Indeed, u2 , v2 , and w2 are also 
independent of the angle of attack (equations (5)). The 
values of u2, v2, w2, and n/a must therefore be determined 
only for one value of the angle of attack. 

METHOD OF CHARACTERISTICS FOR FLOW AROUND A 
BODY OF REVOLUTION AT A SMALL ANGLE OF ATTACK 

In this section the method of characteristics is applied to 
equation (13) to establish equations which will permit the 
flow field behind the shock to be calculated by a point-by-
point process. If the flow is anywhere supersonic, equations 
(12) and (13) permit the determination of the flow around 
a body of revolution at a small angle of attack by using the 
method of characteristics. Equation (13) can be written in 
the following forth: 

H±L+2K+Z=0 Ox 
where

H=1--
a

(24) 
K-- a 

Z UV 1 OS Ow V 
_V yRO+yO0+y 

If 0 is the angle between the velocity Van  the x-axis and 
is. the Mach angle,  

tan 

sin

The tangent to the line intersection of a characteristic 
surface with the meridian plane 0== Constant is 

K 

(25 
Xatan (+)=— 

X 0 =tan ()=+ /K2_HL Ki 

where Xa is the tangent to a line corresponding to the char-
acteristic surface of the first family and X b is the tangent to a 
line corresponding to the characteristic surface of the second 
family. The terms X. and X 1 are solutions of the equations 
(reference 6)

Hx2-2Kx+L=o	 (26) 

Because u, v, V, and a can be considered tjo be given by an 
equation of the type of equations (5), cb and $ can also be 
written in the form

0=01+a2 COS 0 

0 = 1+002 cos 0 

The characteristic surfaces are not, therefore, surfaces of 
revolution but can be obtained, as was true for the case of the 
shock, as an envelope of circular cones with their apexes at 
the axis of the body and their axis of symmetry in the plane 
0=0 and inclined with the axis of the body. 

The, determination of the u and v components of the 
velocity in any point of the flow can be obtained from equa-
tion (13) by performing a transformation in order 'to obtain 
a law of variation along the characteristic lines (reference 6). 
Indeed, for every point of any meridian plane (for example, 
of the meridian plane 0=0, or 0='7r) two characteristic lines 
can be obtained as the intersection of two characteristic sur-
faces with the meridian plane. Along these lines the varia-
tion of the u and v velocity components is determined by the 
equations of characteristics that can be derived from equa-
tion (13). Assume that at two points P 1 and P2 (fig. 5) of 
the meridian plane 0=Constant (for example, 0=0, or O=ir) 
the velocity components are known. From equations (25) 
the tangents to the characteristic surfaces in this meridian 
plane can be drawn and the velocity components u and v at 
the point P3, intersection of the two tangents, can he ob-
tained in the first approximation. 

The equations of characteristics can be obtained by 
analyzing equation (13) along the characteristic lines given 
by equation (25) in the following way: If du and dv are the 
variations along the characteristic lines, 

du Ou	 Ou 
+(X0 , Ab) —

 



Now (fig. 5)

(dW2) 	 rcos 
WIE = W 2, +	 (Xp3 - ") [cos ( +	

(31 a) 

dv Os 
+(X0, ? ) j_	 (27a) 

then
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FIGURE 5.—The analysis of the flow with the characteristics system. 

or (see equation (9)) 

duOu	 ft a2OS 
+(Xa, X5)(Xa,

and., therefore, Y6_0is known at the points P 1 and P2. The 

value of the entropy is also "own at the points P 1 and P2 and 
cis therefore, the value ofcan be determined (reference 6) 
dn 

dS	 LSp2—LSp1 
r_ sin g 1	 r_sin$T 

(X'., - xp,) 
Lcos ($ + )-J + (

Xp3 Xp2) 
Lcos (0-0) 

(29) 

From equations (28) and (29) the values of u and v can be 
determined in the first approximation for the point P 3 . In 
order to determine the value of w at P3, the following Proce-
dure can be used: 

If s is the projection of the streamline in the meridian 
plane considered (fig. 5) and P3 is a point near P 1 and P2, 

dw 2 Ow2 sin —=---sin 
ds	 01,	

----cosq 

6W2  6W2  
by V + 5X V 

or from equation (12) 

Ow2 	 vw2-1-vv2+uu2 sin 2VS2 
Os	 yV	 - -fRy	

(30) 

a2 OS - 
d  Ox Tx 0 	 (27b) 

If equations (27a) and (27b) are substituted in equation (13) 
and equation (26) is used, along the characteristic line of 
the first family defined by 

	

=X0 =tan (+)
	

(28a)

there results 

du	 dv a2 dS/K Ow\ 1 
+ X b 	 Xa)+(!'+	 1_ 0, (28b) 

and along the characteristic line of the second family defined 
by

dy 

	

—=X 5 =tan (—fl)	 (28c)

there results 

du	 dv a2 dS/K Ow \ 1
+ Xa	 )+(V+ (28d) 

Equations (28b) and (28d) contain the term	 but at

small angles of attack 

Oww 2 cx	 w 
-- 9— 

y 
—cos 0=— 

11 
cot 0

(W2
dw2\	 rcos	 1 = w21, +---) (xp3 - 

Xp2) [cos ( - Jp2 (
31 b) 

and

- 
(dW2) W2F W2R	

sin[_sin	
] +(XPS_xP2)[s(—JP3 

E (x,3_ x,,) 

cos(+$)	 )
(32) 

Therefore,

QW).
rsin

W2P3= W2 + 	 (Xp3 - Xp1)	
(t +1ii	

(33) 

The values of u, v, w, £S, 'it1 , v1 , and AS, are known at the 
points P i and P2 ; therefore, the values of u2, v2 , w2, and AS2 
at the same points can be calculated from equations (5) and 
(11). (The values of u1, v 1 , and AS, at those points are 
known from the determination of the flow for a=0.) There-
fore, from equations (30) to (33) the value of w2 at P3 can 
be determined. 

After the velocity components u, v, and w at P3 have been 
determined in the first approximation, a second approxima-
tion -can be determined by assuming the average values 
between the corresponding values at the points P2 and P3 or P 
and P3 for all the coefficients. After the velocity components 
at a point P3 have been obtained, the velocity components at 
any other point having the same x and y coordinates -as
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P. but a different coordinate 0 can be calculated from 
equations (5). 

For practical calculations, equations (28) can be trans-
formed in the following form: 

	

X.= tan (+4)	 (34a) 

r/sin 4' ow \ 
4'	 tan 9— 

sin  0 dSl sin 0 
dx=O	 (34b) 

cos (+) 

	

X,=tan (4'-13)	 (34c) 

dV	 [(^Lin 0 bw 
V + do tan	

y + 
jV-6,) tan 0 + 

sin  dSl sin	
dx=O	 (34d) -:;7 -	 cos (4'—)

0	 Axis of the body 

FIGURE 6.—Determination of a point of the shock. 

log, -y
( 

2 )7+1 

—-j-	
[MO2 sin  (c2—a)— 

1	
a)]	 (39c) 

MO2 sin' ( - 
and

Y, 2	 2	 1 
_V-2=l	 (39d) 

and 

where 

and 

where

1 dw2	 1 V2 w2 sin 	 /3 sin 
V Vy	

(34e) 

	

4'1+a4'2 cos 0 -	 (35) 

V2U2cos 	 Sifl 4'	 (36) 

V=Vj+aV2 cos 0	 (37)

If the plane 0=7r is considered, the sign of a in equations (39) 
must be reversed. 

From equations (39) the values of V and AS can be deter- 
dV	 dzS 

mined as a function of 4'; then - and -- as a function of 4, 

can be evaluated. Now, if op,is the direction of the velocity 

at P 1 , the velocity at P3 will have the direction 

V 2 =u2 cos 4'1+v2 sin 4'	 (38) 

At the surface of the body outside of the vortical layer the 
calculations are similar to the case of zero angle of attack 
because the entropy at the surface of the body is known 
in every meridian plane and the value of 0 is given. Equa-
tion (34e) gives the variation of it'2 along the body outside of 
the layer; therefore, the value of w2 can be obtained directly 
from another point on the body in the same meridian plane. 

At the surface of the shock the system of calculations is 
similar to the system for zero angle of attack. In figure 6 
the point P3 is at the intersection of the tangents to the first 
characteristic surface at Pi and to the shock at P2 in the 
meridian plane 0=Constant. The equations of the shock 
and equation (34b) must be verified at P 3 , which is assumed 
as a point of. the shock in the first approximation. 

In the plane 0=0, w is zero and the values of V, AS, and 
4, behind the shock are functions only of the value of 2; and 
for any value of Q, the values of V, AS, and 4' can be 
obtained from the equations of the shock 

COS (—a) V V/ V,	 (39a) 
cos (2-4')V0V0/V1 

1	 MO2 
tan (4'— a) [	 MO2 Sin  ( - a) _] tan ( - a) (39b)

Therefore, the velocity at P3 must correspond to a deviation 
across the shock of 4'p3 — a and can be expressed as 

va= v+() L4' 

where V0 is the velocity behind the shock corresponding 
to the direction 4'p. In a similar way, 

+( 
d AS ) 

AO ASp3= AS,,Pl	 do Opt 

Therefore, equation (34b) at the point P 1 becomes 

1 OV 
--- 1 +-v; () i4'tan /3 4'-

w2 a cos 0) sin /3 tan (fl 
dx+ 

yV	 cos (/3+4') p J  
Id S\S 13p 

t4' 
sin 

] 
-yR 

1=0	 (40) 

In equation (40), içb is the only unknown and, therefore, 
can be determined. From .the value of 0 the value of c3
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and the value of V 3 can be determined; a second approxima-
tion for the position of P 3 and its value of the velocity can 
be calculated if the corresponding average values between 
P3 and P1 are ñsumed for 4,, P, and all the coefficients'oefilcient of 
equation (40):	 - 

The value of w at P can be obtained from equation. (23c) 
in which 17 is given by figure 6 as 

dN 
fl=— sin l 

yP3 

where 77 = Q — a for 0=0 and q=a—Q for 0=7r. The value of 
or corresponding to the point P4 on the shock for a=0 is 
given by the relation

	

QI_	 41 

	

P4	 fP3 

Sfl T 5111 

and yp4 =f(op4) is the curve that represents the shock for a = 0 

PRACTICAL APPLICATION OF THE CHARACTERISTIC 
SYSTEM 

GRAPHICAL NUMERICAL METHOD 

The analytical part-of the characteristic system used for 
determining the flow field about a body of revolution at an 
angle of attack is similar to the system used for a body of 
revolution at zero angle of attack (reference 6), but the 
practical numerical application is slightly more involved. 
In equation (34e) the values of V2 and zS2 must be known 
in order to determine the value of to2 and must be determined 
from equations (37), (36), and (11), where the values of V1 

and tS1 are considered known in the entire flow field and 
given by the determination from the case of zero angle of 
attack. In the practical case, however, the values of 171, 
4,1, and txS1 have been obtained with the characteristic system 
only in a finite number of points at the intersections of the 
characteristic net, and the characteristic net for the case of 
zero angle of attack is different from the net used for the 
case of a body with a small angle of attack. In order, 
therefore, to obtain the values of V1 and iS1 at the inter-
sections of the characteristic lines for the case with a given 
angle of attack, a lengthy interpolation of t,he'values V1 and 
AS, would be necessary if the two characteristic nets for 
zero angle of attack and for a given angle of attack were 
constructed independently. 

In order to reduce the numerical work to aminimum, the 
two following methods can be used, the first of which is 
practical when a graphical numerical calculation is per-
formed, whereas the second can be more convenient when 
automatic computing machines are used. 

In both cases the calculations start with the determination 
of the flow at an angle of attack around a cone when the 
body considered is a pointed-nose body of revolution or with 
the determination of the shock at the lip of the body if the 

.body is an open-nose body of revolution. (The tangent to the

shock at the lip can be determined with the two-dimensional 
theory.) The flow around a cone at an angle of attack 
has been determined and tabulated in reference 3; whereas 
the flow for zero angle of attack has been tabulated in 
reference 7. A different method for determining the flow 
around a circular cone at an angle of attack is given in the 
appendix. It can be assumed, therefore, that the flow along 
the first characteristic line of the first family at the end of 
the conical region in the plane 0= Constant (for example, 
0=7r) is known (fig. 7). 

For the practical numerical calculations a value of the 
angle of attack must be selected. In order to obtain higher 
precision, it is convenient to select a relatively high value of 
the angle of attack because in this way the differences be-
tween V and V1 and AS and AS, are large and, therefore, can 
be determined with sufficient precision. 

Usually, when the determination of the flow field for the 
case of zero angle of attack is made with a graphical numeri-
cal process, in order to avoid numerical errors of computa-
tions, the value of the intensity and direction of the velocity 
are plotted as a function of the position along the character-
istic lines for both families of characteristic lines. The 
velocity distribution and the entropy-variation distribution 
along the characteristic lines and along the surface of the 
body for the case of zero angle of attack can therefore be 
considered known. If the distribution is not given, the 
values of V1 and AS, must be determined as a function of x 
along each characteristic line of a given family (for example, 
of the second family) along the body. 

Then the construction of the characteristic net for the 
selected angle of attack must start by drawing the first 
characteristic line P0P2P5 over the design of the characteristic 
net for zero angle of attack (fig. 7). 

From equations (34c), (34d), and (34e) the flow at P 1 can be 
determined. From P1 and P2 the point P3 can be obtained 
in the first approximation as the intersection of the tangents 
at P2 and P1 to the chtracteristic lines. By using equations 
'(34b), (34d), and (29), V, 4,, and AS can be obtained in P3 

Characteristic net for a small angle of attack 
Characteristic net for zero angle of attack 

FIGURE 7.—Scheme of the characteristic net.
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as for the case of zero angle of attack (reference 6). From 
dV do	 d AS the variations
dx dx 

and 
dx

along the line P 1 P3 the values 

of V, 0, and AS at the point P4 can be obtained, where P4 
is obtained from the intersection of the characteristic line, 
P1P3 with a characteristic line of the second family in the net 
for zero angle of attack. At the point P 4, V1 , &$1, and 4 are 
known and, therefore, 0,, V2, AS2, and w2 can be obtained. 
From the values obtained from the first approximation a 
second approximation can be obtained. From P4 and P5 
the point P6 can be determined in a similar way, and the 
flow at P7 can be calculated. By proceeding in a similar 
way, all the flow field can be analyzed. 

NUMERICAL METHOD 

The equation of motion (13) can be transformed by means 
of equations (5) and (11) in a system of equations that 
permits a numerical determination of the quantities V2, 
and iS2. This system is numerically more involved; 
however, the characteristic net determined for zero angle of 
attack is used. For a small angle of attack, 

1	 a1	 ] 1 1 [
	

y—1 11	 (v4u2+v1v2)a cos 0

where 

— 1 (an1 2 6v 1 2 \ 2u2+n1A 1 (bv,2àu12\2v2-I--v1A
2 ax + ax)	 a 1 2	 2 ày	 + ày)	 a12 

( 
61) 1 aui)uivi_nivi 

	

2	 (44) 

or, from equations (9) and (36), 

Q__v1!2u2+u1A_v àV12v2+v1AV1àS1 —	 2	 1 

	

a1 	 by	 a12	 7R an1 

(45) 

The value of all the coefficients at the points P 1 and P2 in 

equation (43) can b considered known because 	 and

can be considered known from the calculations for the case 
of zero angle of attack. Therefore, equation (43) can be 
considered an equation in which the characteristic lines are 
equal to the characteristic lines for zero angle of attack 

because the coefficients 	 àu2ents of the partial derivatives —, 
ax ày, 

à y 2	 ày2 and — are the same in both cases. Thus, ax by 
where

7— 
2 

1	 7-1	 _Y—' Yi=A (41) -- (u 1u2+ v 1 v 2)=-1- V1V2----- 
v1Sin2oa1 

Therefore,

()
dy

	

ia=tan (+i3)	 (46a)

	

( )= ii= tan (01 - 1) 	 (46b) 

1	 1 
—1==--(1+Aacos 8) 

a1 

Substituting equations (5) in equations (6) results in the 
following expression if higher-order terms are neglected: 

ou'( ul2)+àvl(i vi2)	
+ 

u,v 1 /àu1 àv1\ 
1—i	 — — )+ 

=— [ V2 w2 à 2U2UI +U12 

	

aCOs 0	
u1 

	 a, 2	 ) + 

àu2(1	

)--5—y 
uiàv1(2v2vi+v1 2A'\ôv2(vi — 

ax \ 	 \.	 a12	 I by \.	 a12 

ulvlA+ulv2+v1u2(oulàv1\ u1v1(ôu2 àv2Vl 

	

2	 +7T	 +- )J (42) 
a1  

Because the left-hand side of equation (42) must be zero 
for the conditions at zero. angle of attack, 

v1 2) v2 w2 u1v1/àu2 ôv2\ 
àx\ a	 by 	

++---+-5-)+Q=O 

(43)

Equation (43) can be transformed by introducing the 

	

entropy gradient	 and the equation of motion along each bn 
characteristic line can be obtained. From equations (9) 
and (11) by means of equations (5) and (37), the following 
relation can, be obtained: 

as as1 as2 

	

—=— _n	 a cos 8 
an an 6  

a	
acos8) 

\ v1+v2acos 8 — 
ax	 / Vi + V2 a cos 0 

a cos o") ui+u2 a cos 0 
/ by b  	 V1+V2a COS 8 

or, for small angles of attack, 

OS 6S1 aS2	
+[—v1—iv+ ànàn an1 

a cos 8 

	

as1	
v2)I	
(47)

acos8 
('it2 V1 —U1
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From equations (36) and (38) 

u2=V2 COS 1-42V1 Sin 1	 (48a) 

V2 V2 sin 41+42V1 cos 01	 (48b)
and

VI= V1 sin 4 

Ui = V1 cos 4 
Therefore,

as1 	 a (v 2V1 v 1V2)+ 1 (tt2V1-1V2) 

( as, u 1 aS1 v1\ 
= -2 V12 

Because the term in parentheses on the right-hand side of 
this equation represents the variation of entropy along the 
streamline, which is zero, equation (47) becomes 

as as1 as,

	

a COS O	 (49)

Then, from equations (9), (41), and (49) 

ôv 2 6u2 	 a 1 2 oS2 
7.}+A)_

al l oS1	 (50) 
xay-yRV1 an 1 V1 	 yBV1an1 

The equations of motion along the characteristic lines de-
fined by equations (46) can be obtained by means of trans-
formations similar to those of equations (27) and are 

du2+ X lb dv2+D1 dx=0	 (51)

dy 

	

Xla tftfl ('+)	 (52) 

	

dU2+Xia dv 2+D2 dx=0	 (53) 

	

Xlb==tan (01-1)	 (54) 
dx 

where 
=(!^2+IL

	 a12 2u12 + 

G

+

u1v1	 )sin2fll[_V2(l 'y-1\asi
J i 2_ui21a	 an1	 sin

(55a) 

D2=(++Q) ai2t2ui2+ 

GiI2+Xhb)sjni2fl 
ras 2 	 —i \as1l 

'L
	 1

+ sin
(55b)
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In equations (51) and (53) the coefficients D1 and D2 

contain the derivatives av1 and av1 that must be obtained 
ax	 by 

from the analysis of the case with zero angle of attack. 
Now, for every point P the variation of V1 along the charac-
teristic line of the first family for the case of zero angle of 
attack is

(
4 V,	 6v1	 a lT1 

(-}=---+Xla --	 (56a)
by

 whereas along the characteristic line of the second family 

/dV1)X

1b

 .av1 	 av1 
dx	 aY	

-	 (56b) 

At every point P given by the intersection of two charac-
teristic lines X I, and X l b in the characteristic net, the values 

	

and	 are known, having been obtained dx x	 dx x16 
from the evaluation of the following equations (reference 5): 

dy 
T=X1a=tan	 (57) 

	

_L (Y) - tan (d01) sin sin $ tan
V1 dx x,, 	 dx- cos (+fi)	 y 

	

dS 1 1	 sin1 =0	 (57b) 
dnr 7R cos (+i3) 

dy —=X1b=tan (—)	 (57e) dx 

	

1 (dVl)
	

(di^1) 1 sin 4, sin tan +tan$1 d -	 eos (1- 1) - lb  

	

dS 1 1	 sin31 =0	 (57d) yR cos (4i—i) 

Therefore, the values 

	

av1	 x11 (dvi
) ,\Ia. 
	 Xi.	 (dVi\ 

ôXXlbXIa dx XIbAla	 i,)xlb	
(58a) 

and

	

av1	 1 [(dVl)	 (dVl\ 1 

	

ayxii— xiaL	 iL)1j	 (58b) 

can be calculated directly for every point of intersection of 
the characteristic line (equations (57a) and (57c)). 

After substituting the expressions of equations (48) and 
(58) in equations (51) and (53) after some simplifications 
and trigonometric transformations, the following equations 
can be obtained:

Xia tan (0 1 + 1 )	 (59a) 

213637-53-07
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—
Vi 

tan dV2—
	

(d4)+[___

sin3 fl	 1 6S2 
COS 

sin'
 
iR +4)2A1+ 

172p _tan 0 1 sin 131 
V1 y cos (4)i+/3i)] 

dx=O	 (59b) 

tan (01-131)	 (59c) 

dV2	 [ _Sin3 I3	 1 S2 +tan  # ,d02 _  cOs (4)i—/3i)	
+4)2A2— P2+ 

W2 1 tan # 1 sin 13i1 
y cos (-0) j 

dx=O 

where
1	

[sin j3 sin (01—
sin, 0 aS1. 

i3)+ cos cos (4)(01+00y	 yR on1

1 (dV1\ cos(01-01) 
Vi \. (C ) X lb sin 0 

A2=	
/3 1	 sin '	 (4)1+/31)_sm 01 OS 

COS $ 1 COS (4)i_ [ y	 yR 

1 (dV1 '\ cos (4)+13) 
V1 \. dx )x 1 ,	 sin 3, 

1
 (

(W1\ ( T 	 \ Tr 2 sin' /31	 6S1
dx )xicos2 131 1) - L7R cos (4)1+131) On1 

1	 cos(4)1-131) 
V'\ dx ) jb cos 2 13 1 cos (4)1+/3i)

r	 2 sin' 131	 O5 1 1 (dVj\ 	 ____________ 
P2 =

V1 	 1)+T LyR COS (4)1-131) 
1 (dV 1 '\ 	 cos (4)1+131) 

k_d_x ))11. COS '01 cos (4)-30 

T=1+ 2 -2

The coefficients A t and A2 and the value of 1 have been 
d n1 

determined for the flow at zero angle of attack and 

dS2 s2P,—s2P1	 --

dn, -

[COS
_ 

+/3 (4)
Sin 13i 1

P[
sin /31 1 

+ ( xP3_ xPI) 1)] (xP3_xP2)LCOS (4)1—/31)]p2 

dS1S2P2S2P1	
(61) 

=-; s1P2—s1P1 

The practical use of equations (59) is identical to the use 
of the corresponding equations (57) for the case of zero 
angle of attack. (See reference 6.) 

CONCLUDING REMARKS 

The method of characteristics has been applied to bodies 
of revolution at a small angle of attack. Only the first-
order effects of the angle of attack have been considered. 
The system developed takes into account the effects of the 
entropy variations on the flow phenomena and determines a 
flow that exactly satisfies, the boundary conditions within 
the limits of the simplifications assumed. 

The application, of the method to practical problems has 
been discussed and two systems are given. The first method 
is numerical and analytical and requires less numerical 
computation but requires the construction of another char-
acteristic net; whereas the second method is only numerical 
and uses the characteristic net and some of the numerical 
computations made for the calculations for zero angle of 
attack. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., November 22, 1948. 
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APPENDIX 
DETERMINATION OF FLOW PROPERTIES AROUND A CIRCULAR CONE AT A SMALL ANGLE OF ATTACK 

Assume a polar coordinate system r,4',0. Call V the 
velocity in radial direction, v,, the velocity in normal direction 
to r in the meridian plane 0= Constant, and w the component 
normal to the meridian plane (fig. 8); that is, 

dr 
VT 

=

r d& 
Vfl—

rdO sin 
dt 

If the phenomenon is conical, 

dr-

and

e0 

Therefore, Euler's equations are 

V,, ôVr	 W ôVr Vfl+W0	 (62a) rà +r sin ô0	 r 

v?v	 W	 V,, 1 op V T V fl W cot 1'0 (62b) rOrsin,,1,O0+prÔ	 r 

vOw	 w Ow	 1	 Op v7w+vwcot,'0 
rO +rsin	 +r sin P 60	 r 

-	 (62c)
The continuity equation is 

	

2 P v,. sin ''+v n sin	 sin 

Vp cos '+w +=0	 (63)60 Yo 
and the energy equatioh is 

y /1 Op p Op\	 ( 0V 7 	 Ov	 LW

) 
(64a)

-)=- v--+v,,--+W 

Vrt 
(	

+Vn+W) (64b) 
1op pOp\

1J,, 

FIGURE 8.—Polar coordinates and velocity components. 

Combining equations (62) to (64) results in 

+w2 
V (2_'fl2a )+v cot 6,p ( 

Ow ( w 2\ 2wv Ov,, 
sin60\	 ;I-) a2 sin 'O0+ 

WVfl(_
__Ov,,	 Ow 
sin)° 

For small angles of attack the velocity components ctin 
be expressed in the form (references 1 and 3) 

V=V71+aV2 COS 0 

V=V 1 + aV j COS0 F 	 (66) 

w=aw2sin.0	 J 
when the second- and higher-order terms of the angle of 
attack have been neglected. Equation (65) at small angles 
of attack becomes

2 
v,(2— 	 cot	 Ow (i v)	

, =O (67) 

1051
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The shock is a circular conical shock having its axis inclined 
at an angle tj with the axis of the cone. The quantities with 
subscript 1 are the quantities corresponding to the case of 
zero angle of attack. (Indeed, the cone is a particular body 
of .revolution and, therefore, the considerations made for 
the case of bodies of revolution are still valid.) 

From equations (62a), (62b), and (64b), there results at 
small angles of attack

lop y op . 0 
P 	 pOiJ' 

In the meridian plane 0= Constant, therefore, the transfor-
mation behind the shock is isentropic for small angles of 
attack. If - aiS2 sin 0 is the variation of entropy in a direc-
tion normal to the meridian plane 0= Constant (reference 5), 

as -
—aLS2 sin 0 sin L' 60 

where zS2 is constant and independent of 4, outside of the 
vortical layer. From equations (62c) and (64a) 

Ow2 

yR 
--tS2=v. -sin 4 +W2( V I sin '+v cos 4,)+VV72+VV2 

(68) 

If the-variation of entropy is small and the term i52 can be 
neglected, equation (68) becomes 

w2 sin &=—v 2	 (69) 

Equation (67) can be written in the following form: 

V,+"Vn 1 — Vn 2 )=_V,_Vn	 aW2 COS 0 cot -	 (70)sin 4, 64,)(	 _Wy

By use of equation (67) and by considering the conditions 
for zero angle of attack, equation (70) becomes 

/	 Ov\/	 v,,2 , ) 
V r2+) (1_ 

vn2[cot 

+(2nizi 7-1	 3) v r 1 + v n cot 
1_Vn12 

- a1 

Vr 
 2 (, + y-

1 

V 1 + Vn j cot 
VrVn2)	

w2	 (71) 

	

a1	 v,,12 sin 

Equations (68), (70), and (71) permit the determination 
of the flow around the cone at an angle of attack by means of 
a step-by-step calculation when the calculation for aO 
has been performed. Consider the hodograph plane u v, 
and consider the variation of velocity components V. and v,, 
in a meridian plane 0= Constant (fig. 9). Assume that for 
a given value of '/' and °a the velocity components v7 , v,,, and

V

Qb 

FIGURE 9.—The hodograph diagram. 

w are known. Point Pa of the hodograph diagram represents 
the velocity vector OPa corresponding to the velocity at 
every point of the space of coordinate lPa in the. plane 
OaConstant; whereas OQa represents the values of (v,,)p 
and Q.P. represents the values of (v). Now, the radius of 
curvature R,, of the hodograph diagram is along the line 
QaPa and has avalue given by (reference 1) 

R0 (r +) 

and, therefore, can be determined from equation (70). At 
P0 the values of v 1 and v,, 1 are known from the calculation 
for a=0; therefore, aV 2 and aV,,2 can be determined from 
equations (66). Equation (71) can be used in place of 
equation (70) in the following way: The vectors OQa and 
Q.P. represent the values of v,,2 and v 2 at Pa; the vector OP0 
in the hodograph diagram gives the values of 173 ; therefore, 

R2
.=(V,2+  n) 

can be obtained from equation (71). 
Now at any point P0 the radius Ra, given from equation 

(70), or the radius R2 , given from equation (71), is known; 
therefore, from the quantities at P 0 the quantities at Pb of 
coordinate b = 'a+z can be obtained by constructing a 
circle of center C0 (where C0P,,=R0 or R2 ) through the point 

U
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P. until the point Pb along the line C4P which is a straight 
line from C4, is inclined by with the u-axis. There-
fore,

cos iij +(R—v,) sin 

(v,)+,=(v4),1, sin i—(R—v,) cos 

Inasmuch as the values of v, and v, at Pb have been ob-
tained, the values of v,2 and v,,2 can be determined by 
differences from the values for a=O with the use of equa-
tions (66). (If equation (71) is used, the values of v,2 and 
V .2 are obtained directly.) With equation (68) the value 

of W 2 can be calculated at P 4, and the value of w2 at Pb 

can be obtained. Indeed, iS2 is constant and has been 
determined from the conditions at the shock. In a similar 
way, all the hodograph diagram can be constructed. If 
necessary, for every point Pb a second approximation can 
be determined. 

The calculation of all the flow field must start at the shock. 
For the calculations it is convenient to choose a coordinate 
system having the axis of the conical shock as the axis of 
polar coordinates. In this case, the 'velocity components 
v,, t',,, and w behind the shock can still be expressed in the 
form of equations (66). Indeed, from equations (15) and(19), 

vn[Vn+ acos o(+ -  --ii a	 ' Jib 

=v,,1+(a—)v,,2cos e	 (72a) 

V,,=[ v,,+a cos 0 (v72+
a Ab 

=vr1+(a—)v,, cos 0	 (72b) 

W, =a sin 0(w2--)--- vn 
S1fla 'lb 

=(a—,)w2, sin 0	 (72c) 

where v,,, v,1 , and w1 are the components referred to the 
axis of the conical shock, whereas the components Vrb , Vnb, 

and Wb are referred to the axis of the body. Indeed, /a 
is constant. 

The calculations start at the shock. After determining 
the flow field for zero angle of attack, the angle of the conical 
shock iI's is known and the velocity components v,, 1 and V,1 

with respect to the axis of the shock for every value of (' are 
also known. In order to determine the flow for the case of 
a small angle of attack, the direction of the undisturbed 
velocity must be rotated at a small angle a — with respect to 
the axis of the shock (fig. 10). The value assumed for a-77 
fixes the value of a for which the calculations are performed. 
(This value of a is not yet known but is obtained as a result 
of the calculation.) - 

FIGURE 10.—choice of the axis for the hodograph diagram. 

For a unitary value of a — a, the component v,3 behind the 
shock can be determined from equation (14b) (Vr,=V') 

and the component w8 , from equation (14c) (w'=w,); 
whereas v,,4 can be determined- from equation (21a) 
(Vn 4 =— VN") and VN' is given by equation (14a). The value 
of entropy (a— )AS, cos 0 can also be determined from the 
equation of the shock, for example, from the difference 
between AS and AS,. When V,1 , V,,,, W24 , and AS2 are known 
behind the shock, all the flow field can be obtained by means 
of equations (68) and (70) or (71). The hodograph diagram 
can be constructed, for example, in the plane 0= 

The axis u has been chosen in the direction of the undis-
turbed velocity for zero angle of attack that corresponds to 
the axis of the shock for a=O. For a the undisturbed ve-
locity has been rotated at a-77 with respect to the u-axis 
(fig. 10); therefore, the axis of the shock has not been changed. 
The velocity OP,, behind the shock of figure 9 must be decom-
posed into (1) a component P 4Q,, inclined atp, and correspond-
ing to v,4 if equation (70) is used 'or to v,2 if equation (71) 
is used and (2) a component O 4Q4 corresponding to v,,3 or 

In this way, the values of V, 1 and v,,, that must be used in 
equations (68), (70), and (71) are the values obtained from 
the calculations for zero angle of attack at the same value 
of J' (that is, =( for P4). Because the calculations start 
at the shock, the construction of the hodograph diagram 
must be performed in the direction of decreasing values of 4,. 

ck 

le 

V0
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At the surface of the body for O=r, the component v,, 

must be zero; therefore, when the radius of the hodograph 
diagram passes at the origin of coordinates u and v, the cor-
responding value of 4, is equal to l'o+fl where is the angle 
of the cone (fig. 10). Because 4,0 is known, the value of 
and, therefore, of a can be determined. 

The components v, and v,, in the plane 0=0 or O=ir (10 

not change when, for the axis of reference, the axis of the 
body is assumed; but the corresponding value of 4, is in-
creased at (fig. 10). The value of w2 changes; the value 
of W26" can be determined from the value of w2 by means of 
equation (72c). 

For practical calculations it is convenient to use nondi-
mensional coefficients obtained by dividing all the velocity 
components by the limiting velocity V1. The expression 
a/V1 can be obtained from equation (39d). 

For small values of a, the values of V 72 , v,,2 , w2, and /a 

are indepdndent of a and, therefore, the flow for every other 
value of a can be obtained from this determination. The 
calculations can be graphical or analytical.
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SUPERSONIC FLOW AROUND CIRCULAR CONES AT ANGLES OF ATTACK1 
By ANTONIO FERal 

SUMMARY 

The flow around cones without axial symmetry and moving at 
supersonic velocity is analyzed. Singular points are shown 
to exist in the flow around the cone if no axial symmetry exists. 
The results of the analysis are applied to the determination of 
flow around circular cones at small angles of attack. The 
concept of a vortical layer around the cone at small angles of 

attack is introduced, and the correct values of the first-order 
terms of the velocity components are determined. 

The method used is applied to cones at finite angles of attack, 
and it is shown that good agreement with experimental results 
can be obtained from the first-order theory if the complete 
equation for the pressure distribution is used. 

INTRODUCTION 

The flow around a cone having a circular cross section and 
moving at supersonic speed has been determined by means 
of the assumption of small disturbances or by means of 
more rigorous methods that consider the existence of the 
shocks. The latter methods can be applied for any Mach 
number larger than unity and have been developed by several 
authors, at first by assuming all the flow as potential flow 
(references 1 and 2) and later by also considering the variation 
of entropy due to the change in angle of attack (reference 3). 
By means of the development given in reference 3, values of 
flow properties around circular cones at an angle of attack 
hive been tabulated in reference 4. The method has been 
extended in reference 5 to larger angles of attack. 

In the method given in references 3, 4, and 5, the flow 
properties were considered continuous and were developed 
in Fourier series in terms of the angle of attack; however, 
the existence of a singular point at the surface of the cone was 
neglected. The derivatives of the flow properties were 
obtained by differentiating the Fourier series term by term, 
and the terms of the series that represent the derivatives 
were assumed to be of the same order as the corresponding 
terms of the integral quantities. For this reason, an errone- 
ous distribution of the entropy at the surface of the cone was 
obtained. 

In this report, the flow around the cone-in the general case 
is discussed, the existence of singular points in the flow is 
proved, and a different procedure for determining the flow 
around cones at small, but finite, angles of attack is devel-
oped. This procedure shows the way in which the values 
tabulated in reference 4 can be used if a simple correction 
is introduced. The values obtained in this way are compared 
with experimental results at several values of angle of attack.

SYMBOLS 

r, t/i, 0	 polar coordinates (see fig. 1) 
V r polar velocity component in radial direction 

(along r), referred to limiting velocity (see 
fig. 1) 

Vn polar velocity component normal to Vr in meridian 
plane 0= Constant, referred to limiting velocity 
(fig. 1) 

w polar velocity component normal to meridian 
plane 0=Constant, referred to limiting velocity 
(fig. 1) 

t	 time 
p	 pressure 
P	 density 
S	 entropy 
ly	 ratio of specific heats (c,,/c,) 
R = c - c 
c	 specific heat at constant pressure 
C,	 specific heat at constant volume 
a	 speed of sound 
L projection of streamline on sphere r=Constant 

with center at center of the polar coordinate 
system 

V	 local velocity 
V1 	 undisturbed velocity, referred to limiting velocity 
V 1 	 limiting velocity (velocity for expansion in the 

- vacuum) 
o .	 semiapex angle of conical shock 

inclination of axis of conical shock with respct 
to free-stream direction 

inclination of axis of conical shock with respect to 
axis of body 

a	 angle of attack 

Subscripts:
stream conditions 

a	 zero-order terms of Fourier series (part independ-
ent from angle of attack) 

first-order terms of Fourier series (part propor-
tional to angle of attack) 

higher-order terms of Fourier series or quan-
tities at surface of cone 

quantities at external surface of vortical layer 
quantities for polar coordinate system having 

axis coincident with axis of conical shock 

'Supersedes N ACA TN 2236, "Supersonic Flow around Circular Cones at Angles of Attack" by Antonio Fern, 1950.
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A prime is used to designate the terms of zero order in the 
power series in A o for the quantities in the neighborhood of 
the meridian plane O=r; two primes are used to designate 
the factor of the term containing M 2/2 in the same power 
series. 

THE FLOW FIELD FOR CONICAL FLOW WITHOUT
AXIAL SYMMETRY 

In order to analyze the flow field for conical flow without 
axial symmetry at supersonic speeds, assume a polar co- 
ordinate system (r,',O). Call v, the velocity component in 
the radial direction, V,, the velocity component in the direc-
tion normal to r in the meridian plane O=Constant, and w 
the component normal to the meridian plane (fig. 1); that is, 

di' 

r d1' 
V— 

dt 

rdO sin 

If the flow is conical, 

o o 	 . 0fl'Ø 
Or	 Or	 Or 

p=o-=o 
Or	 Or 

For these conditions Euler's equations become 

bVr	 W OVr In 0 60V 	 (la) 

OV n 	 W Ov,, lOp (1 b) 

Ow wOw 1__
(1 c)

 

and the continuity equation becomes

Vnp cos t'+ 

Op 
w ± p Ow-O	 (2) 

Because the energy in the flow is constant, the following 
relations must apply: 

y 

(l 
op p OP)	

( 

OVr	 Ov	 Ow\ 

	

-- Vr+Vn-+W) (3a)66	 YO 

'y 

(l 
op p 

OP)= -(
 
 

Or,	 Ov,,	 Ow\
—j ---- 	 (3b)

FIGURE 1.—The polar coordinate system. 

Combining equations (1), (2), and (3) results in 

__	 v2\ 
v (2— V- '+wl)+v;cot'+	 (1— _-)+ 

Ow /

 w2) 
wV R ( _Ov 

sinOO	 T sin.00+O)°	 (4) 

The entropy at any point of the flow can be expressed as 

loge 0)I+Constant 

where p and p are the local quantities and p' and Pi the 
stream quantities. Therefore,

 bp
_i?	 'OP"I 

R OOpOO'I 

y—1 OS lOp	 1 
OPI	

(5) 

Combining equations (5) with equations (1), (2), and (3) 
results in the following expressions: 

a 2 OS Ow	 Or,	 Ov,, 
Vn Sill 1,1/	 - V,	 V,,	 sin '+ V,W COS \i,} 

a 2 OS	 Or,	 Ow	 w Ov, cot

(6) 
Equations (6) combined with equation (la) give 

OS	 OS 
vsin-=—w-	 (7) 

Equation (7) is general for any conical flow and defines the 
lines of constant entropy, which correspond to the stream-
lines. In fact, if L is the streamline projection on the sphere 
given by r=Constant, 

dSOSd,t' OS do0 
dLO%& dL+ 00 dL



0 = 0	 Shock wove 

Shod, wovG

0=0

wove 

5 treom/ine 

FIGURE 2.—The singular points at the surface of the cone. 
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and, from equation (7), 

/dO\	 w 

11)Lvfl sin	 (8) 

At the surface of any conical body the component of 
velocity in the direction normal to the surface , is zero and 
the stream moves tangentially to the body; therefore, the 
entropy at the surface of the body must be constant or must 
change in a discontinuous way (in which case equations (7) 
and (8) are not valid). 

THE PROPERTIES OF CONICAL FLOW WITHOUT AXIAL 
SYMMETRY 

In order to analyze the properties of conical flow without 
axial symmetry, consider first a polar coordinate system 
having its axis coincident with the axis of a circular cone 
at a small angle of attack (fig. 2) and assume that the direc-
tion of the undisturbed velocity V1 is in the plane 0=0, 
O=r. In this case, the plane 0=0, O=lr is a plane of sym-
metry of the flow and, in this plane, 

-w=O 

vn0-0 
and

OVr 0 	 ôVn0	 ôS0 
og 

Therefore, equation (7) shows that in the plane 0=0, 0=7r 

the entropy is constant. At the surface of the cone 
the normal component v,, is zero and w5^4- 0; therefore, equation 
(7) shows that the entropy remains constant also along the 
surface of the cone (=). Only at points A and B, 
(defined by 0=0, 0=7r, and '=) v,-0 and w-->O; therefore,

equation (7) is indeterminate. Because the body is at an 
angle of attack, the axis of conical shock does not remain 
coincident with the direction of the velocity V1 , and the 
entropy in the plane 0=0 must be different from the entropy 
in the plane G='zr. The entropy at the cone surface therefore 
must he different from the entropy at the plane 0=0, from 
the entropy at the plane 0=7r, or from both. In this case, 
where w=0 and v=0, a discontinuity of entropy must exist 
either at A or B or both points. 

In order to find a relation between the value of the entropy 
at the surface of the cone and the values of the entropy in 
the meridian plane 0=0, 0=7r, the following considerations 

os	 avcan be used: In the meridian plane(O=0, 0= ir), w, ---, and 

are zero because the plane is a plane of symmetry of the flow 
bs field and, from equation (7),	 =0. Therefore, in the plane 

of symmetry in the zone outside of the singular points A 
and B,

yo j)2S 

ao2)	 vsinô02	 9

For the case considered, the velocity component v, is nega-
tive at the shock or at the Mach cone and remains negative 
throughout the field, until it becomes zero at the surface of 

2SI the cone; therefore, the value of '-- tends to increase in 

absolute value as /' decreases from the value corresponding 
to the value at the surface of the shock to the value at the 

surface of the cone when	 is negative and tends to decrease 

when àw is positive. 

213637 -- 53-68
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Because the entropy remains constant along each stream- 
o2s line, the decrease of the absolute value of -- as 4, decreases 

corresponds to a departure of projection of the streamlines 
on the sphere r=Constant from the plane of symmetry; but, 

ô i2S if --) is of sign opposite to the projection of the 

streamlines on the sphere r=Constant tends to converge 
toward the plane of symmetry as 4, decreases from the value 
at the shock to the value at the surface of the cone. 
• Now, with the convention used in figure 2, the component 
w is negative throughout the field and is zero at 0=0 and 

bw 
0=7r. Therefore, -	 is negative in the zone 0=0 but is 

positive in the zone 0= 7r, and the streamline projection tends 
to converge toward the zone of point A and diverge from 
the zone of point B. Because of the departure of the stream-
lines from the plane 0=7r, the entropy in zone B remains 
constant and, therefore, the entropy at the surface of the 
cone is equal to the entropy at the meridian plane 0=7r; at 
point A a discontinuity of entropy exists from the value 
corresponding to the plane 0=0 to the larger value existing 
in the plane 0=7r. All the projections of the streamlines 
converge at point A where the entropy is not single-valued. 
Because v,, approaches zero near the cone, equation (8) 
shows that all the streamline projections tend to become 
parallel to the line '=Constant in the zone near the cone 
and converge at A. The value of v,, in the meridian plane 
0=0 can change sign and can be positive in the neighbor-
hood of the point A (case of large angles of attack). In this 
case the right-hand side of equation (9) changes sign and 
the singular point moves away from A in the meridian plane 
0=0 and occurs at the other point of the meridian plane 
where v,, is also zero. (At the shock or at the Mach wave 
v,, is negative; therefore, another singular point where v,,=0 
must exist.) 

It is interesting to observe that singular points must exist 
in any supersonic conical flow without axial symmetry. 
Considerations similar to those used for the case of circular 
cones at an angle of attack can be extended to other cases, 
and it can be shown that the streamlines that are tangent 
to the body start from points of the shock and meet the 
body at points where the component of velocity perpen-
dicular to the radius and tangent to the body vanishes and 

has a positive derivative in the streamline direction (equiva-

bw

 

lent to the condition of positive -6-0) . Convergency of 

streamlines occurs and, therefore, the points are singular at 
the points where this component vanishes and has a negative 
derivative in the direction tangent to the body, while the 
component normal to the body also vanishes and has a 
negative derivative in the direction normal to the body 
/	 ovn equivalent to v=0 and -- negative 

For example, the conical body of figure 3 has two planes 
of symmetry, AA' and BB' when w and vn are zero, but at 

the points BB', 	 is positive, while at AA', it is negative.

Therefore, because -	 is negative at AA' and BB', the 

points AA' are singular points and theentropy at the surface 
of the body is determined by the shock strength at the 
points CC'. 

DETERMINATION OF THE FLOW AROUND CIRCULAR CONES 
AT SMALL ANGLES OF ATTACK 

In order to determine the flow around circular cones at 
small angles of attack, consider a polar coordinate system, 
the axis of which is coincident with the body axis. At the 
surface of the body the velocity component v, is zero and in 
the neighborhood of the body is very small; therefore, the 
terms v 2/a2 can be neglected with respect to unity. 

If the angle of attack is small, the component w is also 
small and the terms w2/a2 can also be neglected. On the 
basis of this approximation, in the neighborhood of the body 
equation (4) can be expressed as 

2v7+v, cot'++sjn	 (10) 

This equation permits a particular solution of this type 
chosen from physical considerations 

VV,+aV7 1, cos 0 + v 7 cos MO 1 
cos 0+v cos mO VflrVfl+aVflb 	 F	 (11) 

W=aWi sin o+EWC, cos MO	 J 
where yr , , and w are functions -only of ', are 
constant for constant values of ', and must be chosen in a 
form that satisfies the boundary conditions. 

Consider now a conical shock having circular cross section 
and semiapex angle a (fig. 4). Consider the cone inclined at 
an angle 5 with respect to the undisturbed velocity with a 
polar coordinate system, the axis of which is coincident with 
the axis of the conical shock. If v, v, and w, are the 
velocity components referred to the limiting velocity V1 in 
the new coordinate system (r,, v ',, 0,), from the shock-wave 
relations the following equations result: 

V1 cos ô cos o-+ V1 sin 6 sin a cos 0,

- V1 sin 6 sin 0, 

1—v,2—w,2 

:;;-::ii-i- V1 cos 3 sin a - VI sin 3 cos o CO5 0, 

If 3 is assumed to be small and terms of the order of 32 are 
neglected, these .equations become 

v,,V1 cos+bVi sin a cos 0, 

w,=—'V1 b sin O,

	

V,2

_2v1+ 	 °) 

	

—1(1—V 
Cos 

2o)	

(12) 
t'ns=	 u V1 sin	 -. 

7 + 1	 V1	 2	 cos 0,



C.

C, C 
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F:C.URE 3—The singular points at the surface of a cone in supersonic flow without axial symmetry. 

FIGURE 4.—The position of the conical shock with respect to the conical body. 

The flow behind a circular conical shock inclined at a small 
angle 6 with respect to the undisturbed stFea.m can therefore 
be expressed in the form 

V T V T+ ISV r5 COS 8 }

 

CO5 0	 (13) 

W,'= .5W,3 Sin O 

where all the terms containing v 75 , V% and u,5 are small, 
that is, of the order of iS. 

If the axis of the conical coordinates is rotated at an angle 
of the same order as the angle 6 and terms of the order of 2

are neglected, the velocity components Vr, v,,, and w referred 
to the new axis (fig. 4) become 

( àv	
+.5V753) cos 8 

1L 
VrV 7 + 	 1 

(	
+.5Vfl58) Cos o	 (14) V fl V fl + 	 '

1 64" 

(	 Vn 71)	

j 
= .5w55 —j	 sin 8 

where 0, the coordinate referred to the new axis, is given by

cos 8=cos	 cot 'J' sin 20 

Equations (14) show that the flow behind a circular 
conical shock inclined at a small angle 6 with respect to the 
direction of the undisturbed stream and at an angle , with 
respect to a conical body can also be expressed in the form 
given in equations (11) where, if the angles s and 6 are 
small and the terms of the order of 772 and 62 are neglected, 
only the terms having the subscripts a and b must be con-
sidered. Therefore, equations (11), when the terms with 
the subscript c are neglected, are valid for small angles of 
attack (a=iS—), and a conical circular shock is consistent 
with the solution chosen for the flow around the body. At 
the surface of the cone the assumption that w2 is small 
corresponds to the assumption that only the first-order terms 
of angle of attack are considered. The conical shock is 
inclined at an angle i with respect to the circular cone. 

This analysis is similar to the analysis of references 2 and 
3. No assumption, however, has been introduced for the 
entropy distribution; only the velocity components have been 
considered to be in the form of equations (11), and no 
limiting assumption has been introduced for the derivatives.
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In reference 3, in addition to the equations 

Vr=Vra+aVrb COS 0	 (15a) 

V 0 V fl,+ aV ,Z b cos 0	 (15b) 

W = awb sin O	 (15c) 
the expressions 

P= Pa+'Pb cos 0 (16a) 

p= ' pa+ ap b cos 0 (1 6b) 

SS0+aSb cos 0 (16c)

have been used, and the derivatives of entropy, pressure, 
and density have - been obtained from differentiation of 
equations (16). In this way a solution has been found which 
gives values of entropy that are variable along the cone 
surface and are constant in each meridian plane, while the 
entropy actually remains constant along the cone surface 
and changes in the meridian plane. An incorrect entropy 
distribution has therefore been obtained at the surface of 
the body. 

In order to analyze in more detail the significance of equa-
tions (16) and their inconsistency with the approximation 
considered in references 2 and 3, consider equation (7). In 

os the plane of symmetry 0=0 or 8=v,	 =0; therefore, 

S0+aSb or S0 —aSb of equation (16c) must remain constant. 
Consider now the plane O=r and express the entropy S 

in the form

s=s,—s,,
	

(17)

which satisfies the condition of symmetry. Because of 
equation (7),	 -

as' (18) 

and, from equations (16) and (17), 

S'=S0—as,	 (19)
and

(20) 

From equations (7) and (17), 

( 64, -
s'as" i02\

v,, sin /'--- _)=wS"z0 

as' However, --=0; therefore, 

xo as"	 w5" 
2 a	 v, sin 

or, since from equation (15c) W =— aWb A6, 

as"
-- Vyt Sill 4,

By use of equation (20), in the neighborhood of the plane 
-	 - 

6sb2wbsba2awbs 
a-3--_V5fl,_ v 0 sin ' 

In reference 3, the term WS has been considered every-v0 sin 
where to be of the order of a2 and has been neglected; hence, 

and =0. However, neglecting this term is cor-

rect only when the ratio WbIV,, is of an order different from 
1/a and, therefore, when jv,,l>0 . Near the surface of the 

cone, v,, approaches zero and, therefore, the term be-

comes large and cannot be neglected. The extent of the 

field around the cone where the term as" i -s--- s of the order of 

a can be easily determined. 
Consider a polar coordinate system having its axis coin-

cident with the axis of the cone. At the surface of the body 
v,, is zero; therefore, in the neighborhood of the body the 
velocity component v,, can be expressed in the form 

,	 bVn 
 (SA'cA'k 

or, by use, of equation (10), in the form 

V,=.— 2 Vr+ i na ao) (')	 (21) 

Therefore, v,, is of the order of a when (') is of the order 
of a. In this conical layer of thickness (') v of the order of 

bstf 
a, is also of the order of a or larger. In this layer, which 

can be called the vortical layer, the term as,, also is of the 

order of a because from equations (18) and (19) as,,-- can be 

shown to be of the same order as as" 

In order to investigate the effect of this vortical layer on 
the velocity and pressure distribution at the surface of the 
cone, consider equations (2), (4), (6), and (7). If the velocity 
components in the neighborhood of the meridian plane 0= 7r 
are expressed as

VV'	 02	
(22a) 2

02

	

V n 11	 (22b) 

w=w" (A6—
t,
)
	 (22c) 



where 5,—S, is the entropy jump across the layer. 
Now,

Vr_Vra+aVTb COS 0 

W = awi sill  

and
OVT	 a'2 1 OS0 

Vna_7	 (29)

SUPERSONIC FLOW AROUND CIRCULAR CONES AT ANGLES OF ATTACK 	 1061 

the following expressions can be obtained:

aS" 2w"S"
(23) 

v,,' sin 

ô v i''	 ,,
	 (sin 

VT,, 
__ ----+w")	 (24)

S"a' 2\ ow"	 1 
ôV' sin (VtVTT"+'"+w"0T' sin +v'w"	

R )	
(25) 

'2 [2B v
fl 'v fl "	 v 2s	 (2_-) w" /2w" 2 2V'V" 2v' sin ' owY 2v,'w"21 

i

	

	
( a'2 _A

. -)_v" cot t'—v/'	
a'2	 a'2 +	 a'2 	 a'2 j (26)

a 12 

where

VT ' + V fl' cot 
B=- ,, 2	 (28) 

a f2 1--

reference 4) and v1,, w, Sc , p,, and p, be the quantities at the 
surface of the cone. Because it has been shown that 

Pe=Pc	 (30) 

V,2 +W, 2 vT, — w C - — ------- a,2 S, S,
	 (31) 7-1 

A=_VT, VT
,,
 V fl , 

V fl
,,
 +W"2 '1-1 (27) 
a'2 

then 

Therefore, all the derivatives of the velocity components 
of zero and first order are affected by the entropy variation 
in the meridian plane. The terms	 and	 - are of the 

order of a in a layer of thickness a near the surface of the 

cone. In this layer they change the value of - of quantities 

of the order of a and the pressure at the surface of the cone 
of quantities of the order 0/a2. The only place where the 

as	 as" 
terms	 and -- are of zero order is near the surface of 

the cone in a layer of thickness a2 , where V tends to the order 
0/a2 (equation (9)). Because the effect of this vorticose 
layer existing at the surface of the cone on the pressure is 
of the order 0/a2, it can be considered in this approxima-
tion, which neglects terms of the order of a2 or higher, 
that across this layer the pressure distribution remains 
constant, but an abrupt variation of entropy occurs; there-
fore, in this approximation the phenomenon can be repre-
sented as in references 3 and 4, where the entropy remains 
constant in every meridian plane until a vortical layer of 
infinitesimal thickness is reached at the surface of the cone 
across which a variation of entropy occurs from the value 
Sa+aSi cos 0 to the value Sa—aSi that exists at the surface 
of the cone. Across the layer a variation of density and 
velocity components occurs and can be easily determined. 

Let Vre, w,, S,, p,, Pe, and a, he the quantities at the external 
surface of the layer (these are the quantities tabulated in

and in the plane O=r
VT, VT 

WeWcO 

s c =Sc	 S 

or
(Vi —  avTb) = ( V Ta avrb) C Vrt

(32) 
(SaaSi),=(SuaSi),=S' ) 

Therefore, if terms of the order of 2 are neglected, equation 
(31) becomes

	

VT'(VTb)—Vr'(VTb)c= - 	 (33) 7-1 C 

1 

or

	

2	 S 
(VTb)C—(VTb)=( a l)	 -	 (34) 

However, from equation (la), at the surface of the cone, 

OVT 
w=. sin 4, oo 

or	 -

Wtj= -___ sin sf', 
Vr	

(35) 

therefore, the values of VTb and Wi can be determined from
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equation (34) and from the tables of reference 4 where 

Pb — Lb	 (36) bCv (36) 
(Pa	 Pal 

and

	

—v'2)	 (37) 2 

The values v70 , Vrb, and Wb having been determined, the values 
Of Vr and w can be obtain-.d at any part of the cone from 
equations (15). 

THE NUMERICAL DETERMINATION OF THE FLOW FIELD 
AROUND CONES AT SMALL ANGLES OF ATTACK 

The method presented permits the determination of the 
pressure distribution around the cones with the assumption 
that the terms of the order of a2 can be neglected. The 
pressure at any point can be obtained from the equation 

I AS P	 _V2)1_i e_^^ —
(38) 

where V is the local velocity corresponding to the pressure p 
and AS is the increase of entropy with respect to the stream 
conditions where p' and V1 exist. From equations (15), 
V1 is found to be 

V2 = V7 2 + a2Vrb2 cos2 0+ 2 VTaVTb cos 0+ a2Wb2 sin2 0 (39) 

However, in equation (39) the terms of the order of a2 

having the form 2VraVrC cos mU have been neglected (see 
equations (11)). If all the terms of the order of a2 are 
neglected, V2 becomes 

V2V r a2 + 2aV ra V r b cOS 0	 (40) 

Equations (39) and (40) are different in terms of the order 
of a2 ; however, for finite angles of attack good agreement is 
obtained only if equation (39) in which ome of the a2 

terms are retained is used in equation (38). 
The reason for the better approximation given by equation 

(39) can be understood if the magnitude of the terms con-
taining a2 in the expression of V2 is considered. Along the 
surface of the cone, awb is given by 

aVTb •	 (41) sin 4,, 

For a finite value of a and a small value of lk,, a 2wb2 is of 
the same order as av?b because sin24' is also small; therefore, 
a2Wb2 can have an effect on the velocity and pressure dis-
tribution of the same order as the term av vrb which is -the

only term retained in equation (40). Because the term 
a2w2 is correct and significant, it can still be retained also 
when other terms in a2 are neglected and, therefore, equa-
tion (39) is the expression that must be used for finite angle 

/ of attack.	 For example, for a 10 cone (= 10 ) sin2'= 1 

and ---=1 for a=1.75°, which can be considered a small sin ' 
angle.) 

In reference 3, equation (16a) has been used in the deriva-. 
tion of the method; however, the use of this equation is not 
necessary, as is briefly shown in the following paragraph. 

Consider a conical circular shock having the semiapex 
angle or and inclined at an angle ô with respect to the undis-
turbed stream. In the neighborhood of the plane O=ir the 
velocity components can be expressed as in equations (22) 
and at the shock are given by (from equations (12)) 

v,'=V1 cos y— V1 3 sin a	 (42) 

vr"=-3V1 sin a	 (43) 

(44) 

/	 7-1 1—V12_cos2 
vn 7-ri	 V1 sin a 

Cos ;(2v1+IV2_cos2 a\ 

y +1	 -	 V1 sin 	 )	
(45) 

i'—'	 1_V12Cos' ç\ 
V,,

7 	
ô Cosa (_2Vi+

V1	 )	
(46)

and S' and SY are given by 

S'=c, loge {i+(	 M,2+1) [V1 2 sin2 (a+ô)_vnF2l} + 

- VP1' 
(e—c) loge v1 sin (a+ô)

F, 
T72	 ,?.,, 
W cos a Sill o- -V -	 ,,, 

S"=2o	 1
+ V1 2 sin' o--v'2	 ^_V_11 1	 sin or

—1 M12 

-	 (48) 

All the velocity components are referred to the limiting 
velocity, and V1 is the undisturbed velocity also referred to 
the limiting velocity. 

In the meridian plane 0=7r the entropy S' is constant; 

(47)
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therefore when w=O, from equation (la), 

oVr, (49) 

If equation (4) is applied to the meridian plane 0=7i- and 
equation (21) is used, the radius of the hodograph diagram 
at any value of 4' smaller than o• is given by (reference 6)

values of reference 4 for the conditions outside the vortical 
layer, and the pressure at the surface of the cone has been 
determined in the following way: 

From tables of reference 4 the value of 5/a has been deter-
mined (o/€ of tables). The position 4' in the plane 0=7r of 
the conical body in the shock coordinate system is

(54) 

The value of	 at 4'+a-6 has been determined from the 
/ 	 (a _ 6)2 

tables of reference 4	 i at 4' s given by u-2u	 2 
The value of Vr" has been obtained from the tables in shock 
coordinates 

[,+vn, 

cot 4—I-
Wi t - 

	

4' I	 (50) '2 Vn	 I
lj7 

where
a' 2 = 1 — v /2— v '2	 (51) 

71 

Therefore, at the point 4'-4' in the meridian plane 0=r, 

sin 41 +(v' —R) cos i4'+(R) (52) 

and
cos 4'+(v,' —R) sin 4'	 (53) 

From equations (50) to (53), the velocity , components V' 

and v,,' can be determined if the component w" is known in 

the meridian plane 0=7r. Since	 is given by equation 

(25), the value of w" can be determined for any value of P. 
But VTa and Vfla are the quantities obtained for zero angle of 
attack at the same coordinate 4' of a coordinate system in 
axis with the conical shock, and 

VT,, = VT - V0 

V,,' 7—Vna 

therefore, the entire flow field can be determined until v' 
becomes 0. The value of 4' for which v,'=0 corresponds to 
4'+a-6 and, therefore, gives the value of a. 

Considerations similar to those used for cones can be used 
for the characteristics method presented in reference 6. In 
this case the pressure at the surface of the body can be 
obtained from the complete equations, and the vortical 
layer must be considered in order to obtain the correct distri-
bution of entropy. The application is the same because the 
entropy does not change along each streamline. 

COMPARISON WITH EXPERIMENTAL RESULTS 

In order to have an indication of the accuracy that can be 
expected from the first-order theory, theoretical results have 
been compared with sonic experimental results available. 
The theoretical results have been obtained by using the

( 	
._[+(v 	 (55) 

[(vTb)f1=—(x)#— _3;i;_ 

Then ( V ra)c, ( v r b) C , and (w) in the body coordinate sys-
tem have been obtained by means of equations (32), (34), 
and (35). 

From equation (36) Sb has been obtained (it has a negative 
value), and from tables of reference 7 S. can b6 determined—
for example, from the value of the angle of the shock obtained 
from reference 7—and

SSaaSb	 (56) 

The pressure has been obtained from equation (38). 
In figure 5 a comparison is presented for a cone of 4'=7.5° 

at M=1.6 and four angles of attack. The experimental data 
are obtained from tests performed in the Langley 4- by 4-foot 
supersonic tunnel. For comparison the values given by 
reference 4 and by linear theory are also shown. In figure 6 
a comparison is presented for a cone of 4'=10° at M=6.86 
and two angles of attack. The experimental data have been 
obtained from tests performed at the Langley 11-inch hyper-
sonic tunnel. The agreement in both cases is good, even at 
angles of attack where it would be expected that higher-order 
terms would be important. 

CONCLUDING. REMARKS 

The flow around cones without axial symmetry at super-
sonic velocity has been analyzed. Singular points which 
complicate the analysis of the flow field were shown to exist 
in the flow. The results of the analysis were applied to the 
determination of the flow around circular cones at an angle 
of attack. The concept of a vortical layer around the cone 
at small angles of attack has been introduced, and the correct 
values of the first-order terms of the velocity components 
were determined.
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(a) a=6.7°.	 (b) =14°. 

FIGURE 6.—Comparison of experimental pressure distribution over the surface of a cone with the theoretical pressure distribution. 4,,=10 0 ; .211=6.86. (Experimental values for two different 

values of r along the cone surface; data obtained from the Langley 11-inch hypersonic tunnel.) 

The method determined was applied to cones at finite 
angle of attack, and it is shpwn that good agreement with 
experimental results can be obtained from the first-order 
theory if the complete equation for the pressure distribution 
is used. The analysis can be extended to the application of 
the characteristics method around bodies of revolution at 
small angles of attack. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., September 26, 1950. 
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A GENERAL INTEGRAL FORM OF THE BOUNDARY-LAYER EQUATION FOR INCOMPRESSIBLE 
FLOW WITH AN APPLICATION TO THE CALCULATION OF THE SEPARATION 

POINT OF TURBULENT BOUNDARY LAYERS' 

By NEAL TETERvIN and CHIA CHIAO LIN 

SUMMARY 

• A general integral form of the boundary-layer equation is 
derived from the Prandtl partial-differential boundary-layer 
equation. The general integral equation, valid for either 
laminar or turbulent incompressible boundary-layer flow, con-
tains the Von Kdrmdn momentum equation, the kinetic-energy 
equation, and the Loitsianskii equation as special cases. 

In an attempt to obtain a practical method for the calculation 
of the development of the turbulent boundary layer, use is made 
of the experimental finding that all the velocity profiles of the 
turbulent boundary layer form essentially a single-parameter 
family. The general equation is thereby changed to a simpler 
one from which an equation for the space rate of change of the 
shape parameter of the turbulent boundary layer can be obtained. 

The resulting equation for the space rate of change of the 
velocity-profile parameter is restricted by the assumption that 
the velocity profiles of the turbulent boundary layer can be 
approximated by power profiles. Two of the resulting equa-
tions are used to calculate the distribution of the profile shape 
parameter over an aiijoil for one experimentally determined 
pressure distribution. Although different assumptions were 
tried for the shearing stress across the boundary layer, the calcu-
lated distribution of the profile shape parameter did not agree 
exactly with the experimental distribution. 

An examination is made of the effect of using the experi-
mentally determined single-parameter family of velocity profiles 
instead of the power profiles on certain functions that occur in 
the equation for the space rate of change of the velocity-profile 
parameter. One calculation of the distribution of the profile 
shape parameter over an airfoil is also made for the experi-
mentally determined pressure distribution by using the single-
parameter family of velocity profiles found from experiment. 
A comparison of the results with those of a calculation made 
with the same assumptions except for the use of power profiles 
shows some difference near the separation point. It is believed, 
however, that the apparent lack of reliability of the specific 
equations used to make the calculations is caused mainly by 
the lack of precise knowledge concerning the surface shear and 
the - distribution of the shearing stress across the turbulent 
boundary layer. The present analysis emphasizes the need 
for information concerning the shearing stresses in turbulent 

boundary layers.

INTRODUCTION 

An outstanding problem in aerodynamic theory is to cal-
culate whether the flow will separate from the surface of a 
specific body and, if so, where the separation will occur. 
The concept of the boundary layer and the equations that 
describe the flow in it, introduced by Pranciti (reference 1) 
and first worked out in some detail by Blasius (reference 2), 
reduce the problem to solving the Prandtl boundary-layer 
equation when the flow is laminar. Because of the mathe-
matical difficulty of solving the equation, approximate 
methods were developed for the calculation of the properties 
of the laminar boundary layer (reference 3). In some of 
these methods, for example, the Pohlhausen method (refer-
ence 3) and the WTieghardt method (reference 4), a functional 
form is chosen for the velocity distribution through the 
boundary layer and is combined with either the Von Kármán 
momentum equation alone (reference 5) or with both the 
Von Kármán momentum equation and the kinetic-energy 
equation (reference 4). The result is the replacement of the 
Prandtl partial-differential equation by one ordinary differ-
ential equation in the Pohlhausen method and by two ordi- 
nary differential equations in the Wieghardt method. A 
solution of the ordinary differential equation or equations 
provides the boundary-layer velocity profiles along the body.. 
These and other approximate methods that use only the 
Von Kármán momentum equation, or the momentum and 
kinetic-energy equations together, do not satisfy exactly the 
Pran dtl boundary-layer equation. 

Because the flow in the boundary layer is more often 
turbulent than laminar in cases encountered in engineering, 
the problem of calculating the separation point is of even 
more importance for turbulent than for laminar boundary 
layers. In spite of the importance of the problem, however, 
less progress has been made in the development of methods 
for the calculation of the behavior of turbulent boundary 
layers than for laminar boundary layers. The lack of 
progress stems from the absence of an explicit independent 
equation for the shearing stress that is accurate enough to 
lead to a description of the flow when used with the Prandtl 
equation. 

The main attempts to obtain methods for the calculation 
of the behavior of the incompressible turbulent boundary 

'Supersedes NACA TN 2168, "A General Integral Form of the Boundary-Layer Equation for Incompressible Flow with an Application to the Calculation of the Separation Point of Tur-
bulent Boundary Layers" by Neal Tetervin and Chia chiao Lie, 1950.

Preceding Page Blank
	 1067
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layer in the presence of pressure gradients are those of 
references 6 to 12. The results of these attempts are unsatis-
factory either because the assumptions upon which they rest 
are incorrect or because the equations used to make cal-
culations were not derived from the boundary-layer equations. 

The analysis of reference 6 is based on the assumption that 
the velocity profile is a single-valued function of the ratio of 
the pressure gradient to the skin . friction, an assumption 
shown to be incorrect by later investigators (for example, see 
reference 12). In the analyses of references 7, 10, 11, and 
12 the momentum equation is used, together with an auxil-
iary equation,. to calculate the distribution of velocity pro-
files over a surface. In each of these four methods the 
auxiliary equation is not derived from the boundary-layer 
equations but is empirical. 

In reference 8, the equation that gives the variation of 
the mixing length across a pipe (reference 3) was used to 
calculate the velocity profiles. The fact that the mixing-
length distribution across the boundary layer is not the 

• same as across pipes is shown in references 13 to 15. 
• Reference 9 does not provide a method for the calculation 
of the distribution of turbulent velocity profiles along a 
surface. It does, however, suggest that separation of the 
turbulent boundary layer always occurs when the numerical 
value of the nondimensional pressure gradient reaches an 
empirical constant. 

The purpose of the present investigation is to begin with 
the boundary-layer equation for incompressible flow and 
to proceed as closely to a method for the calculation of the 
behavior of the turbulent boundary layer as the present 
knowledge of the turbulent boundary layer permits. 

At first it might appear that the use of empirical auxiliary 
equations in methods for the calculation of the behavior of 
turbulent boundary layers can be avoided by developing 
a method similar to the Pohlhaiisen method which requires 
the solution of only the Von Krmn momentum equation. 
For turbulent flow, however, in contrast with laminar flow, 
the conditions on the behavior of the velocity profile at the 
surface that can be obtained from the boundary-layer equa-
tion seem to be of little or no use for the determination of the 
shape of the velocity profile across the boundary layer. 
This difference between laminar and turbulent flow makes 
inapplicable the Pohilbausen process in which a type of 
function is chosen to represent the velocity profiles, the 
function for the velocity profiles is combined with the Von 
KármIn momentum equation, and the resulting ordinary 
differential equation for the space rate of change of the 
profile shape parameter is solved. 

An auxiliary equation for the calculation of the behavior 
of the turbulent boundary layer can, however, be obtained 
from the boundary-layer equation by making use of the

experimentally verifiable fact (references 7, 10, LI, 14, and 
15) that all velocity profiles of the turbulent boundary 
layer form essentially a single-parameter family of curves. 
In the present analysis the Loitsianskii equation (reference 
16) is generalized by multiplying the Prandtl boundary-
layer equation not only by an arbitrary power of the velocity 
in the boundary layer but also by an arbitrary power of the 
distance from the surface. The resulting equation is then 
integrated across the boundary layer and provides a general 
integral form of the boundary-layer equation, valid for 
either laminar or turbulent flow. This general integral 
form of the boundary-layer equation reduces to the Loitsi-
anskii equation when the distance from the surface is raised 
to the zeroeth power, to the Von Kármán momentum equa-
tion when both the distance from the surface and the velocity 
are raised to the zeroeth power, and to the kinetic-energy 
equation when the distance from the surface is raised to the 
zeroeth power and the velocity is raised to the first power. 

When use is made of the assumption of a single-parameter 
family of velocity profiles, the general integral form of the 
boundary-layer equation becomes a general equation for 
the rate of change along the surface of the velocity-profile 
shape parameter. This equation for the rate of change of 
the velocity-profile shape parameter is the desired auxiliary 
equation. 

The assumption of the single-parameter family of velocity 
profiles changes the problem from one of finding a solution 
of a partial-differential equation, the Prandtl boundary-
layer equation, to one of finding a solution of two simul-
taneous ordinary differential equations, the equation for 
the rate of change of the shape parameter and the Von 
Kármán momentum equation. The differential equation 
for the rate of change of the shape parameter, however, 
cannot result in a solution of the problem in the present 
analysis because a knowledge of the shearing stress is lacking. 
In the present analysis various assumptions are made for 
the distribution of shearing stress through the boundary 
layer, and the distribution of the shape parameter over the 
surface of an airfoil is then calculated. Because of the arbi-
trary assumptions for the shear distribution and the use of 
a flat-plate skin-friction formula, precise agreement between 
the calculated and experimentally obtained distributions 
of the shape parameter is not obtained. 

The problem of finding the shearing stress in the turbulent 
boundary layer remains. It is believed, however, that, if 
suitable approximations are found for the shear and surface 
friction, the equations presented herein should enable the 
development of the turbulent boundary layer to be calcu-
lated with an accuracy sufficient for engineering purposes. 

The present work was begun while Dr. Lin was temporarily at 
the Langley Laboratory and was continued by correspondence.
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SYMBOLS 

A arbitrary positive integer in shear polyn mial radius of body of revolution 
a, b, c	 coefficients in polynomial for

1	
d 

fc S
dH 

coefficient of c in equation for 8 
B exponent in expression for shear

U
dx 

velocity parallel to surface and at outer edge 
C reference chord of boundary layer 
F0 ,F1 	 functional notation U velocity parallel to surface and inside bound-

U ary layer, positive in direction of positive x 
V velocity perpendicular to surface and inside 

T boundary layer,	 positive in direction of 

91
To.

derivative of shear polynomial for X=O
v0

positive y 
value of v at y=O 

g2
ôg 

coefficient of X in expression for x ordinate	 parallel	 to	 surface,	 positive in coordinate
 from leading, t	 trailiii 

H
&*	 I 

I
y coordinate perpendicular to surface, positive 

0 outward from surface 
equilibrium value of H for w—O I6 smallest value of y for which the difference 

i=vif y— (l 
_frn+l) (f	 dy) dy U—u is negligible 

displacement thickness (1(1 -f) dy) 
y"'(l—Jm fo

+1IJU ô(f) 
dy] dy

—y 
1	 (O	 V 

1
•
 (1—f m ')	 (1 —f) LC 

j, q,

-	 H—i 

1	 coefficients in polynomial for 1	 2
0 momentum thickness	 1(1 —f)dy 

(fo 	 ) K ratio of kinetic-energy thickness to momentum 

thickness 
(.f 

(1 —f2)j dy) 
0. TO dx 

dK viscosity 
K'= — 

dH W 

k function of H	 (_(H_1)K)
1_ffdg) 

Lr  
1J

f( i—f--^)y-dy p

OH1

density 

1
y(l _fm+I) dy

T 

To
shearing stress 
surface shearing stress 

M exponent of u in derivation of general equation 4=—vj2 
To 

N= 1 f y-(1—f-+l)fdy  

dN	 - 0 d 

n
dH

exponent of y in derivation of general equation
Udx

ANALYSIS 

P
dH coefficient of c, in equation for 8-- 
dx DERIVATION OF GENERAL EQUATION

P exponent in equation for power profiles	 1	 ' The general equation is derived for the body 01 r evolution 
Pi static pressure because the equation for two-dimensional flow can be 

1 obtained from this equation by letting the radius of a trans- 
-6-1i 0f

' y--- 1(1 —f-+-)dy verse section of the body of revolution become infinite.
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The boundary-layer equation of motion for the body of 
revolution, also valid for two-dimensional flow, from refer-
ence 3 is

	

àu àu	 1dp1 làr 
tt _+v—= ax	 by	 (1) 

After multiplying through by 'a tm , making use- of the equation 
of continuity that is valid in the boundary layer of a body 
of revolution (reference 3)	 - 

àu+àV+U dr0 
ox by r0dx 

and noting that

	

dU	 dp1 
pU—r= 

	

dx	 d  
equation (1) becomes 

'am+l (Ou à y u	 U Ôu-- 1	 v Ouml 
m+1Ox + Oy + ro dx)+ in+1 	 +m+1 by 

=um(U U lOr\ 

)	
(2) 

After equation (2) is written in a form in which each term 
vanishes at the outer edge of the boundary layer, each term 
of the equation is multiplied by yfl and integrated from y=O 
to y=& The result (see appendix A for detailed develop-
ment) is 

	

(n+ l)N+O(i-_nhi)+	 {A1(m+2)n(J_M) 

	

0	 o [ V0 L(m+ ')1+ 
dr 

- - N—n(J—M)}—nQ . 

1 

	

T o 	 n
	

(3) pU2 

Equation (3) is the general integral form of the boundary-
layer equation. 

The Von Kármán momentum equation is obtained from 
equation (3) by letting m=O and n=O, the eqUation for 
kinetic energy is obtained by letting m=1 and n=O, and 
the equation for moment of moment-urn is obtained by 
letting m=O and n=1. 

	

In the case m=n=O.	 - 

N0=f(1 —t).f dy=8 

or
N=f 

Also, 

o	

-	 fo r1(f_i)dy_5* 

It can be easily verified that all the integrals, except Q, 
involved in equation (3) have finite integrands as 'a ap-
proaches 0. The limit nQ, however, approaches unity as

m approaches 0; thus 

n QO 0 =n f y 1 (1 _fm+l)dy 

[	 _I&	 0 
= y(1 _Jm+i)] 

-fo 
yfl	 (1 _fm+l)dy 

	

0	 0 by 

The first term drops out if i71-0. Then, b y taking the limit 
n-30, the result is

Jim nQO"=l 
12-)0 

Hence, when m=n=0, equation (3) becomes 

do 0 dU	 8th'0 v0 

	

(H+2)+— —=—	 (4) 

Equation (4) is the momentum equation for flow over- a, 
body of revolution with flow through the surface. For two-
dimensional flow, equation (4) becomes 

do o dU	
(5) Li pU2 

do when the value of	 from equation (4) is substituted into 

equation (3), the result is 

0(

dN	 o dU 
_nhi)+_{m(N_L)_n[(J_M)+N(H+2)]_ 

0 dr0 
L —NH }----- n [(J— M)+N]—f[nQ—N(n+ 1)] r0 dx

( --	 To 
_--[m+iJ 

116 Jmnd+('a+1)N]	 (6) 
P 
U2 

where
T 

To 

The assumptions contained in equation (6) are the usual 
boundary-layer assumptions. Equation (6) is valid for 
both laminar and turbulent flow.	 - 

FORM OF EQUATION (6) FOR SINGLE-PARAMETER FAMILY OF
VELOCITY PROFILES 

Equation (6) is now to be placed in a- form valid when the 
velocity profiles form a single-parameter family of curves 
(J=f(y,II)). For this purpose the term I, of equation (6) 
is modified in the following manner: 

By definition, 

IiO'='y'(l _fm+l)r fou 0(1
f._10 	 L, 	 Ox 

Because  depends only on y and II, 

0(1—f) O(1—f)Oy b(1—f)dH 
Ox	 - ày bx+ OH d  

From the definition of y

ày	 ydo 
Ox	 Odx



0 dH —4p(p+ i)(2p+ 1)[p(m+2)+n+ 11___ 
pm+n+i	 Udx+ 

2p[p(rn+2)+n+ 1 (2p+ ')± 

and

I 
yn-I(fm+I)LJ (i_f)dy]dy=JO+' 

0
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then 

Suo(1—f)	

ide Cu (1_f)dy+dH 1uo (1_f) 
0	 X 

dv=_.J	
Jo oH 

dy 

or, after an integration by parts of the first term on the right-
hand side, the result is 

	

f_____	 r	 ( 
___-

ide 
[y(i_f)_J 

u 
(i_J)dY]__

dHruofdY 

The expression for	 then becomes 

ide (0	 ide '•6 

Iion±I___ej o yn(l _fm+1)dy+_j ytif(1 _Jm+I)dy+ 

1 deI n_1(l_fm+1)[f(i_f)dY]dY_ 

dH

	

I	 ti-i y (l_fm+1)(fjdy)dY 

But
l.a

yn( -f m + l)dy= Me' 
'Jo 

J
yn(l 

_fm+l)fdyNofl+l 
•0

the present no restrictive assumptions regarding the shear 
are made. The form of the kinetic-energy equation for a 
single-parameter family of velocity profiles is obtained from 
equation (8) by placing m= 1 and n=0 and dividing by 
N'(H)=K'(F). Thus,

/ 
dHK(H-1) odU 

K+2f
o, ft1 

	

dx	 K' t7\	 K'	 JpU2 

(
K_1)vo 
K 'U	

(9) 

The symbol K represents the ratio of the kinetic-energy 

	

thickness	 (1—f)f dy to the momentum thickness. Note 

that in the derivation of equation (9) from equation (8), the 
assumption of a single-parameter family of curves is not 

restricted to the case V0 —=0. 

RESTRICTION OF GENERAL EQUATION TO POWER PROFILES 

The data in figure 1 show that the power profiles defined 
byf= " are a good approximation to the "standard" profiles 
derived by fairing experimental data (reference 10). Equa-
tion (8) can be further developed by using the assumption 
that f= . After some fairly lengthy calculations (see 
appendix B), equation (8) becomes 

Then with

J
yn_I(1_fm-F1)(fdy)dY=IOfl+1 

0 

the expression for I can be written as 
ide	 J)—I1-1	 (7) I1=—	 d (—M+N+	 x 

When the expression for 11 from equation (7) is substituted 

into equation (6) and equation (4) for 
do is used, the follow-
TX 

ing equation is obtained: 

dH Ge—+ni)=4y [—n(H+ 1)(J—M)+L(m+ 1)+ 

N(11-4$2[n(J— M)—N— 

('6/0 
(m+i) I fmiindn]+ 

.10 

J[n(J—M) —AT +nQI	 (8) 

dN dNdH	 dH 
where ----=	 -a-- has been used. Equation (8) for 0 

is applicable both to two-dimensional flow and to flow over 
a body of revolution. 

In equation (8) all the integrals, except the one involving 
the shear ratio g, are functions of H, in, and n only. For

[p(m+2)+n+1'J pm±fl_

0 

0 

2p(p+1)[p(m+2)+m+1]. 
p(m+1)+m	 U 

As a first approximation the assumption has been made that 

even when VOXO. 

The occurrence of the arbitrary positive integers in and iv 

in equations (8) and (10) requires an explanation. In order 
to determine why in and iv appear, equation (8) is written in 
a different form. By making use of the definitions for N, I, 
J, M, L, and Q and integrating by parts where necessary in 

	

order to eliminate terms that contain	 the result is 

dAT	
—(m+ 1)j' fm Ngf_!LfL d) d 

—n(H+ i)(J— M)+ L(m+ 1)+N(H—in)

bf 
=(m+1)J 'i

tijtm [(H+1) fovf d 7 + f2 _ 1 1 d77 
('6/0 

0

Og finn	 d 

f
o,1ff

=—(rn+1) 	 nfm\f fdn+-) d

(10)



Equation (8) then becomes
odU 

	

n	 TO Qlf'f +-) '+_ 

	

A 
dH= jf,'"'q	 PU

1 —f2—(H+ 1)f"fdn]+
V0

 U I(.1:fd71_1)1} d 
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and

n(J_M)_N+nQ=(m+1)1nfm (1_ffdn) d 
617

(11) dx	 -	
m (fH 

afoffi L d ) d I
,Thf

0oH 
11 

By using the assumption of a single-parameter family of curves directly in the partial-differential equation (1), the 
following ordinary differential equation is obtained: 

TO odU 
QVf 0 [^f (f "f d,7 — I)] 

dHU	 fd+)+ - [ _f2_(H+l)L
0 

dx	

of ofJO	

(12') 
f -  - 

The concept of a single-parameter family of velocity pro-
files is consistent with equation (1) and with particular 
functions for TO/p U°, g, and f when the right-hand side of 
equation (12) is independent of 7 7 .	 When the right-hand side 
of equation (12) is independent of 77 , the right-hand side of 
equation (11) is independent of m and n.	 Equations (11) 
and (12) are then identical.

dH To obtain an equation for 0	 that does not contain either 
dx

/ 

m or n or both, the functions To/pU2, g, and f must there-
.4 

fore be such that the right-hand side of equation (12) is 
independent of i; the solUtion of the equation on for 0	 then 
provides a solution of equation (1). 	 Note that the problem c 
is to find a solution not of equation (1) alone but of equation 
(1) and the independent relation for the shearing stress in 
turbulent boundary layers; this relation is at present un-
known. 

The nature of the appro ximation made in the present 
dH analysis, in order to obtain a specific equation for	 , may 

dH be clarified by noting that a specific equation for	 is ob- 

tamed from equation (8) by choosing the functions To/p U2 , .4 

g, and f and substituting an arbitrary positive integer for m 
and an arbitrary positive integer for n.	 The calculated 
distribution of Hover a body for arbitrarily chosen functions 
for 'ro/pU2, g, and f is then consistent with the momentum 

dH equation and one of the integral equations for 	 For
C 

example, if rn=1 and n=0, both the momentum and the 
kinetic-energy equations are satisfied -but no other ones. 
If m=O and m=1, only the momentum and. the moment of 
momentum equations are satisfied. 	 In the present analysis .8 

only the momentum, the kinetic-energy, and the moment of 
momentum equations—equations which have familiar phys- .6 
ical meaning—are used. 

As noted previously, equation (11) is independent of m 
and n if the functions ro/pU2, g, and 	 are such that the right-
hand side of equation (12) is independent of 7 1 .	 In this case 
a solution of equation (1) results and the functions ro/pU2, .2 
g, and f and the calculated distribution of H satisfy every 
particular equation obtainable from equation (11), (10), or 
(8) by assigning positive integers to m and n. 0 

Note that m and n cannot both be made zero in equation 
(8) because gJ+ni=o for m=n=0.	 If m and n are both

_L I III H	 Cciculbted eaT 
/3/0	 a 
1518	 a 
1.710	 0

—
I 11 — - 

1 

— / — — H	 Calculated Expe/menta/ 
/886	 o 
2057	 o 
2277	 o' 

77/

(b) 

•IIIIIIIII!1IIIIII 

2465 
2.701 

H	 Calculated 
0 
0

Experimental 
--

/ 
71 __ 7

,?	 J	 4	 b	 /	 8	 9 
'7 

(a) H=1.310,1.518, and 1.710. 
(b) H=l.888, 2.057, and 2.277. 
(c) H=2.465 and 2.701. 

FIGURE 1.—Comparison of experimental and power velocity profiles. 
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ID11] 

zero, equation (8) becomes 0=0. It is also noted that 
equations (8) and (10) are valid both for flow over a body of 
revolution and for two-dimensional flow. 

For m=1 and n=0, equation (10) leads to the equation 
for kinetic energy 

dH	 0 d 

(3H— 1) (H+3	
J1e 

d) -To± 

	

(H+ 1 )(3H1 ) V o	 (13) 
4 

where the relation for power profiles 2p + 1 = H has been 
introduced. This form of the energy equation can also be 
obtained from equation (9) by noting that, from the defini-
tion of K and the equation for power profiles, 

K_ 2(2P+1)__4H 
- 3p+1 3H-1 

A comarisoIi of • the values of K obtained from this formula 
and obtained from the standard profiles is given in figure 2. 

The equation of moment of momentum for power profiles 
is obtained from equation (10) by letting m=0 and n=1; 

it is 

dH	 H(H+1)(H2-1)0dlJ 
2	 Udx 

(H2— 1)1H +(H+	 1)J (14) 

	

6T	 P 

In this equation the term involving the shear distribution 
may be rewritten as follows: 

l àg	 '" 

J
__d=—J gd 

0	 0 

It then involves the mean shear inside the boundary layer. 

ATTEMPTS TO DERIVE A RELATION GOVERNING THE CHANGE OF THE 
FORM PARAMETER 

In most of the recent analyses of the development of a 
turbuleht boundary layer, an empirical relation governing 
the change of the form parameter H is usually introduced. 

iiiaaa..iiiii•u•ua 

UIiU$R : ... Ml 
IllEU•UlIRRlRRlUl 
IILII•III••U••IUII 

..RR'...I..II..I.
1111 IIU•III•IU•
MMMMMMMKNNMMMMMMMM 
• lUlll**l5Ullll

MMMMMMMMMMEMEMONS
MMMMMMMMMMMMMOMMM

MMMMMMMMMMMMMMMMMM 
1.0	 1.2	 1.4	 46	 1.8	 20	 22	 24	 25 2.8

H 

FIGURE 2.—Values of K for experimental and power velocity profiles.

It is clear that equation (10) automatically furnishes such 
relations if the shear distribution is known. In this section, 
three attempts are described to establish such a relation, 
These attempts are based on the following simple assump-
tions for the shear distribution: 

(a) The shear distribution depends only on -- 	 which 

is equal to the Polilhausen parameter multiplied by a factor 
(reference 3). 

(b) The shear is constant across the boundary layer. 
(c) The shear distribution depends only on the form 

parameter of the velocity distribution. 
The first two assumptions are used either with the energy 

equation in the forms given by equations (9) and (13) or 
with equation (14) for the moment of momentum. The 
last assumption is used with equations (13) and (14) jointly. 

(a) Shear distribution depending only on the Pohihausen 
parameter.—The first assumption follows the original idea 
of the method of Von Kármán and Pohlhausen in using 
polynomial approximations together with the boundary 
conditions obtained by successive differentiation of the 
equations of motion (reference 3). Fediaevsky (reference 8) 
appears to have been the first to introduce it into the inves-
tigation of turbulent boundary layers. When the shear 
stress through the turbulent boundary layer is assumed to 
be a polynomial of fifth degree in = satisfying the follow-
ing boundary conditions: 
at y=O

or dp1	 à2r 
T = Tj	 == 0 

aty=ö
oT	 à°r 

T =O — 0	 2_0 ày	 ày 

the following expression is obtained: 

g=(1 _)3 [1+(3+X)+3(2+X)2] 	 (15) 

The shear distribution g is a function of and ?, where 

6 dp I	 0dUôpU2
UdxO T O 

The particular boundary conditions at y=0 restrict this 

development to the case 

From the shear distribution (equation (15)) the calculation 
may be made of the coefficients P and S. The attempt to 
calculate P and S by using the standard profiles together 
with equations (9) and (15) was, however, unsuccessful for. 
two reasons. First, the ratio /O, which must be known, 
could not be accurately determined from the standard pro-
files. Second, for reasonable values of 61d, the calculated 
values of P were positive for values of H for which P should 
be negative. 

The calculation of the part of P independent of the shear 
profile was then made both for the standard profiles and the 
power profiles by making use of the kinetic-energy equations 
(equations (9) and (13), respectively); the comparison is 
shown in figure 3. The closeness of the results suggests 

K
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that it is permissible to use power profiles as an approximation 
for calculating P and S. From equations (13) and (15), 

P=	 96(3H-1) —H(3H— i)[H_ 1— 
(H+5)(H+7)(H+9)] 

(16)

and

S—(3H 1)[H
	

240(3H-1) - -	
- (H+5HflH+9)]	

(17) 

The functions P and 5, given by equations (16) and (17), 
respectively, are shown in figure 4. 

The fact that the equation 

Tx_ 
PW+S0 

where P and S are obtained from equations (16) and (17), 
respectively , does not predict the behavior of the turbulent 
boundary layer is shown as follows: Let t=O; then, for 

dH H greater than approximately , 1.5, -- should be negative. 

Because S from equation (17) is positive for H>1.2, it 

follows that	 is positive. This conclusion is incorrect; 

I	 I	 I	 I 

1	
F for power profi/s 

----P for e'perfrnenfa/ profiles 1 

-I' 

p 

FIGURE 3.—Values of P from energy equation. For power profiles, P=—H(H-1)(3H-1);

for experimental profiles, P= K(H-1) 
K'

therefore, the function for S (equation (17)) is inconsistent 
with the known behavior of turbulent boundary layers. 

To show that the function for P (equation (16)) is in-
consistent with the known behavior of turbulent boundary 

dU dH layers, let H 1.4. By making -a-- positive and large, - 

becomes positive and large because P given by equation 
dU (16) is positive. For positive values of	 however, it is 

dH known that	 should be negative. The function for P 

(equation (16)) is therefore inconsistent with the known 
behavior of turbulent boundary layers. 

In order to determine whether functions for P and S that 
do not result in obviously incorrect conclusions can be 
obtained by making the shear polynomial satisfy a greater 
number of.boundary conditions at the outer edge of the 
boundary layer, the shear polynomial is generalized by 
writing	 - 

g(l)A[l+A+A(A+1 
2]+x(1)A(1+A) 

(18) 

The boundary conditions at the surface that are satisfied by 
equation (18) are 

g=l	 or	 T=TØ 

ôydx 

b2 
9 TO 

At y=ö, the conditions that are satisfied are 

g= 0 

69 0 o. 
à2g 

4 

0 

-4 

-8 

-/2

I	 I	 I	 I	 I	 I	 I	 I	 I 
1.0	 1.2	 1.4	 1.5	 1.8	 20	 2.2	 2.4	 25	 2.8

H 
FIGURE 4.—Values of P from equation (16) and values of S from equation (li).

In order to evaluate the integralf	 69 d in equation (13) 

the term àg is written as

og 

where 

g 1 =(1— [A+A(A+ 1)] _A(1_ 1 [1 + A+ A(A+1) 

and, for A^! 1, 

92 =0 —(1 +2A)—A(1 +A)(1 -)A-
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By using the expression for g 1 , the equation obtained for S is 

(2p+l	 A!p	 ______ A	 A(A+1)(p+1) ii 
S=2(3p+1)23p+l_(A+p)(A+p_1)(A+p_2) . (p+1)[p+A+1 +p+A+2+p)(A+1 +r) 	

(19)

By using the expression-for g2 the equation for P is found to be 

W+1
	 A!(p+l)	

[A+ +p +_	
A(p+1)

P=_2(2P+1)(3P+1))_(Ap)(Ap_1)(A+p_2)..(p+l)	 (A+2+p)(A+1	
]}(20) 

To avoid positive values for S obtained from equation (19) 
for H<3 , it is found that A must be 1 in the expression for 

g ' . It is also found that, to avoid positive values for P in 
equation (20) for H>0 , A must he in the expression for 
92• The values for S and P then become 

5
- 

(31-I-1)(17-1)(H-3)	 (21) 
 H+5 

P=—H(H-1)(3H-1)	 (22) 

The expression for P (equation (22)) is the same as the 

coefficient of -j 0 d in equation (13); letting A— makes the 

coefficient of X in equation (18) become zero. The shear 
0 d 

profile then contributes nothing to the coefficient of 

in equation (13). 
Equations (21) and (22) for S and P, respectively, were 

tested by making a computation of H and 0 for the pressure 
distribution given in table I of reference 10. The computa-

tion began at =0.075 with the values given in table I of 

reference 10. The equations used are 

(31-1-1)(H-1)(H-3) 
0	 H(H- 

dx	
1)(3H-1)w+	 H+5 

and
-- —(H+ 2)w+ 4) 
dx 

The equation for -° is the Von Kármán momentum equation 

The equation for 4) was obtained from reference 17 and is 

0.006535 

The calculated distribution of H along x was far from the 
experimental curve. 

In an attempt to reduce the sensitivity of the equation for 

0
dH to the shear distribution, the moment of momentum 
dx 

equation (equation (14)), in which the shear appears in the 
coefficient of 4) only as a mean value, is used. When the 
generalized expression (equation (18)) is used for the shear 
distribution g, the result obtained is	 - 

0 dH [ H(H_1)(H+1)2+_3H(H+1)3 1 +
dx L	 2	 (A+2)(A+3)] w 

(H2_1)[H_331)] 0	 (23)

where '=O as required by equation (18): To keep the 
coefficient of w negative for all positive values of H, A must 
equal in the coefficient of w. The shear distribution is 
then independent of the pressure gradient. To make the 
coefficient of 0 negative for values of H near 3, A must have 
the smallest value that it can take; therefore, let A=1 in 
the coefficient of 0. Equation (23) then becomes 

dH —H(1:12-1)(H+1)	 (H2-1)(H-3) 
4)	 (24) 

dx	 2  

A calculation for the example in table I of reference 10 with 
equation (24) resulted in a computed curve for H that was 
far from the experimental curve. 

(b) Assumption of constant shear across the boundary 
layer.—All the computations of H have led to values of H 
much larger than the experimental values. Therefore, in 
order to reduce the calculated values of H it is necessary to 
increase S. In order to increase 5, the assumption of con-
stant shear across the boundary layer is made. For constant - 
shear it can he shown that 

f0' 
-1=-1 

by letting g=(1—)' and taking the limit of the integral 
as B-0. Equation (14), after the assumption of constant 
shear is introduced, becomes 

dH _H(H+1)(H2_1)(H2_l)4)+(Ij2_l), 
0 dx	 2 

	

dH	 dU 
In order to make —=0 at H=1.286 for —=0, the cod- ax	 dx 

ficient of 4) was arbitrarily changed to H2 -1.2862. The 
equation then becomes 

dH _H(H+1)(H2_l)(H2_lG3)4)+(H2_l). (25) 

	

0 dx	 2 

This equation was used for the computation of H with 
4' =O, and the results for the example given in table I of 
reference 10 are shown in figure 5. 

The assumption of constant shear across the boundary 
layer was also combined with the kinetic-energy equation. 
When the power profiles and the assumption of constant 
shear are used in equation (13), the kinetic-energy equation 
becomes 

dH	 (H-1)(3H-1) 
O_ d_x ==_H(H-1)(3H-1)w—	 2 

(H+ 1)(3H— 1) 
4
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IIII1ip_IIIIII 
colculated IT. iI ---1 

ETEE/2I 
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.r/c 

FIGURE 5.-Comparison of experimental values of I-I and values calculated by equation (25). 

S= 112-1.03; Q 

The function -fI(H-1)(3H-l) is shown in figure 3 and 
the function__ 1 311_1),in figure 6. When the stand-

ard profiles are substituted for the power profiles and the 
assumption of constant shear is made, the kinetic-energy 
equation (equation (9)) becomes 

dH K(H-1) K-2 K-i 

	

K'	 K'	 K' 

where the function	 K' 
K(H-i) 

is shown in figure 3 and the 

K-2. function - 
K' is shown in figure 6. The results of these 

calculations of H (with '=O) are shown in figure 7. In this 
case, the use of power profiles makes the result somewhat 
different from that obtained by using the standard profiles. 

(c) Determination of S by the simultaneous use of the 
energy and moment of momentum equations.-It seems 
obvious that, if equations (13) and (14) were exact, the 
coefficients of co, 4), and .' in equation (13) would be equal to 
the coefficients of to, 4), and i/' in equation (14). The ratio of 
the coefficients of co is 

H(H+1)(H2 - 1) 
-	 2	 (11+1)2 
-H(H- 1)(3H- 1) 

-
2(3H- 1) 

The curve of (11+1)2 2(311-1) is given in figure 8 and is seen to be 

close to unity.

1LH'	 I	 I 
S for power profiles I 1 - -0- -s for eperilnentaI profiles 

I	 I	 I	 I 

-2 - 
S - 

-3 -. 

-4 - 

40	 1.2	 1.4	 1.6	 48	 20	 2.2	 2.4	 26 28
H 

FIGURE 6.-Values of S from kinetic-energy equation with the assumption of constant shear. 
For power profiles, S= -	 2 

(H-1)(3H--1) ; for experimental profiles, S.= - K-2 

ae	 -0---- Expe/rnern'o/ 

I ------ Power profiles 

F	 ---- Standard profiles 

2.6 

24 

I!

2.2

U 

,kj 

(1	 .1	 .2	 .3	 .4	 .5	 .6 
5-/c 

FIGURE 7.-Comparison of experimental values of H and values of H calculated by kinetic 
energy equation with constant shear across boundary layer. 

The ratio of the coefficients of it' is 

	

4(H2 -1) 	 4(11-1) 
(H+1)(3H-1) 311-1 

4(H-i The curve of 311-1 is also given in figure 8. The values 

are far from unity for small values of H but become equal 
to unity for 11=3.



GENERAL INTEGRAL FORM OF THE BOUNDARY-LAYER EQUATION
	

1077. 
I	 P.	 714 I IOU 11 
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EF 
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H 

FIGURE 8.—Ratios of pressure and suction factors in energy and moment of momentum 
equations. 

Equating the coefficients of 4, results in 

(H2_1)[H+(H+1)J	 (l] 

or
H-i 

	

2	
j (H 2._1)(H+1)f 4 (l— 

(3H-1)2'f'	
d 

=H2(3 _H)	 (26) 

Now let

f

1 

69 (l=a+bH+cH2 

and

d—j+qH+lH2 

When the shear distribution is assumed to depend only on 
H, the integrals in equation (26) are functions of H alone. 
Because equation (26) is then an identity, the coefficients 
of the various powers of H can be equated to zero. The 
resulting equations are: 

For H° 

for H'

—a—b+3j—=0 

for H2

a—b—c-- j+3q—=3 

for H3

a+b—c— q+31=-1

b+c—l=0. 

for H5
c=0 

The.resuItsobtained are:

28 
a=i-

180 
b	

128 

C=0

56 

.32 
q=-

40 
128 

Therefore,

f 

1 ôg d=74SH 
32 

and

Si	 g d=_7+4H+5H 
16	 - 

Equation (14), the moment of momentum equation, becomes 

dH_ H(H2—l)(H+1) 
0 - 	 w 

71—x 2 

(H— 1)(3H— 1)(7+22H±1 5H2) 0+(H2_1)4, (27) 

and equation (13), the energy equation, becomes 

0 =—H(H-1)(3H-1)w-

(H— 1)(3F1-1)(7+22H-l- 15H 2) (H+1)(3H-1) 
32	 4

(28) 

The variation of H with x for the initial values and the pres-
sure distribution given in table I of reference 10 was computed 
by using a modified form of equation (28). In order that 
dH 
d0 

at values of H in agreement with experiment when 

w=0, the coefficient of 4, in equation (28) was replaced by

(H—H0)(3H—H0)(7 +22H+ 1 5H2)
32 

where
H0=H0(R6) 

The variation of H0 with Re was calculated from the equation

log, 0 H0 =0.5990-0.1980 log, 0 R6 -0.0189 (log, 0 B)

which was derived to represent a faired curve through the
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experimental data (see fig. 9); the data were obtained from 
reference 13 and from British results that are not generally 
available. The result of a computation of H for ' =0 and 
with equation (28) modified as follows	 - 

dH 
d —H(H—l)(3H—l)w— 

(H—H0)(3H----H0)(7+22H-l-15H2) (H+ 1)(3H-1) 
32

(29) 
is given in figure 10. 

Assumptions (b) and (c) lead to somewhat better results 
than assumption (a) although they are still not as satisfac-
tory as those obtained from thepurely empirical relations 
introduced in references 10 and 12. It is clear that this 
difference is caused partly by the inaccuracy of the simple 
assumptions about the shear distribution and can be im-
proved by using better descriptions. However, in view of 
the limited present knowledge of the shear distribution, it 
does not seem worth while to make more complicated 
assumptions. 

100x103 
90 
80 
70 
60 

50 

40 

SC 

20 

RO
/

C 

1.1	 l.d	 1.1	 44	 I-b	 40	 II 
H0 

FIGURE 9.—Variation of H, with RI.

It may be noted that the final equations obtained for the 
change of the form parameter by the three assumptions are 
all of the form

0 

0 d -T where w= 
U	

O This form is used in refer- — 
d

and 
x 

ence 12, but a different form is used in reference 10. 

INVESTIGATION OF ENERGY EQUATION 

Since none of the three assumptions for the shear distribu-

tion results in a dependable equation for -jX , an investigation 

is made to determine whether a result common to the three 

assumptions—namely that the coefficient of in the equa-

tions for dx is a function of H alone—is very far from true 

by using experimental data and the kinetic-energy equation 
without any as 	 for the shear. 

If no assumptions other than the boundary-layer assump-
tions are made and if in equation (6) n=0 and m=1, the 
result is	 - 

dK	 / 
0—= -4(K+2J fdi)+w([J_1)K+tt<1_K) (30) 

If the assumption of a single-parameter family of curves is 

26

Exper'imerttol 
Calculated 

	

2.4 -	

-I-	 - 

22 

H

0	 .1	 .2	 .3	 .4	 .5	 .6 
1./c 

FIGURE 10.—Comparison of experimental values of IIwith values calculated by equation (29). 

P=—H(H—l)(3H-1); S=—
(H— If,) (3H—Ho) (7+22H+15H2), 

32 

—

— _n	 -	 - 
o	 British data (not generally 

ava/able) 
Ho=0.5990.0.1980/oq10 

-	 O.O18S(log	 R& 2 - 

- 

- R0- -IF 
-
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---* 
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made (f=J(,R)), then K=K(H) , and equation (30) becomes 

ôl8 

dH	 K+2f f-d7H1lK 

K'	 K' 

or, for 'I'=O,
dH (31) 

where

k	
—(H—l)K 

(H)— K' 

w 

1/	 2C' 
EojJ0 f dg 

If the assumption is made that g=g(,I-l), then f=J(g,R) 

and fo I f dg is a function of H only. Therefore, =0(H). 

Equation (31) then becomes 

O=frk(H) [E+ 0(H)1	 (32)
dx 

In order to obtain an estimate of the quantity	 dg 

under the assumption that f=f(g, H), reference 12 is used. 
Equation (7) of reference 12 may be written as

or

i_5f dg=-0.1032 

Therefore i_5i dg is the difference between two quanti-
Kl 

ties, each of which is much larger than their difference. It 
follows that, in order to determine 0 (H) for values of H not 
close to separation with any accuracy, J and g must be 
known with relatively good accuracy. 

It may be noted that the moment of momentum equation 
is also sensitive to g. This sensitivity can be seen by writing 
the coefficient of in equation (14) as 

(H 2 -1)[(11+1) (1 -50 gd)_ i]

When it is noted that the integral .] g d is of the order of 

unity and that H lies between 1.2 and 2.6, the sensitivity of 
the coefficient of 0 to g becomes clear. 

In an attempt to determine whether to is determined 
mainly by H, all the data that were used in reference 10 were 
used to compute to by making use of equation (32) in the 
form

dH 
0 dx 

o(H)= ,k (H) 

The surface-friction coefficient 0 was calculated by the 
formula (from reference 17) 

dH	 (33)	 0.006535 

where 
	

R9"6 

Note that Garner's eqüatiôn (equation (33)) has the form 
the kinetic-energy equation takes when the assumptions 
that f=f(,I1) and that g=g(77 , H) are used in the kinetic-
energy equation. The kinetic-energy equation (equation 
(31)) can also be placed in the form of equation (32) when 

the more general assumption that g= F0(,H)+F1()F1) 

is made for the shear distribution. For the purpose of 

obtaining an estimate of the value of 1— 5 f dg, the 

quantity + 0(H) in equation (32) is assumed to he identical 
with the ci.iantity —2.065(H-1.4) in equation (33). 
Then

0(F)= —2.065(11-1.4) 

and for H=1.5, for example, 

0(R) = —0.2065 
therefore,

J1 dg)=_0.2065

and k(H) was calculated by the expression obtained from the 
moment of momentum equation 

H(H2-1)(H+1) 
k(F1)	 2 

The values of to plotted against H are given in figure 11. 
The effort to determine whether to is a function mainly of H 
is inconclusive. At least part of the scatter occurs because 
dH and	 were obtained from curves faired through ex- 
dx	 dx 
perimental points. In addition, the calculation of to requires 

dx 
the subtraction of from	 an bperation which further

decreases the accuracy of the calculated values of to. 

DISCUSSION 

Although equation (6) is valid whenever the boundary-

layer assumptions are valid, the equations for that 

result after additional assumptions are made do not lead to
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H 
FIGURE 11.—Values of Eo plotted against H. 

good agreement with experiment. The first of the additional 
assumptions made is that all velocity profiles of the turbulent 
boundary layer belong to a single-parameter family of curves. 
The experimental data of references 7, 10, 11, 14, and 15 
substantiate this assumption. 

The second assumption is that the single-parameter family 
of curves can be approximated by power profiles. The data 
in figure 1, in which velocity profiles are compared, and also 
the data in figures 2 and 3, in which K and P are compared, 
show this assumption to be good, at least for H< 1.8. 

From the data in figures 1 to 3, it is inferred that power 
profiles can be substituted for the standard velocity profiles 
without greatly affecting the calculated distribution of H 
against x for 1-1<1.8. To test this inference, the kinetic-
energy equation was used with the assumption of constant 
shear across the boundary layer; the result is shown in 
figure 7. As expected from the data of figures 1 to 3, the 
.effect of the substitution of power profiles for the standard 
profiles is noticeable only for H>1.8. It thus appears that 

the inaccuracy of the equations for dH that were tested is 
dx 

caused mainly by the surface-friction law that was used 
and by the assumed shear distributions rather than by the use 
.of the power profiles.

The data of references 12 and 15 show skin frictions that 
increase strongly in the region upstream of the separation 
point before dropping to zero at the separation point. On 
the other hand, the skin-friction data presented in reference 
14 indicate that the skin friction falls monotonically to zero 
as the separation point is reached. In the present analysis 
a skin-friction law obtained from experiments on fiat plates 
is used. It is therefore probable that part of the inaccuracy 
in the equations used to calculate H is caused by the use of a 
relation for the skin friction that does not give correct values 
when there are pressure gradients along 'the surface. 

The assumptions for the shear distribution that were made 
dH to obtain a specific equation for jX were 

(a) The shear distribution depends only on the ratio of the 

pressure gradient to the skin friction -- 	 or— 
0 0 cL T0X	 O 

(b) The shear is constant across the boundary layer 
(c) The shear distribution depends only on the form param-

eter of the velocity distribution 
Because none of these simple assumptions is derived from a 
knowledge of the details of the turbulent flow, it is not likely 
that any of them are valid. When it is recalled that the 
coefficient of 0 in both the kinetic-energy and the moment of 
momentum equations is sensitive to the shear distribution, 

dH it is not surprising that a reliable equation for dX was not 

found. 

In order to obtain a reliable equation for dH from equation 

(8) it thus seems necessary to calculate the surface shear and 
the shear distribution across the boundary layer more accu-
rately than in the present analysis. Efforts should therefore 
be made to understand the mechanics of turbulent shear 
flow sufficiently well to provide an independent relation for 
the shearing stress that will predict the behavior of turbulent 
boundary layers when used with the Prancltl boundary-layer 
equation (equation (1)). 

CONCLUDING REMARKS 

A general integral form of the boundary-layer equation is 
derived from the Prandtl partial-differential boundary-layer 
equation. The general integral equation, valid for either 
laminar or turbulent incompressible boundary-layer flow, 
contains the Von Kármn momentum equation, the kinetic-
energy equation, and the Loitsianskii equation as special 
cases. 

In an attempt to obtain a practical method for the calcula-
tion of the development of the turbulent boundary layer, use 
is made of the experimental finding that all the velocity 
profiles of the turbulent boundary layer form essentially a 
single-parameter family. The general equation is thereby 
changed to a simpler one from which an equation for the space 
rate of change of the shape parameter of the turbulent 
boundary layer can be obtained.
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The resulting equation for the space rate of change of the 
velocity-profile parameter is restricted by the assumption 
that the velocity profiles of the turbulent boundary layer can 
be approximated by power profiles. Two of the resulting 
equations are used to calculate the distribution of the 
profile shape parameter over an airfoil for one experimentally 
determined pressure distribution. Althou gh different as-
sumptions were tried for the shearing stress across the bound-
ary layer, the calculated distribution of the profile shape 
parameter did not agree exactly with the experimental 
distribution. 

An examination is made of the effect of using the experi-
mentally determined single-parameter famil y of velocity 
profiles instead of the power profiles on certain functions 
Chat occur in the equation for the space rate of change of the 
velocity-profile parameter. One calculation of the distribu-
tion of the profile shape parameter over cii airfoil is also made

for the experimentally determined pressure distribution by 
using the single-parameter family of velocity profiles found 
from experiment. A comparison of the results with those of 
.a calculation made with the same assumptions except for the 
use of power profiles shows some difference near the separa-
tion point. It is believed, however, that the apparent hock 
of reliability of the specific equations used to make the calcu-
lations is caused mainly by the lack f precise knowledge 
concerning the surface shear and the distribution of the 
shearing stress across the turbulent boundary layer. The 
present analysis emphasizes the need for information concern-
ing the shearing stresses in turbulent boundary layers. 

LANGLEY AERONAUTICAL LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., May 22, 1950. 

APPENDIX A 

DETAILED DEVELOPMENT OF EQUATION (3) 

Equation (2) can be written SO that terms of the form 
U rn + l_U +l appear explicitly; therefore, each term will 
vanish at the outer edge of the boundary layer. The 
resulting equation is 

?n+1[

a (U rn i- 1 _Urn + I)U+P (un+1_Urn+I)v]+ 
bx	 by 

1 àuU m + l	 1 bvU;±l 

?n+1 bX +m+1 ày 

I	 1	 'uL"'dr0 

m+ 1	 ro	 dx ?fl . + iS r 0 dx

(Al) 

or, after simplification, 

1 
1-6-X-
a(U'—u')u+ (U_U"1H)v]_ 

- in +1 
1 (U+ I _U m + I)U dr0 	 (1U Vrn àr _(um U_uU)	 (A2) 

?it + i	 o 

Equation(A2) is now multiplied through by y" and inte-
grated with respect to y from y=O to y=o. The resulting 
equation is

f
- (Um+I_Um)Udy_ 

1	 ro 
m+lJo 

y fl	 (U m + l U rn + I)v dy— 

1	 1 
dr,,I6ym+'-1+')y rn+1 r0dxo 

dU('
yn(UmU_uUrn) dy=J'.zt"'" -- dy 

213037-53-------69

or, after simplification and substitution of the formula for 
the differentiation of a definite integral 

I	 (lf& -- (U m + l _u Fz + l)udy___ yn(Um+I_uz+t)udy 
 ax	 dx 0 

the following equation results: 

1 d[ 1 dy— 
7\zfl U 

Urn+2 
y"

m+ldx  

rn±lf _______ yby 

1 U- +2(1 ,10

ffl[' 
(U\m+I U 

in+1 io dx 0 L —'iL	 T'- 
dU ° r/U\'4 aiV "dy 1 "° 	 àr Um+l	

I L() L7j	
U"y" - dy 

P.,0	 (IY (lx jo
(A3) 

By integration by parts, 

fyfl - (Um + l _U m + l)v dy= _nJ (Umn + l _U m + i)vy hi_ l (ly 
0 P6 

ày 0 

and equation (A3) becomes 

1	 ci  
f 

Urn+2 yfl [ 1
U (u) 

jydY+ 

U f'(Um+1—u-+1)vy`dy— 
?fl+l 

1 Um+2 dr0C 
iii+1	

-J°ytz[l_()m']	 dy— 

um+1 f[( 0 u	
(A4) 

d _X



Now let 
(
dU Udr0\ 
T- 	 i) 

U"'(J 111) on+l+voUm+iQon 

fyn(i —fm1)fdy=NO4' 

=fy U_____
+ dU (1.— u 

dy—y 
dU 

—+ 
0	

ox	 d-x	 -01

U droJ V / u 	 U dr0

V=UI

______	
/u U dr0\ 

 ax	 ' dxJo \ —)d—y(—+---)+ f(f_fm)yn dy=LO' 
and 
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The velocity v can be eliminated from the term 

I'O 

J 
(Um+l_um+l)vyn_ldy 

.0 

by the following development: 

The velocity v may be written as 

('V ôv 

	

v= j	 dy+vo 

or, by use of the equation of continuity, 

	

f ôu
	 1 drof 

r=— —dy 
o	

udy-l-v0 

	

x	 r0  

f ô(U—u)	 dU	 f	 U dr0 
=	

dy—y----+-
1 dro 

--- (U—u)dy--—y+vo

Now let

fOl(	 [f ô(-f) 
dy] dy=I,O' 

f
ynI _frn+1)[f (i 	 (1 _f)dy] 

.1 0

5 	
M 

f 

I 
y(1_Jm+l)dy=on+l 

and

—fm1)dy=QO" 

The termf (Um+l_um+l)vyn_l dy now becomes 

5
00 (Um+1_um+I)vyn_1 dy= Um+2110n+1+ 

U drof 
(1—)d+vo r, Tx

or, after terms are collected and j is substituted for u/U, 
the result is

( +Ud1ro\ r 
('y Va 

v=UI	 — --)I 
I 

(1—t)dy_y]+vo ax	 r0 dx, Ljo 
('0	 - 

The term J (Um+1_um+1) vy' dy can now be written as 
0 

	

I
(0	 f (Um+l_ul)vy_I dy= (Um+1_Um+1y_1 

	

.10	 0 

_____

	 G—

xU Udro)[f
 
f (-f dy++- -X	 (1-f) dy—y]+v0}u

0 

or 
('O• 

J
(Um+l_um-N)vyn_ldy

	

0 	 .	 - 

Ifo 

y a(1-f)
dy] clY+(=Um+2J y''(1-Jm')

0  

)
dro um+if° y'(i _fm+I)[. foV (1 — dy_y]dy+ 
r0dx  

v 0 U + lfo 

	

•	 yl(1_fm+I)dy 
0

Equation (A4) can then be written as 

1 d	 n 
m+1	

(Um+2NOn+l)+ +1 Um+211on+1+ 

7?, (dU+Udr0')Um+l(JOfl+l+flU+lQ 
W +1 dx . r0 dx,	 . m+1 

1 U2 dro.,TOfl+j+Um+l 1Lo'1 I frnyfl	 dy rn + 1r0 dx	 dx	 p j0
A5) 

After -- Um+2ATOn+1 is expanded and terms are collected, dx 
equation (A5) becomes 

(n+1)N+O(_nhi)+ 

.	 [7\T(1n+2)_n(J_j)_L(m+1)]+ 

VU 
-	 {N_n(J-M)]_nQ.u=_(m+1)_2jr0 dx 

where
Y 

'0



or dN	 m+1 
1+Th -- 2 p'[p(m+2)+n+1]2 dN 

Solo of dU=	 [1 _(rn±2)Jrn]dn 

APPENDIX B 

SIMPLIFICATION OF TERMS IN EQUATION (8) FOR POWER PROFILES 

CALCULATION OF +nI 

The definition of NO"' is 

pT0n+I	 (0 (1 _frn+l)Jyn (ly

therefore,
('ole 

pT= f (1_fm±I)J,d 
Jo 

and

dNfoI°r	

Of	 oil 
I (1 _fm+1)	 —j(rn+ 1)7	 77fl di 

.0 L

and 

ofr,,of	 of 
OJ 0 OH' 10H 

(	 1 -2p' 	 .2p +
 [ .2p log	 .2p 1) 

2(p+1)2(2p+1)	 p+l 

	

12(p+
1-2p2	

2P+
log 

1)(2p--I-l)	 2 

After a lengthy manipulation, dN 
TH

+nI is found to be 

The definition of IO' is 

f

a	 Cr Of 

Ion+'= 
(1_Jm + l) 

 
1dY)Y1dY 

therefore,

1= 
J

(1_fm + 1 )	 -j1d7l) "'cl 
('ole	 (S' .0	 0 

Then

dN	 I0/0 0.1+nI= 	 [1_(rn+2)fm}?i72dn± 

nJ 
(1_fm + l)	 (B 1) (F 0	 0 

By integration by parts, 

/0 
n' J (1_fm^1)(J" f-d,?) --dn= 

.j 0

-(rn+1) mof 
Of 

- I I (1_fm+1)__	

fl 0 OH	
(B2) 

f  .io L 
When equation (B2) is substituted into equation (Bi), the 
following equation is obtained: 

ff (' Of
—+nI=(m+1) nfmJ _(l?l_Jj)d?l

 

Use is now made of the power-law assumption

where use has been made of the following equation: 

_(p+1)(2p+1) 
P 

CALCULATION OF N 

The definition of O" is 

NO fl + 1 =
0
 (1 _fflZ+l)fyn dy 

When f= is used, the equation for N is 

N=()
tz+1	 p(m+1) 

[p(m+2)+n+1]+n+1) 
or

\T_ (m+1)(y±1)'(2p+1)"' I p[p(m+2)+n+1](p+n+1) 

CALCULATION OF I 

From the definition of Jn+l, 

s	 ri'5

Jon+L fo ]
(i_fm+l)[J (1—f)dy y'' dy y

0  

When f= ', the equation for J is 

('1	 / 

J=(j) J0 
[1_m+J 

(Sri) '—'1' 

or, after a lengthy manipulation, 

Then

	
06 	 P71 -1

	 (m+1) 

-	 1 -2p 2	 ^ p  log 
OH2(y+ 1 )(2p+ 1) '	 2

(p+1+n) [pm +n+2(p+1)]+P(m+1)+1+n 
(n+1)(p+ 1 ±n)[p(m+1)+n+1]Ep(m+1)+p+1 +n] 
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where 11=2p± 1 was used 
N(H—m) + (m+ 1)L is

The expression obtained for
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CALCULATION OF M 

From the definition of JVIO"+' 

11,[on+1=56(1 _fm ')ydy 

When f= , the equation for M is 

(p+1)(2p+1)' +1 

M=(rn+1) p(n+1)[p(in+1)+n+1 

CALCULATION OF L 

From the definition of LO"' 

Lo m+1 =f(1 _fm-1)Jydy 

When f= , the equation for L is 

L=(rn-1) (p+1)"'(2p+1)"1 
p(p+n+ l)(pm+n+ 1) 

CALCULATION OF N(H- m) -n (J-M) (H.4-l)+(m+I) L 
dN 
jjj+flI 

From the expressions for J and M, the expression for 
J—Mis

n+1

(rn+1) pfl_l 

(p+1±n)[prn+n+2(p+1)]+[p(rn+l)+l+n] 
(n+1)(p+ 1+n)[p(m+1)+n+1}[p(m+1)+p+1 ±m] 

(in +l' pfl (n+ 1) [p(m+ 1)+n+ 11. 

After a lengthy simplification, the result is 

J—M=_—(m+1)(p+1)(2p+1)' 
p"(p+l+n)[p(m+l)+p+l+n] 

or
2n(rn+ ')(p + 1)"' (2p+i)"' 

_n(J_!V(Fi+l)=fl(+l+)[(+l)++l+}

By substitution and simplification 

PsT(H_m)_ ii (J_ M)([-I+ 1)+(?n + i)L 
(IN 
MH

+nI 

- --- 4p(p+ 1) (2p + 1) [p(m+ 2)+n+ 1] 
-	 pIfl+fl+l 

It can also be shown that 

_Z\T+n(J_7fl_(ni+1)lO nfm( • f 
dN

+nI 

- 21) [p(m± 2)+ n± 11 { 2p+1. + [p(i+2)+n+l] ?fl + 

.101 Pm+nd} 

EVALUATION OF -N+n (J-M)+nQ 

From the results for N and J-11 

(in+ 1) (p+ 1)" (2p+ 1)' 
—N+n(J---M)=

p[p(?n+2)+n+1] 

For Q, the development is 

('O 
QO= I (1 —f'')y"'dy 

.) 0 

and with f=, the following expression is obtained for n74O: 

m+1 (p+l)(2p+l) 
ii p'[p(rn+1)+n] 

rpllefl by substitution and simplification, for noO, 

_I\T +n (J— ill) +nQ= -e+ 
l)p+ 1)(2p+ 1)n (pm +n) 

p"[p(in+2)+n+1] [p(m+l)+nI 
(133) 

If use is made of the previously derived result that nQ= I 
for m=O, the following equation is obtained for n=O: 

N(H— in) + (in + 1)L 

(in +1)(p+ 1)"(2p+ 1)1 2p(pm+m+n) 
- qf(p+n+1)tp(m+2)+n+11(pin+n+1) 

and the expression obtained for 

N(H—in)—n(J—M)(H+ 1)+ (m+ i)L 
is 

j\T(FJ_,m)_?j(J_ 1iJ) (H+ 1)+(rn + 1)L 

2(m + l )(p ± 1)"'(2p + 1)'[n(pmn+n+ 1) +p(prn+rn+n)] 
-	 p"(p+1+n)[p(m+2)+n+lllpm+n+l)

—m(p+l) 
_N+n(J_M)+nQ=p@fl+2)+l 	 (B4) 

If i is placed equal to zero in equation (B3), equation (B4) 
results; therefore, equation (B3) is valid for n=O as well as 
nF6O. 

