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ABSTRACT 20 
 21 

Extensive studies characterizing Titan present an opportunity to study the atmospheric 22 
properties of Titan-like exoplanets. Using an existing model of Titan’s atmospheric haze, we 23 
computed geometric albedo spectra and effective transit height spectra for six values of the 24 
haze production rate (zero haze to twice present) over a wide range of wavelengths (0.2-2 25 
um). In the geometric albedo spectra, the slope in the UV-visible changes from blue to red 26 
when varying the haze production rate values from zero to twice the current Titan value. 27 
This spectral feature is the most effective way to characterize the haze production rates. 28 
Methane absorption bands in the visible-NIR compete with the absorbing haze, being more 29 
prominent for smaller haze production rates. The effective transit heights probe a region of 30 
the atmosphere where the haze and gas are optically thin and thus is not effectively probed 31 
by the geometric albedo. The effective transit height decreases smoothly with increasing 32 
wavelength, from 376 km to 123 km at 0.2 and 2 um, respectively. When decreasing the 33 
haze production rate, the methane absorption bands become more prominent, and the 34 
effective transit height decreases with a steeper slope with increasing wavelength.  The slope 35 
of the geometric albedo in the UV-visible increases smoothly with increasing haze 36 
production rate, while the slope of the effective transit height spectra is not sensitive to the 37 
haze production rate other than showing a sharp rise when the haze production rate increases 38 
from zero. We conclude that geometric albedo spectra provide the most sensitive indicator of 39 
the haze production rate and the background Rayleigh gas. Our results suggest that important 40 
and complementary information can be obtained from the geometric albedo and motivates 41 
improvements in the technology for direct imaging of nearby exoplanets. 42 
 43 
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1. INTRODUCTION 50 
 51 

The detection of numerous exoplanets by the Kepler mission has increased interest in the 52 
characterization of planets and moons in other star systems. Characterizing the atmospheres of 53 
those new worlds is difficult due to their large distances from the Earth. The transit method for 54 
detecting exoplanets is based on observing the transit of the planets across their star. This has 55 
naturally led to considerable interest in the use of transit spectroscopy to study exoplanet 56 
atmospheres (e.g. Seager and Sasselov 2000, Brown 2001, Hubbard et al. 2001). Direct imaging 57 
to obtain the albedo spectra provides an alternative method to study a planet’s atmospheric and 58 
surface properties (e.g. Cahoy et al. 2010). Recent exoplanet studies based on direct imaging 59 
have been reported (Ingraham et al. 2014, Macintosh et al. 2015, Mesa et al. 2015). 60 

The effective transit height spectrum essentially represents the height of the atmosphere 61 
of the planet above the solid surface as a function of wavelength. It is determined when the 62 
planet is directly in front of the star as viewed from Earth, and is measured by the resulting 63 
reduction in starlight. The albedo spectrum is the spectrum of reflected light from the planet, 64 
normalized to the light source. This albedo spectrum depends both on the intrinsic reflectivity of 65 
the planet and its size. If the planet is not spatially resolved, the albedo is expressed as a 66 
geometric albedo referenced to a phase of zero. The light source and the observer are then in a 67 
line, as would occur at opposition for worlds of the outer Solar System. If the planet is spatially 68 
resolved, the albedo spectrum is usually a nadir spectrum, as for the case of the Earth viewed 69 
from orbit. In both cases, the observer is looking in the direction normal to the surface.  70 

The worlds of our Solar System including the Earth are often used as analogs and are 71 
observed using the same methods proposed for the study of exoplanets (e.g. Vidal-Madjar et al. 72 
2010, Robinson et al. 2014). Direct imaging of Solar System worlds is possible, and the 73 
similarities in the geometries of the occultation of a Solar System world by a star, by the Sun, or 74 
by a spacecraft, to an exoplanet transit provide a method for exploring the utility of transit 75 
observations. Thus, both albedo and transit studies can be used to relate information on the 76 
structure and atmosphere of worlds in the Solar System to potential methods for the study of 77 
exoplanets. 78 

Saturn’s largest moon, Titan, is of particular interest for this purpose, as it is the only 79 
natural satellite to have a dense atmosphere where active chemistry resulted in organic gases and 80 
haze. Titan is a small world after all, with a radius 0.4 times Earth but its atmosphere has a 81 
surface pressure 50% larger than Earth (Fulchignoni et al. 2005). The atmosphere is composed 82 
largely of nitrogen (95%), with methane (5%) and other hydrocarbons present (Niemann et al. 83 
2005). The low gravity and thick atmosphere on Titan result in an atmosphere that is far more 84 
extended than Earth’s, effectively reaching up to more than half the radius of the solid body 85 
(Porco et al. 2005, Fulchignoni et al. 2005).   86 

Perhaps the most interesting characteristic of Titan’s atmosphere is the thick high-altitude 87 
haze formed of organic aerosols, resulting from the photochemical dissociation of methane and 88 
nitrogen. Titan’s organic haze has been studied in laboratory simulations (e.g., Khare et al. 1984, 89 
McKay 1996, Coll et al., 1999, Imanaka et al. 2004, Szopa et al., 2006, Cable et al., 2011), 90 
photochemical models (Yung et al. 1984, Wilson and Atreya 2004, Lavvas et al., 2008) and 91 
spacecraft observations by Voyager (Rages et al. 1983, Rages and Pollack 1980) and Cassini-92 
Huyhens (e.g., Tomasko and West, 2009, West et al., 2014). Hazes can dramatically influence 93 
atmospheric observations, obscuring deep layers at visible wavelengths. Considering Titan-like 94 
exoplanets, it is thus important to understand how these hazes affect the albedo spectra and 95 
transit spectra when observing hazy exoplanets (Pont et al. 2008, Lecavalier des Etangs et al. 96 
2008, Sing et al. 2009, Bean et al. 2010, Gibson et al. 2011, Robinson et al. 2014).  97 
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In this paper we approach the study of the atmosphere of Titan-like exoplanets by 98 
computing the geometric albedo spectra and effective transit height spectra of Titan’s 99 
atmosphere as a function of haze production rate. This is because haze production rates would be 100 
affected by several factors, such as different amounts of incident steller UV flux and methane 101 
concentrations.  Robinson et al. (2014) produced transit radius spectra of Titan from 1 to 5 um 102 
based on Cassini occultation data, and computed a haze model fit to this data from 1 to 3.8 um. 103 
They found an effective transit height smoothly varies from 270 to 100 km from 1 to 3.8 um 104 
except methane absorption features overlapped on a continuum formed by the haze. However, 105 
limited observations by the Cassini VIMS did not allow to explore the transit radius spectra at 106 
wavelengths shorter than 1 um. This visible/near IR region might provide crucial information 107 
about the characteristic of haze. Here, we consider how different amounts of haze could 108 
influence both transit and geometric albedo spectra of Titan-like worlds, with the varying 109 
contrast between the haze, scattering by the nitrogen gas, absorption by methane, and the surface 110 
reflectivity. We present results for geometric albedo and effective transit height spectra for 111 
values of the haze production rate, from zero to twice the present production rate, for a wider 112 
range of wavelengths than previous study.   113 

