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SUMMARY 

The astrophysical  theory of  s ta t ionary  nuclear reac t ions  i n  stars 
i s  applied t o  t h e  conditions t h a t  would be met i n  the  p r a c t i c a l  engi- 
neering cases t h a t  would d i f f e r  from the former, p a r t i c u l a r l y  with 
respect  t o  t h e  much lower combustion pressures, dimensions of t h e  r eac t -  
ing volume, and burnup times. 7 

Q 
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This appl ica t ion  y ie lds  maximum ra t e s  of heat production per  u n i t  
volume of reac t ing  gas occurring a t  about lo8 OK i n  the cases of reac- 
t i o n s  between t h e  hydrogen isotopes,  b u t  y i e lds  higher rates f o r  heavier 
atoms. 
pheres, t he  energy production for nuclear combustion reaches values  of 
about lo4 k i l c a l o r i e s  meter-3 second-', which approaches t h e  magnitude 
f o r  t h e  familiar chemical fuels. The values are subs t an t i a l ly  lower f o r  
heavier atoms, and increase with the  square of t he  combustion pressure.  
The h a l f - l i f e  of t he  burnup i n  t h e  fastest reac t ions  may drop t o  values 
as low as those f o r  chemical f u e l s  s o  tha t ,  desp i te  t h e  high temperature, 
t h e  rad ia ted  energy can remain smaller than t h e  energy produced, pa r t i c -  
u l a r l y  i f  an i n e f f i c i e n t l y  r ad ia t ing  (i. e., e a s i l y  completely ionized 
r eac t ing  mater ia l  l i k e  hydrogen), i s  used. 

# For the  former, with chamber pressures of t h e  order of 100 atmos- 

On t h e  o ther  hand, t h e  f r a c t i o n  of completely ionized p a r t i c l e s  i n  
t h e  gases undergoing nuclear combustion must not exceed a c e r t a i n  upper 
l i m i t  because t h e  dens i t i e s  g l i e  i n  the  range of high 
vacua and only f o r  t h e  previously mentioned f r a c t i o n  of nonionized par- 
t i c l e s  can mean f r e e  paths  be re ta ined  s m a l l  enough so t h a t  t h e  chamber 
diameters of severa l  dozen meters w i l l  s u f f i ce .  

Under these conditions it appears t h a t  continuously maintained stable 
nuclear reac t ions  a t  p r a c t i c a l  pressures and dimensTons a re  fundamentally 
poss ib le  and t n e i r  appl ica t ion  can be vls l ia l lzed as energy sources for  
power p l an t s  and propulsion un i t s .  " 

Stat ion&e Kernverbrennung i n  Raketen. 'I Astronautica Acta, I, *ll 

Fasc. 2, 1955, pp. 61-88. 
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Tnree bas ic  methods of u t i l i z i n g  the  enthalpy of rluclear-reaction 
gases, of the order of lo1' ki loca lor ies  per kilogram, i n  jet-propulsion 
un i t s ,  suggest themselves: (1) the  d i r e c t  expansion of these  gases i n  
a pure atomic rocket; (2) t he  admixture of t he  reac t ing  gases with the  
surrounding a i r  i n  turboje t s ,  ram jets ,  o r  with o the r  i n e r t  gases i n  
thermal atomic rockets j  and (3) the  conversion of  energy i n  photon gas 
i n  t h e  photon rocket.  

For the  l a s t  two methods, t he  combustion pressures ava i lab le  i n  
pract ice  seem insu f f i c i en t  t o  a t t a i n  the  required chamber loading. 

On t he  o ther  hand, t h e  technica l  conditions f o r  t he  operat ion of 
s t a b l e  nuclear react ions i n  cen t r a l  power s t a t ions ,  marine propulsion 
p lan ts ,  o r  i n  pure atomic rockets of  very l a rge  dimensions seem much 
more at ta inable .  

I .  SOCIOLOGICAL AND TECHNICAL ASPECTS OF THE PROBLEM 

Technical r ea l i za t ion  of space t rave l  demands, on the  p a r t  of 
humanity, an e f f o r t  t h a t  may be represented by an eleven place figure 
of working hours. I n  the  course of a l ifetime, an individual  can a t  
best  contribute a f ive  place f igure;  therefore ,  several mi l l ion  people 
w i l l  have t o  occupy themselves pr inc ipa l ly  with space travel.  This i s  
already the  case i f  a i r  t ravel  i s  regarded as an i n i t i a l  s tage of space 
travel.  

B 
k 
t- . 

This e f f o r t  towards space t r a v e l  can be made i n  two ways: 
{ll e i the r  by a vast ,  concentrated program; o r  ( Z ) ,  by many small con- 
t r ibu t ions .  These programs are  similar except t h a t  t h e  second e f f o r t  
presents d i f f e ren t  psychological problems. 

Much strenuous e f f o r t  would be required t o  achieve the  technica l  
development G f  manned space machines on the  b a s i s  of present ly  ex i s t ing  
chemical rocket motors. This method, while s t i l l  i n  the  i n i t i a l  s tages  
has been followed under the  pressure of m i l i t a r y  necessi ty .  However, 
majority opinion h e s i t a t e s  a t  so concentrated an undertaking, s ince the  
investment i s  so high f o r  so l imi ted  a goal and s ince  the  mi l l ions  of 
people needed t o  work on space t r a v e l  must include not  only the  pro- 
fess ional  people working on air  t r a v e l  bu t  a l s o  those who could b e t t e r  
serve i n  other  occupational categories .  

The less spectacular path of many smaller contr ibut ions t o  technica l  
research, espec ia l ly  i n  t he  f i e l d  of nuclear-powered rocket  motors, prom- 
ises t o  be l e s s  expensive, less  r i sky ,  and more e f f ec t ive  than the  vas t ,  
consentrated program. In this research,  t h e  number of people required 
would be l imi ted  t o  those now working i n  air t r a v e l  and i n  similar 
f i e l d s  . 

