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A new type of face-gear drive with intersected axes of rotation formed by a helical involute pinion 
and conjugated face-gear has been investigated. Generation of face-gears by a shaper free of undercutting 
and pointing has been investigated. A new method of grinding or cutting of face-gears by a worm of 
special shape has been developed. A computerized design procedure has been developed to avoid 
undercutting and pointing by a shaper or by a generating worm. Also, a method to determine the 
limitations of the helix angle magnitude has been developed. The method provides a localization of the 
bearing contact to reduce the shift of bearing contact caused by misalignment. The analytical method 
provides a simulation of the meshing and contact of misaligned gear drives. An automatic mesh 
generation method has been developed and used to conduct a 3–D contact stress analysis of several teeth. 
The theory developed is illustrated with several examples. 

 
 

Nomenclature 
 

nα  Normal pressure angle (fig. 5(b)) 

cα  Cross pressure angle (fig. 3) 
β  Skew angle of rack-cutter (figs. 5(a)), helix angle (fig. 13) 

00 ,vs  Space and width of the teeth of the rack-cutter (fig. 5(b)) 

cλ  Rack-cutter parameter 
( , )i iu l  (i = 1,s) Surface parameters (figs. 5(a) and (b)) 
( ),i iθ ε  (i = 1,s) Surface parameters (figs. 3 and 4) 

mγ  Shaft angle between the shaper and the face-gear (figs. 7, 24, and 25) 

m∆γ  Shaft angle error (figs. 24(c) and 25) 
E∆  Shortest distance error between the pinion and the face-gear axes (fig. 24(b)) 
q∆  Axial displacement of face gear (figs. 24(c) and 25) 

wλ  Lead angle of the worm (fig. 13) 

wsγ  Crossing angle between axes of shaper and worm (figs. 12, 13, and 22) 

sη  Half of the width of the space on the base cylinder (fig. 3) 
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iΣ  (i = s,1,2,w) Tooth surface of the shaper (i = s), pinion (i = 1), face-gear (i = 2), and 
 generating worm (i = w) 

iψ  (i = s,2,w) Angles of rotation of the shaper (i = s), face gear (i = 2), and worm (i = w) 
formed during the process of generation 

iφ  (i = 1,2) Angles of rotation of the pinion (i = 1) and the face gear (i = 2) formed during the 
 process of meshing (figs. 24(a) and (d)) 

wsE  Shortest distance between the axes of the shaper and the worm (figs. 11, 12, and 22) 

iL  (i = 1,2) Inner (i = 1) and outer (i = 2) limiting dimensions of the face gear (fig. 7(a)) 
M ,Lji ji  Matrices 4 × 4 and 3 × 3 for transformation from iS  to jS  of point coordinates 
 and vectors 
m    Module 

iN  (i = s,1,2,w)} Number of teeth of the shaper (i = s), pinion (i = 1), face-gear (i = 2), and 
 generating worm (i = w) 

dP  Diametral pitch 

pir  (i = 1,s) Radius of the pitch circle of the pinion (shaper) (figs. 3, and 5(c)) 

bir  (i = 1,s) Radius of the base cylinder of the pinion (shaper) (fig. 3) 

pwr  Radius of the pitch circle of the worm (fig. 11) 
 
 

1. Introduction 
 

Face gear drives have found application in helicopter transmissions. Figure 1 shows an example of a 
design wherein the driving pinion is simultaneously in mesh with two face-gears. Such a design permits 
splitting of the torque between two face-gears. This leads to a transmission design with reduced weight. 
Design of face-gear drives with a spur pinion was the subject of the research of many designers, for 
instance, [13, 17, 18]. However, the previous design was limited by application of a spur pinion. The new 
approach developed includes application of a face-gear drive with a helical pinion (fig. 2) for the 
reduction of contact stresses and increase contact ratio. 

There are many opportunities to apply face-gear drives in transmissions. Face-gear drives in 
comparison with hypoid gears drives and spiral bevel gears can provide a higher gear ratio 

(1) ( 2 )
1 2m = ω ω . The transformation of rotation by face-gear drives is performed between 

intersected axes wherein hypoid gear drives perform rotation between crossed axes. Therefore, the 
efficiency of face-gear drives is expected to be higher in comparison with hypoid gear drives. 

A new approach has been developed for generation and manufacture of a face gear conjugated to an 
involute helical pinion, in addition to generation by a shaper. The new approach is based on application of 
a grinding worm or cutting worm of a special shape. In the previous design, generation of face-gear by a 
worm has been limited to the case of application of a spur involute pinion as the driving member of the 
drive. Application of a screw involute pinion has required a new approach that is based on two-
parameters enveloping of generation of the face-gear by a worm (see section 5). 

The report covers as well avoidance of singularities and undercutting of the face-gear and the 
grinding worm. A special attention is based on the development of an enhanced approach to stress 
analysis. This approach provides automatization of the contact model development and investigation of 
formation of the bearing contact during the cycle of meshing. 

The developed theory is illustrated with numerical examples. The performed research is based on 
application of modern theory of gearing that has been a subject of research by Zalgaller [24], Zalgaller 
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and Litvin [25], Stosic and co-authors [21, 22, 23], Bar [4], Shevelova [19], Baumann [3], Stadtfeld [20], 
and Litvin and his followers [1, 2, 7, 8, 9, 10, 11, 12, 14, 15]. 
 
 

2. Derivation of Surfaces of Helical Pinion and Helical Shaper 
 

The helical pinion is the driving member of the face-gear drive. Two methods of generation of the 
face-gear are considered: (i) by application of a helical shaper (see section 3), and (ii) by application of a 
worm of a special shape (see sections 4 and 5). The shaper and the face-gear are in instantaneous line 
contact while the pinion and the face-gear are in instantaneous point contact. The bearing contact of the 
pinion and the face-gear is localized because the number 1N of the teeth of the pinion is less than the 
number sN of the teeth of the shaper: 3or  21 =− NN s . 

The derivation of the equations of the tooth surface of the pinion and the shaper is based on two 
alternative approaches: 

 
 

Approach 1 
 

1. The transverse-profiles of the pinion (or the shaper) are considered as involute profiles represented in 
coordinate system ( )i

qS  (i = 1,s). 

2. The tooth surface iΣ  (i = 1,s) is generated while coordinate system ( )i
qS  (i = 1,s) (together with the 

transverse-profiles) performs a screw motion about the axis iz  (i = 1,s) of the pinion (the shaper). 

The transverse-profiles are represented in coordinate system ( )i
qS  by the equations 

(fig. 3). 
 

( ) ( ) ( ) ( )cos sini
q i bi i i i i ix r ⎡ ⎤θ = θ + η + θ θ + η⎣ ⎦  

( ) ( ) ( ) ( )sin sini
q i bi i i i i iy r ⎡ ⎤θ = ± θ + η θ θ + η⎣ ⎦∓  

( ) ( ) 0i
q iz θ =  

(1) 

 

Here, bir  is the radius of the base cylinder; 1
2iθ  is the parameter of involute profile; the angle 2 iη  

corresponds to the width of the space on the base cylinder between the two profiles. The upper and lower 
signs correspond to profile I and II, respectively. 

