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Ŵ

=
W

+
τ

SU
P

G
A

i∂
W ∂
x i

(1
1)

St
an

da
rd

G
al

er
ki

n
tr

ea
tm

en
t&

SU
PG

-u
pw

in
di

ng
ap

pl
ie

d
to

(9
)t

o
pr

od
uc

e
th

e
st

ab
ili

ze
d

w
ea

k
fo

rm
:fi

nd
U

su
ch

th
at

∫ Ω

[ W
·( ∂

U ∂
t

+
A

i∂
U

∂
x i

) +
∂

W ∂
x i
·( K

ij
∂

U
∂

x j

)] dΩ

+
n e

l ∑ e=
1

∫ Ω
e

τ
SU

P
G

∂
W

∂
x k
·A

k

[ ∂
U ∂
t

+
A

i∂
U

∂
x i
−

∂ ∂
x i

( K
ij
∂

U
∂

x j

)] dΩ

=
∫ Γ

W
·g

dΓ
(1

2)

fo
r

al
lW

in
an

ap
pr

op
ri

at
e

fu
nc

tio
n

sp
ac

e.

Fo
rc

om
pr

es
si

bl
e

flo
w

s
τ

SU
P

G
is

ge
ne

ra
lly

di
ag

on
al

[3
].



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Sh
oc

k
C

ap
tu

ri
ng

SU
PG

st
ab

ili
za

tio
n

do
es

no
ty

ie
ld

m
on

ot
on

e
so

lu
tio

ns
.A

dd
iti

on
al

tr
ea

tm
en

t
is

ne
ed

ed
to

pr
ev

en
ts

pu
ri

ou
s

os
ci

lla
tio

ns
in

re
gi

on
s

of
sh

oc
kw

av
es

.
H

en
ce

(1
2)

is
au

gm
en

te
d

w
ith

a
sh

oc
k

ca
pt

ur
in

g
te

rm
to

pr
od

uc
e

th
e

au
gm

en
te

d
w

ea
k

fo
rm

:fi
nd

U
su

ch
th

at
∫ Ω

[ W
·( ∂

U ∂
t

+
A

i∂
U

∂
x i

) +
∂

W ∂
x i
·( K

ij
∂

U
∂

x j

)] dΩ

+
n e

l ∑ e=
1

∫ Ω
e

τ
SU

P
G

∂
W

∂
x k
·A

k

[ ∂
U ∂
t

+
A

i∂
U

∂
x i
−

∂ ∂
x i

( K
ij
∂

U
∂

x j

)] dΩ

+
n e

l ∑ e=
1

∫ Ω
e

δ

( ∂
W ∂
x i
·∂

U
∂

x i

) dΩ
=

∫ Γ

W
·g

dΓ
(1

3)

fo
r

al
lW

in
an

ap
pr

op
ri

at
e

fu
nc

tio
n

sp
ac

e.

δ
in

th
is

w
or

k
is

m
od

ifi
ed

fr
om

[4
,5

].
N

ot
e

th
at

di
sc

re
tiz

at
io

ns
of

(1
3)

re
du

ce
to
O

(h
)

in
re

gi
on

s
of

ap
pr

ec
ia

bl
e

δ.



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Sh
oc

k
C

ap
tu

ri
ng

T
he

sh
oc

k
ca

pt
ur

in
g

op
er

at
or

,δ
,w

as
ad

ap
te

d
fo

ra
sy

st
em

of
co

ns
er

va
tio

n
va

ri
ab

le
s

by
L

eB
ea

u
an

d
Te

zd
uy

ar
[4

,5
,6

]f
ro

m
th

e
or

ig
in

al
de

fin
iti

on
em

pl
oy

ed
by

H
ug

he
s

et
al

.f
or

th
e

ca
se

of
en

tr
op

y
va

ri
ab

le
s

[7
,8

].
A

m
od

ifi
ed

fo
rm

is
em

pl
oy

ed
in

th
e

pr
es

en
tw

or
k

an
d

is
de

fin
ed

as

δ
=

  
∥ ∥ ∥∂

U ∂
t

+
A

i∂
U

∂
x i
−

∂ ∂
x i

( K
ij

∂
U

∂
x j

)∥ ∥ ∥ A
−

1
0

‖∇
ξ
·∇

U
‖ A
−

1
0

+
‖∇

η
·∇

U
‖ A
−

1
0

+
‖∇

ζ
·∇

U
‖ A
−

1
0

  1/
2

(1
4)

w
he

re
(ξ

,η
,ζ

)
ar

e
th

e
ca

no
ni

ca
lr

ef
er

en
ce

el
em

en
tc

oo
rd

in
at

es
an

d
A
−

1
0

is
th

e
m

ap
pi

ng
fr

om
co

ns
er

va
tio

n
to

en
tr

op
y

va
ri

ab
le

s.

In
th

is
w

or
k

th
e

nu
m

er
at

or
is

m
od

ifi
ed

fr
om

its
or

ig
in

al
fo

rm
to

re
ta

in
co

ns
is

te
nc

y
w

ith
(9

)i
n

th
e

ca
se

of
tr

an
si

en
t,

vi
sc

ou
s

flo
w

s.



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

In
vi

sc
id

Fl
ux

D
is

cr
et

iz
at

io
n

E
xp

an
d

U
(x

,t
)

an
d

F
i(

x,
t)

in
te

rm
s

of
st

an
da

rd
L

ag
ra

ng
e

fin
ite

el
em

en
tb

as
is

fu
nc

tio
ns

:

U
(x

,t
)
=

X j

φ
j(

x)
U

(x
j,

t)
(1

5)

F
i(

x,
t)

=
X j

φ
j(

x)
F

i(
x j

,t
)

(1
6)

w
he

re
U

(x
j,

t)
an

d
F

i(
x j

,t
)
=

A
i
(U

(x
j,

t)
)

U
(x

j,
t)

ar
e

th
e

no
da

ls
ol

ut
io

n
in

vi
sc

id
flu

x
va

lu
es

at
tim

e
t.

A
st

an
da

rd
pi

ec
ew

is
e

lin
ea

rL
ag

ra
ng

e
ba

si
s

is
ch

os
en

fo
r{

φ
}

(y
ie

ld
in

g
a

no
m

in
al

ly
2nd

–o
rd

er
ac

cu
ra

te
sc

he
m

e)
.

T
hi

s
ap

pr
oa

ch
is

in
co

nt
ra

st
to

pr
ev

io
us

SU
PG

di
sc

re
tiz

at
io

ns
fo

rc
om

pr
es

si
bl

e
flo

w
s.

