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Based on the properties of the energy levels and wave functions of H,O states, one can categorize H,O lines into
individually defined groups such that within the same group, the energy levels and the wave functions associated
with two paired lines have an identity property while those associated with different pairs have a similarity
property. Meanwhile, by thoroughly analyzing processes used to calculate N,-broadened half-widths, it was
found that the ‘Fourier series’ of W(L"])K1 K (t; jrtr) and Wf]),(l K| (t; jiti), and a factor Py (jrtsj7;) are the key items
in the Robert-Bonamy formalism to distinguish contributions to ReS,(r.) among different transitions of j, t, <
7;. However, these items are completely determined by the energy levels and the wave functions associated with
their initial and final states and they must bear the latter’s features as well. Thus, it becomes obvious that for two
paired lines in the same group, their calculated half-widths must be almost identical and the values associated
with different pairs must vary smoothly as their j; values vary. Thus, the pair identity and the smooth variation
rules are established within individual groups of lines. One can use these rules to screen half-width data listed in
HITRAN and to improve the data accuracies.

Keywords: energy levels and wave functions of H,O states; Robert-Bonamy theory; theoretically calculated

half-widths and shifts; rules governing spectroscopic parameters of H,O lines; HITRAN

1. Introduction

The modelling of the atmosphere from satellite-based,
balloon-based, and Earth-based instruments requires
an accurate spectroscopic database such as HITRAN
[1,2]. This widely used database has spectroscopic
parameters for the most important molecules in bands
from the microwave to the ultraviolet spectral regions.
It is obvious that the accuracy of these data is essential
for users’ applications. This is especially true in
accurate atmospheric retrievals involving the very
important water vapor molecule. In order to meet the
accuracy requirement for the H,O molecule, the H,O
database in HITRAN has been updated several times
[1,2] and a new HITRAN 2012 version will appear
soon. In the recent updating process, the majority of
the pressure broadened half-widths, the temperature
exponents, and the pressure-induced shifts come from
theoretically calculated values using the Robert-
Bonamy (RB) formalism [3]. It is worth mentioning
that the RB formalism was developed more than three
decades ago and it contains several basic assumptions
whose applicability was not thoroughly justified.
Mainly due to difficulties in developing better

formalisms to carry out practical calculations, there
are no viable alternatives available and one has to rely
on the RB formalism at present. Besides, for lines with
small half-width values, contributions to their calcu-
lated half-widths result mainly from nearly head-on
collisions in which two interacting molecules can reach
closer distances [4]. Unfortunately, the largest uncer-
tainties in modeling interaction potentials and collision
trajectories usually occur in the short distance regions
and they could lead to large errors in calculating
contributions from nearly head-on collisions. Thus,
calculated half-width values for lines with small half-
width values are less reliable [4]. Meanwhile it turns out
that, in general, lines with small half-widths are those
involving high ; states. Thus, uncertainties associated
with calculated values would be worse than the
requirements needed for users’ atmospheric applica-
tions, especially for lines with high j values.

On the other hand, some of the data for the water
vapor lines are experimental and may come from
different labs. Given the fact that lines with high j
values are usually weak, to perform measurements for
them becomes more difficult and measured results
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could contain larger uncertainties. In addition, there
are a huge number lines especially at high tempera-
tures, and the majority of them are associated with
high j states, and thus to provide these data from
experimental measurements is not realistic. In sum-
mary, the current uncertainties for the half-widths in
the H,O database are far beyond the desired accuracy
and it seems that this situation could last for a while.

In order to find realistic ways to improve the
accuracies of half-widths of H»O lines, we began this
study by wondering whether links between lines of
interest and their half-widths do exist or not. If the
answer is yes, we hoped that some rules representing
these links can be discovered. Of course, the success of
this idea relies not only on the nature of pressure
broadened half-widths, but also the answer to the
fundamental question about why and how calculated
N,-broadened half-widths vary for the lines of interest.
In fact, we have been interested in this fundamental
question for several years and have made many efforts
to search for the answer. Very recently, however, we
have found a method and in the following we outline
our route leading to the answer yes. Readers who are
not familiar with the theory may skip over the next three
paragraphs.

It is well known that calculated half-widths depend
on the lines of interest and also on the environment in
which the absorber molecule H,O is immersed.
In order to find the answer, our approach is to
separate these two dependences as completely as
possible. In theoretical calculations, the former is
described by the initial and final states of H,O and
the latter is explicitly represented by the interaction
potential and trajectory models. Within the RB
formalism, our investigation targets are contributions
to the term of ReS,(r.) from individual correlation
functions because ReS,(r.) plays a crucial role in
determining calculated half-widths. Along this way, we
have found that for each of the correlations, both its
contributions to ReS» puer, (i) and ReSs e f(re),
two of the components of ReS»(r.), can be expressed as
integrations over time whose integrands mainly consist
of two functions. One is the correlation function
Frik 1,(?) that depends on the potential and trajec-
tory models and is common for all lines. The other is
the two functions W(L) x,x (:j7) which depend on the
initial or the final states of the lines of interest but are
independent of the environment. Thus, for an individ-
ual line, two W(L KK, (t; jT) associated with its initial
and final states contains all information necessary to
determine its contributions to ReS, ,u.r. {r.) and
R652 outer,r(rc). Therefore, it is these two functions

L KK, (#) that distinguish the different magnitudes of
ReSz outer, {T'c) and ReS> ,yser, r(r) for individual lines.

Meanwhile, similar analysis can be applied to the term
of S, midaie(re), the remaining component of ReSy(r.)
also. In this case, it is a factor PLIK]K'I(j}TﬂiTi) that
depends on the lines of interest but is independent of
the environment. Then, we know that in order to find
the answers we need to focus our attention on the two
functions W(L x,x (£:j7) and the factor P, k& (jy 7jiTi)-

It turns out that expressions for W(L)K K (t jt) are
given in terms of ‘Fourier series’ and the number of
their major components is very limited. This implies
that each WL KK, (t; jT) can be well represented by a
spectrum contamlng only several components. As a
result, to analyze profiles of W(L])K] x (£ jT) among many
different states becomes easier. By simply plotting
distributions of the spectra associated with different
H,O states, we have found that there are identities of
their distributions between certain pairs of states and
there are similarities within certain groups of states
also. With respect to values of Py g, K, (Jr i), similar
features have also been found. In addition, the events
associated with WL KK, (t; jrtr) and W(LIK K (t; jiti) and
the events with Pp ( Jrtgiti) happen 51multdneously
among the same lines.

Thus, we are sure that the similar features must
exist for the calculated half-widths among certain lines.
Armed with the knowledge where the identity and
the similarity happen for W(Ll KK, (t;jr) and
Prikik, (Jriti), we know how to categorlze lines into
different groups. Then by checking values of the
calculated half-width for lines in the same group, our
expectation is well verified. At this stage, we are only
one step away from finding the answer, namely. we
have to explain why these features exist within the
groups. Based on quantum mechanics, the energy
levels and the wave functions of the H,O states contain
all information about the states. Therefore, the latter is
a right place to search the answer. By investigating the
properties of the energy levels and the wave functions
of states, their identities and similarities clearly emerge
within the groups. Thus, we have got the answers. With
respect to the first question why calculated half-widths
vary with the lines, it results from individual energy
levels and wave functions associated with their initial
and final states. Concerning the second question how
calculated results vary with the lines, we know the
answer within individually defined groups. It is the
identities and the similarities of their energy levels and
their wave functions that govern their variations.

After realizing the above, an immediate thought
was that there must be similar rules valid for other
spectroscopic parameters. In fact, we consider a system
consisting of an absorber water molecule immersed in
bath molecules while the absorber interacts with
electromagnetic fields as a black box. The inputs and
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the outputs of this black box are the transition lines of
H,O and their spectroscopic parameters. The main
assumptions introduced here are: (1) the outputs
depend on the inputs; (2) identical inputs should
yield identical outputs; and (3) similar inputs should
yield similar outputs. Then, by fully exploiting the
identity and similarity properties of the energy levels
and wave functions, without knowing what really
happens inside the black box, we can expect that the
identity and similarity features exist among the spec-
troscopic parameters. We have found that measure-
ments from different groups do demonstrate the above
claim. In addition, several important applications have
been proposed. The study based on the black box
theory was summarized in a recent paper [5].

For the theoretically calculated N,-broadened half-
widths, we know completely what happens inside of
the system. Instead of relying on the black box, we can
establish these rules from rigorous theoretical analyses.
In addition by developing tools used in the analysis,
new features of the line-shape theory can be exhibited.
Therefore, the present work is supplementary to recent
work [5]. In the present study, we do not follow our
discovery route exactly. Because properties of the
energy levels and wave functions are fundamental, we
first present our discussion of this subject in Section 2.
With this as a guide, we then present our analysis, step
by step, in the following sections. Finally, we present a
short discussion and conclusion section.

