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STABILITY-DERIVATIVE DETERMINATION FROM FLIGHT DATA

By Chester H. Wolowicz and Euclid C. Holleman
SUMMARY

A comprehensiye discussion of the various factors affecﬁing the deter-
mination of stability and control derivatives from flight déta is presented
. based on the experience of the NASA High<Speed Flight Station. Factoré

releting to test techniques, determination of mass characteristics,
instrumentation, and methods of analysis are-diséussed.

For most longitudinal-sfability-derivativeianalyses simple equations
'dtilizing period and damping havé'beén found to be as satisféctory as
more.ccmpréhensive methods. The graphical time-vector method has been the
bésis of 1é£eral-deriyative analysis, although simple appro#imate meﬁhpde

can be ﬁseful if applied with caution. Control effectiveness has béen
éenerally obtalned by relafing the peak scceleration to the rapid control |
1n§ut, and:consideration wust be given to aerodynamic contributions if V
reasonable accuracy is to be realized. |

Because of the many factors involved in the determination of stability

derivatives, it is believed that the primary stapility and control deri-
vatives are probably acéurate to within 10 to 25 percent, depending upon '
the specific derivative. Static-stability derivatives at low angle Sf
attack show the greatest accuracy. )

H-110



De

INTRODUCTION

The flight-determined aerodynamic stability and control derivatives

1
N

‘are of much value to the flightutést arnalyst inasmuch as theseAderivatives
may be compared to wind-tunnel measurements for substentietion of the
predlcted behavior of the ai*'plane° Thus the determination of stability
derivatives has become an important part of flight testing and has, "in
some instandes, revealed characteristics that the wind tunnel wes unablel '
to predict. Where'windmtunnel data are unavailable or where the safety
of flight into untested regions is of concern, flightndetermined derivatiVes.
neve been use@ to preaict airplane.behavior prior tp flight into these
regions. | |

o Because of the exploretery natufe of many of ‘the investigatione
.cénducted at the NASAﬁHigthpeed Flight Station, the practical aspecte( -
}ofAdetermining derivetives from fiight.data have been of extfeme importance.
It is the prinafy pPurpose of thie paper to discuss a number of faetors that
infineﬂﬁe‘tne determination of stability and contrbl derivatives from -
flightvdata. Among the factors discussed are test techniques, ness

characteristiqs, instrumentat*on, and methods of extracting both primary

and secondary derivativee,
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SYMBOLS AND COEFFICIENTS

: Flight.dataishown in the figures are referenced to the body system of
axes (fig. 1), as are the equations of motion;(appendix A).
a perpendicular distance from spring td knife edge

8x,8¢s8n longitudinal, transverse, and normal accelerations of
aircraft at the center of gravity, g units

axl,atl,anl recorded values of ayx, at, and &, corrected for -
instrument phase lag and misalinement but not for
location relative to the center of gravity, g units

b . wing span, ft
Cy axial-force coefficient Lo
Cp' drag coefficient, Drag_(approx.)
: qs -
cL © 1ift coefficient, it
. as
. . . w
' trim 1 1lift coefficient, =—
CLt = g ent, )
oc,
¢, lift-curve slope, ——
Q oa
G ' ~ rolling-moment coefficient, Rolllggbmoment
d
Cl : demping-in-roll derivative, —g%, per radian
P . pb ,
. a2V
CIr " rate of change of roiling-moment coefficient with
. ocC
yaving angular-velocity factor, —?%, per radian
.657 .
) , : 130,
CZB . effective dihedral derivative, »SE—, .per radian
Clé rate of change of rolling-moment coeffic¢ient with .

rate of change of angle-of-sideslip factor,
3 .

e pér radian
oEb
2v



: pitching'-moment coefficient,

wla

_rate of change of rolling-moment coefficient with

respect to pertinent control-surface displacement,

<1e)
——-, per radian
%

Pitching ﬁxoment
gsc
: T .
dongitudinal stability derivative, 5_’ per radian
(0

oC

——, per radian
0% o

-2V

- 0Cy
B

s per radian

dCy ' ' \

5'5"’ per radian

d

—; Pper radian
odc ,

2V ;

Nornial force
- iS

normal-force coefficient,

30y -
-, per.radian

o
9Cy

ac
av

. 5'&':3 per radian

. aCN

—, per radisn-
oL

- av

a ' .

. r._.c.l‘l, per radian

- 9%

Yavwing moﬁent
asb

yawing-moment coefficient,

rate of change of yawing-moment coefficient with
. aC : i
n
rolling angular-velocity faci_:or, g@, per radian

2V
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rate of change of yawing-moment coefficient with

ac
yavwing angular-velocity factor, —;%3 per radien

2v
ac

-directional stability derivative, S—E, per radian

rate of change of yewing-moment coefficient with rate
) 3¢ .
of change of angle-of-sideslip factor, —73, per radian
oBb
2V

rate-of change of yawing-moment coefficient with
respect to pertinent control-surface displacement,
oCy, :
—, per radian
35 ’

Transverege force
as

transverse-force coefficient,

e} Cy

per radian
2V

3Cy ,
—=, per radian
ord
2V
d

lateral -force derivative, 36_, per radian -

d
—31, per radian ,

1) | S
62VA '

a .
_EZ, per radian

1)

mean aerodynamic chord, ft

.acceleration of gravity, ft/sec2

_pressure altitude, ft

moments of -inertia referred to body akes, slug-ft2

. . ' 2
product of inertia referred to body X- and Z-axes, §1ug-ft



-

IXO,IfO,IZO * moments of inertia referred to‘principal system of axes,

= t"‘_?# =

o

slug-ft
Iy " moment of inertis of.rotating mass of the engine relative
e to its qxis of rotation, slug-ft K
linear spring constant, 1b/ft : ' : ,
torsionel spring constant, ft-lb/radians
rolling moment, ft-lb
Mach number
m mags of airplane, W/g, slugs
N yawing moment, ft-1b .
P period' of oscillation, sec
P,q,Y ' rolling, pitching, and yawing angular velocity,
respectively, radians/sec
ﬁ,é,f rolling, pitcBing, end yawing acceleration, respectively,
radians/sec . .
P! o helix angle, pb/2v, radians e
b ‘average rolling velocity, radisns/sec ‘
dynamic pressure, 1/2pv2, 1b/sq ft
r! . yawing angular V9locity factor, rb/EV, radians
s wing afea, gq ft
T ' . engine thrust, 1b
Tl/2  time fequioed for absolute value of transient oscillation
to damp o half emplitude, sec
L time, sec’ ‘
' . airspeed, ft/sec ' L _‘ E - ,
u,v,w‘ : linear velocities relative to X-, Y-,»éndvz-axes,
respectively, ft/sec o
V¥ transverge.and normal linear accelerations, respectiyoly,

ft/sec

v
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o
)

b

" .welght of aircraft, 1lb

- weight of cradle, 1lb-

.distanées; ft

normal distance from center of gravity to thrust line’
of engine, ft : :

corrected angle of attapk:of aircrafﬁ, angle between _
reference body X-axis and stability X-axis, deg or radiens

_rate of change with time of angle of ‘attack, radiens/sec

maximum positive or negative angle of attack Attainéd id a
roll maneuver, deg - : , .

corrected angle of sideslip, deg or radians
rate of change with time'of aengle of aideslip,.radians/sec
control-surface deflection,.deg or radians ‘

aileron deflection, positiVé vwhen left aileron is deflected
down, deg or radians

rate of change of aileron deflection with sideslip engle .

elevator defleétion, positive when deflected down, deg or

~ redians : o ‘

pudder deflection, positive when déflected to left, deg .or
radians : .

rate of change of ru@dér deflection with sideslip angle

angle between reference'X-axig'and plané of spring couple, .
positive when spring couple is below reference X-axis ‘
forvard of -the center of gravity, deg.