The screw involute surface of the shaper is represented in iS  (fig. 4) by the following matrix equation 
 

( ) ( ) ( ) ( ) ( )r , M ri i
i i i i q iiqε θ = ε θ  (2) 

 

where iε  is the angle of rotation in the screw motion of ( )i
qS  with respect to iS  (i = 1,s). Then, we obtain 

the following equations of the tooth surface 
 

( ) ( ) ( ), cos sini i i bi i i i i i i ix r ⎡ ⎤⎡ ⎤ ⎡ ⎤ε θ = θ + η ε + θ θ + η ε⎣ ⎦ ⎣ ⎦⎣ ⎦∓ ∓ �  

( ) ( ) ( ), sin cosi i i bi i i i i i i iy r ⎡ ⎤⎡ ⎤ ⎡ ⎤ε θ = ± θ + η ε θ θ + η ε⎣ ⎦ ⎣ ⎦⎣ ⎦∓ ∓ ∓  
( )i i i iz pε = ε  

(3) 
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where ip is the screw parameter. The surface normal is represented as: 
 

( ), i i
i i i

i i

∂ ∂
θ ε = ×

∂θ ∂ε
r r

N  (4) 

 
 

Approach 2 
 
The helical pinion and helical shaper surfaces iΣ  (i = 1,s) may be generated as well as the envelope to 

the family of surfaces cΣ  of a generating skew rack-cutter. 
Figure 5(a) shows such a surface where β  is the skew angle. Here, the normal section aa −  and the 

transverse section bb −  are obtained by planes that are perpendicular to plane Π  and have the 
orientation aa −  and bb − , respectively. Orientation aa −  is determined by angle β . Figure 5(b) 
shows the normal section aa − , where nα  is the normal pressure angle, 0s  and 0w  represent the space 
and the tooth width, respectively, of the rack-cutter tooth. Magnitudes 0s  and 0w  are related by the 
module m  and parameter cλ  as follows 

 
0 0s w m+ = π  (5) 

0

0
c

s
w

λ =  (6) 

 
Parameter cλ  may be varied for optimization, in conventionally design 1cλ = . 

The rack-cutter surface parameters ( ),i iu l  (i = 1,s) are measured in profile and longitudinal 
directions, respectively. 

The rack-cutter surface cΣ  is represented in coordinate system cS  by vector function ( )r ,c i lu l  that 
yields 

 

( ) 0, cos sin cos
2c i i n n i n
sx u l u= α α + α  

( ) 20, cos sin cos sin
2c i i n i n i
sy u l u l⎛ ⎞= α − α β − β⎜ ⎟

⎝ ⎠
 

( ) 20, cos sin sin cos
2c i i n i n i
sz u l u l⎛ ⎞= α − α β − β⎜ ⎟

⎝ ⎠
 

(7) 

 
The unit normal to cΣ  is determined as 
 

( ) [ ]n sin     cos cos     cos sin Ti
c n n n= α α β α β  (8) 

 
The coordinate systems applied for derivation of pinion and shaper surfaces are (fig. 5(c)): 

(i) movable coordinate systems cS  and iS  rigidly connected to the rack-cutter and the pinion (shaper), 
(ii) fixed one aS . 

The rack-cutter and the pinion (shaper) perform related motions 
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c i pis r= ψ  (i = 1,s) (9) 
 

where pir  is the radius of the pitch circle of the pinion (shaper).  
Surface iΣ  (i = 1,s) is derived as the envelope to the family of surfaces cΣ  represented in iS  (i = 1,s) 

and is determined by the equations 
 

( ) ( ) ( )r , , M r ,i i i i ic i c i iu l u lψ = ψ  (i = 1,s) (10) 

( ) ( ), , n v 0ci
ci i i i c cf u l ψ = ⋅ =  (i = 1,s) (11) 

 
Here: vector function ( )r , ,i i i iu l ψ  represents the family of rack-cutter surfaces; 0cif =  is the equation of 

meshing; matrix ( )Mic iψ  (i = 1,s) is applied for coordinate transformation; vector ( )v ci
c  of the relative 

velocity and unit normal cn  are represented in cS . 
Vector function ( )r , ,i i i iu l ψ  and 0cif =  represent surface iΣ  (i = 1,s) by three related parameters. 
Two-parameter representation of iΣ  (i = 1,s) is obtained taking into account that 0cif =  yields that 
 

( ) cos sin,
sini i i i i

pi n pi
u l u l

r r

⎛ ⎞ ⎛ ⎞β βψ = +⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟α⎝ ⎠ ⎝ ⎠
  (i = 1,s) (12) 

 
Then we may represent iΣ  as 
 

( ) ( )( )iR , r , , ,  i i i i i i i iu l u l u l= ψ  (i = 1,s) (13) 
 
The normal to iΣ  is determined as 
 

( ) R R
N , i i

i i i
i i

u l
u l

∂ ∂
= ×

∂ ∂
 (14) 

 
Figure 6(a) shows the solid model of the shaper. The edge of the shaper is rounded (fig. 6(b)) to 

generate a fillet of the face-gear with reduced bending stresses. 
 
 

3. Generation of Face-Gear by Shaper 
 
The tooth surface 2Σ  of the face-gear is generated as the envelope to the family of tooth 

surfaces sΣ  of the shaper. Surface sΣ  of the shaper is a screw involute surface represented by 
equations (3) or (13) taking in these equations i s= . The surface normal to the sΣ  is represented 
by cross-products (4) or (14). 

Applied Coordinate Systems.—We apply for the derivations the fixed coordinate systems mS  and 

aS  (fig. 7(a)) and movable coordinate systems 2S  and mS  (fig. 7(b)). Parameter 0L  for distance | 2' aO O | 
is chosen initially arbitrarily. Parameters 2L  and 1L  determine the outer and inner dimensions of the face 
gear and can be obtained from the conditions of avoidance of undercutting and pointing (see below). 
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Angle mγ  is formed by the axes of the face-gear and the shaper. Parameter psr  is the radius of the 

pitch cylinder of the shaper. Parameter fa  is the addendum of the face-gear. The shaper and the face-
gear perform related rotations about the az  and mz  axes. Here, 

 
2

2

s

s

N
N

ψ
=

ψ
 (15) 

 
where sN  and 2N  are the numbers of teeth of the shaper and the face gear, respectively. 

Derivation of Surface 2Σ  of the Face-Gear.—Surface 2Σ  is determined by the following equations: 
 

( ) ( ) ( )2 2r , , M r ,s s s s s s s su l u lψ = ψ  (16) 

( )2 2 2
2

r r r , , 0s s s s
s s s

f u l
u l

⎛ ⎞∂ ∂ ∂
× ⋅ = ψ =⎜ ⎟∂ ∂ ∂ψ⎝ ⎠

 (17) 

 
Vector function ( )2r , ,s s su l ψ  represents in coordinate system 2S  the family of shaper surfaces sΣ . 
Equation 2 0sf =  is the equation of meshing. Equations (16) and (17) considered simultaneously 

represent the tooth surface 2Σ  by three related parameters. The equation of meshing 2 0sf =  may be 
determined as well as 

 
( ) ( )2

2N v , , 0s
s s s s s sf u l⋅ = ψ =  (18) 

 

Here, Ns  is the normal to sΣ  represented in sS  and ( )2v s
s  is the relative velocity represented in sS . 

