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S U P P O R r n  ALONG ALL EDGES AND 8&ASTIC 

Xugene E Lundquist 
Elbsidge Z. Stowel1 

Same as Special Report 188 except both unloaded edges 
elastically restrained. 

( wpld 

Believe that this report and report 188 could be used 
as a basis for a rational set of curves for crippling stresses 
for extruded and formed sections. 

(E. J.G. ) 



C R I T I C - L L  COkFBESS I V Z  STBESS 25R FLAT BECSAXGULAR .PLATES 

SUPPORTED ALONG ALL EDGES ABD ELASTICALLY BESTRAIRED 

x G a I Z S T  ROFkTPOM ALONG THB UNLOBs-DED EDGES 

By Eugene E .  Lundquist and Elbridge Z. Stowell 

k chart is presented for the values of the coeffi- 
cient in the formula for the critical compressive stress 
at which buckling may be expected to occur in flat rec- 
tangular plates supported along all edges and, in adcli- 
tion, elastically restrained against rotation along the 
unloaded edges. 

The mathematical derivations of the formulas re- 
quired in the construction of Bhe chart are given. 

In the design of stressed-skin structures for air- 
craft as well as in the design of compression members, 
it is desirable to know the compressive stress at which 
buckling occurs. In practice the structure is usualky 
so imperfect or so eccentrically loaded that lateral de- 
flection starts with the beginning of loading. Sfhen 
lateral deflection starts with the beginning of loaging, 
however, there is usually a very pronounced increase in 
defleotion at the critical compressive stress for which 
buckling ~ o u l d  have occurred had the structure been per- 
fectly shaped and centrally loaded. The evaluation of 
this critical compressive stress for a f2at plate, with 
certain conditions of edge support, is discussed in this 

,, 
psper .' 

When a'flat plate is loaded in compression, the two 
loaded edges are either simply supported or restrained in 
some manner; If 'the two unlia'adsd edges are 'not supported, 
the plate is'considered a cdXurnn.'. When one, or b6th, of 
the unloaded edges is also supported or restrained in 
some manner, the critical compreSsive stress is greatly 
increased over that for the plate as a column. That the 
compressive stress is increased when one, or both, of the 
edges is supported or restrained has been recognized for 
years. Because of the importance of the edge conditions, 

, formulas based on the assumption t h a t  each edge of the 



plate is free, simply supported, or fixed,have been em- - 
ployed in design. (See the summary of these formulas 
given in reference I.) 

B study of the theory and the more reliable test 
data on the buckling of plate elements in stressed-skin 
structures and compression members revealed the necessity 
for a more careful consideration of the edge condition of 
plates than has been previously attempted. Accordingly 
studies were made of the critical compressive stress for 
I-, Z-, channel, and rectangular-tube sections in which 
proper consideration was given to the interaction between 
the individual parts of the cross section. (See refer- 
ences 2, 3, and 4.) In order to make the results of the 
work more generally applicable, studies were also made of 
the basic plate elements that comprise these sections. 
All the basic design charts resulting from this investi- 
gation were made available in 1938. The combination of 
the present paper with references 2, 3, 4, and 5 is a 
more complete presentation of all this material. 

The basic element treated in this paper is a plate 
supported along the four edges, elastically restrained 
against rotation along the unloaded edges but with no 
restraint against rotation along the loaded edges. The 
loaded edges are therefore considered to be simply sup- 
ported'according to the usual te.rminology. This basic 
element is representative of the webs of I-, 2- ,  and 
channel-.section columns, of the walls of a rectangular 
.tube, 'and of the flat skin between .the stiffeners of a 
stres'sed-,&kin structure. The basic element represents- 
tiv$ of ad VU:tBtanding flange with elastic restraint 
agains% rotation along one unloaded edge is treaCed in 
ref e:renc'e 5. 

, . ,  , " .  
. ?  : : 

The matheaaticil derivations. required 'for the inves- 
tigation of the present paper are given in appendixes 
and B. ?he PesuLts of practical use ars given in the body - 
of the p&.pdf. 

~srnard' Rubenstein, formerly of the ~ A C A  staff, per- 
formed 'all. %he mathematical &-e~ivations required for..ag- 
pendix B, the presentation of whioh was adapted to the 
purposes of this paper, . . - 

, . 
L '  

Within the elastic ran&@,- Within the elastic range 



i n  which t h e  e f f e c t i v e  modulus of e l a s t i c i t y  i s  Youngts 
modulus, t h e  c r i t i c a l  compress ive  s t r e s s  fcr f a r  a 
t h i n  f l a t  r e c t a n g u l a r  p l a t e  i s  e x p r e s s e d  as ( s e f e r e n c e  
6 ,  p. 331, e q u a t i o n  (314)): 

where k nondimensional  c o e f f i c i e n t  t6gt depends upon 
a o n d i t i o n s  of edge r e s t r a i n t  and shape  of 
p l a t e  

E: Young,'s modulus 

t t h i c k n e s s  o f  p l a t e  

P o i s s o n ' s  r a t i o  
f 

b  wid th  of p l a t e  

Beyond t h e  e l a s t i c  range . -  When t h e  p l a t e  i s  s t r e s s e d  
i n  compression beyond t h e  e l a s t i c  r a n g e ,  t h e  e f f e c t i v e  
m6dulus of e l a s t i c i t y  f o r  t h e  p l a t e  i s  l e s s  t h a n  Young's 
modulus. I f  a s i n g l e ,  o v e r - a l l  e f f e c t i v e  p l a t e  modulus 
q E  i s  s u b s t i t u t e d  f o r  Young's modulus E t h e  c r i t i c a l  
s t r e s s ,  when t h e  m a t e r i a l  o f  t h e  p l a t e  i s  l o a d e d  beyond 
i t s  e l a s t i c  r a n g e ,  can  be o b t a i n e d  from e q u a t i o n  ( 1 ) .  
The nondimeas ional  c o e f f i c i e n t  q has  a v a l u e  t h a t  l i e s  
between ze ro  and u n i t y  and i s  de termined by t h e  s t r e s s .  
For  s t r e s s e s  w i t h i n  t h e  e l a s t i c  r a n g e ,  q = 1 For a 
more complete d i s c u s s i o n  and d e f i n i t ' i o n  of q, s e e  r e f e r -  
ence  2. 