- angle between reference body;X»axis and princ;pai,xuaxis)

positive when reference axis ig'above principel axis at
the nose, deg ‘

ratio of actual demping to critical damping

_angle of 4{nelingtion .of principale-axis relative to

stebility X-axis, positive vwhen principal X-axis 1s
above stebility X-axis at the nose, a - €, deg a

L]
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Subscripts:
i

‘max

w8

" mass density of air, slugs/ft3

time parsmeter, |JE~, sec
L ' VS

m . .
densit arameter —_—
¥y P ) Se

when used with equations correcting for misalinement .of

- instruments, the symbols refer to the misalinement in
yaw, pitch, and roll, respectively, relative to the body
axes, deg; or, when used with the equations of motion,
the symbols refer td displacements in yaw, pitch, and
roll, respectively, radians ‘

phase angle, deg

damping angle, deg

undamped natural frequency of aircraft, radiané/sec

dsmped natural frequency of aircraft, radians/éec

angular rate of rotation of rotating mass of engine;
radians/sec ‘

instrument
maximum
reference axes

stability axes

The symbol lJl, represents the absglute magnitude of a J quantity

and is positive. .The phase angle of a vector J relative to another vector

k 1is indicated by the subscript - ¢ jk+ -The second subscript is used as the

reféreﬁce, For example, in the expression 'QQH = -150° the roll displace-

¥

ment vector -lags the yaw displacement vector by 150°.
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TEST TECHNIQUES

The. maneuver perfOrmed for determining stability derivatives from flight

data should be compatible with the requirements of the method of analysis to be

employed. Inasmuch as linear theory is used in the determination of derivatives,.

individual control inputs are used to excite the longitudinal.and the.lateral

motions. Analyses are conducted with various types of control inputs;'the simple

"pulse maneuver in figure 2 is found suitable in general practice. Far this ma-

neuver, the airplane 18 trimmed at the desired angle of attack altitude, and
Mach number, and & free oscillation is initiated by en ebrupt pulse. The
X resulting~free—oscillation.of the aircraft is allowed to damp with the controls

,-held'fixed. With an irreversible contrcllsystem.this is easily accomplished'by

releasing the controls. Even small'inadvertent contralbinputs during the free-

oscillation portion of the maneuver can significantly affect the results.

Most of the f£light tests. at HSFS.are mede in 1l g flight at constant Mach

number and altitude. Some variations in these quantities are accepted’if the_

' resultant change in dynamic pressure is not more than- 5 percent. When dynamic-

pressure effects are known to be small, tests are made at different base alti-

- tudes to determine the variation of airplane'characteristics with angle of

~attack. Similarly, investigations to determine static aeroelastic effects are

- .conducted at different altitudes .when angle-of-attack effects are known to be

negligible. When flight.maneuvers.intended specifically for derivative deter-
mination are unavailable, the ajrplane respense to random inputs is analyzed

to give limited stability data. This is acccmplished‘effectively with the aid

: of an analog computer. In regions where large Mach number effects exist, tests
. are conducted at close Mach number intervala with more rigid requirements on-

,constanthach number. and altitude.
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The effects of engle of attack and load factor are obtained by performing
. pulge maneuvers while the airplane ié stabiliged in an eievated g turn.

The ap;plicaticn .of tni-é technique is limited by the difficulty of perfoi*ming
a gond maneuver. . Difficulty has been experienced, during the maneuver, in

~ holding the proper bank angle to maintain constant load factor and Mach _
number. With a eonventional oontrcl system exceptional piloting skill is ' A‘
required to maintain fixed control during the airplane oscillation at A |
elevated g. 'rhe uge ot‘ the airplane damper as a device for applying a
known deﬂ.eetzicn signal to excite the desired unaugnented airplane oscil-
lation® .foe.ra a means of impmving tk\e,quality of the data for 1g

.} conditions and vo',f thaini_ng an even greater imprayénent"at eleyated" g
,,'jc,on@itioné‘ o | | |

The analysis Qf data of a. eomplete flight program for the determination
of atability @erivativas of an a.irplane can be tedious antl exacting. 'I‘he |
number of qcmputatio,ns necessary for an effective analysis of flight data
malges it apparent that systematie pmcedures are helpml 'l‘abulation rorms‘“" '
| thet inelude ‘many pertinent flight quantitiea have proved usem (fig. 3) |

MASS mmmrsm:m%

~The airplane mass, characteristicsmweight, lacation of the eenter of
gravity, moment of inertia, and inelination of the.principal axis--eignifi- ' |
c,@ms:ly/ affect airplane motions. BErrors in these quanuties are reﬂectaed
diireetly- in the f-light.-de’eermined derivatives.. Weig,ht. am horimntal v'
1ocation of the center of gravity are always detemined experimental]y
.Inas;guch es the vertical location of the center of grawity, xnoments of!

~inertis, and principal-—axis location are difi'icult, to determine experimentalw,
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manufacthrer's estimates are usually relied upon. These estimates are
generally considered to be of sufficient accuracy for most work involving
flight teéts. If more precise data are required, they should be deter-

mined using experimental techniques.

Weight and Center-of-Gravity Location |

The weight and longitudinal position of the center of‘gravity relativé
to the horizontal reference line of the airplane for the empt&- and gross-
welght conditions can easily be obtained by leveling the airplane on
suitable scales Sr electronic weighing ceils.' The center-of-gravity
variation with fuel consumption can usually be defined adequately by weigh-
ing the &irplene at several fuel levels. In some instances, however, it haé
”seen found necessary to aécouﬁt for fuel-tank sh;pe and airplane attitude.
.The horizontal location of the center of'gravity is experimentally obteined
at least to within 0.0l mean aerodynamic chord, which 1s considered
adequate for derivative deterﬁination.

An accurate knowledge of the vértical location of the center of-
gravity has ﬁot been pertineﬁt to the experimental derivative studies
conducted at the High-Speed.Flighf Station except in.the'experimental
determination-of moments of inertia. The vertical cenﬁer of gravity can bé
obtained by static or oscillator& techniques. The oscillatory technique
éonsists of changing the equivaleﬁt torsional spring constant for the rolling

momént-of-inertia tests (fig. 4).

Moments of Inertia
Manufacturer's estimates of the moments of inertia of the airplane are

considered adequate for most analysis. However, should the experimental
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determiaation:of the inertia be required, because of ailrplane growth cria
need for a more accurate value of inertia, methods are ayailable in
references l,to.3. Schematic representationtof typical‘methods for deter-
miaing,the rolling and pitching moments.of inertiatcf the airplane |
experimentally are illustrated in figures 4 and 5, respectively. The
inertias of rigid airflanes may be determined to within;S percent or better.

Measaring the inertias cf flexible airplanes is more difficult, but
has been accomplished to good accuracy for longitudinal momehts of inertia
(ref. 4).

Difficulties have been encountered due to flexibility in the airplane

'.'and in the experimental components used. Inrone instance the flexibility

,cf a wing that had been considered rigid altered the pivotal point of the
oscillations and invalidated the measurements. In another instance, a
flexible cable was used as an attach link,between the airplane and the
restraining spring. .The effective spring constant was sufficiently reduced
to give erroneous results. Serious errors can also result when knowledge
of the’center-of-gravity'location is inaccurate and when the liﬂe cf actibn”
.of theispring at the attach point to the airplane is not perpendicular to
"the axls of rotation. .Generally, the inertia‘characteristics are determiped
for no-fuel conditions tecause fuel sloshing apprecisbly affects the
‘required oscillatory motion; Thecretical aaalysis of fuel-sloshing effects

has been made (ref. 5), however the theory is approximate,

Inclination of Principal Axis
'The inclination.of the principal axis of the airplane is one of the
more difficult Quantities to determine experimentally. As shown in .a later

'section, an error of 1/4° in the value of the inclination .of the principal
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aﬁis Ean significantly affect the determination of control derivatives. The
method of reference 6 is considered to be accurate to 1/6°.

