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VOUGHT- SikoRsty MCRAFT Liggany

NATIOWAL ADVISORY COMMITTEE FOR AEROWAUTICS

ADVANCE CONFIDENTIAL REPORT

THE EFFECT OF COMPRESSIBILITY ON THE GROWTH OF
THE LAMINAR BOUNDARY LAYEZR ON LOW-DRAG WINGS AND BODIES

. - By H. Julian Allen and Gerald E. Nitzberg
. SUMMARY

The development of the laminar boundary layer in a
compressible fluid is considered, TFormulas are given
for determining the boundary- layer thickness and the ratio
of the boundary-layer Reynolds number to the body Reynolds
number for airfeils and bodies of revolution.

It is shown that the effect of compressibility will
profoundly alter the Reynolds number corresponding to
the upper limit of the range of the low~drag coefficients.
The available data indicate that for low-drag and high
critical compressibility speed airfoils and bodies of rev-
olution, this effect is favorabdle.

INTRCODUCTION

Experiments with a large number of low-drag airfoils
have shown that as long as the transition from laminsr to
turbulent flow st the surfsce occurs between the minimum
pressure position and the trailing edge of the airfoil,

. the .low-drag cheracteristics of these airfoils arc main-

~tained, but that as the transition point moves forward of
the minimum pressurc position tho drag coefficient in-
‘eroases morc or loss markedly dcponding on the airfoil
pressure distribution. a '

It hgs been found that the bounds rv—lnyer Reynolqs
nunber 8’ bansed on the boundary-layer tn1ckness and
the local velocity outside this layer, gives o fair meas-
ure of the stability of the boundary layer and, in conse-
quence, mnay be used nag n criterion for determining the
point at which transition to turbulent flow takes place.

As noted in reference 1, the best estimntes of the



critical value of Rg avallable nt present were obtained
from flight tests of an NACA 35-215 airfoil section which
was tested as o glove on the B-18 airplane. Designating

v
By = T

where V . is the velocity outside the boundary layer; §,
the distance from the surface of the airfoil to a point
in the boundary layer where the velocity has reached
0.707 V; =and v, the kinematic viscosity of the fluid,
critical values of R6 between 8000 and 9500 were ob-
served in these flight tests.

Trom von XKdrmén's momentum relation (referencec 2, p.
'107) it is evident that, in an incompressible fluid, if

1. the boundary layer on a given bYody is laminar
from the stagnation point to any given point on the body

2. the boundary-layer velocity profile is at all
points along the surface of the same form when considered
nondimensionally in terms of § and- V; then at “the :
given point on the surfsce, the boundary-layer Reynolds
number Ry is related.to the body Reynolds number ' R

(based on body dimensions and the stream speed) in the form

382'
= = constant

if the constant is known for any body at the minimum
pressure point it is. possible to determine the body.
Reynolds number, which is the upper limit of the range of
the low-drag COefflclents, for a given value of Rg-

erit’
For nearly 1ncomnres51ble flow thls constant may be. eval—
uated by tlhe method of reference 1. In those applica~

tions where the Hach number is not negllglbly small, it is
necessary to extend this method to take account of the
compressibility effects. ©Such an exten51on of this meth-
od is the subject of thls paoer.



THEORY

The growth of the laminar boundary layer in a com-
~pressible fluid may be conveniently studied by von
Kirmdn's momentum method. To this end, consider first
the steady-state flow across the faces of an elemental
parallelopiped at the surface of a two-dimensional body
shown in figure 1. Let h, which is chosen so as to be
independent of s, Dbe the distance from the surface of
the body to a point in the boundary layer. where the fluid
shear has become negllgzbly small.

The several contrlbutlons to the s component of the

change in momentum across the parallelopiped.will now be
considered in turn,

-~

. The filuid entering the face normal to s per unit
width introduces the momentum

j p w? dy
o

while that removed at the opposite face is

[.Puzdy+d8——f p u® dy

“o
and hence the change in this contrlbutlnn to the momentun

lS
. ' h _I '
. d .
dsf-.-fpua ay | | (1)
| g _} ~

Lds

No contribution occurs at the surface of the airfoil but
at the parallel face an amount py Vg ds 1is removed.
Continulty requires that ' v

a(pvl o a(pﬁ).

