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Abstract 
 

Approximate solutions are sometimes used to determine the heat transfer and 
temperatures in a semitransparent material in which conduction and thermal radiation are 
acting.  A comparison of the Milne-Eddington two-flux approximation and the diffusion 
approximation for combined conduction and radiation heat transfer in a ceramic material 
was preformed to determine the accuracy of the diffusion solution.  A plane gray 
semitransparent layer without a substrate and a non-gray semitransparent plane layer on 
an opaque substrate were considered.  For the plane gray layer the material is 
semitransparent for all wavelengths and the scattering and absorption coefficients do not 
vary with wavelength.  For the non-gray plane layer the material is semitransparent with 
constant absorption and scattering coefficients up to a specified wavelength.  At higher 
wavelengths the non-gray plane layer is assumed to be opaque.  The layers are heated on 
one side and cooled on the other by diffuse radiation and convection.  The scattering and 
absorption coefficients were varied.  The error in the diffusion approximation compared 
to the Milne-Eddington two flux approximation was obtained as a function of scattering 
coefficient and absorption coefficient.  The percent difference in interface temperatures 
and heat flux through the layer obtained using the Milne-Eddington two-flux and 
diffusion approximations are presented as a function of scattering coefficient and 
absorption coefficient.  The largest errors occur for high scattering and low absorption 
except for the back surface temperature of the plane gray layer where the error is also 
larger at low scattering and low absorption.  It is shown that the accuracy of the diffusion 
approximation can be improved for some scattering and absorption conditions if a 
reflectance obtained from a Kubelka-Munk type two flux theory is used instead of a 
reflection obtained from the Fresnel equation.  The Kubelka-Munk reflectance accounts 
for surface reflection and radiation scattered back by internal scattering sites while the 
Fresnel reflection only accounts for surface reflections. 
 