Figures 6 to 8 show the general arrangements of the test setup includ-
ing the necessary equation for the e?aluation‘of ﬁhe inclination of the
principal axié. Instruments mounted in the. airplene measure the ;oll and
yaw rates of the oscillations initidted by a small displacement in yaw.
Varying the inclination of the plane of the restoring springs (fig. 6)
results in one inclination angle where no rolling is.observed and where the
formula for determining the inclination of the principal axis is applicable.

- .Two setups af; shown (figs. 7 and 8) but the arrangement .of figure 7
is considered to be more convenient and iéss time consuming. It is |
essential that the spring prsvide a fure couple.

_The vaelue of the moment of inertia relative to the reference axis
IZr méy be determined from these same tests. The moment -of inertia Ixr
required in the equation shOwﬁ in figure 6 must be determined from other
tests. Formules for transferring moments of inertia froﬁ oﬁe system of

axes to another are given in appendix B.
INSTRUMENTATION

Basic to any analveils of fligh% data is the instruméntation. It is
essentisl to consider each quantitiy being measured, the sources and

probable magnitude of error, and procedures for applying corrections.

Ranges, Sensitivity, and Accuracy .
Instruments used for studies of general handling qualities hgye

relatively low sensitivities in order to accommodate the normal flight

»
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range and are employed for approximate evaluation.of derivatives in
'conjunction.with these studies. .For accurate evaluation .of the derivatives,
',using’small disturbance maneuvers, sensitive gyros and accelerometers .are
installed to supplement or replace those used for the handling.qualities
studies. The ranges and sensitivities of the instruments and scale factors
are usually selected after studying flight-test records of small-
perturbation maneuvers performed .over a Mach number range during pilot
4familiarization.flights when the airplane is equipped.uith general purpose
flightstest instruments. The increase in sensitivity of any one_instrument
must be accomplished with discretion, inasmuch as an optimum sensitivity is t
attained beyond which any increase may simply result in .a false sense of
- aeeuracy. |

.Table-i shows-the.characteristics_of instruments which are desirableA
.fOr-derivative investigations for one high-performance airplane.when the
pulsed free-oscillation maneuver is employed: .The listed instrument natural
frequencies are more than adequate to maintain flat response characteristics
,during,forced portions .of the maneuver up to the anticipated maximum

frequencies for all recorded quantities.

Phase«Lag Corrections
Since several individually recorded quantities arenutilized'in.the,
determination”of the various derivatives,.it is important,that the phase-lag
characteristics of each recording instrument be taken into consideration.
.For systems vhere.gll the quantities can be recorded .on electrical galva-
nometers, it is generally possible to equalize the,individual phase lags
hy proper choice of the frequency response of the recording systen.-.Where

" -this . is not possible,‘as in the use .of certain.of the seif-recording NASA



~15«

1n§truments; phese-lag corrections must be consideredvand applied‘where.
pertinent. |

These corrections are applied by simpiy shifting the data time scale '
(ref; 7)) aé in the determination.of controllderiﬁatives, or by correcting

phase-angle relationships, as in the timé-vebtor method .of enalysis.

Alinement Accuracy and Misalinement Corrections

As migh£ be expected, it is much less troublesoqe to obtain correct
instrument alinemenﬁ.than to epply misalinement corrections (fig. 9) to
flight data. | | '
| | Rgte gyros must be alined to within'io.2f of correct orientation'with
reletion to. all three reference axes. .For example, a 3° misalinement .of the
yaw-rate gyro in pitch chaenged the sign of the derivative Cnsa 'which had
significent effects on the analog-simulated rolling characteristics of

the airplane.

Corrections for_Location.of Instruments

Linear accelerometers.s Although-it would be highly desirﬁble to locate
linear accélerbmeters at the center of gravity, this is generally not |
possible. Therefore, corrections of indicated linear‘acceleroméier readings
to the center of gravity of the aircraft must be made using the expressions
shown in figure 10. -The eqnatibns fér normal<a9celeration &y and .
;tfansverse acqeleration. at .can be linearized and gorrectionS'thus simplified
by mounting the accelerometers in the plane of symmetry alopg the,x-axis.

. Angle-of ~-attack and sideslip vanes.- Angle-of-attack and sideslip venes

are subject to the effects of upwash, shock waves, and crossflow. . Deteils

of these effects are discussed in reference 8. To minimize these effects,
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long nose booms are used with the vanes mountéd (fig, 11) 1 1/2 fuselage

*. diameters ahead of the nose of the aircraft whenever feasible. Aside from

corrections for upwash, shock waves, and crossflow, the indicated vane

readings must be corrected for boomebending.effects resulting from aero-
dynamic and inertia loads. Also, corrections must be epplied for angular

velocity effects to correct the readings to the éentér of gravity of the

.airplane.

METHODS OF ANALYSIS

Of the many methgds available for the determination of stability aﬁd
controi,derivatives, ;nly a few,aré simple enough to be practical for a
relatively rapid determination .of these derivatives. In the following
sections some .of the methods currently used at the High-Speed Flight Station,
including approximate_equations, are dlscussed at some length. Pertinent
details régarding the spplication of the gfaphical.time—vecto; method are-
presented in.appendix C. Some'eiperience has also been .cbtained with a

number of . other detailed methods. Commentslon,thesg methodsfare.offerEd at

the conclusion of this section.

On the basis of receht flight experience, 1t is believed that maximum
aééuracy is needed in the various control and.cross-control.defiﬁatives, the

static stability derivatives, and the rotary derivative - Cl s since they

‘dominate the basic airplane motions. In 1ightly damped airplanes the

'damping,deri¥ativ§s (Cmq~+ de) and-(Cnr.-.Cné) appear to befof»somewhat'

less consequence; similarly, CLa and CYB are of secondary 1mporténéé in
most stability investigations.  Hence less accuracy may be tolerated in

these quentities.



-17-

Ioasmuch as flight-test instrumeots are referenced to the body axes, it
is much less time consuming ro analyze for derivatives relative to this ‘.
system of axes rather than to the stability sysrem of axes. .Conversion<of o
derivatives from the body system to the sfability,sysfem,‘if required, is

‘ accomplished by the equations listed in.appendix,D.

Basic Data

Application of the simpler equations requires an evaeluation of the
period end damping, whereas application of the time-vector method requires,
in addition, the determination .of amplitude ‘and phase relationships. These
quantities are obtained from the free-oscillation portionxof the pulse |
maneuver, as illustrated in figure 12.5 The spacing of the peaks of the -
‘oscillatory motions determines the demped natural period, and a comparison
of these peake for the different oscillatory quantities determines their
'phase relationship. . The phase relationships of the pertinent ‘quantities
are obtained by an averaging process typified by the table in figure 12(a)
.The first line lists the time of occurrence of consecutive + and - pesaks
of the roll rate p. Similarly, the second line lists the + and -
peaks of the raw rate r. The third lioe lists .the time difference of the
first two lines in each column Since the yaﬁ'rate is.the reference in
this instance, the signs in the third line indicate the roll rate is lagging
.the yaw rate. -The values in the third line are averaged and, if need be,
converted to phase lag in degrees. It will be noticed that a yawing |
divergence is‘evident in the yaw-rate record shown in figure 12.- To isolate
the .oscillatory motions and determine the time to demp of the oscillasions; A
exponential.curves are drawn as shown. A semilog plot'of the double

[}

amplitudes included between the exponential outlines of each motion
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establishes the time to demp of the .oscillations (fig, 12(b)). A cdmparison

of the plotted double amplitudes of the variables determines the amplitude

A

ratios., -

.For.lightly.damped oscillations it is possible to determine the period

to within 0.02 second. .Good accuracy in dampihg,can:be measured for damping
ratios less tﬁan d 2. Accuracy of measuring period and damping becomes
; rather poor for demping ratios greater than .about 0, 30. Generally, all
| configurations tested at moderate and_high_altitudes.and.without damper
| auvgmentation have beep,rather lightly demped so that free-oscillation
| methods of analysis can 5e applied with good accuracy;
. The qamping ratio ¢, damping angle - Qd,'aﬁd undamped natural |

frequency ay, ere obtained from the following relations

. .1//0.693P | | |
C.' sin ran 1(%;5175£> . (1)
04 = tan~t 2:693P (2)
rd 2“T1/2 .

