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ABSTRACT

The “cones method” is an analytical algorithm to combine a pair of angle observations into a
common vector. Two new algorithms have been developed to optimize the “cones method”
solutions when more than two observation angles are available and when estimates of
measurement uncertainties can be made. The polycones algorithm consists of determining a
simple weighted average of the solution vectors over all possible pairs of measurements with the
weights determined from the measurement uncertainty. The Fuzzycones method finds the vector
of maximum probability. Both of these methods have been implemented and tested and both
reduce errors in computed vector positions.

INTRODUCTION

The “cones method” is a simple technique for determining a vector direction based on measured
angles between the desired vector and at least two known reference vectors at a common time
(Reference 1). For spacecraft attitude analysis, the method is most commonly used in the
following computations:

1. Determining the inertial frame orientation of the satellite spin axis from measured angles
between two or more known body frame directions and their corresponding reference objects
(Sun, Stars, Earth, etc.).

2. Determining the body frame Sun direction from measurements from two or more “cosine
law” Sun detectors.

The method consists of finding the vector described by the intersection of cones, each of which is
a measured angle from a known axis. Although there is some description of the error distribution
of vectors determined using the cones method (Reference 2), there has been little analysis of the
optimum solution if more than two measurements are available.

APPROACH
Polycones

The cones method generally produces two possible solution vectors for a pair of measurements.
The correct solution must be selected using additional information. If » measurements (n > 2) are
available a total of n(n-1) solutions can be found using all possible pairs. The ambiguity of which
of the two solutions for each pair of measurements is correct is removed because the correct
solutions will be near each other, while the incorrect ones will not.

The two solution vectors obtained usmg mdependent angle measurements (p; and p) from sensors
with non-parallel axes, are designated U and V , where the correct solution is designated V
Designating the i™ measurement uncertainty as o, the ad hoc approximation is made that the
weight of the solution ¥, is given by:
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and the overall solution vector is given by a simple weighted average of the correct solutions:
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Fuzzycones

The measurement p, is the angle from a known axis. Designating the azimuth and coelevation
angles of this axis direction by (@, and @) then the relative probability that the measurement will
represent a vector with azimuth and coelevation of ¢ and 6, is given by:

P(6.4)=N, exp[— g%)—] (3)
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where
I, =cos™(cos &, sind, +sin @, sin O, cos(®, - ¢,)) 4)
and V; is a normalization constant selected so that the integral of P; over all space is one.

The relative probability that the solution from simultaneous of measurements is at the position (¢,
) is given by:

P@.9)=11~F (5)

The maximum probability solution is found at the maximum of P.
RESULTS
Polycones and Fuzzycones were tested using simulated and on-orbit spacecraft data.

Results from a single set of simulations are presented here. A Sun sensor with four cosine law
detectors was simulated. The detectors were each 45 degrees from a symmetry axis and situated
uniformly around this axis at 90 degree intervals. The Sun position was simulated at a uniform
distribution of locations within 45 degrees of the sensor symmetry axis. A Monte Carlo
simulation of detector measurements was performed using approximately five million simulated
cases. The error model for the sensor included a normally distributed error on the angular
measurement and a second normally distributed error on the detector current. Since the current is
proportional to the cosine of the angle, the total error distribution is a function of the angle.

A more complete error model including the effect of reflections from the lit-Earth was also
considered.

The distribution of angles between the solved and “truth” Sun positions is shown in Figure 1. For
comparison, the distributions of two “cones method” solutions are also shown. The one
designated with the subscript “cones” uses all pairs of detectors. The one with the subscript “0”
uses the cones solution from the two measurements with smallest uncertainties. For a “cones
method” standard deviation of 3.82 degrees, Polycones has an uncertainty of 2.85 degrees, while
the Fuzzycones uncertainty is 2.70 degrees.




Both new algorithms provide a significant improvement over the cones method—polycones
providing the greater improvement. Polycones has the additional advantage that there is no need
for resolution of the ambiguity between pairs of solutions.

Comparison of Cones Methods
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Figure 1. Comparison of Cones Methods
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