[4
,5

,3
,9

]

F
i(

x,
t)

=
X j

φ
j(

x)
F

i(
x j

,t
)

=
X j

φ
j(

x)
A

i
(U

(x
j,

t)
)

U
(x

j,
t)

(1
7)

co
nt

ra
st

s
to

th
e

ty
pi

ca
la

pp
ro

ac
h

in
w

hi
ch

F
i(

x,
t)

=
A

i
(U

(x
,t

))
U

(x
,t

)
(1

8)

w
he

re
U

(x
,t

)
is

in
te

rp
ol

at
ed

fr
om

no
da

lv
al

ue
s

as
in

(1
5)

.



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

In
vi

sc
id

Fl
ux

D
is

cr
et

iz
at

io
n

E
xp

an
d

U
(x

,t
)

an
d

F
i(

x,
t)

in
te

rm
s

of
st

an
da

rd
L

ag
ra

ng
e

fin
ite

el
em

en
tb

as
is

fu
nc

tio
ns

:

U
(x

,t
)
=

X j

φ
j(

x)
U

(x
j,

t)
(1

5)

F
i(

x,
t)

=
X j

φ
j(

x)
F

i(
x j

,t
)

(1
6)

w
he

re
U

(x
j,

t)
an

d
F

i(
x j

,t
)
=

A
i
(U

(x
j,

t)
)

U
(x

j,
t)

ar
e

th
e

no
da

ls
ol

ut
io

n
in

vi
sc

id
flu

x
va

lu
es

at
tim

e
t.

A
st

an
da

rd
pi

ec
ew

is
e

lin
ea

rL
ag

ra
ng

e
ba

si
s

is
ch

os
en

fo
r{

φ
}

(y
ie

ld
in

g
a

no
m

in
al

ly
2nd

–o
rd

er
ac

cu
ra

te
sc

he
m

e)
.

T
hi

s
ap

pr
oa

ch
is

in
co

nt
ra

st
to

pr
ev

io
us

SU
PG

di
sc

re
tiz

at
io

ns
fo

rc
om

pr
es

si
bl

e
flo

w
s.

[4
,5

,3
,9

]

F
i(

x,
t)

=
X j

φ
j(

x)
F

i(
x j

,t
)

=
X j

φ
j(

x)
A

i
(U

(x
j,

t)
)

U
(x

j,
t)

(1
7)

co
nt

ra
st

s
to

th
e

ty
pi

ca
la

pp
ro

ac
h

in
w

hi
ch

F
i(

x,
t)

=
A

i
(U

(x
,t

))
U

(x
,t

)
(1

8)

w
he

re
U

(x
,t

)
is

in
te

rp
ol

at
ed

fr
om

no
da

lv
al

ue
s

as
in

(1
5)

.



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

In
vi

sc
id

Fl
ux

D
is

cr
et

iz
at

io
n

E
xp

an
d

U
(x

,t
)

an
d

F
i(

x,
t)

in
te

rm
s

of
st

an
da

rd
L

ag
ra

ng
e

fin
ite

el
em

en
tb

as
is

fu
nc

tio
ns

:

U
(x

,t
)
=

X j

φ
j(

x)
U

(x
j,

t)
(1

5)

F
i(

x,
t)

=
X j

φ
j(

x)
F

i(
x j

,t
)

(1
6)

w
he

re
U

(x
j,

t)
an

d
F

i(
x j

,t
)
=

A
i
(U

(x
j,

t)
)

U
(x

j,
t)

ar
e

th
e

no
da

ls
ol

ut
io

n
in

vi
sc

id
flu

x
va

lu
es

at
tim

e
t.

A
st

an
da

rd
pi

ec
ew

is
e

lin
ea

rL
ag

ra
ng

e
ba

si
s

is
ch

os
en

fo
r{

φ
}

(y
ie

ld
in

g
a

no
m

in
al

ly
2nd

–o
rd

er
ac

cu
ra

te
sc

he
m

e)
.

T
hi

s
ap

pr
oa

ch
is

in
co

nt
ra

st
to

pr
ev

io
us

SU
PG

di
sc

re
tiz

at
io

ns
fo

rc
om

pr
es

si
bl

e
flo

w
s.

[4
,5

,3
,9

]

F
i(

x,
t)

=
X j

φ
j(

x)
F

i(
x j

,t
)

=
X j

φ
j(

x)
A

i
(U

(x
j,

t)
)

U
(x

j,
t)

(1
7)

co
nt

ra
st

s
to

th
e

ty
pi

ca
la

pp
ro

ac
h

in
w

hi
ch

F
i(

x,
t)

=
A

i
(U

(x
,t

))
U

(x
,t

)
(1

8)

w
he

re
U

(x
,t

)
is

in
te

rp
ol

at
ed

fr
om

no
da

lv
al

ue
s

as
in

(1
5)

.



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

In
vi

sc
id

Fl
ux

D
is

cr
et

iz
at

io
n

C
on

si
de

ra
on

e-
di

m
en

si
on

al
,i

nv
is

ci
d,

no
rm

al
sh

oc
k

at
M

ac
h

5.
Fo

rt
hi

s
si

m
pl

e
ca

se
th

e
go

ve
rn

in
g

eq
ua

tio
ns

re
du

ce
to

∂
ρ ∂
t

+
∂ ∂
x

(ρ
u)

=
0

∂
ρ

u
∂

t
+

∂ ∂
x

( ρ
u2

+
P
) =

0

∂
ρ

E
∂

t
+

∂ ∂
x

(ρ
uH

)
=

0

an
d,

at
st

ea
dy

st
at

e,
be

co
m

e

∂ ∂
x

(ρ
u)

=
∂ ∂
x

( ρ
u2

+
P
) =

∂ ∂
x

(ρ
uH

)
≡

0
(1

9)

w
hi

ch
im

pl
ie

s
th

at
ρ

u,
ρ

u2
+

P
,a

nd
ρ

uH
ar

e
al

lc
on

st
an

t.



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

In
vi

sc
id

Fl
ux

D
is

cr
et

iz
at

io
n

C
om

pa
ri

so
n

be
tw

ee
n

re
co

ns
tr

uc
te

d
an

d
in

te
rp

ol
at

ed
in

vi
sc

id
flu

x
di

sc
re

tiz
at

io
ns

x
0

1
2

3

0123456

ρ ρu ρE P u T

x
0

1
2

3
0.

4

0.
6

0.
81

1.
2

ρu ρu
2

+
P

ρu
H

In
vi

sc
id

Fl
ux

In
te

rp
ol

at
io

n
Tr

ad
iti

on
al

In
vi

sc
id

Fl
ux

Co
ns

tru
ct

io
n



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ti
m

e
D

is
cr

et
iz

at
io

n

T
he

se
m

id
is

cr
et

e
w

ea
k

fo
rm

in
eq

ua
tio

n
(1

3)
is

di
sc

re
tiz

ed
in

tim
e

us
in

g
a

ba
ck

w
ar

ds
fin

ite
di

ff
er

en
ce

sc
he

m
e.