. 
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This second method of achieving space t r a v e l  has already been f o l -  
lowed, since a major aspect of the problem ( i .e . ,  t h e  method of obtaining 
propulsive energy from the  conversion of mass t o  energy) is  the present 
concern of the  people working with power development, weapons, land and 
marine t ransportat ion.  

Both methods a r e  i n  a healthy competition with each other,  but  t h e  
former, which makes use of chemical reactions,  a t t a i n s  a conversion of 

but loq1* of the  mass i n t o  energy, whereas the  second method s t r i v e s  f o r  
t h e  100-percent conversion occuring i n  nature but  present ly  achieves a 
conversion of &out i n  nuclear combustion. When technical  m a s t e r y  
i s  achieved, t h i s  method of producing energy promises greater repercus- 
s ions on t h e  h i s t o r y  of humanity than were produced by the  deed of t h e  
mythical Prometheus. 

According t o  the views of t h e  astrophysicis ts ,  steady nuclear com- 
bustions a r e  t h e  predominant source of energy re lease  i n  t h e  universe 
and thus the  source f o r  a l l  l i f e  on earth.  The state of nuclear physical  
research permits us t o  assume t h a t  t h e  new Prometheus already l i v e s  among 
us  who w i l l  a l s o  s teal  f i r e  from heaven and bestow it upon humanity f o r  
immediate use as steady nuclear combustion. 

The d i f f i c u l t i e s  of technical  nuclear combustion arose pr imari ly  
from the  f a c t  t h a t  combustion pressures and burnup times must be much 
smaller than t h e  values a t ta ined  i n  the cosmic burnup a t  t h e  centers  of 
t h e  sun and stars. It i s  with these technical d i f f i c u l t i e s ,  i n  par t ic -  
u l a r  i n  t h e  appl icat ion of the  steady nuclear combustion i n  rocket 
motors, with which we will be concerned. 

11. THF: NUCLEAR COMBUSTION PLASMA 

A gas a t  r e s t  contains, according t o  the  Maxwell-Boltzmann statis- 
t i c a l  di-stribution, a most probable thermal p a r t i c l e  ve loc i ty  
c2 = 2kT/AM, determined by i t s  temperature T with a d i s t r i b u t i o n  of ther-  
m a l  v e l o c i t i e s  of the  p a r t i c l e s  extending from zero and i n f i n i t y .  

The c o l l i s i o n s  between the  gas par t ic les ,  under t h e  assumption of 
normal temperature of t h e  gases, w i l l  be  predominantly of an e l a s t i c  
nature  ( i . e . ,  t h e r e  i s  nei ther  l o s s  nor gain of t r a n s l a t i o n a l  k i n e t i c  
energy). 

If, within t h e  M a x w e l l  d i s t r ibu t ion  of the  given gas we pass t o  
higher v e l o c i t i e s ,  w e  soon encounter i n e l a s t i c  impacts i n  which energy 
i s  l o s t  by e x c i t a t i o n  of i n t e r n a l l y  quantized degrees of freedom, naxely, 
r o t a t i o n ,  vibrat ion,  o r  exc i ta t ion  of t h e  gas molecules. Energy i s  
thereby removed so t h a t  the t rans la t iona l  energy and the t r a n s l a t i o n a l  
temperature of the  gas p a r t i c l e s  i s  reduced. 
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This energy t r ans fe r  t o  t h e  in t e rna l  degrees of freedom can, i n  
turn,  give r i s e  t o  t h e  emission of photons which, i f  the  gas volumes a r e  
assumed t o  be i n f i n i t e l y  l a rge  compared with the  photon mean f r e e  paths,  
form a photon gas i n  equilibrium with the  corpuscles of t h e  r e s t  mass t h a t  
cons t i tu tes  the  gas i t s e l f .  

As w e  continue t o  pass t o  the  more energet ic  bu t  l e s s  frequent 
co l l i s ions ,  w e  f i n d  the  d issoc ia t ion  of gas molecules i n t o  r ad ica l s  and 
atoms. These i n  subsequent i n e l a s t i c  co l l i s ions ,  with su i t ab le  recom- 
binat ion par tners ,  may loose t h e i r  i n t e r n a l  energy so t h a t  the  t r ans l a -  
t i o n a l  energy and, therefore ,  t h e  temperature of t h e  gas, increased. 

With s t i l l  higher c o l l i s i o n  ve loc i t i e s  complete ion iza t ion  of t h e  
atoms is  possib%e!which then opens the  way f o r  co l l i s ions  between the  
nuclei  themselves. 

These nuclear co l l i s ions  w i l l  at f i rs t  again be predominantly 
e las t ic .  Only i n  very r a r e  cases the  s t i l l  r e l a t i v e l y  small co l l l~s ior i  
ve loc i t i e s  w i l l  lead,  as a consequence of the  wave mechanical tunnel  
e f f e c t ,  t o  nuclear react ions.  These co l l i s ions  w i l l  y i e ld  on t h e  aver- 
age up t o  lo7 times higher energy re lease  than the  chemical recombina- 
t i o n  co l l i s ions .  Only f o r  those very rap id  and, therefore ,  ex t raord i -  
n a r i l y  rare co l l i s ions  whose energy i s  s u f f i c i e n t  t o  overcome the  c las -  
s i c a l  Coulomb po ten t i a l  of  t he  nucleus, w i l l  t he re  be an appreciable 
probabi l i ty  f o r  nuclear c o l l i s i o n s  t h a t  lead t o  nuclear  reac t ions .  
These reactions w i l l  occur continuously i n  the same way as the  chemical 
reactions of  combustion gases, bu t  w i l l  occur so r a r e l y  as t o  be negl i -  
g ib l e  from the  energy production standpoint.  

