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Abstract

Dr. Fereidoun ‘Feri’ Farassat was a theoretical aeroacoustician at the
National Aeronautics and Space Administration (NASA) Langley Re-
search Center. This document contains technical derivations, notes, and
classes that Dr. Farassat produced during his professional career. The
layout of the document has been carefully crafted so that foundational
ideas through advanced theories, which altered the technical discipline
of aeroacoustics, build upon one another. The document can be used to
understand the theories of acoustics and learn one contemporary aeroa-
coustic prediction approach made popular by Dr. Farassat. Most im-
portantly, this document gives the general reader insight into how one
of NASA’s best aeroacoustics theoreticians thought, constructed, and
solved problems throughout his career.
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The content identified below is believed to be third party content that was incorporated by
Dr. Farassat into his course materials. Because Dr. Farassat is deceased, the author made a good
faith effort to identify the source of the content but was unable to do so. Should a recipient of this
NASA TM be aware of the source(s) of any of the identified content and notifies the author, NASA
will use reasonable efforts to update this NASA TM to reflect the identified sources. The content
is present on pages 34, 36, 37, 38, 39, 41, 48, 49, 51, 54-56, 57-60, 64-71, 72-76, 83, 113-115, 159,
164, 193-194, 195-196, 438, 439, 657, 658, 909, 913, 1139, and 1177-1181.
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1 Introduction

Dr. Fereidoun ‘Feri’ Farassat was a researcher at the National Aeronautics and Space Administra-
tion (NASA), who not only was a leading theoretician in the field of aeroacoustics1 but also had
incredible influence on those around him. This document contains his comprehensive mathemati-
cal derivations, notes, and classes that represent his life’s work. Dr. Farassat was an unwavering
advocate for NASA research and always followed what he believed was the correct technical path.
Beyond Dr. Farassat’s notable theoretical contributions to the scientific field of aeroacoustics, he
had an incredible influence on other researchers and those who surrounded him on a professional
and personal level. Readers who examine this document, with or without a technical background,
will gain an understanding of how one of NASA’s best theoreticians thought, worked, and lived.

This document has a unique philosophy and purpose that emerged during its creation. Origi-
nally the document was intended as simply a comprehensive set of mathematical derivations from
Dr. Farassat’s career at NASA. Certainly this task has been accomplished, and this publication
represents a comprehensive volume of the green books,2 technical derivations, notes, and classes
that Dr. Farassat produced during his professional career. However, once the document was created
it was realized that it represents so much more than just a simple volume of research notes. The
layout of the notebooks, classes, and derivations has been carefully chosen so that foundational
ideas through theories, that altered the technical viewpoint of aeroacousticians, build upon one
another. With this approach, the document could be used by a student with a basic technical
undergraduate degree to understand the basics of acoustics and learn one class of very popular
prediction approaches.

This is a historical document about the life of a NASA researcher and those he interacted with. It
gives insight into the development of equations used internationally. Perhaps most importantly, this
document gives the general reader insight into how one of NASA’s best aeroacoustics theoreticians
thought, constructed, and solved problems throughout his career. Dr. Farassat’s career is evidence
of the importance of fundamental theoretical research and how it can change the course of a technical
discipline and the organization of NASA itself.

The content of this document is as follows: A brief biography of Dr. Farassat describes his life
and impact; how the document was created and how the derivations, notes, and classes are organized
are described; and finally, a comprehensive list of Dr. Farassat’s publications is presented.

1.1 A Brief Biography of Fereidoun ‘Feri’ Farassat

Dr. Fereidoun ‘Feri’ Farassat, whose portrait is shown in Figure 1 on page 5, was born on October
20th, 1944 in Ramhormoz, Iran. His father was Golamhassan Farassat, who was the head of the
Gendarmerie3 within the 10th province of Esfahan, Iran, and his mother was Fatmeh Roozrokh
Farassat. He had multiple sisters and brothers. The Farassat family moved throughout Iran during
Feri’s childhood, and they lived in the Iranian cities of Azarbaijan, Mazandaran, Yazd, South
Khorasan, and Tehran. Dr. Farassat enjoyed an Iranian childhood and often claimed that he had
received the highest quality education. Feri graduated from a public high school in Tehran, Iran.
He received his undergraduate degree of Bachelor of Engineering with emphasis in Mechanics in
1967 from the American University of Beiruit. After completing his undergraduate degree he moved

1Aeroacoustics is the study of how sound is generated from moving bodies and turbulence, propagated and
scattered through the fluid, and received by an observer.

2Many NASA researchers record their work within bounded books that have a green cover and are affectionately
called ‘green books.’

3A military organization whose task is aiding the police within a civilian population.
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to Scotland and worked as an engineer.

Dr. Farassat started graduate studies at Syracuse University in the United States in 1968 and
in 1970 earned his Master’s degree.4 His research5 at Syracuse University was focused on experi-
mental jet aeroacoustics. After this experimental investigation, he entirely focused on theoretical
approaches.

Dr. Farassat started his doctoral studies at Cornell University in 1970, after graduating from
Syracuse University. At Cornell University his doctoral advisor was Professor William Rees Sears.6

Professor Sear’s advisor was Professor Theodore von Karman, and Theodore von Karman’s advisor
was Professor Ludwig Prandtl. Dr. Farassat was undoubtedly proud of his academic lineage.
While at Cornell University, Dr. Farassat worked on theoretical approaches to predict the noise
from helicopter rotors based upon the research of Ffowcs Williams and Hawkings.7 Perhaps the
main focus of Dr. Farassat’s Ph.D. dissertation is the use of generalized functions in conjunction
with aeroacoustics and was the basis for his research throughout his life. Dr. Farassat writes,
‘the period that I worked with Bill Sears at Cornell was one of the happiest periods of my life. I
often visited Bill and his wife Mabel in Tucson, Arizona where Bill had retired.’ He completed his
Ph.D.8 in 1973 and joined the faculty of the George Washington University as a senior scientist
and eventually became an adjunct professor. He taught classes within the college of engineering
and held this position concurrently with his position at NASA for approximately 25 years.

Dr. Farassat joined NASA in 1979. He became a naturalized citizen in 1981. While at NASA
and fullfilling his research obligations, he continued to teach classes to both the researchers of
NASA and students of the George Washington University. Some material from these classes is
included within this publication. He remained at NASA throughout his professional career, where
he quickly became a leading theoretician in aeroacoustics. However, his interests were not limited to
theoretical aeroacoustics and included general acoustics, scattering, the Ffowcs Williams-Hawkings
(FW-H) equation, Kirchhoff formulas, helicopter noise, ducted fans, noise from propellers, and
subsonic and supersonic aerodynamics. He was also interested in more general mathematical areas
such as non-standard analysis, differential geometry, topology, and generalized functions, as just a
few select examples. These varied interests are readily apparent by examining the work within this
document.

Dr. Farassat published approximately 150 papers, many in prestigious journals, and a great
number of them are single author. He would often give away first authorship of many papers when
working in conjunction with students or colleagues, and he was known to inspire them to work on
very difficult problems. Undoubtedly, he was the main contributor of the majority of these joint
research efforts. The majority of these publications are freely available to the public on the NASA
Technical Reports Server.

Dr. Farassat, during his mid to late-career, was undoubtedly the theoretical backbone of the
Aeroacoustics Branch at NASA Langley Research Center and perhaps across the entire organiza-
tion. He had influenced the technical direction of many researchers within both the Aeroacoustics
Branch and NASA as a whole and had a considerable influence throughout the community, all of
which are still being felt today.

Dr. Farassat was highly recognized by international organizations and by NASA. He received

4Farassat, F., ‘Noise from High Speed Coaxial Interacting Jets,’ Masters Thesis, Syracuse University, 1970.
5Supported by NASA Grant NGL-33-022-082.
6Professor Sears wrote an excellent auto-biography that discusses some of his interactions with Theodore von

Karman and Dr. Farassat. Sears, W. R., ‘Stories from a Twentieth-Century Life,’ Unknown Publisher, 1993.
7Ffowcs Williams, J. E. and Hawkings, D. L., ‘Sound Generation by Turbulence and Surfaces in Arbitrary Motion,’

Royal Society Philosophical Transactions A, Vol. 264, No. 1151, 1969, pp. 321-342. DOI: 10.1098/rsta.1969.0031
8Farassat, F., ‘The Sound from Rigid Bodies in Arbitrary Motion,’ Ph.D. Dissertation, Cornell University, 1973.

7



the NASA Exceptional Scientific Achievement Medal in 1987 and 1991. Dr. Farassat was a fellow
of multiple prestigious technical societies including the American Institute of Aeronautics and
Astronautics and the American Helicopter Society. The NASA H. J. E. Reid Award was given to
Dr. Farassat in 1980.9 He also received the American Institute of Aeronautics and Astronautics
Aeroacoustics Award in 1996.

Dr. Farassat enjoyed life outside of his research. He loved his family, friends, colleagues, hobbies
and he possessed an unwavering love for those around him. Dr. Farassat was very proud of his
heritage and often shared stories about Iran at work, with friends, and family. He loved Iranian
people, food, culture, history, and had an equal love for America. He was an avid cook, and he
cooked for guests of NASA Langley and for his family. His wonderful culinary creations were shared
at many NASA acoustics picnics and holiday parties. Dishes often consisted of traditional Iranian
cooking or something more experimental. He had a great interest in gardening that likely grew out
of his culinary skills and often spoke of focusing on gardening during potential retirement.

Dr. Farassat was a lover of books and possessed a considerable collection of volumes. His books
were drawn from the NASA Technical Library and through traditional stores. In fact, at one
point every book that NASA Langley purchased for the Technical Library was first reviewed by
Dr. Farassat before it was shelved within the collection. Dr. Farassat had an incredible love for
all mathematics and certainly explored almost all areas of mathematics to some degree. Perhaps
beyond all other interests, Dr. Farassat enjoyed helping those who were less fortunate and was
involved in volunteer efforts within the community. For example, he consistently volunteered at
soup kitchens within Hampton Roads and particularly with the Salvation Army and with the St.
Andrew Presbyterian Church.

Dr. Farassat, on July 9th, 2011, passed away due to complications from cancer while surrounded
by his family at his home in Hampton, Virginia. At the time of his death he was a Senior Technol-
ogist10 at NASA. He was admired by his family, friends, colleagues, and many others. Dr. Farassat
was an unwavering advocate within NASA for the importance of research and was extremely sup-
portive of junior researchers. He helped those in need and always made time to listen. Certainly,
he had an extremely positive impact on everyone who knew him.