. 1 VE,, i.s . s u b s t i t u t e d  f o r  E i n  e q u a t i o n  (11 ,  t h e  
r e s u l t i n g  e p u a t i d n  canno t  be d i r e c t l y  so lve&-s fo r  Pe6. I f  
t h e  equa't'ion ' i s  d i v i d e d  by , however, fo/q i s  g i v e n  
d i r e c t l y .  by %he g e o m e t r i c a l  d imensions  o f ' t h e  p l a t e ,  
? o ~ n g t ~ ' m o d d l u s  I, and P o i s s o n ' s  r ' a t i o  p .  Thus. 

f c r  - =  
k-rr2EtB 

. - + 1 2 ( l - w 2 ) b g  ( 2 )  

For a g i v e n  m a t e r i a l ,  t h e  r e l a t i o n s h i p  between f C r  
and f t e n d s  $0 be f i x e d  by t h e  compress ive  s t r e s s -  
s t r a i n  curve.  This  r e l a t i o n s h i p  i s  d i s c u s s e d  i n  r e f e r -  
ence  2 ,  where i t  i s  shown how p r o b a b l e  r e l a t i o n s h i p s  be- 



tween f c r  and f c r / q  a r e  o b t a i n e d  from t h e  column curve  
f o r  the  m a t e r i a l  because  column c u r v e s  a r e  more r e a d i l y  
a v a i l a b l e  t h a n  compress ive  s t r e s s - s t r a i n  c u r v e s .  The 
q u e s t i o n  i s ,  t h e r e f o r e ,  what column formula  s h o u l d  be used?  
Equ-ations (8 )  and ( 9 )  of . r e f e r e n c e  7 d e f i n e  column c u r v e s  
t h a t  ap&fwhen t h e  m a t e r i a l  j u s t  s a t i s f i e s  t h e  minimum 
r e q u i r e m e n t s  of Navy Department S p e c i f i c a t i o n  46A9a f o r  
24s-T aluminum a l l o y .  The r e l a t i o n s h i p s  between f c r  and 
and f c r / q  f o r  t h i s  c a s e  a r e  g i v e n  i n  r e f e r e n c e s  2 ,  3, 

and 4 and i n  f i g u r e  1 of t h i s  paper .  

The 24s-T m a t e r i a l  d e l i v e r e d  under  s p e c i f i c a t i o n  
4689a a lmost  always h a s  p r o p e r t i e s  t h a t  a r e  b e t t e r  than  
t h e  minimum r e q u i r e d  p r o p e r t i e s .  The r e l a t i o n s h i p s  be- 
tween f c r  and f c r / q  f o r  t h e  a v e r a g e s  24s-T m a t e r i a l  
d e l i v e r e d  a r e  g i v e n  i n  f i g u r e  2. This  f i g u r e  has  been 
p r e p a r e d  i n  t h e  manner d e s c r i b e d  i n  r e f e r e n c e  2 ,  t h e  c o l -  
umn curves  f o r  a v e r a g e  24s-T m a t e r i a l  as g i v e n  i n  r e f e r -  
ence  8 b e i n g  used.  

P i g u r e s  s i m i l a r  .to 1 and 2  of t h i s  p a p e r  may be p re -  
p a r e d  f o r  any m a t e r i a l .  The e n g i n e e r  u s i n g  th , i s  p a p e r  
must Cheref o r e s d e c i d e  whether  t h e  comp.utation shou ld  be 
b a s e d  on minimum r e q u i r e d  m a t e r i a l  p r o p e r t i e s  or a v e r a g e  
m a t e r i a l  p r o p e r t i e s .  

Xegard less .  of whether  f i g u r e  1 o r  2  i s  u s e d ,  i t  i s  - 
recommended t h a t  t h e  q = 

T 4- ?JT 
cgrve  be used f o r  a l l  

4 
v a l u e s  a f  r e s t r a i n t  a g a i n s t  r o t a t i o n  u n t i l  f u t u r e  e x p e r i -  
men ta l  d a t a  i n d i c a t e  t h a t  a d i f f e r e n t  cu rve  shou ld  be 
used.  ' In  f iggyes 1 and 2 t h e  d i f f e r e n t  e q u a t i o n s  i n v o l v i n g  
7 merely  i&eurt i f y  & i f f  e r e n t  c u r v e s  Ghat r e s u l t f  ram t h e  
r e l a t i o n s h i p s  i n d i c a t e d .  The v a l u e  of T i s  E/E, t h e  
r a t i o  of t h e  e f f e c t ' i v e  column m o d d u a  f o r  bending f a i l u r e  
a t  t h e  s t r e s s  f c r  t o  Young's mokulus. 