 114 
  115 

 116 

2. ATMOSPHERIC HAZE MODEL 117 
 118 

We used the microphysics haze and opacity model developed by McKay et al. (1989).  119 
This model was developed to determine the thermal structure of Titan’s atmosphere and its 120 
results have been largely confirmed by in-situ measurements of temperature and radiative fluxes 121 
by the Huygens Probe (Tomasko et al. 2008).  122 

The details of the haze model are described in McKay et al. (1989) and are only briefly 123 
summarized here. The haze model assumes steady-state and is based on the assumptions that (1) 124 
all the particles at a given altitude are spherical and have the same radius, and (2) only 125 
coagulation and sedimentation are considered within homogeneous layers. The haze is produced 126 
high in the atmosphere (~600 km) as seed particles small enough (~1 nm) that the initial size 127 
does not affect the results, which then experience coagulation to larger sizes and sedimentation 128 
through the atmosphere. The basic equations that determine the haze properties with altitude are 129 
conservation of mass and number (McKay et al. 1989). The advantages of this simple model 130 
over merely specifying particle size and density profiles is that the adjustable parameters in the 131 
model can be related to physically meaningful quantities such as the haze production rate, which 132 
can then be varied systematically. All other parameters of the microphysics model (aerosol 133 
charging, production altitude, particle shape and density) are identical to those used in the 134 
baseline case of McKay et al. (1989). Note that the altitude of haze production does not change 135 
the haze size or opacity distribution, provided that it is well above the main haze layer (McKay 136 
et al. 1989). 137 

The atmosphere temperature and pressure profile used in all calculations is that 138 
determined by Fulchignoni et al. (2005), then extended upward to 670 km – the top of the haze 139 
model - by an isothermal layer. Any interaction between changes in the haze production rate and 140 
changes in the atmosphere temperature profile are neglected. 141 

The optical model of McKay et al. (1989) warrants a more complete description here, as 142 
it is key to the computation of the geometric albedo and the transit spectra. The wavelength 143 
range covers 0.2 to 2 um with external sunlight (starlight) as the only source. This optical model 144 
computes the solar radiation in a series of spectral intervals with vertical resolution. The opacity 145 
sources are Rayleigh scattering by the gas (predominantly N2), absorption by methane, and 146 
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scattering and absorption by haze particles. The optical properties of the haze used by McKay et 147 
al. are scaled to the laboratory values of Khare et al. (1984) – the imaginary index of refraction 148 
used is the Khare et al. value multiplied by 4/3. Rages and Pollack (1980), and more recently 149 
Rannou et al. (2010), showed that spacecraft observations of Titan are consistent with scaling the 150 
Khare et al. (1984) results up to about 0.8 um with a value approximately constant at 0.01 from 151 
0.8 to 2 um, rather than falling to a value as low as 0.001 as suggested by the laboratory data of 152 
Khare et al. (1989). We have modified the optical properties of the model accordingly. The 153 
scattering by the haze is computed by Mie scattering and depends on the optical properties and 154 
the Mie size parameter. The model is a spherical drop model but measurements and theory 155 
indicate that the haze particles are fractal. In the UV this would make the haze darker (Wolf and 156 
Toon 2010) increasing the contrast we report here with the Rayleigh gas and increasing the 157 
altitude of the effective transit height. However it is not expected that the nature of the 158 
dependence with wavelength will change in a qualitative way. We computed the single scattering 159 
albedo and asymmetry factor due to the scattering of the haze and gas. Multiple scattering and 160 
the scattering asymmetry factor are both important in determining the geometric albedo (McKay 161 
et al.). The model can, in principle, also compute the forward scattering peak due to the haze 162 
particles. It has been shown that is some cases this can contribute to the transit spectrum but 163 
would not be important for the case of multiple scattering as in present Titan (de Kok and Stam 164 
2012). Furthermore, the effect is likely to be small in the UV and visible due to the absorbing 165 
nature of the small dark haze particles and the fact that Rayleigh scattering by the gas does not 166 
have a forward scattering peak. 167 

To compute the geometric albedo, McKay et al. (1989) use the Eddington source function 168 
method as described by Toon et al. (1989), with 10 Gauss point integration over angle. In this 169 
method the source function from the Eddington two-stream is used in an exact integral of the 170 
radiative transfer equation in order to compute emergent intensities. The radiation reflected from 171 
the surface is determined by the two-stream solution. The method works best for an optically 172 
thick atmosphere. Toon et al. (1989) present a detailed discussion of the errors associated with 173 
the radiative transfer methods.  174 