Bibliographic References

• Brentner, K. S., ‘Editorial,’ International Journal of Aeroacoustics, Vol. 14, No. 1-2, 2015, pp. xxiii-xxvi.
DOI: 10.1260/1475-472X.14.1-2.xxiii

• Myers, M. K., ‘Generalized Integral Theorems and Application to the Equations of Continuum Mechanics,’
International Journal of Aeroacoustics, Vol. 14, No. 1-2, 2015, pp. 1-24. DOI: 10.1260/1475-472X.14.1-2.1

• Morino, L. and Gradassi, P., ‘From Aerodynamics Towards Aeroacoustics: A Novel Natural Velocity Decom-
position for the Navier-Stokes Equations,’ International Journal of Aeroacoustics, Vol. 14, No. 1-2, 2015, pp.
161-192. DOI: 10.1260/1475-472X.14.1-2.161

• Miller, S. A. E., ‘The Scaling of Broadband Shock-Associated Noise with Increasing Temperature,’ Interna-
tional Journal of Aeroacoustics, Vol. 14, No. 1-2, 2015, pp. 305-326. DOI: 10.1260/1475-472X.14.1-2.305

• Sikarwar, N. and Morris, P. J., ‘The Use of an Adjoint Method for Optimization of Blowing in a Convergent-
Divergent Nozzle,’ International Journal of Aeroacoustics, Vol. 14, No. 1-2, 2015, pp. 327-352. DOI:
10.1260/1475-472X.14.1-2.327

• Hardin, C., ‘Some Elegant Derivations Employing Generalized Functions,’ International Journal of Aeroacous-
tics, Vol. 14, No. 1-2, 2015, pp. 353-358. DOI: 10.1260/1475-472X.14.1-2.353

9H. J. E. Reid Award was given to Dr. Farassat for his paper, Farassat, F., ‘Theory of Noise Generation for Moving
Bodies with an Application to Helicopter Rotors,’ NASA TR-R451, 1980.

10Senior Technologist and Senior Theoretical Aeroacoustician, which is the highest purely technical position achiev-
able at NASA.
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• Obituary published in Daily Press from July 12th to July 13th, 2011.

• Personal discussions with Michael Myers, Williamsburg, Virginia, November 2015.

• Personal discussions with Mark Dunn, Hampton, Virginia, November 2015.

• Personal discussions with Fereidoun Farassat, NASA Langley, 2008-2011.

1.2 Process of Preparation

This section discusses the process of preparing this document. A large number of belongings were
left behind by Dr. Farassat that included books, journal articles, notes, derivations, and countless
other items during his career at NASA. These belongings were placed by the members of the
NASA Langley Aeroacoustics Branch and the NASA Langley Technical Library staff into sets of
labeled boxes located at the Acoustics Research Lab and the NASA Langley Technical Library,
respectively. Eighteen catalogued boxes reside at the NASA Acoustics Research Lab pictured in
Figure 2, and twenty-one boxes reside at the NASA Langley Technical Library pictured in Figure 3.
A number of important articles reside with the family of Dr. Farassat. Those of a technical nature
were provided for the purpose of creating this document. In particular, Dr. Farassat’s personal
green books were provided to NASA for the purpose of publication and appear here. Dr. Farassat
had a large number of international and local collaborators who possessed some of his writings,
class notes, and derivations. These collaborators kindly made additional material available for
publication. It is estimated that 45 boxes of research material were recovered, in addition to many
loose notes and green books.

Once all the articles of Dr. Farassat were collected, they were meticulously searched, and items
were digitized for publication. The originals were then returned to their sources, with the majority
residing at the NASA Aeroacoustics Branch and NASA Langley Technical Library. The digitized
documents were then organized by technical category or as a class. Particular digitized documents
were then removed as they were identical, as some sources provided identical derivations or class
notes. Also, some sources provided portions of a series of derivations or portions of a class, and
these portions were combined to produce a complete derivation or class.

The importance of the green books cannot be understated, as they contain the majority of his
original mathematical derivations. These green books are all represented within this publication.
Great care has been taken to make them fully available to the reader. Many classes were taught by
Dr. Farassat, and most of the corresponding notes and presentation slides are present. A number
of unbound handwritten notes are also included.

Journal publications, conference proceedings, or presentations that are publicly available are
not included in this document, as they are already available to the reader. A comprehensive list
of these journal publications, conference proceedings, and presentations are included at the end
of this document. Also, select notes of Dr. Farassat that were used to learn well-known fields of
mathematics or physics are not included, as they have been established previously within technical
communities. Finally, some notes containing highly personal comments were removed and an
editorial comment written at their locations.

It is a challenge to present such a large and varied research material in a logical order. An obvious
approach is to arrange the material in chronological order; however, given that many technical
approaches and classes were developed intermittently, this would create a confusing publication.
Instead, we adopt the approach of presenting material as one would in a technical book used for
learning or teaching. The classes on the basics of acoustics, applied acoustics, aeroacoustics, etc.
are presented first to give those less familiar with the subject the necessary background for its
understanding. Then, the series of green books are presented in their order of importance, as they
contain more intricate ideas based upon concepts taught in the classes. Finally, important unbound
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notes are presented. With this approach, the arrangement of the material is similar to a graduate
textbook on advanced mathematics, fluid dynamics, and acoustics.

Figure 2. Eighteen boxes of the collected articles of Dr. Farassat located at the NASA Langley
Acoustics Research Lab.

Figure 3. Twenty-one boxes of the collected articles of Dr. Farassat located at the NASA Langley
Technical Library. Access was courtesy of the library staff.

2 Summaries of Mathematical Derivations, Notes, and Courses

This section contains concise summaries of Dr. Farassat’s various notebooks, unbound mathe-
matical derivations, and courses. An effort was made to create summaries that are technically
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descriptive and accessible to a wide audience. Each subsection contains an overall description of
the corresponding content. Then, a description of the content on a page by page basis is given.

Dr. Farassat regularly wrote page numbers within his bound notebooks. We reference the
page numbers of his notes within these summaries. For each summary section, page numbers are
abbreviated by the acronym of the section title. Also, we reference page numbers that appear on
the bottom of each page to aid the reader in finding the sections and corresponding pages labeled
by Dr. Farassat. These two page numbering schemes are used concurrently. For example, for the
section summarizing ‘The Green’s Function Short Course’ (GFSC), we might write pages 329-330,
which refers to the numbers at the bottom of each page of this document. Alternatively, we might
write GFSC pages 3-4, which refers to pages of the GFSC shown on pages 329-330.

A Very Basic Course in Acoustics (Pages 31 - 76)

Dr. Farassat often presented lectures and courses to researchers of NASA and to students residing at
universities. The most introductory course is titled, ‘A Very Basic Course in Acoustics,’ (AVBCA)
and contains five main lectures. These slides and notes were originally developed as a short course
for civil servants and contractors with no prerequisite knowledge of acoustics.

The purpose of the first lecture is to present basic definitions of linear acoustics with emphasis
on acoustic amplitude, frequency, speed of sound, wave length, period, wavenumber, and types of
signals. Dr. Farassat uses the word ‘science’ to describe the field and describes acoustics as the study
of small perturbations of quantities in a material (e.g., air, water, plasma). Concepts are presented
based on a planar wave of discrete frequency until page 38, where broadband waves are introduced
through the summation of multiple sinusoidal waves. The concept of Fourier decomposition is
examined without going into detail, as he would in more advanced courses. The first lecture ends
with the definition of the decibel among other descriptive factors such as loudness.

AVBCA lecture two starts on page 44 and focuses on plane and spherical waves. Some amount of
review material is presented from lecture one. An example is presented that shows how little energy
is contained within acoustic waves. This is an important point as the energy within an acoustic
wave is generally many orders of magnitude smaller than that contained in the prevailing flow-field.
AVBCA lecture three (pages 54-61) introduces the field of psychoacoustics, discusses biology of the
ear, critical octave and one-third octave bands, loudness, age related effects, subjective statistics
of acoustics, and perceived noise level.

Lecture four, starting on page 62, discusses the basics of superposition and constructive inter-
ference, how waves stand in ducts, beating phenomenon, plane waves, reflections, spherical waves,
diffraction, scattering, and refraction by flow gradients. The fifth and final lecture of AVBCA starts
on page 71, which focuses on microphones and noise measurements.

Applied Acoustics (Pages 77 - 158)

Dr. Farassat presented another excellent course in acoustics called, ‘Applied Acoustics,’ (AA).
The class is targeted towards practicing engineers at NASA and for students within the university
classroom. Its purpose is to introduce acoustics at a more technical level than the introduction to
acoustics class previously discussed. The prerequisite is likely a junior or senior level undergraduate
engineering education, as the class is meant for those outside the field to quickly become familiar
with acoustics. The course is divided into ten lectures.

The first lecture (pages 77-83) focuses on basic governing equations of acoustics. Fundamen-
tal concepts are introduced such as speed of sound within gases, wavelength, frequency, inviscid
equations of motion, and derivation of the wave equation. Note that viscosity is not included in
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the governing equations and that a perfect gas is assumed. Select canonical equations such as
the Helmholtz equation and solutions are sought. Lecture one closes with the introduction of the
decibel scale and sound power.

The second lecture (pages 84-92) explains the use of complex numbers in acoustics, steady state
conditions, the advantages of the time versus frequency domain, and energy relations. Multiple
types of waves (plane, spherical, evanescent) are used as examples to illustrate the developed
material. AA lecture three, on pages 92-98, reviews plane waves that were presented in the second
lecture and expands on previously developed results. Particle displacement as a function of wave
intensity and the steady state assumption are explored for planar waves. The same relations are
found for spherical waves, and the concept of the monopole is introduced.

The monopole is explored further in the fourth lecture (pages 98-101), and it is shown that
the mathematical description of the monopole is also suitable for the solution of the wave equation
with a monopole source. Integral solutions of the wave equations are obtained. Rayleigh’s piston in
a wall is examined, and integral solutions are derived that include the velocity field. Lecture four
ends with the introduction of the dipole source. Lecture five (pages 101-105) explores the idea of
compact and non-compact sources. An in-depth presentation of the concepts of wave kinematics is
given. Of particular interest is the exploration of stationary and non-stationary compact sources,
which are often a source of some confusion for many practicing acousticians. The lecture closes
with an introduction to the compactness condition for a convecting monopole.

Lecture six (pages 105-116) is very technical and introduces the concept of noise from moving
bodies through presentation of the Ffowcs-Williams Hawkings (FW-H) equation, which includes
permeable data surfaces. The FW-H equation is presented in only two slides.11 A number of
other important concepts are introduced and related to the FW-H equation, including the Lowson
formula, Curle formula, Rayleigh formula, and Green’s function in an unbounded domain. These
concepts are explained in the context of the theory of generalized functions. Finally, lecture six
closes with the introduction of the theory of the Green’s function.