2. Properties of energy levels and
wave functions of H,O

It is well known that when one studies energy levels and
wave functions for an asymmetric top molecule such as
H,0, one must identify its three principal axes a, b, ¢
with a body-fixed frame [6-9]. There are six different
choices to make the identification and they are
designated: I R, I L, II R, II L, IIT R, and III L. Of
course, in describing energy levels and wave functions,
all these representations are equivalent. The energy
levels are independent of the choice of representation.
However, the wave functions would be different, but
wave functions derived from different representation
are exchangeable. One can change them by using
rotational transformations representing proper rotation
operators under which one body-fixed frame rotates
into another. In practice, one can choose the most
suitable representation according to one’s preference.
For years there have existed subroutines available to
enable one to obtain energy levels and wave functions
for important rotational states. Thus, in pursuing their
spectroscopic studies, most people adopt energy levels

and wave functions derived from these subroutines and
they usually do not pay too much attention to these
items themselves. However, it turns out that exploiting
the properties of energy levels and wave functions
proves to be a great help. In order to support this claim,
we exhibit some properties of the energy levels and wave
functions of H,O in the ground state first.

Before continuing our discussions, we note that
usually states of the H,O molecule are labelled by three
quantum numbers j, k,, and k.. In the present study,
sometimes we may use j and 7 (=k,—k,.) to label a
state because we want to use short labels, especially in
figures. There is a simple way to recover the corre-
sponding k, and k. values from j and t. For the case
where j+ t=2n, k,=n and k.=j—n. Meanwhile, for
the case where j+1=2n+1, k,=n+1 and k.=j—n.

2.1. Properties of energy levels

With respect to the energy levels, we present rotational
energy levels of H,O with j=11 to 20 in the vibrational
ground state provided by Barber ef al. [10] versus j in
Figure 1. In this plot energy levels of states with
Jj+k,—k.=even are plotted by symbols x and those
with j+ k, — k.=odd are given by symbols A, respec-
tively. In addition, for the former, their values of
k,— k. are presented on the right side of x and for the
latter, the values are on the left side of A. As shown in
the figure, there are identities of the energy levels
between pairs of the states with the same j. Thus,
within certain small tolerances, the pair identity of the
energy levels holds well. The higher the j is, the firmer
the identity holds. With Figure 1, one can easily
identify those paired states. They are pairs of two states
with the same j and k. (=j — n), but their k,=norn+1
where n=0, 1,... or two states with the same j and &,
(=j—n), but k,=n or n+1. We list some of them
in braces: {jo jj1.;5> {1 j—1502,j—1}> 12, j—2:J3.j—2)s- - -5
{Ui—235Jj—22}Uj—1.2:Jj—1.1}> and {j;1,/;0}. Besides this
pair identity feature, one can conclude that for each of
these pairs, their energy levels vary smoothly as j varies
and these variation patterns are well organized along
the j axis.

2.2. Properties of wave functions

With respect to wave functions of the H,O states, they
are given in terms of expansion coefficients U{_ over
the symmetric top wave functions |jkm) with k=—j,
L)

jTm) =Y U} | jkm). ()
k
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Figure 1. A plot to show energy levels of H,O states with j=11 to 20 in the vibrational ground state [10]. For states with
Jj+k,— k.=even, their energy levels are plotted by x and their values of k, — k. are presented on the right side of the symbols.
Meanwhile, for states with j+ k, — k.= odd, their energy levels are plotted by A and values of k, — k. are on the left side of the

symbols.

Table 1. Symmetry classification by the parities of &k, and k.

IR IL IIR ITL III R 1L
Jeven Jodd Jeven Jodd Jeven Jodd Jeven Jodd Jeven Jodd Jeven Jodd
EjL (S €o €e €0 €ec 00 c€ec 00 e€e o¢ e o¢
E™ €0 €ec €o ce 00 e 00 €ec o¢ e o¢ c€e
C)Jr 00 o€ o€ 00 o€ €0 €o o€ €0 00 00 €0
(O o¢ 00 00 o¢ €0 o¢ o¢c €o 00 €0 €o 00

With the selected representation, states assigned either
by the sub-block E* or by E~ have non-zero values of
U/, only for k is even and states associated with O or
O™ have non-zero values only for k is odd. In addition,
depending on the superscripts + and — in the sub-
block symbols assigned, Uj_ is either an even function
of k or an odd function of k. In the present study, we
follow a convention adopted by Zare [9] to define the
Wang functions and the symmetric top wave functions.
With this convention, symmetry classification by the
parities of k, and k. in the six representations is given
by Table 1.

After outlining the basics about how to describe the
wave functions, we exhibit their properties. First, we
consider three sets of pairs of states {jio./i1},
Ui—1.15Ji—1,2)> and {j;_>5,j;—> 3}and present their coef-
ficients Uy, starting from certain boundary values js,
(i.e., 3, 5, and 7, respectively) to j =26 in corresponding

Figures 2(a)—(c). For these states whose k, are the
maximum or close to the maximum, the I R represen-
tation is the best choice.

As shown in the figure, there are two striking
features of these coefficients. First of all, coefficients of
the paired states such as j; o and j;; with the same j are
almost identical in the positive k axis and one becomes
the other’s mirror image in the negative k axis. In other
words, their absolute values are always the same. It is
worth mentioning that their opposite signs in the
negative k axis are necessary to guarantee the orthog-
onality between their wave functions. Neglecting the
sign difference in the negative k axis, we call this
feature the pair identity of the wave functions. We note
that the higher the j, the better the pair identity.
Because the pair identity breaks down for j < ji,q, the
plotting in Figure 2 starts from j=j,q. Secondly, by
comparing the coefficients associated with different
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Figure 2. A plot to show properties of HO wave functions for three sets of pairs of states {jjo,/;.1}, {Ji—1.1-/—1.2}, and {j;_2>,
Ji—23} for j=jud....,26. Their coefficients U  with k ranging from —j to j in the I R representation are represented by
symbols x and A, respectively. Different colors are used to distinguish different j values and symbols associated with the same

states are connected by dotted or solid lines.

J values, it is obvious that for members of the pairs
such as jo with j=3,4,..., their patterns are very
similar. As j varies, without any distortions, place-
ments of the patterns shift horizontally along both the
positive and negative k axes. We call this the pattern
similarity of the wave functions. It is worthwhile
emphasizing that these pattern similarities are valid
only among members of these pairs. For example, they
are valid within a set of the states j;o and within a set
of the states j;;, and so on. Finally, by comparing
Figures 2(a)—(c), values of the boundary j,q increase
from 3 to 5 to 7, respectively. This implies that as k,
decreases from the maximum, the pair identity and the
smooth variation break down at higher and higher
j values.

Now, we consider states whose k, values are the
maximum or close to it. In these cases, the III R
representation is more suitable to describe the proper-
ties of the wave functions. We present coefficients Uy
for three sets of pairs of states { jo j./1, 1}, {J1.j—1-/2. -1}
and {j» ;_»,j3 >} starting from certain boundary
values jiq (i.e., 7, 10, and 13, respectively) to j=26 in
Figure 3. As shown in the figure, the pair identities and
the pattern similarities appearing in Figure 2 for the
previous three sets of pairs clearly hold there also, but
it is noticeable that their validity boundaries become
higher than those associated with the previous
three sets.

In practice, for sets of paired states, one can find
boundary estimations from plots to show their wave
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Figure 3. The same as Figure 2 except that the three sets of pairs of states are {jo /1 ;). {/1.—1,/2.-1}, and {j j_2. /3 j—»} and

their wave functions are derived in the III R representation.

Table 2. Boundaries for different sets of paired H,O states.

Jjo Jji-11 Ji22 Ji-33 Ji-44 55 Jj-6.6 Jaj-4  J3j-3 Jaj—2 Jij Jo.j
Set Jja Jji—12 Jji—2.3 Jji—3.4 Jji—4.5 Jji—5.6 Jj—6.7 e J5.j—4 Ja,j—3 J3.j—2 J2,j—1 Jj
Jbd 3 5 7 9 10 12 14 19 16 13 10 7
& (%) 0.63 0.66 0.49 0.32 1.08 0.60 0.32 1.28 0.55 1.13 1.00 0.60

functions such as Figures 2 and 3. Alternatively, for a
set of paired states j,t; and j,7,, by defining the relative
difference of their wave functions ¢ as

=Y /YLl o
k

&
one can calculate how ¢ varies with j and determine a
boundary for this set. We note that ¢ is a numerical

Jo2 J o2
| Uy 17 = Uy, |

measure of the identity of the paired wave functions.
We provide our suggested ji,q and their corresponding
values of ¢ in Table 2. As shown in the table, we have
chosen ¢ about 1% to determine j,q and the latter
match those estimated from the figures well.

In summary, with respect to the H,O energy levels,
there are pair identities and well organized variations
exhibited within each of the sets of paired states whose
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j values are high. Meanwhile, for the wave functions,

there are pair identities and pattern similarities within
each of the same sets defined in analysing the energy
levels. In general, sets with small differences between j
and |k, — k.| have lower boundaries j,q and those with
large differences have higher ones. On the other hand,
except for the pair identities, other properties of the
energy levels and wave functions have individual
characters. For example, similar patterns of the wave
functions appearing in one set differ significantly from
those in other sets. Furthermore, as explained above,
these properties disappear for states whose j values are
below certain boundaries and the latter vary with
the sets.

There are useful explanations about symmetry
assignments of H>O wave functions for paired states.
Besides, there are quantities associated with the
energy levels and the wave functions which are
important in the present study because they determine
couplings between H,O states. Readers can find
discussions of these in sections A-1 and A-2 of the
Appendix.