1
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

C
om

pa
ri

so
n 

of
 th

e 
R

ad
ia

ti
ve

 T
w

o-
fl

ux
an

d 
D

if
fu

si
on

 A
pp

ro
xi

m
at

io
ns

C
ha

rl
es

 M
. S

pu
ck

le
r

N
A

SA
 G

le
nn

 R
es

ea
rc

h 
C

en
te

r
C

le
ve

la
nd

 O
hi

o



2
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

O
bj

ec
ti

ve

D
et

er
m

in
e 

th
e 

er
ro

r 
in

 u
si

ng
 th

e 
di

ff
us

io
n 

so
lu

tio
n

co
m

pa
re

d 
to

 th
e 

M
iln

e-
E

dd
in

gt
on

tw
o-

fl
ux

 s
ol

ut
io

n

D
et

er
m

in
e 

if
 u

si
ng

 a
 r

ef
le

ct
an

ce
 f

ro
m

 th
e 

K
ub

el
ka

-
M

un
k

2-
fl

ux
 th

eo
ry

 c
ou

ld
 r

ed
uc

e 
th

e 
di

ff
us

io
n 

so
lu

tio
n

er
ro

r 



3
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

A
pp

ro
ac

h

A
 p

ar
am

et
ri

c 
st

ud
y 

of
 a

 o
ne

 d
im

en
si

on
al

 s
em

itr
an

sp
ar

en
t 

gr
ay

 p
la

ne
 la

ye
r 

an
d 

a 
no

n-
gr

ay
 la

ye
r 

on
 a

 s
ub

st
ra

te
 w

as
 

pe
rf

or
m

ed
 

Fr
es

ne
la

nd
 K

ub
el

ka
-M

un
k

re
fl

ec
ta

nc
e 

w
er

e 
us

ed
 

B
as

el
in

e 
  a

 =
 0

.1
3 

cm
-1

an
d 
σ s

= 
94

.3
8 

cm
-1

B
on

d 
co

at
 e

m
is

si
vi

ty
 c

ha
ng

ed
 f

ro
m

 0
.7

 to
 0

.3
C

ut
of

f 
w

av
el

en
gt

h 
5 
μm

 f
or

 th
e 

la
ye

r 
on

 a
 s

ub
st

ra
te



4
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

A
pp

ro
xi

m
at

io
ns

D
if

fu
si

on
 a

pp
ro

xi
m

at
io

n
●

si
m

pl
es

t
●

ra
di

at
io

n 
tr

ea
te

d 
as

 a
 d

if
fu

si
on

 p
ro

ce
ss

●
ra

di
at

io
n 

is
 a

bs
or

be
d 

 e
m

itt
ed

 a
nd

 r
ef

le
ct

ed
 a

t t
he

 
su

rf
ac

e

T
w

o-
fl

ux
 a

pp
ro

xi
m

at
io

n
●

m
or

e 
co

m
pl

ic
at

ed
 r

eq
ui

re
s 

co
m

pu
te

r 
so

lu
tio

n
●

th
er

e 
is

 a
 r

ad
ia

tiv
e 

fl
ux

 tr
av

el
in

g 
in

 p
os

iti
ve

 a
nd

ne
ga

tiv
e 

x 
di

re
ct

io
ns

 a
nd

 a
ct

 a
t d

is
ta

nc
e 

●
ra

di
at

io
n 

is
 a

bs
or

be
d 

an
d 

em
itt

ed
 in

si
de

 th
e 

m
at

er
ia

l
●

su
rf

ac
e 

re
fl

ec
tio

n 
st

ill
 o

cc
ur



5
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

R
ef

le
ct

io
ns

Fr
es

ne
lr

ef
le

ct
io

ns
 ρ

o
an

d 
ρi

ar
e 

su
rfa

ce
 re

fle
ct

io
ns

 a
nd

   
   

   
  

ar
e 

fu
nc

tio
ns

 o
f r

ef
ra

ct
iv

e 
in

de
x.

K
ub

el
ka

-M
un

k
re

fle
ct

iv
ity

 ta
ke

s 
in

to
 a

cc
ou

nt
 F

re
sn

el
su

rfa
ce

 re
fle

ct
io

ns
 a

nd
 th

e 
ra

di
at

iv
e 

en
er

gy
 s

ca
tte

re
d 

ou
t o

f t
he

 la
ye

r. 
 It

 is
 a

 fu
nc

tio
n 

of
 ρ

o , 
ρi

, a
, σ

s, 
an

d 
D

F
re

sn
el

K
ub

el
ka

-M
un

k



6
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

a 
  σ

s

T s
1

= 
20

00
K

q r
1o

h 1
= 

25
0 

w
/m

2 K

T g
1

= 
20

00
K

n 
= 

2.
1

q r
2o

T s
2

= 
80

0K

h 2
= 

11
0 

w
/m

2 K

T g
2

= 
80

0K

1 
m

m

ρo

ρik 
= 

0.
8 

w
/m

K

H
ea

t T
ra

ns
fe

r 
M

od
el

ρi
ρo



7
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

C
om

pa
ris

on
 o

f E
xa

ct
 R

ad
ia

tiv
e 

Tr
an

sf
er

 a
nd

M
iln

e-
E

dd
in

gt
on

Tw
o-

Fl
ux

 A
pp

ro
xi

m
at

io
n

P
la

ne
 L

ay
er

Fr
on

t s
ur

fa
ce

 te
m

pe
ra

tu
re

s 
 0

.0
75

 –
0.

28
%

B
ac

k 
su

rfa
ce

 te
m

pe
ra

tu
re

   
 -0

.4
4 

–
0.

21
%

H
ea

t f
lu

x 
   

   
   

   
   

   
   

   
   

   
 0

.1
4 

–
3.