The haze production rate that currently characterizes Titan’s haze was determined by 175 
McKay et al. (1989) to be 1.2x10-14 g cm-2 sec-1 (see also McKay et al. 2001) and is used here. 176 
We varied the haze production rate in multiples of the current production: 0x, 0.01x, 0.1x, 0.5x, 177 
1x (the present case), and 2x. For each of those values, we computed the geometric albedo values 178 
for wavelengths from 0.2 to 2 um to observe the changes in the profile depending on the amount 179 
of haze. The haze was treated as a separate parameter, as it was varied without changing other 180 
factors such as the temperature profile. Changing the haze production rate would in reality affect 181 
those factors, but here we focus on changes due solely to a different amount of haze in the 182 
atmosphere. We compare our results for the geometric albedo to the data of Neff et al. (1984) 183 
corrected for the size of the optical disk of Titan, and verify that our spectrum for the haze 184 
production rate for the 1x case reproduces the previous result of McKay et al.  (1989). The 185 
McKay et al. (1989) model does not include the methane absorption bands in the 1-2 um region 186 
because that study was only interested in the continuum in that wavelength region as a way to 187 
sense the lower atmosphere and surface. This region is particularly sensitive to the surface 188 
albedo and to properties of the lower atmosphere and clouds. Similarly to McKay et al., we have 189 
not added these methane bands as we also use this region as a way to determine how the 190 
geometric albedo and effective transit height are sensitive to the lower atmosphere and surface.  191 

The model of McKay et al. (1989) determines values for the vertical optical depths as a 192 
function of altitude. We then used those values and the Chapman function to compute the limb 193 
optical depths from the vertical optical depth as described below. 194 
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The vertical and the limb optical depths can be related using the Chapman function at a 195 
𝜋/2  angle: 196 

 197 

  𝜏(ℎ𝑃) =  2 𝜏𝑉(ℎ𝑃) 𝐶ℎ (𝑋𝑃,  𝜃𝑃 =
𝜋

2
)             (1) 198 

 199 
where ℎ𝑃 is the altitude at the closest point P to the surface of the planet, and 𝑋𝑃 = 𝑟𝑃/𝐻(ℎ =200 
ℎ𝑃) with 𝑟𝑃 = 𝑅 + ℎ𝑃, R being the radius of the planet, 𝐻(ℎ = ℎ𝑃) the scale height at altitude 201 
ℎ𝑃. 𝜃𝑃 is the stellar zenith angle at point P, here it is fixed at 𝜋/2. 𝜏𝑉 is the vertical optical depth 202 
at ℎ𝑃. 𝜏(ℎ𝑃) is the limb optical depth along a slant path passing through point P at  ℎ𝑃.  203 
The Chapman function can be approximated as 204 
 205 

 𝐶ℎ (𝑋𝑝,
𝜋

2
) = [

𝜋

2
𝑋𝑝]

1/2
                     (2) 206 

 207 
which is valid for planets where 𝑟𝑝 ≫ 𝐻.                            208 

This problem and its approximation were originally solved by Chapman (1931), who 209 
derived a way of computing the column amount of an exponentially distributed atmosphere 210 
along any solar zenith angle, including 𝜋/2, correctly accounting for spherical geometry. Smith 211 
and Smith (1972) developed a numerical approach accurate to within 2% for all solar zenith 212 
angles when the planet radius  > 50 times the atmosphere scale height. Similar results were later 213 
obtained by Fortney (2005), who geometrically derived the approximate expression for the 214 
Chapman function. For planets such as the Earth and Jupiter, those considered by Fortney, the 215 
approximate method yields results very close to using the complete function. However, for 216 
bodies similar to or smaller than Titan, using the approximation as did Robinson et al. (2014) can 217 
result in an error of up to several percent. We opted to use the full version of the Chapman 218 
function without any approximation as to obtain the most accurate results. Our approach is 219 
described in full in the Appendix. 220 
 In principle, determining the effective transit height requires a complex analysis that 221 
includes refraction and absorption. Lecavalier des Etangs et al. (2008) suggested a simple 222 
method for determining the effective transit height by solving for the optical depth at a certain 223 
altitude such that a sharp occulting disk, with radius the sum of the planet radius and the altitude 224 
probed, produces the same absorption depth as the planet with its translucent atmosphere. In this 225 
approximate method, the effective transit height is that height at which the limb optical depth of 226 
the atmosphere becomes equal to 0.56. We use this approach here. As expected, changing the 227 
value of this reference limb optical depth changes the effective transit height. (The vertical 228 
optical depth as a function of altitude for the 1x case is shown in Figure 3 of McKay et al. 1989). 229 
For example, for the 1x case, using 1.0 instead of 0.56 decreases the height by about 20 km.  230 
Nonetheless, our conclusions are not sensitive to the precise value assumed here, as the slope of 231 
the effective transit height does not vary with this value. For Titan the ratio of the limb optical 232 
depth to the vertical optical depth (2 times the Chapman function) is typically about 20, but 233 
varies with altitude and hence with wavelength.  234 
 235 

The role of refraction is well illustrated by Betremieux and Kaltenegger (2014, Figure 2), 236 
who describe refraction’s three main effects on the rays passing through a planet’s atmosphere. 237 
Bellucci et al. (2009) have specifically discussed refraction in the case of stellar occultation for 238 
Titan’s atmosphere. Refraction is often considered in transit spectroscopy studies mainly because 239 
it can deflect rays at certain altitudes away from the observer. This effect depends on the angular 240 
size of the parent star with respect to the planet, as for smaller angular sizes, rays come from a 241 
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stellar region behind the planet, while for larger angular sizes, rays would need to come from a 242 
region larger than the stellar radius to reach the observer (Betremieux and Kaltenegger 2014). 243 
This makes probing atmospheric regions at altitudes lower than a certain critical height difficult. 244 
However, we note that Misra et al. (2014) have proposed a method that uses refraction occurring 245 
prior to ingress and/or subsequent to egress to probe pressures greater than can be probed during 246 
transit. We ignore refraction, because the haze is absorbing at altitudes above which refraction 247 
becomes important. This is not correct for the case of zero haze, but refraction is less important 248 
even in this case due to Titan’s low gravity and hence large scale height. Only at the longer 249 
wavelengths (1 um and above), when the transit height in the case of zero haze falls below 35 km 250 
or so, is the neglect of refraction inaccurate. We also ignore the angular size of the parent star 251 
with respect to the planet. As discussed earlier, we ignore the effect of forward scattering (de 252 
Kok and Stam, 2012). 253 

Our spectral interval overlaps the results of Robinson et al. (2014) from 1 to 2 um and we 254 
can compare our effective transit height with their values. We matched our effective transit 255 
height spectrum to theirs by reducing the specific density of the haze material to 0.4 (from 1). 256 
We computed the effective transit height spectra for all haze production rates for each value of 257 
the specific density of the haze particles. 258 

