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Application of Constraint Force Equation Methodology for Launch Vehicle Stage Separation

Abstract

The objective of this report is to develop and implement a physics based method
for analysis and simulation of multi-body dynamics including launch vehicle stage
separation. The constraint force equation (CFE) methodology discussed in this
report provides such a framework for modeling constraint forces and moments
acting at joints when the vehicles are still connected. Several stand-alone test cases
involving various types of joints were developed to validate the CFE methodology.
The results were compared with ADAMS® and Autolev, two different industry stand-
ard benchmark codes for multi-body dynamic analysis and simulations. However,
these two codes are not designed for aerospace flight trajectory simulations. After
this validation exercise, the CFE algorithm was implemented in Program to Optimize
Simulated Trajectories II (POST2) to provide a capability to simulate end-to-end
trajectories of launch vehicles including stage separation. The POST2/CFE method-
ology was applied to the STS-1 Space Shuttle solid rocket booster (SRB) separation
and Hyper-X Research Vehicle (HXRV) separation from the Pegasus booster as a fur-
ther test and validation for its application to launch vehicle stage separation
problems. Finally, to demonstrate end-to-end simulation capability, POST2/CFE was
applied to the ascent, orbit insertion, and booster return of a reusable two-stage-to-
orbit (TSTO) vehicle concept. With these validation exercises, POST2/CFE software
can be used for performing conceptual level end-to-end simulations, including
launch vehicle stage separation, for problems similar to those discussed in this
report.
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Section 1. Introduction

The problems with the dynamic separation of multiple bodies within the atmosphere are
complex and challenging. A few problems that have received significant attention in the literature
are the store separation from aircraft (ref. 1), and the separation of the X-15 research vehicle from
the B-52 carrier aircraft (ref. 2). For both of these cases, the store and the X-15 vehicle are much
smaller in size than the parent vehicle. The other class of stage separation problem involves the
separation of two vehicles of comparable sizes as in the case of multi-stage reusable launch vehicles
where the integrity of each stage is important after separation. Reference 3 presents a method for
computing six degrees of freedom (DOF) trajectories of hinged/linked vehicles. Reference 4 reports
a summary of stage separation capabilities in the 1960s and 1970s.

NASA studies on stage separation of multistage reusable launch vehicles date back to the 1960s
(refs. 5-9). More recently, Naftel et al. (refs. 10-12) considered the staging of two wing-body
vehicles. NASA’s Next Generation Launch Technology (NGLT) Program identified stage separation
as one of the critical technologies needed for the successful development and operation of next
generation multistage reusable launch vehicles (ref. 13). In response to this directive, the stage
separation analysis and simulation tool called Conceptual Separation (ConSep) was developed (ref.
14). ConSep is a MATLAB® based front end to the ADAMS® solver, which is an industry standard
commercial software for solving dynamics problems involving multiple bodies connected by joints.
References 14 and 15 discuss applications of ConSep for two-body (two-stage-to-orbit, TSTO) and
three-body (Space Shuttle solid rocket booster, SRB) separations. However, for performing seam-
less end-to-end simulations of complete launch vehicle trajectories including stage separation, as
recommended by the X-43A (Hyper-X) Return-To-Flight Review Board (ref. 16), ADAMS® has to be
linked to a trajectory simulation code like the Program to Optimize Simulated Trajectories II
(POST2) because POST2 cannot model internal forces and moments at the joints. However, linking
ADAMS® (ref. 17) with POST2 for end-to-end simulations is user-intensive and requires elaborate
pre and post processing to run ConSep as an interface to ADAMS®. Moreover, linking codes is not
generic and typically involves extensive customization for analysis of each stage separation prob-
lem. Instead, it would be preferable to have a built-in generic multi-body dynamics simulation
capability, including stage separation, as an integral part of trajectory simulation and optimization
software like POST2. The availability of such a capability greatly facilitates end-to-end simulation of
launch vehicle trajectories and eliminates any chance for possible hand-off errors.

This report discusses application of the constraint force equation (CFE) method for calculating
internal constraint forces and constraint moments associated with ideal joints that connect
multiple rigid bodies belonging to a flight vehicle. Constraint forces and constraint moments are
applied as though they were external forces and moments. The calculations are based on a well-
known approach involving Lagrange multipliers, sometimes referred to as undetermined
multipliers (refs. 18-20), where the scalar multipliers have very clear relationships to the force and
moment vectors as established in ref. 21. Thus, with application of the CFE methodology, the
problem of the motion of multiple bodies connected by joints is reduced to one of multiple free
body motions subject to the applied external forces and moments and the additional constraint
forces and moments computed by CFE. When the joints connecting the vehicles are released, these
additional forces and moments vanish, and the vehicles are in free motion. Basically, CFE
methodology properly simulates the motion of these bodies in close proximity and assigns proper
initial conditions for the free, unconstrained motion of multiple vehicles following joint release. To
demonstrate the CFE methodology, several individual test cases were developed featuring various
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types of simple joints. To validate CFE methodology, the test case results were compared with those
predicted using the ADAMS® solver, except for fixed joint case, where the CFE results were
compared with those predicted using AUTOLEV (ref. 22), which is another industry standard
software. Having tested and validated each of these cases individually, the concept of a generalized
joint was developed that greatly facilitates the use of CFE because the user can simply assign proper
DOFs to joints connecting multiple bodies without needing to know the details of CFE methodology.

The CFE methodology discussed in this report is generic and can be implemented and inte-
grated in any trajectory optimization software. This report discusses the implementation of CFE in
POST?2 (ref. 23), an industry-standard trajectory simulation and optimization software package de-
veloped in the early 1970s. Since then, POST2 has been under continuous development and im-
provement. POST2 can be used to simulate three and six DOF motion for multiple, unconnected
free-flying vehicles. For the simulation of launch vehicle staging, it is necessary to model two or
more vehicles connected by simple joints, the release of those joints, and the subsequent free flight
motion of each body. The current version of POST2 does not have the capability to model internal
joint forces and moments prior to separation when the separating bodies are still connected. With
CFE implementation, POST2 will have the capability for seamless and efficient end-to-end simula-
tion of launch vehicle trajectories including stage separation. This approach allows the user to use
all modeling and optimization features of POST2.

The POST2/CFE methodology has been applied to launch vehicle stage separation problems.
Three cases are discussed: (i) the Space Shuttle SRB separation from the Orbiter and external tank
(OET), (ii) the Hyper-X research vehicle separation from the Pegasus booster, and, (iii) the end-to-
end simulation of a conceptual TSTO Bimese vehicle. For the first two cases, the POST2/CFE predic-
tions are compared with available flight test data. The objective of the third case is to demonstrate
the convenience of POST2/CFE for the seamless end-to-end simulation of launch vehicle trajecto-
ries including stage separation.

It should be noted that even though emphasis in this report is on the application of CFE meth-
odology to multi-body separation problems, it is not necessary that the bodies become separated
during the simulation. The basic CFE methodology is applicable to multiple bodies that stay con-
nected throughout the simulation. Such an application of the CFE algorithm to the IRVE (Inflatable
Reentry Vehicle Experiment) vehicle is discussed in ref. 24.
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Section 2. Constraint Force Equation Methodology and
Implementation in POST2

The basic concept of CFE methodology can be illustrated with the help of an example involving
the motion of two rigid bodies A and B connected by a single revolute joint, as shown in Fig. 1(a).
The set of external forces acting on A is equivalent to a force FjEXT) applied at A%, the mass center
of A, together with a couple whose torque is TjEXT) ; this set typically includes gravitational,
aerodynamic, and propulsive forces. Similarly, the set of external forces acting on B is equivalent to

(EXT) . % . . (EXT)

a force F applied at B*, the mass center of B, together with a couple whose torque is Ty " .
The constraints imposed by the joint are satisfied when a set of internal forces is applied by body A
to body B. The set is equivalent to a single constraint force  F(°ON) applied at a single point of con-
tact, together with a couple whose torque is T(“ON), as shown in Fig. 1(b). According to the law of
action and reaction, a force of equal magnitude and opposite direction, —F(€ON) is applied by B to
A, along with a couple whose torque is —T(%N), The objective of the CFE algorithm is to compute
F(CON) and T(CON); they depend on the type of joint and the external forces acting on A and B.
Figure 1(c) illustrates the way in which the CFE algorithm can be implemented in trajectory simula-
tion software like POST2. At each integration time step, POST2 computes all the external forces and
moments acting on each vehicle. This information, along with specific geometric information about
the joint, is passed to the CFE algorithm, which works in parallel with POST2. The CFE algorithm
computes the internal constraint forces and moments and passes the data back to POST2, which
applies them as additional external forces and moments on each body. Thus, the net external forces
and moments on each vehicle are the sum of the usual external forces and moments and the joint
loads applied to each vehicle as additional external forces and moments. Then, POST2 computes the
rotational and translational accelerations of each body, and the solution is propagated in the usual
manner with POST2 communicating to CFE at each time step. Consequently, the CFE joint model
simply augments the vehicle’s external loads and does not require major modification to the
equations of motion built in POST2. If the joint connecting the two bodies is released, the constraint
forces and moments vanish, and the two bodies move independently of each other.

