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ABSTRACT

The finite element method (FEM) is a numerical algorithm for solving second
order differential equations. It has been successfully used to solve many problems in
atomic and molecular physics, including bound state and scattering calculations. To
illustrate the diversity of the method, we present here details of two applications. First,

we calculate the non-adiabatic dipole polarizability of H; by directly solving the first

and second order equations of perturbation theory with FEM. In the second application,
we calculate the scattering amplitude for e-H scattering (without partial wave analysis) by

reducing the Schrodinger equation to set of integro-differential equations, which are then
solved with FEM.

I. INTRODUCTION

The finite element method (FEM) is a powerful numerical tool for solving
differential equations, including eigenvalue problems [1]. FEM utilizes a piecewise
interpolation scheme, in which the unknown function is approximated locally by a simple
polynomial. Although the method was originally developed to solve problems in
structural mechanics, Frank Levin was one of the first to recognize that FEM could be
used to study few-body systems [2]. For bound states, FEM has been used to calculate to
high accuracy the energy and structure of three-body Coulomb systems with arbitrary
masses [3]. Another important application is the study of atoms and molecules in strong
external fields [4]; when the wave function is strongly distorted, the piecewise
interpolation approach is often superior to standard hydrogenic or Gaussian basis set
expansion. FEM can also be used to study collisions, where the complicated boundary
conditions associated with scattering can be treated in a straightforward fashion.
Accurate phase shifts and inelastic cross sections have been calculated for e-H collisions
for 0 < L <3 [5]. For the Temkin-Drachman Retirement Symposium, I have selected
two FEM examples which reflect the research interests of the honorees.

Richard Drachman has contributed greatly to our understanding of long-range
interactions. In his series of papers on the Rydberg states of Helium [6] and Lithium [7],
he has provided a rigorous theoretical description for Rydberg atoms based on an
effective polarization potential. An important extension of this work has been the
formulation of an effective polarization potential for the Rydberg electron of H,;

microwave spectroscopy of high Rydberg states provided a mechanism for determining
the multipole moments of the ionic core, including the static dipole polarizability [8].
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The measurement of «, for H, motivated several groups (including Drachman and

Bhatia [9]), to calculate the polarizability of H; without invoking the Born-
Oppenheimer approximation. In section II, we present a description of a FEM
calculation of the dipole polarizability of H .

Aaron Temkin’s contributions to scattering theory have had a major and lasting
impact on the field. With his method of polarized orbitals [10], he was the first to include
the effects of polarization and exchange in the ansatz for the wavefunction. In 1962, he
introduced the now famous Temkin-Poet model [11]. For the past eight years, I have had
the privilege to collaborate with Aaron, pursuing a new approach to scattering that does
not use partial wave analysis. The scattering amplitude is calculated directly by solving a
set of coupled integro-differential equations. Section III summaries our progress to date
and outlines our plans for the future. Atomic units are used throughout.

II. NONADIABATIC DIPOLE POLARIZABILITY OF H;

In the late 90’s, experiments on the Rydberg states of H, provided a mechanism
for determining the static dipole polarizabiltiy of H; to high precision [8]. At that time,
the only theoretical calculation for @, employed the Born-Oppenheimer approximation
[12]. Given the accuracy of the new results, it was not surprising that there was a
discrepancy between the experimental value , =3.1681(7) and the theoretical value
a°=3.1713 on the order of m, /m ,- This breakdown of the Born-Oppenheimer

approximation motivated several groups to attempt a non-adiabatic calculation of the
dipole polarizability.

The static dipole polarizability «, is defined in terms of the second order
correction to the energy due to the presence of an external electric field & :

E® = —%05582 - <‘P(')(F,R) [((1+8)e-F| ‘P(O)(F,R)> @)

(2m,+2)

where (1+J) = 3,55 - In the variational approach, the first order correction to the wave
P

function is expanded in a basis set that includes nuclear and electronic states. Using
FEM, one can solve directly the first and second order equations of perturbation theory
[13]. The first step is to carry out the frame transformation that reduces the number of
variables in the problem.

Frame transformation

In the space-fixed laboratory frame (x', y',z"), the electric field is aligned with

the z'-axis (see Fig. 1). After separating out the center-of mass motion, the (field-free)
Hamiltonian for the relative motion is given by
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Figure 1. Hj in the space-fixed (laboratory frame). £ indicates the direction of the
external electric field.

_ 1 2 l 1 2 v -
H = 2,uVR (2+ ﬂ}V,+V(R,r) Q)
where
V(RF) = m o 3
R |F+%]| [F-%]
and u=m,/2.