With t r u e  adiabat ic  i s o l a t i o n  of t he  gas under consideration, these 
very ra re  nuclear reac t ions  must na tu ra l ly  a l so  l ead  t o  a gradual i n -  
crease i n  the  temperature i n  accordance w i t h  t he  Maxwell d i s t r ibu t ion ,  
which then leads t o  a more and more rap id  increase i n  the  frequency of 
a l l  t h e  processes described. Since the  process acce lera tes  a t  high 
co l l i s ion  ve loc i t i e s ,  an avalanche-like increase of t h e  number of ther -  
m a l  nuclear reac t icns  i n  the  gas r e s u l t s ,  which tends t o  reach explo- 
s ive ly  an end temperature of the  order  of magnitude of  lo1' degrees, if 
it consis ts  o f  l i g h t  elements. 

This na tura l  and self-support ing process does not occur i n  our more 
r e s t r i c t e d  environment because no gas masses of i n f i n i t e  volume e x i s t  
and no boundary of a f i n i t e  volume i s  completely impervious t o  heat .  

If man causes t h i s  process a r t i f i c i a l l y ,  then he w i l l  have t o  form 
boundary conditions t o  have as low a heat  loss  as poss ib le  and, a t  the  
Same time, acce lera te  t he  process.  T h i s  can be accomplished, f o r  
example, by reducing the  long s t a r t -up  period through a r t i f i c i a l  heating. 

i 
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This method has already succeeded i n  br inging about explosion-like 
thermal nuclear combustions of cer ta in  kinds of atoms t o  a technica l ly  
useful  sca le .  

The o r i g i n a l  form i n  which the  energy appears i n  chemical react ions,  
and the mechanism according t o  which it i s  d i s t r i b u t e d  over the  combus- 
t i o n  gas p a r t i c l e s  a r e  as ye t  only very l i t t l e  known, and has only 
recent ly  begun t o  be investigated.  

I n  the case of  nuclear chemical react ions,  we are f a r  b e t t e r  in-  
formed on t h e  primary heating up process i tsel f  owing t o  t h e  d i r e c t  pos- 
s i b i l i t y  or" the  observation of t h e  paths m d  v e l o c i t i e s  of the  nuclear 
react ion products as a result of t h e i r  ion iza t ion  act ion i n  the  sur- 
rounding gases, a circumstance t h a t  is  lacking i n  the case of the  chemi- 
c a l  reac t ion  products because of t h e i r  much smaller energies.  

The nuclear chemical heat of react ion can readi ly  be computed i n  
advance, with s u f f i c i e n t  accuracy, from the  mass defect of the  p a r t i c l e s  
taking p a r t  i n  the  react ion.  This i s  impossible i n  the case of chemical 
reac t ions  s ince the  mass defects  a r e  too s m a l l  t o  be weighed accurately.  

Furthermore, the  m u l t i p l i c i t y  of t h e  degrees of freedom f o r  receiv- 
ing t h i s  re leased energy, i n  the  case of chemical react ions ( t r a n s l a t i o n  
of the  reac t ion  products and possibly of photons, ro ta t ion ,  o s c i l l a t i o n ,  
d i f f e r e n t  energy l e v e l  exci ta t ion,  and ion iza t ion)  , i s  considerably 
g r e a t e r  than for nuclear react ions where only t h e  t r a n s l a t i o n  of the  
reac t ion  products and of the photons a r e  pr inc ipa l ly  being considered. 

The nuclear reac t ion  proceeds i n  such a manner t h a t  the two reac- 
t i o n  par tners  combine t o  form a compound nucleus of very s h o r t  l i f e ,  
a f t e r  which, depending on the  degree of e x c i t a t i o n  and t h e i r  individual  
propert ies ,  they divide approximately i n  h a l f  ( f i s s i o n ) ,  i n t o  very many 
smaller p a r t s  ( spa l l ing)  , or e m i t  individual s m a l l  p a r t i c l e s  (a -par t ic les ,  
protons, neutrons, e lectrons,  positrons,  and photons). The las t  process 
has been pr inc ipa l ly  invest igated i n  nuclear combustions at the  present 
time . 

The excess energy (heat of react ion)  appears here as k i n e t i c  energy 
of t r a n s l a t i o n ,  the newly formed p a r t i c l e s  disperse  with grea t  veloci ty ,  
as we  a l so  have recent ly  been more and more forced t o  assume f o r  the 
case o f  chemical combustion reactions.  

Since the  nuclear chemical 'ufirmq przcess for r e a d i l y  a t t a i n e d  
pressures o f t e n  las ts  considerably longer than t h a t  of the  chemical com- 
bust ions of equal pressures, the newly formed p a r t i c l e s  experience very 
many e l a s t i c  c o l l i s i o n s  with the remaining p a r t i c l e s  of the reac t ion  
plasma ( i .e . ,  with atomic nuclei  and e lec t rons)  , and with these p a r t i c l e s  
the  Maxwell-Boltzmann veloci ty  d i s t r i b u t i o n  i s  immediately assumed. 
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For the  temperatures and pressures t h a t  a re  of i n t e r e s t  here,  the 
mean f r e e  path of the  p a r t i c l e s  i s  of the order of magnitude of lo7 
centimeters within a f u l l y  ionized plasma and 10-1 centimeters i n  a non- 
f u l l y  ionized plasma of  t h e  same temperature. I n  a surrounding cooler 
gas jacket i n  which nuclear react ions occur more ra re ly ,  the mean f r e e  
path i s  many tenth powers l e s s .  

The p a r t i c l e s ,  therefore ,  w i l l  i n s t a n t l y  d i f fuse  from a f u l l y  
ionized plasma of steady pressure, even i f  the dianeter  of the  combustion 
zone w a s  o f  astronomical dimensions. 

Only i n  incompletely ionized plasmas obtained (e.g. ,  by t h e  inclu- 
s ion  of heavy ions) ,  can the  dimensions of the  reac t ions  remain f e a s i b l e  
even a t  the highest  possible pressures.  