o = oy o+ % zﬂ) +<‘"1/2 ‘ L@

Longitudinal Stability and Control Derivatives'

. The nature of the input and the ensuing free oscillations of the.
: lohgitudinal‘pulseemaneuver permit.the use .of relatively'simple methods . of
i analysis. .These simple methods give resultslcomparable to thoee.from,the
more complicated methods investigeted. Only the reiatively simple methods

are discussed, and only data from these methods.are'presented,'

A
\
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' Control -effectiveness Cma «- The control-effectiveness derivatives are
e

determined from the initisl portion, approximately 0.2 second, of a rapid
pulse maneuver (fig. 13). During this part of the maneuver the airplane
response 1s almost entirely pitching acceleration with the result that

I, q o ‘
SIS | (1)

Pulses applied at slower rates, and thus extending,ovef a longer time..
interval, may require the inclusion of pitch damping and angle-of-attack
terms in the equation. .
_Analysis by this methpd requires instruments with flet response
.characteristics extending,to'relatively high frequencies (8 cycles pgr
"second) .and also requireé the apélicétion‘of instrument phase-lag correc-
tions previously discussed. By checking the charactefistics of the
.instruments being used, it has been found that the time difference in peak
}.values of control input and pitching accelerations is a result of 1nstrument
leg (fig. 13).
| Utilizing,this method of -analysis it is believed that the control
effectiveness can be obtained to within 10 percént} the error is primarily
attributable to readability'of the peak values of control input and
acceleration.

‘Static stability. derivative Cma.- On the basis of .the short-period

form..of the linearized longitudinal .equations of appendix A, the following

.equation may be obtained from the longitudihal4characteristic equation

G 7 - 2 - : (5)
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This equation neglects the term = G, CLa which has been found to
“z
be only 3 to 5 percent .of the total. .Thus an acceptable value for Cma can
’be obtained by simply using the frequency term.

Lift-curve slope .QLa.- From the free oscillation .of the.airplane with

» the.controls fixed the variation .of normal-force coefficient with angle of
attack may be evaluated as
o Wl I__| o . (6)
@ & [af " ‘°|°‘I - - '
.This ‘expression neglects the pitching-velocity and angle-of-attack-rate
terms (see appendix A) of the normalsforce:equation, but these terms have
been found to be negligible. .This derlvative CNa may be ccnvertedlto'

4liftpcurve slope.by an.approxinationucf the derivative form of.the equation -
CL.=CN-,CAsina+-;r—sincx | (7)
: as :

' Since the Cp and the T terms. are usually negligibly small relative to
Cy at small angles of attack

,LCLa'z’CNa} . | - (8)

-
\

Should the angle—of-attack records be unavailable and pitch-rate

: records available, i%f%,muy be obtainec from :i?:

principles. A typical solution is included as figure 1k.

by using vector

Damping in pitch (Cmq Cma).- From the airplane characteristics

.equation, the . longitudinal .damping derivative may be evaluated as

QIY .
cm +. cma) = =5 CLa - 1+T<El/2> ) (9) |
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‘ This:derivative can be determined to reasonable accuracy for damping
ratiqs up to about 0.2, but to less accuracy at higher démping ratios;
The accuracy in determining (Cmq + Cmé)Ais affgcted by taking tbe small
difference between two relatively large numbers. Small errors in elther
of these.large numbers are amplified in the determined derivative.

.Representative results.- Using the methods of analysis discussed,

longitudinal derivatives have been evaluated for a representative
contemporary tést airplane and are presented in figure 15. These data are
typical of those tpat can be obtainéd from good flight techniques and
careful application éf the methods of anal&sis.

fhe maximum deviation from the faired value in the primary derivatives,
which occurs in the control-effectivénesé derivative CmBe’ is abogt
20 percent., In the static stability derivative Cma the deviation is only
10 percent. Deviations of this magnitude occur in .only 5 percent of the
data analyzed. .

;t is customary to perform maneuvers at closer Mach number intervals
in the transonic region than in other regions to eétablish the extent of
any abrupt changes of the derivatives. Such an abrupt change is well defined
for Cma' in figure 15.

Included in figﬁre 15 are the results of good and bad practices of
snalog studles performed to ascertain the validity of the flight-determined
derivaéives. Actual flight-control input motions'were uséd in the analog
studies. At Mach numbers'of 0.94 and 1.6, the overlays used in comparing
simulated and flight time histories were based on indicated time histories

corrected to the center of gravity of the airplane and for phase—lag‘"

errors of the instruments. At a Mach number of 1.27, the overlay for
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icomparing,analog,and flight time history4did not includefanv correctionsvto
the indicated flight.dats.' ﬁhere the simulated time historv didunot agree’ :
.withithe overlay, the stability derivatives determined.from”flight.dats.'
_'were.sltered until the.agreement was optimum. At a Mach number of 1.27,
the.results of the analog study are erroneous_because of the inadequate
'sttentionuto corrections:of indicated.time‘nistory in making,the,overlay;
vFigure 16 shows & comparison of the actual flight . and. simulated motions at
‘.~a Mach number ‘of 1.6.. The.agreement is considered good and substantiates
--the fact ‘that .the . flight derivatives adequately describe the test airplane

at the test condition shown. Co o i

Lateral Stability and Control. Derivatives
The lateral stability and control derivatives are not determined as
' Vreadily and reliably by use of approximate equations.as_are the longitu- '
't.dinsl.derivatives becsuse of the .complex behavior of the airﬁlane. ,The s
followingidiscussion considers the various methods used at tne,Hiéh;Speed
| Flight Station. | '.

Control effectiveness.~ The basic procedures for determining lateral

'and directional control effectiveness are similar to those previouely
discussed. However, the expressions for 1ateral-directional control . effec-
.tiveness ere complicated by the need to account.ior‘tnf possible»influence
of'the inclination of the principal axis %E'yglllgs tneteerodynamic'terms.
;lests with.one conventional high-performance airplane'utilizing1a'rapid
control pulse or step maneuver«show theat the‘directional~contro1 derivative

' jcns can be determined to good accuracy consideriné only theeinertia‘term.
op _ _
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For exemple ‘ . .

Iv . Y ’ . "
Cag_ = | 22 - 2B - (Coy - Oy ) - (10)

r | 4sd gsb

100 98 - O + 2 - 0 - 0

vhere the magnitudes of the individual terms dre given as percentages of
the answer. It should not be precluded that the inertia term 1B the only
térm which will be significant in determining Cnsr, for other aircraft¢

For ‘the rall-aontrol darivative 038 i ccnsideratien must be given to tne

aerodynamio derivative terms. For example

Iy Iy7. pb D . }L
I A
- N

100 = 73 - 4 4+ 31 - O - 0

ihe erosse-control derivatives 'Cnaa and CZ - can be evaiuatéi uslog
equations (10) and (11), respectively. The crossccontrol derivotives
are ususlly of smaller magnitude anq are therefore more d1fficult to
determine. Consideration must be given to all the terms of the equation
as is shﬁwn in the following exemple for tﬁe analysis for cn83° The
flight quantities ﬁere obta;ned from thevrgcérds as shown in figure 17,
The time difference in the peaks of the control input and the acceleve-
tions is due to phase legs of the instruments. The acceieration and

angular rate records and the sideslip record have prectically the cowraect

phase relationship with respect to each other in this instance. Following
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-} '

.afe»thecmagnitudes'of the individual terms as percentages of the answer

‘._ . _ Eg_ . Ixz. A :

- 100

206 - 1kl .+ 10 o+ 9 + 16

An error in principal-axis inclination 1is also particularly signifi-
cant in determining Cﬂ&g ‘For instance in this example an error of 1/h°
in the inclination of principal axis (3°) would result in an error of
12 percent in Cnsa

Directionalastability derivative Cnﬁ'- Since the static-directional-

stability derivative is one of primary importance, good accuracy is

- required in its measurement. Many methods have been used for evaluating

',this derivative, and a comparison of typical results 1is included in

figure 18. . The results as obtained by the vector method (appendix C) are

‘.considered.to_befaccurate to within 10 percent and are usedvas:a,basis.

for comparison.