6%
 

10
0

T
T

T
di
ff
er
en
ce

Pe
rc
en
t

so
lu
tio
n

ex
ac
t

so
lu
tio
n

ex
ac
t

so
lu
tio
n

flu
x

tw
o

⋅ ⎟⎟ ⎠⎞
⎜⎜ ⎝⎛

−
=

−



8
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

C
om

pa
ris

on
 o

f t
he

 D
iff

us
io

n 
an

d
M

iln
e-

E
dd

in
gt

on
Tw

o-
Fl

ux
 A

pp
ro

xi
m

at
io

n

10
0

T
T

T
di
ff
er
en
ce

Pe
rc
en
t

so
lu
tio
n

flu
x

tw
o

so
lu
tio
n

flu
x

tw
o

di
ff
us
io
n

⋅ ⎟⎟ ⎠⎞
⎜⎜ ⎝⎛

−
=

−

−



9
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

P
er

ce
nt

 D
if

fe
re

nc
e 

be
tw

ee
n 

D
if

fu
si

on
 a

nd
 T

w
o-

fl
ux

 
So

lu
ti

on
s 

fo
r 

F
ro

nt
 S

ur
fa

ce
 o

f P
la

ne
 L

ay
er

 

F
re

sn
el

K
ub

el
ka

–
M

un
k

10
0

10
1

10
2

10
3

10
4

2
3

4
56

7
2

3
4

56
7

2
3

4
56

7
2

3
4

56
7

Sc
at

te
rin

g 
co

ef
fic

ie
nt

 c
m

-1

-2-1012345678910 Percent difference in temperature
so

lid
 li

ne
 F

re
sn

el
 re

fle
ct

iv
ity

br
ok

en
 li

ne
 K

ub
el

ka
-M

un
k 

re
fle

ct
iv

ity

a 
= 

0.
00

13
 c

m
-1

a 
= 

0.
01

35
 c

m
-1

a 
= 

0.
13

46
 c

m
-1

a 
= 

1.
34

6 
cm

-1

a 
= 

13
.4

6 
cm

-1



10
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

P
er

ce
nt

 D
if

fe
re

nc
e 

be
tw

ee
n 

T
w

o-
fl

ux
 a

nd
 D

if
fu

si
on

So
lu

ti
on

s 
fo

r 
B

ac
k 

Su
rf

ac
e 

of
 P

la
ne

 L
ay

er

F
re

sn
el

K
ub

el
ka

–
M

un
k

10
0

10
1

10
2

10
3

10
4

2
3

4
56

7
2

3
4

56
7

2
3

4
56

7
2

3
4

56
7

Sc
at

te
rin

g 
co

ef
fic

ie
nt

 c
m

-1

-6-4-202468

Percent difference in temperature

so
lid

 li
ne

 F
re

sn
el

 re
fle

ct
iv

ity
br

ok
en

 li
ne

 K
ub

el
ka

-M
un

k 
re

fle
ct

iv
ity

a 
= 

0.
00

13
 c

m
-1

a 
= 

0.
01

35
 c

m
-1

a 
= 

0.
13

46
 c

m
-1

a 
= 

1.
34

6 
cm

-1

a 
= 

13
.4

6 
cm

-1



11
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

P
er

ce
nt

 D
if

fe
re

nc
e 

in
 H

ea
t F

lu
x 

be
tw

ee
n 

th
e 

D
if

fu
si

on
an

d 
T

w
o-

fl
ux

 S
ol

ut
io

ns
 fo

r 
a 

P
la

ne
 L

ay
er

K
ub

el
ka

–
M

un
k

F
re

sn
el

10
0

10
1

10
2

10
3

10
4

2
3

4
56

7
2

3
4

56
7

2
3

4
56

7
2

3
4

56
7

Sc
at

te
rin

g 
co

ef
fic

ie
nt

 c
m

-1

-5
0

-2
5025507510
0

12
5

15
0

17
5

20
0

22
5

Percent difference in heat flux
so

lid
 li

ne
 F

re
sn

el
 re

fle
ct

iv
ity

br
ok

en
 li

ne
 K

ub
el

ka
-M

un
k 

re
fle

ct
iv

ity

a 
= 

0.
00

13
 c

m
-1

a 
= 

0.
01

3 
cm

-1

a 
= 

0.
13

46
 c

m
-1

a 
=1

.3
46

 c
m

-1

a 
=1

3.
46

 c
m

-1



12
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

a 
  σ

s

T s
1

= 
20

00
K

q r
1o

h 1
= 

25
0 

w
/m

2 K

T g
1

= 
20

00
K

n 
= 

2.
1

q r
2o

T s
2

= 
80

0K

h 2
= 

11
0 

w
/m

2 K

T g
2

= 
80

0K

1 
m

m

ρo
ρik 
= 

0.
8 

w
/m

K

0.
79

4 
m

m

ks= 33 w/mK
ε b

c

H
ea

t T
ra

ns
fe

r 
M

od
el

ε m
=0

.6



13
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

P
er

ce
nt

 D
if

fe
re

nc
e 

in
 T

em
pe

ra
tu

re
s 

be
tw

ee
n 

T
w

o-
fl

ux
 

an
d 

D
if

fu
si

on
 S

ol
ut

io
ns

 fo
r 

F
ro

nt
 S

ur
fa

ce
 o

f a
 L

ay
er

 

λ c
= 

5.
0 
μm

 a
nd

 ε
bc

= 
0.