111. TKERMAL NUCLEAR REACTION AND ENERGY RATE 

The problems of the production of energy through thermal nuclear 
react ions have been c l a r i f i e d  p a r t i c u l a r l y  through t h e  work of  the  as t ro-  
physicis ts  and we here follow e s s e n t i a l l y  the  known work of G. Gamow 
( r e f .  1). 

Nuclear react ions between f u l l y  ionized atoms ( i . e . ,  bare  p o s i t i v e l y  
charged atomic nuc le i ) ,  become very probable when the r e l a t i v e  c o l l i s i o n  
v e l o c i t i e s  of the  p a r t i c l e s  a re  so high t h a t  t h e  centers  of t h e  nuclei ,  
during the c o l l i s i o n ,  approach against  the  repuls ion of t h e  Coulomb f i e l d  
t o  a distance equal t o  t h e  sum of the  de Broglie wavelengths of the 
p a r t i c l e s .  

From considerations of wave mechanics the  p o t e n t i a l  b a r r i e r  i n  some 
cases can be penetrated by slower c o l l i s i o n s ,  although with a probabi l i ty  
which decreases exponentially with the c o l l i s i o n  ve loc i ty .  
b i l i t y  of the nuclear reac t ion  by a p a r t i c l e  which has penetrated i n t o  a 
nucleus i s ,  i n  addition, determined by the  resonance r e l a t i o n s  of the  
conpound nucleus formed, and by the  escape probabi l i ty  of the  p a r t i c l e  
from t h i s  intermediate nucleus. 

The proba- 

Ail  these influences on the  reac t ion  probabi l i ty  are evident i n  the  
behavior of the  so-cal led reac t ion  cross-sect ion u, t h e  v a r i a t i o n  of 
which i s  plotted schematically i n  f igure  1, against  t h e  c o l l i s i o n  veloc- 
i t y ,  f o r  reactions between charged p a r t i c l e s .  

The c r o s s  sect ion f o r  thermal nuclear reac t ions  between charged 
p a r t i c l e s  increases exponentially w i t h  the  c o l l i s i o n  v e l o c i t y  w u n t i l  
the k ine t ic  energy i s  of the same order of magnitude as t h e  p o t e n t i a l  
energy a t  t h e  summit of  the  p o t e n t i a l  b a r r i e r ;  t h e  increase  then becomes 

. 
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slower, the  cross  sec t ion  reaches a maximum, and then, a t  very high 
co l l i s ion  ve loc i t i e s ,  it decreases with fu r the r  increasing w because 
the  durat ion of time t h a t  t he  co l l id ing  p a r t i c l e s  remain i n  t h e  h i t  
nucleus becomes increasingly shor te r  and l e s s  s u f f i c i e n t  f o r  a nuclear 
react ion.  

Gamow gives the  following quant i ta t ive  expression f o r  t h i s  r e l a t ion :  

cr = q(2, exp(8sred- lh - 47/2 sr2e2Z1Z2 Ihw) 4rr%R2AM Ih2 [cm2 J (1) 

f o r  which the  following symbols a r e  used: 

x = x/2rr 

A =  h/AMw 

%,A2 

M = 1 . 6 6 0 4 ~ 1 0 - ~ ~  g 

s c a t t e r i n g  wavelength, cm 

de Broglie wavelength of  mater ia l  
wave of p a r t i c l e s ,  cm 

reduced atomic weights f o r  energy 
absorption i n  p l a s t i c  c o l l i s i o n  
[ - I  

atomic weights of  c o l l i s i o n  
par tners  [-3 

nucleone mass 

e = 4 . 8 0 5 ~ 1 0 - ~ O  ~ m ~ / ' g ~ / ~ s e c - ~  

R = 1 . 7  + 1.22(A1 + A2)1/3x10-13 cm 

elemextary charge 

rad ius  of compound nucleus 

atomic numbers of co l l i d ing  
p a r t i c l e s  [ -  J 

h = 6 . 6 2 4 ~ 1 0 - ~ ~  erg-sec Planck's constant 

r ha l f  width of nuclear resonance 
l e v e l  [e rg]  

The th ree  mult ipl ied f ac to r s  i n  equation (1) have t h e  following 
physical  meaning: 

X2rr denotes t h e  e f f ec t ive  sca t t e r ing  cross  sect ion;  t he  exponen- 
t i a l  represents  t h e  t ransfer  coeff ic ient ,  which also contains the  t u n e l  
e f f e c t .  w '  = en/2 d w  
t h e  exponential  i s  grea te r  than one, so t h a t  t he  reac t ion  cross sec t ion  
0 can become fundamentally greater  than the  sca t t e r ing  cross sect ion.  

For t h e  c o l l i s i o n  ve loc i t ies  g rea t e r  than 
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The maximum value of the  t r a n s f e r  coe f f i c i en t  occurs f o r  w = and i s  
of t he  order of magnitude lo1. The ve loc i ty  w '  i s  equal t o  t h a t  which 
i s  required f o r  t he  nuclear centers  t o  approach t o  a d is tance  8/7r2R I U R .  

Final ly ,  the  f r a c t i o n  appearing as the t h i r d  f a c t o r  i s  the  r a t i o  
of  the react ion probabi l i ty  Zd'/h t o  the  eigen frequency h / 2 n R 2  AM 
of t h e  nucleus. 
of one, so t h a t  each penet ra t ion  of t he  p o t e n t i a l  w a l l  leads t o  t h e  
r eac t ion .  
smaller ,  and for (p,f3) reac t ions ,  up t o  10zl times smaller .  
experiment i n  c e r t a i n  cases can r be more accurately determined. 