We determined the slope as a function of wavelength of the geometric albedo and 259 
effective transit height spectra at 0.4 um and 0.2 um to determine the sensitivity of the spectrum 260 
and their use in characterizing the haze production rate.  261 
 262 

3. RESULTS 263 
 264 

We obtained geometric albedo spectra for six values of the haze production rate (Figure 265 
1) – 0x, 0.01x, 0.1x, 0.5x, 1x, and 2x the present haze production rate. Each profile was 266 
compared to the observed data from Neff et al. (1984) to demonstrate how the spectrum changes 267 
with the value of the haze production rate. The spectra were computed for wavelengths from 0.2 268 
to 2 um, thus including more spectral features than with a narrower range of wavelengths. 269 
Methane absorption features are not modeled for wavelengths from 1 to 2 um and only the 270 
continuum points of the spectra are shown. The specific density of the haze material is kept fixed 271 
at 1 as in McKay et al. (1989). 272 

As expected, the 1x profile reproduces the baseline result of McKay et al. (1989) and its 273 
features match the data from Neff et al. (1984). 274 

 275 
 276 
 277 
 278 
 279 
 280 
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Figure 1. Geometric albedo spectra for several values of the haze production rate. All spectra are 

compared to data from Neff et al. (1984).  
 

 281 
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Figure 2. Comparison of effective transit height spectrum for 

the 1x Titan haze model to the effective transit height for 

present Titan determined by Robinson et al. (2014) in the 

continuum between the methane bands.  The cutoff limb 

opacity is 0.56. The specific density of haze particles is 1. 

Figure 3. The same as Figure 2 but the bulk specific density 

of the haze particles reduced to 0.4 from the nominal value of 

1. 

 

 282 
Figures 2 and 3 present results for the effective transit height spectra with the 1x haze 283 

case, compared to results from Robinson et al. (2014).  Note that the monotonic nature of the 284 
spectrum is a result of the relatively constant particle size over the range of transit heights. The 285 
model assumes that particles at a given altitude all have the same radius. Figure 3 of McKay et 286 
al. (1989) shows that for the nominal model, the particle size varies from 0.3 at 150 km to 0.1 at 287 
350 km, which is the range of effective transit height studied here. The shape of the transit curve 288 
is consistent with that change. The particle size at 200 km varies with production rate; it is 0.19 289 
um at 1x, 0.21 um at 2x and 0.13 um at 0.1x. When the particle density is decreased from 1 to 290 
0.4, the particle size at 200 um increases to 0.3 um - as the particles descend more slowly and 291 
have more time to grow. 292 

Robinson et al. used observations of solar occultations by Titan’s atmosphere corrected 293 
for refraction effects from the Cassini mission, and fit a power law model of the haze to match 294 
the continuum points of the data. In Figure 2, we compare the effective transit height determined 295 
from our 1x Titan model for a limb optical depth of 0.56 and a specific density of haze particles 296 
of 1 to the continuum of Robinson et al. (2014). At 1 um, the altitude at which the limb optical 297 
depth reaches 0.56 is ~197 km, and two times the Chapman function at this altitude is 21.6. 298 
Hence the vertical optical depth corresponding to the limb is 0.026 – comparable to the vertical 299 
optical depth of 0.05 typically used to define the edge of a planet for the purpose of computing 300 
the geometric albedo from observations (Toon et al. 1992, Figure 18). 301 

Our effective height at 1 um is about 70 km lower than determined by Robinson. If the 302 
specific density of the haze material is lowered to 0.4 (from 1), then the transit effective transit 303 
height fits the value of Robinson et al. (2014). This is shown in Figure 3. We note that the height 304 
at which the vertical optical depth of the haze reaches 0.5 in this modified model is 231 km and 305 
agrees with the tau value of 0.5 at 230 km inferred by Tomasko at al. (2009) from Huygens entry 306 
data.  307 
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Figure 4. Effective transit height spectra for the 6 haze production rate values. The cutoff limb opacity is 0.56.  

 308 
Figure 4 presents results for the effective transit height spectra of the six haze production 309 

rate cases: 0x, 0.01x, 0.1x, 0.5x, 1x, and 2x, with the cutoff limb opacity determined at 0.56 and 310 
with both cases of the specific density of the haze particles: 0.4 and 1. As mentioned above, the 311 
methane bands were modeled only in the visible range of wavelengths. In all cases, effective 312 
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transit height values decrease with increasing wavelength, with a steeper slope for smaller haze 313 
production rate values. As expected, the 0x haze case spectrum is unaffected by the values of the 314 
specific density of haze particles. For other haze cases, the effective transit heights increase for 315 
all wavelengths when reducing the specific density to 0.4. 316 

 317 
Figure 5. Slope of the geometric albedo and effective transit height spectra at 0.4 um and 318 
0.2 um. The slope at 0.4 um is computed as (f(0.45 um) – f(0.35 um))/(0.1 um) where f is 319 
the value of the geometric albedo (Figure 1) or the effective transit height (Figure 4). For 320 
0.2 um the slope is computed as (f(0.25 um) – f(0.2 um))/(0.05 um). Slope values are 321 
normalized at 1x production rate; to 1 for the geometric albedo and to -1 for the effective 322 
transit height. The specific density of the haze particles is 1.   323 

 324 
Figure 5 shows the slopes at 0.4 um and 0.2 um of the geometric albedo and the transit 325 

height spectra. The values are normalized to 1 and -1 for the geometric albedo and the effective 326 
transit height, respectively. As can be seen in this figure, the slope of geometric albedo at 0.4 um 327 
changes clearly and smoothly as a function of haze production rate. All three other slopes (slope 328 
of the effective transit height at 0.2 um and 0.4 um and slope of the geometric albedo at 0.2 um) 329 
remain roughly constant. The slope of the effective transit height does show a sharp increase, but 330 
still small in magnitude, when increasing the haze from 0x to 0.01x. 331 
 332 