Finally, we would like briefly to point out that it is
not difficult to explain why the paired states with high j
values have almost the same energy levels and the wave
functions. It is well known that the Hamiltonian of the
H,0 molecule associated with the quantum number j
can be expressed by a sub-block form consisting of
four sub-matrices, E*, E7, O™, and O~. As an
example, we assume j=ecven and consider the pairs
of j;o and j;,. According to Table A-1 in the Appendix
and Figure 1, jio is an eigenvector of E* with the
largest eigenvalue and j;; is an eigenvector of E™ with
the largest eigenvalue. Both of these E* and E~ are
tridiagonal and they are almost identical except for
adding additional first low and first column in E*. In
addition, in comparison with their diagonal elements,
their off-diagonal elements are small. The higher the j
is, the more identical are E* and E~. It turns out that
their largest eigenvectors and eigenvalues are their ones
least affected by their differences. As a result, they bear
the identity feature the most. For other cases, similar
arguments are also applicable, but we do not pursue
this here.

3. General formalism in calculating half-widths for
H,O lines

After discussing the properties of the energy levels,
wave functions, we briefly outline the formalism used
to calculate the half-widths and shifts of H-,O lines.
The main computational task for calculating the
Lorentzian half-widths is the evaluations of matrix

elements appearing in the perturbation expansion of
the S matrix (=S;- Sf, where Sy and S are scattering
matrices in Hilbert space). Usually, in practice, these
evaluations are limited to the second-order of the
expansion. Within the RB formalism that has been
widely used for calculating Lorentzian spectral line
half-widths and shifts for decades [11-14], the original
expression for the half-width is given by

n +00 00
YRB = —/ uf(v)dv/ 27b db
2me Jo 0

x (1 — cos[S1(b) + ImSy(b)]e Re5®)).

j2? (3)
where n,, is the number density of the bath molecule, f(v)
1s the Maxwell-Boltzmann distribution function, S| and
S, are matrix elements in the Liouville space associated
with the first- and second-orders of the perturbation
expansion of the Liouville operator S, and ( );, means
an average over the quantum number j, of the N,
molecule. However, we have found a subtle error in the
RB formalism [15]. After remedying this derivation
error, the correct expression for the half-width in the
‘modified” RB formalism (MRB) becomes [15]

n —+00 i —+00
YMRB = 7/ vf(v)dv/ 27b db

2me 0 0

x {1 = cos[(S1());, + Im(S(b)),]e RSN},

“4)

We note that the essential difference between these two
expressions is that in Equation (3) the summation over
j» 1is outside of the cumulant expansion while in
contrast, in Equation (4) it is inside. It is worthwhile
emphasizing that because the bath average is carried
out in the line space, an average over j, has been
included. Thus, by understanding that S;(b) and S,(b)
are the bath averages associated with the first- and
second-order expansions of the Liouville operator, one
can supress all of these (); in Equation (4). For
simplicity, we will omit the subscript MRB of y.

In the present study, we consider lines in the H,O
pure rotational band. Then, by ignoring negligible
contributions from ImS,(b), making an approximation
to replace the integration over the velocity by the
averaged velocity v(= /8kT/mm) and changing the
integration variable impact parameter b and the lower
limit 0 to the distance of closest approach r. along
trajectories and 7. min, the minimum value of r. corre-
sponding to strictly head-on collisions, respectively, one
can obtain a simplified expression for the half-width

— oo
_ v —ReS5(b)
= 27b|1 — 22 \db
4 2716/0 g [ ¢ ]

= —+00
_ db “ReSy(r,)
=5 / 27h < drc> [1—e Jdre. (5

T'¢,min
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The value of r,. i, can be determined by an energy
conservation equation

2Viso(';c;min) _1=0. (6)
mv

Usually, people prefer to represent S, by three
components labelled by S5 surer,is 2, outer,s  and
S middie> Tespectively. In the present study, we follow
the same custom. As an example, an expression for
S2. ourer.; Where the subscript 7 is a simple notation for
the initial state j; t; is given by [4]

1
SZ,OuIer,i =

72(2j;+ 1)
D59 3 I
2 JiT j2 (m)

/ dre (@01 00

<1t,m jzﬂ’lle(R(l))U/ /m/jz/m2>
(i s | VRO s omz).— ()

In the above equation, p;, is the density matrix of
the bath molecule, wj,;» is given by equation (A-1),
wy = [EP(j2) — EOGHI/E,  and  |jzam; jam) =
|jitim;) ® | jama) where |jitim;) and | jomy) are the
basis of Hilbert space for the H,O and N, molecules,
respectively.

In order to overcome convergence problems exist-
ing in usual line-shape theories involving the site—site
potential models, we have developed a new formalism
based on the coordinate representation. We will not
provide a detailed development of the new formalism,
but interested readers can find its derivation in our
previous work [4,16]. Here, we only present some of
the important formulas. By introducing the correlation
functions Fp g, K, 1,(t) and their Fourier transforms
Hyp, kK, 1,(w) defined by

1 00
HLIK]KiLz(a)) = E/ elw,FLlKlK/le(l)dt' (8)
—00

the expression for the real part of S, ,u.r; can be
obtained as

ReSZ outer l(} c) — f Z Z (2],

LiKiK| Ly jIT,
x D(jitijiti; LiK)D(jitijit; LK)
x Y (2 + D@3+ Dpj,
2 J;
x C*(jo j5 L2, 000)

X Hp k1 (@jm jir, + Opjy)- ©)

We note that because the correlation functions
Fr ik, 1,(?) are associated with a specified trajectory,
ReS> purer.i 18 a function of r.. For clarity, we have
explicitly added the argument r. for ReSs ,uer; In
Equation (9). An expression for ReS5 ouer r(rc) 1s the
same as ReS, ,u.r. (1) given in Equation (9) except for
a replacement of j;, t; by j, 1~ Meanwhile, an
expression for S, ,iaae(re) 1s given by

Somidae(re) = N2y =DM+ D+ 1)
LiKiK| Ly
x W(jijgijr: 1L1)
x D(jitijitis LK) D(jr iy T LK)}

x Y Qh + D5+ Dpy,
Jaly
x C*(jajy L2, 000)Hp, &,k 1, ())-
(10)

We note that with our new formalism, the main
tasks to calculate N,-broadened half-widths for H,O
lines are evaluations of several dozens of the correla-
tions F, k, ,1,(7) labeled by a set of numbers consisting
of one tensor rank L; with two subsidiary indices Kj,
K related to H,O and another tensor rank L, for N,
[4]. Because N, is a diatomic molecule, L, must be
even. Thus, the number of sets is determined by the
upper limits of L; and L,. If one chooses the II R
representation to develop the H,O wave functions
where the two H atoms are symmetrically located in
the molecular-fixed frame, values of K; and K| must
also be even. Due to symmetries, some of the corre-
lation functions are identical. For examples, the four
correlations labeled by (2220), (22-20), (2—220) and
(2—2-20) are identical. One can conveniently express
this symmetry by Fy,k,ix;iz,(#). In addition, there is
another exchange symmetry between K; and K] in the
correlation functions. Thus, the number of the corre-
lations required to be evaluated can be reduced
significantly.

Finally, as shown in Equations (9) and (10), the
expressions for ReS ouer, {7c), ReS: puer, s(re), and
So. miaaie(re) are given by summations of contributions
from individual correlations. As a result, among all
correlations how important the individual correlation
is depends on how large its magnitude is. For a
specified correlation, the asymptotic behaviour of its
magnitude as r.— oo is well defined. In general,
(1000), (1002), (2|2(|210), and (2/2|/2|2) have large
magnitudes and at r.— oo they vary as /7 with
m=—14, —8, —16, and —10, respectively. In the
present study, we will focus our attention on these
correlations.
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4. Theoretical tools in analyzing calculated
half-widths

4.1. Harmonic expansions appearing in

S2, outer, i(rc) and SZ, outer, i(rc)
In the process of deriving Equation (9) for
ReSs, purer. i(r.) from Equation (7), there is an interme-
diate expression for S5 ,.zer. {(7.) such that

S2,ouler,i(r(’)
~ ) b)
= > [ O P
1,70

Ly KiK' L>
(11
where two functions are defined by
Wk (6 = (2] + DDGimjiw: LiKy)
i
x D(jitijlt); Lll(’l)eiw/f’f/’/’,‘l, (12)
and

W0 =Y 2+ Djs + Doy

73
x C2(jajsLa, 000)e 3" (13)

respectively. It is worth mentioning that the correlation
functions Frikk, (1) depend on the potential and
trajectory models. In contrast, the functions
W(L”I)K1 K](t; Jit)) and W(Lbz)(t) are independent g)f these.
On the other hand, Fy kx1,(r) and W(L;(t) are
common for all lines. Meanwhile, the functions
W<L"])Kl K (t;jT) associated with j; and t; and their
partners associated with jr and t, are only factors
depending on the line of interest. They contain all
information necessary to distinguish different amounts
of contributions to the half-width of individual lines
from the correlations to be considered.