This r a t i o  f o r  ( p y a )  reac t ions  l i e s  i n  the  neighborhood 

For (p,y) react ions,  t h e  r a t i o  i s  general ly  lo4  t o  lo5 times Ip 
P 

2 Only by 

Equation (1) can be reduced t o  a somewhat more manageable form: 

The va r i a t ion  of the r eac t ion  cross  sec t ion  u with t h e  c o l l i s i o n  
ve loc i ty  w shows a m a x i m u m  a t  the  c o l l i s i o n  ve loc i ty  

which, thus, has no connection with the  ve loc i ty  w '  mentioned pre- 
viously.  The maximum 0 corresponding t o  t h i s  ve loc i ty  i s  

(W 2 ": ex.( ale-,/- 
amax = R d - 

81r4AMe ZIZZ 

The optimum c o l l i s i o n  ve loc i ty  with respec t  t o  u according t o  
equat ion ( lb)  can be obtained from the  following considerat ions.  

The absorbed k i n e t i c  energy corresponding t o  (w) i s  given by 
amax 

and the  corresponding d e  Broglie wavelength: 

Therefore, 

I 

4 4  fi3~e2z1z2 
' ' " m a  

b 



NACA TM 1405 9 

The absorbed k i n e t i c  energy i s  equal t o  t h e  Coulomb p o t e n t i a l  energy 
a t  the  mutual approach of the  p a r t i c l e s  t o  a dis tance of  
the  de Broglie sca t te red  wavelength. 

-@/n times 

If the  cross sec t ion  var ia t ion  i n  figure 1 i s  known, the  number of 
nuclear react ions taking place i n  a given plasma may be computed by 
multiplying the probabi l i ty  curve o f  the reac t ions  (a) by the  probabi l i ty  
curve of the thermal v e l o c i t i e s  (dN/dw). 
dot ted curve i n  f igure  1 has a sharp maximum at  

The product indicated as a 

Gamow integrated the  product versus w by replacing the  ac tua l  
curve with a Gaussian probabi l i ty  curve of the  same height and width and 
thus obtained, for the  energy production through thermal nuclear reac- 
t i o n s  per u n i t  mass and u n i t  t i m e  o f  the reac t ion  plasma 

where 

E heat of a s ingle  reaction, ergs  

P densi ty  of plasma, g 

r e l a t i v e  weight concentrations of t h e  reac- 
t i o n  p a r t i c l e s  - 

k = 1.3805X10-16 erg-deg-l Boltzmann constant 

~ ~ ‘ R A M ~ ~ Z ~ Z ~  1/2 
exp 8( h2 ) , cm3 g-2 sec-1 (3a) 

2 rm2 
k 1 =  7 

35 d$AAlA2e2Z1Z2 

kl and k2 a r e  the constants determined by the  nature of the reac t ing  
p a r t i c l e s  and may be computed once and f o r  a l l .  
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Different ia t ing equation (3), there  i s  a l s o  obtained a m a x i m u m  of 
t h e  energy r a t e  with respect  t o  the  temperature at  

4 2 2  54a4me zlzZ 
8kh2 

Topt  = (k2/213 = 

and of an amount 

The posi t ion of t h i s  optimum, which i s  independent of the  densi ty  

according t o  equation ( l b ) ,  i s  inde- 

in-  

of the  plasma,  i s  approximately obtained from the  consideration t h a t  i n  
f igure  1 the posi t ion of (w) 

pendent of the temperature, whereas t h e  most probable ve loc i ty  
creases w i t h  increasing temperature T and can be made t o  coincide with 
( w ) ~ ~ ~ .  
veloci ty  corresponding t o  t h e  maximum of t h e  reac t ion  rate coincides 

with ( A ~ C , / A , ) - ~ / '  times the most frequent ve loc i ty  c = ( 2 k T z ~ ~ / A ~ / M ) l / ~  

of the Maxwell d i s t r i b u t i o n  equation ( l b ) ,  then t h i s  i s  approximately 
t h e  temperature of t h e  g r e a t e s t  reac t ion  probabi l i ty ,  thus 

amax' 
c 

I f ,  therefore ,  the  plasma temperature i s  so chosen t h a t  the  

i i 

4n4me 4 2 2  zlz2 
(4 )  

Topt kh2 

Equation (3c) gives a more accurate value, about 69 percent higher, 
a r i s i n g  from t h e  f a c t  t h a t  t h e  a r e a  under the  
accurately become t h e  g r e a t e s t  when t h e  m a x i m u m  of t h i s  curve i s  t h e  
grea tes t  . 

adN/dw curve does not 

If the  maximum of  t h e  Maxwell curve dN/dw i n  figure 1 coincides 
with the maximum of the  u curve, then t h e  adX/dw curve must a l s o  
have i t s  maximum at the  same point .  

Finally,  the very important optimum temperature of the  thermo- 
nuclear combustion at constant dens i ty  can, according t o  equation ( 3 ~ ) ~  
a l so  be understood c l e a r l y  from the following considerations.  

P 
I- I- . 
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. 

I n  the i n e l a s t i c  c o l l i s i o n  between two p a r t i c l e s  of d i f f e r e n t  
weights the absorbed energy, according t o  the  c l a s s i c a l  l a w s  of impact, 
i s  obtained from t h e  momentum and energy l a w s  as 

I n  order  t o  make two charged p a r t i c l e s  approach each o ther  i n  oppo- 
s i t i o n  t o  t h e  Coulomb repulsion t o  within a d is tance  of 
t h e  de Broglie s c a t t e r i n g  wavelength 
accompanying absorption of  k ine t i c  energy of an amount 

8/a& t i m e s  
Jr x X/Zx = h/2r AMw, t he re  i s  a.n 

- , / i Z ~ ~ ~ ~ ~ e ~ 2 n ~ ~ v  mg 
= -  %Z2e 

s/x&x'k 8h 2 

and, therefore ,  t he  co l l i son  ve loc i ty  

If t h i s  required c o l l i s i o n  veloci ty  w becomes equal t o  the most 
frequent ve loc i ty  c2 = 2kT/AM i n  t h e  Maxwell-Boltzmann d i s t r ibu t ion ,  
then the gas temperature i s  again Topt, according t o  equation (3c).  