The v a l u e  of f c r / r ,  a t  which b u c k l i n g  o c c u r s  i s  g iv -  

en  by .equat ion  ( a ) ,  i n  which a l l  of t h e  % u a h t i t i a s  a r e  
known exaep t  t h e  va lue  of t h e  c o d f f i c i e n t  k. 



E a u a l  r e s t r a i n t s  on t h e  s i d e  edaes  of t h e  p l a t e . -  
The v a l u e s  of k f o r  t h e  c a s e  of e q u a l  r e s t r a i n t  on each 
sid.e edge of t h e  p l a t e  c a n  be  o b t a i n e d  from f i g u r e  3 ;  
t h i s  i s  a s p e c i a l  c a s e  of t h e  g e n e r a l  s o l u t i o n  i n  ap- 
pend ix  A f o r  any r e s t r a i n t  on e i t h e r  s i d e  edge of t h e  
p l a t e .  I n  t h e  c h a r t  of f i g u r e  3 k i s  p l o t t e d  a g a i n s t  
t h e  r a t i o  of h a l f  wave l e n g t h  t o  t h e  p l a t e  wid th  A/b 
f o r  d i f f e r e n t  v a l u e s  of a  pa ramete r  E ,  termed t h e  
" r e s t r a i n t H  c o e f f i c i e n t .  (Trayer  and March i n  r e f e r e n c e  
9 r e f e r  t o  c a s  t h e  t t f i x i t y t t  c o e f f i c i e n t .  I n  t h e  
p r e s e n t  p a p e r ,  r e s t r a i n t  c o e f f i c i e n t  was chosen t o  a v o i d  
c o n f u s i o n  w i t h  t h e  f i x i t y  c o e f f i c i e n t  c  f o r  columns.) 

The r e s t r a i n t  c o e f f i c i e n t  .E depends u2on t h e  r e l -  
a t i v e  s t i f f n e s s  of t h e  p l a t e  and the  r e s t r a i n i n g  e lement  
a l o n g  t h e  s i d e  edge o f  t h e  p l a t e .  The s i m p l e s t  concep- 
t i o n  of E i s  o b t a i n e d  when t h e  r e s t r a i n i n g  e lement ,  or  
s t i f f e n e r ,  i s  assumed t o  be r e p l a c e d  by a n  e l a s t i c  medium 
i n  which r o t a t i o n  a t  one p o i n t  does n o t  i n f l u e n c e  r o t a -  
t i o n  a t  a n o t h e r  p o i n t .  For  t h i s  type  of r e s t r a i n i n g  me- 
d-ium a l o n g  t h e  edge of t h e  p l a t e ,  

4Sob 
N i t h i n  t h e  e l a s t i c  r a n g e  C = - 

D 

4Sob 
Beyond t h e  e l a s t i c  r a n g e  E = 

r lD 

where So s t i f f n e s s  p e r  u n i t  l e n g t h  of e l a s t i c  r e s t r a i n -  
i n g  medium o r  moment r e q u $ r e d  t o  r o t a t e  a  
u n i t  l e n g t h  of e l a s t i c  medium th rough  one- 
f o u r t h  r a d i a n  

3 f l e x u r a l  r i g i d i t y  of p l a t e ,  p e r  u n i t  lerrgth 

T) c o e f f i o i e n t  t o . a l l o w  f o r  a d e c r e a s e . i n  D 
due t o  ' t h e  ' a p p l i c a t i o n  of s t r e s s e s  beyond 
t h e  e l a s t i c  r ange  

Inasmuch 'as  q i s  a f u n c t i o n  of s t r e s s ,  i t s  v a l u e  
f o r  24s-T m a t e r i a 1 , c a n  be o b t a i n e d  from f i g u r e  4 o r  5, 
depending upon whether  minimum r e q u i r e d  p r o p e r t i e s  o r  
a v e r a g e  p r o p e r t i e s  a r e ' b e i n g  used.  The v a l u e s  of T x ,  
T 2 ,  T3,  a l s o  g i v e n  i n  f i g u r e s  4 and 5 occur  4.n append ix  
A. 



If So i s  z e r o ,  t: i s  a l s o  ze ro  and t h e  c o n d i t i o n  
of z e r o  r e s t r a i n t ,  o r  s imple  s u p p o r t ,  i s  obdained.  If 
S o .  i s  i n f i n i t e ,  c . i s  a l s o  i n f i n i t e  and t h e  c o n d i t i o n  
of i n f i n i t e  r e s t r a i n t  o r  of a  f i x e d  edge i s  o b t a i n e d .  
T h e r e f o r e  a v a r i a t i o n  of € from z e r o  t o  i n f i n i t y  w i l l  
cover  a l l  p o s s i b l e  c o n d i t i o n s  of r e s t r a i n t  a t  t h e  s i d e  
edge of t h e  p l a t e .  

Yigure 3 shows t h a t  f o r  eadh v a l u e  of c t h e r e  i s  
a v a l u e  of X/b  f o r  which k i s  a  minimum. S t r i c t l y ,  
a  whole number m of h a l f  wave l e n g t h s  h must e x i s t  
i a  t h e  l e n g t h  of  t h e  p l a t e  a. Hence, 

Thus, t o  r e a d  a  v a l u e  of k f r o m  f i g u r e  3 ,  i t  i s  neces-  
s a r g  t o  s u b s t i t u t e  m = 1, 2 ,  3 ,  e t c .  i n  e q u a t i o n  (5) un- 
t i l  a  va lue  f o r  X/b  i s  o b t a i n e d  t h a t  g i v e s  the s m a l l e s t  
value of  k i n  f i g u r e  3. This s m a l l e s t  v a l u e  of k i s  
t h e  one to  be used  i n  e q u a t i o n s  ( 1 )  or ( 2 ) .  This g e n e r a l  
p rocedure  w i l l  always g i v e  t h e  c o r r e c t  v a l u e  of k f o r  
u s e  i n  e q u a t i o n  (1) o r  ( 2 )  r e g a r d l e s s  of whether  o r  n o t  
S o ,  and hence E, i s  a f u n c t i o n  of t h e  h a l f  wave l e n g t h  h. 