3y d s

hence
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- — - 2
v ds . JC pu dyJ (2)

Sincc the flow is considered to be constant with time, the
total change in the s component of momentum scross the
parallelopiped is given by the sum of equatlons (1) and

(2).

The forces acting on the parallelopiped in the direc-
tion of s are the surface shear and the pressure dif-
ference between the surfaces normal to s. The shear
force, using the established sign convention, is

- T ds (3)
and, if the bounaarv layer 1s thin, it has been shown

(reference 2, . 803 that the pressure variation with vy
is negligible, so that the pressure force 1is

dp
-~ h s ds (4)
Now v is émallfcompared to YV, so that Bernoulli's

equation for a compressible flow which is constant with
respect to time may be written for the flow region out-
side-the frictional influence of the boundary layer

a w1 a e 1o dpy
Pv' T35 2 - ds 2 ds

It is convenient to rewrite this as

ap - a (p 77 _ dpy av
_.B - . _._._._pv + - Pv + va R
ds ds ds ds

a (pyV?) d (py¥)
—e Vo
ds ds



Moreover, since both  py and V are independent of ¥,

for reasons which will be evident later

h

h
ap 14 . Vdf
— B2 gwe wem —— ma— e 'v’
as h ds JC Pvvdy + T 5 o év ay

so that equation (4) becomes

» h ‘ h
dp [ a o » a ]

- h 3o ds = ds [E; (ufa e,V d§> -~V s JC pvv dy (5)
. o .

Finally, equating the change in the s component of mo-
mentum across the parallelopiped to the s directed
forces on the parallelopiped, the "momentum" relation for
the two-dimensional flow of & compressible fluid (i.e.,
with varying density) is

h , bt
a ' a 7
L e J[ (py7® = p u®) ay - V ds JL (pyV ~ p u) ay (6)

It has been observed in a number of experiments with
conventional low-drag and high critical conmpressibility
speed alirfoils that the Blasius-type profile is a good
approximation to the actual boundary-layer profile over the
forward region of the airfoil where the pressures are fall-
ing. An examination of the calculated boundary-laycr pro-
files for a flat plate at a numboer of Mach numbers (refer-
ence 3) indicates that the form of the profile remains
close to the Blasius type for subsonic flows. As a conse-
guence it seems reoasonable to asssume, as is done in the
analysis to follow, that the boundary layer over the sur-
face of conventional low-drag and high critical speed air-
foils will remain of the Blasius type throughout the sub-
sonic speed range.

It may be shown that to the order of 1> the density
and temperature outside the boundary layer, 1f adiabatic
conditions exist, are, respectively,
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and o \

. - : - 5
Y1 7 v\2 }

7= d1 - 2 j(—) - 11

v o O{ s M L(vd/ o

where the subscript o denotes conditions in the free
stream and the subscript v denotes conditions Just
outside the boundary .layer at any point s along the
airfoil, where the velocity is V; and Y = cp/e,, the
ratio of specific heats. )

(7)

Since the pressure 1s transmitted unchanged through
the boundary layer, it follows from the law of Boyle and
Charles that the density at any point v within the
boundary layer is related to the local temperature by

| (TV\
P = Py \—;—/‘ (3)

Further, it is shown in reference 3 that for a flat plate
the temperature variation within the bounday layer, for the
Prandtl number equal to unity, is given by

o Ty + <Tu=o. ",' T.o>. (1} B <%>g>

The ?randtl\number is denoted by

c
Pr = ol
k .
wherein, for the fluid,
" _fha absolute viscosity cocfficient

cp the specific heat at constant pressure



and
k the thermal conductivity

For air, the Prandtl number is less than unity (at standard
condition ©Pr for air is 0,733) but it is not expected
that the form of the temperature variation =2g given in
reference 3 will, for air, be seriously in error. For the
airfoil it seems correct then to assume the- temperature
variation to be of the same form