Structure of Face-Gear Tooth.—The tooth surface of the shaper is formed by a screw involute 
surface and a rounded top surface (fig. 8(a)). The tooth surfaces of the face-gear (fig. 8(b)) are formed: (i) 
as the working part (generated by the screw involute surface of the shaper), and (ii) as the fillet part 
(generated by rounded top of the shaper tooth). 

Lines 2sL  on the working part of the face-gear tooth are the lines of the instantaneous contact of the 
shaper and face-gear tooth surface. The length of the face-gear teeth has to be limited by dimensions 1L  
and 2L  (fig. 7) to avoid undercutting in plane A and pointing in the plane B (fig. 8). 

Avoidance of Singularities.—Avoidance of undercutting is based on the following ideas [7, 8]: 
1. Appearance of singular points on the generated surface 2Σ  is a warning that the surface will be 

undercut in the process of generation. 
2. Singular points on surface 2Σ  are generated by regular points of the generating surface sΣ  when the 

velocity of a contact point in its motion over 2Σ  becomes zero. 
 

( ) ( ) ( )22v v v 0ss
r r= + =  (19) 

 
3. Equation (19) and differential equation of meshing 

 

( )2 , , 0s s s s
d f u l
dt
⎡ ⎤ψ =⎣ ⎦  (20) 
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produces a system of four linear equations in two unknowns. The system has a certain solution for the 
unknowns if the matrix 
 

( )2

22 2

r r
v

A

s s s
ss s

s ss s
ss s

u l
f df f

dtu l

∂ ∂⎡ ⎤
−⎢ ⎥∂ ∂⎢ ⎥= ∂ ψ⎢ ⎥∂ ∂ −

⎢ ⎥∂ψ∂ ∂⎣ ⎦

 (21) 

 
has the rank r = 2. From this the following equation is obtained: 
 

( )2 , , 0s s s sF u l ψ =  (22) 
 
Equation of meshing (18) and equation (22) allows line sL  to be obtained on surface sΣ  (fig. 9) that 
generates singular points on 2Σ . 
Limitation of surface sΣ  by line sL  (fig. 9) avoids the appearance of singular points on 2Σ . 

Pointing of the face-gear means that the width of the topland becomes equal to zero. The maximal 
value of 2L  is obtained from the conditions of intersection of surfaces of opposite sides of a tooth of the 
face gear. The tooth length of the face-gear may be represented by a unitless coefficient c  determined as: 

 

( )2 1
2 1 d

L Lc L L P
m
−= = −  (23) 

 
where m  and dP  are the module and the diametral pitch of the shaper. The coefficient c  depends on the 
gear ratio 12m  and the helix angle of the shaper. Graphs shown in figure 10 are obtained for the case of 
the shaper helix angle β  = 5°. Input data are listed in table 1. 

Comparison of a face-gear and a spiral bevel gear drives shows that a substantial larger gear ratio 
(up to 12 10m = ) and a larger tooth length can be obtained by application of a face-gear drive instead of a 
spiral bevel gear drive. However, the design of a face-gear drive is accompanied with the dimensions of 
the drive measured in directions of 1L  and 2L  (fig. 7(a)). 
 
 

4. Design of Generating Worm 
 
In the previous design, the generation of the face-gear by a grinding or cutting worm (instead of a 

shaper) was limited to the case wherein the driving member of the gear drive is an involute spur pinion. 
Application of a helical involute pinion (instead of a spur pinion) has required a new approach for the 

design of the generating worm and the generation by the worm of the face-gear. Particularly, it has 
required: (i) the development of a two-parameter enveloping process of generation of the face-gear by the 
worm; (ii) investigation of limitations of generation of the face-gear caused by the magnitude of the helix 
angle of the shaper and the diameter of the worm. 

This section of the paper covers the solution to the following problems: 
 
1. Determination of the crossing angle between the axes of the shaper and the worm. 
2. Determination of worm thread surface. 
3. Avoidance of singularities of the worm thread surface. 
4. Numerical examples. 
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Crossing Angle Between the Axes of the Shaper and the Worm.—The derivation of the crossing 
angle between the axes of the shaper and the worm and other following derivations are based on the idea 
of simultaneous meshing of surfaces sΣ , wΣ , and 2Σ  of the shaper, the worm, and the face-gear. 

Figure 11 shows schematically that surfaces sΣ , wΣ , and 2Σ  are in tangency at point P , that is the 
common point of pitch surfaces of the shaper and the face-gear. 

The shortest distance wsE  between the worm and the shaper is obtained as 
 

ws pw psE r r= −  (24) 
 

where pwr  and psr  are the radii of the pitch surfaces of the worm and the shaper, respectively. The 

magnitude of wsE  affects the dimensions of the grinding worm and the conditions of avoidance of 
surface singularities of the worm (see below). 

The derivation of the crossing angle wsγ  between the axes of the shaper and the worm is based on the 
drawings of figure 12. We apply for derivations fixed coordinate systems aS , bS , and cS  (fig. 12) and 
movable coordinate systems sS  and wS  rigidly connected to the shaper and the worm, respectively. 

Figure 13 in addition to figure 11 illustrates that the pitch cylinders of the worm and the shaper are in 
tangency at point P . Angles wλ  and β  represent the lead angle of the worm and the helix angle of the 
shaper. The shaper is considered as a left-hand involute helicoid. Figure 13 illustrates the tangency with 
the left-hand shaper of a right hand-worm (fig. 13(a)) and a left hand-worm (fig. 13(b)). The shaper and 
the worm perform rotations about the axes az  and cz . The angles of rotation of the shaper and the worm 
are designated by sψ  and wψ  (fig. 12). 

The velocity polygons at point of tangency P  are represented in figure 13. Vectors ( )v s  and ( )v w  
are the velocities of the shaper and the worm at point P . The sliding velocity at point P  is designated as 

( ) ( ) ( )v v vsw s w= − . Vector ti  is the unit vector of the tangent to the helices of the shaper and the worm. 

Taking into account that the sliding velocity ( )v sw  is collinear to vector it  we obtain the following 
relations  

 
90ws wγ = ° − β ± λ  (25) 

( )
cos

arcsin ps w
w

s ws ps

r N

N E r

β
λ =

+
 (26) 

 
Here: sN  and wN  are the tooth numbers of the shaper and the threads of the worm. The upper and lower 
signs in equation (25) correspond to the application of a right-hand worm and left-hand worm, 
respectively. 

Derivation of Worm Thread Surface wΣ .—The worm thread surface wΣ  is determined as an 
envelope to the family of shaper tooth surfaces sΣ . 