Two approaches to the CFE method are presented in what follows. The first approach, dis-
cussed in Sec. 2.1, is a variation of what the authors reported in Refs. 25 and 26. (Some of the no-
menclature and notation in this report differs from what is in Refs. 25 and 26.) In general, it in-
volves a number of unnecessary equations used to indicate an absence of constraint forces and/or
constraint torques in certain directions. In contrast, there are no more equations than absolutely
necessary in the second approach; it is presented in Sec. 2.2, and is known as the conventional
Lagrange multiplier method. In this study, we employ the more computationally efficient Lagrange
multiplier method.



Application of Constraint Force Equation Methodology for Launch Vehicle Stage Separation

F ,f\EXT)

Body A
Body A

(a) External forces and moments. (b) Internal forces and moments.

F AEXT)

Body A

(c) Revolute joint implementation. (d) Translational joint implementation.

Figure 1. Schematic lllustration of CFE methodology.
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2.1 Method |

When two rigid bodies A and B are connected by a single revolute joint as shown in Fig. 1(c),
dynamical equations governing constrained motion in an inertial reference frame can be expressed
in terms of vectors (denoted by boldface symbols) as follows. For body 4,

FXD — FCON = a, (1)

TP — p 474 x FOCON) _ TN = 1) g +ay X 1y - 0y )

where my is the mass of A, w, is the angular velocity of A in an inertial reference frame, a, is
the angular acceleration of A in an inertial reference frame, a, is the acceleration in an inertial
reference frame of A*, the mass center of A, and where 1, is the inertia dyadic of A with respect
to A*. The position vector from A* to A, the joint location of body A4, is denoted by r44. Like-
wise, the corresponding equations for body B are

FOXD + FCON =y ay 3)

TS + 188 % FOON 4 TEON) = [ gy + wp X 1 - 4

where rB8°B represents the position vector from B*, the mass center of B, to B, the joint location
of B.

Suppose that the revolute joint is replaced by a joint that permits relative translation between
body A and body B as shown in Fig. 1(d). In that case the contact point B fixed in B does notin
general remain coincident with A, and A denotes the point of A that is instantaneously coinci-
dent with B. Because the constraint force —F(€ON) is presumed to be applied to A at 4, the mo-
ment of this constraint force about A* is simply r44 x [-F(CON] and Eq. (2) is replaced with

EXT *A
TP — a4 ¢ FCON) _ T(CON) = [, . g, + 004 X I - 00 (5)

In the case of unconstrained motion, F(CON) and T(CON) are identically zero and Egs. (1), (3),
(4), and either (2) or (5) reduce to standard dynamical equations of motion for two independent
rigid bodies, yielding a total of 12 scalar equations for 12 unknown quantities, namely, three scalars
associated with each of the accelerations, a, and ag, and the angular accelerations, a, and ag.
The present method is based on the assumption that during constrained motion there are three
additional unknown scalar quantities associated with each of F(€ON) and TCON), (In fact, it is
well established in the literature that the required number of additional unknowns is equal to the
number of independent constraint equations that characterize a joint, and that this number is
always less than six.) Hence, we are in search of six additional scalar equations, and they are
obtained by considering the joint constraints in the following way. First, form linearly independent
constraint equations that describe restrictions imposed by the joint on relative translation and/or
relative rotation. Second, consider the translation or rotation that is permitted by the joint, assume
the joint is ideal (with perfectly smooth, frictionless bearing surfaces), and write equations that
state certain components of F(CON) and/or T(ON) are zero.
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When a joint constrains relative translation, the distance in a particular direction between A
and B must remain zero; that is,

(r°8 —r%%).e, =0 (6)

OB 0OA

where 198 is the position vector to B from a point O fixed in an inertial reference frame, r%4 is
the position vector from O to A4, and where e, is taken to be a unit vector fixed in A4 in a
direction for which translational motion is prohibited by the joint. One relationship having the form
of Eq. (6) is needed to account for each direction in which translation is constrained. For example, a
fixed joint constrains translation in three orthogonal directions; therefore, three relationships hav-
ing the form of Eq. (6) are required. In each such equation, the role of e, is played by one of three
mutually orthogonal unit vectors fixed in A. For a prismatic (sliding) joint that permits translation
in only one direction (and restricts translation in two perpendicular directions), two expressions
having the form of Eq. (6) are required.

A constraint on relative rotation can be viewed as a requirement that two unit vectors, e, and
ep, must remain perpendicular to each other throughout the constrained motion; e, is fixed in
body A4, and ey is fixed in body B, such that they are each perpendicular to the axis about which
rotation would take place if the constraint were not present. The constraint is expressed by setting
the scalar product of the two unit vectors equal to zero,

eB'eA=0 (7)

One relationship having the form of Eq. (7) is required for each direction about which rotation is
constrained; no more than three such relationships are associated with any one joint.

Equations (6) and (7) must be differentiated twice with respect to time so that the resulting
constraint equations involve the unknown mass center accelerations a4 and ag, and angular ac-
celerations a4 and g, that appear in Eqgs. (1), (3), (4), and either (2) or (5). Thus, the second
derivatives requiring development are

& [(r0F —r04) - e, = (] (@)
L (es-e4=0) ©

It is convenient to form the required derivatives by differentiating each vector with respect to time
in an inertial reference frame.

Now, the position vector r°4 can be written as r , where r is a vector fixed in A.
The time derivative in an inertial reference frame of is vy, the velocity of A" in an inertial
reference frame. The time derivatives in an inertial reference frame of r44 and e, are w, X
r“4 and w, X e, respectively. The time derivatives of r® and ey can be treated similarly.
Hence, the result of differentiating Eq. (6) once is

0A* + rA*A A*A

l.OA

(vp+wp X 188 —v, —wy x r44) e, + (r°F —r%4) . (w, x €,) =0 (10)
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The second differentiation yields

(apg+ap X PP+ wp x wp x 1B —a, —a, x 11 —w, X wy x 144) - ¢,
+2(vp +wp X 1P — vy —wy x 1) (@, X ey)
+(r0§_r01‘1).(aA X e +wy X wy X eA) =0 (11)

An alternative form of Eq. (11) will prove useful in Sec. 2.3. It is obtained by making use of re-
lationships involving position vectors,

r08 — y04 — 4B (12)
r4’4 4 p4B = pA'B (13)
and identities for scalar triple products,
a-bxc=axb-c=-bXxa-c=-b-axc (14)
to write
(r°8 —r%4) . (ay x ey) =148 - (ay x ey) = —ay x 18 . ¢, (15)
and

—(ay x r44) e, + (r°F —r%4) - (a4 X ey)
=—(ay x 44) e, —a, x 18 ¢,
=—a, x (rf4+r48). ¢,

=—a, x 148 . ¢, (16)
Hence, Eq. (11) can also be expressed as

(ag+ap x PP +wg x wg x rfP—a,—a, x r*fP —w, x wy x r44) ¢,
+2(vpt+wp X rfB—v,—wy x r44) - (wy X €y)

+18 . (W, X Wy X €) =0 17
As for the rotational constraint, differentiating the terms in Eq. (7) once with respect to time yields
(wp X eg)-ey+ep-(wy X €g) =0 (18)

In view of identities for scalar triple products, the two terms in the left-hand member can be
written as

(wp X eg) e, =wg- €5 X €, (19)

and
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eg - (wy X €4) = —wy €5 X €4 (20)
Hence, Eq. (18) can be restated as
(wp—wy) - (eg X €) =0 (21)
Differentiating once more gives
(ag —ay)-(ep X €) + (wp —wy) - [(wp X €p) X ey +ep X (wy X €)] =0 (22)

When relative translation is permitted in a certain direction, an equation having the form of Eq.
(11) is not applicable in that direction. Likewise, when relative rotation is allowed, a relationship
having the form of Eq. (22) is not applicable. Instead, the required equations can be obtained using
the condition that the constraint force or torque is zero in those directions (with the assumption
that the surfaces of the joint are perfectly smooth) in which free translation or rotation is permit-
ted. Thus, for a joint that permits translation in a certain direction parallel to the vector e,

F(CON) . e =0 (23)
Similarly, when a joint permits relative rotation about an axis parallel to the vector e,
TN e =0 (24)

As may be noted in Sec. 2.2, the Lagrange multiplier method does not require the use of equations
having the form of (23) and (24).

In summary, equations having the form of (11) and (22)-(24) provide, in combination, a total of
six remaining equations.

The 18 scalar equations formed from Egs. (1), (3), (4), (11), (22)-(24), and either (2) or (5), are
linear in 18 unknowns. Three variables represent each of the two mass center accelerations, each of
the two rigid body angular accelerations, the constraint force, and the constraint torque, for a total
of 18 unknowns. These equations can be expressed in matrix form as Ax = b (where the column
matrix x contains the 18 unknown parameters) and solved using standard matrix inversion
techniques. A variation of this formulation was presented in Refs. 25 and 26 and applied to the case
of two bodies connected by a fixed joint, as well as the problem of separation of the Hyper-X vehicle
from the Pegasus booster. Both of these cases are included in this report and discussed in Secs.
3.1.1 and 4.2, respectively.