Simplest of these methods is the frequency dependent approximation :

-Cnﬁ' qu wh _ | | ' o ' ,.'(¥3)

i,Results from this equation (fig. 18) compare well with the more complete
‘llmethods at flight conditions where. angle of attack and dihedral effects

Aofare small. At low indicated ailrspeeds whe:e these effects.are,not smali,

the diecrepancy can be 50 percent.or more depending,oncthe mass character-

istics and the aerodynamics of the individusl airplane.
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.The simple equation .can be modified to account for Cza effects'as

follows
I 2 _Ixg

Iy .
Chp = Tom®n = =55 +a== 1k

na dsb ' IX ClB IX C.LB . ( )
This method relies on wind-tunnel data, theory, or flight values for .GLB
and has given satisfactory results excépt for configurations with high roll-
to-yaw ratios.. In general, this equatioh shows better agreement with the
more comprehensive methods throughout the Mach number range.

Values.of C,  have also been .obtained from steady sideslip maneuiers

using the expression : -

Cog = - <Cnar5fa + Cgﬁasf,@ | (15)

Unirelisble determination of the cpnt?ol derivatives has limited the use .of
fhis equation. Also the inability to obtain sufficient sideslip angle at
supersonic conditions‘makes accurate determination of the aprarent
stability parameters Grﬁ and Saa difficult. Thg results obtained frof
equation {15) show poor agreement with the other méthods, particularlj in
the supersonic speed range (fig. 18). '

Application .of these.methods for obtaining CnB has led to a ;ogical
.approach for £he evaluation .of this derivative. . For configurations with
known .low values of Clﬁ atllow'angles of.attackAﬁhe simple frequency
. depgndent equation for ‘CnB is usually adequate.'.Flight'conditions at
high angleg of attack requiré more complete equationg. St11l more compre-
hensive methods, such as the time-vector method, should be used as a cﬁeck
on the validity of the more approximate methods at representative test

conditions.
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"Effective dihedral 015" The . dihedral effect can be evaluated from

both static and dynamic maneuvers. .From steady sideslip

«%A=-@5rarﬁ+-czaasas>- | e

.Thejlinitations previously discussed for & similar expression for
ChB' (equation (lS)),also apply for equetion (16). .For most investigationsi
'CZB is derived. by the time-vector solution of the rolling-moment equation,

A comperison of CZB determined by equation (16) &nd the time-vector
method is shown in figure 19, At low Mach numbers the results from
,equation (16) compare favorably with the time-vector results. At high
Mach‘numbers a large dlscrepancy exists between the two methods. _Even
fheugh. CZB is not one of the‘derivatives most aecurately determined by
tne time-nectof method, the vector method is the most practical means
-avellable for evaluating this,deriva,tive-'.

.Dampingzderivatives (Cn Cns).- Approximate equations for

determining Clp ‘and (Cnr - Cn.) are

}; Gp =~ Gy, Ga/ > | | _(‘W)~
o A R U
: (Cnr - né) . bQZCESTl/e + ﬁ.q@ S (18)

In determining Cl by equation (17), ‘the factor <§;//Iﬂi> is

obtained from aileron rolls and the control effectiveness is determined as

previously discussed. Equation (17) often is con51derably in error
because of adverse yaw coupled with large dihedrelleffect and is not
recommended for general use. This derivative may be determined with

better:accuracy by the time-vector method (appendix C).
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. The determination of (Cnr - C.+) by equation (18) has provided -

| "8
reasonable approximations for low angle-of-attack conditions. .Results
were poor at high angle .of attack. This derivative is also a product of
the time-vector solution of the yawing-moment'equation (appendix C);
however, the accuracy is subject to relatively large errors becabse of

" its sensitivity to small phase-angle‘errors and the assumed values of

.Cnp used in the solution.

Side-force derivative CYB.- The side-force derivative 1s determined

by an equation which parallels the longitudinal equation for _cNa

a . ’ .
L L on :?tg (19)

The emplitude ratio ':Eii is obtained from flight records which'have beed
' B

~corrected for such factors as instrument location. Where B records are

not usable or ‘are unavailable, the ratio may be obtained by time-vector

. . p
methods as shown in figure 20. N N

.Representative results.- A typical set of lateral stebility and
ccntrol derivatives is presented in figure 21. The etability and dempdng.
derivatives were obtained by'the time—vector method, whereas the control
derivatives vere calculated by equations (lO) to (12). ™

It is felt that for most quantlties the number of test points shown
could not have been substantially reduced and still define the curves
.adequately, The analog was used as a check.on the validity of the flight-
determined derivatives and in most instadces only minor chanées to tbe‘ |
flight-determined derivatives were required to obtain an'optdmum match.

between the flight and calculated motions such as typified in fdgure 22.

It should be noted that the analog matching technique is not completely
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satisfactory inasmuch as the solution is not necessarily unique.  However,
the correlation shown was the result of systematic variations of the
flight-determined derivatives and afforded the best .comparison .of calculated

and flight .time histories..

.Discussion .of Other Methbds

As mentioned previously, the time~vector method requires the

: assumption of gsome derivatives. A number of methods have been proposed ‘ '

for the compreheneive determination .of derivatives without requiring such
assumptions. Some of these methpds have been applied successfully.at the
High-Speed Flight Station; others have not been successful.'iln.the

. following paragrephs comments,are'offeréd“onJa number of such deriVativeu
methods. |

Klavans' method.- This method (ref. 9), based on the time-vector

principles and the time plane, utilizes data .of the spiral,.roll-'
sﬁbéidence, and Dutch roll modes fof defermining,the lateral,dérivatifes.
. The method equates the real and imeginary quantitiés in each of the thréé
‘equations of.motion, thus providing six equations from the Dutch roll mogde.
.The spiral end roll.subsidence modes{providé additiona1 Lqﬁations. _The’
method requires the same basic anslysis of free-oscillation data as
required.ﬂy the graphical time—VEctcf method (amplitudefratios{ phase
anglea,.damping, and natural frequency). It also'requireé analysis of
the spiral.pr‘roll-Subsidence.ahplitude ratios, or both, end rdots for.
the evaluation of Cnp and clr' .The method is simple and direct. .The
deterrent to its use is the difficulty of specifying flight technigues
whicﬁ wi}l provide date from which spiral and roll-subsidence amplitu&e

ratios and roots can be obtained. If Cnp ‘and clr aré estimated, the
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method becomes the mathematical equivalent .of the graphieal time-vector

Trensfer-function-equation method.- The method of reference 10 involves

the use of pimplified trggsfer-fungtign equatiens that best describe the
various neasured fregqueney responses. ‘Phe trensfer ggeffigiegte are
evaluated by a curvesfitting process involving the use ef templates and .

an analog computer. .The pertinent stability derivatives are then evaluated
frcm'the.transfer coefficients. The derivativee.determined-include the
important:stebility,and damping derivatives and the control derivatives
Cms: cnsrs and C"Sa

but entails = considersble amount of work. However, when the airplane-is

. The method prorides reasonably good results

heavily dsmped, or when frequency-response.data.ere required for other
-purposes, the method may be used'to'adventage. Practical use .of this
method requires both digitel andvanalog;computing equipment.