B
ot

h
fir

st
an

d
se

co
nd

-o
rd

er
ac

cu
ra

te
in

tim
e

sc
he

m
es

m
ay

be
de

riv
ed

fr
om

Ta
yl

or
se

ri
es

ex
pa

ns
io

ns
in

tim
e

ab
ou

tU
n+

1:

U
n

=
U

n+
1
+

∂
U

n+
1

∂
t

(t
n
−

t n
+

1)
+

∂
2 U

n+
1

∂
t2

(t
n
−

t n
+

1)
2

2

+
O

“ (t
n
−

t n
+

1)
3”

U
n−

1
=

U
n+

1
+

∂
U

n+
1

∂
t

(t
n−

1
−

t n
+

1)
+

∂
2 U

n+
1

∂
t2

(t
n−

1
−

t n
+

1)
2

2

+
O

“ (t
n−

1
−

t n
+

1)
3”

w
hi

ch
,u

po
n

su
bs

tit
ut

in
g

t n
+

1
−

t n
≡

∆
t n

+
1

an
d

t n
+

1
−

t n
−

1
=

∆
t n

+
1
+

∆
t n

,b
ec

om
es

U
n

=
U

n+
1
−

∂
U

n+
1

∂
t

∆
t n

+
1
+

∂
2 U

n+
1

∂
t2

∆
t2 n+

1

2
−
O

“ ∆
t3 n+

1”

U
n−

1
=

U
n+

1
−

∂
U

n+
1

∂
t

(∆
t n

+
1
+

∆
t n

)
+

∂
2 U

n+
1

∂
t2

(∆
t n

+
1
+

∆
t n

)2

2

−
O

“ (∆
t n

+
1
+

∆
t n

)3”



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ti
m

e
D

is
cr

et
iz

at
io

n

T
he

se
m

id
is

cr
et

e
w

ea
k

fo
rm

in
eq

ua
tio

n
(1

3)
is

di
sc

re
tiz

ed
in

tim
e

us
in

g
a

ba
ck

w
ar

ds
fin

ite
di

ff
er

en
ce

sc
he

m
e.

B
ot

h
fir

st
an

d
se

co
nd

-o
rd

er
ac

cu
ra

te
in

tim
e

sc
he

m
es

m
ay

be
de

riv
ed

fr
om

Ta
yl

or
se

ri
es

ex
pa

ns
io

ns
in

tim
e

ab
ou

tU
n+

1:

U
n

=
U

n+
1
+

∂
U

n+
1

∂
t

(t
n
−

t n
+

1)
+

∂
2 U

n+
1

∂
t2

(t
n
−

t n
+

1)
2

2

+
O

“ (t
n
−

t n
+

1)
3”

U
n−

1
=

U
n+

1
+

∂
U

n+
1

∂
t

(t
n−

1
−

t n
+

1)
+

∂
2 U

n+
1

∂
t2

(t
n−

1
−

t n
+

1)
2

2

+
O

“ (t
n−

1
−

t n
+

1)
3”

w
hi

ch
,u

po
n

su
bs

tit
ut

in
g

t n
+

1
−

t n
≡

∆
t n

+
1

an
d

t n
+

1
−

t n
−

1
=

∆
t n

+
1
+

∆
t n

,b
ec

om
es

U
n

=
U

n+
1
−

∂
U

n+
1

∂
t

∆
t n

+
1
+

∂
2 U

n+
1

∂
t2

∆
t2 n+

1

2
−
O

“ ∆
t3 n+

1”

U
n−

1
=

U
n+

1
−

∂
U

n+
1

∂
t

(∆
t n

+
1
+

∆
t n

)
+

∂
2 U

n+
1

∂
t2

(∆
t n

+
1
+

∆
t n

)2

2

−
O

“ (∆
t n

+
1
+

∆
t n

)3”



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ti
m

e
D

is
cr

et
iz

at
io

n

T
he

se
m

id
is

cr
et

e
w

ea
k

fo
rm

in
eq

ua
tio

n
(1

3)
is

di
sc

re
tiz

ed
in

tim
e

us
in

g
a

ba
ck

w
ar

ds
fin

ite
di

ff
er

en
ce

sc
he

m
e.

B
ot

h
fir

st
an

d
se

co
nd

-o
rd

er
ac

cu
ra

te
in

tim
e

sc
he

m
es

m
ay

be
de

riv
ed

fr
om

Ta
yl

or
se

ri
es

ex
pa

ns
io

ns
in

tim
e

ab
ou

tU
n+

1:

U
n

=
U

n+
1
+

∂
U

n+
1

∂
t

(t
n
−

t n
+

1)
+

∂
2 U

n+
1

∂
t2

(t
n
−

t n
+

1)
2

2

+
O

“ (t
n
−

t n
+

1)
3”

U
n−

1
=

U
n+

1
+

∂
U

n+
1

∂
t

(t
n−

1
−

t n
+

1)
+

∂
2 U

n+
1

∂
t2

(t
n−

1
−

t n
+

1)
2

2

+
O

“ (t
n−

1
−

t n
+

1)
3”

w
hi

ch
,u

po
n

su
bs

tit
ut

in
g

t n
+

1
−

t n
≡

∆
t n

+
1

an
d

t n
+

1
−

t n
−

1
=

∆
t n

+
1
+

∆
t n

,b
ec

om
es

U
n

=
U

n+
1
−

∂
U

n+
1

∂
t

∆
t n

+
1
+

∂
2 U

n+
1

∂
t2

∆
t2 n+

1

2
−
O

“ ∆
t3 n+

1”

U
n−

1
=

U
n+

1
−

∂
U

n+
1

∂
t

(∆
t n

+
1
+

∆
t n

)
+

∂
2 U

n+
1

∂
t2

(∆
t n

+
1
+

∆
t n

)2

2

−
O

“ (∆
t n

+
1
+

∆
t n

)3”



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ti
m

e
D

is
cr

et
iz

at
io

n

W
hi

ch
ca

n
be

re
w

ri
tte

n
fo

r
∂

U
n+

1
∂

t
as

:

∂
U

n+
1

∂
t

=
U

n+
1

∆
t n

+
1
−

U
n

∆
t n

+
1

+
∂

2 U
n+

1

∂
t2

∆
t n

+
1

2
−
O

“ ∆
t2 n+

1”
(2

0)