I n  a m a n n e r  s i m i l a r  t o  the method used t o  f i n d  the pos i t ion  of the  
maximum of t h e  energy, product?'_on curve equation (3) we may t r y  t o  
estimate the value of t h i s  maximum. 

According t o  Maxwell-Boltzmann s t a t i s t i c s ,  t h e  number of c o l l i s i o n s  
between d i f f e ren t  p a r t i c l e s  i n  a mixture of two kinds of gas per  u n i t  of  
mass and t i m e  i s  

hence, a t  t h e  temperature of the peak o f  t h e  energy production curve, 
t h a t  is, with the subs t i t u t ion  of equation (3c) 

AlAzM'h 
(7) 

If t h e  g rea t e r  number of the co l l i s ions  do not lead  t o  s c a t t e r i n g  
L bu t  l ead  t o  a reac t ion ,  t he re  i s  subs t i tu ted  i n  place of t he  s c a t t e r i n g  
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cross  sect ion CIS t he  reac t ion  cross sec t ion  -urn= as given by equa- 
t i o n  (IC). 
r a t e  curve, 

To obta in  the  approximate value f o r  t he  maximum of the  energy 

...re- h - 2 )  nEmax = Ec1c2p R2rh 
8Yt3 AA1A2M3eZZ1Z2 

which i s  thus about 2 percent l e s s  than the  accurate value according t o  
equation (3d).  

With t h e  previous considerations i t  i s  now simple t o  inves t iga te  
the  technica l ly  more important energy r a t e  of t h e  nuclear combustion a t  
constant pressure p instead o f ,  as up t o  the  present  time, a t  constant 
dens i ty  p. 

If, using the  gas equation f o r  an expression of the  dens i ty  i n  
terms of the  

P = - T  k o r  
P A M  

pressure (where the  Loschmidt number 
ina ted  with t h e  a i d  o f  t he  r e l a t i o n  
made i n  equation (3), the  expression 
be comes 

i I' 

L = 6.023 X mol-' w a s  elim- 
LM = 1 g mol-'), a s u b s t i t u t i o n  i s  
f o r  t h e  r a t e  of energy production 

The energy production per u n i t  m a s s  and t i m e  at constant pressure 
p has a m a x i m u m  with respect  t o  t h e  temperature T which i s  independent 
of t h e  pressure a t  a now lower temperature: 

( loa) 

tf 
t 
I- 
\ 

. 

and of the amount 
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I -  
1 - I  

-I 

The length of t he  nuclear thermal burnup i s  character ized by the  
half  value t i m e  t of t h e  react ion:  

t =  E I n  2 
%ax' 

The energy production per  u n i t  volume at  a given combustion pres- 
sure  i s  of g rea t e s t  p r a c t i c a l  i n t e r e s t  i n  achieving nuclear combustion. 
This value i s  obtained from equation (3) through mul t ip l ica t ion  by p 
and replacing the  dens i ty  p by 
t i o n  (9)  t o  y i e ld  

p and T by m e a n s  of the  gas equa- 

This energy production per u n i t  o f  volume and time f o r  constant 
pressure of  combustion p has, w i t h  respect  t o  t h e  temperature T, a 
maximum at t h e  now s t i l l  smaller temperature and i s  again independent of 
t he  pressure:  

0 
and of the  amount 

= (8/e)' 
MLkl 

I n  table I, f o r  f i f t e e n  chosen react ions between l i g h t ,  charged 
nuclei ,  c h a r a c t e r i s t i c  numerical magnitudes o f  s toichiometr ic  nuclear 
combustion computed from equations (l), (3a), (3b), ( 3 ~ 1 ,  (3d) , ( loa) ,  
(ll), (12a) ,  and (12b) a re  given. 

It should be emphasized now, however, how ex t r ao rd ina r i ly  a r b i t r a r y  
t h i s  choice i s  r e l a t i v e  t o  the  thousands of possible  two-part ic le  impact 
r eac t ions  between t h e  elements of' the  e n t i r e  per iodic  system, how many 
times g rea t e r  t h e  p o s s i b i l i t i e s  a r e  f o r  t h ree -pa r t i c l e  reac t ions  or f o r  
a s t i l l  grea te r  number of  p a r t i c l e s ,  and how the  recent ly  developed 
f i e l d  of meson physics makes our present ideas  appear as mere ch i ld i sh  
e f f o r t s .  

The f i r s t  column of t a b l e  I gives an index number t o  which t h e  re- 
ac t ion  i s  r e fe r r ed  on la ter  d i a g r a m .  
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The second column defines the corresponding reac t ion  i n  the  usual 
notation. It i s  seen tha t  several  of the  first elements of the  periodic 
system are combined with protons, deuterons, o r  t r i t o n s .  Prac t ica l ly ,  
it i s  t o  be noted here, t h a t  i n  a nuclear combustion hardly a s ing le  one 
of these simple react ions takes place by i tself ,  but there is  general ly  
an e n t i r e  s e r i e s  of react ions,  as f o r  example, the  f a m i l i a r  as t rophysical  
carbon-nitrogen cycle of b r igh t  stars leading t d  the  formation of helium 
from hydrogen ( f i g .  2(a)) ,  the  hydrogen chain of t he  darker stars S i m i -  
l a r l y  resu l t ing  i n  helium from hydrogen ( f ig .  2 (b) ) ,  o r  the  surmised 
hydrogen bomb process f o r  forming helium from l i t h i u m  hydride ( f i g .  Z(c) 1 

The t h i r d  column shows the  heat l i b e r a t i o n  of the  simple react ion 
twice, f i r s t  i n  the  usual u n i t  of the nuclear phys ic i s t s  i n  MeV per 
s ing le  reaction, and then i n  the engineering un i t  ca lo r i e s  per gram ( i . e * ,  
per u n i t  mass of the propulsive mater ia l ) .  
immediately evident t h a t  t he  energy re leases  a re  higher by s i x  t o  seven 
t en th  powers than the  chemical heat re lease  values. 