Then, for all values of ii, 

_7\T +?j(J_ 111)+2Q 2 (p + 1)p[p (',n+ 2)+n+ 1]
dN	 -	 -	 p(rn+1)+n

+711
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THE STABILITY OF THE COMPRESSION COVER OF BOX BEAMS STIFFENED BY POSTS' 
By PAUL SEIDE.afld PAUL F. BARRzTT 

SUMMARY 

An investigation is made of the buckling of the compression 
cover of post-stiffened box beams , subjected to end moments. 
Charts are presented for the determination of the minimum 
post axial stiffnesses and the corresponding compressive buckling 
loads required for the compression cover to buckle with nodes 
through the posts. Application of the charts to design and 
analysis and the limitations of their use are discussed. 

If the flexural stiffness of the tension cover is equal to or less 
than that of the compression cover,, buckle patterns with longi-
tudinal nodes through the posts are not obtainable, no matter 
how stiff the posts are made or how closely they are spaced. 

The weight of the required posts is found to be very low com-
pared with the weight of the compression cover in an illustrative 
example, the ratio of the two being about 2Y2 percent. 

INTRODUCTION 

Post-type construction has recently gained some support 
in the aircraft industry. This construction has been incor-
porated in at least one operational aircraft and is being 
considered for others. The basic elements are relatively 
thick tension and compression surfaces connected in-f the 
interior by posts or rods. These' posts serve to raise the 
buckling load of the surfaces by restricting the buckle 
patterns that may form. - In reference 1 and in the present 
report, a compression surface supported by a rectangular 
array of rigid or effectively rigid posts is found to buckle 
as if continuously supported along either transverse or longi-
tudinal lines through the posts. 

If post-type construction is to reach an advanced stage 
of development, much research is needed. The large number 
of parameters involved, even in the simplest idealization of 
the problem, however, makes a complet& investigation diffi- 
cult. The scope of the present investigation has therefore 
been very much limited. 

The problem as conceived in the present report is as 
follows: Two long, fiat, rectangular plates of identical 
length and width, simply supported along their edges and 
of unequal thickness and material properties, are connected 
in the interior by identical axially elastic posts in rectangular 
array. The connection between the posts and plates is 
assumed to be one of simple support (of the ball-and-socket 
type, for instance) so that no resistance is offered to rotation 
of the plates. One plate is subjected to a longitudinal 
compressive load and the other, to an equal longitudinal 
tensile load. Both the longitudinal and transverse spacing

of the posts are uniform; the two spacings, however, may 
differ. (See fig. 1.) . The minimum axial stiffness of the 
posts required for the compression surface to buckle with 
nodes through the posts and the corresponding buckling 
loads are to be determined. 

The structure thus outlined is an idealization of a long 
post-stiffened box beam subjected to end bending moments. 
The numerical results of a theoretical analysis of this prob-
lem are presented herein in both tabular and graphical form 
(tables I to III and figs. 2 to 4). The analysis itself, pre 
sented in the appendix, is of a more. general nature and may 
be used to investigate other problems in the design of plate 
structures stiffened by posts. 

SYMBOLS 

b box-beam width 
plate thickness 

E Young's modulus of elasticity of plate material 
JA Poisson's ratio of plate material 

D plate flexural stiffness per unit width(12'(!2)) 

ratio of flexural st.iffnesses of tension and com-
pression surfaces 

R plate flexural-stiffness ratio (DT/Dc) 

N plate load per unit width, positive in compression 
surface for compression and in tension surface 
for tension 

k plate-load coefficient (buckling-load coefficient 
for compression plate) (N b 2/ir2D) 

critical compressive load per unit width in com-
pression surface for equal tensile load in tension 
surface 

Ncrb2/ir2Dc compressive-buckling-load parameter 
M number of longitudinal bays 
N number of transverse bays 
L longitudinal distance between posts 
L/b ratio of longitudinal distance between posts and 

box-beam width 
aspect ratio of plate between adjacent lines of 

post (L/b) 
F axial stiffness of posts, force per unit deflection 
Fb 2/7r2Dc post axial-stiffness parameter 
S post axial-stiffness parameter (Fb2/ir2Dc) 
X,Y,Z coordinate axes (see fig. 1) 
X, y, z distance along coordinate axes 
w plate deflection in Z-direction

'Supersedes NACA TN 2153, 'The Stability of the Compression Cover of Box Beams Stiffened by Posts" by Paul Seide and Paul F. Barrett 1950.
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FInUEE 1.—Idealization of box beam stiffened by posts.
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amn	 general coefficient in Fourier series for w 
r, s integers 

c	 integer defining location of post in x-direction 
(1c(M-1)) 

d	 integer defining location of post in y-direction 
(1d(N-1)) 

q	 integer defining number of buckles in x-direction 
(1q(M—i)) 

P	 integer defining number* of buckles in y-direction 
(1p(N—i))

U	 potential energy 
V	 strain energy 
W	 work done by external loads 
Subscripts: 
C	 compression plate 
T	 tension plate	 - 
P	 posts 

The subscript er when applied to L/b or $ refers to the 
transition from buckling with longitudinal nodes through 
the posts to buckling with transverse nodes through the posts. 

Z
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(a) Minimum post axial stiffness required or compression cover to buckle with nodes through the posts.

FICURE 2.-0ne row of posts. 
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(b) Buckling loads for box beams with effectively rigid posts. 
FIGURE 2.—Continued. 

RESULTS AND DISCUSSION 

The numerical results of the present investigation consist 
of values of the minimum post stiffnesses and the corre-
sponding compressive buckling loads required for the com-
pression surface of long post-stiffened box beams subjected 
to end bending moments to buckle with nodes through the 
posts. Because such buckle patternsdo not transmit load to 
the posts, the posts are not compressed and are effectively 
rigid. Post axial stiffnesses greater than those presented 
herein will not serve to increase the buckling load of the 
structure. Combinations of the post axial-stiffness parameter 
and the compressive-buckling-load parameter, for different 
values of the ratio of the longitudinal distance between posts 
to the box-beam width and the ratio of the flexural stiffnesses 
of the tension and compression surfaces, are given in tables I 
to III and are presented graphically in figures 2 to 4 for one, 
two, and three rows of posts. 

The most significant qualitative result to be read from 
the figures (especially figs. 2(c), 3(c), and 4(c)) is that 
buckling of the compression surface with longitudinal nodes 
through the posts is never obtainable for box beams in use 
in aircraft construction (for which the stiffness of the tension 
surface is at most equal to that of the compression surface),

even if the posts are infinitely stiff. Reference 1 shows that, 
if the tension surface and the posts are rigid, buckling of the 
compression surface occurs with longitudinal nodes through 
the posts when the ratio of the distance between the posts and 

the box-beam width is less than a certain value (<()) 

and occurs with transverse nodes through the posts when 
this value is exceeded. These results are found to he valid 
when the flexural stiffness of the tension surface is as little 
as about 3.5 times that of the compression surface (the 
exact value of D,lDc depends on the number of rows of posts) 
and when the post axial stiffnesses ate those given in figures 
2 (a), 3 (a), and 4 (a). However, if the flexural-stiffness ratio is 
less than this value of about 3.5, neither longitudinal nor 
transverse nodes through the posts can he obtained for some 
values of L/b, even if the post axial stiffness is made infinite. 
The spread of these values of L/b is indicated by figures 
2(c), 3(c), and 4(c); the buckling loads in this region when 
the posts are rigid are shown by the dashed-line curves of 
figures 2(b), 3(b), and 4(b). As .the flexural-stiffness ratio 
decreases, the region in which the compression cover buckles 
with longitudinal nodes through the posts also decreases until; 
when the ratio is about 1.5 or less, the longitudinal-node 
buckle pattern is not obtainable. 
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(c) Buckling phenomena attainable for box beams with effectively rigid posts. 
-	 FIGURE 2.—Concluded. 

LIMITATIONS ON USE OF CURVES IN ANALYSIS 

The use of the curves of figures 2 to 4 for analysis is subject 
to many limitations. Inasmuch as the investigations of the 
present report are limited in scope, the buckling loads of 
plates having post stiffnesses less than the stiffness required 
for Docks to pass through the posts cannot he found in most 
cases. Certain conclusions, however, may he drawn from the 
present results to aid in the determination of whether a given 
load will he carried by a given plate-post system: namely, 

(1) If, for given, values of the ratio of the flexural stiff-
nesses of the tension and compression surfaces and the ratio 
of longitudinal distance between posts and box-beam width, 
the required buckling-load coefficient lies above the appro-
priate curve of figures 2(b), 3(b), or 4(b), the load cannot 
he carried because these curves indicate the maximum buck-
ling loads of long plate-post structures. 

(2) If the buckling-load coefficient lies on or below the 
solid or dash-dotted part of the appropriate curve and the 
post axial-stiffness parameter is greater than or equal to the 
value required for nodes to pass through the posts, as given 
by figures 2(a), 3(a), or 4(a), the load can be carried.

(3) If the buckling-load coefficient lies on the appropriate 
solid or clash-clotted line curves, and the post axial-stiffness 
parameter is less than the required values, the load cannot 
be carried. Further investigation is requited if the buckling-
load coefficient lies below these curves. 

(4) If the buckling-load coefficient falls on the dashed part 
of the appropriate, curve, the load can definitely not be 
carried because an infinite post stiffness would be needed. 
Further investigation is necessary if the buckling-load co-
efficient is below these curves. 

Several simplifying assumptions that also may affect the 
applicability of the present results to the design and analysis 
of actual post-stiffened box beams have been macic in the 
statement of the problem. The statement that the plates 
are flat and subjected to axial loading implicitly neglects 
the effects of bending of the plates and the resultant loads 
on the posts, due to the end moments. Possible buckling 
of the posts has not been considered but may be dealt with 
by making the moment of inertia of the post as large as 
possible. If hollow or built-up sections are used for , this 
purpose, the thickness of the walls should he made large 
enough to prevent local buckling. 
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FIGURE 3.—Two rows of posts. 
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(h) Buckling loads for box beams with effectively rigid posts. 
FLURE 3.—Continued. 

Because of the large number of computations involved, no 
investigations have been made to determine the adequacy 
of the present results in their application to plates of finite 
longitudinal length. It seems reasonable, however, in view 
of the results of references 2 to 4, to conclude that a finite 
plate having three posts or more in the longitudinal direction 
may be considered long, insofar as buckling with transverse 
nodes through the posts is concerned. 

ILLUSTRATIVE DESIGN 

As an illustration of the application of the various charts 
to a design problem, the posts are designed for a plate 
structure for which the following data are given: 
Unit load, N, pounds per inch-------------------------15,000 
Compression-plate thickness, 1, equals tension-plate thick-

	

ness, t, inches ---------------------------------------	 0. 375
Plate width, b, inches----------------------------------28 

	

Vertical distance between plates, h, inches ----------------	 5. 5
Modulus of elasticity of plate material, E, psi ------------- l0.5X 106 

	

Poisson's ratio of plate material, i ----------------------- 	 0. 3 

It is desired that the buckle pattern be such that nodal 
lines pass through the posts: This specification is equiva-
lent to that of designing the ribs of skin-stringer construction 
so that buckling takes place between ribs.

The required compressive-buckling-load coefficient of the 
structure is given by AT b s/iraDc where 

-.	
— -

E, ctc 3 

12(1 

10.5X 106X(0.375)3 
-	 12(1_0.32) 

=50,700 pound-inches 
Then,

N07b215000X282 
72 Dc	 507 

0072 

-	 =23.5 

Inasmuch as the thickness and material properties of the 
tension plate are identical with those of the compression 
plate, the values of DT/Dc for the problem is unity. 

The maximum buckling-load coefficient obtainable with 

any number of rows of posts is given b y 211 
V b2 4jv2, the 

buckling-load coefficient of a long plate of width b/Ni From 
figure 2(b) it can be seen that the required buckling-load 
coefficient may not be obtained with one row of posts. The 
coefficient could be obtained by using two rows of posts but 
the required buckle pattern of nodes passing through the 
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(c) Buckling phenomena attainable for box beams with effectively rigid posts. 
FIGURE 3.—Concluded.	 - 

posts could not be obtained. At least three rows of posts 
must be used. 

If three rows are used, the curves of figure 4(b) indicate 
that, for D/D equal to 1.00, a buckle pattern with trans-
verse nodes through the posts is obtainable. With N7b2/7r2Dc 
equal to 23.5, the corresponding value of L/b is equal to 
0.215. . Hence, the maximum permissible longitudinal post 
spacing L is given by

L=b	 - 

=28X0.215	 . 

=6.0 inches 

The minimum required post stiffness may now be obtained 
from figure 4 (a.). 

With L/b equal to 0.215 and Dr/DC equal . to 1.00, the cor-
responding value of Fb2/ir2D0 is equal to 300. The post 
stiffness is then

irmDc Fb2 

_50700w 
(28)2 300 

= 191,000 pounds per inch

If the posts were of aluminum, the required area would he 

A4F 

5.5X191000 
- 10.5X 106 

=0.100 square inch 

The diameter of a circular rod would be 

d = 4 X0.100 
ir

=0.36 inch 

The ratio of the weights of posts and compression cover is 
0.026. This ratio is appreciably lower than that of the 
weights of ribs and compression surface in conventional 
skin-stringer construction, given in reference 5 as about 0.5 
for minimum weight design, and represents a great saving 
in stiffening material. The question of whether such low 
weight ratios are obtainable for actual box beams in which 
factors other than buckling of the compression cover must 
be considered in design cannot he completely answered until 
many designs utilizing l)Ost stiffening have been made.
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(a) Minimum post axial stiffness required for compressibn cover to buckle with nodes through the posts. 
FIGURE 4.—Three rows of posts. 
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(h) Buckling loads for box beams with effectively rigid posts. 
FIr.URE 4—Continued. 

CONCLUDING REMARKS 

The minimum post axial stiffness and the corresponding 
buckling loads required for the compression cover of a box 
beam stiffened by posts and subjected to end moments to 
buckle with nodes through the posts have been determined. 
Where buckling with nodes through the posts is not obtain- 
able, even with rigid posts, the buckling loads of box beams 
with rigid posts are given. 

If the flexural stiffness of the tension cover is equal to or 
less than that of the compression cover, buckle patterns 
with longitudinal nodes are not obtainable, no matter how

stiff the posts are made or how closely they are spaced. 
For the particular example worked in the present report 

the weight of the required posts is very low compared with 
the weight of the compression cover, the ratio of the two 
being about 2 percent. A complete evaluation of post 
stiffening is not possible, however, until many'more designs 
and tests have been made. 

LANGLEY AERONAUTICAL LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., May 10, 1950. 



Ii::
IIIIi!jI IilIII IIIIIIIIl_...1 

:	 Buckling with 

:	 longitudinal nodes 

=	 through the posts

Buckling 

nodes

with tronst'erse 

through the posts 

: BuCA/ng with disploced posts\

4 

Si 

DT

C 

THE STABILITY OF THE COMPRESSION COVER OF BOX BEAMS STIFFENED BY - POSTS	 1097 

0	 .1	 .2	 .3	 .4 
L 
b 

-	 (c) Buckling phenomena attainable for box beams with effectively rigid posts. 

FIOURE 4.—Concluded. 



APPENDIX 

DETAILS OF ANALYSIS AND COMPUTATIONS 

DERIVATION OF CRITERIA FOR STABILITY OF PLATE 
STRUCTURES STIFFENED BY POSTS 

The following problem is more general than the one 
outlined in the introduction: - 

Two fiat, rectangular plates of equal finite length and 
width, simply supported along their edges and of unequal 
thickness and material properties, are connected in the 
interior by identical axially elastic rods in rectangular array. 
The connection between theposts and plates is one of simple 
support, of the ball-and-socket type, for instance, so that 
no resistance is offered to rotation of the plate. The plates 
are subjected to unequal axial loads. Both the longitudinal 
and transverse spacing of the rods are uniform; the two 
spacings, however, may differ. (See fig. 1.) The combina-
tion of loads that will cause the structure to buckle is to be 
found. 

The Rayleigh-Ritz energy method used to analyze this 
problem consists of the following procedure. Fourier series 
to represent the deflected shape of the plates are first as-
sumed. The energy of the various components of the 
structure and , the work done. by the external loads are thei 
expressed in terms of the unknown Fourier coefficients, and 
the potential-energy expression of the structure is written. 
When the potential-energy expression is minimized with 
respect to' each of the coefficients, a set of simultaneous 
equations is obtained which is manipulated in the manner 
of refereilces 2 and 6 to yield finally the stability criteria 
for the structure. 

The dflected shapes of the two buckled plates may be 
expressed generally by the double Fourier series 

mirx . niry 
wc=	 a,,,,,, sin 

ML 
sin	 (1) 

ln=1 n=i

mirx . flniJ 
WT	 a,flfl7,Sin AIL— sin 

b,	
(2) 

m in 1 

These expressions satisfy the condition of simple support 
on all four edges of each plate. 

The energy stored in the buckled plates is then 

 7ô2w	 2W\2 
Vc+V T =

fAlLfb 
--+--) dxdy+ 

DTSMLI 
/ 2wr o2Wr)2 dx dy 

2 o	 i+? 

- -4b 

	

8( 1L)3	
: [m2+(_L)mn2]2 (Da 2 + DTam,,12) 

m=in=1

(3) 
and that stored in the deformed posts is 

M-I 
VP_ Z - (Wc - lOT)2 

c=i di 2 

= 1 N_1[	
(amflc—amnT) sin	 sinL] (4) 2	 d=1

The work done by the loads in moving with the ends of the 
plates is

-N 

ML b (owI 
WC+WT_---J' f -s--- dxdy— 

! fo' 
Lf(i.)2 

dx dy 

, ;:j	 1n2 
3 cam,z 2

	
a 

The potential energy is 

U=Vc+Vr+VP — WC_ Wi. 

- ir4b	 m 

8(ML	
AIL )2 ]2 

)3	 [in2+(_	 fl2 (Dcamnc2+Di.amnr2)+ 
m1 n=l 

F m-1 111	 m c	 n d 2 

[:L	 (amne 	 sin	 sin	 - 

8ML i	 m2(Nzc amnc 2 —N1 1a mn	 (6) 

The buckling load is determined by the condition that the 
potential energy be a minimum; that is, 

2_41Z,O	 (i1,2, . . . 
iajj	 ôa11,	 (j=1, 2, . . . 

or

4M3/33S 
[(i2+j2M2i32)2_kci2M2j32]ajj+

C	 72	 m=1 ni 

'M1	 m7rc . j\ /N1	 mird . jird\ a., T)	 sin —u-sin	 sin—N—sIn -N-)=0 (7) 
\ C1 

and

4M333S [(i 2 +j2M2i3 2)2 + ki 2M2 19 2] ajj7— ir
2R	 =	 (am 

m ln=i 

( C1
M-imirc . iirc) /Nisin nirdjwd\

amnr) 	 Slfl -Sill
	

——sin-j=O (8) 

(i=1,2, . . . co) 

(j=1,2 . . . c) 

Equations (7) and (8) may be combined to yield 

4M33S[	
1 

(a 2 —ajji.) +	 ir2	 (j2j2j1f2f32)2_j2M2f32+ 

i/B 
(i 2 +i21122)2+ kri2M22](a— m=1 n=i 

'M-i

) 

mirc . iirc)( 1	 mird	 JR'd\0 amn) (	 Sill	 Sill -	 Sin	 Sill 
\Ci	 M	 i	 = 1 	 N	 N 

(i=1,2, . . . 
(=l,2, -	 - a,) 
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unless	 in which case 

	

6-10— 
.2 M3'\ 	 (i=1,2, . .	 cx)	

lb —+2	
j	 (j=1,2,... 

which indicates that both plates are subjected to their re-
spective Euler buckling loads.  

The remaining details of the analysis are similar to those 
of references 2 and 6 and are therefore omitted. In summary, 
the series

mirc. iirc\ /'
	 s in	 . jird\ E sin	 sin - 

C=l M 	 MA? 
sin	 sin -N--) 

may be evaluated by means of. the table on page 8 of refer-
ence 2. Equations (9) are then seen to separate into indë- 
pendent sets, each of which may be manipulated to yield 
a stability criterion. The resulting criteria are 

I /33N 	 1 
Sr—o,

2 	 2	
2+ 

- k $2 (2s+)_[(2s + )+ (2rN+p)2132] 

03 N

k2 (2s +)2+ [(2s + )2+(21.N+P22]2 =0 

(q=1,2, . . . M-1) 
(p=i,2, . 

k= ICT 

+21'\	 (r=1,3,5,	
(12 -r	 (s=1,3,5, . . . 

and
k= —k 

=(+r)2(r=2,4,6, .	
(13) 

S	 (s=2,4,6, . . . 

Equations (10) to (13) constitute the complete set of stability 
criteria for the problem. 

COMPUTATION DETAILS 

The computations may he divided into three main groups: 
(a) The determination of the minilnum post stiffness 

required for the compression cover plates to buckle with 
longitudinal or transverse nodes through the posts. 

(h) In those regions where the required stiffness does not 
exist, the determination of the buckling load attainable with 
infinitely stiff posts. 

(c) The determination of the boundaries of the various 
regions. 

Equation (11), which was used to mike the calculations, 
involves nine quantities, eight of which must be known in 
order that the ninth may be determined. These nine 
quantities are the post axial-stiffness parameter (Fb2/7r2Dc or 
S), the ratio of the distance between posts and the box-beam 
width (L/b or ), the two axial-load parameters (Nxb2/ir2Dc 
or k-c and ATZTb 2/lriDr or /C), the ratio of the flexural stiffnesses

of the tension and compression cover (DID or 1?), the 
number of bays in the longitudinal and transverse directions 
(Al and N), and the integers which indicate the number of 
buckles in the longitudinal and transverse directions (q and 
p). Values of these quantities are. determined by the 
details of the problem to be solved. In all the computations 
for the present report, the box beam has been taken to be 
infinitely long. 

Buckling with transverse nodes through the posts.—If 
the compression cover buckles with transverse nodes through 
the posts, the buckling load coefficient is 

,kc = 1 
+0) G - 

which is the compressive-buckling-load coefficient . of a 
simply supported plate of length L and width b. The load 
coefficient in the tension cover was chosen for the present 
report as 

in which case
N —A X T A CT 

The minimum required post axial-stiffness parameter is 
completely determined by equation (11) for specified values 
of the cover flexural-stiffness ratio, the length-width ratio, 
and the number of rows of posts, if the number of buckles in 
the longitudinal and transverse directions are also known. 

The ratio q/iVI is indicative of the number of buckles in a 
longitudinal bay of the buckled plate: It seemed reasonable, 
in view of the results of references 2 to 4, to conclude that 
q/iVI should be taken as unity, since it may,  be assumed that 
the transition from buckling with deformation of the posts 
to buckling with transverse nodes through the posts is con-
tinuous for structures with an infinite number of longitudinal 
bays and not abrupt as would be the case if the number of 
longitudinal bays were finite. One buckle occurs in the 
transverse direction and, therefore, p was taken equal to 
unity. 

Buckling with longitudinal nodes through the posts.-
WThen the ratio of the longitudinal spacing between posts to 
the box-beam width becomes small, the buckle pattern 
abruptly changes from one with transverse nodes through 
the posts to one with longitudinal nodes through the posts. 
The value of the width ratio at which this phenomenon 
occurs was found by equating the buckling loads for the 
two types of buckling because the two are equal at the point 
of transition. The compressive-buckling-load coefficient for 
a long simi1y supported plate of width b/AT is given by 

k =4N2 

The critical length-width ratio was, therefore, found from 
the relationship

4N2=(+fl)
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fi=N(1 -/'-) 

The minimum post axial-stiffness parameter required for 
buckling to occur witl longitudinal nodes through the posts 
can be found from equation (11) provided that the ratio 
q/iVf and the number of transverse buckles are known. The 
calculations of reference 7 for compressive buckling of plates 
with longitudinal stiffeners indicate that the change from 
buckling with deflection of the stiffeners to buckling with 
nodes at the stiffeners is abrupt and that only one transverse 
buckle should be assumed for the-determination of minimum 
required flexural stiffness. It seemed logical that this condi-
tion should be assumed to hold also for plates stiffened by 
posts and, accordingly, p was taken equal to unity. The 
value of q1_111 was determined by graphically minimizing the 
post axial-stiffness parameter with respect to q/iVI; that is, 
various values of q/M were chosen, the corresponding values 
of S were obtained from equation (11), and the correct value 
of S was determined by drawing a curve through the com-
pitted values and picking off the minimum. 

Boundary between regions.—A third type of buckling is 
found to appear for relatively low values of the cover flexural-
stiffness'ratio. For instance, when R was equal to 2.00 the 
minimum ppst axial stiffness required for either longitudinal 
or transverse node buckle patterns was found to be unobtain-
able for a certain range of values of the length-width ratio. 
Further investigation showed that the post axial stiffness 
required for a longitudinal node buckle pattern became 
infinite, at a certain value of the length-width ratio 0 less 
than f3 and that the post axial stiffness required for a trans- 
verse node buckle pattern became infinite at some value of 
$ greater than . Between these two values, only buckle 
patterns with deformation of the posts are obtainable. (If the 
posts are rigid, they displace axially but are not compressed.) 

The maximum value of the cover flexural-stiffness ratio R 
tit -which this phenomenon is found to occur was determined 
by setting the post axial-stiffness parameter equal to in- 
finity, the length-width ratio equal to , the load coefficients 

( 1	 2 * 

kc and Rk equal to	 the ratio q/M and the 

number of transverse buckles equal to unity, and by solving 
equation ('11) graphically. This procedure determines the 
value of R for which the spread of the range of $, in which

the third type of buckle pattern occurs, vanishes and thus 
determines the maximum value of R for which the phe-
nomenon occurs. 

The boundaries between the 'regions in which the various 
buckle patterns occur were found by placing the post axial 
stiffness equal to infinity and using a procedure similar to 
that of the previous sections to determine the length-width 
ratio for various values of R. 

When the cover flexural-stiffness ratio is approximately 
1.5, the value of 0 marking the transition from buckling with 
longitudinal nodes through the posts and buckling with the 
displacement of the rigid posts is found to become equal to 
zero, and this fact thus indicates that the longitudinal node 
buckle pattern is unobtainable for values of R less than 1.5. 
Because the stability criterion , becomes indeterminate when 

is equal to zero, more accurate values of the cover flexural-
stiffness ratio for which the phenomenon occurs were found 
by placing 0 equal to the low value of 0.01 and finding R 
graphically fr6rn equation (11). 

Buckling loads attainable with rigid posts.—The buckling 
loads for various values of R and 0 in the region where the 
compression cover buckles with axial displacement of the 
rigid posts vere found by graphically minimizing the loads 
determined from equation (ii) with respect to q/M, with the 
post axial-stiffness parameter equal to infinity, and with one 
buckle in the transverse direction. 
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R=

Type of 
S ft buckling 

() 

075 2.4 4.340 A 
.50 15.9 6.250 A 
.15 24.4 7.141 A 
.40 39.3 8.410 A 
.37 54.9 9.441 A 
.35 70.7 10.286 A 
.33 94.6 11.292 A 
.30 163.2 13.201 A 
.28 266.1 14.834 A 
.268 404.9 16.000 A or  
.225 117.7 16.000 C 
.20 94.9 16.000 C 
.15 65.0 16.000 C 
.10 42.5 16.000 C. 
05 20.9 16.000 C

TABLE I

DATA FOR ONE ROW OF POSTS 

R=2

Tyre of 
$ S ft	 huck!ing 

(.) 

0.75 2.6 4.341 A 
. 5)) 20.6 6.220 A 
.45 34.6	 . 7.141 A 
.40 63.4 8.410 A 
.37 101.7 9.441 A 
.35 151.2 10.286 A 
.33 261.5 11.292 A 
.31 659.3 12.

2(1
502 Al 

.30 1715.4 13.1 A 

.294 13.6 AorB 

.25 15.3 B 
• .207 16.000 BorC 

.15 522.6 16.00() C 
10 253.7 16.000 C 

.075 176.1 16.000 C 
118.9 16.000 C

R=I

Type of 
S ft buckling 

075 2.7 4.340 A 
.50 24.4 6.250 A 
.45 46.5 7.141 A 
.40 102.8 8.410 A 
.37 217.5 9.441 A 
.35 544.4 10.286 A 
.335 11.0 AorB 
.25 11.6 B 
.10 14.9 B 

'R=0.5

Type of 
S ft buckling 

() 

0.75 2.8 4.340 A 
.54 22.2 5.721 A 
.50 34.1 6.250 A 
.45 84.3 7.141 A 
43 137.7 7.593 A 

.41 337.3 8.117 A 

.40 566.4 8.410 A 

.388 8.8 AorB 

.25 11.6 B 

.10 12.5 B 

.05 12.5 B

R=0.25

Type of 
$ S . ft buckling 

() 

0.75 3.0 4.340 A 
.60 14.9 5.138 .A 
.54 32.4 5.721 A 
.50 60.6 6.250 A 
.48 134.4 6.571 A 
.47 222.5 6.748 A 
.46 434.1 6.937 A 
.449 7.2 A or I) 
.25 10.0 B 
.1)) 10.6 B 
.05 10.6 B 

A Buckling with transverse nodes through the posts. 
B Buckling with deflection of the posts. 
C Buckling with longitudinal nodes through the posts.

TABLE II

DATA FOR TWO ROWS OF POSTS 

Type of 
S ft buckling 

0.75 1.6 4.340 A 
.50 9.8 6.250 A 
.40 21.1 8.410 A 
.35 32.3 10.286 A 
.30 56.7 13.201 A 
.27 84.9 15.970 A 
.25 112.9 18.063 A 
.22 193.8 22.710 A 
.20 313.3 27.040 A 
.IS 508.6 32.897 A 
.172 888.0 36.000 AorC 
.15 292.3 36.000 C 
.10 157.5 36.000 C 
.05 75.2 36.000 C

R=2

Type of 
B S ft buckling 

4.340 0.75 1.7 A 
.50 11.9 6.250 A 
.40	 . 27.7 8.410 A 
.35 46.2 10.286 A 
.30 86.1 13.201 A 
.27 143.4 15.970 A 
.25 209.5 18.063 A 
.22 490.8 22.710 A 

21 767.9 24.720 A 
.20 1526.7 27.040 A 
.189 30.0 A.or B 
.15 34.8 B 
.126 36.000 BorC 
.10 1933.5 36.000 C 
.075 918.7 36.000 C 
.05 597.8 36.000 C 
.025 282.7 36.000 C

R=I

Type of 
$ .9 k buckling 

0.75 1.8 4.340 A 
.50 13.4 6.250 A 
.40 33.6 8.410 A 
.35 59.6 10.286 A 
.30 125.1 .	 13.201 A 
.27 248.6 15.970 A 
.25 450.7 18.063 A 
.235 1101.4 20.163 A 
.219 22.9 AorB 
.15 28.8 B 
.10 30.8 B 
.05 30.8 B 

R=0.25

Type of 
$ S k buckling 

() 

0.75	 1.9 4.340 A 
.50	 17.0 6.250 A 
.45	 35.0 7.141 A 
.4))	 81.5 8.410 A 
.37	 148.8 9.441 A 
.35	 289.8 10.286 A 
.33	 1	 1648.6 11.292 A 
.325 11.6 AorB 
.20	 • 17.0 B 
.15 18.3 B 
.10• 19.4 B 
.05 19.4 B 

R=0.5

Type of 
S k buckling 

0.75 1.9 4.340 A 
.50 15.8 6.250 A 
.40 44.0 8.410 A 
.35 93.6 10.286 A 
.30 330.1 13.201 A 
.28 813.0 14.834 A 
.27 7130.5 15.970 A 
.268 15.995 AorB 
.20 20.9 B 
.15 22.9 B 
.10 24.4 B 
.05 24.4 B

A Buckling with transverse nodes through the posts. 
B Buckling with deflection of the posts. 
C Buckling with longitudinal nodes through the posts. 



R=0.5

Type of 
8 S k buckling 

0.75 1.4 4.340 A 
.50 12.7 6.250 A 
.40 36.5 8.410 A 
.34 87.5 10.766 A 
.32 122.3 11.868 A 
.29 247.4 13.975 A 
.27 467.2 15.970 A 
.26 1781.9 16.860 A 
.254 17.6 AorB 
.175 25.3 B 
.10 29.9 B 
.05 30.8 B

0 
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• .	 TABLE III 

DATA FOR THREE ROWS OF POSTS 

R=o'

Type of 
8 S k buckling 

0.75 1.2 4.340 A 
.50 7.2 6.250 A 
.34 26.1 10.766 A 
.21 70.6 18.063 A 
.20 153.1 27.040 A 
.17 279.0 36.331 A 
.15 527.5 46.467 A 
.14 774.9 53.040 A 

127 1558.4 64.000 A or C 
.10 420.4 64.000 C 
.08 308.2 64.000 C 
.04 144.1 64.000 C

R=2

Type of 
8 S k buckling 

0.75 1.2 4.340 A 
.50 .	 8.6 6.210 A 
.34 34.7 10.766 A 
.25 104.1 18.063 A 
.20 260.8 27.040 A 
.17 595.2 36.331 A 
.15 2295.5 46.467 A 
.14 53.0 AorB 
.125 . 59.1 B 
.11 62.3 B 
.087 64.000 BorC 
.03 1151.2 64.000 C 
.02 752.3 64.000 C 
.01 357.3 64.000 C

R=1

Type of 
8 S k buckling 

0.75 1.3 4.340 A 
.50 9.6 6.250 A 
.34 42.3 10.766 A 
.29 76.5 13.975 A 
.25 143.5 18.063 A 
.20 4543.2 27.040 A 

18 1253.7 32.897 A 
.17 3473.9 36.331 A 
.164 39.2 AorB 
.10 50.3 B 
.05 52.8 B 

R=0.5

Type of 
8 S k buckling 

() 

0.75 1.3 4.340 A 
.50 10.9 6.250 A 
.34 56.5 10.766 A 
.32 69.2 11.868 A 
.29 114.8 13.975 A 
27 167.7 15.970 A 

.25 263.3 18.063 A 

.23 134.8 20.957 A 
21 2097.5 24.720 A 

.205 25.8 AorB 

.10 38.9 B 
05 40.3 B

A Buckling with transverse nodes through the posts. 
B Buckling with deflection of the posts. 
C Buckling with longitudinal nodes through the posts.

IN 
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A STUDY OF EFFECTS OF VISCOSITY ON FLOW OVER 
SLENDER INCLINED BODIES OF REVOLUTION' 

By H. JULIAN ALLEN AND EDWARD W. PERKINS 

SUMMARY 

The observed flow field about slender inclined bodies of 
revolution is compared with the calculated characteristics based 
upon potential theory. The comparison is instructive in 
indicating the manner in which the effects of viscosity are 
manifest. 

Based on this and other studies, a method is developed to 
allow for viscous effects on the force and moment characteristics 
of bodies. The calculated force and moment characteristics of 
two bodies of high fineness ratio are shown to be in good agree-
ment, for most engineering purposes, with experiment. 

INTRODUCTION 

The problem of the longitudinal distribution of cross force 
on inclined bodies of revolution in inviscid, incompressible 
flow, which was primarily of interest to airship designers in 
the past, was treated simply and effectively by Max Munk 
(reference 1). Munk showed that the cross force per unit 
length on any body of revolution having high fineness ratio 
can be obtained by considering the flow in planes perpendicu-
lar to the axis of revolution to be approximately two-dimen-
sional. By treating the problem in this manner, Munk 
showed that

dS 
f_
-

 qo— 
x 

sin 2a	 (1) 

where 
7 cross force per unit length 
q0 stream dynamic pressure 

dS/dx rate of change in body cross-sectional area with 
longitudinal distance along the body 

a angle of inclination 
Tsien (reference 2) investigated the cross force on slender 

bodies of revolution at moderate supersonic speeds—a prob-
lem of more interest at the present to missile and supersonic 
aircraft designers—and showed that, to the order of the 
first power of the angle of inclination, the reduced Munk 
formula

- 
f_2qo 

dS 
---a	 (2) 

x 

was still applicable. This is not surprising when it is realized 
that the cross component of the flow field corresponds to a 
cross velocity

V,,0 Vo sin a 

' Supersedes NACA TN 2044, "Pressure Distribution and Some Effects of Viscosity on 
Slender Inclined Bodies of Revolution" by H. Julian Allen, 1930.

where V0 is the steam velocity. Thus the cross component 
of velocity, and hence, the cross Mach number will, for 
small angles of inclination, have a small subsonic value so 
that the cross flow will be essentially incompressible in 
cbaracter. 

Using equation (1) for the cross-force distribution, then, 
the total forces and moments experienced by a body in an 
inviscici fluid stream can be calculated. Comparison of the 
calculated and experimental characteristics of bodies has 
shown that the lift experienced exceeds the calculated lift 
in absolute value by an amount which is greater the greater 
the angle of attack; the center of pressure is farther aft than 
the calculations indicate, the discrepancy increasing with 
angle of attack; while the absolute magnitude of the moment 
about the center of volume is less than that calculated. It 
has long been known that these observed discrepancies are 
due primarily to the failure to consider the effects of viscosity 
in the flow. 

Experience has demonstrated, notably in the development 
of airfoils, that the behavior of the boundary layer on a 
body is intimately associated with the nature of the pressure 
distribution that would exist on the body in invisicl flow. 
In particular, boundary-layer separation is associated with 
the gradient of pressure recovery on a body. - The severity 
of the effect-of such separation can be correlated, in part, 
with the magnitude of the total required pressure recovery 
indicated by inviscid theory. It is therefore to he expected 
that it will be of value to compare the actual pressure dis-
tribution on inclined bodies of revolution with that calculated 
on the assumption that the fluid is inviscid. For the purpose 
of this study, a simple method is developed for determining, 
for an inviscid fluid, the incremental pressure distribution 
resulting from inclined flow on a slender body of revolution .2 

The experimental incremental pressure distributions about 
an airship hull- are compared with the corresponding dis-
tributions calculated by this method. The comparisons are 
instructive in indicating the manner in which, the viscosity 
of the fluid influences the flow. In the light of this and other 
studies, a method for allowing for viscous effects on the force 
and moment characteristics of slender bodies is developed 
and the results compared with experiment. 

The problem of determining the pressure distribution on inclined bodies has been treated 
by other authors, but for several reasons these methods are not satisfactory for the present 
purposes. For example, Kaplan (reference 3) treated, in a thorough manner, the flow about 
slender inclined bodies, but the solution, which is expressed in Legendre polynomials, is 
unfortunately tedious to evaluate. On the other hand, Laitone (reference 4), by linearizing 
the equations of motion, obtained a solution for the pressure distribution on slender inclined 
bodies of revolution, but, as will be seen later, the solution is inadequate in the general case 
due to the linearization.

1103



F1GJRE 1.—Body of revolution in inclined flow field. 
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SYMBOLS 

reference area for body force and pitching-
moment coefficient evaluation 

r' / 
plan-form area 2J Rdx 

circular-cylinder section drag coefficient baecI 
'on cylinder diameter 

local cross-flow drag coefficient at any x station 
based on body diameter 

constant of integration
L 

cross-flow drag coefficient
(.f__2Cd 900 Rdx) 

A9 

\ body fordrag coefficient 'foiedrag 
q 0 A ) 

body foredrag coefficient at zero angle of 
inclination 

incremental foredrag coefficient clue to 
inclination

7 body hit coefficient lift 

body pitching-moment coefficient about station 
(pitching moment 

q. AX 

mean body diameter 7A9 

local cross force (normal to body axis) at any 
station x on body 

body length 
free-stream Mach number 
cross-flow Mach number (M0 sin a) 

local surface pressure 
free-stream static pressure 
local surface pressure at zero angle of inclination 

/ local surface-pressure coefficient PPo 

 go ) 
local surface-pressure coefficient at zero angle of 

inclination (P=oPo 

\	 q0 - ) 
incremental surface-pressure coefficient clue to 

angle of inclination ( P—P—No 

free-stream dynamic pressure 
body volume 
polar radius about axis of revolution 
local body radius at any station x 
free-stream Reynolds number based oii maxi-

mum body diameter 
cross-flow Reynolds number (R0 sin a) 
cross-flow Reynolds number based on diameter 

D' 
body cross-sectional area at station x

So body base area (at x=L) 
t time 
170 fre-stream velocity 
V. local axial velocity at 	 body surface at any 

station x 
axial component of the stream velocity (17 cos a) 

17110 cross-flow component of the stream velocity 
(VO sin a) 

X axial distance from bow of body to any body 
station 

axial distance from bow of body to pitching-
moment center 

Xa	 990 axial distance from bow of body to center of 
viscous cross force 

X reference	 length	 for	 moment	 coefficient 
evaluation 

y ordinate in plane of inclination normal to axis of 
revolution 

Z ordinate normal to plane of inclination and 	 to 
axis of revolution 

a angle of body-axis inclination relative to free-
stream-flow direction 

an 1d 1? tan-' d
dx 

fluid kinematic viscosity 
0 polar angle about axis of revolution measured 

from approach	 direction of	 the cross-flow 
velocity 

P fluid mass density 
velocity potential

PRESSURE DISTRIBUTION ON SLENDER INCLINED BODIES
OF REVOLUTION 

POTENTIAL FLOW THEORY 

Consider the flow over the body of revolution shown in 
figure 1 which is inclined at an angle a to the stream of 
velocity V0. If the body is slender, the axial component 
velocity V at the body surface will not differ appreciably 
from the axial component 17 0 of the stream velocity. With 
this condition, it is clear that the cross flow may be treated 

A 

A9 

Ca 

Cd 

C

900 

CDF 

CDp -0) 

CL 

CM 

DI 

I 

L 

P 
Po 

P00=0 

P 

Pc0-0 

LOP 

go 

Q 
r 
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DI I
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approximately by considering it to be two--dimensional in a 
plane which is parallel to the yr plane and is moving axially 
with the constant velocity Vr0. In other words, the problem 
may be treated by determining the two-dimensional flow 
about a circular cylinder which is first growing (over the fore-  
body) and then collapsing (over the afterhody) with time. 

The velocity potential for the cross flow at any x station is 
given in polar coordinates as 

th= -	
(i+_2) cos 8	 (3) 

which in this moving reference plane is a function of time. 
Bernoulli's equation for an incompressible flow which 

changes with time is

	

[(57)221 	 (4) +(") 
p	 Ot 2 

Now from equation (3)

	

91/11,0(! ) dR 
cos 0	 (5) 

but
dl? d  (1R 
--=-- --= V tan 3	 (6) 

dt

so that equation (5) becomes 

i 50 17 tan f3 (R
) 

cos 8	 (7) 

Also, b y differentiation of equation (3), 

Yr =—V1,0 Cos 8(1_-" ..' 

	

\	 r)I 
V,.	

(8) 
0210 su' o(i±) j 

so that equation (4) for the pressure at any point in the flow 
field becomes

17 2( 
V tan/3(— )cos0__2Jcos20[1_()1+

2 

sin2 o 1  +()2]2}+c	 (9) 

For
,P---"Po 

so
C= 1)0+ 17,,02 

0	 2

and hence equation (9) for the pressure at the surface of the 
bod y becomes for r=R

V2 917 V 0 tan ficos 8+_!2 (1-4 sin2 8) (10) P—Po_  
P 9. 

and writing
sin a 

Vr0 =Vo CO5 a 

the surface pressure in coefficient form becomes 

pPPO9 tan 0 cos 8 sin 2a+(1-4 sin  8) sin  a (11) 

For bodies of moderate fineness ratio at zero angle of 
inclination, the surface pressure at any station, designated 
P=o, will differ slightly from the static pressure Po hut, if 
the fineness ratio is not too low, the pressure, in any 
yr plane will be approximately constant for several body 
radii from the surface. Under the assumption that the 
pressure at the surface at zero inclination applies uniformly 
in the portion of the yr plane for which the major effects of 
the cross-flow distribution are felt, the change in pressure 
from Po to will be additive to, but will not otherwise 
influence, the cross-flow pressure distribution. Hence for 
any station on a body of high fineness ratio for which at 
zero inclination the pressure is Pa=o, the pressure coefficient 
distribution 'at this same station under inclined flow con-
ditions will he; from equation (11), 

P=P0=0±(2 tan 0 cos 8) sin 2a+(1-4 sin  8) sin  a (12) 

For very slender bodies at small angles of inclination 

tan 

sin 2a2a 

sin2aa2 

so that equation (12) becomes' 

PP0..o+(4 cos 0) 3a+(1- 4 sin  8) a2	 (13)

The cross force per unit length of the body is then found as 

	

r2	

f.
fIp1?cos 0 dO=2q0 IP1? cos 0 dO+2pR cosO do

10 	 Jo  
3 Equation (13), for the case in which P is constant, reduces to that derived by Busemann 

(reference 5) for the flow over an inclined cone. Laitone's linearized solution (reference 4) 
for the pressure distribution over bodies at supersonic speeds agrees with equation (13) except 
that the a2 term, of course, is absent. This linearized solution is inadequate in general since. 
for the cases of usual interest, the values of a are of the same order of magnitude as 0, thus 
the a2 term is as important as the a term.
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and clearly

2fpoRCos 00=0 

Substituting P from equation (12) gives n. 

J=2RqoPofcos OdO+4Rq 5 tan0 sin 2af cos2 OdO+ 

2Rqo sin2 af (1-4 sin' 0) cos edo 

The first and third integrals are zero, while the second 
integral yields

J=2Rqo tan sin 2a 

and since

27rR tan 0=21rR	 == 

then
dS.

j=q 0 - sin 2a 

which is equation (1) derived, by MIunk for the cross force 
on slender airship hulls and, in the form, 

dS 
J=2q 0 — a 

that derived by Tsien for the cross force, to the order of the 
first power of the angle of inclination, for slender bodies at 
moderate supersonic speeds. This development shows that 
these equations for the Cross force are also correct to the 
second power of a for inviscid flow. 

COMPARISONS WITH EXPERIMENT AND DISCUSSION OF THE
EFFECTS OF VISCOSITY 

In reference 6, a thorough investigation at low speeds 
was made of the pressure distribution over a hull model of 
the rigid airship "Akron." Incremental pressure distri-
butions due to inclination calculated by equation (12) for 
four stations along the hull at three angles of attack are 
compared with the experimental values in figures 2(a) to 
2(d). In each of the figures is shown a sketch of the airship 
which indicates the station at which the incremental pres-
sure distributions apply. This comparison represents a 
severe test of the theoretical method of this report since the 
method was developed on the assumption that the fineness 
ratio of the body is very large, while for the case considered 
the fineness ratio is only 5.9. 

At the more forward stations (figs. 2(a) and 2(b)), the 
agreement is seen to be essentially good 4 but some discrep-

4 At stations extremely close to the bow the method must be inaccurate as evident from the 
work of Upson and Klikofi (reference 7).

ancy, particularly at values of 8 near 1800, is evident which 
increases with increasing distance from the bow. Down-
stream of the maximum diameter section (figs. 2(c) and 2(d)) 
the discrepancy increases very rapidly. 

The disagreement that exists at the afterbody stations 
results from effects of viscosity not considered in the theory, 
as will be seen from the following: R. T. Jones, in reference 
8, showed that, for laminar flow on an infinitely long yawed 
cylinder of arbitrary cross section, the behavior of the com-
ponent flow of a viscous fluid in planes normal to the cylinder 
axis was independent of the component flow parallel to the 
axis.' For an inclined circular, cylinder, then, viewed along 
the cylinder axis the viscous flow about the cylinder would 
appear identical to the flow about a circular cylinder section 
in a stream moving at the velocity V0 sin a. Hence separa-
tion of the flow would occur in the yr plane as a result of 
the adverse pressure gradients that exist across the cylinder. 
Jones demonstrated that this behavior explained the cross 
forces on inclined right circular cylinders that were experi-
mentally observed in reference 10. That such separation 
effects also occur on the inclined hull model of the "Akron" 
is also evident from the pressure distributions in figures 
2(c) and 2(d). 

While the treatment of reference 8 explains qualitatively 
the observed behavior of the flow field about the hull model 
considered, it cannot be used quantitatively for a low fine-
ness ratio body such as the "Akron" for at least two reasons. 

First, the influence of the term 

2 tan P.cos 8 sin 2cc 

of equation (12) is to distort the typical circular-cylinder 
pressure distribution, given by the term 

(1-4 sin' 0) sin' a 

so as to move the calculated position of minimum pressure 
away from the 0=90° point and to change the magnitude of 
the pressure to be recovered on the lee side of the body. Over 
the forward stations of the body, where tan 0 is positive, the 
position of minimum pressure lies between 90° and 180° and 
the theoretical pressure recovery is small and even zero at the 
most forward stations. For the rearward station where tan 
is negative, the minimum pressure lies between 0° and 90°, 
and the theoretical pressure recovery is large and increases 
proceeding toward the stern. For the hull of the "Akron" 
model, the theoretical line of minimum pressure along the 
hull is shown in figure 3 for the angles of attack of 6°, 121, 
and 180.6 Since separation can only occur in an adverse 

The recent work of A. P. Young and T. B. Booth (reference 9) indicated that this may he 
true for the turbulent flow case as well. 

6 it is of interest to note in this figure that even for small angles of inclination the line of 
minimum pressure becomes oriented close to the direction of the axis of revolution, while at 
zero inclination it must, of course, be normal to this axis.
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FIGURE 2 —Calculated and experimental pressure distribution on a model hull of the U. S. S. Akron. 
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Angle of attack 
C1 

FmURE 3.—Calculated lines of mitiimuni pressures for a model hull of U. .S. Akron at three
angles of attack. 

gradient, it is clear that the line of separation will roughly 
parallel the line of minimum pressures. Hence, the flow about 
forward stations will be, or will more nearl y he. that cal-
culated for a IIOflViSCOUS fluid. Over the rearward stations 
the flow separation should tend to be even more pronounced 
than would occur on a right circular cylinder. That such is 
the case is shown by the flow studies on the ellipsoid of revolu-
tion of reference 11. In those studies, the flow on the model 
surface was investigated b y lampblack and kerosene traces. 
The traces showed the line of separation followed the trend 
indicated above. From the foregoing, it is evident that the 
potential flow solution for the pressures on inclined bodies 
can only be expected to hold over the forehodv, and that over 
the afterbody the pressure distribution, particularly on the the 
lee side, will be importantly influenced by the fluid viscosity. 

Second, it is evident that there exists a certain analogy 
between the cross flow at various stations along the bod y and 
the development with time of the flow about a c ylinder start- 
ing from rest. This may be seen b y considering the develop- 
ment of the cross flow with respect to a coordinate system 
that is in a plane perpendicular to the axis of the inclined 
body. Let the plane move downstream with a velocity 1 
and let the coordinate s ystem move within the plane such 
that the axis of revolution of the bod y is alwa ys coincident 
with the x axis of the coordinate s ystem. The cross velocity 
is then V0 sin a. At any instant during the travel of the plane 
from the nose to the base of the bod y , the trace of the bod y in 
the plane will be a circle and the cross-flow pattern within the 
plane may be compared with the flow pattern about a circular 
cylinder. Neglecting, for the moment., the effect of the taper 
over the nose portions of the body, it might be anticipated 
that over successive downstream sections, the development 
of the cross flow with distance along the bod y as seen in this 
moving plane would appear similar to that which would be 
observed with the passage of time for a circular cylinder 
impulsively set in motion from rest with the velocity 1 sin a. 

Thus the flow in the cross plane for the more forward sections 
should contain a pair of symmetrically disposed vortices on 
the lee side (cf. reference 12). These vortices should increase 
in strength as the plane moves rearward and eventuall y, if the 
body is long enough, should discharge to form a Kârmân 
vortex street as viewed in the moving cross plane. Viewed in

this moving plane the vortices would appear to be sited and 
slip rearward in the wake, but, yiewe(l with respect to the 
stationary bod y the sited vortices would appear fixed. This 
process of the growth and eventual discharge of the lee-side 
vortices should occur over a shorter length of bod y the higher 
the angle of attack since the movement of the cylindrical 
trace in the cross plane at any given station is greater the 
greater the angle of attack. For a low fineness ratio body, 
however, the development of the lee-side vortices would be 
expected to have progressed no farther than the "symmetrical 
pair" case even at the highest angles of attack of interest. 
This is corroborated by the flow surveys of Harrington 
(reference 11). 

For bodies of high fineness ratio, such as those used for 
supersonic missiles, it was clearl y of interest to determine 
experimentall y the nature of the anticipated growth and 
discharge of lee-side vortices. In the course of an investiga.-
tion of a series of bodies with ogival noses and ylindrical 
afterbodies conducted in the Ames Laborator y 1- by 3-foot 
supersonic wind tunnels, it was determined that the growth 
and discharge of lee-side vortices did occur for such bodies 
at angle of attack as was evidenced in two was. The 
schilieren picture for one of the bodies (fig. 4 (a)) showed a line 
on the lee side at the more forward stations which drifted 
awa y from the body surface and eventually branched into a 
series of lines trailing in the stream (lirect ion. The ''line" at 
the more forward stations was indicated to be the cores of the 
symmetrical vortex pair, which in this side view would appear 
coincident. The branches were indicated to be the cores of 
the alternately shed vortices. In order to make the vortices 
visible in a more convincing manner, use was made of a 
technique which we have termed the ''vapor screen" method. 
With this technique, the cross flow is made visible in the 
following manner (see fig. 5): A small amount of water 
vapor, which condenses in the wind-tunnel test section to 
produce a fine fog, is introduced into the tunnel air stream. 
A narrow plane of bright light, produced by a high-pressure 
mercury-vapor lamp, is made to shine through the glass 
window in a plane essentiall y perpendicular to the axis of the 
tunnel. In the absence of the model this plane appears as a 
uniformly lighted screen of fog particles. \VIlen the model is 
put in place at any arbitrary angle of at tack. t lie result of any 
disturbances in the flow produced by the model which 
affects the amount of light scattered by the water particles 
in this lighted plane can be seen and photographed. 

In figures 4 (b) and 4 (c) are shown photographs of the 
vapor screens corresponding to the indicated stations for 
the body of figure 4 (a). The photographs are three-quarter 
front views from a vantage point similar to that of the sketch 
of figure 5. In these photographs-vortices made themselves 
evident as black (lots on the vapor screens due to the absence 
of scattered light, which is believed to result from the action 
of the vortices in spinning the fine droplets of fog out of the 
fast turning vortex cores. Other details of the flow, part icu-
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i	 idc view schliercn photograph; 
Vapor-screen photograph rearward station: 

(C) Vapor-screen photograph forward station. 

FIGtRE 4.—Schlieren and vapor-screen photographs showing vortex configuration for an inclined 
body of revolution (25) at supersonic speed (.1I2). 

larlv shock waves, are evident as a change in light intensity. 
Figure 4 (c) shows the symmetrical vortex pair to exist as 
previously indicated at the more forward stations, while 
figure 4 (b) demonstrates that the vortices are shed at 
stations far removed from the bow. Other observations at 
different angles of attack demonstrated that the shedding of 
vortices began, as indicated previously, at the more forward 
stations the higher the angle of attack. It is of interest to 
point out that in these wind-tunnel tests the order of dis-
charge of the vortices was aperiodically reversed. Thus, in 
any cross-flow plane, the discharged vortex closest to the 
bod y would at one instant be on one side of the body and at 
the next instant, or perhaps several seconds later, on the 
other. No regularity in this change in the distribution of the 
vortex street has been found.

METHOD FOR ESTIMATING FORCE AND MOMENT CHAR-
ACTERISTICS OF SLENDER INCLINED BODIES IN TISCOUS 
FLOW 

For bodies of high fineness ratio at high angles of attack 
when the cross force is important, it is clear that the third 
terni of equation (13) must predominate since 0 is small, so 
that the pressure distribution increment due to angle of 
attack will closely approximate the pressure distribution for 
a circular-c linder section at a velocity equal to the cross 
component of velocit y for the body. Moreover, except for 
the sections near the bow, development of the cross-flow 
bowidar y layer will have been sufficient to promote the flow 
that is characteristic of the stead y-state flow for a circular-
cylinder section at the -Mach. and Re ynolds numbers corre-
sponding to the cross velocity over the body.
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For the limiting case of a slender bod y , the appropriate 
value of the cross-wise drag coefficient is, of course, the value 
of the drag for an infinite cylinder. As will be shown later, 
experiments indicate that for actual bodies of finite length 
a somewhat smaller value should be used. Since the actual 
cross-wise drag coefficient of a bod y of finite length is always 
somewhat less than the coefficient for an infinite both-, this 
reduced value suggests itself. Thus it might be expected 
that the viscous cross-force distribution on such a bod y could 
be calculated on the assumption that each circular element 
along the body experiences a cross force equal to the drag 
force the section would experience with the axis of revolution 
normal to a stream moving at the velocit y V sin a. This 
viscous contribution is given by

coefficient at x for a=90° corresponding to the Reynolds 
number

R=R0 sin a 
and tile Mach number

lI= 1I sin a 

As a first approximation to the total cross force we may 
add the potential cross force to the viscous contribution. 
The total cross force at x would then be 

dS sin 2a cos +2Rcd o q 0 5ifl 2 a 

With this simple allowance for viscous effects the lift 
coefficient,' the foredrag coefficient, and the pitching-moment 

From the work of Ward (reference 13), it may be shown that the potential cross force is 
directed midway between the normal to the axis of revolution and the normal to the wind 
direction. 

In the expression for C,. the contribution of the axial drag force —Cii,	
Cos?

a sin a 
is inconsequentially small and has been ignored. 	 -(1) 

2Rcd , SO o q0 sin' a dx 

where R is the body radius at x and Cd° is the local drag
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coefficient about an arbitrary moment center x,, from the 
nose are given by 

CL = sin 2 a cos + Cd = oo°	 Sin2 a cos a 

Sb 
CDC	 cos3 a+-- sin 2a sin +C'd90O	 Sll3 a 

C.11 [QS9(LXm)] n 2a cos 
L AX

(Xm_xosoO) sin2 a 

where
L 

I C,,
- 

2Rdx 
C	 _.'0  

-.	 .1 ..19 
anti

rL 

J ,,=90o=. 0
A 9 C 0 = 900 

where 
A9 plan-form area 
S6 base area 
Q body volume 
L	 body length 
A	 reference area for coefficient evaluation 
X reference length for pitching-moment-coefficient eval-

uation 
Because of the approximate nature of the theory, it is not 

considered justified to retain the complex forms of these 
equations. . Accordingly, it is assumecl.that, for the functions 
of the angle of attack, cosines may he replaced by unity and 
sines by the angles in radians to give I - 

C=2 ('S
) 

a+C,, 900 (4f) 
a2 

QD, C Dp C D F

	

	 a +Cdagoo () a3 
Sb 2 

____________	 _________  C91 2 [Q_t_Xm)1	 (A9)	 a2 (Xm_Xoo_900\ 
=	 AX	 j 

a+C,, 900	 x ) ) 
(15) 

To assess the adequacy of these equations for predicting 
the force and moment characteristics of high fineness ratio 
bodies, two bodies of revolution were tested in the 1- by 
3-foot supersonic wind tunnel at a Mach number of 1.98 
from angles of attack of zero to more than 200 and in the 
1- by 3X-foot high-speed wind tunnel from Mach numbers 
of 0.3.to 0.7 at 900 angle of attack to determine the cross-
flow drag coefficient Ccoo and the center of application 
x,, 90° of this force.'° The bodies investigated (see fig. 6) 

In the expression for LCD,, the term - Co,, a', which should properly appear On the 

right side of this equation, has been omitted since, for practical cases, its contribution is small. 
Is Although the cross Reynolds numbers for the 1- by 3-foot wind-tunnel test were almost 

twice that for the 1- by 3-foot wind-tunnel tests, the results are considered comparable since 
In the range of Reynolds numbers investigated the drag characteristics of circular cylinders 
are insensitive to change in Reynolds numbers.

t 11.500	 1 
-II 

25.000 qeneratinq	 All dimensions in inches 
radius 

Body Iffineness ratio 2/I) 

t
a- 5.500

.750 
L. 25000 qenerahng 

radius 
Body H (fineness ratio /3/) 

Ficua 6.—Bodies of revolution. 

each had a. 33Y3-caliber ogival nose and constant diameter 
a.fterbocly of such length as to make the fineness ratios 21.1 
for bod y I and 13.1 for body II. Shown in figures 7 and 8 
are the lift coefficient, foredrag-increment coefficient., pitching-
nioment coefficient about the how, and center of pressure 
as a function of angle of attack for the two bodies as deter-
mined from the tests in the 1- by 3-foot wind tunnels. 
Also shown are the calculated characteristics (indicated by 
the solid-line curves) using the- experimental values of 
C a *1,0. and  x,-,,,. (see figs. 9 and 10) obtained from the 
90° angle-of-attack tests in the 1- by 3)-foot wind tunnel 
as well as calculated characteristics obtained from- potential 
theory (indicated by the dotted-line curves). The reference 
area A for coefficient evaluation for these data is the base 
area and the reference length X for moment-coefficient 
evaluation 'is the base diameter. 

It is seen that for the higher fineness ratio I)Od y (body I), 
the calculated characteristics which include the allowance 
for viscous effects are in good agreement with experiment 
and that the potential theory is clearly inadequate at all 
but very small angles of attack. For the lower fineness ratio 
body (body II), the calculated allowances for viscous effects 
depart further from experiment than they do for hotly I, 
as would be expected, although again they are in much 
better agreement with experiment than are the calculated 
characteristics based only on potential theory.	 - 

While the comparisons made demonstrate that the indi-
cated allowance for viscous effects is adequate for very high-
fineness-ratio bodies, the calculated characteristics were, 
themselves, based on experimentally determined values of 
C coo and x 900. For the method to be useful in design, 
of course, some means for calculating these parameters must 
exist.. In many cases, there-are available sufficient experi-
mental drag data on cylinders to provide the required 
information. In the appendix one approximate method is 
given for determining the values of C 0 and Xa for 
the bodies I and IT previously considered. 

The variations of the coefficients of lift, foredrag increment, 
and pitching moment and of the center-of-pressure position 
with angle of attack for the two bodies as estimated using 
the calculated cross-flow drag characteristics given in the 
appendix are shown in figures 7 and 8 (as the dashed-line 
curves). The estimated characteristics are seen to he in 
even better agreement with experiment than are the calcu-
lated variations using the experimental cross-flow drag 
characteristics.
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FIGURE 7.—Force, moment, and center-of-pressure characteristics for body I (fineness ratio 21.1). 
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APPENDIX 

ESTIMATION OF - CROSS-FLOW DRAG COEFFICIENT 

A procedure which suggests itself for estimating the mag-
nitude of the cross-flow drag coefficient as a function 
of angle of attack for the two ogiva.l-nosed bodies treated 
in the text is to consider them to have the same characteris-
tics as circular cylinders of constant diameter. 

D, 

The cross-flow drag coefficient of this fictitious cylinder of 
finite length can then be approximated by first determining 
the drag coefficient, c, c , of a circular-cylinder section of 
diameter D' at the cross-flow Mach number 

1IC M0 sin a 

and cross-flow Reynolds number 
Ti fl 

F sin  

and then correcting this drag coefficient for the effect of the 
finite fineness ratio, LID'. 

From references 14 and 15, it is found that for the values of 
D' corresponding to the two bodies considered the circular-
cylinder section drag coefficients, c, are the same for both 
bodies and dependent only on the Mach number. The 
values at various cross Mach numbers are given in figure 9. 

From reference 16, it is found that for a finite-length cir-
cular cylinder in the range of Reynolds numbers for which the 
cross-drag coefficient, as for the present cases, is 1.2 at low 
Mach numbers, the ratio of the drag of the circular cylinder 
of finite length to that for the circular cylinder of infinite 
length is 0.755 for body I and 0.692 for body II. Assuming 
that this ratio is independent of Mach number, 
the estimated values of	 for the two bodies are as 
given in figure 9 wherein they may be compared with the 
experimental values obtained from the 1- by 3-footvind-
timnel tests. 

The, value of X,, 90o is logically assumed to be the distance 
from the bow to the centroid of plan-form area. This

assumed position which is independent of Mach number is 
compared with the experimentally determined values from 
the 1- by 33-foot wind-tunnel tests for the two bodies in 
figure 10.
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EXPERIMENTAL INVESTIGATION OF THE EFFECT OF VERTICAL-TAIL SIZE AND LENGTH
AND OF FUSELAGE SHAPE AND LENGTH ON THE STATIC LATERAL STABILITY

CHARACTERISTICS OF A MODEL WITH 450 SWEPTBACK WING. 
AND TAIL SURFACES' 

By M. J. QUEIJO arid WALTER D. W0LHAET 

SUMMARY 

An investigation was made to deterniine the effects of vertical-
tail size and length and of fuselage shape and length on the 
static lateral stability characteristics of a model with wing and 
vertical tails having the quarter-chord lines swept back 450. 
The results indicate that the directional instability of the 
various isolated fuselages was about two-thirds as large as that 
predicted by classical theory. A reduction in area of vertical 
tails (geometric aspect ratio kept constant) attached to a given 
fuselage resulted in an increase in the effective aspect ratio of 

the vertical tail for the range of tail sizes considered. Simple 
analytical considerations indicate, however, that for tail sizes 
below the range investigated the opposite effect would be expected. 

For the fuselage-tail combinations investigated, the tail 

effectiveness, usually decreased with increasing angle of attack, 
with the greatest rate of decrease occurring at angles of attack 
greater than about 16°. 

The wing-fuselage interference for the midwing arrangements 
investigated was only slightly affected by the shape of the fuselage 
and tended to increase slightly the directional stability of the 
combination. The inteiference effects of the wing tended to 
decrease the vertical-tail effectiveness, particularly, at high angles 
of attack. The large effects observed were attributed to a par-
tially stalled condition of the wing. 

INTRODUCTION 

Recent advances.in the understanding of the principles of 
high-speed flight have led to significant changes in the design 
of the -principal components of airplanes. Two of the more 
important changes have been the incorporation of large 
amounts of sweep of the wing and tail surfaces and the ele-
vation of the horizontal tail to a higher position. Much 
information is 'available on the influence of the wing, fuselage, 
and tail geometry on the static stability characteristics of 
the more conventional airplane designs (for example, refer-
ences 1 and 2); however, little information is available on 
the influence of the various airplane components on the 
characteristics of airplanes having wings and tail surfaces 
with large' amounts of sweep. In order to provide such

information, a series of investigations is being condugted in 
the Langley stability tunnel with a model having various 
interchangeable parts. The effects of changes in the size and 
location of the horizontal tail on the low-speed static lateral 
stability characteristics have been reported in reference 3. 
The effects on the static-lateral-stability derivatives of varia-
tions of vertical-tail size and length and of fuselage shape 
and length are presented herein. The data also have been 
used to determine interference effects between the wing and 
fuselage and the interference effects of the wing-fuselage 
combination on the vertical-tail effectiveness. 

SYMBOLS AND COEFFICIENTS 

The data presented herein are in the form of standard 
NACA coefficients of forces and moments which, are referred 
to the stability axes, with the origin at the projection on the 
plane of symmetry of the quarter-chord point of the mean 
aerodynamic chord or at the midpoint of the fuselage. The 
positive directions of the forces, moments, and angular dis-
placements are shown in figure 1. The coefficients and 
symbols are defined as follows: 
A	 aspect ratio '(b'2/S) 

b	 span, measured perpendicular to fuselage center line, 
feet

Lift,. 
+	 -
	

Lateral force 
I -.- Y 

MOM 

Relative wind

Yawing 
moment 

FIGURE 1.—System of axes used. Arrows indicate positive direction of angles, forces,
and moments. 

I Supersedes NACA TN 2168, "Experimental Investigation of the Effect of Vertical-Tail Size and Length and of Fuselage Shape and Length on the Static Lateral Stability Characteristics 
of a Model with 45° Sweptback Wing and Tall Surfaces" by M. 1. Queijo and Walter D. Wolhart, 1950.	
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C 

Cr 

C, 

C

chord, measured parallel to plane of symmetry, feet 
root chord, feet 
tip chord, feet 
wing mean aerodynamic chord, feet 

2 C'w"2
(CW r J 	 c2dy w o 

fuselage diameter at longitudinal station of aero-
dynamic center of vertical tail, feet 

fuselage length, feet 
tail length, distance from origin of axis 1/2 to /4 of 

vertical tail, feet 

dynamic pressure, pounds per square foot (- p vi) 

area, square feet 
projected side area of fuselage, square feet 
maximum thickness of fuselage, feet 
velocity, feet per second 
volume of fuselage, cubic feet 
chordwise distance from leading edge of root chord 

to quarter-chord point of any chord, feet 
chordwise distance from leading edge of root chord to 

quarter-chord poiiit of mean aerodynamic chord, 

feet	
2fw12 

Cw Xw dy) 

spaiiwise distance measured from the plane of sym-
metry, feet 

spanwise distance to quarter chord of mean aero-

dynamic chord, feet	 Yw dy) 
SW 0 

perpendicular distance from fuselage center line to 
aerodynamic center of vertical tail, feet 

angle of attack, degrees 

taper ratio (i) 

angle-of-attack correction factors to effectiveness of 
vertical tail in yaw 

angle of sweepback of quarter-chord line, degrees 
mass density, slugs per cubic foot 
angle of yaw, degrees 

(Lift lift coefficient - 
\q S 

Dra drag coefficient (-!) CD = - CX at = 00 

(Longitudinal force longitudinal-force coefficient 	 -
q SW 

(Lateral force lateral-force coefficient \ 9 S . 
) 

(Pitching moment pitching-moment coefficient (	 - \

C	 yawing-moment coefficient (Yawing moment 

	

qS,b	 ) 

C	 rolling-moment coefficient (Rolling moment) 
qSwb1  

(a C) 
Cy#

( C1\ 
C1, 

C. 

(GLa)V=')	 where (GL)v is based on vertical-tail 

area - 

C	 C	 increments of coefficients caused by wing-
I fl	

fuselage interference; that is, 
( Cy ) W+F()w —(C) 

increments of coefficients caused by wing-

CY 2 C',,	 fuselage interference on vertical-tail 
' 	 effectiveness; that is, 

A, C,	
2CY4,=1(CY)W+1+T7 —(Cy),w+F}— 

[(CY,) F+V — (Cy)F] 

Subscripts and abbreviations: 
TV	 wing 
V	 vertical tail; used with subscripts 1 to 5 to denote the 

various vertical tails (see fig. 2) 
F	 fuselage; used with subscripts 1 to 5 to denote the 

various fuselages (see fig. 3) 
S	 slat	 - 
e	 effective 
S	 side area

APPARATUS AND TESTS 

All parts of the models used in this investigation were 
constructed of mahogany. Sketches Of the parts of the 
models are presented as figures 2, 3, and 4. The various 
vertical tails and fuselages will be referred to henceforth by 
the symbol and number assigned to them in figures 2 and 3. 
All vertical tails had 45° sweepback of the quarter-chord line, 
taper ratio of 0.6, and NACA 65A008 profiles (table I) in 
planes parallel to the fuselage center line. The ratios of 
tail area to wing area were Chosen to cover a range repre-
sentative of that used for current high-speed airplane con-
figurations. The tails were mounted on the fuselages so that 
the tail length was always a constant percent of the fuselage 

length (=0.42) . The tail length was varied by changing 

the fuselage length. The three fuselages (fineness ratios of

DF 

1 

lv 

q 

S 
Sn 

VF 
X 

x 

y 

1T1. 

ZV 

a 

X 

'7Y,'1N 

A 

P 

CL 

CI) 

Cx 

CY 

Cm



Location of 

(b) 

I /77T

(c)

j 

(d) '(e) 
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(a)	 1',;	 (b)	 F',;	 (c	 V; 

Av,=1.0;	 Av,=l.O;	 .	 Av,1.O; 

Sv,24.3.	 Sy,48.6.	 Sv372.9. 

(d)	 V,;	 (e)	 l's; 
A j'5 = 2.0; - 

= 48.6.	 Ss'597.2. 

FIGURE 2.—Dimensions of vertical tails tested. X=0.6; A=45°; profile, NACA 65A008. All dimensions are in inches. 

.0, 6.67 and 10.0) of circular-arc profile used in the investiga-
tion are shown in figure 3. Two additional fuselages having 
the same fineness ratio as fuselage 2 (fineness ratio of 6.67) 
were used to determine the effects of fuselage nose and 
trailing-edge modifications. All fuselages had circular cross 
sections and all had the same maximum ,thickness. The 
coordinates of the fuselages are given in table II. 

The wing had an aspect ratio of 4.0, taper ratio of 0.6, 
sweepback of 450 of the quarter-chord line, and NACA 
65A008 profiles parallel to the plane of symmetry. The 
wing was mounted on the fuselage so that the quarter-chord 
point of the mean aerodynamic chord coincided with the 

.fuselage mounting point (fig. 4). A summary of the geo-
metric characteristics of the various model components is 
given in table III. A full-span slat, fitted to the wing for 
some tests with fuselage F2 , had a chord which was 8 percent 
of the wing chord. (See fig. 4.) The slat was made by 
bending a strip of -h-inch-thick aluminum sheet to fit the

contour of the wing leading edge. Photographs of two of 
the model configurations are presented as figure 5. 

Most of the tests of this investigation were conducted in 
the 6-foot-diameter rolling-flow test section of the Langley 
stability tunnel. Tests of configurations with fuselages F4 

and F5 were conducted in the 6- by 6-foot curved-flow test 
section of the Langley stability tunnel. All tests were 
made at a dynamic pressure of 24.9 pounds per square foot, 
which corresponds to a Mach number of 0.13 and a Rey-
nolds number of 0.71 X 106 based on the wing mean aero-
dynamic chord. The angle of attack of the model was 
varied from about —4 0 to approximately 32 0 for yaw 
angles of 0° and ±5°.

CORRECTIONS 

The- angle of attack, longitudinal-force coefficient, and 
rolling-moment coefficient have been corrected for jet-
boundary effects. No corrections have been applied for the 
effects of blocking, turbulence, or support-strut interference.



I ^	 - 20.0	 P_11^5 ^7—	 t=6.0 

Fe

r— 1=40.0
 

F;	
^125 =6:0 __::_ 

1=60.0

=6.0 

F4[t^^ 4^ 
1=40.0

6,

'ew 
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• Origin of axes 

.Fj 
E0 E5°	

_ fIt =6:0 

130.Q

Origin of oxes, 

F;LJO *t=6.0 

1=40.0 
FIGURE 3.—Dimensions of fuselages; profile ordinates in table II. All dimensions are 

-	 .-	 in inches. 

At relatively large angles of attack (above about 20 0 ) the 
vertical tail generally was in the wake of the support strut; 
hence, data dependent principally on the vertical-tail con-
tribution probably are unreliable at angles of attack above 
about 20°. This unreliability is particularly true for data 
obtained with fuselage F3, and therefore these data are not 
presented.

METHODS OF ANALYSIS 

The results of the present investigation are analyzed in 
terms of the individual contributions of the various parts 
and the more important interference effects. In accordance 
with conventional procedures (for example, see reference 2), 
the static-lateral-stability derivatives of a complete airplane

FInURE 4.—Dimensions and location of wing and vertical tails. All dimensions are in feet. 

can be expressed as 
= ( Cy #) F + (Cy)+ ( Cv)	 (1) 

Cn	 (2) 
C1. =	 (3) 

The subscripts F and W refer to the derivatives of the iso-
lated fuselage and- of the isolated wing, respectively. In 
the general ease, the subscript :V refers to the contribution 
of the vertical tail when mounted on the fuselage and when 
in the presence of the horizontal tail. The present tests 
were made without a horizontal tail, since the effects of 
various horizontal-tail sizes and locations were investigated 
in reference 3. In the present report, therefore, the deriv-
atives with the subscript V include both the effectiveness of 
the isolated vertical tail and the interference of the fuselage. 

The vertical-tail contribution can be expressed analytically 
as follows:

(4) 

(C)V=_(CLa)V 
lv Sv
i1N	 (5)
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i	 (rrt!crirati.,rr II ---i• .-.-	 -. 

RE	 Viw	 f nil,!	 h. I,r,l	 l - , li!ii I ruin. 

( ' on fi g iirtf imi ll-'- J2-i- I 

FiGURE 5—Concluded. 

(2v	

lv	
Cl)

Sv 
(C) = 	 cos a----- sin 	 (C'L)V	 (6) 

b	 SW 

where (c,) is the effective vertical-tail lift-curve slope 
when the model is at zero angle of attack, and i7y and 77, are 
correction factors which account for the variation in tail 
effectiveness with angle of attack. (A similar correction to 
C . is neglected because it generally has been found to be 
very nearly 1.0.) Equations (4) to (6) are similar to equa-
tions given in reference 4, except that in the reference the 
factors 71y and ON are neglected. The results of the present 
tests are used for evaluating the factors and and the 
effective aspect ratio Ae, corresponding to the vertical-tail 
lift-curve slope (CL)V. 

Perhaps the most consistent approach to the problem of 
evaluating tail effectiveness would involve determination of 
Aev corresponding to (GL)V as determined from equation (4). 
In order to make use of such values of Aev in the calculation 
of (C) v and	 effective, rather than geometric, values 

21 3637-53	 72

of the tail length l, and of the tail height Zy also would have 
to he known. From practical considerations, it has seemed 
most convenient to assume that the location of the vertical-
tail center of pressure is given accurately by the geometric 
lengths i, and z. Since time directional-stability parameter 
(C) , is considered to be the most important of the three 
tatic-lateral-stability parameters, values of Ae, correspond-

ilig to (c1). as determined from equation (5), are obtained 
in the present analysis. The reliability of values of A, v so 
determined, when used to calculate (c) and is 
checked against the experimental results. 

Since, at zero angle of attack, the factor o is 1.0, equation 
(5) can be rewritten as

b S 
(CL)V=-7---- (C,1) 

Values of Aev, corresponding to (0-L.) V I may be obtained 
from theory such as that of reference 5. & correction to 
A ' , for the effect of the horizontal tail can be obtained from 
reference 3. 

The increments prefixed by and A2 express, respectively, 
the interference of the wing-fuselage combination and the 
interference of the wing-fuselage on the vertical-tail effective-
ness; for example, 

= (C) + - [(Cy ,)+ (6'y),] 
and 

A2 C' Y= Cyk - (CY)w +FI -	 - (Cy),] 

The interference increments usuall y are assumed to apply to 
airplanes having configurations which are somewhat similar 
to that of the model used in evaluating the increments. Of 
the various factors which affect the magnitudes of the inter-
ference increments, the height of the wing, relative to the 
center line of the fuselage, previously has been found to be 
one of the most important (reference 2). Since, for the 
present investigation, the wing was located on the center 
line of the fuselages, the results are considered applicable 
only to midwmg or near-midwing arrangements. 

RESULTS AND DISCUSSION

PRESENTATION OF RESULTS 

The basic data obtained in this investigation are presented 
in figures 6 to 14. The longitudinal characteristics of the 
wing alone and of the wing with slat are given in figure 6. 
The static-lateral-stability parameters of the various con-
figurations investigated are given in figures 7 to 14. A sum-
mary of the configurations investigated and of the figures 
that give data for these configurations is given in table IV. 
Most of the remaining figures (figs. 15 to 30) were made up 
from the data of figures 7 to 14 and present the data in a 
form more suitable for analysis.
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Fle.URE 6.—Aerodynamic characteristics of the wing.
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Angle of ottock, a, deg 

FIGURE 7--Static lateral stability characteristics 01 the wing.
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CIO

.008

 

- - - - -	 - -	 - - 

C - - - - - - - - - ------ - - - - - 

YAW 

—0-- F1 
—a-- F1 +V 1 0.075-----__—____ 
—0--- F+V2	 150 

.002---------- —a-- F1 +V3 .225:__________ 

- - - - - 

-I-- - - - - ------ - 

.002 ----- -- - - - - _ 

0 ' 4±8
	

2	 16	 20 24	 28 32 
Angle of attack, ct deg. 

(a) Fuselage 1 (short). 
FIGURE 8.—Effect of vertical tail on the static lateral stability characteristics. Wing off; Av=1.O.
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(b) Fuselage 2 (medium). 
FIGtTEE 8.—Continued.
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(c) Fuselage 3 (long). 
FIGURE 8.—Concluded.
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FIGURE 9.—Effect of vertical tail on the static lateral stability characteristi cs . Wing on; Av=1.0.
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FIGURE 9.-Continued.



EFFECT OF VERTICAL TAIL AND FUSELAGE ON STATIC LATERAL STABILITY CHARACTERISTICS 	 1129 

012 - - .---------- - - - - - - - - - - 1 

CT
D . 

004 - - - - - - - - - - - - - 

0 --- ---.-- 

.002 - - - ----- 

-

- -- 

0 --
1 Sn- -0— 

--------
0
- 

-. 002 - -

0-0

- - - -------- - - - - - 

S"/SW 

- --------o---- W+F2 
—C)-- W+F3 +V 1 0.075 

.002------- ------O---W+F3+V2 150 
-o--.. —h-- W+ F + V .225 

C

- — -
•

- --- ---- -

(c) 

_.00 8_ 0	 4	 8	 12	 16 20	 24 28	 32 
Angle of attach, a, deg 

(c) Fuselage 3 (long). 
FIGURE 9.—Concluded.
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(a) Wing off. 
FIGURE 10.—Static lateral stability characteristics obtained with the blunt-nose fuselage. Av=l.0.
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FIGURE 11.—Static lateral stability characteristics obtained with blunt-end fuselage. Av='l.O.
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FIGURE 12.—Effect of vertical tail on the static lateral stability characteristics. Wing off; fuselage 2; Ar=2.0. 
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FuuRE 14.—Static lateral stability characteristics of configurations having wing leading-edge slat. Av= 1.0.
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WING CHARACTERISTICS 

The longitudinal aerodynamic characteristics of the wing 
alone (fig. 6) have been given in reference 3; hence, they are 
reviewed only briefly in this report. The plain wing stalled 
at about 24° angle of attack (CL = 1.0) and showed an 
aerodynamic-center position of 0.25. The theory of refer-
ence 5 predicts an aerodynamic-center position of 0.26. 
Addition of the 0.08c slat delayed the stall to about 26° 
angle of attack (CL=l.l) but had no appreciable effect on 
the position of the aerodynamic center at low angles of 
attack. The slat caused an appreciable reduction in drag 
at angles of attack greater than about 8°. 

Many of the aerodynamic parameters of a complete air-
plane are dependent to some extent on the character of the 
flow over the wing; hence, some consideration must be given 
to the angle-of-attack range over which flow does not separate 
from the wing. As pointed out in reference 6, an indication 
of the limit of this range can be obtained by locating the 

i	 in break n the plot of 	
02 

against angle of attack. 
1rc1W 

A plot of this increment for the plain wing and for the wing 
with slat is given in figure 15. The figure shows breaks in 
the curves at about 7.7 0 and at about 16° for the wing alone 
and for the wing with slat, respectively. Corresponding 
breaks in the curves of the aerodynamic characteristics of 
combinations involving the wing and the wing with slat are 
to be expected at about these same angles of attack. 

Investigations involving Reynolds number as a variable 
have shown that for smooth wings increases in Reynolds 
number tended to extend the angle-of-attack. range before 
which initial breaks occurred in plots of aerodynamic param-
eters against angle of attack. For this reason, results ob-
tained for configurations with slats might be expected to be 
somewhat similar to data for the plain wing at a higher 
Reynolds number than the test Reynolds number. 

FUSELAGE CHARACTERISTICS 

The important characteristics of the various fuselages are 
summarized in figure 16. In general, the parameters con-
sidered (Cy) and (Cs), varied only slightly with angle of 
attack, and therefore the analysis has been limited to 
characteristics at a=O°.

In order that the results obtained may be applied con-
veniently to arbitrary airplane configurations, coefficients in 
terms of fuselage dimensions rather than wing dimensions 
are needed. This manner of expressing the coefficient is 

accomplished by plotting the quantities (G)	 and 

(C)	 VP 
against fuselage fineness ratio. The quantities 

plotted, therefore, are effectively a lateral-force coefficient 
based on fuselage side area S and a yawing-moment coeffi-
cient based on fuselage volume V. 

Comparisons are made with the theory presented in refer-
ence 7. Although the theory, which is based on potential-
flow considerations, predicts no side force, the experimental 
results show a positive side force which increases as the fine-
ness ratio is decreased. The variations in fuselage shape 
considered, for a constant fineness ratio, have a negligible 
effect on the value of a lateral-force!coefficient based on 
fuselage side area. 

Jo

1	 I Fuse/age 
C
	 o 

I	 04 
F— o 5 

--Theory of reference 

.0/ 

0	 2	 4	 6	 8	 /0	 12
Fineness ratio, lit 

FIGURE 16.—Summary of fuselage contributions to Cy, and C.. a00. 

FIGURE 15.—Effect of wing leading-edge slat on the variation of C0---- of the wing with angle of attack.
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The experimental results obtained for the directional-
stability parameter (0fl)F of the biconvex fuselages show 
about the same trend with variation in fineness ratio as 
that predicted by theory, although, quantitatively, the 
magnitude is only about two-thirds of that predicted by 
theory. For a constant fineness ratio, the variations in 
fuselage shape considered produced a rather large change in 
the magnitude of the directional-stability parameter based 
on fuselage volume. An increase in volume near the fuselage 
nose increased this parameter; whereas an increase in volume 
over the rear half of the fuselage decreased this parameter. 

VERTICAL-TAIL EFFECTIVENESS 

Effective aspect ratio.—As explained in the section 
entitled "Methods of Analysis," the effective aspect ratio of 
the vertical tail is obtained by calculating the tail lift-curve 
slope from experimental values of (v ) and then obtaining 
the corresponding aspect ratio from a theory of plain wings. 
The theory of reference 5 has been used herein, although it 
is realized that a swept vertical tail represents an unsym-
metrical configuration to which the theory is not strictly 
applicable. The relationship, given by reference 5, between 
lift-curve slope and aspect ratio for wings having a sweep 
angle of 45° and a taper ratio of 0.6 is reproduced in figure 17. 
The results of the effective-aspect-ratio determinations are 
presented in figure 18 in the form of the ratio A, /A, plotted 
against bv/DF for a=0°. The quantity b,/D, is. the ratio of 
vertical-tail span to the fuselage diameter at the longi-
tudinal location of the vertical-tail aerodynamic center and 
is regarded as a significant parameter for determining the 
influence of the fuselage on the vertical-tail effectiveness. 
An average curve is drawn through the data obtained with 
the tails of aspect ratio 1.0, and another curve, through the 
two points obtained with the tails of aspect ratio 2.0. The 
fairing of the average curve at low values of b,/D,, has been 

.08 

.06 

CL

.04

4-.. Reference 5 

0	 /	 2	 3	 4	 5
Aspect ratio, A 

FIGURE 17.—Variation of lift-curve slope with aspect ratio for 45 sweptback wings with 
taper ratio (IA.

guided by the shape of the calculated curve which represents 
reasonable maximum values of Ae/Av for given values of 
bv/DF. The calculated curve was determined by an equation 
derived on the assumption that the fuselage acts as an 
infinite end plate on the portion of the vertical tail pro-
truding outside the fuselage. The equation of the curve is 

A5 2(2 
b	 \
DF	 (7) 

DF l+X 

A reduction in area (geometric aspect ratio kept constant) of 
vertical tails attached to a given fuselage resulted in an 
increase in the effective aspect ratios of the vertical tails 
for the range of tail size investigated. The calculated curve 
indicates that for smaller tails the opposite would be true. 

The experimental data show that the ratio A /Av ap-
proaches the value 1.0 as bv/DF becomes large. This 
variation is to be expected since an increase in b,/DF repre-
sents a decrease in the size of the end plate relative to the 
vertical tail. For very large values of b/D, the effective 
and geometric aspect ratios should be approximately equal. 
The values of Ae/Av given in figure 18 depend to some 
extent on the curve of CL. against A from which the values of 

were obtained. The values of A e might have been 
slightly different had some variation of CL. ' with A other 
than that of reference 5 been used. The data show some 
scatter at low values of bv/DF; this scatter indicates that 
factors other than b/D enter into the determination of 
A /Av. The vertical-tail contribution to 	 and 
at a=0° is shown in figure 19. Also shown in the figure 
are calculated curves of the parameters as determined by 
equations (4) and (5) and the use of average values of A,, to 
determine (UL). Ratios of A /Av of 1.25 and 1.45 were 
used for vertical tails having geometric aspect ratios of 1.0 
and 2.0, respectively. The fact that reasonably good 

W 

I••MlNUUUiIi Mr.IN i fuse loge 

•rIJWj,i1U. 
ME EMEMMMEMME

0	 /	 2	 3	 4	 56	 7	 8
b/D, 

FIGURE 18.—Effective aspect ratio of vertical tails as influenced by the fuselage. d=O'. 
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agreement between the calculated curves and the experi-
mental values of 0. was obtained is of only incidental 
interest, since the experimental results shown were originally 
used to determine appropriate values of the ratio A/Av. 
The scatter of the experimental points is indicative, however, 
of the accuracy that might be expected by use of average 
values of A/Av for arbitrary arrangements. The agree-
ment between the calculated and experimental values of 
(Cy), also is reasonably good. Therefore, the values of 
A/Av calculated from increments of (0V appear to he 
usable for predicting (C) with reasonable accuracy at 
least for the arrangements investigated. 

Ruu•I•••i••mIigi 

Nor D, 2 T '? 0 AMEMEMEM 
M ;_ MEMEMENIMM 

uiauuuuu•i 

aiui••i•iii 

••u•••••••••••
0	 .02	 .04	 .06	 .08	 10	 .12	 .14	 16 

lv Sv 
b SW

The vertical-tail contribution to the derivative G, can be 
separated into two parts as given by the two terms of the 
following equation: 

2v Sv	 it, Sv 
(Cz)=--	

(CL-), 
cos	 b, Sw -- ( G 01.. sin a 

For small angles of attack the equation can be written as 

-	 ci	 2v Svç	 1v Sv
(
r,	 a 

I' L) V 	 k1La)v 	 (CL.) 573 
The first part of the equation is the increment of Wt,,), at 
a=0°, and the second part shows that the variation of 
(C 1 ) 1. with a is given by 

o( Cj)lv Sv (CL.), 

- bw Sw 57.3 
In analyzing the contribution of the vertical tail to 

consideration has been given to the increment of 	 at 
zero angle of attack and the rate of change of (0i) with 
angle of attack. The experimental and calculated results 
for both of these effects are shown in figure 20 to be in fairly 
good agreement. 

Angle-of-attack correction.—In the preceding section, the 
effective aspect ratio of the vertical tail mounted on the 
fuselage was determined at zero angle of attack. The 
effects of variations in angle of attack are now evaluated 
iii terms of the correction factors to the vertical-tail contri-
bution to Cy and C,, 71 y and 71N , respectively. 

The variation of the factor ijy with angle of attack is 
shown in figure 21 for three values of the ratio In 
each case an average curve is drawn through the data. The 
ratios 1,1bw and Sr/Sw seem to cause no appreciable change 
in the variation of qy with a for values of a less than 6°. 
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FIGURE 19.—Effect of tail area and tail length on vertical-tail contribution to Cr# and 
oo.
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FIGURE 20.—Effect of tail area and length on the vertical-tail contribution to c- a=Oo. 
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At higher angles of attack, however, 'both l/b 'and S,/S, 

appear to affect the variation of qy with a, but not enough 
data were available to establish a definite relation between 
the various parameters. The effects of fuselage shape and 
vertical-tail aspect ratio on the variation of sy with a are 
shown in figure 22. Also given in the figure is the average 
curve from figure 21(b). It is seen that the curve fits the 
data reasonably well and that the variations in fuselage shape 
considered have very little effect on the variation of 
with a. Changes in vertical-tail aspect ratio appear to have 
some effect on the variation of 77, with a; nevertheless, the 
general trend shown by the average curve is still fairly 
accurate. 

In general, it appears that the vertical-tail contribution 
to CI-1, may be reduced as much as twenty percent as the 
angle of attack is increased from 00 to 15° and that this reduc-
tion usually increases rapidly at higher angles of attack. 
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bw 

(b)
bw 

0.464. 

(c) !.=O.698. 
bw 

FIGURE 21.—Effect of tail area and length on the angle-of-attack correction to the vertical-tail 
contribution to Cy 0 ,Circular-arc fuselages.

The variation of the factor fiN with a is shown in figure 
23 for several values of lvlbw and S/S. Average curves 
are drawn through each set of data. At low angles of attack 
the area ratio Sr/Sw appears to have a negligible effect on 
the variation of fiN with a; however, it does have a large 
effect at angles of attack greater than about 8° and the 
effects increase with an increase of the 1,lbw ratio. Fuselage 
shape and vertical-tail aspect ratio appear to have sothe effect 
on the variation of fiN with a (fig. 24), but the effects are not 
clearly defined by the data. In general, the average curve 
of figure 23 (b) fits the data of figure 24 reasonably well. 

Except for the smallest vertical tail ( V1 ) 1 the tail con-
tributions to C,, tend to show a smaller decrease with angle 
of attack than had previously been noted for the-tail contri-
bution to cy.	 - 

INTERFERENCE EFFECTS 

Wing-fuselage interference.—The lateral-stability data of 
this investigation were used to determine wing-fuselage' 
interference increments by the procedure explained under 
"Methods of Analysis." The increments are presented in 
figure 25 as functions of the angle of attack. Both iCy 

and . 1 C1 show large variations with angle of attack and are 
of large magnitude at high angles of attack. The increment 

is rather small for all fuselage shapes investigated and 
tends to increase slightly the directional stability of the wing-
fuselage combination over most of the angle-of-attack range. 
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(a) Effect of fuselage shape; vertical tail V,. 
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FiouR g 22.—Effect of fuselage shape and vertical-tail aspect ratio on the angle-of-attack 
correction to the vertical-tail contribution to Cy 
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The average value of A I C. is about —0.0002 up to 16° angle 
of attack. 

Wing-fuselage interference on vertical-tail effectiveness.—
Increments of 2Cy, A2C. p and A2CI,, are shown in figures 26, 
27, and 28, respectively, for various combinations of the 
circular-arc fuselages and the vertical tails of aspect ratio 1.0. 
The data are divided into groups of constant l/b ratio. An 
average curve was drawn through each set of data. In 
general, the data show little scatter about. the faired curves. 
The addition of the wing almost invariably reduced the tail 
contribution to the directional stability for the arrangements 
investigated (fig. 27). The effect was negligible at very 
small angles of attack, but at 20° angle of attack a value of 
i2C of about 0.0020 was obtained with the largest fuselage 
(F3.) The large interference effects noted at high angles of 
attack probably result from the partially stalled condition of 
the wing at these attitudes. If stalling could be avoided, the 

1.2--__ 

--- - - 
LU
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- 

1.0--

Vertical toil 

0 V1 
0 V2 
0 V3 

l.a	 =

— 

— 
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Angle of attack, a, deg 
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(b) !.=0.464. 
bw 
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bw 

FIGURE 23.—Effect of tail area and length on the angle-of-attack correction to the vertical-tail
contribution to C. O. circular-arc fuselages.

interference effects undoubtedly would be considerably 
smaller. 

The effects of fuselage shape on the increments of Cy,
and Ci.caused by wing-fuselage interference on the

vertical-tail effectiveness are indicated in figure 29. Also 

given in the figure are the average curves of the 

data of figures 26 (b),27 (b), and 28(b). The figure indicates 
that variations in fuselage shapes considered have little effect 
on the interference increments and that the average curves 
fit the data quite well. 

A comparison is given in figure 30 between the interference 
increments and or a model configuration with 
and without the wing slat. The model configuration was 
made up of the wing, fuselage F2, and vertical tail V2. The 
increment i 5 C,1 for both configurations varied erratically 
with angle of attack and indicated no definite trends. The 
increment 20, , for the model with the slat was larger 
(more positive) than for the wing without the slat up to 
about 20°, after which the opposite was true. 

It should be pointed out again that the interference 
increments presented herein can be expected to apply fairly 
accurately only to midwing or near-midwing configurations 
since the height of the wing relative to the fuselage center 
line has been found to be an important factor in determining 
interference increments (reference 2). 

CONCLUSIONS 

The results of an investigation to determine the effects of 
vertical-tail size and length and of fuselage shape and length 

•uuuu*iuuuuu 
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(a) Effect of fuselage shape; vertical tail 1',. 
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FIGURE 24.—Effect of fuselage shape and vertical-tail aspect ratio on the angle-of-attack 
correction to the vertical-tail contribution to 
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FicueE 25—Variation of increments of Cr, , C , and C, caused by wing-fuselage Inter-



ference with angle of attack. 

on the lateral static stability characteristics of a model with a 
450 sweptback wing indicate the following conclusions: 

1. The directional instability of the various isolated fuse-
lages was about two-thirds as large as that predicted by 
classical theory. 

2. A reduction in area (geometric aspect ratio kept con-
stant) of vertical tails attached to a given fuselage resulted 
in an increase in the effective aspect ratio of the vertical 
tails for the range of tail sizes considered. Simple analytical 
considerations indicate, however, that for tail sizes below the 
range investigated the opposite effect would be expected. 

3. For the fuselage-tail combinations investigated, the 
tail effectiveness usually decreased with increasing angle of

a 
1-

a 
1-

0	 4	 8	 12	 16	 20	 24
Angle of attack, a, deg 

(a)
bw 

(b) 1=0.464. 
bw 

(c) !-..O.697. 

FIGURE 26.—Effect of the tail arcii and length on the increment of Cy, caused by wing-fuselage 
interference on vertical-tail effectiveness. Circular-arc fuselages. 

attack, with the greatest rate of deérease occurring at angles 
of attack greater than about 16°. 

4. The wing-fuselage interference for the midwing arraige-
ments investigated was only slightly affected by the shape 
of- the fuselage and the interference tended to increase 
slightly the directional stability of the combinations. 

5. The interference effects of the wing tended to decrease 
the vertical-tail effectiveness, particularly at high angles of 
attack. The large effects observed were attributed to a 
partially stalled condition of the wing. 
LANGLEY AERONAUTICAL LABORATORY, 

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 
LANGLEY FIELD, VA., June 5, 1950.



EFFECT OF VERTICAL TAIL AND FUSELAGE ON STATIC LATERAL STABILITY CHARACTERISTICS
	 1143 

'SE

0	 4	 8	 12	 /6	 20	 24 
Angle of al/ack, or, deg 

(a) --=O.347. bw 

(b) .L.o.464. 

(c) !=O.697.
bw 

FIGURE 27.—Effect of tail area and length on the increment of C,.0 mused by the wing-fuselage
interference on the vertical-tall effectiveness. Circular-arc fuselages.
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FIGURE 29.—Effect of fuselage shape on the increments of Cr, C, , and	 caused by the
wing-fuselage interference on the vertical-tail effectiveness. Vertical tail V5. 
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TABLE 1.-COORDINATES FOR NACA 65A008 AIRFOIL
[Station and ordinates in percent airfoil chord) 

Station Ordinate 

0 0 
.50 .62 
.75 .75 

1.25 .95 
2.50 1.30 
5.0 1.75 
7.5 2.12 

10.0 2.43 
15 2.93 
20 3.30 
25 3.59 
30 3.79 
35 3.93 
40 4.00 
45 3.99 
50 3.00 
55 3.71 
60 3.46 
65 3.14 
70 2.76 
75 2.35 
80 1.90 
85 1.43 
00 .96 
95 .49 

100 .02 

L. E. radius: 0.408

ol

dli 
s/I

Fuselage .1 Fuselage 2 Fuselage 3 Fuselage 4 Fuselage 5 

0 0 0 0 0 0 
.025 .010 .007 .005 .033 .007 
.050 .020 .014 .010 .045 .014 
.075 .029 .021 .014 .054 .021 
.100 .037 .027 .018 .060 .027 
.125 .045 .033 .022 .065 .033 
.150 .052 .039 .026 .069 .039 
200 .0115 .048 ._	 .032 .074 .048 

.250 .076 .057 .038 .075 .057 

.30 .085 .063 .042 .075 .063 

.35 .091 .068 .046 .075 .068 

.10 .090 .072 .048 .075 .072 

.45 .099 .074 .049 .075 .074 

.50 .100 .075 .050 .075 .075 
58 .099 .074 .049 .074 .075 
60 .090 .072 .048 .072 .073 

.65 .091 .068 .046 .068 .072 

.70 .085 .0113 .042 .063 .060 

.75 .076 .057 .038 .057 .066 

.80 .065 .048 .032 .048 .062 

.85 .052 .039 .026 .039 .057 

.90 .037 .027 .018 .027 .051 

.95 .020 .014 .010 .014 .045 
1.00 0 0 0 0 .038
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TABLE 11.-FUSELAGE COORDINATES

TABLE 111.-PERTINENT GEOMETRIC CHARACTERISTICS 
OF MODEL 

Wing: 
Aspect. ratio, A Iv --------------------------------------- 4.0 
Taper ratio, X,,. --------------------------------------- 0. 6 
Quarter-chord sweep angle, A,,-, deg--------------------- 45 
Dihedral angle, deg------------------------------------ 0 
Twist, deg ----------------------------------------- .. 0 
NACA airfoil section---------------------------------- 65A008 
Area, Sw, sq ft --------------------------------------- - 2.25 
Span, bw, ft------------------------------------------ 3.00 
Mean aerod ynamic chord, a,,-, ft ----------------- - ------- 0.765 

Fuselage: F3' F. F3 F4 F5 
Length, ft--------------- 2. 50 3.34 5.00 3.34 3.34 
Fineness ratio ------------ 5.00 6. 67 10.0 6. 67 6.67 
Volume, VF, cu ft -------- 0.267 0. 350 0. 526 0.448 0.385 
Tail length, 1,-, ft (all tails).. 1.04 1.39 2.09 1.39 1.39 
Tail-length ratio, lv/bw, (all 

tails) ----------------- 0.347 0.464 0.697 0.464 0.464 
Side area, S, sq ft -------- 0.833 1. 11 1.67 1.30 1.25 

Vertical tail: I', V2 V3 V4 V5 
Aspect ratio------------- 1.0 1.0 1.0 2.0 2.0 
Taper ratio -------------- 0.6 0.6 0. 6 0.6 0.6 
Quarter-chord sweep angle, 

A,-, deg--------------- 45 45 45 45 45 
NACA airfoil section ----- 65A008 65A008 65A008 65A008 65A008 
Area, 5,-, sq ft ----------- 0.169 0.338 0.506 0.338 0.675 
Span, b,-, ft -------------- 0. 408 0. 583 0. 710 0.825 1. 159 
Mean aerodynamic chord, 

v, ft----------------- 0. 417 0. 592 0. 725 0.416 0. 592 
Area ratio, Sv/Sw - - ------- 0. 075 0. 150 0. 225 0. 150 0. 300 

TABLE IV.-CONFIGURATIONS INVESTIGATED 

Wing off Wing on 

Configure- Configura. 
tion Figure tion Figure 
(a) (a) 

TV 

F, IV±F3 
Fi+ Vi 8(a) W-4-Fi+ V 9( Fj+ V2 w+Fj+V, 
Fi+ V3 TVf	 i+ I's 

F, 8(b), 12 IV+F, 9(b), 13 
F,.4-V, 8(b) IV+F,+Vi 9(b) 
F,+ V, 8(b) W+F,)1T, 9(b) 
F,-)- V3 5(b) W+ F,+ V3 9(b) 

F, W-)-Fs
9(c) F,-)- 172 JV+ F,-)- 1, 

F,-)- V, W-)- F,+ V3 

F, 
F,+V, 10(a) TV-4-F, 10(h) 

F5 
F3+ V, 11(a) IV-f.F3 

W+F,+V, 11(b) 

F,+V, 12 1V-fF2-)- V, 13 F,-)- V5 TV-f. F,-)- V, 

11 5 11. 7.14 
Wa-f- F, 14 
lVs+Fs+1-, 14 

Notation (for details, see table III and figs. 2 to 4): 
W wing; with subscript S. wing with slat 
F fuselage 
V vertical tail 
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FORMULAS FOR THE SUPERSONIC LOADING, LIFT, AND DRAG OF FLAT SWEPT-BACK WINGS

WITH LEADING EDGES BEHIND THE MACH LINES 

By DORIS COHEN 

SUMMARY 

The method of superposition of linearized conical flows has 
been applied to the calculation of the aerodynamic properties, in 
supersonic flight, of thin flat, swept-back wings at an angle of 
attack. The wings are assumed to have rectilinear plan forms, 
with tips parallel to the stream, and to taper in the conventional 
sense. The investigation covers the moderately supersonic speed 
range where the Mach lines from the leading-edge apex lie ahead 
of the wing. The trailing edge may lie ahead of or behind the 
Mach lines from its apex. The case in which the Mach cone 
from one tip intersects the other tip is not treated. 

Formulas are obtained for the load distribution, the total lift, 
and the drag due to lift. For the cases in which the trailing edge 
is outside the Mach cone from its apex (supersonic trailing edge), 
the formulas are complete. For the wing with both leading and 
trailing edges behind their respective Mach lines, a degree of 
approximation is necessary. It has been found possible to give 
practical formulas which permit the total lift and drag to be 
calculated to within 2 or 3 percent of the accurate linearized-
theory value. The local lift can be determined accurately over 
most of the wing; but the trailing-edge-tip region is treated only 
approximately. 

Charts of some of the functions derived are included to facili-
tate computing, and several examples are worked out in outline. 

INTRODUCTION 

It is customary, in supersonic wing theory, to describe 
any straight segment of the boundary of a wing plan form as 
supersonic or subsonic accordingly as thesegment lies out-
side or is contained within its foremost Mach cone; that is, 
as the component of the flight velocity normal to the edge is 
greater than or less than the speed of sound. These two 
circumstances result in fundamentally different types of flow 
over the surface. It is apparent that the real reference is 
not to a property of the wing plan form, but to a combination 
of plan-form geometry and the velocity of the wing relative 
to the speed of sound. Thus (see fig. 1) every swept-hack 
wing, on entering the supersonic regime, has subsonic leading 
and, in most cases, subsonic trailing edges. At a higher Mach 
number, the same plan form may have subsonic leading edges 
and supersonic trailing edges. Finally, if the Mach number is 
increased sufficiently, both leading and trailing edges will 
become supersonic.

Interference effects also depend on the flight Mach number, 
since the extent of the various disturbance fields is determined 
by the angle between the Mach lines. Thus, no single 
concise formula or method of treatment has as yet been 
developed to predict, even approximately, the aerodynamic 
characteristics of an arbitrary wing plan form through the 
supersonic speed range. 

The present report is concerned with the loading, lift, and 
drag according to linearized theory, of thin, flat, swept-
back wings with rectilinear boundaries and conventional 
taper. Various methods are available for the calculation 
of these properties when the leading edge is supersonic. 
Of these, the method of reference 1 is perhaps the most 
convenient. Formulas obtained by this method for the 
loading and lift-curve slope of wings with supersonic lead-
ing and trailing edges are presented in reference 2. In the 
following, therefore, the emphasis will he on the solution of 
the problems arising from the interaction of the flow fields 
in the presence of subsonic leading edges (figs. 1 (b), (c), 

I	
7-_.__
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•	 -	
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() M/O	 (b) Mt/O	 (c) M /35 
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FIGURE 1.—A typical tapered swept-back wing at six supersonic Mach numbers, showing
the Mach lines from the leading- and trailing-edge apexes and from the tips. 

and (d)). The case (fig. 1 (a)) in which the Mach number 
and aspect ratio are so low that interaction takes place 
between the tip flow fields will not be treated. An approxi-
mate solution to this problem may be found in reference 3. 

When a wing with a subsonic leading edge is to be studied, 
considerable simplification of the problem may be achieved 
by making use of the solutions, available in reference 4 
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and other sources, for the infinite triangular wing.' From 
these solutions the aerod ynamic characteristics of a variety 
of swept-hack plan forms can be calculated by the use of 
the superposition principle of linearized theory' to cancel 
any lift beyond the specified wing boundaries. Two methods 
of cancellation have been developed: one, presented in refer-
ence 5, uses supersonic doublets and is general enough to 
apply to curved boundaries; the other, originally due to 
Busemann (reference 6), cancels by means of the super-
position of conical flow fields. In the present report the 
conical-flow: method is used, since it appears to offer some 
advantages for the straight-sided plan forms under 
consideration, particularly in determining the integrated lift. 

The material presented in this report is largely drawn 
from references 7, 8, and 9, with some simplifications sug-
gested by practical experience. In particular, the formulas 
for the total lift have been reworked to substitute, with 
no increase in computational labor, a combined "primary" 
and "secondary" correction for each of the "primary" cor- 
rections in reference 7. Also, the formulas containing elliptic 
integrals have been rewritten to take full advantage of 
available tables. As in the preceding papers, the final for-
mulas will be derived for unyawed wings with tips parallel 
to the stream, but the application of the general method 
and the basic solutions to other plan forms and problems 
will be apparent. Some numerical examples will be included 
in order to show the magnitude of the effects discussed and 
to summarize the method. A table summarizing the 
formulas i also included. 

I—METHOD OF THE SUPERPOSITION OF CONICAL 
FLOWS 

A conical flow field is one in which the velocity components 
u, v, and w in the stream, cross-stream and vertical directions, 
respectively, are constant in magnitude along any ray from 
the foremost point, or apex, of the field. Such flows are 
found as solutions of the linearized potential equation for 
supersonic flow. A detailed discussion of their derivation 
and use is contained in reference 4. In the cancellation-of-
lift procedure, only solutions of the so-called "mixed" type 
described in section V of reference 4 are required, except for 
the basic solution (for the infinite triangular wing) which is 
itself of conical form. 

SYSTEM OF NOTATION FOR CONICAL FLOWS 

The Cartesian coordinate system is placed so that the 
origin coincides with the projection of the leading-edge apex 
on the horizontal plane, the positive x axis extending down-
stream from the origin and the y axis extending perpendicular 
to the x axis in the horizontal plane. (See fig. 2.) For the 
conical flow fields, it is further convenient to define a variable 
to designate a particular ray in the xy plane; since the flow 
velocities are constant along such a ray. If the apex of the 
field is specified, then the ray is most readily described by its 
slope, measured from the downst'eam direction. The 
conical solutions of the supersonic flow equation are, how-

] The present report covers in detail only unyawed wings. flowever, yawed wins may 
be treated similarly, starting with the yawed triangular-wing solutions. This problem 
is the subject of a paper, NACA TN 2262, 1950, by Lampert, prepared Concurrently with 
the present report.

FIGURE 2.—Coordinate system, conil variables, and other symbols. 

ever, functions of the ratio of the slope of the ray to time 

slope of the Mach lines, where fl is . IM2_ 1 and M is the 

free-stream Macli number. For the triangular-wing flow 
with its origin at the apex of the wing, therefore, the conical 
variable will be chosen as

a=1311	 - (1) 

At the Mach lines from the leading-edge apex, a equals ± 1. 

The ray from 0, the wing apex, making the angle tan' 

with the stream will hereinafter be referred to as the ray a, 
and the subscript a will indicate association with a constant-
load sector (to be introduced later) of which such a ray is 
one of the boundaries. 

For each of the conical fields to be superposed at the edges 
of the wing plan form, a new coordinate system is set up with 
its origin at the apex of the field. In conformity with the 
notation of reference 4, the conical variable relative to the 
displaced origin is called t, with subscripts to denote the 
location of the origin. Thus, if Xa,Ya is the point of intersec-
tion of the ray  with the plan-form boundary and is to serve 
as the apex of a canceling conical field,

(2)
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is the ratio of the slope of the ray ta of that field to the slope 
of the Mach lines. 

If the ratio of the slope of the leading edge to the slope of 
the Mach lines is

?fl=/3 cot A	 (3) 

where A is the angle of sweepback, then at the leading edge 
a=n, and a ray from the leading-edge tip is designated by 
tm. If s is the wing sëmispan, the leading-edge tip has the 

coordinates , s and any point x,y has the conical coordinate 

ci____ tm p	 (4) 

ni 

in the field with apex at PS , S. in 

Other symbols referring to angular locations will be defined 
in the same way as needed. A summary of the symbols 
will be found in appendix A. 

BOUNDARY CONDITIONS FOR CANCELLATION OF LIFT 

The general problem of deriving the flow over a wing of 
finite dimensions from the known flow over an infinite wing. 
is the problem of determining the induction effects due to 
the edges. These effects may he thought of as associated 
with the cancellation of the lifting pressure at the boundaries 
of the finite wing. In the linearized lifting-surface theory, 
they may be evaluated by the superposition of flow fields 
with negative lifting pressure over the portion of the infinite 
wing outside the boundaries of the finite plan form, provided 
the other boundary conditions are not disturbed. In the 
case of a fiat wing at an angle of attack, the latter provision 
means that the canceling field must (1) induce no downwash 
within the boundaries of the finite wing and (2) introduce no 
new lifting pressure outside those boundaries. 

In accordance with thin-airfoil theory, the boundary con-
ditions will be satisfied in the horizontal plane rather than on 
the surface of the wing. Also, by thin-airfoil theory, the 
conditions on the lifting pressure are converted to conditions 
on the velocity field through the relation

(5) 

In the simplest case, the lift to be canceled will be dis-
tributed uniformly over a semi-infinite region bounded by 
two straight lines. The boundary conditions of the problem 
may then be said to be conical with respect to the intersection 
of the two lines, which become "irays" of the canceling conical 
field. The boundary conditions on the canceling velocity 
field in this case may be suninuflized as follows: 

(1) The st.reamwise velocity it must approach values equal 
in magnitude and opposite in direction on the upper and lower 
surfaces of the horizontal plane. 

(2) In the horizontal plane, u must be constant over the 
infinite sector in which lift is to be canceled. 

(3) The vertical velocity w must he zero in the portion 
of the z=O plane occupied by the projection of the finite 
wing.

(4) From equation (5), u must equal zero in the portion 
of the horizontal plane not covered by conditions (2) or (3). 

(5) In supersonic flow there exists the additional condition 
that all the velocities must go to zero on the Macli cone from 
the apex of the field. 

CANCELLATION OF NONUNIFORM LIFT 

The foregoing are the general conditions for a uniformly 
loaded canceling flow field. Under the proper conditions, a 
nonuniform distribution of lift may be canceled by the super-
position of a number of such fields. This prbceclurc is best 
explained by a concrete example. 

Consider the problem of a swept-hack wing flying at a 
high Mach number such that, as in figure 1 (e), the Mach 
lines from the leading-edge apex intersect the tips of the 
wing. The method of deriving the swept-back wing from 
an infinite triangular wing in that case is indicated in figure 
3. It may be noted at the start that, according to linear 
theory, the lift behind the supersonic trailing edge may be 
canceled in any way without affecting the velocities on the 
wing. Thus it remains only to consider the effect of can-
celing the lift outboard of the tips. 

FICURE 3.—Method of cancellation of lift beyond the tip when the leading-edge Mach 
line intersects the side edge of the wing. 

An infinite triangular wing with supersonic leading edges 
has a load distribution which is constant over the portions 
of the wing between the leading edge and the Mach lines 
from the the leading-edge apex (see fig. 4). This constant load
may be canceled outboard of each of the tips of the swept-
back wing by a single negatively loaded triangle of infinite 
extent, one side coinciding with the side edge of the wing 
and a second side coinciding with the extension of the leading 
edge. However, the area to he removed (region BAC, fig. 
3) includes also a region over which the pressure varies, and 
is conical with respect to 0. Since the boundaries of the 
region are. conical with respet to A, no one conical solution 
can satisfy the requirements of the problem. The problem 
is brought within the limitations of the conical solutions by
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view 
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FIGURE 4.—Lift distribution on a triangular wing with supersonic leading edges. 

considering the lift to be made up of an infinite number of 
constantly loaded, overlapping sectors of infihite extent. 
(See fig. 3.) These sectors are bounded on one side by the 
wing tip; the second side is the extension of a ray from apex 
0 of the wing. Between the leading edge (a=m) and the 
leading-edge Mach line (a= 1), no division of the field is 
necessary since the lift density is constant in that region. 

If a sector with apex at A and angle tan' ¶ is used to cancel 

this uniform lift, then the remaining superposed fields must 
be used where a<1 (see fig. 4) to restore the difference 
between that lift and the loading on the triangular wing. 

If 'it 1 is the streamwise component of the perturbation 
velocity corresponding to the constant loading ahead of the 
leading-edge Mach lines, ad u(a) is the same velocity in 
the region between the Mach lines, then the magnitude of 
the 'u component of the velocity in the initial canceling 
sector will be — u1 , and on the remaining sectors (see fig. 3) 
minus the increment in u,- uA corresponding to an increment 

du" da. (Note that this last quantity is positive, as in a, or -a---  

required). To determine the total effect of canceling the 
loading outboard of the tip, the velocities induced by the 
latter infinitesimally loaded elements are integrated and 
added to the negative effect of the initial constant-load 
sector. 

II—LOADING ON WING WITH SUBSONIC LEADING 
EDGE 

LOAD DISTRIBUTION OVER TRIANGULAR WING 

In the notation of this paper, the velocity distribution 
over a fiat lifting triangle with leading edge behind the Mach 
lines ma y be written

mu0
(6)

where
m Va 

'UO_I3EF()	 (7) 

is the (constant) velocity along te center line a=0. In the 
expression for u0, E'(m) is the complete elliptic integral of 
the second kind, of modulus 11i — m2 . The load distribution 
is obtained from the velocity distribution by equation (5). 
SWEPT-BACK WING WITH SUPERSONIC TRAILING EDGE

(TIP CORRECTION) 2 

If the problem is now to find the loading on a swept-back 
wing with subsonic leading edges, but supersonic trailing 
edges, only the tip effects will modify the triangular-wing 
distribution. The calculation of the tip effect on a wing 
with subsonic leading edge. (m<1) is somewhat complicated 
by the fact that the pressure becomes infinite at the leading 
edge, but otherwise follows the procedure outlined in the 
preceding section. 

It will first be necessary to present the expression for the 
previously described conical field with uniformly loaded sec-
tor to be used as the element in canceling the lift outboard 
of the tip.

ELEMENTARY SOLUTION FOR A STREAM WISE TIP 

If s is the semispan of the wing, the apex of any element a 
(see the section on Notation) is at 

YaS	 (8) 
and, from equation (2),

ta=g	 (9) 

Then, if ua is the constant perturbation-velocity component 
to be canceled over the region between the tip and the exten-
sion of the ray a, the previously listed boundary conditions 
for each of the required canceling fields may be written as 
follows (see fig. 5): 

(1) and (2) When 0<ta<a, u= ±Ua (constant for the field) 
(3) When ta<0, w=0 
(4) When ta>a, u=0 
(5) When ItaI 1, 'u='v=w=0. 
The solution of the supersonic flow equation satisfying the 

above boundary conditions has been derived in reference 43 
In the xy plane, the streamwise component of the velocity is 

'it,, cos- a+t,+2at,, u=±r.p. - cos—	 (10) ta—a 

The signs refer to the upper and lower surfaces, respectively. 
In figure 5, the essential features of the solution are 

shown. At the top is a detail view of the wing side edge and 
shows the boundary conditions. In the center is a typical 
plot of the argument of the inverse cosine in equation (10), 
against ta. Where this quantity is less than —1 (i. e., 
O<t,,<a), the real part of the inverse cosine is ir. Where 
the argument is greater than ±1 (ta>a and ta<1), the 

Approximate formulas, valid when so is close to 1, have been presented for this case in 
reference 10. 

'The corresponding solutions for raked-in or raked-out tips may also he found in reference 4, 
or deduced from later Sections in the present report.
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Mach line,
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Mach line, 
Plan view
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Argument of	 -a inverse cosine	 a

-1 

-Au 
Velocity	 'S 

distribution  

J1 
FIGURE 5.—Elementary solution for canceling lift at the-tip. 

real part of the inverse cosine is zero. On the wing 
(1 <_ ta<0), the argument goes from +1 to —1 and the 
inverse cosine is real. Thus in canceling, or subtracting, 
the velocity Ua between ta= O and taa, the increment in 
velocity

a+ta+ata u(x,y,a)=acos	 -9 	 (11) 
taa 

is induced on the wing upper surface. 

TIP-INDUCED CORRECTION TO THE LOADING 

Following the procedure outlined in Part I, we proceed to 
determine the effect of canceling the lift outboard of the 
wing tip. Since the value of 1.ta for the initial canceling 
field —(m) and the value for the first incremental field 
du da are both infinite when the leading edge is subsonic, 

it is first necessary to write the induced velocity at a. point 
x,y as

[_u(a)	 a+ta+2ata+ 

I ía	 cos' a+ta+2ata dal	 (12) 
irJao da	 taa	 I

where the limit a 0 is the value of a corresponding to the 
rearmost sector including the point x,y in its Mach cone. 
The value of a0 is found by setting ta (equation (9)) equal 
to - 1. Thus, for the tip correction, 

a0= x + (y - s)
	 (1; 3) 

This parameter will be additionally useful as the value of a 
at which the velocity correction given by equation (11) 
goes to zero and its derivative has a singularity. 

Before performing the integration of equation (12), t4 
must be replaced by its expression in terms of x, y, and a. 
Then integration of the second term by parts results in a 
term which, at the upper limit, exactly cancels the first 
term, and at the other limit is zero, leaving, after substitution 
for 'u,	 ________ 

A	
_rn(x+y)uoCm  

(	 r-/	 Jo0 (ax_iy).*J(m2_a2)(1+a)(a_ao) 

(14) 

This integral is finite and can be evaluated in terms of 
elliptic integrals as follows: 

Au)l=u0[V2m—yK0_ mx (x+y)	 Vm2 x2_2y2 o(k
1 4'] (15)

where
A0=K0E(4', k') - (K0—E0)F(4', k')	 (16) 

and K0 and E0 are 2/7r times the complete elliptic integrals 
K and E of modulus

V(m—ao)(l—W_)
__ -	 2m(ao+1) 

In equation (16), F (4',k') and E (4',k') are the incomplete 
integrals with the complementary modulus k'= -fi —k 2 and 
argument	 __________ 

—sin' /ao(+i3y) 
'I'—	

rnx 

V s(ao+m) 

The functions K0, P20 and A0 are tabulated in reference j I I or 
may be computed from the tables of reference 12. A plot 
of A0 is given in figure 6. 

Value at the side edge.—At the tip, y is equal to s and the 
first term in equation (15) vanishes. In the second term, 4' 
becomes 7r/2 and P2 (4',k') and F (4',k') reduce to the complete 
integrals E'=E(k') and K'=K(Ic'), respectively. Then, 
since, by Legendre's relation, 

K'E—K'K+KE' = 7r/2 

A0 reduces to 1. The induced velocity,  correction is seen to 
be exactly equal to — ui, bringing the lift to zero at the 
wing tip. 

Drop in lift across tip Mach line.—An interesting effect 
shows itself at the other limit of the tip region, that is, at the 
Mach line from the tip of the leading edge. Along this line 
only the influence of the leading-edge pressure is felt, so that 

4 The Quantity K, is called F. ill reference 11. 





I 
'I

E. 

FORMULAS FOR THE SUPERSONIC LOADING OF FLAT SWEPT-BACK WINGS WITH LEADING EDGES BEHIND MACH LINES 1153 

a0=In. Then k=O, k'=i, K=r/2, E(',k') reduces to 

sin, V 1 =	 20s , 
and finally 

(ML),i;(tm=_1)*	
—u0f3s 

l9(±3)(S)	 (17a) 

or, since along the tip Mach line In 

—o-y'S' (17b) 
-f2(1 +rn)(rnx—I3s) 

This result indicates a finite drop in Presslile across the 
Mach line from the tip, an effect which is associated -,vith the 
cancellation of infinite pressure at the leading edge and con 
sequently does not appear as long as the leading edge is 
ahead of the :\Iach lines. The ratio of the drop in lift across 
the tip Mach line to the uncorrected lift can be written 

1(1 +a) (in +a) 
'V 21n(1+rn)	

(is) 

Tins ratio is plotted against a/in in figure 7 and shows the 
percentage loss of lift at the tip to be very jai-go. In fact, 
for any but the lowest-aspect-ratio wings, the lift remaining 
in tha.t region is almost negligible. This effect, which should 
be of considerable practical interest, was first indicatcU in 
the results of reference 13 for the limiting case of nm=O. 

FIGURE 7—Percent drop in lift across Mach line from tip. 