∂
U

n+
1

∂
t

=
U

n+
1

∆
t n

+
1
+

∆
t n
−

U
n−

1

∆
t n

+
1
+

∆
t n

+
∂

2 U
n+

1

∂
t2

(∆
t n

+
1
+

∆
t n

)

2

−
O

“ (∆
t n

+
1
+

∆
t n

)2”
(2

1)



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ti
m

e
D

is
cr

et
iz

at
io

n

T
he

fa
m

ili
ar

ba
ck

w
ar

ds
E

ul
er

tim
e

di
sc

re
tiz

at
io

n
fo

llo
w

s
di

re
ct

ly
fr

om
(2

0)
by

re
co

gn
iz

in
g

∂
U

n+
1

∂
t

=
U

n+
1
−

U
n

∆
t n

+
1

+
O

(∆
t n

+
1)

(2
2)

w
hi

ch
pr

ov
id

es
a

fir
st

-o
rd

er
in

tim
e

ap
pr

ox
im

at
io

n
up

on
ne

gl
ec

tin
g

th
e
O

(∆
t n

+
1)

te
rm

.



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ti
m

e
D

is
cr

et
iz

at
io

n

A
lin

ea
rc

om
bi

na
tio

n
of

“ 1
+

∆
t n
+

1
∆

t n

” ×
(2

0)
an

d
−

∆
t n
+

1
∆

t n
×

(2
1)

ca
n

be
us

ed
to

an
ni

hi
la

te
th

e

le
ad

in
g

∂
2 U

n+
1

∂
t2

te
rm

to
cr

ea
te

a
ba

ck
w

ar
ds

,s
ec

on
d-

or
de

ra
cc

ur
at

e
ap

pr
ox

im
at

io
n

to
∂

U
n+

1
∂

t
.

T
hi

s
ap

pr
ox

im
at

io
n,

al
on

g
w

ith
(2

2)
,c

an
be

ge
ne

ra
liz

ed
in

th
e

fo
rm

∂
U

n+
1

∂
t

=
α

tU
n+

1
+

β
tU

n
+

γ
tU

n−
1
+
O

“ ∆
tp n+

1”
(2

3)

to
yi

el
d

ei
th

er
a

fir
st

or
se

co
nd

-o
rd

er
ac

cu
ra

te
sc

he
m

e.
T

he
w

ei
gh

ts
α

t,
β

t,
an

d
γ

t
ar

e
gi

ve
n

be
lo

w
fo

rp
=

1
an

d
p

=
2.

p
α

t
β

t
γ

t

1
1

∆
t n

+
1

−
1

∆
t n

+
1

0

2
−

β
t
−

γ
t
−

[ 1
∆

t n
+

1
+

1
∆

t n

]
∆

t n
+

1
∆

t n
(∆

t n
+

1+
∆

t n
)



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ti
m

e
D

is
cr

et
iz

at
io

n

Ti
m

e
St

ep
Se

le
ct

io
n

T
he

si
m

ul
at

io
n

be
gi

ns
w

ith
th

e
do

m
ai

n
in

iti
al

iz
ed

to
fr

ee
st

re
am

co
nd

iti
on

s
ev

er
yw

he
re

an
d

a
us

er
-s

pe
ci

fie
d

in
iti

al
tim

e
st

ep
∆

t 0
is

us
ed

to
ad

va
nc

e
th

e
so

lu
tio

n.
T

he
tim

e
st

ep
th

en
gr

ow
s

ge
om

et
ri

ca
lly

w
ith

th
e

re
la

tiv
e

ch
an

ge
in

th
e

un
st

ea
dy

re
si

du
al

m
ea

su
re

d
ov

er
k

tim
e

st
ep

s.
E

xp
lic

itl
y,

∆
t̄ n

+
1
=

∆
t n
−

k
m

ax
„» R

n−
k

R
n

– r ,1
«

(2
4)

∆
t n

+
1
=

m
in

(∆
t̄ n

+
1,

∆
t m

ax
)

(2
5)

w
he

re
R

n
≡

‚ ‚∆U n ∆
t

‚ ‚ ∞a
nd

r
=

1.
2

is
th

e
ge

om
et

ri
c

gr
ow

th
ra

te
.T

he
tim

e
st

ep
si

ze
is

up
da

te
d

ev
er

y
k

=
5

tim
e

st
ep

s.

Ty
pi

ca
lly

th
e

m
ax

im
um

al
lo

w
ab

le
tim

e
st

ep
fo

rs
te

ad
y

pr
ob

le
m

s
is

∆
t m

ax
=

1,
w

hi
ch

co
rr

es
po

nd
s

to
th

e
am

ou
nt

of
tim

e
re

qu
ir

ed
fo

ra
fic

tit
io

us
po

in
ti

n
th

e
fr

ee
st

re
am

to
be

co
nv

ec
te

d
on

e
re

fe
re

nc
e

le
ng

th
.



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

L
in

ea
ri

za
tio

n

A
ft

er
te

m
po

ra
l&

sp
at

ia
ld

is
cr

et
iz

at
io

n,
E

qu
at

io
n

(1
3)

ca
n

be
w

ri
tte

n
in

re
si

du
al

fo
rm

fo
rt

he
un

kn
ow

n
no

da
lv

al
ue

s
U

n+
1
≡

U
h
(t

n+
1)

as
th

e
no

nl
in

ea
ra

lg
eb

ra
ic

sy
st

em R
(U

n+
1)

=
0

(2
6)

W
e

se
ek

to
de

fin
e

a
se

qu
en

ce
of

lin
ea

rp
ro

bl
em

s
{ U

l n+
1} th

at
co

nv
er

ge
to

U
n+

1,
th

e
so

lu
tio

n
of

(2
6)

.



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

L
in

ea
ri

za
tio

n

N
ew

to
n

Sc
he

m
e

E
xp

an
di

ng
(2

6)
w

ith
a

Ta
yl

or
se

ri
es

ab
ou

ti
te

ra
te

U
l n+

1
gi

ve
s

R
“ U

l+
1

n+
1” =

R
“ U

l n+
1” +

" ∂
R

` U
l n+

1´
∂

U
n+

1

# δU
l+

1
n+

1
+
O

„ “ δU
l+

1
n+

1” 2«
(2

7)

w
he

re
∂

R
∂

U
is

th
e

Ja
co

bi
an

m
at

ri
x

fo
rt

he
no

nl
in

ea
rs

ys
te

m
an

d
δU

l+
1

n+
1
=

U
l+

1
n+

1
−

U
l n+

1.