 4. DISCUSSION 333 
 334 
In this section, we first analyze the geometric albedo spectra and consider how the 335 

spectra are affected by variations in the haze production rate for six values: 0x, 0.01x, 0.5x, 1x, 336 
2x the present value characterizing Titan. Second, we compare our results of the effective transit 337 
height spectra for the 1x haze value with that of Robinson et al. (2014), and we analyze the 338 
changes observable in our spectra for our six haze production rates. Third, we analyze the change 339 
in slope with haze production rate for the geometric albedo and the effective transit height 340 
spectra.  341 

 342 
4.1. Geometric albedo spectra 343 
 344 

The six geometric albedo spectra (Figure 1) show that several spectral features are 345 
strongly affected by the value of the haze production rate. In the UV-visible range of 346 
wavelengths (0.2-0.6 um), the geometric albedo indicates whether the atmosphere is dominated 347 
by effects of the haze or Rayleigh scattering, which set a positive or negative slope respectively 348 
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(Courtin et al. 1991, McKay et al. 2001, Cahoy et al. 2010). When varying the haze production 349 
rate from 0x to 2x, the slope changes from blue (positive) to red (negative). A pure infinitely 350 
thick Rayleigh atmosphere has a geometric albedo of 0.75 (Dlugach and Yanovitskij 1974, 351 
Cahoy et al. 2010). Our results for zero haze approach this value at the shortest wavelengths but 352 
remain below 0.74 due to the fact that the atmosphere is not infinite and the surface is dark. The 353 
total column opacity due to Rayleigh scattering in the shortest wavelength (0.2 um) is 82.   354 

In the visible-NIR range (0.6-1 um), the geometric albedo is affected by competing 355 
effects of the absorbing haze and the strong methane absorption bands (McKay et al. 1989, 356 
Coustenis et al. 1995). In the absence of haze, and due to the steep drop of Rayleigh scattering 357 
with increasing wavelength, methane absorption bands become prominent.  When the haze is set 358 
to 1x or 2x, many of these bands become less prominent.  It might have been expected that the 359 
haze production rate would correlate with amount of methane in the atmosphere (e.g., Sagan and 360 
Khare 1979, Khare et al. 1984, Sagan and Thompson 1984). However, as mentioned in section 3, 361 
the model varies the haze production rate separately from the amount of methane in the 362 
atmosphere. This is not unphysical, as both the amount of UV light and the amount of methane 363 
influence the haze production rate. A planet with very low UV light and methane could have 364 
only a very weak or no haze at all.  365 

In the near-infrared (1-2 um), the haze becomes optically thin and less absorbing (Khare 366 
et al. 1984, McKay et al. 1991). As explained in section 2, we are interested in the 1-2 um range 367 
of wavelengths as a way to determine how the geometric albedo and effective transit height are 368 
sensitive to the lower atmosphere and surface. We thus did not add the methane bands in this 369 
range, similarly to the model of McKay et al. (1989).  At these wavelengths, the geometric 370 
albedo is determined entirely by the surface albedo (McKay et al 1989). For a sphere with a 371 
Lambertian surface, the geometric albedo is 2/3 of the surface reflectance (Dlugach and 372 
Yanovitskij 1974, Sobolev 1975, Cahoy et al. 2010).  In our results, the geometric albedo 373 
computed for zero haze approaches a constant value that is half this expected result. This is 374 
likely a result of the way that surface illumination is computed using a two-stream 375 
approximation, as discussed above. For a thick scattering atmosphere, the surface illumination is 376 
dominated by scattering, which is well represented in this model. But when the total optical 377 
depth becomes low, the albedo is just the sum of direct solar reflectance at all angles and this is 378 
not well represented in a two-stream calculation (Meador and Weaver 1979). When the optical 379 
depth goes to zero the geometric albedo is easily computed with no approximation, but to 380 
maintain consistency we did not alter the model to give the analytic result in this limit. 381 

In comparing the geometric albedo for haze production rates from zero to twice the 382 
present rate on Titan, it is clear that the wavelength range from 0.2 to 0.6 um provides the most 383 
clear and direct indication of the haze production rate. 384 
 385 
4.2. Effective transit height spectra 386 
 387 

The effective transit height spectra also change in response to changes in the haze 388 
production rate. Two effective transit height spectra with a 1x haze production rate were 389 
computed and compared to the Robinson et al. (2014) result (Figures 2 and 3). We compare the 390 
continuum spectra; as for the 1x haze only one methane absorption band at 0.89 um is 391 
distinguishable. When keeping the specific density of haze particles at 1, our effective transit 392 
height spectrum does not agree closely with the Robinson haze model. Although the slopes of the 393 
models are very similar, our effective transit height values are slightly lower than Robinson et 394 
al.’s. At 1 um, our effective transit height is 200km while Robinson et al.’s is 271km. Robinson 395 
et al. do not model the haze at any lower wavelength than 1 um, which reduces possibilities for 396 
comparison. When reducing the specific density of the haze particles to 0.4, our spectrum 397 
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matches Robinson et al. well. The limb profile is sensitive to the properties of the haze in the 398 
optically thin region well above the main haze deck. The microphysics model of McKay et al. 399 
(1989) was developed based on fitting to the geometric albedo, which is sensitive to the 400 
properties of the main haze layer. In the upper regions of the atmosphere, McKay et al. assume 401 
that the particles were small spheres with density 1.  Subsequent studies of the haze have shown 402 
that the haze forms fractal particles (reviewed in West et al., 2014) and as a result has a lower 403 
effective density and larger surface area. This causes the particles to fall slower in the 404 
atmosphere. We can approximate this effect in our model by reducing the density of the haze 405 
particles. If the specific density of the haze material is lowered to 0.4 (from 1) then the effective 406 
transit height fits the value of Robinson et al. (2014). 407 