2.2 Method Il: Lagrange Multiplier Method

As mentioned in connection with Egs. (1)-(5), dynamical equations governing the uncon-
strained motion of bodies A and B can be expressed in vector form as

FD = my,a, (25)

T =1 o, + 0y X 1y - 00y (26)
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FS& = mga 27
B B ap

TlgEXT) = IB . O(B + (A)B X lB . (j)B (28)

In general, the collection of dynamical differential equations governing unconstrained motion of A4,
B, and other rigid bodies can be written in matrix form as

Mu=f (29)

where M is a square generalized mass matrix, & is a column matrix containing generalized
accelerations, and f is a column matrix containing generalized forces, nonlinear terms arising
from gyroscopic torque, etc. The object of the CFE method is to modify Eqgs. (29) such that they
become applicable when rigid bodies are connected by joints. The modification is carried out using
a well-known approach involving Lagrange multipliers, sometimes referred to as undetermined
multipliers,

Mi=f+ala (30)

where A is a column matrix containing the multipliers. Linearly independent equations describing
the constraints imposed by the joints are written in matrix form as

au+y =0 (31)
where y is a column matrix, and the right-hand member is a column matrix whose elements are all
zero. The matrix a”appearing in Egs. (30) is the transpose of the coefficient matrix a in Egs. (31).
(Bold font and a subscript are used to distinguish angular acceleration, a, for example, from the
coefficient matrix @.) The product a”1 is a column matrix containing generalized constraint
forces. Equations (30) can be solved for 1,

u=M1(f+al2) (32)
and substitution from Egs. (32) into (31) yields
aM Y (f+a™A)+y =0 (33)
or
aM~taTA = —(y + aM~1f)
Hence,

A=—(aM~aD)1(y + aM~1f) (34)

The number of multipliers in the matrix A is exactly equal to the number of constraint equations
(31).
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2.3 Constraint Equations in Matrix Form

Constraint equations given in vector form in Sec. 2.1 can be rewritten in matrix form as stated
in Egs. (31). Examples are now given using the acceleration-level relationships for a translational
constraint, Eq. (11), and a rotational constraint, Eq. (22). A system of two bodies performing uncon-
strained motion in an inertial reference frame possesses 12 degrees of freedom; thus, for two
constraints, @ isa2 X 12 matrix, @ isa 12 X 1 column matrix,and ¥y isa2 X 1 column matrix.

Let fi.(r = 1,2,3) be a set of right-handed, mutually orthogonal unit vectors fixed in an inertial
reference frame, and let unit vectors a, and f)r (r=1,2,3) betwo similar sets fixedin A and in B,
respectively. The velocity v, of the mass center of A in an inertial reference frame can be written
in terms of fi,, fi,, and fis,

Vyq = ulﬁl + uzﬁz + u3ﬁ3 (35)

The angular velocity w, of A in an inertial reference frame can be expressed in terms of a,, a,,
and a;,

W, = Ugdq +usd, + ugas (36)
The acceleration a, of the mass center of A in an inertial reference frame is then given by

ay = u Ny + N, + Ush; (37)
The angular acceleration a4, of A in an inertial reference frame is

dw do N YA )
ay = (Tt), + on X 04 = (), 0=l +iisd, + s e

where (d/dt), represents differentiation with respect to time in reference frame A. Correspond-
ing quantities associated with B are written similarly,

VB = u7ﬁ1 + u8ﬁ2 + ugﬁg (A)B = uloBl + ull,\bz + ulng (39)
aB = Il7ﬁ1 + 'Ilgﬁz + u9ﬁ3 aB = '1:1.10,[\)1 + llni)z + ulz’\b3 (4’0)
A constraint on translation is chosen as the first constraint in the present example. Upon

substitution from Egs. (35)-(40) into (17), one can inspect the result to identify the coefficient a; ,
of u, for r =1,..,12 to form the first row of the matrix a.

a;p =—M; - ey a;, =M, ey a;3 =—M3- e, (41)
as=-4; xr4B.e, a;5=-4, xr4B.e, a;q=-4; xriP.e, (42)
a;; =0 - ey 18 = n,; - ey a9 =Mj3- €y (43)

ai0=by xr¥%.e, a;;;=b, xr¥F.e, a;;,=b; xrfP. e, (44)

10
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The first element y; ofthe matrix y consists of all terms in Eq. (17) that do not involve 4, ..., 145.

ri=(wp X wg X r¥8%—w, x wy x r44)-e,
+2(vpt+wg X ¥ —v, —wy x r44) - (wy X €y)
+1r8 . (w, X @, X €,) (45)
A A A
In the current example a constraint on rotation is chosen as the second constraint, and substitution

from Eqgs. (35)-(40) into (22) yields a result that is inspected to identify the coefficient a,, of u,
for r =1,...,12 to form the second row of the matrix «.

a1 =0 a,,=0 a,3=0 (46)
(4 =—a;-€p X €4 Q5= —8y-€g X € (g =—83-€p X €4 47)
az7 =0 azg =0 a9 =10 (48)
az10 = b, -ep x ey @11 = b,-e; x e, Q12 = b;-e; x e, (49)

The second element y, of the matrix y consists of all terms in Eq. (22) that do not involve
111, ey 1:[12.

Y2 = (wp —wy)  [(wp X ep) X eg+eg X (wy X e,)] (50)

2.4 Baumgarte Constraint Stabilization Method

The matrices M, f, a,and y are used together with Eqs. (34) to determine values of the mul-
tipliers needed to enforce the constraints at any instant of time. With the column matrix a2 con-
taining the generalized constraint forces in hand, constrained motion can be simulated by perform-
ing numerical integration of Egs. (30) and an appropriate set of kinematical differential equations.
However, the numerical solution is sensitive to computational errors and initial joint misalignment
errors. The accumulation of the numerical errors may lead to a significant joint displacement or
misalignment over time, an artifact referred to as constraint drift. In order to control constraint
drift, the CFE algorithm employs a technique known as Baumgarte stabilization (Ref. 27), which is
applicable to methods I and II.

The constraint equations (31) can be expressed as

au+y=3G=0 (51)

where 0 is a column matrix whose elements are all zero, and where g is a column matrix contain-
ing the left-hand members of (non-differentiated) configuration constraint relationships obtained
from Egs. (6) and (7). The stabilization technique is implemented by augmenting Egs. (51) with
terms involving the once-differentiated and non-differentiated forms of g:

Gg+2ng+n*g=0 (52)

11
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Thus, the new constraint relations in Egs. (52) make use of all three forms of the constraint equa-
tions to produce behavior of damped, second-order systems with a damping ratio of 1. The stiff-
ness, which determines frequency, is represented by 7, a scalar constant whose value is selected
by the analyst to control the constraint drift. Reference 27 suggests values of n ranging from 0 to 10.

Substitution from Egs. (51) into (52) yields
a+y+2ng+n?g=0 (53)
In other words, the Baumgarte method consists of replacing Egs. (31) with relationships expressed as
au+y' =0 (54)

where

y' =v+2ng+n’g (55)
As in Sec. 2.3, a translational constraint and a rotational constraint can be used as examples to

demonstrate how to form 2 X 1 column matrices g, g, and §. In the case of a translational con-
straint, refer to Eq. (6) to write the position-level constraint as

g1(t) = (r°f —r%4).e, =0 (56)
Refer to Eq. (10) to express the corresponding velocity-level constraint as
G1) = (v +wp x ¥ —v, —w, x r44) e, + (r°% —r%4) - (wy x e4) = 0(57)
Finally, the acceleration-level constraint is obtained from Eq. (11),

1) =(ap+ap X r¥P+wp x wp xr¥P—a,—ay x ' —w, x wy x r44) ¢,
+2(vp+wpg X 188 —v, —wy X 144) - (wy X €y)
+ (rOE —ro“T) (o X eg+wy X wy X eg) =0 (58)

Similarly, the rotational constraint at the position, velocity, and acceleration levels are obtained
from Egs. (7), (21), and (22), respectively.

g2(t) =eg-e,; =0 (59)
g2(t) = (wp —wy) - (ep X e4) =0 (60)
G2(t) = (ap —ay) - (ep X ey) + (wg —wy) - [(wp X ep) X es +ep X (wy X €4)] =0 (61)

12
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2.5 Planar Motion of Two Bodies Constrained by Slider Joint

Use of the relationships presented in the preceding sections is illustrated with an example involving
planar motion of two rigid bodies connected by a slider joint. Let fi. (r = 1,2,3) be a set of right-
handed, mutually orthogonal unit vectors fixed in an inertial reference frame such that fi; and 1,
lie in the plane of motion, as shown in Fig. 2, and fi; is perpendicular to the plane. Let unit vectors
a, and b, (r = 1,2,3) be two similar sets fixed in A and in B, respectively, with 4; and bs; each
parallel to a central principal axis of inertia of the body in which it is fixed.