Lecture seven, on pages 117-122, returns to more traditional acoustics topics and discusses the
sound from a moving dipole using Lowson’s formula. Gutin’s result is then discussed, which focuses
on the sound from steady rotating forces such as those from a propeller. The lecture closes with a
discussion of Kirchoff’s formula. Lecture eight (pages 123-130) continues with the development of
the theory of noise generation from moving sources. The acoustic analogy of Lighthill is introduced.
Some important points are made regarding Lighthill’s approach in preparation for the derivation of
the FW-H equation. The FW-H equation is derived, and its terms, consisting of thickness, loading,
and quadrupole, are explained. Many of the intermediate steps are omitted given the prerequisite
of the audience.

AA lecture nine (pages 130-141) focuses on the solution of the FW-H equation, which was
developed within the previous lecture. The solution is shown for the loading and thickness source
terms and placed within the context of Dr. Farassat’s Formulation 1A. A number of the ‘tricks of
the trade’ are presented with regard to evaluation of Formulation 1A. Based on the newly derived
solution, Rayleigh’s piston, Curle’s formula, Kirchoff’s formula, moving sources, Lowson’s formula,
and Succi’s formula are revisited. The final lecture, starting on page 141, introduces perturbation
theory and applies it to the governing equations within the context of duct acoustics. These newly
developed equations are used to explain the phenomenon of acoustic waves traveling through engine
nacelles. The course ends with a discussion on concepts of duct acoustics.

11One can imagine the large amount of discussion that occurred to explain this canonical result in aeroacoustics.
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Aeroacoustics Lectures (Pages 159 - 257)

Dr. Farassat continually lectured throughout his career, and one excellent course he presented was
on aeroacoustics. The Aeroacoustics Lectures (AL) notes are assembled from multiple sources into
a coherent single class based on lectures conducted in 2000 and 2010. The AL notes are divided into
nine lectures that were presented in 2000 and 2010 and four additional preliminary lectures that
were presented in 2010. The latter lectures, as they are more introductory and meant for NASA
Langley summer interns and relatively new employees within acoustics, are positioned after the first
nine main lectures. The last four lectures contain select redundant material relative to the first
nine lectures and are viewed as prerequisite material. In total, there are approximately 168 pages of
material. These lectures are suitable for the basis of a graduate or senior level undergraduate course
in aeroacoustics. The course generally assumes a working knowledge of differential equations and
a portion of a technical undergraduate education. Lecture number nine combines all the material
presented within the previous eight lectures into a single unified theory consisting of the solutions
of the FW-H equation.

The first lecture, starting on page 159, introduces the students to the concepts of the speed,
wavelength, and frequency of sound on AL pages 1/1-1/2. Common variables of aeroacoustics are
defined. The governing equations are derived on AL pages 1/3-1/8 using these basic concepts. Re-
sulting differential equations include simple relations for density with pressure, mass conservation,
momentum conservation (without viscosity), the wave equation and operator, and the Helmholtz
equation. A very basic result of the use of complex numbers in acoustics is presented using the
developed equations on AL page 1/9. On AL page 1/10 the basics of the sound pressure level scale
in decibels is introduced. Contours of loudness within a ‘line form’ are presented on AL page 1/11.
The first lecture ends on AL page 1/12 with a table of the sound power range and a discussion of
the scaling of subjective effects due to changes in sound power.

Lecture 2 begins on page 165 by discussing the linearity of acoustics and the advantages of
treating problems in a linear fashion (AL pages 2/1-2/2). Rayleigh’s complex amplitudes are
introduced for the field variables of pressure and velocity. The concept of steady state is examined
(introduced in AL lecture 1) on AL page 2/3 and extended with Fourier series representation of a
signal. Differences between time and frequency domain solution approaches are discussed on AL
page 2/4. Their relation is shown with use of the Fourier transform, and their advantages and
disadvantages are discussed. The energy equation was not discussed within AL lecture 1, and here,
on AL pages 2/7-2/9 it is introduced through modification of the momentum equation via the dot
product of the velocity. The acoustic intensity is derived and related to the acoustic energy density
through a differential equation. This equation is examined with the use of a volumetric (integral)
approach and some energy relations (steady state) are derived on AL page 2/9. The second lecture
ends by discussing various simplified models of waves (AL page 2/10). Plane waves are introduced
first, and the acoustic energy density and intensity are derived within a long duct. Evanescent
plane waves are described, and an example is presented for an evanescent plane wave originating
from a vibrating plane (AL page 2/13). AL pages 2/15-2/16 introduce the phase velocity and trace
velocity of plane waves. AL lecture 2 closes on page 2/17, where the wavelength and wavenumber
that were introduced in AL lecture 1 are derived for the plane wave.

Lecture three, starting on page 173, continues developing the simplified theory of waves on
AL pages 3/1-3/3. Plane waves defined in the time domain are introduced and derived from
the momentum equation concepts of the time dependent intensity and particle displacement. The
concept of acoustic pressure using the theory of steady state acoustics is shown on AL page 3/4 and
introduces summation of acoustic pressure. The summation approach uses the concept of linearity
introduced earlier. Some basic rules for finding mean square acoustic pressure are summarized on
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AL page 3/5. Another model is introduced for simplified waves. Here, spherically symmetric waves
are introduced on AL pages 3/6-3/12 with the use of the three-dimensional wave equation discussed
in AL lecture 1. A number of characteristics are derived including intensity and phase angles
between velocity and pressure. Important differences between plane and spherically spreading
waves are noted. A boundary condition that is analogous to a pulsating sphere is introduced on AL
page 3/10, which is used to explain the concept of the monopole and the pulsating monopole (AL
pages 3/10-3/11). AL lecture 3 concludes by summarizing wavenumber relations for the steady
monopole.

AL lecture 4 is relatively short (pages 179-182 and AL pages 4/1-4/6) and focuses on defining
acoustic sources. The first acoustic source is the monopole that was introduced in AL lecture 3. A
Rayleigh piston is defined that consists of a normal velocity distribution on an infinite wall on AL
page 4/2. The velocity potential of Rayleigh’s piston is derived on AL pages 4/3-4/4. The dipole
is introduced through a physical argument, and the pressure from the dipole is derived (AL pages
4/5-4/6). The near-field and far-field pressure terms are shown to be independent terms within the
solution.

The fifth lecture of AL starts on page 182 and discusses the idea of compact sources by using
the compactness condition (AL page 5/1). Frequency and wavenumber relations for observers in
motion and in wind tunnel coordinates are introduced for plane waves on AL pages 5/2-5/3. On
the next two pages (AL pages 5/4-5/5) the same relations are introduced for the point source. The
collapsing sphere approach is introduced for the solution of the wave equation on AL page 5/7.
Some further notes on the compactness condition, but now in the context of a moving source, are
shown on AL page 5/8. This compactness condition is placed within the context of the collapsing
sphere solution and closes AL lecture 5.

The sixth lecture of the AL, starting on page 186, focuses on acoustic radiation from moving
bodies and generalized function theory. It is noted on AL page 6/1 that generally two approaches are
used for noise prediction for moving bodies: computational fluid dynamics12 and acoustic analogies.
The second approach is adopted, and the FW-H equation is introduced on AL page 6/2. Lowson’s
formula is introduced on AL page 6/3, and the Green’s function is also introduced here. The focus
of the lecture shifts towards the introduction of generalized functions on AL pages 6/4-6/16. An
overview of the strengths of using generalized functions is presented, and then various functions are
defined, such as the Dirac delta and Heaviside functions. One very important point is emphasized:
that governing equations are valid if the derivatives are represented as generalized derivatives. The
remaining portion of AL lecture 6 (AL pages 6/16-6/23) are handouts and examples related to the
Green’s function and wave equation.

AL lecture 7 starts on page 198 (AL pages 7/1-7/7) and focuses on noise generation from moving
sources. Lowson’s formula is reexamined in more detail on AL pages 7/1-7/5. Gutin’s result is
introduced on AL pages 7/6-7/7, which describes the noise from steady rotating forces (a propeller).
A number of handouts are included with AL lecture 7 that focus on the Kirchhoff equation.

The eighth AL lecture (pages 204-211 and AL pages 8/1-8/12) completes the discussion from
AL lecture 7 on the noise generation from moving sources. The method of descent is discussed for
the solution of the wave equation in two-dimensions. The acoustic analogy is introduced on AL
pages 8/3-8/6 within the context of Lighthill’s acoustic analogy and uses a jet flow as an example
source. The intensity of the noise from a jet is derived, and the spectral density is given as an
integral involving the two-point cross-correlation of the turbulence (among other flow quantities).
AL pages 8/7-8/10 discuss the FW-H equation through its derivation based upon the continuity
and momentum equations with a generalized function source. The Kirchhoff equation is discussed

12Computational aeroacoustics.

14



within this context. A permeable surface formulation is found on AL page 8/10. A discussion of
the implications and interpretation of the permeable FW-H equation is on AL pages 8/11-8/12. AL
lecture 8 finishes with a number of handouts that focus on the FW-H equation, Green’s functions
for discontinuous solutions, and where the Dirac delta function appears in applications.

The ninth lecture is the last of the series, and it continues to discuss the FW-H equation and its
solution (pages 212-222 and AL pages 9/1-9/22). It uses almost all the results from the previous
eight lectures and places them on a sound theoretical basis within the FW-H equation. AL pages
9/1-9/7 discuss the thickness and loading terms of the FW-H equation, the solution of the FW-H
equation in terms of thickness and loading noise sources, moving the partial time derivative within
the integral of the solution, and a summary of the traditional solution. Dr. Farassat is particularly
famous for his Formulation 1A, which is one solution of the FW-H equation that is presented on
AL page 9/8. Implications of the solution of the FW-H equation and its interpretation, along with
some ‘tricks of the trade,’ are discussed on AL pages 9/9-9/11. An alternative method of writing
Formulation 1A is also included for the students. A number of classical solutions introduced in
previous lectures are now discussed in the context of the FW-H equation and solution. Rayleigh’s
piston within the wall is revisited with the FW-H equation solution on AL page 9/12. Curle’s
formula for flow over a stationary surface is found using the solution of the FW-H equation on AL
page 9/13. Kirchhoff’s formula for moving surfaces is placed in the context of the FW-H equation
on AL page 9/14. Moving observers are addressed on AL page 9/16. Lowson’s formula is examined
on AL pages 9/17-9/18 using the FW-H solution. The results of using Succi’s thickness noise
and Isom’s thickness noise theories are also derived in the context of the FW-H solution on AL
pages 9/19-9/20. The final portion of AL lecture 9 on AL pages 9/21-9/22 makes some conjecture
regarding the volumetric term of Dr. Farassat’s solution of the FW-H equation. These are addressed
in Dr. Farassat’s Formulation 4 (see Green Book 2).