SWEPT-BACK WING WITH SUBSONIC TRAILING EDGE 

The tip-effect correction just derived applies equally to 
wings with supersonic or subsonic trailing edges. The effect 
of 'a subsonic trailing edge is calculated separately, and is 
primarily clue to canceling the triangular-wing loading in 
the wake region. If, however* 	 triangular-wing loading 

213037-53---74

has been modified by the introduction of side edges, then this 
modification must also be taken into account when canceling 
the lift behind the trailing edge. In the conical-flow method, 
the various component flow fields must be canceled individu-
ally. The sections immediately following will discuss the can-
cellation of the triangular-wing loading; cancellation of the tip-
induced components of velocity will be considered under the 
heading "Secondary Corrections." 

PRIMARY TRAILING-EDGE CORRECTIONS 

Procedure for canceling lift in the wake region.---The 
basic procedure is again to consider the load to he canceled 
to be built up by the superposition of uniformly loaded 
sectors, bounded on one side (see fig. 8) b y the rays a, and 
on the other by the trailing edge of the wing. It is con-
venient at this point to introduce the parameter 

?n 1 =flXcot (angle of sweep of trailing edge) 

EJ

ta 
FIGURE S.—Oblique constant-lift element (shaded) for esiscellation of lift at subsonic 

trailing edge, and induced velocity distribution. 

The boundary conditions to be satisfied by the u compo-
nent of the elementary canceling velocity field are indicated 
for the right span in figure 8; each field must have constant 
velocity 'u when a<ta<In, and zero streamwise velocity over 
the wake region, —1 —<a<- The concomitant vertical 
velocity must be zero on the wing surface. Howeer, when 
a is small, the region —1 —<t0<a will include a portion of the 
left-hand wing panel. Since in this region the qj, component 
of velocity has already been specified, the vertical velocity
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will not, in general, be zero. Nor is it possible to modify 
the field to satisfy the boundary condition on the far wing, 
since the area involved is not conical with respect to the apex 
of the field. 

The error involved in the foregoing procedure is minimized 
by the use of a symmetrical flow field to cancel the initial 
load u,, at a=O, where a single conical field can be made to 
satisfy the boundary conditions exactly on both wing panels. 
This flow field (see fig. 9) would have its origin at the apex 
c0,0 of the trailing edge, and the constant-load region would 
extend over the entire wake region. Between the trailing 
edge of the wing and the Mach lines from c0,0 the induced 
clownwash would be zero in the plane of the wing, while the 
pressure would vary as required to satisfy the fundamental 
flow equations. 

In figure 9, a typical curve of UA is shown, from which it 
can be seen that the load to be canceled is very nearly 
constant over a considerable fraction of the wake region. 
Cancellation of the velocity u0 by the symmetrical field will 
consequently leave only a small variation in u to be canceled 
by the oblique fields described earlier in the section. The 
resulting violation of the flat-plate condition may be expected 
to be small,' and will take place only over a small region 
near the tip of the trailing edge. 

- Mt	 U	 7fl
to 

FIGURE 9.—Symmetrical field for cancellation of 00 at subsonic trailing edge. 

'Calculations made to chick this statement have shown the induced downwash angles to 
be less than 0.5 percentof the angle of attack, even in the most unfavorable circumstances.

Symmetrical solution.—For the symmetrical solution we 
define the conical variable 

to .=	 (19) x—co 

which is zero along the center line of thewing ad equals ±m 
at either trailing edge. Then the boundary conditions to be 
satisfied in the xy plane may be summarized as follows: 

—n :5t05 -l-m	 u= ±u0 

mr<toj<1	 w0 

The required solution is given in reference 14. The u com-
ponent in the xy plane is 

±,uo  
T•P• K'(m,) 

F(,I1_m,2) 

where K'(m,) is the complete elliptic integral of the first kind 
of modulus 'J1_m t2 and F(,/1__rng2) is the corresponding 
incomplete integral of argument 

=s1n.VfIj2 

The form of the induced velocity on the wing (see fig. 9) is 
very similar to the inverse cosine curves of the tip solutions. 

On the wing, 0 is real and the symbols r. p. may be omitted. 
The velocity induced on the upper surface by cancellation of 
U0 behind the trailing edge is therefore 

-	 'U0 
F(0, -%/i 	 (20) K'(m1) 

Oblique solutions for the wake region.—The symbol 
ta will be used as before'to indicate a ray of the flow field 
with apex at Xa,Ya, the point of intersection of the ray a with 
the wing boundary—in this case the trailing edge. Along 
the trailing edge,

M, 
Yaj (Xao) 

Since a= (yo/X.), we may solve for Sa and Ya as functions 
of a and the constants m, and co: 

m jC0 
Xa	 (21) 

m t - a 

mc0a	 - 
I3Ya	 (22) m_a  

Then

a
i3y(m—a)—m,coa	

(23) 
x(m,—a)—m,c0 

The boundary conditions to be satisfied by the elementary 
solution are (for a>0) 

a<ta<m,	 1L±U 

7T1,<t0<+1	 w=0 

1<ta<a	 u=0
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The solution satisfying these conditions may be obtained 
from the tip solutions by an oblique transformation. (See 
reference 4.) In the xy plane, the resulting expression for 
the 'u component is 

. P. ± c_I 
(1 —a)(ta—m,)—(rn,—a)(1 ta) 

ir	 (1—?n,)(ta—a) 

Then the velocity induced at any point x,y on the upper 
surface of the wing by the cancellation of the infinitesimal 
increment of perturbation velocity Ua over the sector bounded 
by the ray a, and the trailing edge is 

(lIXU	 Ua _ (1—a) (ta-m,)(?n,a) (1 Q
COS 

da	 (1—rn,) (ta—a)
(24) 

Correction of loading near the trailing edge.—To deter-
mine the lift at any point ;y near the trailing edge of the 
wing, it is first necessary to determine the most rearward 
canceling sector a0 that will influence that point. Setting ta 
(equation (23)) equal to 1, we solve for 

x - 13y - Co 

x—f3y--rn,C0	
(25) 

Then the total correction to the triangular-wing velocity 
obtained as a result of canceling that velocity behind the 
trailing edge is

fao
 (&u)T.E.(x,y)=(tu)o+	 —da	 (26a)
 da 

The integral in the foregoing expression has been evaluated 
in terms of an incomplete elliptic integral of the third kind, 
which may be computed with the aid of the tables of refer-
ences 11 and 15. Because it will be necessary to define several 
new functions it was thought better to present the results in 
an appendix (appendix B). For practical use, graphical or 
numerical integration may be preferred, in which case a 
convenient form is obtained by rewriting u,, as (dur/da) da, 
or dun, in equation (24). Thus equation (26a) becomes 

(i.u)r . E. (x, y) = ( u)o-

1u(ao)	 (1—a) (t0—ln,)—(?n,—a) (1 ta) du (26b) -	 _cos__' IO	 (1—rn,) (taa) 

where ta and u l must be evaluated for selected values of a 
between zero and a0. The integrand,, of course, goes to zero 
at u (a0). At points along the leading edge (in cases in which 
the leading edge extends into the zone of influence of the 
trailing edge), the integral takes on a somewhat simpler form, 
with the result that the entire trailing-edge correction at 
such points can be written	 - 

(M)r.E.(X, 
mx\	 (F(,-/1_m,2) 

)=_uo 
K(/rn t 2) - 

(to_mt)_mt(1._.to)+ 
7r	 (1—m,)to 

1I_
2(t0 —rn,)	 ___ 

IF (1—rn) (irn,) 0 

Ii, k)__ao E(, k)]}	 (26c)
7Th—a0

where the first term inside the braces is 	 and, in the last no 
term, . 

n_I /2a ,=s1-1I 
V rn--a0 

and
k— /(1—rn)(rn+a 

V 2rn(1—a 

SECONDARY CORRECTIONS 
The term "secondary corrections" is used here to designate 

the effect of canceling the lift introduced outside the bound-
aries of the wing in the process of canceling the original tri-
angular-wing loading beyond the tips and behind the trailing. 
edge. As previously mentioned, cancellation of lift at the 
tip introduces new (negative) components of lift to be can-
celed at the trailing edge. The original cancellation of lift 
behind the trailing edge, on the other hand, will introduce 
negative incremental pressures outboard of the tip and, under 
certain circumstances (see figs. 1 (a) and (b)), ahead of the 
leading edge. The distribution of lift to be canceled in each 
case is no longer part of a single conical field, but is composed 
of an infinite number of superposed conical fields originating 
at various points along the trailing edge or tip. In order to 
cancel these pressures accuiately, it would be necessary to 
set up, for each of the original canceling elements, an infinity 
of positively loaded elements at the opposite boundary. 
Thus, each secondary correction would require a double 
integration for each point, and would obviously be quite 
tedious. The procedure is described in detail in references 
7 and 8. The more recent work of Mirels (reference 5) offers 
an alternative method which, while no less tedious at the com-
putational state, is somewhat easier to set up for computing. 
Nevertheless, the exact calculation of the secondary correc-
tions, and of the succeeding corrections arising as the second-
ary corrections are in turn canceled at the opposite edges, 
appears feasible only with the aid of high-speed computing 
machinery. 

These corrections may be thought of as a converging 
series, since in each case (except in the neighborhood of the 
leading edge) the induced effect is smaller than the canceled 
lift. Over most of the wing, the secondary correction is of 
the same order of magnitude as the tolerable error. Formulas 
for obtaining a major part of the secondary corrections can be 
given rather simply and should suffice to give results of 
practical accuracy in problems (fig. 1(c)) not involving lead-
ing-edge corrections. Problems of the type shown in figure 
1(b) will be discussed in a later section. 

Secondary corrections at the trailing edge.—The pressure 
differences induced by the tip are in the main due to can-
cellation of the infinite pressure at the leading edge. It 
should therefore be permissible, for the secondary corrections, 
to approximate the tip-correction field by a single conical 
field from the leading-edge tip. The lift associated with this 
field may then be canceled behind the wing (see fig. 10) by a 
single infinity of superposed fields, as was the original triangu-
lar-wing loading. If the values of (Au), i,, calculated for 
points xb,yb along the trailing edge are assumed to apply all 
along the corresponding rays tm(Xb,7/b) from the tip, then the
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and

tb	 (30) X—X0 

(. y) 

Fiue 10—Sketch for approximate cancellation of extraneous lift introduced behind 
the leading edge by the tip correction. 

lifting pressure will be exactly canceled along the trailing edge 
and the remaining variation of pressure in the wake will have 
very little effect on the flow over the wing. 

The cancellation fields are of the previously used oblique 
type, with a replaced by

(27) 

In 

Let the particular pomt at which the line tm —1 intersects 
the trailing edge be designated by x* ,y* and other symbols 
referring to that point be similarly starred. Their the 
velocity induced at any })oint x,y on the wing by removal of 
(Au) 110 along the trailing edge will be (from equation (24)) 

______	 —i 2(t*_rn,)_(on+1)(1__t*) 
cos

(1 _m g )(t*+ 1) 

ri x°°° d(dtm	
(1 tm) (t	 n e) — (m t —tm)( 1 —t0) dtm 

1 1 	 (1—mt)(to—tm)
(28)  

where Aub is given by equation (17), t and t j, are calculated by 

t*=(y_y*) 
x_x*	 -	 (29)

respectivel y, and x0 , y0 is the Point of intersection of the Mach 
forecone fronix,y with the trailing edge. 

The derivative -- (Au) ,, , would have to be determined 

numerically or graphicahlv from a plot of the calculated 
values of (Au) against t,,. In order to avoid this procedure, 
it is preferable to rewrite expression (28) as 

Au	 1 
2(t*_mt)_(i +1) (i_t*) 

COS	
(1_rn,)(t*+1) 

cos 
1 f1 ( A U)jjP(Xooyo)	 -(1 —t,5) (t?fl)ttrn) (1—tb)

u* 	 (tiitm)
(31) 

and integrate by plotting the inverse cosine function against 
(Au). 

As long as the aspect ratio of the wing is greater than 1/ 
(a condition alread y imposed b y the exclusion of the problem 
shown in-fig. I (a)), Au will be more than half (Au) at 
any other point on the trailing edge. Since, moreover, the 
integral term in equation (31) has zero slope at the Mach 
cone (t*= 1). while the first term starts with infinite slope, 
it is apparent that the secondar- correction may he simplified 
still further by omitting the calculation of the integral. 
For points near time trailing edge, the loading can usually he 
faired to zero with sufficient accuracy. 

Secondary correction at the tip—A similar method of 
approximating the secondary correction at the tip cannot be 
formulated with equal confidence. Since, however, over 
most of the wing the symmetrical correction (Au) 0 contrib-
utes the larger part of the total sUl)sOflic-trailing-edge 
effect, it will again be assumed that the entire effect con-
stitutes a single conical field, with its apex at co, 0. The u 
velocity along each ray t0 will have the value (Au) T. E. (x, s) 
of the trailing-edge correction at the intersection x 0, s of the 
ray with the tip. The canceling fields will have the same 
form as those (equation (10)) used in deriving the primary 
tip correction, and the total approximate correction to the u 
velocit y will be 

J
(u) p (ZOO) 

cos —1 to+tt+2totb dAu) E.	 (32)
t o =1	 tb—to 

jfl

(33) 

x0 is the value of x 0 which makes t0 = — 1, and (Au),. E. is 
calculated for z=x 0, y=s by equation (26h). 

NUMERICAL EXAMPLE 

Before proceeding to consider the problem of interaction 
between the leading and trailing edges, which introduces 
some radically different effects, the results so far obtained 
will be illustrated by a numerical example. The loading 
over an untapered wing, with 0 cot A=0.6 and reduced 
aspect ratio 13A= 1.92, has been calculated at four spanwise 
stations: 25-, 50-, 75-, and 95-percent semispan. The wing 
plan form and section lift distributions are shown in figure 11.
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The results of the calculations are presented in the form of 
values of f3(p/qa) (equation (5)). 

The various components of lift are presented separately as 
calculated. In figures 11(a) ' and (b), the discontinuities in 
slope show the effect of the cancellation of the finite velocity 
u0 at the trailing-edge apex. The integrated part of the 
trailing-edge correction (component 2) has zero slope-at the 
Mach line. The two outboard sections (figs. 11 (c) and (d)) 
are intersected by the Mach cone from the tip, as indicated 
by the finite drop in the load curves. Cancellation of the 
finite tip effect at the trailing edge (component 4 in both 
figures) results in a sharp discontinuity in pressure gradient 
along the reflected Mach line, at 91-percent chord at 
y/s=0.75 and at 78-percent chord when y/8=0.95. The 
cancellation of the trailing-edge corrections at the tip, which 
affects only the last section shown, results in another break 
in the load curve at 49-percent chord. Further corrections 
enter at the rear of the section as a result of successive can-
cellations of the superposed pressures at the tip and trailing 
edge. Their effect has been only estimated. 

SWEPT-BACK WINGS WITH INTERACTING TRAILING
AND LEADING EDGES 

When, as in figure 1 (b), the Mach cone from the trailing-
edge apex includes a region ahead of the leading edge, the 
previously calculated trailing-edge corrections to 'a must be 
canceled in that region, since they represent a discontinuity 
in pressure which cannot be supported in the freestream. 
Thus there must be calculated a leading-edge correction, 
which is one of the previously defined secondary corrections. 
However, the location of the disturbed field ahead of the 
wing causes its influence on the wing to be so much more 
widespread than that of the other secondary corrections as 
to require more careful consideration. A new type of flog 
field is also required, as discussed in the following paragraphs. 

LEADING-EDGE CORRECTIONS 

Elementary solution for the region ahead of the leading 
edge.—In general, the elementary. solution required for the 
cancellation of pressure in the plane of the wing ahead of the 
leading edge is one that: 

1. Provides constant streamwise velocity over an infinite 
sector bounded on one side by the leading edge of the wing 
(extended) and on the other by an arbitrary ray extending 
outward into the stream from some point Xb, yb on the leading 
edge. (See fig. 12.) 

2. Induces no vertical velocity, or downwash, on the wing. 
3. Induces no lift except on the wing and within the sector 

described in condition 1. 
At first glance these conditions would appear to be satisfied 

by the oblique solutions used at the trailing edge, if properly 
oriented with respect to the wing, and the same form of solu-
tion might be expected to apply. In reference 4, however, it 
has been pointed out that the downwash connected with the 
latter solution remains constant over the wing only if the 
wing area does not include the line y=constant extending 
downstream from the apex of the element. In the case of 
the leading-edge element this condition is violated (fig. 12) 
and an additional term is needed to bring the downwash to 
zero throughout the area of the wing affected by the element.

FIGURE 12—Leading-edge element and induced- velocity function. 

The solution applicable to this case has been given in refer-
ence 4. The 'a component of the velocity in the plane of the 
wing is as follows: 

'ItO ['
	

Y.—M) (1 -I-t0)—(rn--t0) (1 +ta) 'a=r. p. L (1 +rn) (to"ta) 

2m ______	 t0 1 

	

(1 +rn)ta1t0m) (1 +ta)\/
1+

tJ	 (34) 

where 'a 0 is the constant streamwise perturbation velocity 
over the element, and t0 refers as before to a ray from its 
apex. The ray bounding the element originates at a point 
on the trailing edge and has been designated, from equation 
(24), as ta. When the correction is being made for the sym-
metrical trailing-edge element, ta is replaced in equation (34) 
by t0. 

For brevity, the two parts of the correction function will 
be referred to as 

C'(ta)'r.p. cos" (ta"rn)(l+to)"(m"_to)(l+ta) 
(1 +m) (t0ta)	 (35) 

and

	

R(ta)?'. • (1+ - 2m 
)t iI(tarn) (1 +ta)/ 1+tb	 (36) 

v rn—tb 

The variation with t 0 of these functions and the induced 
velocity (equation (34)) are illustrated in figure 12.
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Leading-edge correction to the loading.—The single conical 
field of (zMi) 0 will be considered first. (See .fig. 13.) The 
velocity field to be superposed ahead of the leading edge to 
cancel the velocity (u) 0 induced in the plane of the wing 

by the symmetrical solution (equation (20)) can be built up, 
as shown in figure 13, of overlapping constant-velocity sec-

FIGURE 13—Cancellation of the pressure field introduced ahead of the leading edge in the 
course of canceling no behind the trailing edge. 

tors having one edge along the leading edge of the wing and 
one along the extended ray t0 from the apex of the trailing 
edge. The magnitude of the constant velocity on each ele- 

d( u)0 ment is ,	 dt0 or, from equation (20), 
at0

u0dt0 

K'(m)-J(1 —t 02) (t02—m2)	
(37) 

Applying equation (34) to the cancellation of the sym-
metrical-correction velocities (u) 0 ahead of the wing results 
in the following induced velocity increment at any point 
(x, y) on the wing: 

( u)o=iS d 
d(.'u)0 [C(t0)+R(t0)] dt 0 .	 (38) 

t0 

where TO is that value of t 0 for which t0 = —1, and designates 
the most rearward leading-edge element containing the 
point x, y within its Mach cone. In teims of x and y, 

m(x+5y)	 (39) 
T0(y+ fly) _(1 +;W)—Co

Integration of ()o, 	 0(t0) dt0 is not feasible by elementary
at0 

means. For graphical integration it is advisable to rewrite 
d()0 

dt0 as d(u)o to avoid the infinite value of the derivative 

at t0=1. 
The second term of the product in equation (38) can be 

integrated in closed form as follows: 

dt	
—4in3'2uoK(k) /_x+y z k	 4 f0 dt	

(t0) °m,(1 +m).K'(m,YV mx—fly (', ) ( 
0)

where
k—.,J_2rn,(1—TO) 
- (1 —mg)(ro+m,) 

and
( 

K(k)	
41) 

with  

Iro+mj t'=sin v 
The function Z(t', k) is tabulated in reference 16; a plot of 
Z(', Ic)	 i 
k 

sin against ' s given in figure 14. 

Similarly; for each oblique trailing-edge element a (see 
fig. 15), a canceling field can be built up ahead of the leading 
edge by the superposition of sectors bounded by the leading 
edge and by rays ta from the apex Xa, 1/a of the element a, 
and having a constant velocity of the magnitude 

	

b(AU)a
dt
 - 1	 —i (1 —a)(ta—m)—(m,—a)(1 ta) dt 

ôta	
a	

''' àta	 (1 —m,)(ta—a)	 a 

(42) 

(from equation (24)). If the symbol M.LL.E. is used to 
designate the total leading-edge correction to the u com-
ponent of velocity at any point, then the part due to canceling 
the field of a single oblique trailing-edge element a is 

dMLL.E. 

da=J ' b(Au) 

	

da	 1T r 
ôta [C(t)+R(t)] dt	 (43) 

where
m(rn —a)(x +i y) —mco( l +m)a 

Ta=	 (44) 
(m,—a)(x+13y)—in,co(1+m) 

is the value of ta for which t 0 = —1 'and the leading-edge 
correction function vanishes. 

When the expression (equation (42)) for 
ô(LL)a is sub-

stitutecl in equation (43), it is again impractical to attempt 
to write a closed expression for the integral of the first term 

C(ta) of the product. The integral of the second 

term is 

f
"^R(t,,)dta-'a  

—4m u,/7— a)( 1 —rn)(x+0y)—mco(1 +m)(1 

	

) a	 (i—rn0)(mx-0y) 

Z('Pa, ka)	 Z(i,1'0, ka1 
K(ka) ['
	 ka sin I'a	 ka sin ,t'o	

(45)
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where

k,,-J (1 
+in,) (1— r) 

(11fl1)(1+ra) 

a51	 /@nt—a)(1+r11) 
-	 (aa)(1+mz) 

i /z(1+ra) 
ra(1 +?flt) 

FIGURE 15--Cancellation of the pressure field introduced ahead of the leading edge by a
single oblique trailing-edge element. 

Then the total leading-edge correction to the velocity u at 
any point x, y is

f a o' d(tXu) L . F da	 (46) (lMt)L E(SU)O+
	 da 

where (2u)0 is obtained from equations (38) and (40), 
d(AU)L. F  

da	
from equations (43) and (4 - ), and 

a01—_(1+m)c5—(1—m)(x+j9y) (47) 

is the value of a at which ra(X, y, a) equation (44)) is equal 
to 1. 

The last term in equation (46) will seldom be found to 
contribute any significant amount to the loading, but will be 
needed in calculating the leading-edge thrust. 

FURTHER CORRECTIONS 

Omitting for the moment any specification of tip location, 
it is in any case necessary, as seen in figure 12, to consider 
the effect of a further cancellation necessitated by the excess

lift introduced behind the trailing edge by the leading-edge 
cancellation field. To compute this effect by the conical-
flow method would be feasible only with the aid of high-speed 
computing machinery. The previously mentioned cancella-
tion method of reference 5, being more direct, would he some-
what easier to use in this connection, but the calculations 
would still be very lengthy. It will be shown by numerical 
example that the effect of the first cancellation at the trailing 
edge of the leading-edge correction, which is initially quite 
small, may be estimated with adequate accuracy when the 
section loading is considered as a whole, provided the fraction 
of the chord affected is not too large. 

If the product fl cot A is low or the aspect -ratio high, still 
further cancellations will be required (see fig. 16) at both 
leading and trailing edges. It is clear that calculation of the 
effect of these further cancellations by the conical-flow 
method is all but impossible. The doublet-distribution 
method of reference S does not appear to offer any consider-
able advantage in this application since, in canceling lift 
ahead of a subsonic leading edge, it is necessary to find not 
only the pressure distribution to he canceled, but the asso-
ciated siclewash distribution as well. 

It is apparent that an alternative method must be sought 
for describing the flow in the outboard regions of a high-
aspect-ratio wing or a wing the sweep of which is large com-
pared to the sweep of the Mach line. If the wing could he 

rs,ys 

FIGURE 16.—Plan view of central portion of high-aspect-ratio wing, showing pattern of 
Mach lines arising at leading and trailing edges.
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extended indefinitely, it is known that the flow must even-
tually approach the two-dimensional subsonic flow, in accord-
ance -with simple sweep theory. The question then arises, 
can the flow at a distance of the order of a semispan from 
the apex of the swept-back wing be related to the two-
dimensional asymptotic flow? 'While the flow field appears 
to be too complex to obtain an answer to this question on 
analytical grounds, numerical values, presented in the 
following paragraph, suggest a practical approach. 

NUMERICAL RESULTS (WITHOUT TIP EFFECT) 

Load distributions have been calculated by the conical-
flow method for three combinations of taper, sweep, and 
Mach number as follows:

Untapered	 Tapered 

M = 	 0.2 0.4	 0.4 
m=	 0.2 0.4	 0.6 

These values of m and m, represent, by virtue of the Prandtl-
Glauert transformation, a variety of sweep angles at Mach 
numbers between 1 and 2; as for example, 0.2 would be the 
value of m for a wing with 63° sweep of the leading edge at 
a Mach number of 1.075, or 75° sweep at a Mach number of

1.25 Similarly, m=0.4 would correspond to 45° of sweep 
at M==1.08, 600 at M=1.22, or 75° at M=1.80., The 
trailing-edge sweep angles at these latter Mach numbers, 
if m,=0.6, are 34 0 13', 49 0 , and 68°, respectively. 

Figure 17 presents the lift distributions at two stations 
of the tapered wing. Each component is plotted independ -
ently in order to show the magnitudes at the leading edge. 
Section A—A contains the intersection of the trailing-edge 
Mach line with the leading edge, so that the value of the 
leading-edge correction is zero at the leading edge of this 
section. At points farther back along the leading edge, as 
at 9y/co= 0.8, the correction is minus infinity. However, it 
is seen to increase to a small positive value within a fraction 
of the chord length at this station. 

At both stations it is necessary to estimate the effect of 
cancellation of the leading-edge correction at the trailing 
edge to satisfy the Kutta condition. Cancellation would be 
carried out by mans of oblique elements of the type used 
previously (equation (24)) in canceling lift at the trailing 
edge. The pressure to be canceled is initially (i. e., at 
x2,y2 (fig. 16)) zero. Then the lift induced on the wing 
'by this cancellation may be presumed to have the same 
general shape as the oblique trailing-edge correction of figure 

AP 

IFinal loading- 	 qa
	 F/no/loading-

Dbl

	 Leading-edge correction -
	

I
Leading-edge correction---. 

Oblique trailing—edge correction -

Oblique froi/inq-edge correction = 

-I	 -/ 
Symmetric trailing-edge correction -	 Symmetric trailing-edge correction - -, 

(a)
	

(b) 
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-	 (a) Section A-A fly/c0.667 '	 (b) Section B-B 9y/co=0.800 
FIGURE 17.—Load distributions calculated by the conical-flows method for two etreamwise sections of a tapered swept-back wing; sn=0.4; mt=0.6.
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"ill' 

FIc.URE 13.—Load distributions calculated by the conical-flows method for two streamwise sections of an untapered wing; m=0.4. 

11, falling along a modified inverse cosine curve from the 
value of the error at the trailing edge to zero, with zero 
slope, at the boundary of the region affected. With this 
boundary (the Mach line from the point x2,y2 ), it is possible 
to draw a satisfactory estimate (dotted curve) of the correc-
tion needed to bring the pressure once more to zero at the 
trailing edge. 

The untapered wing with the same sweep (m=0.4) relative 
to the Mach lines is shown in figure 18, with the load dis-
tributions calculated at the same stations. 

Four section lift distributions are presented (fig. 19) for 

rn=0.2. At =0.l5 only the rear 60 percent is influenced 
Co 

by the subsonic trailing edge. The reflection of this influence 
at the leading edge alters the pressure over the rear 40 per-
cent of the section. At section B–B, the leading- and 
trailing-edge interaction affects the entire section. A further 
reflection of this effect at the trailing edge must be estimated. 

At section c-c the influence of cancellation of the leading-
edge correction at the trailing edge extends over the whole 
of the chord and any estimate of its magnitude would be 
necessarily arbitrary. Also, a second pair of reflections 
must be taken into account.. The final pressure distribution 
has therefore been drawn as a band within which the true

curve may be shown to lie. Its height is the error introduced 
at the trailing edge by the first leading-edge correction, 
except very near the leading edge, where an infinite negative 
correction is known to be introduced by the second leading-
edge correction. The calculations were also carried out for 
j3y/co= 0.45. The margin of uncertainty was found not to 
have increased by any appreciable amount. (See fig. 19 (d).) 

APPLICATION OF TWO-DIMENSIONAL FORMULAS TO CALCULATION OF 
LOAD DISTRIBUTION	 - 

Correlation of two-dimensional and swept-back-wing 
loadings.—It is apparent from the calculated results that., 
whenever the plan form and the Mach number are such that 
the trailing-edge Mach line intersects the leading edge, the 
load distribution behind the Mach lines from the point of 
intersection resembles in shape the theoretical load distribu-
tion over an infinitely long flat plate in incompressible flow. 
However, as the results have been plotted, the quantitative 
agreement is not-good, particularly in the case of the tapered 
wing. On the other hand, if the load distributions in 
cross sections normal to the stream are examined, a near 
proportionality of the curves is observed. In order to 
determine the factor of proportionality, it is only necessary 
to find the ratio of the strengths of the singularities at the
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FLOURE 19.—Load distributions calculated by the conical-flows method for tour streamwise sections of an untapered wing; m=0.2.
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leading edge. Then an approximate expression for the 
loading on the outer portions of a high-aspect-ratio wing 
can be obtained by adjusting the two-dimensional loading 
by that factor. - 

Both the swept-back-wing and the subsonic two-dimen-
sional loadings approach infinity 'as the reciprocal of the 
square root of the distance to the leading edge. In sections 
normal to the stream, the distance from any point x,y to the 

leading edge ma be written (mx— 3y). The value at the 

leading edge of the coefficient of ('inx-3y)'"2 will be referred 
to as the strength of the leading-edge singularity. 

The subsonic two-dimensional perturbation velocity has 
Ole form

(48) 

where 77 is the distance to the leading edge, expressed as a 
fraction of the chord, and 13 is a constant. If the section of 
the swept-back win g is taken perpendicular to the stream 
(x constant), the chord len g th is 

1

	

[lnx—m,(x—e0)]	 (49) 

and
'in x - 3 y 

	

inx—'in,(x—c0)	
(50) 

Si,bsItution for n in equation (48) gives 

u—]3Y(Co) -	 ?nx — y	
(51) 

Then the strength of the leading-edge singularity in it is 

	

13-inx—m,(x—c0)	 (52) 

'flic leading-edge singularity in the loading on the swept-
back wing is initiall y (region I, fig. 16) that in the triangular- 
wing loading. Introduction of the leading-edge corrections 
to the load, in region II, reduces the strength of the singular-
ity there through the terms R(t0) and R(ta). (The inverse-
cosine function is always finite.) The -coefficient of 
(?n .i-8y)"2 in ItA is, from equation (6),

and, for each value cf a frorn 0 to that value a 0' which makes. 
Ta equal to one, 

dC 
da	

—41n 'U,, /('inL_a)x_(l_a)m(coK(k 
XT

) x XT	 ± maA	 1-7n,  

Z(%l'a,ka)	 Z(iJ'o,ka)l 
a ka sin	 ka sm	 (55)

where r0 (equation (39)) and Ta (equation (44)) reduce to 

in X 
T0 = - 

and
(in, - a) in x - 'in ,c0a 

a	 (m, - a)x - 'in,c0 

and the arguments and moduli of time elliptic integrals 
follow as for equations (40) and (45). 

The coefficient of (inx---(3y) 112 at the leading edge is, 
therefore, in region II, figure 16, 

fao,ci C
C±(C)o+ 	 _7__ ci a	 (56)

with a0' reducing to 

	

a0' (x, m \ c 0—'in)x
 x)=mt m,c

0 —(1 in)x	
(57) 

Equating the two coefficients, expressions (56) and (52), 
gives for any one section 

1 
mx—'in,(x—c0)	

2 cia] (58)B=1
faul cia 

For convenience, a nonclimensional cofficient 

1	 rPao'ciC
r(x) cia 

VcxCO 	 cia	 j 

is defined, so that 

By substituting for 13 in equation (51), the loading on the 
outer portions of a swept-back wing is obtained as 

reduci.ng to
mx	 - 

Ito (3) 

at the leading edge. 
From equations (40) and (45), decrements to this coeffi-

cient may he derived for the portion of the leading edge just 
behind the intersection x,,y 1 with the trailing-edge Macli 
line, as follows: 

(()_4'inuOK(k) I_mx 
irm,K'('in,) 'V 1+m Z(,k)	 (54)

Numerical results.—The closeness with which the fore-
going procedure predicts the theoretical loading over swept-
back wings is indicated by figures 20, 21, and 22, where the 
previously calculated load distributions are compared with 
those calculated b y equation (60). Even in the case of the 
highly tapered wmg, the agreement is seen to be good. 
At the most inboard section of the 'in=0.2 wing (fig. 19 (a)) 
there is, of course, no agreement over that portion, forward 
of the 60-percent-chord point, where the flow is essentially 
conical. At station B—B, however, the agreement is very 
good. At sections c-c and D—D, where the exact theoretical
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FIGURE 20—Load distributions on the tapered wing as calculated by the 
conical-flows method, compared with the two-dimensional approximation.
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dimensional theory—'

loading had not been determined, the two-dimensional-type 
loading lies within the band prescribed by the conical-flow 
calculations. Since the discrepancy between the corrected 
two-dimensional loading and the exact theoretical distribu-
tion is already, at section B–B (fig. 22 (b)), less than the width 
of the bands in figures 22 (c) and (d) and must diminish to 
zero at infinity, it may be supposed that the corrected two-
dimensional curve is at least as satisfactory an approximation 
to the correct curves at sections c-c and outboard as 
at section B–B. It is probably more satisfactory than can 
be obtained by a limited application of the conical-flow 
method. 

The load distributions derived by simple sweep theory 
are included in the last part of each figure to show the magni-
tude of the plan-form effect and also, in the case of the un-
tapered wings, the curves that the load distributions must 
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FIGURE 21.—Load distributions on the untapered wing, m=0.4, as calculated 
by. the conical-flows method, compared with the two-dimensional approxi-
iflation.
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Fifluax 22.—Load distributions on the untapered wing, m=0.2, as calculated by the conical-flows method, compared with the two-dimensional approximation. 

approach as the distance from the plane of symmetry is 
increased. In figures 21 (b) and 22 (b), comparison is also 
made with results of the slender-wing theory of reference 3. 

Discussion of the a- function.—In the calculation of the 
pressure coefficient at points toward the rear of most of the 
sections considered in figures 20, 21, and 22, it was necessary 
to find a(x) for values of x greater than z3 (fig. 16). In 
deriving o(x), it was mentioned that expression (56) applied 
to region II. In region III, the strength of the leading-edge

singularity is affected by further modifications of the flow 
taking place in region JIb, so that additional terms in a(x) 
should he considered when z is greater than x 3. Evaluation 
of these terms by presently known methods would require, 
.as suggested earlier, the aid of high-speed computing ma-
chinery. However, the successive terms are all initially 
zero and enter with zero slope at x 3, zero slope and curvature 
at x5 , and so on, so that the three-term expression for ar given 
by equation (59) may be used with satisfactory accuracy 

)
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may be extended. (These points are oil the scale for in =0.8 
and 0.9 in figure 23 (a).) \\iien the wings are untapere(I 
(m/m,= 1.0), asymptotes 

$ o ()/ 1 - rn 	 1 

rn	 m 

derived from simple sweep theory, miiv be drawn. 
The curves, for the most part. are regular enough to permit 

interpolation within intervals of 0.2 in in . However, at 
?n, =1.0 the lines diminish to at point on the vertical axis; a 
curve for in ,=0.9 was therefore inserted in in the charts for 
values of rnni 1 equal to or greater than 0.5. Wien rn / in, is 
less than 0.5. iii =0.9 represents, if the leading edge extends 
beyond such extreme taper that the successive reflection 
of the Mach lines (at x, z, . . .) take place within a very 
small fraction of a chord length and no useful curve can be 
drawn. No curves are drawn for values of in, smaller than 
0.2 because of the tip-interference limitation mentioned in 
the introduction. 

Calculation of tip effect-The foregoing assumption of 
two-dimensional flow can be extended to give fairly simple

approximate formulas for the tip cffeCtr on a high-aspect-
ratio wing. It is assumed that the velocity distribution to 
be canceledin the stream outboard of the tip is cylindrical; 
that is, is an extension of the velocit y distribution calculated 
for the tip section along hues parallel to the leaching edge. 
For this purpose the approximate load distribution given 
by equation (60) is used, still further simplified by assuming 
or to remain constant at its value at the leading edge of the 
tip section. (Where the wing is tapering to a point and 
is changing ver y rapidl y , the tip region is so small that the 
entire calculation of tip effects could probabl y be omitted.) 

The assumption of constantr a results in a failure to cancel 
exactly the lift along the tip. The assumption of cvlindr .ca 
flow, while reasonable for the untapered wing (compare fig 
21 (a) with fig. 21 (b), for example) would appear to be too 
drastic for the tapered wing, where neither the chord nor 
the loading remains constant. However, as has been men-
tioned earlier, the major part of the tip effect results from 
the cancellation of the infinite pressure along the leading 
edge. and this part will be accurately calculated. The 
effect of the residual lift on the rearward portion of the tip 
section and in the stream should be small. 
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The distribution of perturbation velocity at the tip station 
y=s, with the simplification of constant o•, is, from equation 
(60), approximately 

U (xc,$)=osVa_J	
[s—m, (xe —co)] C0	 (62) .,  

[mx—rn, (x,—Q] (mx—!3s) 

where x,s are the coordinates of a point on the tip and o 
is the value of o• at the leading edge of the tip section. 

This expression . may be more conveniently written in 
terms of the parameter

m (63) M 1 

and the variable

xc-

	

m	 (64) 

which is the distance of x,s from the leading edge (see fig. 
24) expressed as a fraction of the tip chord c,. Since 

C = 1'eo+--) - 
m,j m 

equation (62) may be written 

u 3Va/ 1 — Er	 - 
u (E, s)=_.	

11(1	 E	
(65) 

where X is the taper ratio c,/co. 
If the velocity distribution u is assumed to be constant 

beyond y=s along lines parallel to the leading edge, it may 
be canceled by the superposition of conical flow fields of 
which the constant-velocity regions have one edge along the 
tip and the other parallel to the leading edge, with apexes 
displaced along the tip by increments in . The velocity 
induced at a point x,y by each such element would be 
(equation (11))

U,	 1mH-t+2mt —cos-	 (66) 
t—m 

where

(67) x—xc 

and u is the velocity on each sector. 
Following the procedure used in deriving equation (14), 

the coriesponding equation may be written for the pres-
sures induced by canceling the cylindrical flow 

Mv-hv
= 

—m(1+m)(x—xo)Jb°
u(x,$)dx

(68) 
7r Va	 s8[(1+m)x—xo—mxcJ/xe  

M 

where x0,s is the intersection of the Mach forecone from x,y 
with the tip.

FIGURE 24.—Sketch for derivation of approximate tip correction to loading at Y,Y. 

If the distances of x,y and x0,s back of the leading edge, 
measured as fractions of the tip chord, are

( 
C\	 mj	 69) 

and
:= 1	 S (70) 

C 1 \	 mj 

it can be shown that 

(1+m) (x—xo)= me, (—Eo) 	 (71) 

from which equation (68) can be written (with the substi-
tution for U(x,$) from equation (65)) 

Au 

—qsiff°	
/ 

0	

(72)Va)jjV__ "-^Mx 

In integrating equation (72), three cases must be distin-
guished: (1) E<1 (always true for the untapered wing), 

(2) 1<<	 (when the point x,y lies more than a tip-



chord length behind the leading edge), and (3)
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(a possible condition for some points near the trailing edge 
of a highly swept or tapered wing). 

In the first case (E<1) 

/X\	 -0-3r ?fl 	 j	 °K0+ 1-4uEo 

(1O']	
(73a)

where

k=VM,

E0 
(1—o) 

1 _______________ l=Sfl \1 (1—)(1—) 

and A0 is the function (equation (16)) plotted in figure 6 

In the second case (1<E<! 

AU	 03	 K0	 r	 i,& 2 ,k)1 

(\v)	 7 E• / 1 	 [-	
ifi)Eo Z(
	

] 

(73b) 

where

'2=si1i' 

 

m. 

and Z is the function (equation (41)) plotted in figure 14 

In the third case (E>-) 

/ u\ -	
in 

- o A 04, k) 
s	 (73c) 

where

,3==sin_i,tJ:?±:i1 

Along the Macli line from the leading-edge tip all three 
equations reduce to the value

—Us 

VaIm) 

By the procedure just described, approximate cancellation 
of all pressure differences outboard of the tip has been 
effected, but the pressures induced by such cancellation 
now violate the condition of zero lift in the wake. Approxi-
mate cancellation of the induced pressure differences in the 
wake region can be accomplished, as before, by making use 
of-the known value of the tip-induced velocity at the trailing 
edge of the wing, but assuming the entire error to originate 
at the leading edge of the tip. Equation (31) is directly 
applicable, with	 given by equation (74) and (_Au),,,by

equation (73). On the trailing edge of an untapered wing, 
=1 and

(ML)	 —U5 

v- == — k'K0	 (75) a N In 

There is no corresponding simplification for the tapered wing. 
Numerical examples, tip effect.—Equations (73) and (31) 

have been used to calculate the tip effect in two Cases, namely: 
m=m 5=0.4, s=0.94e 0 ; and m=0.4, m 1 =0.6, s=0.86c0. 
The tip effect has been calculated for each wing at y=0.8c0, 
where the loading was previously calculated (figs. (17b) and 
(18b)) assuming the wing to extend indefinitely. The tip 
locations were selected so that in each case only one reflection 
of the primary tip effect affected the section at fly=0.8c0. 

Figure 25 shows the results of the calculations. The heavy 
solid curve in each case was calculated entirely by the 
corrected two-dimensional theory—that is, by equations 
(60), (73), and (31). As a check on the accuracy of the 
cylindrical-flow approximation for the flow outboard of the 
tip location, the accurate theoretical loading was calculated 
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Fic.uaa 25—Load distribution over streamwise section near tip as calculated by two-dimen-



sional formulas, compared with more accurate theoretical values. 
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(h) Tapered wing; 7n=0.4: m=0.6. Sction at $y=O.Sco, or 93 percent semispan 
FiGueg 25—Continued 

for one point within the region of influence of the tip in each 
case. The procedure employed for the exact calculation was 
as follows: 

The accurate loadings with no side-edge effects had already 
been calculated, as has been noted, by the conical-flow 
method. A primary tip correction was calculated for each 
case by equation (15). This correction is the effect of cancel- 
ing the unmodified triangular-wing loading off the tip sta- 
tion. The remaining pressure differences to be canceled 
consisted of those introduced by the leading-edge and trail- 
ing-edge corrections. These pressures were computed by 
means of equations (26) and (46) of the present report and 
canceled by the method of reference 5.

The results are designated by the circled points on each 
figure. At the point at which the section enters the tip Mach 
cone in each case, a second circled point indicates the accurate 
theoretical loading. The value differs from that calculated 
by the approximate formulas only as the two loadings without 
tip effects differ.	 - 

It may be pointed out in concluding this section on load 
calculations that, while the formulas have been developed for 
plan forms with stremwise tips, the procedure may be 
adapted by obvious means to raked tips as well. However, 
in every case the deviation in the tip regions of the physical 
flow from the asumed potential flow must be borne in mind. 

111—LIFT 6

GENERAL PROCEDURE FOR CONICAL FLOWS 

The total lift for any wing is, of course, the integral of the 
loading over the wing area. In general, however, it is difficult 
to obtain an analytic expression for the lift by a direct 
integration of-the lift distribution. In the conical-flow 
method, advantage may be taken of the simplicity of the 
component fields by integrating the lift associated with each 
one and then combining the results in the same wa y as the 
pressure fields: 

Conical elements of area are employed for the integrations. 
These are infinitesimal triangles bounded by two adjacent 
rays of the conical field and the intercepted boundary of the 
wing plan form. Over each of the infinitesimal triangles the 
relocity 'a of the conical field will be constant. Thus it 

remains only to perform a single integration, with respect to 
the conical variable of the field, to obtain the total lift 
associated with that field. 

GENERAL FORMULA FOR THE LIFT INDUCE]) BY A SINGLE TIP ELEMENT 

The lift (AL),, induced on the wing by a single canceling 
tip element is obtained first; Although the notation of the 
solution (equation (11)) used to cancel the triangular-wing 
loading is employed, the derivation will hold generally for an 
canceling element bounded on one side by the tip of a swept-
back wing, since no. use is made of the fact that the other 
boundary of the element passes through the origin of the 
x,y axes. We write	 - 

(LL)a=2pVJ (au),,
(iS 

—i	 (it" it
0	 (76) 

where (Au),, (equation (11)) is the streamwise increment of 
-	 dIS velocity induced by the canceling field and --- dt (fig. 26) is 

the element of wing area S for integration. For simplicity it 
will be specified that the Mach cone from the apex of the 
element does not include the apex of the trailing edge nor any 
part of the opposite tip. Then (see fig. 26) 

dSm62  i;-- 	 mt—ta	
(77) 

6 It may be noted that, as a result of the reversibility property (reference 17), the formulas 
for the lift given herein for swept-back wings are equally applicable to the swept-forward 
wings having the same plan forms but reversedin heading. 

7 

-
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dt 
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FIGURE 27.—Sketch for the determination of lift induced by a trailing-edge element. 
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FIGURE 26.—Sketch for the determination of lift induced by a single tip element. 

Substituting from equations (11) and (77) and integrating 
by parts, we obtain 

(zL)a_PVmt - x5) 2 g(a)	 (78) —$ 
where

	

i [/_a(1+a)	 (79)al 
rn,—a	 m,(1+m,)]  

and x,—x0 is the distance of the apex of the element from the 
trailing-edge tip. 

GENERAL FORMULA FOR LIFT INDUCED BY OBLIQUE TRAILING-EDGE 
ELEMENT 

With the notation of equation (24) for the velocity field of 
an oblique trailing-edge element, and on the assumption that 
the ?'Iach lines from the apex of the element do not cross the 
leading edge, the formula for the elementary area of integra-
tion with apex on the trailing edge (fig. 27) is written 

(lS j0) dt 2t02	 0 

where SYa is the spanwise distance from the apex of the 
element to the wing tip. Then the lift associated with the 
element is 

( L)0 2,V la ft Cos-,(1—a)(t0---m,)—(rnt--a)(1—t0) dS 
(1— MI) (t0—a)	 dta 

(81) 
Integration of equation (81) gives 

ZD 

(L)a p Vsy0)fl 0

 IN
/(mt_ a)(1 —a)in,— a

I 

	

M,	 m, 	
(82)

WING WITH SUBSONIC LEADING EDGE 

UNCORRECTED LIFT 

First, the uncorrected triangular-wing loading (equation 
(6)) is integrated over the wing plan form. The element of 
area is a triangle formed by two rays from the leading-edge 
apex a and a+da and either (1) the trailing edge of the wing 
or (2) the wing tip, accordingly as a i's less than or greater 
than a,, the value of a corresponding to the ray through the 
tip of the trailing edge. (See fig. 2.) In the first case the 
differential of area is

ln'2c02
2(?n,—a)2 

and in the second
A82 
— da 2a 

so that the total uncorrected lift is 
[f-j rn,2c02

L0=--  
2(m, a)	 da+f- U.1 dc&] (83) 

From the geometry of the wing, the relation 

ni,c0 ==— (m,—a,)	 (84)
a, 

may be deduced. With this substitution, and the substitu-
tion for u . from equation (6), equation (83) may be inte-
grated to obtain 

	

L0 4s2 j3u0 çm2(rn,—a)2 [ rn,	 2_ 
Cos- 	 -.

qama,2 Va rn, 2 — ni2 [.Im,2_m2 cos m(m,—a,) 

in" in	 m,(rn2—m,a,) 
cos' -)+-]-	 2	 2 ,/m2_a,2	 (85a) 

M 1 rn,	 m, —m 

(80)
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When mj=rn, this reduces to 

8s	 I3uo 
qa3ma,2 v:: [(m+a,)-'m2—a,2—(m—a,)2} (85b) 

It should be noted that, for a given plan form, - varies 
ga 

with Mach number only as 'u0. 

WING WITH SUPERSONIC TRAILING EDGE (TIP CORRECTION) 

Proceeding to the calculation of the tip correction to the 
lift, we integrate .the change in lift (AL) 0 (equation (78)) 
induced by each element a over the range a,<a<m. The 
quantity u(m) is substituted for U. of the initial canceling 

element and da for Ua for the remaining ones. As in 

calculating the tip-induced pressure correction, the difficulty 
is encountered that u(m) is infinite, and therefore the total 
lift correction must be written in terms of limiting values. 
Following the substitution 

	

_(-_)	
'	 (86) 

in equation (78), it is convenient to define the function 

G(a)—(a— 
a,)2 

- ,, 2,,2 g(a) 

Then the total induced lift may be written 

LL=2pVm,2 Jim I_U(a)G(a)+f"
U d (87) 

Integrating by parts results in cancellation of the first 
term inside the brackets. Since G(a,) is zero, equation (87) 
reduces to

(-')	 —4m,2'3s2J 
u" (a)

	

G'(a)da	 (88a) 
\qa,, t p 	 a5 Va

where 

	

G'(a)=' [(E,+m, —a ) g(a)_
	

a—a, 
a m, - a	 2(m5 - a)	 +m,(a + a2]

is the *derivative of G(a). 
Equation (88a) has been integrated (appendix C) in 

terms of an incomplete elliptic integral of the third kind. 
If the necessary tables are not available, it may be prefer-
able to integrate numerically.' In that case it is noted that 

1	 d	 a sin-' 

	

.jm 2 _a2 da	 in 

and uA da is rewritten as 

mu0d 
(sin- , a) 

Equation (88a) then becomes 

( 6 
L) =- 4m, 2M OS2 	 G'(a)d(sin` --') •(88b 

q, a ,	 Va	 -i 	 m, 
m 

In this way infinite values in the integrand are avoided. 

WING WITH SUBSONIC TRAILING EDGE 

The expressions (equations (85)) for the uncorrected lift 
apply regardless of whether the trailing edge is subsonic or 
supersonic. The formulas for the tip correction may serve 
as a first approximation when the trailing edge is subsonic 
if the accuracy of a second correction is not required. For 
that purpose the special value for the untapered wing will 
be of interest: 

If the wing is untapered the elliptic integrals in equation 
(88a) (see appendix C) reduce to the first and second kind 
and the primary induced lift may be • written in the following 
closed form: 

4s

	

	 /rna,(m2_a,2) 3	 (in—a,)2 [2 (1—rn)31 
(2rn+a,/m2_at2+(l+rn)(l+a,) m (m—a,)- 2 m+ -	 rn(1+m)2 a , 2 (m +a,)] 

AL
a)j i ,\qa/ ,,5 	 3rna,2  

2m2(1+a,)3	 m+a, 	 _______  
a,(1+m)2(rn+a,)	 2 }+/ l :1(mn_at)(m+2F(,k) [

2(m+I) a,	 (rn—a,) 2 _ 1 
ma,	 -	 a, _rn_2ma,(l+m)]E7}) 

where

rn(1+a,) s' sin	 in—at and k	 ____ = - _  
The l5rimary tip correction, however, is usually quite large. 

It may therefore be desirable to take into account the sec-
ondary correction resulting from its cancellation at the sub-
sonic trailing edge. Rather than compute a single secondary 
correction to the lift, as an additional item, it is again found 
advantageous to treat each superposed field individually, that 
is, to cancel each conical tip field at the trailing edge and 
find the net effect on the lift, then integrate over all the 
tip elements for a combined primary and secondary tip 
correction. 

7 Or see reference 10 for an approximate formula valid when m is close to one.

-	 (88c) 
Tip correction with subsonic trailing edge.—For the can-

cellation at the trailing edge of a pressure field originating 
at a point Xa, s on the wing tip, equation (82) is applied, 
with the parameter a, which defines one boundary of the 
oblique canceling field, replaced by ta, referring to aray from 
Xa,S. The velocity U,, is the gradient 

du
dt. 

Ua 

of the field (equation (11)) to be canceled. The distance 
from the apex of the canceling field to the wingtip is express-
ibleas

xs—xa m,t 

$ m,—t,,
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Then the effect on the lift of canceling the single field from 
Xa,S is

- p Vm,° (x, - Xa) 2	 40	 dfra 
0	 . r I (M' _ a)2 dt. 

(M,—t.) (1 —t0 i, o] 
dt0	 (SO) 

M1	 m,

dAu which may be integrated, after substitution for -, to give 
dt0 

(x,_x)2 1Vin,
a(i+a) [1E(k)] (i 2L)a —72u0 $(m,—a) 
	 (1 +m,) 

	

in, 	 sin	 ]} 
(90)

in which

k= 
and

Vint
_m,—a 

(1—a) 

If the foregoing result is added to the lift associated 
with the original tip element, given by equations (78) and 
(79), it is found that the latter lift is exactly canceled by the 
algebraic terms in the refieced lift, leaving 

(iL)o =p Vin, 2Ua (x,—x
0)2 [ /a(1+a)  

	

13(m , — a) "Vm,( l +m,)	 m, sin j
(91) 

for the lift induced by one tip element and its cancellation 
at the trailing edge. It will generally be found that further 
steps in the cancellation process are unnecessary for engineer-
ing accuracy. 

For the total tip-induced correction to the lift, it is neces-
sary to write as before	 - 

= 2p Vm, 2 138 2 urn 
P 

UL(a)J(a) + f	 J(a)da] (92)
a—m g da 

where J(a) is 

(a—.a ')2 
1 ra(1+a)E a  

a,°a° in, —a [V in, ( I +m,) °m sin t' 

An integration by parts reduces equation (92) to 

	

(L), 10 = —2 p Vm, 2 s 2J' 'a(a)J'(a)da	 (93)

with 

• J/(a)=aat 1	 ( na, rn,—a,\ 
a, 2a2 mt —a Lsjrnat 

a--a, (11-l-m,] Ui(1+a.) 
2(1+a) a m,—a,J 

a — a, Ia(1+a) 
1_a2"Vm,(l+m,), 

a [(al + m	
j 1_at+ (1 —rn,)(a.—a,)I A

0(', kfl 

m ,L a in,—a	 2(1—a)(rn,—a) sin j	 (94)

If the wing is untapered, X(a) becomes indeterminate when 
a=m. The-limiting value is 

in—a,([1_3rn(inat+1_at\ 
m3a,2(1_rn2)L 3  

in—a,8in° \1 
lloin/ 3l_m2)]E0+ 

2,n
rn—a, /1+3rnVl 

L3vn 1—in 	 Joinl_m2)]Ko} 

Further integration must be performed numerically. In 
order to avoid infinite values in the integrand, note again that 

d .	 a sin' - 
a	 in	

(95)
 

so that equation (93) may be rewritten 

AL	
w'

a ()	 4m2s2	 I	 a, J'(a)d(shi"	 (96) 
M) \qa LIP	 Va,sn-i_ 

M 

Trailing-edge corrections.—In deriving the trailing-edge 
corrections to the total lift, primary and secondary effects 
will again be combined. Further corrections will be 
omitted. 

For the -symmetrical wake correction, the element of area 
is obtained from equation (SO) by-setting y. equal to zero, 
and substituting t0 for t0. Then the decrement in lift in-
duced by the application of the symmetrical canceling ele-
ment at the trailing edge is, from equation (20), 

_ 	 2) 
(jL)o-2pVfs° 

U0	 dt,, 
F(4,..j1—m, :;--	 (97) 

K"(in,) 1 m 1	 0 

or
1 1 

qa	 m, Va I K0' (in,)]	
(98) 

where

K0' (m,)	 K (1/i - in,2) 
ir 

The effect of canceling the pressure field induced by the 
symmetrical wake correction at the wing tips is obtained 
with the aid of the. previously derived formula (equation 
(78)) for the, lift associated with a single tip element. The 
parameter defining the boundary of the canceling tip ele-
ment is now t0 instead of a, and the velocity on the canceling 
sector is

_____	
U0dt0	 (99) Adto=K(m,) fit02) (t02—m,) 

The distance from the apex of the canceling sector to the 
trailing edge may be expressed as 

OS (in, —io)
	 (100)
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so that the secondary effect of the symmetrical trailing-edge 
correction becomes

	

11(1	 12	 g(t0)dt0 
rn (A2L)o=2pV,2fls2 K' (in,) Jm, \m, to) /(1 —t0 (t02—rn,2) 

(101) 
or

2L04s2 guo r -1 - 23/2 K(k)E(k)I 

	

qct	 m, Va[ Ko'(m,) 1!1+m, K0'(m,) 	
(102) 

with k=.m. 

Addition of this secondary correction to the primary 
effect given in equation (98) results in the single correction 

(\\ _8S 2 13Uo _2 K0(k)—E0(k)	 (103)
m, Va\I1-l-m, K0' (m,) 

• By a similar procedure, the effect 'of canceling one of the 
oblique trailing-edge fields at the tip is readily obtained and 
added to the primary effect given by equation (82) to yield 

pVf3(s—ya)
2 ug 1 [E. (k) /(n2,—a)  (XL),=	
- 

_____ / 
/1T —A (,k)]	 -	 ( 104) 

jil +M' a 

with k V1	 : and =sin'	 as the combined 

primary and secondary correction to the lift due to a single 
oblique trailing-edge cancellation. 

For the total correction to the lift due to cancellation of 
the gradient of the triangular-wing loading in the wake, 
equation (104) is integrated graphically or numerically 
across the span as follows: 

L —4mu0 fat (SYa)2 

	

a	 Va	 (m2_a3I2['0	 /(m,—a) (1--a)-

m,—a Jjij	
]da	 (105) 

+m,	
A0(i, k) 

Numerical examples to be presented will show this corn-
- ponent of the lift to be very small, in general. 

WING WITH INTERACTING LEADING AND TRAILING EDGES 

In computing the load distribution it was found that, 
when interaction takes place between the flow fields of the 
leading and trailing edges, the wing plan form appears to 
comprise two principal regions separated (see fig. 16) by the 
Mach line arising at the point of intersection x1 ,y1 of the 
trailing-edge Mach line and the leading edge. Ahead of 
this line (region I) the flow is mot readily described in 
terms of conical fields. Behind this line the flow is more 
nearly two-dimensional. On this basis .,the total lift will 
be found in two parts, using for region I the conical-flow

expressions for the loading, and for the remainder of the 
wing the quasi-two-dimensional approximation. 

LIFT ON INBOARD PORTION OF WING 

The uncorrected triangular-wing loading will first be 
integrated over region I, shown shaded in figuie 28. For 

FIcURE 28.—Inboard portion (region I) of high-aspect-ratio wing. 

this purpose the region is considered in two parts, separated 
by the ray a2 from the wing apex to the point x2 ,y2 . When 
a is less than a2, the element of area is as before 

M, LCO	
da 

23(m,—a)2 

When a>a2, the element of area is 

(J +M)2602
da 20(1 _m)2(1 +a) 

Thus, the uncorrected lift in the entire shaded region is 
 

L0- 2	 °[ ('a2 rn,2 •	 m	 (1 +m)2 

Li0 (m , —a)tfa a (1 —rn)2(1 +a)2 
usda] 

(106)
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f_4m 'U0 2( 1+rn r 1

	

	 rn2+a2 f1n2_a22 
cos-' 

F1fl)3 L[im2	 m(1±a2) 1+a3 J 

m12 
(MI

rn-Ia22+
m2—m2in,—a2/ 

( iI t 2 m2)	
o [' /	

3	 rn2— 1n a2 

_______	
—cos"--lt	 (107) 

-	 m(m—a2)	 m,J) 

with
21n m1 

a2=l++m?n	 (108)

The values of fly to be substituted as limits in equation 
(114) are indicated in figure 30. Along the leading edge, 
the right-hand member of equation (114) reduces to zero; 
along the trailing edge it becomes 

lru(x) /-
1 c0 Vrn,co—(rni—m)x 

Then the total lift on the outboard region (both wing 
halves), except for tip losses, is 

(ia) =	 (x) (i tan' +3) dx + 
\qa/ II	 fi L i 

When in,=m (untapered wing), the second part of equation 
(107) becomes indeterminate. In this case. 

Lo 41n uo 2(1+rn_______ .j 7n 2 + a2 '/m2_a2]+ 
--#--TCo (l_rn)3 LV l _ m 2 COS m(1H-a2) 1 ±a2 j

lrIxi

('zg 
r(x)Jidx— J
	

(x)(f1taI1+tt)dx] 
.15	 fI

(115) 

where 

m ') 
Irn + a2 2]}	 (109) 3 [(,+

 m—a21'%J in—a2 

The trailing-edge corrections to the loading are to be 
integrated over the part of the shaded region behind the 
trailing-edge Mach lines. Integration of the symmetrical 
wake correction (equation (20)) yields 

(L)0	 —16 M2C 0 2	 'U	 - 2	 E0'( rn	 (110) 
(1±rn t)(1_m) 2 Va	 i—mtL K0'(m1) 

For each oblique element, the reduction in lift is given by 

1 dzL 

2% 1+rn,  
2(rn,—a) (m 1 a) (X2_Xa)2[%J(1 +m,) (1 —a) 

7W 1+a
(111) 

du  with Ua	 da, Xa 
m,c0 

=	 and 
da	 m,—a 

X 2	 +m	 (112) 
) 

7 1+rn	 c0 

1—rn	 1+rn 

The total lift in region I is then given by 

(±=+ °a2 dAL 
—+— 	 (113) 

\qaJ I qa q 	 qafo da

11= -../m1c0—(m,—m)x

12= -/(1 +m) (x—x)	 .14= 1/m(x—$s/m) 

.f= -'J( i + MI) (x2 — x)	 f= -.Jm1(x—x) 
The indicated integrations may be performed numerically 
or graphically, using values of 0(x) taken from the charts of 
figure 23.

TIP-INDUCED CORRECTION TO THE LIFT 

In deriving a tip correction to the lift, the same simplifying 
assumption of completely cylindrical flow will be adopted 
concerning the pressure field to be canceled as was used in 
obtaining a tip correction to the loading. As in the preceding 
section, a combined primary and secondary tip correction 
Will be derived. All further corrections will be omitted. 

If the notation of equation (63) is used the distance from 
the apex x,s of a canceling element to the trailing-edge tip is 
c,(1—E), and the lift induced by the element and its cancella-
tion at the trailing edge is, from equation (91),

in 
(LL)=pVrn12u 

c,2(1—)2 [I_m(1+m) E0(k)--- Ao(,k)1 
fl(m , —m)L m 1 (1+m,)	 in, sin 'J 

(116) 

where 
#2 L The quantity in 2 

CO 
2 (q_a)	 m is plotted against	 in figure 29 for 

several values of the ratio in/m,.

k	
/1—mg 
' 1+m 

as before, and 
LIFT ON OUTER PORTIONS OF WING 

In order to find the total lift (except for tip losses) on the 
remainder of the wing (fig. 30), a double integration with 
respect to x and y is performed on equation (60). A first 
integration, with respect to y, yields for the indefinite 
integral 

f
HX) ,-[ /(mx—fly)(m1co—rnix+fly) 

- —dy------coi -ti	 + 
Va	 fi	 LV	 m,c0—(rn—m)x 

Irn,e 0 —(rn 1 —rn)x tañ	
mx—fly 1 

Vmjco—rntx+flyi (114) 
213637-53-----75

I=sin'
 

since the outer boundary of each element now has the slope 
in

It is seen that only u and ( 1 2 in the coefficient of 
equation (116) vary with the element. For the first element 
(E = 0), the velocity 'u is the initial value of the uncorrected 
velocity along the tip section given in equation (65), and, for 
the other elements, the differential of that velocity. Then





0	 .2	 .4	 .	 .8	 /0 
m1 

1b 
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m 

N 

FIGURE 30—Boundaries of outboard region of high-aspect-ratio wing, for use as limits of 
integration in equation (114) 

the combined primary and secondary tip correction on both 
wing halves is

4m12c12 

a 8-[ 

I_m(1 +m E0 
qa	 zn	

(k)— 
1 —m)-/mX Vrn1(1--rnt) 

in Ao(,k)] 
urn [(1 _E)2./_1 —E.

+
 ul- J2 m 1 sin' E-.o 

J
(lEc	 (117) 

(1	 )d	 I 1—Er 

Integration by parts gives, finally, 

AL	 87m:2c12.s./ 	 r / in.(1+m) 

qa	 3(m, _m)3 8 L\ m 1
(1 +m) Eo(Ic)— 

A0(',k)] 
[(3m —m)K(;) —2rn (2 .i) Eo(J)] 

situ,
(118a) 

If the wing is untapered, equation (1 iSa) takes on the value 

LL	 irco2/ 

qa	 $(1_m2)01 [2mK0 (k)+(1-3m)E0 (k)] (118b) 

Except for the occurrence of ø,,C, and X in the coefficients, the 
tip correction obtained in the foregoing way is a function of m 
and m, only, independent of the tip location. Values of 

Qq 
- ihave been plotted in figure 31 in a form similar 

t7C	 a/1 

to the chart of (qu),(fig. 29).

FIGURE 31—Chart for the correction of the lift for tip effect, using two-dimensional 
formulas. 

APPLICATION OF LIFT FORMULAS 

CASES COMPUTED 

The lift-curve slope CL has been calculated for two families 
of untapered wings with varying aspect ratios as follows: 

m0.2 m=0.4 

p.4
is p.1 

co ce 

0.6 0.3 0.6 1.2 
.4 .8 .8 1.6 
.6 1.2 1.2 2.4 

1.6 3.2 

and for two tapered wings: 

m=0.4, m,=0.6 

pA x 
Ce 

0.6 1.6 ½ 
.8 2.4 ½

It should be noted that the untapered-wing cases (except for 
the last one under m==0.4) represent three wings of fixed 
geometry at two different Mach numbers such that is 
doubled in going from the first to the second. No calcula-
tion was made for m=0.2 to correspond to the last case 



m=0.2 

PA0.6	 A0.8 j $A=1.2	 A=1.	 I $A2.4	 flA3.2

Tapered wing 
m=0.4; m0.6; 
8s = 0.8; $A=2.4 

Component of lift	 Obtained from
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under rn=0.4 because at the lower Mach number it was not 
possible to calculate satisfactory values of or out to the wing-
tip. The tapered wings were chosen to show, by comparison 
with the first two of the untapered rn=0.4 wings, the effect 
of taper with the span held constant and, by comparison. 
with the second and third untapered in=0.4 wings, the 
effect of taper with a given aspect ratio. 

SUMMARY OF COMPUTATIONS 

With m=0.4 and 138/c0 =0.6, the trailing-edge Mach lines 
do not intersect the leading edge, and the values of CL were

obtained entirely by means of the conical-flow formulas, as 
follows: 

Tapered wing, flA =1 .6 Untapered, A=l.2 
Component of lift Equation

L/qaco' % total ,82L/qcc3 % total 

Uncorrected triangular wing (85) 2.093 121.1 2.595 143.0 Tip effect ------------------------- (96) -.190 -11.0 -.422 -23.3 Symmetrical trailing-edge correc- 
tion ----------------------------- 

Oblique trailing-edge correction. -

- --

-(103) 
(105)

-.159 
-.015

-9.2 
-0.9

-.340 
-.019

-18.7 
-1.0 

Totals --------------------------------- 1.729 100.0 1.814 100.0 

8 CL. .=#L/qaS, per radian --------------------

--

-1.920 1.512 

The calculations for the remaining values of ,A are summarized in the following table: 

Usitapered wings 

Lift on inboard portion -------------------- 
Liftonoutboardportion -------------------

Fig. 29 or equation (113) ----------------- 
Equation (115) 0.366 0.366 0.366 2.128 2.128 2.128 1.981 

- 

Tip correction---------------------------- -- .180 
-.081

.386 
-.090

.830 
-.098

.849 
-.363

2.193 
-.392

4.459 
-.411

.463 
--

-.092 
---------------------------- 

Fig. 31 or equation (118)------------------_

____746_1Totals, 2L/qacol --------------------------- - ----- - 
PCi =8L1qad, per radian ----------------------

- .662 - -	 1.098 2614 6.172 2.351 -- ----- -------------------------------- - .77 .83 .92 1.63 1.80 1.93 2.20

DISCUSSION OF RESULTS 

The results of the calculations are plotted against the 
reduced aspect ratio 13A in figure 32. The curves for the 
untapered wings may be seen to be approaching, at the 
upper end, the value 27rin/-/1-m given by simple sweep 
theory. 

At the lower end, the curves should approach the origin 

along the line CL = A given by low-aspect-ratio theory 
(reference 13). The two points on the m==0.2 curve for 
/3A<1 are not entirely accurate because no account was 
taken of the interference between the flow fields from the 
tips. The points are included, however, because, with so 
much sweep, the wing areas affected are small and the inter-
ference effects should be negligible. The resulting curve 
appears consistent with the corresponding curve calculated 

•	 - •	 -. 

p	

ENE 
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 No	 ME 
MEMO	 No 
NONE	 MEN - 
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FIGURE 32.-Variation of lift-curve slope with aspect ratio.

by the slender-wing theor y of reference 3, although a dis- 
parity in plan form lessens the significance of the comparison. 

The slender-wing-theory values are also plotted for m=0.4. 
In that case, however, the assumption of extreme slenderness 
is no longer justified and introduces an appreciable error. 
(It should be mentioned that the asympotote for the slender-
wing-theory curves is below the value given by simple sweep 
theory by the factor -/1 -m2.) 

An estimate of the accurac y of the lift formulas of the 
present report, compared with results which would take into 
account all the successive reflections at the tips and trailing 
edge, may be made from the following observations: 

The values obtained (in the first table) from equations 
(96) and (103), which combine primary and secondary 
corrections, differ from values obtainable for the primary 
corrections alone by only 1 percent of the total lift in the case 
of the tapered wing, and 4 percent of the total lift for the 
untapered wing. Third-order corrections would be only a 
fraction of those small corrections and would, in turn, be 
partly canceled out by a fourth-order correction. 

The results in the second table, incorporating the two-
dimensional approximations, agree within 2 or 3 percent 
with values calculated entirel y by the conical-flow method. 

IV-DRAG DUE TO LIFT 

The drag due to lift of a wing with supersonic leading 
edge is simply the lift times the angle of attack. When the 
leading edge is subsonic, the drag is reduced by a suction 
force due to the upwash around the leading edge. In the 
linearized theory this force appears as the limit of the 
product of an infinite velocity across an infinitesimal frontal 
area. 

The formula for the suction force on a subsonic leading 
edge has been derived (see, e. g., Hayes, reference 18) by 

/1Cb.
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assuming the flow near the leading edge to he essentially 
two-dimensional and applying the results of two-dimensional 
potential theory. The simple result obtained in that 
manner has been verified for the swept-back wing of finite 
span by application of the somewhat different approach of 
reference 19. 

By the two-dimensional approach, the suction force is 
found to be proportional to the square of the strength of 
the leading-edge singularity in the perturbation velocity u. 
The latter is the quantity discussed earlier in connection 
with the adjustment of the two-dimensional loading to the 
loading on the swept-back wing. With the use of the pre-
vious terminology it is possible to write for the longitudinal 
component of the suction force per unit, stream-wise length 
of leading edge,

(119) 

where C (equation (53)) is the value, at the leading edge, 
of the coefficient of (mx—j9y) in 'u. 

Then, if the trailing-edge Mach line does not intersect the 
leading edge, the thrust is merely

$8 

0 
Tpu02 I1—m 2	 x dx}	

(120) 
p 7ru02$2s2 

2m2 

The total drag due to lift is obtained by subtracting the 
thrust from the product of the lift and the angle of attack, 
or, in coefficient form,

1 In figure 33, - times the drag-rise factor - is plotted 

against the reduced aspect ratio 3A for two combinations of 
sweep and Mach number, m=0.2 and m=0.4, for untapered 
wings. Comparison is made with a theoretical minimum for 
slender wings in supersonic flight obtained by R. T. Jones 
in an unpublished analysis. Using a method similar to Hayes 
(reference 18) and assuming the wing to be narrow compared 
with the Mach cone, Jones has derived a minimum wave-drag 
coefficient

C.. =	 CL2	 (126) 
2 7r A, 

where A is the aspect ratio defined in the streamwise, 
instead of the spanwise, direction; that is, if 1 (numerically 
equal to x,) is the over-all length of the wing in the stream 
direction,

A3=PIS	 (127) 

I I 	 I 	 I 
—°— F/at swept-b

I
ack wings 

k' L	 Theoretical minimum 
t\\F	 I (ecjuat/on /28)! 

'Cs 
CL2 

CD = a CL -	 (121) 

7	 •1
/3A 

FUtURE 33.—Variation of drag-rise factor with aspect ratio for untapered wings. 

The wave drag is to be added to the vortex drag, which is 
the induced drag of subsonic flow, calculated from the 
spanwise loading. Using the minimum induced drag ob-
tained from lifting-line theory gives as the minimum super-
sonic drag-rise factor S

CD 1
AT7A.	 (128) 

It may be seen that the drag rise of the constant-chord 
swept-back wings is fairly close to this minimum, especially 
at the lower values of m for which equation (128) was 
derived.

V—SUMMARY OF FORMULAS 

The formulas for the loading, lift, and drag coefficients are 
summarized in the following table, in which the equations 
are identified by number. 

8 This result has since been published in The Journal of the Aeronautical Sciences. vol. 
18, no. 2, Feb. 1951, pp. 75-81.

where C. is the thrust coefficient T/qS. Thus, in the fore-
going case,

	

a2 [
L	

(fis)2(a)21m21	 (122) --7r -

	

qa	 rn 

WThen a portion of the leading edge is influenced by the 
trailing edge, the leading-edge singularity takes on, for that 
portion, the value given by expression (56), which then 
replaces CA in equation (119) for the thrust. The total 
thrust is 

Cm ciT	 pir j	 2 2 I i dx=2 - -'1—in 
^ -fo

C- dx+ 
Jo ctX	 in 

$8 

J [CA+(CDo+ r°o 
dC 

	

L	 J
da]dx} (123) da 

where

Si = 1 
Co 
—rn 

locates the intersection of the trailing-edge Mach line with 
the leading edge. Integrating the first term and reducing 
so coefficient form gives 

	

0 ira1Im I(UO) 2 	 400fm 	
1 (124)

17a 	 m

so that
$3

 .2 ^ L _ r 
CD S qa	 (Va)	 in It , ] } (125) 

____	

2	

4c i7 clx
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Case p	 4u 
--

1	 L 
CL qa	 va o qa 

--

 

Mach lines Region Equations for u Equa. foi -- Equa. No. 

1 (6) (85)±(88) (122) 

2
(6)+(15)° 

/

1 (6) (85)+(96)+(103)+ 

'N 2 (6)+(15)a (105)° (122) 
3 (6)+(26b) 

N.. 4 (6)+(15)'+(26b) 
5 (6)+(15)a+(26b)+(31) 
6 (6)+(15)'+(26b)+(32) 
7 (6)+(15)a+(26b)I(31)+(32) 

N
N

N 
32 

4 
5 ..	 6 

/7..

1 (6) (113)a+(115)b± (125)b 

2 (6)+(26b) (118)' 
3 (60)b 
4 (60)b+73)a. 
5 (60)+ (73)a b.c+ (31) 
6 Not evaluated 

I

2'

a In evaluating, use fig. 6. 
3 • b In evaluating, use fig. 23. 

4 - c In evaluating, use fig. 14. 
5

d or see fig. 29. 
6 eor see fig. 31.

AMES AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

MOFFETT FIELD, CALIF., Mar. 15, 1950. 
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APPENDIX A

SYMBOLS 

GENERAL 

free-stream velocity 
Al	 free-stream Mach number 
$ 
U, v, V)	 perturbation velocities in streamwise, cross-stream, 

and vertical 'directions, respectively 
P	 density of air 

q	 dynamic pressure pV2) 

Ap	 pressure Idifference between fupper land lower 
surfaces, or local lift 

a	 angle of attack, radians 
L	 lift 
T	 leading-edge thrust, or component of leading-edge 

suction force in flight direction 

CL	 lift coefficient(-) 

Id 
CLa	 lift-curve slope	 OL

 

CD	 drag coefficient ID 
4—S) 

Cr	 thrust coefficient () 

WING DIMENSIONS 

Co	 root chord 
C S 	 tip chord 
S	 semispan 
S	 wing area 
1	 over-all length in the steamwise direction 
A	 angle of sweep of the leading edge 
X	 taper ratio (c,/co) 
A	 aspect ratio (401S) 

streamwise aspect ratio (12/S) 

RECTANGULAR COORDINATES 

x, y	 Cartesian coordinates in the stream direction and 
across the stream, in the plane of the wing 

Xa, Ya	 coordinates of apex of conical field used to cancel 
triangular-wing loading (Equation (8) at tip, 
equations (21) and (22) at trailing edge) 

X0 , y	 coordinates of apex of conical field used in second-
ary cancellations 

x,s -	 coordinates of point on tip; apex of ëonical field 
used to cancel assumed cylindrical load 

X0, yo	 coordinates of intersection of Mach forecone from 
x,y with edge at which correction is being made 

X1,Yi coordinates of intersection of trailing-edge Mach 
cone with leading edge (x I given by equation 
(61)) 

X2, Y2	 coordinates of intersection of Mach line from x 1 , y' 
with trailing edge (x2 given by equation (112)) 

X * , y*	 coordinates of intersection of tip Mach line with 
trailing edge 

X j , s	 coordinates of intersection of tip and trailing edge

streamwise distance of x,y back from leading edge, 
as a fraction of the tip chord (equation (69)) 

to	 distance of x0,s behind leading-edge tip, as a frac-



tion of the tip chord (equation (70)) 
distance of xi,, s behind leading-edge tip, as a frac-

tion of the tip chord (equation (64)) 

CONICAL COORDINATES 

In the following, all slopes are measured counterclockwise 
from a line extending downstream from the apex of the wing 
or of the pertinent canceling sector: 

slope of leading edge
M	 =$ cot Aslope of Mach lines 

slope of trailing edge 
Mt	 slope of Mach lines 

slope of ray from the origin_ ,y a	 slope of Mach lines	 "x 
a0 the value of a corresponding to a primary canceling 

element of which the apex lies on the Mach fore-
cone of the point at which the load is being 
calculated (equation (13) for tip corrections, 
equation (25) for trailing-edge corrections) 

a0'	 limiting value of a for leading-edge correction 
(equation (47)) 

a2	 a(x2, Y2) (equation (108)) 
a(x,$) 
slope of ray from apex of element a,,y—ya 

a	 slope of Mach lines 
slope of ray from Xb, Yb_,Y—Yb 

slope of Mach lines 	 'X—Xb 

slope of ray from X., S	 y-s 
slope of Mach lines	 x—x 

t.	
slope of ray from leading-edge tip_ a

 
' y -S 

slope of Mach lines 	 'x-('6s/m) 
slope of ray from xI,y*,y_y* 

slope of Mach lines	 'x_x* 
TO 	 limiting value of to for leading-edge correction 

(equation (39)) 
Ta	 limiting value of ta for leading-edge correction 

(equation (44)) 

COMPONENTS OF STREAM WISE PERTURBATION VELOCITY 

UA basic (uncorrected) perturbation velocity as given 
by solution for triangular wing (equation (6) 
for subsonic leading edge) 

u0	 value of uA at a=0 (equation (7)) 
Au	 correction to u., induced by cancellation of pressure 

differences outside the wing plan form 
lLa	 constant perturbation velocity on sector used in 

canceling triangular-wing loading 
Ub	 constant perturbation velocity on sector used in 

secondary cancellation 
constant perturbation velocity on sector used out-

board of tip in canceling assumed cylindrical 
field
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(Mt) 0	 symmetrical trailing-edge correction to u (equa-
tion (20)) 

( 21t) 0	 correction induced by canceling ( u)0 at leading 
edge (equation (38)) 

(Mt) 0	 correction to uA due to single oblique trailing-
edge element (equation (24)) 

value of tip correction to qtA at the point x",y° 

ARBITRARY MATHEMATICAL SYMBOLS 

1. 
C I A	 value of coefficient of

X̂_ fly 
in uA at the lead-

ing edge (equation (53)) 
(C) 0 	 decrement in CA due to reflection of (Mt) 0 at lead-

ing edge (equation (54)) 
dzX; da decrement in CA due to reflection of (Au), at lead-

ing edge (equation (55)) 
Non-dimensional expression for strength of the 

leading-edge singularity (equation (59)) 

value of o at leading-edge tip 
Ia08-A

 

p

	

	 Im taper parameter 
m 
—m

 
g	 function defined by equation (79) 
O	 inverse-cosine term of leading-edge correction 

function (equation (35)) 
R	 radical term of leading-edge correction function 

(equation (36)) 
r. p.	 real part

ELLIPTIC INTEGRALS AND FUNCTIONS 

k	 modulus of elliptic integral, defined where used 
(also with subscripts) 

ki	 complimentary modulus (-/i) 
or i	 argument of elliptic integrals, defined where used 

(also with subscripts) 
F(. k)	 incomplete elliptic integral of the first kind of 

modulus k and argument 
K, K(k) complete elliptic integral of the first kind; that is, 

K=F(2k) 

E(. k)	 incomplete elliptic integral of the second kind of 
modulus Ic and argument 4 

E, E(k) complete elliptic integral of the second kind; that is, 

E=E( Ic) 

K0 

K'	 K(lc') 

El	 E(k') 

Z	 zeta function (equation (41)) 
A0	 function used in evaluation of elliptic integral of 

the third kind, circular case (equation (16)) 
function used in evaluation of elliptic integral of 

the third kind, circular case (equation (Bli)) 

APPENDIX B 

EVALUATION OF THE INTEGRAL IN EQUATION (26) 

It is first necessary to recall that t 0 is a function (equation 
(23)) of x, y, and a. After substitution for t0 in equation 
(26), we -may integrate by parts to obtain 

Iao 
cos_ (1—a) (ta m,)(m t a) (1 t0) du (a) 

	

'	 da= 
( 1— MI) (ta —a)	 da 

—n0 [cos-' (1 
+m,)13y-2m, (x —co) 

(l—m,)j3y 

(x fl)ymt(xco) 

	

-	
x—y—m,c0 

f00	 da 
 (y—ax) I(1—a) (as—a) _(m—a) (m+a)] 1) 

The integral term on the right-hand side of equation (Bi) 
is an elliptic integral of the third kind which may be eval-
uated through the substitution of 

/ 2m (ao—a)	 Ic/(i —rn) (m+ao) 
W= 521	

(m + a0) (in - a)	 =	 2 rn (1—a0)

If the value of w at the lower limit is designated by u 0; this 
substitution gives 

foo

	 da 
 (y—ax) /(1—a) (ao—a) (rn—a) (m +—a) 

____	

2m 
rn+a0 

1	 ________ 

y—aoxm(1_ao)J	 21 Sn 1+	 2	 dw	 2) w 
where

(m+a0)(rnx-3y) 
'	

2m(,y—a0x)	 (B3) 

or

f'0	 da 
Jo ($y—ax) (1—a) (ao—a) (rn—a) (rn+a) 

mx — y '%/m (1a0) [_(	 k, n)1 (B4) 
13y — aox,	 j 

where

H3f
o

(wokn)	 dw 
1+sfl2w



('m 
1,= (

a—a,	 &I+7t0	 da 
a,2m,a(m,—a) a m,—a I—a2

2m(1 +m) ôr13(w,, k, n) 
m,—m	 on

(CO 
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is the normal form of the elliptic integral of the third kind. 
It is first noted that n>O. For this case it can be shown 

that the substitution

	

v=tn'	 k')	 (B5) 

gives 

II, ( 0, k,n)=wocm2 (v, k')+" 
k')cn(v,	 k') [	 A. 

dn (is , k')

(p6) 
where

(B7) 

is the amplitude of the elliptic function is, A0 is the function 
defined in equation (16), and P. is an angular function of k,v 

and w0 which will he discussed later. 
If

	

4'=sin	 m2zo	 (B8) 

then
(B9) 

V^-2 

	

From equation (B5), sn(v,	 cn(v,

and dn(v, may be found, so that equation (116) 

may be rewritten without recourse to the Jacobian elliptic 
functions as 

11 3 (wo, k, n)= +k2 F(4,, k)+ 

I	 n	
[F(,ic) (1+m)(n+ k	 K0 Ao(k, )±]	 (BlO) 

This expression is to be substituted in equation (134) and 
the result used in equation (BI). As previously mentioned, 
the functions K0 and A0 are tabulated in reference 11 and A0 

is plotted in figure 6. The function P. is given by I - 

2(_1)1q(i2)sin2j"0 sinh 2j V 
J=1 (Bil) 

1-2E (_1)+lq(J2) cos 2j cosh 2j 

with

q=e7 

(tabulated in reference 15). 

The symbol q in equation (Bil) is standard notation for the nome of the Jacobian theta 
function, and is not related to the dynamic pressure q of the text. 

APPENDIX C

INTEGRATION FOR LOSS OF LIFT AT THE TIP OF WING WITH SUBSONIC LEADING EDGE 

From equations (88a) and (6) 

QaL)j 1p

4mtsms2iuoJ'm G'

 Va	 a	
2-2da	 (C 1) 

where

a—a,[fr+mtat( Ia+a2 
a,2 a 2(m,—a)L\ a .m,—a, 	 m,+m, m,/ 

a—a, 
2n,+m,2Ia2]	

(02) 

The terms in G'(a) are of two types; namely, those that 
contain and those that do not. The former combine 
with the radical ./h2_a2 in equation (Cl) to form elliptic 
integrals of the first, second, and third kinds. The latter 
give rise to terms in equation (Cl) which are integrable by 
elementary means. It is convenient, therefore, to consider 
the integral in two, parts, writing 

f
—- G'(a)

1m2 at ,lma_a2da  

where L is that part of the integral not requiring elliptic 
integrals. 
Then

	

1	 r(m,_at)2	 m,a,—m2 

= a,2 m,(m,2 — m2) Ltmt— m2	 m(m, - a,) 

	

m,a,—m2	

1	 C3) m2 

The remaining terms, involving ./äa2 and 1/2_a2, 

are integrated by means of the substitution

(04) .Sflw =
V;W(-71a) 

The result is 

12	
1	 5['m,_a, (m,—a, at 

a,2m,.s,i2mm,(1+m,)L m, '\1+m, In 

	

a,(m - a,fl	 ______ 

m2 ]F(',k)+[(l+'") E(,, k)+ m, / 

/  
a,—

	

m, — al

	
I m+a, . 

(

	

Mt	 2a, 
Sffi

(1±m)(m,—at)2[(in m,—m 
1+—+ 

	

(m,—m) 2	 m, i±17,jll3(wt,k,Th)+ 

213637-53----76
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where w = w(a), 1' is its amplitude, and 

	

m(l+rn)	 (C6)
m,—rn 

From equation C(4),
I  

1r5jfl' 
'V 

rn—at 
rn(l+a:)	

(07) 

The elliptic integral
(''t	 dw k, n) 	 I 
Jo 1+nsn,2w 

is evaluated in equation (Blo). Its derivative with respect 
to the parameter n may be obtained for this case (n>O) in 
the form 

oil 3 1	 /	 11 

1 (n+ k2)( 1 +n){(ThI+k 2) K0 
n\ ['0("' k) 

I_n	
L	

1+n\ F( ,k)— (Wt, (fl+k2)(l+fl)	 k2+n+k n, k)]—

	

	 2) 

nwdncl) E(L', k)—	 (08) 

where 4 and 2 are the angles defined in equations (B7) and 
(Bli) and the elliptic functions cnw, and dnw, obtained 
from equation (04), have the values 

	

c—(1 +m)
	 dnw_ . (1 +m)(m+a) 

	

- m(1+a)	 -	 2m(1+a)	
(09)
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AN ANALYSIS OF BASE PRESSURE AT SUPERSONIC VELOCITIES AND COMPARISON
WITH EXPERIMENT' 

By DEAN R. CHAPMAN

SUMMARY 

In the first part of the investigation an analysis is made of 
base pressure in. an 'cnviscidfiu'td, both for two-dimensional and 
axially symmetric flow. It is shown that for two-dimensional 
flow, and also for the flow over a body of revolution 'with a 
cylindrical sting attached to the base, there are an infinite 
number of possible solutions satisfying all necessary boundary 
conditions at any given free-stream iViach number. For the 
particular case of a body having no sting attached only one 
solution is possible in an inviscid flow,, but it corresponds to 
zero base drag. Accordingly, it is concluded that a strictly 
inviscid-fluid theory cannot be satisfactory for practical ap-
plications. 

An approximate semi-empirical analysis for base pressure 
in a viscuous fluid is developed in a second part of the investiga-
tion. The semi-empirical analysis is based partly on inviscid-
flow calculations. In this theory an attempt is made to allow 
for the effects of Mach number, Reynolds number, profile shape, 
and type of boundary-layer flow. Some measurements of base 
pressure in two-dimensional and axially symmetric flow are 
presented for purposes of comparison. Experimental results 
also are presented concerning the support interference effect 
of a cylindrical sting, and the interference effect of a reflected 
bow wave on measurements of base pressure in a supersonic 
wind tunnel.

INTRODUCTION 

The present; invst.igation is concerned with the pressure 
acting on the base of an object moving at a supersonic 
velocity. This problem is of considerable practical impor-
tance since in certain cases the base drag can amount to as 
mu'ch as two-thirds of the total drag of a body of revolution, 
and over three-fourths of the total drag of an airfoil. In the 
past, numerous measurements of base pressure on bodies of 
revolution have been made both in supersonic wind tunnels 
and in free flight, but these experimental investigations have 
had no adequate theory to guide them. As a result, the 
present-day knowledge of base pressure is undesirably 
limited and some inconsistencies appear in the existing 
experimental data. 

Various hypotheses as to the fundamental mechanism 
which determines the base pressure on bodies of revolution 
were advanced years ago by Lorenz, Gabeaud, and von 
Kármán. (See references 1, 2, and 3, respectively.) These

hypotheses, which neglect the influence of the boundary 
layer, do not appear to be adequate for predicting the base 
pressure or for correlating, experiments. 

A semi-empirical theory of base pressure for bodies of 
revolution has been advanced by Cope in reference. 4. 
Cope's analysis and the semi-empirical analysis of the 
present report were developed independently and are similar 
in one significant respect; both consider the influence of the 
boundary layer Qn base pressure. The basic concepts and 
the details of the two analyses, though, are entirely different. 
Colic's equations are developed only for axially symmetric 
flow, and do not provide for the effects of variations in 
profile shape on base pressure. He evaluates the base 
pressure by equating the pressure in the wake, as calculated 
from the boundary-layer flow, to the corresponding pressure 
as calculated from the exterior flow. In calculating the 
pressure from the boundary-layer flow, however, several 
approximations and assumptions are necessarily made which, 
according to Colic, result in no more than a first approxima-
tion. 

The primary purpose of the investigation described in the 
present report is to formulate a method which is of value 
for quantitative calculations of base pressure both on air-
foils and bodies. The analysis is divided into two parts. 
Part I consists of a detailed study of the base pressure in 
two-dimensional and axially symmetric inviscid flow. The 
purpose of part I is to develop an understanding of the prob-
lem in its simplest form, and to study the effects on base 
pressure of variations in profile shape. In part II a semi- 
empirical theory is formulated since the results of part I 
indicate that an inviscid-flow theory cannot possibly be 
satisfactory for engineering estimates of base pressure. 
A comparison of the semi-empirical analysis with experi-
mental results is also presented in part II of the report. 

Much of the present material was developed as part of a 
thesis submitted to the California Institute of Technology 
in 1948. Acknowledgment is made to H. W. Liepmann of 
the California Institute of Technology for his helpful dis-
cussions regarding the theoretical considerations, and to 
A. C. Charters of the Ballistic Research Laboratories for 
making available numerous unpublished spark photographs 
which were taken in the free flight experiments of reference 5. 

I Supersedes NACA TN 2137, "An Analysis of Base Pressure at Supersonic Velocities and Comparison with Experiment," by Dean R. Chapman, 1950. The present report includes 
referenoe'to some experiments not discussed therein, and incorporates a more detailed analysis of the effects of variations in profile shape on base pressure in inviscid flow.
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NOTATION 
C constant 
d	 rod or support diameter 
h base thickness (base diameter for axially symmetric 

flow, trailing-edge thickness for two-dimensional 
flow) 

L	 length upstream of base (body length for axially sym-
metric flow, airfoil chord for two-dimensional flow) 

M Mach number 
p	 pressure 
P	 pressure coefficient referred to free-stream conditions 

(: 2) P. 

Pb' base pressure coefficient referred to conditions on a 

hypothetical extended afterprofile 

Pb. base pressure coefficient for maximum drag in inviscid 
flow over a semi-infinite profile 

Pb * value of Pb' obtained by extrapolating to zero boundary-

layer thickness the curve of Pb' versus 

q	 dynamic pressure(- p u) 

R	 gas constant 
Re Reynolds number based on the length L 
r	 radial distance from axis of symmetry to point in the 

flow 
T temperature 

thickness of wake near the y trailing shock wave 
U	 velocity 

angle of boattailing at base 
y	 ratio of specific heats (1.4 for air) 
ö	 boundary-layer thickness 
P	 density

SUPERSCRIPT 

conditions on hypothetical extended afterprofile aver-
aged over a region occupying the same position 
relative to the base as the dead-air region 

SUBSCRIPTS 

corditions in the free stream 
b	 conditions at base 
o	 stagnation conditions 

I. BASE PRESSURE IN AN INVISCID FLUID 

Throughout this part of the report the effects of viscosity 
are completely ignored and the flow field determined for an 
inviscid fluid wherein both the existence of a boundary layer 
and the mixing of dead air with the air outside a free stream-
line are excluded from consideration. It is assumed through-
out that a dead-air region of constant pressure exists just 
behind the base and is terminated by a single trailing shock 
wave. As will be seen later, the assumption of zero viscosity 
oversimplifies the actual conditions; the results obtained with 
this assumption agree qualitatively with a number of ex-
perimental results, but provide quantitative information 
only on the effects of profile shape on base pressure.

TWO-DIMENSIONAL INVISCID FLOW OVER A SEMI-INFINITE PROFILE 

In order to achieve the greatest possible simplicity at the 
outset, the case of a semi-infinite profile will be considered 
first. By this is meant a profile of constant thickness which 
extends from the base to an infinite distance upstream 
(fig. 1). The problem at hand is to determine the flow pat-
tern in the neighborhood of the base. Since the effects of 
viscosity are at present ignored and only steady symmetrical 
flows are considered, the problem is simply that of determin-
ing the flow over a two-dimensional, flat, horizontal surface 
which has a step in it (fig. 2).

'--Dead air 

FIGURE 1.—Semi-infinite profile. 

FIGURE 2—Example of inviscid flow over a two-dimensional profile. 

It is easy to construct a possible flow pattern which satisfies 
all necessary boundary conditions including the requirement 
of constant pressure in the dead-air region. For example, 
suppose the free-stream Mach number is 1.50 and some 
particular value of the base pressure coefficient, say 
Pb =-0.30 (p b1p=0.53), is arbitrarily chosen. Since the 
base pressure is prescribed, the initial angle of turning 
through the Prandtl-Meyer expansion (fig. 2) is uniquely 
determined, and in this particular case is equal to 12.4° 
at B. The pressure, and hence the velocity and Mach num-
ber, must be constant along the free streamline BC. For 
the example under consideration, the Mach number along 
the free streamline is calculated from the Prandtl-Meyer 
equations to be 1.92. For a uniform two-dimensional flow 
over a convex corner, the pressure depends only on the angle 
of inclination of a streamline, hence it follows that BC is 
a straight line. The triangle BCE therefore bounds a region 
of uniform flow having the same pressure as the dead-air
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region. As the trailing shock wave (fig. 2) extends outward 
from E to infinity, interference from the expansion-waves 
gradually decreases its strength until it eventually becomes a 
Mach wave. That part of the shock wave from C to E must 
deflect the flow through the same angle as the expansion 
waves originally turned it (12.4° for the particular example 
under consideration). This deflection certainly is possible 
since the Mach number in the triangle BCE is 1.92 which, 
according to the well-known shock-wave equations, is capable 
of undergoing any deflection smaller than 21.5°. As the 
flow proceeds downstream from the trailing shoëk wave 
CEF, the pressure approaches the free-stream static pressure, 
thus satisfying the boundary condition at infinity. 

It is evident that a possible flow pattern has been con-
structed which satisfies all the prescribed requirements as 
well as the necessary boundary conditions. This flow, how-
ever, certainly is not t,'hp. only possible one for the particular 
Mach number (1.50) under consideration, since any negative 
value of Pb algebraically greater than —0.30 also would 
have permitted a flow pattern to be constructed and still 
satisfy all boundary conditions. This is not necessarily 
true, though, if values of Pb algebraically less than —0.30 
are chosen, as can be seen by picturing the conditions that 
would result if the base pressure were gradually decreased. 
The angle of turning through the Prandtl-Meyer expansion 
would increase and point C in figure 2 simultaneously would 
move toward the base. The base pressure can be decreased 
in this manner only until a condition is reached in which 
the shock wave at C turns the flow through the greatest 
angle possible for the particular local Mach number existing 
along the free streamline. The base pressure cannot be 
further reduced and still permit steady inviscid flow to 
exist. The flow pattern corresponding to this condition of 
a maximum-deflection shock wave can be considered as a 
"limiting" flow of all those possible. There are obviously 
an infinite number of possible flows for a given free-stream 
Mach Number, but only one limiting flow. 

The limiting value of the base pressure coefficient can be 
calculated as a function of the free-stream Mach number by 
reversing the procedure described above for constructing 
possible flow patterns. Thus, for a given value of the local 
Mach number along the free streamline a limiting flow pat-
tern can be constructed by requiring that the angle of turn-
ing be equal to the maximum-deflection angle possible for 
a shock wave at that particular local Mach number. By 
use of the Prandtl-Meyer relations the appropriate value of 
the free-stream Mach number is then directly calculated 
from the angle of turning and the local Mach number along 
the free streamline. This process can be repeated for differ-
ent values of the local Mach number along the free stream-
line and a curve drawn of the limiting base pressure coefficient 
as a function of Mach number. Such a curve is presented 
in figure 3. The shaded area represents all the possible 
values of the base pressure coefficient for two-dimensional 
inviscid flow. The upper boundary of the shaded area 
corresponds to the limiting flow condition for various free-
stream Mach numbers. 

There is no reason a priori to say that for a given M 
the limiting flow pattern represents that particular one 
Which most nearly approximates the flow of a real fluid.

RU•lIU•MlUUUI ii•iiiu•iiu 

NFAMN^ 0 

r  aaau ru•u 

values of Pb

PtUU 

iur44r4
Mach number 

FIGURE 3.—Base pressure for two-dimensional inviscid flow. 

The curve representing these limiting flow patterns can be 
considered simply as being the curve of maximum base drag 
(and hence maximum entropy increase) possible in an in-
viscid flow. This is the only, interpretation that will be 
given to this curve for the time being. Since it is these 
limiting solutions which will be singled out later for further 
use, a special symbol P will be used to designate the base 
pressure coefficient of such flows. It is evident from figure 
3 that in the Mach number region shown the values of Pb, 

for two-dimensional flow correspond to very high base drags, 
being almost as high as if a vacuum existed at the base. 
At Mach numbers greater than or equal to 6.0, the values 
of Pb exactly correspond to a vacuum at the base. 

AXIALLY SYMMETRIC INVISCID FLOW OVER A SEMI-INFINITE BODY 

In principle the same method of l)rocedure can be used 
for inviscid axially symmetric flow as was used for inviscid 
two-dimensional flow. The axially symmetric flows, how-
ever, are somewhat more involved than the corresponding 
two-dimensional flows. For example, in axially symmetric 
flow the expansion wavelets issuing from the corner of the 
base are not straight lines as they are in Prandtl-Meyer 
flow. Moreover, additional complications arise since the 
flow conditions upstream of the trailing shock wave do not 
depend solely on the inclination of the streamlines at a 
given point, but depend on the whole history of the flow 
upstream of the Mach lines passing through that point. 
As a consequence of these complications, the free streamline 
of constant pressure cannot be straight. 
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In order to construct possible flow patterns as was clone in 
the two-dimensional case, the method of characteristics for 
axiall y symmetric flow must be used. The details of the 
particular characteristics method emplo yed are described in 
reference 6. By employing the characteristics method the 
inviscid flow field corresponding to a given base pressure can 
be constructed step by step for any given value of the Macli 
number. The shape of the free streamline is, of course, 
determined by the condition that the pressure and the 
velocit y must be constant along it. An example of such a 
construction for a free-stream Mach number of 1.5 is given in 
figure 4 (a). In this particular case, the base pressure 

Uniform flow 

M0,=1.5

Free streamline M=1.84 - -' 

rb -	 N
Lad-air space 

Uniform pressure Pb	 r=O.SS2rb 

Axis of symmetry - 	 -	 - ______

- (a)
(a) M=1.5; P1—O.25. 

Fiuu 4.—Typical Mach nets for inviscid flow over the base of a semi-infinite body of

revolution. 

coefficient which has been chosen arbitraril y is —0.25. It is 
to be noted that there is a striking difference between the 
axially symmetric flow (fig. 4 (a)) and the two-dimensional 
flow (fig. 2). The inviscid flow pattern for the axially 
symmetric case cannot be constructed all the way to the 
axis of symmetry and still satisfy the prescribed boundary 
conditions. This is a consequence of the curvature of the 
free streamline and the fact that the Mach number along 
the free streamline in the case under consideration is 1.84, 
which, at the most, is capable of deflecting a streamline only 
19.9° by a single shock wave. As is illustrated in figtire 
4 (a), the angle of inclination of the free streamline for this 
example is already 19.9° at a value of r1r=0.552, where r is 
the radial distance from the axis and r b =h/2 is the radius of 
the base. Since the angle of inclination of the constant-
pressure free streamline would continue to increase mono-
tonically as the axis is approached, the flow pattern of 
figure 4 (a) cannot be constructed farther than the point 
shown (r/r b =0.552) and still permit the flow to be deflected 
through a single shock wave and become parallel to the axis 
of symmetry. This phenomenon is not attributable to the 
particular combination of Mach number and base pressure 
selected for figure 4 (a). In figures 4 (b), 4 (c), and 4 (d), 
other examples are presented which illustrate the flow for 
different values of Mach number and for different base 
pressures. In each case the free streamline has been ter-

(d) M =4.O; P 5 = —O.d$i. 
FIGURE 4—Concluded. 

minaied at the point where the local angle of inclination is 
equal to the angle corresponding to the greatest possible 
deflection by a single shock wave. It is evident that none 
of these flow Patterns could he constructed clown to the axis 
of symmetry . Altogether, approxintatelv 30 flow patterns 
were constructed by the characteristics method; in no case 
could the flow be constructed all the wa y to the axis. 

The flow patterns built up b y the method of characteristics 
should not be regarded as unrealiirtic simply because time flow 
cannot be constructed all the way to the axis. In a real 
fluid the flow outside the boundar y la yer is similar because 
the wake behind the body fills the region near the axis and 
prevents the outer flow from reaching time axis. This fact 
suggests that the axiall y s ymmetric inviscid-flow patterns



FIGURE i—Axially symmetric semi-infinite body with rod attached.
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should be investigated further as they might bear some 
relation to actual flows if the displacement effect of the wake 
were considered. 

The flow fields containing a free streamline not meeting 
the axis of symmetry can be considered as those that would 
exist in inviscid flow about a body of revolution which has an 
infinitely long cylindrical rod (or "sting") attached to the 
base. As an example, the flow of figure 4 (a) would corre-
spond to a body having a rod of diameter d=0.552h attached 
to the base. (See fig. 5.) With such a model the trailing 
shock wave turns the free streamline through the greatest 
deflection possible for the given local Mach number along 
the free streamline. The flow field is therefore the limiting 
flow field of all those possible for the given free-stream \fach 
number and the given ratio of d/h.

h

to 

#00 

Just as in the case of the two-dimensional body, there are 
also an infinite number of possible flow patterns for the body
of revolution with a rod attached. This is true because for 
a given configuration as many additional flow patterns as 
desired can be constructed by simply selecting the base
pressure to be any pressure between the free-stream pressure 
and the pressure corresponding to the limiting flow. The 
limiting flow pattern is to be given the same physical sig-



nificance for axially symmetric flow as for two-dimensional 
flow; that is, the corresponding base pressure coefficient 

represents the maximum base drag possible for an inviscid 
flow with a single trailing shock wave and a given ratio 
of d/h. 

By choosing different values of the base pressure co-
efficient for a fixed Mach number, the inviscid solutions 
determined by the method of characteristics enable a plot 
Of Pb, against (11h to be made. This procedure has been 
carried out for Macli numbers of 1.25, 1.5, 2.0, 2.5, 3.0, 
and 4.0. The results are shown in figure 6. Each point on 
the curves in this figure represents one flow pattern con-
structed by the characteristics method. The values for 
d/h=0 correspond to the semi-infinite body without a rod 
attached. It is to be noted that for each curve in figure 6 
the value of Pb, extrapolates to zero as d/h approaches zero. 
This means that the base pressure is equal to the free-
stream static pressure, the free streamline is undeflected, 
and the base drag is zero. Hence, the limiting flow pattern

/ ,-, ---

o------- 	 .2	 .4	 .5	 .8	 1.0 
Rod diameter ci 

Body diameter' h 

FIGURE 6.—Parameter prQpOrtiOflal to the maximum base drag possible In an inviscid axially 
symmetric flow. 

and the infinity of possible inviscid flows for 0<d/h<1 
degenerate into a single trivial solution corresponding to 
zero base drag for d1h=0. This behaviour appears anoma-
bus on first thought, particularly when one remembers 
that the coefficient Pb, represents the maximum possible 
base drag that can exist for an inviscid flow of the type 
being considered. An explanation can be obtained from a 
consideration of the equations of motion since they are the 
basis for the method of characteristics. This explanation, 
however, is not essential for an understanding of the main 
conclusions regarding base pressure, and hence is presented 
as Appendix A. 

In figure 6 the limiting values as d/h approaches 1.0 
correspond to the previously treated case of two-dimensional 
flow. It can be seen that this must be the case by visualizing 
the limiting process as taking place with both d and h 
approaching infinity, but with the difference (h-d) held 
constant. The configuration approached in this manner 
would be a two-dimensional step of height (h-d)12; hence 
the pressure coefficient approached would be the limiting 
base pressure coefficient for two-dimensional inviscid flow. 
On the other hand, if d/h is equal to unity (instead of ap-
proaching it from values always less than unity), then the 
corresponding configuration would be a semi-infinite body 
of revolution with a cylindrical rod of the same diameter 
attached to the base. Although no dead-air region exists 
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in this latter case since the flow is everywhere uniform, the 
base pressure in the physical sense would he the static 
pressure at the junction of bod y and rod, and hence P 
would be zero. 

The occurrence of more than one possible solution in 
two-dimensional flow and also in axially s ymmetric flow 
with a rod attached does not represent a new occurrence in 
inviscid flow theory. A similar situation occurs, for ex-
ample, in airfoil theor y for an inviscid, incompressible 
fluid. As is well known, a satisfactor y solution in this case 
has been found in the use of the so-called Kutta condition, 
which can be readily justified on the basis of qualitative 
consideration of viscous effects near the trailing edge. 
Apart from the effects of viscosit y several other consider-
ations, such as stability of the flow, also have been of 
importance in other unrelated problems when selecting a 
suitable inviscid flow solution from a possible choice of 
more than one. As an example of this, the inviscid channel 
flow studied in reference 7 may be cited. For the present 
problem, however, the preceding analysis of axially sym-
metric inviscid flows points toward viscous effects (rather 
than stability of inviscici flow) as being the essential median-
ism determining the base pressure. Before considering 
viscous effects, however, the effect on base pressure of vari-
ations in profile shape will be anal yzed in detail since experi-
ments have indicated widely different results for various 
profiles. The method presented later for correlating base 
pressure data requires that the measurements first be cor-
rected for the effect of profile shape. In the section which 
follows equations are developed for such a correction. 

TWO-DIMENSIONAL AND AXIALLY SYMMETRIC INVISCID FLOW OVER 
FINITE PROFILES 

In this section consideration is given to the flow over a 
finite two-dimensional profile concurrentl y with that of a 
finite body of revolution. For either type of flow, the 
presence of the profile causes the Mach number and pressure 
in the flow field ahead of the base (.211, p) to be nonuniform 
and different from free-stream conditions (Mo , pc) . This 
is illustrated in figure 7 (a) for a profile without boat tailing. 
As a result of the disturbance caused by the profile, the base 
pressure depends on profile shape even in an in-viscid flow. 
In this section, a method is developed for calculating cor-
rected free-stream conditions (Iii', p') to which the base 
pressure can be referred and he nearly independent of profile 
shape. This method does not depend on the magnitude of 
the base pressure or on the dimension d (fig. 7 (a)), and hence 
is useful in comparing experimental measurements made on 
various airfoils and bodies of revolution. 

To fix ideas, the .2\Iach lines shown as dotted lines in figure 
7 (a) will be thought of as representing weak Pressure 
waves; those with positive tangents (e. g., DD) being mem -
bers of the so-called first famil y, and those with negative 
tangents (e. g., DA) being members of the so-called second 
family. Weak pressure waves issuing from the bod y can 
affect the base pressure in several ways. For example, 
waves of the first family starting between D and E not only 
affect conditions at A, but also affect conditions between A

IL,^^
I, 

Mçp
GI 
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PS 
(a)

G	 Hypo the fical 

MIPVi /4 
(b) 

(a) Finite profile.
(b) Finite profile with extended afterprofile. 

FIGURE 7.—Sketch of inviscid flow over finite profile without boattailing. 

and G. Such waves reflect from the bow shock wave be-
tween D and E and then become members of the second 
family of waves between DA and TG which directl y interact 
with the dead-air region. Waves of the second family 
beyond EG would not affect the base pressure in an inviscicl 
flow. The net effect of profile shape on the base pressure of 
a finite body, therefore, will be determined both by condi-
tions at A and by the variation of conditions between A and 
G. If a hypothetical afterprofile were extended from the 
base, as illustrated in figure 7 (b), then such conditions 
would cause the avrage pressure (p') and Mach number 
(.211') along A  of the extended afterprofile to differ from the 
corresponding free-stream conditions. These differences 
would represent the disturbance field induced near the base 
by the profile shape, and the base pressure referred to .211' and 
p' (e. g., a curve of P5' or Pb/P' versus .211') could be regarded 
as corrected for the effects of profile shape in inviscid flow.2 
By applying the compatibility equations of the method of 
characteristics for either two-dimensional or axially sym-
metric flow to the triangle AGH in figure 7 (b), it can be 
deduced that the magnitude of the velocity averaged at 
points A and H is approximately equal to the magnitude of 
the velocity at point G. Thus, M' and p' can be evaluated 
either from conditions along a hypothetical extended after-
profile, or else from conditions at an appropriate point (G) in 
the flow over the given profile. 

A second case to be considered is that of a profile having a 
2 It may be noted that M' and p' are analogous in some respects to the corrected free-stream Mach number and pressure used in subsonic wind-tunnel operation: the former represent the average Mach number and pressure induced in the vicinity of the base b y the presence of the profile; whereas the latter represent the average Mach number and pressure induced in the vicinity of the test model by the presence of the tunnel walls. Both corrections are accurate Only when the Induced disturbance field is small and approximately uniform over the region in question.
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negative boattail angle (a), as illustrated in figure 8 (a). 
This flow can be converted to an equivalent flow over a 
profile without boat tailing hawing the same base pressure 
as the flow of figure 8 (a) and certain nonuniform conditions 
ahead of the base. This equivalent flow, illustrated in figure 
8 (b), is identical to the type already considered and is such 
that the flow within C'O'G' coincides with the flow within 
COG in figure 8 (a). Point G, therefore, is defined by the 
intersection of the Mach line passing through C, and the 
particular I\Iacli line passing through 0 on which the ve-
locity vector at 0 is parallel to the free-stream direction. 
Hence, for this second case also, Al' and p' can be deter-
mined approximately either from conditions on a hypo-
thetical extended afterprofile, or else from conditions in the 
original flow at point G. 
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c) (d) 

(a)	 <O. (b) Equivalent flow for $<0. 
(c) $>O.	 - (d) Equivalent flow for >O. 

FIGURE 8.—Sketch of inviscid flow in vicinity of base for profiles with boattaiing.

A third and last case to be considered is that of a profile 
having a positive boattail angle, as illustrated in figure 8 (c). 
This flow also can be converted to an equivalent flow over a 
profile without boattailing having the same base pressure 
as the original flow (fig. 8 (c)), and certain nonuniform con-
ditions ahead of the base. As sketched in figure 8 (ci), 
the equivalent flow ahead of the base is such that the con-
ditions downstream of O'J' are identical to conditions down-
stream of OJ in figure 8 (c).3 Thus for $>O, Al' and p' can 
be determined approximately from conditions at G' in the 
equivalent flow, or else from conditions along a hypothetical 
profile extended downstream from 0, but Al' and p' (10 not 
necessaril y exist at any easily determined point in the 
original flow. 

For any profile the relationship between the base pressure 
coefficient ''b = p0 — p ') 1q ' which corresponds to the Mach 
number M',and the base pressure coefficient I',=— (pb—p)/q 
which corresponds to the Mach number M and to the given 
profile, is given by the equation

(1)- 
where

P'=(p'—p,,,)1q0	 (2)

and, if the profile disturbance field is small, 

f=i+(_i)i'_-_2(i+Yj± Al 2) J0 a) 

In this last equation (derived in appendix C), Ap.1p,is the 
fractional loss in total pressure on passing through the bow 
wave. If the ratio p /p is used instead of the coefficient P0. 
the analogous relation between the ratio Pa/p' and Pe!P 
obviously is

p= l_1?!!.	 (4) 
P, (p '/p 0) P. 

For a given profile, these equations enable a curve of P0' (of-
p,/p') versus Al' to be plotted if a curve of J' (or pe/p 
versus M is known. 

In order to further clarif y the concept of the disturbance 
field induced by profile shape, and also to illustrate the 
iiiagnitidc of the variations in base pressure that might be 
expected between different profiles, some representative 
calculations of Al' and ji' have been prepared in tables I, II. 
and Ill. For simplicit y in these calculations, Al' and 
have been evaluated along the hypothetical extended after-
profile at a distance it behind the base position, rather than 
to use in each case a more involved average over the appro-
priate extent of dead air. 'Fable I applies to two-dimen-
sional flow over the particular profile shown. The compu-
tations for -11. = 1 are based on the pressure distributions 
calculated by Guclerley and Yoshihara in reference 8; the 
computations for other Mach numbers in this table are based 
on shock-expansion theory. It is evident that the disturb-
ance field near the base is significant at low supersonic 
Mach numbers where the bow wave is detached, and also at 
hypersonic Mach numbers where the bow wave is very strong. 
At moderate supersonic Macli numbers, however, the profile 
disturbance field in two-dimensional flow is negligible, and 
conditions on a thin airfoil depend solel y on the local surface 
inclination. It follows that the base pressure under such 
circumstances is nearl y independent of profile shape and 
boattail angle. (If the angle of attack is small the base 
pressure is also nearly independent of angle of attack under 
these conditions.) 

Table II, which is based on the method of characteris- 
tics, applies to the cone-cylinder bod y of revolution shown, 
and illustrates that the correction-for the profile disturbance 
field is not large if the afterbody comprises a cylinder several 
diameters long. For example, at a Mach number of 1.5 
for which the value of Pb/Pm is about 0.7, the value p'/p.= 
0.98 corresponds to a correction of about 6.7 percent to the 
base drag (since the base drag is proportional to (1 —p/p,)). 

'Fable III applies to a cone (=_100), and illustrates 
that the correction for such profiles can he sizable. At a 
Mach number of 1.5, for example, the induced pressure field 
in this case amounts to over one-fourth of the base drag. 
For larger apex angles, the corresponding correction for 
cones can be considerably larger. It is to be noted that 
the induced pressure field usuall y represents a much more 
important correction to base drag than the induced Mach 
number field. 

'Such an equivalent flow can readily be constructed if the Mach number on the surface just ahead of the base in the original flow Is sufficiently large, or if fi is sufficiently small, to 
insure supersonic velocities along O'G' in the equivalent flow. 
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H. A SEMI-EMPIRICAL METHOD FOR CORRELATING BASE 
PRESSURE MEASUREMENTS AND COMPARISON WITH 
EXPERIMENTAL RESULTS 

QUALITATIVE EFFECTS OF VISCOSITY ON THE BASE-PRESSURE FLOW 

A sketch showing the qualitative flow characteristics for 
the viscous-fluid flow in the region of the base is given in 
figure 9. The flow along the first expansion wavelet starts 
with the nonuniform distribution of Mach number M, pres-
sure p, and with a boundary-la yer thickness 6. Because 
the base pressure is lower than the pressure p, a small fan 
of expansion wavelets originates at point A. The existence 

1"161 HE 9—Sketch or the viscous-fluid flow in the neighborhood of the base. 

of dead air iii a small volume immediately behind the base 
is a result of the separation at point B. As a consequence 
of th formation of a dead-air region it might be expected 
that the pressure along the streamline BC is approximately 
constant. The qualitative form of the boundar y-la yer pro-
files at stations between points B and C must take on the 
same nature as those existing at the boundar y of a super-
sonic jet issuing into ambient air. Because of the viscosity 
of the fluid, the dead air is induced into a circulator y motion 
in the directions indicated by the small arrows in figure 9. 
The viscous mixing process causes the boundar y layer to 
thicken as it approaches point C. in axiall y symmetric 
flow there is an additional reason for further spreading of 
the streamlines in the boundary layer as the trailing shock 
wave is approached. Since the mean radius of a stream-
tube in the boundary layer continuall y decreases as the 
trailing shock wave is approached, additional spreading is 
brought about in order to keep the annular cross-sectional 
area of the streanitubes approximatel y constant. 

With this qualitative picture of the flow processes in mind, 
a brief description can be given as to how the base pressure 
arrives at its stead y-state equilibrium value. To fix condi-
tions in mind, SUPI)OSC a jet of air is pumped from the body 
into the dead-au- region and (lien is suddenly stopped. At 
the instant the jet is turned off, point C is far downstream 
of its equilibrium position. Due to the scavenging effect 
of the outside flow on the mass of dead air, some of this 
(lead air is remove(], thus causing the angle of turning at 
the corner to be increased and the pressure of the dead-air 
region to be decreased. The larger angle of turning in-
creases the velocity outside the boundary layer, which in

turn increases the scavenging action, them-ebv again lower- 
ing (lie pressure and starting the cycle over again. Thus, 
point C moves rapidl y to a position as close to the base as 
possible. There is, however, at least one important factor 
whicli prevents point C from going as far toward the base 
as that point which would roughl y represent the limiting 
solution for inviscid flow. As C moves toward the base, 
the pressure ratio of the trailing shock wave increases, 
making it more difficult for the scavenged au- and the low- 
velocit y air in the boundar y la yer to overcome the pressure 
ruse of the shock wave and flow downstream. The opposi -
tion of this effect to the ones mentioned previously would 
serve to establish equilibrium. It appears, therefore, that a 
satisfactory theoiv of base pressure would have to consider 
the mixingprocess in conjunction with the inviscid-fluid 
characteristics of the outer flow. 

BASIS FOR CORRELATION OF EXPERIMENTAL DATA 

It is assumed that the flow expands over the corner of the 
base as illustrated in figure 9. The base thickness h would 
be the trailing-edge thickness in the case of two-dimensional 
flow, and would be the base diameter in the case of axially 
symmetric flow. An attempt to correlate the various 
measurements of base pressure is made on the basis of the 
relationship

P1'=i (Al', ' , (5) 

which assumes that the base pressure coefficient corrected 
for the profile disturbance field is affected b y viscous effects 
onl y through the ratio of boundary-la yer thickness to base 
thickness. Actuall y , even for a fixed value of /h the base 
pressure would be affected by an ything that affects the 
distribution of fluid propert.mes within the boundar y layer 
or within the mixing layer downstream of the base. It 
will be seen subsequently, though, that in man y cases the 
above relationship yields acceptable results. 

If the boundar y-la yer flow is laminar, then from dimen- 
sional analysis and the classical considerations of the terms 
involved in the boundar y-layer equations, it follows that 

6 ^V.L =. f(M., profile shape) 

Rewriting this equation, 

L/h	 CL f(M, profile shape)=– 
h 

where C is a function of the 'Mach number and profile shape, 
but independent of viscosit y. For a given L/h, variations 
in profile shape affect the boundary-layer thickness prin- 
cipallv through the action of the pressure gradients set up 
by the particular profile contour. As a first approximation 
the effects of variations in pressure distribution on the thick-
ness of the boundary layer just ahead of the base will be 
neglected since these effects in most cases should be small 
compared to the effects of Reynolds number and L/h ratio. 
Within the limits of this simplification, the above equation is 

---,-------- 
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applicable to any profile shape or length. Hence in correlat-
ing the data for laminar-boundary-layer flow, the parameter 
L/(h-/) is used in the absence of direct measurements of 

In the case of turbulent flow a similar parameter can be 
obtained. By approximating the turbulent boundary-
layer profile with a. 1/7-power law, the ratio a/h for low-
speed flow turns out to be inversely proportional to the 
1/5 power of the Reynolds number. (For example, see 
reference 9.) Using this result, he appropriate parameter 
in correlating base-pressure data for turbulent boundary-
layer flow would be L/[h(i?e)"5J. 

EXPERIMENTAL DATA FOR TWO-DIMENSIONAL FLOW 

At present the available experimental results on base 
pressn e in two-dimensional flow are rather limited, but they 
are sufficient to provide a qualitative check on one particular 
Tesult of the inviscici-flow calculations; this result concerns 
the essential difference, as indicated by the inviscid-flow 
calculations, between the base pressure in two-dimensional 
flow and in axially symmetric flow. The absolute magnitude 
of the base pressure coefficient for two-dimensional inviscid 
flow at a• given Mach number is represented by the limit of 
the values for axially symmetric flow as d/h approaches 
unity in figure 6. For low and moderate supersonic Mach 
Tiumbers this limiting value is several times the value for a 
body of revolution, which, as will be seen later, is represented 
in figure 6 by a d/h ratio somewhere between 0.5 and 0.8. 
For high supersonic Macli numbers the difference between 
the two types of flow, according to figure 6, is small. These 
considerations which indicate that, except at high supersonic 
Mach numbers, a pronounced difference should exist between 
the base pressure in to-dimensionaI and axially symmetric 
flow, are in agreement with existing data. In reference 10, 
the wind-tunnel measurements for two-dimensional flow over 
a wedge airfoil at a Mach number of 1.4 and a Reynolds 
number of 0.6 million indicate a value of —0.41 for the base 
pressure coefficient. Measurements presented later for axi-
ally symmetric flow at the same Mach number and Reynolds 
number, however, indicate values around —0.20. This 
large difference is in accord qualitatively with the considera-
tions based on the curves of figure 6. 

In order to make a preliminary evaluation of the Reynolds 
number effect on base pressure in two-dimensional flow, 
some measurements have been made on a constant-chord 
wing of finite span having a thick trailing edge.4 Because 
the ambient air near the wing tips can flow laterally around 
the tip and into the low-pressure region behind the base, the 
data cannot be considered as strictly representing two-
dimensional flow. Nevertheless, the ratio of span to base 
thickness (40) was sufficiently large on the wing employed 
so that tip effects should not affect conclusions concerning 
thO qualitative influence of Reynolds number on base pres-
sure in two-dimensional flow. The results of base-pressure 
measurements taken at a Mach number of 2.0 are shown in 
figure 10 (a). It is apparent that the base drag increases 
considerably as the Reynolds number increases. Since the 
surfaces of the wings were smooth, and the highest Reynolds

number attained was 1.8 million, the data are representative 
of the case of laminar flow in the boundary layer. A plot 
of these data against the parameter L1(h/7) is shown in 
figure 10 (b). - It is to be noted that in this form a. straight 
line can be faired through the data in the re gion covered by 

the tests. For larger values of L/(h-/]) the line would be 
expected to curve and approach the line representing zero 
base drag.

^O 

[(a)  I 
0.8	 1.2	 1.6	 20x106 
Reynolds number, Re 

(a) Base pressure as a function of Reynolds number. 
(b) Base pressure as a function of L/h 'f 

FIGURE 10.—Measured base pressure on a finite-span wing; M =2.0, ratio of wing span to
base thickness =40. 