Motion of A isregarded as unconstrained when the mass center A* can translate in the plane,
and the body can rotate about an axis parallel to fi;. Likewise, B is unconstrained when it can
move completely independently of A. Thus, the unconstrained system possesses six degrees of
freedom in an inertial reference frame, and six generalized coordinates gqj, ...,q¢ are required to
specify the configuration of the system. These coordinates are defined operationally by writing

04"

r — (hﬁl + QZﬁZ ﬁl . ﬁl £ cos qs (62)
I‘OB — q4ﬁ1 + qsﬁz b1 . ﬁl £ cos de (63)
where, r%" and r?8" denote the position vectors to A* and B*, respectively, from a point O fixed

in an inertial reference frame. Translational coordinates q;, q,, q4, and qs are indicated in Fig. 2,
as are angles qz and gg. It will prove useful in what follows to refer to direction cosine matrices
that indicate how unit vectors a, and b, respectively, are related to i, (r = 1,2,3).

\ l .O
<—q1—>|
< q, >

Figure 2. Unconstrained planar motion of two bodies
A and B ininertial reference system.

Six motion variables u4, ..., ug can be defined with the kinematical differential equations

u-2q4, (r=1,.,6) (64)

13
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and subsequently used to write

v, = Uiy + uyii, W, = U383 = Uz (65)
a, = uy Ny + u,n, o, = Uzd; = UzN, (66)
Vg = U fi; +ush,  wp = ugh; = ugh; (67)
ap = U0, +usfi,  ap = Ughs = ugh; (68)

The external forces FjEXT) and F;EXT), as well as the external torques TjEXT) and TLSEXT), can
be expressed as

FjEXT) = O-lﬁl + Uzﬁz TI‘EEXT) = 0-353 = O-3ﬁ3 (69)
FéEXT) = 0-4_ﬁ1 + 0-5ﬁ2 TéEXT) = O-6Ab3 = O-6ﬁ3 (70)

This brings one into position to use Eqs. (25) and (26) for A, together with Egs. (27) and (28)
for B, to identify the matrices M, 1,and f appearing in Egs. (29),

my 0 0 0 0 0 iy o,

"5 mg 0 0 0 o] (az\ o,

o o kK, 0o o o0 ) o
M=o 0o 0 mg 0 o U=, f=1o (71)

lo 0 0 0 my OJ s asJ

0 0 0 0 0 Kg iy Ts

and then to express the dynamical equations of unconstrained motion represented by Egs. (29), as

mgy 0 0 0 0 07y oy
|[0 my 0 0 O 0]|{u2\ o,
0 0 K, 0 0 O0fJug|_Jos
|0 0 0 mg O 0| [~ )0 72)
0 0 0 0 mgp O]]|us 05
lo 0o 0o o o ll) o

where K, is the central principal moment of inertia of A for an axis parallel to a5, and Kj is the
central principal moment of inertia of B for an axis parallel to bs.

We now regard body B as attached to body A with a slider joint that permits relative transla-
tion in the direction of a;, but prevents relative translation in the direction of a,, and prohibits
relative rotation about a; = bs.In this case, the constrained system possesses four degrees of
freedom in an inertial reference frame. Points A and B are chosen as material points of A and B,
respectively, that lie on the axis of the sliding joint as shown in Fig. 3. In the interest of simplicity
they are chosen such that

rid = Pad; rf'8 = —PBi)z (73)

14
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where p, and pg are positive constants. It is worth keeping in mind that rf'B = rB'4 pecause A
is the point of A that is instantaneously coincident with B.

o)

Figure 3. Constrained planar motion of bodies

A and B ininertial reference system.

A translational constraint equation is obtained by letting 4, play the role of e, in Eq. (6).
91 = g:(®) = (%8 —r04) -3,

The position vectors from O to A andto B can be expressed as

rOA —

0a* WA _ o = A
r’- + r° % =gqny + goN; +pya,

OB _ ,.OB* B*B _ , & = i
r°? =r®" + r° ¥ =q,n, + qsn; — pgh,

Hence, Eq. (74) can be restated as

91 = (qs—q )0y -3y) + (g5 — q2) (N - ;) — pg— PB(i’z : ﬁ2) =0

Table 1. Direction Cosine Matrices.

ﬁ1 ﬁ2 ﬁ3 BI BZ B3
n,; cos @3 -sin gs 0 n; oS g6 -sin gqe 0
n, sin g3 cos @3 0 n, sin ge €OS g6 0
n, 0 0 1 n, 0 0 1

After referring to Table 1 to obtain the dot products

fi; -4, = —singz; N,-4, =cosq;

15
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(75)

(76)

(77)

(78)
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one can write

91=—(q4 —qy)sinqz + (qs — qz) cosqs — ps — pp cos(qs — qg) =0 (79

The derivatives g; and g; can be obtained either by differentiating Eq. (79) successively with
respect to time, or by appealing to Egs. (57) and (58), respectively. In either case, one obtains

g1 = [us —up — (g4 — q1)us] cos q3 — [ug —uy + (g5 — q2)us] sin g3
+ pp(us —ug)sin (q3 — q¢) =0 (80)
and
g1 = [ts — U — 2(uy — uy)uz — (94 — q1)u3 — (95 — QZ)u3Z] COS g3

— [ty — 1y + 2(us — ux)uz + (qs — q2) iz — (qa — q1)usz*] sin qs
+ ppl(iz — ) sin (g3 — qe) + (uz — ug)*cos (g3 — q¢)] = 0 (81)

A rotational constraint equation is obtained from Eq. (7) by letting b, and a; play the parts of ep
and ey, respectively.

9> :gz(t)252‘51:5“1(‘23—%):0 (82)

The derivatives g, and g, can be obtained by employing Egs. (60) and (61) respectively. How-
ever, a significant amount of labor can be saved by simply differentiating Eq. (82) successively with
respect to time to produce

g2 = (U3 —ug)cos (qz —qe) =0 (83)

and

g2 = (U3 —Ug) cos (g3 — qe) — (uz — us)z sin (g3 —q¢) =0 (84)

The reason for retaining sin(qz-qs) in Eq. (84) is that, due to constraint drift, Eq. (82) may not be
satisfied identically. The error in sin (qs - gs) is controlled by the Baumgarte method, as indicated in
Egs. (52), (53), and (55). Inspection of Eqgs. (81) and (84) for the coefficients of g, ..., 1 allows
one to identify the elements of the matrix o in Egs. (54). For convenience, the transpose of « is
recorded as

sin g3 0
— COS (3 0
r_|—(@5 —q2)sin q3 —(q4 — qq) cos q3 + ppsin (g3 —qe)  cos (q3 — qe)
al = ; (85)
—sin q; 0
COS Q3 0
—pp sin (g3 — qs) —cos (g3 — ge)

The 2 X 1 matrix y' in Egs. (55) is constructed with the terms in Egs. (81) and (84) that do not
involve 14, ...,1s and with Egs. (79), (80), (82), and (83).
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!

Y1 = —2us[(us —uy) cos gz + (us — uy) sin qs]

+u3%[(q4 — q1) sin g3 — (g5 — 92) cos q3] + pp(uz — ug)® cos (43 — qe)

+ 2n{lus —up — (g4 — q1)usl cos q3 — [ug —uy + (g5 — q2)usz] sin q3 + pg(uz — ug) sin (g3 — q¢)}
+n%[(qs — 92) cos qs — (q4 — q1) Sin q3 — P4 — Pp €05 (g3 — )] (86)

!

v2' = —(uz —ug)?sin (qz — q¢) + 2n(uz — ug) cos (g3 — qe) + n*sin (g3 — qe) (87)

In this example, two independent equations (74) and (82) describe the constraint imposed by
the slider joint. Hence, precisely two unknown multipliers A;(t) and A,(t) are all that are neces-
sary to characterize the set of internal forces associated with the joint. The two multipliers in the
matrix A are determined at any instant of time by using Egs. (34) and the matrices M, f, @, and y'.
Subsequently, the generalized constraint forces are formed as

( sin g3 44 \
—cos g3 A4
r, _ ) [=(a5 = az) sin q3 — (44 — q1) cos g3 + psin (g3 — qe)1 A1 + cos (g3 — qe) 2
a' A= . (88)
—sin g3 44
coS qz A4
—pp sin (q3 — g¢)A1 — cos (q3 — )42

These generalized constraint forces are added to the right-hand member of Egs. (72), as required
by Egs. (30), to form dynamical equations governing constrained motion of A and B. The dynam-
ical equations, together with the kinematical differential equations (64) and initial values of g,
and u,, can be integrated numerically to obtain time histories of the generalized coordinates g,
and motion variables u, (r =1, ...,6). The accuracy of the numerical solution can be measured by
the extent to which the translational and rotational constraints are unsatisfied; that is, by how
much g4(t) and g,(t) differ from zero.