During the summer of 2010 a number of introductory notes were presented for students sup-
ported by NASA internships and new researchers of NASA Langley. These lectures consisted of four
parts, which were presented before the nine AL lectures. These begin on page 223. The first lecture
on AL pages 1-8 (after the end of AL lecture 9) discusses the one-dimensional wave equation and
its solution. The wave equation in two and three-dimensions is then introduced. Poisson’s solution
and Huygens’ principle are discussed on AL page 5. A few minor corrections of previous derivations
are shown, and the uniqueness theorem of the wave equation in one, two, and three-dimensions is
presented to close the first lecture.

The second lecture (page 232 and AL prerequisite lecture 2 pages 1-6) discusses various examples
for using the solution of the wave equation in aeroacoustics. An alternative solution of the wave
equation is discussed on AL prerequisite lecture 2 pages 4-6. The third lecture (page 238 AL
prerequisite lecture 3 pages 1-14) has more substance than the second. It begins by describing a
strategy to solve the wave equation in two-dimensions. Differences between the solution of the wave
equation in two-dimensions and three-dimensions are discussed. The concept of sources in motion
is defined on AL prerequisite lecture 3 page 4. Lowson’s formula and its solution are introduced.
Compact sources are defined and discussed. The final AL lecture, on AL prerequisite lecture 4 pages
1-6, discusses Garrick’s triangle, the zone of silence, and point sources and observers in rectilinear
motion.

Lectures on the Aeroacoustics of Rotating Blades in Time Domain (Pages 258
- 327)

A number of lectures were presented on ‘The Aeroacoustics of Rotating Blades in the Time Domain,’
(LARBTD) by Dr. Farassat. The lectures were given in three parts and are approximately 71 pages
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in length. Dr. Farassat’s lectures often exceeded multiple sessions beyond the planned parts due
to the large amount of developmental work performed on the chalk board. These lectures were
originally delivered at the Department of Mechanics and Aeronautics at the University of Rome in
1989. Much like the lectures on aeroacoustics, the final lecture seamlessly combines large amounts
of material that were developed throughout the course.

The first lecture discusses the history of propeller noise and its prediction on pages 259 through 262
(LARBTD pages 1/1 - 1/3). The historical focus is on major prediction developments and NASA’s
involvement. Different sources of noise from rotating blades are defined (LARBTD pages 1/4 -
1/7) in the context of a propeller or rotors of a helicopter. It is argued that prediction theories
must account for the thickness noise, loading (steady, periodic, impulsive, random, etc.) noise, and
quadrupole noise (shocks, vortices, turbulence, etc.). Due to the difficult nature of the problem,
the focus of the lectures is on discrete frequency noise prediction, but it is acknowledged that the
effects of the broadband levels, inclusion of the nacelle or fuselage, and propagation should be
included. The first lecture closes by describing several prediction approaches, what the prediction
approaches need to include, and the benefits of frequency or time domain formulations (LARBTD
pages 1/9-1/10).

The second lecture introduces the FW-H equation (LARBTD pages 2/1-2/2), and particular
care is taken to define the variables. Within the remainder of the second lecture, various mathemat-
ical concepts are introduced to the students in preparation for solving the FW-H equation in lecture
3. These mathematical concepts include the introduction of generalized functions (LARBTD page
2/3) and a number of examples, divergence theorem with generalized functions, changing the order
of operations of limiting processes (LARBTD page 2/10), two applications of generalized deriva-
tives (LARBTD pages 2/12), support of functions involving the Dirac delta function (LARBTD
page 2/15), results of integration of surfaces involving the Dirac delta function (LARBTD page
2/17), a short discussion regarding the derivation of the FW-H equation (LARBTD page 2/18),
and basic differential geometry results (LARBTD page 2/21).

The third and final lecture, starting on page 293, is focused on finding and interpreting solutions
of the FW-H equation. The first part of the lecture (LARBTD pages 3/1-3/6) considers two
approaches for finding solutions, as illustrated through the use of two canonical inhomogeneous
wave equations. Two forms of the solution of an inhomogeneous wave equation are found on
LARBTD pages 3/2 and 3/3. Concepts of the gamma (Γ) and sigma (Σ) surfaces are introduced
on LARBTD page 3/4. Forms of solutions of the wave equation with right hand side ‘Qδ’ are
shown on LARBTD pages 3/8, 3/12, and 3/14. Based on these basic forms of solutions of the wave
equation with carefully selected sources, solutions of the FW-H equation are sought under certain
conditions.

The first solution discussed within the third lecture is based upon the assumption of compact
sources (LARBTD 3/15-3/17). Explicit solutions are derived for the acoustic pressure from the
thickness and loading source terms. The solution is discussed in the context of Succi’s formula
(LARBTD page 3/17) and Lowson’s formula (LARBTD page 3/18) is recovered.

A second solution is derived for the situation where a solid body is rotating subsonically
with a shock-wave attached (LARBTD pages 3/19-3/23). The approach begins by examining
the quadrupole term and placing it in a form that captures the noise from the shock wave. The
modified FW-H equation is presented on LARBTD page 3/20, and each term is explained. A closed-
form integral solution is derived on LARBTD page 3/23, and all of the arguments are analytical.
Evaluation for cases when terms are singular requires special care.

The final portion of lecture three (LARBTD pages 3/24-3/35) discusses the solution of the FW-
H equation for the case of rotating bodies of motion that have attached shock waves. A number
of complex mathematical operations are performed to obtain the FW-H equation in an alternative
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form shown on LARBTD page 3/28, where the terms are interpreted in detail. The right hand side
of the FW-H equation now contains source terms that were examined previously and also some new
source terms. Two forms of the FW-H equation are identified for solution that were not examined
within the previous parts of LARBTD. Three solutions result as shown on LARBTD pages 3/33-
3/35, and together with previously developed forms, the full solution of the FW-H equation for the
noise from supersonic rotating bodies with attached shock waves can be constructed.

The Green’s Function (Course) (Pages 328 - 411)

A short course on Green’s functions (Green’s Function Short Course, GFSC) was prepared by
Dr. Farassat. The course uses the traditional note format as opposed to presentation slides. The
length of the course is approximately 90 handwritten pages. These notes could be used as a
general introduction to the mathematical field of Green’s functions. As a prerequisite, one should
have knowledge of partial differential equations and some knowledge of the canonical differential
equations of physics. The course highlights include the definition and development of the Green’s
function, linear operators, adjoint Green’s functions, the wave equation, the Helmholtz equation,
the Laplace equation, and the uniqueness theorem. The closing of the course contains an important
discussion of the application of Green’s function theory to the field of aeroacoustics.

The Green’s function notes (page 329 and GFSC pages 3-6)13 start with an examination of the
linear ordinary differential equation operator and define the Green’s function. A basic example
of using the Green’s function is shown for a second-order ordinary differential equation. The
adjoint operator is introduced with the use of examples on GFSC pages 7-10. The definitions of
the adjoint operator and self-adjoint operator are presented. Existence of the Green’s function is
investigated. A note on self-adjoint operators of the Green’s function is presented on GFSC page
11. It is illustrated through the use of the complex conjugate of the operator and corresponding
Green’s function. A method is presented on GFSC pages 12-13 to quickly check if the Green’s
function is self-adjoint for homogeneous second-order ordinary differential equations. A few simple
examples are presented, and the question is posed regarding how to conduct the same analysis if the
ordinary differential equation boundary conditions are inhomogeneous. GFSC pages 13-17 answer
this question by showing two different methods.

The general second-order linear ordinary differential equation is again considered, but now gen-
eralized derivatives are used (GFSC pages 18-26).14 Adjoint linear differential operators are exam-
ined on GFSC pages 27-30. An important characteristic of functions defined in three-dimensional
space used for the solutions of the FW-H equation is presented. A few other examples and informal
proofs of properties of Green’s functions are given.

Dr. Farassat next presents an example using the previously developed theory of Green’s func-
tions. The Green’s function of the Laplace equation is sought on GFSC pages 31-34. Details of
the Dirac delta function are presented, and the spherical coordinate system is defined. The Dirac
delta function is written in the spherical coordinate system, and the solution of Laplace’s equation
is derived on GFSC page 34. Using the previously developed Green’s function for the Laplace
equation in unbounded space, the solution of the Laplace equation is derived (GFSC pages 35-36).
The general solution is shown to satisfy the Laplace equation. Before finding additional Green’s
functions, the partial differential equation invariant under translation of space and time (about the
origins) is presented on GFSC pages 37-38. Invariants are useful to understand in the proceeding
derivations of Green’s functions that correspond to various partial differential equations.

13GFSC pages 1 and 2 are blank.
14Page 24 is blank and some pages contain redundant numbers.
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The Green’s function of the Helmholtz equation within an unbounded three-dimensional space
(GFSC pages 39-41) is derived. This is a logical partial differential equation to examine because
of its similarity to the Laplace equation, which was previously examined. The Green’s function is
derived by assuming a solution that is similar to the Green’s function of the Laplace equation. It
is curious that a complex solution is derived, and this is addressed.

The Green’s function of the wave equation in three-dimensional space is derived on GFSC pages
42-43. Here, the Green’s function is written with arguments containing both the observer and
source, spacial and temporal positions, which are characteristically used in the field of acoustics.
The Green’s function is derived by making use of the Fourier transform and using the Green’s
function derived previously for the Helmholtz equation on GFSC pages 39-41. The retarded time
solution of the wave equation is then derived in the time-domain on GFSC page 43.

The heat equation is another canonical partial differential equation, and the Green’s function
of the heat equation operator is derived on GFSC pages 44-47. The heat kernel, that is the Green’s
function of the heat equation, is derived in one-dimension through three-dimensions. Solutions
using the heat kernel are presented.

Focus is returned to the Laplace equation (GFSC page 48), and the Green’s function of the
Laplace equation is examined in higher dimensions than three within an unbounded domain. The
result is shown without derivation. The Green’s function of the Laplace equation in a bounded
domain is derived on GFSC pages 49-51. GFSC pages 52-59 show the solution of the Laplace
equation in a bounded domain in two-dimensions, and some pages are omitted as they are simple
plots of the solution. GFSC pages 60-65 explore the uniqueness theorem for the Laplacian operator
within bounded domains. Proofs are presented for the uniqueness theorem for the Direchlet and
Neumann boundary conditions. Pages 66-67 of GFSC summarize Green’s theorem.

The Green’s function of the heat equation in an unbounded domain was found on GFSC pages
44-47, and here on GFSC pages 68-72, the Green’s function is derived within a bounded domain.
Page 73 of GFSC contains a note on the Green’s function of the wave equation. Here, an alternative
approach is presented for deriving the Green’s function relative to that presented on GFSC pages
42-43.

At this point, the basics of Green’s functions have been presented, and on GFSC pages 74-79
some notes are presented on their application. In particular, on GFSC pages 78-79 their application
to the Kirchoff formula is discussed. The final entry on GFSC pages 80-85 discusses the uniqueness
theorem of the Green’s function for the wave equation in a bounded domain.