. Frequenéy-~response method.- .The method of reference 1l replaces the

time plane with the frequency plane. Amplitude ratios and phase relation-
ships of airplane response to control input from frequency«response
analysis previde real and imaginary quantities. These complex quantities
substituted in the three equations of motion result in six equations.
Selection .of data at discrete frequencies provides as man& simulteneeus
‘equations ae.neeessary for-a leest-squares érocess to determine the
derivatives. .The method 1is simple in theory and has produced good.results.
. Considerable care, work, and time are involved in.the application, and
some experience is necessary in the selection of discrete frequencies;
.Automatic.data;reduction equipment would greatly expedite the frequency-

responsée. analysis and would be useful for the other computations required.
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Least-squaring of the equations of motion.- A logilcal and‘simple,méthod

fér'determining derivatives from flight data is the least-squares methoﬁ.
.Flight quantities at discrete times are substituted into the equations. of '.
' motion..‘Many more;data pointe are éelectéd than the ﬁumber'cf unknowns,

" and a,leasﬁ-siuares process is applied for evaluatipg the unknown derive
atives. .The use of better=conditioned maneuvers and more specialized
instrumentation may make the method feasible. .It appears thet the accuracy’

required is greater than that required by most methods of analysis.
_APPLICATIONS OF FLIGHT DERIVATIVES

No paper on flight.ﬁerivatives would be complete without some

discussion.of the manner in which flight derivatives are applied.

Fligh£ Guidance
For several years é considerable effort has been expended at the

High-Speed Flight Station in flight and simulator studies,rélating to theA '
. inertia-coupling problem. Because of the comjlex_nature of .the motioné5
guidance of the flight program by use of analogAcomputationé iethighly _
desirable.. . I; a roll investigation .of this type a small increase in
alleron deflection .can produce large effects on-airplané motions, and it
has been graphically demonstrated on several occasions that flight guidance
based on linear extrapolation.of flight date gt esmall alleron .deflections

: canAbé highly misleading and dangerous. Figure 23 shows a representative

;comparison.of.the-mﬁasured excursions in angle of attéck.and sideslip |
{-apgle obtained in 360° rolls with those predicted using‘flight-determ;ned

Vv

.derivativ?s. .The good agreement shown has been demonstrated in most
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instances in ehich fiight-determined derivatives heve formed the basis of
the calculations, and consequently, the use .of such guldance in flight
plaening has proved invaluable. .The use of wind-tunnel and theoretical
derivatives in analog studies haes not been nearly so successful.

Because the directional stebility of most aircraft decreases at
supersonic speed there usually exists a critical need for flight-guidance
to avoid directional divergence near design Mach nuﬁbef. . Inasmuch &s this
decay in.d;reetional stabllity is often even more evident as angle .of
attack is 1ncreased,-the analysis must of necessity inelude accelereted
flight conditions. 'Flight-determined directional;stability derivetive
: Cna is obtained from pulse maneuvers in a cautious buildup progran.'

Jet-exhaust effects have also been known .to affect the directional
stablility appreciebly, and these effects afe difficult to simulate in
:the wind tunnel. TFigure 2k demonstretes the large detrimental effect of
the jet exhaust of & rocket engine on one alrplane in the supefaonic
region. . The magnitude of this effect was unusually large in this

instance. At least a. cursory check .of pover effects is made in flight

on rocket airplanes.

Verification of Wind-Tunnel Dsta and Tﬁeory
The designer has used the results of flight tests as.one meahs of
'verifying theory as well as small -scale wind-tunnel data. .Figure 25 shows
-a comparison of flight and wind-tunnel directional-stability characteristics.
_The results indicate that when the basic rigid tunnel data were corrected
for aeroelasticity and air-inteke flow, fairly good correletion existed

with the flight data.
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When first-order aeroelastic corrections are applied to rigid wind~f;:v
tunnel datsa, it has been found that . 1ift-curve slope and latersl-force .
derivatives agree within about > percent of flight results. .The
correlation.of tunnel and flight static-stability derivatives »q%z and
CnB in the low angle-of-attack range is generally within about ‘ |
10 percent. - Flight control effectiveness is usually within .10 to
20 rercent of the wind-tunnel value, and damping and dihedral effect .can.
be expected to agree within about 20 percent. .The differences shown

result fromuuncertainties in the mass characteristics as well as from the

analysis .of thesdata;
. CONCLUDING . REMARKS

‘.'Aecomprehensive discussion.of the various factors‘affecting the
determination.of stability and control derivatives from:flight.data‘has
,been nresented based on the experiencefof the NASA HigheSpeed Flight
‘Station. Factors relating to test techniques, determination of mess
1 characteristics, instrumentation, and methods of analysis were. discussed.

. The pulse maneuver has been found generally adequate in exeiting
the motions required for stability-derivative analysis if adequate
Ainstrumentation senslitivity and alinement are provided. '
| .For most longitudinal-stability-derivative anaiyses simple equations
utilizing period'and damping have been found to be as satisfactory. as
: more.conprehensive methods..‘The graphical time-vector method has been ‘:
the basis of lateral-derivative analysis at the High-Speed_Fiight
Station, although,simple approximate methods can be useful if apblied vith

caution. . Control effectiveness has been generally obtained by relating the
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peak.accelerat;on to the rapid control input. ;Coﬁsideré%ion:must be.givén
to aerodynahic contributions if reasonable accuracy is to be reallzed.

_ Because of the many factors involved in the determination of |
: accufacy requirements,Ait 1s believed ﬁhat the primary gtability and
control derivatives are p;obably accurate to within 10 to 25 percent,
‘depending upon the speéific derivative. Static<stability derivatives.at
_ low angle.of(attack.show the gréatést accﬁracy. |

Present instrumentation and methods of analysis are adéquate for

the extraction of derivatives from.flighprdata for use invflight-
.guldance simulator étudies.and,invdetecting characteristics which ﬁavef

not been predicted in the wind tunnel. f



APPENDIX A
EQUATIONS OF MOTION FOR FIVE-DEGREE OF -FREEDCM
' BODY SYSTEM CF AXES
Equations for the nonlinear form are:
.Vélocity compénents

V cos ¢ .cos B

u.=
v=Vsinp - ' a . ,' .0v=“Vélcos B
w.= V sin o R o "_ L w = V& cos a -

- Force equations

(Resultant thrust of engine is assumed to lie in plane of
.symmetry parallel to body exes.) :

8y = - (W=-ug+ vp ~gcos 6 cos @) 1/g

‘-l

By = (V- wp + ur - g cos e sin ¢ + g sin @ sin B) 1/g
. /’
Wa, = (QNda + CNq 2V CN + CN a)qs ,
Wa, = (Cy.p + cY D 4oy -B—'+ Cy.5)aS
v B Tr 2v © VI8 2V &

Moment equations ‘
Iyg - (Iz - Ix)pr -~Ixz(1“2 - P8) + Ix e

(cmaoz + cm Cm =t cmaa + Cng 8)dS¢ + Tz

pr"- (IZ -IY)Q_I‘ - Ixz(l.‘ + PQ)‘-’

b ‘ rb' é
(CQgp + G, 57+ Gr v+ Qg 57 cl 8)asb

sz + (Iy - Iy)pq - Iyy (D - ar) - Ix 09 =

b éb
(¢, P c“p 2v n, Coy 37 * cné ov Cnas)qu



APPENDIX B

.CONVERSICN’OF MQMENTS OF INERTIA FROM ONE SET OF AXES TO ANOTHER

Formulas for transferring moments of inertia from body exes to stability:

Ix = 1/2(Iyx + Iz) - 1/2(Iz « Ix)cos 20 «.Ixy sin 20
Izg= 1/2(1z + Iy) + 1/2(1y - Ix)cos '2a:+ Iy sin 20
'I.Y's = Iy

Iy Zs = 1/2(Ix =.I)sin 2a + Ixy cos 2

. Formules for transferring moments .of inertia from stability axes to,bbdy:

Iy = l/2(Ix5 +‘IZB) -Al/a(jza _.;xs)cos 20 + IXBZB sin.2a.
. :: _‘ ,IZ, ‘.a v1:/2(1Z‘5 + IX5> + 1/2(125 - _Ixs)cos 20, = Ix 2 8in 20
- ~.:_;xz = Iy 2, cos 2c:z..-..'1_/2(1xB .-‘Izs)éin 20

..Formulas for transferring moments of inertis from the principal axes
to stability: : . -

_'.Ixé;e IX0_°°52n-+<Izo singn

~ ' 2
I = Iz, cos?n + Iy o ST
'IYs'”'Ixo

- I.xszs o 1/2(1_)(0 - I'zo')sin...?q.