We then computed the effective transit height spectrum for each of the six values of the 408 
haze production rate (Figure 4). All spectra were computed for the two values of the specific 409 
density of the haze particles: 0.4 and 1. Overall, all effective transit height spectra show a 410 
decreasing height with increasing wavelength. In the 0.2 - 1 um wavelength range, the slope of 411 
the transit height changes sharply when increasing the haze production from 0x, and the sharp 412 
increase is largest for the shortest wavelength. This is due to the high absorption of the haze. 413 
However, the slope does not change significantly for haze production rates other than 0x. 414 
Another obvious difference between spectra of stronger hazes to spectra of weaker hazes is the 415 
value of the effective transit heights. Spectra with less amounts of hazes (0x, 0.01x, and 0.1x) 416 
have a much lower effective transit height than spectra of stronger hazes (1x and 2x), as 417 
expected. Although the haze is produced high in the atmosphere it becomes optically thick at 418 
much lower elevation, as the haze particles slow and coagulate in the denser lower atmosphere. 419 
When the haze production rate is decreased, the height at which the haze becomes dense enough 420 
to form an optically thick layer also decreases. A third difference is the prominence of methane 421 
absorption bands. The methane bands become more clearly visible as the haze is reduced – as 422 
was seen in the geometric albedo. It is important to note as mentioned above that the methane 423 
content of the atmosphere is constant in all cases. Reducing the specific density of the haze 424 
particles to 0.4 increases all values of the effective transit height. As expected, the 0x haze 425 
spectrum is unaffected. Effective transit heights of all other spectra are increased by about the 426 
same amount and methane bands are weakened such that they become barely visible in the 1x 427 
and 2x haze cases.  428 

 429 
4.3. Slopes of spectra 430 
 431 
 Overall, the changes in the spectral features of the effective transit height spectra are less 432 
marked than the changes in the geometric albedo spectra when varying the haze production rate 433 
(Figures 1 and 3). The haze has a much stronger effect on the latter, especially in the UV-visible 434 
range of wavelengths. The overall shape of the effective transit height spectrum remains the 435 
same when varying the haze, with the difference being only a change of prominence of the 436 
methane absorption bands.  437 

The slope of the effective transit height remains roughly constant, changing strongly only 438 
when completely removing the haze. The other haze cases have similar slopes, making it difficult 439 
to predict the production rate of haze in the atmosphere. The geometric albedo on the other hand 440 
has a clear change of slope at 0.4 um. This is clearly visible when looking at the slopes of both 441 
spectra at 0.4 um and 0.2 um (Figure 5). At 0.4 um, the slope of the geometric albedo spectrum 442 
increases with increasing haze production rate, going from negative for no haze to weak hazes 443 
(0x, 0.01x, and 0.1x) to positive for some haze to strong hazes (0.5x, 1x, and 2x). At 0.2 and 0.4 444 
um, the slope of the effective transit height spectrum has a large onset when going from 0x to 445 
0.01x, but remains close to constant for larger haze production rates. The slope of the geometric 446 
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albedo spectrum behaves similarly at 0.2 um. The slope of the geometric albedo at 0.4 um is thus 447 
a much clearer indicator of the haze production rate. 448 

 449 
It is clear that the geometric albedo spectra provide more overall information than the 450 

effective transit height spectra. However, the effective transit height spectra probe the high 451 
elevation region of the atmosphere where the haze is optically thin, which is not well probed by 452 
the geometric albedo. Because of the minimum altitude at which effective transit height spectra 453 
probe, surface and tropospheric properties cannot be studied and only effects of the haze can be 454 
observed in a non-detailed manner. Overall, geometric albedo spectra are more affected by the 455 
presence of hazes, and provide a sensitive indicator of the surface and background gas properties.  456 
 457 
5. CONCLUSIONS 458 
 459 

We used the Titan haze model of McKay et al. (1989) to compute geometric albedo and 460 
effective transit height spectra as a function of haze production rate to consider how these can be 461 
used to characterize Titan-like exoplanets. From these results, we conclude that geometric albedo 462 
spectra are much more sensitive than effective transit height spectra to the haze production rate 463 
and the background Rayleigh gas. 464 

When varying the haze production rate from 0x to 2x the value characterizing Titan, the 465 
slope of the geometric albedo profile changes greatly in the UV-visible range, going from 466 
negative (blue) to positive (red). This indicates a change from a Rayleigh-dominated atmosphere 467 
to a haze-dominated atmosphere. This spectral region is the most effective way to determine the 468 
presence of a thick haze from remote observations. 469 

In contrast, when varying the haze production rate from 0x to 2x, the same overall shape 470 
of the effective transit height spectrum persists, decreasing smoothly with increasing wavelength. 471 
A noticeable change was a large slope onset when increasing the haze production rate from 0x to 472 
0.01x, but the slope remained close to constant for all other haze production rates. The methane 473 
absorption bands became more prominent for weaker hazes. The lowest altitude probed by the 474 
effective transit height spectra is 34 km, making it insensitive to changes in surface properties 475 
such as the surface albedo. 476 

While transit spectroscopy of distant exoplanets is well underway, our results suggest that 477 
important and complementary information can be obtained from the geometric albedo and 478 
motivates improvements in the technology for direct imaging of nearby exoplanets. 479 
 480 
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 496 
 497 

APPENDIX 498 
 499 

 The Chapman function allows us to compute the limb optical depth for an atmosphere 500 
given the vertical optical depth computed at a fixed altitude. 501 
By definition, 502 

  𝜏(ℎ𝑃) =  2 𝜏𝑉(ℎ𝑃) 𝐶ℎ (𝑋𝑃,  𝜃𝑃 =
𝜋

2
)        (A.1) 503 

where ℎ𝑃  is the altitude at the closest point P to the surface of the planet, and                          504 
𝑋𝑃 = 𝑟𝑃/𝐻(𝑎𝑡 ℎ = ℎ𝑃) with 𝑟𝑃 = 𝑅 + ℎ𝑃, R being the radius of the planet and 𝐻(ℎ = ℎ𝑃) is the 505 
scale height at altitude ℎ𝑃. 𝜃𝑃 is the stellar zenith angle at point P, here it is fixed at 𝜋/2. 𝜏𝑉 is 506 
the vertical optical depth at ℎ𝑃. 𝜏(ℎ𝑃) is the limb optical depth along a slant path passing through 507 
point P at  ℎ𝑃.  508 
 509 

 The Chapman function is defined as the ratio of the horizontal integrated density (𝑁𝐻) to 510 
the vertical integrated density (𝑁𝑉). 511 