EXPERIMENTAL DATA FOR AXIALLY SYMMETRIC FLOW

Fortunately, there are sufficient experimental data avail-

able for axially symmetric flow to make a fairly extensive 
correlation of P' with the parameters L1(h 11Re) and 
L/[h(Re)"9, where h is now the base diameter. Most of 
these data have been obtained from wind-tunnel measure-
ments on bodies of revolution mounted from the rear by a 
cylindrical support. Accordingly, a knowledge of the pos-
sible support and wall interference effects is necessary for 
a satisfactory interpretation of the wind-tunnel measure-
ments. Some experimental data on support interference 
and reflected bow-wave. interference are presented in ap-
pendix B. It will suffice for the present purposes to state 
that the wind-tunnel measurements were taken with a 
support sting of sufficient unobstructed length so that no 
interference effect of support length is pi-esent in the data. 
Likewise, no appreciable interference resulting from the 

-24 
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4 These data were taken in the Ames 1-by 3-foot superosnie wind tunnel No. 1 employing a wing off)-inch span with a base-pressure orifice located 1 inch outboard of the plane of symmetry. 
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reflected bow wave is present in the data. As regards the 
effects of support diameter, it is known from a relatively, 
complete set of interference measurements made by Perkins 
(reference 11), part of which is presented later, that the data 
taken at M= 1.5 are essentially free of support interference. 
At the higher Mach numbers, however, a complete set of 
support-diameter interference measurements was not made. 
Consequently, some effect may be present in the data taken 
at 41=2.0 and .211=2.9. For consistency, these data which 
may be affected to a small extent by support-diameter 
interference have been taken with a fixed value of 0.4 for 
the ratio of support diameter to base diameter. By com-
paring the base pressure measured on various bodies tested 
with the same relative support diameter, the effects of body 
shape can be deduced if it is assumed that changes in nose 
shape do not produce significant changes in the support 
interference. This is believed to be a valid assumption for 
the body and support dimensions used. 

In reducing the experimental data for correlation, the 
measurements are first corrected for the disturbance field 
induced by profile shape. All bodies of revolution used in 
the present experiments consisted of either a cone-cylinder 
(10° serniangle of cone) or an ogive-cylinder (10-caliber 
ogival radius) combination. In order to determine the body-
shape correction (P') the pressure distribution over such 
combinations has been calculated using the method of charac-
teristics. Two typical pressure distributions for a Mach 

Cone cylinder 

<vecY/inde73 

-10-caliber radius 

	

36 — - -	 - 

25 - 
\ ,'- -Ogive cylinder

- 

/5
-Cone cylinder 

= 

95-----

0	 /	 2	 3	 4	 5	 6	 7	 8	 9
Distance from nose, calibers 

FIGURE 11.—Typical pressure distribution as determined by the method of characteristics; 
M, =2.0.

number of 2.0 are shown in figure 11. For the reasons 
explained earlier, the correction F' is determined by selecting 
the value of the pressure coefficient existing on an extension 
of the cylindrical afterbody at a location approximately 
one diameter downstream of the base position. The values 
of F' determined in this manner enable the corresponding 
values of P' to be determined from equations (1) and (3). 

The quantity Pb' should not depend on the body shape for 
• given M'. For all but a few exceptional shapes, such as 
• simple cone without an afterbody, the Mach  number M' 
in the present tests is sufficiently close to the free-stream 
Mach number to enable 'a direct comparison to be made 
between various body shapes after correcting for the pres-
sure disturbance field only. For these exceptional cases, 
which represent small values of the length-diameter ratio, 

an additional correction	 (M'—M) is added to thebm 
right side of equation (1), so that the comparison of various 
bodies is made on the basis of a constant M' equal to .M. 
Since even in an extreme case this latter correction is small 

compared to F', the derivative can be roughly estimated JI,

without affecting the final results appreciably. For the 
data to be presented subsequently, this correction was made 
only for those bodies with a length-diameter ratio of 4 or 
less, since it amounted to only 6 percent of the measured 
data in the most extreme case (L/h=0.9) and was negligible 
for the bodies with LI/i greater than 4. 

In attempting to correlate the available experiments it 
will be convenient to consider first the case of laminar flow 
in the boundary layer, and then the case of turbulent flow. 
The experiments representing the case of laminar boundary-
layer flow were conducted on bodies of revolution with 
polished surfaces, and those representing turbulent flow 
were conducted on the same models with artificial roughness 
added in the form of a narrow transition strip. (See refer-
ence 12.) Although for simplicity the data are referred 
to simply as representing either laminar or turbulent flow, 
in a few cases the actual boundary layer may be in the 
transition state. It is to be noted that with smooth models 
transition (insofar as it affects base pressure) probably 
begins at Reynolds numbers of the order of 4 million. 
Likewise, with roughness added in order to obtain turbulent 
flow, the artificial roughness may not bring about complete 
transition ahead of the base at Reynolds numbers less than 
about 2 million. 

Laminar boundary-layer flow approaching base .—Wind-
tunnel measurements of the base pressure for various bodies 
of revolution at a Mach number of 1.53 are shown in figure 
12 (a). These data, taken from reference 12, include the 
effect of variations in Reynolds number and body shape. 
The large effect of both Reynolds number and body shape 
is evident. Since the boundary-layer flow is laminar for 
these data, the extent to which correlation is achieved is 
most easily determined by plotting P as a function of 
L/(h..,fi). Figure 12 (b) shows the data of figure 12 (a) 
plotted in this form, from which it is evident that the experi-
mental data correlate reasonably well to a single curve. The 
scatter of the various measurements about the mean line 
is attributed partly to the fact that the tiiickness and 
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(a) Measured data, M. =1.53. 

(b) Correlation of measured data, iP= 1.53.
FIGURE 12.—Measured and correlated base pressure data; .M =1.53, laminar boundary-



layer flow. 

velocity profile of the boundary layer approaching the base, 
and hence the base pressure, are not strictly a function 
of the Reynolds number and length-diameter ratio alone. 

The results of some measurements of the base pressure 
for various bodies with laminar boundary-layer flow at a 
Mach number of 2.0 are shown in figure 13 (a). The data 
through which curves are drawn were taken in the Ames 
1- by 3-foot supersonic wind tunnel No. 1 under conditions 
similar to the tests at a Mach number of 1.53 reported in 
reference 12. The remaining data points were obtained 
from the experiments of Kurzweg (reference 13) by plotting 
his data for insulated smooth bodies as a function of Mach 
number, and reading the values of base 'pressure for iV[=2.0 
from the faired curves. The same qualitative effects of 
body shape and Reynolds number as were observed at a 
Mach number of 1.53 are evident from these data obtained 
at the higher \1ach number. Figure 13 (b) shows the data 
of figure 13 (a) plotted- in the form suitable for correlation 
according to the theoretical considerations. Considering 
the wide variety of body shapes tested, it can be seen that 
these data also correlate reasonably well to a single straight 
line. If the tests were extended to larger values of L/h, 
this line presumably would curve and approach the abscissae 
axis. 

Turbulent boundary-layer flow approaching base.—The 
results of wind-tunnel measurements of base pressure on 
bodies'oclie of revolution at a Mach number of 1.5 with turbulent
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(a) Measured data, M =2.0.
(b) Correlation of measured data, M'=Z.O. 

FIGURE 13.—Measured and correlated base pressure data; M =2.0, laminar boundary-



layer flow. 

boundary-layer flow approaching the base are shown in 
figure 14 (a.). Also shown in this figure are the results 
of free-flight measurements reported by Charters and 
Turetsky in reference 5. It is evident from this figure that 
the effect of Reynolds number on base pressure is small; 
whereas figure 12 (a) shows that it is large. in the ease of 
laminar boundary-layer flow. 

The measured data of figure 14 (a) are shown in figure 14 (b) 
plotted in the form suitable for purposes of correlating experi-
mental data. Since the body-shape correction (P) is 
independent of viscous effects, the same corrections have 
been used for the case of turbulent flow as were used for 
laminar flow. It may be seen from figure 14 (b) that the 
da.ta. correlate fairly well to a straight line. 

Some . experimental data for turbulent boundary-layer 
flow at a. Mach number of 2.0 are shown in figure 15 (a) 
and the plot of Pb' against L/[h(Re) 115] is shown in figure 
15 (h). The curves in these figures show the same charac-
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(a) Measured data, M, =1.5.
(b) Correlation of measured data, M'1.5.

FIGURE 14.—Measured and correlated base pressure data; M_ =1.5, turbulent boundary-
layer flow. 

teristic of relatively constant base pressure as was noted 
above for turbulent boundary-layer flow at a Mach number 
of 1.5. Again, there is a reasonably good correlation of 
these data., as is evident from figure 15 (b). 
COMPARISON OF EXPERIMENTAL RESULTS WITH THE INVISCm-FLOW

CALCULATIONS 

Since the intercept (P0*) of a, curve of P 5 ' versus /h is in- 
dependent of the Reynolds number, some correlation (pos- 
sibly only qualitative) might be expected between the ex- 
perimental values of Pb * and the invlscid-flow calculations, 
provided allowance is made for the displacement effect of 
the wake near the trailing shock wave. As long as the wake 
thickness is well defined (reasonably steady wake) a simple 
and plausible method of estimating Pb * would be to evaluate 
the base pressure coefficient for maximum drag in an inviscid 
flow wherein an equivalent solid object, such as illustrated 
in figure 5, replaced the wake. Such an object would have 
no effect in inviscid two-dimensional flow but would have a 
pronounced effect in axially symmetric flow. If in axially 
symmetric flow a rod of diameter d is considered to replace 
the wake of diameter t, the resulting maximum drag in 
inviseid flow would be the same, as calculated in part I 
where the corresponding base pressure coefficient was de- 
signated by Pb,. (See fig. 6.) Thus an estimate for the 
variation of Pb * with Mach number in axially symmetric 
flow would be
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(a) Measured data, .M' =2.0. 
(b) Correlation of measured data, -41'=2.0. 

FIGURE 15.—Measured and correlated base pressure data; -11. =2.0, turbulent boundary-
layer flow.	 - 

Pb	 cit for -=---	 (6)T= h 

and in two-dimensional flow it would be 
P0* esP0 -(7) 

Since a fluctuating wake presumably cannot be replaced by 
a rod without essentially altering the flow conditions near 
the base, the above estimates cannot be expected under 
such conditions to yield anything more than the right order 
of magnitude. 

Some information on the thickness and steadiness of the 
wake has been obtained from an examination of numerous 
spark photographs taken of projectiles in free flight. 5 Typ-

ical spark photographs are shown in figure 16, and the re-
su.Is of measuring the wake thickness on a large number of 
similar photographs are shown in figure 17. Figure 16 (a) 
represents the case of . laminar flow in the boundary layer at 
a free-stream Mach number of 1.73. Under these condi-
tions the wake thickness appears to be reasonably well de-
fined, although the trailing shock wave is not well defined 
near the wake. Figures 16 (b) and 16 (c) indicate that for 
turbulent boundary-layer flow on bodies of revolution the 
trailing shock wave and the wake are not very steady at 
Mach numbers below about 2. Thus it is not surprising 
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8 These shadowgraphs were made available through the courtesy of the Ballistic Research Laboratories, Aberdeen, Md. 
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(,) '! = 1.73, laminar. 

= 1.2.", tUttii1r1 

(c) %f, =L88, turbulent. 

F1oUE 16.—Shadowgraphs of projectiles in flight. (Courtesy Ballistic Research Labora-



tories, Aberdeen, Md.).

(II)	 = 2.33, lurbubnt. 

(e) M =3.64, turbulent. 

FIGURE 16.—Concluded. 

that, as 'will be seen later, equation (6) is in poor agreement 
with measurements for turbulent boundar y-laver flow at 
Mach numbers below about 2. At higher Mach numbers 
the ti-ailing shock wave and the wake become more clearly 
defined (figs. 16 (d) and 16 (e)), but the accurac y of equa-
tion (6) in this legion cannot as yet be tested because of 
insufficient experimental data. 

A comparison between inviscid-flow calculations and cx-
l)erilntlita1 values of Pb *is more direct for airfoils than for 
bodies of revolution since the wake thickness presumably 
need not be accounted for in two-diniensional flow. The 
value of 1'5 * as determined from the finite-span wing data 
in figure 10 (b) is —0.30. This is fairl y close to the limit-
ing pressure coefficient (P 1) for two-dimensional flow, which 
is —0.33 for a Mach number of 2.0. (See fig. 3.) Definite 
conclusions as to the significance of this agreement, how-
ever, will have to await the results of measurements on air-
foils at other Mach numbers, and on au-foils with turbulent 
flow in the boundary layer.
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For laminar flow on bodies of revolution at Mach numbers 
of 1.5 and 2.0, the wake thickness (t/h) from figure 17 is 
0.55 and 0.49, respectively. From figure 6, the correspond-
ing values of P16 are —0.25 and —0.29, respectively. On 
the other hand, the values of P determined from the 
intercepts of the extrapolated lines in figures 12 (b) and 13 (b) 
are —0.24 and —0.20, respectively. Hence, although the 
inviscid-flow calculations may provide a reasonable approxi-
mation for two-dimensional flow near 111=2.0, and for 
axially symmetric flow near A1= 1.5, there is a serious dis-
crepancy with the experimental results for axially sym-
metric flow at M=2.0. This large discrepancy indicates 
that the simple relation given by equation (6) which at-
tempts to connect P with the inviscici calculations is not 
always a satisfactory approximation. The good agreement 
obtained in two of the three cases may be entirely fortuitous. 
Additional experiments are needed jLo clarify this point. 
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FIGURE 17. Wake thickness as a function of Mach number (determined from shadowgraphs 
of the Ballistic Research Laboratories, Aberdeen, Md.). 

The fact that the inviscid-flow calculations agree quali -
tati vely, though not quantitatively, with experimental 
results can be seen by a comparison with measurements of 
the base pressure at various Mach numbers but with an 
essentially constant Reynolds number. Figure 18 shows 
some experimental free-flight data of Charters (reference 5) 
together with the corresponding wind-tunnel data of Kurz-
weg (reference 13), and the present investigation.' These 
experimental data are for turbulent flow in the boundary 
layer. In this figure the ordinate of the curve labeled 
"curve based on equation (6)" is proportional to the value 
of the limiting pressure coefficient P b , determined at each 
Mach number in the manner indicated by equation (6). It 
is apparent that the curve based on the calculations of Pb, 
for inviscid flow gives the right order of magnitude for the 
base pressure coefficient, but does not give good quantitative 
agreement. As an incidental point, it may be noted that 
the various wind-tunnel and free-flight measurements shown 
in this figure agree quite well at all Mach numbers. 
VARIATION OF BASE PRESSURE WITH REYNOLDS NUMBER FOR NATURAL 

TRANSITION 

Since the base pressure is different for laminar and turbu-
lent boundary-layer flow approaching the base, it is of 
interest to examine the results of measurements in the 
intermediate range of Reynolds number where the transition

I	 I	 I 
L/h=5 

o Free-flight, 3(RX1O6(fllRef 5 
d Free-flight, 3<Rex1O<6J 

Wind funnel, Re4.0x10 6	 I 
u Wind funnel, R6=4.0x106 
o Wind tunnel, R=T5x1O6 

______IL/h=6 
Wind tunnel, 2<RxI06<4., Ref /3 

N 
r-Curve based on e quo tion 6

Cr

p 

2	 3	 4 
Mach number, M,, 

FIGURE 18.—Variation of base pressure coefficient with Mach number for turbulent boundary 
layer flow. 

"point" moves from a position clownstreani of the base to a 
position upstream of the base. Figure 19 shows the results 
of some base-pressure measurements at a Macli number of 
2.0 on a body of revolution in the Reynolds number range 
from 0.4 million to 10 million. At Reynolds numbers below 
about 2 million, where the boundary-layer flow is laminar, 
the base pressure coefficient depends to a great, extent on the 
Reynolds number, as was noted earlier. In the Reynolds 
number range from 4 to 6 million, where the transition point 
moves ahead of the base, the base pressure again is sensitive 
to changes in the Reynolds number (and presumably also 
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FIGURE 19.—Variation of base pressure coefficient with Reynolds number for natural 
transition; M. =2.0. 
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'In the present experiments measurements occasionally were made in more than one facility. For example, the three experimental points in figure 18 representing the wind-tunnel data at 
Mach numbers near 1.5 represent measurements with three different nozzles.
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to other factors affecting transition such as surface rough-
ness, free-stream turbulence, and rate of heat transfer). 
At the higher Reynolds numbers where a turbulent boundary 
layer exists for some distance ahead of the base, the base 
pressure is not, sensitive to changes in the Reynolds number. 

From the viewpoint of reliably extrapolating small-scale 
measurements, it is encouraging that the base pressure coeffi-
cient for turbulent boundary-layer flow is not sensitive to 
changes in the Reynolds number. At a Mach number of 
2.0 this insensitivity is evident, from a comparison of the data 
for the model with an L/h of 5 in figures 15 (a) and 19. At 
a Reynolds number of 2X106 , where turbulent flow is at-
tamed on the models by using artificial roughness, the base 
pressure coefficient does not, differ by more than 3 or 4 percent 
from the value at a Reynolds numberof lx 10, where tur-
bulent flow is attained without such an artifice. At a Mach 
number of 1.5 the measurements indicate this same chn.rac-
teristic, as can he seen from the data given in figure 20. 
These data at the somewhat lower Mach number do not 
show any appreciable dependence on Reynolds number 
within the range from 2X106 to 1.6X 10. It is interesting 
that the free-flight data of Hill and Alpher (reference 14) 
also show no significant effect of Reynolds number within

the range from 2X 10 to 1X101 . These latter data, however, 
give a widely different value for the base pressure. It is 
evident from figure 20 that the base pressures measured in 
reference 14 differ from the values of references 5 and 13 
and the present wind-tunnel tests because of some factor 
other than differences in Reynolds number. The possible 
effects of support interference in the present wind-tunnel 
tests would not appear to contribute any appreciable amount 
to this discrepancy for two reasons. First, good agreement is 
obtained at all Mach numbers between the present wind-
tunnel tests and the free-flight firings of Charters; and 
second, the measurements of support interference as described. 
in appendix B indicate that for the support dimensions used 
(d/h=0.25 and d/h=0.40 in fig. 20) these effects are an order 
of magnitude smaller than the observed discrepancies. 
Since the models of reference 14 were equipped with tail fins 
of sufficient size so that their presence at moderate supersonic 
Mach numbers might be expected to lower considerably the 
pressure in the vicinity of the dead air (algebraically lower 
the effective P'), it would appear that the observed dis-
crepancy is attributable to the effect of tail fins on base 
pressure .7 

FIGURE 20.—Variation of base pressure coefficient with Reynolds number for turbulent boundary-layer flow; M	 1.5. 

7 Subsequent experiments conducted at the Ames Laboratory by J. R. Spahr and R. IL Dickey have shown that this is the case. 

..... \,
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CONCLUDING REMARKS 

The simplest approach to an analysis of base pressure for 
supersonic flow is that of considering the flow of an inviscid 
fluid. Although such an approach has produced many 
useful theories when applied to other aerodynamic problems, 
it produces results of very limited value when applied to the 
present problem. The inviscid-fluid theory indicates that 
the only possible base pressure for a body of revolution 
without a rod attached to- the base is the free-stream static 
pressure. Moreover, this simple theory also indicates that for 
two-dimensional flows, as well as axially symmetric flows 
with a rod attached to the base, there are an infinite number 
of possible solutions for a given body shape and Mach 
number. 

The first of the above-mentioned shortcomings of inviscid 
theory can be remedied by allowing qualitatively for the 
existence of a wake, since by so doing the high-velocity 
streamlines are displaced from the axis of symmetry and a 
base dthg other than zero can be obtained. The second 
shortcoming, of having an infinite number of possible 
solutions from which to choose, is not easily remedied. In 
particular, the comparison between the inviscid-flow cal-
culations and experiment has shown that if the limiting flow 
pattern (maximum drag possible) at each Mach number is 
singled out from the infinity of possible inviscid-flow solu-
tions, then the characteristics of base pressure observed 
thus far can be explained, but only qualitatively. Thus, the 
experimental finding that an increase in support diameter 
behind a body of revolution can considerably decrease the 
base pressure is explained by an interpretation of the behavior 
in an inviscid. fluid flow. Also, the experimental result of a 
much lower base pressure in two-dimensional flow (at low 
and moderate supersonic Mach numbers) than in axially 
symmetric flow is satisfactorily explained by the inviscid-flow

calculations. As regards quantitative results, though, the 
calculations based on the maximum drag possible in inviscid 
flow do not agree with the observed effects for turbulent 
boundary-layer flow, and agree only in certain cases with the 
observed effects for laminar boundary-layer flow. 

In an attempt to formulate a more accurate quantitative 
analysis a semi-empirical analysis has been developed. The 
available experimental data correlate reasonably well when 
the base pressure coefficient, corrected for the effects of profile 
shape, is plotted as a function of a parameter which is 
approximately proportional to the ratio of boundary-layer 
thickness to base thickness. As a result of this correlation 
several general conclusions can be drawn. One such conclu- 
sion i that the variation of base pressure with Reynolds 
number is small at high Reynolds numbers where the bound-
ary layer approaching the base is turbulent, but is large at 
low Reynolds numbers where the boundary layer is laminar. 
Another conclusion is that the effect on base pressure of 
the disturbance field induced by profile shape can be ade-
quately explained on the basis of inviscid calculations. 

In order to develop a thorough understanding of the 
behavior of base pressure in supersonic flow, further experi-
mental and theoretical investigations are required. At 
present, experimental results are especially needed as regards 
the base pressure in two-dimensional flow, even at low 
supersonic Mach numbers. Experiments conducted at high 
supersonic Mach numbers are also needed, both for two-
dimensional flow and for axially symmetric flow. 

AMES AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

MOFFETT FIELD, CALIF., May 11, 1950.



APPENDIX A 

AXIALLY SYMMETRIC FLOWS CONVERGING TOWARD THE AXIS 

The rather anomalous result obtained when applying the 
method of characteristics to base-pressure flows can be 
clarified by examining the equations of motion on which the 
method of characteristics is based. The differential equation 
for the velocity potential 4 of an inviscid axially symmetric 
compressible flow is (see reference 6, for example) 

( 1 g)&t --	 -- &	 -- ;i) + =O (Al) 
a 2 ) 0zX 

	

where a is the local velocity of souud, i	 di s the coornate 
measured parallel to the direction of the undisturbed stream, 
and r is the radial coordinate. If a transformation is made to 
a new system (,$) of curvilinear coordinates, where t and 
are distances measured along the two Mach lines issuing from 
a point, then the equation of motion for the velocity potential 
becomes simply (the details of the algebra involved in making 
this transformation may be found in reference 6), 

WO sin2aô (A2) 
btbnr 

where a is the local Mach angle. it is to be noted that the 
new variables have the simple physical significance that lines 
of constant t and s are the Mach lines of the flow. The 
derivative of the velocity potential in any given direction is 
the projection of the velocity vector along that direction, 
and the order of differentiation in equation (A2) can be 
interchanged. With

	

60
=p	 =q	 (A3)

and
- ---=v=wsinO 
br 

where w is the velocity vector mounded at an angle 0 with 
respect to the axis, it follows from equation (A2) that along 
Mach lines

sin' a	 sin' a 
dp—	 vd	 dq=--vdE	 (A4) 

7. r 

Thus, dp is the increment in the projection of the velocity 
vector along the direction when passing a distance ds in 
the physical plane along the 77 direction, and dq is the in-
crernnt in the projection of the velocity vector in the s 

direction when passing a distance dt along the E direction. 
Equations (A4) are the fundamental equations used in the 
step-by-step construction of a supersonic flow by Sauer's or 
Franki's method of characteristics. 

The reasons for the singular behavior as the flow approaches 
the axis of symmetry can now be explained with the help of 
equations (A4). Suppose a series of steps were laid off 
in the physical plane in the manner indicated by the sketch

shown in figure 21 (a). The small increments (d and dii) 
along the Mach lines are laid off such that they are always 
small. compared to the distance from the axis r and also such 
that for all steps d/r and d/r are always very nearly equal 
to a constant, say Y. It is to be noted that if such a flow 
converging to the axis is possible, then there would be an 
infinite number of such steps along the streamline AB in 
figure 21(a).

(a)

(b)  

(a) As.sumed flow in the physical plane. 
(b) Increments in hodograph plane corresponding to figure 21 (a). 

FIGURE 21.—Characteristics construction for flows converging to the axis. 

Now consider the increments in the hodograph plane 
corresponding to those laid off in the physical plane (fig. 
21 (a) ). Figure 21 (b) illustrates the way, according to 
equations (A3) and (A4), in which the increments must be 
laid off in the velocity plane. Points having the same num-
ber in figures 21(a) and 21(b) represent the same point in 
the flow. Let the smallest average Mach angle along the 
steps in the physical plane be am, and the smallest vertical-
velocity component be Vm, then for all steps along AB 

l dp I>I V mC sin' aml=constant 
and

dqI>jvmG sin  amlconstant
1203
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This means that every increment in the hodograph plane is 
greater than a constant value. This value cannot be zero 
unless points 1 and 3 are identical, which would represent 
the exceptional case of a "reveised" conical flow. On 
passing from point A to point B there are, however, an 
infinite number of such increments. They must be laid out 
along the are of a, circle in the hoclograph plane since AB 
is a streamline of constant pressure. Hence, before reaching 
point B the inclination angle of the velocity vector must be 
greater than 46 0 (approximate maximum deflection angle 
through a single shock wave for y=1. 44. Because this 
situation obviously prevents a shock wave from being fitted 
into the flow, there results a contradiction to the assumption 
that the over-all flow is possible. It appears, therefore, 
that these flows are not. always possible. 

The preceding discussion, though not a mathematically 
rigorous exposition, points out the reason why the inclination 
angle 0 of a free streamline can increase at an excessive rate 
as the axis is approached. The source of the trouble is 
inherently associated with the last term in the equation of 
motion (Al), since it has r in the denominator and a non-
vanishing factor in the numerator. The appearance of r 
in the denominator of this equation stems entirely from the

continuity equation. This leads to a qualitative explanation. 
of the observed behavior near the axis of the inviscid flows. 
Consider the changes that must occur on going from point 
1 to point 3 in the physical plane (fig. 21(a)). If the flow 
were two-dimensional, then the free streamline would be 
straight and 0 i would equal 03 , thereby preserving the cross-
sectional area between two adjacent streamlines on passing 
from 1 to 3. The term involving 1/r does not occur for 
plane flow and no difficulties arise. In the axially symmetric 
case, the fundamental condition is again that the cross-
sectional area of an annular streamtube must be preserved, 
since w1 is equal to no3 : This means that for purely geometric 
reasons the streamlines bounding the annular streamtube 
must spread apart as the axis is approached. In order to 
have the pressure at point 3 equal to that at point 1, the 
free streamline curves toward the axis, permitting the 
bounding streamlines to spread, thereby allowing the 
continuity equation to be satisfied. Because of the hr term 
in the continuity equation, the curvature rapidly increases 
as the axis is approached. Hence, before the axis is reached, 
the inclination of the free streamline exceeds the .largest 
value which any oblique shock wave can possibly overcome. 

APPENDIX B 

WIND-TUNNEL SUPPORT INTERFERENCE AND REFLECTED BOW-WAVE INTERFERENCE 

When a body of revolution is tested in a wind tunnel it is 
usually supported from the rear by a cylindrical rod. As a 
result the measured values of base pressure may be consider-
ably affected, for one thing, by the presence of the support. 
Support interference on base pressure is a complicated func-
tion of the diameter of support rod, the unobstructed length 
of support 'rod, the Mach number, and the Reynolds number. 
If, as is the case for the experiments referred to herein, the 
support length is much gr,eater than the base diameter, then 
the only appreciable interference must arise from the "dia-
meter effect" of the rod. From theoretical considerations 
certain inferences can be drawn regarding the resulting sup-
port-diameter interference on base pressure. 

For a fixed Mach and Reynolds number, an increase in the 
support diimeter brings about two different effects. First, 
the wake thickness is increased, thereby making it possible 
for lower base pressures to exist. (See fig. 6.) A second effect 
resulting from an increase in support diameter is that the 
appropriate dimensionless boundary-layer thickness /(h—d) 
is increased, thereby tending to increase the base pressure. 
The two effects, therefore, oppose each other. For values of 
d/h near unity the second effect must predominate; whereas 
for small values of cl/h the first effect would (on the basis of 
hg. 6) be expected to predominate, especiall y at low super-
sonic Mach numbers. 

Before comparing these theoretical considerations with 
experimental measurements of the effect of variations in d/h 
it will he advantageous to first consider the effects of having 
only a finite length of unobstiucted support rod. To examine 
this effect, base-pressure measurements have been taken 
with a constant value of d/h, but with various lengths of

unobstructed support. In these experiments the model was 
located at a fixed position in the test section so as to eliminate 
possible effects of axial pressure gradients along the test 
section. The results from M=2.0 and 2.9 are illustrated by 
the curves in figure 22, which show, for d/h=0.3, no change 
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FIGURE 22.—Effect of support length on base pressure; d1h=O.3. 

in base pressure if the support length is greater than about 
3 base diameters. Since support lengths of over 4 . body 
diameters have been used in all subsequent tests, it is con- 
eluded that any interference in the wind-tunnel measurements 
of base pressure at M=2.0 and 2.9 is not attributable to 
effects of support length. 

The results of base-pressure measurements for various 
support diameters with laminar boundary-layer flow are 
shown in figure 23 (a). The data for a Mach number of 1.5 
(reported by Perkins in reference 11) show the expected 
increase, and then eventual decrease in base drag as the 
support diameter is progressively increased. At a Mach
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number of 2.9 the data show a monotonic decrease in base 
drag as the support diameter is increased. Schlieren photo-
graphs show that the wake thickness t/h varies from approxi-
mately 0.5 to 1.0 as dlh varies from 0 to 1.0. Consequently, 
it turns out that the behavior of the three curves in figure 
23 (a) is qualitatively the same as would be indicated if 
equation (6) were used to estimate PI,'. (It is to be remem-
bered that t/h is the "effective" d/h of fig. 6.) 

(a) Laminar. 
FIGURE 23.-Effect of support diameter on base pressure. 

The corresponding results for turbulent boundary-layer 
flow are shown in figure 23 (b). At Mach numbers of 1.5 
and 2.0 these data show the same trends as for laminar 
boundary-layer flow, but at a Mach number of 12.9 the trend 
is not the same. At Mach numbers near 3, and possibly 
higher, it appears that the relative importance of the two 
above-mentioned effects of increasing d/h depends on the 
condition of the boundary-layer flow.

It may be noted from figure 23 (a) that there is one point 
corresponding to d/h= 0 on the curve representing laminar 
flow at a Mach number of 1.5. This point, which was 
determined from the measurements using a side support, 
gives the same value for the base pressure as exists for a 
support with a d/h ratio of about 0.3. At all the other Mach 
numbers, where special interference measurements were not 
made, the base pressure was measured with a constant value 
of 0.4 for the ratio d/h. From the curves in figure 23 (a) it 
may be inferred that, at least for Reynolds numbers of the 
order of 4 million, these base-pressure data for laminar flow 
are not significantly affected by support interference. 

Unfortunately, an investigation of support interference for 
turbulent boundary-layer flow has not been made using a side 
support. Definite quantitative statements about the pos-
sible effects of support interference in the turbulent-flow data 
(figs. 14, 15, 18, 19, and 20) cannot be made at present. 
Evidence that the combined effects of support. end wall 
interference are not large, however, is given by the good 
agreement obtained at all Mach numbers between the 
free-flight firings of reference 5 and the various wind-tunnel 
measurements (figs. 14, 15, 18, and 20). 

A possible source of wall interference arises from the 
reflection of a bow wave from the side walls, and the eventual 
intersection and interaction with the wake at some down-
stream position. This interaction for M=2.0 and .211=2.9 
occurs at a position varying from 7 to 22 base diameters 
downstream of the base. Since the large disturbance caused 
by the balance housing has no measurable effect at distance 
of 3 base diameters from the base (see fig. 22), there is no 
reason to expect that the base-pressure measurements at 
M=2.0 and M=2.9 might be affected by reflections of bow 
waves from the tunnel side walls. At a Mach number of 1.5, 
however, the downstream position of interaction is closer; it 
varies from approximately 2.7 base diameters for the model 
with an L/h of 7, to 5.4 base diameters for the model with an 
Lilt, ratio of 4.3. In view of the possible interference from 
reflected bow waves at low supersonic Mach numbers, a 
special investigation was made in 1946 prior to the tests of 
reference 12 to determine the magnitude of this effect. The 
results, taken at a Mach number of 1.53,8 are presented here 
as they aid in evaluating the accuracy of the wind-tunnel 
measurements of base pressure, and they show that the 
conclusion of Faro (reference 15) regarding the magnitude of 
the bow-wave interference effect in the present experiments 
is incorrect. 

Figure 24 illustrates the test setup employed in evaluating 
the effect of a reflected bow wave on base pressure. Because 
of symmetry the two outer dummy models caused two shock 
waves, similar to reflected bow waves, to interact with the 
wake behind the base of the center model (on which the base 
pressure was measured). By varying the distance between 
the dummy models of the test setup, the position of inter-
action was readily changed. The trength of the bow wave 
on the models employed (6-caliber ogival radius) in this 
special investigation varied from approximately two to eight 
times the strength of the bow wave on the various models for 
which base-pressure data are presented. 

This Mach number differs somewhat from that of more recent tests (at 3f=1.50) since the earlier tests were conducted in 1946 at a time when the 1- by 3-foot supersonic wind tunnel was 
temporarily equipped with a set of fixed nozzle blocks instead of the flexible plates now employed. 
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FIGURE 24.—Sketch of test setup used for determining the effect of a reflected bow wave on base pressure. 

Schlieren photographs of the flow for two different posi-
tions of interaction, and two different Reynolds numbers, 
are given in figure 25. The distance x, from the base to the 
position of interaction, is equal to 2.5h in both figures 
25 (b) and 25 (c). This particular position simulates the 
closest position to the base of the interaction of reflected 
waves in the present tests. The corresponding base-
pressure measurements I without and with the interference 
wave present are illustrated in figure 26 by the circle and 
triangle symbols, respectively. The data show no appreci-
able effect on base pressure of the shock wave which simu-
lates a reflected bow wave. If a refleéted bow wave comes

too close to the base, however, then large interference 
effects are possible, as illustrated by the square symbols in 
figure 26, and the corresponding schlieren photographs in 
figure 25 (d). Except for purposes of illustrating this effect, 
base-pressure measurements were, of course, not taken 
under these 'latter conditions of important interference 
from reflected waves. Since the simulated reflection waves 
of the models used in this special investigation were several 
times stronger than the bow waves on the models for which 
the base pressure was measured, it is clear that the wind-
tunnel measurements presented are not appreciably affected 
by interference of a reflected bow wave. 

0 These data fall slightly below other data presented herein because of the very small amount of boattailing on the models used in this special investigation.
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(C) 11= 2.X10I;z = 2.5h. 	 (d) Re=2.7X10; xO.9h.

FIGURE 25.—Schljeren photographs for various positions of intersection of the shock waves simulating reflected bow waves; M =1.53. 

FinusE 26.—Effect of reflected bow waves on base pressure; M. =1.53. 



The ratio q'/q can be written as 
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APPENDIX C 

DERIVATION OF APPROXIMATE EQUATION FOR q'/q, 

In this and subsequent equations, powers higher than the 

first of quantities such as .AU U	 are assumed to be u—U  

small in comparison to unity, and are therefore neglected. 
In equation (Cl), Po and represent the stagnation densi-
ties corresponding to conditions in the free stream and to 
conditions just ahead of the base, respectively. Designating 
EiMM'—M0, and again considering only first-order 
terms, it follows that

1+7-1 M12 P 
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PoPoP,	 \	 Po 
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where APO is the loss in total pressure on passing through 
the nose shock wave, and may often be neglected. From 
the energy equation 

U U'2—U_2 c, (Ta, —T')cT0 ( T' T0 
Un,,	 2U 2 - U 2 - U,2  

or, using e= 7R/(y— 1) and M= U/-[/ 

A LT 1 	 1—	 2	 = 
(-Y 1 ) M2	

M12 
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hence the combination of equations (Cl), (02), and (03) 
gives

________-	 (04) 
q.	 (Mw	

1+ 
-Y -1	 2 Po 

The pressure coefficient F' is related to M and Ap, by 

,=_p'—p	 2 (P'Po 1 = 
:	 yM,,2 To 

Po Po 

.'	 1 

2 [11+_Mo,2I 

%f2[ 

L l + j- M'j	

i?_i 1= 
PoJ ] 

2M	 2 Apo	
(CS) 

M(1+	 M2)7M Po 

Substitution of equation (05) into equation (06) yields the 
relation

	

2 (,+-1	 (C6) 
q .	 \ ) Po 

presented earlier as equation (3). 
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TABLE 1.-VALUES OF M' AND p' FOR A TWO-DIMENSIONAL
AIRFOIL 
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II 

1.25 0.73 
1.5 1.50 1.00 
2 2.00 1.00 
3 2.99 1.01 
8 7.83 1.14 
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A SUMMARY OF LATERAL-STABILITY DERIVATIVES CALCULATED FOR - 
WING PLAN FORMS IN SUPERSONIC FLOW 

By ARTHUR L. JONES and ALBERTA ALKSNE

SUMMARY 

A compilation of theoretical values of the lateral-stability 
lerivatives for 'wings at supersonic speeds is presented in the 
rOrm. of design charts. The wing plan forms for which this 
ompilatiom has been prepared include a rectangular, two 
rapezoidal, two triangular, a fully-tapered swept-back, a swept-
lack hexagonal, an unswept hexagonal, and a notched triangular 
9lan form. A full set of results, that is, values for all nine of 
he lateral- stability derivatives for wings, was available for the 
first six of these plan forms only. The reasons for the incom-
oleteness of the results available for other plan forms are 
liscussed. 

The values of the derivatives presented were obtained directly 
rrom tabulated results in the reports referenced or were calculated 
rrom expressions presented in these reports. The expressions 
or the derivatives were derived using linearized theory for 
ompressible flow. The values presented, however, do not 
epresent exact linear-theory solutions in every case due to the 
ract that approximations and simplifications were sometimes 
rtecessary in the derivation of the expressions or in the calcula-
ions of the numerical results. The effects of these approxima-
ions and simplifications on the accuracy and applicability of 
he results are considered. 

INTRODUCTION 

The calculation of the lateral-stability derivative coeffi-
cients (hereinafter referred to as the lateral-stability den y

-atives) for thin wings at supersonic speeds has been ac- 
-o--Q for a number of plan lormS and the results are 
reported in references 1 through 18. These results are neces-
sarily incomplete in view of the fact that there is an unlimited 
number of plan forms that could be investigated. There 
appears to be a sufficient quantity of results available, how-
aver, to warrant the preparation of a summary. In fact, 
some summaries, such as references 10 and 17, are already 
available but the results presented in these reports are re- 
stricted to a fairly small number of plan forms or to a small 
number of drivat,ives. It is the purpose of this reports, 
therefore, to assemble and present a more extensive set of 
numerical results than was heretofore available. These 
results will he limited to the thin-airfoil, inviscid-flow solu-
tions obtained from application of the linearized theory of 
compressible flow. They will be presented in the form of 
design charts showing the variations of the derivatives i with 
N{ach number, aspect ratio, and other plan-form parameters. 
The derivatives have been evaluated in a manner that per-

mits their direct application in an analysis using the stability 
axes system. 

A discussion of the limitations in the applicability and 
availability of the lateral stability derivative results is 
included. Some of the limitations are inherent in the line-
arized theory itself, but most of the limitations are due to 
the approximations and simplifications sometimes found 
necessary in the application of the theory. 

The plan forms for which the results are presented are 
illustrated in figure 1. Included are a rectangular, two 

IV, 

FIGURE I.—Types of plan forms for which summarized results are presented. 

'Although the scale labels show that some of the stability derivatives presented in the 
figures are divided by angle of attack or angle of attack squared, reference to the variation or 
this quotient with other variables will be simply referred to as the variation of the derivative. 
This usage is consistent with the terminilogy used in previous NACA reports. 
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triangular, two trapezoidal, a fully-tapered swept-back, a 
swept-back hexagonal, an unswept hexagonal, and a notched 
triangular plan form. This group may not cover all the 
plan forms for which at least partially complete results are 
available. It is, however, a fairly representative group. In 
table I the sources of the results for the lateral-stability 
derivatives of the plan forms surveyed are listed. 

-	 SYMBOLS AND COEFFICIENTS 

A	 aspect ratio 
b	 span of wing measured normal to plane of symmetry 
B	 11M2—i 

Cr	 chord of wing root 
c. g.	 center of gravity

/	 \ rolling-moment coefficient L 

yawing-moment coefficient
qSb 

Cy	 side-force coefficient (.2') 
\qS/

[C,	 damping-in-roll derivative	
pb/2 V)1

- C,	 rolling-moment-clue-to-yaw	 o  , rolling-moment-clue-to-yawing derivative [o( 
b CI-2V) 

(6-0)
à C 

C,	 rolling-moment-clue-to-sideslip derivative

I C	 yawing-moment	 aCn ue-o-ro	 derivative t-cltlling deritive [
	 b/2] 

__oc,, 
C,,	 yawing-moment-clue-to-yawing derivative 

r 
[rb/2v)J 

C,,	 yawing-moment-clue- to-sideslip derivative (6 C.) 

ld-(Cpb/2
C	 1

ÔCY

side-force-due-to-rolling derivative
V)] 

16(r	
1

Cy	 sde-force-due-to-yawing derivative
bI2 V)] 

Cy	 side-force-due-to-sideslip derivative (60 , ) 

1	 over-all longitudinal length of swept-back wing 
(See fig. 1.) 

ic. g.	 longitudinal location of center of gravity aft of the 
leading edge of the root chord 

L	 rolling moment (See fig. 2(b).) 
M slope of right wing tip or leading edge relative to 

plane of symmetry (Positive for raked-out tip, 
negative for raked-in tip.) 

M	 free-stream Machnumber 
N	 yawing moment (See fig. 2(b).) 
P	 rate of roll, radians per second 
q	 free-stream dynathic pressure 
r	 rate of yaw, radians per second 
S	 area of wing 
V	 free-stream velocity 
X	 longitudinal coordinate 
Xc. g. arbitrary longitudinal location of the center of gravity 

with respect to the location specified in this report 
(Positive for locations forward of those specified.) 

y	 lateral coordinate

Y	 side force (See fig. 2 (b).) 
vertical coordinate 

a	 angle of attack, radians 
angle of sideslip (positive when sideslipping to right), 

degrees 
X	 taper ratio

AXES 

At least three systems of axes are associated with the 
development and application of stability derivatives. For in-
stance, the theoretical expressions for the stability derivatives 
are most easily derived using a set of three orthogonal axes, 
known as the wind axes, that are oriented as shown in figure 
2 (a). The origin of these axes is at the leading edge of the 
root chord. The x axis is an extension of the free-stream 
vector through the origin and is posidve rearward. The 
y axis lies in the plane of the wing perpendicular to the x axis 
and is positive toward the right tip. The z axis stands 
perpendicular to the x and y axes and is positive upward. 
These axes are commonly used in wing-theory calculations. 

Body-axes systems (see fig. 2 (b) ) are sometimes used in 
the calculations of the motion of an aircraft. These calcula-
tions are commonly referred to as dynamic-stability calcula-
tions. The origin of the axes for such calculations is usually 
the center of gravity rather than the leading edge of the 
root chord. Thus the expressions initially derived for the 
derivatives should be corrected for the change in moment-
center location accompanying the change in location of the 
origin of the body axes. 

A third system of axes known as the stability axes (fig. 2 
(c) ) is often preferred for dynamic-stability calculations. 
The basic difference between the orientations of a stability-
axes system and a body-axes system is the location of the 
x axis.. In a stability-axes system the x axis is assumed to 
lie along the intersection of the plane of symmetry and a 
plane perpendicular to the plane of symmetry which contains 
the free-stream velocity vector (or the velocity vector of the 
center of gravity). Thu the stability axes, in general, 
correspond to the body axes rotated through an angle of 
- a and, in order to transform expressions for stability 
derivatives that are applicable to a body-axes system to 
expressions applicable to a stability-axes system, it is 
necessary to correct for the angle of attack. If the origins 
of the body and stability axes are coincident, this correction 
can be made by using the transformation formulas in refer-
ence 19. If the origins are not coincident, the correction 
must also include the effects of the chordwise distance 
between the origins. Most of the reports used as sources 
for the material presented, references 1 through 17, provide 
either formulas for both systems of axes or means for con-
verting from one system to the other. It is. interesting to 
note that the definitions of the positive directions for the 
velocities, forces, and moments of the wing conform to the 
right hand screw-rule for a set of body or stability axes. 

For the calculation of the stability derivatives presented 
herein, the location of the center of gravity was selected as 
c7/2 for the rectangular, trapezoidal, and unswept hexagonal 
wings, (2/3) Cr for the triangular wings, and (2/3) 1 for the 
swept-back wings. The values of the derivatives pertain 
to a stability-axes system so located. For arbitrary locations
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of the center of gravity the derivatives that are affected by 
changes in the location can be evaluated using the following 
formulas:

(C z,)r 5 =1 -
2Xcg 

(° 5), =0,, - 

=Q C- 

(C,, , ) ,,, =Cn e8) 

(Gy) 0 2x.5.
c-

DERIVATION OF RESULTS 

The derivation of theoretical results involves both the 
formulation of expressions for the derivatives and the cal-
culation of the numerical values of the derivatives for specific 
plan forms and conditions. In some of the reports referenced, 
the analytical expressions for the derivatives were derived 
and presented but no numerical results were included. In 
other reports, both the analytical expressions and a few 
numerical results were given. The following discussion, 
therefore, will be concerned with the general method of 
analysis used in obtaining the analytical expressions and the 
way in which the numerical results presented were compiled. 

GENERAL METHOD OF ANALYSIS 

A stability derivative is an expression of the rate of change 
of a force or moment with respect to the motion producing it. 
Once the shape of the object for which a stability derivative 
is desired has been decided upon and its motion prescribed, 
an analysis to determine the resulting force or moment can 
be started. The first step in the analysis is the formulation 
of the boundary conditions and at this point an idealization 
is usually made. For a wing of finite dimensions it is con-
venient to assume that the effects of wing thickness and of 
the viscosity of the flow can be ignored or at least estimated 
independently. On the basis of this assumption, the wing 
and its flow field can be represented by a thin plate operating 
in an inviscici flow. This idealization permits the linearized 
theory for compressible flow to be used for the analysis, 
provided the angle of attack of the wing is kept small. 

The first step in the calculation of the lateral-stability 
derivatives for a wing, therefore, is the specification of 
boundary conditions for a thin wing in sideslip, roll, or yaw. 
This specification can he made readily for two of these three 
lateral motions. For instance, a wing in sideslip at a small 
angle of attack can be represented by a flat plate in the same 
position and the plate can he simulated by use of a uniform 
distribution of the vertical perturbation velocity over the 
plan form. Arolling wing can he represented by a twisted 
thin plate and simulated by a• linear span-,vise variation of 
the downwash perturbation velocity over the plan-form 
area: This representation of the rolling wing is an illustra-
tion of the manner in which quasi-stead y flow conditions

can be substituted for conditions that are, in fact, unsteady. 
Such a substitution permits the use of a simple steady-state 
analysis which yields results of sufficient accuracy for the 
motions considered in stability theory if not for the more 
rapid motions involved in flutter theory. A yawing 
wing, however, cannot be suitably represented by a fiat 
or twisted thin plate in steady flow. In fact, no quasi-
steady flow conditions have been developed at the present 
time which would permit the straightforward application 
of a- steady-state analysis. Thus it appears that the most 
desirable procedure in the case of the yawing wing would 
be to undertake the analysis as a problem in unsteady flow. 
Such analyses are quite complex, however, and have not as 

z 

V—

(a) 

X

Z

V 
au

(c) 
(a) Wind-axes system used in derivations of expressions for stability derivatives; 
(h) Bod y-axes system and definition of positive moments and velocities; 
(c) Stability-axes system usually preferred for dynamic-stability calculations. 

FIGURE 2.—Three systems of axes associated with the development and application of 
stability derivatives. 
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yet beeh carried out extensively. Consequently, the results 
presented herein for the derivatives due to yawing are 
approximations based on strip theory. In the case of the 
rectangular plan form of infinite span or the trapezoidal 
plan form with raked-in supersonic tips, the validity of 
these results has been confirmed by an unsteady-flow solu-
tion presented in reference 20. 

Having specified the boundary conditions, the next step 
in the analysis is to.apply the linearized theory for compres-
sible flow to the calculation of the pressure distributions. 
The details of this step may be found in a number of reports 
dealing with supersonic wing theory. (See, for example, 
references 21, 22, and 23.) Unfortunately, only pressures 
acting normal to the surface of the flat plate are calculated 
directly from the application of the linearized theory. These 
pressures are not a complete representation of the pressures 
acting on a wing of finite thickness, and in order to obtain 
a better representation the theory of edge suction must be 
applied and the pressures acting on the edges of the thin 
plate determined. Then by using both the normal and 
edge pressures, the moments and forces acting on the wing 
can be determined for the motion prescribed and the stability 
derivative can be calculated. 

The foregoing general description of the method of calcu-
lating stability derivatives for wings, using the linearized 
theory of compressible flow, is merely a brief summarization 
of the procedure. For a more detailed description of the 
steps involved, the reports referenced should be consulted. 

LIMITATIONS OF BASIC THEORY 

The idealization of the flow field discussed above and the 
resulting simplifications in the theoretical analysis are re-
flected as limitations in the applicability of the results ob-
tained in this manner. An obvious limitation, for instance, 
is that the results should be applicable only at' the small 
angles of attack to which the wing was restricted for the 
analysis. Comparisons of experimental and theoretical 
results, however, have shown that this particular limitation 
usually can be exceeded in practical applications without 
incurring excessive inaccuracy. The less obvious limitations 
can be deduced from considerations of the effects of neglecting 
thickness and viscosity. For instance, the two basic reasons 
for differences between the experimental and theoretical 
results are: (1) the difference in pressure distributions caused 
by neglecting the effects of thickness, camber, and viscosity 
in the calculations; and (2) the existence of a skin-friction 
force caused by viscosity. In general, it does not seem 
likely that the pressure distributions due to thickness or 
camber will vary appreciably with any of these lateral mo-
tions. Consequently the linearized-theory results should 
not be greatly limited in application due to the effects of 
thickness or camber. On the other hand, the effect of vis-
cosity on the pressure distribution, which is principally the 
effect of the boundary layer, is of consequence. It is very 
difficult, however, to determine the nature of the boundary-
layer flow and its effect on the pressure distribution in steady 
straight flight and even more difficult in the case of flight 
involving the lateral nioilons. Thus the contribution of the 
pressure-distribution effects of viscosity to the values of the

lateral-stability derivatives is a relatively unknown factoi 
and probably the greatest source of discrepancy between th 
theoretical and actual values of the lateral derivatives. Th 
skin-friction force, which is also due to viscosity, will vary 
appreciably with yawing velocity but not significantly with 
rolling velocity or sideslip. The effects of this force can be 
estimated and added to the linerarized-theory value of C 
to reduce the limitations of applicability of this derivative, 
The contribution of the skin-friction force to C, however, is 
not significant since it is mainly a drag force and has only e 
very small component in the direction that would produce 8 
rolling moment. 

Another assumption which is inherent in the analysis 
applied is that the wing be completely rigid. The applica-
bility of the theoretical results obtained on the basis ol 
complete rigidity is limited, of course, by the effects of the 
deflection or distortion of the actual wing. However, only 
wings that have exceptionally long and slender panel lengths 
are subject to much distortion or deflection Furthermore, 
current studies of the effect of aeroelasticity on stability 
derivatives are directed toward the determination of devia-
tions from rigid-body results and it can be anticipated that 
the possibility of making appropriate changes in the values 
of the derivatives given herein may result from such analyses. 

COMPILATION OF NUMERICAL RESULTS 

The numerical results presented were obtained directly 
from the results tabulated in references 1 through 17 or were 
calculated using expressions presented in these reports. 
Wherever possible, both the numerical values of the deriva-
tives and the expressions from which they were obtained were 
checked against identical results available from duplicate 
analyses. The plotting and cross plotting of the results in 
the construction of the figures presented also provided an 
effective check against errors. 

Use was made of the reversabiity theorem (see reference 
24) in the calculation and checking of the results for the 
damping-in-roll derivative C ,. No evidence or proof exists, 
however, that would permit the reversabiity theorem to be 
applied to the calculation or checking of the results for the 
other lateral derivatives. 

RESULTS AND DISCUSSION

PRESENTATION OF RESULTS 

As mentioned previously, the plan forms covered in this 
summary include a rectangular, two triangular, two trapezoi-
dal, a fully-tapered swept-back, a swept-back hexagonal, an 
unswept hexagonal, and a notched triangular plan form. 
Estimates of all the lateral stability derivatives are available 
for the first six of these plan forms. Only partially complete 
results are available for the other plan forms. 

The values of the derivatives plotted against aspect ratio 
and against Mach number parameter B are shown in figures 
3 through 19. The results are grouped by derivatives rather 
than by plan forms. The values of the damping in-roll 
parameter BC for all the plan forms surveyed are presented 
in figures 3 and 4, which show the variation of this derivative 
with the aspect-ratio parameter BA. A similar presentation,
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figure 7, was used for the side-force derivative Gyp. The 
other derivatives required separate plots to show the aspect-
ratio and Mach number variations for each type of plan 
form. In table II, a convenient cross reference of the figure 
numbers, plan forms, and derivatives is presented. 

For these general results, the aspect-ratio range investi-
gated extended from 0 to 9 and values of the derivatives were 
calculated for constant values of B of 1, 2, and 4. The vIach 
number paratheter range investigated extended from 0 to 4, 
corresponding to Mach numbers of 1 and 4.13, respectively, 
and the derivatives were calculated for aspect ratios of 2, 4, 
and 6. More extensive ranges and additional intermediate 
values of these variables could have been investigated, but 
the complexity of the calculations made it impractical to do 
so. It is felt, however, that included within these limits of 
aspect ratio and Mach number are most of the plan forms 
and speeds currently of interest. Furthermore, by interpo-
lation and, in some instances, by careful extrapolation of the 
results presented, it is possible to obtain theoretical values 
of the derivatives for plan forms of the type covered, but not 
specifically investigated, that should be useful as preliminary 
design estimates. 

For the trapezoidal plan forms, the tip rake was selected to 
correspond to an angle of sweep of approximately 63° 
(m= ±0.5) and the aspect ratio was varied by changing the 
span. Supplementary plots showing the variation of the 
derivatives with tip rake for a constant aspect ratio are pre-
sented in figures 20 through 28. For the fully-tapered swept-
back plan forms, the value of the ratio of the root chord to 
over-a:11 length c7 11 was set at 0.5 and the aspect ratio was 
varied by changing the sweep of the leading edge. Supple-
mentary plots were used in this case to show the variation of 
the derivatives with the ratio of root chord to the over-all 
length for a constant value of leading-edge sweep. These 
variations are presented in figures 29 through 37. 

In figures 38 through 67 the variations with taper ratio 
and with leading-edge slope of the derivatives available for 
the swept-back and unswept hexagonal and the notched 
triangular plan forms are presented. 

ASPECT RATIO AND MACH NUMBER RANGES COVERED 

In many instances, the results previously described were 
available only within small portions of the ranges of aspect 
ratio and Mach number mentioned. The reasons for these 
limitations are discussed in the following paragraphs of this 
section. 

Fof the lateral motions of rolling and sideslip, the linear-
ized theory is directly applicable and the results available 
are limited only by the complexity of the calculations in-
volved in determining the load distributions for certain plan 
forms and certain conditions. For the yawing motions, 
however, the difficulty in specifying quasi-steady boundary 
conditions precludes the direct application of steady-state 
linearized theory. Approximate solutions based on strip 
theory can he used, however, wherever suitable solutions of 
this type can be developed. Rigorous unstead y-flow solu-
tions would of course be preferable for the yawing deriva- 
tives but only one such solution has been reported at this 
time. Thus it is apparent that the derivatives due to yawing

are neither as available nor as generally applicable as the 
derivatives due to rolling or sideslip. 

The cause of the calculation complexities that limit the 
determination of the load distribution to certain plan forms 
and certain conditions is the existence of regions on a wing 
which are affected by the interaction of flows past two or 
more subsonic edges 2 lying within the Mach forecones of 
points contained within the region. Such regions exist on 
any wing having interacting subsonic edges, that is, on any 
wing having one subsonic edge lying within the region of 
influence of another. These regions also exist on a wing 
having mutually interacting subsonic edges. The determina-
tion of the load distribution for such regions is extremely diffi-
cult using the basic integral-equation methods (references 
21 and 22) developed for supersonic wing theory. This is 
especially true for the regions influenced by mutually inter-
acting subsonic edges. As a consequence, special cancella-
tion-of-load tecimiques have been used (references 11, 15, 
and 18) to handle plan forms having interacting or mutually 
interacting subsonic edges. The application of these cancel-
lation techniques, however, usually involves rather lengthy 
calculations and, consequently, numerical results are avail -
able for only relatively few of the plan forms that require 
such methods. Thus most of the results presented herein 
are for plan forms that do not have interacting subsonic 
edges. 

The actual ranges of the aspect-ratio parameter for which 
results are presented are given in table III. The limits of 
these ranges are explained in the discussion that follows. 

Rectangular plan form.—For values of BA less than 1 the 
Mach lines from the tip of the rectangular plan form would 
intersect the opposite edges and thereby change them from 
noninteracting to interacting subsonic edges. Thus a lower 
limit is set on the aspect-ratio parameter BA for which 
G,, Gn, Gyp) C, G,,, and Gy, are presented. The cleriva-
tives clue to yawing, C, G,,, and Gyp, were calculated using 
the analysis presented in reference 6. This analysis inch-
cated that reasonably accurate approximate values of 

Cl,, G,,, and Cy, could be obtained as a fraction a (1—if) 

of the Cl., C, and Cy results. Titus the limitations of 
the aspect-ratio parameter for Ge, , Ga ,, and GY are the same 
as those for Cl,, C,,,,, and 

Trapezoidal plan form.—The Lower limits on the aspect-
ratio parameter for both types of trapezoidal plan form 
(tips raked in and tips raked out) are to prevent the plan-
form tips from becoming interacting subsonic edges. If the 
plan form has supersonic tips, however, the lower limit is 
the aspect ratio for which the trapezoid becomes a triangle. 

The derivatives clue to yawing were obtained from the 

application of the factor a(1—B
B2 	

developed for the rectangu- 

lar plan form. The justification of this step is given in a 
later section of the report wherein the sources and develop-
ment of the results are discussed. 

In the terminology that has beebme associated with supersonic flow analysis, the term 
"subsonic edge" refers to an edge swept behind its Mach line (because the component of flow 
normal to the edge is subsonic) and the term "supersonic edge" refers to an edge swept 
ahead of its Mach line.
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Triangular plan form with apex. forward.—There, is no 
aspect-ratio-parameter limitation necessary for the deriva-
tives due to rolling or sideslip. The derivatives clue to yaw-
ing, however, have been obtained only for plan forms having 
a BA of 4 or less because no solution, approximate or other-
wise, has been developed for the yawing triangular wing 
with supersonic leading edges. 

Triangular plan form with base forward.—For values of 
BA less than 4, the edges of this plan form become mutually 
interacting subsonic trailing edges and the reflections of the 
Mach lines establish an infinite number of regions which 
would have to be analyzed independently. This limit 
applies to the derivatives clue to sideslip and yawing and 
would apply to the derivatives due to rolling if it were not 
for the fact that the reversability theorem (see reference 24) 
permits these derivatives to be calculated for the same plan-
foriii range as obtained for the triangular plan forms with 
apex forward. 

The derivatives due to yawing were obtained by applying 
a(1—B2) 

	

the factor	
B2	 developed in the rectangular-wing analy-

sis to the derivatives clue to rolling. The justification of 
using this factor for a base-forward triangular plan form is 
given in a later section of this report. Inasmuch as the 
reversability theorem does not apply to the derivatives clue 
to yawing, the lower limit for BA is 4 rather than zero. 

Fully-tapered swept-back plan form.—The lower limit of 

BA, 4--(i _1\ is common to all the derivatives in order to 

	

C 7 \ 	 lj 
assure that the trailing edge of this plan form does not 
become subsonic. The upper limit of BA for the derivatives 
clue to sideslip and yawing, 41/c 1, assures that the leading 
edge, will not become supersonic. Values of the derivatives 
0, 0,, 1 and 0, however, have been obtained from 
references 13 and 16 for plan forms having supersonic 
leading edges. 

Swept-back hexagonal plan form.—The plan forms con-
sidered to fall in this classification have st.reamwise tips and 
range from the constant-chord swept-back, 1X= 1, to the 
swept-back plan .form having a straight trailing edge, 
A = 4m (1.–X) 1(1 + X). The aspect-ratio parameter range 
for this wing, given in table III, indicates that results are 
presented for plan forms having either subsonic or supersonic 
leading edges cml' having supersonic trailing edges. An 
added restriction provided by the limits on the aspect-ratio 
parameter range is that the Mach lines from the leading 
edges of the tips must not cross on the wing. 

Unswept hexagonal plan form.—These plan forms have 
streamwise tips and range from the swept back with a 
straight trailing edge to the hexagonal plan form having 
fore-and-aft symmetry, which can be expressed as an aspect 
ratio range of

2rn (1—X)	 4mn(1—X) 
(1+X)	 (1+X) 

The results presented for the derivatives due to rolling and 
yawing are subject to the same aspect-ratio-parameter 
limitations that were given for the derivatives due to rolling 
for the swept-back hexagonal plan form.

Notched triangular plan form.—The derivatives due to 
rolling are presented for both subsonic and supersonic 
leading edges. It should be pointed out that for the damp-
ing-in-roll derivative the plan forms having subsonic leading 
edges differ from those having supersonic leading edges 
in that the trailing edges of the former always lie along the 
Mach line from the trailing end of the root chord; whereas 
time trailing edges of the latter are parallel to the leading 
edges. (See reference 2.) The derivatives dUe to sideslip 
are presented only for the plan form having supersonic 
leading edges. 

SOURCES AND DEVELOPMENT OF RESULTS 

The sources of the results for the lateral-stability deriva-. 
tives of the various plan forms surveyed are listed in table I. 
An indication of the rigor which has been maintained in the 
individual developments of these results is given, in the 
following discussion. Sources of some of the results avail-
able for plan forms other than those surveyed are also 
mentioned. 

Derivative 0: The rolling wing lends itself to readily 
specified boundary conditions and a rigorous application of the 
linearized-theory analysis. The damping moment obtained 
varies linearly with the rolling velocity p and, accordingly, 
the expression obtained for the derivative Cip is usually a 
relatively simple one. Furthermore, the numerical results 
are readily computed and can be presented in one figure 
showing both the variation with Mach number and aspect 
ratio. Consequently, there are more results available for 
the damping-in-roll derivative than for any of the other 
lateral derivatives, particularly in regard to the number 
of plan forms investigated. 

In addition to the results presented in this summary, more 
extensive clamping-in-roll results are available in the refer-
enced reports for plan forms having arbitrary sweep and 
taper. In references 9 and 10, Cl is determined for such 
plan forms having subsonic leading edges and supersonic 
trailing edges. In reference 13, these results are extended 
to include such plan forms having supersonic leading and 
trailing edges. The effect of subsonic trailing edges has 
been investigated in references 11 and 15 using the cancella-
tion-of-pressure technique, but the numerical results are 
limited to one or two plan forms. Values of C, described 
as the upper limits for swept-back plan forms having sub. 
sonic trailing edges are presented in reference 9. These val-
ues were obtained by extending the expressions developed 
for Ci,, beyond the limits of applicability for which they were 
derived. The damping-in-roll derivative for swept-back 
tapered wings having raked-in or cross-stream tips and sub-
sonic leading edges has been investigated and the results are 
presented in reference 12. Thus, it is possible to calculate 

- the clamping-in-roll derivative for a large number of plan 
forms of arbitrary sweep, taper, and tip rake. In some 
cases the numerical values of the derivative have been cal-
culated and presented. In other case the calculations must 
he carried out, a step which involves rather lengthy calcula-
tions when the trailing edges are subsonic and the cancella-
tion techniques must he used. 

It should he mentioned, however, that in many instances 
values for the clamping-in-roll derivative can be determined
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for plan forms and Mach angle configurations that would 
be extremely tedious if at all possible to calculate, by appli-
cation of the plan form reversibility theorem presented in 
reference 24. 

Derivative C,, The contribution of the normal force to 
this derivative is —C1 which can be evaluated from the 
damping-in-roll results previously discussed. The effects of 
edge suction on this derivative are also readily calculated. 
Thus it is possible to calculate G,, for the same extensive 
range of plan forms for which it was possible to calculate Cl,, . 
The results actually available for C,,, however, cover only 
the plan forms considered in this summary. 

For the trapezoidal plan forms having raked-out tips, the 
expression for C,, applicable to the stability-axes system has 
not ben published previously. For subsonic tips, and with 
the center of gravity located at e/2, the expression is. 

_256a1/1_B2m2 

9irB3A3(1+Brn)(1+j1_-) 

1 +Bm) (rn2 — 1) —2m ]_(BA)[3B(1n2_ 1 ) ±m ] ± { B[3((	
B 

1_!B
m) 

9B2A2 I_\ 
8 m /l + .\f 1—BA

4Bm
) 

l2Bm	 8	 Th 
4	

1+	 R^) 1+ V1 —LB-A 	 1/1 — 

4Bin I>[9BA—

 

and for supersonic tips the expression is 

C,, ,, = - 

Derivative Cy: The derivative Cy ,, exists only when edge 
suction forces are present. The results available for C1 - 
cover only the plan forms considered in this summary and 
some swept-back tapered wings with streamwise tips having 
either supersonic or subsonic leading edges. (See references 
14 and 16, respectively.) 

The expressions for Cy for the trapezoidal plan forms ha v- 
ing raked-out or raked-in tips have not been published pre 
viously. For the subsonic raked-out-tip plan forms the ex-
pression applicable to the stability axes system is 

64a/1 —B 2M2 
Gyp=

 

J_______
4Bm\2

r-B2 42(1 +Brn) (1 +---) 
BA—	

4Bm	 S 

L3(1+/1_$) 
9 ( 1 + V-7 _4Bm' , 

For the supersonic raked-out-tip plan forms and for the 
raked-in-tip plan forms there is no suction effect and G-, is, 
consequently, zero. 

Derivative G18 : For wings in sideslip, the boundary con-
ditions are easily specified and the linearized-theory analysis 
to obtain the normal force is easily carried out. lJnfortu-

213637-53-----78

nately, however, the rolling moment cannot he generally 
expressed as a linear function of sideslip angle. (See reference 
5.) To obtain the derivative G1, therefore, it is necessary to 
plot 01 against the sideslip angle 0 and to measure the slope 
or, if the sideslip is restricted to very small angles (reference 
4), it is possible to linearize the expression for C1 and obtain 
an explicit expression for G,. Although no derivatives due to 
sideslip are presented for the unswept and swept-back hexag-
onal plan forms, these derivatives can be calculated for these 
plan forms using references 21, 22, or 23, or if a cancellation 
technique is needed, reference 18 gives a. demonstration that 
is directly applicable to these cases. 

It should he pointed out that for the trapezoidal plan forms 

with a tip slope rn of	 the Mach cones and tips coincide at 

B=2. Double values of the derivatives clue to sideslip, 
C1, ,' C,,,, and Cy ,, occur at this value of B and in order to 
avoid any ambiguity the limiting values of the derivatives 
obtained by approaching B=2 from the lower values of B 
(tips subsonic) were labeled B=2 (-) and the limiting values 
of the derivalives obtained by approaching from higher values 
of B (tips supersonic) were labeled B=2 (+). 

For plan forms having streainwise tips, such as rectangular 
plan forms, there is some doubt as to the validity of the 
results obtained by applying the Kutta condition to the 
trailing tip at small angles of sideslip. In reference 6 it is 
assumed that the Kutta condition does not apply, whereas in 
reference 5 it is assumed that the Kutta condition applies to 
the trailing tip at small angles of sideslip as well as large. 
This difference in basic assumptions leads to two entirely 
different values for Gz. From physical considerations of 
what the flow must be past a sharp trailing edge, such as the 
tip of a thin airfoil, the theoretical analysis based on the 
latter assumption is the correct one. From physical con-
siderations of the flow about a wing tip of finite thickness, the 
correctness of either assumption depends upon the ability 
of the boundary layer on the tip to resist. separation. If time 
suction force caused by the high velocity flow of air from the 
bottom surface to the top surface is strong enough to cause 
the boundary layer to separate, then a flow corresponding to 
the Kutta condition will result and the edge suction force will 
no longer exist. The angle of sideslip at which separation of 
the flow around the tip will take place is, at present, unde-
termined. It will depend on the angle of attack and on the 
shape of the tip to a large extent. It is definitely possible, 
however, for separation -to occur on tips raked at a slight 
angle into the stream, such as the advancing tip of the rec-
tangular wing in sideslip, as well as on it trailing tip. If this 
were the case, the Kutta condition would have to he applied 
to both tips at small angles of sideslip rather than to one or 
neither as assumed in the previously mentioned analyses. 
Until experimental results are obtained that will provide 
definite quantitative evidence to the contrary, therefore, it 
seems most reasonable to assume that the solution based on 
the flow over a thin trailing edge is valid. In other words, it 
seems most reasonable to assume that the Kutta condition 
holds for all trailing edges and the edge suction exists on all 
leading edges no matter what the angle of inclination is
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between the edge and the stream. Accordingly, the results 
presented in this survey correspond to those reported in 
reference 5. 

Derivative C: The contribution of the edge suction 
effects to this derivative is easily estimated but the resulting 
expression for the yawing moment is nonlinear with sideslip. 
The normal force contribution a C1 is also nonlinear with 
sideslip as described in the discussion of C. Both of these 
nonlinearities can be handled, however, in the manner 
mentioned in that discussion. 

For the plan forms having streamwise tips the application 
Of the Kutta condition to the trailing tip at small angles of 
sideslip causes a jump in the yawing-moment curve at zero 
sideslip. (See references 8 and 17.) This jump makes it 
difficult to establish a rational value for C,, especially in 
view of the fact that in actuality the jump will, undoubtedly, 
be rounded off and the curve will have no discontinuity in 
slope at zero sideslip. The value of the derivative selected 
for the curve with the jump was based on the slope of the 
yawing-moment curve as it approached zero sideslip. This 
value is questionable in magnitude. It has the proper sign, 
however, and should be an underestimation of the actual 
value of 

Derivative C: Inasmuch as the edge-suction force is the 
only source of side force for wing plan forms, the derivative 

is zero (at zero sideslip) for plan forms having supersonic 
raked-out tips or raked-in tips. For trapezoidal plan forms 
having subsonic tips, the expression for the side force is 

—32a	 (1+B2) 

irA(i +\/1 4Bm) 2 B2(i +Bm) 11 1 —B2m2 
BA 

The jump that appears in the yawing moment versus 
sideslip curve at zero sideslip for plan forms having stream-
wise tips occurs also in the side force versus sideslip curve. 
The evaluation of the derivatives under these conditions 
was handled in the manner described in the discussion of C,,. 

Derivative Cl,. : As mentioned in a preceding section of 
this report, the yawing wing cannot be fitted satisfactorily 
to quasi-steady boundary conditions that would permit the 
use of an exact linearized-theory analysis based on a steady-
state flow. For rectangular and triangular wings, however, 
modified strip-theory analyses have been applied in refer-
ences 6 and 4, respectively, and approximate values for the 
rolling-moment-due-to-yawing derivative have been obtained. 
The analysis for the triangular wing takes into account the 
spanwise variation of speed but not the spanwise variation 
of Mach number. A chordwise variation of the effective 
sideslip angle for a yawing wing is also included in the 
triangular-wing analysis. The contribution of this latter 
factor is predominant for triangular wings of low aspect 
ratio (that is, triangular wings having small vertex angles). 
Both the spanwise variations of Mach number and of speed 
were taken into account in a somewhat similar analysis for 
the rectangular wing. From this latter analysis a factor of

a(1—B2) 
B2	

was found to exist between the loading due to roll-

ing and the loading due to yawing over the portion of the 
rectangular wing where the flow was two dimensional, and 
it was assumed that this factor could also be applied in the 
vicinity of the tips. An analysis of a rectangular wing of 
infinite span based on unsteady flow, made in reference 20, 

provided verification of the existence of the factor a(1—B2)
B2 

for the region of two-dimensional flow. In view of this veri-
fication, it seems that the rectangular-wing values for C, 
obtained from reference 6 should be a good approximation, 
at least for plan forms having high aspect ratios. Further- 

a(l—B2) more, application of the factor 	
B2	

to the rolling-

moment results for a trapezoidal plan form having super-
sonic raked-in tips should provide exact theoretical values 
for C,,. (using the unsteady-flow-analysis results as a norm) 
because of the lack of tip effects. Inasmuch as any plan 
form having relatively large regions of two-dimensional flow 
should be suited to this approximate analysis, it was decided 
to use this factor to obtain approximate values of C,1 for the 
trapezoidal plan forms, the base-forward triangular plan 
form with supersonic tips, and the unswept hexagonal plan 
form. By this step; theoretical estimates of C,, were made 
available for all but the apex-forward triangular plan form 
with supersonic leading edges, the base-forward triangular 
plan form with subsonic trailing edges, the swept-back hex-
agonal plan form, and the notched triangular plan form. 

Derivative Ca,. : Application of the factor a(1—B2 to the 

calculation of the edge-suction-force contribution to Ca, 
from the edge-suction force due to rolling will yield an ad-
mittedly rougher approximation than the application of this 
factor to the determination of the normal force due to yawing. 
However, in view of the fact that it was the only method 
available for estimating the edge-suction force in yawing, 
it was used to obtain the Ca, results for all the plan forms 
similarly analyzed for 

Derivative C1 : The application of the factor	 to 

calculate C r, and Ca,. from C, and C,, respectivel y, for 
•certain plan forms was extended to the side-force calculations 
in order to obtain values for the derivative C1,. . The apex-
forward triangular plan form having subsonic leading edges 
was excepted inasmuch as the derivative C1 was available 
from reference 4.

CONCLUDING REMARKS 

Values of the lateral-stability derivatives for wings at 
supersonic speeds, calculated using the linearized theory for 
compressible flow, have been presented in the form ofdesign 
charts showing the variations of the derivatives with Mach 
number and aspect ratio for nine plan forms.- These plan 
forms were: (1) rectangular; (2) trapezoidal with raked-out 
tips; (3) trapezoidal with raked-in tips; (4) triangular with 
apex forward; (5) triangular with base forward; (6) fully
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apered swept-back; (7) swept-back hexagonal; (8) unswept 
LexagOnal; and (9) notched triangular.' 

Limitations in the applicability and availability of the 
ateral-s tability derivatives are discussed. 

MES AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

MOFFEPT FIELD, CALIF., June 26, 1951. 
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TABLE 1.-REFERENCE NUMBERS OF THE SOURCES OF THE STABILITY-DERIVATIVE RESULTS SUMMARIZED 

Plan 
'	 form 

Der* - 
ative

Rectangular
Trapezoidal 
with raked- 

out tips

Trapezoidal 
with raked. 

in tips

Triangular 
with apex 
forward

Triangular 
with base 
forward

Swept 
back

Swept-back 
hexagonal

Unswept 
hexagonal

Notched 
triangular 

C 1 2.6 2 2 2,4 2,4 7,9 9, 10, 11, 13, 15 9, 10, 11, 13,15 2 
C: 6 (') 2 4 2,4 7, 14, 16 14,16 14,16 
C Y D 6 (I)

(I) 4 (') 7, 14, 16 14,16 14,16 
C15 5, 6 s 5 4,5 5 5, 7 
C,, 6,8 8 8 4,8 8 7,8 8 
Cya 6 (I) (1) .	 4 (1) 7 ------------ (I) 
C 1 6 2 6 26 4 26 7 26 
C, 6 2 6 26 4 26 7

-
-----------------------------

------------- 

26

----

Cy , 6 26 26 4 26 7 26 

I Previously unpublished.	 2 By extension. 

TABLE 11.-FIGURE NUMBERS FOR DERIVATIVES AND PLAN FORMS 1 

Plan 
form 

Deny- 
ative

Rectan- 
gular

Trapezoidal 
with 

raked-out 
tips

Trapezoidal 
with 

raked-in 
tips

Triangular 
with 
apex 

forward

Triangular 
with 
base 

forward

Swept back Swept-back 
hexagonal

Unswept 
hexagonal

Notched 
triangular 

C 1 3(a) 3(a),4,20 3(a), 4,20 3(a) 3(a) 3(a), 29 3(h),3(c),3(d), 3(e), 44, 3(f), 3(g) 
38, 41,	 59, 50, 62 
56 

5(a), 6(a) 5(h), 6(b), 5(c),6 (c), 21 5(d), 6(d) 5(e), 6(e) 5(f), 6(f), 30 5(g), 5(h), 5(i), 5(j), 6(j), 5(k), _ 
21 6(g),	 6(h), 6(k), 45, 51, 

6(i), 39, 42, 63 
- 57,60 

7(a) 7(a),	 22 7(a), 22 7(a) 7(a) 7(a), 31 7(b), 7(c), 40, 7(d), 7(e), 46, 
43, 58, 61 52, 64 

C 1 8(a), 9(a) 8(b), 9(h), 8(c), 9(c), 23 8(d), 9(d) 8(e), 9(e) 8(f), 9(f), 8(g) 
23 32 

C,,,, 10(a), 1I(a) 10(h), 10(c), 11(c), 10(d), 11(d) 10(e), 11(e) 10(f), 11(f), 10(g), 
11(b), 24 33 11(g) 
24 - 

12(a), 13(a) 12(b), 12(c), 13(c), 12(d), 13(d) 12(e), 13(e) 12(f), 13(f), 12(g), 
13(h), 25 34 13(g) 
25 

CI T 14(a), 15(a) 14(b), 14(c), 15(c), 14(d), 15(d) 14(e), 15(e) 14(f), 15(f),

---------------- ----------

14(g), 15(g), 
15(b), 26 35 14(h), 15(h), 
26 47, 53, 65 

Ce,, 16(a), 17(a) 16(b), 16(c), 17(c), 16(d), 17(d) 16(e), 17(e) 16(f), 17(f), 16(g), 17(g), 
17(b), 27 36

------------

16(h), 17(h), 
27

-------------

48, 54, 66 
Cr,. 18(a),19(a) 18(b), 18(c), 19(c), 18(d); 19(d) 18(e), 19(e) 18(g), 19(g), 

19(b), 28 37 18(h), 19(h), 
28

18(f),	 19(f), ------------

49, 55, 
67

In cases where more than one curve falls on a single line, the leaders identifying the curves are used to indicate the lower limit of each curve 
with respect to the variable plotted horizontally. 
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TABLE 111.—RANGES OF ASPECT-RATIO PARAIETER FOR WHICH DERIVATES ARE PRESENTED 

Plan 
form

Rectangular g Trapezoidal 1 with Trapezoidal I with Triangular with Triangular with 
raked-out tips raked-in tips apex forward base forward 

Deny- 
ative

CI D 1<BA<co (l+Bm)2:5BA<o. (1_B111)2:!^BA<w O<BA<c O<BA< 
do------------   do ------------ do ------------ Do. 

C do--------- ..	 do ------------ do ------------ .do ------------ Do. 
C 1

-

do------------- 

---
---

4^BA< 
C,.

.do----------
do --------

-

do ------------

--

do ------------

-- 
-

_ do ------------ Do. 
C 8

do-------------- do---------------

Do. 
C 1 ,

do---------------
--

Do. 
C,.,

.do-----------

do--------
.do--------------

-- 

- 

.	 .do ------------

do-------------
do------------- O<BA<4 

-- 	do --------- ----

.do-------------
- 

----

-

Do. 
C,

.do----------
--

do -------- -- 	do ------------ -.do ------------
..do--------------

-- 	do ------------ -Do. 

Limits given are for subsonic tips (IB?nI<i); for supersonic tips GBm !?1) the limits are I4Bmj :5BA< . 

TABLE 111.—CONCLUDED 

Plan 
form 

Deriv-
ative 

Swept back
52 

hexagonal
Unswept2 

hexagonal Notched triangular 

(Thfll+X)^ (Bm+l)(l+BA O^BA^(C(C) 

4Brn(1—X) <_4Bm(1—X) 
(1—Bm)(1+X) (I—Bm)(l+X) 

C,. do ------------ do ----------- do 

Cy, do ------------ do do 

--- -

- 

--- ----

------- 

-------

Do. 

------------

---------------------

Do. 

ci,

do

do-------------

do ------------

-------------------

 ------------------- 

- --------------------------

-------- 

—

— 

4Brn 
(Brn + l )( l + X) <BA ------------------------------------ 

-

4Bm(1—X) 

--

(1—Bm)(1+X) 

C,., do ------------ do ----------- 

Cy, do ------------

--------------------

------------------- ------ do -----------

.---- ..----------------------------------- 

.........................................

2 These limits apply for subsonic leading edges, Bm< 1, but for supersonic leading edges, Bm> 1, the upper limit is changed to oo. 
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(a) First six plan forms investigated. 	 (d) Swept-back hexagonal plan form; =O.S, Bm-3BA/4. 

(b) Swept-back hexagonal plan form; X1. 	 (e) Unswept hexagonal plan form; X=O.S. 
(c) Swept-back hexagonal plan form; X=05.	 (f) Unswept hexagonal plan form; X=O.ô; Bsn=38A/2. 

FIGURE 3.—Variation of damping-in-roll parameter with aspect-ratio parameter. 
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FIGURE 3.—Concluded. (g) Triangular'and notched triangular plan forms. 

4 1 H--
 
	 ILI.	 (a) Rectangular plan form. 

4	 6	
8 BA/IBm!
	 12	 14	 (b) Trapezoidal plan form; mO.5. 

(c) Trapezoidal plan form; m-0.5. 

FIGURE 4.—VariatiOn of dam 	 11 parameter with plan-form parameter for trapezoidal 
plan forms having supersonic tips; Bml>l.	 FIGURE 5.—Variation of yawing-moment-due-to-roll derivative with aspect ratio. 
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(d) Triangular plan form. Apex forward. 

(e)Triangular plan form. Base forward. 

(f)Swept-back plan form; )s=O; !0.5. 

Fiou 5.—Continued.
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(g) Swept-back hexagonal plan form; X=1M; m=0.5. 

(h) Swept-back hexagonal plan form; X=OS; mO.5. 

(i) Swept-back hexagonal plan-form; X=05. Bm3BA/4. 
(j) Unswept hexagonal plan form; X=0.5; rn—S 

FIGURE 5—Continued. 
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FIGURE 5.—Concluded. (k) Unswept hexagonal plan form; X=0.5; Bm=3BA/2. 
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(a) Rectangular plan form. 

(b) Trapezoidal plan form; m=0.5. 

(c)Trapezoidal plan form; m= —0.5. 

FIGURE 6.—Variation of yawing-moment-due-to-roll derivative with Mach number 
parameter B.
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(d) Triangular plan form. Apex forward. 

(e)Triangular plan form. Base forward. 

(I) Swept-back plan form; X=0; =0.5. 

FIGURE 6.—Continued. 
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(g) Swept-back hexagonal plan form; X=l.O; m=0.& 

(h) Swept-back hexagonal plan form; X0.5; m=0.5. 

(I) Swept-back hexagonal form; X=0.5, Bsn3BAf4. 

(j) Unswept hexagonal plan form; X=0.5; m=5. 

(k) Unswept hexagonal plan form; X=0..5; Bm=3B4/2. 

FIGURE 6.—Concluded.
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(a) First six plan forms investigated. (See footnote, table II.) 

(b) Swept-back hexagonal plan form. 

(c) Swept-back hexagonal plan form; X=0.5. Bm=3B.4/4. 

(d) Unswept hexagonal plan form; XO.S. 

FIGURE 7.—Variation of side-force-due-to-rolling derivative with aspect-ratio parameter. 
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A 
(e) Triangular plan form. Base forward. (See footnote, table II.) 

(f)Swept-back Plan form; X=O; 

(g)Notched triangular plan form; m=3. 
FIGURE 8.—Concluded. 
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FIGURE 7.—Concluded. (e) Unswept hexagonal plan form; X=0.5; 13m3J3A/2.

A 
(a) Rectangular plan form. 

(b) Trapezoidal plan form; m=0.5. 

(c)Trapezoidal plan form; m=-O.5. 

(d) Triangular plan form. Apex forward. 

FIGURE 8.—Variation of rolling-moment-due-to-sideslip derivative with aspect ratio.



B 
(e) Triangular plan form. Base forward. (See footnote, table IL 

(1) Swept-back plan form; X=O; 

(g) Notched triangular plan form. 

FIGURE 9.—Concluded. 
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B 
(a) Rectangular plan form. 

(b) Trapezoidal plan form; m=0.5. 

(c) Trapezoidal plan form; m–O.5. 

(d) Triangular plan form. Apex forward. 

FIGURE 9.—Variation of rolling-moment-due-to-sideslip derivative with Mach 
number parameter B.
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(a) Rectangular plan form. 

(b) Trapezoidal plan form; m=0.5. 

(c) Trapezoidal plan form; m=—O.S. 

(d) Triangular plan form. Apex forward. 

FIGURE 10.—Variation of yaw ing-moment-due-to-sideslip derivative with aspect 
ratio.

A 

(e) Triangular plan form. Base forward. (See footnote, table II.) 

(f) Swept-back plan form; =0; =0.5. 

(g) Notched triangular plan form; m=3/2. 	 - 

FIGURE 10.—Concluded.
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(a) Rectangular plan form. 

(b) Trapezoidal plan form; m=0.5. 

(c) Trapezoidal plan form: m —0.5. 
(d) Triangular plan form. Apex forward. 

FIGURE 11 —Variation of yawing-moment-due-to-sideslip derivative with Mach 
number parameter B.
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(e) Triangular plan form. Base forward. (See footnote, table IL) 

(I) Swept-hack plan form; X=O; !=0.5. 

(g) Notched triangular plan form. 

FIGURE 11.—Concluded. 	 - 
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A 
(e) Triangular plan form. Base forward. (See footnote, table II.) 

(1) Swept-back plan form; 

(g) Notched triangular plan form; m=3/2. 

FIGURE 12.—Concluded. 
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(a) Rectangular plan form. 

(b) Trapezoidal plan form; in=0.5. 

(e) Trapezoidal plan form; m= —0.5. 

(d) Triangular plan form. Apex forward. (See footnote, table II.)

FIGURE 12.—Variation of side-force-due-to-sideslip derivative with aspect ratio. 
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(a) Rectangular plan form. 

(b) Trapezoidal plan form; sn=0.5. 

(c) Trapezoidal plan form; m=—O.5. (See footnote, table 11.) 

(d) Triangular plan form. Apex forward. (See footnote, table II.) 

FIGURE 13.—Variation of side-force-due-to-sideslip derivative with Mach number 
parameter B.

B 
(a) Triangular plan form. Base forward. (See footnote, table II.) 

(f) Swept-back plan form; 

(g) Notched triangular plan form. 

FIGURE 13.—Concluded. 
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(e) Triangular plan form. Base forward. 

(I) Swept-back plan form; X=O; j=O.5. 

(g) Unswept hexagona )plan form; X=0.5; m=5. 

(h) Unawept hexagonal plan form; X=0.5; Bm=3B,1/2. 

FIGURE 14.—Concluded. 
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-	 (a) Rectangular plan form. 

(h) Trapezoidal plan form; rn=O.& 

(c) Trapezoidal plan form; m=-0.5. 

(d) Triangular plan form. Apex forward.	 - 

FIGURE 14.—Variation of rolling-moment-due-to-yawing derivative with aspect ratio. 
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(a) Rectangular plan form. 

(b) Trapezoidal plan form; m=0.5. 

(c) Trapezoidal plan form; ,n= —0.5. 

(d) Triangular plan form. Apex forward. 

FiouEE 15.—Variation of rolling-moment-due-to-yawing derivative with Mach 
number parameter E.

B 
(e) Triangular plan form. Base forward. (See footnote, table II.) 

(f) Swept-back plan form; X0; !=0.5. 

(g) Unswept hexagonal plan form; X=05; m=5. 

(h) Unswept hexagonal plan form; X=0.5; Bm3BAI2. 
Finijax 15.—Concluded. 
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(a) Rectangular plan form. 

(b) Trapezoidal plan form; m=O.5. 

(e) Trapezoidal plan form; m—O.5. 

(d) Triangular plan form. Apex forward. 

FIGURE 16—Variation of damping-in-yaw derivative with aspect ratio.
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(e) Triangular plan form. Base forward. 

(I) Swept-back plan form; X=O; Cf =0.5. 

(g) ijnswept hexagonal plan form; A=0.5; m=5. 

(h) Tjnswept hexagonal plan form; X=0.5; Bm=38.t/2. 

FIGURE 16.—Concluded. 
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(b) Trapezoidal plan form; m=O.ô. 
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(d) Triangular plan form. Apex forward. 

Figure 17.—Variation of damping-in-yaw derivative with Mach number 
parameter B.
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(e) Triangular plan form. Base forward. (See footnote, table II.) 

(f) Swept-back plan form; A=Q; =0.5. 

(g) Unswept hexagonal plan form; X=0.5; m=. 

(h) Unawept hexagonal plan form; X=0.5; Bm=3BA/. 

FIGURE 17.—Concluded. 
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A 
(a) Rectangular plan form. 

(b) Trapezoidal plan form; sn0.5. (See footnote, table 11.) 

(c) Trapezoidal plan form; m=-0.5. (See footnote, table IT.) 

(d) Triangular plan form. Apex forward. 

FIGURE 18.—Variation of side-force-due-to-yawing derivative with aspect ratio.

A 

(e) Triangular plan form. Base forward. (See footnote, table If.) 

(f) Swept-back plan form; X=O; 

(g) Unswept hexagonal plan form; X=0.5; m=5. 

(h) Unswept hexagonal plan form; =0.5;Bm=3BAI2. 

FIGURE 18.—Concluded. 
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Fiovax 19.—Continued. 
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(a) Rectangular plan form. 
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(c) Trapezoidal plan form; m=—O.5. (See footnote, table H.) 

(d) Triangular plan form. Apex forward. 

FIGURE 19.—Variation of side-force-due-to-yawing derivative with Mach number
parameter B.
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FIGURE 19.—Concluded. (h) Tjnswept hexagonal plan form; X=0.5; Bm=3BA/2. 
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FIGURE 20.—Variation of damping-in-roll derivative with tip slope for trapezoidal plan 
forms; A=6.
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FIGURE 22.—Variation of side-force-due-to-rolling derivative with tip slope for trapezoidal 
plan forms; A=6. 
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FIGURE 23.—Variation of rolling-moment-due-to-sideslip derivative with tip slope for trape-
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FIGURE 24.—Variation of yawing-moment-due-to-sideslip derivative with tip slope for trape-
zoidal plan forms; A=6. 
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FIGURE 21.—Variation of yawing-moment-due-to-roll derivative with tip slope for trapezoidal 
plan forms; 4=6.
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FIGURE 28.—Variation of side-force-due-to-yawing derivative with tip slope for trapezoidal 
- plan forms; A=6. 
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FIGURE 29.—Variation of damping-in-roll derivative with ratio of root chord to over-all length 
of swept-back plan form; m=0.5. 
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FIGURE 30.—Variation of yawing-moment-due-to-roll derivative with ratio of root chord to 
over-all length of swept-back plan form; m=0.5.
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FIGURE 32.—Variation of rotling-moment-due-to-sideslip derivative with ratio of root chord 
to over-all length of swept-back plan form; in 
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FIGURE 34.—Variation of side-force-due-to-sideslip derivative with ratio of root chord to
over-all length of swept-back plan form: ? n =0.5. 
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FIGURE 42.-Variation of yawing-moment-due-to-roll derivative with taper ratio for swept-



back hexagonal plan form; Bm=BA(l+X)/4(I-X). 
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FIGURE 48.-VarIation of damping-in-yaw derivative with taper ratio for unswept hexagonal 
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FIGURE 49.-Variation of side-force-due-to-yawing derivative with taper ratio for unsa-ept
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FIGURE 45.-Variation of. yawing-morncnt-due-to-roll derivative with taper ratio for unswept 
hexagonal plan form; A=6; m=5. 
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FIGURE 50.-Variation of damping-in-roll parameter with taper ratio for uflswept hexagonal 
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FIGURE 52.—Variation of side-force-due-to-roll derivative with taper ratio for uflSwept 
hexagonal plan form; Bm= BA (1+),)/2(1 —X). 
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FIGURE 53.—Variation of rolling-moment-due-to-yawing derivative with taper ratio for
unswept hexagonal plan form; B=2; 13m L&4(l+ X)/2( I - X) 
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FIGURE 55.—Variation of side-force-due-to-yawing derivative with taper ratio for unswept 
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FIGURE 57.—Variation of yawing-moment-due-to-roll derivative with leading-edge slope for 
swept-back hexagonal plan form; X=l; 13=2. 
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FIGURE 56.—Variation of damping-in-roll parameter with leading-edge slope for swept-back
hexagonal plan form; =l; B=2.
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FIGURE 59.—Variation of damping-in-roll parameter with leading-edge slope for swept-back hexagonal plan form; X=9.5; A=6. 
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FIGURE 60.—Variation of yawing-moment-due-to-roll derivative with leading-edge slope for swept-back hexagonal plan form; X=0.5; A=6. 
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FIGURE 61.—Variation of side-force-due-to-roll derivative with leading-edge slope for swept-back hexagonal plan form; X=0.5; A=6.
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FIGURE 62.—Variation of damping-in-roll parameter with leading-edge slope for nnswept 
hexagonal plan form; X=O5; A=6. 
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FIGURE 63.—Variation of yawing-moment-due-to-roll derivative with leading edge slope for 

unswept hexagonal plan form; X=0.5; A=6.
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FIGURE 66.—Variation of damping-in-yaw derivative with leadin-edgo slope for unswept 
hexagonal plan form; X=0.5; A=6. 
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FIGURE 67—Variation of side-force-due-to-yawing derivative with leading-edge slope for 
unswept hexagonal plan form =O.5: A=6.
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INVESTIGATION OF TURBULENT FLOW IN A TWO-DIMENSIONAL CHANNEL' 

By John Laufer 

SUMMARY 

A detailed exploration of the field of mean and fluctuating 
quantities in a two-dimensional turbulent channel flow is 
presented. The measurements were repeated at three Reynolds 
numbers, 12,300, 30,800, and 61,600, based on. the half width 
of the channel and the maximum mean velocity: A channel of 
5-inch width and 12: 1 aspect ratio was used for the investigation. 

Mean-speed and axial-fluctuation measurements were made 
well within the laminar sublayer. The semitheoretical predic-
tions concerning the extent of the laminar sublayer were con-
firmed. The distribution of the velocity fluctuations in the 
direction of mean flow u' shows that the influence of the viscosity 
extends farther from the wall than indicated by the mean velocity 
profile, the region of influence being approximately four times 
as wide. 

Fluctuations perpendicular to the flow in the lateral and 
vertical directions v' and w', respectively, and the correlation 

coefficient k=	 '_ were also measured. The turbulent 

shearing stress was computed by three different methods. The 
results show satisfactory agreement for the two lower Reynolds 
numbers. In the case of the highest Reynolds number, however, 
the total shearing stress r obtained from the fluctuation measure-
ments was approximately 20 percent lower than that computed 
from the mean-velocity and mean-pressure measurements. All 
dimensionless mean fluctuating quantities were found to decrease 
with increasing Reynolds number. Measurements of the scales 
of turbulence L9 and L2 and microscales of turbulence X, and X 
across the channel are presented and their variation with 
Reynolds number is discussed. Using a new technique, values 
for the inicroscale X were obtained; a new method for estimating 
the scale L1 is also given. 

The energy balance in the turbulent flow field was calculated 
from the measured quantities. From this calculation it is 
possible to give a descriptive picture of turbulent-energy diffusion 
in the center portion. of the channel cross section. 

For the flow corresponding to a Reynolds number of 30,800 
the energy spectrum of the u' 2-fluctuations at variouspoints 
across the channel, including one in the laminar sublayer, was 
obtained. 

At station y1d=0.4, where y is lateral distance and d is half 
width of the channel, the contribution to the turbulent shear 
stress from various frequency bands was measured and it was 
found that the contribution corresponding to frequencies above 
1.500 cycles per second is negligible. Since the spectrum of U/2 

I Supersedes NACA TN 2123 "Investigation of Turbulent Flow in a Two-Dimensional 
Channel" by John Laufer, 1910.

at this point extends to about 5000 cycles per second it is evident 
that the high frequencies are nearly isotropic in agreement with 
Kolmogoroff's hypothesis. 

INTRODUCTION 

In recent- years a considerable step forward was made in 
the theory of turbulence. Kolmogoroff (reference 1), 
Heisenberg (reference 2), and Onsager (reference 3) ob-
tained independently an energy-spectrum law that holds in 
rather restricted types of turbulent flows. This progress 
gave a new impetus to both theoretical and experimental 
investigations. The experimental worker may follow two 
principal methods of approach to the problem. First, he 
may establish flow fields which satisfy sufficiently the 
assumptions of the new theory, namely, that the flow'is 
isotropic and of high Reynolds number so that the influence 
of viscosity is a minimum and the effect of the turbulence-
producing mechanism is small. Under these conditions he 
may measure quantities such as correlation functions, scales, 
and microscales that are defined exactly in the flow field 
and may compare his results with those predicted by the 
theory. The main difficulty with this method is to predict 
bow- closely one has to approximate in the actual flow the 
conditions assumed in the theory. In other words, the 
sensitivity of the theory to deviations from true isotropic 
conditions is not known and in case the measurements (10 

not agree with the theory one does not know whether to 
attribute the disagreement to faulty assumptions in the 
theory or to the incomplete isotropic conditions of the flow. 
Furthermore, the imposition of the condition of isotropy to 
fluctuating fields may be a very strong restriction and the 
study of such fields may not yield the complete picture of the 
turbulence mechanism. 

The second method of approach is to establish a simple 
nonisotropic turbulent flow field with well-defined boundary 
conditions and, in the light of the existing theories, to try 
to obtain information on the mechanism of energy transfer 
from the low frequencies of the energy spectrum to the high 
ones. The present investigation of a turbulent channel flow 
has this purpose in mind in its long-range program. 

The difficulties of this method are immediately realized. 
Because of the nonisotropic nature of the flow, characteristic 
quantities such as scale and microscale are no longer well-
defined and it is very possible that in the first stages of the 
investigation certain quantities will be measured that later 
will prove to he trivial. On the other hand, the main 
advantage of a fully developed channel flow is the fact that, 
in contrast with the flow behind grids, flow conditions are 

Preceding Page Blank	 1241
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steady; no decay of mean or fluctuating quantities exists 
in the direction of the flow. Consequently, the turbulent 
energy goes through all of its stages of transformation across 
the channel section—turbulent-energy production from the 
mean flow, energy diffusion, and turbulent and laminar 
dissipation—and one may study these transformations in 
detail. 

It has become clear that the phenomenological theories of 
turbulence, such as the mixing-length theories, have lost 
most of their importance. These theories, developed in the 
late twenties and early thirties, were aimed specifically at 
an evaluation of the mean-velocity distribution in turbulent 
flow. The existing experimental evidence shows clearly that 
the mean-velocity distribution is very insensitive to the 
essential assumptions introduced into the phenomenological 
theories. In fact, purely dimensional arguments generally 
suffice to give the shape of the mean velocity profile with 
sufficient accuracy. For the further development of an 
understanding of turbulence, detailed measurements of the 
field of fluctuating rather than of mean velocities are neces-
sary. The program of experimental research of which this 
work is one part is based on this reasoning. It is quite 
apparent and natural that the same conclusions have been 
drawn by workers in the turbulent field elsewhere and that, 
in general, the main emphasis of current experimental inves-
tigation is the exploration of the field of the fluctuating-
velocity components.. 

The present set of experiments deals with flow in a two-
dimensional channel, that is, with pressure flow between 
two flat walls. Channel flow of this type is the simplest 
type of turbulent flow near solid boundaries which can be 
produced experimentally. The simpler Couette type flow -
requires that one wall move with constant velocity, a con-
dition which is difficult to realize experimentally. It can 
be approximated by the flow between concentric cylinders, 
but complications due to centrifugal forces arise here. The 
simple geometry of a two-dimensional channel allows an 
integration of the Reynolds equations, and the turbulent 
shearing stress can then be related directly to the shearing 
stress on the surfaces which, in turn, can be determined from 
the mean-pressure gradient or the slope of mean velocity 
profile at the wall. 

The relation between the apparent stresses and the wall 
shearing stress can be used to advantage in two fashions. 
It is here posible to obtain the magnitude of the correlation 
coefficient responsible for the apparent shear by measuring 
only the intensities of the turbulent fluctuations. The 
turbulent shearing stress can also be measured directly by 
means of the hot-wire anemometer. A comparison with the 
shear distribution obtained from mean-pressure-gradient or 
mean-velocity-profile measurements serves then as a very 
useful check on the underlying assumptions, on the one hand, 
and specifically as a check on the reliability and accuracy of 
the direct measurements, on the other. 

Measurements of channel flow have previously been made 
by Dönch (reference 4), Nikuradse (reference 5), Watten-

dorf and Kuethe (references 6 and 7), and Reichardt (refer-
ences 8 and 9). A few unpublished measurements have been 
made recently at the Polytechnic Institute of Brooklyn. 

Donch's and Nikitradse's measurements were concerned 
only with the mean-velocity distribution and are thus of 
not too much interest for a comparison with the present 
set of measurements. Wattendorf measured the intensity 
of the fluctuating-velocity components and then deduced 
the correlation coefficient from the mean-pressure measure-
ments. The technique for measuring the axial component 
of the velocity fluctuation was well-developed at the time, 
but the cross component was only tentatively measured. 

The most complete set of measurements is due to the work 
of Reichardt, who measured velocity fluctuations in the 
direction of the flow and normal to the wall as well as the 
turbulent shear directly. Reichardt found very good agree-
ment between the shearing stress determined in these two 
ways; his paper comes closest to the present investigation 
and his results will be used for comparison. The Reynolds 
number in Reichardt's measurements was 8000, which is 
lower than the range covered by the present measurements. 
A criticism which can be made of Reichardt's investigation 
is his use of a tunnel of only 1:4 aspect ratio. The two-
dimensional character of the flow is thus somewhat doubtful. 
Wrattendorf's experiments were made in a channel of very 
large aspect ratio (18:1) and are thus free of this criticism. 

In a preliminary investigation a channel 1 inch wide and 
60 inches high was chosen. The measurements, however, 
have shown that in this case the scale of turbulence is so 
small that great care must be taken to correct the hot-
wire readings for the effect of wire length. Measurements 
of the microscales were, in fact, impossible in the 1-inch 
channel. The microscales were about 0.1 centimeter and 
thus smaller than the length of the wire. The corrections 
for the case of measurements of v' and w' were about 30 
percent. Since the method of correction becomes very inac-
curate for such large ratios of wire length to microscale, the 
measurements were repeated in a 5-inch channel with a 
12:1 aspect ratio. This ratio was still large enough to insure 
two-dimensional flow and the length corrections were greatly 
reduced. 

This investigation was conducted at the Guggenheim 
Aeronautical Laboratory, California Institute of Tech-
nology, under the sponsorship and with the financial assist-
ance of the National Advisory Committee for Aeronautics. 

The author wishes to acknowledge the constant advice 
and help in both experimental methods and interpretation 
of results of Dr. H. W. Liepmann during this investigation. 
He also wishes to thank Dr. C. B. Millikan for his contin-
uous interest in this research. The cooperation of Dr. 
F. E. Marble and Mr. F. K. Chuang is much appreciated. 

SYMBOLS 

longitudinal coordinate in direction of flow; 
x=0 corresponds to channel exit
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U 

U0 
U' 

V', w' 

ip 

To 

U 

ii 

1? 

lateral coordinate; y=0 corresponds to channel 
wall 

vertical coordinate 
half width of channel (2.5 in.) 
thickness of laminar sublayer 
mean velocity at any point in channel 
maximum value of mean velocity 
instantaneous value of velocity fluctuations in 

direction of mean flow x 
instantaneous values of velocity fluctuations 

normal to mean flow in directions y and z, 
respectively 

root-mean-square value of velocity fluctuations 
in direction of mean flow x 

root-mean-square values of velocity fluctua-
tions normal to mean flow in directions y and 
Z ' respectively 

pressure at any point ir. channel 	 - 
air density 
total shearing stress 
shearing stress at wall 
friction velocity (f7) 
absolute viscosity of air 
kinematic viscosity 
Reynolds number based on half width of chan-

nel and maximum mean velocity 
correlation coefficient responsible for apparent 

OR Wshear 

correlation coefficients as functions of X, Y, and 
Z, respectively 

microscales of turbulence 
(7 (u'\2 u' 2 1 (\2 u' 2 1 7 ô1')2 

YZ 'J)

L, L2, L,	 scales of turbulence 

(LfRdX, LU J' RdY, LZ J' RZ dz) 

X, Y, Z distances (in the x-, y-, and z-direction, respec-
tively) between points at which correlation 
fluctuations are measured 

ratio of square of compensated and uncompen-
sated fluctuations 

ill	 - time constant expressing thermal lag of hot-
wire 

m frequency, cycles per second 
F-(n) fraction of turbulent energy U' 2 associated with 

band width dn 
F-(n)

- 
fraction of turbulent shear U'V' associated with 

band width dn 
W dissipation of turbulent energy 
t time 
e, c 2

- 
voltage fluctuations

ANALYTICAL CONSIDERATIONS 

EQUATIONS OF MOTION FOR TWO-DIMENSIONAL CHANNEL FLOW 

The mean- and fluctuating-velocity components are 
denoted by Uj and u1 ', respectively; Cartesian coordinates 
are designated by x i ; and Pik denotes the compone&ts of 
the stress tensor which includes both the viscous and ap-
parent (Reynolds) stresses. The Reynolds equation and 
the continuity equation for steady flow can thus be written, 
using Cartesian tensor notation, 

PUk 
Uj ôPjk (la) 

V	 (ib) 

R, R, R, 

Ar, Au, A

where

Pik=

—p+2i--	 2 
( Ou 1 ôu2\ 

('U- ôu2\ 
6X 2 6XI

	 U2	 - p+ 2ii-_ 

(^^Ulax3 a,	 +2)_Pu2'U3' +_ pUl'U3'	
(u2

(ôUl  ôu3

)

	 , ,I 

QU 2  U3 

6X3 
+ 

6X 

2) 

- p+2 AbX' p73 

For channel flow between two parallel flat walls, 

U j u(y) 

U2=zO 

U3 = 0

_p_PZ72 	 A dujPUV 

du T7 1__ PUV	 —P—P7 

0	 0

0 

a 

—p—pW'2 

213637-53-----80
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where x, y, and z replace xi , and u' , v ' , and w ' replace u ' for 
convenience in writing equations (la) and (ib) in simpler 
form. Equation (1b) is automatically satisfied 'and equation 
(la) becomes:

	

Of	 7 + 6 du --
0 6X	 v 

dy
(2) 

	

Of	 7\	 0/' (IV, O= — ,—p—pv )+y— — Pu v 

In fully developed turbulent flow the variation of mean 
valueg of the fluctuating quantities with x should be zero; 
that is, the flow pattern is ifldependent of the streamwise 
direction. Hence, equations (2) become: 

1 Op,_ d2u d7

	

-	 p Oxi'dy2	 (ly 
or

I bp_I dT 

	

P Oxp (ly	 (3a.) 

iop_ 

	

P by	 by (3b) 

Differentiating equation' (3b) with -, ' respect to x gives 
1 O2p 
P OxOy°' consequently Op/Ox is independent of y and 

equation (3a) is immediately integrable. Thus 

yOp du --- 
--==vTy— u v +Constant P 6  

In the center of the channel the shear vanishes; hence if the 
channel has the width 2d 

Constant'= d Op— - 
P Ox 

and hence

lOp	 du 
- (y—d)=v---u'v' 

Or in nondiinensional form: 

y—d bp v du 

	

pUO 2
 6xU['j77	 (4) 

In terms of the shearing stress at the wall, 

	

7- 0 y—d	 i' du'	 - 
() 

It is evident from equations (4) and (5) that r 0 can be 
determined in three different ways: 

(a) From the mean-pressure gradient 

T0=
OP '—(1 - 
ox

(b) From the slope of the mean velocity' profile near the 
wall

(TV11=0
du\ 

r0=j 

(c) From a direct measurement of uY 

70 (

	 du\ (1' 
=

(Iy j—d 

If y/d is not too small,

L 
du 

and then
-- d 

T 0 =pU V 

The technically simplest way to determine. 'To, and thus in 
fact the complete shear distribution, is a measurement of 
Op/Ox. This is the method applied in most investigations. 

To determine the slopeofthevelocitv profilenear the wall, 
the profile has to be known up to points very close to the 
wall, that is, at least to distances y/d= 102. This in general 
requires the use of the hot-wire anemometer and very 
precise measurements. 

The third method requires a direct measurement of the 
correlation between the axial and lateral velocity fluctuations. 
The technique of this type of measurement is known and 
was first applied by Reichardt and by Skratnstad and, in 
somewhat different form, in recent investigations at the 
National Bureau of Standards, Polytechnic Institute of 
Brooklyn, and California Institute of Technology. 

In the present investigation all three methods have been 
applied and the results compared, with the exception of the 
flow at the lowest Reynolds number. In this case the 
pressure gradient is extremely small (approx. 0.0003 mm of 
alcohol/cm) and reasonably accurate measurements were not 
possible. This comparison of the three methods has the 
advantage that it gives a good indication of the absolute 
accuracy of measurements of the fluctuating quantities and 
the correlation coefficient k. 

ENERGY EQUATION 

Writing equation (la) in the form 

bu i 	 Op 
pu — '"f/,LV2u 1	 (6) 

and.multiplying it by 'a 1 , the following relation is obtained: 

1 OU ZU IUk	 OPu	 O2u 
2	 OXk =	 Ox1 

I /,LU1 
OxOx 

Transforming the last term by partial integration the energy 
equation of the mean flow becomes
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1 ôILUj'Uk	 ôpu	 2 1	 t	 (ôu1\ (ôu1\	 - 

óXk	 +xôx )()	 (I) 

The velocity perturbations can now, he introduced: 

U 1 U+1L"

see whether experimental results confirm this relation. Taking 
as an example results from the measurements at R=30,800 
and y/d=0.5 (where q31D11X103 and wq2/X21.7X103) 

q=52 centimeters per second 

X=0.5 centimeter 
U 2 = V 

it, =IV' 

Since the velocities are independent of the coordinates x and z 
the following equation is obtained after averaging: 

du	 (IlL/V1 1	 (1 
Pu H v	 +	 v'(u'2-j-v'2+w'

bX 
6Y 

	

d2u _.L 1	 d 2 	 ô 

	

(l1J 2 ' -
	 (n'2+v'2±w'2)—	

Uj' /ôu'\ 
JA EL	 2 (t y''	 y3.J) 
Making use of equation (3a) this simplifies to 

dy dy	 2	 )+v'r]+)— 
du d [ 1(u'2±v'2+w'2 

T -=---- pV 

1
	 ( bxj )( Sx

)ôu/ôu 
12 

d2 
(u2+vI2+w2)+/2 

This form was obtained b y Von Kârmân (reference 10) while 
discussing a nonisotropic flow in terms of the statistical 
theory of turbulence. In order to see the relative orders 
of magnitudes of the different terms in the equation, Von 
Kârmân expresses them in terms of a single velocity 
q = //2 + V 12  +w'2 and a characteristic length D correspond-
ing to the width of the channel. Since 

_iilvI=OW) 

P 

and

du.
	

;: 

-- 
(ly	 ]J/ =00) 

the above equation may be written as 

A1 =A 2 +A3 	 3+A5 

where the coefficients have the characteristics of correlation 
functions and X is the microscale of turbulence. For a high 
Reynolds number flow qD1v>1, it follows that vq2/D2<q31D. 
Thus the second and third terms on the right side of the 
equation may be neglected. Since the pertinent quantities 
have been measured during the present work, the order of 
magnitude of these terms can be directly evaluated and the 
omission of the terms is found to be justified. The above 
equation thus contains oiily terms of the forms q31D and 
vq2/X2 ; these terms should be of the same order of magnitude 
and therefore qX2/vD=0(1). It is of considerable interest to

therefore
2_ 52X 0.25 —6 6 
;,D0. 155 X 12. ^7 

This ratio seems to he fairly constant for different Reynolds 
numbers and across the channel cross section. 

In view of the above dimensional considerations, the 
energy equation may be written 

(In (1 ( ,u'2+v'2+w'2 f')+ 
(oul I \ 7ôu'\ 

T - = - 
dy dy	 2	 -	 /2 --)(j j)	 (8) 

The equation expresses the fact that the energy produced 
by the turbulent shear forces at a certain point is partly 
diffused and partly dissipated. This equation has been 
used in estimating the energy diffusion across the channel, 
since from the measured quantities the production term and 
dissipation can be calculated. 

EQUIPMENT AND PROCEDURE 

WIND TUNNEL 

The investigation was carried out in the wind tunnel 
shown in figure 1. The turbulence level is controlled by a 
honeycomb and seamless precision screens, followed by an 
approximately 29:1 contraction. The screens have 18 
meshes per inch and a wire diameter of 0.018 inch. The 
honeycomb consists of paper mailing tubes, 6 inches long 
and 1 inch in in diameter. 

Wind dfrec f/on- ---------Scr'eens (18 mesh) 

	

Access doors--	 'Honeycornb 

(Tubes 6" long and/" diam.) 

Wind d,ect/on-. Box	 section..	 Count en Vanes--., 

FIGURE 1.—Diagram of two-dimensional tunnel. 

The over-all length of the channel is 23 feet. At the en-
trance section it is 3 inches  wide and has an aspect ratio of 
20:1. In a distance of 7 feet it expands to a width of 5 inches 
and the aspect ratio is reduced to 12:1. The walls of the exit 
portion of the channel (about 6 if) are made of 3X-inch-
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thick plywood with a h-inch birch inside cover. The y were 
speciall y treated in order to acquire a smooth finish and were 
reinforced in order to avoid warping (fig. 2); in spite of this a 
few percent of width variation existed. 

FIGURE 2.—Exit of channel. 

The tunnel is operated by a 62-horsepower stationary 
natural-gas engine—normally operating at a fraction of its 
rating—which drives two eight-bladed fans. The speed is 
remotely controlled by means of a small electric motor which 
drives the throttle through a gear and lead-screw system. 

The experiments were carried out at speeds of 3, 7.5, and 
15 meters per second. 

TRAVERSING MECHANISM 

Figure 3 shows the type of traversing mechanism used 
during the experiments. It consists simply of a micrometer 
screw on which the hot-wire support is fastened. The sup-
port can rotate freely in a plane perpendicular to the air flow; 
thus, the hot-wire may be adjusted exactly parallel to the 
wall.

I 
AL

- I 

The zero reading of the traversing mechanism (y=O) was 
carefully found using the following method: The hot-wire was 
placed close to the wall (approx. 0.025 cm away); the distance 
between the wire and its image in the polished wall was 
measured by means of an ocular micrometer. The position 
of the wire is, of course, one-half of the observed distance and 
could be determined with an accurac y of ±0.0005 centi-
meter. 

In order to obtain the pressure distribution along the 
middle of the channel a 6-inch-long thin-walled tube h-inch 
iii diameter was used with a small static-pressure hole drilled 
close to its end. The tube was free to slide in a support at 
the entrance of the channel so that the position of the pressure 
hole relative to the channel exit could be changed. The tube 
was kept straight and under tension b y means of weights. 

HOT-WIRE EQUIPMENT 

All velocit y measurements were made with hot-wire ane-
mometers. The frequency response of the amplifier-compen-
sator unit of the hot-wire equipment, using a 0.00024-inch 
wire at standard operating conditions, is flat from approxi-
mately 2 to 10,000 cycles per second. 

The compensation of the hot-wire for thermal lag is ac-
complished by a capacity network. The range of time 
constants was chosen from 0 to 1 millisecond corresponding 
to the characteristics of 0.00005- to 0.00024-inch wires at the 
operating conditions employed in general at GALCIT. No 
attempt was made to extend the range of compensation to 
larger values of Al, since in this case the noise level soon 
becomes appreciable. 

The correct setting of the compensating unit was found 
using the square-wave method described by Kovasznay (ref-
erence 11). The time constants of the wires used for turbu-
lence measurements fell between 0.1 and 0.9 millisecond. 

The output readings were taken with a thermocouple and 
precision potentiometer. 

Mean-speed measurements.--4 1/2-mil (0.0005-in.) plat-
inum wire of 1-centimeter length was used to measure the 
mean speed. The measurements were made by the constant-
resistance method. This method has the advantage of 
keeping the wire temperature constant through the velocity 
field.
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Turbulence measurements.—For the investigation of tur-
nilent fluctuations, 0.00024-inch Wollaston wire was used. 
[he wire was soft-soldered to the tips of fine sewing needles 
titer the silver coating had been etched off. The two lateral 
omponents v' and w' and the correlation coefficient 
=	

'_ were measured using the X-wire technique. The 

nethod was essentiall y the same as described in detail in 
)revious reports from this laboratory. (See, for example, 
eference 12.) 

The X-meters for shear measurements had angles between 
he wires of approximatel y 90°. The angles of the v',w'-
rieter were of the order of 30°. The wire length of the u'-
neter was about 1.5 millimeters and that of the r'-meter 
vas 3 millimeters. 

The parallel-wire technique used recently a t the Polvtech-
ic Institute of Brookl yn was also tried in order to obtain 

.he lateral component of the velocit y fluctuation and the 
;hear close to the wall. The parallel-wire instrument is 
;uperior to the X-meter since it allows an exploration of the 
:urbulent field up to distances of a few thousandths of an 
nehi from the wall. However, it was found impossible to 
)btain reliable values with this instrument. The correc-
Lions due to n'-fluctuations and to unequal heating of the 
vires were pronounced and not easily accountable. The 
method was therefore temporarily abandoned after consid- 
rable time and labor had been spent on it. 

Measurements of correlations between two points.—The 
orrelation functions between values of u' at points along 

the y- and z-axis, that is,

u'(0)u'(Y) 

U/2 

were measured using the standard technique (reference 12). 
The scales of turbulence L and L2 and the microscales X 
and X at different points across the channel were obtained 
from these measurements. 

Measurements of X.—A method suggested by Townsend 
(reference 13) was applied to measure X. Using an electronic 
differentiation circuit the amplifier output signal was dif-
ferentiated and X . computed from the following relation: 

fóu'2 2 

(6Y
)ÔU 	 27i 

-b-F)
,_U	 _U 

	

The error involved in the approximation 	 can be 

estimated and it it may be seen that the above relation holds 
with reasonable accuracy over the large center portion of 
the channel. 

A new technique for the measurement of X has also been 
applied. The method is described in detail in reference 14 
and consists in counting the zeros of an oscillograph trace

of the u'-fluctuations. From these counts X may be cal-
culated directly by assuming a normal and independent 
distribution for both u' and biz'/ôx: 

-=--XAverage number of zeros of ii' per second 

It is known that the distribution of u' is closel y a Gaussian 
one even in nonisotropic turbulence (see, for instance, refer-
ence 15); however, for the case of ôu'/à.r a small deviation 
from the normal distribution was found (reference 13). For 
the preliminary measurements of X reported presently, no 
corrections were applied as vet for this effect. Figure 4 
shows an oscihlograpli trace of the u'-fluctuation in the mid-
(Ile of the channel at 11=30,800. The trace represents an 
interval of approximately 1/20 second. 

•!7	 - =---.  

4ft	 4W 

.2• 

Fie,uag 4.—Typical oscillogram of u'-fluctuation at R==30,800 and y/d=1.0. Horizontalline
corresponds to u'(t) = 0; interval is approximately 1/20 second. 

Measurement of L.—The following simple procedure 2 

was applied to obtain a rough estimate of scale of turbulence 
corresponding to correlations between points along the x-
axis: Denote b y F71(n) the fraction of turbulent intensity 
which is contributed by frequencies between if and n+dn; 
that is,

u'(n)2 (1flU'2F(fl)dfl 
and thus

J
FI(n) dn =1 o 

Consider now an uncompensated hot-wire. If the time 
constant of this uncompensated wire is 11, the response 
will be

F , i \2] 
LU s.flj Juncomp. 

where

I '	 21	 u'(n)2 
u (n) JuncomP.jiip,12 

The total intensity for the uncompensated wire will then be 
given by

(?1)uncomp.7 I FI(n) dn 
.o 1+M2n2 

This method was suggested by Dr. H. W. Liepmann. 
8 Formulas of this general type have been proposed by Kamp6 de Feriet and by Frenkiel 

for determining the spectrum of turbulence from uncompensated hot-wire measurements by 
varying .31 (reference 16).
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Thus, if the ratio of the response of the same wire compen-
sated and uncompensated is denoted by a, 

1 =.f F(n) 
q	 1+ 1111n'

dn 	 (9) 

In order to estimate 4, F(n) is assumed to have the simple 
form

4/U0L 
X2 ir 

1+n 2 '2 U0 

which was given by Dryden (reference 17) and corresponds 
to an exponential correlation curve. 

Then

!,.r
	

(In 
o ir,	 (1+2)(1+M2n2) 

or with
= 

MU0/L 
then

12 d	 - 1 
crThr Jo (1+(1+2,)1}a 

Hence

L=MU0 

Thus by measuring the ratio of the mean squares of the 
fluctuating velocities with and without compensation, L can 
be estimated. 

The procedure was checked in the flow behind a )-inch 
grid where the lateral scale was measured and where because 
of isotropy the relation 4=24 should hold fairly well. 

The results were:
a= 1.85 

ill= 7X 10 second 

U,= 1.5X101 centimeters per second 

therefore
4=1.24 centimeters 

Direct measurements gave 4=0.553 centimeter. Hence 
4=1.11 centimeters which shows that this method of 
estimating the value of L is satisfactory. 

Measurement of turbulent-energy spectrum.—In order to 
be able to measure accurately the energy distribution over a 
wide frequency band, it was found necessary to use extremely 
thin wires with small time constants and thus to increase the 
signal-to-noise ratio. Wires of 0.00005-inch diameter, op-
erating with time constants of approximately 2X104 
second, were used. In this way it was possible to detect

energy values in the high-frequency bands that were 10 
times the value corresponding to zero frequency. 

The hot-wire signal was fed into a. Hewlett-Packard wave 
analyzer, the output circuit of which was somewhat altered 
in order to be able to feed the output signal into a root-
mean-square voltmeter. The averaging characteristics of 
the root-mean-square meter were checked and, for a narrow-
band-width signal, were found to give the same mean values 
as those calculated from thermocouple readings. 

With this method the energ y of the u' 2-fluctuation was 
measured at different points across the channel. At y/d=0.4 
the spectrum of the turbulent shear u'v' was also obtained .4 

An X-type meter was used, both wires making an angle of 
450 with the free-stream direction. If e, and e2 2 are the mean-
square voltage fluctuations (corrected for time lag) across 
the two wires it may be shown (reference 12) that 

-;= Constant Xu'v' 

If e1 and e 2 are fed into the wave analyzer then the above 
relation holds for all band widths dii; that is, 

e,n) 2 — e2fr02=ConstantXu'v'n) 

PRELIMINARY MEASUREMENTS IN A 1-INCH CHANNEL 

In the initial stages of the turbulent-channel-flow investi- 
gition a two-dimensiona.l channel of 1-inch width was used. 
Measurements of mean and fluctuating velocities and of the 
correlation coefficient k were completed. The scales 4 and 4 were also measured at the channel center and were found 
to he about 0.2 to 0.3 centimeter. This small-scale turbulence 
existing in the channel imposed it definite limitation on the 
accuracy of the fluctuating measurements. Wire-length 
corrections as high as 30 percent had to be applied to the 
measurements of v' and w'. Furthermore, no microscales 
could be measured accurately; thus one of the objectives of 
the investigation, the calculation of the energy dissipation 
across the channel, could not be obtained. Nevertheless, 
results show good consistency; the three independent meas-
urements of the turbulent shear indicate satisfactory 
agreement. 