T = T, + (Tu=o - v> <l - \—>2\ | (9)

Moreover, the results of tests with a cireular cylinder
(reference 4) have indicated that the surface temperature
may be given with reasonable accuracy by

r # 17\2\‘?
Tu:o h 1 2 VO/ TV (10)

(«,[H )

Finally, from the relations of squations (7), (8), (9),
and (10), to the order M2, it may be found that

= P, {l L [ ‘Dg -~ 1+ (v-1) (Pr3) ( >n>> (11)"

The surface uwnit shear is given by

T = /dﬁ\ :
dy/

Experiment has shown that u varies as the absolute
temperature to the 0.76 power and from egquations (7) and
(10) to the order of MR



Ty=o [ u° (IN (o B I}
wo _fy D () KVO/ (ze2®) -1 (12)

(o]

and so, to the present order of approximation

o gduN 7 0478 (Y—l) T [ T '(_; ;> .
T o= g T - 1}.~ ( 1—Pr® l‘r (13)

Using the density relations of equations (7) and (11),
the value of T given by equation (lo), and assuming the
Blasius variation of u/V with y/h in the momentun
equation (6), it was found that, to the order of M2, the
boundary—layer thickness & is given by

N\ , (el (T\a
5.5-§1+—h | 0.67 i
v1/ L L. v /
S 4 s :
8. 17 I/C/OV\"\O w17 7
—~o.55 — d(s/c)=0,44 K® f Gl d(s/c)l(l4
( } / Jg \Vo/ b )
wvhere
c chord of the airfoil
v, the kinematic wviscosity in the frec stream
v, the velocity outside the boundary layer at the »noint,
sl/c for which the boundary laycr 1s being computed
8 the boundary—layer thickness, which 1is considered in

this analysis to be tho distance from the surface of
the airfoil to a point in the boundary layer wvhcere
the ratio of the local velocity to the velocity out—
sicde the boundary layoer is 04707



To employ Rs as a criterion for determining the

stability of the laminar boundary layer, account must be
taken of the fact that because of aerodynamic heating,

the kinematic viscosity varies throughout the boundary
‘layer., The value of v wused in calculating the boundary—
layer Reynolds number should be that characteristic of the
noint in the boundary layer at which instability initiates.
The theoretical analysis does not indicate the location of
thig point, dbut it is clear that the characteristic vis—
‘cosity will lie between that at the airfoil surface and
that at the outside of the boundary layer. The kinematic

viscosity 1s given by
< >O 76

v b ( P,/ o

Using the density and temperature relations of
equation (7), the "outside" viscosity is to the order
of M=

3 i . = T\° ]
= Vg, -1 + 0,35 M <<T‘f;> — 1>__; (]_6)

and using the relations of equations(11l) and (12) the
"inside" viscosity is to the order of N°

~ 1

v.uro.—uotl+——[<v \) 14(¥—1) i(Pr >-o ’76\1 ~Pr )}}-&o 76(Y~1 )]

= v, [1 . (0.65 G/;)B - 0-35>} N (17)
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Re = (18)

then with the value of & given by equation (14)

’ S

, 1/c

-2 . 7417 - - a2 8..17
R AN Cooa /Y ' 7N\

5. (loy [5,5{15MG; /TN 4-b1} [ = a(s/ec)

Re Vi/ A L \Vy/ Jo Vo/

S1/'c
2 //V\'l()o 17
— 0,44 H [ e dls/e) (19)
\Vo/ | )

and the values of (a) and (D) are for the two limiting
cases

(1) based on the "outside" viscosity a=0.02;b=-0,34

(2) bvased on.the "inside" viscosity a=0.63} b=— 0,34
' o (20)

For the compressible fluid bouncdary layer of a body
of revolution, the momentum relation may be found to he

h
d

: . h -
I [ PP - (N [ 2
) dsJo Pyt P J‘r J ds Jg ifv' P T (21)

and under the previous assumptions as to temperature and
density variation and the shape of the boundary—layer
velocity profile, it may be shown that to the order of
M- ’
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' ' 8,17 2
v, /VN /L r ,
82 = _,_9(__2\), &-—«\ l 5.5{1+ < —0. 35]}
v, \V,/ ry L o/