It turns out that in Equations (12) and (13), both
W<L"] KK, (t; jit;) and W(Lbz)(t) are given in terms of
harmonic expansions. Although these two functions
are not periodic, their forms are very similar to the
usual Fourier series. Thus, we borrow the concept of
the Fourier series here. For later convenience, we
rewrite Equation (12) as

Wk (i) = Y AdLIKi Ky jrr)e™ U™, (14)

where the summation index « represents a selected
combination of j/ and 7, in Equation (12), w,(jiti)
stands for Wjiry 17> and A4,(L K, K}; jit;) is defined by
ALK K5 jiTi)

= ()| + DD(ivijity; LiK)D(jitijit; LiKy).  (15)

As usual, the ‘Fourier series’ of W<L"1)Kl K (t; jiT;) are
given by a set of components consisting of two values
of we(jiti) and A4(L1K;K); jiv;). The total number of
components equals how many choices of «, and in
general, there are several dozens of components.
Fortunately, as shown later, there are only a few
strong ones because many components are very weak.
With Equations (A-2) and (15), one can show that

> ALK\ K ) = QL1+ Dok, (16)

The summation of A,(L K K}; jit;) over all « equals to
2L+ 1 if Ky =K or equals to 0 if K; # K. We note
that the above discussion is also applicable for
analysing ReS, .., s(r.) where the ‘Fourier series’ of
W(fl)K.] K, (t; jrtr) are introdpced. .

Similarly, we can rewrite Equation (13) as

W) = Ba(La)e™, (17
B

where the summation index B represents a selected pair
of j» and j5, wg stands for wy,;;, and By(L,) is given by

By(L>) = (2> + 1)(25 + 1)p;, C*(joj3 L2, 000).  (18)

Meanwhile, it is easy to show that the total intensity of
the ‘Fourier series’ of W(Lbz)(t) is equal to 2,4+ 1. In
contrast with A4,(L;K;K}; j;t;) which are independent
of the temperature, the ‘Fourier series’ of W(Lbz)(t)
depends slightly on the temperature.

Furthermore, by combining Equation (14) and
Equation (17), we have

a . b
VV(LRK, K (t; jiTi) VV(L;(I)
= Z Z ALK K} jimi) Bp(Ly)ele Vet
o B

= D E(LiK\ K Ly j)e I, (19)
Y

where y is a simple notation for a set of j/, 7}, j», J3,
(,()y(j,"[,') = ('infiji"l',f + a)jzjz’, and Ey(LlKlele;ji'C,') =
Ao(L1 K K} jit))Bg(L,). After having the expressions
for E,(LiKiK|\Ly;jit) and o,(jt;) available and
knowing all accessible choices of y, one can simply
rewrite ReSy ,urer. (1) as

T .
ReSZ,outer,i(r(?) = \/; Z ZE}/(LIKIK,]LZ;]iti)

L]K]K/ILZ Y
x Hy, k& 1,[0y (jiTi)]- (20)

This expression clearly shows for an H,O line of
interest, how contributions to the ReS, ,.r {7.) term
from individual correlations are calculated. First of all,
one determines a set of pairs E,(L;K;K|L,;jit;) and
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w,(jiT;) with all accessible choices of the y. We note
that in contrast with the correlations that are common
for all H>O lines and depend on the interaction and
trajectory models, this set of pairs depends on the line
of interest but is independent of the interaction and
trajectory models. In the next step, for an individual
correlation, one picks up values of its Fourier trans-
form Hy g, K, 1,(w) at @ = w,(ji7;), multiplies the latter
by the corresponding values of E, (L K K| L,; jiT;), and
adds up all the results to obtain the total contributions
from this correlation. One then repeats the above step
for each of the correlations, and finally one adds up
contributions from all correlations to obtain the
final result.

4.2. General properties of the ‘Fourier series’ of
VV(a LiKK, (t;j7)

We outline some properties of W )K K(z jt) that are
very helpful in calculating contributions  to
ReS> ourer, dre) and ReSs ouser, r(re) from the correla-
tions. For simplicity, as long as their arguments are not
involved in discussions, I/V(L1 KK, (¢; j7) is simplified to
W(L” KK First of all, it is obvious that there is an
exchange symmetry between K; and K such that

) )
Wk = Wik 1)

Secondly, based on the fact that there is a symmetry
property for the product of U’ and UU,/

Ukr U]/

k't

= ljjfkr Ui/c’r (22)

that is valid no matter which sub-blocks (E*, E~, O™,
and O7) the wave functions of H,O states belong. With
this symmetry property, one can show that

W(l[,ll)K]K’ = W<La,)—1<1—1<" (23)

As a result, we know that some of W(L)K K with
different K1 and K| are 1dent1cal For example
W(zzz— b 2 2 2;)0— 202— W(za 20 = 20 2> and
SO On.

On the other hand, the four correlations (2220),
(2—2-20), (22—20) and (2—220) are identical and the
other four correlations (2222), (2—2-22), (22-22)
and (2—222) are identical. Then, with Equation (11)
one can conclude that contributions to Sz, yuzer. A7) and
S5, outer,f(re) from the correlations (2220) and
(2—2—20) are the same because not only

2‘3)2 = Wg‘%_z, but also these two correlations are
identical. Among the eight correlations listed above,
similar conclusions are also true for the pair of (2222)
and (2—2-22), for (22—-20) and (2—220), and for
(22—22) and (2—222). There are many similar

identities valid for other correlations. Based on these
identity properties, one is able to significantly reduce
CPU times required when performing numerical calcu-
lations for the half-widths of H,O lines.

Besides, with Equation (16) one knows that a
summation of A4,(L;K;Kj};jit;)) over all n equals to
2L, +1 if K;=K] or equals to 0 if K;#K). For
examples, the total intensity of the spectrum for W(222 is
5, meanwhile the summation of the Fourier series of
W(zaz)_z is zero. For the latter, the summations over its
positive coefficients and over its negative ones are
equal to 2.5 and —2.5, respectively. This implies that
when contributions to 8> uer, {re) and S» ouer s (re)
from the correlations (22-20) are added up, significant
cancelations would happen between the positive and
negative coefficients associated with W(Zaz)_z(l). As a
result, the net contributions from (22-20) are dramat-
ically reduced. Numerical results show that in com-
parison with (2220), the contributions from (22-20) are
several times smaller. Given the fact that these two
correlations are completely identical, it is the different
properties of W(zg)z and W(z"_>22 that play crucial roles
here in determining which one is dominant. With
respect to other correlations, similar conclusions are
also true. Based on these conclusions, one knows which
correlations are important and which are not. This is
helpful in our quantitative analyses.

4.3. Spectra of W(Ifll)Kl K, (w;j7)

In order to exploit the benefits of the ‘Fourier series’” of
W(L“)K] ,(t; j7) and to exhibit their intrinsic properties,
one examines how they vary with members within the
sets of paired states defined previously in analyzing the
energy levels and the wave functions. According to
definitions of the sets, states belonging to the same sets
are paired with their partners and each of the pairs is
distinguished by one parameter (i.e., the quantum
number ;). Then, by applying the knowledge on the D
matrices developed in Section A-2 of the Appendix,
one can predict that there are identities between spectra
associated with two paired states in the same sets, and
one can also expect that these distribution patterns
would vary smoothly as the pairs of interest vary.

We choose W(l‘(’))o(l; j7) as an example. In calculating
contributions to ReS> uer, {re) 0or ReSH gurer £(re),
these spectra are the most important ones because
the correlations (1000) and (1002) associated with them
are the largest among all the correlations. First of all,
we consider the sets of two paired states j_, , and
Ji—n.nt1 With j=jp4, joa+1,...where n could be one
among 0,1,.... We are interested in comparing the
‘Fourier series” of W(l‘go(t;jn) and W({f))o(l; jt2) where
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71=j—2n and 17,=j—2n—1. The former is a two
dimensional array constructed by Wjryj'r! and
Ajz(100; jri) with j and 1) (or /', kj,, and k;) run-
ning over all allowed selections where the expression

for A; (1005 j71) is given by
Ay (1005 jrr) = (2 + DIDGinaie 1o 3 1OF. (24)

Meanwhile, the latter is an array constructed by
Wjryjre, and Ay (100; j72) with j” and 75 over all allowed
selections where A4, (100; j72) is given by

Ay (100; j12) = (2 + DD jmnasiir o 1OF. (25)

Because the two original states j_, , and j_, ,11
differ from each other only by k.=n and k., =n+1,
their non-zero coupling partners determined by the
selection rule must have the same ;' and &/, but with
different k!, values differing by 1. For example, as one
picks a subsidiary state j;,_, ,.; with j’=j+1 from the
allowed coupling list for the original state j;_, ,, one can
find its corresponding subsidiary onej/,_, , appearing in
the allowed coupling list for the original state j;_, ;1.
Itis obvious that these two subsidiary statesj;,_, ,,, and
Jjr—n.n are paired states. Thus, one can conclude that the
two D matrices D(jj—nnfjr—p ns1 10) and
D(ji—nnt1jj_n »> 10) which appear in Equations (24)
and (25), respectively, are paired also. Besides, the
energy difference between the original j;_, , and its
coupling ji,_,, , approximately equals to the difference
between the original j;_,, ,1 and its couplingj;,_, . This
implies that the ‘Fourier series’ of W(l‘f,)o(t; Jjt) associated
with j;_, , and that associated with j;_, ,;, have one
identical component. By extending this discussion to
other allowed couplings in their lists, one can conclude
that these two paired states almost share identical
components. Similar discussions can be carried out for
the sets of pairs states j,,—, and j,y;, with
n=0,1,.... In summary, one should expect that any
pairs of the states whose j values are above j,q should
share identity ‘Fourier series’.