Tr
un

ca
tin

g
th

is
ex

pa
ns

io
n

an
d

se
tti

ng
R

` U
l+

1
n+

1´ =
0

yi
el

ds
N

ew
to

n’
s

m
et

ho
d:

0
=

R
“ U

l n+
1” +

" ∂
R

` U
l n+

1´
∂

U
n+

1

# δU
l+

1
n+

1

" ∂
R

` U
l n+

1´
∂

U
n+

1

# δU
l+

1
n+

1
=
−

R
“ U

l n+
1”

(2
8)



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

L
in

ea
ri

za
tio

n

N
ew

to
n

Sc
he

m
e

E
xp

an
di

ng
(2

6)
w

ith
a

Ta
yl

or
se

ri
es

ab
ou

ti
te

ra
te

U
l n+

1
gi

ve
s

R
“ U

l+
1

n+
1” =

R
“ U

l n+
1” +

" ∂
R

` U
l n+

1´
∂

U
n+

1

# δU
l+

1
n+

1
+
O

„ “ δU
l+

1
n+

1” 2«
(2

7)

w
he

re
∂

R
∂

U
is

th
e

Ja
co

bi
an

m
at

ri
x

fo
rt

he
no

nl
in

ea
rs

ys
te

m
an

d
δU

l+
1

n+
1
=

U
l+

1
n+

1
−

U
l n+

1.

Tr
un

ca
tin

g
th

is
ex

pa
ns

io
n

an
d

se
tti

ng
R

` U
l+

1
n+

1´ =
0

yi
el

ds
N

ew
to

n’
s

m
et

ho
d:

0
=

R
“ U

l n+
1” +

" ∂
R

` U
l n+

1´
∂

U
n+

1

# δU
l+

1
n+

1

" ∂
R

` U
l n+

1´
∂

U
n+

1

# δU
l+

1
n+

1
=
−

R
“ U

l n+
1”

(2
8)



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

L
in

ea
ri

za
tio

n

N
ew

to
n

Sc
he

m
e

–
C

om
m

en
ts

N
ew

to
n’

s
m

et
ho

d
ex

hi
bi

ts
se

co
nd

-o
rd

er
co

nd
iti

on
al

co
nv

er
ge

nc
e

E
ve

n
fo

ra
ca

lo
ri

ca
lly

pe
rf

ec
tg

as
,f

ul
lN

ew
to

n
im

pl
em

en
ta

tio
n

is
co

m
pl

ic
at

ed
by

th
e

no
nl

in
ea

rt
ra

ns
po

rt
pr

op
er

tie
s

an
d

co
nv

ec
tiv

e
te

rm
s

A
sy

m
pt

ot
ic

co
nv

er
ge

nc
e

ra
te

is
ra

re
ly

ac
hi

ev
ed

fo
rfl

ow
s

w
ith

st
ro

ng
sh

oc
ks

C
om

pu
ta

tio
na

lc
os

to
ff

ul
l-

N
ew

to
n

m
ay

be
m

iti
ga

te
d

w
ith

an
ap

pr
ox

im
at

e
N

ew
to

n-
K

ry
lo

v
te

ch
ni

qu
e

w
hi

ch
ac

co
un

ts
fo

rt
he

ac
tio

n
of

th
e

Ja
co

bi
an

m
at

ri
x

in
(2

8)
w

ith
ou

te
xp

lic
itl

y
fo

rm
in

g
it

T
hi

s
ap

pr
oa

ch
is

es
pe

ci
al

ly
at

tr
ac

tiv
e

fo
r“

re
al

ga
s”

flo
w

s



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

L
in

ea
ri

za
tio

n

N
ew

to
n-

K
ry

lo
v

Te
ch

ni
qu

es

T
he

re
su

lti
ng

sp
ar

se
im

pl
ic

it
lin

ea
rs

ys
te

m
s

ar
e

am
en

ab
le

to
so

lu
tio

n
w

ith
ite

ra
tiv

e
K

ry
lo

v
su

bs
pa

ce
te

ch
ni

qu
es

T
he

ke
rn

el
op

er
at

io
n

fo
rs

uc
h

m
et

ho
ds

is
th

e
ac

tio
n

of
a

m
at

ri
x-

ve
ct

or
pr

od
uc

t.
T

ha
ti

s,
so

lv
in

g
K

u
=

f

re
qu

ir
es

re
pe

at
ed

co
m

pu
ta

tio
ns

of
w

=
K

v

Fo
rt

he
N

ew
to

n
lin

ea
ri

za
tio

n, » ∂
R

∂
U

– δU
=
−

R
(U

)

an
d

th
e

re
qu

ir
ed

m
at

ri
x-

ve
ct

or
pr

od
uc

ti
s

of
th

e
fo

rm
w

=
ˆ ∂

R
∂

U

˜ v,
w

hi
ch

is
si

m
pl

y
th

e
de

riv
at

iv
e

of
R

in
th

e
di

re
ct

io
n

of
v

T
hi

s
m

ay
be

ap
pr

ox
im

at
ed

vi
a

di
ff

er
en

ci
ng

re
si

du
al

ev
al

ua
tio

ns
,y

ie
ld

in
g

a
so

-c
al

le
d

m
at

ri
x-

fr
ee

m
et

ho
d:

w
=

» ∂
R

∂
U

– v
≈

R
(U

+
εv

)
−

R
(U

)

ε



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Im
pl

ic
it

So
lu

tio
n

St
ra

te
gi

es

Ti
m

e-
m

ar
ch

in
g

to
st

ea
dy

-s
ta

te
is

al
m

os
t

al
w

ay
s

us
ed

fo
rh

ig
h-

sp
ee

d
flo

w
s

Im
pl

ic
it

te
ch

ni
qu

es
re

qu
ir

ed
fo

rv
is

co
us

pr
ob

le
m

s
w

ith
tig

ht
w

al
ls

pa
ci

ng
(a

ls
o

fo
r

st
iff

ch
em

is
tr

y
in

th
e

ca
se

of
no

ne
qu

ili
br

iu
m

)

Fo
rs

te
ad

y
pr

ob
le

m
s,

at
ea

ch
tim

e
st

ep
th

e
re

su
lti

ng
no

nl
in

ea
rp

ro
bl

em
is

us
ua

lly
so

lv
ed

on
ly

ap
pr

ox
im

at
el

y
(u

su
al

ly
1

N
ew

to
n

st
ep

)

D
O

F
co

up
lin

g
de

fin
ed

vi
a

st
an

da
rd

fin
ite

el
em

en
tb

as
is

fu
nc

tio
n

su
pp

or
td

et
er

m
in

es
sp

ar
se

m
at

ri
x

st
ru

ct
ur

e

M
at

ri
x-

fr
ee

G
M

R
E

S
w

ith
bl

oc
k-

di
ag

on
al

pr
ec

on
di

tio
ni

ng
us

ed
in

ea
rl

ie
rw

or
k

[5
]