The vector R lies along the internuclear axis and 7 is the vector from the center of the
internuclear axis to the electron. The Hamiltonian commutes with L* and.L, and in

general, the non-adiabatic wave function W(L, M';r, R) depends on all six coordinates.

To simplify the problem, we perform a rotation R(P',®',0) which leaves the
internuclear axis aligned with the new z-axis. It appears that we have eliminated two
degrees of freedom, since the wave function is now a function of only 7 and R. But
there is a price to pay for this frame transformation. The Hamiltonian does not commute
with L_; M is not a good quantum number and the Hamiltonian is not diagonal in the
basis spanned by the eigenstates of L* and L_. The electric field, which appears in the
matrix element of Eq. (1), is now a function of the Euler angles

E=¢g(-sin®' X + cos®'Z). 4)
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Figure 2. H," in the body-fixed frame. £ indicates the direction of the external
electric field.

Despite these complications, it is still desirable to work in the body-fixed frame.
Ultimately, we must reduce the problem to a solution of a set of differential equations in
three variables if we are to apply the FEM.

The space-fixed wave function (with ‘good’ quantum numbers L, M) is a linear
combination of the body-fixed wave functions,

- L
Y. (L,M';7,R) = ZD,@M,(Q)', 0'.0)¥,- (L, M;7r,R) ©))
M=1L

where Dj,,, (®',0',0) are the coefficients of the irreducible representation associated
with the rotation R(®',®',0). The Hamiltonian in the body-fixed frame is given by

1 1 11 1
H=—|pi+—\U+L -2 -L L ~L, L )|+|=+—| p>+—=L|+V(F,R) (6
2/1 [pR Rz ( e z e—"+ e+ —) 2 8/1 pr }"2 e ( ) ( )

where

LY, . (L,M;r,R)= JL(L +1) - MM 1)V, (L,M £1;7,R). @)
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Perturbation Theory

We now return to the evaluation of the matrix element in Eq. (1). It is clear that
we must start in the space-fixed frame, where the ‘good’ quantum numbers associated
with the unperturbed ground state are L =0 and M'=0; from the Wigner-Eckart

theorem, we know that the first order correction to the wave function must be a state with
L =1and M'=0. Therefore, we re-express Eq. (1) more precisely as

E? =—ta,e’ =(YQ(L0;7,R) |(1+8) & -F| ¥ (0,07, R)) (®)

where W{ and () are found by solving the zeroth and first order equations of
perturbation theory:

HYL(0,0;7,R) = E“PY(0,0;7 R) (9a)

(H-E)Y( 1,0;7,R)=—(1+5) & -F ¥ (1,0 7,R). (9b)
For the special case L =0, M'= 0, there is a one-to-one correspondence between
the space-fixed wave function and the body-fixed wave function
P (0,0;7,R) = P2 (0,0;7,R). (10)
The body-fixed Hamiltonian is diagonal since L,¥\» (0,0;7, R)=0. Furthermore, the

wave function is independent of the electronic azimuthal angle ¢, and the resultant
differential equation (in three variables)

{L[p,i +%L§]+(l+ ZJ[pf +%L§}+ V(?,R)—E“”} w2(0,0;7,6,R)=0 (11)
r

can be solved with FEM for the ground state energy and wave function. We obtained
E =-0.597 139 055(8).

In order to obtain the first order correction to the wave function, we need to solve
Eq. (9b) by transforming it to the body-fixed frame. The zeroth order wave function

¥ is given by Eq. (10) and the dipole interaction is given by

£-F=¢€r(cos® cosf —sin®'sin & cos ). (2
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Using Egq. (5), the first order correction to the wave function P{; is re-expressed in the
body-fixed frame as

¥ (1,0;7, R) = cos®' Wy (1,0;7, R) + §5sin @ [WL (LI, 7, R) - W5 (1-1,7,R)]s  (13)

the (body-fixed) Hamiltonian is given by Eq. (6).

The resultant coupled equations depend on the five variables ®',r,6,¢ and
R . Equating terms that multiply cos®' and sin®', we can eliminate the dependence on
the Euler angle ®'. We are left with three coupled differential equations for the body-
fixed wave functions ‘I’fg}) (L,M;7,R), M =0,£1. The dependence on the electronic

azimuthal angle ¢ can be obtained analytically; one can show that the wave functions
must be of the form

¥ (1,0;7,R)=¢ f(r,0,R) (14a)

i (LEL7,R) = £ £ g(r,0,R) e™ | (14b)

Thus we have reduced the problem to a set of two coupled equations in three variables:

[HOO —-E© lf(r,H,R) +#(%+ cotH)g(r,H,R) =-rcos@ ¥\ (r,6,R) (153)
H,-E®+ ~1—+—1—+~—1—— ! g(r,0,R)+ L if(r,H,R)=rsin9‘I’f;,’,’(r,H,R) (15b)
2uR*  2r* 8ur’ )sin’ 6 UR* 06
where
1 , 1, 5 1 1 , 1 5 : R 16
HMM :Z pR+F(Le+2 M,O) + E+@ D, +r—2Le +V(r, ) ( )

Egs. (15a) and (15b) are solved with FEM. Once we know f(r,60,¢) and g(r,0,¢) we
can construct the first order correction to the wave function and evaluate the matrix
element of Eq. (8) to determiner «,.