For t h e  s p e c i a l  c a s e  i n  which So,  and hence c ,  
i s  independent  of t h e  h a l f  wave l e n g t h  h ,  t h e  g e n e r a l  . 
procedure  d e s c r i b e d  f o r  o b t a i n i n g  a  va lue  f o r  k. can be 
u s e d  t o  c o n s t r u c t  a  new c h a r t ,  w i t h  t h e  a b s c i s s a  h / b  
r e p l a c e d  by a / b .  This  new c h a r t  i s  g i v e n  i n  f i g u r e  6. 

$:hen So,  and hence c ,  v a r i e s  w i t h  o r  h / b ,  
f i g u r e  6 shou ld  n o t  be u s e d , b u t  t h e  g e n e r a l  p rocedure  a s  
a p p l i e d  t o  f i g u r e  3 s h o u l d  be used t o  o b t a i n  t h e  c o r r e c t  
v a l u e  of k f o r  e q u a t i o n s  ( 1 )  and ( 2 ) .  

Unequal r e s t r a i n t s  on  t h e  s i d e  edges of the  p l a t e . -  
The c h a r t s  of f i g u r e  3 and 6 were drawn an t h e  assumpt ion  
t h a t  e q u a l  r e s t r a i n t s  e x i s t  a l o a g  each s i d e  edge of t h e  
p l a t e .  I f  unequal  r e s t r a i n t s  e x i s t  a l o n g  each s i d e  edge ,  
t h e  method f o r  e q u a l  r e s t r a i n t s  i s  a p p l i e d ,  aed  one s i d e  
r e s t r a i n t  i s  used  f i r s t  and t h e n  t h e  o t h e r .  The a v e r a g e  
of t h e  two v a l u e s  of k t h u s  o b t a i n e d  i s  a r e a s o n a b l y  
good a p p r o a i m s t i o n  of t h e  t r u e  v a l u e  of k. This  a v e r a g e  
may be e i t h e r  t h e  a r i t h m e t i c  mean, k + 2 o r  t h e  
geoiuet r ic  mean, %-. The v a l y e  of k as g iven  by each 
of  t h e s e  average.8 i s  compared w i f h  f h e  t r u e  v a l u e  of k 



I n  t a b l e  I f o r  a number of s p e e i a l  cases .  For a12 of t h e  
c a s e s  excep t  t h e  l a s t  t h r e e  i n  t a b l e  I ,  t h e  va lues  of k, 
and kz were r e a d  at  t h e  v a l u e  of X./b *hat  gsve t be  
minimum k. In t h e  l a s t  t h r e e  c a s e s ,  t h e  v a l u e s  of k1 
and kz were r ead  a t  t h e  same va lue  of h f b .  

I n spec t ion  of t a b l e  I shows t h a t ,  when t h e  vk lues  of 
kl and ka a r e  r ead  nea r  t h e  minimum p o i n t s  of  t h e  
curves  f p r  ~ 1 .  aad c 2 ,  respec?t iveI$ ,  t he  a r i t h m e t i c  
mean. g e n e r a l l y  g ives  s m a l l e r  e r r o r s  than t h e  g % o m ~ ~ ; r % c  
mean, a l though  e i t h e r  one cou ld  be used wi thout  s e r i o u s  
e r r o r  i n  p r a c t i c a l  problems. On the  o t h e r  hand, i f  t h e  
va lues  of kl and kz a r e  r e a d  st t h e  same va lue  of 
h / b ,  t h e  a r i t h m e t i c  mean g ives  d e f i n i t e l y  l a r g e r  e r r o r s .  
I t  i s  . t h e r e f o r e  recommended t h a t  t h e  geometr ic  mean be 
used when t h e  va lue  of h / b  i s  f i x e d .  s i t h e r  method may 
be used when t h e  va lues  of k l  and kz are r ead  near  
t h e  minimum p o i n t s .  

%{hen the  c r i t i c a l  .compressive s t r e s s  f o r  unequal  
r e s t r a i n t s  i s  found by t h e  method of the  geometric mean, 
t h e  e r r o r  i n  k, and hence t h e  e r r o r  i n  the  c r i t i c a l  
s t r e s s  f o r  problems i n  t h e  e l a s t i c  range,  i s  l e s s  t h a n  3 
pe rcen t .  Beyond the  e l a s t i c  r a n g e s i t  i s  more conse rva t ive  
t o  average t h e  Bwo c r i t i c a l  compressive s t r e s s e s  than t o  
average t h e  cor responding  va lves  of k and then  t o  com- 
p u t e  t ~ e  c r i t i c a l  compressive s t r e s s .  