It is of interest to present these preliminary measurements, 
the Reynolds number of which was 12,200, and to compare 
them with those obtained in the 5-inch channel. Figure 5 
shows the distribution of all the measured quantities in the 
1-inch channel and it may be directly compared with figure 16 
which shows the quantities measured in the 5-inch channel at 
nearly the same Reynolds number. 

Although the slopes of the mean velocities at the wall are 
almost the. same in each case (for the 1-in, channel r0/pUO2= 
0.0019; for the 5-111, channel r 0/pUO 2 =0.0018), the velocity 
ratios u/U0 in the 5-inch channel seem to be lower across 
most of the channel. This indicates that a more intense 

This method appears to have bee,, first used by Dr. Stanley corrsin in a turbulent jet 
(private conmUnic'atjo,1.
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FIGURE 5.—Distribution of measured quantities across two-dimensional channel of 1-inch width. R12,0. 

turbulent-energy production 
du  takes place in the 5-inch 

channel. Indeed, the turbulent-velocity fluctuations '/U0, 
76'/U0, and 't'/U0 (especially '/U0) increase at a faster rate 
toward the wall in the wider channel, although their values 
at the channel center check very well in the two cases. The 
shear distribution r/pUO2 is almost the same for the two 
channels; it follows, therefore, from the relation 

UO2	 U0 U0

that k must have a higher absolute value in the 1-inch 
channel since both '/U0 and '/U0 are smaller there. Indeed 
the maximum value of k in this case is —0.6, while in the 
5-inch channel it is —0.5. 

As a matter of interest it could be mentioned that if the 
basis of comparison is not Reynolds number but maximum 
mean speed (for the 1-in, channel (f = 15m/sec) then figure 
5 shows a distribution of ', ', and '' very similar to that 
of figure 18, the absolute values being somewhat lower in 
the 5-inch channel. 

RESULTS AND DISCUSSION 

MEAN-VELOCITY DISTRIBUTION 

A careful study of the two-dimensional nature of the 
channel flow was first made. Mean-velocity measurements 
were carried out at approximately x= —2 inches at different

heights in the channel: At positions 6 inches from the 
bottom, 6 inches from the top, and at the middle. Agree-
ment among the three sets of measurements confirmed the 
two-dimensionality. A further check was made on possible 
end effects that might influence the results. The length of 
the channel was extended by 6 inches and the mean-velocity 
measurements were repeated at x=-8 inches. No change 
in the profile was noticed. Figure 6 shows the mean-velocity 
distributions at three Reynolds numbers, R=61,600, 11= 
30,800, and R=12,300. The distributions follow Von 
Kármán's logarithmic law very well, except, of course, near 
the wall and at the center of the channel (fig. 7). The 
values of Ur were obtained from the velocity gradients at 
the wall.

o 12,300 
4 30,800 

(/	 .1	 .c	 .J	 .'	 .	 .0 
y/d 

FIGURE 6.—Mean-velocity distribution. Measured points close to wall are not shown. 
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FIGURE 7.—Logarithmic representation of mean-velocity distribution. 

Measurements were made with special care close to the 
wall. Velocities at a large number of points were recorded 
within the laminar sublayer in order to establish with 
reasonable accuracy the shape of the velocity profile at the 
wall (fig. 8). The thickness of the laminar sublayer (the 
point where the velocity distribution deviates from the 
logarithmic law) was found to be	 30v/U1 (fig. 7). 

(IC	 .(J	 .&'I	 .113	 .110	 .11/	 (Id	 (.111	 Ic)	 II 
y/d 

FIGURE 8.—Mean-velocity distribution near wall. 

In figure 8 it can be seen that for the case of the lowest 
Reynolds number afew points near the wall indicate very 
low velocities. Since the point at which y/d=0 has been 
determined with great accuracy and since the equations of 
motion of the channel flow require a negative curvature for 
the velocity profile, it was concluded that the hot-wire 
indicated too low velocities near the wall for the lowest 
Reynolds number. (The dashed curve for this case in fig. 8 
shows the interpolated velocity distribution for 0 <y/d<0 .01.) 
It can be shown that very high locahvelocity fluctuations 
cause the hot-wire to read velocities lower than the true

mean value. Since the mean current of the wire varies with 
the fourth root of the velocity, 7. 

U , 2 +( 1)2	 2 

L\	 /

+(W1 

where u is the velocity to which the hot-wire responds and 

is the true mean velocity. Near the wall (--)< <1 

and can therefore be neglected. Because of the cosine-type 
directional characteristics of the hot-wire the effect of the 
w'—fluctuation can also be neglected. The velocity measured 
by the wire can be written, after expanding the above 
expression, as

1	 16 

Since the average of the odd terms is zero the series con-
verges rapidly. In the region in question, the velocity 
fluctuations obtained were very high indeed ('/u>0.30. 
Their absolute values, however, are probably even larger, 
since the nonlinearity effect of the large fluctuations on 
the hot-wire response still further amplified by the very low 
mean velocities is not taken into account because the wire-
length corrections are neglected. The mean-velocity cor-
rection therefore given by the above relation is too small to 
give the required negative curvature of the profile. 

TURBULENCE LEVELS 

Figures 9 to 14 represent the results of measurements of 
the three components ', ', and ' of the turbulent-velocity-
fluctuation distribution in the channel for tEe three Reynolds 
numbers. 

0	 .1	 .2	 .3	 .4	 .5	 .6	 .7	 .8	 .9	 1.0	 1.1
y/d 

FIGURE 9.—Velocity fluctuations u' relative to local speeds. 
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FIGURE 10.-Velocity fluctuations u' relative to local speeds near wall. 
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FIGURE 11.- Velocity fluctuations is'. 
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FIGURE 12.-Velocity fluctuations ü' near wall.
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FIGURE 13.-Distribution of velocity fluctuations '. 
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FIGURE 14.-Distribution of velocity fluctuations V. 

The velocity fluctuations ' relative to local speeds 
increase very rapidly near the wall as is shown in figures 9 
and 10. Measurements very close to the wall indicate that 
'/u reaches a maximum within the laminar boundary layer 

(yU/v 17) and it tends toward a constant value at the wall 
which is independent of the Reynolds number. This point 
will be discussed in detail under "Reynolds Number Effect." 

The absolute values of the distribution of ' show the same 
general shape as that obtained by Reichardt (reference 9), 
having the characteristic maximum near the wall and thus 
showing the strong action of viscosity even for values of 
y io4& 

Using the X-type hot-wire technique for obtaining the 
velocity-fluctuation components v' and w', no measurements 
could be obtained near the wall. Figures 13 and 14 show 
that, while in the center of the channel the magnitudes of 
' and Z' are the same, ' increases faster toward the wall. 

This agrees with the ultramicroscope measurements in a pipe 
by Fage and Townend (reference 18). 

No length corrections were necessary to the measurements 
of u' except near the wall; however, no corrections were 
applied in this region since no measurements of X could be 
made. In this region, furthermore, the fluctuations are 
very large and the values given in figure 10 must be accepted 
with reserve. The hot-wire response for large velocity fluc-
tuations is not well-understood yet and no correction was 
attempted. Length corrections were applied to the measure-
ments of v' and w'. 

CORRELATION COEFFICIENT AND SHEAR DISTRIBUTION 

The correlation coefficient is fairly constant across most 
of the channel (fig. 15) as indicated already by Wattendorf 
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FIc.uBE 15.-Correlation-coefficient distribution. 

and Kuethe (reference 6). The maximum values of k ob-
tained decrease slowly with increasing Reynolds number and 
thus show a definite Reynolds number dependence. Existing 
results indicate, however, that parameters other than Reyn-
olds numbers also influence the value of k. The following 
table shows magnitudes of the maximum correlation coeffi-

, cient as obtained by different investigators working with 
channels of various widths and with various Reynolds 
numbers: 

Channel width 
Experiments by- (cm) R 

Reichardt (reference 9). - - 24. 6 8, 000 -0. 45 
Laufer (present paper) 2. 5 (1 in.) 12, 200 -. 63 
Laufer (present paper) 12. 7 (5 in.) 12, 300 -. 50 
Wattendorf (reference 7),. 5. 0 15, 500 -. 52 
Laufer (present paper) 12. 7 (5 in.) 30, 800 -. 45 
Laufer (present paper) 12. 7 (5 in.) 61, 600 -. 40

Wattendorf obtained his value of k from his measurements 
of the quantities .'/U0, '/U0, and 7IUO2. Unfortunately 
his preliminary measurements of ' are incorrect; their 
magnitude is larger than that of ' at all values of y across 
the channel contrary to results obtained by Reichardt and 
by the present writer. 'Wattendorf himself points out the 
inaccuracy of the values of ' in his paper. Because of the 
large values of ii' his computed correlation coefficients are 
too low. The value kmaz0.52 listed in the above table 
was obtained by using Wattendorf's values	 IU0=0.001 
and /U0 =0.055 and the value '/U0 =0.035 (y/d=0.5) 
obtained by the author for both the 1-inch (2.5-cm) and 
5-inch (12.7-cm) channel at 11=12,200 and 11=12,300, 
respectively. 

The variation of k indicates that for the same Reynolds 
number the correlation coefficient tends to increase with 
increasing maximum mean velocity (i. e., in a channel of 
decreasing width). 

Figures 16 to 18 show the distribution of all the measured 
quantities including the shear distribution. For the case of 
the two higher Reynolds numbers, three independent 
measurements were made for the determination of the shear 
distribution by methods indicated in "Equations of Motion 
for Two-Dimensional Channel Flow." Figure 19 indicates 
that consistent results are obtained for the value of r whether 
calculated from the pressure gradient along the channel or 
from the velocity gradient at the wall. The turbulent-shear 
distributions obtained from hot-wire measurements and 
those calculated from figure 17 show satisfactory agreement. 
However, for the flow at the highest Reynolds number, the

hot-wire measurements gave a. 20-percent-lower value for 
the shear coefficient, as may be seen in figure 18. At 
present, the writer can give no satisfactory explanation for 
this discrepancy. In the flow at the lowest Reynolds 
number, no pressure measurements were made because the 
very low pressure gradient (approx. 0.0003 mm of alcohol/cm) 
did not permit accurate measurements. However, in this 
case the wall shear computed from the measured mean 
fluctuating quantities v.', ', and k and the mean-velocity 
measurements may be compared with that obtained in the 
1-inch-channel flow having nearly the same Reynolds 
number. The comparison shows satisfactory agreement: 
For the 1-inch channel r 01pUO2 =0.0019; for the 5-inch 
channel r0/p UO 2 = 0.0018. 

SCALE AND MICROSCALE MEASUREMENTS 

For a further understanding of the structure of the tur-
bulent field, correlations of u'-fluctuations at two different 
points were carried out. Since the field is not isotropic, 
the scale and microscale measurements were repeated both 
in the y- and z-direction for different values of y/d. 

R5-correlation.-Figure 20 shows typical R5-correlation 
distributions at different values of y/d corresponding to 
R=30,800. For larger values of r, inaccuracies in the 
measurements did not permit the exploration of the negative 
region of the correlation distribution. From the measured 
distributions of R at four stations across the channel and 
for different values of B, the values of L5 and X. were cal-
culated (figs. 21 and 22). In these. figures L. is seen to be 
decreasing uniformly toward the wall, while X. reaches a 
definite maximum at about y/d=0.7 and then decreases 
with decreasing y/d. 

R,-correlation.-Distributions of the R 5-correlation at 
a given value of y/d were obtained by fixing the stationary 
hot-wire at the given value of y/d and traversing with the 
moving hot-wire away from the fixed one toward the channel 
center. Values of L0 and X. were then calculated from these 
distributions of R. In the region 1.0 >y/d>0. 1 the grad-
ients of the various quantities are slight; no significant 
asymmetry in the function R is therefore expected. Meas-
urements of the top part of the R 5-correlation distribution 
( 1.0>R5>0.8) by Prandtl and Reichardt (reference 19) 
justify this belief fairly well. 

By comparing figure 20 with figure 23, the strong effect 
of the existing nonisotropy can immediately be seen. Al-
though both R, and R correspond to Von Kármán's g-
function (reference 10) they exhibit different behaviors 
across the channel. The R2-correlation function falls more 
and more rapidly to zero with decreasing y/d. Traversing 
from 11/d=1.0 to y/d=0.70 the distribution of R is found to 
behave similarly; however, the dashed curve measured at 
y/d=0.4 (fig. 23) indicates considerably increased correla-
tions for larger values of Y. It is thus seen that around 
y/d=0.7 there is a definite decrease in energy content of the 
fluctuatiohs having low frequencies. Further consideration 
of this fact is given later in the discussion of the- energy 
balance in the channel. 

This result was accepted after the absolute values were carefully checked; the v'-wire 
response was compared with u'-fluctuations in an isotropic field and the two-dimensional 
character of the flow was checked. 
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FIGURE 18.—Distribution of mean and fluctuating quantities. R=61,600. 
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FIGURE 19—Pressure distribution along channel. Solid lines indicate pressure gradient
obtained from measured du/d. 

•'I —--_ _
0	 .5	 /0 15 2.0 2.5 3.0 35 4.0 4.5 50 

Z, cm 
FIGURE 20.—R-correlation. R =30,800. At y/d=l.O, L=1.65 centimeters, X=0.70 centi-



meter; at y/d0.7, L=1.55 centimeters, X,=0.81 centimeter.

The values of L5=f R5 dY (fig. 21) are not so reliable as 

those of L. since Ry could not be measured at sufficiently 
large values of Y because of the limitation of the traversing 
mechanism used. 

The distribution of X across the channel is similar to that 
of X1 (fig. 22). From y/d=1.O to y/dcaO.7 both X and X. in-
crease almost proportionally to u', indicating that the tur-
bulent-energy dissipation Wcc u' 2/X2 is approximately con-
stant in this region. It should be noticed, however, that 
X 1 is consistently larger than X throughout the channel cross 
section. Some measurements of X close to the wall are also 
indicated in figure 23. No length correction was found to 
be necessary for the measured values of X 5 and X. 

A rough estimate of L5 by the method already described 
gave a value approximately twice that of L. at the center of 
the channel (fig. 21). Its value increases to a maximum at 
?J/dc0.5 and then decreases rapidly. No values for L5 are 
given for the lowest Reynolds number; in this case the value 
of o is very close to unity and, since L is proportional to 

should be known within an accuracy of 1 percent to 

give consistent results for L. Unfortunately measurements 
of L cannot be made with this accuracy, particularly when 
the 'u'-fluctuations are of rather low frequencies as is the case 
for R=12,300. It should be mentioned that the accuracy 
of the determination of L is more limited by the inaccurately 
measured value of o- than by the fact that an approximate 
spectrum function F(n) is used in equation (9). 
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FIGURE 21.—Scale of turbulence distribution. 

Thr, distribution of X obtained by the differentiation 
method shows the same behavior as that of X 5 and X (fig. 22). 
It has the characteristic max imum aty/dcaO.7. No measure-
merits were made for 1?=12,300 because of the inaccuracy 
due to the large noise-to-signal ratios. 

As a matter of interest the results of some measurements of 
X obtained with the zero-counting method are compared 
with those described above. (See fig. 22.) Since the validity 
of the assumptions involved in this method is not clarified 
yet, these measurements should be regarded as preliminary.
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improved instrumentation it was possible to reduce experi-
mental scatter by a considerable amount. The accuracy of 
the present measurements is believed to be within ± 10 
percent with the exception of values corresponding to low 
frequencies (m<100 cps) because of the large-amplitude 
fluctuations and with the exception of values corresponding 
to high frequencies (m>4000 cps) because of noise and of 
possible wire-length effect. A typical spectrum distribution 
taken at y/d=1.00 is shown in figure 24. (The measured 
spectra at various. positions of y/d are given in table I.) No 
attempt is made to compare the measured distributions with 
existing theories since the restrictive assumptions of these 
theories (isotropy and flows at high Reynolds numbers) are 
not satisfied in the present experiments. The only frequency 
range where comparison is possibly justified is the viscous 
region, that is, the high-frequency part of the spectrum where 
viscosity plays a dominant role. Unfortunately here the 
accuracy of the measurements is not good enough to afford 
any definite conclusions. Therefore, the rather close agree-
ment of the -measured spectrum (for all values of y/d except 
in the laminar sublayer) with the n 7-law predicted by Heisen-
berg (reference 2) should be accepted with reserve (fig. 24). 
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SPECTRUM MEASUREMENTS 

The spectra of the velocity fluctuations 	 have been ob-
tained at various values of y/d across the channel. With
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FIGURE 23.—Rcorrclation. R=30,800. At yfd=l.O, L1.3 centimeters, X,-O.50 centi-



meter; at /d =0.7, L1.2 centimeters, X=0.56 centimeter. 
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TABLE 1.-MEASURED VALUES OF THE SPECTRUM OF u'5 

Fr e- 
quency

F(n) 
(See) 

(eps)
=1.0 .07)O.4 0.l =0.005 

30
I

- 

----------
{772 X 10' 

40

------ --- 

561X10-' 585 X 10-' 571 X 10-' 664 X 10-8 

- 

50 519 
60 349 464 - --- 436 
70 
80 273 211 252 308	 ._- 309 
90 -, /254 

1272 100 186

------  

141

---------- 

1825 22C, 222 
125 {157 

1 50 
91.6 140 

----

ii

-- 

-

74.9 
200 68. 2 -.

 

52. 6 

-------------------------------------

56.8 97.2 97 2 63.{ 63. I 

250 23.1

- 

_-	 37.0 45.8 64.9 { I 33.iL- 23.5 32.2 44.8 23.8 
134.6 25.6 

-----------------------------

34.7 51.3 21.5 
400 19.8 15.0 19.17 25.2 8.03 
500 18.9 8.09 12.25 15.5 3.74 
600 7.57 5. 86 7. 6 12.5 1.83 
700 5.27 4.0 5.14 8.73 1.06 
800 3. 31 2.67 3.53 6.07 . 531 
900 2.29 1.77 2.51 4.04 .352 

1000 1.50 1.08 1.76 2.99 .185 
1200 .764 .677 1.01 1.80 .090 
1500 .295 .257 .379 .787 .016 
1750 .147 .16 .221 .422 .008 
2000 .0832 .0584 .109 .224 .0039 
2630 .0192 .0186 .0487 .0873 .00102 
3000 .00682 .00668 .0141 .0313 .000364 
3500 .00196 .00272 .00492 .00121 .000133 
4000 .000855 .00074 .0021 .00435 . 0000664 
4500 .000608 .00157 .0029 
5000 .000170 0 .00052 .00117 
5500 .00062 
(3000

------------ 
0

------------- ------------ 
.000252 .000313 

-

.000109 7000	 --------------------------------------

(000/)

(000	 (/0,000
n, cps 

FIOURE 24.-Frequency spectrum of se" at channes'eeuoer 5feh,es 
correspond to curve on left. 
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Fm vitE 25.-Spectrum distributions across channel. R=30,800. 

For a comparison of the energy spectra at different points 
in the channel, figure 25 shows the distribution of n2F7('n) 

instead of that of Fs(m) as it function of the frequency. 
This method of presentation emphasizes energies correspond-
ing to the higher frequencies but gives a clearer over-all 
ccmparisoi1 of the different sets of measurements. The 
characteristic maximum of the clistributionof X X immediately 
becomes apparent in this figure. From the fact that the

correlation coefficient is a Fourier transform of the spectrum: 
function it follows that 

	

7à2R'	 1 418.2 (	 2 - 

	

-' -cv)	 -s I nF02(n)dn 
-- .	 /x=O Ax	 U jO 

Thus A can be "computed from the distributions of 
n2P'5(n) The calculiitecL values check within a few per-
cent with direct measurements 

-Q19. 
22). 

REYNOLDS NUMBER EFFECT 

Figure 7 shows the distribution of mean velocities plotted 
in the form of "friction velocity" n/Ui against "friction-
distance parameter" yU/v. In this form the profiles are 
independent of the Reynolds number U0d/v and follow Von:-. 
Kârmn's logarithmic law: 

4J-=A log 

The constants A and B are 6.9 and 5.5, respectively. 
Comparing the present measurements with previous ones it. 
is to be noted that because of the very smooth wall surfaces 
used, the value B is larger than that of other investigators. 
Making allowances for this effect, measurements are in 
fairlygood agreement with those of Dönch (reference 4) 

and Reichardt (reference 9). Nikuradse's channel results 
(reference 5) differ from all other existing experiments. It is 
pertinent to mention that for the Reynolds number range in 
question (R<100,000) the slope of the logarithmic mean-
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velocity distribution (the constant A) both in pipes and 
hanriels is larger than that established by Nikuradse's pipe 

measurements (A=5.75). 
The Reynolds number has a definite influence on the 

velocity fluctuations also. Along most of the cross section 
where the influence of the viscosity is negligible the fluctua-
tions ', ', and 17,' decrease slowly with increasing Reynolds 
number. 

Very close to the wall, according to Prandtl's hypothesis, all 
velocities of the form Velocity/U, must he a function of the 
friction-distance parameter only. It has already been 
pointed out that the mean velocity obeys this similarity 
law. Figure 26 shows the distribution of '/U1 as a function 
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FICURE 26.—Logarithmic representation of velocity fluctuations U' 

of yU,jv for the different flow conditions investigated. The 
following remarks can be made with reference to this figure: 

(1) For values of y Ur/< 100 , values of !/U7 correspond-
ing to the various cases indicate similar behavior. They 
reach a maximum at about yUr/17. 

(2) It is believed that the similarity is actually more 
complete than indicated in figure 26. Because the micro-
scale is not known in regions very close to the wall no length 
corrections could be applied. These corrections would of 
course be appreciably higher for the two high-velocity flows 
(R=61,600, 2d=5 in. and R=12,200, 2d=1 in.) and would 
therefore bring the various distributions of '/U, closei to-
gether in the region in question. 

(3) The effect of viscosity is more pronounced on the 
fluctuating quantities than on the mean velocity. 

(4) Taylor pointed out in 1932 (supporting his arguments 
by Fage and Townend's ultramicroscope measurements) that 
'/u and '/u approach a finite value at the wall (reference 

18). It follows from the similarity law that this value 
should he an absolute constant independent of the Reynolds 
number. Figure 10 indicates this to be true, the constant 
being ('/u)500.18. 

It is of considerable interest to discuss the variation of the 
scale and microscale with Re ynolds number. For flows be-
hind grids where the turbulence is isotropic the scale is in-
dependent of the mean velocity and depends on the mesh 
size of the grid. Similar behavior was found for the channel 
flow.. Figure 21 shows the distributions of L and L, for 
different velocities. These distributions indicate no con-

sistent variation with velocity. Furthermore, measurements 
in a 1-inch channel give a value for L. five times lower and a. 
ratio for Ly somewhat larger than the values obtained in 
the present investigation. 

The variation of X depends, of course, on the velocity and 
channel width. The values of X decrease with increasing 
velocity; however, the variation of X with channel width. is 
less than that of L. 

FULLY DEVELOPED CHARACTER OF TURBULENCE 

The flow in the channel is called fully developed if the 
variations of the mean values of the velocity and the mean 
squares of the velocity fluctuations with x are very small. 
That the mean velocity profile does not vary downstream is 
evident from the pressure-gradient measurements (fig. 19). 

The gradient in x of 7n' 2 was measured on the axis of the 
channel. It was found that	 was indeed decreasing with 
x. The gradient, however, was very small as compared 

with lop - —: 
P	 Ox

21Op 

Ox P 6 
Henóe for all practical purposes O/Ox can be neglected. 
No measurements have been made concerning Ou'v'/Ox, 
since the scatter in the values would cover any effect. 
However, there is little doubt that OV/Ox is of the same 
order as O/Ox and that the use of equations (3a) and (31)) 
is therefore justified here. 

ENERGY BALANCE IN FLUCTUATING FIELD 

The energy equation for a two-dimensional channel has 
the form given by equation (8) and is valid throughout the 
cross section of the channel with the exception of a small 

re :,-ion 
uion near the wall. The term r - on the left side of equa-

tion (8) corresponds to the energy produced by the shearing 
stresses and it can be obtained directly from the measure-
ments of r and from the mean velocity prQfile. The second 

OU" 
term on the right " OUj'

Oxj	 OXj 
/2	 (_) expresses the amount of 

9 
energy that is being dissipated because of the breaking 
down of the larger eddies to smaller ones. The term may 
be written explicitly 

TV = 
[( F)2 (;)2 + ()2 + (0i)2 + 

)2 + (bV')2 +(bVI)2+(bW')2 + ,bV")I
 Oyoz 	 Ox 	 Oy 	 \,,Oz) 

The problem is to express these functions in terms of 
easily measurable quantities. In the case of isotropic 
turbulence Taylor solved the problem by introducing the 
microscale of turbulence X and obtained for the dissipation 

W=15	 (10) 

3.0 

20 
U 

Ur '.5 

I.e
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It is attempted here to carry over his analysis to the ci 
of channel flow. The following assumptions have to 
made in this connection: 

(a) The gradient of the velocity fluctuations is small 
all three directions. With the exception of the region n 
the wall this is justifiable from the measurements. 

(b) Since only correlations of u' have been measured, 
is assumed that the correlations of w' as functions of 
(Von Ká.rmãn's f-function) have the same curvature at Ii 
origin (Y=Z=0) as the correlation of u' has as a funct 
of X; that is,

(
	

/o2R )
0 X2 	 .2 

0 

Furthermore the correlations of v' as functions of X and Z 
and the correlations of w' as functions of X (Von Kârmãn's 
g-functions) have the same curvature at the origin as the 
correlation of u' has as a function of Z; that is, 

(6 2R°"\ (ô2R'\ (à2R'"\(ô2R'\ - 2 
k ÔX2 )k oZ2j0. 6x2 )\. ÔZ 2 )i 

Finally,
( o2Ruv l ) (a 2R't"\ "ô 2R U )	 2 
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With these assumptions the derivatives of the fluctuations 
could be expressed in terms of the measured values of X, 
X, and X: 

At the middle of the channel W turned out to be 2.62 ergs 
per cubic centimeter per second for R=30,800. Using the 
isotropic relation

of the channel. Taylor obtained a similar distribution of 
the dissipated energy across the channel (reference 20); 
however, his numerical magnitudes are too high since he 
substituted in the isotropic relation, in equation (10), the 
values of X, which turn out to be less than those of X 
and X. 

From the known distributions of the energy production 
and dissipation the diffusion of energy is easily calculated' 
from equation (8). It should be pointed out that because 
of the approximations involved in the calculation of the 
dissipation and diffusion terms, the conclusions derived 
from them are more or less of a qualitative nature. It is 
seen from figure 27 that at y/d 0.7 the diffusion term is 
zero. It was also pointed out earlier that in this region 
the R,-correlations show a considerable change in shape 
indicating a shift in energy from the lower to higher 
frequencies of the velocity fluctuations. These two facts 
suggest that the energy diffusion is associated mainly with 
the low frequencies of the fluctuations. 

The equation expressing the balance of the three forms of 
energy furnishes the following picture of the turbulent flow 
field in the channel where viscous dissipation is still neg-
ligible: Two planes passing through points where the dif-
fusion of energy vanishes divide the channel flow into three 
parts. The middle region, the width of which is of the order 
of L, receives most of its energy by diffusive action and this 
energy is dissipated here at a constant rate. In the two out-
side regions all three energy terms , increase rapidly, the pro- 
duction term being the dominant one, and their interaction 
is more involved. 

This picture of the flow field is only of a descriptive nature. 
The purpose of further investigations should he to obtain 
information on the development , and mechanism of such 
an energy balance. 
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LOCALLY ISOTROPIC CHARACTER OF TURBULENT CHANNEL FLOW 

W= 
_I 
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the values 2.88, 4.38, and 2.24 ergs per cubic centimeter per 
second were obtained depending upon whether X, X, or X 
was used. (For the value of ii the algebraic mean of the 
squares of the.fluctuations was used.) 

Figure 27 shows the distribution of J47 in the center region 

\
- - -Production 
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FIGURE 27.—Turbulent-energy balance in center region of channel. R=30,800.

The concept of locally isotropic turbulence obtained by 
Kolmogoroff requires the smaller eddies in turbulent flow 
to approach isotropy. Smaller eddies are the ones with 
length dimension 1 small compared with the scale of turbu-
lence 'L. The smallest characteristic length, in turbulent 
motion is Kolmogoroff's n defined as 

77	 V3)11 4 

\6 

where 6 is the total dissipated energy. Clearly, to approach 
locally isotropic conditions it is necessary that 

It follows from this hypothesis that beyond sufficiently 
high frequencies (of the order of say) no correlations 
exist between the components of the velocity fluctuations. 
Figure 28 shows the measured spectrum of	 as compared 
with the spectrum of uY at y/d=0.4. 'It is seen that 
the shear spectrum tends to zero at a frequency of about 
1500 cycles per second while Fr(n) still has a detectable 
value at 5000 cycles per second. This result verifies Kol-
mogoroff's assumption. It should be mentioned that the 
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FIGURE 28.—Comparison of spectra of 72 and ? at 2/d0.4. 

absolute values of F(n) are not so accurate as those of 
F(n) since they represent the small difference between 
two large values of hot-wire signal. 

It is to be noted that even though local isotropy was 
shown to exist in the channel flow, the values of the various 
vorticity terms (7'/X 2) differ appreciably, indicating that the 
relative magnitudes of these terms do not constitute a 
sensitive test for the existence of local isotropy. This is 
evident from the comparison of the distributions n2F(n) 

and n2F7(n) (fig. 28). It is apparent from the figures 

that a large part of the contribution to 5 n2F(n) dn 

comes from a frequency well below 1500 cycles per second. 
Local isotropy, according to the shear spectrum, exists only 
above a frequency of 1500 cycles per second. 

CONCLUDING REMARKS 

The measurements presented here confirm the general 
conceptions concerning the mean velocity profile in a turbu-
lent channel. The extent of the laminar sublayer, the 
velocity profile in the sublayer, and the over-all velocity

distribution as measured here are in good agreement with 
general theoretical expectations. 

Measurements of the turbulent field show that the hot-wire 
technique is well enough developed to give consistent results 
for the intensities and correlation functions. 

Detailed measurements of the velocity fluctuations in the 
direction of the flow u' were carried out well within the 
laminar sublayer. It was found that the similarity law for 
u'/U, where Ur is friction velocity, holds fairly well in the 
vicinity of the wall and as a consequence the magnitude of 

'/u, where B. is local mean velocity, approaches an absolute 
constant at the wall (approx. 0.18), the value being inde-
pendent of the Reynolds number. The magnitudes of the 
velocity fluctuations'normal to the flow in the lateral and 
vertical directions ' and are nearly the same in the 
middle region of the channel, ' increasing more rapidly 
toward the wall. 

The measured microscales of turbulence X, X, and A con-
sistently show a maximum at y/d0.7, where i is lateral 
distance and d is half width of the channel; they increase 
proportionally with v.', indicating a constant rate of energy 
dissipation TV in the center portion of the channel since 
w0c 'u'2/X2 

The scales of turbulence L5 and L5 in the center region are 
independent of Reynolds number and depend only on the 
channel width. The microscales, however, show a depend-
ency on the Reynolds number. 

From the calculated magnitudes of the energy produced 
by the shearing stresses and of the dissipated energy a 
descriptive picture of the energy diffusion in the center region 
of the channel is obtained. 

The spectrum measurements of the -fluctuations tend 
to indicate that F7(n) behaves its n 7 over a large band in 
the high-frequency region (where F(n) is fraction of 
turbulent energy associated with band width dn and n is 

frequency). From the comparison of the spectra of 72 and 
of the turbulent sheai the existence of local isotropy in the 
channel flow is verified. 

GUGGENHEIM AERONAUTICAL LABORATORY, 
CALIFORNIA INSTITUTE OF TECHNOLOGY, 

PASADENA, CALIF., September 1, 1949. 
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INTEGRALS AND INTEGRAL EQUATIONS IN LINEARIZED WING THEORY 

By HARVARD LoIAx, I\IAX. A. BEASLET, and FRANKLYN B. FULLER 

SUMMARY 

The formulas of subsonic and supersonic wing theory for 
source, doublet, and vortex distributions are reviewed, and a 
systematic presentation is provided which relates these distri-
butions to the pressure and to the vertical induced velocity in the 
plane of the wing. It is shourn, that care must be used in treat- 
ing the singularities involved in the analysis and that the order 
of integration is not always reversible. Concepts suggested by 
the irreversibility of order of integration are shown to be useful 
in the inversion of singular integral equations when operational 
techniques are used. A number of examples are given to 
illustrate the methods presented, attention being directed to 
supersonic flight speeds.	 - 

INTRODUCTION 

One of the most fundamental approaches to the analytical 
investigation of linearized wing theory, throughout the sub-
sonic and supersonic ranges, stems from the use of certain 
elementary mathematical expressions that are identified 
With the physical properties of sources, doublets, and ele-
mentary horseshoe vortices. By means of these expressions 
boundary-value problems involving wings with thickness, 
camber, and angle of attack can be solved. These problems 
naturally fall into two categories: one, involving bodies 
with symmetrical thickness and no lift, is analyzed by means 
of source distributions; and the other, involving lifting plates 
without thickness, is analyzed by means of doublet and 
vortex distributions. 

All these distributions require the treatment of singu-
larities in the mathematical analysis. Thus; for subsonic 
Mach numbers, the concept of the generalized principal part 
plays an important role in the calculation of the induced 
velocities in the plane of a vortex sheet. In supersonic wing 
theory, the generalized principal part is again used in the 
analysis of vortex distributions, and it has further applica-
tion in the treatment of conical-flow problems. However, 
the existence in supersonic flow of pressure discontinuities 
(due to 'Iach, or linearized shock, waves) brings about another 
type of singularity the mathematical analysis of which leads 
to the introduction of the finite-part concept. The integrals 
in both subsonic and supersonic wing theory thus require 
careful attention to the discontinuities in the integrand and, 
as an illustration, indiscriminate use of such standard devices 
as inversion of the order of integration can lead to incorrect 
results.

When direct problems are involved, that is, when prescribed 
functions are to be integrated (as in the problem of finding 
the pressure on a wing with symmetrical thickness), a guide 
to the proper method of calculation is often furnished by 
physical intuition. However, when inverse problems arise, 
that is, when integral equations are to be inverted (as for 
the flat plate of arbitrary plan form), the mathematical 
methods are more abstract. Neveytheies, the solutions to 
several types of inverse aerodynamic problems have been 
obtained by reasoning that required an understanding of 
the physical nature of the flow field. This method of solu-
tion may be sufficient for the particular problem involved 
but it is difficult to generalize. By using the aerodynamic 
data to construct mathematical boundary-value problems 
requiring the inversion of singular integral equations and by 
obtaining these inversions from a purely mathematical 
(operational) basis, a technique evolves whereby the existing 
solutions for two-dimensional subsonic, and three-dimen-
sional supersonic wing problems (e. g., thin airfoil, c6nical 
flow, and Evvard solutions) are synthesized. Furthermore, 
the solution to the general supersonic wing problem is 
suggested. 

The purpose of the present report is: First, to review the 
formulas of linearized wing theory in which source, doublet, 
and elementary horseshoe vortex distributions are introduced 
and to relate these distributions to the pressure and vertical 
induced velocity in the plane of the wing; second, to present 
an operational technique that can be used to invert the sin-
gular integral equations appearing in the application of the 
above formulas; and finally, to present certain special 
examples which will illustrate the basic concepts. 

LIST OF IMPORTANT SYMBOLS 

B0 (E0—k012K) 

c	 chord of a wing
/  

CD	 drag coefficient drag 
\PoVolS 

it 
C,,	 pressure coefficient (-2 --) 

E	 complete elliptic integral of second kind, modulus k 

K	 complete elliptic integral of first kind, modulus k 

K0, E. complete elliptic integrals of first and second kinds, 
respectively, with moduli k 

Ic, Ic 0	 moduli of elliptic integrals 

Supersedes NACA TN 2252. "Formulas for Source. Doublet, and Vortex Distributions in Supersonic Wing Theory" by Harvard Lomax Max. A. Heaslet. and Franklyn B. Fuller. 
1950.
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1.' ,	 n 
L 
M0 
M 

MI 

M2 

Ap 

q 

Complementary moduli (-Ii - k 2, NF1 -- k n2) 
lift 
Mach number in free stream 
slope of wing leading edge 
cotangent of angle between the 77 and x axes 
cotangent of angle between the Z and x axes 

loading coefficient (pressure on the lower surface 
minus pressure on the upper surface, divided by 
free-stream dynamic pressure) 

characteristic coordinates 
{ (x—x1 ) 2+ ( 1 _MO2) [(y—y1)2+z2] } 1/2 

[(x—x1) 2 -k( l --IkIO 2) (y_yI)2]112. 
wing area 
maximum thickness of a wing 
perturbation velocities in x, y, z directions, respec-

tively 
free-stream velocity 
Cartesian coordinates 

angle of attack of wing (_--) 
F1 M.21 

jump in value of the quantity considered across the 
z=O plane

normalized form, Laplace's equation in three dimensions. If 
a sufficiently thin wing at a small angle of attack is situated 
on or in the immediate vicinity of the xy plane, the bound-
ary conditions in the resulting linearized theory may be as-
sumed specified at 2=0 and, by means of Green's theorem 
(see, e. g., reference 1), a solution to equation (1) can be 
written in the form 

c, y, z)=-_f . J '  I1w(x 1 ,Y 1) -1--z(x1,y,) -] tix1ciy1 

where	
(2)

1321M2	 - 
and

r= { (x — x1 ) 2 ± (l_IVIo2)[(y_yi)2+22] }1/2 

Equation (2) relates the perturbation velocity potential at a 
point (x, y, z) in space to the discontinuities in the potential 
and vertical induced velocity at the "plane of the wing." 
Thus, ço=ç —çol and w=w. —w 1 , where the subscripts u and 
1 denote conditions on the upper and lower side of the xy 
plane. 

In a later section, equation (2) will be used to obtain ex-
pressions for source, vortex, and doublet distributions in 
subsonic flow.	 - 

r0 

S 

U, V, W 

V0 
7, 7/, 2 

a 

13

X	 streamwise slope of surface (4-) 

Jul • Vi+mi 
/22	 .	 /1+m22 

1+m$ /1	
1—mf3 

x—xi 
PC	

(y—y1)2+z2 
,77, z oblique coordinates 

Po	 density of free stream 
T	 area of integration 

perturbation velocity potential 
x—x1 

U'

SUBSCRIPTS 

1

	

	 value of a quantity on the lower surface of a wing (z=O
plane) 

u value of a quantity on the upper surface of a wing (z= 0 
plane) 

PART I—THE THREE FUNDAMENTAL FORMULAS

SOME BASIC MATHEMATICALFORMULAS

FIELD EQUATION FOR SUBSONIC FLOW 

The basic linearized partial differential equation governing 
a- subsonic flow field is derived under the assumption that 
perturbation velocity components are small relative to the 
free-stream velocity 17,,. Written in terms of the perturba-
tion velocity potential c(x, y, z) the equation is 

(1 —MO2)+ ± = 0
	

(1) 

where M,, is the free-stream Mach number and the x axis is 
parallel to the free-stream direction. Equation (1) is, in its

FIELD EQUATION FOR SUPERSONIC FLOW 

The form of the basic linearized partial differential equa-
tion governing supersonic flow fields can be written in terms 
of the perturbation velocity potential as 

(7f 2_ 0 (3) 

Since M,, is now greater than one, equation (3) is, in its nor-
malized form, the wave equation. A solution- to equation 
(3) that relates the potential in space to its jump and the 
jump of the vertical velocity Aw across the z=0 plane has 
also been derived by means of Green's theorem. A form of 
such a solution, due to Volterra (reference 2), can be written 

1 x—XI	 - (x, y,z)= ---- f flw(x i , y) are cosh  

z(x—x,) (x 1 , yi) [y_y1222]r }dX 1 dY 1	 (4)

where
02=M,2-1 

and
re = { (x - x1)2— ([2_ 1) [(Y—YI)2+ 2] } 1/2 

The area r is that part of the z=0 plane contained within 
the Mach forecone from the point (x, y, J; that is, the 
area bounded by the line x I and the hyperbola 
(x_ XI) 2_$2(y_yj)2_$2z2= 0. 

Obviously equations (2) and (4) are not similar although 
the basic equations to which they apply are. A formal 
similarity can be obtained, however, through the intro-
duction of an integral operator, originated by Hadamard 
(reference 3), and referred to as the "finite part." The 
use of the finite part and certain other techniques necessary 
to reduce equation (4) to a form similar to equation (2) 
requires some attention and a discussion of the mathematical
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difficulties involved will be given in the following section. 
Then an application of these techniques in subsequent 
sections will make it possible to obtain expressions for 
source, vortex, and doublet distributions in supersonic flow. 

THE FINITE PART OF AN INTEGRAL 

In the study of linearized supersonic flow problems, one 
is continually confronted with expressions of the form 

o 
Szf(x,y)dy YX_ a 

__a< x 	 (5) 

The integrals are of this form in the sense that the integrand 
is infinite at one (or both) of the limits and this limit is a 
function of the variable by which the partial derivative 
is to be taken. Such an expression is annoying because 
the derivative cannot be "moved" through the integral 
sign according to the usual rule, namely, 

f
x F(x,y)dy=F(x,x)+ 

OF(xdy	 (6) 
 .Ja	 OX 

Direct application of equation (6) to equation (5) obviously 
yields an unacceptable indeterminate form since the term 
corresponding to F(x, x) is infinite. One way of avoiding 
the difficulty is to integrate equation (5) by parts so that 
the radical appears in the numerator of the integral and 
then to apply equation (6) to the resulting expression. 
Such a procedure can be carried out without the intro-
duction of any new mathematical symbol or concept. 
However, this involves unnecessary restrictions on the 
integrand and often leads to unwieldy forms since the 
derivative of the funtion f(x, y) with respect to y can be 
cumbersome. 

Definition—A more direct way of taking the derivative 
through the integral sign in equation (5) is accomplished by 
using the integral operator known as the finite part. Con-
sider the simple equality 

Ô(' dy —1 
0xJ, 

The finite-part sign can be introduced by the definition 

0 dyO dy
(7) 

from which it follows

(dy	 —2 

J (x_y)hI'h-i/ 	 (8) 

The natural extension of this idea is to consider 

0 A(y)dy 0 fA(Y)dY 
L	

(9) 

where A(y) is continuous at x=y and is integrable elsewhere 
in the range of integration. The evaluation of J can be re-
duced to a form that requires only the definition introduced 
by equation (7). Thus, by adding and subtracting the 
same term, J can be written

JO[J•A(Y)A(X)dY+A(X) C dy 1 

and it follows that 

f
A(y)dy  fA(x)_A(Y) dy 

(x—y)312 dY+A(x) 
C]_(Xy)I/I (10 

The final generalization of the definitions given by equa-
tions (7) and (9) is accomplished by considering the n 1 de-
rivative of the integrals and, furthermore, by allowing a 
functional dependence on x of the integrand A. First con-
sider the definition 

	

0 \A(y)dy	
1 1

. 3 . . . . (2n—i)C A(y)dy 

j k,) 2 n	 J. (x—y)'"2 
-( 0 )fA(Y)dY 
=	 i	 (11) 

The second integral can be expressed in the form 

(A(y)dy fA(Y)—B(XY)d+ B(x,y)dy 

j	 (xy)"2	 j (x—y)"'12
(12) 

where
B(x,y)=A(x)—A'(x)(x—y)+ 

(—

 
1) n -1A( 1)(X) 

(n—i)! 

and
d 	 (-1)2	

(Oyj' dy J (x_y) 1 I 2 1.3 . . . . (2i-1) —	 I-

-2
(2i_1)(x_a)_1I2 

Finally replacing A(y) by A(x, y), equation (11) again defines 
uniquely a finite-part integral provided that 

i P__ / 0

	

urn	 (—' A(x )	 , 
V—X \OX/ 

Methods of evaluatin.—If expressions of the type pre-
sented in equation (5) appear in an analytical development, 
it is now possible, by using the finite-part symbol, to take 
the partial derivative operation through the integral sign. 
Such a process needs no further amplification. In applying 
the results of such an analysis to the solution of some spe-
cific problem, however, one is confronted with the inverse 
operation, that is, the problem of evaluating the finite-part 
integrals. This can always be done, of course, by means of 
the definitions already given. Often, though, such evalua-
tions can he simplified by using one of the two following 
processes. 

The first process is readily outlined. Rewrite equations 
(8) and (10) in the form 

	

('J(x,y)dy	 (I f(x,y) —J(x, x)d2f(x,x) =hm I 

	

T. (x—y)312	 j	 (X _y)3/2 11x—a 

and set the indefinite integral of 

f

f(x, y) dy 
(X _,M)312



Included in this result is the equality 

(12 C 0 + dy
dy=0	 (17)

1"	 ('E d I d—	 0 = Jo	 Jo (E_n)32I 
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equal to F (x,y)+C. It follows that 

(f(x, y)dy 

	

J (X_Y)3,2_[F(x,a)+G]	 (13) 

where
C=lim[2J(x Y)

	

__F(xY)]	 (14) 
Y—X

The second technique avoids the necessity of evaluating 
the constant C. It depends on the use of the complex vari -

able and is valid only when J(x, y) is real in the interval 
a < y < b where b is some number greater than x. Again set 
the indefinite integral of

1f (x , y)dy 
J (x — y)31 

equal to F (x, y)+C. Now if r. p. stands - for the real part 
of a function, the evaluation of the finite-part integral is 
provided by the equality 

('f(x, y)dy	 (f(x, y)dy r .[F(x, b)—F(x, a)], a<x<b J (x —y)312 	 P J (x—y)3'2	
p	

(15) 

As an example of the second technique, consider the 
integral

	

'1::___
y2dy 	 C" ydy 

-	 (x2_y)3I2	 P .j (X2 r.

where x<b. From the relation 

fix

y2dy	 .1/_—arc sin 

	

2_ yr) 3/2T\/ 
____

X 2 _Y2 	 x 

together with equation (15), it follows that 

	

(GY---b	
\I=r. p. 	 b —arc sin b 1=-2 	 xj	 2 

A simple extension of this result yields 

	

f ydy -	 _" ydy - - 
J_(x2_y)312 r. p.j_ 

An application.—The above methods can be applied to give 
the following simple but useful result. Let Y=a+by+cy2= 
(X2—y)(y—X1)(—c) and q=4ac — b 2 , then 

f

'2 (C0+ Cy)dy	 (c+c1y)dy
 —j,	 Y312 - 

—2
[c0(2ct+b)—c1(bt+2a)] (16) 

q /a+ bt-]-ct2

The case of multiple integrals.—When applied to the 
analysis of single integrals, the above defintions of the finite 
part coincide with, or are a re-expression of, those given 
originally by Hadamard (reference 3). Hence, 

E J(x,_y)dy 

('xf(x, y)dy 
(x—y)312 J. (x—y)312 

where was the symbol used by Hadamard to denote eval-
uation by finite-part methods. When applied to double 

integrals, however, the signs [ and are no longer equiv-

alent. Hadamard, as well as A. Robinson (reference 4), 
maintains the convention that the order of integration in the 
operation	 is reversible; that is,' 

fdYSdx J(x,Y)=J'dxfdy f(x,y) . 

Such a convention requires that all singularities for which the 
order of integration is irreversible must be excluded from the 
area of integration. These singular regions are then treated 
separately. This convention has the disadvantage that, in 
evaluating multiple integrals, the value of a given integral is 

not independent of succeeding integrals. The operator -f 
avoids difficulties of this kind and each definite integral is 
independent of succeeding operations. For example, 

	

C z	 ___	
('E	 'q d _	 ________ 

	

Jo	 5 d	
d 

E 

but, accoiding to reference 3,

	

IC E 	 d 
71)3/2 1117 0 

whereas, according to the same reference, 

f

x 1E	 d 
d 
 jo 

Although the use of the symbol f makes each integration 
independent of subsequent integrations, the order of inte-
gration for operations involving the sign 5 cannot be re-
versed. Hence, 

fdy 
:f 

dx f(x, y)^fdx $ dy _f (x, 

For example, the relation 

which contains the very important identity 

(' 2 dy _ 	 ("'s 	 dy ____ _ 	 =0 (18) J 1 (X2— y)3/1 -sly — x 1	 (y—	 IX2 X)312	 —y

holds while the same integral taken over the same area but 
in reversed order is 

2 Since the order of integration plays an important role in the following development, into. 
gration first with respect to x and then with respect toy will be denoted ./' dii / dxl (x, y) while 
integration first with respect to y and then with respect to x will be denoted .1 dx f dy I (z, y). 
When the notation .1 /1 (x, y) dydx is used, the order of integration is immaterial.
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2	 d 
I	 (77 
Jo	 .Jn (E_,7)312ii 

The operation defined by the symbol 
$ 

will be used con-
sistently throughout the present report. Hence attention 
must always be paid to the order but not to the multiplicity 
of integrations. It can be seen that the finite part of a con-
ventional-type integral coincides with the value found by 
standard methods. 

THE GENERALIZED PRINCIPAL PART OF AN INTEGRAL 

Another type of important operation appearing in the 
development of both subsonic and supersonic wing theory 
appears implicity in the expression 

Lz2+y_yl)2lY1	
(19) ô rJ( z) 

10=lim	
y', 

z—.0+ a 

wlieref(y, ) and its derivatives are bounded and continuous 
in the interval ayb. In the attempt to simplify I by 
letting z approach zero before performing the integration, a 
second special integral operator will be introduced. 

To simplify 1, first integrate by parts 

10 =lim	 are tan' —f (b, are tan 
Z0+ 

56 Ofi	 are tan	 dyt] 

Then since 

urn	 6f(y1,z) arc tan Y — y ' dy1=irj(y,o)-

.: [f(a,o)+f,(b,o)] 

1 becomes

	

f(b,o)f(a,o)	 C,J1(Yi,o)dY	
(20) 

	

y—b y—a	 - YYi 

Definition of the generalized principal part.—The- expres-
sion of 10 given in equation (20) contains the integral of the 
functionf'y 1)/(y-'y 1). Such an integration is not, in general, 
convergent; however, when the integral is so written without 
further qualification it is generally accepted that the singu-
larity occurring in the integrand is to be treated using 
Cauchy's principal part. Evaluation by such a method is 
often indicated by the symbol fand is defined by the equa-
tion 

fbA(y) UT, A(lJi)dyi+ r A(yi)dy1 (21) lim 
Yi — Y	 -o 	 YiY	 .ju+ YiY 

or, alternatively, 

fbAydy'o

6 

-	 5 Ay 1)1nIyj—yIdy 1	 (22) 

To assure the convergence of the right-hand side of equations 
(21) and (22) it is sufficient but not necessary to assume 
that A(y 1 ) is differentiable at the point y 1 =y and that

elsewhere within the region of integration A(y 1) is either 
continuous or possesses integrable singularities. The con-
cept of the Cauchy principal part is so well known that the 
symbol on this integral is often omitted, as shall be done 
here. 

The differential operator in equation (22) lends itself 
readily to a generalization of the principal-part concept. 
Thus, for the next higher order, the definition (see also, 
in this connection, reference 5) 

(b A(y 1)dy i _	 02('6	 fb A(yi)dyi 
(y1_y)20y2J, A(Yi)lnIY—YiIdYi= 	

y'y 
(23) 

applies and, in general, 

I A(y 1)dy 1 - b"' ('6 
n! T (y_y)fl+l	 oyn+1	

A(y1)lnyy1dy1== 

bn 16 A(y1)dy1 (9L11 
yI—y 

The generalized principal part can also be. expressed in 
the form 

I'' A(yi)dyi 5b A(y1)—B(y,y1)	 16 B(y,y1)dy1 

I (y 1 y)° 1	 (lly) 1	
(y_y)fl+l

where

°-' 
B(y,y1)=A(y)+(yi—y)+...+ A

	 (y)
(n—i)! 

and 

C'	 dy 1	 __	 f'b dy1 

I (y 1 —y) + ' i! () I _ir1	 1	 . 
L(b—y) (a—y) 

The first n derivatives of A(y 1) are assumed to exist and be 
single valued at yi=Y while elsewhere in the range of inte-
gration A(y1) may possess integrable singularities. This 
definition is in a form that involves no extension beyond 
the concept of Cauchy's principal part. 

It is possible to extend the definition contained in equation 
(24) to include a functional dependency on y in the numerator 
of the integrands. Thus, replacing A(y 1) by A(y, yi), 
equation (24) again defines uniquely a principal-part inte-
gral provided the first n derivatives of A(y, Yi) with respect 
to y and m exist at y'=y. 

Method of evaluation.—Operations involving the symbol 

can always be performed by means of the definitions 

just given. However, another method can be used, which 
is often simpler to apply. If the indefinite integral of 
A(y1)/(y1—y)°' exists such that 

f
A(y,) dy, = G(y"y) + C	 (25)

 (Yi - 

then the value of the generalized principal part can be found 
by following the conventional rules for substitution of 
limits; thus
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j A(y1)dy, 
J,

(26) 

The proof of this result can be obtained by mathematical 
induction. 

An application.—Returning to equation (20), since an in-
tegration by parts yields the relation 

.f f(y,, o) dy 1 f(b, o) f(a, o) 

J. f

1 (y,, o) dy1 

.L (y—y)2	 y—b y—a	 l/—yi 

the limiting process symbolized by lo can be expressed as 
an integral that contains only the function evaluated at 
z=0 and not its derivative. Thus, finally 

f
zJ(y, z) 	 .f f(yi, o)dylim 	 —' 2 Yi	 +irfC(y,o)z-.o+ 	 ô2L22+(Y—Y1) J 	 J	 (y,—y)2

(27) 
THE OBLIQUE COORDINATE SYSTEM 	 - 

Equations (1) through (4) gave the basic partial differen-
tial equations of wing theory, together with their solutions, 
in terms of the usual Cartesian coordinate system, the x 
axis extending in the direction of the undisturbed flow and 
the y and z axes oriented normal to this direction in such a 
way that boundary conditions for the wing can be specified 
in the z=0 plane.. In the study of supersonic flow fields 
it is at times mathematically convenient 'to introduce in 
the z=0 plane new coordinate axes making arbitrary angles 
with the x and y axes. 

The general case. Consider the E, 77 , z coordinate system 
(fig. 1) such that the z axis is normal to the plane supporting 

X 
FIGURE 1.—Coordinate systems. 

the boundary conditions while and 71 are normal to z and 
coincident with the lines x=—m2y and x=m 1y. If 

	

11 2 = V 1 + fl 22	 (28) 

the equations relating the two systems of coordinates are 

P2(xm1) 
12 1	 122	 m1+m2 

p 1(x+m2y)	 (29) 
ILl 122	 m1+m2 

22,	 2=2	 f

while the relation between the differential areas, as deter-
mined from the Jacobian of the transformations, is 

m1+m2 

	

dx 1 dy 1 = 	 . (30) 
P 1P2 

The value of r, as defined under equation (4), becomes 

rc— [' 
- m)I(mi2_I3)+(n - ?7i)(— E1)(m1m2+1+ 

-	 P1122 

(-2(m22—)	 1/2 

	

P22	 .....1322211	 (31a) 

where 2 =MO2 — 1. If the variable v is introduced such that 

x—x1	 (31b) PC
(y—yi)2 +22 

it follows that in the transformed coordinates this variable 
becomes

M2 
Al	 P2	 (31c) PC	

1—(—Ei) 

'_12 
L	 Al	 P2] 

Finally, the differential operator ô/x transforms to 

.o_1 
_rni+m2(P2+P1)	 (31d) 

The area r over which the integration of equation (4) is to 
be taken is still, of course, bounded by the hyperbola r2=0 
and the line x1 = - . The asymptotes to the hyperbola 
become, however,

	

PI 
'i—'ii=--	

1fl2+0

	

 
P2	 m1- 

M2_0 r	
(32) 

At  
flfli(i) 

	

122	 m1 

Figure- 2 shows how the area r in the xy plane transforms to 
the plane. 
(Although the and q axes are oblique with respect to the 
original axial system, no inconsistency results if the equations 
in the transformed variables are plotted relative to orthogonal 
axes.) In case both m1 and m2 are less than 0 (the case for 
which the sketch was drawn), the asymptotes are straight 
lines with positive slopes, and the area is bounded in both the 

and 77 directions by the maximum points Ea, fla and , 77b, 

respectively. These maximum points are shown in the figure 
and their analytical expressions are 

	

Ea_2122m1	 2p1(mim2+i32) '1 
,	 flafl  

	

m1+m2	 -	 (mi+m2)iI,32_m12 I
r 33 2p2(mim2+ f3 2)	 .	 2pi.//32_m22 

Eo	
(mi+m/132_m22' flo fl	 I 

m1+m2	 J 

If the oblique coordinate system is chosen such that rn1 is 
less than and m2 is greater than 13, one of the asymptotes in 
equation (32) has a slope of opposite sign and the area r is 
unbounded in the 77, direction although Ea, lqa is still the point 
which determines the farthest extent of r in the direction.



(a) 

V\4

(34) i VO

(s+r), 

1 Yj 
2=2,

X 

FIGURE 3.—Characteristic coordinate system. 

M0
(x—,3y) 

s=(x+y) 

22 

-Mach lines - 
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of forecorze 
in f, 77 plone 

	

/ T	 771 

(& 11a) 

(b)

(a) xi , /i plane. 
(b) E., ,,, plane. 

FIGURE 2.—Area of integration r. 

On the other hand, if rn2 is less than and m1 is greater than 
r extends infinitely in the E, direction and b,flb represents 

its upper bound in terms of 77 , Finally, if both m1 and rn2 

are greater than 0, the area r is not bounded for either 
negative or positive , or m. 

The characteristic coordinate system.—Another special 
case of the i,r system (the x, y, z system is, of course, a special 
case obtained when m 1 =0 and n2 = co) that is important 
enough to receive a particular notation is the one obtained 
when the t and n axes are parallel to the Mach lines (i. e., the 
traces of the characteristic cones) in the z=O plane. These 
axes are shown in figure 3, will be designated r and s, and are 
given by equations (29) when m1 = m2=	 = y,Al,,; thus 

	

213637-53-81 .	 -

When z is set equal to zero, the equation for r and the 
form of the area T become especially simple. Thus 

@')0=ro=	 -..,/r—r1)(s—s1)	 (35) 

and the area r, shown in figure 4, is bounded by the straight 
lines r1 =r, s 1 =s and r,=s5 =— 00. 

FIGURE 4.--InteEration area in characteristic system for zL



1274	 REPORT 1054—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

THE THREE FUNDAMENTAL FORMULAS IN SUBSONIC FLOW 

The parallelism between the basic formulas in subsonic and 
supersonic wing theory is so obvious that it is advantageous 
to present first the somewhat more classical results applying 
to the purely subsonic regime. The immediate objective is 
therefore to present as briefly as possible the expressions for 
the perturbation velocity potential clue to a distribution of 
sources, doublets, or elementary horseshoe vortices and then, 
by means of these expressions, to relate the pressure and 
vertical induced velocity, in the z=O plane to the weight of 
these distributions. 

THE PERTURBATION POTENTIAL AT A POINT IN SPACE 

The linearized form of the perturbation velocity potential 
clue to a unit source, elementary horseshoe vortex, or dou- 
blet situated in a free stream moving at a uniform subsonic 
velocity T7 is given as follows: 

Unit source --------------------- w—l/4rr.
 Unit elementary horseshoe vortex... = — zv/4irr 

Unit doublet -------------------- =—z$2/41T'r3 

where v is defined in equation (31b) and 2 1_II2. 

It is well known that a distribution of sources in the z=0 
plane splits the streamlines and forms a field symmetrical in 
u, V, and above and below the source plane. Hence, the 
strength of the sources is related to the term A w (which, in 
turn, is related to the gradient of thickness of the simulated 
body) while the variables it, v, andp are continuous. On the 
other hand, a distribution of elementary vortices or doublets 
causes a discontinuity in the streamwise induced velocity 
(or, what amounts to the same thing, the perturbation 
potential) across the reference plane but, at the same time, 
causes no division of the streamlines. The strengths of the 
vortices and doublets are therefore related to the terms Au and 

respectively, (which, in turn, are related to the wing 
loading), and produce no discontinuities in w. The exact 
analytical form of these distributions can be obtained readily 
from equation (2). 

The source distribution.—The velocity potential induced 
by a distribution of sources over the =O plane follows im-
mediately from equation (2) since, by symmetry, must 
he zero. In practice, the area over which the sources are 
distributed is limited to the area S defined by the plan form. 
Hence,

(x,y,z) 1ff W

 

	

—dxjdy	 (36) 4r	 r,
S 

The elementary-vortex distribution .—Equation (1) was 
written in terms of the perturbation potential . It could, 
however, after differentiation have been expressed in terms 
of any one of the induced velocity components and the so-
lution in equation (2) would then also be expressed in terms 
of the particular velocity component chosen. Consider such 
a case, taking for the dependent variable the streamwise 
perturbation velocity instead of . Equation (2) then be-
comes

	

(bAu 
1	 32z 

47r _J	
_)Z	 3,U#, Y, Z ) = — If

If the field is to be without sources, both w and	 w/ 
vanish. But for an irrotational field the equality bAwflv= 
ô'a/ôz holds and the first term in the integrand of the above 
equation is zero. By definition 

fu(x,.. y, z)dx 1 =(x,y, z) 

from which it follows that if the operator F 
dx is applied 

to both sides of the resulting equation, the relation 

z(x—x1)iu(x, y, z)=	
fJ [(y—y2+ z2jr 

dx 1 dy 1 	 (37) 
S 

follows where the area of integration is limited to the wing 
plan form. This result expresses the perturbation velocity 
potential due to a distribution of elementar y horseshoe 
vortices over a wing plan form in the z=O plane. 

The doublet distribution.—The solution for a doublet dis-
tribution, just as in the case of the sources, follows im-
mediately from equation (2). Since the streamlines are not 
divided by the doublets the term containing .w vanishes. 
The doublet distribution exists, however, not only over the 
wing area but also over the vortex wake streaming down-
stream behind the wing since the discontinuity in the po-
tential persists in this region. Designating the wake area 
by TV, the final expression for the perturbation potential 
associated with the doublet sheet becomes 

ç(x, y, z)=_2 ff dx 1 dy 1 	 (38) 4-7r	 r,
s+Iv 

REDUCTION TO THE PLANE OF THE WING 

The aerodynamicist is usually interested in the forces on 
the surface of the wing itself and, as a consequence, it is 
pertinent to consider each of the above formulas in the 
limiting case as z approaches zero. An explicit expression 
of these results is given below. 

The source distribution.—The limiting value of equation 
(36) as z approaches zero is obtained immediately by simply 
setting z equal to zero. The resulting expression is 

(x,y,o)=j_Jfdx1dy1	
(39) r0 

S 
where

r0= [(x - x1) 2 + 132(y —y)2] 1/2 

Practical interest is usually concentrated on the relation 
between the pressure on the wing surface and the wing shape. 
Since in linearized theory pressure coefficient C, and wing 
slope X. of the upper surface are known to be 

w 1w
(40) 

it follows, after differentiation of equation (39) with respect 
to x, that pressure coefficient is 

c=!ffdx1dy, 
7r 6X	 ro

S
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The elementary-vortex distribution .—When the strength 
)f the elementary horseshoe vortices is known over a wing 
plan form, there is no difficulty in finding the potential in'the 
=O plane since it follows from a. direct integration of the 

cortex strength. The pertinent question is, rather, to 
:Ietermine the vertical induced velocity in the plane of the 
lying from the given vortex strength. If load coefficient is 
defined in the usual way 

Ap

	

2Au 4u,	 49 
q	 o	 0 

the answer to this question requires the evaluation of the 
following limiting process: 

—=lim W . _lfjô	 z(x—x1)	 Xp 

V0 z—'o 8ir	 [(y—y1)2-l-z°]r, - 
dx1dy1 

If, as in equation (27), the generalized principal lJur is 
introduced the reci u ired expression becomes 

IV —1 f_i11 (x—x
'
)p - -	 - dx 1 (lJ	 (43) 

Vo 8r •J j (y—y) 2 r0 q 
S 

The doublet distribution.—In the case of doublet distribu-
tions, the relevant problem requires the expression of vertical 
induced velocity in the plane of the wing as it function of the 
doublet strengthAo. If equation (38) is differentiated 
with respect to z and z is then set equal to zero, one finds 
without difficulty the final formula 

W	 p2 
7- 0, 	 dx 5 dy 1	 (44) 

s+ II' 

THE THREE FUNDAMENTAL FORMULAS IN SUPERSONIC 
FLOW 

The purpose of this section is to repeat for supersonic wing 
theory the developments presented in the preceding section 
for subsonic theory. In order to maintain the formal analogy, 
it is necessary to introduce the concept of the finite part. 
This latter concept, in turn, introduces into the analysis 
integral expressions containing certain inherent singularities. 

Such singularities are, by definition, points across which the 
order of integration cannot be reversed.' The study of these 
singularities and their effect on the fundamental formulas 
suggests the introduction of an oblique coordinate system 
defined in the first section of this report. Hence, the follow-
ing aha.lysis will he presented in the , s, z system, while 
transformation to the Cartesian and characteristic systems, 
it will be remembered, can he made by considering the special 
cases

For	 Let 

X, y, 2	 m1=0, rn2 = o, (45) 
r, s, z	 rni=ifl2=13 ) 

Following the development of the basic formulas, a summary 
of results will he given in terms of the x, y and r• s coordinates. 

3 More precisely, if an inherent singularity exists in the area over which a double integral is 
to be evaluated, the difference between the values of the integration made in one order and 
then over the some area but with reversed order is not zero.

THE PERTURBATION POTENTIAL AT A POINT IN SPACE 

The velocity potential due to a. unit source, a unit elemen-
tary horeshoe vortex, and a unit doublet is given as follows: 

Unit source --------------- ø=-1/2irr 
Unit elementar y horseshoe (	 (46)

vortex ----------------- = —zvj2rr 
Unit doublet-------------- 

where r and ii. are defined in equations (31) and 2 =MO2 1. 
In this notation, the only difference between these expres-
sions and the corresponding ones for subsonic flow is the 
factor 2. A much more important difference exists, how-
ever, in the effect of the change of sign of 1 —MO2 on rc and v. 

The first task is the expression of the perturbation ve-
locity potential at a point in space in terms of distributions 
of the elementary solutions and this can be accomplished by 
an appropriate analysis of equation (4). Just as in the 
subsonic case, the source sti'engtli is given by A W, the vortex 
strength by u, and the doublet strength by	 . 

The source distribution.—The potential induced by a 
source disti'i bu tion can be obtained from eciva tion (4) by setting 
the terin containing equal to zero (i. e., by removing all 
the circulation from the flow field). B y means of the nota-
tion 

WC	
X—X1	 /I	 /2	 - (4i) 

fi '(yyi)22	

- m)----(E--- J+ Z 2 
 

The remaining expression can be written in the E, s, 2 co-
ordinate system simply as 

—1 
s, z) 2 717.3 lM2(M2+/2l 

_)fj'-Aw(Ei,,7^ ) ai-ecosh .,dt id ,?. 
T (48) 

It is possible to "move" the partial derivative operations 
through the integral signs if the equality

f(x,y) - 
J	

f(x, y) dy=f(a,y)--f(b,y)	 dy -+ 
b ôx

(49) 

is used. Obviously, if the operation indicated by equation 
(49) is to be applied to equation (48), the order of integration 
and the limits on the latter equation must be specified. 

Consider the case when the and 77 axes are chosen so 
that bothrn 1 and in2 are less than p. The area T is then the 
one shown in figure 2. Further consider the case when the 
first integration is made with respect to . Then equation 
(48) becomes

 
—iia	 a 

fl, z)=2 2 

	

f
d^l 

f)12	

711) are cosh w	 (50) 

where X 1 and X are roots of the quadratic expression 7.2(711)=0 
and , 'm are defined in equation (33). It can be shown 
that when E=E5, the equality X 1 =X2 applies, and, further, 
that the integranci of equation (50) does not vanish. Hence,
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the two partial derivatives can be moved through the first 
integral sign without the appearance of the additional term 
involving the derivative of the upperlimit. It is also not 
difficult to show the value of at 771 equal to either A 1 or 
A2 is just 1. Hence, the two partial derivatives can also be 
moved through the second integral sign without the appear-
ance of additional terms. Finally, since 

1 7 a	 ) are cosh  mi+ms2+/11	 co,w=— are cos 
ox 

the velocity potential at a point (E, s, z) due to a distribution 
of sources in the z=O plane can be written 

77,)m1+rn2Sfw(1,	
d E d 77, (51) 

T 

The elementary-vortex distribution.—The potential in-
duced by a distribution of elementary horseshoe vortices 
can be derived in a manner analogous to the derivation for 
the subsonic case. Thus, the solution given by equation 
(4) is written for the induced velocity u rather than the 
velocity potential.' Since the flow field contains no sources, 
Ou/Oz is zero (by the same argument presented for the 
subsonic derivation) and the solution can be expressed in 
the form

1 o
J.2 '^Aux^,y i) dx j dy t u=-(  

T

Once more considerthe case when m 1 and m2 are both 
less than , the area r is the same as that shown in figure 
2, and the first integration is made with respect to q,. Then 
equation (53) becomes 

Z
	

0 - 
2sr /1fl+/1aEJdElfX2d1x(E1,) (54) 

More caution is necessary in moving the derivatives through 
the integrals than was required in the study of the source 
case, since at Ei=Ea the 771 integral is indeterminate. It is 
true that the interval of integration A 2, A 1 is zero, but it is 
also true that the integrand is infinite. The- value of such 
an indeterminate form must be obtained by some process 
such as the following. 

The upper limit to the Ej integral, Ea, is a function of the two 
variables z and E (see equation (33)); that is, in functional 
notation Ea=Ea(E, z). Replace z in Ea by .fz2 + e2, then when 
€ is zero has not changed. But if (E, z) is replaced by Ea(E, 
/z2 +e2) in equation (54) and the -limit taken as E approaches 

zero, the indeterminate fdrrn mentioned above can be eval-
uated. Hence, consider 

2(1 a 10) 
cc(m	 m z=li— 

1-10 

F11 

(E ./i2)	 fXs	
v4d1— 	 (El, 971)	 (55)  x1	 r	 cc 

By applying the operation described by equation (49) and 
letting a primed function symbolize its value at El=Ea(E, 
i/22 + €2), the expression 

However, by definition

^O^ E udx

so the relation becomes 

1 
Jf zv. 

	

42=-:	 Mi(x1,yi)dx5dy1 
1 

Finally, in terms of the E, s, z coordinate system the equa-
tion for the velocity potential due to a distribution of 
elementary horseshoe vortices in the z=O plane can be 
written

cc (m ' +m2) z If E	
(52) 

2-/11/12 rc 
1 

The doublet distribution.—The potential induced by a 
sheet of doublets can be obtained from equation (4) by 
setting the term involving Aw equal to zero (i. e., by re-
moving all sources from the flow field). Expressing the 
result in the E, i, z coordinates, one has 

	

z(10	
10 

	

/12 Ofl	 )ff	 cc (Ei,nj)idn1	 (53) - +
T 

Again it is necessary to carry the partial derivative opera-
tions through the two integral signs. And again, just as 
was the case for the sources, this requires that the order 
of integration and the limits on the integrals be specified. 

I The fact that equation (4) can be written for u as well as p does not follow immediately 
in the case of supersonic flow because of the presence of the discontinuities in se along Mach 
waves emanating from supersonic edges. Proof of the validity for cases of interest herein 
is given in reference 6.

2 2' 

 K d	 cc (E m)+ 
c –.O 27rp1'	 . 

( dm	 cc (El,??!) r 

	

is obtained.	
(56)

 
The first term in equation (56) can be greatly simplified by 

us of the mean value theorem. In the limit ase goes to zero 
both A 1 ' and A2 ' approach the common value of fla. Thus, 
for € very small the variation of cc' and l' in the range 
X1<971<X2 is slight. The same cannot, of course, be said of 
11re 1 , since As' and A2' are the roots of r'=O. Using the 
functional notation vc'=vc'(971) and applying the mean value 
theorem, one can write for the first term in equation (56) 

2	

fXXs'dm
lim -Pc' (0)L4' (Ea, 0) 	 —i, A1'<0<A2'	 (57) 

	

-o	 1' r 

Now from the definition of r given by equation (31a) 

i	 f's 	 d971
32 m12 1' -/7— )(sj— A 1 ) 1//3 2_ m12 

which is independent of E. Hence, the expression given in 
equation (57) reduces to

cc(E, 'ia)



I	 z2(m.±m) 1'. C2(i,ni) 
a , z)=	 W(a, fla)	

- j 
.uEijt	

r3
(58)

zi2(mi+m2)	 (60g) 2r'-"	 U 
1 
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vi oving the partial derivatives through the second integral 
ign in the last term of equation (56) can be accomplished 
)y introducing the finite-part sign defined previously. 
ince

12Ii2 

U2
 ô	 1 

m,+m2 71+L o) r r3 

t follows that 

1 	

mi+m2) 
on	 i o	 r	

711)d711 (

	 12 —j-;, 

By means of these equalities, equation (54) can finally be 
vritten in the form

For 0<m,<, 0:!^m2:!^ 

'l2) zfl2(m1+m2) 
_cdl:f d 711 AV

ç	
77 1)	 (60c) 

	

—	 21rj,2	 J	 ,. rc 

z02(m1+m2)IdCd L4'(1,fli) 

27rz1,2	 j	
'	 r. 3	

(60d) 

For 5:^m1:5 co , 0>_m2<3

(60e) 1	 ) 22(m1+m2)Cd 5dE	 m) 

	

- —	 2ir,1.i2	 J	 rca 

27r J2 1J2 2 	 J	 (601) 
r3  

For 0:5mi	 /3:5m2!^co 

I the area of integration is not changed but if the order of 
ntegration is reversed, it can be shown by a process identical 
o the one just described that 

a, z) = 	 (.E	 z132(ml+m2)fd 1 d E1 w(Ei, 711) 
2 J 7/1 1 P 2

(59) 

The area r used in equations (58) and (59) has been defined 
is that shown in figure 2, the axes E and 77 both chosen so as 
o lie outside the Mach cone cone from the origin of the Cartesian 
;ystem. As the and n axes approach the Mach lines in the 
, y plane, that is, as m2 and m1 approach 0, the residual terms 
n equations (58) and (59) approach (3)	 ) and 

no), respectively, which represent the jump in 
)oteutial infinitely far ahead of and to one side of the pdiiit 

77, z) at which the potential is being measured. H&ice, in 
Lerodl3mamic applications, the ()(Ea, — co) and (1A) Ap 

:— co, can be taken as zero. Thus, when the , aj axes 
ic along the Mach lines, thereby becoming the r-, s axes of 
quations (34), the expressions for are without the res-
clue terms and the order of int egration is inmateril.. 
Vhen m 1 and m 2 are greater than 0 the same is true (i. e., the 
erms (3) 4 (Ea, ala) and ) are missing from equatiQils 
:58) and (59) ,respectively) so that the effect of a distribution 
f doublets on the velocity potential can be summarized as
ollows: - 

?or0<rn1<13 , O_<m2<i3 

2 0 2 (rn + rn )C1 . - zc(E',m) 
________

(60a) 
r3 9 _172I/.L2 

_q b)
zfl2(rnl+rn2)_Cd 

9	 2 —171! - fdi i(', 'ii) 

______ 73	 (60b)

There exists an interesting corollary obtained by sub-
tracting equation (60a) from (60b); namely, that the differ-
ence between an integration of supersonic doublets made 
first in one order and then in thereverse order is equal to the 
difference in the magnitude of the distribution at two points 
in the plane.

REDUCTION TO THE PLANE OF THE WING 

The next problem is to consider the above formulas in the 
limiting case as z approaches zero. 

The source distribution.—The potential in the plane of the 
disturbing source sheets follows immediately from equation 
(51) by simply setting z equal to zero; in this way 

—(m1+m2) rf AW U1, 171) 
dEid,	 (61) 

2ir 1 z 2 ro 
r 

• In order to relate the pressure coefficient G to the slope 
X of the upper surface of the wing (where both C and X are 
defined in equation (40)) the operator 

•20'2MIA2	 (F 0	 1 0 
V0 0x	 V0(m1+m2) A^ yt+ 92 51-7) 

must he applied to both sides of equation (61). Hence, 

	

o 
2 1 0 1 O )J'J Xu(ini) dd	 (62) p	

To 

The task of moving the partial derivatives through the 
two integral signs presents a problem identical to the one 
studied in reducing equation (53) to. equations (60). Two 
inherent singularities in the area occur at the points Ea, ala 

and , 77b and form, just as in equations (60), certain resid-
uals there. In the present discussion, interest is confined to 
the case when z=0. Equation (33) shows immediately 
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that the values of Ea, fla and , 77b for z equal to zero can be 
written

)
(63) 

('la)z=o	 (71)z=o37 ) 

It can be shown, therefore (the details being omitted since 
they are precisely the same as those described in the reduc-
tion of equation (53)), that the following relations hold: 

For 0<m1<$,0<m2<$ 

cYP=1022m2	 ')

	

M1	 m2 

_________	 -	 IUI2(m1+m2) d!fd77l
711) f	

r03  

—	 2	
(64a.) 

m22	
—

	

M 1	 m2 
_ ________	 -	 /12 2(m1+m2) $dmf dE1 

/21 — (n — ni)+— (E—) 

lr/21/22	 r03 

For 0< m 1<fl, /3 <m 2 < co	

(64b) 

2 
CP= ,t1132_ mi 2 ;\ U(E, ri)—

	

rn1	 m2
—('i—m)+--- (E—i) _	 _dEd __________	 /22	

77 1) 2(ml+rn2)CCm	
r03 /21/12	

(64c) 
M,

	

— j )	 Q —  2(m1+m2) 5dfdE	 /22 

	

r	 X(1, 771)
0

(64d)
 For 3 m1 < , 0 

2 
CP= m22 X (E, )—

m 
2(m 1 +m 2) ('	 C	 /2 /22 

lr/.L1/.L2	 r03

(64e) 

	

M I 	 m2 
— n)+— 2 (m1+m2) C	 1'	 _________/22 

	

/21/22 
J(lEi7dfli	

r03	
X(1, m) 

(641) 
For /3:5m7<o,$<m2<co 

MI	 rn2 
.- ( — n ) +— (E — E) 2(m +m 

/21/22 
)B cp=- 

(64g 
The elementary-vortex distribution.—The reduction of 

equation (52), the formula expressing the potential due to a 
sheet of elementary horseshoe vortices, to the plane of the 
wing is of little interest since if Au is known	 can be 

	

obtained by the simple relation	 Au dx. However,

if the derivative with respect to z is determined on both 
sides of equation (52) and the limit is found as z approaches 
zero, the vertical induced velocity in the plane of the wing 
will be related to the vortex strength there. In a more 
physical sense, this will relate the slope of the lifting surface 
to the load distribution it supports. Such an equation is of 
basic importance. 

The mathematical expression to be studied is 

w=lim	 -
	

(65) 

	

or	 47r/2 I /29	 r	 q 
T 

The evaluation of w can be divided into two steps: First, 
the procedure necessary in order to carry the derivative 
through the first integral and, second, the calculation of I 
where

(m'+m2)Vof6Z 
f 

	

ozvczv(E1Yn1)dEd	 (66) 
z-0 

I=lim	 47r/21/22 • r	 q 

Again the order of integration is important. As in the 
preceding discussion of the doublet sheet (equations (53) 
through (60)) and the source sheet (equations (61) through 
(64)), assume first that the area of integration isthe one 
given in figure 2. Thus, înt is less than 0 and the ni integra-
tion is performed first. 

If e is introduced in order to evaluate the indeterminate 
form, equation (65) is expressible in the form 

w=lim

	

(m1+m 2)V0 0 j (/i)	 f 2 
Z-0	 47r/2 1 /2 2	 -	 d 	

d 71 1 —---- (67) 
z	 1	 r q 

where the terms X 1 and X2 are the roots of the quadratic 
r 2 =0 and where the limiting process for emust be performed 
before that for. z. As before, the primed expression denotes 
values for the particular case and equation 
(67) reduces to 

w=him(-) 
(m i _J_m 9) VoJ' X2' zv,'(4p)'(1'7.

(68) z-0	 Or	 47r/2j/22 - x i' T,,'	 q  —0 

By means of the mean value theorem, the first term on the 
right-hand side of the equation can be simplified. The pro-
cedure involved in such an anal ysis was outlined in the 
derivation of equation (57). The process used here is iden -
tical and equation (68) becomes 

= V0.,/0m1	
(69) 

The term I, defined by equation (66), can be expressed in 
a simple form by introducing the notation for the general-
ized principal part (see equation (27)). This term becomes 

1(mj + M2) VO-C dE 1 C d711 yo p(E,711)	
(70) 411-/11/22	 J	 .J	 r 0	 q 

If the integration of the above expressions had been taken 
in the opposite order or if the range of 7n1 and ni2 had been 
different, the residual term would change. This phenomena 
has been presented in connection with both doublet and



INTEGRALS AND INTEGRAL EQUATIONS IN LINEARIZED WING THEORY
	 1279 

source distributions and is by now familiar. Finally, there-
fore, expressions relating the slope of the wing surface to its 
loading can be written: 

For O<rn,<fl, 0<m2< 

IV - -.jfl°_m,°	 77) + ml+mn2_C d 1 £ d0 ip(E,, n,) 
V0	 4	 q	 4rJ1jp2J	 JT 'ro	 q

(71 a) 

- j$2—m22	 0)+mt+mo_C -dE,	 0') 

-	 4	 q	 471AIIA2 T	 ro	 q
(71 b) 

For O<rn,<, 13<7)12< 

W -1/82-M,2 ip(, 0) ',n,+in, (	 -d77, .!9	 01) 

170 4 	 q + 4

	

r0	 q
(71 c) 

	

rn,+in2J loiCdE v0 1p(,, 77,)	 (71d) 
,.	 i;;,	 q 

For 0<m,:!^ , 0m2<0 

W	 /fi2_22 p(E, o) rn,+7n2_ . 1dE,'" 71,) 
:T 

(117, 
4	 q +	 ro	 q

(71 e) 

_ ?fl1 + 7fl2Idd71 2	 m)	 (710 
47rp,z 2 J	 J	 r0	 q 

For i3<m,:!^ , 0<m2< 

	

W m,+m2j £ voP(,,fl,) d,d 77 ,	 (71g) 

	

Vo4irz, 4u 2 JTTo	 q 

The doublet distribution.—The pertinent problem in this 
case is to find the vertical induced velocity in the plane of 
the wing as a function of the jump in potential across the 
plane. 

Consider equations (60) and take the partial derivative of 
both sides with respect to z; then find the limit of the resulting 
expression as z approaches zero. If equation (60a) is used, 
for example, there results for the first term 

	

1 fóiç1\
	

N. 1 /ôzco\ 
1zi_	 ÔZ 

which becomes 

—1 
2 (m,+m2)if2_m,2 

[!L2 ($2_m,2)	 o)+,i, (in , in2 +fl') - ico(,

(72) 
The second term can be written 

o z $ 2 (in ,+ m2) C d-f d77, 
co( i , 01) 

—1,m— 
z-o Oz	 27rL,Lo	 J	 r 

and this reduces to

2m)c 27ro, ).Lo	 $ j	 r	 T03	 - 

2 (m,+ m ) .	 0 r d
	

d0, 1co(,, m 

	

1mm z	 )	 (73) 
2 1ru1 L2 Z-0 OZJ 	 f	 rc 3 

Since, by equation (17),

° T, [(X 2 —m) (X,)]3 1 2 n  

the second term in expression (73) vanishes. Finally, there-
fore, the vertical induced velocity in the plane of the wing 
becomes: 

For	 mK 0. 

1 
2 (m,+m2)s/2_m,2 [

11 2 ( 2 —m, 2)	 o)+

1 
p', (m,m+$) (E, 

2m )
(74a) 27rL, j2 	 f 

-	 1	
o)+

- 2(m,+rn2) ,j/92_m22 L 

	

JA I (2_m22)_zc(,	
— 2 '+m2) f

(,, 77,) 

:I: 
d71,	 d 

27,41,42 1 	 To3
(7 4b) 

For 0_<m,<9:!^m2:!^ 

1 
- 2(m,+m2)i,/i3in,

o)]-

2	 171)	 (74c) 

	

j) f 	 To3 

	

= i32(mi+m2)i	 t VQ1, 01)	 (74cl) 
2irj , ji 2	 J 

For	 m,< co , O<m2</3 

1	
o)+

2 (in ,+ rn2) f-m22L 

,1(132_m22) 

2(rng$	

77,)	
(74e) 

2r).i,L2

	

771)	 (74f) 
21rJ.LijL2	 Jr 

For $:5m,:!^ a<m2< 

2(m,±in2)f (74g) 
2irj 2 JT	 T03
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SUMMARY OF RESULTS FOR ç. C,,, AND, wIN THE PLANE OF THE WING; 
CARTESIAN-COORDINATE SYSTEM 

The special forms of equations (64), (71), and (74) when 
the t,77 axes become the Cartesian axes are given in the 
following sections. In these cases,	 m1-->0, and 

Potential in terms of vertical velocity, nonhifting case.—

_____Wu(Xi,yi) (x, y)=-	 J f /(X_X1)2_-B2(Y_Y,)2 dx
1 dy 1	 (75) 

Pressure coefficient in terms of surface slope, nonhifting 
case.—

Vertical velocity in terms of loading coefficient, lifting 
case.—

W. $ 11	 (r—r1)+(s—s1)	 1xp(r1,sI)dd 
Vo4irJ,,J [(s_sl)_(r_rl)121/(r_TI)(s_SI)	 .q

(81) 

Vertical velocity in terms of surface potential, lifting 
case.—

Mof-':	
,1 (r1, s) wu= -	 ________________ 471- J [(r—r1)(s—s1)]'2 dr

1 ds1	 (82) 

PART 11—THE DIRECT PROBLEM 

DISCUSSION 

_	
(x—xi)X(x11y1) X(x, Y)_f dx i -f

 dy1 [(xxi)2_02(y_y1)2]312 

(76a) 

cp,=r --fdy'$dx'_	

- x,)X(x,, Yi)	 (76b) 7'-	 ,.	 [(x - x,) 2 -- 132(y - 1) 2]3/2 

Vertical velocity in terms of loading coefficient, lifting 
case.-

p(x, 
T Q 	 4	 q

(x—x1) p(x,,y1) 

1r 1 ___________ 
7 dx1Tdy1 (yy,)2/(x_x1)22(y y'2	

(77a) 

,) (x— x) p(x,,y
 

W _ _ 1 
dYifdx	

q 
1 (y_yj)2i/(XX)2 2	 (77b) 

Vertical velocity in terms of surface potential, lifting 
case.—	 - 

w,=—	 u(x, y) ----3 
132 

Ccix -fdyi [(x
—

c7v(xi, y i)

(78a)

cv(xi, yj) wu= - p--f ciy i-f dx,	 xi)2_(y_y,)2]3I2	 (78b) 

SUMMARY OF RESULTS FOR p, C,,, AND w IN THE PLANE OF THE WING; - -	 CHARACTERISTIC COORDINATE SYSTEM' 

The special forms of equations (64), (71), and (74) when 
the E, n axes become the characteristic axes are given in 
the following sections. In these cases, E—r, i-s, rn1---fl1 
and m2-f3. 

Potential in terms of vertical velocity, nonlifting case.-

1 f T w(r,, s)	
dr, (Is,	 (79) 

Pressure coefficient in terms of surface slope, nonlifting 
case.—

J J [(r_r,)(s_si)]3/2 X(r 1 , s,) dr, ds 1	 (80)

The term "direct problem" shall be defined herein as a prob-
lem requiring for its solution the evaluation of integrals with 
known integrands. The three fundamental formulas pre-
sented in part I, equations (64), (71), and (74), apply, respec-
tively, to source, vortex, and doublet distributions, and a 
consideration of them shows that there are essentiall y only 
two different boundary-value problems of wing theory that 
lead to the direct classification. In the first of these problems 
(see equation (64)), the pressure coefficient is given by an 
integral involving the shape of a wing having thickness, but 
no angle of attack, twist, or camber. The other direct prob- 
lem is: represented by equations (71) and (74), where the 
angle of attack, twist, or camber of a wing having no thickness 
is given in terms of an integration involving, respectively, the 
wing loading or its streamwise integral, the discontinuity in 
velocity potential. The circumstances of the particular prob-
lem will determine which of the two alternative formulas is 
to be used.

THE AERODYNAMIC PROBLEM 

The statement of the two problems can be given from a 
physical viewpoint as follows. 

The thickness case.—The thickness of a wing that is sym-
metrical above and below a horizontal plane is given and the 
pressure distribution over the wing is to be determined. Such 
problems are of special interest in the study of wings in a 
supersonic flow since their evaluation is necessary for the 
calculation of the wave drag. 

The lifting case.—The load distribution on a lifting plane, 
a surface without thickness, is given and the slope of the 
surface that will support such a loading is to be determined. 

THE MATHEMATICAL PROBLEM 

The mathematical statement of the two problems can be 
made by referring to the equations expressing the three fun-
damental formulas in the plane of the wing. For the thick-
ness case, equations (41) or (64) apply, X. is given over the 
wing plan form and C is to be determined. For the lifting 
case, equations (43), (44), (71) or (74) apply, Aplq or is 
given over the wing plan form and w, is to be determined. 

The solution of problems in the direct classification depends 
only on the analyst's facility in evaluating integrals. Although 
the integrations may be quite difficult to perform, this never-
theless must be regarded-as a question of technique and, in 
a mathematical sense, a direct problem is solved. 
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PART 111—THE INVERSE PROBLEM 

INTRODUCTION 

The term "inverse problem" shall he defined herein as a 
problem requiring for its solution the inversion of an integral 
equation. In application to the study of problems in aero-
dynamic wing theory, two different boundary-value prob-
lems appear in the inverse classification. These are provided, 
as was discussed in the presentation of the direct problem, 
by the two basic relationships that exist in the three funda-
mental formulas. In those equations the two basic relation-
ships are: First, the pressure is given in terms of an integra-
tion involving the shape of a wing having thickness but with 
no angle of attack, twist, or

*
camber; second, the angle of 

attack, twist, and camber of a wing having no thickness is 
given in terms of an integration involving either the wing 
loading or the discontinuity in the velocity potential.. 

THE AERODYNAMIC PROBLEM 

The physical interpretation of the two types of inverse 
boundary-value problems is made as follows. 

The thickness case.—The pressure distribution over a 
wing that is symmetrical above and below a horizontal plane 
is given and the shape of the wing is to be determined. To 
this bare statement of the problem, however, must be added 
certain auxiliary considerations. For example, it is physi-
cally evident that solutions yielding wings with negative 
volumes must be excluded. Consideration must also be 
given to the question of wing closure. It is apparent that 
these two conditions will serve to restrict the arbitrariness 
of the pressure distributions which can be prescribed. Fi-
nally, the question of the uniqueness of the wing shape arises. 
For example, it is known that the thin-airfoil-theory solution 
in the two-dimensional case is unique, provided the prescribed 
pressure distribution is one leading to a real and closed wing 
section. In the supersonic three-dimensional case, however, 
these conditions are no longer sufficient to guarantee a unique 
shape from a given pressure distribution (although the re-
verse is always true, i. e., a given shape produces a unique 
pressure). This fact will be illustrated later (Part IV) in 
connection with quasi-conical flow problems. 

The lifting case.—The slope of a lifting plate, a surface 
without thickness, is given and the resulting load distribution 
is to be determined. To insure uniqueness in problems of 
this type it is sometimes necessaçy to impose an additional 
condition. For example, it is necessary to assume that the 
Kutta condition applies to all trailing edges for which the 
normal component of the free-stream velocity is subsonic. 

THE MATHEMATICAL PROBLEM 

The mathematical statement of the two problems can be 
made at once. Thus, for the thickness case, equations (41) 
or (64) apply, C,, is given over the area occupied by the wing 
plan form and X. is to be determined. For the lifting case, 
equations (43), (44), (71), or (74) apply, w, is given over the 
wing plan form and ip/q is to be determined. 

Of course, by definition, the solutions of both of these 
problems require the inversion of an integral equation. 
Further, these particular equations are known as singular 

213637-53-82

integral equations. Complete inversions to all the cases 
considered have not as yet been obtained. Some progress 
has been made, however, and the following section outlines 
one method by means of which certain singular integral 
equations can be inverted. 

ON THE INVERSION OF SINGULAR INTEGRAL EQUATIONS 

DEFINITIONS 

An integral equation.—Consider the equation 

fl, 
g(x) K(x, y)dx=w(y)	 (83) 

If w(y) and K(x, y) are given functions and g(x) is unknown, 
equation (83) is known as integral equation, and more 
specifically as an integral equation of the first kind. The 
path of integration L 1 lies along the x axis (in this report only 
real variables are considered although the methods and 
r3sults can be gnera1ized to include complex variables) and, 
in general, can depend on y. The term K(x, y) is known as 
the kernel of the integral equation. 

A singular integral equation.—An integral equation is 
referred to as singular either when the path of integration, L1, 

has infinite extent, or when the kernel, K(x, y), is infinite at 
points of the interval L 1. In other words, equation (83) is a 
singular integral equation if K(x, y) is unbounded somewhere 
on L1. 

An integral transform.—Again consider equation (83). If 
both sides of this equation are multiplied by the function 
H, y) and integrated with respect to y along the interval 
L2 (which is, of course, independent of y but can be a function 
of X), the equation is said to have been transformed and 
the operator

fL2 H(X,y)dy	 (84) 

is referred to as an integral transform. The resulting 
expression 

f
dyf dxg(x)H(X, y)K(x,y)=SLw(Y)H(X, y)dy (85) 

L2	 L1 

is obviously a function only of X, bosh x and y being dummy 
variables of integration. 

INHERENT SINGULARITIES 

An inherent singularity can be defined first in terms of a 
function of two variables. Consider the functionf(x, y) and 
let the point a, b lie somewhere in the x, y plane. Then an 
inherent singularity will be said to exist at the point a, b if 

urn 'f(€+a,€i+b)F-O 

where
x—a=€, y—b=en 

In other words, a square of width 2E is first placed on the z, y 
plane with a, b at its center, the functionj(x, y) is then eval- 
uated at any point on the boundary of the square and multi- 
plied by one-fourth the area of the square. Finally, in the 
limit as the width of the square vanishes, if this product is not
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zero, the fwiction f(x, y) contains an inherent singularity at 
the point a, b. 

Such a concept can obviously be generalized to include 
functions of three and more variables. For example, the 
function f(x 1 , x2 , ...,x.) contains an inherent singularity at the 
point a 1 , a2 , ..., a if	 - 

urn "f(€ E1+a1, E2+a2, . . . , ,+a) 5^60 
where

- a = 
RESIDUALS 

C6nsider a double integration with respect to x and?/ of the 
functiorif(x,y) over the area Sin the x, y plane. Perform the 
integration of the same function over the same area but with 
the order of integrations reversed. The difference between 
the results of these two operations will be defined as the 
residual. Thus 

RfdYfdxf(x,Y)—fdxfdyf(x,y)	 (86) 

Ordinarily the residual R is zero, since the order of 'inte-
gration for a double integral is usually immaterial. In the 
manipulation of singular integrals and singular integral 
transforms, however, a nonvanishiug residual often exists 
The evaluation of the residual can be accomplished in the 
following manner. Let the point a 1 , b 1 bean inherent singu-
larity in the area S. Then the residual from such a point is 

If

b,

l- f  -

	 ra,-i-	 f'a1+€	 rb1+ 
Ri =limdy I dxf(x,y)— I dx I dyf(x,y) 

e-.O	 ja1_	 .Ja1_	 •Jb1- 

Setting E+a1 =x and i +b i =y, one can write 
1.1 

R1 =f d I d. lim 2J(E+a1, i+bi) - 
i	 J-i	 -o 

f, dj ',.d,7 hm 2 f(E+ai,€n+b 1 )	 (87)  e-O 

Hence the necessary condition for the existence of a residual' 
is the occurrence of an inherent singularity in the area of 
integration over which the double integration is performed. 
The total residual is the sum of the residuals from each inher-
ent singularity in the area involved. 

THE NULL TRANSFORM 

Definition.—The integral operator fL3 H(X, y) dy is said 
to be a null transform of order m to the function K(x, y) in 
the interval 4 if 

()
an.

	

JL3	
y)K(x, y)dy=0	 (88) 

where x, A and, of course, y are on 4. 
Examples—The operator 

fL3
-fL__ J (X—_y)3/2

is a null transform of order zero to the function 

K(x, y)= 1

in the interval x _<y<X. Thus, (see equation (18)), 
rX	 dy 

.L 1J(Y—x) X—y3°	
(SO) 

The operator 

f
H(X, y)dy= 1- 13 	 JA i/T) 

is a null transform of order zero to the function K(x, y) = 
11(y—x) in the interval X<y< 1. rfluIs

	

X < x < 1	 (90) 

Finally, it can be shown from equation (90) that 

.1L3 
H(x, y)dy 

= 5 
b/(	

- dy, a< 

where a and b are constants, is a null transform of order one 
to the function K(x, y) = 11(y—x) in the interval a<y<b. Thus

	

Ô Cb)(ya) 
d —0 

5a<X<b	
(91) axj (y—x)(X—y)	 ' a<X<b 

THE INVERSION OF SINGULAR INTEGRAL EQUATIONS BY 
MEANS OF NULL TRANSFORMS 

Consider an integral equation of the first kind 

W(Y)=f g(x)K(x,y)dx	 (92) 

such that the kernel K(x, y) tends to infinity as x approaches 
y and let the point x=y lie in L 1. Equation (92) is, by 
definition, a singular integral equation of the first kind. 
Apply to both sides of this equation the integral transform 

fH(X,y)dy so that 

fL2 w (y)H(X, y)dy= fL2 dyf ' dx g (x)H(),, y)K(x, y) (93) 

Suppose that the area L1+L2 of the double ' integral is 
bounded by a simple closed curve having the property that 
any line parallel to the x or y axis crosses its boundary at 
most twice. For such an area, it is always possible to write 
the reversed form of the double integral in equation (93) as 

f
dxf dyg(xF1(x, yKx, y) 	 (94) L.

where 4 can be a function of x and A, and 4 can he a function 
onlof A. 

Subtracting expression (94) from the double integral in 
equation (93), one finds
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f
dyf d g (x)H(, y)K(x, 

.fL4Ji3dY 
g (x)H(X, y)K(x, y) ± R (X)	 (95) 

where R(X) is, by definition, the residual. Hence, equation 
(93) can be rewritten in the form 

fw(y)H(x, y)dy= 

dxf dyg(x)H(X, y)K(x,y)+R(X)	 (96) 

One can now show that if H(X, y)K(x, y) contains an 
inherent singularity at the point x=y=X, equation (96) is 
the inversion to equation (92) when I-I(X, y) is a null trans-
form of order one or zero to the kernel K (x, ij) in the interval 
J-3.

First, it is necessary to relate R() to g(X). By the defini-
tion given as equation (87), R(X) can he written 

R(X)=R0(X)+
F

(l, I dlvn g(+X)K(+ X, n+X)FJ(', 'i+X)— 
I j-i	 .-.o 

f

ri 
dEl dlirn . g(€±X)K(E+ X , 'i+X)H(X, i+ X) (97) 

'	

,J—I	 —O 

where R0 (X) is the sum of the remaining residuals (if there 
are any) from the other inherent singularities that might 
exist in the area L1±L2. This reduces to

(98) 
where

f I
R*(X)= I 

)-i 	 -o 

f
IdEf ' d ,q 1iinK( c-^ + X, 	 X)H(X, € 'i + X)	 (99) 

If inherent singularities other thaii the one at x=y=X exist 
in L 1 +L2, they must be at a point on the line x=y. The 
residual at such a point say x=y=a, would he the product 
of g (a) and Ro*(a), the difference between the two appro-
priate double integrals. Hence, R0 (t) cannot contain g(X). 

Now, if	 H(X, y) dy is a null transform of zero order, 

equation (96) becomes 

fw(y)Hcx, y)dy=R0(X)g(X)R*(X) 

or

(X)=11*'()	 Ro(x)+J'L2 
w(y) H(X,	 (100)

which is an inversion of equation (92). Further, if 

f3 

H(X, y)(ly 

is a null transform of the first order, so that 

rL3

 H(X, y) K(x, y)d.y=C(X)

fL2 
w(y)H(X, y)dy = c(X)f g(x)dx +110(X) +g(X) R*(X) (101) - 

If L4 is independent of X this already is an inversion of equa-
tion (92). However, if L4 contains X then, after dividing 
through by G(X) and taking the derivative with respect. to 
X, a first-order differential equation iii g(X) results. This is 
considered to be an inversion. 

THE INVERSION OF SOME PARTICULAR SINGULAR 
INTEGRAL EQUATIONS 

ABEL'S INTEGRAL EQUATION 

'Consider the special form of Abel's integral equation 

W(Y)=f
x) dx

a<y	 (102) 

It has been shown (see equation (89)) that 

	

,'x	 _i_. 

	

_I_	 "'Y 

J (X—y)3"2 

is it null transform of order zero to the kernal 1/-/y—x in 
the interval x y :!^ X. Hence, applying the transform 

C > dy 

.L (X— y)3"2 

to both sides of equation (102), reversing the order of inte-
gration, and noting that 

dy	 ix	
g(x) 

i	 1/y—x (X—y)312 

-f g(x) d f dy
-N/y—x (X—y) 

-	 (103) 
leads one to the result

('> w(y)dy 

T. (X_y)3'2'	 (104) 

The only inherent singularity that appears in the area of 
integration occurs at the point x=y=X. The residual is 
obtained by integrating over the shaded area in figure 5 and 
finding the limit as e goes to zero. 

A 

a 

0	 a	 A 

equation (96) becomes	 I	 FIGURE 5.—Region of integration for equation (lOöa).
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Thus	 which reduces to the form 

R(X)=limUX—e dy	 dx	 - 
Vy _x(),_y)3/2 

f g (x) dx 
_f 

dy 
- , 
	 1	

d.,z	 f(X_y)3 

and, since the second double integral is zero, the transfor-
mations e=X—x and €i=X—y reduce this to 

IO fR(X)=]im--d 	
(_€

-O J1 	 17 
77 3/2 

Finally, in the limit as e. goes to zero, 

R(X)=g(X)	
d I	 dE	 - 

O	 ,q

2irg(X)	 (105b) fJl 77 3/2[T, 

Substitute equation (105b) into equation (104) and the 
inversion of the integral equation (102) can be written 

w(y)dy 
2w J a (),—y)3/2	 (106) 

By applying the definition of the finite part, one can rewrite 
equation (106) in the alternative form 

g(X)-1 d fw()dY 
—;;:	 (107) 

which is the form of the inversion usually presented. 

THE AIRFOIL EQUATION 

The study of the singular integral equation known as the 
airfoil equation is closely associated with the study of bound-
ary-value problems related to Laplace's equation in two 
dimensions. These boundary conditions are sometimes 
given along a straight line as is the case, for example, in the 
linearized study of two-dimensional subsonic wings. If the 
boundary conditions are given along a suitably prescribed 
curve, the curve can, by application of complex variable 
concepts, be mapped onto a straight line. For example, the 
Joukowski transformation maps a circle in one plane onto 
a straight line in another and in both planes the governing 
formula is the two-dimensional form of Laplace's equation. 
The solution to such boundary-value problems can be reduced 
to the inversion of the following singular integral equation: 

fb 
g(x)dx

,a<y<b	 (108)  Y—X 

where a and b are constants. 
It has been shown (see equation (91)) that 

f
ib

/(b_'_a) 
dy  X—y 

is a null transform of order one to the kernel 11(y—x) in the 
interval a<yb. Applying this transform to equation 
(108), and using the definition of the residual, one obtains 

f  )1_y
—dy= 

f g(x)dx 
b	

f
tI(b_Y)(Y_a) 

 (X—y)(y—x) dy+R(X)

Jbw(y)1/(by)(ya) a	 X—y	 dy=zrIg(x)dx+R(X) (109) 

Again the only inherent singularity in the area of in-
tegration is at the point x=y= X. Evaluating the residual 
according to equation (87), one finds 

R(X)=g(A)/(b—),) (X—a) [J' d7f	
d

(E—)

' 	
d 

and since	
(E—'7)

(1 d	 —1 1—E 
J_1n(E—'i)=	 lni-- 

this becomes 

R(X)=2g(X).../(b—X)(x—a) 	 117
in 

J-ifl	 1+?? 

_,.2g(x)./(b_x)(x_a)	 (110) 

By the combination of equation ( 110) with (109), the inver-
sion to the airfoil integral equation (108) thus becomes 

g(X)= 

.2V(b_x)(),_a)	 f	 X—Y J 
(111) 

It is apparent that the inversion to equation (108) provided 
by equation (111) is not unique (because of the existence of 
the term f g (x) dx which can be thought of as an arbitrary 

constant). Hence, in the application of equation (108) to 
physical boundary-value problems it is not sufficient to 
specify the value of w along the, y axis; some additional con-
dition must also be supplied. Examples of such additional 
conditions in the study of aerodynamic problems are the 
specification of closure in the study of two-dimensional sec-
tions and the assumption of the Kutta condition along the 
trailing edge of two-dimensional lifting surfaces. 

THE SUPERSONIC DOUBLET EQUATION 

The general concepts of the method just applied to the. 
solution of single-integral equations with a singular kernel 
can also be used to invert double-integral equations with 
singular kernels. Success in solving these more complicated 
forms depends again on the discovery of an appropriate 
integral transform—in this case a double integral transform—
and the usefulness of these operators depends, in turn, on 
both the structure of their integrand and, what is just a 
important, the space (now four-dimensional) of integration. 
As it turns out, however, inversions can be obtained in many 
cases that are of importance in the study of supersonic 
aerodynamic problems.-

Case 1—Supersonic leading edge.—Consider the equation 
that gives the vertical induced velocity in the plane of the 
wing in terms of the perturbation velocity potential on the 
upper surface of a lifting surface in a supersonic free stream, 
equation (82),
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- 
 

Al.A 	 1' 1' ç,0 (r 12 s) dr 1 ds1	 (112) (r2, S)== 41r J J [(r2—r1)(82—.S1)]312 
nt5, 82) 

The area r (r2 , s 2) represents the area within the forecone 
from the point r2 ,s2 at which the vertical induced veiocity 
is being measured. The details of the solution to equation 
(112) will now be presented for two different types of bound-
aries .to the area r (r22s2), that is, from an aerodynamic 
standpoint, for two different types of wing plan forms. 

First consider the case when i- = r 0 is an area such as the 
one shown in figure 6. The two lines r 1 =r2 and 81 = 82, which 
represent the traces of the Mach forecones from the point 
r2 , s2 , form two bounds of the area while the third is given 
by the wing leading edge, the equation for which may be 
written as either s 1 =J0 (r 1 ) or ri=fo*(si). 

'U

yl 

Leac

(a)

-Leodiag edge 

\\\\\\\\	 Si 

S4 40 ("i)

,('r2, S2) 
r1

(r2, s2) 

V T1 

(b)

(a)x i , ii' plane. 
(b) r,, oi plane. 

FIGURE 6.—Region of integration for wing with supersonic leading edge. 

In the present case, it is assumed, furthermore, that s1=f0(ri) 

is a continuous monotonic function with a negative slope, or, 
physically, that the wing has a supersonic type leading 
edge.' 

The kernel of equation (112) is formed by the product of 
two functions, one independent of r1 and r2 and the other 
independent of s and s2 . It follows, therefore, that if an 
integral operator is used that contains the product of two 
linear functions of 82 and 7.2 to the - 1/2 power, there exists 
the possibility of obtaining a null transform of order zero 
according to the equality given as equation (18). One can 
show, in fact, that the operator 

2 Supersonic and subsonic edges have the property that the normal component of the free-  
stream velocity is supersonic and subsonic, respectively.

S f dr2 ds 2 	 23 5 5

	

r0(r,s;r22s)	
(113) 

70(r, 8)	 70(r, 8) 

is a null transform of order zero to the right-hand side of 
equation (112) where 7- 0(r, s) is the same area that appears 
in the integral equation. 

If the transform given by equation (113) is applied to 
equation (112) the resulting expression is 

I f To 
no(r, 8) 

	

—2fl3ffdd(_I 	 p(ri,si)dridsi (114) 2 	 J ,) r0(r2s;r2,s2)r03(r2,s2;ri,s1) 
ne(r, a)	 To(r s,) 

Consider next the right-hand side of this equation but 
with the r2 , 82 integrals taken first. Then by definition of 
the residual 

-2 0	 ___ 
rM2 

ffcir2iss ...C..f	
ç,u(ri,si)dridsi	 =

j j r(r, s; r 2 , s 2)r03 r 2 , 82; F1, s) 
To(t, 8)	 To(t, 82) 

____	 C C	 dr2ds2 -2 f3 3 	 ______________________ 
fJ5' s) dr 1 ds1 TJ

- r0(r,s ; r 2 s 2)ro3 (r 2 , 82; F1, ir MO2
[To(r, 8)+ 70(r2. 82)1 

R(r,$)	 (115) 

When the integration is made first with respect to r2 and 
52, the area of integration for these two variables can be 
visualized with the aid of figure 7. In such a case the 
points r1 , s and r, s are fixed and the area is simply the 
one which lies in the forecone from the point r, s and in 
the aftercone from the point Ti, S. This is represented 
by the shaded area in the figure. It is apparent from a 
study of figure 7 that, when the edge s2 =f0 (r2) is a mono-
tonic function as previously defined, the r2 and 82 integrals 
are always taken between the limits r 1 and r and s1 and s, 
respectively. Hence, according to equation (18) the inte-

FIGURE 7.—Area of integration for flied r,, a,, , a; equation (115).
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gial term 011 the right-hand side of equation (115) vanishes 
and equation (114) becomes 

J f Wudrods
2 ==R(r,$)	 (116) 

To 
,o(r,8) 

The complete inversion of the integral equation can now 
be realized if an expression for R(r,$) can be obtained in 
terms of w(r, s) The evaluation of this residual term
follows along lines quite similar to those used in calculat-



ing the residual for the special form of Abel's integral equa-



tion given previousl y . Now, however, there is no longer 
it single inherent singularity; rather, the lines r 1 =r2=r and
s1 =s2 =8 are densely covered with them. First consider 
an integration made over the region close to the line s,=

(i. e., the sum of the areas a and b shown in fig. 8). 

FIGURE 8--Region of integration for evaluation of residual, equation (116). 

Make the substitutions s1 = s — eo- and S=S— €2 and take 
the limit as e goes to zero. There results for the portion 
of the residual due to the inherent singularities I?a+i(l-, s) 

along the line 3 1 =s2 =s the equation 6 
R5 -. 8(r, s)=

-AIO	
.(8)	

(0	 ('Is 

	

$ 
ff'.rsJ d 2

1	 J fo°(s) 
dr1 -j-(ici8

 

(r1, s)
(117) 

(O - i)'(i r1)'-.,/2(r - r2) 

This bcoines, after integrating with respect to or , and er2

 (which can be done immediately since the limits of the r1 

integral do not now containa 2 and, further, since the r1, O2 

plane contains no inherent singularity) 

6 The first term on the right-hand side of equation (115) contributes nothing to the residual 
since it always contains an integral equivalent to that in equation (18) and, therefore, is 
identically zero. This same phenomenon also appeared in the study of the residual appear-
ing in the inversion of Abel's integral equation. (See the development of equation (105).)

2hJ
d	

cr	
dr,	 0'8 s)	

(118) Ra+i(1', s)=	
ff'o. 	 12 

J Jo(z)	 ' @'2—r1) / 11T— 1' 

It is now proposed to reverse the order of integration of 
the double integral in equation (118). Butt the r 1 , r2 1)la.fle 
contains an inherent singularit y at the point 7'2 =r 1 =r. By 
definition of the residual from this singularit y as R'(r7 s), it 
follows that

?tZJOS Cr	 Ir	 dr2 
dr1 5(r, s) -	 _____ Ra+i(T ) s) =

	 fo°(°)	 Jr1 (r2_ri)3I22+ 

R'(r, s)=R'(r, s) 

since the integral term is zero b y the equality that has been 
used repeatedl y . The evaluation of R'(r,$) follows the iden-
tical line of argument used in obtaining equation (105b) from 
(105a). Hence, setting 1s=r—ep and 1 t = T—ep 1 , and letting 
€ go to zero, one finds 

RO+b(r, .$)=J?'(r, s)=

C° CP2	 dpi	 _ 
– j– u(r 8)) dp 2 - - j- 

(p i_ ps)3/2 i/ 	 23

(119) 

The part of the residual in equation (116) contributed by 
the inherent singularities in the areas a and b in figure 8 is, 

— 7 11f 
therefore,	 ° 0 (i, s). A similar calculation shows that the 

singularities in the aieasc+b give the same result; and, finally, 
a calculation for the area b itself also y ields _7r 

III,	
(r, s) 

The value of 11 iii equation (116) is obtain:d by combining 
the results for the various areas. Hence, 

1? = Ra+ 5 + R5+ . -	
—2rMO2 

 

	

g 5 (r,8)	 (120) 2$ 

Combining the result expressed by the last equation with 
equation (116), one can finall y write for the inversion of the 
illteglal equation (112), when r = r5 , the expression 

—1 ('(.	 sv5dr0ds2	
(121) -- s)=— •jj 

r(r.$) 

Case 2—Combined subsonic and supersonic leading 
edges.—Colisidel the equation 

—2l'J r_1' co0(r,si)(Ir1dsi	
(199) 4ir	 J [(is_rij(82_s1)]3/2

 

7,(r2. 82) a,) 

Where 71(1'2, .5) is the more complicated area shown in figuie 9. 
Again the lines 11 = 12 and .s i =s2 , which are the traces of the 
forecone from the point r2 , 8, form two bounds of the, area. 
The remaining two boundaries are formed by tile CUrVeS 
s 1 f0 (r 1 ) (or ill the inverse sense ri=f0*(si)) and s1=f1(r1) 
(or ri=fi*(si)) .'heref0 has the same definition it had in the 
study of Case 1, that is, a monotonic curve with a negative 
slope. The curve .s=f(i) is also a monotonic function, but 
with a positive slope. For convenience the origin is placed 
at the point of intersection of the f. and f1 curves.	 -
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(a)
	

13 

FIGURE 10.—Area of integration for fixed r i , si, r, s; equation (123). 

Si

\^o 

Sj fo (n) -I

=f (ri) 

w/4 
(r2 , s2) 

7 r 
(b)

(a)ri iii plane. 
(b) (ri ii plane. 

FlutER 9.—Region of integration for wing with combined subsonic and supersonic edges. 

A physical interpretation of the area r1 with regard to prob-
lems in supersonic wing theory is simple. The lines r1=r2 
and 81 = 82, as has been mentioned, are the traces of the Mach 
forecone from the point r2 , s2. The f° and ft curves are the 
edges of the wing plan form, the line s j =f0 (r i) representing a 
supersonic leading edge and the line s 1 =f1 (r1) representing a 
subsonic leading edge. 

Proceeding exactly as in Case 1, consider the operator 

fj"N/(r — r2) (8-82) 

and find whether or not it is a null transform of zero order to 
the kernel of equation (122), that is, whether or not the 
equality

dr2ds2	 =0 ff(i'1 s1)dr1dsj
[(r2_ri)(s2_si)]3I2f_r2)(8_32) 

r,(3, r)+ri(r,. s')l
(123) 

is satisfied. A study of figure (10) shows that it is not, since 
for a point r 1 , s located above the line r2=fi* (s), a portion of 
the s2 integral becomes 

Cfl(r2)	 d82 
• )Sj	 (s2sl)312\l —82

which is not zero unless J1 (r2) is identically equal to s. For 
the same reason, portions of the r2 integral will not vanish for 
the point r1 , S so located. 

However, the construction of a null transform of zero order 
can be accomplished by studying the above failure. Thus, 
if the 82 integration were carried between the limits 8i and s, 
for every location of the points r1 , s and r, s, the operator 
J'h(r, s, r2)dr2 f (8—s2 ) 12ds2 would be a null transform of zero 
order regardless of the choice of h. The area of integration 
producing such a transform is simply the one shown in figure 
11(a), an area bounded by the lines 83 =S r2 =r, 82 =fo(r2) and 
r2 =fl *(s) where r2=f2*(8) is any line such that f2 *(s) ^Ji*(s). 

This area shall be designated as r2(r, s). When such a trans-
form is applied and the 82 integration performed first, it is 
apparent from figure 11(b) that the limits of the 82 integral 

St 

(a)

(b)  

(a) Area of integration for transform. 
(b) Area of integration for fixed r1 , 81 r, 3. 

FIG URE 11.—Integration regions for equations (124).
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are always s1 and s, even when the point r1 , s1 is located above 
the line r2 =fi *(s) . Hence, if the residual R(r, s) is defined by 
the relation

V0 

M0

J 
'h(r, 8, 

r2)clr2f	
ds2	 (	 (r1, s) dr 1 ds1 

1ii J I [(r2_.r1)(s2_sI)]3I2+ 
T2 (r,	 71(r2,32) 

	

M°J'h(r, s, r
2) dr2 f (' 40(r, ) s) dr1 ds, (	 ds2	

=R(r, s) (r2 —r 1 ) 312 Jsi1/ (s2_s1)3/2 

[r2(r,$)+ri(r2,32)1	 (124a) 

the second term on the left-hand side is zero, and equation 
(122) transforms into 

ft	
h(r,s,r2)dr2f'	 w0(r82) 

ds2=R(r,$) 
12 * (s)	 f0(r2) 1/s -

The evaluation of the residual in equation (124b) follows 
the same pattern used in Case 1. Thus, after isolating the 
line of inherent singularities, R(r, s) is given by the expression 

R(r, s)==

r	 f82 

- 4 S f2 * 
hdr2J ds	 dr1	

c20(ri, s,) 
8—C 

ds2 
-C r

2

.\/S__8 2J f ()	 'J —€	 [(r2—r1)(s2—s1)]312

which becomes (after setting s2 =s-60-2 and SI =SO, and 
letting e go to zero)	 — 

R4I hdr22	 0(r1,$) 
f2*(8)	 J f*() Kr2—r1)312 

dr1	 (125) 

It is now apparent that after setting f2*(s)=f1*(s) and 
h=1/-,Ir—r2, equation (125) can be evaluated exactly as 
equation (118) was evaluated, so that for these values of 
f2 * and h, R (r, s)= —Mo7rc2(r, s). Substituting into equation 
(124b), one finds for the inversion of equation (122) the result 

W. (r2 , 82) dr2ds2	
(126) 

irMo 
(r,$)=	 ff 11(r—r2)(3—s9) 

T3 (r ) 

where r3 is the shaded area in figure 12. 
Case 3—Mixed boundary conditions.—Another very im-

portant kind of integral equation which can be solved directly 
by the proper choice of h in equation (125) is the "mixed" 
type problem, the boundary values of which are illustrated 
in figure 13. In this particular problem w, is known over the 
portion-of the r, s plane bounded by the curves s=fo(r) and 
s=f2 (r) (the curve s=f2 (r) is a monotonic function with a 
Positive slope just like s=f1 (r)), while over another portion, 
bounded by the curves s=J2 (r) and s=f1 (r) the quantity 
u(r,$)=° (+) p. (r, s) is given. (This corresponds in 

aerodynamic applications to the specification of the vertical 
induced velocity over the former region and the loading over 
the latter.) It is also assumed that u0 (r, s) is continuous 
across the line s=f2 (r) and that ç (r, s) vanishes along the 
line s=Ji (r), that is, (f*(s), s)=O. 

Taking for the value of h the expression 

h—

	

	 a 
àr2ôs

(a)x,, y, plane. 
(b) r2,82 plane. 

FIGURE 12.—Integration area T (equation (128)1. 

êVO 

(a)  

\1^0
S f1fr) -=	 S 

w, given - S =f2 (r)j;ver3 

r 
(b)  

(a) x, y plane. 
(b) r, 8 plane. 

FIGURE 13.—Mixed boundary conditions.
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and for the area of integration the region r2(r, s) shown in 
figure 11(a), one finds from equation (125)'that the residual 
can be written 

B=Jrdr2 (-+) 
rr2 Tc'u (r 1 , s)dr1 

2	 *(8)	 2	 J fl*(8)(r2_rl)312 

The partial derivative can be taken through the second 
integral sign (first integrating by parts in the case of ó/ôr2) 
since (f1*(s), s)=0, so that

7	 ô\ 
1,f

 ffr2*Pr2

	 (	 ,J curis) 
D_ 	 j	 I	 2	 r1 5,.U- u-i'2 -ar2 •(8) 	 J f*() 	 /:(r2_ri)3I2 

Part of the boundary condition is that u(r, s) is given 
over the region indicated in figure 13. Hence, the residual 
can be wriLten

C r 	 ff*(i)	 _______________
+ 

R=J	
dr2	 dr1 12*(8)	 J fi"(8) /(r2_r,)3/2 

f r f r2	 u(r1, s) 
dr 2 	 dr1 

f2* (8)	 Jf2*(8)	 /r__r2(r2_r1)3/2 

The latter of these two terms is again just like the one given 
in equation (118) so its evaluation is immediate. The first 
term may be simplified by reversing the order of integration. 
(There is no residual since the point r=r 1 =r2 is not included 
in the area of integration.) Finally, R becomes 

R= 2 /r f2(8)
j f2*(8) 	 u8 (r 1 , s)dr1	

—2ir,5u (r,$) 
f (8) (r— r) If *() r1 

and the inversion of this mixed type problem can be written 

u(r, s)=
ffl*(S)

12* (8)	 u(r 1 , s)dr1
W

8	 111.(r2, 8 2)ds2 1	 dr2 (ô 

2 137r J'12*(8) /\ ôT2S)j'fo(r2)	 r-	
(127) 

An equation which does not impose the condition that 
%(r, s) be continuous across the line s=f2 (r) can readily be 
developed by using the operator h= 1/-/r—r2. This leads 
directly to the result 

f 
*() ('f2*(8)	 s)dr1	 -  

(r , s)	 Jf1*(3) (r_ri)/f2*(s)_ri 

1	 r
	f8ds2	

w,,(r252)	 (128) M L di2
f()	 148 - 8 2) (r—r2) 

THE SUPERSONIC SOURCE EQUATION 

The null transforms to the supersonic doublet equation 
were constructed by applying an integral operator having 
an integrand which, when combined with the kernel, would 
produce the integral

1'	 dx 

.j	
/ 

(x — b) ",2/a - -x 

and having an area which, when combined with that of the 
integral equation and traversed in reverse order, would pro-

duce the limits q and b on the integral. If one now considers 
the supersonic source equation (see equation (79)) 

	

(r 2, 82=-_ ff w,s)dr1ds1	 (129) 7111,  r(r,,s,)1''2T1) (82—SI) 

it is apparent that the null transform will differ from the 
transform used for the supersonic doublet equation only in 
the exponent of the intregrand. Thus, for the area TOi'2, s) 
(see fig. 6) the operator

dr2ds2 
TT [ (rr ) (s—s)]" 

is a null transform of order zero to equation (129), and its 
application yields the solution 

	

.1VI C C u(1'2, 5 2) dr2ds2	 (1 0)47r	 r [(r—r 2) (s—s2)]"	 -, To(r, 8) 

For the area r 1 (r2, 52) (see fig. 9), the operator 

f 	 dr2ds2 
T  [(r_r2)(s_s2)]312 
T,(r, 8) 

is a null transform of order zero. Its application, under 
conditions like those specified in the development of equation 
(126), yields the inversion 

w(r, )_t0 I 1. c2r2,s2dr2ds2 

	

- 47r jj [fr—r2(s—s2)]3/2	 (131) 
T(r, 8) 

Equation (130) gives vertical velocity in terms of a prescribed 
surface potential for a wing with a supersonic leading edge, 
while equation (131) does the same for a wing with a leading 
edge which is partly subsonic and partly supersonic. The 
transform with the area 73 (see fig. 12) can also be used to 
obtain inversions to equation (129) under conditions such as 
those imposed in the development of equations (127) 
and (128). 