In Table I, we compare the FEM value of «, with the experimental value and
several variational calculations; also included is the Born-Oppenheimer result. It is
interesting to note that there remains a discrepancy between the theoretical and
experimental value of «, , that cannot be accounted for by relativistic corrections.
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TABLE I. Experimental and theoretical values for the dipole-polarizability of H; .

Author (year) Ref. a,

Bishop and Lamb (1988) Born-Oppenheimer | [12] | 3.1713

Jacobson et. al (1997) Experiment [8] |3.168 1(7)
Shertzer and Greene (1998) [13] | 3.168 2(4)
Bhatia and Drachman (1999) [9] |3.168 ()j:%(')’l‘
Taylor et al. (1999) [14] | 3.168 725 6(1)
Moss (1999) [15] ] 3.168 726
Jacobson et al. (2000) Experiment [16] | 3.167 96(15)
Korobov (2001) [17] | 3.168 725 76
Hilico et al. (2001) [18] | 3.168 725 803(1)
Yan et al. (2003) [19] | 3.168 725 802 67(1)

DIRECT CALCULATION OF THE SCATTERING AMPLITUDE

We present here a new approach to scattering which does not use partial wave
analysis [20]. The basic idea is to reduce the Schrédinger equation to a set of coupled
integro-differential equations that can be solved with FEM for the scattering wave
function. The wave function is then used in the integral expression for the scattering
amplitude.

e-H Scattering (static approximation with exchange)

Our first application is electron-hydrogen scattering in the static approximation
(with exchange). The trial wave function is given by

¥ (7, 5) =vi (DA, () £y (B)d, (1), (17)

where y (7) is an unknown function. We require that the wave function satisfy the

Schrodinger equation for the two-electron system subject to the asymptotic boundary
condition
ikr

Vi) = e+ fE(0)— (18)

as r > . Projecting the Schrodinger equation onto ¢, (7,), we have

<¢]s (rZ)

Vf+\7§+£+£—i+k2—l
h h h

‘I’f(ﬁ,é)>=0 (19)
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Carrying out the integration over the coordinates of the second electron, we are left with a
integro-differential equation for the unknown function y/; :

=2

1

V2 47+ Rt () & D4, O 1w+ 6,008,

wi)=0. (20)
where V(r)=2e" (1+1).

Although FEM can be applied to integro-differential equations, the last term

=2
=1

(4,

each value of 7. This is computationally prohibitive. To eliminate this problem, we
introduce a new function

y/,f> is problematic because it involves a numerical integration over d’r' for

a(®) =g, |7 lvi) @)
which satisfies
Vi (F) =814, (r)y; () (22)
subject to the boundary condition

+ = - 2 +
ot (F) > —=(¢, lvi) 23)
r -
as r > . Eq. (20) is now replaced by two coupled integro-differential equations

V2 v+ Rl £ g B EE +D ), 1wi) =0

v o 24
Vi (¥) - 8xg (rw, (¥) =0

which are solved with FEM. The solution yields v, (r,6), & (r,0) and f(6) (where
we have assumed azimuthal symmetry).

In general, the scattering amplitude obtained directly from the FEM calculation is
not accurate unless the FEM grid is very large (r,,, — o). The results are sensitive to

the accuracy of the wave function on the boundary, where it is highly oscillatory.

Integral formula for the scattering amplitude

In order to reduce the computational effort and improve the accuracy of the
scattering amplitude, we employ the integral formula for f,"(6) given by

@)= [* mm[—i v i] W) dr d'r, . 25)
4 ror

1 12
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Figure 1. Results for | £, (8) |’ obtained with FEM are compared with fully converged
partial wave results.

Using the ansatz of Eq. (17), we have

f2O) == je-"’?'wls(rz)[——fwi} i (r.6) 8,(2) £ i (5, 6,) 4, () )d . 26)

h,

The accuracy of f;"(6) now depends on how well the wave function y; (r,8) is

represented in the interaction region. In general, the integral expression is not
particularly useful because it involves a six dimensional integration. However, using our

definition for & (r,8), we can analytically integrate over four of the six variable to
obtain

ff(é’):%j-.lo(kr'sinﬁ'siné’) e-"*"°°5"'°°s9[V My, (r,0Nt4,(r") e, (r,0") ]sine'r'2 dr'dé’

i%jﬂs(”)‘//:(f’e')sme'rd drdd’. (27)
k™ +1
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Figure 2. Results for | £, (0) | obtained with FEM are compared with fully converged
partial wave results.