‘Equations for the linear form are:

" -Velocity components

us VvV
vV . . TR VB
TR Vo , ' ¥ X VE

Forcé equations °
ay,.= -(w--uq - g) /g

ay = (¥ - vp + ur - g9) 1/g

. ’ 6 - -

ng = (C&\Jaa + CNq %V + CN& 5\7 + CNSB)qS
. b . rb C . Bb -
Wa, = (qyas +.QYP gv-+ Cx,. gv + CYB %V + Cysﬁ)qs

Note: . -w assumed constant .

Moment equations

I*zd-=(°moﬁ cm %5\7‘”%5) + Tzg -

b pb S -
Ixb - Ixzr = (olﬁa + Czp 2v + 0 % + 08 oy + Oy g8)3SD

I, = I,p = (Cnp + C L -EP-+Cn‘EE+Cn6)iSb
25 = Ixgh = (CngP + Cng 2y " "p 27 7 B 2V T M



" APPENDIX C

~ Time-Vector Method .

The graphical time-vector method (refs. 12 tollh)'is currently the .
method most commonly used by the High-Speed Flight Station for the deter-
mination .of laterel-stebility derivatives. One advantage of the ‘method
is that the’proceddrevis manual, and the analyst 1s afforded & graphical
presentation .of various factors affectihg the solution. Another ‘advantage
is that it is possiﬁle to obtain solutions when the B‘vane. records are
unavaiiable or when 1t is desired to avoid applying correctiohs to these
fecords; .Bypessing of the B records is accomplished by setting up~the
varioue pertinent empiitude ratios and phase .angles with the yaw fate
vector as the base.  The vector poiygon.of the’transverse acceleretion

-

equation shown in figure 26(a) is an essential part of the.overall solution
{nasmuch as the emplitude ratio %%%i and the phase angle L.

. determined fromifigure<26(a) are .employed in the moment polygons. . The
,'phase angle 1s used in the oriendation.of the B vector_in.relationv£0'

the r vector and provides a more accurate value than can generally be

obtained from the flight records directly. .The amplitude ratio LEJ

I=1

is used to extract ‘Cnﬂ and CZB from .the determined values of
AR

nB|,§+ and CZ LE_. in figures 26(b) and (c), respectively.

Blr] .

The method 1s not without ite disadvanteges. .One disadvantage is
tﬁaf the development is fequired of a defiﬁite technique on the part of
.the enelyst to minimize what would.otherwise.constitute a rather time -
.cdnsumidg and tedious effort to obtain a.consisteﬁt set of resdlts. ‘

Another disadvantage is that iny‘twq,of the three.derivatives 1d

each of the lateral moment equations may be deﬁermined:by,means of the



,Formulas'for transferring moments of inertis from principal aexes to
body: S : ,
Iy = 1/2(IxO + IZO) + 1/2(IXO - IZo)cos ?e
Iy = 1/2(IZO + IXO) + '1/2(12.0 - _I_Xo)cos 2¢

I':'I
2 i A8

IXZ = 1/2(IZ0 - IXO)Sin 2¢



APPENDIX D
'CONVERSION EQUATIONS .TO TRANSFER STABILITY TERIVATIVES
‘ ".FRG\I_ ONE SYSTEM (F AXES.TO ANOTHER
Formulas fdr transferring stability derivatives from atability zto ‘bedy. axes :
C, & C coB Q 4. sin o

:ézp’:e: CZB cos . o,Cn[3 sin .a_

Cn,

° 8

2 ‘ 2
¢ - N o L 3 in“o 4+
°ng ",(Qnrs °“a5> cOSA g BT

.@PS +-Clr? - clég) sin o COé a

Ko
Lo
’

: 2. ‘ 2
czan @rs,-.czé;cos ¢ .---.Cn_p’5 sind Q@ -~ -

@nrs - Cnéa - %I}Q sin ..a .c08 O

'Cnp = cﬁpB cos?a @"‘fs -GLéQ 8inQ -
<Cnr -Acnéls' - CLPS> sin ¢ cos o
g .

~ 2 -
G cos O + - e sin @ -
1.7 % © Gnrs C”Q
| , + «C1 V8in q cos &
_F'Qrmulaa for transferring stability derivatives from body to stability axes:

.C i C,, COB O = -8in @
o, T °0.% " g

ag

- CZB cos O -&CnB gin X4



vector disgram; thus necessitating an.estimete or ‘a windetunnel value:of
one .of the derivatives in each of ‘the equations. Since the Cnp and Cp |
terms in the vector diegrams (figs. 26(a) and (b)) are the smallest vectors,
it 15 customary te estimate these quantities; 'The errors in the estinated
values of‘ Cnp will affect (Cnr'-.cné‘ ) primarily; the errore in jClr wdll n
affect Cl primarily. *he best accuracy in. determining Cn5 and
(Cn,. - an) 1s obtained when .the rollato-yaw ratio is small 3 at this time |
the influence;of Cnp is relat;vely emall. When the roll-to-yaw ratiO-is
' large, it may be adventageous to estimate (C - Cné) and attempt to solve
.for ‘Cn?.- For low. engles of . attack (Cn -.CnB) may ‘be estimated by using
. equation.(18). The ‘best accuragy in determining Cl and Cz is :
obtained when the roll-to-yew ratio is 1arge. At this time the influence
’,of Ctr ie reletively small. In either cage, the static derivatives
‘Cna and 'Cl ~are determined more accurately than the rotary derivatives
(Cn,.: Cn .) and Cz
A limitation in the application of the method is the 1nability to

vork with records of heavily demped aircraft. The accuracy of anelysis
. becomes rather poor for damping ratlos greater than 0. 3..4A1though.a good
vapproximatipnﬂof the .damping ratio for heavily demped aircraftlmay be
.obteined by conpering‘flight records with necords.of.heevily demped
motions--thel.da.mpin'g retio of which is known--it becomes difficult to draw
~accurately the exponential«enveiopes of the~oscillatery motions to obtain

‘relisble values of amplitude ratios.



Cng, =Cn3 = {Cn,, - Cna)cosza +G 8in20. -

(G = OZB Cnp)sin.a cos o

. czr - C.Lés '4<°ir - Olé)cosaa - Cnp sinza.q. |

A(cn‘r ->.Cné -.0;- )sin @ cos

. cnp cnp 0052a - (Cz cl sin 0+ (Cn_r c,,ﬂ O, )sin a .cos o

cz -q cosa-i-(cnr-.na)aina‘c-(cz c, +Cn)ainacosa
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 TABLE I o

'_" RANGES, DYNAMIC CHARACIERISTICS, AND SENSITIVITIES ‘OF INSTRUMENTS

derivative investigation
Free-oscillation maneuver

Desirsble characteristics of instruments for

Undamped

aileron pulses

Bensitivity, natural-
. _ per inch frequency, Damping .
Function deflection © eps. ratio -
1o, deg Z.O 8 or more 0.65
5’ deg . '.0 :
.q, radian/sec 0.2
qs redian/sec? 0.5
ra,dia.n/sec 1 B ' .0.1
“radlan/sec® | CR'S
yn??,*fadiaﬁ/éec‘ rudder_pulses"‘
_ aileron pulses
p, radian/sec? , rudder pulses
_ alleron pulses
8y, & units 1.0
Qti g uhits rudder pulses 5/ \

AV




Stability axes Body axes

Figure 1.- Systems of axes. (Positive values of direction, force, moments, and angles are indicated
by arrows. ) '



.

Time

Figure 2.- Time history of a well performed free-oscillation maneuver.