T
hi

s
w

or
k

us
es

m
at

ri
x

&
m

at
ri

x-
fr

ee
G

M
R

E
S

w
ith

fu
ll

IL
U

-0
pr

ec
on

di
tio

ni
ng

–
lin

ea
ri

za
tio

n
is

im
po

rt
an

t

Ti
m

e
St

ep

ResidualNorm

0
25

50
75

10
0

12
5

15
0

17
5

20
0

10
-1

2

10
-1

0

10
-8

10
-6

10
-4

10
-2

Fr
oz

en
Co

ef
fic

ie
nt

Ja
co

bi
an

Co
ns

ist
en

tJ
ac

ob
ia

n

In
flu

en
ce

of
lin

ea
ri

za
tio

n
st

ra
te

gy
on

ite
ra

tiv
e

co
nv

er
ge

nc
e

fo
rM

ac
h

3
flo

w
ov

er
a

cy
lin

de
r



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

H
yp

er
so

ni
c

A
er

ot
he

rm
od

yn
am

ic
s

–
A

pp
lic

at
io

n
St

ud
ie

s



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ty
pe

IV
Sh

oc
k

In
te

ra
ct

io
n

T
he

X
-1

5
E

xp
er

ie
nc

e



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ty
pe

IV
Sh

oc
k

In
te

ra
ct

io
n

E
dn

ey
’s

Ty
pe

IV
In

te
ra

ct
io

n
Pa

tte
rn

[1
0]



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ty
pe

IV
Sh

oc
k

In
te

ra
ct

io
n

A
n

ex
pe

ri
m

en
ta

lt
es

tp
ro

gr
am

w
as

co
nd

uc
te

d
in

19
98

by
Fr

an
ce

’s
O

ffi
ce

N
at

io
na

ld
‘E

tu
de

s
et

de
R

ec
he

rc
he

s
A

ér
os

pa
tia

le
s

(O
N

E
R

A
)t

o
in

ve
st

ig
at

e
sh

oc
k-

sh
oc

k
in

te
ra

ct
io

ns
pr

od
uc

ed
by

an
ob

liq
ue

sh
oc

k
im

pi
ng

in
g

on
th

e
bo

w
sh

oc
k

of
a

cy
lin

de
r[

11
].

T
hi

s
co

nfi
gu

ra
tio

n
is

ex
am

in
ed

he
re

to
as

se
ss

th
e

qu
al

ity
of

su
rf

ac
e

he
at

tr
an

sf
er

pr
ed

ic
tio

ns
.

y

x

53
 m

m

10
2 

m
m

R
 =

 8
 m

m

20
o

10
0 

m
m

M
 =

 1
0

T
 =

 5
2.

5 
K

Fl
ow

R
e/

m
 =

 1
66

,0
00



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ty
pe

IV
Sh

oc
k

In
te

ra
ct

io
n

St
at

ic
te

m
pe

ra
tu

re
co

nt
ou

rs

21 20 19 18 17 16 15 14 13 12 11 10 9 8 7 6 5 4 3 2

T/
T ∞



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ty
pe

IV
Sh

oc
k

In
te

ra
ct

io
n

x,
m

y,m

-0
.0

15
-0

.0
1

-0
.0

05
0

0.
00

5
-0

.0
12

-0
.0

1

-0
.0

08

-0
.0

06

-0
.0

04

-0
.0

020

0.
00

2

0.
00

4

0.
00

6

0.
00

8
9.

5
8.

5
7.

5
6.

5
5.

5
4.

5
3.

5
2.

5
1.

5
0.

5

M

x,
m

y,m

-0
.0

15
-0

.0
1

-0
.0

05
0

0.
00

5
-0

.0
12

-0
.0

1

-0
.0

08

-0
.0

06

-0
.0

04

-0
.0

020

0.
00

2

0.
00

4

0.
00

6

0.
00

8
20

.0
18

.0
16

.0
14

.0
12

.0
10

.0 8.
0

6.
0

4.
0

2.
0

T/
T ∞



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ty
pe

IV
Sh

oc
k

In
te

ra
ct

io
n

x
(m

)

NondimensionalStaticTemperature(T/T∞)

NondimensionalDensity(ρ/ρ∞)

-0
.0

16
-0

.0
14

-0
.0

12
-0

.0
1

-0
.0

08
-0

.0
06

-0
.0

04
-0

.0
02

0
04812162024

04812162024

Te
m

pe
ra

tu
re

D
es

ni
ty

y=
-2

m
m

Te
m

pe
ra

tu
re

Co
nt

ou
rs

x
(m

)

NondimensionalStaticTemperature(T/T∞)

NondimensionalDensity(ρ/ρ∞)

-0
.0

12
-0

.0
1

-0
.0

08
-0

.0
06

-0
.0

04
-0

.0
02

0
0.

00
2

036912151821

02040608010
0

12
0

14
0

Te
m

pe
ra

tu
re

D
es

ni
ty

y=
-4

m
m

Te
m

pe
ra

tu
re

Co
nt

ou
rs

x
(m

)

NondimensionalStaticTemperature(T/T∞)

NondimensionalDensity(ρ/ρ∞)
-0

.0
08

-0
.0

07
-0

.0
06

-0
.0

05
-0

.0
04

-0
.0

03
-0

.0
02

-0
.0

01
0

0.
00

1
0.

00
2

036912151821

05101520253035

Te
m

pe
ra

tu
re

D
es

ni
ty

y=
-5

m
m

Te
m

pe
ra

tu
re

Co
nt

ou
rs



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Ty
pe

IV
Sh

oc
k

In
te

ra
ct

io
n

θ
(d

eg
re

es
)

NormalizedSurfacePressure(P/Pc,s)

NormalizedHeatTransfer(q/qc,s)

-9
0

-7
5

-6
0

-4
5

-3
0

-1
5

0
15

30
45

60
75

90
012345678910

012345678910

Co
m

pu
te

d
Pr

es
su

re
Ra

tio
Co

m
pu

te
d

H
ea

tT
ra

ns
fe

rR
at

io
M

ea
su

re
d

Pr
es

su
re

Ra
tio

M
ea

su
re

d
H

ea
tT

ra
ns

fe
rR

at
io



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Fo
rw

ar
d-

Fa
ci

ng
C

av
ity

H
yp

er
so

ni
c

flo
w

ov
er

a
m

is
si

le
no

se
tip

w
ith

a
fo

rw
ar

d
fa

ci
ng

ca
vi

ty
ha

s
be

en
ob

se
rv

ed
to

ex
hi

bi
tt

ra
ns

ie
nt

flo
w

fie
ld

re
sp

on
se

in
bo

th
ex

pe
ri

m
en

ta
li

nv
es

tig
at

io
ns

an
d

nu
m

er
ic

al
si

m
ul

at
io

ns
[1

2,
13

].
T

he
flo

w
fie

ld
re

sp
on

se
ch

ar
ac

te
ri

st
ic

s
ar

e
la

rg
el

y
dr

iv
en

by
th

e
ca

vi
ty

le
ng

th
-t

o-
di

am
et

er
ra

tio
(L

/D
).