Concerning the analysis of how the spectra would
vary with pairs within the same sets, one has to rely on
plotting calculated spectra. For better visualization,
one can consider the ‘Fourier series’ of W<]‘(’)>0(t;jr) as
spectra W({f))o(w;jr) consisting of many components.
Each of their components can be imaged as a
harmonics with wy(j7) and A,(100; jT) as its frequency
and intensity. We would like to note that the terms of
the spectrum and intensity are used here in describing
the ‘Fourier series’ of W(l‘go(t;jr). Readers should not
confuse these with those in describing resonance
transitions for the H,O molecule.

In the following, we select several different sets of
the pairs and calculate their spectra of W(]‘(’))O(w; Jo).

In Figure 4(a—c), we present the spectra for three sets of
{josdints  imuvdj—12), and  {ji 22,723} with
J=Jjbqa---21 whose k, values are the maximum or
closer to the maximum and whose wave functions are
plotted in Figure 2. In the plots, only j values of the
pairs are explicitly provided. Based on these j values
and definitions of the symbols in the plots, one can
easily determine to which of the states the spectra
belong. As shown in Figure 4(a—c), there are three or
four branches consisting of main components from
different states. By comparing the spectra between two
paired states, one can conclude that their spectra are
almost identical because two symbols [J and x are
always overlapped. The higher the ;j is, the more
identical their spectra. In addition, by looking at
structures of the branches one can find that their
patterns are well organized. This reflects the fact that
their spectra vary very smoothly as j varies. Finally, by
comparing the plots associated with the different sets,
one can conclude that different sets have different
spectral distributions. It is worth reiterating that the
above claims are valid only for those states whose j
values are above certain boundaries j,q and the latter
depend on the sets of interest.

Similarly, in Figure 5(a—c) we present the spectral
distributions for another three sets of pairs {jo /1
{1 j—1:J2,j—1}, and {ja j_2,/3 j—»} whose k. values are
the maximum or close to it and whose wave functions
are plotted in Figure 3. We don’t repeat the discussion
and conclusions here because they are the same as
those for the previous three sets. In summary, there are
spectrum pair identities and spectrum pattern similar-
ities within the sets defined previously.

There are several others of W(Lal) Kk k(@3 JT) with
different choices of L, K;, and K. We exﬁect that they
could differ from each other dramatically. For exam-
ple, the spectra of W(z‘g_z(a); jT) contain components
with either positive or negative intensities such that its
total intensity is zero. However, we believe that the
pair identity and smooth variation features in describ-
ing W%)O(w; jt) within the same sets should remain
valid for them also because these features result from
the same sources: the properties of the energy levels
and the wave functions.

4.4. The ‘Fourier series’ of W(L’? )

We now present profiles of the ‘Fourier series’ of W(Lbz)(t)
with L,=0,2,...which are common for all H,O lines.
It is obvious that the ‘Fourier series’ of Wf)b)(t) consists
of only one term with its magnitude equals to 1 and
o =0. Next, we consider the ‘Fourier series’ of W(Zb)(t)
which is the most important one among all Wﬁ’ 3 (1) and
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Figure 4. The spectra W(l‘go(w;jr) of three sets of the paired states {j;o.jj1}s {Jj—1.1.i—12)> and {ji_22, ji—23} with j=jpq,...,21
whose k, values are the maxima or closer to the maxima. For each of the pairs, spectra of the two paired states are plotted by
symbols of [J and x in (a) — (c), respectively. Meanwhile, their j values are printed above the symbols [J.

present its spectrum at 7'=296 K in Figure 6. As shown
in the figure, the spectra consists of many components,
but the one located at w =0 is overwhelmingly larger
than the others.

4.5. Samples of the ‘Fourier series’ of
. b
Wi (8570 WE(@)
We now consider spectra associated with the ‘Fourier
series’ of I/V(L“I)K1 MGY) W‘bz(t). We note that although
' )

W(L”I)K] K,l(t; jt) are independent of the temperature,

but W(Zb)(t) depends on the temperature slightly. As a
result, the ‘Fourier series’ of W(LL?KI K,l(t;jr) W(Lbz)(t)
would vary slightly with T also.

First of all, it is obvious that the spectra associated
with I/V(L“I)K1 x (6 J7) Wg’)(t) are the same as that of
W(“)K] x (w3 jT) because the spectrum associated with
Wob’l)(t) consists of only one component located at w =0
with a unit intensity. With respect to the spectra for
W(L“I)K] K,l(l; jr)W(zb)(t), one expects their main patterns
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Figure 5. The same as Figure 4 except for three sets of pairs {jo /1 }, {/1,j—1,/2. -1} and {j» j_>,/3 j—>} Whose k. values are the

maxima or closer to the maxima.

are similar to that of W(L”I)K] x (w3 jT) because the
1

dominant component of W(zb)(w) is located at w=0
and its other components are weak.

In order to demonstrate this claim more clearly, we
present the spectra of W(l‘go(a); jt) for two paired states
109,10 and 10, ;0 in Figure 7. As shown by the figure,
their spectra contain two major components account-
ing for 90.7% of the total intensity and one minor one.
Then, we present the spectra of the ‘Fourier series’
W(l‘go(t; J7) W(Zb)(t) for them in Figure 8. By comparing
Figures 7 and 8, it is clear that the whole spectra share

the main features of W(l‘go(a); jt), but have more small
structures due to co-adding many weak components
in W(zb)(a)).

In the present study, we want to investigate why
and how the calculated half-widths vary with lines of
interest. Because the Fourier transforms Hp g, K, 1, (@)
are common for all lines, the ‘Fourier series’ of
W(L"I)K] K| (t; jo) W(Lbz)(t) contain all the information neces-
sary to distinguish contributions to ReS, .. ; (r.) and
ReS5 ouier, r () for different H,O lines. Given the fact
that the spectra of W(Lbz)(w) are independent of lines,
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Figure 7. The spectra of Wﬁ‘&(a) ;j7) for two paired states 10 1o and 10, ;9. The former is given by x and the latter by [J.

the only factor to distinguish contributions for indi-
vidual lines of jr 77« j; 7; are their spectra of
W<L”] KK (w; jit;) and W(L‘?K] Iq(w;.j,-;,-). ln. addition, we
have shown these spectra represent main features of
the whole spectra well. Thus, we believe all results and
conclusions obtained from analysing I/V(L“I)Kl x (@3 jT)
are similar to those that would be derived 'if the

entire spectra were taken into account. Thus, in the
following analyses we only focus on the spectra of
Wﬁ?mxﬁ@”iﬁj- )

Alternatively, one can argue that among all possi-
ble choices of wj,;, many of them are zero. For those
remaining, one can assume |wy,;| < |wj; | because
the rotational constant of the N, molecule is small.
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given by x and [, respectively.

Then, by approximating ,(j7) (=wjyv + ;) by
wo(jT) (=wjrjrv), Equation (20) can be simplified

ReS2,outer.i(rc)

%\/g Z Ly +1)

LK KL,

X ZAa(LlKl K5 jit)He, k k1[0 (iT)]. - (26)

Therefore, we have demonstrated that one can
use the simpler spectra W<1f1,)1<l K| (w;jT) to analyze
contributions to ReS: guer,re) and ReSs ourer £(re).
In comparison with Equation (20), the number of
choices for the « in Equation (26) is much smaller than
that for the y.

4.6. The term of S5, migare(¥e)
With respect to Sy, iaa(7e), it can be expressed as

Somidaere) =Y Prxx; Gy titi)
LK K, L,

X f dl‘VV(Lbz)(l)FLlKlK’]Lz(t)

=V2r Z Prikik Urtgit) Brk k1, (re)-
LiKiK Ly

27

In the above expression, Prk k (jrtgit) and
Br,kk1,(rc) are defined by
Pk, (r titi)
= (=" @i + D@+ DW iy 1L1)
x D(jitijiti; LIKD)D(rtgrtes LKy, (28)

and
Bk ,(rd) = Y (22 + D23 + Dpj,
3
X Cz(ijz/LZ’OOO)HLlKlK’le(wjzié)
=Y By(Ly)H, k,k,1,(0p). (29)
B

respectively. In comparison with the expressions for
ReSs ourer.r.) in Equation (20), the expression for
S2. miaaie(re) 1n Equation (27) is simpler because it is a
product of two factors which are not interwoven. The
factor of By, K, 1,(r.) 1s a function of r. and it is
common for all lines. In contrast, the factor of
Prik ik, (JjrTgiti) is a constant and its value depends
on the line of interest. Thus, with respect to a specified
correlation, how its contributions to S,_;uue(r.) would
vary as r. varies depends only on By, kk 1,(rc), and
meanwhile the magnitude for the line j, 7, < j; T; would
be proportional to the value of Fy g, K, (rtgit).

As mentioned previously, similar to ReSs, purer, A7)
and ReS5 yurer s(rc), contributions to S5 ae(r.) from
individual correlations are also additive. It is not
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difficult to show there are no contributions to
S>. miaai(re) from correlations with odd L; because
the matrix elements D(jzjt; LK) are zero. In fact, with
Equation (22) one can show that

D(jtjr; LK) = (=) D(jzjT; LK). (30)

Because we use the IT R representation to describe the
wave functions of H,O, the indices K, and K| of the
correlations must be even. As a result, Equation (30)
means that D(jzjt; LK) are zero unless L is even.
Therefore, we know that there are no contributions to
S2. miaai(re) from all the correlations with odd L,
values.