Instrument __Scale fa ggr - .
Trace Nat. freq |Dompratio] Fit's. :o-» F;t: s, . R-vane location
- A7 0.65__o.5u Xy = 3 ZyF
— 6.75 65 | .2¢ —{ Linear accelerometer location
___‘Q,__..is..;_.L_‘_‘.f.__._ﬁo_______ X = = ;z=
Y 10,50 65 10.30 S=
! 2 3 4 5 6 7 8 9 0 )
‘ Dynamic | Weight, Ce ¢, ¢ Dersity,
Comment] Flt - hp I M v, |pressre W Sy 2
] ' |ZMAC | 35 | ’
ft |- fps T 1, . 495443
20-17 (40,320]|0,7495 | 723 142 23,800 |28.7 |0.237 .0003'73)
“—\—v/\"v‘w\‘ > 4 - v)MVd
Instrument T $e faclors ,
Trace [gr freq M%’:np.mbb Fity. 9215&-" Flt's. Airplone
L_-—a___/_o.'z__-_._'ir_.__.’_i'c—-i——_— C 3 .
a ﬁo ____:6_{_ &L? onﬁguratlon
| _&» 1 134 '
Sa 6.7 %
NI 12 13 14 15 16 | 7 18 19
e, 5 - (.:ontro/ Period, Wn,= Damping Dam.ping Undamped|
. tr":"' trim aé ! .F f’mr ::Sl'nQJ -
{ g units | deg deg sec sec t""(‘?;) w, lusil
¢4 -2.55 | 366 | 2.92 | .72 | 7.5¢ |0.131 | 1.73

Figure 3.- Format of table used by NASA HSFS to record actual conditions at time
of maneuver.



K = 2Ka? K( )

Ke > W}.’a + Wz, (for stability of the w l}_(ﬁ__)zj .W
2

experimental installation )

Figure L. . Determination of rolling moment of inertia.



Wing jack point /

Figure 5.- Determination of pitching moment of inertia.



Airplane sling

O

) O |
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‘
]

(a) Test setup.

Restoring springs

Restoring
momen t

A

TIITITTTTI77 777777777 77777777777

L

777777777 7777777 7777777777

Zy
(b) Vector resolution.

Figure 6.- Determination of inclination of principal axis and yawing moment of inertia.



Figure 8.- Photograph showing a general arrangement for determining inclination of
principal axis. Springs attached to mounting brackets below fuselage.



Figure 7.- Photograph showing a general arrangement for determining inclination of
principal axis and yawing moment of inertia. Springs attached to mounting brackets

located below wings.



K
e

/nsirument | Mounting errar
q; v, 6, ¢2 Py = P coso,cosy, + qQ cose, Siny, - F Sing
r; 6; ¢ . .
! Vs 85 9s g, = p (cosw,sin 9, sin$, ~ siny, cos ¢,)
+ q (siny, sine,sin®, + cosy, cosp,)
> d P +r (cos e, sin¢,)
- — \ p
-~ %% \\ ‘ o, n = p (cosy, sine,cos ¢y + siny, sind; )
. \ . :
¥e \ tq (smw3 $in ©; cos ¢ — Cos Y, sin¢3)
Y ¥ T
r \\ | X +r (cos 95 cos ¢;)
Vo '
Loy
\ \
‘\ \ Note :  Solve for p | q ,andr
VoY '
\ :
/J\, \45
9, 5
z

Figure 9.- Equations for correcting rate gyro records for instrument misalinement.



Arplane C.6.

Qt=at,'x?"+‘z_gp‘“+)Lg’lz+
a,,-a,,—%?—+1§é_%gf_

/

Figure 10 .- Equations for correcting records of linear accelerometers to the center of gravity of
the aircraft.



(e "R i,

Figure 11.- Photograph of a typical NASA installation of angle-of-attack and sideslip
vanes on nose boom.



/’N T T T
’ Period = 2.21 sec
+ . ~.._~~~~ 1 . \
/ 7"'V§"“‘r~~_~_“ 1&
. / \ Nﬂ-; E.L""“"“-—---Hl L] }u
/ \ / \ !/ &\\ i / \+-~~~ —L 1 { Y - 4’ ' 4 -
Wt
] el gl
- P—::,}’ p . +537 -648 +7.55-8.67 + 9.77 - /0.87 +1/.98 = 3.10 + 14,20 - /5.30
' r ~576+6.83 =7.97 + 9.08 = 10.17 +11,29 —12.38 +13.49 - 14.60
) Average o
§pr -0.72 —.12 =70 —.63 =70 ~—.69 -.72 -.71 =.70 -.706 = -/I54
\\\\~\~ ‘
. \ ~\“N‘r~~.~~
r’"'<‘"'~~-~~~-----4.g!L HEIRE {
/ \ /// \\ !/# \\\ / N L —::;4—»-..\\\ »- N 1 JV N i
V / \\. ::_ BHImELARES AT H 1
\ { /// 1] _f:--nff—-— Himi i‘ﬁ | 1
NS
+ \J AT ;
| |
0 ! 2 3 4 5 6 7 8 L] 10 1] 12 13 % 5 16 17
t, sec

(a) Period and phase angles.

Figure 12.- Determination of period, timeLto-damp to one-half emplitude, and the phase angles and

amplitude ratios from free-oscillation data.
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Lle— 18.0 units
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Filim scale factors
0.5l radions/sec/in.
0.126 radians/sec/in.
0490 9 /[in.

0.3  degrees fin.
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(v) Tl/2 and amplitude ratios.

Figure 12 .- Concluded.
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Figure 13.- Typical determination of flight quantities
for the evaluation of longitudinal control derivatives.



lad _ida,q _ lanl sidanq . x 14| i8; - lanl ji%a,q , V19l jideq _ V & ifsq _
g1 "= g1 Mt ® gie g e g 191€ ’

-Figure 1k.- Vector solution of Fg% using pitch rate as base for amplitude ratios when angle-of-

attack records are available.



® Analog simulation
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Cnv'fcan' -

i1 1 L | 1 ] (| 1 i
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Figure 15.- Typical results of an analysis for the longitudinal stability
and control derivatives.
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———— Flight

——J\\_‘ ------ Analog  simulation

NANAA———

_a[\/\/\/\MM

0] : /0

t, sec

Figure 16.- Comparison of analog-simulated time history
of a longitudinal maneuver with flight time history.



Figure 17T.- Typical determination of flight quantities for the evaluation
of lateral control derivatives.



Method

—— Iime vector
—— Steady sides/ip) eqaat/on /15"
-————--- Equation 14
- . ———— Simple frequency/ equat/on /3

C”/s,

per radian

Figure 18.5 Comparison of C, as determined by several different approximate
methods with the time-vector method.



Method

Time vector
_ Steady sideslip , equation /6

C% R

per radian

1 1 I
8 1.0 ' 1.2 1.4

M

Figure 19.- Comparison of results of determining C; by time-vector
method and steady-sideslip equations. p
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Figure 20.- Vector solution of LSE% using yaw rate as base for amplitude ratios when sideslip records are unavailable.



[ ) Ana/og stmulation
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(a) Control derivatives.

Figure 21.- Typical results of an analysis for the lateral stability and
control derivatives.



® Analog simulation
0
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1 AL 1 i 4 M | 1 1 1 1
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(b) Static derivatives.

Figure -21.- Continued.



® Analog simulation

(¢c) Damping derivatives.

Figure 21.- Concluded.



— Flight

—_—r——— Ana/og simulation
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Figure 22 .- Comparison of analog-simulated time history of a lat-
eral maneuver with flight time history.
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Figure 23.- Comparison with flight data of results of analog simulation

studies of 360° rolls using flight-determined derivatives.
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Figure 24.- Influence of Jet exhaust of a rocket engine on the directional stability derivative C

5



Wind-tunnel data
—— —— Basic -
e — — —— Corrected for flexibility
—— - —— Corrected for f/exibi/iiy and auwr-intake flow

Cryg >

per radian

M

Figure 25.- Influence of flexibility and air intake to engine on the directional stability
derivative CnB.
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(a) Determination of el and Opy..
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Figure 26.- A typical time-vector solution of rolling- and yawing-stability derivatives.
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(b) Determination of an and (cnr - cn,é)'

Figure 26.- Continued.
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