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

�
�

L
D

Ce
nt

er
lin

e

E
xp

er
im

en
ta

ls
tu

di
es

in
co

nv
en

tio
na

lt
un

ne
ls

re
po

rt
os

ci
lla

to
ry

re
sp

on
se

ev
en

fo
rr

el
at

iv
el

y

sh
al

lo
w

ca
vi

tie
s,

su
gg

es
tin

g
a

th
re

sh
ol

d
L

/D
of

0.
4.

N
um

er
ic

al
si

m
ul

at
io

ns
pr

ed
ic

ta
hi

gh
er

th
re

sh
ol

d
L

/D
of
≈

1.
25

.S
ub

se
qu

en
ts

tu
di

es
in

a
qu

ie
tw

in
d

tu
nn

el
ve

ri
fy

th
e

co
m

pu
ta

tio
na

l

re
su

lts
,i

nd
ic

at
in

g
fr

ee
st

re
am

no
is

e
is

th
e

m
ec

ha
ni

sm
fo

rd
riv

in
g

un
st

ea
dy

re
sp

on
se

in
sh

al
lo

w

ca
vi

tie
s

[1
4]

.



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Fo
rw

ar
d-

Fa
ci

ng
C

av
ity


P_small.avi
Media File (video/avi)



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Fo
rw

ar
d-

Fa
ci

ng
C

av
ity


T_small.avi
Media File (video/avi)



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

Fo
rw

ar
d-

Fa
ci

ng
C

av
ity

C
av

ity
ba

se
pr

es
su

re
ve

rs
us

tim
e

fo
ra

se
ri

es
of

si
m

ul
at

io
ns

us
ed

to
as

se
ss

tim
e

co
nv

er
ge

nc
e.

Fo
rC

FL
m

ax
=

20
×

10
3

th
er

e
ar

e
≈

20
0

tim
e

st
ep

s
pe

ro
sc

ill
at

io
n

cy
cl

e.

Ch
ar

ac
te

ris
tic

Ti
m

e,
t=

t d
×

(U
∞
/D

N
)

NondimensionalCavityBasePressure,P/ρ∞U∞
2

0
50

10
0

15
0

20
0

25
0

30
0

35
0

40
0

45
0

0.
00

0.
25

0.
50

0.
75

1.
00

1.
25

1.
50

1.
75

2.
00

CF
L m

ax
=2

0×
10

3 ,∆
t=

4.
0×

10
-2

≈8

CF
L m

ax
=

4×
10

3 ,∆
t=

7.
8×

10
-3

CF
L m

ax
=

8×
10

3 ,∆
t=

1.
6×

10
-2

CF
L m

ax
=1

2×
10

3 ,∆
t=

2.
4×

10
-2

CF
L m

ax
=1

6×
10

3 ,∆
t=

3.
1×

10
-2



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

B
ac

kg
ro

un
d

A
sh

ar
p

25
◦
–5

5◦
do

ub
le

co
ne

w
as

te
st

ed
in

N
2

at
C

U
B

R
C

It
w

as
di

sc
ov

er
ed

th
at

fr
ee

st
re

am
vi

br
at

io
na

ln
on

eq
ui

lib
ri

um
m

us
tb

e
pr

op
er

ly
m

od
el

ed
fo

rC
FD

to
m

at
ch

ex
pe

ri
m

en
t[

15
]

T
he

A
E

D
C

H
yp

er
ve

lo
ci

ty
W

in
d

Tu
nn

el
N

o.
9

al
so

us
es

N
2

as
its

te
st

ga
s

A
se

ri
es

of
te

st
s

w
er

e
co

nd
uc

te
d

at
A

E
D

C
us

in
g

th
e

sa
m

e
m

od
el

to
in

ve
st

ig
at

e
th

e
pr

es
en

ce
of

vi
br

at
io

na
ln

on
eq

ui
lib

ri
um

in
th

e
fr

ee
st

re
am

[1
6]



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

O
bs

er
va

tio
ns

Fo
ur

R
ey

no
ld

s
nu

m
be

rs
w

er
e

te
st

ed
in

th
e

no
m

in
al

ly
M

ac
h

14
no

zz
le

N
o

ap
pr

ec
ia

bl
e

vi
br

at
io

na
ln

on
eq

ui
lib

ri
um

ef
fe

ct
s

ob
se

rv
ed

H
ig

hl
y

un
st

ea
dy

flo
w

ob
se

rv
ed

fo
ra

ll
R

ey
no

ld
s

nu
m

be
rs

te
st

ed

Fo
ra

un
if

or
m

fr
ee

st
re

am
,C

FD
pr

ed
ic

ts
st

ea
dy

flo
w

fo
rt

he
tw

o
lo

w
es

t
R

ey
no

ld
s

nu
m

be
rs

R
un

28
90

28
91

28
93

28
94

M
∞

13
.6

13
.1

7
12

.7
3

12
.6

3

R
e D

1.
12
×

10
6

4.
11
×

10
5

8.
44
×

10
4

5.
86
×

10
4

ρ
∞

7.
81
×

10
−

3
2.

96
×

10
−

3
5.

90
×

10
−

4
3.

98
×

10
−

4
kg
/m

3

U
∞

20
06

.6
19

49
.8

17
63

.5
16

82
.6

m
/se

c

T
∞

52
.3

52
.7

46
.1

42
.7

K



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

St
ea

dy
st

at
es

,r
un

s
28

93
an

d
28

94



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

Ti
m

e
C

on
ve

rg
en

ce
,r

un
28

94

Ti
m

eS
te

p

NormalizedTransientResidual,∂U/∂t∞,andTimeStepSize,∆t

0
50

10
0

15
0

20
0

25
0

30
0

10
-9

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

10
0

U
ni

fo
rm

ly
Re

fin
ed

M
es

h

Ba
se

lin
eM

es
h

M
∞

=
12

.6
3

Re
D
=

58
,6

00



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

H
ig

h
sp

ee
d

sc
hl

ie
re

n,
ru

n
28

90


run2890.avi
Media File (video/avi)



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

C
om

pu
te

d
sc

hl
ie

re
n,

ru
n

28
90


Schlieren_run2890.avi
Media File (video/avi)