  𝐶ℎ(𝑋𝑝, 𝜃𝑝) = 𝑁𝐻/𝑁𝑉                                       (A.2) 512 

Assuming an exponentially distributed atmosphere the concentration at altitude h is defined as 513 
  𝑛(ℎ) = 𝑛0exp [−ℎ/𝐻(ℎ)]                                   (A.3) 514 
 515 
 Symbols used in equations (1), (2), (3), and in the subsequent discussion are as follow: 516 
 517 
h Altitude, ℎ = ℎ𝑃 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝑃 

n Concentration of the atmospheric  

constituent,  𝑛 = 𝑛𝑃 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝑃, 𝑛 = 𝑛0  
𝑎𝑡 ℎ = 0 

H Scale height 

R Radius of planet or moon of interest 

𝑟𝑃 Radial distance to point P:  𝑟𝑃 = 𝑅 + ℎ𝑃 

𝑋𝑃 = 𝑟𝑃/𝐻 

𝜃𝑃 Stellar zenith angle at point P 

s Distance coordinate along the line of sight, 

measured towards the star from 𝑠 = 𝑠𝑃  

at point P to the horizon 𝑠 = ∞  

 518 
Figure A.1.  Geometry for 𝜃𝑝 =

𝜋

2
 519 

 520 
 521 
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The vertical integrated column density of the atmosphere above a point P at altitude ℎ𝑃 is 522 

  𝑁𝑉 = ∫ 𝑛 𝑑ℎ
∞

ℎ𝑝
                                         (A.4) 523 

Because the scale height H depends on h, it is better to keep NV in its integral form and compute 524 
it. This differs from papers on the Chapman function and subsequent papers, which used the 525 
function by assuming a constant scale height for all altitudes.  526 
Thus, 527 

  𝑁𝑉 = 𝑛0 ∫ exp [−ℎ/𝐻(ℎ)]  𝑑ℎ
∞

ℎ𝑝
                       (A.5) 528 

Similarly, the horizontal integrated density from point 𝑠𝑃 to horizon along the line of sight is 529 
expressed as 530 

  𝑁𝐻 = 𝑛0 ∫ exp [−ℎ/𝐻(ℎ)]  𝑑𝑠
∞

𝑠𝑝
                        (A.6) 531 

From trigonometry we can see from figure A.1 that 532 
 𝑑𝑠 = sec 𝜃  𝑑ℎ                                         (A.7) 533 
and  534 

  
sin 𝜃𝑝

ℎ+𝑅
=

sin 𝜃

ℎ𝑝+𝑅
                                      (A.8) 535 

Taking the square of both sides and rearranging 536 

  sin2 𝜃 = (
ℎ𝑝+𝑅

ℎ+𝑅
)

2

sin2 𝜃𝑝                         (A.9) 537 

With some algebra and because cos2 𝜃 = 1 − sin2 𝜃, 538 

  cos2 𝜃 = 1 − [(
ℎ𝑝+𝑅

ℎ+𝑅
)

2

sin2 𝜃𝑝]           (A.10) 539 

Using the fact that 
1

cos2 𝜃
= sec2 𝜃 and rearranging for sec 𝜃  540 

  sec 𝜃 =
[(ℎ+𝑅)/𝑟𝑃]

[[(ℎ+𝑅)/𝑟𝑃]2−sin2 𝜃𝑃]1/2                            (A.11) 541 

Substituting this expression for sec 𝜃 into the expression for ds 542 

 𝑑𝑠 =
[(ℎ+𝑅)/𝑟𝑃]

[[(ℎ+𝑅)/𝑟𝑃]2−sin2 𝜃𝑃]1/2  𝑑ℎ                          (A.12) 543 

Putting this into the integral for 𝑁𝐻 and changing the limits of integration accordingly we have 544 

  𝑁𝐻 = 𝑛0 ∫ exp [−ℎ/𝐻(ℎ)]  
[(ℎ+𝑅)/𝑟𝑃]

[[(ℎ+𝑅)/𝑟𝑃]2−sin2 𝜃𝑃]1/2  𝑑ℎ
∞

ℎ𝑝
    (A.13) 545 

Thus using our two expressions for 𝑁𝑉 and 𝑁𝐻, we express the Chapman function as 546 

  𝐶ℎ(𝑋𝑝, 𝜃𝑝) =

∫ exp [−ℎ/𝐻(ℎ)] 
[(ℎ+𝑅)/𝑟𝑃]

[[(ℎ+𝑅)/𝑟𝑃]
2

−sin2 𝜃𝑃]
1/2 𝑑ℎ

∞
ℎ𝑝

∫ exp [−ℎ/𝐻(ℎ)]  𝑑ℎ
∞

ℎ𝑝

    (A.14) 547 

This expression has as its only assumption an exponentially distributed atmosphere and can be 548 
computed easily by modern computing methods.  549 

In our case, we want to compute the Chapman function for 𝜃𝑝 =
𝜋

2
, thus the function can be 550 

reduced to 551 
 552 

  𝐶ℎ (𝑋𝑝,
𝜋

2
) =

∫ exp [−ℎ/𝐻(ℎ)]  
[(ℎ+𝑅)/𝑟𝑃]

[[(ℎ+𝑅)/𝑟𝑃]
2

−1]
1/2 𝑑ℎ

∞
ℎ𝑝

∫ exp [−ℎ/𝐻(ℎ)]  𝑑ℎ
∞

ℎ𝑝

    (A.15) 553 

 554 
 555 
This is the formulation that has been used in this paper, with no further approximation. 556 
 557 
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 In order to further reduce this expression, previous papers including Smith and Smith 558 
(1972) have assumed that the atmosphere can be approximated as having a constant scale height 559 
at all altitudes. This approximation allows us to reduce equation (A.15) into a form that often 560 
appears in literature where the Chapman function is computed. It is thus interesting to perform 561 
this approximation ourselves. 562 
If this approximation is made, integrating 𝑁𝑉 gives 563 
  𝑁𝑉 = 𝑛𝑃𝐻         (A.16) 564 
with 𝑛𝑃 = 𝑛0exp [−ℎ𝑃/𝐻]. 565 
And so 566 

   𝐶ℎ(𝑋𝑝, 𝜃𝑝) =
exp [ℎ𝑃/𝐻]

𝐻
∫ exp [−ℎ/𝐻]  

[(ℎ+𝑅)/𝑟𝑃]