DISCUSSION OF INVERSION OF SUPERSONIC SOURCE AND DOUBLET
EQUATIONS FROM A PHYSICAL BASIS 

Each of the above examples used to illustrate the applica-
tioh of the null transform method to the inversion of double 
integral equations represents the solution of a class of super-
sonic problems. However, most of these solutions are well 
known and were originally obtained by reasoning that was 
suggested by knowledge of the physical structure of the 
problem. For example, the reciprocal relation between the 
source and doublet integral equations 

(r,
jC	 (r1,s)dr1d.s1 

10 
J0 w,, 

I(r—r,)(s—s1)

} 

(132) 
— 11d0 (	 p(r1,s1)dr1ds1
4x Jr0 J[(r_ri)(s_s)]3'2 

when considered with respect to the area r, has a simple 
physical meaning. By definition -r0 is an area bounded by 
the Mach forecone and a supersonic leading-edge. From a
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physical standpoint it is clear that the flow field at a point, 
affected only by a supersonic edge, on the upper surface of a 
wing cannot be influenced by the shape of any part of the 
lower surface of the wing. In other words, the upper and 
lower surfaces are noninteracting. Hence, the upper surface 
of a wing does not "know" whether it is the upper surface of 
a lifting plate that is supporting loading and has no thickness, 
or the upper surface of a wing section that is symmetrical 
above and below the r=O plane. Thus the source equation 
must be the inversion to the doublet equation and vice versa, 
and from a physical point of view the reciprocal relation 
given by equation (132) is obvious. 

The solution to wing problems involving one supersonic 
and one subsonic edge, giving an area of integration for the 
integral equations corresponding to the area r1 in the pre-
vious discussion, was originally obtained by Evvard (see 
reference 7). It should be noted here that the inversions to 
the source and doublet equations (equations (126) and (131)) 
considered with respect to the area r1 , no longer form recip-
rocal relations. 

Finally, the examples presented herein with regard to the 
mixed type of problem have also been derived (see references 
8 and 9) using more or less physical arguments. The solu-
tions to these mixed type problems form the basis of a lift 
cancellation technique that provides a very useful extension 
of Evvard's original discovery. 

ITERATIVE METHODS OF SOLUTION 

Other types of plan forms.—The question that naturally 
arises from a practical viewpoint is how the source and 
doublet equations can be inverted when the area Tj is not of 
the two special kinds discussed, or, in other words, when the 
wing plan forms are complicated by having more than one 
monotonic (in the r, s plane) subsonic edge. The answer 
must be that, unless null transforms with respect to these 
new integration areas can be discovered, the methods dis-
cussed here will not give the direct inversion to the problem. 
Several possibilities remain, however, so that even when the 
null transform cannot be found the concepts of the residual, 
inherent singularity, etc., can be used to simplify, if not 
solve, the supersonic source and doublet integral equations. 

With respect to the' lift cancellation techniques already 
mentioned, references 8 and 9 outline these methods in 
considerable detail and show how they can be applied to find 
the loading on wings in regions affected by two or more 
subsonic edges. 

Regions influenced by multiple reflections of Mach 
waves.—A more direct example of how some of the concepts 
presented heretofore can be applied, even when the null 
transform is not available, is given by considering the fol-
lowing problem: Find the loading at the point (x, y) on the 
fiat wing tip shown in figure 14. If the r, s coordinate sys-
tem is used and the operator 

dr 2 (ô .ô \ (	 ds
ff'2 )-/ 	 f3(r)./S_. 

(where the area of integration is region 4 in fig. 14 (h)) is 
applied to the doublet equation (equation (82)), two results

Ivo  

Wing

,	

:/ '	 •'.. ,-Machlins 

Vortex wake 

T x1 

(a)

Si 

'--Vortex wake 

Wing- - - - - 

(leading edge)

3- Nc\sf() 
"(trailing edge) 

Yr1	 -\ 
(b)

(a) c,, ua plane. 
(b) rj, 8 plane. 

TIC URE 14.—Tip of swept forward wing and regions of integration. 

\ (r,$)

can be anticipated: One, since the loading off the wing is 
zero, the residual will he— 27rflu(r,$); and the other, the trans-
formed integral with the 82 (in the notation of equation 
(124a)) integration performed first, is zero for all points r1,s1 
lying in regions 2 and 4 in figure 14. These results follow 
directly from the discussion presented above in case 3 of 
the similar integral transform applied to the doublet equation 
(equation (122)) with the Tj area. Without proceeding 

- further, therefore, it is apparent that the original integral 
equation has been reduced to: (1), an integral of the known 
function w, over region 4 in figure 14; and (2), an integral of 
the unknown function p,, over the.regions 1 and 3 in figure 14. 
(It can be shown that the integration over region 3 will also 
vanish.) But regions 1 and 3 are ahead of the Mach forecone 
from (r,$). Hence, by repeating the above process for regions 
farther and farther up (toward the origin) the wing, the 
problem must eventually be reduced to one of finding the 
solution for an area such as -r 1 ; in other words, to a problem 
involving only two edges, one subsonic and one supersonic. 
Since the latter problem is solved, the one considered in this 
section is also (theoretically at least) solved. 

Triangular plan form with subsonic leading edges.—As a 
final exemplification of the preceding concepts, consider the 
problem of finding the loading on a fiat triangular wing fly-
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..74

p 

(b) 
(a).rj , yj plane. 
(b)r,, a, plane. 

FIGURE 15.—Iiitegratiou areas for triangular wing.
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ing at a supersonic speed but with both leading edges sub- 
sonic (see fig. 15). To the supersonic doublet equation 
(equation (82)) apply the integral transform 

ffh- 
dr2ds2
s 	 -f(r—r2) (s - 82) 

where the area of integration is region 4 in figure 15(b). 
There results 

	

-1 f

r	 W. @2, 52) -

	

drsf ds2 _____-,1-ivIo.i,. 	 ,j	 11(r—r,) (S—S) 

cu 
f r ( 1 , s1s1, drs I ds2	 r	 ) drd 

4(r—r2) (55p) [(r2—r1) (sp—s1)]°'2 

(133) 

where 74(1- .) is the original area of integration as shown in 
figure 15(a). Since w,, is a constant equal to - Vga, the left-
bench side of equation (133) becomes

/1 V(r_) 
(s_b) 	 (134) 7111071110 /1 	 / 

t	 Vt

where IA (1 +rn	 m m )/(1 —a),	 being the slope of the leading 
edge in the x,y plane. Inverting the order of integration 
and evaluating the residual, one finds that equation (133) 
can be written 

4VaV(
1 5\ _.?i") ) s 

irMg	 - 

V(r— ) ( 
S	

P. (r 1 ,	 dr1ds1 
s—	

s) 
 

I(r) (-) in -	

(1-1.0 0-80

(135) 
where r5 is the area shown as region 1 in figure 15(b). 

Equation (135) is not, of course, the inversion of the super-
sonic doublet equation for the triangular flat plate. In fact, 
it simply represents the transformation of the doublet equa-
tion, which is It singular integral equation of the first kind, 
to a singular integral equation of the second kind. How-
ever, this latter form has the advantage that it is readily 
susceptible to the process of iteration. Thus, in the par-
ticular case of equation (135), it is possible to take as a first 
approximation to 'Pa the value 

4 Voa 
I(r — MI	 MI

 (,
_n	 (136) 

and, as thie second, the value 

4 Voa 1(r_ (5_r') 

	

2 (r,	
'V	 iii \	 MI

ri_) (s_..!) cir,c1s	 1 [1 f j

	

(r 	
J(r_	

I 

(137) 
and so on. By means of the substitutions 

=
S + rji Pt + So 

Mr1 1 +Pi+Ui 

M S
i = r+rpl+sMI	

(138)

1 +Pi+tni 

the double integral in the equation for 'P2 can be evaluated. 
Thus, after some manipulation, one finds 

./ri__) (\sl__)dridsl

	

II	 M	 M 

	

JJ	 " 
r—r,) (S—S i) ./(__s) (i. 

M

=2ir[2E1_ (1_kj°)Ki]_inS (139) 

where K1 and E1 are complete elliptic integrals of the first 
and second kinds, respectively, with moduli k,= 11,u. Using 
the identity 

1

Notice that the area of integration, i. e., the area r, is bounded by the lines which represent 
the four roots to the radicals in the integrand. Notice also that the value of this double integral 
is independent of r and a and depends only on the parameter t, the slope of the leading edges 
in the r,s plane.
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2E1 (1k 1 2)K1 = 1

	

	 (140) mg 

where E has the modulus k=-/1 —rn22, and returning to 
the Cartesian coordinate system, one finds for the values 
of çp, and 'P2,

4V0a  
'P1=(l+m)Vm

2x 2 _Y 2	 (141) 

4 voce—	 _______ 4E 1 
2(1+m) 1fm2x2_y2[2_(l+)j	 (142) 

The process of iteration could be continued, and 'Pu would 
be expressed as an infinite series of terms containing the 
parameter mg. However, since the terms in the series 
expansion are all independent of x and y, or, in the character-
istic system, of r and s, it is more. efficient to write 'Pin the 
form

(r, s) A/( r)
	 s __________ =	

s-- r__)=b0A ( 
1 m (143) 

and determine the magnitude of A by substituting this 
expression into equation (135). There results the equality 

A=4V0a— AG4zrE 2 — 7rM0 ir
-2  

from which it can be shown that

RECTANGULAR WING WITH BICONVEX SECTION 

Consider a rectangular, nonlifting wing with a chordwise 
section given everywhere by the equation 

(c-2x)	 (147) 

where X. is the slope of the upper surface, c is the chord, and 
t is the maximum thickness. The equation for the pressure 
on the surface of such a wing will change form in each of the 
four regions indicated in figure 16. In region 1 the pressure 
is the same as for a two-dimensional wing with the same sec-
tion, and the remaining regions contain the three-dimensional 
or tip effects.

V0 

I 

A=— (1+mi3) (144) 

Finally, therefore, the velocity potential on the upper 
surface of a triangular wing with subsonic leading edges 
can be written

V0a1222	 (145) y) — -- —
Fioua 16.—Rectangular nonlifting wing with biconvex section. 

and the familiar expression for the loading coefficient (see, 
e. g., reference 10) follows immediately 

4cem2x
(146) q Em2x2_y2 

The purpose of examining this particular problem was 
not, of course, to obtain the solution presented as equation 
(145) or (146), since that solution is by now quite well 
known. Rather, the purpose was to show how the super-
sonic doublet equation could be transformed to a singular-
integral equation of the second kind and how this equation 
could, in turn, be solved by applying an iteration process. 
Such a method has far more general applications than are 
given here and is by no means limited to problems in which 
the flow is conical or quasi-conical. 

PART IV—APPLICATIONS 

DIRECT PROBLEMS 

The following three examples will serve to illustrate how 
the formulas derived in Part I can he used to solve the direct 
problems outlined in Part II. The applications will he 
limited to supersonic flow problems.

The equation for pressure coefficient on the wing cati be 
determined from either equation (76a) or (76b). Equation 
(76a), for example, becomes for region 1

x—x1 
4t	 4t i 

C=- (c-2x)-- i J 0 (c-2x1)(x---xi)dxij- 	
- 

From the result given as equation (17), it is apparent that 
the integral term is zero and the pressure coefficient in region 
1 of figure 16 is simply

4t 
G= 

PC (c-2x)	 (148) 

One can easily show that equation (76b) yields the same 
result.	 - 

The evaluation of pressure coefficient in regions 2, 3, and 4 
can be carried out in a similar fashion. A slightly different 
approach can be used, however, that is useful in obtaining 
results in this and similar problems. Consider a wing with 
regions as shown in figure 17. Regions a, b, and c include 
all the area ahead of the line x 1 =x. It is obvious that r03 is 
a pure real number for all x 1 , Yl inside region b (i. e., inside
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V 

FIGURE 17.—Regions used in discussion of r,. 

the forecone from x, y) and a pure imaginary number for all 
X1 , y, inside regions a and c.' Further, it is clear from physical 
considerations that X is always real on the wing plan form. 
Hence, if the symbol r is introduced to represent the com-
bined area in regions a, b, and c, the area r in equations (76)

can be replaced by the area r and the real part of the result 
will be the correct answer for the pressure coefficient.' 

By means of this concept, pressure coefficient for all 
points on the wing can be written in the form 

4t	
2x)--- R.P.I' dxif	 _2x11) (c—	

7rC2	 - .
dy1	

r03 

or, alternatively,	
(149) 

0 5 (x,	 R. P f 8 dy,	
dx1 (c-2x,)(x—x,) (150) 

where the letters R. P. indicate that the real part of the inte-
gral is to be taken. Evaluating, for example, the former 
equation one finds 

	

CP_4t(c2x) + 2 R.P.	 c_2x	 13(s_y) 
13	 x 

	

[	
are cos 

2(y—s) are cosh	 x
P(S- Y) - 

c-2x	 13(s+y)	 x are cos	 —2(y +s) arc cosh

(151) 

The real and imaginary parts of the are cosine and are cosh 
terms in this equation are given in the following table for 
all real values of the argument. 

8 The areas d and e could also be included in the definition of since ro' is imaginary within 
these regions also. However, region I must not be included since there the term ro' is again 
real. The definition of ri adopted is usually the most convenient. 

Rangeofx —1>x —1.(x<1 1<x 

are cosh i,r+arc cosh (—x) i are cos x are cosh x 

C '	 dt are COS X
Jz	 -Iit' ,r—i are cosh ( — x) arc cos x i arc cosh x 

ix	 dt ' 
arc Sin x	 I .o

--+i arc cosh ( — x) 
2 are sin x --i rc cosh x a 2

Equation (151) contains, at once, the entire solution to the 
wing shown in figure 16. Thus, in region 1 none of the 
terms in the braces has a real part. Hence, equation (148) 
follows immediately. In region 3 the solution can be 
written

4t( 
Cs =_j (c_2x)
 

I7rarc cos 13 (y + s) 

• 2$(y-4--s) are cosh 
13(Y+s)} 

The solution in region 2 follows from the one given in region 
3 by symmetry; and, finally, the expression for the pressure 
coefficient in region 4 is given by equation (151) wherein 
every term is real. 

DRAG REVERSIBILITY THEOREM 

The well-known theorem that the drag of a symmetrical 
sharp-edged, nonlifting body is the same in forward and

reversed flight at the same speed (see references 11 and 12 
can be derived in another way using the methods described 
in the above sections. 

By definition, drag coefficient is	 - 

CDff2Xu(X,Y)Cs(X,?J)dXdY	 (152) 

where S is the area of the wing. Using the real part concept 
outlined in the discussion of the preceding example, one can 
write 

= —4ffX.(X,
y)dx dyR. P.f dy, -f dx, (x—x

1)X(x1, y,) 
r03

(153) 

The equation for the drag coefficient in reversed flight can be 
obtained by: 

1 Replacing the area r0 by-Til where r+r=S 
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2. Rotating the axial system in the xy plane through 180° 
3. Reversing the signs of X,, (x, y) and X. (x,, ui) 

There results 

CD =T fJ' x U (x, y)dxdy R.P.	
3 

f dy1 :f' (x i —x)X(x i , y) 

S	
r0

(154) 

Subtracting equation (154) from (153) gives 

CD CD=T 
R.P.Jdyf 

cixf dy, (IX,xX(x1, y
1)X,4 (x, y) 

s	 is	 r03	 + 

-R.P.Jdy f dxf dy,_C dx, x1X(x1, y1)X(x, 

is	 r03
(155) 

Since the symbols x 1 , Yi, x, y are dummy variables of integra-
tion, the last term in equation (155) can be written

- R.P.fdyjS dx iJ'dy	
dx xX,(x, y)Xu(X i , yi) 

S	 is	 r03

where r, as in the previous 
wing ahead of the line x1=x. 
eclge.is

examples, is the area on the 
If the equation of the trailing 

But reversing the operators fdy1 fdx1 and .fdyj'dx (always 
preserving the same order within the operation) and sub- 
tracting gives 

fdy1fxmfdy-c 
dx xX(x, y)Xu(X i , x 1

) is

T
dyf dxf dy 1 1 dx1 xX(x, y)X(x 1 , yi) 

s	 is	 r03 

since the residual is zero. Hence, the second term in equation 
(155) is the same expression as the first except for the sign and 

CD — CD =0

x 1 =a+y 1 tan A 
where a is some constant, the value of the potential at the 
trailing edge can be written 

WT. E. — R. Pff w. (x 1 , Yi) dx 1 dy1	 (59) 
-\/(a-+y tan A—x1)2-02(y—y1)2 

where the area of integration is the whole wing plan form 
since the trailing edge of the wing is supersonic and the 
aftercone from the point at which T. E. is being evaluated 
cannot intersect the wing. The total lift L on the wing can, 
therefore, be written in the form 

or
GD=CD,	 (156)

	 L_4R ('82	

ff-\/(a + y tan A—x1)2—v 	 dy
o 	 ' i i32(y—y,)2 

as was to be shown.	 (160) 

LIFT ON WINGS WITH SUPERSONIC EDGES 

The lift on any wing can be written 

	

=fS15	 (157) 
q.	 q 

S 
Moreover,

1T.E.p dX=4cTE 
iL.E. q	 V0 

where T. E. and L. E. denote the trailing and leading edges, 
respectively, and .. E. is the value of the velocity poten-
tial on the upper surface of the wing at the trailing edge. 

Consider now a wing with all edges supersonic and a 
straight trailing edge not necessarily at right angles to the 
free-stream direction (see fig. 18). Let the wing be a plate 
having arbitrary twist and camber. Then, for a point on 
the wing, the velocity potential can he written in the x, y 
coordinate system on the basis of equation (121) as 

R	 f w(x1,y1)dx1dy1	 (158)

The area S does not depend on y, so the y integration can 
be made first and, since the edges are all supersonic, the 
interval s1<y:!^s2 must always contain the roots X 1 and X2 

of the expression under the radical. Hence 

"82	 dy	 = R. P. I	 __________ 

V(i3 tan2A) (X 1 - y) (y - X2) 

f
X2 dy

x i yf(32_tai12) (X 1 —y) (y—X2) 

and since
dy 

ixI 1f(x1—y)(y—X2) 
then

L	 —4Jj'wu(xiYi) 
0	

dxdy 1	 (161) 

S 

Defining the average angle of attack & by the expression 

...1ffwu(XijyidXidyi	
(162)
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one can write equation (161) in the alternative form 

4& 
CL/2t2A	 -	 (163) 

It is interesting to notice that the lift coefficient for the 
wing just studied is the same as that for a two-dimensional 
flat plate flying at an angle of attack & into a free stream, 
the speed of which is given by the component of velocity 
normal to the trailing edge of the three-dimensional wing. 
This result has been derived previously in reference 13. 

INVERSE PROBLEMS 
LOW-ASPECT-RATIO RECTANGULAR WING 

It will be noted in the summary of results for the funda-
mental formulas applicable to supersonic flow (equations 
(75) through (82)) that the results are presented for both 
orders of integration in the x, y coordinate system. While 
the analysis of direct problems can be carried out in all 
cases if, say, the x 1 integration is aliways performed first, it 
may sometimes be more convenient to perform the Yt inte-

-gration-•first. •.Inthe analysis -of-inverse problems,-however, 
it is much more important that freedom exists in the choice 
of the first variable of integration. A good example of this 
is provided by the following approximate derivation of the 
loading on a slender (in the streamwise sense) rectangular 
flat plate. 

By considering the special case when the wing chord is 
long compared to the span, one can obtain an approximate 
solution for the slender flat plate by assuming the loading 
coefficient has the form

4af()1_()	 (164) 

where s is the semispan (see fig. 19) and f(x/s) is an unknown 
function. The function f is to be determined by the con-
dition that w, is constant along the center line of the wing. 
If the solution to such a problem is to be determined by use 
of the doublet or vortex equation, it is obviously important 
that the first integration he made with respect to y ' since 
the variation of p/q with 7/i is known. 

Since Aplq is given, let the vortex equation be used and 
let equation (164) be placed into (77a). For y=0 (and for 
added simplicity for g=1) the area r is shown b y the shaded 
area in figure 19 and the resulting equation can be written 
for x>s 

--_
	

—-
 i (+r (x—x1)f (X . ) c1x 

V0	 \S/ ir 

11 (y1/)2	
(x—x1)f (f dx1 Ty121(xx)2y2 (lyi	

\SJ 

C'
 

1f1_(yi/s)2 
(1l)y12l/(x_xl)2_yI2 dy1 

for 0<x<s

(xI)+f x - x 1)1 (!) 

C'	 i/1_(yj/s)2 
c- Yi21/(x—x1)— 2 

dY1 
Yi

x1 

FIGURE 19.—Integration area for slender rectangularwing. 

Introduce the notation 

8=', 8=, k 1 =-'--, k2=O-01 

and these equations become," since a= —w,,/ V, 
for 0<8<1

9 C 
1 =f(0) +: 

J 
k 2B2f(o1 ) dO 1	 (1 GSa) 

7r o 

for 1<8

2°	 91'O-1 
1 =J'(0)+— 

J	
k2B2f(O1)clO1+-

 J	
E1J(0 1)d0 (165b) 

ir o-i	 ir 

Equations (165) tire integral equations of the second kind 
(more specifically, Volterra's integral equations of the second 
kind) and the kernels are regular and hounded everpvhere 
in the interval of integration. Hence, their solution can be 
determined readily by numerical processes. This has been 
clone and the result in terms of the loading coefficient on 

the center line () from equation (164) (E )=4j 
G)) 

is shown in figure 20. 
For the purpose of comparison, the exact linearized value 

also is shown in the interval where it is known, together 
with another approximate solution obtained by Stewartson 
(reference 14) using a different approach. Near the leading 
edge, where the comparison with the exact results can be 
made, the agreement between the exact and approximate 
solutions obtained herein will he poorest because in this 
region the spanwise variation deviates most radically from 
the value assumed in the construction of the integral equation. 

0 The symbols il and E indicate elliptic integrals. Sec the table of symbols.

YL
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jVo
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/	 2	 3	 4	 5	 6
x/s 

Fioua 20.—Load coefficient for unit angle of attack along center line of rectangular wing. 

CONICAL AND QUASI-CONICAL FLOW 

Equation (108) and its solution, equation (111), occur 
repeatedly in the study of aerodynamics. In fact, equation 
(108) is often referred to as the airfoil equation since it 
plays a dominant role in the development of linearized, 
two-dimensional, subsonic wing theory. It appears also in 
the study of slender wings (reference 15) or wings flying at 
near sonic speeds (reference 16) since the boundiry condi-
tions lead again to the required inversion of the same type 
of integral relationship. In the present section, problems 
arising in supersonic conical or quasi-conical flow fields will 
be reduced also to this basic equation. 

Several methods exist whereby the solution to conical flow 
problems can be determined. The one to be studied here is 
based on the construction of conical elements extending 
radially from the apex of the field and inclined at an angle 
arc tan m to the x axis (see fig. 21(a)). In order to obtain 
such an element it is sufficient to subtract two plan forms 
of prescribed loading or thickness, each plan form having one 
side directed along the x axis while the other sides are inclined 
at angles that differ only infinitesimally. 

Consider first the construction of . a quasi-conical,'° radial, 
lifting element that carries a load given by the expression 

(166) 

where C is a constant. The upwash field of a triangular 
plan form such as the one shown in figure 21(b) can be found 
by integrating elementary horseshoe vortices over the appro-
priate area T. Thus, using equation (77b), performing an 
integration, and making the substitutions 

	

6=mf3,	 77=13y/x,	 771=13y1/x	 (167) 

one finds the result 
1+,, 

( y	
j3Cf°i	 771'd771 

VO 4irJ 0	 (fl_77I)2V(W)__,0<0, <o 
(16 8a) 

/3C1° 1è 775"d771 

—j3	 (77_ni)2V'(bO)77_ , 0 < 9, 0< 77 

	

IT	

(168b) 
15 A conical field is defined as one in which the induced velocities are constant along rays 

through a point. In the subsequent analysis this corresponds to the case when K=O. Quasi-
conical fields are those in which ic is greater than zero.

TX

(a) 

•jVo

(b)  

(a) Lilting element. 
(b) Triangular wing. 

FIGURE 21.—Construction of conical element. 

Equations (168) can be written in the functional notation 

w=f(O, 77) 

It follows that if the analysis were repeated for a wing with 
a slightly larger apex angle, there would have resulted 

w0 =f(O + AO, 77) 

Subtracting these two expressions for w, gives the increment 
in vertical induced velocity due to a quasi-conical element 

	

dw=lim 
f(O + AO, 17) 	

o= dO	 (169) 
AG-0	 AO	 60 

Carrying out the operation indicated by equation (169), 
making the substitution

77 —t	 7777i 

,- Mach lines 
SI

EIemenf on which

Alp = Cv1c

VI 
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and distributing these elements between 0 1 and Oo with 
weight 0(0), one can finally show that the equation 

(PY  w —(K+ l )f o 
x	 4

0G(OH(0, 77)dO	 (170) 
r	 i 

applies where 

H(0,77)=f
2 

 (0—t)'t dt, O 2O<n 

1t)V1tdt i<O<O 
(0—t)2t 

The function H(0, ) has a simple pole at 0=77 and the 
integral expression for w, is therefore evaluated as a Cauchy 
principal part. 

The boundary condition to be satisfied by equation (170) 
is that fiw/x V0 is a given polynomial of degree K in the 
variable s. Hence, equation (170) is a singular integral 
equation with a pole of the same order as that in the airfoil 
equation. In its present form the equation appears some-
what formidable, but it can be simplified considerably by a 
simple operation. Since P w,lvy0 is a polynomial of degree 
K, it follows that the (K+1)"' derivative of the right-hand 
member of equation (170) must vanish. Thus, using the 
concept of the generalized principal part, one has 

	

£80 0C (0) do	
(171) 

77	 J 6
1 (0—)"+ 

which, by definition, can be put in the form (\+l
fe l80 0C (0) do 

'ô,7) 	 O—

The function 0,C (o) is therefore to be found through the 
inversion of the integral equation 

500 0C(0)d0 " 
8	 0 (172) 

—77	 1=0 

But equation (172) is precisely the airfoil equation and its 
solution is given by equation (111). Hence, 

0
- 1	 __________ 

C(0)	 A_	
_(0 0)(O0) [
	

Coai71o_71)(71_01) 1 
0-71	

d'7] 

(173) 
so that, finally,

1p	 x	 bo1 

	

--=&) oIo_o)(o_o)	
(174) 

where the coefficients b 1 are functions of the constants Oo and 
01 but not of 0. These 67efficients must be determined from 
known conditions about the surface geometry. 

Consider the unyawed (i. e., 0= —0) triangular wing 
shown in figure 22. If the loading is to be determined on a 
flat plate with such a plan form 'w/x'V0 becomes - a, 
and equation (174) reduces to

VA 

= rn/I 

y rnx 

\ 

TX 
(a)  

-
W/VoOx 

- _w/Va=ay2,I3e 

13 
Ap 
qa 

K
..-------. ------

	

6o 	 8 
(b) 

(a)Wing plan form. 
(b) Load distribution at x=1. 

FIGURE 22.—Load distribution on triangular wings with specified twist. 

Ap—_ b 0+ b10
(175)

	

q	 /Oo2O2 

By symmetry, the coefficient b 1 in equation (175) must be 
zero and b0 can be evaluated by placing equation (175) into 
(170) and integrating. There results the solution for the 
pressure coefficient shown in figure 22 where a=a and already 
presented as equation (146). 

One can go on to show that if, as for a wing pitching about 
the apex at a rate Q, (see reference 18), 

	

W " =—Qx,	 lCl	 (176) 

then
Lp	 4xQ	 202_02	

177) 
q - V0fl.,/002_	

[: 2+ 
i_20o2 E] 

where the complete elliptic integrals K and E have a modulus 
equal to k = _- 002 .

 Further, if

2

	

K-2	 (178) 

then 

ip81t(x\20
0 

I [2002K—(1 + 00z)E] + [—(3 —002)K+(4-2o0)E]02 

5 004K2+ 8002(l + 002)KE+ (40 - 19002 +4)E2] I-o 

(179)



Wu 
—=—I5----,	 KO 
VO	 I'il

(180) 

FIGURE 23.—Loading on differentially deflected triangular plate. 
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0

8 
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where k= i/1_0o2 (= Vi_rn22) is the modulus of the com-

plete elliptic integrals. These solutions are all shown in 
figure 22, where in one case a=Q/Vo and in the other a= 
— h/2. 

If the function w/xVo is discontinuous but a polynomial 
in each interval of continuity, the solution given as equation 
(173) still applies. For example, consider the case when 
K=O and w0/V0 is a constant that changes sign in cross-
ing the x axis. (See fig. 23.) For simplicity let 0= — 0, then 
by equation (173)

Again, as in the development of equation (175), 

_ b 0+ b,0 (181) q './02_02 

Now, however, the solution must exhibit odd symmetry and 
the constant b0 is zero. The constant b 1 can he evaluated by 
substituting equation (181) into equation (170). There 
results, finally,

(182) 
q	 ir 02 

This solution is shown graphically in figure 23. 
The methods described above can also be applied to prob-

lems involving wings with thickness and without lift. In these 
cases one constructs a radial element emanating from the 
origin and possessing a quasi-conical thickness distribution

(luXCy.	 (183) 

The derivation of the induced pressure field associated with 
the element follows closely the analysis in the lifting case. 
First a triangular plan form is considered with one side hav-
ing the slope n and the other parallel to the free-stream 
direction. The thickness is assumed to have the form given 
by equation (183) so that the pressure coefficient can be 
obtained from the equation 

o p = 	
(x— x i) dxj	 (184)5 dy 

j 1' [(x—x 1) 2- 2 (y—y 1) 2] 3I2 

Make the same notational changes as in the analysis of the 
lifting case; construct the element by taking the partial de-
rivative with respect to 0; and, finally, distribute weighted 
elements over the wing plan form by making C a function of 
0 and integrating with respect to 0 between the limits 0, 
and 0. There results 

(0) c - - 
2(K+ 1)500 

0C(oH1 (0, )dO	 (185) 
x 

where
t(—t)dt 

Hi(0,)= I ..'i (0_t)21/T'Oi^O^fl 

	

f
l)
	 t(',i—t)dt

-1 (0_t).+2  

The boundary conditions require (lx)C0 to be a poly-
nomial of degree K in ,71. If the ( ic+l) 6t derivative of equa-
tion (185) is set equal to zero, the relation 

C°o 0"C(0)d0 / \,c4-1	 1	 58 oC(o)do 

	

o=J (0_ fl )E+ 2 	 ( +1) ! — cÔ,l )	 0	
(186) 

results. The function C(0) satisfies the same integral equa-
tion that arose in the lifting case, and the solution can there-
fore be written immediately in the form 

(

^1)9 K+l	 b, 0'	 (187)
0 170 -f(O—O(O—O,) 

Again the coefficients b 1 must be determined from known 
conditions about the surface geometry. 

Consider first the case when. the pressure is constant over 
an unyawed triangular plan form as in figure 24. Thus 

K=0	 (188)

and (b 1 being zero by symmetry) 

dz 0	 b0 (189) 

Evaluating the constant b0 by substituting equation (189) 
into (185), it can be shown that the surface ordinate is 

(1_0o2)Cp	 - 
Zu=2m2(KE) ,fm2 x 2 —y 2	 (190) 

where the modulus of K and E is k=1/1 - This result, 
which is the equation of an elliptical section, is shown in 
figure 24.



(a) 

(b)
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Finally, consider an unyaw&I triangular wing for which 
the pressure varies linearly in the x direction. For such a 
case 

lye

	

,c=1	 (191) 

and (b 1 again being zero by symmetry) 

	

b0+b26 2	 (192) 

from which it immediately follows by integration 

box _____ /X2_ Y 2+ 2; 13 2m 2 b2) arc cosh mx 
28-rn-

9 (bo+2	
y

(193) 

Placing equation (192) into (185) and integrating, one can 
eventually show 

2x 
- 02)2 { 

b 0[2K—E(3 —0)] + b 2[(804 + 002)K — 2002E]

(194) 

It is immediately' apparent that the wing shape required to 
support a linear pressure gradient in the x direction is not 
unique, that there are, in fact, an infinite number of shapes 
that will induce the same pressure distribution. (The con-
verse, however, is not true. That is, a given shape has only 
one possible distribution of pressure.) 

Squire (reference 17) considered the thickness distribution 
that is obtained by neglecting the arc hyperbolic function in 
equation (193). His result corresponds to.the case when b0 
is —2 27n2b2 and can be written specifically 

box 

	

2fl202m2 i/m2x2_y2
	 (195a) 

box 
CPo= 35(1 _e2)2 [(3 _

	

e2)2[(3— 002)K—E(4	 - 20 2)]	 (195b) 

where b0/ 2 can he related to the thickness chord ratio of the 
wing and the apex angle. Figure 24 shows how equation 
(194) can be used to obtain several triangular wing shapes 
all having the same linear pressure distribution. (It is 
interesting to note that no combination of b 0 and b 2 exists 
that will give a real wing shape with zero pressure coefficient 
since the resulting negative ordinates would require the 
surface to cross itself.) 

(c)	 I 

(a) Triangular wing with subsonic edges. 	 I AMss AERONAUTICAL LABORATORY, 
(b) Section AA for C,constant. 	

NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, (c) Section AA for C,, varying linearly with x	 I 
FIGURE 24—Symmetrical triangular wing with specified pressure distributions. 	 MOFFETT FIELD, CALIF., Oct. 16, 1950. 
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COMPARISON OF THEORETICAL AND EXPERIMENTAL HEAT-TRANSFER CHARACTERISTICS 
OF BODIES OF REVOLUTION AT SUPERSONIC SPEEDS 1 

By RICHARD SCHERRER 

SUMMARY 

An investigation of the three important factors that determine 
convective heat-transfer characteristics at supersonic speeds, 
location of boundary-layer transition, recovery factor, and heat-
ra,n.fp.r qjn,svc-in p,tpr hira hppss.	 rrr.e,i ni fn,'h	 ,mJ,o 44om 

1.49 to 2.18. The bodies of revolution that were tested had, in 
most cases, laminar boundary layers, and the test results have 
been compared with available theory. Boundary-layer transi-
tion was found to be affected by heat transfer. Adding heat to a 
laminar boundary layer caused transition to move forward on 
the test body, while removing heat caused transition to move 
rearward. These experimental results and the implications of 
boundary-layer-stability theory are in qualitative agreement. 
Theoretical and experimental values of the recovery factor, based 
on the local Mach number just outside the boundary layer, were 
found to be in good agreement for both laminar and turbulent 
boundary layers on both of the body shapes that were investi-
gated. In general, values of the heat-transfer parameter 
(Nusselt number divided by the square root of the Reynolds 
number) as determined for both heated and cooled cones with 
uniform and nonuniform surface temperatures, were in good 
agreement with theory. It was also found that the theory for 
cones could be used to predict the values of heat-transfer param-
eter for a pointed body of revolution with large negative pressure 
gradients with good accuracy. 

INTRODUCTION 

Aerodynamic heating of a body flying at high speeds 
results from the viscous dissipation of kinetic energy in the 
boundary layer. Although the viscosity of air is quite low, 
the increase in surface temperature due to aerodynamic heat-
jug becomes large at supersonic speeds. At speeds as low as 
1,000 feet per second under conditions where the ambient 
temperature is above 400 F, the temperature rise is sufficient 
to make cabin cooling a necessity for man-carrying aircraft. 
At higher speeds the temperature rise can become large 

'Supersedes NACA RM A8L28, "Heat-Transfer and Boundary-Layer Transition on a 
Heated 200 Cone at a Mach Number of 1.53" by Richard Scherrer, William H. Wimbrow, and 
'Forrest E. Gowen, 1949; NACA TN 1975, "Experimental Investigation of Temperature 
Recovery actors on Bodies of Revolution at Supersonis Speeds" by William R. Wimbrow, 
1949; NACA TN 2087, "Comparison of Theoretical and Experimental Heat Transfer on a 
Cooled 20° Cone with a Laminar Boundary Layer at a Mach Number of2M2" by Richard 
Scherrer and Forrest E. Gowen, 1950; NACA TN 2131, "Boundary-Layer Transition on a 
Cooled 20° Cone at Mach Numbers of 1.5 and 2.0" by Richard Scherrer, 1950; and NACA TN 
148, "Laminar-Boundary-Layer Heat-Transfer Characteristics of a Body of Revolution 

with a Pressure Gradient at Supersonic Speeds" by William R. Wimbrow and Richard 
Scherrer, 1950.

enough to cause serious structural problems. Although 
some natural cooling by radiation can be expected, continuous 
flight of airplanes and missiles at supersonic speeds requires 
some form of surface or internal temperature control. 

Tn orc1cr to d€'sign cooling systems or adequate insulation 
for high-speed aircraft, the heat-transfer coefficients and the 
reference surface temperature (recovery temperature) must 
be known. The basic variables, the recovery temperature, 
and the Nusselt numbei are primarily functions of Mach 
number and Reynolds number. In addition to being influ-
enced by the Mach number and Reynolds number, the 
Nusselt number is affected by a variety of other factors, the 
most important of which are surface-temperature gradients, 
longitudinal surface-pressure gradients, and body shape. 

The recovery temperature and heat-transfer character-
istics of .bodies with laminar boundary layers are markedly 
different from those with turbulent boundary layers and for 
this reason the extent of the laminar-flow region in the 
boundary layer must be known. Because the over-all rates 
of heat transfer are, in general, less for laminar than for tur-
bulent boundary layers, a body with a laminar boundary 
layer would be heated less rapidly than one with a turbulent 
boundary layer. This fact is of particular importance in the 
design of very high-speed missiles, and information on condi-
tions which control the extent of the laminar-flow region in 
the boundary layer is needed. The theoretical work by 
Lees, reported in reference i indicates that heat transfer has 
a marked effect on the stability of laminar boundary layers 
on smooth flat plates; as a result, it is expected that there is a 
corresponding marked effect of heat transfer on the location 
of transition. Lees' theory indicates that the effect of trans-" 
ferring heat from a surface to a laminar boundary layer is to 
decrease the damping of small disturbances in the boundary 
layer, whereas extracting heat tends to increase the damping 
of small disturbances. The theory also indicates that at 
each supersonic Mach number a rate of heat extraction from 
a laminar boundary layer greater than a certain value results 
in complete damping of any small disturbances. This is of 
importance in the design of supersonic aircraft because of the 
possibility of extending the laminar region of the boundary 
layer. 

The laminar boundary layer in compressible flow has 
proven to be much more amenable to theoretical treatment 
than the turbulent boundary layer. For this reason, a large 

1301
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body of theory exists for the laminar case while only a few 
investigators have developed heat-transfer theories for the 
turbulent case. For an example of the latter, see reference 2. 

The heat-transfer literature devoted to temperature-recov-
ery factors, reviewed in reference 3, indicates that theoreti-
cally the recovery factor for laminar boundary layers is equal 
to the square root of the Prandtl number, and, for turbulent 
boundary layers, is approximately equal to the cube root of 
the Prandtl number. Because in theory the recovery factors 
at moderate Mach numbers (1.0 to 3.0) are largely deter-
mined by the type of boundary layer, little variation would 
be expected between the recovery factors measured on flat 
plates, cones, and bodies with longitudinal pressure gradients. 

The theory for determining heat transfer in the laminar 
ZD 

boundary layer on a smooth, flat plate with a uniform surface 
temperature has been developed by both Crocco, and 
Hantshe and Wendt (reference 4) .2 The work of Crocco 
has been extended by Chapman and Rubesin (reference 5) 
to include the effects of nonuniform surface temperatures. 
The effects of body shape and longitudinal surface pressure 
gradients on the heat-transfer characteristecs of laminar 
boundary layers have been investigated, theoretically in ref-
erences 6 and 7. Because of the additional variables con-
sidered, the results of these two investigations are complex 
and therefore are difficult to apply. In reference 8, Mangler 
has presented relations whereby the characteristics of laminar 
boundary layers on any body of revolution can be determined 
if the characteristics of the laminar boundary layer on a re-
lated two-dimensional body are known. These relations can 
be used to determine the heat-transfer characteristics of a 
cone from those of a flat plate, but beyond this application 
the relations are somewhat restricted because of the difficulty 
in determining laminar boundary-layer characteristics on 
two-dimensional bodies with pressure gradients. For a body 
of revolution with negative pressure gradients (ogive, para-
bolic arc, etc.) one can infer that the boundary layer, and 
hence the heat transfer, is affected by two factors not affect-
ing the boundary layer on cones. One is the decreasing rate 
of change of circumference with length, and the other is the 
pressure gradient. Since the effects of these two factors on 
the heat transfer tend to be compensating, it is possible that 
the theory for laminar boundary layers on cones may be used 
to predict the heat transfer in the negative-pressure-gradient 
regions of other bodies of revolution. 

The present investigation was undertaken to determine the 
applicability of the available theoretical results of boundary-
layer transition, recovery factor, and heat-transfer parameter. 
The purposes of the experimental phase of the investigation 
are:

1. To determine if heat transfer, both to and from a sur-
face, affects boundary-layer transition. 

2. To measure recovery factor on cones and on a body 
with a negative longitudinal pressure gradient for both lam-
inar and turbulent boundary layers. 

3. To measure the heat transfer in laminar boundary layers 
on cones with uniform and nonuniform surface temperatures. 

4. To measure the heat transfer in a laminar boundary 
layer on a body with a negative longitudinal pressure gradient 

2 The work of Crocco, Hantsche and Wendt, and others has been conveniently summarized 
by Johnson and Rubesin in reference 4.

Tests were conducted at several Mach numbers from 1.49 
to 2.18 on three bodies of revolution under the following 
conditions: 

1. Uniform surface pressure and a uniform temperature, 
heated surface (20° cone). 

2. Uniform surface pressure and a uniform temperature, 
cooled surface (20° cone). 

3. Uniform surface pressure and a nonuniform tempera-
ture, heated surface (20° cone, modified). 

4. Nonuniform surface pressure and a uniform tempera- 
ture, heated surface (parabolic-arc body). 

Although the theory for laminar boundary layers indicates 
no basic change in heat-transfer processes between heated 
and cooled surfaces, it was considered desirable to obtain 
data under both conditions of heat flow in order to have the 
comparison of theory and experiment cover a broad range of 
surface temperature.

NOTATION 

The following symbols have been used in the presentation 
of the theoretical and experimental data: 
A	 surface area of an increment of body length, square 

feet 
skin-friction drag coefficient based on surface area., 

dimensionless 
C'	 specific heat at constant pressure, Btu per pound, 

°F 
temperature recovery factor, ( ,,. q-	 dimen- 

\-'-S-'-v/ 
sionless 

g	 gravitational acceleration, 32.2 feet per second 
squared 

H	 wind-tunnel total pressure, pounds per square inch. 
absolute 

h	 local heat-transfr coefficient [A (T,T5)]' 
Btu 

per second, square foot, °F 
k	 thermal conductivity, Btu per second, square foot, 

'F per foot 
1	 total body length, feet 
M	 Mach number, dimensionless 

Nu	 local Nusselt number (p), dimensionless 

P	 static pressure, pounds per square inch absolute 

Pr	 Prandtl number	 dimensionless 

Q	 total rate of heat transfer for an increment of body 
length, Btu per second 

q	 local rate of heat transfer, Btu per second, square 
foot	 - 

Re	 local Reynolds number (_8), dimensionless 

Re,	 free-stream Reynolds number based on body 

length ()
	 - 

r	 body radius, feet 
S	 distance from nose along body surface, feet 
T	 temperature, ' F 
AT	 temperature increment, 'F 

recovery temperature (surface temperature at 
condition of zero heat transfer), ° F	 -
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T, =

T,±46o 
1 T+460 

theoretical surface temperature for infinite bound-
ary-laver stability, °F 

U	 free-stream velocity, feet per second 
17	 velocity just outside the boundary layer, feet per 

second 
W	 flow rate of coolant, pounds per second 
X	 distance from the nose along the body axis, feet 

length ratio(), dimensionless 

viscosity, pounds per foot, second 
P	 air density, pounds per cubic foot 

SUBSCRIPTS 

In addition, the following subscripts have been used: 
fluid conditions in nec stream 
coolant 
stagnation conditions in the free stream 
conditions at the body surface 
fluid conditions just outside the boundary layer 
wind-tunnel wall 

APPARATUS AND TESTS 

Heat-transfer tests were conducted with three bodies: a 
heated 200 cone, a cooled 20° cone, and a heated parabolic-
arc body. The two conical bodies were also used to investi-
gate the effect of heat transfer on boundary-layer transition. 
The surface of each of the three models was ground and pol-
ished until the maximum roughness was less than 20 micro-
inches in an attempt to eliminate surface finish as a variable 
in the investigation. All of the heat-transfer tests were simi-
lar in that measurements of the test conditions, local surface 
temperature 7',, and the incremental rates of heat transfer Q 
were made with each body. The recovery temperature, T, 
was measured in each set of experiments with the test-body 
heating or cooling system shut off and after both the wind 
tunnel and surface temperatures had reached equilibrium. 
The dimensionless heat-transfer parameter (Nu/Re 112, for 
laminar boundary layers) was determined from the experi-
mental data by use of the following equation: 

j\Tu	 Qs	 (	 )1/2 
iT2Ak(T_T)	 vs	 (1) 

WIND TUNNEL 

The tests with all of the models were performed in the Ames 
1- by 3-foot supersonic wind tunnel No. 1. This closed-cir-
cuit, continuous-operation wind tunnel is equipped with a 
flexible-plate nozzle that can be adjusted to give test-section 
Mach numbers from 1.2 to 2.4. Re ynolds number variation 
is accomplished by changing the absolute pressure in the tun-
nel from one-fifth of an atmosphere to approximately three 
atmospheres—the upper limit on pressure being a function of 
Mach number and ambient temperature. The water content 
of the air in the wind tunnel is maintained at less than 0.0001 
pound of water per pound of dry air in order to eliminate

humidity effects in the nozzle. All of the bodies tested were 
mounted in the center of the test section on sting-type sup-
ports. The total temperature of the air stream was measured 
by nine thermocouples in the wind-tunnel settling chamber. 

HEATED CONE TESTS 

Test body.—The details of the heated cone are shown in 
figure 1, and a photograph of the cone in the wind tunnel is 
shown in figure 2. The shell was machined from stainless 
steel because of its high electrical resistance, and all other 
parts were made of copper. Several longitudinal wall-
thickness distributions, obtained by remachining the inside 
surface of the cone, were used to obtain different longitudinal 
surface-temperature distributions. The cone was heated by 
passing a high-amperage alternating electrical current (800 
amperes maximum) at low voltage (0.45 volts maximum) 
longitudinally through the cone shell. Because the electrical 
resistance of the solid nose of the cone was very sumli, the 
forward 25 percent of the cone was, in effect, unheated 

Instrumentation.—The wiring diagram of the cone, show-
ing the electrical heating circuit and the temperature- and 
power-measurement apparatus, is shown in figure 3. Nine 
iron-constantan thermocouples were installed at equal length 
increments along the cone to determine the surface-tempera-
ture distributions. The thermocouples were installed in 
holes drilled completely through the shell and were soldered 
in place. The ten voltage leads were installed in a similar 
manner and were arranged on the selector switch so as to 
measure the voltage drop of each successive increment along 
the cone. These measurements, with the current measure-
ments, determined the local heat input to the cone. 

Test procedure.—Data were obtained at length Reynolds 
numbers of approximately 2.5 and 5.0 million at Mach 
numbers of 1.50 and 1.99. Cone temperatures of 30° F and 
60° F above the wind-tunnel total temperature were selected 
as nominal values at which to obtain data. The surface 
temperatures were set to the desired values by adjusting the 
input voltage, and, with the cone at the desired temperature, 
the following data were recorded: air stream total tempera-
ture and pressure, test-section static pressure, air stream 
humidity, current, incremental voltages, and surface temper-
atures. 

Accuracy.—The accuracy of the experimental data was 
determined by estimating the uncertainty of the individual 
measurements which entrecl into the determination of the 
final results. The estimated uncertainties of the basic. 
measurements are as follows: 

Total temperature, T
	

±1.5°F 
Surface temperature, 7',	 ±0.5°F 
Total pressure, H	 ± 0.01 psia 
Static pressure, p	 ± 0.01 psia 
Current	 ± 2 percent 
Incremental voltages	 ±2 percent 
Cone dimensions	 ±0.005 inch 

The maximum probable error of any given parameter was 
obtained from the component uncertainties by the method 
described in reference 9. The maximum probable error of 
the heat-transfer parameter Nu/Re h I? is ± 6.8 percent and
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Fi.ee I.— Details of the electrically heated 200 cone. 
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that of the recover y factor is ± 1.5 percent. Because the 
over-all accuracy is largel y controlled by the accuracy of the 
total-temperature measurements, the experimental scatter 
of data points obtained at a fixed value of the total tempera-
ture is much less than that indicated by the values of over-all 
accuracy. Although the small pressure gradient (± 1 percent 
of the average dynamic pressure) in the test section of the 
wind tunnel was neglected in the reduction of the test data, 
its effect has been included in the calculation of the maximum 
probable error.

An effort was made to determine the magnitude of the errol 
due to heat radiation from the cone to the tunnel walls b 
experimental means. The radiant-heat loss was evaluated 
by the extrapolation to zero pressure of data obtained al 
several low values of total pressure with the wind tunnel ir 
operation 3 and was found to be negligible. 

COOLED-CONE TESTS 

Air-cooled cone.—The construction details and the pati 
of the cooling air through the cone are shown in figure 4 
The outer shell was made of stainless steel and had a wal 
thickness of only 0.028 inch in order to minimize the heal 
conduction along the shell in the instrumented area. Th 
inner cone also was made of stainless steel and had a wal 
thickness of 0.070 inch which was thin enough to make al 
conduction effects in the inner cone negligible. The annula: 
gap between the cones was dlesigfle(l to give a uniform surfac 
temperature iii the instrumented region (x*=0.4 to 0.8) 
Turbulent flow in this annular gap was necessary to obtaii 
the most uniform distribution of coolant temperature acros 
the gap; therefore, the internal cooling system was designe 
to operate at a Reynolds number sufficiently high to insur 
turbulent flow. In addition, the outer surface of the inne 
cone was roughened with 3 2-inch-wide circumferentia 
grooves spaced at -incli intervals. During the investiga 

3 An attempt was made to obtain the radiation calibration with the tunnel inoperative, bt 
the cone surface temperatures were found to be very erratic because of free-convection cu 
rents. For this reason, the method was abandoned.
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FIGURE 4.—Air-cooled cone. 

ni, tests were made with coolant flow rates of 70 percent and 
0 percent of the design value to determine the effect of 
ranges in the internal-flow Reynolds number on the internal-
mperature measurements. The results indicated that this 
Feet was negligible. 
Cooling system.—The primary requirement of the cooling 
'stem was that it provide an adjustable and stable outlet 
mperature at a constant coolant flow rate. This require-
ent was satisfied by the cooling system shown in figure 5. 
he clean, dry air which was used as the coolant in the cone 
as obtained from the make-up air system of the wind 
fnnel and could be cooled to a minimum temperature of 
'90° F. In the development of the cooling system it was 
und that the use of the recovery heat exchanger provided 
marked increase in thermal stability. The temperature 

rift of the cooling system was extremely slow and amounted 
o less than ±0.1° F per minute. 
Instrumentation. —Local rates of heat transfer were oh-

rined by measuring the incremental temperature changes of a 
tiown weight-flow of coolant flowing along the annular gap 
etween the inner and outer cones. The incremental coolant 
mperatures were measured by iron-constantan thermno-

213637-53------83

couples spaced 1 inch apart along the annular gap. Three 
thermocouple junctions were located 120° apart midway 
between the walls of the gap at each of the five longitudinal 
stations. The surface temperature was measured with 
stainless-steel-constanta n thermocouples consisting of the 
cone shell and thin (0.002 inch thick) comistantan ribbons. 
The tips of the ribbons were soldered into holes in the shell. 
The thin strips were cemented to the inner surface of the 
shell. This installation minimized the interference of the 
constaritan wires with the flow of air in the coolant passage. 
The flow rate of cooling air was measured with a rotameter 
located at the outlet of the cooling system. 

Test procedure.—The tests were performed at three 
values of the wind-tunnel total pressure which gave length 
Reynolds numbers of 2.2, 3.6, and 5.0 million. Data were 
taken at the recovery temperature and at three nominal 
surface temperatures at each Reynolds number. The 
minimum surface temperature obtainable with the cooling 
system at each pressure, and temperatures approximately 
20° F and 40° F above the minimum temperatures, were 
selected. The investigation was performed only at one 
Mach number (2.02) beriuse the- theory for heat transfer
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FIGURE 5.—Diagram of the air cooling system for the cooled 200 cone. 

with uniform surface temperature and previous tests with 
the heated cone both indicated that the effect of Mach 
number on heat-transfer parameter is small within the range 
available in the wind tunnel (1.2 to 2.4). Schlieren obser-
vations, liquid-film.tests, and the absence of discontinuities 
in the temperature-distribution measurements that would 
denote transition indicated that the boundary layer remained 
laminar for all test conditions. 

In order to measure the effects of cooling on boundary-
layer transition, it was necessary to have the transition 
point near the center of the instrumented area of the cone. 
However, it was known from the results of tests of the 
unheated cone that transition would occur downstream from 
the instrumented area at the condition of zero heat transfer 
at the maximum available Reynolds number. The required 
forward movement of transition was accomplished by the 
use of three small grooves around the cone at approximately 
the 8-, 10-, and 12-percent-length stations. All the grooves 
were 0.010 inch wide and 0.015 inch deep, and extreme care 
was taken to make them of uniform depth and with uniformly 
sharp edges in an attempt to obtain the same longitudinal 
position of transition on all rays of the cone. Data were 
obtained at several surface temperatures below the recovery 
temperature in successive decrements of about 100 F. The 
minimum surface temperatures investigated were the tem-
peratures at which transition moved out of the instrumented 
area of the cone. The boundary-layer transition tests were 
conducted at a nominal length Reynolds number of 5.0 
million at Mach numbers of 1.5 and 2.0. 

Accuracy.—The accuracy of the final results is based on 
the accuracy of the individual measurements involved and 
on the probable uncertainty of some of the measurements

due to peculiarities of the test apparatus. The estimated 
accuracy of the individual measurements in this test is as 
follows: 
Total temperature, T0 ----------------------------------- ±1.5° F 
Surface temperature, 70 

At maximum T ------------------------------------- ± 1.5° F 
At minimum T ------------------- - ------------------- ±4.5° F 

Coolant-temperature increment, 
Atmaximum T ------------------------------------- ±0.07° F 
At minimum T ------------------------------------- ±0.05° F 

Internal air-flow rate, 14" (at design flow rate)-------------- ± 1.4% 
Cone dimensions ------------------------------------ ±0.002 in. 
Cone-segment surface areas, A --------------------------- 1.4% 
Total pressure, H------------------------------------ ±0.01 psia 
Static pressure, p------------------------------------ ±0.01 psia

Although the surface-temperature thermocouples were cal-
ibrated and were accurate to within ±0.5° F, the experi-
mental variations from curves faired through the sets of sur-
face-temperature data were found to exceed this value. 
These variations are believed to have resulted from a non-
uniform coolant distribution in the annular gap. The ac-
curacy of the surface-temperature measurements at each set 
of test conditions was taken as the- local difference between 
the faired curves and the data point farthest from the curves. 
The local values of surface temperature used in the reduction 
of the data were obtained from the faired curves. 

Because the range of temperature differences, between the 
cone and wind-tunnel-wall temperatures is similar to that in 
the heated-cone tests, the effect of radiant heat transfer on 
the experimental accuracy again has been neglected. The 
effects of longitudinal and circumferential heat conduction in 
the thin stainless-steel inner cone aft of the 50-percent-length 
station have been neglected. An approximate calculation of 
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he actual conduction along the inner cone and through the 
njier-cone shell revealed that these effects were only about 
bhree-tenths of.1 percent of the total heat transfer. As in the 
ase of the heated cone, the effect of the small static pressure 
radient in the wind-tunnel test section has been neglected. 
As in the heated-cone tests, the over-all accuracy of the 

mal values of the heat-transfer parameter was calculated 
rom the accuracy or uncertainty of each of the individual 
neasurements for all test conditions by the method of ref-
rence 9. Because of the variation in the uncertainty of the 
;urface temperature and internal-temperature increments, 
the final accuracy of the heat-transfer parameter varies from 
±12 percent at the most forward section of the cone to ±8 
ercent at the rear of the cone. 

PRESSURE-GRADIENT BODY TESTS 

Body and instrumentation.—The body was axially sym-
metric and its radius at any longitudinal station is given by 
he relation

r lrfx\ 
L	

[)(X)2]	
(2) 

since the forward portion of the body was adequate for the 
purpo,se of the present investigation, the length L in equation 
(2) was assigned a value of 18 inches, but only the first 8% 
Lnches of the total length were employed. The vertex angle 
)f the test body was 37° and its fineness ratio was 2.83. 
Like the cones, the exterior shell of the body was machined 
from stainless steel. The heating circuit, instrumentation 
nd general design of the parabolic-arc body were similar to 

those of the heated cone; details of the body are shown in 
fIgure 6. The shell thickness was designed to provide a uni-

form surface temperature at a Mach number of 1.5 by as-
suming that the theory for cones was applicable. In addi-
tion to the heated body, another body identical in contour 
was employed to determine the pressure distribution and, 
consequently, the Mach number distribution just outside the 
boundary layer along the body. 

Procedure and accuracy.—The test procedure and accu-
racy with the parabolic-arc body were the same as those with 
the electrically-heated 20 0 cone. Data were obtained at 
nominal length Reynolds numbers of 2.5, 3.75, and 5.0 mil-
lion at Mach numbers of 1.49 and 2.18. Surface tempera-
tures of 120° F, 160° F, and 200° F were arbitrarily chosen as 
values at which to obtain data. Pressure-distribution mea-
surements also were made at the same Mach numbers and to-
tal pressures as for the heat-transfer measurements. Because 
the local static pressures on the parabolic-arc body were 
measured, the maximum probable error of the recovery factor 
is ± 1 percent rather than ± 1.5 percent as in the case of the 
conical bodies.

RESULTS AND DISCUSSION 

EFFECT OF HEAT TRANSFER ON BOUNDARY-LAYER TRANSITION 

The effect on transition of adding heat to a laminar bound-
ary layer at a Mach number of 1.99 is shown by the longitu-
dinal surface-temperature distributions in figure 7. The 
effect of removing heat from a laminar boundary layer at 
Mach numbers of 1.50 and 2.02 is shown in figure 8. The 
start of transition is indicated by an abrupt decrease in 
surface temperature for the case of heat addition and by a 
rise in surface temperature with no heat transfer or when 
heat is removed from the boundary layer. These changes 
in surface temperature result from the difference in heat-

/500 —/000 

- Copper base ring

Copper sting 

Section A-A 

IC voltage tap positions	 All dimensions in inches 

FIGURE 6.—Details of the electrically-heated parabolic body.
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transfer coefficients between the laminar and turbulent 
boundary-layer regions. Only the data from one side of the 
cooled cone are presented in figure 8 because transition 
occurred in a similar manner on the opposite side, but at a 
position approximately 5 percent of the cone length aft of 
that shown at all test conditions. It should be noted that 
the lower curve in figure 7 and the upper curves in figure 8 
were obtained at the condition of zero heat transfer (T,= Ti). 

/60

I Start of tronsifion –k 	 . I 

r/Q

!LMi IUUU•UUUU• I 

Start of transition-I---.

4Tr 

Rn
0	 2	 .4	 .6	 .8	 /0

Dimensionless length, x° 

FIGURE 7.—The effect on transition of adding heat to the laminar boundary layer on a 20°
cone; 111=1.99, Re1°'5.0X106. 

In the case of the cooled cone (fig. 8), the fact that the rise 
in surface temperature is indicative of transition has been 
verified in four ways: 

1. Liquid-film tests at the same length Reynolds number, 
at recovery temperature, have indicated transition in the 
region where the rise in surface temperature occurs. 

2. The surface-temperature distributions ahead of the rise 
in surface temperature are almost identical in shape with 
those obtained in tests with the same body for which the 
measured heat transfer indicated laminar flow. 

3. The region in which the-rise in surface temperature 
occurs moved forward with an increase in the number of 
grooves. 

4. The recovery factor increased by 0.04 in the region 
where the rise in surface temperature occurs,' which is in 
agreement with the change between laminar and turbulent 
flow obtained both in theory and in other experiments. 

The variation of the extent of the laminar boundary layer 
along the heated and cooled cones indicates that heat addi-
tion promotes early transition while removal delays transi-
tion. The theory of reference 1 and these results are in 

4 The recovery factor on this model, without grooves, was 0.85. which is in agreement with 
the results for a laminar boundary layer obtained with the other models. The absolute values 
of the recovery factors ahead of and behind the rise in surface temperature were found to 
decrease continuously with an increase in number of grooves, but their difference was always 
0.04±0.005. With the three grooves that were used, the laminar boundary-layer recovery 
factor was 0.81 and the turbulent boundary-layer value was 0.85. The reason for this change 
in recovery factor with number of grooves is unknown.
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(a) 111=1.50, Re1=5.0X106. 
(b).1=2.02, Re1=5.0X101. 

FIGURE 8.—Effect on transition of removing heat from a laminar boundary layer on a 20° con
with a small initial roughness. 

qualitative agreement. For the present test conditions wit] 
the cooled cone, the theory indicates that the boundary laye 
should be infinitely stable at surface temperatures (T8 

of —6.6° F and 49.0° F at Mach numbers of 1.5 and 2.0 
respectively. The data shown in figure 8(b) show that tran 
sition occurred at surface temperatures below the theoret.ica 
infinite-stability limit at a Mach number of 2.02, and th 
data shown in figure 8(a) indicate that a similar result i 
possible at a Mach number of 1.50. 

The limited range of the prsent experiments makes ii 
impossible to draw any definite conclusions regarding th 
quantitative effect of heat transfer or Mach number or 
transition. The data indicate, however, that the movemeni 
of transition with surface temperature for the cooled con( 
is at least similar at both Mach numbers. The constant 
slopes of the lines (in figs. 7 and 8) through the points at 
the beginning of transition for both cones indicate that 
for the present experiments, the increase in the length or 
laminar run is directly proportional to the difference be 
tween the surface and recover y temperatures, and therefor( 
is a linear function of the rate of heat transfer. Althougi 
the present experiments have proven qualitatively that heat 
transfer affects transi ti on, additional experiments at highei 
Reynolds numbers (without roughness) and in a low-turbu. 
lence air stream are required to obtain quantitative datf 
on the effect of heat transfer on boundary-layer transition.5 

I A recent quantitative study of the effect of heat addition on transition has been made b 
Higgins and Pappas and published as NACA TN 2351.
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RECOVERY FACTOR,' 

Typical values of the recovery factor obtained at several 
Reynolds numbers at nominal Mach numbers of 1.5 and 
2.0 with the heated-cone model at. the condition of zero heat 
transfer are shown iii figure 9. Data. obtained with the 
cone at a Mach number of 2.0 with various means of causing 
transition are also shown. Data obtained with the para-
bolic-arc body are shown in figure 10. The theoretical 
values indicated in both figures are based on a Prandtl 
number of 0.719 which is the value for dr y air at 70° F. 
The theoretical recovery factors are therefore 0.848, Pr"", 
for laminar boundary layers and 0.896, Pr', for turbulent 
boundary layers. 

The experimental values of the recovery factor for turbu-
lent boundary layers on the heated cone were obtained by 
resorting to artificial means of causing transition. Three 
methods were used-a ring of 0.005-inch diameter wire, 
a coat of lampblack-lacquer mixture, and a band of salt 
crystals. The wire and salt crystals were located at about 
1 inch from th cone tip, and the la.mpblack covered the 
cone forward of the 1-inch position. 

The data shownin figure 9 for laminar boundary layers 
are in fairly good agreement with theory. The difference 
between the values for the two Mach numbers in the region 
*_03 to 0.6 is believed to he partly due to the fact that 

the average Mach number was used in the reduction of 
the data. The most rearward data points obtained with 
a laminar boundary layer at the maximum Reynolds numbers 
(fig. 9) indicate the beginning of natural transition. The
data obtained with turbulent boundary layers are somewhat 
lower than the theoretical value, but the aggreement is 
considered to be good enough to justify use of the theoret-
ical value for design purposes. The differences between 
the results obtained with the various roughnesses decrease 
to small values toward the rear of the cone. 
'6 A detailed discussion of the physical concept of the temperature recovery factor for laminar 

boundary layers is given by Wimbrow in NACA TX 1975. 
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FIGURE 9.-Typical values of the temperature recovery factor for the 200 cone.
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FIGURE 10.-Typical values of the temperature-recovery factor for the parabolic.arcbody. 

Since the external geometry and surface finish of the heated 
and cooled cones were identical, there were no essential 
differences in their recovery factors. For this reason, the 
recovery factors for the cooled cone are not presented. 

The values of recovery factor for the parabolic-arc body 
with both laminar and turbulent boundary layers were based 
on the local Mach number just outside the boundary layer 
and these recovery factors are substantially constant along 
the body (fig. 10). The values of recovery factor for tur-
bulent boundary layers, obtained by the use of lampblack, 
are somewhat greater than the values obtained with the 
cone (fig. 9). The data obtained with a laminar boundary 
layer on the parabolic-arc body at a Mach number of 2.0 
show a gradual increase in recovery factor along the length 
of the body. This trend in the data is believed to have been 
caused by a gradual deterioration in the surface finish of 
the model due to testing and handling. Data obtained at a 
Mach number of 2.18 with this body when it was new and 
had a mirror-like finish indicated a constant recovery factor 
of 0.850. It is possible that surface roughness may cause 
some increase in the laminar boundary-layer recovery factor. 

In general, the agreement between theory and experiment 
indicates that the recovery temperature on cones and in the. 
negative-pressure-gradient region on bodies of revolution can 
be computed with satisfactory accuracy by use of the theoret-
ical recovery factors and the local Mach number just outside 
the boundary layer. 
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BEAT TRANSFER 

Results.—The theoretical values of the heat-transfer 
parameter for 'cones with laminar boundary layers and uni-
form surface temperatures are given by the following equation 

	

from reference 4:	 -

(3) /2	 2 

in which the physical properties of the fluid are based on the 
temperature just outside the boundary layer. Crocco's 
theoretical calculations give values of the factor G Re2 
of 0.66 and 0.63 for small temperature differences (T5 — Tr 
1000 F) at Mach numbers of 1.5 and 2.0, respectively. If 
the Pra.ndtl number is assumed to be 0.72, then the theoret-
ical values of heat-transfer parameter at the two Mach 
numbers are 0.51 and 0.49. 

The surface-temperature and heat-transfer-parameter data 
for the heated cone with an approximately uniform surface 
temperature at a Mach number of 1.50 are shown in figure 
11 together with the theoretical value of the heat-transfer 
parameter for a -uniform surface temperature (0.51). Simi-
lar data obtained at a Mach number of 1.99 for both the 
approximately uniform and the nonuniform surface temper-
atures are shown in figure 12, and the theoretical value of 
heat-transfer parameter for a uniform surface temperature 
(0.49) is shown for comparison. The data for the least 
uniform surface temperature shown in figure 12 is replotted 
in figure 13 and compared with a curve obtained by use of 
the theory of reference 5. The surface temperature distri-
bution, converted according to the method of reference 8, 
is also shown in figñre 13 and will be discussed later. The 
values of heat-transfer parameter for the nonuniform surface 
temperatures have heencorrected for the effect of heat con-
duction in the shell due to the local surface temperature 

Tr56.9 ¶ 
20  

•o—___'_• 

L-1—

Theory,  reference 4 

o	 .2	 .4	 .6	 .8	 1.0
Dimensionless length, x 

FIGURE 11—Heat-transfer characteristics of the heated 20° cone with the most uniform surface 
temperature; 11=1.50, Rej=2.6X106.

gradients. This correction for the approximately uniforir 
surface temperatures was found to be negligible. 

The heat-transfer data obtained with the cooled cone ar 

FIG URE 12.—Heat-transfer characteristics of the heated 20° cone with various surface-temper&
ture distributions; 2vf1.90, Re,=2.6X106. 
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Fiouics 13.—Comparison of the theory for nonuniform surface temperatures with data from 
tests of the heated 20 1 cone; 111=1.99, Re1-2.6X105. 
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presented in figure 14. All of the longitudinal surface-
temperature distributions obtained during the tests were 
similar in shape, and therefore only three typical distribu-
tions, those for a Reynolds number of 2.2 million, are shown. 
Local values of heat:transfer parameter for the three sur-
face temperatures at each of the three . length Reynolds 
numbers are also. presented. The surface-temperature 
gradient that existed over part of the segment nearest the 
tip resulted in a conduction loss of 3 1% to 4 percent. The 
heat-transfer data has been corrected for this effect. Down-
stream of the first element there was no longitudinal con-
duction correction because the surface temperature in this 
region was nearly constant. The scatter in the experimental 
data (fig. 14) is about equal to the estimated maximum 
probable error which resulted from the inaccuracy of the 
measurements of the incremental changes in coolant tem-
perature along the heat-transfer passage and from the scatter 
of the surface-temperature data. The theoretical value 
of the heat-transfer piramtr, 049, is also shown in figure 
14. The data nearest the nose deviate quite markedly 
from theory, a fact which is attributed to the effects of 
surface-temperature gradients on the laminar boundary 
layer. The values of heat-transfer parameter obtained 
with the heated cone with the approximately uniform 
surface temperature at a nominal surface temperature of 
1000 F (flg.12) have been plotted in figure 14 for comparison. 

I. MEN
IlU!!lR•l 
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mole, MEMMMME IN 

(S	 7 91 FINE 
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0	 .1	 .2	 .3	 .4	 .5	 .6	 .7	 .8 
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FIGURE 14.-Heat-transfer characteristics of the cooled 200 cone; 2.f=2.02. 

The measured pressure distributions required for the 
reduction of the heat-transfer data on the parabolic-arc 
body were reduced to the more convenient form of Mach 
number distributions and are shown in figure 15. The 
values of local Mach number were used to determine the 
local temperature at theouter edge of the boundary layer.

4

0 - - 

E

--------

- 

-4Re1=1.4x106 
M=2.18 

2.3x10° 
-

- 

C 

4iIII- -I 

a 
o 
oRe1=1.4x106 

2.6xiO 
37,fQ8

- - - - - 

P 4 .R 1.0
Dimensionless length, s/i 

FIGURE 15.-Variation of local Mach number number with length as determined by pressure measure-



ments on the parabolic-arc body. 

The heat-transfer data for the parabolic-arc body at a free-
stream Mach number of 1.49 are shown in figure 16 and data 
obtained at a Mach number of 2.18 are shown in figure 17. 
Although heat-transfer data were obtained at three Reynolds 
numbers, 2.5, 3.75, and 5.0 million, at each Mach number, 
only representative data are presented in figures 16 and 17. 
The theoretical values of the heat-transfer parameter for 
cones are shown in figures 16 and 17 for comparison with 
the experimental data. In addition, local values of the 
heat-transfer parameter for a Mach number of 1.5 were 
computed for the test body by the method of reference 7. 
These values are shown in figure 16. 

Inspection of the surface-temperature curves in figure's 
16(a), 16(b), and 17 reveals that the temperature at the 
first measuring station was considerably higher than the 
temperature at subsequent stations. After the tests were - 
completed it was found that this local hot region was par-
tially caused by poor electrical contact between the copper 
sting and the stainless-steel shell. This connection was 
improved and the body was tested again at a Mach 
number of 1.49. As shown in figure 16 (c), a. much more 
uniform surface temperature was obtained. 

Heat transfer with uniform surface temperature.- All 
three of the bodies tested had severe surface temperature 
gradients near the noses because the noses were solid and 
essentially unheated or uncooled. In the case of the heated 
bodies, the data obtained with approximately uniform 
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FIGURE 16.--Heat-transfer characteristics of the parabolic-arc body; .Ai= 1.49. 
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surface temperatures (figs. 11,. 12, and 16 (c)) indicat 

that when the large initial surface-temperature gradient i 

confined to the nose region on a body the effect on the loca 

values of the heat-transfer parameter is small downstream 0: 

the initial gradient. In the case of the parabolic-arc bod3 

which had the most confined initial gradient region (x*=( 

to 0.16), the data (fig. 16 (c)) indicate that the effect al 

the most forward data point x*=0.23 was almost negligible 

The fact that the effect of a surface-temperature gradient 

is dependent on its lengthwise location on the body car 

also he shown by the . theory of reference 5. In this theory 

the surface-temperature distribution is expressed in ti 

polynomial form such as the following: 

Ts =ao +ai x*+a 2 x*2 . . . a,,x°	 (4) 

The heat-transfer parameter for cones is then given by th€ 

following equation: 

Na 

Re

1 WT,+460) 

T,+460) (T+460)+2161	
ax* 17,,'(0)

 (T,+460)+216J T5*,_T*	 U 

where a and n are coefficients and exponents, respectively, 

as shown in equation (4) and the values of Y,,'(0), taken 

from reference 5, are given in the following table: 

n Y,.' (0) 

0 –0.5915 
1 -.9775 
2 –1.1949 
3 –L3680 
4 –1.4886 
5 –1.5975 

10 –2.0121 

Although only the values of Y,,'(0) for positive integer 
values of n are tabulated, it has-been found that forms of 
equation(4) employing fractional exponents are particularly 
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Useful in reducing the required number of terms in poiy-
nomials to give certain surface-temperature distributions. 
Since polynomials with fractional exponents satisfy the basic 
differential equations of reference 5, the use of fractional-
exponent terms in equation 5 is acceptable. The appropri-
ate values of Y'(0) can be obtained for any fractional 
value of n by interpolation between the values tabulated 
above. 

To illustrate that the effect of a surface-temperature gra-
dient depends upon its position along the body, assume a 
number of separate surface-temperature distributions all 
given by the equation

(6) 

where, for a given distribution, n = 1, 3, 3/3, 3, M 6, or zero. 
In going from the larger to the smaller values of n, the region 
of the large initial temperature gradients for each curve will 
be confined to a smaller and smaller region near the origin. 
It is obvious that at n = 0 the surface temperature will be 
uniform. Now, turning to the values of Y5'(0), it can be 
seen that the values decrease as n decreases. Therefore, he 
heat-transfer parameter curves (equation (5)) for each suc- 
cessively smaller value of n approach the constant value for 
a uniform surface temperature (n= 0). This is the effect 
that was observed in the experiments. (See fig. 12.) 

In the case of the cooled cone, the legion of nonunifrom 
surface temperature extended to the 40-percent length sta-
tion, and the surface-temperature gradient reversed in sign 
between the 20- and 40-percent length stations. (See fig. 
14.) It might be expected from the theor y of reference 5 
that the lag in the boundary-layer temperature profile could 
result in a local decrement in . the heat-transfer parameter 
when the surface-temperature gradient reversed. From the 
previous discussion, where it was shown that the effects of a. 
surface-temperature gradient decrease downstream of the 
gradient, it would be expected that the agreement between 
the experimental and theoretical values of heat--transfer 
parameter would improve toward the rear of the body. 
These effects are shown by the data of figure 14. It is inter-
esting to note that the local hot region (x*=0.2) on the 
parabolic-arc body caused surface-temperature distributions 
similar to those of the cooled cone. (See figs. 14, 16(a), 
16(b), and 17.) The effebt of the reversal in surface-temper-
ature gradients again caused the local values of heat-trans-
fer parameter to he less than the "uniform-temperature" 
value. 

The curve representing the heat-transfer data from tests 
of the heated cone with the most uniform surface tempera-
ture (see fig. 12) has been replotted in figure 14. As can be 
seen, in the regions where the effects of the initial surface-
temperature gradient are small, the results from tests of the 
heated and cooled cones are in good agreement. It can be 
concluded that for the case of laminar boundary layers on 
bodies with uniform pressures and uniform surface tempera-
tures, the available theory is satisfactory for engineering 
purposes. 

Heat transfer with nonuniform surface temperatures .—The 
data obtained from tests of the heated cone with the least 
uniform surface-temperature distribution are replotted in

- -

7	 To 
- o /20°F	 652°F - 

o 160	 64.7 
o200	 63.8 

- 

'Z

-C 

/
Ss_ 

ILIIIIIIII 

-Theory for cones, (reference 4)

0	 .2	 .4	 .6	 .8	 7.0
Dimensionless length, s/i 

Ficuae 17--11eat-transfer characteristics of the parabolic-arc body with the original surface. 
temperature distribution; ai— 2.18, Rej = 2.6X106. 

figure 13 for comparison with the theory of reference 5. 
(See equation (5) of the present report.) The first step in 
this comparison was the conversion of the experimental 
surface-temperature distribution from that of a cone to the 
equivalent distribution on a flat plate. Mangler, reference 8, 
has shown that the conversion is: 

f * \_ *
cone

3 
! —x plate 

The converted distribution is shown by the "flagged" symbols 
in figure 13. The second step in the comparison was to 
determine the values of the coefficients a0, a1 , a2, . . . an 

and values of the exponents of equation (4) so that the equa-
tion would fit the converted surface-temperature distribu-
tion. It has been assumed from the shape of the curve 
through the experimental surface-temperature data shown in 
figure 13 that the dashed extension of the curve in the region 

= 0 to 0.3 is a satisfactory approximation to the actual 
surface-temperature distribution. Although this assumed 
portion of the curve and the analytical curve may both be in 
error in the region x* = 0 to 0.1 on the converted scale, it has 
already been shown that initial temperature gradients are 
not critical in determining heat transfer a short distance 
downstream from the gradients. For this reason, and others 
that will be discussed later, an expression was derived that 
fits the data quite accurately only from x' = 0.1 to 0.7. 

This equation in dimensionless form is 

	

T3*_ T*=0 . 425 (x*) 1 1 4 _0 . 22 x"	 (8) 

The local heat-transfer parameters obtained by using equa-
tions (5) and (8), and converted back to the x' values for 
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cones, are shown in the lower half of figure 13. Agreement 
between theory and experiment would not be expected ahead 
of the 47-percent length station on the experimental curve 
because of the increasingly poor fit of the experimental and 
analytical temperature curves ahead of the 10-percent length 
station on the converted curve (0.10 11 =0.47, equation (7)). 
However, the theory of reference 5 and the experiments are 
in quite good agreement downstream of the 47-percent length 
station. 

The abrupt rise in heat-transfer parameter at the rear of 
the heated cone as shown in figures 11, 12, and 13 (x* = 0.93) 
is not due to surface-temperature gradient effects, butis due 
to the beginning of transition. 

In the preceding discussion it was necessary to accept a 
poor fit between the data and the analytical surface-tem-
perature distribution (equation (8)) in the region x*=O to 0.1. 
Considerable difficulty has been experienced in obtaining 
sufficiently accurate analytical expressions for the surface-
temperature distributions. The obvious approach to obtain-
ing polynomial expressions is the method of least squares or 
some other method of curve fitting using real, positive 
integers as exponents. In general, the analytical curves 
obtained with such methods oscillated about the experimental 
curve and near x*=1.0 abruptly diverged due to the influence 
of the last term in the polynomial. it was found that the 
alternating positive and negative surface-temperature gra-
dients due to the oscillation of the analytical curves resulted 
in even greater relative oscillations in the corresponding 
calculated heat-transfer-parameter curves. Also, because of 
the effect of the values of V,,' (0) on the coefficients of the 
polynomial, the abrupt divergence of the heat-transfer pa-
rameter resulting from the divergence of the temperature 
occurred at values of below. 1.0. It appears that any 
satisfactory polynomial with integer exponents must have a 
large number of terms and must give a fair curve to well 
beyond x*=1.0. The coefficients of such polynomials are 
tedious to determine. An alternative procedure which was 
used in the present investigation, consisted of using a fairly 
simple analytical expression to obtain a goo d fit between the 
curves over the major part of the cone length while accepting 
differences in the nose region. Although the results for the 
particular case shown in figure 13 indicte agreement between 
theory and experiment, downstream of the 47-percent length 
station, it is evident from the previous discussion that the 
restrictions imposed by the form of equation (4) limit the 
application of.the theory of reference 5 to only simple vari-
ations of surface temperature with body length. 

Heat transfer on a body with nonuniform pressure.—The 
bDundary layer on a flat plate grows only in thickness with 
distance along the surface, while the boundary layer on a 
pointed body of revolution must spread circumferentially as 
it grows in thickness. The effect of this circumferential 
spreading on the boundary-layer thickness, and hence on the 
heat transfer, varies with the rate of change of circumference 
with respect to ]enth and can be evaluated for any fair con-
tour by relations given in reference 8. For example, it can 
be shown that on a cone, for which the pressure and the rate 
of change of circumference are constant with length, the 
boundary-layer thickness is less than that on a flat plate by

the factor 1/113- and the rate of heat transfer is greater by the 
factor For a parabolic-arc body, the factors defining the 
boundary-layer thickness and the rate of heat transfer rela-
tive to- a two-dimensional surface with an equivalent pressure 
distribution vary from the conical values (1/-1 and 
respectively) at the vertex to unity at the point where the 
iate of change of circumference becomes zero. Therefore, 
the rate of growth of the boundary layer and the rate of heat 
transfer on such a body are the same as on a cone at the apex, 
but the decreasing rate of change of circumference along the 
body tends to increase the rate of growth of the boundary 
layer relative to that on a cone and tends to decrease the rate 
of heat transfer. Although the effect of a pressure gradient 
on the characteristics of a boundary layer cannot be pre-
dicted exactly, it is known that a negative pressure gradient 
causes the boundary layer to thicken less Iapidly with length 
than is the case if the pressure were constant, regardless of 
the body shape. Thus, on a body for which both the pressure 
and the rate of change of circutnference decrease with length, 
the effect of the pressure gradient tends to counteract the 
effect of the variation of circumference on the boundary-layer 
characteristics. 

The heat-transfer data obtained with the parabolic-arc 
body and the theoretical values of heat-transfer parameter 
for uniform-temperature cones (0.51 at a Mach number of 
1.49 and 0.48 at a Mach number of 2.18) are shown in fig-
ures 16 and 17. It is apparent in figure 16 that the data, 
the theory for cones, and the method of reference 7, are in 
fairly good agreement. After the local hot region at the 
nose of the body had been eliminated, the data shown in fig-
ure 16 (c) were obtained. Good agreement between the 
experimental data, the theory for cones, and the method of 
reference 7, is again apparent. Because of the good agree-
ment between the theory for cones and the experimental data 
shown in figure 16 (c), and the agreement shown in figures 
16 (a), 16 (b), and 17, it can be expected that when the sur-
face temperature is uniform, good agreement would be ob-
tained at least throughout the test range qf Mach number 
and Reynolds number. It should be noted that the small 
variation of the individual values of heat-transfer parameter 
from a fair curve is consistent throughout and is possibly 
due to small deviations in thickness of the cone shell. Com-
parison of the data of figure 16 (c) with the data of figures 
16 (a), 16 (b), and 17 reveal that there was a slight reduction 
in the local values of the heat-transfer parameter over most 
of the body when the negative temperature gradient at the 
nose-was reduced. However, the reduction at each station 
on the body where it occurred is within the experimental 
accuracy. 

Since the experimental values of the heat-transfer param-
eter remained essentially constant along the parabolic-arc 
body, the effect of the negative pressure gradient is appar-
ently opposite and, approximately equal to the effect of the 
decreasing rate of change of the circumference on the growth 
of the boundary layer. The present investigation, however, 
is inconclusive as to the exact individual effects of the pres-
sure gradient and body shape on heat transfer. It has been 
shown that the local heat transfer for a parabolic-arc body 
can be calculated with satisfactory accuracy by applying the
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theory for cones. Because of the agreement between the 
results of the experiments, the method of reference 7, and the 
theory for cones, it appears reasonable to assume that this 
agreement would be obtained with other pointed body shapes 
that give rise to uniform negative-pressure gradients. On a 
body that is more slender than the one tested, the effects of 
the changing circumference and the pressure gradient would 
be less and would still tend to counteract each other. Con-
versely, on a more blunt body both effects should be larger. 
However, additional experiments with other body shapes 
covering a wider range of Mach numbers are necessary before 
the theory for cones can be considered to be applicable to all 
fair bodies of revolution with negative pressure gradients. 

CONCLUSIONS 

The results obtained from tests of three bodies of revolu-
tion at supersonic velocities have *provided information on 
three important phases of the heat-transfer problem-
boundary-layer transition, temperature-recovery factor, and 
heat-transfer parameter (for laminar boundary layers). The 
following conclusions are based on these results and compar-
ions with available theories: 

1. The effect of adding heat to a laminar boundary layer 
is to cause premature transition and the effect of extracting 
heat is to delay transition although to lesser degree than 
could be expected from the implications of the theory of 
Lees (NACA Rep. 876). 

2. The recovery temperature on cones and in the negative 
pressure-gradient region on bodies of revolution can be com-
puted with satisfactory accuracy by use of the theoretical 
recovery factors for laminar and turbulent boundary layers 
and the local Mach number just outside the boundary layer. 

3. The values of heat-transfer parameter for laminar 
boundary layers obtained from the theories for uniforth 
surface temperatures (Crocco, and Hantsche and Wendt) are 
in good agreement with experiment for both heated and 
cooled bodies. 

4. Values of heat-tninsfer parameter for laminar boundary 
layers obtained from the theory of Chapman and Rubesin

for nonuniform surface temperatures are in good agreement 
with experiment; however, the agreement is markedly de-
pendent upon obtaining an exact analytical expression for 
the experimental surface-temperature distribution. 

5. The values of heat-transfer parameter on the forward 
half of a pointed parabolic-arc body with a laminar bound-
ary layer when based on the local Mach number just outside 
the boundary layer are almost identical to those of cones. 

AMES AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

%'1OFFETT FIELD, CALIF., December 17, 1948. 
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THEORETICAL ANTISYMMETRIC SPAN LOADING FOR WINGS OF ARBITRARY PLAN FORM 
AT SUBSONIC SPEEDS1 

By JOHN DEYOUNG 

SUMMARY 

A simplified lifting-surface theory that includes effects , of 

compressibility and spanwise variation of section lift-curve slope 
is used to provide charts with which antisymmetric loading due 
to arbiirary 'ntisymmctric angle nf attack can be found for 
wings having symmetric plan forms with a constant spanwise 
sweep angle of the Quarter-chord line. Consideration is given 
to the flexible wing in roll. Aerodynamic characteristics due to 
rolling, deflected ailerons, and sideslip of wings with dihedral 
are considered. Solutions are presented for straight-tapered 
wings for a range of swept plan forms. 

INTRODUCTION 

Reference 1 has been for many years the standard reference 
for estimating the stability and control characteristics of 
wings. The lifting-line theory on which this work was 
based gave generally satisfactory results for straight wings 
having the aspect ratios considered; however, the use of wing 
sweep combined with low aspect ratio has made an extension 
of this work desirable. Lifting-line theory cannot ade-
quately account for the increased induction effects due to 
sweep and low aspect ratio;, consequently, it has been found 
necessary to turn to the more complex lifting-surface theories. 

Of the many possible procedures, a simplified lifting-
surface theory proposed by Weissinger and further developed 
and extended in reference 2 has been found especially suited 
to the rapid computation of characteristics of wings of 
arbitrary plan form. Comparisons with experiment have 
generally verified the theoretical predictions. In reference 
2, this method has been used to compute for plain, unflapped 
wings, the aerodynamic characteristics dependent on sym-
metric loading. The same simplified lifting-surface theory 
can be extended to predict the span loading resulting from 
antisymmetric 2 distribution of the wing angle of attack. 
From such loadings the damping moment due to rolling, 
the rolling moment due to deflected ailerons, and the rolling 
moment due to dihedral angle with the wing in sideslip can 
be determined. A recent publication (reference 3) makes 
use of the simplified' lifting-surface theory to find span-
loading characteristics of straight-tapered swept wings in roll 
and loading due to dihedral angle with the wing in sideslip. 
Experimental checks of the theory for the damping-id-roll 
coefficient and rolling moment due to sideslip were very 
favorable. The range of plan forms considered in reference

3 is somewhat limited and aileron effectiveness was not 
included. The loading due to aileron deflection normally 
involves excessive labor when computed by means of the 
simplified lifting-surface theory; however, development of 
the theory, presented in reference 4, that deals with flap and 
aileron effectiveness for low-aspect-ratio wings provides a 
means by which the simplified lifting-surface method can be 
used to obtain spanwise loading due to aileron deflection. 

It is the purpose of the present analysis to provide simple 
methods of finding antisymmetric loading and the associated 
aerodynamic coefficients and derivatives for wings with sym-
metric plan forms limited only by a straight quarter-chord 
line over the semispan. Means will be presented for finding 
quickly the aerodynamic coefficients of span loading due to 
rolling, of span loading due to deflected ailerons, and of 
span loading due to sideslip of wings with dihedral. Flexible 
wings, when the flexure depends principally on span loading 
as in loading due to rolling, can he included in the analysis. 

NOTATION 

GbS-)
A ,	 aspect ratio 

b	 wing span measured perpendicular to the plane of 
symmetry, feet 

c '	 wing chord, feet 
Ca	 aileron chord, feet 

C5,	 mean wing chord ('3), feet 

( c, local lift coefficient local lift i
\ qe

induced nduced drag induced drag coefficient	
qS 

( 
C,	 rolling-moment, coefficient rolling moment

Sb 

C,,,	 rolling moment due to rolling 	 ], per radian 

rolling moment due to aileron deflection (6-01 
per radian 

dc spanwise loading coefficient for unit rolling moment 
/2 AG 

d, scale factor 

'Supersedes NACA TN 2140, 'Theoretical Antisymmetric Span Loading for Wings of Arbitrary Plan Form at Subsonic Speeds" by John DeYoung 1950. 
'The word "antisymmetric" Is understood to indicate that a distribution of loading or angle of attack Is equal in absolute magnitude on each half of the wing but of opposite sign. 
'Measured parallel to the plane of symmetry.

1317 

Preceding Page Blank



1318	 REPORT 1056—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

V	 free-stream velocity, feet per second 
W	 induced velocity, normal to the lifting surface, 

positive for downwash, feet per second 
y	 lateral coordinate measured from the wing •root 

perpendicular to the plane of symmetry, feet 
ce	 section angle of attack at span station v, radians 
ia	 angle of antisymmetric twist of the elastic wing 

produced by the loading due to rolling, radians 
cia	 rate of change of wing-section angle of attack with 
d5	 control-surface angle for constant section lift 

coefficient 
compressibility parameter (-I 1 _M21) 
angle of sideslip, radians 

F	 dihedral angle measured perpendicular to the plane 
of symmetry, radians 

spanwise circulation, feet squared per second 
angle of deflection of full wing-chord control surface, 

radians 
angle of deflection of full-wing-chord control surface, 

measured perpendicular to the hinge line, radians 

dimensionless lateral coordinate
G_/2) 

Measured parallel to the plane of symmetry. 
'In considering the case of the angle induced by rolling as equivalent to an antisymmetric d 

leaves a twisted vortex trail; whereas a twisted wing does not. The difference in induction eli 
assumed in other analyses.

/ 
fl	

aileron span
a 	 dimensionless aileron span	

b/2 
ne.,,.	 spanwise center of pressure on one wing panel 

(Yc.v. 

0	 trigonometric sparnvise coordinate 0, indicating the 
edge of the aileron span, radians 

ratio of section lift.-curve slope at a span station 

V to	 both at the same Mach number 

A	 sweep angle of the wing quarter-chord line, positive 
for sweepback, degrees 

Ag	 compressibility sweep-angle parameter 
r	 1 tan  /Vl L tan ( -j---)] degrees 

• (tip cd taper ratio root chohorrd 
trigonometric spañwise coordinate (cos' si ), radians 

SUBSCRIPTS 

n, y	 integers pertaining to specific span stations given by 
nil-	 V7r 

n = COS - -Or s=cos--

k	 pertaining to span station k 
C. P.	 center of pressure 
a	 aileron 
t	 pertaining to fraction-of-wing-chord ailerons 
T	 . wing tip 
R - wing root 
av	 average or mean 

DEVELOPMENT OF METHOD 

The simplified lifting-surface method used herein replaces 
a lifting surface by a lifting vortex located at the wing one-
quarter-chord line. 'The boundary condition for determining 
the vortex strength distribution specifies that, along the 
three-quarter-chord line of the wing, there shall be no flow 
through the lifting surface. In effect, this specifies that, at 
the three-quarter-chord line, the ratio of the velocity normal 
to the mean camber line (induced by the bound and trailing 
vortices) to the velocity of the free stream shall equal the 
sine of the angle of attack. 

Span loadings are theoretically additive. Since the sym-
metric angle-of-attack distribution contributes only to sym-
metric loading, it follows that the antisymmetric loading is 
independent of symmetrically distributed wing twist or cam-
ber; hence, to find antisymmetric loading, it is only necessary 
to consider the loading resulting . form the antisymmetric 
distribution of the angle of attack across the wing span. In 
the subject case, such a distribution is experienced by the 
wing as induced angle due to rolling , 4 the effective twist due 
to aileron deflection, or sideslip of the wing with dihedral. 

istribution of twist, it must be noted that account should be taken of the fact that a rolling wing 
sets on the wing of the straight and twisted vortex is considered insignificant here, as has been 

e nk	 factors of loading interpolation function 
G	 spanwise loading coefficient or dimensionless circu- 

fc 1 c'\	 / r, lation	 or U-v 
G	 spanwise loading coefficient due to rolling 
-	 per radian 

spanwise loading coefficient due to aileron deflection 
/G\ U-)' per radian 

wing geometry, compressibility, and section lift-

curve-slope parameter [ci. (I) Gap)] 
h.	 integration factors for spanwise loading due to ailer-

ons 
M	 Mach number 
M	 arbitrary number of span stations defined by 

nil-- 
m--1 

P	 rate of rolling, radians per second 
pb/2 V . wing-tip helix angle, radians 
pyn coefficient depending on wing geometry and mdi .

-eating the influence of antisymmetric loading at 
span station n on the downwash angle at span 
station v 

q	 free-stream dynamic pressure, pounds per square 
foot 

- S	 wing area, square feet
Ca t	 ratio of aileron chord to wing chord ()
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For an antisyrnnietric angle-of-attack distribution, the 
loading distribution will be equal in absolute magnitude on 
each semispan, but of opposite sign. The loading therefore 
needs only to be found over the semispan, and, since the 
loading is zero at the wing root, only span stations outboard 
need be considered. The mathematical development of the 
simplified lifting-surface method for the case of antisym-
metric loading is given in appendix A. As shown in appendix 
A, (m–l)/2 linear equations in terms of loading distribution 
are obtained which satisfy the wing angle-of-attack condi-
tions I at the three-quarter-chord line at in stations n, where 
m is an arbitrary odd integer. These equations are repre-
sented by the summations 

rn—I

rn—i p= 1,2,3, 
	 (1) 

where 
a,	 a.ntisymmetric angle of attack at wing station 
p coefficients that for a given value of m depend on 

wing geometry, compressibility, and section lift-
curve slope 

G	 loading coefficients at span stations n 
The application in appendix A of the present report is with 

m=7. Since the loading at the midspan station is known to 
be zero, consideration is required of only three stations: 
n= 1, 2, 3, equal to wing semispan positions of fl =cos (n7r/8) 
=0.924; 0.707; and 0.383. Equation (i) thus becomes 

a,p,nGn,	 v=1,2,3	 (2) 

where the integer v pertains to span station =cos (v7r/8) 
To obtain the loading coefficients G,= (c 1c/2b), it remains 

only to evaluate the coefficients p,, and the spanwise 
variation of the antisymmetric angle of attack -a,. 

EVALUATION OF COEFFICIENTS p,5 

Since m is chosen, p, becomes a function only of wing 
geometry, compressibility, and section lift-curve slope. The 
effects of compressibility and section lift-curve slope are 
equivalent to a change in wing plan form 6 and can be ac-
counted for by a proper adjustment of the p,, values. As

shown in appendix B, p can be conveniently presented as a 
function of two parameters, namely, a compressible-sweep-
angle parameter defined as Ap= tan (tan A/a) and a param-
eter H, involving the ratio of wing span to wing chord and 
variable section lift-curve slope, defined by 

H,=d, () (^-- 

	

K,	
1g)
	

(3) 

where 
K, ratio of experimental section lift-curve slope at span 

station v to the theoretical value of 2ir/, both at the 
same Mach number 

c, wing chord at span station 
The value d, is a scale factor given by 

d,=0.061 for v=l 

	

=0.234 for	 v=2	 (4) 

=0.381 for v=3, 

Equation (3) can be written in alternative form that gives 
H, in terms of wing geometry parameters that are more 
significant; thus

	

(
A-A

-
17,=d, ii 	 i	 (o) 

 K 0 / L(K,/!Cav)(C,/Cav)J 

where 
IC 55 ratio of average section lift-curve slope to 27r/13 

both at the same -Mach number 
K^lKav spanwise distribution of section lift-curve slope 

for a given Mach number 
spanwise distribution of the wing chord 

(I3AI Kav) compressible aspect ratio and average section 
lift-curve-slope parameter

The term 
(K,/K05) 

1 
(c,/c55) 

of equation (5) gives an effective 

aerodynamic taper of a wing. The distribution of K,/K55 may 
vary with Mach number, particularly at transonic speeds 
(e. g., due to spanwise variation of airfoil section). However, 
since the distribution contributes to taper effect, the loading 
distribution and not the total loading will be appreciably 
affected. 

With H, determined from equations (3) or (5) and (4), the 
values of p, nine in all, are presented in figure 1 where p is 
given as a function of H, for various values of Ap. 

The reader should note that the boundary condition is given by w. V sin a. from which (w/V), is seen to equal sin a,. The substitution ofa. for sin a.has the effect of increasing the 
value of loading on the wing above that necessary to satisfy the boundary condition. However, the boundary condition was fixed assuming that the shed vortices moved downstream in the 
extended chord plane. Amore realistic picture is obtained if the vortices are assumed to move downstream in a horizontal plane from the wing trailing edge. It can be seen readily that, if this 
occurs, the normal component of velocity induced by the trails at the three-quarter-chord line is reduced and, if the boundary condition is to continue to be satisfied, the strength of the bound 

vortex must increse. It follows that substitution of a. for sin a, then has the effect of accounting for the bending up of the trailing vortices. It is not known how exact the correction is, but 

the calculations and experimental verification show it to be of the correct order. 
Compressibility and section lift-curve slope are discussed in the section "Discussion" and in the appendix B. 
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FIGURE 1.—Influence coefficients, p,, for antisymmetric spanwise loading plotted, as a function of the wing geometric parameter, TI., for values of the

compressible sweep parameter, A degrees.
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(d) p2, n1, d2=0.234. 
FIGURE 1.—Continued.



1324	 REPORT 1056-NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

/04 

/01.? 

.96 

.92 

88 

84 

p,,' 86 

6.6 

6.4 

S.0 

56
0

moommmmommmmmmmmmmmm 

NOMMMMEMMMMMEMMM Mmm 
NEEMEMEMEMEMEMEMENEW 
mmmmmmmmmmmmommmmmmm 
EMMMMMOMMMMMMMMEN VAAMM 
mMMMMMmmmMmMmMMmmmmM 
mMMMMMmmmmMmMmmmm 
MMMMMMEMMMMEMMEEMEMM 
EMMMEWENAMMMMEOMMMMEW 
MMMMMlIlMmw mmmmmmmmam 
MEMEMENEE WRIGNOWAME 
MEMMEMEMEN WRIERWAN 
EMMMMEMFAM On NONE 
MEENVANWIME on ONE 
M000WAFAMFA10 9FA No 
00 rlFIEW,E,WARA VAWA No 0 
MENFArAffiffAFAWAVINFAIMME 0 

mom No 
No No 

MEWSAWAS1126412ME ME MENEM 
MEFAMANNAIRmAFAMME ON MON 

I 00WAFAXI d",SIAaM00M0M0 mom 
No No 

mom MENEM,
1.0

	

	 'i?	 .YO	 40 
H, 

(e) ,.=2, n2, d3=O.234.	 . 
FIGURE 1.—Continued. 



THEORETICAL ANTISYMMETRIC SPAN LOADING FOR WINGS OF ARBITRARY PLAN FORM AT SUBSONIC SPEEDS 1325 

0	 .4	 .8	 1.2	 1.8	 2.0	 2.4	 26	 32	 36	 4.0 
-H2

(1) v2, n3, d,0.234. 
FIGuB 1.—Continued.
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FIGURE 2.—Variation of the geometric parameter	 with taper ratio A for straight-
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tapered wings. 

For the case of straight-tapered wings with arbitrary 
section lift-curve-slope distribution for which the chord 
distribution is specified by taper ratio, evaluation of equation 

(5) is given in figure 2 where 	 for each of the three

span stations is shown as a function of taper ratio. 

EVALUATION OF ANTISYMMETRIC ANGLE-OF-ATTACK DISTRIBUTION a, 

The antisymmetric angle-of-attack distributions most 
commonly encountered are those resulting from rolling 
wings, aileron deflection, and sideslip of wings with dihedral. 
Evaluation of the angle-of-attack distributions for these 
various cases is outlined in the sections immediately following. 

Rolling wings.—For the case of the rigid wing, the induced 
velocity normal to the wing surface is equal to the upwash 
velocity experienced by the rolling wing. Thus, at span 
station v

WP 	 (Y--)
b

v=_ 	 57
	 (6) 

where pb/2V is the tip helix angle. It should be noted that 
the relation given by equation (6) assumes the wing structure 
to be rigid in that the distribution of a, is completely defined 
by the linear distribution of helix angle. In the case of 

- flexible wings, however, the expression for a, must be modified 
to account for the streamwise angle-of-attack change which 
may occur due to bending or torsional deflections. In this 
case,

pb 
fl,+La,	 (7)

where Ace, represents the modifying influence of flexibility 
Normally, Aa, is not considered for straight wings since only 
the effect of torsion (which is usuall y small) is involved. 
Oii swept wings, however, the effect of bending can cause 
a, to be quite large so that the a, distribution may be 

affected considerably. Due to the interaction existing 
between the aerodynamic and structural forces, ha, cannot 
be determined directly, but must be found through equations 
of equilibrium or by iteration. With the loading for the 
rigid wing provided, however, the iteration procedure 
becomes relatively easy to apply. The first approximation 
of a, is found from the loading of the rigid wing and further 
refinements of a, may be found utilizing the successive 
loadings for the flexible wing as determined. 

Deflected ailerons.—Where the spanwise distribution of 
the angle a, is to be considered equivalent to a.ntisvmmetric 
aileron deflection, it must suffer a discOntinuity at the span-
'wise end of the control surface. The loading when such a 
discontinuity is present can be duplicated b- a proper 
distribution of antisymmetric twist. In appendix C, the 
antisymmetric twist distribution required by the present 
theory to give accurate span loading distribution due to 
ailerons is found with the aid of zero-aspect-ratio wing theory 
given by reference 4. To minimize the' computation involved, 
it is convenient to consider both the case of outboard and 
inboard ailerons. 

1. Outboard ailerons—With ln=7, three different aileron 
spans can be conveniently defined for the outboard ailerons. 
For the aileron spans Via, measured from the wng tip inboard, 
the antisymmetric twist distribution required per unit 
deflection of full-wing-chord ailerons, a,/ô, is given by 

Case. I II 111 

0.169 0.444 0.805 

1.003 0.971 0.998 

- .017 .996 .991 

.006 .014 .978	
I 

Inboard ailerons. —With m= 7,  three different aileron spans 
can be conveniently defined for the inboard ailerons. For 
the aileron spans fl measured from the wing midspa.n out-
board, the antisymmetric twist distribution required per unit 
deflection of full-wing-chord ailerons, a,/ô, is given by 

Case IV V	 - VI 

0.556 0.831 1.000 

0.044 0.013 1.016 

—.017 .961 .979 

- 1.087 1.095 1.101

Sideslip of wings with dihedral.—For calculating the roll-
ing moment caused by dihedral angle for the sideslipping 
wing, the effect of the skewness of the vortex field in altering 
the effects of the dihedral angle will be assumed to be small 
(as assumed in reference 3). The problem then simplifies to 

REPORT 1056—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS
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finding the rolling moment due to antisymmetric angle of 
attack with the unskewed vortex field. The solution to this 
problem is the same as for the ailerons which has already been 
solved. 

The antisymmet-ric distribution of angle of attack for the 
sideslipping wing with dihedral is given by

(10) 
where 
a, effective angle-of-attack distribution 
f

	

	 angle of sideslip measured positive in the counterclock-



wise direction from the plane of symmetry 
F dihedral angle 

The wing parameter F is not affected by compressibility 
Equation (10) is approximate for small values of 0 and F. 

For unit F over the span of the ailerons considered, 

j5F=ô	 .	 (ii)

can be substituted for ô in equations (8) and (9). 

APPLICATION OF METHOD 

For the cases of antis'vmmetric angle-of-attack distribu-
tions resulting from rolling, aileron deflection, or sideslip with 
dihedral, it is possible to present a set of simultaneous equa-
tions wihich are required for the solution of the load distribu-
tion for an arbitrary plan form. With the loading known, 
integration formulas can be given to determine aerodynamic 
coefficients. 

The loading-distribution coefficient 0 5 determined from 
the solutions of the simultaneous equations, are functions of 
p,,,, which has been shown in a preceding -section to be a 
function of wing geometry, compressibility, and section lift-
curve slope. The aerod mimic coefficients are integrations 
of the load distribution and, therefore, will also be a funtion 
of wing geometry, compressibility, and section lift-curve-
slope parameters. Application of the method to the general 
solution for arbitrary chord distribution is outlined and solu-
tions a-re presented for the case of straight taper. 

GENERAL SOLUTION 

Aerodynamic characteristics due to rolling.—The solutions 
for the aerodynamic effects clue to the rolling wing will he 
found and loading, rolling moment, spanwise center of pres-
sure, and induced drag will be obtained. 

1. Simultaneous loading equations.—The p,,, values are 
obtained Ironi figure 1 and table I I with values of H, given by 
equations (3) or (5). 
- The simultaneous equations (2), for the rigid and flexible 
wing, respectively, become:	 - 

—0.924=piiGi+p1iG2+pi3G3] 

—0.707 =p21 G1 +pG2 +p23Ga	 (12) 

—0.383=p3 1 G1 +p32 G2 +pa3G3 J 
where

G_pb/2V

and
-	 - 

_O.924+pb/2V=PIIGI+P1202+P13G3 1 
- 

	

_0.707+ 1a2 P bI2 V=P2iG1+P222+P23 O3	 (13) 

- 
_0.383+ 

1a3 
PbI2V=P31G1+P322+P333 j 

-	 on where G= 
b/2V 

and Aa, is the incremental angle of attack 

due to aeroelastic effects. 
2. Loading distribution.—The loading-distribution coef-

ficient is given by G=c1c/2b. Other forms of the loading 
coefficient are given by the identities 

0— 1. C 1 C	 Cj C j C	 -
(14) 

The loading is known to be zero at 7=0 and 1 and is deter-
mined at three intermediate span stations. Values of loading 
at other span stations can be obtained from a loading function 
derived in appendix B or, with equations (B23) or (B24) of 
appendix B, the loading can be found at span positions 
7=0.981, 0.831, 0.556, and 0.195.	 - 

3. Rolling moment .—The damjing-in-roll derivative for the 
solutions of equations (12) or (13) is derived in appendix B 
and given by -

= - 
sr (

13A\ -	 —)[G2+0.707(01+G3)]	 (15)
Kav Kav

4. Spanwise. center of pressure.—The equation giving center 
of pressure on the wing semispan is shown in appendix B to he 

190j/Ka,, 
flc.p.$A (0.16301+0.24802+0.43003) 

Kay 

-	 1	 - -	
( c1c )

	
cc

) 	
7c,c \0.082 -- 	

2 \CiCai3 

5. Induced drag.---The induced drag is derived in appendix 
B anti given by 

$GDj _7r 1A) 
_[o1 2 +o22 +o32._ o2G1+o3] (17) 

Aerodynamic characteristics due to aileron deflection.—
The solutions for the aerodynamic effects due to ailerons will 
be found for three different spans of outboard anti inboard 
ailerons. Cross plots of these data provide curves for 
arbitrary aileron spans. 

1. Simultaneous loading equations.—The p,,, values are 
obtained from figure figure 1 and table I with values of H, given 
by equations (3) or (5). 

(a) Deflected outboard ailerons.—The aileron spa-us meas-
ured from the wing tip inboard are given by s. The simul-
taneous solution for antisymmetric spanwise loading due to 

Values of p.., beyond the scope of figure i are included in table I. For values of H. larger than those included in figure 1 and table 1, the p.,, curves can be obtained from equation (BS) 
which gives the linear asymptotes of the p.,, function.
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deflection of any of the three following aileron spans can be 
obtained from the appropriate set of the following equations: 

Case I If III 

17. 0.169 0.444 0.805 
- _

- 1.003 0.971 0.998 

.017 .996 .991 

.006 .014 .978 

where ,3=G013. 
(b) Deflected inboard ailerons.-The aileron spans meas-

ured from the wing rnidspan outboard are given by The 
simultaneous solution for antisymmetric spanwise loading 
due to deflection of any of the three following aileron spans 
can be obtained from the appropriate set of the following 
equations: 

Case IV V Vi 

,, 0.556 0.831 1.000 

a 3
0.044 0.013

-
1.016 

- -.017 .961 979 

a5
1.087 1.095 1.101

where G.= GJo. 
2. Loading distribution..-The spanwise loading distribu-

tions due to various aileron configurations include: 
(a) Full-wing-chord ailerons.-The loadingis known to be 

zero at 77 =0 and 1, and is determined at three intermediate 
span stations. With equation (013) and tables 06, Bi, and 
C7, the loading can be found at span stations 7=0981, 0.831, 
0.556, and 0.195 for each of the aileron spans considered. 
With these given points and the knowledge that the slope of 
the loading distribution curve is theoretically infinite at the 
point of angle-of-attack discontinuity (aileron spanwise end), 
the loading distribution can be faired. 

(b) Constant fraction of wing-chord ailerons-The spanwise 
loading of constant fraction of wing-chord ailerons is equal to 
the product of the loading due to full-wing-chord ailerons and 
the effective change of angle of attack with aileron angle,' 
da/dô. The factor da/d5 is a function of the ratio of aileron 
chord to wing chord t=c5/c. The change of section angle of 
attack with aileron angle da/dS is presented in figure 3, which 
is reproduced from figure 18 of reference 5. 

Although figure 3 taken from reference 5 limits the Mach 
itumber range to Mach numbers less than 0.2, this limitation 
is believed to be unwarranted since theory indicates that 
dalda is unaffected by compressibility for the two-dimen-
sional wing. However, as indicated in reference 4, daldb is 
strongly affected by low aspect ratio and will change appreci-
ably if the parameter 13A becomes much less than two; hence, 
the values of da/dô from figure 3 appear to be valid for $A>2. 

3 In using da/d,l here, it should be noted that the assumption is made that the effectie 
airfoil section is taken as being parallel to the plane of symmetry and that the section 
approaches a two-dimensional section. The validity of this assumption can be questioned; 
however, limited checks with experiment show it to be at least approximately correct.

Theory-

6, range go,o 

FIGURE 3.-Variation of lift-effectiveness parameter with aileron chord ratio, 	 Average

trailing-edge angle about 101 ; M^<02. Curves from reference 5. 

(c) Arbitrary spanwise distribution of aileron chord-The 
aileron can be divided into several spans with constant 
da/dô, then the total loading is the sum of the products of 
the full-wing-chord loading of each span and its respective 
da/dô. 

3. Rolling moment .-The rolling moment can he found for 
the following aileron configurations: 

(a) Full-wing-chord ailerons.-The spanwise loading due to 
aileron deflection cannot be integrated with sufficient 
accuracy with equation (15). In appendix C, a similar 
integration formula is developed that applies to each given 
aileron span. Equation (010) and table 05 give 

OCI '=(^A (h51+h22+h3' 3)	 (20) 
Ica,	 \K03/ 

where for each of the cases of equations (18) and (19) the 
h 0 values are given by 

Case I II III IV V VI 

h, 0.140 0.139 0.138 0.146 0.141 0.140 
52 .199 .196 .196 .200 .197 .198 
0, .145 139 .138 .140 .180 .140

(b) Constant fraction of wing-chord ailerons.-For constant 
fraction of wing-chord ailerons with aileron angle measured 
parallel to the plane of symmetry, the aileron effectiveness is 
given by

3Cioda(/3C	
(21) 

K55	 dt \ Ks,, / 

(c) Arbitrary spanwise distribution of aileron chord-The 
deflection of ailerons for which t varies spanwise on the 
wing can be considered as an equivalent wing-twist distribu-
tion. The effective antisymmetric twist of the wing is 
given by

(22) 

P11G1+P12G2 +p13G3 

=P210l+P222+P23G3 (19) 

= PuG1 ± P3202 + p33G3 

=p11G1+ps2G2+p13G3 

=P2101+P22G2+P23G3 (18)	
da 

=p11 G1 +p32G2+pa3Ga
	 do 
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where da/da is now a function of spa.nwise position. The 
antisymmetric angle-of-attack distribution given by equation 
(22) can be divided into spanwise steps of constant angle of 
attack and the total rolling moment can he found by the 
summation of the rolling moment due to each spanwise step. 
The rolling moments of the spanwise steps are obtained from 
a curve of rolling-moment coefficient C/ic as a function 
of unit a.ntisyrnmetric angle of attack from the wing root 
outboard. This step method is the procedure used in 
reference 1. 

A curve of flC/i, as a function of unit antisymmetric 
angle of attack from the wing root outboard can be obtained 
from the solutions of equation (19) for the cases IV, V, and 
VI. An additional point can be obtained from the solution 
of case III of equation (18), applying the relations (dis-
cussed later) existing between inboard and outboard ailerons. 
The rolling moment due to the twist given by equation (22) 
eati be uuarneu, uy a Iitet,uuu uutiei Uuu1I utte Su6p Illeutwu. 

from the integral given by 

	

I1og	

fl 
da d(Cz6/i<av)

d 
ic,da	 d	

(23) 

which an be integrated numerically by taking the graphical 
Slopes of 0018/Kav which is a function of extent of unit anti-
symmetric angle of attack from the wing root outboard. 

4. Spanwise center of pressure and induced drag.—Span- 
wise center of pressure and induced-drag integration formulas 
for loading due to ailerons are not given; however, equations 
(16) and (17) can give approximate integrations of the load-
ing to obtain center of pressure and induced drag. 

5. Additional considerations: 
(a) Relation between aerodynamic characteristics for out-

board and inboard ailerons.—The spanwise loading distribu-
tions due to outboard and inboard ailerons bear a simple 
relation to each other. Since loading is linearly propor- 
tional to angle of attack, loadings are directly additive. 
Then, for outboard and inboard ailerons with the span-wise 
ends of the ailerons at the same span station, 

	

Gjnboara	 G ( ,,,, = 1)	 Goutboard 

C	 =C1	 —C1 

	

öinboard	 1)	 outboard 

flajflbod — 1 - 77°outboard 

These relations do not apply for t,, and CD 1 since these 
characteristics are not linearly proportional to loading. 

(b) Differential aileron angles.—The effect of a differential 
between aileron angles can be taken into account by con-
sidering the C1, of each wing panel as one-half the antisym-
metric results of equations (20), (21), or (23). The total 
wing rolling moment is then the sum of the products 6f C,12 
given by equations (20), (21), or (23) and the angle of de-
flection of each aileron. Although the total rolling moment 
can be found by this procedure, the spanwise loading distri-
bution can be found only approximately by the products of 
the antisymmetric unit loading 016 and the deflection of each 
aileron. However, the loading distribution so found will be

quite accurate since this procedure neglects only the small 
change due to the induced effects of the differentially differ-
ent opposite wing panels. 

(c) Aileron angles measured perpendicular to the hinge 
line.—The relationship between aileron angle measured per-
pendicular to the aileron hinge line and that measured 
parallel to the plane of symmetry is given by 

	

tan b= tan b	 .	 (25)
 - cos A, 

where 
A, sweep angle of the aileron hinge line 

angle measured perpendicular to the hinge line 
For constant fraction of wing-chord ailerons on straight-
tapered wings, A, is given by

40.75—t C —X\ tan A,= tan A,4—	 A	
(26). 

where I is the fraction of wing-chord aileron measured from 
the wing trailing edge. 

Aerodynamic characteristics due to sideslip of wings with 
dihedral.—The total antisyinmetric loading due to sideslip 
can be considered as the sum of that due to dihedral angle 
and that due to zero dihedral angle. For the unswept wing, 
the rolling moment due to sideslip for zero dihedral angle is 
generally considered negligible; however, for the swept wing, 
this effect can be appreciable. In the present report, only 
that part clue to dihedral angle will be considered for the 
swept and nonswept wings. - 

1. Simultaneous loading equations.—The ps.,, values are 
obtained from figure 1 and table I with values of H, given by 
equations (3) or (5). 

The simultaneous equations resulting from the substitu-
tion of 6=13F (see equation (11)) and G=0/3r in equations 
(18) and (19) are applicable in the determination of the 
effects of unit outboard or inboard dihedral angle over the 
span of the ailerons considered. 

2. Rolling moment—The rolling moment due to various

	

dihedral angle distributions include: 	 - 
(a) Constant spanwise dihedral angle.—For dihedral angle 

constant for the entire wing semispan, the loading is given 
by the solution of case VI in equation (19) for = G/F. and 
the rolling moment from equation (20) becomes 

Kay1'	 K,	
(27) 

(6) Gulled wing.—For the gulled wing, solutions of equa-
tion (19) for ?7= G/r gives the loading, and the rolling 
moment from equation (20) becomes 

K,,,,I'	 K0 
(h, 1 +h 2 +h3G 3)	 (28) 

A plot of the results of cases IV, V, and VI gives the extent 
of unit dihedral angle from the wing root outboard. Then, 
for a gulled wing, the total rolling moment equals the sum 
of products of dihedral angle of each span section and the 
rolling-moment contribution of the respective span sections. 

(c) Variable spanwise dihedral angle.—if r varies span-
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wise, the rolling moment can be obtained by integration as 
in equation (23). The integral becomes 

d(i3CiIavF) d
	 (29) 

Kav	 fo	 . d77 

where	 is the slope of the curve described in 
d 

part (b) above. 
SOLUTION FOR STRAIGHT-TAPERED WINGS 

Charts of aerodynamic characteristics for straight-ta-
pered wings can be presented in terms of geometric, com-
pressibility, and average section lift-curve-slope parameters. 
These charts provide a ready means of obtaining data 
directly. 

Aerodynamic characteristics due to rolling.—The applica-
tion of equation (12) for a constant value of section lift-
curve slope  provides the spanwise loadings at span stations 
0.383, 0.707, and 0.924 which are presented in figure 4 for a 
wide range of plan forms. The interpolation formula of 
equation (1324) will give values of loading due to rolling at 
span stations other than those presented. With equation 
(15), the damping-in-roll coefficients 1301p1iCa, can be obtained 
and are presented in figure 5 for a wide range of plan forms. 

Aerodynamic characteristics due to aileron deflection.— 
The application of equation (19), case III of equation (18), 
and equation (20) provide aileron effectiveness in the coeffi-
cient form fCj i/Ka t, for several aileron spans. In figure 6, 
i3Ci9 !Kav is plotted against extent of unit a.ntisymmetric angle 
of attack from the wing semispan root outboard for a range 
of wing parameters. 

As presented, figure 6 gives directly the effectiveness of 
full-wing-chord inboard ailerons for aileron spans measured 
from the plane of symmetry outboard. The effectiveness 
of full-wing-chord outboard ailerons for aileron spans meas-
ured from the wing tip inboard is given by figure 6 directly 
by the relations of equation (24). For full-wing-chord 
ailerons located arbitrarily on the wing semispan, the aileron 
effectiveness can be obtained directly from figure 6 as indi-
cated in the following example sketch. 

/9Cz

77 

With the full-wing-chord values given above, the effec-
tiveness of constant fraction of wing-chord ailerons or ailerons 
of arbitrary spanwise chord distribution can be found through 
use of equations (21) or (23) with the da/dô values of figure 3. 

'Throughout the figures, c is the constant spanwise section lift curve slope or the average 
s of a mall variation. For large spanwise variations of that follow the function given by 

equation (B 11) developed in appendix B, the parameters fiA/s,, and ) can be replaced by the 
parameters	 and - 7, respectively. For large spanwise variations of (.3+r)k)/(1+X)	 se 
that do not follow the curve of equation (Bli), the simultaneous equations for the general 
solution can be solved for arbitrary distributions of K. The H, values can be obtained from 
figure 2.

2 
-50 -40 -30 -20 -/0 0 /0 20 30 40 50 60 7080 

Jt,3 

(a)
C1 C Fiovax 4.—Variation of loading due to rolling coefficient 	 with compressible sweep 

parameter Ag, degrees, for straight-tapered wings. 

"Po 

4 
-50 -40 -30 -20 -/0 0 . /0 20 38 40 50 60 70 80 

A,3 

(b) =0.7071.

FIGURE 4.—Continued. 

Aerodynamic characteristics due to sideslip of wings with 
dihedral.—The application of equation (19), case III of 
equation (18), but with ô=P, and G=G/3F, and the use of 
equation (28) provides rolling moments due to dihedral angle 
for the wing in sideslip. These rolling moments are given 
in the coefficient form which is the same function 
of as C19 /ic,,, and is presented with Gj1 1ic01 in figure 6. 
Figure 6 with equation (29) will provide the rolling moment 
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(c),)=0.9239.

FIGURE 4.—Concluded. 

due sideslip for any symmetric spanwise distribution of 
dihedral angle. 

For dihedral angle 'constant spanwise, the rolling moment 
is given by the value at i = 1 in figure 6. These values for 
constant spanwise dihedral angle are presented in figure 
7 as a function of aspect ratio for various values of sweep 
angle and taper ratio. 

-	 DISCUSSION 

Effects of plan-form parameters on aerodynamië charac-
teristics for straight-tapered wings are shown by plots against 
the various parameters. Compressibility is discussed and 
formulas given for a range of plan forms at sonic speeds. 
Theoretical considerations and experimental comparisons 
indicate the order of reliability of the present theoretical 
results.

STRAIGHT-TAPERED WINGS 

The spanwise loading distribution due to rolling for several 
plan forms is presented in figure 8. These curves are the 
result of applying figure 4 and the loading interpolation 
formula of appendix B. The loading coefficient is given as 

flc.p.	 to make the total loading on the semispan 
( 77c.p.)Ao I_iCav 

constant and thus show more clearly the changes of dis-
tribution due to sweep and taper ratio. Figure 8 shows 
large changes in loading distribution for the zero tapered 
wing. The effects of sweep are generally as expected, 
namely, that.swecpback shifts the loading outboard. 

Effects of plan form on the rolling moment due to rolling is 
shown from cross plots of figure 5 which are presented in figures 
9 and 10. For higher aspect ratio, figures 4,9, and 10 show the 
marked lowering of rolling moment due to sweep. Figure

lp 

flC1 
Kav

A,3 

(a) X=O. 

(b)),=0.25. 

FIGURE 5.—Variation oldamping-in-roll parameter _.___!. with compressible sweep parameter 

•%, degrees, for straight-tapered wings. 

9 indicates that for low aspect ratio, the rolling moment 
becomes essentially independent of sweep and taper. The 
taper effects on rolling moment as seen in figure 10 are 
small except for values of taper ratio less than 0.25. 

Typical spanwise loading distributions due to full-wing-
chord aileron deflection are shown in figure 11. These curves 
were faired with the aid of the loading interpolation function 
of appendix C and, at the aileron span-,vise end, care was 
taken to make the slope large. 

