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TOPICS

— Summary of paper on spherical harmonics expansion of the cor-
relation tensor: Rubinstein, Kurien, Cambon; submitted to JoT.

— Reformulation of the Launder-Reece-Rodi model.



SO(3): rotation group in 3D — action on polynomials

{z,y,2} = {z,y,2}
3D 3D: spin 1
j{wQ,fﬂy,-”};=j{x2-I-yz-l-zz};-l-j{wz—y2,y2—22,“-];
6D 1D: spin O 5D: spin 2
{2327y, } = (@° + y° + ) {(z,y, )} + {(@@ —2y®, 27 — 227, }
10D 3D: spin 1 7D: spin 3

3=22x3=3 10=24x5=3+7
6=233x4=1+4+5 15=315x6=1+5+9

Single point moments may oversimplify the description of anisotropy.



2 .2 2. ..

Spherical harmonics basis of 5D space {22 —y?,y2 — 22,22 —x

(x+iy)2=Y??+iY> 2 (z4iy)z=Y>1 4+ivy>1

Spherical harmonics basis of 7D space {z3 — 2zy?2, 23 — 2222, - --

(z+iy)3>=Y334iv3 3 (z4iy)2z =732 4ivy32
(z +iy)(52% — 2(z? + y? + 22)) = v>1 4 iv3 1
523 — 32(:02 -+ y2 —+ z2) —=y30=y3

SO(3) alone does not provide any basis for these spaces.



Correlation tensor U;;(k) is solenoidal: k;U;;(k) = k;U;;(k) = 0.
For isotropy, Uw(kﬁ) = U(k)Pw(k) where Pw(kﬁ) = 5@' — k_2kikj
Directional-polarization decomposition (Cambon):
] l
Uij (k) = U™ (k) + UL (k)
where U%T (k) = 5(U(k) : P(k))P;;(k) and
l .
Ug}o (kﬁ) = Uw(kﬁ) — Uz-djw(kt). Or
Uj(k)y = U (k)P;(k)  + UP (k)

. v . . v .
tensorially isotropic trace-free solenoidal




For axial symmetry (Batchelor, Chandrasekhar)
Usj(k) = UL (k) Py (k) + UP°L (k) SPY (k)
where S,Z.Ol(k) =
kza,,;aj — (CL : k)(kzaj -+ kjai) —+ %(CL . 1{3)2 [5’53 -+ k_Qkikj] — %GJQ]{QPZ']'(IC)
Spherical harmonics expansions:

Ulr(ky = Y Au(k)EVYV(k)
v>0, even

YO>k) =1, Y?(k)=k’-3(a-k)?, Y*k)=23k*—30k’a-k)2+35(a-k)*
with

Url(ky = Y Bu(k)k VZY(k)
v>2 even

Z%(k) =7(a-k)?—k*> Z*k)=33(a k)*—-18k%*(a-k)? 4+ k*



general anisotropy: even spin polarization

[
Uy = Y ARV (k)
v>0 even —v<u<v

Angular dependence parametrized by Yi?’“(k); amplitudes A, (k)
depend only on wavenumber.
YZ-I;’“(’C) = Li;[Y"F (k)]

for rotation invariant (spin 0) matrices of differential operators L,L.Vj
(Arad et al., Zemach, ....)



Vit (k) + vy (k)

= (= 1) (ke + k) ( ;k“uY”(k)) (Y7 (R) + Y52 (R))
+1
+2p1(hs + iy ( ;:u—l—lyy(k)> (V5 (B) + Y7 (k)

out2
4 (kg 4 iky)* (ak“ +2Y”(I~c)> YO (k)

z




odd spin polarization

— Rotational strains couple even and odd spins.

— Similar formulas, but different basis tensors X2:#(k).

— Kassinos et al. structure tensor formalism: stropholysis is related
to spin 3 polarization. The ‘stropholysis spectrum’

Qije(k) = cipg P AS(k) UL (kK™ 2kphy

defines the projection of U onto its spin 3 component.