The final integration is done numerically.

Using the integral formula, we can obtain extremely accurate and stable results
with relatively little computational effort. Unlike partial wave analysis, the
computational effort is independent of energy. In Figs. (1) and (2), we compare our
results with a fully converged partial wave calculation [21] for the elastic scattering
amplitude for e-H in the static approximation (with exchange).

In order to extend this analysis beyond the static exchange approximation, we
need to include correlation in the wave function, via an explicit dependence on cos &,,.

Eventually we plan to include excitation channels in order to obtain the inelastic cross
sections.




Symposium on Atomic & Molecular Physics

ACKNOWLEDGMENTS

I am deeply indebted to Aaron, Dick and Anand for all their guidance and
encouragement over the past two decades. I never hesitated to ask them questions, and
they never hesitated to provide the answers. I have learned atomic physics from the
masters.

REFERENCES

[1] K. J. Bathe, Finite Element Procedures in Engineering Analysis (Prentice-Hall,
Englewood Cliffs, 1982).

[2] W.K. Ford and F.S. Levin, Phys. Rev. A 29, 43 (1984); F.S. Levin and J. Shertzer,
Phys. Rev. A 32, 3285 (1985); Phys. Rev. Lett. 61, 1089 (1988); R. Kozack and F.S.
Levin, Phys. Rev. C 36, 883 (1987).

[3]J. Ackermann and J. Shertzer, Phys. Rev. A 54, 365 (1996); J.F. Babb and Shertzer,
Chem. Phys. Letts. 189, 287 (1992).

[4] J. Shertzer, Phys. Rev. A 39, 3833 (1989); J. Shertzer, A. Chandler, and M. Gavrila,
Phys. Rev. Lett. 73,2039 (1994); J. Ackermann, J. Shertzer, and P. Schmelcher, Phys.
Rev. Letts. 78, 199 (1997).

[5]7. Botero and J. Shertzer, Phys. Rev. A 46, R1155 (1992); J. Shertzer and J. Botero,
Phys. Rev. A 49, 3673 (1994).

[6] R. J. Drachman, Phys. Rev. A 26, 1228 (1982); 31, 1253 (1985); 33, 2780 (1986); 37,
979 (1988); 47, 694 (1993).

[7] R. J. Drachman, Phys. Rev. A 46, 5389 (1992); 51, 2926 (1995); 55, 1842 (1997).
[8] W.G. Sturrus, E.A. Hessels, P.W. Arcuni, and S.R. Lundeen, Phys. Rev. 38, 135
(1988); 44,3032 (1991); P.L. Jacobson, D.S. Fisher, C.W. Fehrenback, W.G. Sturrus,
and S.R. Lundeen, Phys. Rev. A 56, R4361 (1997); 57, 4065(E) (1998).

[9] A.K. Bhatia and R.J. Drachman, Phys. Rev. A 59, 205 (1999).

[10] A. Temkin, Phys. Rev. 107, 1004 (1957); A. Temkin and C.J. Lamkin, Phys. Rev.
121, 788 (1961).

[11] A. Temkin, Phys. Rev. A 126, 130 (1962); R. Poet, J. Phys. B 11, 3081 (1978).
[12] D.M. Bishop and B. Lam, Mol. Phys. 65, 679 (1988).

[13] J. Shertzer and C.H. Greene, Phys. Rev. A 58, 1082 (1998).

101



Symposium on Atomic & Molecular Physics

[14] JM. Taylor, A. Dalgarno, and J.F. Babb, Phys. Rev. A 60, R2630 (1999).
[15] R.E. Moss, Chem. Phys. Lett. 311, 231 (1999).

[16] P.L. Jacobson, R.A. Komara, W.G. Sturrus, and S.R. Lundeen, Phys. Rev. A 62,
012509 (2000).

[17] V.I. Korobov, Phys. Rev. A 63, 044501 (2001).
[18] L. Hilico, N. Billy, B. Gremaud, and D. Delande, J. Phys. B 34, 491 (2001).
[19] Z.C. Yan, J.Y. Zhang, and Y. Li, Phys. Rev. A 67, 062504 (2003).

[20] J. Shertzer and A. Temkin, Phys. Rev. A 63, 062714-1 (2001); Phys. Rev. A 70,
042710-1 (2004).

[21] Anand Bhatia, private communication.

102