An appendix is included on GFSC pages A1-A5 that shows a general method for finding adjoint
boundary conditions for second-order linear ordinary differential equations. When working with
adjoint equations, corresponding adjoint boundary conditions must also be used. The appendix
closes with three recommended references for further study.

The Mathematics of Near Field Acoustical Holography (Pages 412 - 442)

Dr. Farassat taught a class at NASA Langley on ‘The Mathematics of Near Field Acoustical
Holography’ (NAF) at the end of the summer of 2000. Acoustic holography is an inverse problem
that attempts to characterize or map the source of acoustic radiation. NAF consists of seven main
lectures plus an appendix that summarizes some analytical results. In total, there are sixty pages.

The class starts on NAF page 1/1 by defining it as an inverse problem. NAF involves the
combination of mathematics, physics of acoustics, and experimental measurement. The first lecture
continues on NAF pages 1/2-1/5 with the introduction of Fourier transforms. The Dirac delta
function and corresponding Fourier transform are defined on NAF page 1/6. Within the second
lecture, more definitions and development work are presented. The acoustic intensity, steady state
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acoustics, wave equation, and decomposition are shown on NAF pages 2/1-2/7. Evanescent waves
are reviewed on NAF pages 2/8-2/10.

The third lecture, starting on NAF page 3/1, introduces standing waves on an infinite wall or
vibrating plane. These waves are interpreted in wavenumber space on NAF page 3/2. Velocities
of particles within the fluid field are found on NAF page 3/3. Additional discussion of evanescent
waves is given on NAF page 3/4. The so-called angular spectrum Fourier transform for acoustics
is introduced on NAF pages 3/5-3/7.

The fourth lecture, on NAF pages 4/1-4/8, introduces some basic acoustic concepts such as
the monopole and dipole. Rayleigh’s first and second integrals are derived on NAF pages 4/3-4/8.
The concept of the propagator, that is like a Green’s function, is introduced in the fifth lecture on
NAF page 5/1. Ewald’s sphere construction is introduced on NAF pages 5/3-5/6. This approach
allows for a method of visualizing the directivity of planar sources. Planar near field construction
is examined on NAF pages 5/6-6/2. The remaining part of the sixth lecture discusses strategies to
handle ill-posed problems.

The seventh NAF lecture examines traveling waves on square plates (NAF pages 7/1-7/2).
Other plate radiation problems are examined, such as the radiation from a simply supported struc-
ture. Bouwkamp’s result (NAF page 7/7) is found. Edge and corner modes are discussed on NAF
page 7/8. The remaining part of the seventh lecture shows various figures and diagrams. The final
seven pages show some analytical results for the prediction of trailing edge noise.

The Workshop on Kirchhoff Formulas (Pages 443 - 472)

Dr. Farassat hosted a workshop at NASA Langley Research Center on Kirchhoff formulas. The
Workshop on Kirchhoff Formulas (WKF) was hosted in February of 1995. The workshop sought
to convey to the participants the derivation of two Kirchhoff formulas for the noise radiation from
subsonic and supersonic surfaces, respectively. The advantage over traditional approaches is a
more direct and simple derivation which is subsequently easier to interpret. Also, the participants
gained some understanding of generalized functions, partial differential equations, and differential
geometry. The workshop contains 57 pages of carefully prepared handwritten slides that were also
distributed to participants.

Introductory material is presented first on page 443. The workshop (WKF page 1) opens by
discussing three possible methods for noise prediction within the field of aeroacoustics. They are
acoustic analogies, Kirchhoff methods, and computational fluid dynamic-based methods (compu-
tational aeroacoustics). After discussing these three approaches, the classical Kirchhoff formula
is introduced on WKF pages 2-3. Here, the form of the equation is compared with the Laplace
equation. Dr. Farassat attempts to convince the workshop participants that the Kirchoff approach
has potential benefits over the other approaches on WKF page 4. WKF page 5 states the purpose
of the workshop, as previously mentioned, as the derivation of two Kirchhoff formulas for subsonic
and supersonic surfaces. As a secondary goal, tools are developed for generalized functions, partial
differential equations, and differential geometry.

The methodology for deriving the Kirchhoff formulas (WKF page 6) is discussed through re-
duction of solutions of the wave equation with select generalized function sources. WKF pages 7-8
discuss traditional and generalized functions through simple examples. A motivational slide (WKF
page 9) for generalized functions with emphasis on the so-called sifting property is presented based
upon the Dirac delta function. Generalized functions are defined on WKF pages 10-14. In partic-
ular, the concepts and examples of ordinary, continuous, regular, singular, and symbolic functions
are defined. Particular operations on generalized functions are presented on WKF pages 15-16.
Differentiation of generalized functions is discussed on WKF pages 17-18. Here, Dr. Farassat de-
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scribes the general properties of derivatives applied to generalized functions using examples. Some
important results of generalized function theory in the context of the WKF are presented on WKF
page 19.

Our attention turns temporarily from generalized functions to the Green’s function (WKF pages
20-21) of a second-order linear ordinary differential equation. Here, the definition of the Green’s
function is introduced through example and connected to the Dirac delta function. It is noted that
the boundary conditions must also be posed correctly for the Green’s function to be found. Focus
is returned to generalized functions within multiple dimensions (WKF page 22). As the Dirac delta
function and generalized functions can be perceived as very abstract to those not familiar with the
subject, Dr. Farassat on WKF pages 23-24 shows some examples of how they appear in the system
of equations for the Green’s function and acoustics of shock waves.

The mathematical theory of differential geometry plays a key role in the work of Dr. Farassat.
On WKF pages 25-32 differential geometry is introduced and many important results are shown that
are used later in the workshop. Major results are presented without a great deal of mathematical
derivation.

The integration and differentiation of the Dirac delta function are presented on WKF page 33.
Integration of a function that is a product of the Dirac delta function is presented on WKF page
34. These concepts are important for evaluating Kirchhoff formulas. Some illustrations explain
generalized function manipulation (WKF page 35-36).

Focus is returned to the theory of Green’s functions on WKF pages 37-38. In particular, the
Green’s function of the wave equation is examined in unbounded space. Source-to-observer vectors
are defined. The domain of dependence is illustrated. WKF page 39 gives an example for the
Green’s function of the Laplace equation and its relation to discontinuous solutions. Two forms
of the solution of the wave equation in unbounded space with volumetric sources are presented on
WKF page 40.

The governing wave equation for deriving Kirchhoff formulas is presented on WKF page 41.
Here, the wave equation is chosen to have a very specific right hand side. The entire WKF up
to this point has been carefully devised to present this equation and its set of solutions. The
first solution sought is the classical Kirchhoff formula (WKF page 42). Perhaps the main point is
the proposed governing wave equation can recover the classical result. The first major result of
WKF on pages WKF 43-46 is the derivation of the so-called subsonic Kirchhoff formula. Here, a
deformable moving surface that is restricted to subsonic motion creates acoustic radiation. The
final form of the subsonic Kirchhoff formula is shown on WKF page 46. Dr. Farassat introduces
a trick to simplify the formulation of the solution of the governing wave equation of WKF page
41 on pages WKF 47-48. Finally, the derivation and solution of the governing wave equation is
presented on WKF pages 49-53 using the theories developed throughout the workshop. A note
on the evaluation of the supersonic Kirchhoff formulation is made on WKF page 54, where it is
emphasized that singularities might occur. Nonetheless, the result remains integratable.

The WKF closes with a number of references that were used for development of the workshop.
Finally, Dr. Farassat acknowledges his collaboration with M. K. Myers of George Washington
University.

Summary of Notebook One (Pages 473 - 655)

As mentioned previously, Dr. Farassat took excellent research notes, and many of these appear
within his green books. The first entry appears in green book (GB1) on April of 1978 and the
last entry appears on February of 1982. GB1 contains, as summarized below, an extremely varied
research portfolio. Here, we gain insight into how an early NASA researcher explores mathematical
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concepts that are eventually integrated into a coherent research methodology. It is difficult to
concisely classify or summarize the material within GB1 due to its wide variety. With this difficulty
in mind, GB1 could be generally summarized to contain introductory material, derivations of the
solutions of the wave equation, integrals involving generalized functions, notes on nonlinear ordinary
differential equations, derivatives of integrals and singular functions, and the thickness noise from
wings. We now concisely describe the contents of GB1.

The first entry of GB1 on April of 1978 (GB1 pages 1-4) is a review of boundary layer turbulence
pressure fluctuations based upon order of magnitude analysis. The same month a short initial
review of propeller noise (GB1 pages 5-6) is conducted in the context of the theory of Gutin.
A short overview of the statistical theory of isotropic turbulence is presented (GB1 pages 7-9),
which discusses the result of Kolmogorov (κ−5/3 energy spectrum in the inertial range where κ
is wavenumber). Most basic results of the kinematic theory of gases is recorded on GB1 pages
10-11. Nonlinear acoustics of plane waves are explored using the approach of Riemann (GB1 pages
12-15), which are governed by the Euler equations. Select inequalities and other algebraic results15

are summarized (GB1 pages 16-22) in a proof theorem format. Important theorems of partial
differential equations (GB1 pages 23-26) are reviewed based on the work of Weinberger.16 Of
particular interest to Dr. Farassat is the maximum principle, which was often used within some of
his lectures.

Dr. Farassat, who was undoubtedly an international expert on the theory of generalized func-
tions, gives some concise proofs in GB1 pages 27-29. A large section is devoted to a review of
difference (or differential) equations and finite differences (GB1 pages 30-51) in April of 1979. Most
of the review represents the basis of differential equations until GB1 page 43, where a number
of solution techniques are summarized and special classifications are noted. Mikusinski calculus,
which is also known as operational calculus or operational analysis, is a mathematical approach to
transform differential equations into an algebraic form involving a polynomial equation. Mikusin-
ski’s approach is reviewed by Dr. Farassat on GB1 pages 52-64 based upon Fenyo and Frey.17 On
GB1 page 59, a general polynomial is found (using the method of Feyno) and on GB1 page 62
an example is presented for the solution of a linear differential equation with constant coefficients.
Dr. Farassat writes on GB1 page 64 that he, ‘finds Mikusinski operational calculus as one of the
most beautiful parts of modern mathematics.’ Some brief notes are presented on number theory
on GB1 pages 65-68, including a note on Fermat primes and coordinate changes on GB1 pages
69-71. Isoperimetric inequalities are summarized (GB1 pages 72-76), where the inequality involves
the square of the perimeter and area within a plane. On GB1 pages 77-78, he proposes a proof to
a problem given in The American Mathematical Monthly, 1978, page 496. Additional exploration
of proofs of various inequalities appear on GB1 pages 79-83.