Surface wΣ  is determined in coordinate system wS  by the following equations 
 

( ) ( ) ( )r , , M r ,w s s s ws s s s su l u lψ = ψ  (27) 
( ) ( )N v , , 0sw

s s ws s s sf u l⋅ = ψ =  (28) 
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Here: vector function ( )r ,s s su l  represents the tooth surface of the shaper. Matrix ( )Mws sψ  describes 
the coordinate transformation from coordinate system sS  to coordinate system wS  (fig. 12). Vector 
function ( )r , ,w s s su l ψ  represents in coordinate system wS  the family of surfaces sΣ  of the shaper. 
Equation (28) is the equation of meshing between the surfaces of the shaper and the worm. Parameter sψ  
is the generalized parameter of motion considering that the shaper and the worm perform related rotations 
about the axes az  and cz  (fig. 12). These rotations are related by the equation 

 
s w

w s

N
N

ψ
=

ψ
 (29) 

 
where sN  and wN  are the number of teeth of shaper and the number of threads of the worm. Equations 
(27) and (28) considered together represent the worm thread surface by three related parameters 
( ), ,s s su l ψ . 

We may represent the worm thread surface in two-parameter form by using the theorem of implicit 

function system existence [6]. Assume that point ( ) ( ) ( )( )0 0 0, ,s s sM u l ψ  satisfies the equation of meshing 

0wsf =  (see equation (28)) and at point M  we have that 0ws

s

f
l

∂
≠

∂
. 

Then, equation of meshing (28) may be solved in the neighborhood of M  by a function of class 1C  
as 

 
( ),s s s sl l u= ψ  (30) 

 
and the worm thread surface may be determined locally, in the neighborhood of M , as 

 
( ) ( )( )wR , r , , ,  w s s s s s s su u l uψ = ψ ψ  (31) 

 
Singularities of Worm Thread Surface.—The main difficulty of application of the worm as a tool 

for the generation of the face-gear tooth surface is the possibility of appearance of singularities on the 
worm thread surface wΣ . 

The existence of singularities of surface wΣ  may require to limit the magnitude of the helix angle of 
the shaper (and the pinion too) and require as well to limit the diameter of the worm. 

Avoidance of worm singularities is the precondition to application of the worm for generation of the 
face-gear. 

The discovery of worm singularities is based on the approach [8] discussed previously in section 3 for 
avoidance of singularities of the face-gear that is generated by a shaper. 

A similar approach for determination of singularities of the worm surface wΣ  (determined as the 
envelope to the family of shaper tooth surface sΣ ) is based on the following considerations: 

1. The equation of meshing of the worm and the shaper is determined as (see equation (28)) 
 

( ), , 0ws s s sf u l ψ =  (32) 
 
2. The differentiated equation of meshing is represented as 
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( ), , 0ws s s s
d f u l
dt
⎡ ⎤ψ =⎣ ⎦  (33)

 

3. Singularities on the worm surface occur at a point where the velocity ( )v w
r  of the contact point in 

its motion over the worm surface wΣ  becomes equal to zero. The condition ( )v 0w
r =  yields the 

relation [8] 
 

( ) ( )v v 0sws
r + =  (34) 

 

Here: ( )v s
r  is the velocity of the contact point in its motion over the shaper surface, and ( )swv  is the 

velocity of sliding in the process of meshing of surfaces sΣ  and wΣ . 
4. Application of equations (33) and (34) yields a system of four linear equations in two unknowns. 

The system of four linear equations has a certain solution for the unknowns if the matrix 
 

( )r r
v

A

s s sw
ss s

ws sws ws
ss s

u l
f df f

dtu l

∂ ∂⎡ ⎤
−⎢ ⎥∂ ∂⎢ ⎥= ∂ ψ⎢ ⎥∂ ∂ −

⎢ ⎥∂ψ∂ ∂⎣ ⎦

 (35) 

 
has the rank r = 2. 
The requirement r = 2 results in the following equation: 

 
( ), , 0ws s s sF u l ψ =  (36) 

 
The simultaneously consideration of equation of meshing 0wsf =  (see equation (28)) and 
equation 0wsF =  (see equation (36)) is the key for design of a worm free of singularities. 

Illustration of Simultaneous Meshing of Surfaces wΣ , sΣ , and 2Σ .—A worm (free of 
singularities) may be in simultaneous meshing with the shaper and the face-gear as it is illustrated in 
figure 14. Separate meshing of the shaper with the face-gear, and the worm with the face-gear, are 
represented in figure 15. 

It will be shown below that avoidance of worm singularities can be achieved by limitation of the helix 
angle of the shaper (simultaneously, the pinion) and the decrease of the diameter of the worm. 

Usually, the diameter of the worm is chosen larger than the shaper diameter, but this may require to 
decrease the shaper helix angle for avoidance of singularities. 

Figure 16 shows application of a worm which diameter is chosen less than the diameter of the shaper 
for the purpose of the increase of the helix angle of the shaper (and the pinion). Separate meshing of the 
shaper with the face-gear, and the worm with the face-gear, are represented in figure 17. 

A generating worm of a lesser diameter can be applied as a hob or as a shaving worm. 
Avoidance of Worm Singularities.—Singularities of the worm are avoided as follows. 
Using the equation of meshing between the worm and the shaper, we may represent the lines of 

tangency of wΣ  and sΣ  in the plane of surface parameters ( ),s su l . The lines of tangency of wΣ  and sΣ  
are given in two examples. The common data for these two examples are shown in table 2. 
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Example 1: A left-hand shaper is in mesh with a right-hand worm. The helix angle of the shaper is 
°5 . Figures 18(a) and (b) show the contact lines and undercutting lines on the drive and coast sides, 

respectively. 
Singularities of the worm may be avoided if the angle of rotation of the worm is in the area of contact 

lines that do not intersect the undercutting lines. 
Such area has to be determined taking into account that the driving and coast sides of the tooth are 

generated simultaneously. 
Graphs of figures 18(a) and (b) show that the maximal permissible rotation angle of the shaper should 

not exceed the angle |7.63 | |-7.63 | 15.26sψ < ° + ° = ° . The angle of rotation of the shaper for one cycle of 
meshing is 

 
360 12s

sN
°ψ = = °     ( 30sN = ) (37) 

 
Singularities are avoided if the angle of rotation of the shaper does not exceed °15.26 . 

Example 2: The helix angle of the shaper is °15 and the diameter of the worm is smaller than the 
diameter of the shaper (figs. 16 and 17). Other conditions are the same as in example 1 (see table 2). 

Unlike example 1, we have found in example 2 that there is an envelope E  to the family of contact 
lines in the working area (fig. 19). The envelope is determined (see [9, 11]) by the equation of meshing 

 
( ), , 0sw s s sf u l ψ =  (38) 

 
and the derivative 

 

0sw

s

f∂
=

∂ψ
 (39) 

 
Due to the existing of envelope E  to the contact lines, the determination of worm surface wΣ  as the 

envelope to the family of shaper surfaces requires interpretation of formation of wΣ  by two branches 

differentiated by 0sw

s

f∂
>

∂ψ
 and 0sw

s

f∂
<

∂ψ
. 