Wing geometry effects on aileron effectiveness for full-
chord outboard partial-span ailerons (with aileron angle 
measured parallel to the plane of symmetry) are given in 
figure 12. The geometry effects on are similar to 
those on the damping-in-roll coefficient. Comparison of 
figure 12 (a) with figure 9 shows that C,,approaches the 
zero-aspect-ratio value in the same manner as does C,,,. 
Figure 13 gives comparative effectiveness of inboard and 
outboard ailerons for swept wings. As sweep increases, the 
difference of effectiveness between inboard and out-

)I	 4 
c1
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16c" 

Kau

A/s 

(c) X=0.50. 

(d)X=l.O.

FIGURE 5.—Continued. 

board ailerons decreases showing that inboard ailerons for 
highly swept-back wings approach the effectiveness of out-
board ailerons. Since dct/dô becomes large rapidly at small 
values of t (fig.3), then, for a given aileron area, narrow full-
span ailerons for swept-back wings may be more desirable 
than larger-chord outboard ailerons. The relative effects of 
figures 12 and 13 apply equally well for constant fraction of 
chord ailerons, since the data would differ only by a constant, 
factor da/d&

COMPRESSIBILITY 

From the three-dimensional linearized-compressible-flow 
equation, it can be shown that the effects of compressibility 
will be properly taken into account if the longitudinal corn-
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FIGURE 5.—Concluded. 
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FIGURE	
gel, 
K 3 6.—Aileron rolling-moment parameter -,---, per radian, and rolling moment due to 

pcI- 
sideslip with dihedral -f, per radian squared, for extent of unit antisymmetric angle of 

attack from the wing root outboard. 
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ponents of a wing plan form are increased by the factor 1/fl. 

Or, alternatively, if the linearized compressible flow equation 
he divided through by fl2, then the lateral and vertical com-
ponents of a plan form are decreased by the factor fi. In 
both cases, the incompressible local lift is increased by the 
factor 1/fl and the compressible local lift coefficient can be 
written as the parameter flC1. 

With these relations known, an incompressible theory 
can be made into a compressible theory subject to the 
limitations of the linearized compressible flow equation. 
The geometric parameters of a wing are simply sub-

stituted by flA, Ap= tanT' tan A and fib. With local lift 

coefficient given by flc1, the dimensionless loading 
flc 1 c cc	 . becomes G=-=-- The wing-chord distribution remains 
20b 2b 

unaltered. 
The sonic speed results of reference 4 can be used as a 

limit point in the present theory for a curve of the variation 
of a.ntisymmetric aerodyiamic characteristics with Mach 
number. The following equations apply at the speed of 
sound to plan forms with all points of the trailing edge at 
or behind the upstream line of maximum wing span: 

,,	 —irA 
(.Ij,	

32

For outboard ailerons, 

A.3 sin 0, where fla= lcos 0 

For inboard ailerons,

(i—sin' 0), where 77 ,, =cos 0 

Reference 4 shows that aileron effectiveness at the speed of 
sound is independent of the chordwise location of the ai-
leron hinge line, provided the hinge line remains ahead of 
all points of the trailing edge. 

ACCURACY OF THE SEVEN-POINT SOLUTION FOR AILERONS 

The prediction of aileron effectiveness for given aileron 
spans with wing twist determined by zero-aspect-ratio 
theory at only seven span points to satisfy the boundary 
conditions has been theoretically shown to be sufficient by 
comparing results with the computation of a typical 3.5 
aspect ratio, 45 0 swept wing with 15 span points satisfying 
the boundary conditions. The process of finding aileron 
spans for the 15-point method was the same as that in 
appendix C. The curves showing the variation of CI, with 
aileron span for the 7- and 15-point computations were 
identical. 

The solution for the angle-of-attack distribution that 
includes a discontinuity can be compared with the solution 
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for the continuous angle-of-attack distribution by consid-
ering an aileron such that the angle-of-attack distribution. 
is equivalent to that of the rolling wing. The damping-
in-roll coefficient then can be found by use of equation (23) 
which reduces to the form

, dC 

for a=	 and integrating by parts 

This relation states that 
1p is equal to the area between a 

curve of figure 6 and the line of G for s =1. The curves of 
figure 6 were found by the simplified lifting-surface theory 
with antisymmetric twist determined by zero-aspect-ratio 
theory. The values of C, obtained in this manner from 
figure 6 were identical to the C , values given by simplified 
lifting-surface theory for continuous linear antisymmetric-
twist distribution. 

As further theoretical check, the values of rolling moment 
due to constant spanwise dihedral angle are obtained from 
15-point computations in reference 3 for taper ratio equal to 
one, with which the present theory for the 7-point method 
is in exact agreement. 
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FIGURE 7.—Rolling moment due to sideslip of wing with dihedral —j-, per radian squared,

for unit constant spanwise dihedral angle for straight-tapered wings.
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COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS 

The electro-magnetic analogy method of reference 6 
provides damping-in-roll coefficients for an aspect-ratio 
range of unswept, tapered wings. The results of the present 
theory and those of reference 8 are compared in figure 14. 
Except for the taper ratio effects on C , the comparison is 
good. The rounded-wing-tip values of Cz, given by NACA 
Rep. 635 (reference 1) are included in figure 14. Since 
rounded wing tips generally give values of C 1 about 6 
percent lower than straight wing tips, the values of NACA 
Rep. 635 appear to be appreciably too high for lower-aspect-
ratio wings. The present theory and the theory of refer-
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FIGURE 10.—Variation of the damping-in-roll parameter 	 with taper ratio for wings 

with various aspect-ratio and sweep-angle parameters. 

ence 6 approach the value given by the zero-aspect-ratio 
theory of reference 4 quite satisfactorily. The results 
of the present- theory may be further assessed by the com-
parison with the results of low-speed experiment as given 
in figure 15 for the range of plan forms presented. For 
further experimental verification of the accuracy with which 
C1 can be determined by the present theory, the reader is 
referred to reference 3 which supports the theory as well 
or better than figure 15 of the present report. 
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FIGURE 11.-Antisymmetric spanwise loading distribution due to deflection of outboard 

ailerons, for c=c, on wings having a taper ratio of 0.5. (a) ,=0.444. (b) - =4.0. 
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FIGURE 12.-Aileron rolling-moment-coefficient parameter s -,--, per radian, for outboard 

ailerons as a function of aspect-ratio parameter, taper ratio, and compressible-sweep param-
eter. (a) )=0.5.
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FIGURE 12.-Concluded. 
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Ref
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A 

FIGURE 14.—Comparison of damping-in-roll coefficient C 9 of the present theory with those 
of the theories of references 1, 4. and 6. 

The loading distributions due to rolling as given by the 
present theory are compared in figure 16 with low-speed 
xperimental results for a range of swept wings. The sweep 

ingle seems to have considerably more influence on loading 
listribution as given by experiment than the theory indicates. 
rhe experimental press-ure data, however, were very erratic 
rnd no firm conclusion can be made. 

Experimental values of rolling effectiveness due to aileron 
lefiection are compared with theoretically predicted values 
in a correlation diagram given by figure 17. Included are 
bhe results of a wide range of plan forms which do not vary 
onsistent1y with any geometric parameter or aileron con-
guration. Sketches of the plan forms and ailerons are 

lrawn about the points of correlation. The theory makes 
use of the curve of figure 3 giving dce/d5 for a sealed-gap 
.ileron over a range of deflection of ±10'. Experimental 
results for aileron deflections greater than 15° measured per-
pendicular to the hinge line were not included. The correla-
tclon points of figure 17 scatter appreciably; however, the 
mean line of the points does approximate the line of perfect 
orre1ation. 

Figure 17 does not account for effective plan-form change 
clue to da/di5. Only the effectiveness of the low-aspect-ratio 
triangular wing of figure 17 is exceedingly in error, which is 
the result of neglecting plan-form change. 

The plan-form change due to da/dö can, in part, be con-
midered analogous to that due to section lift-curve-slope 
change. Thus, the total section lift of a wing, the chord of 
which is reduced by dce/dô and which is at an angle of attack 
, is equal to the lift of the wing-aileron section for which 

the aileron only is deflected at the angle S. This change in 
plan form, unlike the section lift-curve-slope change for

which the chordwise loading remains constant, does not ac-
count for a large change in chordwise loading. If the lifting 
line is considered to be at the chordwise center of pressure, 
then, for partial-wing-span ailerons, the lifting line is in 
effect broken at the aileron spanwise end and the present 
theory becomes invalid. For the case of full-wing-span ai-
lerons, the lifting line in effect remains unbroken and lies 
along the center of chordwise pressure. For this case the 
wing chord can be reduced by da/dö to account for plan-form 
change; however, although in the limit of zero aspect ratio 
the results are the same as those of reference 4, this procedure 
does not with sufficient accuracy account for the chordwise 
loading shifting aft at intermediate aspect ratios. For con-
trol surfaces, the effective plan-form change due to da/dô is 
appreciable for the low-aspect-ratio wings such that in the 
limit of zero aspect ratio the spanwise loading is independent 
of the ratio of aileron chord to wing chord (reference 4). 
ITLU we v es, lvi lievuci 1te cepwL.0 IUVIV0 2 tO./u rn 
out accounting for plan-form changes as comparison with 
experiment indicates. 

Experimental values of Crn/I' are not compared with the 
present theory since reference 3 gives ample support of the 
theory.

CONCLUDING REMARKS 

The determination of antisymmetric loading for arbitrary 
wings is shown to be easily obtained by the solution of three 
simultaneous equations. The coefficients of the simulta-
neous equations are presented in charts of parameters, that 
include wing geometry, compressibility, and section lift-
curve slope as arbitrary quantities. Thus the loading for 
an arbitrary antisymmetric angle-of-attack distribution can 
be simply found once the angle-of-attack distribution is 
chosen. 

For the important cases of antisymmetric loading, roll, 
and aileron deflection, the angle-of-attack distribution is 
given and the simultaneous equations are formed. Loading 
for these cases can be found by simply obtaining from charts 
the coefficients corresponding to the wing geometry, Mach 
number, and lift-curve slope, inserting in the appropriate 
equations and solving. 

Integration formulas for the loading distributions are 
given which enable the aerodynamic coefficients C19 and C 

to be found. The rolling moment due to sideslip of a wing 
with dihedral is shown to be equivalent to that of aileron. 
deflection and a procedure for determining its value-is given. 

For the special case of straight-tapered wings, the loading
distributions and values of C1 and C', are given in the chart 
form for a range of wing plan forms. 

Experimental and theoretical verification of the theory 
is shown to be good. The theory is applicable for large 
aerodynamic angles, provided the flow remains unseparated. 
The compressibility considerations are reliable to the speed 
of sound subject to the limitations of the linearized com-
pressible-flow equation. 

AMES AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

MOFFETT FIELD, CALIF., December 22, 1949. 
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FIGURE 16.—Comparisons of theoretical and low-speed experimental spanwise loading coeffi- 

cients	 due to rolling of various swept wings. 
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APPENDIX A 

EQUATIONS FOR THE DETERMINATION OF ANTISYMMETRIC LOADING

IJNSYMMETRIC LOADING 

From NACA Rep. 921 (reference 2), the aerodynamic 
loading is obtained by solution of linear simultaneous equa-
tions

v=l, 2,. . . m	 (Al) 
where

(A2) 

Arn2b+()9. for fl=V 1
(A3) 

=_2bn+()en for n5^4-vj 

for 7-7,
	 M+1
>Oor,2< 2

b, arid br,, are coefficients independent of plan form. 

-1 

[L(v,O)fno+L(v,M+l)fnM+'+ 

M	

] - 2

(A4) 

where 

are coefficients independent of plan form. 

The L (', ,) functions, which can have j, negative to find 
unsymmetrical loading, aie given by 

+ ( b)'_)] +(-) (_)2 2	 b2 
C,,  

L(v,	
tan 	 -1Q) 07'- _77") 

—1 

and
M+1 or,,<Oor,z> 2

L (v, ) { 
-tJ[i+(-)tan A (Ink!	

}	

+ 
i —1 

-	 1+(--)(nI+n)tanA	 () ('1—h) 

2 tan A-/[i+H (--) tan A]+(_)?2

[i+() (i ?i'I — n) tan A][1+(-) (117,1+17,) tan A 

where 

	

77, cos	 1 spanwise position at which downwash is computed 

p 7r 

	

= cos	 spanwise position of incremental loading at the one-quarter-chord line.

(A5) 

(A7) 

The above equations involve computations over the entire 
wing. However, if the loading is assumed to be symmetric 
or a.ntisymmetric, the computations can be reduced to less 
than half the work. The case of symmetric loading is 
developed in reference 2 and the antisymmetric case is 
developed in the following section. 

ANTISYMMETRIC LOADING 

For antisymmetric loading, the loading on each side of the 
wing has the same magnitude and distribution but with 
opposite sign, or

-
(A6) 

or Gn=Gm+i_n

Equation (Al) can then be written as 

rn—I 
2 

a,=	 (A,,A,.rn+i_n)Gn 
n=I

rn—i where the summation is only to 2	 since G,+1=O for 
2 

antisymmetric loading.  
With equations (A3), equation (A7) becomes 

a.=[2(b__b m+i_)+() (g,,,,—g,, m+i_)] G, — 

E' [2 (b, 2 — b,, m+I_n)(_) (gng, m+i_n)]Gn (A8) 
n1	 C,,

1343



c == b,,,, — b,,, rn+1—" 

C,,,,, = b,,,, — b,, m+l—n

f*	
M+l for ,u= 2
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(The prime indicates the value for n=v is not summed.) 
Now, from equation (A4) 

—1	 rL(v, 0) (Jnofrn+i — ft, ) 
gvn+gv, m	 9(M+ 1 L	 2	 + 

L(v, 214+l) (in, M+11m+i—n, 
2

EtY COMMITTEE FOR AERONAUTICS 

From reference 2, 

b =
	 sin 4,,,	 [1—(— 1)" 

"cos —cos 2 L 2(m+1) 

which gives zero values for b,n for even (n— v) values. Then, 
since m is odd,

b,,,m+i_,,=O 
M

	

L(v, ) (inefrn+1—n.
	 (A9) 

p=i 
where

2	
sin ji,4,, cos
	 (A10) 

ii 

and
fir U7T 

0. m+1 ' 	 M+1 

From equation (A9), fflp fm+1_fl , can be defined as 

inM=fnfm+1_n. 

then, using equation (AlO), 

2
ul cos jA l O,, (sin MI4i—sin i im+i_n) f*np=m+l 

,=i 

2 —	 ,2i cos	 sin i 1 (1+Cos A, 7r) 
m+1 #1 

and, since the terms of the summation for odd ju l vanish,

and
(i= b,,. 

It should be noted that L(P,L) simplifies somewhat for the 
antisymmetrically loaded wing since 77 now is only positive 
in equation (A5). If only positive values of are used, then 
equation (A5) can be written as 

=L(v, )+L(v, M+ 1 —) 

In summary, the foregoing analysis for the antisymmetri-
cally loaded wing gives

rn-i 
a,,=z=	 p,,,,O,,,	 (A15 

v=1,2,3, . .-. 

*	 4	 m 

'"m+	
sin	 cos	 (All) 

	

1 , 2 , 4,6	 even 

From equation (Ali),

	

*	 * 
j np — J n,M+i—M 

Combining equation (A9) with (Al2) and defining 

çì = gn	 m+i—n 

then
M+1 

2 

	

1	 [L(v, )+L(, M+1_)]f*	 (A13) 2(111+1) 

where for = 0 and M+ 1) is equal to half the values 

given by equation (All) in order that the products can be 
fitted into the summation. With equation (A13), equation 
(A8) can be written as 

/	
b %)
	

2/	 b	 \ 
a=(2C.+— g 	 (2C__ g*,) G,, (A14) 

C i	 n=1	 C,, 

	

v=1,2,3,	
m—1 

where

where

	

g*,,,, for n=v	 (A16) 

-	 =-2C,,,,+	 for nF^v 

C,,= b,,— b,, rn-I-i—n 

b	 m+1
" 4 sin i,, 

b
— 	 sin  

(cos n _cos,,) 2 L 2(m+1) 

q*,,,,=q*,, for n=v	 - 

M+ i 

* —	 1 'L* * 
(I '2(M+1)	

V"-' 

	

m+ - 	 Jul sin ii4 cos i14i,. 1 ievefl	 - 

* 

f* 
no— 

2 
" for A= O  -- 



(ICe = 4 7r .l 
(Ia	 C

b_	 A(1-i-x)
(B 1) 

c, 2[1 - ,, (1 - 
or

Then, for X=0, 

APPENDIX B 

DERIVATION OF RELATIONS USED IN THE METHOD 

APPLICATION OF APPENDIX A 
With appendix A, the antisyinnietrical loading on a plan 

form for any antisyrnnietrical distribution of a, can be found. 
The principal work in the computations is to obtain the co-

efficients of the simultaneous equations (A15). These co-
efficients can be presented in charts for the complete range 
of geometric plan-form paranieter into which are introduced 
the effects of compressibilit y and section lift-curve slope. 
With the loading due to rolling known, the coefficients and 
(leriva tives are obtained by integration formulas. 

Section lift-curve-slope effect.--For a two-dimensional 
wing with the loaded line at the q iarter-chord position, the 
position x aft of the loaded line where. the induced downs ash 
equals the angle of attack of the wing can be ohtaincj hitGe

	

Not savart Law as	 - 

	

•	 T7  where u-!Le– 
2rx	 2 

or

	

li'	 C1C - - = - = a 

	

I	 4irx

form geolrletry in the (b/e,)L	 functions oIIlv, 0r]),, is a 
function of b/c, and sweep angle. As previously shown, 
b/c, is also a function of the spanwise variation of sect ) 
lift -curve slope 1111(1 is efieet i velv equivalent to b / , where 
K, is the ratio of section lift-curve slope for_a given -Mach 
number at span station p to 2,r/$. 'Ilie s,,, coefficients can 
be plotted against bIK,c, with SVeel) Angle as a parameter; 
however, b/K,c, will vary froniito very large values for 
a range of plan-form	 Imet rv, and the 1)1018 1WCOI1W (III-
wield. For a range of aspect ratio, the values of b/K,c, 
are a. nUYA'?itim for the zero tapered wings when . > 0.5 
piOvided plan-form edges are not concave) and a mnaxilnuni 

for the inverse-tapered wings for ,<0.5. The ratio of 
b/icc, for ,>0.5 for an- plan form to those of the zero 
tapered  wing or the ratio of b/icc, for , <0.5 for an y plan 
form to those of the inverse-tapered wing gives a geo-
metric parameter for any plan form that has IflltXiIilllm 
values that depend onl y on aspect ratio. 

The chord (list ributiomi for straight-tapered wings is 
given by 

then	
c del 

'\4TJ a'a

- 
where dc 1/da is the section lift-curve slope. Two (limfl 
sional section compressibility effects that do not follow the 
Prandtl-Glauert rule can be given CCI sideration by taking 
the ratio of (dc,/da)compre,,tbIe at a 'Mach number to 27r/$. 
Let K he the ratio of the section lift-curve slope at a given 
Mach number to 27r/ or (dc,/da)compre ,, , t)le = 27rK/, then 

a=K(c/2) 

Then the iIl(ltIred angle, K(C/2) aft of the loaded line, is 
equal to the angle of attack of the wing. For K = 1, this 
is at the three-quarter-chord line. For section lift-curve 
slope less than 2ir, K is less than one and the downwash is 
equal to the angle of attack at some point between the 
one-quarter- and three-quarter-chord line. 

To take into account the section lift-cut ye-slope variation 
in the present I heorv, the downwash must be found at a 
distance K (c/2) aft of the loaded line. From tue formulas 
of the sumnniat ion ill appendix A, b j c, should be taken as 
b/K,e,, where K, is the ratio of section lift-tIrve slope for a 
given Mach number at span station v, to 27-/j. 

Derivation of parameters for p,.-The ps,, coefficients, as 
defined by equation (A16) in appendix A, depend on plan-

1346

1	
(B9) 

Ac, 2(1 — ii,I)	 - 
and for X=1.5

b	 5
(B3) 

The ratio of bcr to equations (B2) an(l (B3) gives, 
respectively, a geometr i c parameter as 

(b/A,)2'	

(-b) for 0.5<,<1 
1KIG

:-	 (B4) 
b/icc,	 2(2+n) QC)

b  for 0<,<0.5 j (b/Ac,)1..15	 5 	 - - 

Let II, be defined as two-fifths times the values of equa- 
tion (B4) (the fraction two-fifths is introduced to give II, 
the approximate values of p,, to simplif y plotting p10- 
(edureS), t heit adding effects of corn pressii)il it v (see I)is-
cussion section)

II=d()	 (B5) 

where
(/(fl) for 0.5<,,,<1 

4(2+si,) for 0<-,<0.5



'I 

213637-53-------86

tan	 ()2_ 

1 } + 

2 tan A[1 +(b ) , tan A]+(b 
)2 

2

1+2 (b) tan A 

p7 
77, = COS 0, where 

'm+ 1 

jiir where	
m+ 1 

77 n=cos	 where 

For a discussion of the relative accuracies obtained for a 
choice of values of M and m, see reference 7. The most 
favorable application is with M=m. 

*	 J
* 
nuforO I 

J	 for	 m+' 

() (n +
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(,—) tan A]+( 
b) )2 

1+2()77taflA 
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*	 [2(— 1)	 sin 2]	 / _—sin 4 0, \ 
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For tapered wings, 1-19 simplifies to 

K, 
2(1_?i)(1'+X)(/3A) for 05<<i

	 I (B6) 

2(2+,)(1+X) ( 4)for O^',^O.5 2 5[1- 779(1—X)] K, 

Plots of p,,, against IL in the range of H=0 to 4 will 
give p,,, coefficients for wings of any chord distribution for 
aspect ratios up to 10 or' 12. 

Linear asymptotes of p,.—For large values of IL, the 
p,, functions become linearly proportional to IL. Since 
this linear characteristic appears at relatively low values 
of H,, the simple linear relation between p,,, and H, is 
quite usable. 

The L*, function of appendix A is multiplied by b1c9 

and the product is linearized. 

	

(._)L*9=2 
A	 '7	

sin A— 

1	 A —tan—  - 
277	 2 

[_ / 1+ (z tan A
)2	 - 

277

1 	 '7+77 

[	 tan A	 . . . iOr 

	

- -277 	 A 

	

1 + 
(^^17 1 'i 	 2'72_2+)sinA----- tan— 

[i_)i+(

	 tan A
2 

	

tan A
	 h]... 

for > n 
77+77 

=G—A+tan A)()_—+IsinA_ 

1	 A —tall —... for
b 

2(T)

b- 2 2 sin A
. . . for -=0 cosA 	 77 	 77 

Witli,the values of equation (B7) substituted into equa-
tion (A16) Lite values of p, for arbitrary sweep angle are 
obtained. Thus, for. m=7, the following equation (B8) 
gives values for p ,, as 

/3.928 
Ph1\cosA+LO26 tan A)H1+7.968_1.494 sin A+ 

0.014tail +0.082(1	 /1+0.0016 tan2A) 

tan A 

0 
068('0.0'77 

tan2A)+ 
tan  

0.034(11+0.1717 tan2A) 
tan A 

(^.5 1
PI2=

8
-2.9Ol tan it)Hi_ 3.138*-1.080 sin A-

0.034 tan _0.034(1hh1+0.0016 tan 2 A) 
tan A 

0 096(1h1+0' 
tan2A) 

tan  

/_0.176+1 026 tan A)I-1 1 +o.129_0.869 sin A+ cosA 

0.082 tan +0.014(1	 /1+0.0016 tan2 
tan A 

0.068('+°.°'77 tan2A)+ tan A 

0.034(11+0.1717 tan 2A) 
tan A 

(0.221 
P21= \ cos A +0.534 tan i)i-J2_ 2.o8s_o.383 sin A— 

0.018 tan A_ 0.088 1-1/1+0.0.177tan A	 ) 
( tan2A 

0 044(11/1+0•0294
tan2A,) 

tan A 

0 037(1_1/1+0.0886
tan2A) 

tan 

P22cA112+4596_0A46 sin A-0.044 tail + 

0. 1250 — ^ l +0.0 177 tan2 A  
tan A 

0.044(11+0.0294 tan2A) 
tan A 

0.125(11/1+0.0886 tan2A) 
tart A 

0.221 
P23=\ cos A 

—0.534 tan A)H2- 1.912 +0.221 sin A+ 

0.107 tan_0.044(1 -/i+0.0177 tan2A+ 
tan A 

0.018 ( 1 ' h1 + 0.0294 tan2A)+ 
tan A 

0.044 1
- 1/1+ 0.0886 tan2A) 

tan A 

/-0.028 cosA —0.164 tan A)H3+0.149+0.324 sin A+ 

0.034 tan _0.082(1 — 1/1+0.1717 tan 2 A) 
tan A 

0 
163 (

1+0.0tan2A) + 
tan A  

0.197(1-1/1+0.1993 tan2A) tan A 

(0.136 
P32 \ cos A +0.464 tan A)H3_ 1.570_0.389 sin A— 

(B7)



and equation (3) becomes

l+(KT/KR)X 
H, = d,, ((3 A,)

2{1—n,[1—(KT/KR)A]}	
(B9)

rn 

J
f()d= 1	 f() sin 4	 (1313) 

-1 

becomes 
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0.082 tan +0.231(I_-/1+0.1717 tan 2 A) 
tan  

o082 ( '+°1 ) tan.A 

/0.628 
P33cCOSA0.164 tan A)H3+3.417+0.083 sin A+ 

0.197 tan —0.082	 tan 	 )+ 
A	

(1_i+0.1717tanhA 

0.163 (1+0°3 tan2A)+  tanA 

0 034(1_/l+0•l993 tan A)
	 B8) tan 

between 0 and l K, is a curve in the region between the linear 
function and a constant. 

Equation (BlO) is given by figure 2 for m=7, but with 

the ordinate given by the parameter H $A/[+71 +X)1 

and the abscissa by (KT/KR)X. 
For the case of linear distribution of (KC), and straight-

tapered wings for which the chord and section lift-curve 
slope can be specified in three parameters, the loading and 
associated aerodynamic characteristics can be presented for 
a range of the parameters A, /3A/[(KR+KTA)/(l+X)], and 
(KT/KR) X.

INTEGRATION OF ANTISYMMETRIC LOADING - 

Rolling-moment coefficient and derivatives.—Rolling-
moment coefficient is given by 

Linear spanwise distribution of (KC),/(KC),,,.—With the 
condition that the product of section lift-curve slope and 
wing chord varied linearly spanwise, then 

2b 
A,[1+(KT/KR)X] (1—n,[1—(KT/KR)X1}

00,	
2 f 

G (,7 )71 77

	 (B12) 

where
=cos 

which, by an integration formula, 

where Ak is the aspect ratio based on the wing chord equal 
to Kc. In equation (139), H, is reduced to terms of two param-
eters. Expressions of A, in terms of aspect ratio for 
straight-tapered wings and the distribution of section lift-
curve slope can be found. 

For straight-tapered wings

irf3A	 rn 

13Cz=2(+l)	 cos	 sin (P. 

7r13A rn 

=	 Gsin2cb 
4(m+l) 

Since the loading is antisymmetric, 	 ±!=O and 
2 

'n-i 
ir(3A	 2 

(3Cz=2(+1) 57, G. Sin 20n	 (B14) 
A	

2b 

C R (1 +X) 

and since xc is linear
2b 

[1 +(KTIKR)X] 

then

A,—A 
( IcR+ KD X)/ 1 +X 

and equation (B9) becomes 

13A 1 	 1+(KDIKRTh 
L(KR +KTX)I1+X] 2(1-77,[1—(Kr1KR)X]} (Blo) 

The distribution of K for straight-tapered wings is given by 

(KC),	 l—n,[l—(KT/ KR) X] 
K, KR	

1—,(1—X)	
(Bli) 

Equation (BlO) is in terms of two parameters given by 

L X __ii + j and (Kr/KR)A. Solutions for spanwise load- 

ing in terms of these two parameters and A0 are valid for the 
distribution of section lift-curve slope given by equation 
(B 11). Equation (B 11) indicates that at X = 1, K, is a linear 
function and at X=0 K, is a constant. For values of X

For spanwise loading due to rolling, the loading is found 
as a function of pb/2V, then equation (B14) divided by 
pb/2V gives

rn-i

Gsin24	 (1315) 

where
G=G/(pb/2V) 

The rolling moment due to ailerons will be found in 
appendix C. 

Induced drag.—The induced drag coefficient is, with equa-
tion (B13), given by 

(3CD = (3Af aGdn=	 G,aj sin cS, 

where aj, is one-half the induced angle of the wing wake 
given by equation (A14) for c= co, then for antisymmetric 
loading

rn-i	 rn-i 
2 RA 2/	 2 

I3CD.	 ( b,,G,2—G,	 ) sin q , (B16) M+1ml ,i	 ni	 /
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where the prime indicates the value of n= i' is not summed. 
Spanwise center of pressure.—The center of pressure on 

the wing half panel is given by 

= faci 

Gd 77 fo 
The numerator is equal to C1 /#A. If the Fourier series 
for loading is assumed, 

sin y j 0, the denominator becomes = even 

	

af =sin sin	 _apiHl)2\Th2_1) 
9 1 even P=cven 

then

m	 ' 

—3A	 ap(_1)2(	

(B17) 

peven	 \1 

where a 1 are the Fourier coefficients. 
Loading-due-to-rolling function and interpolation table.—

The Fourier series that approximates the antisymmetric 
loading with only a few terms is given by 

a 1 sin p.0	 (1318) 
pi- even 

The loading G. is determined at span positions of =cos 
fl Or where ,,=-. The a 1 are given by - 

m+1

2 a,,= — .f f 0(4>) sill ,u i 4>d4>	 (B19) 

With the quadrature formula of equation (1313), equation 
(1119) becomes, for antisymmetric loading, 

rn-i 

	

4	 2 

ai=+i 	 G. sin	 1120)

For m=7, the a 1 coefficients are equal to (for even 

a2= (- - a1+a2+4 3) 

a4=(G1—G3) 

ao= 4 a1—a2+4 G3) 
Equation (1318) with (B21) can be arranged to give 

G(= (4 sin 2 +sin 4+4 sin 6) G1+ 

(sin 2—sin 6)G2+ 

1 (^:2 
-	 sin 2—sin 4+4 sin	 Ga j 

With equation (1322) the loading due to rolling can be deter- 

mined at any span position. Letting == k71-
--- and tabu-
8 

lating the factors of 0,, as e,,k, all interpolation table may be 
obtained to determine loading at span station k. 

TABLE BI, 6k 

L,n- 7J 

0.081 0.831 0.550 0.195 

1/2 3/2 5/2 7/2 

0.8155 0.5449 -0.1622 0.1084 
2 --------------- -. 2706 .65.33 .6533 -.2706- 
3 ---------------

-
.1084 -.1622 .5149 .8155

3 
- Gk= Z eflkGfl
	 (1323) 

n-i 

Equation (1323) may be used for interpolation of any form of 
loading coefficient, thus 

(- =e,,k
(CCIC111a)

.--	 (B24) 
v/\CICak fl_i 

(B21) 

(B22) 



APPENDIX C 
DETERMINATION OF ANTISYMMETRIC WING TWIST FOR FINDING SPANWISE LOADING DUE TO AILERON DEFLECTION 

WING TWIST FOR A GIVEN AILERON SPAN 

The determination of loading for an angle-of-attack 
distribution that contains a discontinuity by a method which 
satisfies the boundary conditions at a finite number of points 
can be made by increasing the number of points until the 
solutions become sufficiently accurate. For the method as 
given in appendix A, the number of points that satisfy the 
boundary conditions is given by m. For the large value of 
m required for accurate results, the computations become 
exceedingly laborious; however, a procedure using a moderate 
value of m can be determined by use of a low-aspect-ratio 
theory with which a wing twist can be found that duplicates 
the results of the discontinuous angle-of-attack distribution. 

A theoretical but relatively simple method of finding 
spanwise loading due to inboard and outboard ailerons for 
wings of low aspect ratio is given by reference 4. In the 
present theory, as aspect ratio approaches zero, g*,. values 
of appendix A become zero and the p,. coefficients given by 
equation (AiG) become constant or independent of plan-form 
shape and equal to

P e= —2G,.,'
(C 1) 

p,.,.=2b,,, ) 

These coefficients are given by the relations under equation 
(A15) and pr,, can be tabulated. 

TABLE C1.—p,0 

[For ,n=7and A=0] 

2 3 

1 10.4524 —2.0000 0 
2 —3.6954 5.6568 —1.5308 
3 0 —2.0000 4. 3296

With equation (A15), antisymmetric loading can be found 
for zero-aspect-ratio wings. As a comment on the accu-
racy of the present theory for m=7, the solution of equation 
(A15), with the A=O p,.,, values for loading due to rolling 
gave the same values at the three semispan stations as does 

reference 4, namely, G)= -
	 sin 

The zero-aspect-ratio theory of reference 4 shows that 
all span loading characteristics are independent of plan-
form shape for zero aspect ratio. This independence makes 
that theory ideal for obtaining the boundary conditions of 
the present theory for zero aspect ratio, which should apply 
with the present theory for higher aspect ratios for which 
plan-form shape has an effect on spanwise loading. The 
boundary conditions of the present theory are given by the 
antisymmetric values of a, in equation (A15). The problem 
is to find what antisymmetrical distribution of a, is re-
quired for the present theory to duplicate the exact loading

distribution given by reference 4 for a given aileron span. 
The aileron spans are arbitrarily chosen for the present 

theory as the mean value of the spanwise trigonometric 
coordinate of the downwash point at a section angle of 
attack equal to zero. For m=7, three aileron spans can be 
defined for both outboard and inboard ailerons. Let 'la be 
the aileron span, and 0 the spanwisc point of the end of 
the aileron, then 

nai — cos 0 for outboard ailerons 

11ac05 0 for inboard ailerons 

For the present theory, the aileron spans defined are tabu-
lated as follows:

TABLE C2 

Outboard Inboard 

Case 1 II Iii IV V Vi 

3,r S,r 7,r 5,r 3,r 
B B B B B 

0.1685 0.4444 0.8049 0.5556 0. 8315 1.0000

For the aileron spans listed in table C2, the exact span 
loading distribution can be found from reference 4. With 
the pr,, values listed in table Ci and the exact values of 
G1 , G2, and G3 from reference 4, equation (A15) gives the 
twist required for the present theory to give the loading 
distribution for each case listed in table C2 or 

=10.4524 (.)_3.6954 (.) 

a2^	
+ '. 6 5 6 8 ( 2̂) 2	 (C2) 

=_1.53O8()+4.3296() 

The spanwise loading distribution from reference 4 for out-
board ailerons is given by

s ill o+I 

[ G)]	 1 (cos 4—cos 0) in 
outboard	 SIR----

I Cos --- I 
(cos +cos 0) in	

o—1 I	 (C3) 

Cos 
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For the full-wing-span aileron, O= or = 1 

	

[G(4)

I n.= 

2	 Il+sinI 
=- cosdlnI	 I	 (04) 

1	 7	 I Cos 0 I 

For inboard ailerons, with the same value of 8 

[14 a
 ]_[2 	 (05) 

L t5 
 

outboard 

With equations (C3), (C4), and (C5), the spanwise loading 
G, 03, and G at span stations =7r/8, 7r/4, and 31r/8, or 
=0.9239, 0.7071, and 0.3827 can be tabulated for each of 

the cases given in table C2. 

TABLE C3 

Case 1 II 111 IV V VI 

0.1136 0.1919 0.2316 0.0454 0. 1237 0.2373 

0.0500 .2800 .3851 . 1164 .3464 . 3964 

.0190 . 1022 .3620 .2922 .3754 .3944 

The twist distribution required for each case is obtained 
with equation (C2) and table C3 tabulating 

TABLE C4 

Case 1 II ill IV V VI 

1.0029 0.9713 0.9979 0.0444 0.0128 1.0157 

.0174 .9957 .9913 -.0169 .9614 .9788 

.0056 .0139 .9777 1.0868 1.0951 1.1007

With the twist distribution given by table 04, equation (A15) 
can be used to solve for spanwise loading clue to ailerons for 
any of the SIX cases. 

ROLLING MOMENT DUE TO AILERON DEFLECTION 

The rolling moment is given by 

A

fow
 01=-4  G() sin 2 (06) 

For span loading due to ailerons, the loading distribution is 
distorted sufficiently such that the quadrature formula 
given by equation . (B13) is not sufficiently accurate for 
in=7 to integrate equation (06). With equation (1318) 

irA a2	 (07) 

Expanding equation (1118) for =ir/8, 44, and 348, or 
obtaining 01, 02, and 03 in series of a's, the sum of the 0's 
gives 

21 (0.707101+02+0.707103)+a14-a18+a30-a34 (08) 
a2

The higher harmonic coefficients can be put as factors of the 
G . The rolling-moment coefficient becomes 

CI=A^ 
0.70717r 

1 + 
(a14-a18-l-a30-a34) 

16	 1	 1.2071G 

T6 I	

a30- a34)] 
02+ 1.207103 

0.70717r [1 G3 +(i4_'i8+a3o_a34)1 
16	 1.2071G3	 J}	 (CO)

When h 5 is defined as the coefficients of G 

C 1 =A(h 10 1 +h202 +h303)	 (010) 

The ratio of (a1 4 -ai8 +a3o-a34) to G can be evaluated by 
the zero-aspect-ratio theory. It is expected this ratio will 
not vary appreciably with aspect ratio. From reference 4, 
the loading series expansion gives for equation (1318) 

4 
-	 =	 r- (cos 0 sin .j10- 

\ ô )outboard	 ir/21	 -1)
l sin 0 cos 

MI 

()=1 . (C11) 
,7  

(a\ 
)ini,oari\. ô )=i	 \. ô Joutboard 

These bigh. harmonic coefficients are small, but are not 
negligible for loading due to ailerons. The h are tabulated 
for each of the cases

TABLE 05 

h, Case I II III 1V V Vi 

0.1398 0.1388 0.1379 0.1462 0. 1407 0.1402 
82 .1994 .1963 .1955 .2004 . 1973 .1975 
h, .1446 .1388 .1382 . 1400 .1394 . 1397

SPAN WISE LOADING DISTRIBUTION 

The spanwise loading distributions clue to the twist 
distributions of table C4 are found at three span stations, 
and, since these loadings are not completely defined by it few 
terms of the assumed loading series, the values of loading at 
other span stations cannot he found accurately by direct 
use of equation (B23) and table Bi. For zero-aspect-ratio 
wings, the spanwise loading distribution clue to aileron 
deflection is given to all span stations by equation (03). 
The loading distribution for other than zero-aspect-ratio 
wings will fluctuate about the value given by equation (03) 
in a manner similar to the manner that loading clue to rolling 
varies about the function sin 20 of zero-aspect-ratio theory. 
Since the interpolation table of equation (B23) applies only 
to loadings that vary about the function sin 20 the loading 
clue to aileron deflection call be divided by the ratio of equa-
tion (03) to sin 20 and the resulting loading will be approx-
imately given by sin 2. 

The zero-aspect-ratio values of equation (03) can be 

tabulated as ratios of Define sin 2 

R 
G()/a	

(012) " sin 2 
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The zero-aspect-ratio values of R can be tabulated for each 
aileron-span case considered. 

TABLE C6.-R,, 

Outboard -	 Inboard 

Case I II III IV V VI 

0.1685 0.4444 0.8049 0.5556 0.8315 1. 0000 

1- ... ----- 0.1607 0.2714 0.3275 0.0642 0.1749 0.3358 
0500 .2800 .3851 .1164 .3464 .3964 2-----------

3-----------

-

0269 .1445 .5119 .4132 .5309 5578 

The interpolation series of equation (B23) becomes 

(k=nk()n .
	 (C13) 

where	 and e,,k are given by table Bi. With Rk tab-

ulated, values of loading at span stations fle= COS	 are
obtained.

TABLE C7.-Rk 

Case 

k
I II III IV V VI 

0.981 112 0.1738 0.2663 0.3162 0.0559 0.1484 0.3222 
831 3/2 .1016 .2787 .3490 0802 2533 .3589 
556 5/2 .0341 .2250 .4365 .2424 .4225 4566 

.195 7/2 .0233 .1212 .5304 .0363 .7343 .7575
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TABLE 1.-ANTISYMMETRIC INFLUENCE COEFFICIENTS, 
p,,, BEYOND THE SCOPE OF FIGURE 1 

P11 

\A
-50 -40 -20 20 40 50 60 70 75 

0.4 14.22 
0.6

----
ii .ii 17.99 

0.8 - - - - - 14.01 18.05 21.84 
1.2 ----- ------- - - 14.69 15.93 18.36 23.86 29.34 

17.05 15.68 15.01 14.78 15.23 16.91 18.77 22. 17 29.81 37. 09 
18.89 16.91 16.48 16. 25 16.96 19.25 21.62 26.03 35.88

-- 

2.4-----

--

17.93 17.73 

-------------------------------------------------------------23 
-------------------------------------------------------- 

18.68 21.60 24.46 30.02

-- 

2.8 -----

-------------- 
-15.15 -

--

-------- 
-------- 

19.53

------------- 
------------ 

19.26 20.46

--

23.91 

------------

27.32 34.07

1.6 --------
2.0 --------
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................ 
........ 
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-------- 
---------19.35 

------------
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................ 
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-------- 
-------

-------- 
-------- 
-------
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---------
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........ 
------- ------- 

........................ 
------- ------- 

P12 
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Hi 
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--8.17 
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-------------------------------------------------

- - - - -7.58 -11.01 11.18 
2.0 ----- 3.61 3.12 .25 ------- -6.66 -8.90 -13.23 -14.19 
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-6.70

- -

-9.21-12.92 -------
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2.8------------- 

3.6 -----

---------4.62 
---------1.86 
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-
-------- 

-------

------ 
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. ........ 
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ANALYSIS OF THE EFFECTS OF BOUNDARY-LAYER CONTROL ON THE TAKE-OFF AND 
POWER-OFF LANDING PERFORMANCE CHARACTERISTICS OF A LIAISON 

TYPE OF AIRPLANE' 
By ELMER A. HORTON, LAURENCE K. LOrrIN, Jr., STANLEY F. RACTSZ, and JOHN H. QUINN, Jr. 

SUMMARY 

A performance analysis has been made to determine whether 
boundary-layer control by suction might reduce the minimum 
take-off and landing distances of a four-place or five-place air-
plane or a liaison type of airplane below those obtainable with 
conventional high-lift devices. The airplane was assumed to have 
a cruise duration of 5 hours at 60-percent power and to be operat-
ing from airstrips having a ground friction coefficient of 0.2 or a 
combined ground and braking coefficient of 0.4. The pay load 
was fixed at 1500 pounds, the wing span was varied from 25 to 
100 feet, the aspect ratio was varied from 5 to 15, and the power 
was varied from 300 to 1300 horsepower. Maximum lift coeffi-
cients of 5.0 and 2.8 were assumed for the airplanes with and with-
out boundary-layer control, respectively. A conservative estimate 
of the boundary-layer-control-equipment weight was included. 
The effects of the boundary-layer control on total take-off dis-
tance, total power-off landing distance, landing and take-off 
ground run, stalling speed, sinking speed, and gliding speed 
were determined. 

The more important results of the analysis can be summa-
rized as follows: The absolute minimum total take-off distance 
which was obtained with an airplane having a low wing loading 
and a moderately low aspect ratio is not reduced by the addition 
of boundary-layer control. The effectiveness of boundary-layer 
control in reducing the total take-off distance for a given maxi-
mum speed improves with increasing aspect ratio, and, for wing 
loadings of 10 pounds per square foot or more and an aspect 
ratio of 10 or more, the addition of boundary-layer control results 
in a decrease in the total take-off distance of as much as 14 per-
cent. The total landing distance for a given maximum speed is 
reduced for all configurations by the use of boundary-layer con-
trol. The reduction varies from 25 to 40 percent depending on 
the wing loading. 

The reduction in ground run for take-off was negligible for 
an aspect ratio of 5 but was of the order of 10 to 30 percent for 
aspect ratios of 10 and 15; whereas, the reduction in ground run 
for landing was from 25 to 40 percent for all configurations. 
The stalling speed for a given maximum speed was reduced 20 
to 25 percent for all configurations by the application of boundary-
layer control.

For the landing condition, boundary-layer control also reduced 
the gliding speed but resulted in a slightly higher sinking speed, 
or vertical velocity, than that for the conventional airplane 
having the same wing span. 

INTRODUCTION 

The design of a new airplane usually involves a compromise 
between several desired high-speed performance characteris-
tics and the practical necessity for operating the airplane in 
and out of airports of reasonable size. The degree of neces-
sary compromise has been reduced by the use of high-lift 
devices to increase the maximum lift, coefficient. Such de-
vices as leading- and trailing-edge flaps which are now in 
use on operational aircraft permit the attainment of maxi-
mum airplane lift coefficients, power-off, of the order of 2.8 
(reference 1). In the belief that much higher airplane 
maximum lift coefficients would be desirable, numerous wind-
tunnel investigations have been made of the effectiveness of 
boundary-layer control as a means for obtaining high maxi-
mum lift coefficients. Airfoil-section maximum lift- coeffi-
cients as high as 5.5 have been obtained in wind-tunnel tests 
(see, for example, reference 2), and in a limited flight inves-
tigation airplane lift coefficients of 4.2 Were obtained (refer-
ence 3). 

There is, however, some question as to the exact benefits 
to be derived from the use of the high lift oefficients avail-
able with boundary-layer control. in an effort to obtain 
some idea of the extent to which the high lift coefficients 
available with boundary-layer control might be useful, an 
analytical investigation has been made of the effect of lift 
coefficient on the distance required for a four or five place 
or liaison type of airplane to take off and land over a 50-foot 
obstacle. 

A liaison type of airplane was selected for the analysis 
since such tin airplane might be expected to operate from 
small or makeshift airports where take-off and landing dis-
tances would be of primary importance. A 1,500-pound pay 
load and sufficient fuel for a 5-hour flight were assumed. 
The power, wing span, and aspect ratio of the airplane con-
figurations investigated were varied over a wide range. 

Supersedes NACAT N 1597, Analysis of the Effects of Boundary-Layer Control on the Take-Off Performance. Characteristics of a Liaison-Type Airplane" by Elmer A. Horton and John 
IT. Quinn, Jr., 1948, and NACA TN 2143, "Analysis of the Effects of Boundary-Layer Control on the Power-Off Landing Performance Characteristics of a Liaison-Typo Airplane" by Elmer A. 
Uorton, Laurence K. Loftin, Jr., and Stanley F. Racise, 1950.  
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Allowances were made for changes in the gross weight re-
sulting from changes in the airplane configuration and for 
the weight of the boundary-layer-control equipment. A 
maximum lift coefficient of 2.8 was assumed for the air-
planes without boundary-layer control and a value of 5.0 
was assumed to be the highest maximum lift coefficient 
available with boundary-layer control. 

In addition to calculations of the distance required to land 
and take off over a 50-foot obstacle, the ground-run distance 
corresponding to landing and take-off, stalling speed, gliding 
speed, and sinking speed were calculated for all the airplanes. 
The maximum speed of each airplane configuration was also 
calculated in order to provide some indication of the relation 
between high-speed performance and landing and take-off 
performance. The landing maneuver was assumed to be 
executed without the use of power. 

SYMBOLS

W airplane gross weight, pounds 
W	 . weight of airplane components, pounds 
g acceleration due to gravity (assumed equal 

to 32.2), feet per second per second 
T thrust, pounds 
T0 static, thrust, pounds 
TVmax thrust at maximum velocity, pounds 
S wring area, square feet 
0 angle of flight path with respect to ground, 

degrees 
V velocity, feet per second 
V average flight velocity during transition arc, 

feet per second (VG+V$) 

D total drag, pounds 
C0 airplane drag coefficient (D/qS) 
D0 wing profile drag, pounds 
C00 wing profile-drag coefficient (D019S) 

C. j induced drag coefficient (CL2/lrAe) 

L total lift, pounds 
airplane lift coefficient (L/qS) 

CL T lift coefficient that would be required for 
steady level flight at speed V 

GL = G. 

s horizontal distance, feet 
S t total take-off distance over 50-foot obstacle, 

feet 
SL landing distance from 50-foot obstacle, feet 
R radius of transition arc, feet 
q dynamic pressure, pounds per square foot 

Gpvm) 

H total pressure, pounds per square foot 

Cp
/d pressure coefficient HO—H 

Q quantity rate of flow, cubic feet per second 
CQ quantity rate of flow coefficient (Q/SV0) 
P brake horsepower

A	 aspect ratio (btm/S) 
h	 altitude at which flare is started, feet 
b	 span, feet 
e wing efficiency factor based on variation of 

spanwise loading from an elliptical loading 
with no ground effect (assumed equal 
to 0.9) 

A 
T0 

B 2 ° = 	 constants for calculating propeller thrust 

Cmax 
P.

efficiency factdr of blower (assumed equal 
to 0.9) 

- ground or braking friction coefficient or both 
J0	 mass density of air, slugs per cubic foot 

ratio of specific heats at constant volume and 
constant pressure (1.4 for air) 

time, seconds 
Subscripts: 
C conventional airplane 
RLC boundary-layer-control airplane 
0 free-stream conditions 
d conditions in boundary-layer-control duct 
L conditions at point of ground contact on 

landing 
max maximum 
U pay load 
0 glide 
F float 
g ground conditions for take-off 
1 conditions during ground run of airplane for 

take-off 
R ground conditions for landing 

conditions at take-off of airplane 
T transition 
s stalling 
opt optimum conditions 

METHOD OF ANALYSIS

In calculating the take-off and landing performance char-
acteristics for the various airplanes, a number of basic 
assumptions were made concerning the airplane configura-
tions, the aerodynamic characteristics of the wing both with 
and without boundary-layer control, the method of estimat-
ing the weight of the airplane and the auxiliary boundary-
layer-control equipment, and the method used in performing 
the take-off and landing maneuvers. The final comparative 
results should be unaffected by these assumptions inasmuch 
as the same assumptions were used for both the conventional 
and boundary-layer-control airplanes, except for the assump-
tions concerning the weight of the boundary-layer-control 
equipment which, in this instance, are believed to be con-
servative. In general, the assumptions were compatible 
with data from existing airplanes. 
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AIRPLANE CONFIGURATION 

The airplane was assumed to have a cantilever semimono 
coque wing, rectangular in plan form, with airfoil sections 
tapering from a thickness-chord ratio of 0.18 at the root to 
0.12 at the tip. The empennage area was considered to be 
0.25S. The fuselage frontal area F for the constant pay 
load w, of 1,500 pounds was determined from the following 
equation obtained from reference 4: 

F= 0.1 5w213 

The dimensions of the fuselage and landing gear remained 
constant. 

The propeller was considered to be fully automatic in order 
that maximum engine speed and power could be obtained at 
all airspeeds. The fuel and oil supplies were assumed 
sufficient for 5 hours of cruising at60 percent of maximum 
POWCI with a specific fuel consumption of 0.50 pound per 
brake horsepower per hour. 

It was assumed that an auxiliary engine and a blower were 
used to apply suction through the duct provided by the 
internal space of the semimonocoque wing to the boundary-
layer-control slots. The-boundary-layer-control apparatus 
was assumed to have a fuel supply sufficient for the dura-
tion of the flight. 

AERODYNAMIC CHARACTERISTICS 

The variatiol1 of wing profile-drag coefficient with lift 
coefficient, shown in figure 1, was determined from section 
data contained in references 5 to 8. The data are for the 
smooth-surface condition of the wings with and without 
boundary-layer control.. The use of boundary-layer suction 
is seen to cause only relatively small changes in the profile 
drag in the range of lift coefficients from 0 to 1.6. On a wing 
provided with suction slots to improve the maximum lift, 
however, suction through these slots must be maintained in 
the cruising range of lift coefficients in order that the profile 
drag will not be increased by outflow through the slots. For 

.Q) 

U 

a) 0 

0.

0	 1.6	 2.4	 32	 4.0 
Lift coefficient 6L

this reason, the previously mentioned provision of enough 
fuel to operate the boundary-layer-control apparatus con-
tinuously during the 5-hour flight was considered necessary. 
The use of a drag polar based on airfoil-section data for the 
rough-surface condition might represent a more realistic 
appraisal of the high-speed characteristics of the airplane 
configurations investigated. Enough data were not avail-
able, however, to permit the determination of the drag polar 
for the rough-surface condition. The assumed empennage 
drag coefficient based on the empennage area was 0.01 and 
the assumed fuselage and landing-gear drag coefficients 
were 0.20 and 0.05, respectively, based on the fuselage 
frontal area (reference 9). The induced drag coefficients 
were calculated from the equation 

,-, (' = CLI 
rAe 

where the value of e was assumed to be 0.9. The maximum 
attainable lift coefficients were assumed to be 2.8 and 5.0 for 
the airplane without and with boundary-layer control, 
respectively.

WEIGHT ANALYSIS 

It was found convenient to express the gross weight of the 
airplane in terms of the wing span, aspect ratio, and power. 
The relation expressing the gross weight as a function of 
these variables was found by determining the weights of 
various airplane components as functions of one or more of 
the variables. The airplane components are designated by 
the following subscripts: 
in	 engine 
p	 propeller, hub, and engine auxiliaries 
g	 gasoline and oil 
F	 fuselage 
L	 landing gear 
E empennage 
W wing 
b	 blower 
bin blower engine 

The following empirical relations giving the weights of 
engine, engine auxiliaries, propeller, and hub were deter-
mined from an analysis of 65 airplanes and 225 engines 
ranging from 50 to 2,000 horsepower (references 9 and 10): 

wm =P(p 0 + L1 )	 '11) 

w( 
p =p 	 (2) 

The airplane was assumed to have a cruising duration of 
5 hours at 60-percent full power with a specific fuel consump-
tion of 0.5 pound per horsepower per hour and an oil require 
ment of 1 gallon per 16 gallons of gasoline (reference 9). 
Thus, the weight of gasoline and oil is 

FIGURE 1.—Assumed profile-drag coefficient of the wing with and without boundary-layer - wg =1.62P	 (3) 
control. 
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The empirical relations giving the weight of fuselage, 
landing gear, empennage, and wing are from reference 9 
and are as follows:

WF=0.172W°14	 (4) 

WL=0.067W118	 (5) 

wE =0.25S	 (6) 

w=0.046 SA°47
(!1)0.53 (b)0.115	

(7) 

For the analysis, a value of -=35, which is a representative 

value for the type airplane considered, was assumed in 
evaluating equation (7). The ratio of span to root thickness 
bit enters in the wing weight equation to the 0.115 power 
and, since the wing weight is only approximately 15 percent 
of the gross weight, this ratio could vary appreciably without 
causing a change in the gross-weight estimate of more than 
1 to 2 percent. 

A summation of equations 1 to 7 plus the assumed pay 
load of 1,500 pounds results in the following empirical 
relation giving the gross weight of the conventional airpla°ne 
as a function of span, aspect ratio, and horsepower: 

IVI=P ( p=-30 + po. + 3.2 0 + 15 0 0 + 0.17 2 WO. 14 + 

	

0.067W° 88 -l-S [0.25+0.07A0.47 
()053]	

(8) 

The gross weight of the boundary-layer-control airplane 
is then the gross weight of the conventional airplane plus 
the gross weight of the blower engine Wm and blower w,,; 
that is,

	

WBLC=WC+WOm+Wb . 	 (9) 

The estimate of the blower-engine power was made in 
terms of the compression ratio, quantity flow, absolute 
entrance pressure, and blower efficiency by the following 
expression for an adiabatic gas flow: 

—2,--HdQk

yfl^-)
 1-1 

n ; (10) P0m
550 
"1 

 

Reference 2 indicated that sufficient boundary-layer 
control for a maximum lift coefficient of 5.0 could be obtained 
with a flow coefficient CQ = 0.03 and a pressure coefficient 
C=4.0. However, in order to make a conservative esti-
mate of the weight of the boundary-layer-control equipment, 
a flow coefficient of 0.04 and a pressure coefficient of 15.0 
(reference 11) were used and, by substitution, equation (10) 
becomes, for 7=0.9,

TV	 LI0	 ' 0.286	 -I 
Pbm=0.00367(Ho_3)iTW[(	 v') _1I 

S/ /	 J 
(11)

The blower-engine weight was then obtained by assuming 
-an engine weight of 2.5 pounds per horsepower and a flight 
duration of 5 hours at 60-percent power with a specific fuel 
consumption of 0.5 pound .per horsepower per hour. With 
these assumptions, the blowtw-engine weight, including fuel, 
is 

Wbm 4Prn 

0.0147 (Ho_3 JF1iw 
[' _ Ho	 0 26 

	

¼\HO_3)	 11 (12) 

The weight of the blower was obtained by assuming 'an 
axial-flow stator-rotor type constructed of aluminum alloy 
having a hub-to-tip ratio of 0.6 and an axial velocity of 400 
feet per second. The outer casing was assumed to be 0.125 
inch thick and 48 inches long, the rotor, blades, and shaft, to 
be equivalent to a disk 2 inches thick with a diameter 0.8 
of the tip diameter, and the stator vanes, to be equivalent 
to a disk 0.25 inch thick with the same diameter as the com-
plete rotor. With these assumptions, the blower-weight 
equation was developed and is as follows: 

	

wo=0.044 ...,/WS+1.13(WS) 022	 (13) 

TAKE-OFF PERFORMANCE ANALYSIS 

Take-off maneuver.—The take-offs were assumed to be 
made at full power, with no head wind, and to consist of 
three phases: (1) an accelerated run on the ground at the 
attitude for least total resistance until the sjecc1 for take-off 
was reached; (2) the transition are or period of change of 
the flight path from grQund run to steady climb; and (3) 
steady climb to an altitude of 50 feet where take-oil' is con-
sidered complete. A sketch illustrating the assumed maneu-
ver is presented in figure 2. 

Equations for total take-off distance.—The following equa-
tion for the total take-off distance was obtained from refer-
ence 12 by. combining the expressions giving the distance 

End of fake-off-.. 

Steady climb-_, 

Tr;:n 0 

Takst-off 
'art of fake-off 
Ground run..

St 

Airplane attitude Condition 

Ground run From V=O to V= V,-
CL,,, CL 

Take-off CL,, C0 1 , V,

FIGURE 2.—I1lustration of assumed maneuver to clear a 50-foot obstacle on take-oil. 
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required for ground run, transition arc, and climb: 

WIS ______________ 
1loc 

P9	 C CB L	 D,)	
WJ1 

-I 
1 (iCLl_CDI)_B 

wIs 
wTpI	 2tan 0

+ pgh 

+ (f-_)cL, ] CL max CLg	 tan0

(14) 
where

r	 /	 \ 11 

	

0=51fl 1 
A

[5_-I\Bi
W/S

_p+CD l)--j 	 (15). 

and
C'Lt=09C'Lmoz 

which is the usual value assumed for CL, in an analysis of 
this nature.	 -. 

The attitude of least air and ground resistance during the 
ground run, as shown in reference 13, is defined by the ex-
pression:

GL1=-/21rAe	 (16) 

In using equation (16) in the analysis, the profile-drag 
variation is neglected. The assumed ground friction coeffi-
cient =0.2 is equivalent to that of deep grass or sand. 
A lower value of A corresponding to that of concrete would 
reduce the take-off distance of both the conventional and 

.16 

.14 

.12 

5 .10 

B 

4 .08 
Ap 

'and 
C

3 .06

C 
2 .04 

/ .02
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boundary-layer-control airplanes by approximately the same 
percentage; thus the comparative results would be equal 
to those given in this report. 

The power constants A and B used in equations 14 and 
15 were obtained from reference 12 and are reproduced herein 
as figure 3. Use of figure 3 requires determination of Vmax 
as a function of span, which was done by equating thrust 
to airplane drag as follows: 

TvpVmax2 CD 	 (17) 

where CD is the summation of the assumed drags of the 
airplane components in coefficient form. Also, from refer-
ence 12,

CF
	

(18) 
where, from figure 3, 

C= 309_ 0005Vmax 	 (19) 

equation (17) can then be expressed as 

P(3.09_0.005Vmaz) 4 pVmax 2 CD 	 (20) 

From this equation Vmaz as a function of span for various 
powers and aspect ratios was obtained for both the conven-
tional and boundary-layer-control airplane, and the results 
are given in figures 4 and 5. Once Vmaz is known as a func-
tion of span, the power constants Ap and B are obtained 
for the various spans ..from figure 3. 

NI 
/00	 120	 140	 /60	 ISO	 200	 22U 24U	 zou 115U -fuu	 .0	 jqc, 

1, ft/sec 

FIGURE 3.—Thrust factors as functions of maximum speed for automatic propellers (reference 12).
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Ground-run distance and stalling speed.—The ground run 
required for take-off was calculated by use of the following 
expression from reference 12:

[ (e C 1 - CDj)_B WIS—' w- 
Sg	

1,17 1S1bog6 1+	 A	
)CL, ] 

[ c' -c'	 1171P_I [	 (

 

The stalling speed V, was found for each airplane from the 
relation

/2W 
Cr,'V ma x	

(22)
PS  

LANDING PERFORMANCE ANALYSIS 

Landing maneuver—The landing maneuver was consid-
ered to consist of four phases: (1) the steady glide, (2) a 
transition path executed at maximum lift coefficient to bring 
the airplane from a steady glide to level flight, (3) a floating 
period of 2 seconds to allow for lag in control response and 
for the application of brakes (see reference 14), and (4) the 
ground run. The beginning of the lauding was considered as 
the point at which the altitude was 50 feet; the total landing 
distance was considered to be the horizontal distance from 
this point to the end of the ground run. The maneuver was 
considered to be performed without the use of power—that 
is, no propeller drag or thrust—and with no wind. A sketch 
illustrating the assumed maneuver is presented in figure 6. 

Basic assumptions.—In calculating the total landing dis-
tance, certain simplifying assumptions were made in connec-
tion with the manner in Which the the transition from the steady-
glide speed and attitude to level-flight speed and attitude was 
executed. These assumptions were based on the concept that 
the horizontal distance covered during the transition period 
for the type of airplane considered is a relatively small por-
tion of the total landing distance so that a precise determina-

Airplane attitude Conditions 

Wide V0, Ct,, CD  

Flare	 - Vr, Cz.L, Co 

Float Vi., CLi.. CDL 

Ground contact VL, CLL , CDL 

Landing	 corn- 
pleted.

V=0

FIGURE 6.—Illustration of assumed maneuver to clear a 50-foot obstacle in landing.

tion of the transition path is not. required. The simplifying 
assumptions were: 

1. The airplane was assumed to execute the transition at 
maximum lift coefficient and the transition path was assumed 
to be represented by an are of constant radius. This assump-
tion implies, of course, a constant speed during the transition. 

2. Although a constant speed was assumed for the transi-
tion are, it is, of course, obvious that in the actual case the 
speed during the transition must vary from the steady-
glide speed to the landing speed. The constant speed im-
plied by the assumption of a transition are of constant 
radius was determined by assuming a linear variation in 
speed from the steady-glide speed to the stalling speed and 
taking the constant speed as the arithmetic mean of these 
two values. This assumption implies a constant decelerat-
ing force during the transition. 

These assumptions are somewhat similar to those found in 
approximate methods for calculating the transition path fol-
lowing take-off (reference 12). Such approximate methods 
for calculating the take-off distance have been found to give 
good results and, in those cases for which experimental data 
were available, the method outlined for calculating the 
landing distance was also found to give good results. 

Development of landing equations—On the basis of as-
sumptions 1 and 2 the following equations for the total 
landing distance can be derived. The horizontal distance 
covered during the transition are ST is considered first. 
Reference to figure 6 shows that 

	

S=R, sin 0	 (23) 

where 0 is the angle of steady glide and R is the radius of 
the transition arc. The instantaneous radius of curvature 
during a pull-tip at maximum lift is given by the expression 

	

1	 (24) 
pg S CLmaz CL T COS 0 

where CLT in this equation corresponds to the lift coefficient 
for unaccelerateci level flight at the velocity at which the 
pull-up is being executed and 0 is the instantaneous flight-
path angle. If the cosine of the glide-path angle is assumed 
to be 1.0, equation (24) can be written as follows: 

2W 1 (25) 

where A CL is the difference between the maximum lift coeffi-
cient and the lift coefficient corresponding to the previously 
defined mean speed used during the transition. Since the stall-
ing speed is known, the value of the steady-glide speech V0 is all 
that is required for the determination of II and the horizontal 
distance covered during the transition. The value of V0 
must be chosen in such a way that the time required for the 
velocity to decrease from V0 to VL is the same as the time 
required for the airplane to traverse the distance Sr. The 
tangential forces acting on the airplane during the transition 
are are composed of the drag which is a decelerating force 
and the component of weight along the flight path which is 
an accelerating force. The mean decelerating drag force 
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D is determined from the drag coefficient at the maximum 
lift coefficient and the mean speed V. 

There is, however, an accelerating force which may be 
determined in the following manner. At the end of the 
steady glide the following relation holds: 

D0 =W sin 0 

where D 0 is the drag in the steady glide. Since the glide 
angle OG is usually small, 0 varies in a nearly linear manner 
with ST during the transition, and since sin 0 also varies in 
a nearly linear manner with 0 for small values of 0, the mean 
accelerating force during the transition may be written as 

TV sin 0D0 
2	 2 

Therefore, the time required for the airplane to decelerate 
from the steady-glide speed V0 to the landing speed VL is 
then given by the following expression:

An exact solution of equation (30) for - requires additional 

\ analytic expressions relating (CD	
ED-0
	 V1, and	 to -.. Such 

L U	 DL	 0 

relations can, of course, be found by expressing the drag 
polars for the various airplanes in analytic form. It was 
found more convenient, however, to perform a simultaneous 
solution of equations (28) and (29) by a trial and error 
process. Once the correct value of V0 is determined from 
equations (28) and (29), the horizontal distance covered in 
the transition are is easily calculated for a particular airplane 
from equation (29). 

The horizontal distance Sü, covered in the steady glide 
from a height of 50 feet to the height h at which the transi-
tion is begun, can be calculated by the following equations 
(see fig. 6):

50—h 50—h= 
tan O /CD) 

CL 
However, 

	

V0—V
	

h=R(1—cos 8) 
T— 

g'	 D0	 (26)
	 so that 

If the cosine of the flight-path angle is considered to be 
unity, the time required to traverse the distance s, is 

ST
(27) 

where V is the mean speed. Since the two intervals of 
time expressed by equations (26) and (27) must be equal, 
the distance S may be expressed in the following form: 

2V(V0 — VL)W 
S= g(2D—D0)	 (28) 

If
(CD),=(CD), 

Sill 00=sin 

the distance s,, as given by equations (23) and (25) may be 
written

2W 1(CD\	 9 

	

Sr--j 	 (_9) 

A simultaneous solution of equations (28) and (29) gives, 
after some algebraic manipulation, the following equation: 

	

[(CD)j(0D)_61	
+[3 (fD).(CD)

GLG J -  	 L I ( W+ 

	

[(3_2	
(ULGD)2]()+CDL  

E 
(12 C1)/CD 

	

C01	
(30)

50R1-cos tan' ()G]CD

S 	 L  

	

(VCZD)G 
	

(31)
 

The values of R and( 
'-'L / 

— j G are already known from the 

previous calculations of the transition path so that S may 
be readily determined. The distance covered during the 
floating period is merely 

	

s=2 VL=2SC 
2W	

(32) V 
The equation for determining the ground run or braking 
distance, obtained from reference 15, is 

VL 2	 (CD/CL") 
SB	 log6	

(33)2g(L-r-z) 
CL 

where	 is the lift-drag ratio for the maximum-lift condition 

and VL corresponds to the stalling speed.. The combined 
ground and braking friction coefficient was assumed tobe 0.4. 
This value of the friction coefficient can be obtained with 
cinders on ice. (See reference 14.) The ground effect on the 
induced drag was neglected. The total landing distance is 
obtained from a summation of the horizontal distances 
covered during the four phases of the maneuver: 

	

SL'SO+ST+Sp+SB	 (34) 

where these four components are calculated by means of 
equations (31), (29), (32), and (33), respectively.
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SCOPE OF CALCULATIONS 

The landing ing and take-off performance characteristics 
calculated included the total landing and take-off distances, 
the ground run corresponding to landing and take-off, the 
stalling speed, the gliding speed, and the sinking speed. The 
airplanes for which the landing and take-off performances 
were calculated had wing spans varying from 25 feet to 100 
feet, engine brake horsepowers varying from 300 to 1,300, and 
aspect ratios of 5, 10, and 15. As previously stated, the wing 
span, aspect ratio, and power determine the weight of an air-
plane and the airplane configuration. The actual values of 
the engine horsepower for which calculations were made were 
somewhat different for the landing and take-off analysis; 
however, the range of horsepowers covered in the two analy-
ses was the same. The Winding and take-off performances 
were calculated for each airplane with and without boundary-
layer control. The highest attainable value of the maximum 
lift coefficient was assumed to be 2.8 for the airplanes without 
boundary-layer control and, 5.0 for the airplanes with 
boundary-layer control. The landing performance calcula-
tions were made only for lift coefficients of 2.8 and 5.0. The 
take-off performance calculations, however, were made for a 
number of lift coefficients in order to determine the optimum 
value for each configuration. The effect of the additional 
weight of the boundary-layer-control equipment on the take-
off performance characteristics was isolated by calculating 
the take-off performance characteristics of the boundary-
layer-control airplane with and without the additional weight 
of the boundary-layer-control equipment included in the 
gross-weight estimate. This calculation was made for wings 
of aspect ratio 10 only inasmuch as the effect would be rela-
tively the same for other aspect ratios. 

Data defining the range of airplane configurations for 
which the performance calculations were made are presented 
in figures 7 and 8 for the airplanes without and with boundary- 
layer control, respectively. These data were obtained by 
cross-plotting the data derived from equations 8, 12, and 13, 
examples of which are given in figures 9 and 10 for the aspect: 
ratio-1.0 configuration. From figures 7 and 8 it is seen that 
the wing loading of the airplanes investigated varied from 
about 4 pounds per square foot to 160 pounds per square foot 
without boundary-layer control and, from 4 pounds per 
square foot to-180 pounds per square foot with boundary-
layer control. 

The maximum velocit y of the different airplane configura-
tions without and with boundary-layer control was calculated 
in order to provide a basis of comparison for the high-
and low-speed performances and is given in figures 4 and 5. 
From figures 4 and 5 it is seen that for a given wing span, 
aspect ratio, and brake horsepower of the main propulsive 
unit the maximum velocities of the airplanes with and with-
out boundary-layer control are nearly the same. The slight 
variation in speed is due to the additional weight of the 
boundary-layer-control equipment which increases the wing 
loading and thus the lift and drag coefficient for any given 
speed and also the small extent to which the drag polars of

the airplanes with and without boundary-layer control differ 
in the low lift-coefficient range (fig. 1). 

RESULTS AND DISCUSSION 

The discussion is intended to show the effects of increasing 
the maximum lift coefficient by boundary-layer control. 
upon the landing and take-off performance characteristics 
and upon the relation between high-speed performance and 
the take-off and landing performance as the airplane con-
figuration is varied. The pertinent take-off and landing 
performance characteristics are presented in terms of the 
wing span, power, and aspect ratio for the airplanes with 
and without boundary-layer control. The choice of variables 
employed in presenting the data was arbitrary to some 
extent. Although other parameters could have been em-
ployed, span, aspect ratio, and I)O\veI were chosen because 
these variables indicate the physical size and practicability 
of the airplane. In some cases, the performance parameters 
were plotted against wing loading or power loading as well 
as wing span because their use tended to clarify the results. 
The effect upon the take-off characteristics of increasing the 
maximum lift coefficient by boundary-layer control is 
discussed first.

TAKE-OFF CHARACTERISTICS 

The take-off characteristics to be discussed are: 
(1) The total take-off distance 
(2) The ground run and stalling speeds 

TOTAL TAKE-OFF CHARACTERISTICS 

Examples of the variations of total take-off distance of the 
boundary-layer-control airplane with. maximum lift co-
efficient for various spans and horsepowers at an aspect 
ratio of 10 are presented in figure 11. For a given aspect 
ratio, the lift coefficient for minimum take-off distance 
increasesas the span decreases and the wing loading increases. 
These results were cross-plotted in figure 12 to show the 
variation of optimum CL with wing loading for the various 
aspect ratios and horsepowers. The figure shows that at an 
aspect ratio of 5, regardless of wing loadings, the optimum 
lift coefficient is less or slightly greater than that available 
with conventional high-lift devices. For aspect ratios of 10 
and 15 and wing loadings of less than 10 pounds per square 
foot, although the optimum maximum lift coefficient for 
take-off exceeds the maximum lift coefficient attainable 
without boundary-layer control, the use of lift coefficients 
greater than 2.8 will decrease the take-off distance very 
little. (See fig. ii.) For the larger wing loadings, however, 
the rate of change of the take-off distance with lift co-
efficieiit is large and the use of the optimum lift coefficient 
offers a considerable decrease in take-off distance. 

Throughout the remainder of the analysis, the effects of 
other variables on total take-off distance are discussed for 
the optimum lift coefficient unless it exceeds 5.0, in which 
case the take-off distance was calculated for a maximum 
lift coefficient of 5.0.

0
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FIOUISE 9—Gross weight of conventional airplane as a function of span for various powers. 

A=1O. 

Effect of boundary-layer control on take-off.----The varia- 
tion of take-off distance with span for various horsepowers 
is presented for aspect ratios of 5, 10, and 15 in figures 13 
and 14 for the conventional and boundary-layer-control 
airplanes, respectively. The effect of the weight of the 
boundary-layer-control equipment on the take-off character- 
istics was found for an aspect ratio of 10 by assuming that 
no weight was added by the auxiliary blower and motor. 
These data are presented in figure 15. 

The effect of boundary-layer control on the total take-off 
distance of the airplane may be seen in figure 16, which 
shows the total take-off distance as a function of maximum 
speed for both the conventional and boundary-layer-control 
airplanes with varying aspect ratio and horsepower. Figure 
16 shows that for a given maximum speed and an aspect 
ratio of 5, regardless of span, the boundary-layer-control 
airplane generally requires more distance for take-off than 
the conventional airplane. As the aspect ratio increases, 
however, boundary-layer control becomes more effective, 
and for an aspect ratio of 10 or more with a wing loading of 
10 pounds per square foot or more the addition of boundary- 
layer control decreases the total take-off distance. It follows 
that, for a given take-off distance, the boundary-layer-control 
airplane would have a greater maximum speed. 

The effect of the weight of the boundary-layer-control 
equipment on the total take-off distance is shown in figure 
16 (b) for aspect ratio of 10. This figure shows that the 
total take-off distance may be decreased appreciably by 
decreasing the weight; therefore, every effort should be 
made to decrease the weight of the boundary-layer-control 
equipment. 

Figure 16 also shows that the absolute minimum total 
take-off distance obtained with a low wing loading and 
moderately low aspect ratio is not decreased by the addition 
of boundary-layer control.
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0	 /0	 50	 30	 40	 50	 60	 70	 80
Wing loading, W/S, /b/s'cj ft 

FiGuax 12.—Optimum maximum lift coefficient for minimum total take-off distance of an 
airplane with boundary-layer control as a function of wing loading for various aspect ratios 
and powers.

Effect of power loading on take-off distance.—The power 
loading is shown as a function of take-off distance for various 
wing loadings and aspect ratios in figures 17 and 18 for the 
conventional and boundary-layer-control airplanes, respec-
tively. As is shown, the optimum power loading, which is 
nearly independent of wing loading and aspect ratio, is ap-
proximately 8.5 and 9.0 pounds per horsepower for the con-
ventional airplane and the boundary-layer-control airplane, 
respectively. It should be noted that increasing the-horse-
power above the optimum value increases the takeoff dis-
tance. This result is due to the accompanying change in 
engine, fuel, and structural weight. 

GROUND-RUN AND STALLING-SPEED CHARACTERISTICS 

In order to obtain the minimum ground run, which is given 
in figures 19 and 20, the calculations were made by consider-
ing the ground run completed when a speed was reached 
corresponding to a flying speed at 0.9 of the assumed maxi-
mum lift coefficient. During the anal ysis, it was found that, 
because the induced drags were large for aspect ratio of 5 
of the boundary-layer-control airplane, the power was in-
sufficient to maintain level flight at lift coefficients greater 
than 3.8; therefore, the ground run for an aspect ratio of 5 
was calculated for a maximum lift coefficient of 3.8. The 
variation of ground run with span for various horsepowers 
and aspect ratios is shown in figures 19 and 20 for the con-
ventional and boundary-layer-control airplanes, respectively, 
and in figure 21 for the airplane with boundary-layer control 
but with the weight of the additional equipment disregarded. 
These data are compared in figure 22 where he ground run 
has been plotted as a function of Vmax for various horsepowers 
and aspect ratios. 

The boundary-layer-control airplane had shorter ground 
runs than the conventional airplane for all configurations 
considered. The reduction was negligible for an aspect 
ratio of 5 and a maximum lift coefficient of 3.8. At aspect 
ratios of 10 and 15 and maximum lift coefficient of 5.0, 
however, the ground run was decreased 10 to 30 percent by 
the addition of boundary-layer control. The beneficial effect 
of reducing the boundary-layer-control-equipment weight, as 
previously noted for the total take-off distance, was again 
observed for the case of the ground run (fig. 22 (b)). 

This reduced ground run produced by use of high maxi-
mum lift coefficients associated with boundary-layer control 
may prove to be most advantageous for carrier-based air-
planes or seaplanes. - 

The stalling speed V3 is presented as a function of maximum 
speed in figure 23 for various aspect ratios and horsepowers. 
The stalling speed was 20 to 25 percent less for the boundary-
layer-control airplane than for the conventional airplane for 
all configurations considered. 
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POWER-OFF LANDING CHARACTERISTICS 

The power-off landing characteristics to be discussed are 
(1) The total landing distance 
(2) The ground-run distance 
(3) The speed at which the different phases of the landing 

maneuver are executed 
Total landing distance.—The total landing distance is 

presented as a function of wing span in figure 24 with power 
as the parameter. The data are for aspect ratios of 5, 10, 
and 15 and are for the airplanes with and without boundary-
layer control. An examination of the data of figure 24 
indicates that, for a given engine power and aspect ratio, the 
landing distance decreases rapidly with increasing span over 
a certain range of spans, after which further increases in span 
have little effect. This is a result of the mariner in which 
the wing loading varies with span. (See figs. 7 and 8.) For 
a given wing span, the landing distance is seen to increase 
with increasing engine power. In all cases, increasing the 
aspect ratio for a fixed span and power increases the total 
landing distance. For any given aspect ratio, the shortest 
landing distance' is obtained for the airplane with largest 
span and lowest power. These trends are evident in the data 
for all configure tions investigated. The effect of boundary-
layer control on the total landing distance can best be seen 
in figure 25. In this figure the ratio of the total landing dis- 
tance with boundary-layer control to the total distance 
without boundary-layer control is plotted as a function of 
span. The data clearly indicate that, regardless of engine 
power or aspect ratio, the use of maximrnn lift coefficients of 
the order of 5.0 which can be obtained with boundary-layer 
control as compared with lift coefficients of 2.8 which can be 
obtained without boundary-layer control results in decreases 
in the total landing distance which vary between 25 and 40 
percent. 

The data of figure 26 show that, for a constant wing 
loading, the use of boundary-layer control results in reductions

of the total landing distance which vary from about 27 to 
43 percent. The slightly more favorable effect of boundary-
layer control when the comparison is based on a constant 
wing loading rather than on a constant span is explained by 
the fact that the addition of boundary-layer control to the 
airplane of constant span increases the wing loading by a 
small amount which has an adverse effect on the landing 
distance. For a constant wing loading, variations in the 
engine power have a negligible effect upon the landing dis-
tance (fig. 26); hence, the relatively large adverse effect of 
increasing the power upon the landing distance of an airplane 
of constant span, shown by the data of figure 24, results from 
the effect of engine power on wing loading. It might also 
be thought that the adverse effect upon the landing distance 
of increasing the aspect ratio for a given span and power 
(fig. 24) could be attributed entirely to an increase in wing 
loading. The data of figure 26, however, show that for a 
given wing loading, increasing the aspect ratio also causes 
some increase in the landing distance. This unfavorable 
effect of increasing aspect ratio on the landing distance results 
from the fact that as the aspect ratio is increased the airplane 
lift-drag ratio is also increased so that there results a flatter 
glide and,. hence, a greater horizontal distance from the 50-
foot obstacle to the point of ground contact. The proper 
application of a spoiler or air brake might, therefore, reduce 
or eliminate the unfavorable effect of increasing aspect ratio 
on the total landingdistance. 
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The over-all conclusion to be drawn from the data of 
figures 24 to 26 is that boundary-layer control causes a sub-
stantial reduction in the total landing distance of all the 
airplane configurations investigated. The minimum land-
ing distance for the configurations investigated was obtained 
for the airplane configuration having boundary-layer control 
and the lowest wing loading and aspect ratio—that is, a wing 
loading of 4 pounds per square foot and an aspect ratio of 5. 

As previously pointed out, the application of boundary-
layer control does not have any appreciable effect upon the 
maximum speed. Consequently, the reductions in landing

distance resulting from boundary-layer control (figs. 24 to 26) 
can be obtained without any sacrifice in maximum speed in 
most cases. In order to show this effect more clearly, the 
total landing distance has been plotted against maximum 
speed in figure 27 for the airplanes with and without boundary-
layer control. Figure 27 shows that for a given maximum 
speed the use of boundary-layer control results in a 25 
to 40 percent decrease in the landing distance.. The wing 
spans of the different airplanes are indicated by symbols on 
these curves. It is interesting to note that for most cases 
large increases in the maximum speed can be obtained with 
no increase in the landing distance by the use of boundary-
layer control along with reduction in span. The unfavorable 
effect of increasing aspect ratio on the landing distance for 
a given maximum speed is, as previously pointed out, a result 
of the higher lift-drag ratio of the airplanes of high aspect 
ratio. The fact that boundary-layer control does not have 
a favorable effect upon the landing distance for the highest 
maximum speeds obtainable with a given power is explained 
by the data of figures 4 and 5 which show that the highest 
possible speed for a given power is slightly higher for the 
airplane without boundary-layer control than for the air-
plane with boundary-layer control. This is due to the in-
creased wing loading of the boundary-layer-control airplane. 

The data presented in figures 24 to 27 lead to the conclusion 
that the high lift coefficients available with boundary-layer 
'control are very effective in reducing the landing distance 
of the type of airplane considered in this investigation. 
A somewhat different conclusion was reached with respect to 
the effect on the total take-off distance of the increased lift. 
coefficients available with boundary-layer control. The data 
of figure 16 showed that there was no appreciable decrease 
in the total take-off distance due to boundary-layer control 
for a given maximum speed unless the aspect ratio was of the 
order of 15. Even for the higher aspect ratios, the relative 
effect of boundary-layer control on the total take-off distance 
is small as compared with its effect on the landing distance. 

Ground-run distance.—The ground-run distance is plotted 
against wing span for different aspect ratios and engine horse-
powers in figure 28 and against maximum speed in figure 29. 
The data of figure 28 indicate that the use of boundary-
layer control results in reductions of the ground-run distance 
which vary from 30 to 40 percent depending upon the con-
figuration. The use of the lowest possible wing loading—
that is, low aspect ratio and engine of low power—gives the 
the shortest ground-run distance for a given span. 

The data of figure 29 indicate that, for nearly all configu-
rations, reductions in the ground-run distance of 35 to 40 
percent can be obtained by the use of boundary-layer control 
without compromising the maximum speed. - In comparison 
with the trends of figure 29, the data of figure 22 indicated 
that boundary-layer control has an important effect upon 
the ground run to take-off for a given maximum speed only 
if the aspect ratio is of the order of 10 to 15 and that the 
ground run for take-off is generally longer than that for 
landing. 
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FIGURE 29.—Ground-run distance of an airplane with and without boundary-layer control as a function of maximum velocity. 

Landing speeds.—The speeds with whièh the various 
phases of the landing maneuver are executed are of some im-
portance as an indication of the piloting skill required to land 
a particular airplane. For this reason, data are given in 
figures 30 and 31 pertaining to the effect of boundary-layer 
control on the vertical or sinking speed in the steady glide 
and steady-glide speed. 

The effect of boundary-layer control on the sinking speed 
is shown in figure 30 where the vertical velocity is plotted 
against wing span for various horsepowers and aspect ratios 
for the airplanes with and without boundary-layer control. 
The data show that boundary-layer control has only a rela-
tively small effect on the sinking speed in all cases. For all 
the airplanes both with and without boundary-layer control, 
reducing the span for a given aspect ratio and engine power 
is seen to increase the sinking speed. 

In . figure 31 the velocity in the steady glide is plotted 
against wing span for the airplanes of different aspect ratio 
and. power both with and without boundary-layer control. 
In all cases, the use of boundary-layer control is seen to re-
duce the speed in the steady glide by 20 to 25 percent. A 
would be expected, the steady-glide speed increases with

decreasing span for a fixed power and aspect ratio in all cases. 
Increasing the aspect ratio for a given span and power also 
increases the gliding speed because of the associated increase 
in wing loading and wing lift-drag ratio. 

EFFECT OF ASSUMPTIONS ON RESULTS 

As was previously pointed out, most of the many assump-
tions employed in the analysis would not be expected to have 
any large effect on the landing and take-off performances of 
the boundary-layer-control airplane as compared with the 
airplane without boundary-layer control. Three assump-
tions were made, however, which should be considered in 

..comparing the performance characteristics of the conven-
tional and boundary-layer-control airplanes. These assump-
tions are 

(1) No head wind	 . 
(2) No ground effect - 
(3) A ratio of span to root thickness of 35 and a thick-

ness to chord ratio of 0.18 at the root and 0.12 at the tip 
These three assumptions would probably have a greater 

effect on the boundary-layer-control airplane than on the 
conventional airplane for the following reasons. 
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FIGURE 31. 'Velocity during glide for an airplane with and without boundary-layer control 
as a function of span. 

Head wind.—Because the maximum lift coefficients of the 
boundary-layer-control airplanes were greater than those of 
the conventional airplanes, the horizontal speed during the 
landing or take-off maneuver was less for the boundary-layer-
control airplane than for the conventional airplane. Given 
a uniform head wind, the airspeeds of th6 two airplanes would 
remain unchanged, but the horizontal speed with respect tq 
the ground of the slower airplane would be reduced by a 
greater percentage than that of the faster airplane. There-
fore, the horizontal distance required to land from or take off 
and climb to a given altitude would be decreased in a head 
wind by a greater percentage for the boundary-layer-control 
airplane than for the conventional airplane. 

Ground effect.—The effect of proximity to the ground is 
mainly that of increasing the effective aspect ratio. The 
greater aspect ratio would result in proportionately greater 
decreases in induced drag for the boundary-layer-control 
airplane with its high maximum lift coefficient than for the 
conventional airplane; therefore, the take-off distance for 
the boundary-layer-control airplane would be decreased by 
a greater percentage than that for the conventional airplane. 
For a more thorough treatment of this subject, see refer-
ence 16. 

Wing thickness-chord ratios.—If the ratio of wing span to 
root thickness were maintained at 35, the root thickness-
chord ratios of the wing would greatly exceed 0.18 for the 
larger spans and aspect ratios. The wing profile drag of the

conventional airplane would, therefore, be considerably 
greater than the values used because of the large profile drags 
associated with airfoil sections having thickness ratios greater 
than 0.21 (reference 17). With boundary-layer control, how-
ever, it is possible to use the thicker airfoil sections without 
greatly increasing the profile drag as experimental results 
have indicated that, when separated flow exists, the drag of 
an airfoil section, including theboundary-layer-control 
power, may be less than the drag without boundary-layer 
control (references 2, 7, and 8). 

CONCLUSIONS 

An analysis was made to determine the, effect of boundary-
layer control on the take-off and power-off landing perform-
ance characteristics of a liaison type of airplane having 
aspect ratios ranging from 5 to 15, wing spans ranging from 
25 to 100 feet, and engine brake horsepowers ranging from 300. 
to 1,300. The airplanes were assumed to have a 1,500-pound 
pay load and a cruising duration at 60-percent power of 5 
hours. The results of the analysis indicate the following. 
conclusions: 

1. The addition of boundary-layer control does not re-
duce the' absolute minimum total take-off distance which 
is obtained with a low wing loading and a moderately low 
aspect ratio. 

2. The effectiveness of boundary-layer control in reduc-
ing the total take-off distance for a given maximum speed 
improves with increasing aspect ratio and, for wing loadings 
of 10 pounds per square foot or more and an aspect ratio of 
10 or more, the addition of boundary-layer control results 
in a decrease in the total tike-off distance of as much as 
14 percent. 

3. For a given maximum speed the ground-run distanc 
for take-off was reduced for all configurations by the use of 
boundary-layer control. This reduction was negligible for 
an aspect ratio of 5 but was from 10 to 30 percent for aspect 
ratios of 10 and 15. 

4. For a given maximum speed, the use of boundary-layer 
control resulted in a reduction in stalling speed of 20 to 25 
percent for all configurations. 

5. A reduction in the weight of the boundary-layer-
control equipment would result in an appreciable decrease 
in the total take-off distance and ground-run distance 
for take-off, but its effect on the stalling speed would be 
negligible. 

6. The optimum horsepower loading for minimum take- 
off distance was found to be approximately 8.5 and 9.0 
pounds per horsepower for the conventional and boundary-
layer-control airplanes, respectively. 

7. For a specified airplane maximum speed, the total 
landing distance was reduced from 25 to 40 percent and the 
landing ground-run distance was reduced 30 to 40 percent 
by the use of boundary-layer control. 
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8. The gliding speeds were 20 to 25 percent lower for most 
of the airplanes with boundary-layer control than those for 
the airplanes without boundary-layer control. 

9. For a fixed wing span, the sinking speed, or vertical 
velocity for the landing condition was slightly higher for 
the airplane with boundary-layer control than that for the 
conventional airplane. 

LANGLEY AERONAUTICAL LABORATORY, 
NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS, 

LANGLEY FIELD, VA., October 4, 1951. 
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INFLUENCE OF CHEMICAL COMPOSITION ON RUPTURE PROPERTIES AT 12000 F
OF FORGED CHROMIUM-COBALT-NICKEL-WON BASE ALLOYS

IN SOLUTION-TREATED AND AGED CONDITION 
By E. E. REYNOLDS, J. W. FREEMAN, and A. E. WHIlE 

SUMMARY 

The influence of systematic variations of chemical composi-
tion on rupture properties at 12000 F was determined for 
62 modifications of a basic alloy containing 20 percent 
chromium, 20 percent nickel, 20 percent cobalt, 3 percent 
molybdenum, 2 percent tungsten, 1 percent columbium, 
0.15 percent carbon, 1.7 percent manganese, 0.5 percent 
silicon, 0.12 percent nitrogen, and the balance iron. These 
modifications included individual variations of each of 10 
elements present and simultaneous variations of molybde-
num, tungsten, and columbiumn. Laboratory induction fur-
nace heats were hot-forged to round bar stock, solution-
treated at 2200° F, and aged at 14000 F. The melting and 
fabrication conditions were carefully controlled in order to 
minimize all variable effects on properties ezcept chemical 
composition. 

For the limited number of composition variables studied the 
range in 100-hour rupture strengths was from 26,000 to 52,000 
psi. Major strengthening effects resulted from additions of 
molybdenum, tungsten, and columbium, individually or simul-
taneously. The lowest-strength alloy contained none of these 
elements. Chromium also had a major strengthening influ-
ence. 1-lowever, no alloy was obtained which had properties 
which were outstanding compared with those of the basic 

analysis.. 
Carbon (varied from 0.08 to 0.60 percent), nitrogen (0.08 to 

0.18 percent), manganese (0.30 to 2.5 percent), nickel (10 to 20 
percent), cobalt (20 to 32 percent), and columbium (2 to 4 
percent) had little influence on rupture properties. Nitrogen 
(0.004 to 0.08 percent), chromium (10 to 30 percent), nickel 
(0 to 10 percent), cobalt (0 to 20 percent), molybdenum . (0 to 4 
percent), tungsten (0 to 4 percent), and columbium (0 to 1 
percent) increased strength appreciably. Silicon (0.5 to 1.6 
percent) and nickel (20 to 30 percent) had a weakening influ-
ence. Columbium had a 'marked influence on increasing total 
elongation to fracture. 

Rupture strengths varied directly with a measure of the 

resistance to creep of the alloys with total elongation to fracture 
as a parameter. This indicated that rupture strengths were a 
.function of the effect of the composition modifications on both 
the inherent creep resistance and the amount of deformation the 

alloys would tolerate before fracture. 
Interpretation of the results on the basis of microstructural 

studies indicated that molybdenum and tungsten improved 
creep resistance by entering solid solution.. Nickel and cobalt, 
two elements forming part of the matrix solid solution, appeared 
to improve strength by increasing the volubility of molybdenum

and t'umgteu. Chromium improved creep resistance, at least 
in part, as a result of an aging reaction. Columbium. (lid 
not appreciably affect creep resistance but improved rupture 
strength by increasing the elongation to fracture. 

Information is presented which indicates that 'melting and 
hot-working conditions play an important role in high-tempera- 
ture properties of alloys of the type investigated. 

INTRODUCTION' 

This investigation had as its object a study of the influence 
of. systematic variations of chemical composition on the 
1200 0 F rupture properties of forged alloys in the solution- 
treated and aged condition in which the composition was 
varied from the following basic analysis: 

Chemical composition
(percent) 

Sixty-two modifications of this alloy were studied in which 
each of 10 elements was systematically varied individually 
and Mo, WT , _ancl Cb were varied simultaneously. 

The investigation was prompted by the fact that at 
present there are no published data which make possible a 
correlation between systematic variations in chemical com-
position and the high-temperature properties of forged 
Cr-Ni-Co-Fe-Mo-W-Cb alloys of the type investigated. 
Past research has shown that close control over processing 
of alloys is necessary to reproduce high-temperature proper-
ties between different heats of the same analysis. Lack of 
such control of processing variables has resulted in the 
failure of attempts to correlate the published high-tempera-
ture data on these types of alloys. Such correlations are 
needed to provide a basis for establishing optimum chemical 
coml)Ositiofls for heat-resistant alloys, for reducing the re-
quired alloy content while retaining worth-while properties, 
and for determining the fundamental mechanisms by which 
alloying elements influence properties at high temperatures. 

As an initial approach to the solution of a large problem, 
the investigation was necessarily limited in scope. The 

I Supersedes NACA TN 2449, "Investigation of Influence of Chemical Composition on 
Forged Modified Low-Carbon N-155 Alloys in Solution-Treated and Aged Condition as 
Related to Rupture Properties at 12000 F" by E. E. Reynolds, J. W. Freeman, and A. E. 
White, 1951.
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Carbon, C-------------- 0.15 Cobalt, Co-------------- 20 
Manganese, Mn--------- 1.7 Molybdenum, Mo -------- 3 
Silicon, Si -------------- 0.5 Tungsten, \V------------ 2 
Chromium, Cr	 --------- 20 Columbium, Cb ---------- 1 
Nickel, Ni-------------- 20 Nitrogen, N------------- 0.12 

Iron, Fe---------------- 32

p receding Page Blank 
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number of compositions studied, the use of only one condition 
of processing, the evaluation of high-temperature character-
istics only by rupture properties for 100 hours at 12000 F, 
and the use of only microstructural and hardness data to 
provide interpretation of results were the major' limitations 
placed on the investigation. 

This work was conducted at the University Of Michigan 
under the sponsorship and with the financial assistance of 
the National Advisory Committee for Aeronautics. 

EXPERIMENTAL PROCEDURE 

The basic analysis selected for study of the influence of 
systematic variations in chemical composition on rupture 
properties at 1200° F was that of a commercial alloy which 
has the following nominal composition: 

Chemical composition
(percent) 

Carbon ----------------- 0.15 Cobalt------------------ 20 
Manganese-------------- 1.7 Molybdenum------------ 3 
Silicon------------------ 0.5 Tungsten--------------- 2 
Chromium-------------- 20 Columbitim - - ----------- 1 
Nickel------------------ 20 Nitrogen---------------- 0.12 

Iron-------------------- •32

The influence of composition was evaluated on 62 modifi-
cations of this alloy with the following composition variables: 

(1) Individual variations of the elements in the basic 
analysis: 
C, percent---------------------------------------0.08, 0.40, 0.60 
Mn, percent ------------------ --------------- 0,0.30,0.50, 1.0, 2.5 
Si, percent ---------------------------------------------- 1.2, 1.6 
Cr, percent----------------------------------------------10,30 
Ni, percent--------------------------------------------0,10,30 
Co, percent--------------------------------------------0, 10,32 
Mo, percent-----------------------------------------0, 1,2,5,7 
W, percent-------------------------------------------. 0, 1,5, 7 
Cb, percent-------------------------------------------0,2,4,6 
N, percent --------------------------------------- j.004, 0.08, 0.18 

(2) Simultaneous variations, in steps of 2 percecit, of Mo, 
W, and Cb from Oto 4 percent 
In all cases Fe variations compensated for the variations of 
total alloy content. 

The first step in the investigation was the development of 
melting, forging, and heat-treatment procedures which would 
minimize all variable effects on properties except chemical 
composition. This work was done on the basic alloy with 
the reproducibility of 1200° F rupture properties from heat 
to heat being the main criterion for final adoption of prep-
aration procedures. Six heats were prepared to develop 
melting practice. Three additional heats were prepared 
using varying deoxidation practices. The forging procedure 
was deyeloped on six additional heats of the basic alloy. 

The work on procedure development knd detailed descrip-
tions of the final procedures adopted are summarized in the 
subsequent section "Preparation of Experimental Alloys." 
Briefly these consisted of melting the alloys as. 9-pound induc- 
tion-furnace heats, hot-forging the ingots between 2200° and 
1800° F to bar stock, heat-treating at 2200° I? for 1 hour, and 
water-quenching followed by aging at 1400° F for 24 hours. 

All alloys were chemically analyzed for the modified ele-
ment while complete analyses were made only on spot heats

within a group after it was established, that melting practice 
was yielding the desired compositions. 

Metallographic examinations were made of all the alloys 
in the as-cast, hot-forged, solution-treated, aged, and rupture-
tested conditions. Vickers hardness tests were made on bar 
stock in the. solution-treated and the aged conditions. 

The high-temperature load-carrying ability of the alloys 
was evaluated by means of stress-rupture properties at 1200° 
F. Rupture test specimens, machined from the heat-treated 
bar stock, were 0.250 inch in diameter with a 1-inch gage 
length. The stress-rupture tests were made in individual 
stationary units with the load applied by a simple beam 
acting through a system of knife edges. At least two and 
usually three or four tests at various stresses were made on 
each alloy and were of sufficient duration to establish the 100-
hour rupture strengths and to permit at least an estimate of 
the 1000-hour strengths. Time-elongation data were taken 
during the rupture tests by the drop-of-the-beam method and 
also, in the case of many of the longer time tests, by means of 
modified Martens type extensorneters with a sensitivity of 
0.00005 inch pef inch. There was good agreement between 
curves from the two types of deformation measurements in 
all cases where both types were used on the same tests. 

PREPARATION OF EXPERIMENTAL ALLOYS 

This section discusses the development of techniques for 
melting, forging, and heat-treating, describes the procedures 
finally adopted, presents the observed behavior of the alloys 
during processing, and shows the reproducibility of rupture 
properties of the basic alloy resulting from the processing 
procedures used.

MELTING 

Preliminary melting experiments.—Six heats were pre-
pared originally to develop and standardize melting practice, 
particularly to obtain control over final composition from 
charge calculations and reproducibility from heat to heat. 
Actual analyses of these heats are given in table I. It 
was found necessary to make certain minor corrections 
in the charged materials and the next five heats of the basic 
alloy had reasonably consistent compositions. 

Melting procedure—The alloys were melted in a 12-pound-
capacity induction furnace as 9-pound heats. The heats 
were poured into 9-inch-long tapered (19'8- to 1%-in.-sq.) 
cast-iron ingot molds with 2%-inch-square hot tops. The 
life of the magnesia melting crucible was from 10 to 12 
heats. 

A typical melting charge and schedule are giyen in table 
II. This table shows the various ferroalloys used to make 
up the charges. The Fe, Cr, Ni, and Co charge was first 
melted down; Mn and Si were added, followed by Mo, W, 
and Cb. The heat was then deoxidized with 15 grams 
of calcium-silicon alloy, power turned off, bath temperature 
taken with both a Leeds and Northrup optical pyrometer 
and a platinum, platinum-rhodium immersion thermo-
couple, and the metal poured. The calibration of the im-
mersion thermocouple was checked periodically. 

Immediately after pouring, a Chromel-Alumel thermo-
couple was immersed into the molten metal in the hot top 
and the cooling curve determined by readings at 5-second 
intervals on a Leeds and Northrup portable potentiometer. 



INFLUENCE OF COMPOSITION ON RUPTURE PROPERTIES AT 12000 F OF CHROMIUM—COBALT —NICKEL—IRON ALLOYS 1387 

In at subsequent study of the effect of deoxidation on 
properties, three heats of the basic alloy were prepared 
using deoxi(lation practices varying from the normal use 
of 15 grams of calcium-silicon allo y . The three variations 
were: No deoxidat ion (alloy 74); 15 grams of zirconium-
silicon-iron alloy (7.5); and melting under a lime-fluorspar 
slag (76). 

Melting characteristics.--Table I gives the chemical com-
positions of the experimental allo ys. The intended modi-
hcntions from the basic alloy are given along with actual 
values where chemical analyses were made. In general, 
the actual analyses were consistently (lose to the desired 
coin posit ioii. 

Table Ill gives bath temperatures just prior to pouring 
the allo ys. There was a fair agreement and no consistent 
difference between the optical pyrometer and the immersion 
thermocouple readings. Cleanness of the bath surface 
was found to be of importance in the pyrometer readings. 
The agreement between the two methods in so many cases 
indicates that the temperatures given are reliable. 

A macrographic section of the ingot cross section was 
taken from each heat from just below the hot top to deter-
mine if pipe Or porosity existed. All of the heats actually 
tested were sound. The ingot grain structure was well- 
(lefined on these sections, a t ypical example of which is 
shown in figure 1 for several heats. In general the various 
ingot macros! ructures reflected the relative pouring temn-
pent! ures rather than variations in chemical composition. 
The higher the pouring temperature, the greater was the 
total area covered b y the columnar grains and, the greater 
the size, the less the total area covered by the equiaxed 
grains lit tile ciii! cr 

7
	

8
	

to-

lit I" 

AS 

Inch 
.1	 -. .1	 I	

L-12148 

Approximate
pouring

Alloy temperature 
(°F) 

7 2570 
8 2560 

10 2660 
11 2680 
12 278.5 

FIGURE I.—Typical macrostructures of ingots.	 Etchant, Marble's reagent.

The cooling curves obtained on the metal in the ingot 
hot tops were similar in that, in all cases when readings 
were begun earl y enough to determine it-, the y had a (he-
finite halt in temperature within what seeme(l to be the solid-
ification range for the alloys. Usually these halts were 
preceded on the curve by what appeared to be an ittitler- 
cooling effect. Tile 	 t e time of the constant temperature halt, 
varied for the alloys from 10 to 60 seconds. After these 
halts the cooling curves were smooth with a gradual de-
crease in cooling rate as the temperature decreased. The 
last column in table Ill contains the temperatures of halts 
in the cooling curves during solidification. In cases where 
temperature readings were not started early, enough the 
halt temperature is indicated as being greater than that 
at which the cooling curve was started. 

The over-all temperature range of the halts was from 
about 2420° to 2610° F and the y varied consistentl y with 
systematic chemical-composition variations. Allo y ing ad-
ditions tended to lower the temperature of t lie halt, with 
Cb having the greatest effect. The exact physical signi-
ficance of the temperature  halts, be yond an indication   of the 
temperatures at which the major portion of the alloy solidi-
fied, is uncertain.

FORGING 

Preliminary forging experiments.—There was available 
for the forging work a Nazel air forging hammer (size 3, 
type B) which is approximately equivalent to it 400-pound 
steana hammer. This hammer was fitted with 3- b y S-inch 
flat (lies. 

Preliminary forging to determine the. forging t emperat tire 
range for the allo ys was done on -inch-square bar stock 
of the basic allo y , reducing it to 0.43-itich squares from 2100°, 
2200°, 2300°, and 2400° F. The plasticItY increased with 
temperature, but burning, which resulted in forging cracks, 
occurred at 2400° F. Further experiments, on a 0.55-per-
cent-C heat (alloy 5) indicated that burning could occur 
at 2300° F in this allo y . Since the alloy was quite difficult 
to forge with allinitial temperature of 2100° F it was de-
cided to use 2200° F as the initial forging tempera! tire. 
Subsequent- work on the heats with variable composition 
showed that all the allo ys were forgen-ble from tills t cmii herut-
tire, the forgeability, however, varying with tile composition. 
Finishing forging temperatures were kept at 1800 F 

or above as judged by color, in order to minimize hot-cold-
work, which is known to influence the properties of these 
alloys. 

Several ingots were forged to -inch-square bars between 
(lie flat (lies, a- reduction of approximately 90 percent. 
\Iicrostruct-ural examination of these forged bars showed a 
mionuniformity of grain size in the cross section. A diagonal 
,,X,,, dist-inctly visible on visual examination of the etched 
cross section, was present- in all the bars. The grains  were, 
appreciably finer along these diagonal planes than in the 
triangles, under the flat surfaces of the bar, formed between 
these planes. 

A number of different- methods of forging were tried in 
order to (let-ermine the cause of and in an effort to eliminate 
this grain size nonuniformity. The methods used and their 
results were-:

ft 
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(1) Forging at a 45° angle to the original square of the 
ingot resulted in the same diagonal "X" from the corners 
of the final square indicating that the ingot structure bore 
no relation to this characteristic. 

(2) Upset forging prior to final reduction to a square 
showed no advantage of the added working on the structural 
uniformity. 

(3) Finishing as an octagon l)et\VeeIl flat (lies Yielded 
areas of fine grains originating at all eight corners of the bar. 

(4) Forging wholl y between a flat top die and bottom 
"V" (lies to an octagon appeared to abuse the metal more 
than an y other method used. It was difficult to draw the 
metal out, tht' cross section merely being changed back and 
forth. This tended to opeti tiJ) the center of the hat. 

(5) Forging to approximately I inch square and finishing 
to 1 2, inch round between han(l swages in four steps gave 
the best structural iiiiiforinitv. A narrow l)flhl(l of fine 
grains was sometimes present near the surfaces of the rouil(l 
bars but the over-all grain size was quite uniform. 

The above experiments showed that the forging "X " in 
the square bars was the result of the relatively greater amount 
of hot-work along the diagonal planes. This was further 
verified by the fact that occasionally in forging the square 
bars diagonal cracks would form completel y through the 
bars. 

As a result of the forging experiments it was decided to fit 
the hammer with it set of (lies with swaging impressions. 
Subsequent experiments using this met 110(1 proved sat is-
factory so it was adopted as the stan(lar(l forging procedure 
for the experimental alloys. 

Forging procedure.- —The general arrangement of the 400-
pound-capacity air forging hammer and I lie heating furnace 
I ,, shown in figure 2. A picture of the forging operation in 
swaging (lies is shown in figui'e 3. Figure 4 shows a ])tit-
which was forged to indicate the steps in reduction from the 
ingot to the fitial round bar. A typical forging record is 
presented in table IV. 

The tempera tim re of the fu male was controlled b y an 
automatic t em perature  conttoIler t Ii rough a platinum,   plat-
in

  
tiin-iltOditifll tltermuocouple.	 Time tempera I mire of tile forg-

ing stock was measured by a Chromel-Alumel thermocouple 
attached to a small bar placed next to the stock. 

The cast ingots were ground to remove all surface defects 
prior to forging. The ingots were preheated to approxi-
mately 1400° F, then placed just inside the door in time 
coolest- region of the furnace, and finall y move(l to the center 
of I he furnace at 2200° F. 

Generally half of an ingot was forged at a time. After 
holding at least 30 minutes at 2200° F the ingot was forged 
from approximately 1.4 inclies square to slightl y over 1 inch 
s(tlImlIe between flat (lies with from two to four reheats. A 
number of tile blows in the flat (lies were on time corners of 
he bars to prevent coiner cracks and to prepare the piece 

for the first swage. The bar was reheated and forged to 
approximately 0.95 inch round in the first swage with from 
one to three reheats. Time second swage reduced the bar to 
approximately 0.75 iiiehi round with two to four reheats. 
The forged bar was then cut oil the unforged half of the ingot 
and recharged to the furnace. The third swage reduced time 
bar to aj)j)roin1a telv 0.58 inch round with three to six 
reheats. The bar was then cut in two equal pieces for the 
final swaging. The last swage finished these bars to 0.40 to 
0.50 inch round with from 5 to 10 reheats. The number of 
blows from I lie hammer were colmflte(l and tabulated. The 
number of rehieats and blows varied depending on the ease of 
forging of I he allo y and the size of the stock. Total re-
duct iou of area durnig, forging was approxinla	 90 percent 

I- I	 I _.	 I	 I	 -lu-Il	 lot giug Ii ,iilmr md lurtiact.	 I	 I-	 &II\ Ill -U tIflgIj_..
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1.4 in. square 

1.15 in. square 

0.95 in. round 

0.75 in. round 

0.58 in. round 

0.40 in. round 

L- 72751 
Fin it, 1. Forged bar shots iti r,' t jet tot, steps used iii swaging experimental alloys from 

original ingot to flitsl round bar stock. 

Reduction in the individual swages was done in steps; that 
is, after the first reheat onl y a portion of the bar was reduced 
to the swage diameter, after the second reheat another 
portion Of the bar was reduced. but in the last reheat or two 
the whole length of the bar was worked to the final diameter 
of that swage. Ill particular, in the finishing swage, the 
complete length of the bar was given some work during the 
final two or three operiit buS. 

Finishing temperature of forging was judged by the color 
of the stock liv an experienced forger. An attempt was 
made to hold this temperature  above 18000 F. 

Forging characteristics. -Durin g forging an effort was 
llla(le to evaluate tile relative forgeabilitv of the experimental 
aiioys. This evaluation consisted of observing the forging 
characteristics of the allos—ease of reduction and tendency 
to form cracks—and of keeping complete records of the 
number of reheats and blows required to forge each alloy. 
These methods were at best only very approximate: 

Since the small halnlner used was taxed to capacity during 
the initial stages of tile breakdown by the rigidity of most of 
the alloys and since the force of the blows was varied some-

what, depending on the forgeahilitv of the alloys, the method 
of comparing the required blows was usable only for (us-
tinguishing between alloys with wide differences in plasticity. 
Judging the relative response of the alloys to the blows from 
the hammer seemed to be the best method to evaluate 
forgeability. Relative forgeability could be only q nali ta-
tivelv est iinli ted, however, b y this method, l)eca use only two 
ingots were forged together a uid only a few forged in I day. 

Ill table V a suitima cv is giverl of forging data and I lie ('St I-
Iflate(l foi'geahility of 1111 the alloys compared with tlillt of tile 
basic alloy. This forgeability is listed merely as "better", 
''poorer," 01' tlii' ''same" as tiillt of the l)ilSi(' alloy. iii cases 
where the al lo s are ci ti I C I' poorer or I e t fec, ten ma rk s are 
given to explain this rating. 

On the l)flSiS of these forgeabilitv ratings the following 
effects of ('011! 1)OsitiOIl on forgefli)ihity were evident: 

(1) Additions of Si (0.5 to 1.6 percent), Mo (0 to 7 percent) 
and N (0.004 to 0.18 percent) had no observable effect on 
forgeability. 

(2) It appeared  that \ In (0 to 2.5 percent) increased forge-
ability by lowering the tendency of tracking. 

(3) Additions of C (0.08 to 0.60 percent) decreased forge-
ability by lowering the plasticity and increasing the tendency 
of cracking. 

(4) The elements Ni (0 to 30 percent), Co (0 to 32 per-
cent). and Cl' (10 to 30 percent) lowered plasticity 1111(1 thus 
forgeabili ty , Cu' seemingl y having the greatest t'flect 

(5) Additions of \\ (0 to 7 percent) lowered plasticit y and 
forgeal iii i tv. 

(6) 'l'lie efTert of Cb (0 to 6 percent) was tuuliqite aniouig the 
elements. Allo y s without ('hi w('l'e subject to severe (tacking 
during the initial breakdown of the ingot between flat (lies, 
the forgeabihity thus being poorer than that, for the h)1iSiC 

alloy. I n creasing Ch to the 1 percent of the basic alloy 
Seemed completely to alleviate this situation, \Vlieti it was 
increased to 4 and 6 percent the material was more difficult 
to forge as a result of the decreased plasticity. 

HEAT TREATMENT 

- ---------

Originally a solution treatment at 2100° F was considered 
to be it satisfactory condition for testing. 'h'liis was on the 
basis that for one heat of the basic alloy previously st tidied 
(reference 1), for which the solution-treat tileul t temperature 
was varied from 1800° to 2300° F, a treatment at 2100° F 
gave slightly higher rupture strengths than the other condi-
tions. Further work, however, indicated that there was poor 
agreement between properties of two heats ill this ('Oui(litiOul 
and the best agreement between heats resulted fi'oun at 2200° 
F solution treatment followed by a 1400° F aging treatuiieuit. 
Tile variability ill properties between heats was attributed to 
the relative residual effects of the hot-working which 1111(1 riot 
been removed by the 2100° F solution treatment. It ap-
peared that the 2200° F treatment tended to minimize, but 
did not completely remove, the residual hot-working effects 
without excessively coarsening the grain size, it was there-
fore selected as tile solution temperature for the alloys in this 
investigation. 

Previous investigation of the basic alloy had shown shown that at 
temperatures of solution treatment above 2050° F the 100-
hour rupture test elongation was quite how and decreased
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• with incretising solution temperatures. Accompanying this 
low elongation was a tendency for the alloy to be sensitive 
to stress concentrations at the specimen fillets, fractures 
occurring in these regions. However, proper aging of the 
solution-treated alloy eliminated this stress-concentration 
sensitivity and increased the 100-hour rupture strength 
slightly while not appreciably affecting 1000-hour strengths. 
Aging between 1350° and 1500° F did not produce significant-
changes in properties. A temperature of 1400° F for 24 
hours was selected for aging the experimental alloys in this 
investigation so that variable effects resulting from stress-
concentration sensitivity would be minimized and the mate-
rials would bein a more stable condition than when only 
solution-treated. 

It is known that the treatment used does not give the 
highest strengths at high temperatures for the basic alloy 
and it is not believed that this treatment necessarily would 
give the best properties for any of the composition modifica-
tions studied. But it is believed that use of this treatment, 
plus the careful control to hold melting and fabrication con-
ditions as constant as possible, has minimized all variable 
effects on properties except chemical composition in this 
investigation. 

Heat-treatment procedure.—All of the alloys were solu-
tion-treated for 1 hour at 2200° F, water-quenched, aged 24 
hours at 1400° F, and air-cooled prior to rupture testing. 
Solution treatments were made in it gas-fired furnace and 
aging was in an electric resistance furnace. 

Heat-treatment observations. —An observation made dur-
ing heat treatment of the effect of Cb on scaling character-
istics of the alloys appeared to 'be significant. In alloys 
containing four or more percent of Cb relatively heavy scal-
ing occurred during the 1-hour solution treatment at 2200° 
F. This scaling effect was greater on these high-Cb alloys 
than on the alloy containing 10 percent Cr which was ex-
pected to have the poorest corrosion resistance of the alloys 
studied. 
REPRODUCIBILITY OF RUPTURE PROPERTIES AT 1200° F OF BASIC ALLOY 

The final objective of the work on techniques for preparing. 
the experimental alloys was the development of a condition 
in which the rupture properties at 1200° F would be repro-
ducible from heat to heat of a given composition. The 
interpretation of significant property variations with chem-
ical composition depends on the range of this reproducibility. 

The rupture test characteristics at 1200° F for six heats of 
the basic alloy, the alloy used to evaluate the preparation 
procedures, are given in table VI, for both square and round 
bar stock. The range of reproducibility of rupture proper-
ties indicated for the round stock forged by the finally 
adopted swaging procedure was as follows: 
100-hour rupture strength psi---------------------48,000 to 50,000 
1000-hour rupture strength, psi-------------------37,000 to 38,000 
1004hour rupture elongation, percent----------------------19 to 25 

These ranges are used in interpreting the significant influ-
ences of composition variables for the materials forged as 
rounds. Properties of alloys with variable C and Mn, 
forged early in the program as square stock and tested as 
such, are compared with the wider property range indicated 
in table VI for square stock of the basic alloy.

The stress and rupture-time data for the six heats are 
plotted jn figure 5 with curves drawn which indicate the 
range in strengths for the round stock. Figure 6 presents in 
a similar manner the data for stress against creep rate ob-
tained from curves of elongation against time for the rupture 
tests. The narrower property ranges for the round stock 
compared with those of the square stock are noted. 
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FInURE 5.—Curves of stress against time for rupture for 112 heats of basic alloy. Range mdl-
- cated for round bar stock. Treatment: 2200° F for 1 hour, water-quenched;' 1400° F for 
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FmURE 6.—Curves of stress against minimum creep rates at 1200° F for six heats of basic 
alloy. Range indicated for round bar stock. Treatment; 2200° F for 1 hour, water-
quenched; 1400° F for 24 hours. 

As an example of the narrowing of the range by using the 
more easily controlled and .duplicated swaging procedure, 
alloy 8 had the lowest (46,500 psi) and alloy 10 the highest 
(52,000 psi) 100-hour rupture strengths of the 5500-psi over-
all range for square bar stock. After forging as rounds these 
same two heats had 100-hour rupture strengths of 48,500 
and 50,000 psi, thus narrowing the over-all rtnge of 100-hour 
rupture strengths to 1500 psi. The 1000-hour rupture-
strength range was narrowed from 2500 to 1000 psi by 
changing the forging procedure. Similar changes in ranges 
for squares and rounds are indicated in table VI for stresses 
at constant creep rates and for the minimum creep rate at 
constant stress. 

Table VI also gives properties of alloys 74 and 75 which 
indicate that variation in melting deoxidation practice can 
have a pronounced effect on high-temperature characteristics 
of alloys of this type. 

The influence on rupture test characteristics of changing 
hot-working and deoxidation procedures indicates that the 
solution treatment at 2200° F did not completely eliminate 
variables in prior processing. However, the use of the same 
deoxidation practice for all the alloys and the control of 
hot-working resulting from the adoption of the procedure 
producing rounds rather than squares plus the use .of the 
2200° F solution treatment are believed to have minimized 
the effects of variables in processing on the high-temperature 
properties. 

••uii _._NII___ 
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Data for two commercial heats of the basic allo y with the 
same heat treatment as the experimental alloys have been 
included in table VI to show the relationship between the 
experimental alloys and normal commercial properties. 

INFLUENCE OF CHEMICAL-COMPOSITION VARIABLES ON
ROOM-TEMPERATURE METALLURGICAL CHARAC-



TERISTICS OF MODIFIED ALLOYS 

Nlicrostruct ural studies and hardness tests were made on 
all t lie experimental allo ys to obtain metallurgical informa-
tion to aid in interpretation of the influence of chemical 
composition on rupture properties. 

MICROSTRUCTURE 

\lirrostruct ural studies were made of each of the alloys in 
the following conditions: As-cast; hot-forged; solution-
treated 1 hour at 2200° F and water-quenched; aged 24 
hours at 1400 0 F after solution treatment; and rupture-
tested the maximum time at 1200° F. An electrolytic 
solution of It) percent, chromic acid was use(l as an etchant. 

Effect of treatment on microstructures.—The as-cast 
structure revealed tile amount and distribution of the excess 
constituents in the cast dendrit ic pattern. The hot-forged 
striirt tires were examined for flaws, uniformit y of grain size, 
and (list rihut ion of excess constituents. Onl y limited infor-
mation is included on the cast and forged St rurt ures, the 
main emphasis being placed on structures of the allo ys prior 
to testing in the liea t -treated condition. The solution- 
treated structure showed the amount of insoluble excess 
(OmistituemitS after light etching and the grain size after deep 
etching. The grain size was much easier to determine in the 
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aged structures because the grain boundaries were revealed 
by light etching. The aged structure also revealed the 
amount and mode of matrix precipitation. From the struc-
ture of the maximum-time rupture test any change occurring 
(luring testing and the mode of fracture could be observed. 

An example of microstruct ural variation with treat ment
 for the basic alloy is shown in figure 7. The as-east condition 

contained a considerable amount of excess constituent. 
After hot-forging the allo y was uniformly fine-grained and 
contained excess constituent at the grain boundaries and in 
the matrix. Solution-treating at 2200° F dissolved the grain 
boundar y constituent but not the matrix constituent. So-
lution-treating also coarsened the grains considerabl y as is 
best shown by the aged structure. structure. Aging caused consider-
able grain boundar y precipitate and some random matrix 
precipitation. Rupture testing at 1200° F increased t lie 
matrix precipitate slht lv. 

As an example of one extreme to which microstructures 
varied with composition, figure 8 shows microstructures for 
the OMo-OW-OCb alloy in the as-cast, solution-treated, 
aged, till([ rupture-tested CO1I(hitiOiIs. The structures (hiff(rV(l 
from those of the basic allo y in that: There was much less 
excess constituent in the as-cast and the soliit ion-treate(l 
conditions; grain size after solution treatment was much 
larger; and aging produced more precipitate near the grain 
boundaries and a preferred typo of matrix precipitate which 
tended to follow definite crystallographic planes. The two 
alloys also differed in that the 0Mo-0W-0( 1 b alloy had 
a completel y intergranular fracture while that of the basic 
alloy was approximately half intergranular and half trans-
granular.

/ 

: 

liX	 (u) ingot.	 1(k)4JX 

FOWRE 7.—Microstructures of basic alloy (heat 8).
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FICURE 7.—Continued.
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(d) Solution-treated and aged 24 hours at 14000 F. 

Fracture bOX

r 

-•	 , 'i- - tt,a 4 S 
- I.	 -' ,'t-t1	 - -	 . -	 •;\ .,s . ....... 

•	 •.	 :- "---• .--	 •-	 •.s-	 ... 

.:i'•-	
/-'...-	 '! d 

.:-•l-	 -i-:	 -:-. 

• •: rj	 '	 - 
: 

.--	 _t	 -a	 -	 .•	 . •) 
-.•• 

• ' •I_'	 I:--	 •--!	 ., \-.,- -	 - 
•	 .' - .:fSl	 -	

' 
F" .' 

-M-	 -	 •.'	 -5'	 -pu-- •\. - 
ll?¼.4•CJ 1	 •- a'.	 •

-:-''"•''c. '' 
•• 
- 

f. ., 1 -i:' • .	 .	 . -	 -.	 -	 •-'N •' - 
' 	 ...	 •-.	 - a.	 •e.	

•• 
\	 ç..::t,	 ..	 •1_'__ 

	

-'	 -,•'-'.• i?:-, 

?,	
•.:i 

1000x 

(r) Rupture specimen; 459 hours for rupture at 12000 F under 40.000 psi. 

FIOUOE 7.—Concluded.
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FIGURE 8.—Effect on microstructure of omitting molybdenum, tungsten, and columbium from baste analysis (heat 43).
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The above comparison has pointed out the major simi-
larities and differences in structures which were found for all 
the alloys. Similarities were: 

(1) The amount of excess constituent in the solution-
treated condition was proportionate, for any given alloy, to 
the amount of excess constituent in the as-cast condition. 
The structures indicate that the rapid cooling cooling of the ingot 
after solidification effectively solution-treated the material. 

(2) All grain boundary constituents were dissolved during 
solution treatment. 

(3) Precipitation occurred during aging at 1400° F. 
(4) Very little additional precipitation occurred (luring 

rupture testing at 1200° F for any of the alloys with the ex-
ception of low-Co niodificatlolls. 

\l ajar structural differences between the alloys were: 
(1) Amount of excess constituent after solution treat-

ment.
(2) Grain size. 
(3) Location, type, and amount of aging precipitate. 