I n  the  lat ter f igu re  it i s  

The fourth column contains the  measured ha l f  widths r of the  
nuclear resonance i n  eV.  
values are known and have been estimated p a r t i a l l y  on the  b a s i s  of the 
considerations leading t o  equation (1). 

For the numbers put i n  parentheses no measured 

The f i f t h  and s ix th  columns show the  mater ia l  constants of t he  Gamow 
equation fo r  the energy r a t e  according t o  equations (3a) and (3b). 

The first results of technica l  s ign i f icance  start with columns 7 
and 8 where the  maximal energy rate per u n i t  mass at  constant 
plasma density p and the corresponding optimum temperature Topt, a r e  
given. 
b l e  t o  obtain the  value f o r  an a r b i t r a r y  densi ty  from the  t ab le .  The 
numbers shown represent the r a t e  at  the  densi ty  p = 1 gram per cubic 
centimeter, which i s  close t o  the  conditions as they may occur at the  
centers  of the  s t a r s  and i n  atom bombs. The half-value times of the  re- 
act ions,  which are  not given i n  th i s  pa r t i cu la r  instance,  go as low 
as  10-l' second; the burnup under these conditions occurs i n  many re -  
act ions extremely rapidly and explosivelyj t he  optimum temperatures are 
always e s sen t i a l ly  higher than those at  the  centers  of normal stars. 

q a x / p  

Since the energy r a t e  i s  proportional t o  the  dens i ty  it i s  possi-  

For continuous technical  nuclear combustions, t h e  succeeding columns 
are  more important. Columns 9, 10, and 11 show t h e  m a x i m u m  energy rates 
at constant plasma pressure and again per  unit mass, per u n i t  pressure 
i n  atmospheres, so t h a t  the energy r a t e s  f o r  any steady pressures can be 
d i r e c t l y  obtained by multiplying the  numerical values f o r  t he  u n i t  pres- 
sure by the corresponding pressure.  
t u re s  a re  always lower here by more than a t e n t h  power. 

The corresponding optimum tempera- 
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IC 

d 
=1 

L 

The half-value times f o r  1 atmosphere pressure a re  givenj f o r  o ther  
pressures they are obtained by dividing t h e  given figures by t h e  desired 
pressure.  
half-value times of t he  react ions l i e  between a mi l l ion  times the  age of 
our universe and f r ac t ions  of a second, so that the  choice of reac t ions  
f o r  s t a t iona ry  technical  nuclear combustions must pr imari ly  be made 
according t o  t h i s  column and not according t o  the  heat of the  react ion.  

A t  the  technica l ly  moderate pressure of  1 atmosphere, t h e  

F ina l ly ,  i n  columns 1 2  and 13, the  m a x i m u m  energy rates per  unit  
volume are given at constant plasma pressure,  again f o r  t he  unit pres- 
sure 1 atmosphere. A t  o ther  pressures, therefore ,  the  energy rate per  
cubic centimeter i s  obtained through mul t ip l ica t ion  by the  square of the 
corresponding pressure.  

The pressure-independent value of the optimum temperature i s  
observed t o  be noticeably smaller compared w i t h  the values of column 9.  

The fastest reac t ions  under these conditions are those of deuterium, 
tritium, and l i th ium a t  temperatures of the order  of magnitude of lo8 
degrees for t h e  l i g h t e r  elements and lo9 degrees for t he  heavier elements. 

The energy production per u n i t  volume remains moderate i n  all cases 
because of the extremely s m a l l  gas density.  Even a t  a 100 atmosphere 
pressure,  the energy rate bare ly  reaches the  value of lo4 k i loca lo r i e s  
meter-3 second'l f o r  the economically p r a c t i c a l  nuclear materials and 
about 10 t i m e s  more f o r  t h e  tritium combustion, as compared with the 
known combustion chamber loadings up t o  lo6 k i loca lo r i e s  meter'3 sec0nd-l 
of chemical rockets .  

Here w e  encounter t h e  first fwdamental d i f f i c u l t y  of  continuous 
thermal nuclear combustion, t he  s m a l l  burnup ve loc i ty  and combustion 
chamber loading. 

So far w e  have r e s t r i c t e d  ourselves 'to t h e  quant i ta t ive  energy pro- 
duct ions at  the  corresponding optimum temperatures and all now inves t i -  
ga t e  the dependence on the temperature numerically. 

I n  figure 3 the  energy r a t e s  per uni t  dens i ty  of the nuclear reac- 
t i o n s  of  t a b l e  I are p lo t t ed  aga ins t  the  plasma temperature T accord- 
i ng  t o  equation (3). 
mass, because of the dependence on the number of co l l i s ions  per  second 
upon the mean free path,  i s  proportional t o  the density.  

As s t a t e d  previously, t he  energy rate per  u n i t  

A t  constant density,  the  most favorable temperatures f o r  energy pro- 
duct ion l i e ,  as shown i n  t a b l e  I, between about lo9 and 1$2 degrees i n  
all cases,  increasing wi th  the  atomic number of t he  reac t ing  p a r t i c l e s ,  
and independent of t h e  plasma pressure. 
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The highest point of t h e  production curves i s  e s s e n t i a l l y  determined 
by kl or by t h e  m a x i m u m  reac t ion  cross  sec t ion  amax as given by 

equation (IC),  and by E , p , c l  and c2. For t h e  ( p , a ) ,  (p ,n) ,  ( d , a ) ,  ( d , n ) ,  
( t , n ) ,  and (n ,a )  processes, the highest  point i s  determined by the  energy 
production a t  a temperature such t h a t  t h e  corresponding most frequent 
ve loc i ty  is s u f f i c i e n t  f o r  penetrat ing the Coulomb b a r r i e r .  I n  the  case 
of many reactions,  the  reac t ion  cross  sec t ion  i s  l a r g e r  than the  sca t -  
t e r i n g  cross section. 