EVALUATION OF So AHD € 

- Before i t  i s  p o s s i b l e  t o  determine k from f; igure 3 
o r  6 ,  i t  i s  neces sa ry  f i r s t  t o  eva lua t e  the r e s t r a t a t  co- 
e f f i c i e n t  C. m e  va lue  of $, t o  be  s u b s t i t u t e d  i n  

.eql;zation'(45) or  (4)  w.i.11 depend upon the  ch@ecraoteristi.cs 
af t h e  atrwc22wak member., o r  membars;*:that p rov ide  I&.@ 
r e s t r a i n t ;  .Ea t h i a  paper  i t  i s  assumed ,$hati t he  r e s t r a i n t  
i s  provided by a s p e c i a l l y  de f ined  e l a s t i c , r e s $ r a $ n i a g  
medium. A s  a r e s u l t  of t h i s  assampt ios ,  i t  has been pos- 
s i b l e  t o  d e r i v e  t h e  gene ra l  char* of fPgure  3 ,  which i s  
independent q f  t h e  s t r u c t u r e  t h a t  provii tes the  r e s t r a i n t .  

The b a s i c  p rope r ty  o f  t he  e l a s t i c  r e s t r a i n i n g  medfwn 
i s  t h a t  r o t a t i o n  a t  one p o i n t  of t h e  medium does no t  af- 

; f e c t  r o t a t i o n  a t  ano the r  p o i n t  of t h e  medium. In many 
p r a c t i c a l  problems t h e  e l a s t i c  r e s t r a i n t  i s  provided by a 
s t i f f e n e r ,  a p l a t e ,  o r  some o t h e r  s t r u c t u r e  f o r  which ro- 
t a t i o n '  at one p ~ i n t  a f f e c t s  r o t a t i o p  a t  ano the r  po in t .  



Consequent ly ,  t h e  e v a l u a t i o n  of So i n  any g i v e n  problem 
must t ake  i n t o  accoun t  t h e  e f f e c t  of t h i s  i n t e r a c t i o n  
w i t h i n  t h e  e l a s t i c  r e s t r a i n i n g  s t r u c t u r e .  

The fo rmula  f d r  So t o  be us\ id ;in any g iven  problem 
w i l l  depend upon the  - type  of s t r u c t u r a l  member t h a t  pro-  
v i d e s  t h e  r e s t r a i n t . .  Because t h I s  e n t i r e  s u b j e c t  of t h e  
r e s t r a i n t  s r iqp l i ed  t o - ' t h e  s i d e  edge of a  p l a t e  h a s  been 
r a t h e r  s u p e r ~ i c i k l l y  t r e a t e d  i n  t h e  l i t e r a t u r e ,  it is be- 
i n g  made t h e  s u b j e c t  of s e v e r a l  p a p e r s  by t h e  NACB, t h e  
f i r s t  of which i s  r e f e r e n c e  10. 

" > 

. '  
Langley Memorial, h e r b n a u t  i c a l  L a b o r a t o r y ,  

N a t i o n a l  ~ d v i s o r y  Committee f o r  A e r o n a u t i c s ,  
~ a n ~ l e y  F i e l d ,  Va. 

APPliJDIX A 

I SOLUTION BY DIFFERESI I A L  E ~ U h T I O 1 7  

The prodedure  , f o r  o b t a i n i n g  t h e  . c r i t i c a l  s t r e s s  of a  
p l a t e  un i fo rmly  ,compressed a l o n g  two o p p o s i t e ,  sbmply 
s u p p o r t e d  edges i s  g iven  i n  r e f e r e n c e  6 (p .  337). In t h i s  
metho0, which ,was a l s o  used  by Dunnc i n  r e f e r e n c e  11, t h e  
c r i t i c a l  s t r e s s  i s  found by s o l v i n g  t h e  d i f f e r e n t i a l  equa- 
t i o n  e x p r e s s i n g  t h e  e q u i l i b r i u m  of t h e  buckled  p l a t e .  The 
same method i s  a p p l i e d  i n  t h e  p r e s e n t  paper  t o  the  c a s e  i n  
which unequal  e l a s t i c  r e s t r a i n t s  a g a i n s t  r o t a t i o n  a r e  
p r e s e n t  a l o n g  t h e  unloaded s i d e  edges of t h e  p l a t e .  For  
g e n e r a l i t y ,  t h e  e l a s t i c  r e s t r a i n t  i s  assumed t o  a r i s e  from 
a n  e las l ; , ic  medium d i s t r i b u t . e d  a l o n g  t h e  unloaded e d g e s ;  
this  .mqdiu@ h a s  t h e  'bas ic  p r o p e r t y  t h a e  rcsitat-ton :at one 
p0in. t  w i t h i n  :$ti does n o t  i n f l u e n c e  t h e  d o t a t i o n  a.t any 
oth4er  p o i n t .  , * i  . ,  . "  

. . . . _  ? 
, . .  ' ~ i g u r e  7 shows t h e  c o o r d i n a t e  s y s t e m  Bnd the. p l a t e  

d i a e n s i o n s .  The d i f f e r e n t i a l  e q u a t i o n  f o r  e q u i l i b r i u m  of 
a  p l a t e  e lement  i s  

where f u n i f o r m l y  d i s 4 r i b u t e d  compress ive  s t r e s s  



$ - t h i c k n e s s  of p l a t e  

w d e f l e c t i o n  normal t o  p l a t e  
. . . < 

x l o n . g i t u d i n a 1  c o o r d i n a t e  i n  d i r e c C i o n  of a p p l i e d  
s t r e s s  . 