7

10
0

10
1

10
2

10
3

2
3

4
5

6
7

2
3

4
5

6
7

2
3

4
5

6
7

Sc
at

te
rin

g 
co

ef
fic

ie
nt

 c
m

-1

-505101520

Percent difference in temperature 

a 
= 

0.
00

13
 c

m
-1

a 
= 

0.
01

35
 c

m
-1

a 
= 

0.
13

46
 c

m
-1

a 
= 

1.
34

6 
cm

-1

a 
= 

13
.4

6 
cm

-1

a 
= 

67
.2

8 
cm

-1

so
lid

 li
ne

 F
re

sn
el

 re
fle

ct
iv

ity
br

ok
en

 li
ne

 K
ub

el
ka

-M
un

k 
re

fle
ct

iv
ity

F
re

sn
el

K
ub

el
ka

–
M

un
k



14
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

10
0

10
1

10
2

10
3

2
3

4
5

6
7

2
3

4
5

6
7

2
3

4
5

6
7

Sc
at

te
rin

g 
co

ef
fic

ie
nt

 c
m

-1

-6-4-2024681012

Percent difference in temperature 

a 
= 

0.
00

13
 c

m
-1

a 
=0

.0
13

5 
cm

-1

a 
= 

0.
13

46
 c

m
-1

a 
= 

1.
34

6 
cm

-1

a 
= 

13
.4

6 
cm

-1

a 
= 

67
.2

8 
cm

-1

so
lid

 li
ne

 F
re

sn
el

 re
fle

ct
iv

ity
br

ok
en

 li
ne

 K
ub

el
ka

-M
un

k 
re

fle
ct

iv
ity

P
er

ce
nt

 D
if

fe
re

nc
e 

in
 T

em
pe

ra
tu

re
s 

be
tw

ee
n 

T
w

o-
fl

ux
 

an
d 

D
if

fu
si

on
 S

ol
ut

io
ns

 fo
r 

F
ro

nt
 o

f S
ub

st
ra

te
 

λ c
= 

5.
0μ

m
 a

nd
 ε

bc
= 

0.
7

K
ub

el
ka

–
M

un
k

F
re

sn
el



15
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

P
er

ce
nt

 D
if

fe
re

nc
e 

in
 H

ea
t F

lu
x 

be
tw

ee
n 

th
e 

D
if

fu
si

on
an

d 
T

w
o-

fl
ux

 S
ol

ut
io

ns
 fo

r 
a 

L
ay

er
 w

it
h 

a 
Su

bs
tr

at
e

λ c
= 

5.
0μ

m
 a

nd
 ε

bc
= 

0.
7

10
0

10
1

10
2

10
3

2
3

4
5

6
7

2
3

4
5

6
7

2
3

4
5

6
7

Sc
at

te
rin

g 
co

ef
fic

ie
nt

 c
m

-1

a 
= 

0.
00

13
 c

m
-1

a 
= 

0.
01

35
 c

m
-1

a 
= 

0.
13

46
 c

m
-1

a 
= 

1.
34

6 
cm

-1

a 
= 

13
.4

6 
cm

-1

a 
= 

67
.2

8 
cm

-1

-2
0

-1
001020304050

Percent difference in heat flux 

so
lid

 li
ne

 F
re

sn
el

 re
fle