The first entry that contains a more direct application to acoustics appears on GB1 pages 84-
86, where an identity is derived that has application for an acoustic source on a surface in motion.
Dr. Farassat writes an interesting note at the bottom of GB1 page 86 regarding the inclusion
(during numerical evaluation) of the blade tip, which he thought had a non-negligible contribution
to the resulting acoustic pressure. In May of 1980, results from Dr. Farassat’s study on conversion
of spacial derivatives to temporal derivatives within solutions of the wave equation with application
to sources on moving surfaces was completed (GB1 pages 87-91). He considers solutions of the wave
equation with a sigma (Σ) surface. These notes were corrected at the later date of February 1982

15These are adapted from Crystal, G., ‘Algebra: An Elementary Text-Book,’ Adam and Charles Black, 1904.
16Weinberger, H. F., ‘A First Course in Partial Differential Equations: with Complex Variables and Transform

Methods,’ Blaisdell Publishing Company, 1965.
17Fenyo, S. and Frey, T., ‘Modern Mathematical Methods in Technology,’ North-Holland Publishing Company,

1975.
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on GB1 page 161.

The focus returns to more pure mathematical explorations of inequalities on GB1 page 92 and
total differential equations on GB1 pages 93-99. Boundary conditions and their derivatives within
a one-dimensional second-order inhomogeneous differential equation are explored (GB1 pages 100-
108). It is argued that, under certain circumstances, the two boundary conditions (involving zeroth
and first-order derivatives) can be related to one another.

From January through March of 1981, GB1 focuses on integrals and generalized functions. Two
integrals involving the Dirac delta function and their evaluation (one from Dr. Farassat’s Ph.D.
thesis) are discussed on GB1 pages 109-114. The evaluation is much more compact relative to
his Ph.D. thesis. He returned to this entry approximately ten years later in 1991 and illustrated
an arguably better approach. Divergent integrals can appear upon taking a derivative within a
convergent integral. Regularization of divergent integrals involves the use of the Heaviside function.
GB1 pages 115-118 address divergent integrals with corrections noted on GB1 pages 119-120. A
notable definition of the generalized derivative resides on the middle of GB1 page 120. There are
some divergences from investigations of integrals on GB1 pages 112-114 on Mersenne primes18 and
notational discussions of partial derivatives.19

Solutions for first-order non-linear partial differential equations are examined (GB1 pages 121-
124) using Charpit’s method. The generalized Fourier transform of the natural logarithm of the
absolute value of an argument is examined (GB1 pages 125-127). This approach draws on the
definition of the regularization of the divergent integral developed previously on GB1 pages 115-
118, and the result is shown on the bottom of GB1 page 126. In April of 1981, a philosophical
entry on generalized functions appears on GB1 pages 128-139 that has application to discontinuous
integrals. These represent more exploratory thoughts and mathematics and, relative to earlier
entries, contains less review. Dr. Farassat presents multiple proofs (GB1 pages 140-141) of a
problem proposed by Lass,20 which involves the relation between two curves intersecting and their
curvature. A number of examples are devised by Dr. Farassat (GB1 pages 142-151) to illustrate the
use of variable transforms for the solution of partial differential equations. Geometric acoustics or
ray theory and its assumptions are reviewed on GB1 pages 152-153 based upon the wave equation
and the assumption that the wavelength is small. Technical readers might note the similarities
of the results with those of classical optics. A number of theorems and proofs involving complex
variables are presented on GB1 pages 154-157 that are based on the notes of MacRobert.21

Pages 158-160 of GB1 present an example of ‘regularizing’ an integral of the solution for the
Laplace equation defined in the space above the x− y plane. This basic example leads to the more
complicated regularization of the divergent surface integral that represents the acoustic pressure
from the aerodynamic pressure on the surface of a rotating blade (GB1 pages 161-170). These pages
heavily use methods developed previously in GB1, such as overcoming the divergence of integrals
when the time derivative is applied within the integrand. Note that some of the development and
explanation reside in GB2.

The final set of technical notes within GB1 are on GB1 pages 171-177 and discuss what he
calls the thickness problem for wings. Here, the intersection between aerodynamics and acoustics
is not entirely physically intuitive. This is because the velocity potential is governed by an acoustic
equation, specifically the wave equation. It is shown that the classical results found in aerodynamic
theory, for subsonic and supersonic flow, correspond to those found with this purely acoustic theory.
These results continue in GB2.

18Dr. Farassat’s proof is incorrect for Mersenne primes as counter examples exist.
19A form adopted that involves the partial derivatives represented as a matrix.
20Lass, H., ‘Vector and Tensor Analysis,’ McGraw Hill, 1950.
21MacRobert, T. M., ‘Functions of a Complex Variable,’ MacMillan, 1954.
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The final five pages (GB1 pages 5-1)22 contain equations of motion and ‘things to remember.’
Throughout the other green books and unbounded notes these constants and units are considered
universal unless stated otherwise.

Summary of Notebook Two (Pages 656 - 843)

The second notebook, green book two (GB2), is a direct continuation of the first (green book
one, GB1). Entries within GB2 span from February 8th, 1982 to May 8th, 1998. Unlike GB1,
Dr. Farassat’s focus narrows within GB2 towards more specific research goals. Major sections
consist of the examination of thickness noise, equations describing the noise and aerodynamics of
moving bodies, a very large section on generalized function theory, development of some of his
formulations, and much more. A large number of notes within the notebook focus on predicting
noise from propellers moving supersonically. As one can imagine, this is a very difficult problem
due to the shock waves, which are radiated from the supersonic moving body. The preface of GB2
begins with a drawing by Dr. Farassat’s daughter, Daria. We now concisely describe the contents
of GB2.

Examination of the thickness of wings and its implication on acoustics is continued from GB1
pages 171-177. Here, the potential flow is derived from an acoustics solution and compared with
the results of Ashley and Landahl.23 Dr. Farassat’s solution is greatly simplified compared to the
traditional approach. A new formulation of the solution of the FW-H equation is proposed for the
prediction of noise from a propeller on GB2 pages 7-11. The thickness and loading noise terms
are treated separately, the time derivative remains outside the surface integrals, and a frame of
reference is used that rotates with the propeller. Sources on edges, that appear within solutions
of the wave equation and involve Dirac delta functions, are examined on GB2 pages 12-15. The
integrand involving multiple Dirac delta functions is examined in three and four dimensions and is
written in more simplified forms on GB2 page 15. Missing terms in the integral equation for the
acoustics from moving bodies are examined on GB2 pages 16-25, and this work is a continuation of
GB1 pages 161-170. Here, the surface integral is evaluated at a small distance above the surface of
the moving body, which is not the usual approach of Dr. Farassat, who normally evaluated integrals
upon the moving surface. It is noted that his student, Lyle N. Long,24 found an incompatibility
with the previous approach that is corrected here.

One of the largest sections, GB2 pages 26-91, discusses generalized function theory and its
application to a new prediction approach involving supersonic propeller noise. Integration of non-
closed surfaces is discussed on GB2 pages 26-33. On GB2 pages 34-36, Dr. Farassat notes his
efforts to overcome assumptions of his previously developed models (specification of pressure, steady
surface pressures, and thin airfoil theory). His simplified approach for the prediction of supersonic
propeller noise and associated aerodynamics is outlined in a number of steps starting on GB2 page
37. The basis is the FW-H equation, and within the first step the right hand side is written as a
decomposition of two vectors: the first in the normal direction and the second in the tangential
direction. On step 2 (GB2 page 40) the solution is solved directly with the Green’s function.
Step 3 (GB2 page 41) eliminates the derivative of the Dirac delta function. The near-field term is
isolated (involving the inverse square of the propagation distance) on step 4 (GB2 pages 42-43).
Now, the far-field term involves two main components that are isolated and simplified on step
5 (GB2 pages 43-45). Further simplification is performed on step 6, and some new notation is

22Note that the last five pages are in reverse order and labeled from 5, 4, 3, 2, and 1. This is likely due to the fact
that the number of pages in the end of the book are unknown as they are created.

23Ashley, H. and Landahl, M., ‘Aerodynamics of Wings and Bodies,’ Dover Publications, 1985.
24Professor Long is now a professor at The Pennsylvania State University Department of Aerospace Engineering.
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introduced (GB2 pages 45-53). The discontinuity of the trailing edge is addressed on step 7 (GB2
pages 54-55). The near-field and far-field terms are combined, and the delta functions within the
integrands are examined on step 8 (GB2 pages 56-60). Step 9 revisits focus on evaluation of the
terms resulting from the previous steps (GB2 pages 61-82). A number of notes (represented as step
10), simplifications, and methods for evaluation of the prediction equation are presented on GB2
pages 82-89. Finally, on GB2 pages 90-91, a summary of the final equation suited for numerical
evaluation is presented, which includes the corrections noted within the previous steps.25

GB2 returns to more exploratory work on GB2 pages 92-99 with generalized functions. Com-
ments are written on the theory of partial differential equations, their difficulty, and Dr. Farassat’s
view of the subject. Dr. Farassat reexamines the appearance of line integrals within his supersonic
propeller prediction theory (GB2 pages 100-106) and confirms that they should be present. The
spatial integration involving Delta prime is investigated on GB2 pages 107-109. Recall that the
mathematical term Delta prime appeared within step 3 of GB2 page 41. The supersonic propeller
noise theory previously developed on GB2 pages 26-91 is revisited on GB2 pages 110-119 after it
was programmed by Sharon Padula. Dr. Farassat notes a missing term that involves a line integral
along the tip of the propeller blade. On the bottom of GB2 page 91, it is noted that the equa-
tions were correctly derived, but this missing line integral greatly improved the agreement between
prediction and measurement.

A general entry is made approximately eight years after the previous entry within GB2 as
Dr. Farassat was working on loose paper and not making regular entries into his research notebooks.
On GB2 pages 120-122 he summarizes his achievements over these years that include: creating the
Advanced Subsonic and Supersonic Propeller Induced Noise computer program, lectures involving
the FW-H equation, the application of the acoustic equations to traditional aerodynamic problems,
examining the Kirchhoff theory for moving surfaces, examining the quadrupole term within the
FW-H equation, and examining singularities within the solutions of acoustics from rotating blades.

Entries are continued on GB2 pages 123-129, and involve a discussion of the FW-H equation
and its evaluation. Emphasis is placed on the thickness and loading terms. Examination of the
solution for the wave equation with source terms that consist of generalized functions is explored
on GB2 pages 130-140. Some additional related miscellaneous investigations are shown on GB2
pages 141-149. A second general entry appears in November of 1993 on GB2 page 150 and discusses
the publication of a paper on the 80th birthday of Professor William Sears, who was Dr. Farassat’s
advisor at Cornell.