Singularities of the worm in example 2 are avoided if the maximal angle of rotation of the shaper for 
one cycle of meshing will satisfy the inequality (fig. 19). 

 
360 |6.15 | |-6.15 |

sN
° < ° + °  (40) 

 
Using computations similar to the examples discussed above, we may represent a graph (fig. 20) that 

illustrates the permissible helix angle of the shaper as the function of the ratio of radii pw

ps

r
r

 of the pitch 

cylinders of the worm and the shaper. 
 

5. Generation of Face-Gear by Worm 
 
Traditionally, the generation of a face-gear that is conjugated to a spur involute pinion is performed 

by a shaper. 
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Application of a worm for generation of face-gears [10] opens the possibility of grinding, hobbing, 
and shaving. In case of hobbing, the worm is designed as a hob. 

The design of face-gear drives in the past was limited to application of a spur pinion as a driving 
member. Application of a helical pinion requires a new approach for the generation of a face-gear by a 
worm. 

Considering the simultaneous meshing of a worm, shaper, and face-gear (figs. 14 and 16), we have to 
take into account the following: 

The shaper surface sΣ  is in line contact with the face-gear tooth surface 2Σ  and with the worm 
surface wΣ  as well. Designations 2sL  and swL  indicate the lines of tangency of surfaces sΣ  and 2Σ  and 
of tangency of sΣ  and wΣ  (figs. 21(a) and (b)). However, the worm and the face-gear surfaces wΣ  and 

2Σ  are in point contact at every instant since contact lines 2sL  and swL  do not coincide but intersect 
each with other (fig. 21(c)). 

Consider now that the worm and the face-gear perform rotations about their axes related by equation 
 

2

2

w

w

N
N

ψ
=

ψ
 (41) 

 
Here: 2N  and wN  are the number of teeth of the face-gear and the number of threads of the worm. 
Usually, 1wN =  since a one-thread worm is applied. 

Due to point tangency of surfaces wΣ  and 2Σ , the worm will generate on surface 2Σ  only a strip. 
The generation by the worm of the whole surface 2Σ  (instead of a strip) requires application of two-

parameter enveloping process that is based on the following ideas: 
1. Consider that the worm, the shaper, and the face-gear are in simultaneous meshing (fig. 14). The 

worm and the face-gear perform rotations related by equation (41), but the worm generates a strip 
on the face-gear. 

2. The whole surface of the face-gear may be generated as a set of strips, but this requires a feed 
motion of the worm with respect to the face-gear. The feed motion means that the installment of 
the worm with respect to the face-gear has to be varied in the process of generation. The worm 
will generate at each installment a strip on the face-gear tooth surface. In the following 
discussions, we initially interpret the feed motion as a discrete process. 

3. A new installment of the worm, the shaper, and the face-gear are performed as follows: 
• The worm is translated in the direction of the axis of the shaper on wl∆  and, simultaneously, the 

shaper is turned on angle s∆ψ  (fig. 22). The magnitudes of wl∆  and s∆ψ  are components of 
screw motion of the worm about the axis of the shaper related as 

 
w

s
s

l
p

∆
=

∆ψ
 (42) 

 
Here, sp  is the screw parameter of the shaper. 
Observation of equation (42) provides tangency of wΣ  and sΣ  at each installment. 

• Simultaneous tangency of three surfaces at each installment requires that the face-gear will be 
turned angle 2∆ψ  determined as 

 

2
2 2

s w s
s

s

N l N
N p N

∆
∆ψ = ∆ψ =  (43) 
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4. The derivation of the face-gear tooth surface generated by the worm may be now represented as a 
continuous two-parameter enveloping process based on application of two independent sets of 
parameters: 

• set one formed by ( )2,wψ ψ  related by equation (41), and  
• set two of parameters ( )2,wl∆ ∆ψ  related by equation (43) 
Surface 2Σ  of face-gear generated by the worm is determined as the envelope to the two-parameter 

family of surfaces of worm thread surface as follows [8, 16]: 
 

( ) ( ) ( )2 2r , , , M , R ,s s w w w w w w s su l l uψ ψ ∆ = ψ ∆ ψ  (44) 
( ) ( ) ( )12,

2N v , , , 0ww
w w s s w wwf u lψ⋅ = ψ ψ ∆ =  (45) 

( ) ( ) ( )22,
2N v , , , 0ww l

w w s s w wwf u l∆⋅ = ψ ψ ∆ =  (46) 
 

Here, vector function ( )2r , , ,s s w wu lψ ψ ∆  represents in coordinate system 2S  the family of thread worm 
surfaces. Equations (45) and (46) are the two equations of meshing. ,s su ψ  are the worm surface 
parameters. Generalized independent parameters of motion are designated as wψ  and wl∆  and the two 
independent sets of parameters are: 2( , )wψ ψ  and 2( , )wl∆ ∆ψ . Nw  is the normal to the worm surface at 

the current point of contact and is represented in system wS . Vector ( )2,v ww
w

ψ  represents the relative 
sliding velocity between the worm and the face-gear determined under the condition that generalized 
parameter wψ  of motion is varied and the other generalized parameter wl∆  is held to the rest. Similarly, 

vector ( )wlw
w

∆,2v  represents the relative sliding velocity between the worm and the face-gear but it is 
determined under the condition that the parameter wl∆  is varied and the other generalized parameter of 
motion wψ  is held at rest. Both vectors of relative velocity are represented in system wS . Vector 
equations (44), (45), and (46), if considered simultaneously, determine surface 2Σ  as the envelope of 
two-parameter enveloping process. Applied coordinate systems are shown in figure 22. 

Vector function ( )2r , , ,s s w wu lψ ψ ∆  and equations of meshing ( )1
2 0wf =  and ( )2

2 0wf =  represent 
surface 2Σ  generated by the worm by four related parameters. 

The analysis results of face-gear tooth surface 2Σ  are illustrated in figure 23 by: (a) cross-sections of 

2Σ , and (b) strip lines on 2Σ . 
The computations have been performed for determination of surface 2Σ  twice, wherein 2Σ  is 

generated by a shaper and by a worm. Comparison of obtained results confirms the identity of the 
surfaces. 

 
6. Tooth Contact Analysis (TCA) 

 
TCA is designated for simulation of meshing and contact of surfaces 1Σ  and 2Σ  of helical pinion and 

face-gear and permits the influence of errors of alignment on transmission errors and shift of bearing 
contact to be investigated. The TCA algorithm is based on observation of continuous tangency of pinion 
and face-gear tooth surfaces 1Σ  and 2Σ  in the process of meshing. Application of TCA shows: (i) errors 
of alignment do not cause transmission errors but (ii) cause the shift of the bearing contact. 