The rotational constraint equation (82) is satisfied when g4 = q3; as long as the constraint is
satisfied, sin (g3 — g¢) can be replaced with 0, and cos (g3 — q¢) can be replaced with 1 in Egs.
(88).

As discussed in Refs: 21, 28 and 29, the constraint force F(CON) applied to B at B can be
determined by inspecting Eq. (10) and is given by

F(CON) = AleA = Alﬁz (89)
Similarly, the constraint torque T(CON) applied to B is identified by inspecting Eq. (21),
TEON) = 2,(ep x €4) = A,(b, X a;) = —A,bs (90)

These vector quantities can be used in Egs. (1)-(5).
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Section 3. Test Cases

3.1 CFE Test Cases

A series of test cases was selected to validate the CFE methodology as listed in table 2. These
cases include simulation models involving two rigid bodies connected by various types of simple
joints. For test case 1, the geometrical shape of the two rigid bodies is defined as discussed below.
However, for test cases 2-6, the geometrical shape is arbitrary and only schematic representations
are shown for convenience. It is possible that depending on the geometrical shape selected for the
two bodies having the same mass properties and subject to the same external force/moment as
selected here, the two bodies may collide during the selected duration of simulation. Since the focus
of this report is on the estimation of joint constraint loads and how they compare with ADAMS® for
test/validation of CFE methodology, collision between two bodies, if any, are ignored.

Table 2. CFE Test Cases.

Case # Name of the Joint Description
1 Fixed Two boxes fixed to each other
2 Spherical Two boxes connected by a spherical joint
3 Revolute Two boxes connected by a revolute joint
4 Translational A box sliding along a fixed rail that is rectangular in cross section
5 Cylindrical A box sliding along a fixed rod that is circular in cross section
6 Universal Two boxes connected by a universal joint
7 Planar A thin disk sliding along a table top

3.1.1 Test Case 1: Fixed Joint

This test case involves two rectangular rigid bodies, denoted as bodies A and B with dimensions as
shown, connected by a fixed joint (fig. 4). The fixed joint is a mathematical concept but serves as a
rigorous test case for the CFE methodology because one knows that the joint displacement (linear
and angular) must be insignificantly small (ideally zero) when the two bodies are rigidly connected,
and there is no relative motion. The mass centers A* B* and S* are respectively the centroids of
body A,body B and the combined body (prior to release).

Body A z(a,) A y(a,) Z (b)) A y (b))
7
21t / . /
¥ S x(b,)
) —— o ——
11t S AT x(,) B B*
4 Body B

< L 4 S
e 5 ft 4 2t —y

Figure 4. Test Case 1, two rigid bodies, A and B, connected by a fixed joint.
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Table 3. Mass Properties for Test Case 1.

Body A4 Body B
m 1 slug 4/10 slug
T 5/12 slug-ft? 1/6 slug-ft?
Ly 26/12 slug-ft2 1/6 slug-ft2
Izz 29/12 slug-ft? 4/15 slug-ft?

Table 3 shows the mass properties for each body. The fixed joint constrains the point A fixed in A
to remain coincident with the point B fixed in B. The three translational constraint equations have
the form of Eq. (7) and can be written as

(ro% — r%4).8, =0 (91)

where the role of es in Eq. (7) is played in turn by a;, a,, and a3, members of a set of three right-
handed, mutually orthogonal unit vectors fixed in A at its mass center A* as shown in fig. 4. Let
by, b,,and b; be a similar set of unit vectors fixed in B at its mass center B* such that b, points
in the same direction as a, (r=1, 2,3) when A and B are attached to each other. The fixed joint
constrains unit vectors fixed in A to remain perpendicular to certain unit vectors fixed in B
resulting in the following three constraint equations in the form of Eq. (8):

b, 4,=0 (92)
by-a, =0 (93)
b, 4;=0 (94)

Thus, all six constraint equations (91)-(94) characterize the fixed joint, which is the maximum
number of constraint equations that can be specified for a joint. These constraint equations need to
be differentiated twice to construct the matrix a’ that contains the generalized constraint forces
as illustrated earlier for the sliding joint.

3.1.1.1 Numerical Simulation

The bodies A and B are assumed to be rigidly connected to each other for first 10 sec and
then “released” instantaneously. Throughout the duration of this simulation, all external forces or
moments including gravity were assumed equal to zero. Because there are no external forces or
moments, integrals involving linear and angular momentum must remain constant. Since the linear
momentum of the combined body prior to separation is zero, after separation, the mass centers of
A and B must travel in straight lines with constant velocities such that the net linear momentum is
zero and the system mass center remains at rest.

This problem was set up such that the inertial reference frame coincides with the combined
body frame at t = 10 sec just prior to the joint release, the linear velocity of the combined body is
zero, and the angular velocity components of the combined body were selected as (0, 2.0, 0.5)
rad/sec or (0, 114.5454, 28.6363) deg/sec. Then, working backwards, the initial (¢ = 0) angular
velocity, w = 63.021; — 82.320, + 80.2503 deg/sec in the body frame was deduced. With these
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derived initial conditions, the simulation can be done as usual with forward integration in time
releasing the joint at 10 sec and terminating the simulation at 20 sec.

To verify and validate POST2/CFE simulation results, a simulation was also created with
AUTOLEV (ref. 22) an interactive program designed specifically for the kinematic and dynamic
analysis of mechanical systems. For this test case, AUTOLEV was used to create a computer
program to simulate the motions of A and B and determine the constraint forces required to hold
them together for the first 10 seconds. The AUTOLEV results were generated using a variable step
integrator with an absolute error limit of 1 X 10-8 and a relative error limit of 1 x 10-7. The
POST2/CFE method employed a fixed step integrator with a step size of 0.0001 sec. The CFE
routine also used a Baumgarte (ref. 27) constraint stabilization factor 7 =5.0.

Time histories for the inertial x, y, and z components of linear velocity of the mass centers of
body A and B are shown for 20 sec in Figs. 5 and 6. Prior to release, even though the combined
body has zero linear velocity, bodies A and B have nonzero linear velocity components because
their mass centers A* and B* are offset from the combined mass center $*. However, the com-
bined sum of each of the three components of linear momentum should be zero. This fact can be
checked using mass properties from table 2 and velocity component data presented in fig. 5 and 6.
The magnitudes of each of the three linear velocity components for body A and B oscillate during
the first 10 sec because their body axes angular velocity components vary as shown in fig. 7 and 8.
After release, the linear velocity components for each body remain constant because each body is
now spinning about its own mass center. Note that x component of linear velocity for both body A
and B is zero at t = 10 sec because the inertial frame was set to coincide with body frame at this
point and the center of gravities of both body A and B are located along X axis.

25
2.0
1.5 [P
1.0 -4
0.5 §-

Abs Max Diff |-~
— v, 1.4x103
. |---v, 40x10*
== v, 1.1 x 108 [

-0.5 [ 3] 09 ‘ SRR
RP AR AR S ———

v, Vv, Vv (ft/sec)

RPYSE ST N N
L e
-2.5 ‘ ‘ ‘

0 2 4 6 8 10 12 14 16 18 20
Time, sec

Figure 5. Test Case 1, Body A: Inertial velocity components
of mass center. POST2/CFE as circles, AUTOLEV as lines.
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Abs Max Diff
— v, 34x10° ||

---v, 9.9x10*
—---v, 27x10°

v, Vv, Vv (ft/sec)

0 2 4 6 8 10 12 14 16 18 20
Time, sec

Figure 6. Test Case 1, Body B: Inertial velocity
components of mass center.

Abs Max Diff
— o, 0.57
-—-0, 137
-——w, 060
150
100 {8, %
S 50|08
7] O
IS}
(0]
° 0
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g .
. -50 -
S 5
~100
_150 R R

0 2 4 6 8 10 12 14 16 18 20
Time, sec

Figure 7. Test Case 1, Body A: Body axes angular velocity
components. POST2/CFE as circles, AUTOLEV as lines.
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Abs Max Diff
— o, 064
--- o, 0.42
---o, 0.14

150

100 ¢

o, 0, 0, (deg/sec)

-100

-150 i i i i i i i i i
0 2 4 6 8 10 12 14 16 18 20
Time, sec

Figure 8. Test Case 1, Body B: Body axes angular velocity
components. POST2/CFE as circles, AUTOLEV as lines.

For t=0 to 10 sec, when the bodies are connected, the angular velocity of each body is equal to
that of the combined body. After release, the angular velocities vary such that total angular mo-
mentum of body A and B remains constant and equal to that of the combined body. The change in
the angular velocity components of body B are more noticeable than those for body A because B
is smaller in size compared to body A. Further, for body B, the moments of inertia about x and y
body axes were selected to be equal so that

I,0, = (Ixx — Iyy)a)xwx =0 (95)

As aresult, w, remains constant after release.