Technical entries continue on GB2 pages 151-152 with a small note on normal vectors. A general
entry is made on GB2 page 153 that discusses reviews of non-standard analysis, algebra, topology,
and generalized functions. Some of these review notes are shown in other sections of this document.
A few non-technical notes are written regarding personnel assignments with respect to evaluating
developed theory. Thoughts on the development of Dr. Farassat’s Formulation 3 are shown on GB2
pages 154-157. This approach eventually appeared in print in 1983. A large entry is created on
the mean curvature of the sigma surface that is rigid (GB2 pages 158-173) and deformable (GB2
pages 174-180). This theory is required because the curvature of a surface is an argument in the
theory of the noise from supersonic propellers. On GB2 page 181, Dr. Farassat notes that another
researcher confirms his deformable surface theorem on GB2 pages 174-180 and that he has been
recording some of his research in other notebooks.

The final entries of GB2, on GB2 pages 184-185, show some minor corrections to previous
results on solutions of the wave equation containing a derivative Dirac delta function source. The

25It is noteworthy (bottom of GB2 page 91) that the final equation was written in February of 1983, and it took
until June of 1991 for a computer program without error to be developed and validated to evaluate the final equation.
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notebook ends on his 1998 vacation in Duck, North Carolina.

Summary of Notebook Three (Pages 844 - 876)

The third and final general notebook, green book 3 (GB3), follows the second but has many fewer
entires. GB3 begins in June of 1998, and the last entry is in October of 1998. It contains 32 pages
and is focused on four topics.

GB3 begins with further examination of the symbol of Christoffel, which represents arrays of
real numbers and has applications in topology. Christoffel symbols are used in Farassat et al.26 The
Christoffel symbol actually appeared within GB2 in many discussions for the prediction of noise
from supersonic propeller blades. Two major corrections of one of Dr. Farassat’s AIAA papers are
discussed on GB3 pages 4-8. Examinations of a classical approach and another approach using
Formulation 4 for solving the wave equation are shown on GB3 pages 9-28. Computer aided
symbolic mathematical software27 is used, and the results are printed and copied to GB3. Further
examination of edge length elements appears on GB3 page 28, which was developed in GB2. In
the context of Formulation 4, the final three pages of GB3 (GB3 pages 29-31) discuss a singularity
of sin θ in the denominator, and the ability to handle higher order singularities is explored. It
is shown that for a second power involving sin θ that Formulation 4 remains integratable. The
notebook closes on GB3 pages 31-32 by presenting an example solution for dipoles on a sphere or
circle using Dr. Farassat’s Formulation 4.

Ducted Fans (Pages 877 - 933)

Dr. Farassat’s notebook on ducted fans (DF) is a comprehensive treatment of the fundamentals of
predicting the noise from a rotor residing within a duct. The methods have application to aircraft
engines where the fan creates very high intensity tones that are scattered or suppressed by the
duct. Highlights of the DF notebook include the development of perturbation equations, acoustics
within cylindrical ducts with a mean flow, graphical solutions, and rotating sources in a moving
frame. The DF notebook consists of 56 pages.

The first part of the DF notebook on DF pages 1-4 discusses perturbation equations for the
acoustic waves within a fluid mean flow. Each of the field variables of the governing equations is
written as a mean and perturbation quantity. These are substituted into the governing equations
of mass, momentum, and energy. Irrotational flow and the equation of state are also considered.
Equations for the velocity potential are derived on DF pages 5-6.

The focus of DF pages 7-20 turns toward the acoustics of a cylindrical duct with uniform
flow. The wavenumber of the acoustic wave is an important quantity within this analysis. Modal
solutions of the system of equations are found, and the roots are analyzed. Roots are real or complex
valued. The cut-off ratio is defined on DF page 9. Wavenumber is defined to be dependent on the
circumferential mode on DF page 10. The pressure within the flow-field is derived and is in the form
of a double summation on DF page 11. Attention is turned toward the analysis of circumferential
modes on DF pages 13-16. The question of which modes are excited is then addressed through DF
page 20.

DF pages 21-25 (starting on page 898) examine a graphical solution approach for the propagating
modes in a duct with a uniform flow. The approach is used in two-dimensions and then extended

26Farassat, F., Brentner, K. S., and Dunn, M. H., ‘A Study of Supersonic Surface Sources - The Ffowcs Williams-
Hawkings Equation and the Kirchhoff Formula,’ AIAA Paper 1998-2375, 1998.

27Dr. Farassat, an early proponent of using symbolic mathematical software for research, makes use of the software
program Mathematica.
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to cylindrical ducts. An example illustrates the two and three-dimensional approaches. A few
miscellaneous notes are written on DF page 26 that include fan properties of several large turbofan
engines for aircraft and a correction to DF pages 18-19. Some explanation is written by Dr. Farassat
on DF pages 27-28 on how a rotating microphone28 can be used to discern the acoustic mode within
a duct. Additional data on engines with large ducted fans29 are shown on DF page 29.

Rotating sources in a moving frame are addressed on DF pages 30-36 for the purpose of modeling
rotating blades within a duct. The problem is modeled with the inhomogeneous wave equation with
a periodic forcing function. DF pages 32-36 contain a number of pages copied from Kinsler et al.,30

which discusses power radiation from pipes. Acoustic energy and intensity relations within moving
media (DF pages 37-40) are reviewed based on the journal article of Myers.31 A differential equation
for the conservation of energy is derived. Analysis based on the review of Myers is continued through
DF page 43, and a number of similar analyses are explored on DF pages 43-47. A note on data
analysis from a circular microphone measurement is made on DF page 48. This theory is reviewed
on DF pages 48-54. The final entry occurs on DF pages 55-56 and is a summary of the derivation
of the energy equation for uniform flow with a perturbation velocity. It is noted that the mean
velocity is divergence free and the result should apply to non-uniform mean flows.

Sound Propagation in a Duct and Interaction Tones (Pages 934 - 956)

Based upon the ducted fan notebook previously discussed, Dr. Farassat developed a class called
Sound Propagation in a Duct and Interaction Tones (SPDIT). The class contains 43 slides that are
directly based upon the notebook. The presentation of the material is very graphical compared to
the notebook.

Lecture slides of SPDIT 1 through 34 follow the DF notebook very closely. Like the DF
notebook, the slides examine the governing equations and perturbation theory, time independent
uniform mean flow (SPDIT page 5), acoustics of cylindrical ducts with uniform flow (SPDIT pages
6-10), mode cut-off (SPDIT pages 11-14), mode cut-on (SPDIT page 15), graphical approaches
(SPDIT pages 16-18), phase and group velocity (SPDIT pages 19-20), cut-off frequency (SPDIT
pages 21-22), vector wavenumber (SPDIT page 23), annular ducts (SPDIT page 24), directivity of
peak radiation given a mode (SPDIT page 25), modes in a duct with rotors and vanes (SPDIT
pages 26-28), interaction modes (SPDIT pages 29-33), and how rotating microphones separate
modes (SPDIT page 34). All these topics reside in detail in the DF notebook. An additional nine
pages (SPDIT pages labeled 1-9 starting after SPDIT page 34) discuss spinning acoustic modes
within annular ducts with rigid non-porous walls.

Nonstandard Analysis Notebook (Pages 957 - 1006)

A notebook on non-standard analysis (NSA) examines the fluid dynamic properties of a shock
wave using the relatively newly developed field in mathematics of non-standard analysis. Insall
and Weisstein32 define non-standard analysis as ‘a branch of mathematical logic, which introduces
hyperreal numbers to allow for the existence of “genuine infinitesimals,” which are numbers that
are less than 1/2, 1/3, 1/4, 1/5, ..., but greater than 0.’ Non-standard analysis, among some other

28The microphone rotates about a fixed point in space and not about its axis.
29Aircraft engines with a high bypass ratio, which is the ratio of the airflow through the fan to the airflow through

the core.
30Kinsler, L. E., Frey, A. R., Coppens, A. B., and Sanders, J. V., ‘Fundamentals of Acoustics,’ Wiley, 1982.
31Myers, M. K., ‘An Exact Energy Corollary for Homentropic Flow,’ Journal of Sound and Vibration, Vol. 109,

No. 2, 1986, pp. 277-284. DOI: 10.1016/S0022-460X(86)80008-6
32Insall, M. and Weisstein, E. W. ‘Nonstandard Analysis,’ MathWorld - A Wolfram Web Resource, 2015.
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mathematical methods, is used to estimate the shock jump conditions using the conservation laws
of fluid dynamics. In particular, the entropy generation, shape, and thickness of a shock wave
under varying conditions is examined. It is argued that the shock wave thickness decreases as
Mach number increases. The notebook has 49 pages.

The NSA Greenbook begins (NSA pages 1-2) by discussing applications of nonstandard analysis
for finding shock jump conditions from conservation laws in the non-conservative form. Here, a
shock jump condition is interpreted as a discontinuity of a function. The product of the function
with a Dirac delta function can be explored if the concepts of NA are used. Shock jump conditions
(NSA pages 3-6) are reviewed based upon Salas and Iollo.33 Through an entropy conservation law,
presented on NSA pages 7-9, the Heaviside function is explored through two approaches. NSA page
9 provides some interpretation of these two approaches. Variation of the conditions with increasing
Mach number (in front of the shock wave) is explored on NSA pages 9-11.

Almost a year after NSA pages 9-11 were written, Dr. Farassat’s interest returned to the subject
on NSA page 12, where he hoped to find the structure of one of the Heaviside functions within the
context of the shock problem. The governing equations within a single dimension are examined on
NSA pages 12-15 and written with a jump condition. It is concluded that the resulting system of
equations can be solved numerically, but here Dr. Farassat chooses to continue using NSA (NSA
pages 16-23). An improved approach is discussed on NSA pages 24-26, where a closed-form solution
of a second-order nonlinear ordinary differential equation is found. Much of these analyses are
performed by Dr. Farassat through the use of Mathematica. Some of the output of Mathematica
of the preceding analyses are shown on NSA pages 27-31. A note on the bottom of NSA page
31 lays claim by Dr. Farassat of the asymptotic (analytical) result of the width of a shock wave
in the limit of Mach number. NSA page 32 notes journal articles used in the development of the
preceding results. NSA pages 32-39 examine a second case for the shock structure of a viscous and
heat-conducting fluid. Mathematica notebooks for its evaluation are shown on NSA pages 39-48.
Some general conclusions are drawn regarding the shock thickness as a function of Mach number
on NSA page 49. It is concluded that shock thickness decreases as Mach number increases and that
the form of the Heaviside functions for entropy and temperature have a peculiar behavior near the
shock.

Notes on Differential Geometry (Pages 1007 - 1067)

Dr. Farassat was interested in differential geometry (DG) as it has applications within the formula-
tions he developed in the field of aeroacoustics. Differential geometry involves the use of calculus to
solve geometry problems. These notes are suitable for a detailed review of DG and are not meant
as an introduction to this advanced topic in mathematics. The DG notebook is approximately 60
pages in length.