The TCA computer program is based on the following algorithm: 
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1. The helical pinion surface 1Σ and its surface unit normal are represented in coordinate systems 1S  
by the following vector functions 

 
( )1 1 1r ,u l    ,   ( )1 1 1n ,u l  (47) 

 
Similarly, the face-gear surface 2Σ and its surface unit normal are represented in 2S  by vector functions 

 
( )2r , ,s s su l ψ    ,   ( )2n , ,s s su l ψ  (48) 

 
and equation of meshing between the shaper and the face-gear 

 
( )2 , , 0s s s sf u l ψ =  (49) 

 
2. Using coordinate transformation, we represent the conditions of continuous tangency of 1Σ  and 

2Σ  in a fixed coordinate system fS  as 

 
( ) ( ) ( ) ( )1 2

1 1 1 2r , , r , , , 0s s sf fu l u lφ − ψ φ =  (50) 

( ) ( ) ( ) ( )1 2
1 1 1 2n , , n , , , 0s s sf fu l u lφ − ψ φ =  (51) 

( )2 , , 0s s s sf u l ψ =  (52) 
 

3. The system of nonlinear equations (50) to (52) contains only six independent nonlinear scalar 

equations in seven unknowns since ( ) ( )1 2| n | | n | 1f f= = . 

One of the parameters, say 1φ , is chosen as the input parameter. The solution of equations 
mentioned above is represented by functions of 1φ , and it is a computerized iterative process 
based on the Newton-Raphson method [6]. Surfaces 1Σ  and 2Σ  are in point tangency and the 
Jacobian of the system of equations of tangency differs from zero. 

We apply for derivation of the equations (50) to (52) and the performance of TCA the following 
coordinate systems: movable coordinate systems 1S  and 2S  rigidly connected to the helical pinion and 
the face-gear (figs. 24(a) and (d)); main fixed coordinate system fS  rigidly connected to the frame where 
the meshing of the pinion and the gear is considered (figs. 24(a) and (b)); auxiliary fixed coordinate 
systems aS , bS , and cS  (figs. 24(b), (c), and (d)) applied for simulation of errors of installment m∆γ , 

E∆ , and q∆  (figs. 24(b) and (c)). 
Figure 25 in addition to figure 24 illustrates the installment of coordinate systems aS , bS , and cS  

with respect to fS  that is represented in an axial section of the face-gear taking error E∆  equal to zero. 
Here, magnitude B is given by 

 
1

2 cos
sN NmB

−
=

β
 (53) 

 
The simulation of meshing is performed for two cases of face-gear drives: with a helical involute 

pinion and a spur involute pinion with design parameters represented in table 3. 
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The output of the TCA shows that errors of installment do not cause transmission errors, but the 
bearing contact is shifted due to misalignment. Figure 26 illustrates the paths of contact for an aligned 
gear drive: (a) with a helical pinion; (b) with a spur pinion. 

Figure 27 illustrates the shift of the bearing contact due to errors m∆γ  and E∆ . It was discovered that 
the shift of bearing contact caused by errors of alignment m∆γ  and E∆  may be restored by correction 

q∆  (see figs. 24 and 25 that illustrate q∆ ). Figure 28 illustrates results of application of correction q∆  
for compensation of errors m∆γ , E∆ , and for simultaneous existence of m∆γ  and E∆ . 

 
 

7. Stress Analysis 
 

The goals of stress analysis represented in this section are: 
1. Determination of contact and bending stresses and investigation of formation of the bearing 

contact in a face-gear drive with a helical involute pinion. 
2. Comparison of contact and bending stresses for a face-gear drive with a helical involute pinion to 

a face-gear drive with a spur involute pinion. 
The stress analysis performed is based on finite element method [26] and application of a general 

computer program [5]. 
The approach developed for the finite element models is accomplished as follows: 
Step 1. Tooth surface equations of pinion and face gear and portions of corresponding rim are 

considered for determination of the volumes of the designed bodies. Figure 29(a) shows the designed 
body for one-tooth model of the pinion of a face-gear drive. 

Step 2. The designed volume of each tooth of the model is divided into six subvolumes using 
auxiliary intermediate surfaces 1 to 6 as shown in figure 29(b). 

Step 3. Node coordinates are determined analytically considering the number of desired elements in 
longitudinal and profile directions (fig. 29(c)). 

Step 4. Discretization of the model by finite elements is accomplished using the nodes determined in 
previous step (fig. 29(d)). 

Step 5. Setting of boundary conditions is accomplished on pinion and face-gear models considering 
the following ideas (see fig. 30 for the case of a three-tooth model): 

• Nodes on the two sides and bottom part of the portion of the face-gear rim are considered as fixed 
(fig. 30(a)). 

 
• Nodes on the two sides and the bottom part of the pinion rim form a rigid surface 

(figs. 30(a) and (b)). 
• A reference node N , (fig. 30(b)) located in the axis of the pinion is used as the reference point of 

the previous defined rigid surface. Reference point N  and the rigid surface constitute a rigid 
body. 

• Only one degree of freedom is defined as free at the reference point N , rotation about the pinion 
axis, while all other degrees of freedom are fixed. Application of a torque T  in rotational motion 
at the reference point N  allows us to apply such a torque to the pinion model. 

Step 6. The contact algorithm of the finite element analysis computer program requires definition of 
contacting surfaces. This approach enables us to identify automatically all the elements of the model 
required for the formation of such surfaces. 

Figures 31(a) and (b) show the finite element models of one-tooth of the pinion and the face gear. The 
development of the finite element model of the face gear is complicated due to the specific structure of 
the face gear tooth (see fig. 8(b)). While in the pinion model the profile and fillet parts can be meshed 
independently, in the face-gear model both parts have to be considered simultaneously. 

The principal characteristics of the described approach are as follows: 
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• Finite element models of the face gear drive can be automatically obtained for any position of 
pinion and face gear obtained from TCA. Stress convergence is assured because there is at least 
one point of contact between the contacting surfaces. 

• Assumption of load distribution in the contact area are not required since the contact algorithm of 
the general computer program is used to find the contact area and stresses by application of the 
torque to the pinion while the gear is considered fixed at specified surfaces (see fig. 30(a)). 

• Finite element models of any number of teeth can be obtained. As an example, figure 32 shows a 
whole face gear drive finite element model. However, such a model is not recommended, if an 
exact definition of the contact ellipse is required. Three or five tooth models are more adequate in 
such a case. The use of several teeth in the models has the following advantages: 
(i) Boundary conditions are far enough from the loaded areas of the teeth. 
(ii) Simultaneous meshing of two pairs of teeth can occur due to the elasticity of surfaces. 
Therefore, the load transition at the beginning and at the end of the path of contact can be studied. 

Numerical Example.—The finite element analysis has been performed for the following cases 
mentioned above: 

1.  Face-gear drive with helical involute pinion. 
2.  Face-gear drive with spur involute pinion. 

The applied design parameters are shown in table 3. The output from TCA (see figs. 26(a) and (b)) and 
the developed approach for the finite element models allows us to build automatically one model for 
every point of contact. 