ct
iv

ity
br

ok
en

 li
ne

 K
ub

el
ka

 M
un

k 
re

fle
ct

iv
ity



16
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

E
ff

ec
t o

f B
on

d 
C

oa
t E

m
is

si
vi

ty
 o

n 
th

e 
P

er
ce

nt
 D

if
fe

re
nc

e 
in

 
T

em
pe

ra
tu

re
 b

et
w

ee
n 

T
w

o-
F

lu
x 

an
d 

D
if

fu
si

on
 S

ol
ut

io
ns

 
F

ro
nt

 S
ur

fa
ce

 o
f L

ay
er

   
 F

re
sn

el
R

ef
le

ct
iv

it
y 

   
λ c

= 
5.

0μ
m

10
0

10
1

10
2

10
3

2
3

4
5

6
7

2
3

4
5

6
7

2
3

4
5

6
7

Sc
at

te
rin

g 
co

ef
fic

ie
nt

 c
m

-1

-505101520 Percent difference in temperature

so
lid

 li
ne

   
  ε

bc
 =

 0
.7

br
ok

en
 li

ne
 ε

bc
 =

 0
.3

a 
= 

0.
00

13
 c

m
-1

a 
= 

0.
01

35
 c

m
-1

a 
= 

0.
13

46
 c

m
-1

a 
= 

1.
34

6 
cm

-1

a 
= 

13
.4

6 
cm

-1

a 
= 

67
.2

8 
cm

-1



17
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

E
ff

ec
t o

f B
on

d 
C

oa
tE

m
is

si
vi

ty
 o

n 
th

e 
P

er
ce

nt
 D

if
fe

re
nc

e 
in

 
T

em
pe

ra
tu

re
 b

et
w

ee
n 

T
w

o-
F

lu
x 

an
d 

D
if

fu
si

on
 S

ol
ut

io
ns

 
F

ro
nt

 S
ur

fa
ce

 o
f L

ay
er

   
   

  K
-M

 R
ef

le
ct

iv
it

y 
   

   
  λ

c
= 

5.
0μ

m

10
0

10
1

10
2

10
3

2
3

4
5

6
7

2
3

4
5

6
7

2
3

4
5

6
7

Sc
at

te
rin

g 
co

ef
fic

ie
nt

 c
m

-1

-5-4-3-2-10

Percent difference in temperature

so
lid

 li
ne

   
 ε

bc
 =

 0
.7

br
ok

en
 li

ne
 ε

bc
 =

 0
.3

a 
= 

0.
00

13
 c

m
-1

a 
= 

0.
01

35
 c

m
-1

a 
= 

0.
13

46
 c

m
-1

a 
= 

1.
34

6 
cm

-1

a 
= 

13
.4

6 
cm

-1

a 
= 

67
.2

8 
cm

-1

K
ub

el
ka

–
M

un
k



18
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

M
ax

im
um

 C
ha

ng
e 

in
 P

er
ce

nt
 D

iff
er

en
ce

 
fo

r a
 C

ha
ng

e 
in

 B
on

d 
C

oa
t E

m
is

si
vi

ty
  

fr
om

 0
.7

 to
 0

.3

-4
.0

4
-1

.9
0

-1
.1

1
0.