S/ \Be17 S1/% 10.17

[ e /f o] e
and

2
RS /L\ /V \? 17 ~ lr lzf‘ _‘l I \8p17
IO @b [

1/T
\r I_\a/v\lo 17 o /T
—0,44-H f <L/ \Vo/ a( /f)] gzz)

where for the two limiting viscositics, the values of (a)
and (b)), arec givon by (20) and

Ty the radius of the body at sS4

T the radius of the bodv at ‘s where the velocity
is V

L the length of the body

By = v L/v,

and the remaining symbols are as previously designated.

To apply the equations, the velocity distribution at

" the Mach number M must be ascertained, When the exper—
imental pressure coefficient P distribution is known atb
the desired Mach number, the distribution of V/V may be

found using Bernoullils ecuation for a coampressible fluid,
For air this equation is :

50,2883
\i ‘\ 1 — [1+0.7025 M"P]

/
\Vo/ s 0.2025 KR (24)
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Valucs obtained from this equation are given in table I,
In .the more usual case where the pressure—coefficient

distribution is Xknown for M = 0, ‘that for the desirecd

.- N . ’ " N .

¥ach number may be calculated using von Karman's cquation

(reforence 5)

Pu=0

(-]
- B® Pu=0
Vo 1-1° o+
2l1 +  1-u=2]

Valuecs obtained from this ecuation.are given in table II,

DISCUSSION AFD CONCLUSIONS

An investigation of the boundary—laycr thickness at a
point 55 percent behind the leading edge on the upper sur—
face of an NACA 65,2-420 airfoil at several Hach numbers
was conduvucted in the 1l&~foot wind tunnel at the Ames Alero—
nautical Laboratory. Using the measured pressure distri-
butions at the same l{ach numbers, the boundary—layer thick—
ness was calculated by equation {(14) which considers effects
of compressibility and aerodynamic heating, and by the corre—
sponding equation of reference 1 which neglects these effccts,
The calculated variation of Dboundary—laver thickness with
lach number as detormined from these cquations and the sov—
cral experimentally-measurcd values are shown on figure 2,
That the theoretical variation of & 1is wvalid is indicated
by the close agreement between the calculated valwcs obbtained
from equation - (14) ‘and. the exporimental results.

As notcd proeviously, in order that RS mnay bo used
as a criterion for the stability of thc boundary layocr, it
is essontial to detcrminc wheorec, within the boundary laycer,
"transition to turbulent flow initiates. In cxperimontal
investigations with flap plates (rcforcnce 6), 'it was found
that slow fluctuations of flow occur within the boundary
Jdayer though they are not apvarent near the outside of the
layers Jones (reference 7) obtained experimental resulis
substantiating these data and suggested that the phenomena
of transition to turbulent flow may be the direct result of
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intermittent instability due to transient separation

of the flow from the surface. If this 1s true, then .
transition must initiate near the inside of the boundary
layer. : .

v The experimental data available showing the effects

of. compressibility and aerodynamic heating indicate that
transition does arise near the surface. These data were
obtained with four NACA 27—212 airfoll models of different
chords by measuring the maximum Reynolds number for which
low drag was maintained. It was found that the values of
this critical Reynolds number for the smaller chord airfoils,
which required higher Mach numbers than the larger chord
airfoils to reach a given Reynolds number, wvere much higher
than those for the larger chord airfoils, he variation

of critical Reynolds number with llach number computed from-
equation (19) and experimental measuremonts for the NACA
27212 airfoils are shown on figure 3. It is scen that
when the boundary—layer Reynolds number is based on the
inside viscosity and the low lMach-—number experimental
points are fitted to the theoretical curve, the calculated
effect of compressibility is in agreement with experiment,

To investigate the liach—number effect for other tyves
of airfoils, values of RBE/RC have been calculated for
the following}

1, the NACA 35-215 section, which is representative
of the more usual low—drag airfoils;