At this stage we would like to discuss the symme-
tries associated with Py g, K, (jrrgit) and Br g, K, 1,(re).
First of all, with Equation (22) one can also show that

D(jyjr; L — K) = D(jyjz; LK). (3D

Based on this one can conclude that, as long as |K|]
remains the same, the values of Pk, (JrTgiTi) asso-
ciated with different K; are identical. The same
conclusion is also true for Kj. One can conveniently
express this symmetry as Py kx| (Jjy 7giT:). However,
there is no exchange symmetry between K; and K| in
Pk Uy TiiTi)-

Secondly, we discuss symmetry properties of
B, ki1, (re). With Equation (29), one can conclude
that symmetries of By k k 1,(r.) are determined by
Hy kk, ,(wy) and the latter’s are the same as
those of the correlation function. Therefore, we know
that  Boo(re) = Bao 20(re) = B 20(re) = By 20(r)
and Boyoo(re) = Ba_p_25(re) = Bay_20(re) = Ba_o2o(re).
Similarly, one can express this symmetry as
Brykk . (ro). In addition, there is an exchange
symmetry between K; and K| in By g, K, 1,(re).

Finally, it is worth mentioning here that with
respect to making contributions to S>_iqa(r.), corre-
lations with K; # K| and K; = K| are comparable. This
contrasts with S5 purer (re) and 8> ouer, s(re) where
correlations with K;# K| are much less important
than those with K; =K. As a result, in comparison
with S5 uer, {re) and 8> ouer, r(re), how important
S2. miaaire) 18 would depends on whether K; =K) or
K, #K) for the correlation to be considered. In
general, S5 ouer, {re) and Sa oy f(re) are larger than
So. miaare(re), but this may not be true for correlations
with K; #K].

4.7. Simplification in evaluating S, iqa(v.)

It turns out that among all BLIKIK/]LZ(rC), the most
important ones are 32220(}’6) and Bzzzz(rc). Then, one

can adopt a simpler approximate formula to calculate
S2, middle(r(')

S middie(Te) = 4V 2 Pap (it jr 1 )[Ba2oo(e) + Ba2oa(re)],
(32)

where the factor of 4 appearing on the right side of
Equation (32) results from the four identical contribu-
tions for each Bsys(r.) and Brsos(r.). From Equation
(32) one can draw two important conclusions about
S miaare(re). First, the pattern of S ,.um.(r.) (i€., as a
function of r. as it varies) is mainly determined by
82220(}’5.)4—32222(1'0). SeCOHd, for Specified HzO lines
their contributions to Sz, iaa(r.) are roughly propor-
tional to values of Frn(jrzgit;). Thus, with these
values, one is able to easily judge which lines would
have large magnitudes of Sy ,iuue(r.) and which lines
would have small ones. Therefore, values of
Fro(jrtgiT)) play a crucial role to distinguish
So. miaaie(r) for different lines.

Based on the potential model used in updating
HITRAN 2008 [17], the 20th order cut-off and the
‘exact’ trajectory model, we have derived the function
of 4y/27[Bro(rc) + B (r.)] at T=220, 296, and
340K and present results in Figure 9. As shown in
the figure, values of 4v27[B(re) + Brro(re)]
decrease as r,. increases from the starting point 7, mip.
Meanwhile, by comparing its magnitudes at different
temperatures, one can conclude that the magnitudes
slightly decrease as T increases.

On the other hand, one can easily evaluate values of
P>y (jrtgiTi) for all H,O lines of the pure rotational
band listed in HITRAN from Equation (28). In
contrast with 4v/27[Byo(re) + Baooa(re)l, Pana(jrtiiti)
is a constant, it does not depend on the temperature,
and its values are independent of the potential and
trajectory models used in calculations. When values of
Poos(jrtgit;) for all H>O lines are available, it becomes
very easy to obtain the corresponding S> iga(re)
terms approximately for individual lines of interest
because one only needs to multiply
427 Booao(re) + Banaa(r)] by their Pox(jtgiT;) values.

In order to exhibit intrinsic properties of
Pys(jrtgiT;), one needs to calculate values for lines
belonging to the individually defined groups.
In Section 5, we will provide their definitions in
detail. At present, we only note that each of the groups
consists of a set of paired lines in a specified branch.
As an example, we choose three groups, { o, < Ji1
Jrg < Jiogits  Urij—1 < Joji—1.Jr2j—1 < Jjinj-1}, and
{]./31]-,,3 (—jizzj[,l,jf4li/,3 (_jil,j,'fl} in the R branch of
the pure rotational band and present their calculated
values in Figure 10. As shown in the figure, for two
paired lines whose j values are not less than either of
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Figure 9. A plot to show profiles of 4+/27 [Bao(re) + Ban(r.)] at T=220, 296, and 340 K. They are plotted by solid, dashed,

and dash-dotted curves, respectively.
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Figure 10. Calculated values of Pyo(jrtgir) for

three  groups

J

of HyO lines {jp,, < Jjiji-driy < Jioj}s

Urtj—1 < Jigi-1.Jr2j—1 < Jij—1}> and {ja—3 < jij-1.jmj—3 < Jji—1} in the R branch listed in the pure rotational band
of HITRAN. They are plotted by three pairs of symbols {x, A}, {+, O}, and {*, [}, respectively.

the j,q associated with their initial and final states, their
Paos(jrtgiT;) values are always identical. More specifi-
cally, for these three groups, as long as their members’
ji; values are above 7, 10, and 15, respectively,
their paired lines have identical Py(jrt4it;) values.

Meanwhile, by looking at how their values vary as
the pair of interest varies within the same groups,
one can conclude that the variations with Jj;
are very smooth. Finally, by comparing values
of Pyo(jrtgr;) with the same j; among different
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Figure 11. The same as Figure 10 except for three groups {jr2,—1 < jitjinJr1j—1 < Jjioj}s Urzj—2 < Jitji—1>Jpj—2 < Jij—1}, and

{ipj—3 < Jnj-2.Jmj—3 < Ji -2} in the Q branch.

groups, one can conclude the values could change
dramatically.

As another example,
P222(jf'rfjifi) for three

we present results of
groups  {jr2j—1 < Jii i

Jrij—1 < Jiog}s Urzj—2 < Jnj—1-Jpj—2 < Jij-1}, and

{j/g‘]'/,3 (—jiz’jffz,jf4’/"/v,3 (_ji3,]'i*2} in the Q branch in
Figure 11. We don’t repeat the discussion here because
the main conclusions are the same as above. We only
note that for paired lines in these three groups, the pair
identity of Py, (jrtgit;) is valid starting from j;=10,
13, and 16, respectively.

5. Categorizations of H,O lines and profiles of
ReS,(r.) for lines within the same groups

We have shown that by dividing H>O states into the
sets of paired states, there are the pair identity and
smooth variation properties applicable for the energy
levels, the wave functions, and the spectra
W(Z’])Kl K (w; jr) of states belonging to the same sets.
This knowledge provides a useful hint for how to
divide the H»O lines into groups such that for lines in
the same groups their calculated N, broadened half-
widths have similar properties. It is obvious that in
specifying the lines, one has to categorize their initial
and final states simultaneously. First of all, in order to
reduce one variable from j; and j;, one divides lines into
the P, 0, and R branches. Then, by determining which
of the sets of paired states their initial and final states

belong to, one categorizes those lines in the same
branches.

For example, a group in the R branch (j,=j;+1)
consists of a set of pairs of lines {jn; < Ji,
Jrij, < Jiog} with j;=0,1,2,.... In this group, two
lines with the same j; are called paired lines because
their final sates jp,, and jr1;, are paired partners in the
same set and their initial states j;;;, and jj are also
paired partners in the same set. In this group, the pairs
of lines are determined by only one variable j; and the
interesting pairs are those with j; above the boundary
Joa (=7). Due to similar properties shared by their
energy levels and wave functions, one expects that their
calculated N,-broadened half-widths must somehow
follow a similarity too. In fact, for each of the paired
lines in this group we have explicitly shown the spectra
W(l‘go(w; Jj©) associated with their initial and final states
in Figure 5(a) and provided their values of Pxs>(jr74;T;)
in Figure 10. Given the fact that the former mainly
determine their S> purer, A7) and Sz purer, (rc) terms and
the latter determine their S5 ,,i0q.(7), One can be pretty
sure that their half-widths must have similar proper-
ties. More specifically, as long as j; > 7, the paired lines
in this group should have the same half-width values.
In addition, these values should vary smoothly with
the pairs.

In order to demonstrate this claim, we present
calculated ReS»(r.) at T=296K for lines with
ji=1,8,...,19 in this group in Figure 12. The calcu-
lations are carried out with the modified RB formalism
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Figure 12. Calculated ReS,(r.) at T=296K for lines with j;=7,8,...,19 in the group of ju, < ji, and jri; < jio, in the R
branch. For each of the paired lines, their ReS,(r.) are plotted by a solid and a dotted curves. Results associated with different j;
values are plotted by different colors and lie from top to bottom in the figure.

and based on the potential model used in updating
HITRAN 2008 [17]. In addition, 132 correlations have
been taken into account and the ‘exact’ trajectory
model was used. As shown in the figure, for each of the
pairs their ReS,(r.) are always identical and the
profiles of ReS,(r.) associated with different j; values
change very smoothly. Based on this, there are pair
identity and smooth variation properties for their
calculated half-widths because the latter are completely
determined by these functions of ReS»(r.). We will
return to this subject latter.