A three teeth model has been developed for each chosen point of the path of contact. Elements C3D8I 
of first order (enhanced by incompatible modes to improve their bending behavior) have been used to 
form the finite element mesh. The total number of elements is 71,460 with 87,360 nodes. The material is 
steel with the properties of Young's Modulus 510 2.068E ⋅=  MPa and Poisson's ratio 0.29. A torque of 
4,000 Nm has been applied to the pinion in both cases. Figure 33 shows the finite element mesh for case 
(1) in a contact point. Figures 34 and 35 show the maximum contact and bending stresses obtained at such 
a contact point on the pinion surface in cases (1) and (2), respectively. Figures 36 and 37 show the 
maximum contact and bending stresses obtained at the same contact point, but on the face gear surface in 
cases (1) and (2), respectively. 

The variation of contact and bending stresses along the path of contact has been also studied. 
Figures 38 and 39 illustrate the variation of contact and bending stresses, respectively, for both cases. A 
reduction of contact stresses has been achieved by using a face-gear drive with a helical involute pinion in 
comparison with a face-gear drive with a spur involute pinion. However, an edge contact exists in both 
gear drives, because the path of contact is oriented across the tooth surface (see fig. 26). 

The goal of avoidance of edge contact requires application of non-involute geometry of the pinion 
and the shaper for obtaining of a longitudinal orientation of the bearing contact, instead of orientation of 
the bearing contact across the tooth surfaces. The obtained bending stresses show that the stresses for gear 
drives with a spur and helical pinions are comparable.  
 

8. Conclusions 
 

The results of performed research allow the following conclusions to be drawn: 
1. A new type of face-gear drive with intersected axes of rotation has been investigated. The gear 

drive is formed by an involute helical pinion and conjugated face-gear. 
2. The perspectives of application of the new type of gear drive in comparison with spiral bevel 

gears are: (i) a higher gear ratio (up to 
( )
( )

1

21 2m ω
ω

=  of 7); (ii) a more simple technology in 

comparison with spiral bevel gears and hypoid gear drives; (iii) errors of misalignment such as 
crossing of axes instead of intersection do not cause transmission errors; (iv) the bearing contact 
is localized and the shift of bearing contact caused by misalignment may be compensated. 
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However, application of face-gear drives of a higher gear ratio is accompanied with the increase of 
the face width of the gear drive measured in the direction of axes of the pinion. 

3. A computerized design of gear drives has been developed that avoids singularities, simulates 
meshing of misaligned gear drives and permits the stress analysis to be performed. The contacting 
model for stress analysis is developed automatically.  

The developed design determines the maximal tooth length free of pointing and undercutting and the 
limitations of the helix angle of the pinion for conjugation of face-gears ground by a worm.  

A new method of manufacturing based on application of a grinding and cutting worm of a special 
shape has been developed. 
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TABLE 1.—DESIGN PARAMETERS OF FACE GEAR DRIVE SHOWN IN FIGURE 10 
Number of teeth of the face gear, 2N       140 

Number of teeth of the worm, wN       1 
Module, m         3.175 mm 
Normal pressure angle, nα        27.5° 

Parameter of rack-cutter, cλ        1 

Shaft angle, mγ          90.0° 

Helix angle, β         5.0° 

Inner radius of the face gear, 1L       205.0 mm 

Outer radius of the face gear, 2L       248.0 mm 

 
 
 

TABLE 2.—DESIGN PARAMETERS OF THE WORM 
Number of teeth of the shaper, sN       30 

Number of teeth of the face gear, 2N       140 

Number of threads of the worm, wN       1 
Module, m         3.175 mm 
Normal pressure angle, nα        27.5° 

Parameter of rack-cutter, cλ        0.95 

 
 
 

TABLE 3.—DESIGN PARAMETERS OF FACE-GEAR DRIVE 
Number of teeth of the pinion, 1N       25 

Number of teeth of the shaper, sN       28 

Number of teeth of the face gear, 2N       160 
Module, m         6.35 mm 
Normal pressure angle, nα        25.0° 

Parameter of rack-cutter, cλ        0.9 

Shaft angle, mγ         90.0° 

Helix angle ( )1 , β         15.0° 

Inner radius of the face gear ( )1 , 1L       500.0 mm 

Outer radius of the face gear ( )1 , 2L       590.0 mm 

Helix angle ( )2 , β         0.0° 

Inner radius of the face gear ( )2 , 1L       480.0 mm 

Outer radius of the face gear ( )2 , 2L       570.0 mm 
( )1

Face-gear drive with helical involute pinion 
( )2

Face-gear drive with spur involute pinion 
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Figure 1.—Application of face-gear drive in helicopter transmission. 

 
 
 
 
 
 

 
Figure 2.—Face-gear drive with a helical pinion. 
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Figure 3.—Shaper profiles and normals to shaper profiles. 
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Figure 4.—Illustration of screw motion of coordinate system ( )i
qS  with respect to iS  (i = 1,s). 
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Figure 5.—For derivation of pinion and shaper surfaces iΣ  (i = 1,s): 
(a) skew teeth of the rack-cutter surface cΣ ; (b) normal section of cΣ ; 
(c) coordinate systems used in the meshing between cΣ  and iΣ  (i = 1,s). 
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(a) 

 
 
 
 
 

 
(b) 

 
Figure 6.—Solid model of the shaper: (a) whole shaper 

and (b) detail of the rounded top of the shaper. 
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Figure 7.—Coordinate systems applied for generation of face-gear surface 2Σ : 

(a) illustrates fixed coordinate systems mS and aS ; (b) illustrates movable 
coordinate systems sS  and 2S . 
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Figure 8.—Structure of shaper and face-gear tooth surface: (a) shows the screw involute surface and 

the rounded top surface of the shaper, (b) shows the working and fillet parts of the face-gear. 
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Figure 9.—Illustration of limiting line sL  on the shaper that generates singular points on 2Σ . 
 
 

 

 
 

Figure 10.—Graphs of unitless coefficient c for the case of helix angle 5β = D . 
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Figure 11.—Schematic illustration of tangency of face gear, shaper, and worm at point P. 
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Figure 12.—Coordinate systems used for the derivation of the worm. 
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Figure 13.—For derivation of crossing angle wsγ  between the worm and the 
shaper using: (a) a right-hand worm, (b) a left-hand worm. 
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Figure 14.—Illustration of simultaneous meshing of the worm, shaper, and the face-gear wherein the 

diameter of the worm is larger than the shaper diameter. 
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(a) 

 
 
 
 
 
 
 

 
(b) 

 
 

Figure 15.—Illustration of meshing of: (a) the shaper and the face-gear, and (b) the worm and the 
face-gear, wherein the worm diameter is chosen larger than the shaper diameter. 
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Figure 16.—Illustration of simultaneous meshing of the worm, shaper, and the face-gear 
wherein the worm diameter is less than the shaper diameter.
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(a) 

 
(b) 