2¢ the NACA 16-—212, which is representative of the
thin high critical compressibility speed airfoilsji and

3, the NACA 45—125 which 1is representative of the
thick high critical compressibility speed airfoils, developed
to permit power plant installations vithin the wing. For the
first two airfoil secctions the theoretical velosity distri=
bution was employed, For the third airfoil section, the
velocity distribution obtalned from the experimental pressure
distribution given in reference 8 was used. In figure 4, the
ratio of RSB/RC as calculated by cquation (19) of this re—
port, using the limiting values of a and b given by
ecuation (20), is shown as a function of the Mach numbor for
caci of the three airfoils, For comparison the ratio as
calculated by the method of reference 1, which disregards
the compressibility effcets, is shown,
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Rccently an experimental investigation was made of
the effect of heating the surface of a low—drag airfoil
by heating elements placed within the wing. It was found,
when heat was so applied as to maintain the entire surface
of the airfoil over which the laminar flow occurred at a
constant temperature increment above the temperature of
the ambient stream, that the boundary layer was destabilized
so that the critical Reynolds number was decreased, With
the same temperature increment but with only the surface in
the immediate vicinity of the transition region heated, the
destabdilizing effect on the boundary layer was even more
marked, These results; in contrast to the results of the
exporiments with the NACA 27—-212 airfoils proviously alluded
to, would indicate that viscosity considerations alone are
not sufficient to explain the effect of heat on the stability
of. tane boundary layer unless, as in the cases of aerodynamic
hecating and no heating, the temperature gradient in the bound—
ary layer at the surface is zero, It was considered that,
in the investigation of the heated low—drag airfoil, by heat—
ing the lecading—edge section only a tomperature variation in
the boundary layer. at transition similar to that obtained
in acrodynamic heating could be promoted so that a further
study of aerodynamic heating could be made, This was at— .
tempted bDut the heat so transferred was insuffielent to
materially influence the temperature variation over and
above that occurring naturally at the iiach nuymbers .df the
tests so that no further conclusions could be drawn,

The derivation of equation (19) is based on the assump—
tion of small values of the llach number. Nevertheless, the
equation seems to be in fair quantitative agreement with
experimental data even at Hach numbers of 0.65. However,
no account has been taken of effects on the wind—tunnel
data resulting from the tunnel turbulence level changing
with speed., . A recent investigation in the 8-foot high—speed
tunnel at the Langley lemorial ‘Aeronautical Laboratory in—
dicated that the tunnel turbulence increases with the lach
number. Since increasing the turbulence level has a de—
stabilizing effect on the boundary layer (flb. 3), it would
be concluded that the variation predicted by equation (19)
ig conservabtive, Further investigation of the effcets of
coilpressibility on the stability of the laminar boundary
layer is necessary before an evaluation of the quantitative
accuracy of egquation-(19) can be made, o

Ames Aeronautical Laboratory,
National Advisory Committec for Acronautics,
Moffott Field, Calif,
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TABLE I