Similarly, one can define other groups in the R
branch such as {]fn,}}—n <_jin+l,j;—na.]fn+l,[/—n <_.jinJ;—)1}
with n=1,2,.... In defining these groups, values of k.
for their initial and final states are closer to the
maxima. Meanwhile, we can define groups in the R
branch where values of k, are equal or close to the
maxima, such as groups consisting of paired
lines {.]_.f_'/,—n.n <_jiji—n,n+1,]_.f_‘/’,»—n,n-H <_jij,—n,n} with
n=0,1,.... As long as the selection rule is allowed,
more groups based on many other combinations of
paired lines are accessible. In addition, there are groups
consisting of un-paired lines. For example,
Jfi—12 < Jioj, with j;=odd are considered as un-
paired lines because one cannot find other lines to
pair both their final and initial states.

For the P and Q braches, one can perform similar
procedures. As another example, we can define a group
in the Q branch consisting of a set of paired lines
4]_'/"21‘/_1 <_ji1,j,- and jf'lq’/—l (—j[()’/l. with ji: 1,2, e

We present calculated ReS»(r.) at T=296K for pairs
of lines with j;=9, 10, ..., 20 in this group in Figure 13.
As shown in the figure, profiles of these functions of
ReSy(r.) have similar features as the group in the R
branch given above.

6. Pair identity and smooth variation rules for the
half-widths

After categorizing H,O lines based on properties of
energy levels and wave functions of their initial and
final states, we are ready to establish rules applicable
for the calculated half-widths for lines within individ-
ual groups.

We select six groups of lines in the pure rotational
band and present their calculated N,-broadened
half-widths in Figure 14(a—f). They are three groups
of  {py < Jnjoiriy < Jioj)s Urj—1 < Jiji-15
Jraj—1 < Jiji—}s and {jraj 2 < jinjsjng—2 < iy} in
the R branch, two groups of Urtj—1 < Jioj.s
Jraj—1 < Jingd and {jrjo < jitj—1.Jpj—2 < Jiji-1}
in the @ branch, and one group of
{jfZ,j,72 <_jil,/,'y];/‘3,]j/72 <—j,'01,'1.} in the P branch. As
shown in the figures, paired lines with their j; values
above boundaries in all six groups have almost
identical half-widths. In addition, by comparing dif-
ferent pairs in the same groups, their half-widths vary
smoothly as their j; values vary. In general, the
boundaries of the groups of lines are determined by
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Figure 13. The same as Figure 12 except for lines with j;=9,10,..., 20 in a group of jr 1 < ji; and jr1 ;-1 < ji,, in the Q

branch.

states with the smallest of |k, — k.|. With Table 2, one
can predict these boundaries and they are 7, 10, 13, 10,
13, and 14, respectively. We note that for lines in the
P branch, their j are less than j. As a result, the
boundary requirement applies for j, (i.e. j,>13) and
the latter means j;> 14.

Thus, the pair identity and smooth variation rules
applicable for calculated half-widths for lines involving
high j states within the groups can be established. The
higher the j; the firmer these two rules hold.
As explained above, the very origin of these two rules
is the properties of the energy levels and the wave
functions of H,O states. No matter what kinds of
potential and trajectory models are used in calcula-
tions, theoretically calculated N,-broadened half-
widths must follow these rules.

Furthermore, by scrutinizing the whole process pre-
sented above, one cannot find any reason why
the analyzing process and the final conclusions
described above for the widths are not applicable for
calculated pressure-induced shifts. In fact, with the
modified RB formalism, the expression for the shift is
given by

+00 —+00
Surs = 2 [ v w)dv / 27bdb sin((S; (b))
2mc Jo 0

+Im(S(h)))eReH=0D, (33)

For lines in the pure rotational band, by replacing
the integration over the velocity by the averaged

velocity the above expression can be simplified as

nb‘j +00

SMRB = >— 27th db sin[ImS,(r.)]e RS20 dr,.
2 d

re

F'e.min

(34)

Because S5 uiaae(re) 1s real, ImS,(r.) consists
of only two components —ImS; ,uer ) and
ImS5 ouser, (1) where the minus sign of ImS> surer, A7)
results from the fact that Sy(r.) =S5 surer. {ro)* +
S2,outer,_f'(rc)+S2,midd[e(rc) [11] The expression for
ImS5 ourer.i(re) 1s the same as Equation (9) for
ReSs ourer. ;) except for a replacement of
Hyp kk 1,(w) by the Cauchy principal integrations
11,k K 1,(w) defined by

1 —+00 , 1 ,
ILIKIK’,LZ(CU)=—;P/ do mHLlKlK’ILz(w)a

—0o0

(35)

where P means the principal part. Similar to the
function of Hy g, K, (), I,k K, 1,(w) are common for
all lines. As a result, all the discussions given above are
applicable for the calculated shifts and the same two
rules must be valid also.

One can extend the discussions to other tempera-
tures for the H,O—N, system. One can carry out similar
analysis for other systems involving different pertur-
bers such as H,O-O, and H,O-H,O. It seems that
there are no any essential differences occurring among
these different cases. Therefore, the two rules are not
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Figure 14. Calculated N,-broadened half-widths for paired H,O lines in six groups defined in the pure rotational band. Three
groups in the R branch are plotted in (a)—(c), two groups in the Q branch are in (d)—(e), and one group in the P branch is in (f).

only applicable for the N>-broadened half-widths, but
also for the air- and self-broadened half-widths and
their corresponding temperature exponents.

7. Discussion and conclusions

Based on this understanding acquired in the present

study, one can develop us

eful ways to improve the

accuracy of the spectroscopic parameters in databases.

First of all, by applying the identity rule to two paired
lines, one is able to pick out those values listed in the
database that differ appreciably from one another.
One can be fairly sure that those data picked out con-
tain large errors or, for instance, came from different
theoretical or experimental sources. Meanwhile, by
applying the smooth variation rule for lines in the same
groups, their individual errors could be partially aver-
aged out using proper smoothing procedures. Thus,
one is able to obtain better values with less uncertainty.
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For people who are in charge of databases, the
present work provides a helpful guide and a useful tool
in their developing practices. It is wise to consider that
all lines in each of the transition bands belong to a well
organized network. Acting as one member of the
network, the half-width value of an individual line is
not self-contained because it has to be somehow
connected with other values associated with those
lines, especially its paired line, who belong to the same
group as the line of interest does. The same statement
is also true for other spectroscopic parameters. Given
the fact that data listed in the databases may come
from several independent sources, to take a balance
procedure becomes even necessary. Meanwhile, by
applying the two rules to each of the groups of lines
thoroughly, one can screen the database and identify
lines whose half-width values (or other spectroscopic
parameters) that behave strangely. These outliers
should be carefully checked, or one could consider
the option to replace them by smoothed values
obtained from their neighboring lines. After removing
the errors, they are able to improve the accuracy of the
database significantly.

Experimentalists can also use the pair identity and
smooth variation rules to check their measured spec-
troscopic data. If their results scatter wildly, it
definitely indicates contaminations or errors existing
in their data. In addition, the smooth variation rule
provides a sound support and is a useful guide for their
developing data smoothing procedures. Again, one has
to keep in mind that although the smoothing practice
for data with high j states in the same groups is well
justified, one cannot apply it to those lines with low j
states, otherwise the procedures could introduce arti-
ficial errors. Finally, with respect to the determination
of measurement priorities, it is prudent to choose
several lines with high js in the same group because
several good measurements are enough to determine
others in the same group. This implies that it is not
necessary to measure all lines in the same group for the
completeness purpose.

In summary, it is the properties of energy levels and
wave functions of the H,O states that play an essential
role in establishing the pair identity and the smooth
variation rules and these rules reflect natural correla-
tions between the inputs and the outputs for a whole
system consisting of an absorber H,O molecule
immersed in bath molecules and radiation fields.
However, due to the complexity of dynamical processes
happening inside the system, these correlations are very
difficult to be fully grasped. This implies that it is
unrealistic to set as a goal to find common rules with
which the outputs can be well monitored from the
inputs unless one narrows the variation range of the

inputs. Thus, it is the categorization of the H,O lines
that enable one to narrow the variation ranges of the
inputs first. In fact, after completing the categorization
procedures for each of the P, O, and R branches, there is
only one independent variable (i.e. the initial quantum
number j;) left to distinguish lines of interest. Then to
establish the rules valid within the individual groups
becomes possible. Therefore, these two rules have two
characteristics: they are natural, but they are local.
Local here means the rules work for each individual
groups and are valid only for its members above certain
boundaries. Finally, while the present study was carried
out in the pure rotational band of H,O, one can extend
the study to other H>O bands and establish similar rules
there also. Of course, one has to analyse the properties
of the energy levels and wave functions of the states
involved in these transitions first.
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Appendix

A.1. Symmetry assignments of H,O wave functions
for paired states

We consider the symmetry assignments for the sets of paired
states ji_,, and j_, .41 where n=0,1,...whose wave
functions in the I R representation are given in Figure 2.
It is obvious that the paired states have the same k, values,
but their k. values differ from each other by 1. This implies
that they have identical evenness or oddness for k,, but have
opposite evenness or oddness for k.. Thus according to
Table 1, no matter whether their j values are even or odd,
their symmetry assignments by the superscripts + and — in
the I R representation must be opposite. In terms of their
coefficients U,’m the coefficients of one state must be an even
function of k and the coefficients of its paired partner must
be an odd function of k. In Table A-1, we list the assignments
for these pairs.