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

Po
ss

ib
le

M
ec

ha
ni

sm
fo

rO
bs

er
ve

d
U

ns
te

ad
in

es
s

Fo
ra

un
if

or
m

in
flo

w
,C

FD
co

nv
er

ge
s

to
a

st
ea

dy
–s

ta
te

fo
rt

he
tw

o
lo

w
es

tR
ey

no
ld

s
nu

m
be

rs
te

st
ed

T
hi

s
is

in
co

nt
ra

st
to

th
e

ex
pe

ri
m

en
ta

lr
es

ul
ts

M
y

co
nj

ec
tu

re
is

th
at

fr
ee

st
re

am
no

is
e

dr
iv

es
th

e
un

st
ea

dy
be

ha
vi

or
at

th
es

e
lo

w
R

ey
no

ld
s

nu
m

be
r

R
em

ai
ni

ng
an

al
ys

is
is

fo
cu

se
d

on
te

st
in

g
th

is
th

eo
ry



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

N
oi

se
C

ha
ra

ct
er

iz
at

io
n

[1
7]



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

N
oi

se
C

ha
ra

ct
er

iz
at

io
n

[1
7]



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

R
es

ul
ts

–
Fl

ow
fie

ld


Schlieren_run2864.avi
Media File (video/avi)



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

R
es

ul
ts

–
Su

rf
ac

e
Pr

es
su

re

(x
/D

)
0

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

N
or

m
al

iz
ed

D
ist

an
ce

Fr
om

Co
ne

A
pe

x,
x/

D

PressureCoefficient,Cp

0
0.

1
0.

2
0.

3
0.

4
0.

5
0.

6
0.

7
0.

0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

3.
5

4.
0


Cp_run2864.avi
Media File (video/avi)



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

25
kH

z,
6%

R
M

S
Pi

to
tP

re
ss

ur
e

Fl
uc

tu
at

io
n

N
or

m
al

iz
ed

D
ist

an
ce

Fr
om

Co
ne

A
pe

x,
x/

D

PressureCoefficient,Cp

0.
1

0.
2

0.
3

0.
4

0.
5

0.
6

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

3.
5

-2
σ

+2
σ

N
on

di
m

en
sio

na
lD

ist
an

ce
Fr

om
Co

ne
A

pe
x,

x/
D

StantonNumber

0.
1

0.
15

0.
2

0.
25

0.
3

0.
35

0.
4

0.
45

0.
5

0.
55

0.
6

-0
.0

2

0.
00

0.
02

0.
04

0.
06

0.
08

0.
10

0.
12

0.
14

0.
16

0.
18

-2
σ

+2
σ



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

A
E

D
C

Sh
ar

p
D

ou
bl

e
C

on
e

Fr
eq

ue
nc

y
In

flu
en

ce

N
or

m
al

iz
ed

D
ist

an
ce

Fr
om

Co
ne

A
pe

x,
x/

D

PressureCoefficient,Cp

0.
2

0.
3

0.
4

0.
5

0.
6

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

3.
5

50
kH

z

6.
5

kH
z

13
kH

z
25

kH
z



O
ut

lin
e

In
tr

od
uc

tio
n

SU
PG

FE
M

A
pp

lic
at

io
ns

B
ib

lio
gr

ap
hy

[1
]J

.C
.T

an
ne

hi
ll,

D
.A

.A
nd

er
so

n,
an

d
R

.H
.P

le
tc

he
r.

C
om

pu
ta

tio
na

lF
lu

id
M

ec
ha

ni
cs

an
d

H
ea

tT
ra

ns
fe

r.
Ta

yl
or

&
Fr

an
ci

s,
W

as
hi

ng
to

n,
D

.C
.,

2nd
ed

iti
on

,1
99

7.

[2
]R

on
al

d
L

.P
an

to
n.

In
co

m
pr

es
si

bl
e

F
lo

w
.

Jo
hn

W
ile

y
&

So
ns

,2
nd

ed
iti

on
,1

99
6.

[3
]G

.H
au

ke
an

d
T.

J.
R

.H
ug

he
s.

A
co

m
pa

ra
tiv

e
st

ud
y

of
di

ff
er

en
ts

et
s

of
va

ri
ab

le
s

fo
rs

ol
vi

ng
co

m
pr

es
si

bl
e

an
d

in
co

m
pr

es
si

bl
e

flo
w

s.
C

om
pu

te
r

M
et

ho
ds

in
A

pp
lie

d
M

ec
ha

ni
cs

an
d

E
ng

in
ee

ri
ng

,1
53

:1
–4

4,
19

98
.

[4
]G

.J
.L

eB
ea

u.
T

he
fin

ite
el

em
en

tc
om

pu
ta

tio
n

of
co

m
pr

es
si

bl
e

flo
w

s.
M

as
te

r’
s

th
es

is
,T

he
U

ni
ve

rs
ity

of
M

in
ne

so
ta

,1
99

0.

[5
]S

.K
.A

lia
ba

di
.

Pa
ra

lle
lF

in
ite

E
le

m
en

tC
om

pu
ta

tio
ns

in
A

er
os

pa
ce

A
pp

lic
at

io
ns

.
Ph

D
th

es
is

,T
he

U
ni

ve
rs

ity
of

M
in

ne
so

ta
,1

99
4.

[6
]S

.K
.A

lia
ba

di
an

d
T.

E
.T

ez
du

ya
r.

Pa
ra

lle
lF

lu
id

D
yn

am
ic

s
C

om
pu

ta
tio

ns
in

A
er

os
pa

ce
A

pp
lic

at
io

ns
.

In
te

rn
at

io
na

lJ
ou

rn
al

fo
r

N
um

er
ic

al
M

et
ho

ds
in

F
lu

id
s,

21
:7

83
–8

05
,1

99
5.

[7
]T

.J
.R

.H
ug

he
s

an
d

M
.M

al
le

t.
A

ne
w

fin
ite

el
em

en
tf

or
m

ul
at

io
n

fo
rc

om
pu

ta
tio

na
lfl

ui
d

dy
na

m
ic

s:
IV

.a
di

sc
on

tin
ui

ty
op

er
at

or
fo

rm
ul

tid
im

en
si

on
al

ad
ve

ct
iv

e–
di

ff
us

iv
e

sy
st

em
s.

C
om

pu
te

r
M

et
ho

ds
in

A
pp

lie
d

M
ec

ha
ni

cs
an

d
E

ng
in

ee
ri

ng
,5

8:
32

9–
33

6,
19

86
.

[8
]F

ar
zi

n
Sh

ak
ib

,T
ho

m
as

J.
R

.H
ug

he
s,

an
d

Z
de

ně
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