Classification of microstructures.—In order to condense 
the description of 1111(1 to make possible a quick comparison 
of the changes in marostructure occurring with variation in 
chemical composition the following classification of micro-
structures of the solution-treated and the aged materials was 
devised. S ymbols were used to indicate the differences in 
the basic structural characteristics. 

(1) Solution-treated structures 
Amount of insoluble constituent: 

I--snialh 
II----nie(hilInl

box

111—large 
IV—very large 

(2) Aged structures 
A. 5 f M. grain size number: 

1 (up to 1 grains/sq in. at 100X magnification) to 8 
(96 grains or more/sq in. at bOX magnification) 

Amount of grain boundary precipitate: 
X----small 
v--ineduinu 
z-large 

Type of matrix precipitate: 
('—precipitate tends to follow crystallographic planes 
R- -random matrix precipitate 

Amount of matrix pre(ipit ate: 
a—small 
b—medium 
c—large 
([---very large 

As an example of how this classification works the si rue-
tures of the basic aho y (fig. 7) and the 0\[o-OW-WI) 
modification (fig. (S) are classified below: 

(1) Basic alloy: 
Classification—Il 5 V Rb 

Il—metlium ainoun t of insoluble (-onst it uent 
5—nulfll)er 5 A. S. T. M. average grain size 
v—medium amount of precipitate near the grant 

boundaries 
Hb--mediiun (b) amount of rantloin (R) matrix pre-

cipitate 
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(a) Carbon, 0.08 percent (heat 13). 

FICURE 9.-- Influence of carbon content on microstructure of solution-treated and aged basic alloy. Treatment: 2200° F for 1 hour, water-quenched; 14000 F for 24 hours.
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(a) Chromium, 10 percent (heat 51). 
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FIGURE 12.—Influence of chromium content on microstructure of solution-treated and aged haste alloy. Treatment: 2200° F for 1 hour, water-quenched; 1400° F for 24 bow-s.
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FIGURE 14—Influence 14.—Influence of cobalt content on microstructure of solution-treated and aged basic alloy. Treatment: 2200° F for 1 hour. water-quenched; 1400° F for 24 hours 
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(h) Cobalt, 10 percent (heat 30). 
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(h) Columbium, 2 percent (heat 48). 

Ficucs 15.—Influence of columbium content on microstructure of solution-treated and aged basic alloy. Treatment: 2200' F for 1 hour, water-quenched; 14000 F for 24 hours.
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FIGURE 15.—Concluded. 
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FIGURE 16.—Influence of varying molybdenum and tungsten additions on microstructure of modified alloys containing 4 percent columbium. Treatment: 2200° F for 1 hour, water-quenched 
1400° F for 24 hours.
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(c) Molybdenum, 4 percent; tungsten, 4 percent; coluinbium, 4 percent (heat 67). 

FIGURE 16.—Concluded. 

(2) OMo-OW-OCb all)y: 
Classification-1 1 : Cb 

I—small arnout t of insoluble constituent 
1—number 1 A. S. I M. average grain size 
z —large ainoui t of precipitate near the grain 

i)OlIfldlWi('i 
( 1b—medium (b) amount of matrix precipitate on 

crystallographic planes (C) 
The inwrostructural cItssiflcatioiis are given in table VII 

for all the experimental alloys arranged for comparative 
purposes on the basis of the alloying element varied. For 
the allo ys in which simultaneous variations were made in 
Mo, \V, and ( 1 h the classifications are repeated to show the 
influence of individual variations of these elements. 

Influence of alloying e. ements on microstructure.—The 
effects on microstructure o ' variations of the elements will be 
given on the basis of tile classification of table VII, supple-
mented by j)hoto11licrogra)hs showing only the more pro-
nounced effects observed. 

Carbon: It is indicated in table VII and by the micro-
structures in figure 0 that is C was increased from 0.08 to 
0.60 percent in the basic aloy the amount of insoluble con-
stituent and matrix Precipitate increased considerably and 
thit' gra i n size decreased, while the amount of grnill boundary 
precipitate and the randon ness of the matrix precipitate 
(11(1 not change. Figure 10 also shows that the amount of 
insoluble constituent was not reduced by heating the 0.60-
percent-C alloy 10 hours at 200° F over what it was after 
1 hour. 

The increase in the amour t of soluble and insoluble con-
stituents indicates that C is a i important component in both

the soluble and precipitating Phases found in the basic alloy 
and its modifications. 

Manganese: There was no apparent effect of Mn on micro-
structure. 

Silicon: As will be shown later, Si was the only element 
which consistently lowered rupture strength over the com-
plete composition range studied (from 0.5 percent in the 
basic alloy to 1.6 percent). The microstructures in figure 
11 indicate that variation of Si did not change microstruc-
tural characteristics except for a smaller grain size for the 
high-Si alloy. 

Chromium: Increasing Cr from 10 percent to the 2() per-
cent of the basic alloy and to 30 percent drastically changed 
the microstructure as shown by the classification in table 
VII and the microstructures in figure 12. Increasing Cr 
caused the following changes: (1) The grain size becanm 
larger; (2) the amount of grain boundary precipitate in-
creased between 10 and 20 percent Cr; (3) the matrix pre-
cipitate became heavier, especially between 20 and 30 percent 
Cr; and (4) for the 30-percent-Cr alloy the matrix precipi-
tation occurred on the crystallographic planes rather than 
having a random pattern as for the lower-Cr alloys. 

Nickel: The only pronounced structural variation for the 
series of Ni alloys was the ferrite-sigma-type phase which 
was present in the 0-percent-Ni alloy (see fig. 13). Tn the 
solution-treated alloy this phase was free from precipitate 
and the allo y was magnetic. In the aged condition a large 
amount of precipitation occurred in this phase and the alloy 
was nonmagnetic, signifying the transformation from tile 
magnetic ferrite-type phase to the nonmagnetic sigma phase. 
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Upon rupture testing at 12000 F the magnetism increased 
with testing time, indicating some reversion to the ferrite-
type phase. The 0-percent-Ni alloy also had less grain 
boundary precipitate and less precipitate in the austenite 
matrix than the higher-Ni alloys. None of the ferrite-type 
phase was observed in the alloy containing 10 percent Ni 
or in any of the other alloys studied in this investigation. 
Alloys containing 10 and 30 percent Ni were very similar 
in structure to the 20-percent-Ni bsic alloy. 

Cobalt: Varying Co from 0 to 32 percent produced 
two marked effects (see table VII and fig. 14). The 0-
percent-Co alloy had a large amount of random matrix 
precipitation in the aged condition. The 10-percent-Co 
alloy resembled the basic 20-percent-Co alloy having only 
a medium amount of matrix precipitate. Increasing Co 
from 20 to 32 percent produced an alloy in which marked 
germination occurred at the 2200° F solution-treating tem-
perature, resulting in several very massive grains surrounded 
by grains of normal size across the bar.

Another effect of Co on the structure occurred during 
rupture testing. Much additional matrix precipitationoc-
curred in the 0-percent-Co alloy during testing; some also 
occurred in the 10-percent-Co alloy, and there was very 
little additional precipitate in the 20- and 32-percent alloys. 

There was no evidence that Co changed the amount of 
the insoluble constituent or the grain boundary precipitate 
in the alloys. 

Nitrogen: There was no appreciable influence from N 
varied from 0.004 to 0.18 percent. 

Molybdenum: There were 10 modifications of alloys in 
which Mo was varied between 0 and 4 percent with 10 
different constant ratios of W and Cb. 

In the basic composition Mo was varied from 0 to 7 
percent (alloys 32 to 36 in table VII). The only apparent 
effect of Mo was the larger grains at both the lower and 
the higher percentages. 

For the nine other alloy modifications (alloys 43, 45, 
46, 53 to 73, and 82 to 84) increases in Mo to 2 and 4 from 

Carbon	 Nitrogen	 Manganese 

-7"  
- - 4-	 - -- 

225	 d 
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Treatment •0 2200°F, Ihr, water-quenched 0	 2200°F, /hr, water-quenched; /400° F, 

24 hr, air-cooled 
Hardness range for four basic heats 
Solution-treated condition 
Solution-treated and aged condition 

•	 FIOUBE 17.—Curves of hardness against alloy content for individual element modifications.
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o percent produced only very slight changes in structure 
except in the alic ys containing Ob (particularly 4 percent 
Cb) in which case the grain size was refined and the amount 
of matrix precipitstion during aging was increased. 

Major structural changes between these alloy modi-
fications were the result of variation in Cb. 

Tungsten: In tho 10 alloy modifications in which W was 
varied systematicaly (alloys 37 to 40, 43, 45, 46, 53 to 
73, and 82 to 84 in table VII) similar observations to those 
for the influence of Mo were made. Increases in W slightly 
refined the grains and increased the matrix precipitation 
to a small degree in some cases. 

Columbium: As shown in table VII for the i() alloy 
modifications with variable Cb, this element had a marked 
influence on all the structural classification variables. A 
typical example of nticrostructural changes occurring with 
Cb additions from 0 to 6 percent to the basic composition 
is shown in figure 15. 

Increasing Cb from 0 to the 1 percent of the basic alloy 
produced the following structural changes: (1) Increased the 
insoluble constituent from very little to an appreciable 
amount; (2) drastically reduced grain size; (3) decreased the 
concentration of grain boundary precipitation during aging; 
(4) changed the mode of matrix precipitation from internal

crystallographic planes to a random pattern; and (5) de-
creased the amount of matrix precipitation during aging. 

Increasing Cb from the 1 percent of the basic alloy to 4 
percent continued to increase markedly the amount of 
insoluble constituent, to further gradually reduce grain size, 
and not to alter appreciably the grain boundary concentration 
effects or the randomness of precipitation while increasing 
the amount of matrix precipitation during aging in alloys 
containing four or more percent of Mo or W. 

While Cb did produce major changes in microstructure, it 
is noted that for the alloys arranged in table VII with Cb as 
the systematic variable the presence of either or both Mo or 
W in the alloys increased the tendencies for these changes. 
This is shown in figure 16 for 4-percent-0b alloys containing 
increasing Mo and W contents. 

Summary of influence of alloying elements on micro-
structure.—A summary of the effects of alloying elements 
on tendencies for microstructural changes is given in table 
VIII. 

Two elements producing major micros tructiral changes 
were Cb and C. Both elements increased the amounts of 
insoluble constituent and aging precipitate and refined the 
grain size of material solution-treated at 2200° F. In addi-
tion, Cb changed the mode of matrix precipitation from 

325 - OWL4C4 -	 2W-Cb - - - 4W-OC6 - -:-- - 4W-2C6 - - - 4W-4Cb - 

--

/75—  
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Molybdenum, percent 
69	 64	 66 72	 62 49 83 54	 57	 56 71	 61	 84 73	 82	 67 

Alloy 
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o	 2200°F, lI-sr, water-quenched; /400° F, 

24 hr, air-cooled 
Hardness range for four basic heats 

- - Solution- frea fed condition 
Solution- treated and aged condition 

F,c.u,n 18 —Curves of hardness against molybdenum content for 10 tungsten -columbium modifications. 
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preferred, when no Cb was present, to random, when the 1 
percent of the basic alloy or more was present. 

Additions of Mo and W produced little change in micro-
structure except in alloys containing 4 percent Cb in which 
case these elements decreased the grain size and increased 
matrix precipitation. 

Between 20 and 30 percent of Cr a pronounced increase 
occurred in the amount of aging precipitate and the mode of 
precipitation changed from random to preferred. 

Grain size was mildly increased and the amount of aging 
precipitate decreased by Co. 

Additions of Ni (between 10 and 30 percent) produced 
only minor changes in structure. The 0-percent-Ni alloy 
contained a ferrite-sigma type of phase which disappeared 
when Ni was raised to 1.0 percent. 

The only effect of Si, within the limits studied, was to 
refine grain size slightly. No discernible change in structure 
was produced by Mn and N. 

HARDNESS 

Vickers hardness tests at room temperature were made on 
metallographic specimens of all the experimental alloys in 
the solution-treated (2200° F, 1 hr, water-quenched) and the 
aged (1400° F, 24 hr, air-cooled) conditions. Preliminary 
hardness surves on several alloys indicated that the forged

bars had uniform hardnesses both in the lengthwise and the 
crosswise directions. 

Hardness test results, representing the average of at least 
four tests on each sample, are given in table IX and are plot-
ted against composition variables in figures 17 to 20. 

There was fair agreement between the hardnesses of five 
heats of the basic alloy. Additions of C, N, Cr, Mo, W, and 
Cb tended to increase hardness in both conditions; Ni, par-
ticularly from 0 to 10 percent, lowered hardness; and Mn, 
Si, and Co did not appreciably affect hardness. Perhaps 
an exception to this was the effect observed for the 1.6-per-
cent-Si alloy, which was the only one of all the alloys studied 
which did not show hardening as a result of aging. The 
addition of Cr from 20 to 30 percent markedly increased the 
age-hardening characteristics of the alloy. 

Figure 18 shows the influence of Mo for 10 W—Cb modifi-
cations. Additions of Mo, while tending to increase hardness, 
did not appreciably increase the age-hardening tendency 
except for the modifications containing more than 4 percent 
total of W plus Oh. For the 10 Mo—Cl) modifications 
(fig. 19) the effect of W additions was similar to that observed 
for Mo, although there was less tendency for increasing age 
hardening with higher alloy contents. In both figures 18 
and 19 it is seen that there was a greater difference between 
the hardness in the solution-treated and the aged conditions 

Tungsten percent 
37 38 Basic	 39	 40 43	 53	 54 45	 55

	
57 68	 70	 7/ 63	 59	 61
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Hardness range for four basic heats 
- Solution - treated condition 

Solution-treated and aged condition 

FIGURE 19.—Curves of hardness against tungsten Content for 10 molybdenum-columbium modifications.
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for the modifications not containing Cb than for the modifi-
cations containing Cb. This effect is shown again in figure 
20 in that Cb additions from 0 to 2 percent to the 10 Mo—W 
modifications narrowed  the age-hardening range. Additions 
of Cb from 2 to 4 percent tended to broaden the age-harden-
ing range for modifications containing the larger amounts 
of Mo and W. 

It is recognized that these hardness results are not a 
true evaluation of the comparative aging effects caused 
by composition variobles. Such an evaluation would neces-
sarily require agi ng-t.ime-temperatu re data. 

INFLUENCE OF CHEMICAL-COMPOSITION VARIABLES ON
RUPTURE TEST CHARACTERISTICS AT 1200° F 

The results of rupture tests at 1200° F for all the alloys 
studied are given in ti,ble X. included in this table are the 
times for rupture, elocgations, reductions of area, and mini-
mum creep rates obtained from the curves of elongation 
against time for the individual tests. Also included are 
100- and 1000-hour rupture strengths obtained from double 
logarithmic plots of strss against rupture time (an example

is shown in fig. 5); estimated elongation to rupture in 100 
hours; stresses for creep rates of 0.1 and 0.01 percent per 
hour obtained from double-logarithmic plots of stress against 
minimum creep rates from the rupture tests (an example 
is shown in fig. 6); and minimum creep rates at 40,000 psi. 
The alloys are listed in table X in the approximate order 
of the element varied in the basic analysis. 

Rupture tests of sufficient number and duration were 
conducted to establish the 100-hour rupture strengths. 
The 1000-hour rupture strengths were obtained by extra-
polation of the double-logarithmic curves of stress against 
rupture time. Unless the maximum-time rupture test was 
longer than 500 hours, however, the 1000-hour strengths 
are listed in table X as estimated and are indicated as such 
on the curves of strength against chemical composition. 

In this evaluation of the influence of variations in chemical 
composition on the properties most emphasis has been placed 
on rupture properties at 1200° F. Because the creep data 
were obtained from the rupture tests, it is emphasized that that 
the rates of deformation were much higher than those 
usually associated with reported "creep strength." 
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100-HOUR RUPTURE PROPERTIES AT 1200° F OF MODIFIED ALLOYS 

The 100-hour rupture strengths and elongations for all 
of the alloys are arranged in order of increasing 100-hour 
rupture strengths in figure 21. The ranges in properties 
for the basic alloy heats, forged both as squares and as rounds, 
are indicated to show the significant variations in properties. 
The following observations are made: 

(1) The over-all 100-hour rupture strength range was 
from 26,000 to 52,000 psi. The lowest-strength alloy was 
the one which did not contain Mo, W, and Cb. The two 
highest-strength alloys were modifications of the basic alloy, 
one containing 30 percent Cr, the other 7 percent W. 

(2) Six alloys had rupture strengths above the range 
of the basic alloy forged to round bars. None of the alloys, 
however, were above the range for the basic alloy forged 
to squares where the practice was not so well controlled. 

(3) It appears that all of the elements can be varied indi-
vidually over relatively wide ranges without appreciably 
altering ruptureStrengths.' It will be shown, 'however, that 
in most cases rupture strengths varied consistently with 
systematic variations in composition. 

(4) Alloys having strengths near the lower end, of the 
range were those containing the smallest amounts of Me,

W, or Cb added separately or two at a time. Additions of 
greater amounts of these elements generally yielded rupture 
strengths which were closer to the strength range of the 
basic alloy. 

(5) Adding 2 percent of either Mo, W, or Cb to the lowest-
strength alloy increased the 100-hour rupture strength in 
the order of 10,000 psi or more. 

(6) Strengths iii the order of those of the basic alloy were 
obtained without the presence of Cb. Strengths almost as 
high were obtained without the presence of Mo or of W. 

(7) Low Cr, Co, or Ni and high Si resulted in lower 
strengths than the range for the basic heats. 

(8) Elongation at rupture in 100 hours ranged froIn 5 to 
40 percent. 

(9) There as no relationship apparent between rupture 
elongation and strength. The omission of Cb resulted in 
consistently low elongation. More Cr or Co than the 20 
percent of the basic alloy also lowered elongation. 

INDIVIDUAL VARIATIONS OF ELEMENTS 

The influence on rupture test characteristics of systematic 
variations of the individual elements, shown in figures 22 
to 31, was as follows: 
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FIGURE 21.—Influence of chemical-composition modifications on 100-hour rupture properties at 1200° F. 	 Heat treatment: 2200° F for 1 hour, water-quenched; 1400° F for 24 hours.
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Carbon.--The efiect of C, varied from 0.08 to 0.60 per-
cent, was only slight. All the rupture strengths fell within 
close proximity to tiose of the basic alloy (see fig. 22). The 
variable C heats wore forged as squares and are compared 
with the property ::anges found for similarly forged basic 
heats. The lowest and the highest C heats had rupture 
elongations below normal. 

Nitrogen.—Variations of N, from 0.004 to 0.18 percent, 
tended to increase :;trength somewhat (see fig. 23). The 
alloy containing 0.004 percent N had strengths which were 
slightly below those A the basic 0.12-percent-N alloy while 
the 0.08-percent-N alloy was slightly stronger. 

Manganese.—Figure 24 shows that Mn variations from 
0 to 2.5 percent hail no significant influence on rupture 
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FIGURE 22.—Curves of rupture test data a 12000 F against carbon content of basic alloy 
Horizontal dashed lines lndlcaU property range for five basic heats.
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properties except a somewhat lower elongation for the low-
Mn heat. 

Silicon.—Figure 25 shows that increasing Si from the 0.5 
percent of the basic alloy to 1.6 percent produced a marked 
lowering of rupture strength and an increase in elongation. 
The stresses at constant creep rates were lowered and creep 
rates at 40,000 psi were noticeably raised in agreement with 
trends in rupture properties. This was the only case in 
which the addition of an element consistently lowered 
strength over the complete composition range studied. 

Chromium.—The influence of Cr variations from 10 to 30 
percent is shown in figure 26. The 100-hour rupture strengths 
were increased from 39,000 to 52,000 psi while rupture 
elongation decreased from 25 to 10 percent. Similar marked 
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GURE 25.—curves of rupture test data at 12000 F against chromium content of basic alloy.
Horizontal dashed lines indicate property range for three basic heats. 

icreases occurred in 1000-hour rupture strengths and 
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was drastically reduced, particularly between 10 and 20 
orcent Cr. 
Nickel.—Additions of Ni from 0 to 30 percent had little 

ifluence on properties as shown in figure 27. The 0- and 
)-percent-Ni alloys had slightly lower rupture strengths 
ian the range for the basic 20-percent-Ni heats, producing 
a apparent maximum in strength between 10 and 20 per-
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cent Ni. A similar slight trend was noted in stresses at 
constant creep rates while the creep rate at 40,000 psi 
decreased and then iacreascd with increasing Ni, following 
the trend of the chi.nge in elongation at fracture in 100 
hours. 

Cobalt.—Figure 28 shows the influence of Co variations 
from 0 to 32 percent. The 0- and 10-percent-Co alloys had 
lower rupture strengihs than normal with little effect on 
elongation. The 20- and 32-percent-Co alloys had equal 
100-hour rupture strngtbs at a higher level than those 
with lower Co. Th3 1000-hour rupture strengths and 
stresses at constant creep rates were improved, while the 
elongation and creep rate were lowered, when Co was in-
creased from the 20 percent of the basic alloy to 32 percent.
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Molybdenum.—Additions of Mo from 0 to 7 percent un- 

proved rupture and creep properties as shown by figure 29. 
The most marked improvement in rupture strength from 
Mo was from additions of 1 to 3 percent. 

Tungsten.—Figure 30 shows that the improvement in 
rupture strength with additions of W from 0 to 7 percent 
was gradual over the entire range, this addition increasing 
100-hour strength from 45,000 to 52,000 psi. The stresses 
at constant creep rates showed a similar trend to rupture 
strengths while rupture elongation was not at all affected 
by W. 

Columbium.—Figure 31 shows that increasing Cb from 0 
to the 1 percent of the basic alloy increased the 100-hour 
rupture strength from 40,000 to 48,000 psi. Additions of Cb 
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Fmuaa 29.—Curves of rupture test data at 1200° F against molybdenum content of basic alloy.
Horizontal dashed lines indicate property range for three basic heats. 

from 1 to 6 percent produced no further improvement in 
strength. A similar trend was shown by creep properties. 
However, the increase of 44,500 to 47,500 psi. in the stress 
for a minimum creep rate of 0.1 percent per hour between 
0 and 1 percent Cb was not of the same magnitude as the 
rupture strength increase. Rupture test elongation was 
raised from 12 to 22 percent by the addition of 1 percent Cb 
and tended to increase further with higher Cb. 

SIMULTANEOUS VARIATIONS OF MOLYBDENUM. TUNGSTEN. AND 
COLUMBIUM 

In addition to the individual variations of all the elements 
the effects of simultaneous variations of Mo, W, and Cb 
in steps of 2 percent from 0 to 4 percent were evaluated. 
This made possible curves showing the influence on prop-
erties of systematic variations of one of these elements for 
10 different constant ratios of the other two elements.
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FIGURE 30.—Curves of rupture test data at 1200° F against tungsten content of basic alloy.
Horizontal dashed lines indicate property range for three basic heats. 

Molybdenum.—The influence of the Mo variations from 
0 to 4 percent on rupture test characteristics of alloy modi -
fications, including the basic alloy, with 10 different con-
stant ratios of W and Cb is shown in figure 32. Curves 
comparing the relative effect of Mo on the 100-hour rup-
ture strength of the 10 W-Cb modifications are shown in 
figure 33. 

Increasing Mo from 0 to 4 percent tended continuously 
to increase the 100-hour rupture strength for all the ratios 
of W and Cb. The relative effect was greatest for the 
modifications containing neither W nor Cb, the strength 
increase being from 26,000 to 42,000 psi. In alloys con-
taining W or Cb the strengthening effect of Mo was greatest 
for the alloys which contained 2 and 4 percent of W and 
no Cb. This strengthening effect was less for alloys con-
taining 2 and 4 percent Cb and no W and became even less 
for those containing both Cb and W which had a higher 
level of initial strength. 
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The 1000-hour-strength trends followed those of the 100-
hour strengths. There was a slight tendency for increasing 
Mo to widen the difference between the 100- and 1000-hour 
rupture strengths in the modifications containing more than 
6 percent total of W plus Cb. 

In general Mo ten led to improve the 100-hour rupture 
elongation. It is notd that for the alloys in which Cb was 
absent the clongatior. was quite low (5 to 15 percent) as 
compared with the elongations above 20 percent of the alloys 
containing 2 and 4 pa.-cent Ch. 

The stresses causing a minimum creep rate of 0.1 percent 
per hour followed the trends and were of the same order of 
magnitude as the 10C-hour rupture strengths. The trends

and magnitudes of stresses causing a creep rate of 0.01 per-
cent per hour were somewhat similar to those of the 1000-hour 
rupture strengths. Creep stresses were consistently higher 
than rupture strength, however, for the 0-percent-Cb alloys 
having low rupture elongation and were somewhat lower than 
rupture strength for the alloys with higher elongation. 

Tungsten.—By rearranging the data for alloys involving 
simultaneous variations of Mo, W, and Cb figures 34 and 35 
were obtained. These show the influence of W variations 
from 0 to 4 percent on rupture rupture test characteristics of alloy 
modifications with 10 different constant ratios of Mo and Cb. 

Additions of W produced an almost linear increase in 100-
hour rupture strength. The greatest improvement, 26,000 
to 41,000 psi, was for the OMo–OCb modifications, with the 
relative improvements tapering off for the alloys with higher 
Mo and Cb to about 4000 psi in the range 46,000 to 50,000 
psi for the 41\lo-4Cb modifications. The 1000-hour rupture 
strengths, although only estimated in many cases, followed a 
similar, but not quite so pronounced, trend. The trends in 
creep properties were also, in general, the same as those for 
the rupture strengths with the additional effect of the level 
of elongation on the relation between rupture strength and 
stresses at constant creep rates. 

There was a general tendency for W to lower the 100-hour 
rupture elongation very slightly. The low elongation of the 
alloys which did not contain Cb was again noted. 

Columbium.—The data arranged to define the influence 
of Cb are shown in figures 36 and 37. The influence of Cb 
on rupture strengths was significantly different from the 
influences of Mo and W. Additions of Cb from 0 to 2 percent, 
in general, increased the 100-hour rupture strength, but there 
was no significant strength increase with greater additions. 
This finding, in addition to the observation of the influence 
of 1 percent as compared with that of 0 percent Cb on the 
strength of the basic alloy, led to the preparation of an 
additional alloy (77) containing 0Vio-0W-1Cb which fits 
into the OMo–OW alloy modifications as shown in figure 36. 
This alloy had as good or better strength properties than the 
0Mo-0W-2Cb modification. The addition of Cb to the 
4Mo-2W and 4Mo-4W modifications evidently had no effect 
or a slightly detrimental effect on rupture strength. 

One or two percent of Cb markedly improved the rupture 
elongation. An additional slight improvement was realized 
with even higher Cb. 

The stresses causing a creep rate of 0.1 percent per hour 
were higher than the 100-hour rupture strengths for 0-per-
cent-Cb alloys but lower than the rupture strengths for alloys 
containing Cb. Thus the creep stress did not follow the 
increase in rupture strength with the additions of 1 or 2 
percent Cb but either remained constant or decreased. It 
appeared that the marked increase in elongation with small 
Cb additions was the factor responsible for the improvement 
in rupture strength. 

It can be concluded that, for the alloy modifications 
studied, additions of Cb are necessary to produce substantial 
ductility in the rupture test, but additions of more than 2, 
or probably 1, percent of Cb add nothing to the rupture 
properties of the alloys.
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Comparative influences of molybdenum, tungsten, and 
columbium.—Figure 38 shows comparative influences of 
Mo, W, and Cb on the 10041our rupture properties at 
1200° F for three of the alloy modifications in vhicli these 
elements were varied simultaneously: 0Mo-OW-OCb, 2Mo-
2W-2Cb, and 4M:)-4W-4Cb. Two of the three elements 
are constant while the third is varied from 0 to 4 percent 
giving a family of tiree curves with one common composition. 
The 100-hour ruptire strengths varied from 26,000 to 51,000 
psi. -Comparative influences of elements on rupture strengths 
were as follows: 

(1) For the family of curves in which there is a common 
alloy with a composition of OMo-OW.-0 10b, a Cb addition 
of 1 percent gave the highest strength; higher Cb lowered 
the strength. 1nreasiñg Mo and W increased strength 
continuously with Mo having the greatest influence. The 
strengths of the olloys on this family of curves were at a 
lower level, 26,001) to 42,000 psi, than those for the other 
two alloy modifications. 

(2) For the 2M-2W-2Cb modifications, having strengths 
between 40,000 anl 49,000 psi, Mo had the greatest strength- 
ening influence; b was next, but strength dropped off 
above 2 percent Cb; and W produced a consistent, but the 
least, over-all strength increase.

(3) The 4Mo-4W-4Cb modifications were at the highest 
strength level of the three, 45,000 to 51,000 psi. Additions 
of Mo and W had about the same strengthening influence 
while Cb tended to lower strength. 

The effects of the elements on 100-hour rupture elongations, 
also shown in figure 38, were the same for all three levels 
of composition: W tended to lower elongation slightly; 
Mo raised the elongation slightly; and Cb additions from 
0 to 1 or 2 percent markedly raised the elongation from 
values below 10-percent elongation to 20 percent or higher. 

The combined influence on 100-hour rupture strength of 
Mo, W, and Cb, on a total weight percent basis is shown in 
figures 39, 40, and 41. Each of these graphs contains the 
same points plotted to the same coordinates, these points 
representing all of the alloys in the testing program in which 
Mo, W, and Cb were varied, the remainder of the basic 
analysis being constant. The. ' difference between the graphs 
is in the method of joining the points. In figure 39 the points 
are joined to give curves showing the effect of Mo varied 
from 0 to 4 percent for 10 constant ratios of W and Cb. 
In figure 40 the points are .joined to show the effect of W 
and in figure 41 the curves show the effect of Cb. 
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FutuRE 39.—Influence of molybdenum additions (0,2, and 4 percent) on a total weight percent 
basis of molybdenum, tungsten, and colunibium on 100-hour rupture strength at 1200° F of 
'modified alloys. Horizontal dashed lines indicate properly range for three basic heats. 
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The array of points in these graphs indicates the general 
strength increase resulting from increasing the total alloy 
content of Mo plus W plus Ob-from 0 to 12 percent. The 
main reason for the scatter of the points is evident from 
comparison of the curves in the three graphs. Both Mo 
(fig. 39) and W (fig. 40) produce strength increases over the 
entire composition range, while the Cb curves (fig. 41) 
above 1 and 2 percent Cb flatten out and cut horizontally 
across the property range. This emphasizes the unique 
influence, shown in previous graphs, of Cb on rupture 
strength. 

The comparative influence on 100-hour rupture strength 
of Cb in relation to the influence of Mo and W is broken 
down further in the graphs of figure 42. Curves at constant 
Cb contents of 0, 1, 2, and 4 percent indicate the combined 
strengthening influence of Mo plus W. Curves represent-

PictuRE 41.—Influence of columbium additions (0, 2, and 4 percent) on a total weight percent 
basis of molybdenum, tungsten, and columbium on 100-hour rupture strength at 1200° Pot 
modified alloys. Horizontal dashed lines indicate property range for three basic heats. 

ing this influence have been drawn and are summarized in 
the bottom graph in which Cb content is the parameter. 
The short-dashed curves on the upper four graphs repre-
sent the influence of Mo and the long-dashed curves, the 
influence of W at constant amounts of the other element. 

The spread in data in the graphs of figure 42 was much 
less than that in figures 39, 40, and 41 in which the influence 
of Cb was not separated. When Mo is added in lower per-
centages it has the greater strengthening influence and W 
has the greater influence at higher percentages. These trends 
cause the curves representing the Mo and W influences to 
turn toward the center of the range representing the data 
spread at the higher percentages of these two elements and 
thus to strengthen the reliability of the single curves repre-
senting the data at constant Cb contents. 

The summary curves in figure 42 indicate that additions 
of more than 1 percent of Cb were of no benefit to the alloys. 
When approximately 8 percent total of Mo plus W was 
present any addition of Cb was of no benefit to the strength. 
As has been noted previously, however, Cb additions of 1 
percent markedly improved the rupture ductility over that 
of the 0-percent-Cb alloys, regardless of the influence of Cb 
on strength.	 - 

From the summary, curves in figure 42 it is possible to 
predict the 100-hour rupture strength of alloys with any 
combination of Mo and W, at the four Cb levels, within the 
composition range in which these elements were investigated. 
Such predictions for alloys falling within the range of 0 to 1 
percent Cb are not possible because data were not obtained. 
Based on the data, the largest error in these predictions 
would be in the vicinity of 2 percent total of Mo plus W. 
This error could be as- much as 2500 psi, which is not large 
compared with the 2000-psi range in properties found from 
heat to heat of the basic alloy. Such predictions of course 
are tempered by the limitations of the investigation, par-
ticularly by the limitation of only one condition of prepara-
tion and heat treatment. 

60,000 

0. 
.z' 45,006 

to 40,006 
a) 

e 

0 
-30,006



-4Z 

q) 

L 
t. 
iz

INFLUENCE OF COMPOSITION ON RUPTURE PROPERTIES AT 1200° F OF CHROMIUM —COBALT—NICKEL—IRON ALLOYS 1423 

55,000
L	 ' 

50,000

OpercenCb alloys 1percn#_Cb alloys  

45,00C 

40,00C 

35,00 

L 
i 30,00 

L 
- 25,00t 

55,00 

50,001 

45,001 

40,001

2	 4	 6	 5	 0	 c, 

Ma +4 weighl - percern' 

35,000
0

2141^

4W

Mo or W 
present 

0 -------------- ---

0	 W 
/ X	 Mo+W 

7o4ro

2-percent-Cb alloys 4-percern'-C6 alloys
4W 

2M - °
- 

--'-- -&-

4Mo 
4W --	 --------------------------- 

2 M
4 A40- 

-t-- 
F -'------ - I - -

W,, - 2W	 - 4Mo 
- 2Mo-.. 4W 

ow-

--- ---- 7-0Alo ____ 
-0A

2

	

	 4	 6	 8	 /0 

Mo+V. weighpercent 

FIG uec 42.—influence of molybdenum and tungsten additions on a total weight percent basis on 100-hour rupture strength at 1200 F of columblum modifications. 



1424	 / REPORT 1058—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

SUMMARY OF INFLUENCE OF CHEMICAL COMPOSITION ON RUPTURE
TEST CHARACTERISTICS 

Individual variations of elements.—Figure 43, which sum-
marizes the rupture properties at 1200° F for variations of 
one element at a time in the basic analysis, indicates the 
following influences of chemical composition for alloys melted, 
forged, and heat-treated under the conditions of this in-
vestigation: 

(1) Variation of C and Mn had no appreciable influence 
over the ranges examined. 

(2) Very low N caused somewhat low rupture strength 
and intermediate N produced strengths slightly above normal. 

(3) The effect of Si was unique in that increasing amounts 
lowered rupture strength and increased elongation. 

(4) Increasing amounts of all other elements resulted in 
increased rupture sti ength over the complete range of vari- 
ation except Ni, Co, and Cb which apparently reached a 
saturation content for rupture strength at 10, 20, and 1 per-
cent, respectively. Additions of Cb caused a pronounced 
increase in rupture elongation 

(5) A saturation point for Mo and W was approached at 
the 3- and 2-percent levels of the basic alloy although im-
provements were obtained by further additions of these 
elements. The element Mo increased and W had 110 effect 
on elongation. 

(6) The rupture strength was markedly increased by ad-
ditions of Cr from 10 to 30 percent, and rupture elongation 
was decreased. 

(7) Relative magnitudes of 100-hour rupture-strength 
improvements were: 20 percent Cr increased strength 13,000 
psi; 7 percent Mo, 8500 psi; 7 percent W, 7000 psi; and 1 per-
cent Cb, 8500 psi. The addition of 1 percent of Si decreased 
strength 5000 psi.

The following modifications had strengths appreciably 
below that of the basic alloy: 1.2 percent Si, 1.6 percent Si, 
10 percent Cr, 0 percent Co, 10 percent Co, 0 percent Mo, 
1 percent Mo, 2 percent Mo, 0 percent W, 1 percent W, and 
0 percent Cb. The only alloys which had appreciably higher 
strengths than the basic alloy were those with 30 percent Cr 
and 7 percent W. From this it appears little was done to 
improve the 1200° F rupture strength of the basic alloy in 
the single condition of treatment studied, that rather wide 
individual variations of the elements can be permitted, 
particularly to higher values than those in the basic analysis, 
without appreciably altering properties, and that Cr, Co, 
Mo, W, and Cb are necessary for high strength. 

Simultaneous variations of molybdenum, tungsten, and 
columbium.—The summarized influences on rupture prop-
erties at 1200° F of simultaneous variations of Mo, W, and 
Cb in the basic analysis, shown in figure 42 for the 100-hour 
rupture strength, serve to emphasize the general findings 
when these elements were varied individually. These 
influences are as follows: 

(1) The absence of Mo, W, and Cb yielded an alloy with 
very low rupture strength, 26,000 psi for rupture in 100 
hours.

(2) Separate additions of Mo, W, or Cb in amounts up 
to 4 percent to the OMo–OW–OCb analysis raised the 100-
hour rupture strength up to at least 40,000 psi as compared 
with 49,000 psi for the basic alloy. 

(3) Simultaneous additions of the three elements in 
amounts up to 4 percent at least doubled the strength of 
the 01\10–OW–OCb analysis. Such additions did not, 
however, yield alloys with properties which were outstand-
ingly better than those of the basic alloy. 
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(4) Additions o Mo and W to 4 percent raised strength 
progressively. Acditions of more than 1 percent of Cb, 
however, were not beneficial to strength. 

(5) Additions of Mo and W had little effect on rupture 
test elongation. Alloys containing no Cb had consistently 
low elongation and additions of 1 to 2 percent Cb markedly 
increased the elongation. 

Relationof rup:ure and creep properties.—It was noted 
in table X and in the graphs of properties against composi-
tion that the stresses causing a minimum creep rate of 0.1 
percent per hour were similar in magnitude to the 100-hour 
rupture strength. In general it was also noted that changes 
in rupture strength were accompanied by similar changes in 
creep properties except for alloys with relatively low rupture 
elongation, parti'ularly alloys not containing Cb, where 
total elongation appeared to have relatively greater in-
fluence on fractui e time. 

It appears, thi'efoi'c, that the rupture strengths of the 
alloys were controlled by their inherent resistance to creep, 
as measured by the stresses based on minimum creep rates 
obtained during the rupture test and their total elongation 
to fracture.

DISCUSSION OF RESULTS 

The results indicate that by careful control of procesing 
conditions the high-temperature characteristics of forged 
Cr-Ni-Co--Fe-M o-W-Cb alloys can be related to systematic 
variations of chemical composition and that major changes 
in rupture char tcteristics at 1200° F accompany certain 
variations in composition. A summary of the influence of 
alloy modification on the 100-hour rupture strength at 
1200° F is shown in figure 44 for the elements (Si, Cr, Ni, 
Co, Mo, W, and Cb) producing significant changes. There 
were also mark.d changes with alloy modification in such 
other metallurgical properties as microstructure, hardness, 
and melting and forging chai'acteristies which indicate 
reasons for the cbservecl influence of composition on rupture 
characteristics. - 
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Finua g 44.—Summary of influences of alloy modification on 100-hour rupture strength at 
1200° F. Hori,ontal clashed lines indicate property range for three basic heats.

The range in 100-hour rupture properties associated with 
the composition variables studied was 26,000 to 52,000 psi 
for the rupture strength and 5 to 40 percent for the rupture 
elongation. These ranges compare with properties of other 
heat-resisting alloys as shown in table XI. It is seen that 
the rupture properties of the basic alloy can be varied over 
just as large a strength range, but at a higher level, as a 
result of variations iii prior processing as was obtained by 
composition modifications for a sing16 processing condition. 
The strength of the modification (OMo-OW-OCb) at the 
low end of the composition strength range is similar in 
magnitude to strengths of the standard heat-resisting alloys 
of the i8Cr-SNi type. Wide property ranges are also shown 
for seven superafloys studied in a research l).l'ogl'am on a 
large number of alloys in which it was found that no accurate 
comparision could be made between alloys on the basis 
of chemical composition because prior processing conditions 
were not controlled. The present investigation has shown 
that certain variables in melting and hot-working procedures 
definitely result in major variations in high-temperature 
properties and that these variations probably cannot be 
completely removed by subsequent heat treatment. 

LIMITATIONS OF DATA 

Interpretation of the results can 1)0 made only subjôct to 
the limitations initially placed on the investigation and those 
which developed as a result of the investigation. The major 
limitations which appear to be of significance are listed below: 

(1) A limited number of composition variables were stud-
led. Simultaneous variations of elements were made only 
for Mo, W, and Cb. While certain of the composition vari-
ables studied showed significant influences on properties 
there was only limited indication of what to, expect from 
simultaneous variation of other combinations of the elements 
in the alloy. 

(2) Comparisons between alloys were limited to properties 
in one condition of prior processing. It was shown that the 
control exercised over processing was sufficient to obtain 
reliable reproducibility of properties betweeui heats of the 
basic alloy. But it was also shown that, unless all the 
processing procedures, including both melting and hot-
working conditions, are controlled, variability in properties 
may result. Reasons for this variability were not evident 
from this investigation. The relative influences of processing 
on alloys other than the basic are not known. Because 
only one processing condition and heat treatment were used 
for all the alloys no indication could be obtained of the 
optimum properties which would be expected for the alloys 
by variation of treatment. 

(3) Limitations are also imposed in the interpretation of 
the influence of composition on high-temperature character-
istics in general by the fact that only one type of test was 
used to evaluate properties and this at only one temperature. 
Testing time was also usually limited to that necessary to 
establish the 100-hour rupture strength. 

In the discussion of the results of this investigation cog-
nizance is made of these limitations. 
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OOMPARATIVE RUPTURE AND CREEP CHARACTERISTICS 

The main reason for consideration of the creep data from 
time-elongation curves of the rupture tests was to determine 
if creep resistance or elongation best correlated with the rup-
ture strengths. It was observed that in general the stresses 
to cause a creep rate of 0.1 percent per hour were of the same 
order of magnitude and followed the same trends with com-
position variation as the 100-hour rupture strengths. The 
main exception to this observation was in the alloys in which 
Cb was systematically varied from 0 to 4 percent in which 
case the stresses for constant creep rates remained constant 
or decreased with increasing rupture strength (see fig. 36). 
It seemed apparent, therefore, that the marked influence of 
Cb additions from 0 to 1 or 2 percent on increasing inherent 
ductility was responsible for the unusual relation between 
creep and rupture properties. While stresses at a constant 
creep rate of 0.1 percent per hour were of the same order of 
magnitude as the 100-hour rupture strength, these stresses 
were higher for the 0-percent-Cb alloys (low elongation) and 
equal to or less than the rupture strength for the 1- and 2-
percent-Cb alloys (high elongation). Apparently, therefore, 
the influence of Cb on changing the rupture strength was less 
dependent on the resistance to creep, as measured by stress 
at constant creep rate, than on the relative ability of the 
alloys to deform before fracture. 

Figure 45 shows, for all the alloys studied, the variation of 
the 100-hour rupture strength with stress to cause a creep 
rate of 0.1 percent per hour. Average curves are drawn 
representing the points indicating the low (5 to 10 percent), 
intermediate (11 to 19 percent), and high (20 to 40 percent) 
100-hour rupture-elongation levels encountered:While there 
are ranges for the rupture-creep property relations it is noted 
that the range representing high elongations is definitely at 
a higher level than that representing low elongations. The 
range for intermediate elongations overlaps both those for 
high and low elongations. These ranges, while partially the 
result of variation in actual elongation within the range, 
particularly at the lower elongations, are believed to be 
mainly caused by the limitation of the reproducibility of 
properties from heat to heat of a given analysis and by the 
fact that the creep properties in many cases were estimated 
from only it small amount of time-elongation data. Another 
possible catse of the ranges could be that for certain alloys 
the stress at constant creep rate is not an accurate representa-
tion of the creep resistance. 

In general it appears, however, that the stress to cause a 
creep rate of 0.1 percent per hour is a measure of creep resist-
ance which does control the 100-hour rupture strength, that 
the relation is linear and represented by a line with a slope 
of approximately 450, but that the level of rupture properties 
at a given creep resistance is dependent upon inherent ability 
to deform before fracture. Specific examples of the relative 
dependence of rupture strength on stress at constant creep 
rate are as follows (see fig. 45): 

(1) At a constant 0.1-percent-per-hour creep strength of 
45,000 psi (which means all alloys on this vertical 45,000-psi 
line have constant creep resistance) alloys having hi gh don- zn
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Finug 45.—Influence of creep resistance and 100-hour rupture elongation on 100-hour rupture 
strength at 1200 F of modified alloys. 

gation will take longer to fracture than those having low 
elongation. The 100-hour rupture strength will be approx-. 
imately 5000 psi higher for an alloy with 20-percent or more 
total elongation than for an alloy with 5- to 10-percent 
elongation. 

(2) The 100-hour rupture strengths must remain the same, 
for example at 45,000 psi, even though the stress at constant 
creep rate, or creep resistance, decreases by approximately 
5000 psi because the ability to deform prior to fracture 
increases at the same time. 

It is noted in figure 45 that the level of the relation between 
rupture strength and creep resistance is dependent on total 
elongation only at the lower elongations. The reason for this 
is the difference between the time-elongation curves for 
ductile and brittle materials. For ductile materials toward 
the end of the period of increasing creep rate (third-stage 
creep) there is a large amount of deformation in a very short 
time period. In this case the total elongation has a relatively 
small time dependence, the elongation having little influence 
on the rupture time. For brittle materials, on the other hand, 
the elongation change with time is more gradual near the end 
of the test. Thus with the same creep resistance the rupture 
time is more dependent on the relative inherent ability of the 
materials to deform before fracture. 

The points in figure 45 that indicate elongations between 5 
and 10 percent represent the alloys which did not contain Cb. 
One point at the highest stress represents the high-Cr alloy 
which had low ductility. It is evident that the unusual 
relation between creep and rupture properties observed for 
alloys in which Cb was varied systematically was the result 
of the added influence of total elongation on rupture strength. 
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It can be concluded that the rupture-strength variations 
with chemical composition observed in this investigation 
were the result of the changes in inherent creep resistance 
caused by alloy additions except for composition variations 
for which total elongation to fracture changed from low 
(5 to 10 percent) tc high (above 20 percent) in which case the 
greater ability to :leform before fracture also improved the 
rupture strength. 

INTERPRETATION OF I FLUENCE OF CHEMICAL-COMPOSITION VARIABLES 
ON RUPTURE P:I0 p ERTIEs AT 12000 F OF MODIFIED ALLOYS 

Interpretation of the manner in which the composition 
variations influence the high-temperature properties of these 
alloys by controlling the inherent creep resistance and the 
ability to deform before fracture can be made in view of 
simultaneous eflc ts noted in other metallurgical charac- 
teristics. The fcllowing observations of such effects were 
made: 

(.1) Only the fcllowing nine alloys of the 63 different corn-
positions studied developed a pronounced amount of visible 
microstructural precipitate  ci u.ring aging: 

Alloy Composition 
vtciable (percent) 

15 0.40C 
10 0.100 
52 30Cr 
29 000 
49 37.1 o-2 W-4Cb 
50 3Mo-2W-OCb 
82 27.1041V4Cb 
83 47.4 o-2W-4Cb 
07 4Mo-4W-4Cb

Except for the 3D-percent-Cr alloy, the additional precipitate, 
resulting from either increased C or Cb or decreased Co, 
did not have any apparent beneficial effect on strength. The 
matrix precipitate which occurred during aging of the 30-
perceist-Ci' alloy was of a different type from that of other 
alloys with heavy precipitation, being preferred rather than 
random. The hardness increase during aging of the 30-
percent-Cr alloy was exceptionally large. Thus the sub-
stantial streng;h increase with the addition of Cr from 20 to 
30 percent appeared to result, at least in part, from the aging 
characteristics caused by higher Cr. 

(2) Neither i\/o nor W, when varied from 0 to 7 percent in 
the basic alloy containing 1 percent Cb, showed the least 
effect upon the relative amounts of visible precipitate occur-
ring during aging. However, accompanying the increases in 
these elements were improvements in creep resistance and 
rupture strength over the entire composition range. Like-
wise Mo and W, when varied simultaneously from 0 to 4 
percent, proc.uced no increase in amount of visible aging 
precipitate in alloys containing 2 percent or less of Cb. 
Creep-resista:rice and rupture-strength improvements were 
considerable :Lnd continuous in the 20 series of alloys in which 
either Mo or W was increased systematically. In 16 series of 
alloys, there was no appreciable change in the effect of these 
elements on aging precipitate present. The remaining four 
series were those containing 4 percent Cb, and in these the 
presence of i6t least 6 percent total of Mo plus 'W was neces-
sary to increase the amouiit of visible aging precipitate. The

elements Mo and WY' were similar in effect on properties in 
these systems as in the systems containing lower CI). How-
ever, these high-Cb alloys did not develop an appreciable 
relative increase in hardness during aging and had a random 
rather than the preferred matrix precipitate of the high-Cr 
alloy which apparently derived its superior strength from the 
aging reaction. 

(3) The Cb produced its major improvement in rupture 
strength in additions of 1'percent to the 0-percent-Cb alloys. 
This increase in rupture strength appeared to be the result 
of the higher ductility caused by Cb rather than an improve-
ment in creep resistance, which Cb additions either did not 
change or reduced. Additions of more than 2 percent Cb 
did not add anything to rupture strength because creep resist-
ance was not increased and the rupture elongations were 
all at a high level where changes in total elongation did not 
appreciably affect fracture time. Microstructural examina- 
tions indicated that Cb, or the compound it caused to form, 
was at most only partially soluble at temperatures up to 
2200° F. Limited solubility appeared to be the reason that 
there was no improvement in creep resistance when Cb was 
added. The major , changes in microstructure caused by 
Cb—increasing the amount of insoluble constituent, changing 
the mode of aging precipitation from preferred to random, 
and refining the grain size—appeared to be associated with 
the marked increase in rupture elongation resulting from 
Cb additions. It is noted that low rupture elongation was 
also associated with the preferred type of aging precipitate 
in the 30-percent-Cr alloy. Rupture-strength improvements 
with Cr additions, however, were the result of increased 
creep resistance which was not the case for the Cb-modified 
alloys. 

Additions of 4 percent or more of Cb in the presence of 
6 percent or more of Mo plus W caused a marked increase 
in the amount of random matrix precipitation during aging. 
This additional precipitate added nothing to strength and 
did not appreciably increase the relative hardening during 
aging. However, the strength increases accompanying 
additions of Mo and W in this region continued to be con-
sistent with those which appeared to be the result of solid-
solution effects for the lower-Cb alloys. 

(4) There were certain similarities between the effects 
of C and Cb on the amount of excess constituents present 
in the microstructures. While the excess constituents result-
ing from C and Cb additions were not necessarily the same 
phases, the appearance of large amounts of excess constitu-
ents, both in the solution-treated condition and during aging 
of the higher-C modifications, had little effect on properties. 
Apparently C combines with elements normally present in 
the solid solution to form certain of the observed excess 
constituents. In view of this the inherent matrix strength 
of the material should be reduced. This effect appeared 

-to be the case for the 0.60-percent-C alloy which did show 
a tendency toward lower strength. However, balancing 
factors, which could hold strength up to a certain extent, 
could be that some strengthening resulted from the very 
heavy aging precipitation, or that C did not combine with 
the major elements causing the strength. 
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(5) Additions of Co from 0 to 20 percent which tended 
to raise creep resistance, and thus rupture strength of the 
alloy, decreased the amount of visible aging precipitate, 
apparently increasing the solubility of the strengthening 
elements. Further addition to 32 percent Co increased 
creep resistance but did not appreciably improve rupture 
strength because of the lower rupture elongation. 

(6) The major strengthening effect of Ni was between 
0 and 10 percent. The addition of 10 percent Ni changed 
the alloy from an unbalanced ferrite-austenite composition 
of the 0-percent-Ni alloy to the austenitic-matrix-type alloy 
typical of all the other alloys studied. By preventing the 
formation of the weak ferrite-sigma-type phase 10 percent 
Ni caused the elements in this phase to enter the solid solution 
of the matrix, thus increasing the creep resistance and 
rupture strength. 

Each of the above observations of relations of metallur-
gical characteristics and high-temperature properties points 
to the conclusion that the major strengthening effects pro-
duced by alloy variations in this investigation were the result 
of the elements entering into solid solution in the alloys. 
The two outstanding examples of solid-solution strengthening 
Were for Mo and W. These elements would enter the solid 
solution by substitution, as also would Cr Ni, and Co, for 
atoms of Fe, which they replaced in the alloys. The atoms 
of Cr, Ni, and Co are all about the same size as Fe atoms 
and could substitutionally enter the crystal lattice of the 
solid solution with ease. Substitution of the larger or incon-
gruous atoms of Mo and W into the lattice, hpwever, would 
necessarily set up a strained condition. Such strains in the 
lattice would interfere with the flow conditions during creep, 
thus giving the material higher creep resistance. The role 
of Cb, which also has relatively large atoms, is complicated 
by the high affinity of Cb for C and by the apparent low 
limit of solubility of Cb, or the phase which it forms, in the 
basic alloy system studied. The substitution of the similarly 
sized elements, Cr, Ni, or Co, into the lattice would not set 
up particularly strained conditions and thus strengthening 
from solid-solution effects would not result. This ha also 
been demonstrated by a recent investigation of Fe-Cr-Ni 
alloys (reference 2). The effects of Ni and Co on properties 
and microstructure appeared to be the result of these ele-
ments influencing the matrix solubility of other elements, 
the two most probable other elements being Mo and W. As 
noted, Cr apparently increased strength, at least in part, 
by aging effects.	 - 

It would appear therefore that as the number of incon-
gruous atoms entering solid solution increased the strength 
should increase proportionately. The composition modifi-
cations studied most thoroughly in this investigation were 
those involving the siinultaheous variation of Mo, W, and Cb. 
The modifications in which Mo and W additions caused 
strength increases were pointed out as examples of strength-
ening as a result of solution effects. Figure 46 shows the 
influence on the 100-hour rupture strength of total atomic 
additions of Mo and W to alloys containing four levels of Cb. 
This figure is similar to the presentation in figure 42 of the

same data on a weight percent basis. The solid-line curves 
drawn represent the data even better, however, when pre-
sented on an atomic percent basis. Trends iii the summary 
curves, with Cb content as a parameter, are the same in 
both presentations, Cb above 1 percent being of no benefit 
to strength.. In general, the curves in figure 46 show a 
continuous and approximately proportionate increase in 
strength with atomic additions of Mo and W. This is 
consistent with what would be expected if solid-solution 
effects are responsible for the strength increase. 

The points in the graphs of figure 46 have been connected 
so as to show the comparative effects of Mo and W, the 
short-dashed lines showing the Mo effects and the long-dashed 
lines the W effects. There is a general trend indicated by these 
curves for W to cause a relatively greater strengthening than 
does Mo. This means that, although the average solid-line 
curves drawn do represent quite well the data in the graphs 
for the composition ranges studied, additions of atoms of W 
to the solid solution had a greater strengthening effect than 
equivalent atomic additions of Mo. 

Exceptions to the solid-solution ..strengthening effect, par-
ticularly that of the 30-percent-Cr alloy, were noted pre-
viously. One other major exception, which does not agree 
with the conclusion that strengthening resulted from solid-
solution effects, was that encountered in the influence of 
Si variations. The effect of Si, varied from 0.5 to 1.6 
percent, was to lower strength properties markedly and to 
increase total deformation to fracture. There was no 
apparent change in microstructure produced by Si. It was 
also observed that the high-Si alloy was the only alloy of all 
those studied which did not show any increase in hardness 
during aging. 

A clue to the apparently anomalous effect of Si is to be 
found in the results of the effect of deoxidation practice 
during melting on the properties of the basic alloy. Table 
VI shows a 100-hour rupture strength of 52,000 psi for alloy 
74 which was not deoxidized before, pouring. This strength 
of 52,000 psi is to be compared with the strength range of 
48,000 to 50,000 psi for the basic alloy deoxidized inthe 
normal manner with calcium-silicon deoxidant and with the 
55,000-psi rupture strength of alloy 75 which was deoxidized 
with a zirconium-silicon-iron deoxidant. These results indi-
cate that a marked influence may occur on properties of a 
given alloy as a result of variation of melting procedure. 
The element Si definitely plays an importnt role in melting, 
particularly in deoxidation practice. One heat (alloy 27) in 
which the charge was aimed at yielding 0.25 percent Si in the 
basic analysis and which was deoxidized in the normal way 
with 15 grams of calcium-silicon alloy resulted in 0.58 percent 
Si and gave properties typical of the basic alloy. Another 
heat (alloy 79) aimed at 0.25 percent Si, but in which only 
5 grams of calcium-silicon deoxidant wer&used, resulted in a 
blow hole at the ingot center. It thus appears that inherent 
characteristics, imparted to the material during melting, 
not removed by subsequent processing, and not evident in 
microstructure, could be responsible for the unusually low 
strengths of the high-Si alloys.
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The basic alloy has been shown by previous investigations 
to be an alloy which does not develop appreciable strength-
cuing at high temperatures as a result of visible precipitation 
reactions during aging after solution treatment (references 
1 and 3). Evidence presented in this discussion indicates 
that the major strengthening effects accounting for the good 
strength of the basic alloy result from additions of incon-
gruous atoms of elements to the solid-solution lattice of the 
austenite-type matrix. 

Another characteristic evaluated' for the alloys was the 
relative forgeability. Although this evaluation was only 
qualitative the indications were that high-temperature char- 
acteristics as measured by rupture tests at 12000 F were in 
general reflected at temperatures of 1800° to 2200° F in the 
relative forgeabiity of the alloys. Alloys which had higher 
rupture strengths as a result of greater resistance to creep 
also tended to be less plastic in the forging range. The main 
exception to this was for Mo additions which apparently did 
not affect forgeability. The alloys not containing Cb, which 
had quite low rupture elongation, tended to crack during 
forging. 

OPTIMUM ALLOY (i)ONTENT AND OOMPOSITION RANGES 

In addition to the main objective of determining the 
influence of chemical-composition variations on rupture 
properties at 1200° F, the present investigation was also 
intended as an initial step toward establishment of optimum 
compositions for alloys of the basic-alloy type. Interpre-
tation of the results for this purpose, however, is subject to 
the limitations of the number of compositions studied and 
the single preparation condition placed on the investigation. 

While the over-all property range obtained was quite wide 
and information was obtained concerning the influence of 
each element on properties, no alloy was obtained which had 
properties which were outstanding compared with those of 
the basic analysis. 

It was shown that most of the elements present in this 
analysis are necessary to yield the best properties, but that 
variations over relatively wide ranges can be made of one 
element at a time in the basic analysis without appreciably 
altering properties. Indications are that Ni can be varied 
from 10 to 20 percent, C from 0.08 to 0.60 percent, Co from 
20 to 32 percent, Cb from 1 to 4 percent, Mn from 0 to 2.5 
percent, and N from 0.08 to 0.18. percent in the basic analysis 
without appreciably affecting properties. It was also shown 
that Cr, Mo, and W are necessary for maintenance of proper-
ties and that Cb in additions not beyond 1 percent is neces-
sary for high ductility characteristics. it is possible, how-
ever, to obtain strengths as high or higher than that of the 
basic alloy without the use of Cb but this involves increasing 
Mo and W 

Seemingly the only major reduction in required alloy con-
tent in the basic alloy, which could be made without appre-
ciably lowering properties, is that Ni couM be lowered to 10

percent. Possibly Gb could be decreased a few tenths of a 
percent below 1. 

NATURE OF PHASES PRESENT IN EXPERIMENTAL ALLOYS 

As yet little is known concerning the nature of the phases 
present in alloys of the type investigated. It is generally 
accepted that the austenite-type matrix is a solid solution 
which is saturated with respect to certain unidentified con-
stituents at both the solution and aging temperatures. It 
is also known that Cb, Cr, Mo, and W are prone to form 
carbides or nitrides under certain conditions and that inter-
metallic compounds, such as the Fe-Cr sigma phase, and also 
a ferrite-type phase, are possibilities of microconstituents. 

There was a limited amount of evidence gained from the 
microstructural studies of this investigation concerning the 
nature of the phases encountered. There is evidence that C 
entered into the reaction forming the phase which was at 
least partially insoluble at the solution-treatment tempera-
ture and that Cb was the other significant clement in the 
formation of this phase. It also appeared that C was 
an important constituent of the precipitate which occurred 
during aging. 

Evidently Cr contributed to the formation of the phase 
which precipitated during aging of the OMo-OW-OCb alloy. 
It appeared that Cr was also quite important in the aging 
reaction in the 0-percent-Cb alloys since additions of Mo and 
W to these alloys did not change the appearance or apprecia-
ably affect the amount of aging precipitate. 

Additions of Cb from 2 to 4 percent in alloys containing 
high Mo plus W appreciably increased the amount of aging 
precipitate. Evidently this occurred as a result of exceeding 
the solubility limit of the solution which caused the rejection 
during aging of the excess phase from supersaturated solu-
tion. The constituents of this phase were not evident from 
the data, although there was some indication that Mo and 
W, which apparently increased strength by substitutional 
entrance into solid solution, probably were not present in 
the precipitate. The two examples of this were: 

(1) Additions of C to the basic alloy increased aging pre-
cipitate but did not appreciably lower strength which would 
be expected if Mo or W were forced out of solution. 

(2) Additions of Cb from 2 to 4 percent in alloys also 
containing at least 6 percent total of Mo plus W did not 
affect strength appreciably while increasing the amount of 
aging precipitate. On the other hand, when Mo or W was 
raised from 2 to 4 percent in alloys containing 4 percent Cb, 
producing alloys with more aging precipitate, the strength 
was improved, indicating that MO and W went into solution. 

In the event Mo and W did maintain strength by remain-
ing in or entering into solid solution, it is probable that Cr 
or some of the other elements with atoms of similar size to 
Cr were forced out of solution as carbides or intermetallic 
compounds. 

On the basis of the composition range studied for N, it did 
not appear that this element appreciably affected the micro-
constituents.
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CONCLUSIONS 

By the use of Careful control over processing conditions 
this investigation has shown that for forged alloys containing 
chromiu m, nickel, cobalt, iron, molybdenum, tungsten, and 
columbium it is possible to correlate the stress-rupture 
properties at 1200 0 F with systematic variations in chemical 
composition and '.lmat a wide range in properties can be ob-
tained b y such vc jiations. However, no alloy was obtained 
which had properties which were outstanding compared with 
those of the basic analysis. 

Subject to time limitations placed on this investigation of 
the limited numi;er of composition variables studied, the use 
of only one condition of processing, the evaluation of high-
temperature elms racteristics by only relatively short-time 
rupture tests at .200° F, and the use of only microstructural 
and hardness data to provide interpretation of results, the 
findings lead to ;he following conclusions: 	 - 

1. Carbon (varied from 0. 08 to 0. 60 percent), manganese 
(0 to 2.5 petccn), nitrogen (0.08 to 0.1.8 percent), nickel (10 
Lo 20 percent;), cobalt, (20 to 32 percent), and columbium 
(2 to 4 percent) do not appreciably influence 1200° F rupture 
properties. Niurogen (0.004 to 0.08 percent), chromium 
(10 to 30 perce:.It), nickel (0 to 10 percent), cobalt (0 to 20 
percent), molybdenum (0 to 4 percent), tungsten (0 to 4 
percent), and columbium (0 to 1 percent) improve the rupture 
strength. Silicon (0.5 to 1.6 percent) and nickel (20 to 30 
percent;) lower rupture strength. 

2. The ruptitre-strength variations with chemical composi-
tion observed in this investigation were the result of changes 
in inherent creel) resistance, caused by alloy additions, ex-
cept for coinp osi Lion variations for which total elongation 
to fracture changed from low (5 to 10 percent) to high (above 
20 percent), in which case the greater ability to deform be-
fore fracture idso improved the rupture strength. 

3. The rupLure-strength improvements accompanying the 
increased creep resistance with additions of molybdenum and 
tungsten app trently are the result of the strengthening in-
fluence of these incongruous atoms entering substitution-
ally into the matrix solid solution. Increased creep resist-

ance with nickel and cobalt additions apparently results 
from the manner in which these elements improve the solu-
bility of molybdenum and tungsten. The increased creep 
resistance produced by chromium additions apparently re-
sults, at least, in part, from an aging reaction. The creep 
resistance is not influenced b y columbium whicli enters 
solid solution to only. a very limited extent. Improvements 
in rupture strength with small additions of columbium re-
stilt from the greater ability to deform before fracture of 
alloys containing columbium. The detrimental effect of 
silicon on strength properties is possibly connected with 
melting phenomena which are not yet understood. 

4. Columbium, chromium, and carbon produce major 
Changes in microstructure. There is limited evidence to 
indicate that these are time major elements in the preseim t 
excess constituents in the structure of time alloys. 

5. Melting and hot-working conditions have an important 
influence on the inherent high-temperature properties of 
alloys of the type studied. 

UNIVERSITY OF MICHIGAN, 
ANN ARBOR, MICH., October 26, 1949. 
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TABLE 1.-CHEMICAL COMPOSITION OF EXPERIMENTAL ALLOYS 

Chemical composition (percent)
 Alloy Aim modification from basic alloy 

(percent) 

--	
. CMn Si Cr IN 	 Co Me Cb N 

Basic Analysis --------------------- 0.15 1.7 0.5 20 20 20 3. 2 1 0.12 
Basic ------------------------------ 1.54 .40 18.45 19.45 20.35 3.06 2.30 1.05 .11 

b 2 	-------------------- .24 1.62 .53 18.88 17.20 19.74 2.95 2.26 iii .12 
3 I 13isic------------------------------

-

25 168 .00 18.99 18.60 20.64 2.77 262 1.12 .15 

------------
 lb

 -------------- 
--------

41

- 

- Basic ------------------------------

---.25 

.30 1.87 .74 19.37 19.04 17.95 2.89 2.34 .96 .12 
5 1 0.4C ------------------------------ .15 1.58 .67 17.53 18.24 20.14 2.83 1.76 1.00 .12 
6

Basic ------------- ----------------------

0.4 C ----- -------------------------

- --

.13 1.78 .84 16.27 -_18.77 -	 18.04 3.32 2.10 .82 .10 

-- 
--
- -

Basic ------------------------------

---
---
---

0.10 1.40 0.66 20.64 17.34 20.52 3.01 2.34 1.11 0.15 
8 --------------------- ------------------------------ .14 1.46 .41 21.17 20.16 19.81 3.03 2.08 .96 .14 

---------- Basic ------------------------------ 1.40 .52 20.89 20.64 19.30 3.05 1.91 1. 0.3 .17 
-Basic

.16 1.63 .77 21.00 17.13 22.40 3.04 1.97 1.08 .14 
12' ------------------- ]lasic------------------------------

--.15 

.16 1.61 .67 21.04 18.39 22.00 3.03 2.01 1.15 .14 27d

--

.15 

-

.58 

74.-------------------

Basic--------------------------------

Bas ic 
Basic

--
1 -----------------------

0.07C ----------------------------- 0.08 1.80 0.37 20.03 20.84 19.42 3.12 2.10 1.09 
0.40C ------------------------------ .30 

75'---------------------

0.400 ----------------------------- .40 

13 ----------	 ------------
14 -----------------------

16 ---------------------

-
-

--

0.600 ----------------------------- .57 
IS----------------------

---------------------

Basic--------------------------------

--
--0.6(10 ----------------------------- .60 1.83 18.59 20.25 18. 92 

24--------------------- Mn 0.14 .0.03 
19 Mn025 

--

1 10 0.38 20.07 20 iO 19.82 2.99 2.02 1.13 
20 --------------------- 0.501\in ---------------------------

--
--

--

.14 .50 
21 ---------------------

--

--
l.00Mn ---------------------------

--

.12 1.04 

0.O3 -- -- - --- - - -- - - - -- - - - - - - - --- --

2.501\Tn --------------------------- ,.14 2.58 

2S --------------------- --1.OSi ------------------------------

--
--
--

0.13 1.19 
LISi ------------------------------

--
--- -------- - 

51 --------------------- 10Cr ------------------------------ 0.14 10.18 

22-----------------------
--

30Cr ----------------------------- .15 - 30.51 

80-----------------------

25 ----------------------

--
--

0.15 -- 

-- -
----

- -- 

------------

25 ---------------------
--ONI------------------------------- 

--

.16 10.70 
3ONi------------------------------

--

.14 -- 

-- ---

--------- 30.64 26-----------------------

29 ---------------------

lONi ----------------------------- -----

OCo ------------------------------

--

0.19

-- --------- 
---------------

0.31 

0.01 --- -- .-- 

30 ---------------------
-

bOo----------------------------- .14 - 11.09 
300o -----------------------------

--
--
--.14 1.7(1 0.79 

-- -
--

20.50 -20.18 

-

32.60 3.41 2.05 1.11 31 --- --------------------

32 ---------------------

--

0710 ------------------------------ 0.16 --------- 0.20 ------- 
l2To--------------------------------

-
.16

--------- 
1.76 0.75

--------- 
20.46 20.52 21.59 1.00

-
2.02 1.06 0.15 33----------------------- 

34---------------------

-

.16 -- 2.34

---------- -------- 

35---------------------
-2 M ---------------------------------o

M .13 - -- 4139 - 4o--------------------------------
liMo ------------------------------ .12 --

---------

6.99 36----------------------- 

37 Wr o 0.14 

--
-

---- 0.04 
38 w 1 15

-

1.74 0.75 20.75 20.50 21.68 3.42 82 1.02 0 15 
39-----------------------4W ------------------------------- .14 --------- 4.66 
40--------------------- W O------------------------------- .10 ---- 7.13 

--------------------- OOb ------------------------------

--

--

0.14

-- 

---------

--- 

-- ---

0.03  
48 --------------------- 2Gb ------------------------------

--

.14 1.74 0.70 20.65 

---------

20.59 

---

20.08 3.20 1.94 1.97 0.14 

--

4 Gb ------------------------------

--
--

.14

-----

--

---

4.07 
50 --------------------- --

--
--

6Gb--------------------------------
-- --------- 

------------

-- - ---

6.09 
49-----------------------

41 --------------------- Low N ---------------------------- 0.14 --
.15

-- ----

-------- -------- .08 
81 ----------------------

0.07N ----------------------------- --
0.22 N ----------------------------- .15

--

-------- -------- - .18 

Mo W Oh

--
--------- 
---------

--------- 42 --- --- - - - ------ - -- - - - --
--

0 0 0 0.12

----  
--- 

0.09 0.00 0.00 
44---------------------

--

0 0 0 .18 1.72 0.74 20.22 20.62 20.09 .00 .00 .00 0.14 
2 0 0 .14 -------- -------- 2.09 .00 .00 

46--------------------- 4 0 0 .15 -
-- 
-- 4.01 .00 .00 

43--------------------------

51---------------------

--- 

0 2 0 .13 ----- .01 2.05 .00 

45-----------------------

54---------------------

--

0 4 0

---------- 

----- .02 3.97 .00 = 

2 2 0 0.15 1.71 55----- ---------------- 0.72 20.28

- 

20.41

--

20.20 2.33 2.01 0.00 0.15 
4 

--

2 0 .13 - -- - --- 4.05 2.04 .00 

--

2 4 0 .14 - 

----------

--- 1.98 4.16 .00 
56-----------------------

58---------------------

--

4 4 0 .13 -- 

-- - - - -

- 

- - - --

- 

--- --

- 4.04 4.11 .00 

59

--

2 - - 2 0.16 - 

.14	 - - - - -

--- 2.10 2.04 1.98 
4 2 2 .13

---- - - --

4.12 2.07 1.98 
2 4 2 .15 1.69 0.80

-- - - - --

W. 20.50 20.54 2.32 4.12 2.03 0.14 
2 2 4

- 

.15 - 

---------

- 

-- ---

-- 2.02 1.93 4.09 

60-----------------------
61-----------------------

2 0 2

-- 

0.11 ------ 2.10 0.00 193 

62-----------------------

63 -----------------------
2 0 4 .15 ------- 2.32 .03 4.23 

65--------------------- 4 0 2 ----- 4.02 .00 2.10 
4 0 4 3.96 .00 4.08 
4 4 4 .13 1.70 0.71 20.18 20.36 20.12 4.12 3.94 3.94 0.17 

64----------------------- 

66-----------------------

-

--

(1

-

0 1 0.15 0.96 -------- 
0 0 2 .18 -- 

-- - --

--- 0.00 0.00 1.81 
69--------------------- 0 0 4 .14 --- 

- - -- --

.00 .00 5.76 
0 2 2 .113

--------- 

-- 

- 
.13	 - - - - - --

-- 

-- --

- .01 2.00 1.92 

68 68-----------------------
--

0 4 2 .17

--------- 

.13 ------------

.02 3.03 1.91 
70-----------------------
71-----------------------

0 2 4 .14 -	 1.80 0.66 20.21 20.39 

---------------

20.51 .01 2.01 4.18 0.12 72-----------------------
73 ------------------- 0 4 4 .15	 --------- 

-- - --
-- - - - ---

--------- 

-- - - --

--------- .02 3.92 4.05 

2 4 4 0.16 --------

--------- 

-------------

---------

--------- 

---

82-----------------------
4 2 4

- 
.13 --------

--------- -------- 
- ----

------ 
- -

--------- - -----  
1.85 4.58 83----------------------

S4---------------------- 4 4 2
- 

.14 1.64
--------- 

0.74
--

20.18 
-	 --------------3.85 

20.51 19.95	 ---------- 
--

--------	 -

----------- 

2.25 0.17

Values given only where actual chemical analyses were made; blank spaces indicate same airn value as that of basic alloy. 
Alloys I to 6 were prepared to develop and standardize meltin g practice. 
Alloys 7, 8, 10, 11, and 12 were prepared to determine control of properties with processing from heat to heat of basic aiboy. 
Alloy 27, aimed at low Si, resulted in basic value. 
Deoximlation practice was varied on alloys 74 and 75 of basic analysis.
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TABLE 11.-TYPICAL MELTING REQORD 
[Alloy 72. Aim analysis, percent: 0.15 C, 1.7 Mn, 0.5 Si, 20 Cr, 20 Ni, 20 Co 0 Mo, 2W, 4 Cb, 0.12 N] 

(a) Charge 

Composition contributed by melting stock (percent) 
Mlting stock

Fe C Mn Si Cr Ni Co Mo W Oh N 

Electrolytic nickel ---------------------------------------- 820 ------ 20. 5 
Cobalt rondles -------------------------------------------- Soo 20.0 

721 17. 99 0.004 . 0.005 

d,
544 4.27 

.45
.010 
.088

------- 

0.053 
.035

9. 15 
1.21

0.110 
.001 in (high	 low N) ------------------------ 

Ferrochromium (low C, low N) ----------------------------
-

599 4.41 .008 .066 10.64
- 
-

- 
---

- 
-

- 
- .006 

Armco iron--------------------------------------------------
Ferroebromium (low C high N) ----------------------------
Ferrochromiu -- - 72 

--

-

68

-----

69 

--

0
- 

-------------
------- --

m Ferromolybdenu	 (60 percent Mo) ------------------ -----

------------
--------

Electrolytic manganese--------------------------------------
Ferrosilicon (50 percent Si)----------------------------------

Ferrotungsten (80 perce at l\') -----------------------------
-

100 0. 43 

-----1. 

0.012 0.005 0.014

-- ----

Ferrocolumbium (60 pe:cent Cb) --------------------------

-0 
--

276 2.38 .023 .404
-

4.00 

Totals-------------------------------------------------

--

4000 29.93 0.140 1.70 0.63 21.0 20.5 

--------2.00 

20.0 0 2.00 

-2.01

4.00 0.117 

Actual analysis -------------------------------------------- --------- - ------- 0. 14 1.80 0.66 20.21. 20.39 20.51 0 4.18 0.12 

(b) Melt data 

Time	 (mm) Operation 

Fe, Cr, Ni, and Co melting stock placed in hot crucible (fifth heat in 
crucible). 

Power on, 400 volts, 10 kw. 

0---------------

Charge melted. 
0--------------
15--------------

Slag skimmed. 17--------------

18 ------------
Mn added. 

20 ------------ Ferrotungsten and ferrocolumbium added. 
Power down to 300 volts, 6 kw. 
15 grams of 30-percent-Ca and 65-percent-Si alloy added to deoxidize. 
Slag skimmed. 

-
-

Power oil.	 Bath temperature: Leeds	 and	 Northrup	 optical	 pyro-

22-------------
23-------------

meter-2860° F. 	 Pt, Pt-Rh immersion 

24-------------
25-------------

thermocouple-2840° F. 
27------------- Heat poured. 

Cooling-curve data taken on hot-top metal. 	 Temperature halt in curve at 2495° F.

213037-53-- -92
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TABLE 111.-MELTING DATA FOR EXPERIMENTAL ALLOYS 

Bath temperature before 
pouring (F) 

Alloy y odification from basic alloy Cooling-curve 
temperature (percent) Leeds and Pt,Pt-Rh a Northrup 

optical pyrom- thermocouple 
eter

2570 
8 --------------- Basic ------------------------------ .2560 

Basic-------------------------------

2665 . 

7----------------

Basic-------------------------------
2680 

10---------------
11---------------Basic-------------------------------

Basic-------------------------------2785 12---------------
Basic------------------------------2625 

—

2600 2466 

Basic, no deoxidation ------------- 2780 2840 - 
Basic, Zr-Si-Fe deoxidant --------- 2730 2745 75---------------
Basic, melted under lime-fluorspar 2525 2520 76---------------

slag. 

13---------------

—

-- 2560 
14---------------0.400 --- - - ------------------------ 2535 
15 --------------

0.08 C-------------------------------

—0.400 ----------------------------- 2535 .	 2500 
16 --------------

----

2585 2518 
-_ 17 --------------

-
2585 >2470 

OMn ------------------------------ 2550 
24---------------0 Mn ------------------------------ 2630 617 >2460 
19 -------------- 0.30 Mn ---------------------------—2640 >2530 
20 --------------- 0. 50 Mn ---------------------------

--

2640 2587 2561 
21 -------------- 1.0 Mn ----------------------------—2560 2555 
22 -------------- 2.5 Mn -----------------------------2585 2514 

27---------------

79'------------- 2675 2682 
28 -------------- 2640 2722 >2414 
80 -------------- 2580 2610 2450 

—

10Cr-------------------------------

---

2758 2542 

0.60 C--------------------------------
-0. 66 C--------------------------------

50Cr ------------------------------ 2722 2754 >2430 

18	 -------------

2620 
25--------------- 2600 2622 2487 

2690 2634 2456 

29---------------

-

2660 2658 2471 

51---------------

2690 2479 
2670 2657 2459 

-
-

2700 2792 2529 

30---------------
31---------------

0 Ni--------------------------------

-
-

2670 2660 2405 
2660 2643 >2440 
2710 2684 2471 

52---------------

2710 2688 2474 

23---------------

34---------------
35---------------

2710 2698 2505 

26---------------

36---------------

2705 2692 2487 
37---------------
38---------------

2685 2690 >2490 

32---------------

2700 2693 2484 

33---------------

39---------------

OCb ------------------------------ 2770 2777 2553 

40---------------

2 Cb ------------------------------ 2780 2508 
4 Cb ------------------------------ 2650 2703 2464 

-_50---------------6Cb ------------------------------ 2690 >2390 

47---------------
48---------------
49---------------

41 ------------- -- 2709 2707 2508 

Low Si-----------------------------

2720 >2480 

1.2 Si------------------------------
1.6 Si------------------------------

5 Mo-------------------------------

81---------------2632 2648 2479 

Me 

10 Ni-------------------------------
30 Ni-------------------------------

7 Mo-------------------------------

OW- ------------------------------- 
1 W--------------------------------
SW--------------------------------
7W --- -- ------------- - -------------

W Ob

2740 2760 2592 0 

0 Co--------------------------------
10 Co-------------------------------
3200 -- - -- --- - ----------------------

0 0 
0 

OMo ------------------ --------------
1 Mo--------------------------------

0 0 2780 2790 >2520 
2 

2 Mo--------------------------------

0.004 N----------------------------
42----------------

0 0 2750 2768 >2530 
4 0 0 2750 2770 2537 
0 2 -	 0 2870 2805 >2520 
0 4 0 2785 2783 2542 

44----------------
45----------------

2 2 0 2782 2736 2534 

46----------------
53----------------

4 2 0 2742 2762' 2529 
2 4 0 2732 2670 2518 
4 4 0 2882 2835 2482 

59----------------2 - 2 2

—
—

—
—

2790 2484 
4 2 2 2685 2680 2466 60----------------
2 4 2 2725 - 2726 2474 61----------------
2 2 4 2710 2703 >2400 

43----------------

2 0 2 2802	 - 2847 >2500 
2 0 4 2740 2792 2460 
4 0 2 2750 2766 2488 

54----------------

65----------------
66----------------4 0 4 2670 2720 2442 

55----------------
56----------------
57----------------

67----------------4 4 4 2650 2678 2424 

58----------------

77----------------0 0 1 - 2613 
0 0 2 2810 

—
2815 2521 

622---------------

0 0 4

—

—

2710 2740 2476 

63----------------
64----------------

0 2 2 2750 2782 2532 

68----------------

0 4 2

---

2740 2757 >2510 
0 2 4 2860 2840 2495 

69----------------

0 4 4 2730 2773 2476 

70----------------
71----------------
72----------------

2 4 4 2500 2602 >2400 

73----------------

4 2 4 2625 2680 2419 
82---------------
83---------------
84--------------- 4 4 2 2602 2585 2442

o Blow hole in ingot of low.Mn (18) and low-Si (79) heats. 



INFLUENCE OF COMPOSITION ON RUPTURE PROPERTIES AT 12000 F OF CHROMIUM—COBALT —NICKEL—IRON ALLOYS 1435 

TABLE IV.—TYPICAL FORGING RECORD

[Alloy 65, 4Mo-OW-2Cb] 

(a) Forging operations 

Time Operation 

8:25 a. m___ Ingot moved to center of furnace at 2200° F after a preheat near door of furnace. 
Ingot on temperature, 2200° F. 

60 hammer blows between flat dies on square faces of ingot; forging only top half of 
ingot. 

55 blows between flat dies on square faces; 10 blows between flat dies on corners. 
60 blows between flat dies on square faces; 10 blows between flat dies on corners. 

8:30---------

55 blows between flat dies on square faces; 10 blows between flat dies on corners to 

9:05-------- -

9:20-------- -

approximately 1.10-in.-square bar. 

9:32 -- ------ -
9:45-------- -

70 blows in first swage. 
21 blows in first swage to approximately 0.95 in. round; 46 blows in second swags. 
64 blows in second swage. 
65 blows in second swage. 
40 blows in second swage to approximately 0.75 in. round; forged piece cut off from 

unforged half of ingot: forged piece recharged to furnace. 

9:54--------- -

65 blows in third swage. 

10:04------- --
10:12------- --

47 blows in third swage. 

10:18---------
10:27------- --

55 blows in thirdswago. 

10:40-------- -

55 blows in third swage. 

10:45-------- -

48 blows in third swage. 
55 blows in third swage to approximately 0.58 in. round; this piece cut in two, both 

pieces recharged to furnace for forging in the last swage. 

11:24------- - 54 blows on bar C, 59 blows on bar D in last swage. 
53 blows on bar C, 55 blows on bar 	 in last swage. 

10:54-------- -

45 blows on bar C, 52 blows on bar 	 in last swage. 

11:02-------- -
11:10-------- -

45 blows on bar C, 48 blows on bar D in last swage. 

11:16---------

55 blows on bar C, 56 blows on bar D in last swage. 
60 blows on bar C, 62 blows on bar D in last swage. 

11:30--------
11:36 - -------

45 blows on bar C, 46 blows on bar D in last swage. 

11:41--------
11:47--------
11:52 -- ------
11:57 -- ------

40 blows on bar C, 35 blows on bar D in last swage, finishing to 0.40 in. round. 
Finishing temperatures for all forging operations were 1800° F or above as judged 

12:02--------

by color.

(b) Forging summary 

Die Heatings Blows 

4 
First swage-------------------------- -2 91 

4 215 
Flat-------------------------------------

6 325 
Second swage--------------------------

--- 

S Bar C-397 
Third swage---------------------------
Last swage-----------------------------

Bar D-413 

Total beatings: 16. 
Tothl blows: 

Bar C-797. 
Bar D-813. 

Forging range: 2200° to 1800° F. 

Initial size of ingot: 
1.42 in. square tapered to 1.04 in. square. 
8.60 in. long. 

Final size of forged bars: 
Bar C: 0.40 in. round by 19.3 in. 
Bar D: 0.40 in. round by 21.0 in. 

Reduction during forging: 93 percent.
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TABLE V.-FORGING DATA FOR EXPERIMENTAL ALLOYS 

Approxi- Bar size 
Alloy Bar • Modification from basic Total mate Estimated forgeability compared with that of 

Length alloy (percent) heatings total basic alloy 
blows (111g) Diameter (in.) 

A Basic-------------------------8- 361 25.5 0.42 sq ---------------------- - 
B 7 267 14 0.50 
A Basic--------------------------8 355 25 0.40 sq 
D 1 -8 875 26 0.41 -------------------------

-
 

7-----------------------------
7-----------------------------

A Basic--------------------------9 428 25.5 0.42sq 

8-----------------------------

D 20 939 29 0.41 

8-----------------------------
10----------------------------

B 384 30 0.50sq 
A 8 434 28 0.41 sq---------------------- 
D Basic------------------------1 -4 824 25.2 0.43 

10----------------------------
11----------------------------
12----------------------------

D

Basic-------------------------3 
Basic--------------------------

Basic, no deoxidation ------- 18 799 22 0.40 ------------------------- Same. 

27----------------------------

D Basic, Zr-Si-Fe deoxidant. 14 723 21 0.42 ------------------------- Same. 
74----------------------------
75----------------------------

D Poorer-many cracks during initial fiat die work; 76----------------------------
--
--

forging discontinued. 
A 0.080 ----------------------- 5 292 24.5 0.40 sq ---------------------- Better-more plastic. 
A 0.490----------------------- 8 3 54) 21.5 0.42 sq ---------------------- 

13----------------------------

A 5 169 9.5

--
Poorer-corner and end cracks; less plastic. -
Poorer-many center and corner cracks; less plastic. 

54 5 271 13 0.42 sq 

15----------------------------

D 0 Mn------------------------15 

--

909 20.5 0.41 ------------------------- Poorer-many bad corner cracks developed during 

16-----------------------------
16----------------------------

0.51---------------------------

forging on flat dies. 
A 0.30 Mn ---------------------

--
--

5 345 23.5 0. 44 sq ---------------------- --Same-some corner cracks. 19----------------------------
A

0.60 C-------------------------

0.5OMn --------------------- 6 460 27.5

-

Same-some end cracks. 20----------------------------
A 1.0 Mn ---------------------- 6 444 29

0.4Osq------------------------ 
0.41 sq ---------------------- Same. 21----------------------------

22----------------------------A 2.5 Mn----------------------

--

-4 

Basic, melted under s lag----------

344 25 0.41 sq ---------------------- Slightly better. 
D 15 895 26.4 0.44 ------------------------- 28----------------------------

SO -------------------------- --	 P 15 863 23 0.41 -------------------------
--Same. 

--

--Same. 

24----------------------------

Si -------------------------- D 10 Cr ------------------------ 15 706 21 0.40 -------------------------

--

Better-much more plastic. 
D 

-
30 Cr -------------------------- 20 919 21.5 0.40 ------------------------- Poorer-much less plastic. 

P ONi -------------------------

--
--
--

12 613 15.4 0.47 -------------------------

--
--

Better-more plastic. 

- 

P

1.2 Si-------------------------

10 Ni ------------------------ 11 597 17 0.48 -------------------------
--

Better-more plastic. 

52----------------------------

23----------------------------

1)

1.6 Si-------------------------

30 Ni ------------------------

--

16 846 22
--

Poorer-less plastic. 
25----------------------------
26----------------------------

1) 0Cc ------------------------

--

--

12 740 25.2 0.42 ------------------------- Better-more plastic. 29----------------------------
P

--
--

55 813 27.2 Same. 30----------------------------
31----------------------------D

10 Co-------------------------
--

13 724 20.5 0.41 ------------------------- Poorer-less plastic. 
D

32 Co-------------------------

U Mo ------------------------ 14 771 22 0.41 ------------------------- Same. 
D 1 Mo ------------------------ 18 660 22 0.42 ------------------------- Same. 
D 2 Mo ------------------------ 19 928 27.2

0.45---------------------------

0.42 ------------------------- Same. 
P 16 804 22.5

0.41---------------------------

0.40 -------------------------

--

Same. 

32----------------------------
33----------------------------

P 7Mo ------------------------

--

16 818 23 0.41 -------------------------

--

--

Same. 

34----------------------------
35----------------------------
36----------------------------

P

5 Mo--------------------------

--

11 603 17 0.41 -------------------------

--

Better-more plastic. 37----------------------------
38-------------------------- P PT 14 674 21.5

--

Better-more plastic. 
D 14 750 21.5

0.41---------------------------
0.41 -------------------------

--

Poorer-less plastic. 
D 17 874 22 0.42 -------------------------

--
--Poorer-less plastic than 39. 

39----------------------------
--

D 0 Cb ------------------------ 16 629 17.5 0.41 -------------------------

--
--

Poorer-many cracks developed during forging on 

40----------------------------

flat dies. 
47----------------------------

D 2 Cb ------------------------

--

16 736 20.3 Same. 48----------------------------
1) 4 Cb ------------------------

--

19 815 21 0.41 ------------------------- Poorer-less plastic. 49----------------------------
50----------------------------P

0 P1----------------------------
1	 ---------------------------
5W---------------------------

18 889 21 0.40 -------------------------

--

Poorer-less plastic; no forging cracks. 
D

7 W---------------------------

O.OiJ4N ---------------------

--

14 684 20.5

0.40---------------------------

0.41 -------------------------

--

Same. 
P 16 770 19.5 0.41 -------------------------

--

Same. 
P

6 Cb--------------------------

--

15 812 21.8 0.41 ------------------------- --Same. 

41---------------------------
42---------------------------
81----------------------------

Me 

0.08 N------------------------
0.18 N------------------------

W Cb

--
--

D 0 0 0 16 854 26 0.45 ------------------------- Better-much more plastic. 
P 2 0 0 14 646 22.5 0.41 -------------------------

--

Poorer-more plastic but more subject to cracking. 
1) 4 0 0 17 700 22 0.41 -------------------------

--

Poorer-similar to 45. 

43----------------------------

P 0 2 0 15 683 22.5 0.40 ------------------------- Poorer-more plastic but much more subject to 
cracking. 

45----------------------------

1) 0 4 0 18 821 23 0.41 -------------------------

--

Poorer-same as 53. 
1) 2 2 0 19 1050 28.8 0.40 -------------------------

--
--

Poorer-much more tendency to crack. 
56-------------------------- D 4 2 0 19 1034 28.5 0.41 -------------------------

--

Poorer-same as 55. 
P 2 4 0 20 881 21 0.41 -------------------------

--

--
--

Poorer-less plastic; tendency to crack. 
1) 4 4 0 22 998 21.5 Poorer-same as 57. 

46----------------------------
53----------------------------

1) 2 2 2 19 904 24 0.41 ------------------------- Same. 

54----------------------------

1) 4 2 2 18 894 22.5 0.41 -------------------------

--

Same. 

55----------------------------

3) 2 4 2 18 826 21.5

0.40---------------------------

0.40 ------------------------- Poorer-less plastic. 

57----------------------------
58----------------------------

--

1) 2 2 4 19 917 23 0.40 -------------------------

--
--
--

Poorer-same as 61. 

60----------------------------

1) 2 0 2 14 728 20.5

--

Better-more plastic. 

61----------------------------
62----------------------------

1) 2 0 4 14 754 19 0.40 ------------------------- 
--

0.40 -------------------------
Same. 

63----------------------------

1) 4 0 2 16 813 21
0.40 -------------------------

Same . 
64-----------------------------
65----------------------------

1) 4 0 4 16 859 21.5
0.40 -------------------------

Poorer-less plastic. 

59----------------------------

66----------------------------
67----------------------------1) 4 4 4 12 674 18.3 0.40 -------------------------

--

Poorer-less plastic.  

P 0 0 1 15 841 26.5 0.40 -------------------------

--
--
--

Better-more plastic) 
P 0 0 2 13 687 21 0.40 -------------------------

--
Better-more plastic. 

1) 0 0 4 10 521 17.3 0.41 ---------------------- - --- --
--

Better-more plastic. 

77----------------------------

P 0 2 2 17 782 21 0.40 ------------------------- Same. 

69----------------------------

P 0 4 2 17 850 24 Same. 

68----------------------------

D 0 2 4 16 771 21.5 0.40 ------------------------- Same. 

70----------------------------

P 0 4 4 16 . 822 22. 5 0.40 ------------------------- Same. 

71----------------------------
72----------------------------
73----------------------------

P 2 4 4 16 833 24.

0.40---------------------------
--

- 

Poorer-less plastic. 82---------------------------
P 4 2 4 16 850 22 Poorer-same as 82. 83---------------------------

84--------------------------- D 4 4 2 14 851 20.8

0.41--------------------------
0.41--------------------------
0.41 ------------------------- - Poorer-same as 82.

Letter designates location of bar in ingot as follows; 
Bar A was from bottom quarter of ingot in all cases except iSA, which was from lower middle quarter of ingot 
Bar B was from lower middle quarter except 16B, which was from bottom of ingot 
Bar P was from upper quarter of ingot 

All bars were rounds except where squares (sq) are indicated.
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TJ.BLE VI.-INFLUENCE OF FORGING AND MELTING VARIABLES ON RUPTURE TEST 
CHARACTERISTICS AT 12000 F OF BASIC ALLOY 

[Heat treatment: 22000 F, 1 hr, water-quenched; 1400° F, 24 hr, air-cooled] 

R	 h Rupture strength (psi) Estimated 
100-hr

Stress (psi) to cause creep 
rates of- Minimum 

OY __________________________ rupture 
elongation

 creep rate 
at 40,000 psi 

100 hr 1000 hr (Pfl	 in
per.1t/1ir peri.itThr

(percent/hr) 

Final adopted forging procedure-round bar stock 

8--------- ------------------- --48,500	 37,000	 22	 35,800	 47,500	 0.022 
10-------- ----------- - ------- --50,000	 38,000	 19	 35,400	 49,000	 .023 
27------------- - - ------------ --48,000	 37,000	 25	 37,000	 46,200	 023 

Average-----------------------48,800	 37,300	 22	 36,000	 47,600	 0.023 

to	 to	 to	 to	 to	 to 
Range------------------------48,000 	 37,000	 19	 35,400	 46,200	 0.022 

50,000	 38,000	 25	 37,000	 49,000	 .023 

Preliminary forging procedure-square bar stock 

7------ ---------------------- --48,500	 37,000	 20	 35,800	 46,300	 0.028 
8---------------- ------------ --46,500	 b 36, 000	 18	 34,500	 46,000	 .033 

48,800 

10-- -- ----- - ----------------- --52,000	 36,500	 20	 35,400	 50,100	 .022 

37,200 20 36,000 47,200 0.025 

46,500 

11---- ----------------------- --48,000	 38,000	 22	 36,000	 47,500	 .024 
12--------------- ------------ --49,000	 38,500	 22	 38,200	 .	 40,000	 .018 

36,000 18 34,500 46,000 0.018 

Average-----------------------

to to to to to to 
Range------------------------

52,000 38,500 22 38,200 50,100 .033 

Variable deoxidation practice -round bar stock 

52,000 b 41, 000 16 b 40, 700 b 55, 500 00.0090 74 (none)---------------------
75 (Zr-Si-Fe) ---------------- -55,000 40,500 18 42,300 57,000 0.0065 

Comparative properties of commercial bar stock of basic alloy 

50,000 42, 000 14 Heat 30276-------------------
A-1726 ----------------------- 47, 000 42, 000 16

-Results based on detailed rupture test data given in table X. 
O Estimated value. 
• Deoxidation practice: 

None-no deoxidation 
Zr-Si-Fe-zirconium-silicon-iron deoxidant 

213637-42-.---.-91
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TABLE VIII.—SUMMARY OF INFLUENC ,E OF ALLOYING ELEMENTS ON INCREASING TENDENCY FOR
MICROSTRUCTURAL CHANGES 

Alloying element varied 
Composition 
 rangper- 
con

Lnoluble constituent increase Grain size decrease Grain boundary precipitation 
increase Mode of matrix precipitation Au?on.ofTatrix Pro.

C 0.08-0.60 Stiong ---------------------- Mild ------------------------ None ------------------------ -R 	 -------------------- Very strong. ----------------------
0-2.5 Noie ------------------------ None------------------------ Random  

Si 0.5-1.6 Mild-------------------------- None------------------------ -R 	 --------------------

-

None. ---------------------- 
Cr 10-20 Note------------------------- Negative mild --------------- -Mild ------------------------ Random --------------------

-
-Mild. --------------------- 

Cr 20-30 None------------------------ Strong. --------------------- 
Ni 0-10 Negative mild --------------- Negative weak --------------

-
Random -------------------- Nono. --------------------- 

NI

- -

10-30 None -----------------------

-andom

R	 -------------------- None. 

Mil	M------------------------

Co

- --

0-32 None ------------------------

None ------------------------ --
-
-

-

None------------------------

-andom

Negative mild. 
M o

- ---

0-4

None-------------------------
Random to preferred---------

-

Weak. 
W 0 

- ---
- --- None-------------------------

Negitive strong -------------

None

Negative mild----------------
-

None------------------------

-
-andom

Random - ...................

-
-

Weak. 

-------------------------
-------------------------

Cb 0-1

Nont ------------------------- 

Strong ----------------------

Weak ------------------------
Negative mild-----------------

Strong ----------------------

None--------------------------

Negative mild ---------------

Random ---------------------
Random	 b	 ------

Negative mild. 
------------------------

--------------------------
--------------------- 

Cb --------------------- 1-4

None. ------------------------
-------------------------

Weak------------------------
Weak------------------------

- -
None------------------------

Preferred to random-----------
--

-

Mild. 
N----------------------

- ---
- ---

0.-004-0.18
Strong -----------------------
None ------------------------

Mild-------------------------
-

-None ------------------------ -None ------------------------
Random--------------------

-Random -------------------- -None'

o Ferrite-sigma phase in 0-percent-Ni alloy In llul conditions. A large amount of aging precipitate occurred in sigma phase, but only a small amount in austenite matrix. 
Mode of precipitation not affected by Me and W. In alloys containing Cb precipitate was random; without Cb precipitate followed a preferred orientation. 
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TABLE IX.—HARDNESS DATA ON EXPERIMENTAL ALLOYS 

Vickers hardness number 

Solution- Solution- OF
Modification from basic alloy 

(percent) treated; treated and 23900 F, aged; 14000 
1 hr, water- F, 24 hr, 
quenched air-cooled 

Basic (sq) ------------------------- 245 
Basic (sq) ------------------------- 229 243 

8------------------------ 229 247 
237 272 

8------------------------
---

234 259 
Basic (sq) ------------------------- 235 247 11-----------------------
Basic (sq) ------------------------- --229 252 12-----------------------

211 221 

Basic, no deoxidation ------------- 214 233 
Basic, Zr-Si-Fe deoxidant-- -------

--

229 247 

13 ------------ ---------

Basic--------------------------------
Basic (sq) ------- -------------------
Basic--------------------------------

0.080 (sq) ------------------------ 206 219 

10-----------------------

15 ---------------------

--

261 288 

10-----------------------

16 --------------------- 0.600 (sq) ------------------------

--

309 

.. 24-------------------- OMn ------------------------------

--

--

227 251 

27-----------------------

19 ---------------------

0.400 (sq)--------------------------

0.30 Mn (sq) ---------- ------------ 227 251 

74-----------------------
75-----------------------

20 ---------------------

--

0.10 Mn (sq) ---------------------- 223 241 
21 ---------------------

--

--

1.0 Mn (sq) ----------------------- 216 231 
22 ---------------------

Basic--------------------------------

--

2.5 Mn (sq) -----------------------
--
--229 245 

28 ---------------------

--

221 249 
80 ---------------------

--
--

1.6 Si --- ---------------------------

---

.243 242 
11----------------------

1.2 Si--------------------------------

10Cr ------------------------------

--
--

--

177 193 
52----------------------30Cr ------------------------------

--

--
233 408 

0 Ni ------------------------------- 288 330 
238 261 

-
-

-23 212 
lONi ---------- ----------------------
30 Ni----------------------------- --6 

210 252 
208 226 

26-----------------------

221 235 

29-----------------------

--

--

203 219 
202 210 
197 211 

SMo-------------------------------205 233 

23----------------------
25 --- --------------------

OMo ----- -------------------------
I Mo-------------------------------

221 245 

30-----------------------
0 Co-------------------------------
bOo------------------------------
32Co------------------------------

2Mo --------------------------- ----

205 218 

31-----------------------

206 223 

32-----------------------
33-----------------------

5 W------------------------------- 241 
243 254 

34-----------------------
35-----------------------
36-----------------------

38-----------------------1 W--------------------------------

176 219 

37-----------------------

39-----------------------
40-----------------------

7 Mo-------------------------------

7 W--------------------------------

- 
206 238 

OW--------------------------------

258 325 

47-----------------------

50----------------------- 229 296 

48-----------------------
49-----------------------

41 ---------------------

0 Cb --------- -----------------------
2Cb--------------------------------

197 208 
42 ---------------------

4Cb--------------------------------
6Cb--------------------------------

233 254 
81 ---------------------

--
0.08 N---------------------------------
0.18N----------------------------- --234 261 

Me W Cb 

0 0 0 157 190 
2 0 0 182 205 
4 0 0 185 235 

53-----------------------0 2 0 176 210 
0 4 0 187 235 

2 

0.004 N------------------------------

2 0 201 242 
4 2 0 194 243 
2 4 0 198 251 
4 4 0 202 252 

2 2 2 213 220 
4 2 2 234 252 
2 4 2 234 242 

--

2 2 4 226 240 62-----------------------

2 0 2 192 215 

43-----------------------
45-----------------------

2 0 4 215 238 

46-----------------------

4 0 2 221 229 

54-----------------------

4 0 4 235 258 

55-----------------------
56-----------------------
57-----------------------

4 4 4 258 311 

58-----------------------

59-----------------------

0 0	 . 1 197 204 

60-----------------------
61-----------------------

0 0 2 196 201 

63-----------------------

0 0 4 204 216 

64-----------------------
65-----------------------
66-----------------------

0 2 2 211 213 

67-----------------------

0 4 2 223 227 

77-----------------------
68-----------------------

0 2 4 215 219 

69-----------------------

70-----------------------

0 4 4 221 229 

71-----------------------
72-----------------------
73-----------------------

. 4 4 237 258 82----------------------
4 2 4 242 288 83----------------------

84---------------------- 4 4 2 241 272

0 All tests were made on round bar stock except where square bar stock is indicated (sq). 
Vickers hardness tests were made with a 50-kg load on bar-stock cross sections of metal-

lographic specimens.
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TABLE X.-RUPTURE TEST CHARACTERISTICS AT 1200 0 F FOR MODIFIED ALLOYS

[Heat treatment: 2200° F, 1 hr, water-quenched; 1400° F, 24 hr. sir-cooled] 

Estimated Stress (psi) to cause 
Elongation Reduction Minimum Rupture strength (psi) 100-hr creep rates of- creel) rate 

Alloy Alloy !sodiflcation (percent) Stress (psi) in I in. of area c,reep rate 
(percent/

1PtII!C 
10 at 40.000 psi 

cstj 
- - 

(percent) (percent)
100 hr 1000 hr ( Se rcer 0.01 0.1 per. hr) 1 li 

7---------------- 50,000 74 20 26.8 48,000 37,000 20 35,800 46,300 0.028 
45,000 184 34 39.2 0.076 
40,000 516 27 37.4 .028 

Basic (square)-------------------

50,000 82 38 34.8 49,000 "37,000 30 

8
45,000 
50,000

209 
51

31 
19

31.5 
17.8

.070
46,500 "36,000 18 34,500 46,000 .033 

41,000 142 17, 20.5 .083 
40,000 
50,000

368 
87

21 
22

15.4 
18.3

.033 

.110 48,500 37,000 22 35,800 47,100 .022 
45,000 162 23 22.6 .066 
40,000 499 25 23.4 .022 

(Round) ------------------------

57,000 
52,000

1175 
98

37 
20

33.4 
26.1

.0124 

.115 52,000 36,100 20 55,400 10,100 .022 
50,000 155 21 21.1 .083 
45,000 259 27 30.1 .054 

(Round-------------------------

(Round) ----------------------
40,000 
.53,000

422 
61

21 
15

29.5 
13.8

.022
50,000 38,000 19 35,400 49,000 .023 

----------------Basic (square)-------------------

50,000 100 19 24.0 .110 
45,000 240 36 37.0 .057 

Basic (sq lore)-------------------

40,550 
50,000

584 
77

24 
26

27.5 
24.0

.023 

.112 48,000 38,000 22 36,000 47.100 .024 

10----------------

45,000 170 19 22.6 .064 

Basic (squsre) -----------------
40,000 
50,000

575 
88

28 
22

26.2 
23.4

.024
49,000 38,500 38,200 46,000 .018 

45,000 209 35 36.6 .070 

11----------------

12----------------
40,000 
50,000

719 
82

22 
26

30.9 
25.

.018
48,000 37,000 25 37,000 46,200 .023 

45,000 

--

57,.000

176 18 16.8 .075 
27----------------

40,000 525 23 26.5 .023  

74----------------Basic, no (isoXidation ---------- 33 22 21.3 52,000 "41.000 16 "40,700 b 55, 500 60.0090 
54,000 98 16 15.5 
49,000 184 15 18.4 0. 039 

Basic (square)-------------------

Basic, Zr-Si Fe deoxidant
45,000 
57,000

417 
64

14 
16

14.4 
15.5

.021
55,000 40,500 18 42,300 57, 000 - 0065 

54,000 134 18 21.3 .075 
49,000 263 18 19.1 .025 
45,000 502 20 19.9 .019

- 13 ---------------

--

50, 000 79 14 21.3 48,500 b 36,000 14 b 36, 000 b 47,000 "0.033 

--

45,000 222 14 10.9 0.040 
40,000 
50,000

325 
106

26 
19

21.8 
21.1

.033
50,500 36,500 59 39,500 49,000 .0102 

45,000 193 19 16.2 .040 

75----------------

16 ---------------

Basic (rous; d)-------------------

0.08 C (squar s)------------------

40,000 
50,000

518 
39

9 
18

12.4 
18.4

.0102
46,000 37,500 15 38,000 "49,000 .016 

0.40 C (squars )------------------

45,000 111 13 12.4 .090 
40,000 486 12 16.2 .018 
49,734 78 17 16.1 48,000 37,000 IS 
45,000 178 14 16.2 .036 
40,000 528 13 15.4 .0145 

54,000 64 8 28.8 50,000 b 36, 000 13 b 39,000 0. 013 
50,000 125 13 10.9 

19 ---------------

0,600 (square)------------------

-

-

45,000 
53,000

195 
43

10 
22

8.7 
23.4

0.036
49,000 "41,000 24 "39,000 49,000 ".013 

(Round)------------------------

50,000 83 24 22.6 .140 

15----------------

20 ---------------

0 Mn (round)------------------

45,000 
50,000

352 
67

19 
22

21.8 
21."

.032
48,000 "37,000 22 36,000 51,000 .019 

45,000 246 21 22. .042 

21 ---------------

--0.30 SIn (squari) -------------- 

0.50 Mn (square)---------------

-

40,000 
50,000

452 
53

23 
21

20. 
19.

.019
47,000 38,000 20 39,000 47,000 .015 

24-----------------

45,000 199 14 19. .059 
1.0 Mn (square)----------------

2.5 Mn (square)----------------
40,000 
50,000

617 
85

16 
20

17.6 
18.4

.0145 

.147 49,900 37,500 20 35,000 48,000 .024 
45,000 208 19 23.4 .055 
40,000 563 26 24.0 .024  

22-----------------

-28--------------- 50,000 41 26 20.5 45,000 34,500 28 33,700 43,000 0.051 
45,000 115 28 30.9 0.145 
40,000 224 31 26.8 .051 

80 ---------------

--

36,000 
50,000

672 
28

26 
41

35.5 
37.3

.0188
43,500 34, 000 40 43. 000 .071 

45,000 53 42 36.0 
43,000 114 38 34.2 .102 
40.000 208 40 42.3 .071 

1.2 Si-----------------------------

--

45,180 16 25 24.8 39,000 "32, 000 25 30,090 38,000 0.160 
42,500 36 25 27.5 
40,000 109 25 27.5 0. 16 

51-----------------10 Cr----------------------------

35,000 
55,000

339 
52

21 
10

21.8 
11.0

.046
52,000 42,500 10 42,800 57, 000 .006 

1.6 Si-----------------------------

50,000 152 8 10.2 .035 
45,000 264 6 12.5 .0160 

30 Cr----------------------------

45,000 518 17 17.6 .0134 -
- 

52-----------------

50,000 38 13 13.1 46,000 34,500 25 34,000 46,000 0.037 0 Ni----------------------------
49,000 37 25 24.8 23----------------
45,000 133 25 24.0 0.089 
40,000 305 25 24.8 .037 

25---------------
35,000 
50,000

855 
86

28 
17

25.6 
14.7

.0126
49.000 38,000 17 39,200 51.000 .012 

45.000 217 15 14.6 .034 

26

lONi-----------------------------
40.000 
50,000

642 
56

14 
24

15.4 
22.6

.012
47,000 "35,500 25 "32,500 45,000 .044 

45.000 152 27 24.8 .100 ---------------- 30 NI---------------------------

40,000 369 29 26.2 .044 -

Square, forged as square bar; round, fori;ed as round bar: all heals higher than 22 were forged as round bars only. 
Estimated.
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TABLE X.-RUPTURE TEST CHARACTERISTICS AT 12000 F FOR MODIFIED ALLOYS-Continued
[]Efeat treatment; 22000 F, 1 hr, water-quenched; 1400° F, 24 hr, air-cooled] 

Estimated Stress (psi) to cause Minimum 
Elongation Reduction Minimum Rupture strength (psi) 100-hr creep rates of- creep rate 

Alloy Alloy modification (percent) a Stress (psi) Time 
r in 1 in. of area creep rat 

(percent'
ruptue 

elongation 40,000 psi - 
(percent) (percent) hr) (percent in 0.01 per- 0.1 per- e prcent 

1	 h hr 1 in.) cent/hr cent/hr hr 

45,000 89 19 22.6 0.130 44,500 36,000 20 34,500 43,500 0.051 
• 40,000 278 18 27.5 .051 

36,000 1126 30 31.5 .0131 
10 Co ------------------------- 45,000 86 14 24.0 .185 43,000 35,000 20 34,000 43,000 .043 

40,000 142 25 24.6 .043 

29-----------------

35,000 950 ' 26 31.5 .015 

30-----------------

32Co --------------------------

--

50,000 69 14 16.8 .143 48,000 39,000 12 39,000 49,000 .013 
•	 . 45,000 173 9 13.1 .039 

31-----------------

40,000 280 8 12.5 .0122 
• 40,000 (') .011 

40,000 719 23 22.6 .0148 

0 Co----------------------------

0 Mo -------------------------- 50,000 11 23 -	 24.0 41,500 b 34, 000 18	 - 35,200 41,500 0.062 
44,000 50 19 21.1 
40.000 158 17 19.7 0.062 

32----------------

--

37,000 352 14 19.7 .019 
1 Mo -------------------------- 50,000 16 13 10.9 42,000 1.33,500 10 35,000 44,300 .037 

44,000 82 11 11.7 .088 

--

40,000 129 9 12.5 .037 
37,000 357 12 17.6 .018 

33-----------------

2 Mo ---------------------- - --- 50,000 49 9 15.5 44,500 b 34,500 15 b 36, 000 b 44,000 .023 
45,000 ,	 64 11 15.5 

34----------------

44,000 55 11	 . 13.8 
42,000 156 16 16.7 .055 
40,000 243 8 19.0 .023 

35 -------- -...... -SMo -------------------------- 52,500 58 21 .22.6 48,500 b38,000 20 -	 37,000 48,000 .021 
50,000 72 10 15.4 .145 
45,000 203 20 

----

19.7 .059 
36 --------------- 7Mo ------- ------------------- 55,000 25 16 16.2 50,000 b 42,0o0 25 b 38,000 50,000 .016 

--

51,000 65 26 24.8 
50,000 157 .	 25 26.8 .079 

--

45,000 210 19 21.8 .048 
45,000 302 21 20.5 .040 

50,000 42 19 24.8	 - 45,000 1.33.500 21 b 34,000 1. 44, 500 0.051 

--

45,000 102 21 24.0 0.076 
40,000 246 25 29.5 .051 
50,000 35	 . 24 240 45,000 1.37,500 23 35,500 46,500 .027 
45,000 102 23 23.4 .115 

38-----------------

• 40,000 443 24 28.8 .027 

37-----------------OW------------------------------

54,000 50 16 20.5 50,000 1. 39, 000 22 b 38, 000 b 50, 500 b .015 
50,000 95 22 28.2 .20 
45,000 270 25 24.0 .023 

39-----------------

40--------------- --

SW------------------------------

55,000 62 17 24.0 52,000 1.40,000 22 1.38,000 50,500 .015 7W--------------- ------------- --
50,000 116 25 21.8 .073 
45,000 336 19 14.7 .040 

0 Gb -------------------------- 50,000 27.5 9 13.8 40,000 b 29,500 12 33,500 44,500 0.045	 - 
45,000 44 11 12.5 
38,000 161 12 10.9 0.028 

--

34,000 376 9 9.5 .011 
2 Gb --------------------------

--

50,000 51 22 24.0 46,000 1. 34, 000 20 35. 500 44,500 .036 
45,000 115 20 25.5 .122 
40,000 278 26 25.4 .036 

4 Gb -------------------------- 55,000 39 32 33.0 49,000 b 37,500 30 36,000 48,000 .022 
50,000 112 30 32.3 .133 

1W--- - -- - - -------------------- --

45,000 217 35 34.2 .059 
50, 000 57 24 22.6 47,000 36,000 25 35,000 46,500 .030 

--

45,000 178 23 24.0 .070 - 

--

41,000 282 25 23.4 .045 

--

39,000 502 27 23.4 .023 

47-----------------

41 --------------- 50,000 39 24 25.4	 - 45,500 b 36, 500 25 b 35, 000 b 46, 500 0.030 
45,000 110 27 28.2 

48-----------------

40,000 372 28 30.1 0.030 
42 ---------------- 55,000 55 19 19.7 51,000 b 40,000 22 b 38,000 50,000 b .015 

49-----------------

6 Cb----------------------------

50,000 190 21 22.6 

50-----------------

0,004 N--- - -------- - - - - -------- --

48,000 145 17 21.8 .068 
45,000 352 24 28.8 .041 

81 ---------------

0.08 N - ---- - ------------------- ----

54,000 47 19 19.7 49,500 b 39,000 20 b 38, 000 b 49,000 b - 015 
62,000 75 .	 12 19.0 .190 
50,000 75 16 18.3 .160 

0.18 N--------------------- ---- --

45,000 280 29 30.9 .038 

Mo 

--

W Gb 

0 

--

0 0 43---------------- 35,000 
25,000

11 
141

8 
5

13.9 
7.2 0.0089

26,000 19,500 7 25,500 

20,000 819 13 7.1 .0018 
45---------------- 2 0 0 45,000 47 10 10.9 39,000 27,500 9 33,000 1 44,000 0.050 

40,000 86 -	 9 9.4 
35,000 183 7 11.0 .016 - 
30,000 578 •8 9.4 .005 

4 0 0 45,000 65 12 13.8 - 126 42,000 b 30, 500 11 34,100 45,000 .032 
40,000 148 10 13.8 .032 
35,000 385 8 9.4 .0125 

46----------------

0 2 0 40,000 22 11 10.2 34,000 26,000 7 30,000 37,700 .20 
35,000 88 7 8.7 050 
30,000 256 7 5.6 .0098 

53----------------

28,000 539, 6 5.6 .0050 
0 4 0 45,000 31	 - 8.0 41,000 b 32, 000 5 38,200 b 50,000 .015 54----------------

42,500 72 6 9.4 .022 
40,000 160 5 6.4 .015 
35,000 487 1. 6 0043

° Square, forged as square bar; round, forged as round bar; all heats higher than 22 were forged as round bars only. 
6 Estimated. 
'Overheated at 300 hr.
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TABLE X.-RUPTURE TEST CHARACTERISTICS AT 1200° F FOR MODIFIED ALLOYS-Concluded

[Heat treatment: 22000 F, 1 hr. water-quenched; 14000 F, 24 hr, air-cooled] 

Estimated Stress (psi) to cause 
Elongation Reduction Minimum Rupture strength (psi) 100-hr creep rates of- creep rate 

Alloy Alloy midificatlon (percent) Stress (psi) (m\e in 1 in. of area creep rat? p e1Pt0n 
8

at 40.000 psi 
(percent/ (percent) (percent)

100 hr 1000 hr (jrentiis 0.01 per 0.1 per- br) 1 in.) cent/hr cent/hr 

Mo .W Cb - 

2 45,000 57 7	 . 6. 4 41,000 b 32,000 6 36,000 b 43, 500 0.036 2 0
40,000 97 6 8.0 0.036 
35,000 449 5 8.0 .0070 

4 2 0 50,000 43 13 16.8 47,000 38,000 15 39,000 47,500 .013 
45,000 154 16 13.8 .056 
40,000 603 12 16.8 .013 

2 4 0 45,000 87 6 10.2 033 44,000 b 33,000 6 40,000 b 49,000 .0145 
40,000 213 6 7.1 .0145 

80-----------------

37,000 418 7 5.6 .0042 
4 4 0 54,000 62 50 13.1 51,000 40,000 10 40,000 55,000 .010 

50,000 131 9 15.5 .048 
45,000 232 12 13.1 .024 

55-----------------

42,000 677 17 20.5 .0137 

59 2 2 2 50,000 63 24 18.3 47,000 b 36,000 23 b 37, 000 44,000 0.030 -----------------
48,000 85 26 24.0 

57-----------------

45,000 105 23 24.0 0.135 

58-----------------

40,000 392 19 18.3 030 
4 2 2 50,000 69 27 31.5 49,000. 41,000 30 b 40, 500 47,500 6.0090 

48,000 177 30 27.5 .117 
45,000 241 39 30.8 .047 

2 4 2 50,000 69 19 21.3 48,500 6 40, 000 20 6 37, 500 6 49, 000 6 .018 

60-----------------

45, 000 277 21 25.5 .048 
02 2 2 4 50,000 51 27 20.5 46,000 b 34, 000 25 h 38, 500 45,000 .028 
61-----------------

45,000 122 25 25.5 .100 
40,950 247 31 25.5 .034 

2 0 2 45,000 70 34 35.6 43,500 34,000 30 33,600 43,500 0.048 
40,000 200 25 30.1 0.048 
37,000 462 23 27.5 .024 

64 2 0 4 50,000 26 29 28.8 44,000 b 34, 000 25 41,000 .085 
45,000 75 21 24.0 

-----------------

40,000 236 25 28.2 .085 
4 0 2 50,000 43.5 27 26.8 45,500 b 37, 000 30 b 35, 000 44,000 .030 

63-----------------

----------------

45,000 101 30 30.1 .160 
40,000 444 38 34.8 .030 

4 0 4 50,000 46 33 33:0 46,000 6 30, 550 33 6 35,	 J) 6 45, 000 .034 

65----------------

45,600 114 33 35.6 
40,000 446 43 42.3 - 034 

4 4 4 54,000 64 37 33.5 50,000- 38,000 30 36,000 47,500 .025 07-----------------
50,000 105 28 30.9 .200 
45,000 253 32 39.8 .052 
41,000 536 31 32.2 .029 

0 0	 - 1 45,000 66 18 16.8 0.160 42,000 b 31, 000 18 b 30, 000 42,500 0.065 
40,000 181 15 16.8 .065 
35,500 357 18 16.8 .030 

0 0 2 43,000 48 41 43.7 39,500 b 31,500 35 631,500 38,000 .19 
40,050 91 35 34.2 .19 

77-----------------

35,000 360 27 27.5 037 
68-----------------

0 0 4 42,000 47 31 30.9 38,500 b 30, 500 25 631 500 37,500 .23 
40,000 76 31 27.5 .23 

09-----------------
38,000 05 23 24.8 .140 

66-----------------

35,000 263 24 -	 32.2 .040
- 0 2 2 44,000 42 24 21.8 40,000 6 32,050 20 32,800 39,200 0.120 

40,000 102 20 21.9 0,120 
35,000 424 15 20.5 .023 

0 4 2 48,050 47 19 19.0 44,000 6 37, 000 20 38,000 43,880 .020 
45,050 63 17 18.4 .160 
40,000 308 21 19.7 .026 

0 2 4 45,000 60 32 31.5 42,000 k32, 500 30 b 34, 000 40,550 .039 

70-----------------

40,000 181 27 25.4 .069 - 
37,000 302 28 30.1 .039 

73 (1 4. 4 48,000 46 22 21.8 45,000 6 36,500 24 38,050 43,8W .021 

72-----------------

45,000 99 24 24.8
----------

.155 -----------------
40,000 356 17 22.6 .021 

71-----------------

- 4 4 50,000 73 20 21.9 0.250 48,000 b37,000 22 35,000 46,000 0.031 
45,000 196 25 25.4 .083 
40,000 495 32 34.8 .031 

82------------------

83 2 4 50,000 81 32 33.6 48,000 b 38,050 30 6 34, 000 44,600 .041 
45,000 160 37 38.6 110 
40,000 439 42 39.8 .041 

84 4 2 53,000 79 29 25.4 50, 500 39,500 29 37,000 48,500 .020 
50,000 109 29 27.5 .136 
45,000 193 21 22.6 .057 
40,000 860 1	 28 28.2 .020

. Square, forged as squire bar; round, forged as round bar; all heats higher than 22 were forged as round bars only. 
'Estimated.



1444	 REPORT 1058—NATIONAL ADVISORY COMMITTEE FOR AERONAUTICS 

TABLE XI.—COMPARISON OF 12000 F RUPTURE PROPERTIES OF WROUGHT HEAT-RESISTING ALLOYS 

Alloys Variable Remarks lOOh
&

100-hr rupture 
elongation Refer- 

strength eic 

Modified alloys. Chemical composition. Prior processing and heat treat- 26,000 to 52,000 5 to 40 () 
mont controlled and held con-
stant. 

Basic alloy. Heat treatment and hot- Single commercial heat. 40,000 to 66,000 1 t 50 
cold-work. 

Six standard heat-resisting alloys: Treatment: 
18Cr-8Ni. 2000° F, water-quenched. 20,000 20 
l8Cr-8Ni-1 Cb. Chemical composition and 2250° F, water-quenched. 30,000 8 
l6Cr-13Ni--314o. prior processing. 2000° F, water-quenched. 31,000 15 4 
25Cr-12Ni. 2200° F, water-quenched. 24,100 7 
25Cr-2ONi. 2160° F, water-quenched. 24,000 7 
15Cr-35Ni. 2000° F, water-quenched. 22,000 3 

Seven heat-resisting super alloys: - Treatment variable:' 
19-9DL. Ann, 11W, CW. 42,000 to 62,000 2 to 20 
17W.	 . Ann, 11W, CW. 30,000 to 45,000 2 to 24 
CSA. Chemical composition and Ann, 11W, CW. 47,500 to 63,000 5 to 25 
Tirnken. prior processing. Ann, 11W, CW. 49,000 to 57,000 9 to 28 5 
Low-carbon N-155. Ann, Ann+A, 11W, CW. 42,500 to 61,000 5 to 17 
High-carbon N-155. Ann, 11W, OW. 52,000 to 63,000 4 to 11 
S590. - Ann, Ann+A. 51,000 to 53,000 6 to 20

° Numbers refer to references listed at end of text. 
Data from this investigation. 

'Treatment variables: Ann—annealed (solution-treated). 
Ann+A—solution-treated plus aged. 
11W—hot-worked. 
CW—hot-cold-worked. 
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