[[(ℎ+𝑅)/𝑟𝑃]2−sin2 𝜃𝑃]1/2  𝑑ℎ
∞

ℎ𝑃
    (A.17) 567 

It is now possible to approximate this expression in the case where 𝑟𝑝 ≫ 𝐻. For that purpose, it is 568 

helpful to first substitute 𝑢 = ℎ − ℎ𝑝 into equation (A.17).  569 

We thus have 570 

  𝐶ℎ(𝑋𝑝, 𝜃𝑝) =
exp [ℎ𝑃/𝐻]

𝐻
∫ exp [−(𝑢 + ℎ𝑃)/𝐻] 

[1+(𝑢/𝑟𝑃)]

[[1+(𝑢/𝑟𝑃)]2−sin2 𝜃𝑝]
1/2  𝑑𝑢

∞

0
 (A.18) 571 

If 𝑟𝑝 ≫ 𝐻, we can neglect 𝑢/𝑟𝑃 in the numerator and (𝑢/𝑟𝑃)2 in the denominator: 572 

  𝐶ℎ(𝑋𝑝, 𝜃𝑝) =
exp [ℎ𝑃/𝐻]

𝐻
∫ exp [−(𝑢 + ℎ𝑃)/𝐻]

1

[ (2𝑢/𝑟𝑃) + cos2 𝜃𝑝]
1/2  𝑑𝑢

∞

0
 (A.19) 573 

and further 574 

  𝐶ℎ(𝑋𝑝, 𝜃𝑝) =
1

𝐻
∫ exp [−𝑢/𝐻]

1

[ 
2𝑢

𝑟𝑝
 + cos2 𝜃𝑝]

1/2  𝑑𝑢
∞

0
     (A.20) 575 

which differs from Smith and Smith (1972) only by the fact that they left the extra term 𝑒
ℎ𝑝

𝐻  in 576 
front of the integral, but they corrected this error in subsequent equations. 577 
 578 
With no further approximation, equation (A.20) can be rewritten as 579 

  𝐶ℎ(𝑋𝑝, 𝜃𝑝) = [
𝜋

2
𝑋𝑝]

1/2
exp[𝑦2] 𝑒𝑟𝑓𝑐(𝑦)              (A.21) 580 

with 𝑦 = (𝑋𝑃/2)1/2|cos 𝜃𝑝|. This expression is similarly obtained by Smith and Smith (1972). 581 

 582 

In our case, 𝜃𝑝 =
𝜋

2
, and so 583 

  𝐶ℎ (𝑋𝑝,
𝜋

2
) = [

𝜋

2
𝑋𝑝]

1/2
                                       (A.22) 584 

This expression assumes three facts: an exponentially distributed atmosphere, a constant scale 585 
height at all altitudes, and 𝑟𝑝 ≫ 𝐻 for the planet of interest.  586 

 587 
 It is important to judge how valid this approximation is before deciding to use it as the 588 
Chapman function. Smith and Smith (1972) have measured the difference in the two 589 
approximated Chapman functions, (A.18) and (A.24), for different values of 𝑟𝑝/𝐻. Both those 590 

expressions assume an exponentially distributed atmosphere and a constant scale height. (A.21) 591 
further assumes 𝑟𝑝 ≫ 𝐻 . We note that since (A.18) already makes the approximation of a 592 

constant scale height, we can expect our formulation of the Chapman (A.15), with a scale height 593 
dependent on altitude, to be the most accurate. 594 
For a planet of interest, 𝑟𝑝/𝐻 can be approximated as 595 

 
𝑟𝑝

𝐻
=

𝑅+ℎ

𝐻
=

𝑅

𝐻
+

ℎ

𝐻
≈

𝑅

𝐻
                                      (A.23) 596 

for any altitude h. 597 
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For 𝜃𝑝 =
𝜋

2
, if 

𝑟𝑝

𝐻
≥ 500, Smith and Smith (1972) have measured that the difference between 598 

(A.21) and (A.18) is very small (≤ 0.1%), but that if 
𝑟𝑝

𝐻
≤ 50, it becomes non-negligible (≥599 

1%). For the Earth and Venus, 
𝑟𝑝

𝐻
≈ 1000, and the approximated form of the Chapman function 600 

(A.24) can thus be used without causing the calculations to differ much. However, for Titan, 601 
𝑟𝑝

𝐻
≈ 20, and the Chapman expression (A.18) will give more accurate values. We can expect that 602 

using the complete form of the complete Chapman (A.15), with a scale height dependent on 603 
altitude, will allow for the most accurate results in our computations. 604 

 We build on this analysis by focusing on 𝜃𝑝 =
𝜋

2
 and investigating the difference between 605 

the approximated (A.22, A.21 with 𝜃𝑝 =
𝜋

2
) and the complete Chapman function (A.15) (non-606 

constant scale height) as a function of altitude, for Earth and Titan.  The validity of the 607 
approximation in (A.22) depends not only on the size of the planet but also varies with elevation 608 
both explicitly and through changes in the scale height with elevation. 609 
For the Earth, we used the temperature profile up to 85 km as in the U.S. Standard Atmosphere 610 
(1976) and computed the complete Chapman function as well as its approximate form. For Titan, 611 
we used the temperature values from McKay et al. (1989) and computed the Chapman function 612 
and its approximate form for altitudes up to 657 km.  613 
 614 

Table 3. Difference (%) between full Chapman  

and approximated Chapman functions 
 

Earth 
 

Titan 
 

Altitude (km) 
 

Difference (%) 
 

Altitude (km) 
 

Difference (%) 

0-10 0.04-0.05  0-110 6-12 

11-33 0.03-0.04 111-449 0.2-6 

34-64 0.04-0.05 450-657 6-12 

65-85 0.03-0.04   
 

 615 
Table 3 indicates the appropriate use of the approximate form for the Chapman function 616 

(A.22) when computing the function for Earth-like planets, as the difference between the 617 
complete and the approximate form is always below 1%. However, the difference is much larger 618 
when computing the function for Titan. Using the approximate form of the Chapman will 619 
negatively affect the accuracy of the limb optical depths we compute, and subsequently the 620 
effective transit heights. We conclude that the complete form of the Chapman function (A.15) 621 
should be used when studying the atmospheres of Titan-like planets.  622 
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