Figures 9 and 10 show the main results of the CFE method, which are the constraint forces and
torques (moments). As said previously, these constraint forces/torques are applied as additional
external loads for each body A and B within POST2. The results of this exercise show that the
constraint forces/torques determined by CFE agree well with the AUTOLEV results.

The relative joint displacement between the two bodies when they are supposed to stay con-
nected is a basic metric to assess the accuracy of the POST2/CFE methodology. This parameter is
computed as the position vector from A to B and should be ideally zero while the joint constraint
is imposed for the first 10 sec. Hence, any deviation from zero is a measure of accuracy of the CFE
algorithm. In the CFE algorithm the constraints are expressed at the acceleration level. However, as
with all algorithms of this type, the constraints at the velocity and position levels are subject to
numerical integration errors. Such errors depend on the step size in a fixed-step integration scheme
or the error limits in a variable-step approach. Baumgarte stabilization (ref. 27) helps to control
these errors from growing arbitrarily large during a simulation.

The choice of step size and Baumgarte factor (77) for this problem was a reasonable balance be-
tween CPU time and error buildup. Figure 11 shows the joint translational displacement as a func-
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tion of time for the 10 sec period when the bodies are supposed to stay connected. The quantities
Ax, Ay and Az are the x, y and z components of joint translational displacement in the local

body frame and are defined as follows:
Ax = (r°4 — r98)-4;, Ay = (r% — r%8)-4,, Az = (r% - r%8)-3a, (96)

In the interest of clarity, only the POST2 /CFE results are shown. The magnitude of this displace-
ment distance is below 0.01 percent of the combined body length.

0.5
5 S T T S S S S
B ) SR S S SR N Abs Max Diff |-+
g ] P | —F 17x10°
e TS N T A R S A
27 —2.0 bbb b =0 £ 3.9 % 107
e : : : : T T T T
[T, 3 SRS SR SR USSP RSO SRS SRS ASSRRE JSPRRRS SORR 4
e
s L e S e R Rt SIS .
LLX

O L U AU SO RSN SO §

40F X R AR 4

45 S nnt S SN SN S S

0 2 4 6 8 10 12 14 16 18 20

Time, sec

Figure 9. Test Case 1: Comparison of constraint forces
required to hold bodies together. Joint release occurs at
t =10 sec. POST2/CFE as circles, AUTOLEV as lines.
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Figure 10. Test Case 1: Comparison of constraint torques.
POST2/CFE as circles, AUTOLEV as lines.
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Joint Displacement (ft)

Time, sec

Figure 11. Test Case 1: Joint displacement
in X, y, and z directions.

3.1.2 Test Case 2: Spherical Joint

This test case consists of two boxes connected by a spherical joint as shown in fig. 12. A
spherical, or ball-in-socket, joint connects two bodies such that they can rotate arbitrarily about any
of the three axes at the joint, but cannot have any relative translation at the joint. The reference
inertial axes system is located at the joint and is lined up with body axes systems of both Box 1 and
Box 2 at t=0. Table 4 presents the mass properties and the center of mass locations.

The spherical joint constrains all three translational DOF between the two boxes but allows
arbitrary rotation at the joint. The following equations define this constraint:

(r°8 —r%4) .4, =0 (97)
(r°8 —r%4).a, =0 (98)
(ro8 —r%4).a, =0 (99)
where r°4 and r°8 are the vectors to joint locations from mass centers of Box 1 and Box 2, aj,

A, and a; are the unit vectors along x,y and z axes of Box 1. Similarly, b, b, and b, are the
unit vectors of Box 2. This problem is setup such that the inertial frame is located at the joint and
coincides with the body frame(s) at t=0.

A constant external force with body axes components 5000 * (5,5,1)/+/51 Ib was applied to Box
1 at (-2.0, 0, 0.5) ft in Box 1 body axes system. Figures 13-19 show ADAMS® and POST2/CFE
simulation results for 10 seconds when the bodies stay connected. Note that for this test case, the
spherical joint was not released at all. ADAMS® used its built-in Runge-Kutta-Fehlberg 45 (RKF45)
single step integrator with adaptive step size and an error tolerance of 1.0x10-1%. POST2 used the
single step fourth order Runge-Kutta method with a fixed step size of 0.001s. The other integration
options available in POST 2 were also tried but did not show any significant impact on the
numerical results. The differences were very small and negligible. Hence, for all the test cases
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presented in this report, the fixed step Runge-Kutta integration method was used. The absolute
values of maximum differences between POST2 CFE and ADAMS® predictions are small and
negligible as indicated in fig. 14. The CFE Baumgarte factor was set to 10.0 to reduce joint
constraint errors. The Euler angles presented in fig. 15 represent the orientation of Box 1 and Box 2
with respect to inertial reference frame.

Box 1 ¢
PN

7 ~ yn
12 K:)A
-y X Joint located at origin

z(a,) @)
y (b))
~N
\\
Zn *XI7 T
A
~ ~N
P ~
z(b,)
Figure 12. Test Case 2: Spherical.
Table 4. Mass Properties for Test Case 2.
Box 1 Box 2
m 622 slugs 622 slugs
Ixx 220.2916667 slug ft2 881.166667 slug ft?
Ly 3524.666667 slug ft2 2695.33333 slug ft2
Iz 3330.291667 slug ft2 1917.83333 slug ft2
Center of mass location in
inertial system at £ = 0 {-4.854, -0.096, 0} ft {3.851,-0.096, 0} ft
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(b) Box 2.

Figure 13. Comparison of mass center inertial displacements
between ADAMS® and POST2/CFE for the spherical joint.
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Figure 14. Inertial velocity component comparison between
ADAMS® and POST2/CFE for the spherical joint.

27



Application of Constraint Force Equation Methodology for Launch Vehicle Stage Separation

200 T ! T T T v y :
100 -1 \--- - L ! : : ] :
8’) H
2 o0
® _100}-

—200 Vi L ELEEPHTITIRTI
———ADAMS Abs Max Diff: 0.022679

100 — —!F’OS'I:2 CFF o
5 1L
q) ]

e & i
S. M ') A RN
M (L

i i
Abs Max Diff: 0.00326119

Abs Max Diff: 0.0218734

6 (deg)

Time (sec)

(&) Box 1.

100 T T T T T T T T T

" Abs Max Diff
B0t

¢ (deg)
o

[OUL I N N I I I
——ADAMS
— ——POST2 CFE

¥ (deg)

6 (deg)

-100

i

—200L—i

Time (sec)

(b) Box 2.

Figure 15. Test Case 2: Euler angle (1-3-2 sequence) comparison
between ADAMS® and POST2/CFE for the spherical joint.
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Figure 16. Body frame angular velocity comparison between
ADAMS® and POST2/CFE for the spherical joint.
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Figure 17. Test Case 2: Box 2 body frame constraint force (at the joint)
comparison between ADAMS® and POST2/CFE for the spherical joint.
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Figure 18. Box 2 body frame constraint torque (at the joint) comparison
between ADAMS® and POST2/CFE for the spherical joint.

30



Application of Constraint Force Equation Methodology for Launch Vehicle Stage Separation

Ax (ft)

Az (ft)

Time (sec)

Figure 19. Relative joint separation between the connection points
of Box 1 and 2, represented in the body frame of Box 1.

3.1.3 Test Case 3: Revolute Joint

This test case consists of two boxes connected by a revolute joint (fig. 20). A revolute, or pin,
joint acts like a hinge on a door that prevents the door from separating from the wall but allows it
to rotate only about a single hinge axis. The reference inertial axes system is located at the joint
and is lined up with body axes systems of both Box 1 and Box 2 at t = 0. Table 5 presents the mass
properties and the center of mass locations.

The revolute joint constrains all three translational and two rotational DOF between the two
boxes allowing only relative rotations about the z body axis of Box 1. The following equations
define this constraint:

(r°8 —r%4).a, =0 (100)
(ro8 —r%4)-a,=0 (101)
(ro8 —r%4)-a, = (102)
by 4, =0 (103)
b;-4, =0 (104)

A constant external force with body axes components 5000 * (5,5,1)/v51 Ib was applied to
Box 1 at (-2.0, 0, 0.5 ft) in Box 1 body axes system. Figures 20-27 show the comparison of ADAMS®
and POST2/CFE simulation results. ADAMS® used its built-in RKF45 single step integrator with
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adaptive step size using an error tolerance of 5.0x10-11. POST2 used the single step fourth order
Runge Kutta method with a fixed step size of 0.001s. The CFE Baumgarte factor was set to 10.0 to
reduce joint constraint errors. Simulation results are presented in figs 21-28. The relative joint
errors (fig. 28) are, Ad = 90 — acos (bs - 4,), and, A6 = 90 — acos (b - a,) respectively. It is observed
that POST2/CFE results compare well with those generated using ADAMS®.

y(@,)
Box 1 ¢
PY
D6,

z(a,) 7 x @)

Joint located at origin
Box 1 joint axis of
rotation: {0, 0, 1}

Figure 20. Test Case 3: Revolute joint.

Table 5. Properties for Test Case 3.