D f l e x u r a l  r i g i d i t y  of p l a t e ,  p e r  u n i t  l e n g t h  

y t r a n s v e r s e  c o o r d i n a t e . a c r o s s  wid th  of p l a t e  

T L ,  7 2 ,  and 7, c o e f f i c i e n t s  equa l  t o  o r  l e s s  
t h a n  u n i t y  

In  e q u a t i o n  (A-1) t h e  term f t ( a 2 v / a x 2 )  i s  concerned 
w i t h  t h e  e x t e r n a l  f o r c e s  on the p l a t e  t h a t  cause  b u c k l i n g ;  

4 4 

a w . +  ,T2 whereas t h e  term -D ( T ~  2. a 4 y  + 7 ) i s  
ax2ay2 ay 

concerned w i t h  t h e  i n t e r n a l  r e s i s t a n c e  of t h e  p l a t e  t o  
buck l ing .  The terms i n v o l v i n g  T~ and .T, i n  e q u a t i o n  
(A-1) a r e  concerned w i t h  t h e  l o n g i t u d i n a l  a n d  t h e  t r a n s -  
v e r s e  bend ing ,  r e s p e c t i v e l y ,  whereas t h e  term i n v o l v i n g  

i s  concerned p r i n c i p a l l y  w i t h  t h e  t o r s i o n a l  s t i f f n e s s .  
The c o e f f i c i e n t s  T ~ , .  T ~ ,  and 7, a l l o w  f o r  the'  change 
i n  t h e  magnitude of t h e  v a r i o u s , t e r m s  a s  t h e  p l a t e  i s  : 
s t r e s s e d  beyond t h e  e l a s t i c  r ange .  In  t h e n e l a s t i c  r ange  
T1 = T2 = T 3  = 1. 

The loaded  edges a r e  s imply  s u p p o r t e d  and a r e  n o t  
d i s p l a c e d  i n  t h e  d i r e c t i o n  w .  Of t he  s e v e r a l  forms of 
t h e  g e n e r a l  s o l u t i o n  of e q u a t i o n  (A-1) t h e  f o l l o w i n g  form 
was s e l e c t e d  as a p p r o p r i a t e - f o r  t h i s  problem; 

ay ay BY n x  w =(C,cosh --i;-+ C2sfnh -+ Cacos -+ C 4  s i n  $)COS x (6-2) 
F . . 

. b  b  

b .  B b +  where a = ' k J  h J 7, h /-+(*) k (e T 2 - 1 + )  'T3 (A-3) 
'r3 

72 b 
+ 

b = n & J - - -  (A-4) 
73 

'(a- 5) 

E q u a t i o n  (A-2) s a t i s f i e s  t h e  boundary c o n d i t i o n s  a t  t h e  
l o a d e d  edges and g i v e s  r e a l  valGes f o r  b o t h  a and $ 
n e a r  t h e  b u c k l i n g  s t r e s s  f  = f c r .  



The v a l u e s  of t h e  c o e f f i c i e n t s  Cl, C a r  C3, and C 4  
a r e  t o  be found from t h e  boundary c o n d i t i o n s  a l o n g  t h e  
s i d e  edges o f .  t h e  p l a t e .  The v a l u e  of A ,  t h e  h a l f  wave 
l e n g t h  of t h e  b u c k l e  p a t t e r n ,  i s  found from t h e  c o n d i t i o n  
t h a t  t h e r e  must b e  a n  i n t e g r a l  number of h a l f  wave l e n g t h s  
i n  t h e  l e n g t h  a of t h e  p l a t e ;  t h u s  

a  A r -  m (a-6) 

where m = l., 2 ,  3 ,  e t c .  

- I n  t h e  e l a s t i c  r a n g e ,  where T~ - T, = T, = 1, t h e  
v a l u e s  of a and f3 a r e  

, The s o l u t i o n  g iven  by e q u a t i o n  (A-2) w a s  s e l e c t e d  t o  
s @ t i s f y  t h e  boundary c o n d i t i o n s  of no d e f l e c t i o n  and s i m -  
p l e  s u p p o r t  (no  moment) a l o n g  t h e  loaded  edges .  The 
boundary c o n d i t i o n s  a l o n g  t h e  unloaded s i d e  edges have  
a l s o  t o  be s a t i s f i e d .  The boundary c o n d i t i o n s  a l o n g  t h e  
unloaded s i d e  eclges are: 

where S1 and S 2  a r e  t h e  r e s p e c t i v e  s t i f f n e s s e s  p e r  
u n i t  l e n g t h .  of t h e  e l a s t i c  r e s t r a i n i n g  mediums o r  t h e  
moments r e q u t r e d  t o  r o t a t e  a u n i t  l e n g t h  of t h e  medium 
th rough  one-f o u r t h  ra t l i an .  



Prom equations (A-9) and (8-10) are obtained 

cos - 
2 

a 
sinh - 

C* = - c z  _2 
B sin - 
2 

From equations (8-11) and (A-12) are obtained 

r 

a a 
C, ; (a2 + $')cash 2 + (a sinh - + B cosh z tan 5 

L 2 D *, 2 

4s b a a 
(a2+@2)sinh5+ -&- (a cosh --  2 $ sinh - 2 cot B)/ = O (A-15) 

i 

a 4S2b / a a 
C, [(a2 + pa) cash -+ - ja sinh -+ f3 cosh - tan 

2 . D  2 2 

a a 
+C2 ,(a2+@2)sinh;+ 4$b la cosh. -- I3 sinh z cot ;)] = 0 (A-16) 