An example of the  considerably less probable (p,p) reac t ions  i s  the 
proton-proton react ion,  indicated i n  the figure, with i t s  extremely s m a l l  
cross section. 

A t  s t i l l  higher temperatures, the  durat ion of  s t a y  of t h e  c o l l i d i n g  
p a r t i c l e s  i n  the h i t  nucleus i s  less and, therefore ,  the  cross sec t ion  
again decreases so t h a t  the  production curves run through the  maximum 
under discussion. 

The slope of the energy production curves, on the o ther  hand, i s  
determined by t h e  r e l a t i o n  

t h a t  is, 
For t h i s  
tha t  i s  , 
number. 

by t h e  atomic number and atomic weight of  t he  reac t ing  p a r t i c l e s .  
reason, a s teeper  slope i s  observed i n  f i g u r e  3 f o r  l a r g e  
when one o r  both of the reac t ion  par tners  has a la rge  atomic 

k2, 

T h i s  circumstance leads,  f o r  example, t o  t h e  r e s u l t  that  the  energy 
r a t e  of t h e  hydrogen reac t ion  chain i n  t h e  colder stars a t  2 t o  W107 OK 
i s  proportional t o  
reac t ion  cycle i n  t h e  h o t t e r  stars i s  proport ional  t o  
b e  observed i n  f igure  3. 

T4, whereas t h e  energy rate of the  carbon-nitrogen 
TI6, as can also 

A t  l o w e r  temperatures k2 thus c h i e f l y  determined the energy pro- 
k2 ( l i k e  hydrogen) burn faster a t  duction so t h a t  materials w i t h  s m a l l  

low temperatures. 

Within a wide temperature range, t h e  deuterium-tritium, deuterium- 
deuterium, or tritium-tritium react ions,  o r  e i ther  of these  w i t h  normal 
hydrogen, a r e  t h e  f a s t e s t .  
at  extremely high temperatures. 

Heavier elements become somewhat faster only 

The numerical values shown i n  figure 3 hold fo r  s toichiometr ic  mix- 
t u r e s  of bare nuclei  f o r  which, therefore ,  t h e  r e l a t i o n  c l  + c2 = 1 
always holds. T h i s  means that  they hold f o r  t h e  f irst  i n s t a n t  of t h e  



I reac t ion  i n i t i a t e d  i n  the  f resh  gas at the temperature 
progressive combustion na tura l ly  the  c1 and c2 decrease and, there- 
fore ,  the  energy production per u n i t  time decreases. 

T, while w i t h  

The condition c1 + c2 = 1, however, i s  a l so  i n  the f irst  i n s t a n t  
s a t i s f i e d  only f o r  complete ion iza t ion  of  all reac t ion  par tners ,  bu t  
t h i s  i s  never the case at the lower plasma temperatures and thus the  
low-temperature region of the  energy curves of f igure  3 may be appreci- 

c ably l e s s  favorable than shown. 
4 

A t  the temperatures t h a t  are here of spec ia l  i n t e r e s t  above lo7 OK P 

~ f o r  the  l ight  elements, t ne  f r a c t i o m  of nonfully ionized p a r t i c l e s  which 
are, therefore ,  not capable of reaction, are general ly  already negl ig ib ly  
s m a l l  (i.e., smaller than is  des i rab le  from considerations of t h e  mean 
free paths of the r e s t  mass p a r t i c l e s ) .  

Final ly ,  it should again be reca l led  t h a t  f igure  3 is  drawn f o r  
f ixed combustion gas dens i t i e s  of p = 1 gram per cubic centimeter i n  
order  t o  s implify the computations. To t h i s  dens i ty  the re  would, f o r  
example, correspond f o r  the deuteron-deuteron fresh gas of lo8 OK, a 
pressure of 4 . 2 2 ~ 1 0 ~  atmospheres, t h a t  is, it i s  necessary t o  reduce the  
value of the  energy r a t e s  of f i gu re  3 by about 9 powers of 10 i n  order  
t o  have technica l ly  control lable  s teady-state  pressure r e l a t ions .  

I? 
9 

~ 

For c l a r i fy ing  these r e l a t ions  a t  commercially f eas ib l e ,  steady 
nuclear combustion conditions, the  energy rate per  u n i t  volume i s  p lo t t ed  

the  reac t ions  previously considered. 
I against  the  temperature i n  f igure  4 (according t o  equation ( 1 2 ) ) ,  f o r  all 

~ 

The numerical values f o r  the un i t  of pressure i n  atmospheres a re  
obtained from those of f igure  3 by mult ipl icat ion w i t h  the  f a c t o r  

The maxima of the  energy production curves per u n i t  volume are con- 
s iderably  sharper than those per u n i t  mass, a lso the va r i a t ion  between 
the  d i f f e r e n t  gases becomes la rger ,  since the  molecular weights en te r  
quadrat ical ly .  I n  s p i t e  of t h i s ,  the  advantage of the  heavy hydrogens 
remains very clear ;  the  react ions of the deuterium and tritium are again 
by far the  f a s t e s t .  The cha rac t e r i s t i c  differences and d i f f i c u l t i e s  of 
t he  t e c h n i c d  as compared w i t h  the  cosmical steady nuclear combustions 
c l e a r l y  appear, which a r i s e  from the smaller pressures by about 15 powers 
of 10 and from the  shor te r  times avai lable  f o r  the  technical  combustions. 
The l a t t e r  requirement makes necessary the  appl icat ion of higher temper- 
a tures  than a re  used by nature herself  at the  centers  o f  normal s t a r s .  














