Box 1 Box 2
m 622 slugs 622 slugs
Lix 220.2916667 slug ft2 881.166667 slug ft2
Ly 3524.666667 slug ft2 2695.33333 slug ft2
L2z 3330.291667 slug ft2 1917.83333 slug ft2
Center of mass
location in inertial {-4.854,-0.096, 0} ft {3.851, -0.096, 0} ft
systematt=0
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Figure 21. Inertial position comparison between
ADAMS® and POST2/CFE for the revolute joint.
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Figure 22. Inertial velocity comparison between
ADAMS® and POST2/CFE for the revolute joint.
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Figure 23. Box 1 Euler angle (1-3-2 sequence)
comparison between ADAMS® and POST2/CFE.
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Figure 24. Inertial angular velocity comparison between
ADAMS® and POST2/CFE for the revolute joint.
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Figure 25. Box 1 body frame constraint force
(at the joint) comparison between ADAMS® and
POST2/CFE for the revolute joint.
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Figure 26. Box 2 body frame constraint torque
(at the joint) comparison between ADAMS® and
POST2/CFE for the revolute joint.
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Figure 27. Relative joint separation between
Box 1 and 2 for the revolute joint.
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Figure 28. Relative joint orientation error between
Box 1 and 2 for the revolute joint.

3.14 Test Case 4: Translational Joint

This test case consists of a brick constrained to slide along a rail using a translational joint (fig.
29). A translational, or a onedimensional slider, joint can be thought of as an object sliding along a
straight rail that has a rectangular cross section. The rectangular cross section prevents the object
from rotating in any direction relative to the rail, while permitting relative sliding along the rail.
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The reference inertial axes system is located at the joint and is lined up with body axes systems of
both Box 1 and Box 2 at t = 0. Table 6 presents the mass properties and the center of mass locations.

The translational joint constrains all three rotational and two translational DOF between the
two bodies allowing only relative translations along the z-axis of the rail. The following equations
define this constraint:

(ro% —r%4). a, =0 (105)
(ro8 —r04).3, = (106)
by 4, =0 (107)
by, d,=0 (108)
b,-4,=0 (109)

A constant external force with body axes component (5000, 40000, -746) 1b was applied to the
brick at (-0.6, 0, -1.33334) ft in body axes system. The brick translates along the rail, which is fixed
inertially. The centerline of the rail, which is also the z-axis of the rail, coincides with the z inertial
axis. Figures 30-37 show the comparison between ADAMS® and POST2/CFE results. The relative
joint errors (fig. 37) are, A¢ = 90 — acos(bs - 4;), A = 90 — acos(b; - 4;), and Ay = 90 — acos(b, -
a,)respectively. ADAMS® used its built-in RKF45 single step integrator with adaptive step size and
an error tolerance of 1.0e-11. POST2 used the single step fourth order Runge Kutta method with a
fixed step size of 0.001s. The CFE Baumgarte factor was set to 10.0 to reduce joint constraint errors.

Rail is inertially fixed
“held down” in POST 2

Figure 29. Test Case 4: Translational joint.
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Table 6. Mass Properties for Test Case 4.

m 622 slugs
Lxx 220.3124 slug ft2
Ly 359.1252 slug ft2
% 64.8124 slug ft2
Center of mass location in
inertial system at ¢ = 0 {0, 1.583333, -0.666667} ft
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Figure 30. Inertial position comparison between
ADAMS® and POST2/CFE for the translational joint.
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Figure 31. Inertial velocity comparison between
ADAMS® and POST2/CFE for the translational joint.
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Figure 32. Euler angle (1-3-2 sequence) comparison between
ADAMS® and POST2/CFE for the translational joint.
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Figure 33. Brick body axis angular velocity comparison between
ADAMS® and POST2/CFE for the translational joint.
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Figure 34. Constraint force (at the joint) comparison between
ADAMS® and POST2/CFE for the translational joint.
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Figure 35. Constraint torque (at the joint) comparison between
ADAMS® and POST2/CFE for the translational joint.
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Figure 36. Relative x and y separation distances
between the rail and the brick.
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Figure 37. Relative joint orientation error between
the joint connections of the rail and brick.

3.1.5 Test Case 5: Cylindrical Joint

This test case consists of a brick constrained to slide along a circular rail or rod using a
cylindrical joint (fig. 38). A cylindrical joint is very similar to a translational joint, except that the
rail’s cross section is circular instead of rectangular. It permits sliding along the rail as in the case of
a translational joint, but additionally, it permits relative rotation about the rail axis. The reference
inertial axes system is located at the joint and is lined up with body axes systems of the Brick at ¢ =
0. Table 7 presents the mass properties and the center of mass locations.

The joint constrains two rotational and two translational DOF between the two bodies allowing
only relative translations and rotations along and about the z, axis of the rod. The following
equations define this constraint:

(ro8 —r%4). a, = (110)
(ro8 —r%4).a, = (111)
by-4,=0 (112)
b;-4,=0 (113)

A constant external force with body axes component (0, 40000, -746) 1b was applied to the brick at
(-0.6, 0.5833, -1.33337) ft in body axes system. The brick translates along the rail, which is fixed
inertially. The centerline of the rail, which is also the z-axis of the rail, coincides with the z inertial
axis. Figures 39-46 show the comparison between ADAMS® and POST2/CFE results. The relative
joint errors (fig. 46) are, A = 90 — acos (b - 4;), and, AB = 90 — acos (b - 4,) respectively. ADAMS®
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used its built-in (RKF45 single step integrator with adaptive step size using an error tolerance of
1.0e-11. POST2 used the single step fourth order Runge Kutta method with a fixed step size of
0.001s. The CFE Baumgarte factor was set to 10.0 to reduce joint constraint errors.

Rail is inertially fixed
“held down” in POST 2

Figure 38. Test Case 5: Cylindrical joint test case.

Table 7. Mass Properties for Test Case 5.

m 622 slugs
I 220.3124 slug ft2
Iy 359.1252 slug ft2
Iz 64.8124 slug ft2
Center of mass location in
inertial system at ¢ = 0 {0, 1.583333, -0.666667} ft
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Figure 39. Inertial position comparison between
ADAMS® and POST2/CFE for the cylindrical joint.
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Figure 40. Inertial velocity comparison between
ADAMS® and POST2/CFE for the cylindrical joint.
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Figure 41. Euler angle. w(rotation about z axis) comparison
between ADAMS® and POST2/CFE for the cylindrical joint.
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Figure 42. Brick inertial angular velocity comparison between
ADAMS® and POST2/CFE for the cylindrical joint.
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Figure 43. Brick body axis constraint force (at the joint)
comparison between ADAMS® and POST2/CFE for the
cylindrical joint.
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Figure 44. Brick body axis constraint torque (at the joint)
comparison between ADAMS® and POST2/CFE for the
cylindrical joint.
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Figure 45. Relative x and y axis separation
between the rod and the brick.
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Figure 46. Relative joint orientation error between
the joint connections of the rod and brick.

3.1.6 Test Case 6: Universal Joint

This test case consists of two boxes connected by a universal joint (fig. 47). A universal joint is a
connection between two bodies that allows relative rotation about two axes at the joint location.
One rotation axis is fixed in the primary rigid body, and the other is fixed in the secondary body.
These two axes are supposed to remain perpendicular to each other at all times. The reference
inertial axes system is located at the joint and is lined up with body axes systems of both Box 1 and
Box 2 at t= 0. Table 8 presents the mass properties and the center of mass locations.

The joint constrains all three translational and one rotational DOF between the two boxes.
Rotations are permitted about the y axis of Box 1 and about the z axis of Box 2 as illustrated in the
figure. Therefore one must require that these two axes of rotation remain perpendicular at all
times. The following equations define this constraint:
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(114)
(115)
(116)

(117)

A constant external force with body axes components 5000 * (5,5,1)/+/51 was applied to Box 1
at (-2.0, 0, 0.5) ft in body axes system. Figures 48-55 show the output results between ADAMS®
and POST2/CFE. Note that the relative joint orientation error shown in Figure 55 is the deviation
from the required 90 deg angle constraint between the unit vectors 4, and b;. ADAMS® used its
built-in RKF45 single step integrator with adaptive step size using an error tolerance of 1.0e-11.
POST2 used the single step fourth order Runge Kutta method with a fixed step size of 0.001s. The
CFE Baumgarte factor was set to 10.0 to reduce joint constraint errors.

Box 1

@,) Joint located at origin

Figure 47. Test Case 6: Universal joint.

Table 8. Mass Properties for Test Case 6.

Box 1 Box 2
m 622 slugs 622 slugs
I 220.2916667 slug ft2 881.166667 slug ft?
Ly 3524.666667 slug ft2 2695.33333 slug ft?
Iz 3330.291667 slug ft? 1917.83333 slug ft?