Reformulation of the LRR model

Mean flow couplings:

0 OUm,
k U;:(k
awp] _I_ \mgk Z]( ) fnjj

product|on mean— flow distortion

_ oU
+ 2k 2 |kikmUp; (k) 4 kjkmUpyi (k)] o
- P,

Uzy(k) - - [ zp(k) ] _I' Ujp(k)

A=

rapid pressure—strain

Single-point reduction:
OUm

/dk U;:(k) = /dk Uzp(k) oU; L+ /dk ok 2k, kU (k) 27"
p

7

OK, ‘Closed* closure problem
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Directional-polarization decomposition

Uhr (k) = —U% (k) (P(k) : S) — UPPL(K) S + kp a% Udzr(k)f?Um
n Oxn

Ur (k)

=AU () (P (k) Py (k) + Pin (k) Py () = P (k) P ()
OUm

Lp

OUm
Ozp
—(Ug;)l(ijm(k)+UP;l<k>P7;m<k> UBA () Py (R) )
OUm

b —UBP (00 S 4 2 (kU () + o U () ) S
n Ln,

OUm

Lp
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Two models for the correlation tensor consistent with LRR:
Ui (k) = 3U(k)Pij(k) + Ry (k)

where, for model I,
R;j(k) = k™2(H(k) : kk)P;;(k)

and for model II,

Ryj(k) = Hyj(k) — k™ 2km(kiHp; (k) + ki Hpi (k)
+5k72(8;; + k2k;k;)(H(k) : kk)

The Reynolds stress deviator is

Rij — /dkﬁ R@J(k)
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model 1

Dir-pol

UM (k) = U(k) + k2H(k) : kk
Ug“jol(k) =0

Stress deviator

_ 2 [0
Rz-j_ﬁfo K2dk H,;(k)

Tensor H is basically Kassinos et al. dimensionality.
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LRR and model 1

Mean-flow coupling, directional anisotropy:

U(k) + k~2H(k) : kk = Uk)k™2(S : kk) + k~*(H(k) : kk)(S : kk)

km—1U (K krn——k2(H(k) : kk
T " Ok ()&cn_l_m(‘?kn (H(k) - ) O,

Evaluating the derivatives:

U(k) + k2H(k) : kk = (U(k) + kU’(k))k_QS - kk
—k~*(H(k) : kk)(S : kk) + k3(H' (k) : kk)(S : kk)
+k_2(H(k) .S+5S. H(k)) - kk + k—2(H(k) 0-Q. H(k)) - kk
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Spin decomposition:

: -2 . _ —2c .
U(k) +k2H(R) : kkj—\(U(k) —I—kU’(k))k S : kk
spin 0 spin 2 spin 2
— kY (H(K) : kk)(S : kk) + k> (H' (k) : kk)(S : kk)

spin§2,3,4 spin§2,3,4
+ k_Q(H(k) .S+5S. H(k)) - kk + k_Q(H(k) Q-Q. H(k)) - kk

7

spins 0,2 spfﬁ 2

(H:kk)(S: kk) = [[Alla + [|All2 + l|Allo
where
Allg = (H:kk)(S: kk) — 2k*(H-S+S-H) : kk + k*H : S
A 2=%k2(H-s+s-H—§(H:S)|)) - kk
A 0= 12—5k4(H . S)
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Equate terms of equal spin. For spins O and 2,
U(k) = 15(H S) + 1 k(H’ :S)
H(k) = (U(k) + kU’(k))S + 7(H(k) S+ S H(k) — 2(H(k) : 5)|)
+2k(H'(k) - S+ S-H' (k) — 5(H (k) : S)I) — (H(k) - Q — Q- H(k))

Energy equation:

R:/Ooodk K20 (k) =/

o dk (15k2(H S) + 2k3(H S))

Stress deviator equation:
R={ckS—+(R-S+S-R—3(R:9)I)+ (R-Q—-Q-R)

This is an LRR model with a special choice of constants.
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R:S



However, the spectral equation is not satisfied: spin 4 in the dir
equation, and spin 2 in the pol equation are both left over.

Model I cannot satisfy the mean flow coupling equations exactly.

It is a good approximation provided

(H: kk)(S: kk) — 2k*(H-S+S-H) : kk + 5£k*H : S~ 0
and

(U(k) +E 2(H : kk)) X

(Pim (k) Pjn (k) + Pin (k) Py, (k) = Pyj (k) P () ) S & O

Application of results to assess accuracy/breakdown of LRR model:
‘in progress’ (at LANL).
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— Results for model II are similar, but spin decompositions are not
so simple: decomposition of tensor (S : kk)H was done by Zemach.
— ‘Better’ models: including descriptors of higher spins gives a hi-
erarchy of differential equations.

— Although stress evolution is determined by spins of all orders,
stress itself is determined by spin 2 alone.

— It suggests replacing evolution equations for higher spins by alge-
braic relations leading to a normal solution: an approximate solu-
tion of the stress evolution equations in terms of stress-determining
quantities only.
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