Table A-1 Symmetry assignments for pairs of j_, , and
Jj—n.n+1 in the T R representation.

Jj.0 Jj1 Ji—1.1> Jj—1.2 Jj—22s Jj—2.3
j=even E*, E™ ot, 0~ E*, E™
j=odd OO E* E 0" 0"

Similarly, we consider the symmetry assignments for the
sets of paired states j,,, and j,,, Where
n=0,1,...whose wave functions in the III R representation
are given in Figure 3. In this case, the paired states have the
same k. and their k, differ from each other by 1. Then, one
can conclude that with respect to their wave functions
derived in the III R representation, one must be an even
function assigned by the superscript 4+ and its partner must
be an odd function assigned by the superscript—. In terms of
their coefficients Uﬁr, the conclusion is the same as that for
the sets of j;_, , and j;_, ,41 drawn above. In Table A-2, we
list the assignments for them. These symmetry properties are
important and we will be back to this subject later.

A.2. Important quantities in determining couplings
between H,0 states

As shown in Section 4, in the RB formalism there are two
quantities which play crucial roles in determining how the
Lorentzian half-widths would vary with lines of interest. For
two H,O states jT and j'tr’ which can be coupled by the
irreducible tensor L and its subsidiary index K, the quantities
wjrjw defined by

wppe = [EMO(jr) — EMRO'T)]/h (A-1)

represent their energy differences and the quantities
D(jzj't'; LK) called as the D matrices represent their
couplings; and this is defined by

D(jtj'7's LK) =Y (=1 UL, Uj_g C(jj' L. kK — KK).
k

(A-2)

As shown by Equation (A-1) and (A-2), with the energy
levels and the wave functions of these two states, one can
easily calculate the energy differences and the D matrices.

However, it turns out that exploiting the properties of
these two quantities is fruitful in answering a fundamental
question why and how the calculated Nj-broadened half-
widths and pressure induced shifts would vary with lines of
interest. Based on our analysis of the properties of the energy
levels and the wave functions of the H,O described
previously, one can find the properties of these two quantities
accordingly.

Let us consider two pairs of the states {j 7, j o} and {j’
71, j' 75}. We assume j 7, and j 7, are paired and ;' 7] and j' 7}
are paired. By picking one member from each of the pairs,
one gets two combinations, for example, a combination of j
7y and j' 7} and a combination of j 7, and j 7. We assume
that the two states in the same combinations can be coupled
by L and K where L is the irreducible tensor rank and K is its
associated index [4,16], and we would like to compare the
energy differences and the D matrices between these two

Table A-2. Symmetry assignments for pairs of j, ;_, and
Ju+1,j—n in the IIT R representation.

Jojs J1.j JUj—15 J2,j-1 J2.j=25 J3.j—2

j=even E*, E- o, 0" E*, E-
j=odd O, O" E* E o, o
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Figure A.1. A plot to show properties of D(ji,kj 3 LK) with L=1 and K=0. Calculated values of |D(j]-,0j]-’,’1; 10)| and
| D(jj1j} 03 10) | with j'=j+1 and j=3,...26 are plotted by x and A, respectively. Because values are positive for even j and
become negative for odd ;. In order to show how their magnitudes vary with j more clearly, their absolute values are plotted in
the figure. Similarly, a set of pairs | D(inj/{’—l,l; 10)| and | D(j.1j;_y »; 10) | with j"=j whose values are negative for even j and
positive for odd j are plotted by + and @ Finally, another set of pairs | D(jioj) 13 10)| and | D(jj1ji o5 10) | with j'=j— 1 whose
values are negative for even j and positive for odd j are plotted by * and (1. ’

combinations. First of all, it is obvious that there are the I R and III R representations, but not in the I R
identities of their energy differences representation. On the other hand, in developing the line
shape formalism with the correlation functions described in
Section 3, we prefer to choose the II R representation in
which the symmetry axis of the H,O molecule lies along the z
axis of the molecular fixed frame. With this choice, one is
able to exploit more symmetries of H,O to reduce a number

wj‘rl/”ri ~ a)jrz/"ré (A'3)

approximately valid within certain accuracy tolerances when
both j and j’ are above corresponding boundaries defined for

their sets. . . :
On the other hand, for the two D matrices D(jrij'7}; LK) of the correlation functions required to be evaluated
and D(jryj't)y; LK), one has shown that |U£‘c |~ |U£1 | and significantly. Because Equation (A-4) is not valid, to verify
N - 1 2

Equation (A-5) analytically in the II R representation is
not as easy as shown above. In the present study, we do not
pursue the analytical verification, rather we carry out
numerical verification. In addition, numerical results are
needed to exhibit another feature of the paired D matrices.

|U§(’r,| ~ |U§(,T;|. In addition, as shown in Section A.l, the
evenness or oddness of Uj  and UJ_ over k must be
opposite and this is true for U), and U, also. Thus, it
becomes clear that ] ’

Ukirl ULKI, ~ Uirz Uj\ ke (A-4) For later convenience, we rewrite D(jtj't; LK) as

2 D(ji ki s LK)  where k,—k.=t and Kk, -k, =7

As a result, one is able analytically to verify We notethat there are rules to determine whether there are

non-zero couplings between two states ji, «, and j, ,, or not.

D(jrj't;; LK) ~ D(jraj'ty; LK). (A-5) For example, in the IT R representation the rule ‘associated

with L=1 and K=0 is similar to the selection rule of the

Thus, one can draw an important conclusion that the H,O transitions; Aj (5j'—j)=0,£1, Ak, (=k,—k,) =

coupling by L and K between two states approximately +1,43,..., and Ak, (= k. —k.)==1,£3,.... The rule for

equals the coupling between their paired partners. The higher L=2and K=0is Aj=0,%£1,+2, Ak,=0,+2,+4,..., and

the j is, the more equal these couplings become. We call these Ak.=0,+2,44,.... For other L and K values, the rules
two D matrices as the paired D matrices later. Besides, there become more complicated.

is another interesting feature of the paired D matrices. This As an example, we consider a set of two D matrices

feature represents a behavior of their values as j varies. {D(_]_‘]"()j/-/;ﬁl; 10), D(j,»,ljl-/,_o; 10)} with j'=j+1. It is obvious

In order to exhibit it, one has to find their values by that these two are paired D matrices because j; of the first D

performing numerical calculations explicitly. and j;; of the second D are paired states, and j; ; in the fist D

It is worth mentioning that Equation (A-4) is applicable and j'; o in the second D are paired. In addition, there are

for the coefficients derived accordingly in the I R or III R non-zero couplings both between j;o and j';; of the first D

representation, but not in the II R representation. This and between j; ; and j'; o of the second D. We have calculated

implies that we have verified Equation (A-5) analytically in these two paired D matrices for values of for j=3,...26 and
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Flgure A.2. The same as Figure A.1 except for L =2, K=2, three sets of the paired D matrices {D(jo | ;; 22), D(j1 5 ; 22)} with
J' =i+ L ADjogi j—1; 22), DU s j—1; 22)} with j' =, and {D(joi ;3 22), D(j14jg 5 22)} with j' =/ — 1.

found their values are almost identical. However, it turns out
that the values are positive for j=even and become negative
for j=odd. In order to show how their magnitudes vary
with j more clearly, we plot their calculated magnitudes in
Figure A-1. Similarly, we select another two sets
{D(j/Q]] 1,15 10), D(jijii_y 55 10)} with Jj'=j and
{D(joJir 15 10), DUjiajir o8 10)} with j'=j—1. Both of them
have non-zero couphngs and both of them consist of two
paired D matrices. Again, because their calculated values
change signs for even j and odd j alternatively, we plot their
magnitudes in Figure A.1. Based on these results, we can
draw two conclusions. First of all, values of the paired D
matrices are almost identical. This implies that we have
verified Equation (A-5) numerically for these sets.
In addition, we would like to note that for these three sets,
the identity of paired D matrices becomes valid starting from
j=3,5, and 4, respectively. These j values are consistent with
those j,q values listed in Table 2. Readers may wonder for the
third set, why the identity starts from j=4, but not j=3. It is
easy to explain this because for this set, j'=j—1 and the
smaller of j and j” must be not less j,q. Secondly, as shown in
the figure, one can conclude that for each of these sets, their
magnitudes vary very smoothly as j varies. Variation of the

magnitudes with j smoothly is just a feature of the paired
D matrices we are looking for.

As another example, instead of choosing states asso-
ciated with large k, values we consider sets of the paired
D matrices whose states are associated with large k. values.
In addition, with respect to L and K we consider a case of
L=2 and K=2. More specxflcally, we select {D(jojj ;5 22),
D(j14dy ,,/,22)} with J'=jt+1 {D(jo il J- 15 22),
D(ji ;]2, 1322} with j'=j, Do, 22), D(jr i s 22)}
with j' = /— 1. We present their calculated magnitudes with
j=15,...26 in Figure A.2. As shown in the figure, the two
features exhibited previously remain the same. We do not
repeat the discussion here, other than to mention that in
comparison with the previous three sets, the identity of two
paired D becomes valid starting from a higher j value. For
these three sets, it starts from j=7, 10, and 8, respectively.
These starting values are consistent with those j,q values
listed in Table 2.

With respect to other sets, we believe the same conclu-
sions mentioned above are applicable there also. As shown in
Section 3 these two features of the paired D matrices are very
helpful in analyzing values of calculated half-width for the
H-O lines.