\ 2 

The buckled form of equilibrium of the plate is ob- 
tained when the determinant formed by the coefficient of 
C 1  and C z  in equations (A-15) and (8-1'6) equals zero. 
Thus .. , 

a 
[(a2+@') + C ,  (a tanhgr 2 $ tan t)l(a2+$2) -i + C; (a, ,coth - 2 - P  cot 

. 
2 2 

2 
@)"[ (a + P  )+cl rat B)] = (A-I?) a tanhzr $ tan- J 2 

where 



Eaual restraints on the side e d ~ e s  of the plate.- 
When E L  = E2 = c ,  equation (A-17) reduces to 

a  tanh a+ f2 tan 
2 a + +  c coth 3 -  fl cot g)] =O (A-20) 

The symmetrical buckled form of equilibrium is obtained by 
setting the first of these factors equal to zero: 

a 
a2 + Pa + < ( a  tanh - +  @ tan 0 

2 2 / 

This equation is the same as equation (14) of reference 
11. The antisymmetrical buckled form of equilibrium is 
obtained by setting the second factor in equation (A-20) 
equal to zero: 

f a a2 + p 2  + E a coth - -- 
\ 2 

8 cot - ;>= 0 

Of these two buckled forms the symmetrical form given by 
equation (A-21) will occur at the lower critical stress. 
Therefore equation (A-21) was used to establish the exact 
values of k given in table 11. 

The condition of both side edges fixed is described 
by E = m ,  for which case e,quation (8-21) becomes 

a B a tanh - -k P tan - = 0 
2 

(A-23) 
2 

It is of interest to compare this equation with the equa- 
tion given by Timoshenko in reference 6 (p. 345). In 
Timoshenkots equation the symmetrical and the antisymmetri- 
cal factors have not been separated a8, they have been in 
this paper. , . 

The condition of both side edges simply supported 
(no restraint) is descri"oed by E = 0.  or this special 
case, the problem is to find the smallest,value of k # 0 
that will satisfy equation. (A-21) when € = 0. A conven- 
ient method for determining this value of k is first to 
solve for € :  

a B 
a tanh -- + B tan..-. 

2 2 



When k = 0 ,  i t  i s  o b s e r v e d  t h a t  a2 4- fj2 = 0 and  hence  
E = 0, A l l  v a l u e s  o f  k g r e a t e r  t h a n  z e r o  g i v e  a f i n i t e ,  
p o s i t i v e  v a l u e  f o r  a2 t. $" as w e l l  a s  f o r  a t a n h  a / 2 .  
C o n s e q u e n t l y ,  t h e  o n l y  v a l u e s  of k. g r e a t e r  t h a n  z e r o  
t h a t  can  make E = 0 a r e  t h o s e  v a l u e s  t h a t  r e n d e r  $ t a n  $ 1 2  
i n f i n i t e .  The s m a l l e s t  v a l u e  of $ t h a t  c a u s e s  $ t a n  8 / 2  
t o  b e  i n f i n i t e  i s  $ = n. T h e r e f o r e  t h e  s m a l l e s t  v a l u e  of 
k  t h a t  g i v e s  B = n i s  o b t a i n e d  by s u b s t i t u t i n g  8 = IT 

i n  e q u a t i o n  ( A - 4 ) ,  o r  . , 

, - , . 
f pom which t h e  v a l u e  "of k f o r  € = 0 ' i s  

This  e q u a t i o n  shows t h a t  k i s  a  f u n c t i o n  o f  t h e  
h a l f  wave l e n g t h  A .  I f  t h e  p l a t e ' i s  l o n g ,  h / b  w i l l  ad- 
j u s t  i t s e l f  s o  a s  t o  c a u s e  k t o  h a v e , , i t s  minimum v a l u e .  

7 

3 ,  which g i v e s  T h i s  v a l u e  of  h j b  i s .  T3 

I n  t t i e  e l a s t i c  rang; i n  which  T ~ . . =  T a  = 7 ,  = 1, t h e s e  
e q u a t i o n s  g i v e  X / b  = 2 a n d -  k m i n  = 4. 

Unequal x a t r a . i n t s  on t h e  s i d e  ed.nes of t h e  p i a t e . -  - 
When t h e  r e s t r a i n t  c o e f f i c i e n t s  E x  and E 2  a t  t h e  two 
s i d e  edges  of t h e  p l a t e  a r e  u n e q u a l ,  e q u a t i o n  (A-17') must 
be u s e d  t o  e s t a b l i s h  t h e  v a l u e  of k and  hence  t h e  c r i t i -  
c a l  v a l u e  of t h e  c o m p r e s s i v e ~ s t r e s s  f .  Th i s  method of 
e s t a b l i s h i n g  k i s  l o n g  and  cumbersome. k much s h o r t e r  
a n d  more e a s i l y  a p p l i e d  method i s  t h e r e f o r e  d e s i r a b l e  f o r  
p r a c t i c a l  a p p ' l i c a t  i o n ,  The recommended s h o r t  metho4 g i v e n  
i n  t b e  main p a f t  'of t h i s  pape+r  g i v e s  good a p p r o x i m a t e  v a l -  
u e s .  



APPEND IS' B 

S O L U T I O X  BY ENEBGY' MSTHGD FOR E Q U A L  SIBE RESTRAI'rJTS' 

Beceuse t h e  ex$c t  s o l u t i o n  bf t h e  d i f f e r e n t i a l  equa- 
t i o n  g i v e n  i n  a p p e n d i x  A d o e s  n o t  l e n d  i t s e l f  t o  a d i r e c t  
c a l c u l a t i o n  of k ,  a s  i n  t h e  c a s e  o f ,  t h e  e n e r g y  method of 
s o l u t i o n ,  a n  e n e f g g  s o l u t i o n  was made t o  a i d  i n  t h e  con- 
s t r u c t i o n  of  t h e  c h a r t  of f i g u r e  3. The e n e r g y  method , 

g i v e s  a p p r o x i m a t e  v a l u e s  f o r  k ,  t h e  a c c u a r c y  of which 
depends  upon how c l o s e l y  t h e  assumed d e f l e c t i o n  s u r f a c e  
d e s c r i b e s  t h e  t r u e  d e f l e c t i o n  s u r f a c e .  . . 