 
Figure 17.—Illustration of meshing of: (a) the shaper and the face-gear, and (b) the worm and the 

face-gear, wherein the worm diameter is chosen lesser than the shaper diameter. 
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Figure 18.—Lines of contact and undercutting lines for a shaper of helix angle of D5 : 
(a) for the drive side, and (b) for the coast side. 
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Figure 19.—Lines of contact and undercutting lines, and envelope E to the family of 

contact lines: (a) and (b) contact lines on the drive side in two regions where each region 
is formed between the undercutting line and envelope E to the family of contact lines; 
(c) and (d) contact lines on the coast side for two similar regions. 
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Figure 20.—Illustration of relation of the helix angle of the shaper and the ratio of radii 
of the pitch cylinders of the worm and the shaper based on data in table 2. 
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Figure 21.—Contact lines on shaper surface sΣ : (a) contact lines 2sL  

between sΣ  and 2Σ , (b) contact lines swL  between sΣ  and wΣ , 
(c) contact lines 2sL  and swL  for a chosen value of the parameter of 
motion. 
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Figure 22.—Coordinate systems applied in the generation of a helical face gear by a worm. 
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Figure 23.—Illustration of face-gear surface 2Σ : (a) cross sections of 2Σ ; (b) strip lines on 2Σ . 
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Figure 24.—Coordinate systems applied for simulation of meshing: (a) coordinate systems 
1S  and fS ; (b) coordinate systems fS  and aS ; (c) coordinate systems aS , bS , and cS ; 

(d) coordinate systems cS  and 2S . 
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Figure 25.—Coordinate systems fS , aS , bS , and cS  applied for simulation 
of meshing between the pinion and the face gear. 
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Figure 26.—Illustration of path of contact of an aligned gear drive: (a) for a gear drive with a 
helical pinion, and (b) for a gear drive with a spur pinion. 
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Figure 27.—Path of contact and bearing contact on face-gear surface with a helical pinion: 
(a) no errors of alignment; (b) 3m∆γ =  arcmin; (c) 1E∆ = −  mm. 
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Figure 28.—Illustration of compensation of shift of bearing contact by application of correction 
q∆ : (a) 3m∆γ =  arcmin, 550q∆ = −  µm; (b) 1000E∆ = −  µm, 500q∆ = −  µm; 

(c) 3m∆γ =  arcmin, 1000E∆ = −  µm, 1050q∆ = −  µm.  
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Figure 29.—Illustrations of: (a) the volume of designed body, (b) auxiliary intermediate surfaces, 
(c) determination of nodes for the whole volume, and (d) discretization of the volume by finite 
elements. 
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Figure 30.—Schematic illustration of: (a) boundary conditions for the pinion and the face gear, 
and (b) rigid surfaces applied for boundary conditions of the pinion. 
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Figure 31.—Finite element models of (a) one-tooth of the 

pinion and (b) one-tooth of the face gear. 
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Figure 32.—Whole gear drive finite element model. 

 
 

 
Figure 33.—Finite element model of three pairs of teeth. 
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Figure 34.—Contact and bending stresses at a contact point of 
the helical involute pinion of a face-gear drive. 
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Figure 35.—Contact and bending stresses at a contact point of 
the spur involute pinion of a face-gear drive. 
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Figure 36.—Contact and bending stresses at a contact point of the 
face gear of a face-gear drive with helical involute pinion. 
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Figure 37.—Contact and bending stresses at a contact point of the 
face gear of a face-gear drive with spur involute pinion. 
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Figure 38.—Variation of functions of contact stresses during the cycle of meshing in 
the cases of two face-gear drives: (a) for the pinion and (b) for the gear. 
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Figure 39.—Variation of functions of bending stresses during the cycle of meshing in 
the cases of two face-gear drives: (a) for the pinion and (b) for the gear. 

 



This publication is available from the NASA Center for AeroSpace Information, 301–621–0390.

REPORT DOCUMENTATION PAGE

2. REPORT DATE

19. SECURITY CLASSIFICATION
 OF ABSTRACT

18. SECURITY CLASSIFICATION
 OF THIS PAGE

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources,
gathering and maintaining the data needed, and completing and reviewing the collection of information.  Send comments regarding this burden estimate or any other aspect of this
collection of information, including suggestions for reducing this burden, to Washington Headquarters Services, Directorate for Information Operations and Reports, 1215 Jefferson
Davis Highway, Suite 1204, Arlington, VA  22202-4302, and to the Office of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, DC  20503.

NSN 7540-01-280-5500 Standard Form 298 (Rev. 2-89)
Prescribed by ANSI Std. Z39-18
298-102

Form Approved
OMB No. 0704-0188

12b. DISTRIBUTION CODE

8. PERFORMING ORGANIZATION
 REPORT NUMBER

5. FUNDING NUMBERS

3. REPORT TYPE AND DATES COVERED

4. TITLE AND SUBTITLE

6. AUTHOR(S)

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)

11. SUPPLEMENTARY NOTES

12a. DISTRIBUTION/AVAILABILITY STATEMENT

13. ABSTRACT (Maximum 200 words)

14. SUBJECT TERMS

17. SECURITY CLASSIFICATION
 OF REPORT

16. PRICE CODE

15. NUMBER OF PAGES

20. LIMITATION OF ABSTRACT

Unclassified Unclassified

Final Contractor Report

Unclassified

1. AGENCY USE ONLY (Leave blank)

10. SPONSORING/MONITORING
 AGENCY REPORT NUMBER

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES)

National Aeronautics and Space Administration
Washington, DC  20546–0001
and
U.S. Army Research Laboratory
Adelphi, Maryland  20783–1145

Available electronically at http://gltrs.grc.nasa.gov

February 2005

NASA CR—2005-213443
ARL–CR–557

E–14979

61

Unclassified -Unlimited
Subject Category: 37

WBS–22–714–09–15
NAG3–2450
1L162211A47A

Face Gear Drive With Helical Involute Pinion: Geometry, Generation
by a Shaper and a Worm, Avoidance of Singularities and Stress Analysis

Faydor L. Litvin, Alfonso Fuentes, Ignacio Gonzalez-Perez, Alessandro Piscopo,
and Paolo Ruzziconi

University of Illinois at Chicago
Department of Mechanical Engineering
2039 Engineering Research Facility (ERF)
842 West Taylor Street
Chicago, Illinois 60607

Faydor L. Litvin, Ignacio Gonzalez-Perez, Alessandro Piscopo, and Paolo Ruzziconi, University of Chicago,
Department of Mechanical Engineering, Chicago, Illinois 60607; and Alfonso Fuentes, Polytechnic University of
Cartagena, Department of Mechanical Engineering, Spain. Project Manager, Robert Handschuh, Army Research
Laboratory, Vehicle Technology Directorate, NASA Glenn Research Center, organization code RSM, 216–433–3969.

A new type of face-gear drive with intersected axes of rotation formed by a helical involute pinion and conjugated
face-gear has been investigated. Generation of face-gears by a shaper free of undercutting and pointing has been
investigated. A new method of grinding or cutting of face-gears by a worm of special shape has been developed. A
computerized design procedure has been developed to avoid undercutting and pointing by a shaper or by a generating
worm. Also, a method to determine the limitations of the helix angle magnitude has been developed. The method
provides a localization of the bearing contact to reduce the shift of bearing contact caused by misalignment. The
analytical method provides a simulation of the meshing and contact of misaligned gear drives. An automatic mesh
generation method has been developed and used to conduct a 3–D contact stress analysis of several teeth. The theory
developed is illustrated with several examples.

Gears; Transmissions