86
K

-M
re

fle
ct

io
n

-1
1.

33
-2

.9
4

-2
.9

8
-1

.9
6

Fr
es

ne
l

re
fle

ct
io

n

H
ea

t f
lu

x
B

ac
k 

of
su

bs
tra

te
Fr

on
t o

f
su

bs
tra

te
Fr

on
t o

f
la

ye
r layer

substrate

layer

substrate

layer

substrate



19
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

C
on

cl
us

io
ns

T
he

 p
er

ce
nt

 e
rr

or
 u

si
ng

 th
e 

di
ff

us
io

n 
so

lu
tio

n 
is

 lo
w

es
t 

fo
r 

al
l s

ca
tte

ri
ng

 c
on

si
de

re
d 

w
he

n 
th

e 
ab

so
rp

tio
n 

is
 h

ig
h

T
he

 la
rg

es
t e

rr
or

s 
oc

cu
r 

m
os

tly
fo

r 
hi

gh
 s

ca
tte

ri
ng

 a
nd

 
lo

w
 a

bs
or

pt
io

n 
w

he
n 

th
e 

Fr
es

ne
ls

ur
fa

ce
 r

ef
le

ct
io

n 
is

 u
se

d

T
he

 e
rr

or
 a

t h
ig

h 
sc

at
te

ri
ng

 c
an

 b
e 

re
du

ce
d 

by
 u

si
ng

 a
 K

ul
be

lk
a-

M
un

k
re

fl
ec

ta
nc

e

Fo
r 

a 
la

ye
r 

w
ith

 a
 s

ub
st

ra
te

 th
e 

K
ub

el
ka

-M
un

k
re

fl
ec

ta
nc

e 
is

 a
bl

e 
to

 h
an

dl
e 

a 
ch

an
ge

 in
 b

on
d 

co
at

em
is

si
vi

ty
 b

et
te

r 



20
G

le
nn

 R
es

ea
rc

h 
C

en
te

r a
t L

ew
is

 F
ie

ld

G
en

er
al

iz
ed

 C
on

cl
us

io
ns

Fo
r 

th
e 

he
at

in
g 

co
nd

iti
on

s 
pr

es
en

te
d 

he
re

 th
e 

ab
so

rp
tio

n 
th

ic
kn

es
s 

(a
∙D

) 
no

t t
he

 o
pt

ic
al

 th
ic

kn
es

s 
[(

a 
+ 
σ s

)∙
D

] 
is

 th
e

im
po

rt
an

t f
ac

to
r 

in
 d

et
er

m
in

in
g 

th
e 

us
e 

of
 th

e 
di

ff
us

io
n

ap
pr

ox
im

at
io

n.
  N

ee
d 

a 
la

rg
e 

ab
so

rp
tio

n 
th

ic
kn

es
s.

T
he

 w
or

st
 c

on
di

tio
ns

 to
 u

se
 th

e 
di

ff
us

io
n 

ap
pr

ox
im

at
io

n
ar

e 
fo

r 
hi

gh
 s

ca
tte

ri
ng

 th
ic

kn
es

se
s 

(s
σ∙

D
) 

w
ith

 n
o 

ab
so

rp
tio

n 
or

 lo
w

 a
bs

or
pt

io
n 

th
ic

kn
es

s 
an

d 
on

ly
 s

ur
fa

ce
re

fl
ec

tio
ns

 a
cc

ou
nt

ed
 f

or
.

K
ub

el
ka

-M
un

k
re

fl
ec

tiv
ity

 c
an

 r
ed

uc
e 

th
e 

di
ff

us
io

n 
so

lu
tio

n
ap

pr
ox

im
at

io
n 

er
ro

r 
fo

r 
la

rg
e 

sc
at

te
ri

ng
 th

ic
kn

es
se

s