The e n e r g y  method a s  a p p l i e d  t o  t h e  c a l c u l a t i o n  of  
c r i t i c a l  c o m p r e s s i v e  s t r e s s e s  i s  g i v e n  i n  r e f e r e n c e  6 
( p .  327) .  The p l a t e  i s  s t a b l e  when ( v l  + Val > T and  
u n s t a b l e  when (V1 + V2) < T, where !! i s  t h e  work done 
by t h e  c o m p r e s s i v e  f o r c e s  on t h e  p l a , t e ,  VI i s " t h e  s t r a i n  
e n e r g y  Sn t h e  p l . a t e , ,  and  V2 i s  t h e  s t r a i n  e n e r g y  i n  
two e l a s t i c  r e s t r a ' i n i n g  mediums a t  ' the  e d g e s  of t h e  p l a t e ,  
The c r i t i c a l  s t r e s s  i s  o b t a i n e d  from t h e  c o n d i t i o n  of 
n e u t r a l  s t a b i l i t y :  

T  = V, + V2 (B-1)  

If w i s  t h e  d e f l e c t i o n  normal  t o  t h e  p l a t e  a t  a n y  
p o i n t  x , y  i n  t h e  p l a n e  of t h e  p l a t e  shown i n  f i g u r e  7 
and  S o  = -S1 = S, ( s e e  a p p e n d i x  A ) ,  t n e n  T ,  V1, and  
V2 a r e  g i v e n  by t h e  f o l l o w i n g  e q u a t i o n s ,  ( S e e  r e f e r e n c e  
6 ,  e q u a t i o n s  (199)  a n d  (201) and r e f e r e n c e  9 ,  e q u a t i o n  
(731 r ) 



In order to evaluate T, V, , and V2, it is neces- 
sary to asscme a deflected surface w consistent with the 
boundarg conditions. These conditions specify that along 
the two side edges of the plate therq be (1) no deflec- 
tion and (2) equal restraint against rotation. The side 
edges will therefore be subjected to equal and opposite 
edge moments. A plate with no restraining moments at its 
edges buckles in the form of a sine curve across the 
plate. A beam with equal and opposite end moments deflects 
into a circular arc. Both the sine curve and the circular 
arc satisfy the condition'of zero deflection at the side 
edges of the plate, Consequently, for the deflection 
curve across the width of the plate, a curve given by the 
sum of a circular arc and a sine curve was selected. In 
the direction of the length, the usual sine curve indicated 
by the solution of the differential equation is used. Thus 
the deflection surface assumed for the plate is, in the 
coordinate system of figure 7 ,  

'where A and B are arbitrary deflection amplitudes. 

The combination of A and B in equation (B-5) was 
selected so that A = 0 would represent the condition of 
simply supported side edges and B = 0, the condition of 
fixed side edges. The ratio A/B is therefore a measure 
of edge restraint and is related to the restraint coeffi- 
cient € through the boundary condition: 

Substitution of :-w as given by equation (B-5) into equa- 
tion (3-6) gives' 

where, by definition, 

Su'bstitution o f  the value of A as given by expression 
(B-7) into equation (B-5) gives 



This new equation for w shows how the shape of the 
deflection surface is affected by the restraint coeffi- 
cient E. This equation is used in the evaluation of T, 
V L ,  and V2. Thus 

It is permissible to substitute these values into 
equation (B-1) only when the compressive styes&. f has 
its critical value fcr. From this substitution, 

where 

Equation (B-14) was used to calculate the values of 
k listed in the columns designated (a) of table 11. With 



these values of k as a guide, a number of correct values 
of k were obtained by satisfying equation (k-21) of ap- 
pendix A. In this manner the errors in k as given by 
equation (B-14) were established at isolated.points. From 
this. knowledge of the .errors, correbtions were made to all 
the values of k given in columns (a) of table 11. These 
corrected values of k, whieh a r e  recommeaded, are'listed 
in the columns. designated ( b )  of ta.ble 11. The recommended 
values of k were used in the construction of figures 3 
and 6. 

t 
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TAM,E 11. - VALUES OF k IN THE BUCKLIIfl FORMULA FOR A LONGITUDINALLY COWPRESSED RECTANGUI,AR PLATE WITH EQIJAL ELASTIC RESTRAINTS 
ON TWO OPPOSITE SIDE EDQES 



NACA Figs.. l,2 

Figure 1. - Variation of fcF with fcr/q for 24s-T aluminum alloy 
of minimum requlred pr'operties. (Wen f ,,/q < 19,600 

l b / s q  in., q = 1 and fCr = fcr/qo) 

Figure 2. - Variation of f,, with fCr/y for 24s-T aluminum alloy 
of average properties, (When f,,/q <16,700 lb/sq in., 

q = 1 and fcr = fcr/qe) 



NACA Fig. :3 

C\j 
to 
~ 

Figure 3.- General design chart giving values of k for equal restraint 
coefficients, e, on each side edge of the plate, 

f k1'1'2Etl cr _ ,~---.--..-:-;-
--r) - l2(1-l1 l )b 2 
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