v —
Values of { v+ - /1 = P
| (ivc_ ?/” j>

0.6

> " 0.1 0.2 "o.j | 0.4 | 0.5 | 0.7 0.8
+0,7 |0.0011 | 0,0043 6.0097 0.0168 | 0.0255 | 0.0358 o.o&Sﬁ 0.0579
+.6 | L0007 | .0028 | .0063| .0109| .0164| .0232 | L0298 | 0381
+.5 | L0004 | .0017 | .0039| .0069| .0105| .OLY5 | .01k | .o2ug
+.4 | ,0002|..0010 | .0O23| .ooM1| .0062 | .0087 |..01Y7 | .OLM9.
+e3 | .0001| .0006| .00i2| .0020| .0031 | .0OL7 | .0061 | .0077
+e2 | .00Q0 L.ooos .0006| .0009 | .0013| .0020| .0027 | .0033
+.1 |0 0001 | .0002| .oo00k| .0006| .0008 | .0010 | .o0L2
o o 0 0 0 0 0 0 0
~0.1 |0 0.0000 | 0.0002 | 0,000% | 0.0004| 0,0006 | 0.0008 | 0,0010. °
-2 |0.0000| .000L| .OOOM| .0009| .0011| .0016| .0023 | 0031
-3 | .000L| .0003| .0009| .0016| .0025| .0037| .o052 0069
4| L0002 | .0006| .0016| .0027| .oOMM| .0065| .0089 | .OL21
~5 | .0003| 40009 | .0023| .OOM2| .0069 | 0100 | .,OL37 | ———-—-
-6 | 0004 | .0013| .0032| L0059 | .0096 | L0141 | 40195 | ——m—mm
=7 | <0005| .0018 | .OOM3| L0078 | .0127 | &OL87 | —==—m= | —~—mmmm
~.8 | 0007 10023 L0055 | L0100 | L0161 | .02U2 | ———eem —
-9 | .0008| .0029| .0068| .0124| .0200| .O30H | ————em | —mmmeme
~1.0 | .0009| .0035| .0083| .0151| J02Y4S | mmmcmm | mmmmom | e
~1.1 | .0011} .oO042| L0099 | .LOL79| .0292 ————
~1:2 | J0013| L0050| .0115| .,0210| LO3ZUO | mmmmmm | oo | e
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TABLE II
Values of <P“PM=0)
M '
B 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
+0.7 | 0.0022| 0.,0094| 0,0220| 0,0428| 0.,0660 | 0,1032 | 0.1550| 0.234
+.6 .0021] L0086} L0201L| .0392! L0619 | LO97W| J1U75| 226
+e5 .0019| LO977| .0179| .O3W5| L0556 | .C882 | .1365| .2LL
+olt .0016| L0064 ,0150| 0297 “oh73 L0758 1 .1203| .18k
+e3 .0012| .00%2| .OL19| .0231| L0383 ,0598| .0989| .150
+e2 .0008| L0037, L,0080| .O162| ,0273| .OM20| .O727| .110
+.1 .0004| .0020; .OOWO| ,0082| LOlM2} .0221| .0399| .0613
0 0 0 0 0 0 0 o 0
=041 | ~0,0005 |~0,0022|.-0,0049 | ~0.0098|0,0160 {~0,0271 |~0. 0450 |-0,072L
w2 | =.0011| —sO0LE| =,010W| -.020L| —.03U6| «.0562| =.,0970| =.157
o3 | = 0017| =.0078| =.0164| ~.0312| ~.0542| =.0895| ~.1540] ~.2555
~4 | ~,0024| -,0102] ~,0230| ~.0438] -.0772| ~.1264| ~ 2105 e
=5 | =.0032| =.0130| =e0305] =.0571| =.1006| =s1667| =a2776 ==
6| —.00h0| ~.0161] ~0378| = 0706] =.1273| =.2080| —u3UU0|—mmmeeme
7| =.0049| =, 0194| ~,0U461| =.0859| =.1559| =e2570 -
—8 | —=.0058| —.0229| ~.,0546]| ~.1021| -.1868| -.3086 -
=9 | ~.0067| ~.0269| —.0642| ~,1199| -.2186| -.3645 R
—1.0| —=.0076| =.0312] =,0742| ~41382| =u2B5L5|mmmmmmm| —mmm | s
“1.1| ~.0086| —403U9| —.0855| =1579] =e2865mmmmmmm| mmmmmmm | oo
1.2 | =.0098| —.0395| =.0971| =s1783| =e32L5]mmmmmme] oo e
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Figure l.- Boundary layer coordinates.



Boundary layer thickness, 8§, in.
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Figure 2.~ The effect of compressibility on the boundary-layer taickness, 8. NACA 56,2--:20
airfoil: sy/c = 0.55.
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Compressible to incompressible criftical Reynolds-number ratio, Rf/R*M=o
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Figure 3.~ The efrfect of compressibility on the critical Reynolds-
number ratio of the NACA 27-212 airfoil,



RSB/RC at minimum pressure position
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Figure 4.~ The offect of compressibdility on RSB/RC for three airfoils.