The DG notes begin with some basic theory. The theory of curves is introduced along with
the fundamental theory of the curve (DG pages 1-2). Surface theory is examined following the
development of curve theory on DG pages 3-5. Change of variables on a surface is introduced
on DG pages 6-8. A contravariant basis vector is introduced on DG pages 8-10. The developed
contravariant basis vector dot product with a surface normal is defined to be zero (DG page 10).
Classifications of points on surfaces are placed within three categories on DG pages 11-12.

Spherical and Gaussian mapping are introduced on DG pages 12-14. The Gauss and Weingarten
formulas are defined on DG page 15. Christoffel symbols are defined on DG pages 16-17 and were
also introduced in the beginning of green book three. Formulas of Gauss and Codazzi are defined on

33Salas, M. D. and Iollo, A., ‘Entropy Jump Across an Inviscid Shock Wave,’ Theoretical and Computational Fluid
Mechanics, Vol. 8., 1996, pp. 365-375. DOI: 10.1007/BF00456376
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DG pages 18-19, and the fundamental theorem of surfaces is defined on DG pages 19-20. Attention
is turned toward the geometry of surfaces and the curvature of a curve on the surface on DG pages
21-29. In particular, the differentiation of vectors is addressed. The parallel transport of vectors
on a curve, which preserves the scalar product of two vectors, is discussed on DG pages 29-31.

The Gauss-Bonnet theorem is discussed on DG pages 32-38. A few short notes on extrinsic
geometry of surfaces are shown on DG page 39. Meusnier’s theorem is introduced. DG pages
40-45 examine the spherical image of tangent vectors. Useful results of differential geometry are
summarized on DG pages 45-51. The notebook closes with an introduction to manifolds on DG
pages 52-60.

Aerodynamics, Aeroacoustics, and Propfan Notebook (Pages 1068 - 1147)

Dr. Farassat, in this early green book called Aerodynamics, Aeroacoustics, and Propfan Notebook
(AAPN), sets out to develop a simplified computer program to predict the noise from propeller fan
blade geometry. Major topics include the design of early computer programs to evaluate the noise
from propellers and to plot their results. The AAPN is not characteristic of his other notebooks in
that it is more of a working document and contains a number of loose scratch pages. The AAPN
was started in December of 1977 and contains 82 pages.

The problem to be solved and blade geometry are defined on AAPN pages 1-5. It is concluded
that a simpler approach than those that exist is required for numerical evaluation. A computer
program for this purpose is devised on AAPN pages 6-10 with a flow-chart on AAPN page 7. Input
and output of the computer program are defined on AAPN pages 11-15. Part of the code is shown
on AAPN page 16, and the programming language is FORTRAN 77. Additional subroutines and
example output are shown on AAPN pages 17-23. A number of common block definitions and
subroutine descriptions are shown on AAPN pages 24-41. Dr. Farassat describes a discretization
scheme along the chord of the blade on AAPN pages 42-44. A numerical check of the computer
code for the Fourier transform is written on AAPN pages 45-50. Example outputs from various
test functions are shown. Analysis of an actuator disk (AAPN page 51) is performed. Examination
of a deformed biconvex parabolic curve is examined for application to the propeller noise problem
on AAPN pages 52-53. AAPN page 54 discusses the inclusion of friction and wave drag in the
acoustic calculation. The final numbered pages of AAPN, AAPN pages 55-60, are used to check the
developed code for errors. The remaining portion of AAPN, dated February to May of 1982, is used
to describe various aspects of the computer program PROPFAN.34 In particular, a numerical root
finding algorithm is developed. A number of potential research directions are noted on page 1140 in
May of 1982 within AAPN. The final portion of the notebook describes miscellaneous subroutines
and Fourier transform calculations. The last pages of the notebook contain graph paper used to
plot functions and are omitted here.

Ray Acoustics (Pages 1148 - 1161)

A very short notebook with the title ‘Acoustics’ focuses on reviewing ray acoustics. The ray
acoustics (RA) notebook35 is focused on examining some canonical results of acoustic ray theory.
Ray theory draws on classical optics and assumes that the wavelength of the radiating waves is
much shorter than other length scales within the domain. The RA notebook has 13 pages.

34Martin, R. M. and Farassat, F., ‘User’s Manual for a Computer Program to Calculate Discrete Frequency Noise
of Conventional and Advanced Propellers,’ NASA TM-83135, 1981.

35This notebook has a blue cover while all others have a green cover.
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This notebook starts on RA pages 1-2 with a discussion on stationary medium, Huygens’ princi-
ple, and the differential equation for the slowness vector. Acoustic rays contained within a moving
medium are discussed on RA pages 3-4. The amplitude variation along the ray is examined on
RA pages 5-6, which is based on Pierce.36 Conservation of energy along a ray within a stationary
medium is reviewed on RA pages 7-8. The short RA notebook is closed on RA pages 9-13 after
examining energy conservation of acoustic rays within a mean flow. Conservation equations of
mass, momentum, entropy, energy, and the constitutive relation are examined. The Blokhintzev
invariant is also found.

Computational Fluid Dynamics Notebook (Pages 1162 - 1170)

The computational fluid dynamics (CFD) notebook examines particular basics for numerical solu-
tions of partial differential equations that govern fluid motion. The year that the notebook was
started (1979) corresponded to the early era of using computers to solve fluid dynamics problems.
The CFD notebook contains eight pages.

The CFD notebook starts with some entries on the numerical solution of partial differential
equations on CFD page 1. An overview of the steps required to find a numerical solution are
summarized. Finite differences are introduced through the simple time-dependent heat equation.
The heat equation was programmed by Dr. Farassat in FORTRAN, and the code is reproduced
on CFD page 2. The solution is graphed on CFD pages 3-4. The solution is found by marching
through time, and an alternative approach is proposed on CFD page 5 that involves substituting
an assumed form of the solution. The last two pages (CFD pages 7-8) discuss the use of analytic
solutions to quantify the rate of convergence.

Airframe Noise Notebook (Pages 1171 - 1183)

The Airframe Noise (AN) notebook focuses on the lesser known Formulation 1B of Dr. Farassat.
The AN notebook is another short notebook that contains 12 pages. Notebook AN pages 1-5
summarize the derivation of Formulation 1B, which is used to predict the noise from unsteady
surface pressures. The derivation is based upon the movement of a large flat surface through a
fluid medium with a fixed frame observer. The final derivation appears on AN page 5 with a note
regarding the Kutta condition. AN pages 6-10 are extracted from Farassat and Casper.37 Using
Formulation 1B, a statistical approach for the auto-correlation of acoustic pressure is formed due
to pressure fluctuations on an airframe. Finally, AN pages 10-12 discuss Formulation 1B versus
Formulation 1A for airframe calculations. It is concluded for subsonic flow that Formulation 1A
remains simpler; however, formulations are not applicable for supersonic propellers.

Abstract Algebra Notebook (Pages 1184 - 1194)

Dr. Farassat, likely for intellectual reasons and curiosity, decided to study the field of abstract
algebra of mathematics. Generally, abstract algebra is the study of fields, groups, modules, lattices,
rings, and vector spaces. This short Abstract Algebra (AA) notebook has ten pages. Dr. Farassat
discusses his motivation for learning AA on AA page 1. Euclid’s algorithm is described on AA
pages 2-6, and some proofs are reproduced. AA page 7 discusses correspondence with professors at

36Pierce, A. D., ‘Acoustics: An Introduction to its Physical Principles and Applications,’ Acoustical Society of
American, 1989.

37Farassat, F. and Casper, J., ‘Broadband Noise Prediction when Turbulence Simulation is Available - Derivation of
Formulation 2B and its Statistical Analysis,’ Journal of Sound and Vibration, Vol. 331, No. 10, 2012, pp. 2203-2208.
DOI: 10.1016/j.jsv.2011.07.044

29



various universities regarding the countability of real numbers. The last section of the AA notebook
on AA pages 8-10 is based on Littlewood.38

Notes on Ffowcs Williams 1963 Journal Article (Pages 1195 - 1204)

Dr. Farassat studied many journal articles written by his contemporaries. One of importance to
technical readers in aeroacoustics is the article of Ffowcs Williams.39 Dr. Farassat’s analysis of the
article is shown in his ‘Notes on Ffowcs Williams 1963 Journal Article’ (NFW1963) and is 10 pages
long. Some notational changes from the original paper are discussed on NFW1963 page 1. Relations
between the fixed-frame and moving frame are discussed. A number of relations are derived from
the Garrick triangle. On NFW1963 page 8 the FW-H equation is derived. The final two remaining
pages (NFW1963 pages 8-10) show the derivation of the auto-correlation of the acoustic pressure.

Final Derivations (Pages 1205 - 1210)

Near the end of Dr. Farassat’s life, he continued to produce excellent prediction theories for aeroa-
coustic problems. Here, some of these final derivations (FD) are shown and six select40 pages
are presented. They represent a formulation to find the aerodynamic velocity potential. These
last pages were produced by Dr. Farassat just two days before his passing. They are certainly a
testament to Dr. Farassat’s unwavering dedication to research.

38Littlewood, D. E., ‘The Skeleton Key of Mathematics - A simple Account of Complex Algebraic Theories,’ Dover
Publications, 1949.

39Ffowcs Williams, ‘The Noise from Turbulence Convected at High Speed,’ Philosophical Transactions of the Royal
Society, Vol. A255, 1963, pp. 496-503.

40These notes were kindly provided by Mark Dunn.
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24 Publications of Feridoun Farassat

This section contains references to publications and papers of Dr. Farassat. An effort was made to
be comprehensive, though it is difficult to be certain a publication was not included given the wide
range of research Feri performed. The NASA Technical Reports Server (NTRS), multiple journals,
multiple databases, and search engines were used to construct the list. These publications are
freely accessible through the journals, societies, and NASA NTRS as cited, and are not republished
within this document. References are presented in chronological order.

1. Farassat, F., ‘Noise from High Speed Coaxial Interacting Jets,’ Masters Thesis, Syracuse
University, 1970.

2. Farassat, F., ‘The Sound from Rigid Bodies in Arbitrary Motion,’ Ph.D. Dissertation, Cor-
nell University, 1973.
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gathering and maintaining the data needed, and completing and reviewing the collection of information.  Send comments regarding this burden estimate or any other aspect of this 
collection of information, including suggestions for reducing this burden, to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and 
Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA  22202-4302. Respondents should be aware that notwithstanding any other provision of law, no person 
shall be subject to any penalty for failing to comply with a collection of information if it does not display a currently valid OMB control number.
PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1.  REPORT DATE (DD-MM-YYYY)

04 - 201601-