Center of mass location
in inertial system at t=0

{-4.854, -0.096, 0} ft

{3.851,-0.096, 0} ft
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Figure 48. Inertial position comparison between
ADAMS® and POST2/CFE for the universal joint.
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Figure 49. Inertial velocity comparison between
ADAMS® and POST2/CFE for the universal joint.
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Figure 50. Euler angle (1-3-2 sequence) comparison between
ADAMS® and POST2/CFE for the universal joint.
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Figure 51. Body axis angular velocity comparison between
ADAMS® and POST2/CFE for the universal joint.
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Figure 52. Constraint force (at the joint) comparison between
ADAMS® and POST2/CFE for the universal joint.
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Figure 53. Constraint torque (at the joint) comparison between
ADAMS® and POST2/CFE for the universal joint.
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Figure 54. Relative joint separation between the connection
points of Box 1 and 2 for universal joint.
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Figure 55. Relative joint orientation error between the joint
connections of Box 1 and 2 for universal joint.
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3.1.7 Test Case 7: Planar Joint

This test case consists of an upright cylinder constrained to slide along a table surface using a
planar joint (fig. 56). A planar, or two-dimensional slider, joint can be thought of as a hockey puck
spinning and sliding along a flat sheet of ice, where the puck cannot be pried from the ice. That is,
this joint allows relative translation along a plane, and relative rotation about the axis
perpendicular to that plane. The reference inertial axes system is located at the joint and is lined up
with body axes systems of both Box 1 and Box 2 at t = 0. The mass properties and the center of
mass locations are presented in table 9.

The joint constrains one translational and two rotational DOF between the cylinder and table by
restricting relative translation along and permitting relative rotation about the table’s (and
cylinder’s) y axis. The following equations define this constraint:

(ro8 —r%4)-a, =0 (118)
b, 4, =0 (119)
b, 4;=0 (120)

A constant external force with body axes components (-10, 2000, -6.0) Ib was applied to the
cylinder at (0.3, -0.08333, -0.5) ft in body axes system. Additionally, the table is inertially fixed so
that it cannot move. Figures 57-64 show the comparison of ADAMS® and POST2/CFE results. The
relative joint errors (fig. 64) about x and y axes are, A = 90 — acos (b, - 4;), and, Ay = 90 — acos
(b, - 43 ) respectively. ADAMS® used its built-in RKF45 single step integrator with adaptive step
size using an error tolerance of 1.0e-11. POST2 used the single step fourth order Runge-Kutta
method with a fixed step size of 0.001s. The CFE Baumgarte factor was set to 10.0 to reduce joint
constraint errors.

Table
(Table is inertially fixed
“held down” in POST2)

Iy @,

y (b,
x(@,)

Cylinder x(b,)

Joint located at origin
Cylinder axis of rotation and
translation constraint: {0, 1, 0}

Figure 56. Test Case 7: Planar joint test case.
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Table 9. Mass Properties for Test Case 7.

m 5 slug

L 1.771 slug ft?

Ly 2.083 slug ft2

Izz 0.521 slug ft?

cg {0,1.5833333, 0}ft
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{0 ' Abs Max Diff: 8.00234e-05+
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Figure 57. Cylinder inertial position comparison between
ADAMS® and POST2/CFE for the planar joint.
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Figure 58. Cylinder inertial velocity comparison between
ADAMS® and POST2/CFE for the planar joint.
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Figure 59. Euler angle (1-3-2 sequence) comparison
between ADAMS® and POST2/CFE for the planar joint.
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Figure 60. Cylinder body axis angular velocity comparison
between ADAMS® and POST2/CFE for the planar joint.
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Figure 61. Constraint force (at the joint) comparison between
ADAMS® and POST2/CFE for the planar joint.
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Figure 62. Constraint torque (at the joint) comparison
between ADAMS® and POST2/CFE for the planar joint.
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Figure 63. Relative joint separation between the
cylinder and table connection points, represented
in inertial frame components.
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i
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Figure 64. Relative joint orientation error between
the joint connections of the table and cylinder.

3.2 Concept of Generalized Joint

The simple joints discussed above for various test cases need special coding for each case,
which requires considerable effort for a new user. To facilitate easier implementation of the CFE
method, all required coding was developed and integrated into the generalized joint, which permits
the user to simulate any of the specific joint types described previously. The generalized joint
facilitates the user to make appropriate selections as needed without needing the user to write
specific CFE code and link it to POST2 for each joint type.

To test the generalized joint software, following subsets of the above test cases were rerun
using the generalized joint. For each case, the respective predefined joints were replaced with
equivalent generalized joints to replicate the simulation results. The generalized joint performed as
expected and matched the original results closely and in many cases, identically. Small differences
that were observed are attributed to orientation differences in joint coordinate systems set up in
the algorithm. In particular, the orientations are automatically assigned for the predefined joints by
the CFE algorithm, whereas they are user defined for the generalized joint. Thus, the exact system
of equations may have been different between the two solutions, even though the same constraints
are ultimately being applied. The POST2/CFE user guide (ref. 30) presents a complete description
of the construct and implementation of the generalized joint.
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3.2.1  Generalized Spherical Joint

The results for the generalized spherical joint were identical to the predefined spherical joint type
as shown in figs 65—71. Here, only results for Box 1 are presented.

Ax (ft)

—— CFE standard joint
— — — CFE generalized joint

Ay (ft)

Az (ft)

Time (sec)

Figure 65. Box 1 inertial position comparison between

POST2/CFE standard spherical joint and generalized
joint.
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Figure 66. Box 1 inertial velocity comparison between
POST2/CFE standard spherical joint and generalized
joint.
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Figure 67. Box 1 Euler angle (1-3-2 sequence) comparison
between POST2/CFE standard spherical joint and
generalized joint.
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Figure 68. Box 1 body axis angular velocity comparison
between POST2/CFE standard spherical joint and
generalized joint.
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Figure 69. Constraint force comparison between
POST2/CFE standard spherical joint and generalized joint.
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Figure 70. Constraint torque comparison between
POST2/CFE standard spherical joint and generalized joint.
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3.2.2 Generalized Universal Joint

The results for the generalized universal joint were nearly identical to the predefined universal
joint type. Figure 71 shows that the notable difference is in the first two translational constraint
violations. This is because the x and y axes of the translational joint coordinate system were flipped
between the two simulations. Again this is because of orientation differences between the pre-
defined universal joint and the way it was defined in the generalized joint version. Figures 72-79
present the results for Box 1. Note that, as said earlier, the relative joint orientation error shown in
Figure 79 is the deviation from the required 90 deg angle constraint between the unit vectors a,
and b; (Figure 47). For simplicity, results for Box 2 are not present.

Ax (ft)

Abs Max lef 2. 9754e 14

Iy I
—— CFE standard joint
— — — CFE generalized joint

Ay (ft)

x 1078
T

Az ()

Time (sec)

Figure 71. Comparison of relative joint separation
between the connection points of Box 1 and 2,
represented in the body frame of Box 1 for
POST2/CFE standard universal joint and generalized
joint.
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Figure 72. Box 1 inertial position comparison between
POST2/CFE standard universal joint and generalized joint.
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Figure 73. Box 1 inertial velocity comparison between
POST2/CFE standard universal joint and generalized joint
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Figure 74. Box 1 Euler angle (1-3-2 sequence) comparison
between POST2/CFE standard universal joint and
generalized joint.
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Figure 75. Box 1 body axis angular velocity comparison
between POST2/CFE standard universal joint and
generalized joint.

73



Application of Constraint Force Equation Methodology for Launch Vehicle Stage Separation

200
100 |-

-100
-200
-300 ' : ' : : ' : !
_400 S SN S SN SN S S
—— CFE standard joint

— — — CFE generalized joint

F, (Ib)

F, (Ib)

-100 -------- -------- -------- R
H H H Abs Max Diff: 1.83924e—-11-:
_1 50 i i i i i i H i

Ab% MaxI Diff: I2.988|54e—1|1

1 2 3 4 5 6 7 8 9 10
Time (sec)

Figure 76. Constraint force comparison between
POST2/CFE standard universal joint and generalized
joint
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Figure 77. Constraint torque comparison between
POST2/CFE standard universal joint and generalized
joint.
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Figure 78. Comparison of relative joint
separation between the connection points of
Box 1 and 2 for POST2/CFE standard
universal joint and generalized joint.
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Figure 79. Comparison of relative joint orientation
error between the joint connections of Box 1 and 2
for POST2/CFE standard universal joint and
generalized joint.
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3.2.3 Generalized Planar Joint

The results for the generalized planar joint were very close to the predefined planar joint type.
Slight differences were observed in several of the plots where the scale was on a very small
magnitude. Again this is because of joint coordinate system orientation difference between the
predefined planar joint, and the way it was defined in the generalized joint version. Figures 80-87
present the results. The relative joint errors A¢p and Ay shown in fig. 87 were computed in the same

way as those shown previously in fig. 64.
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Figure 80. Cylinder inertial position comparison between
POST2/CFE standard planar joint and generalized joint.
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Figure 81. Cylinder inertial velocity comparison between
POST2/CFE standard planar joint and generalized joint.
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Figure 82. Cylinder Euler angle (1-3-2 sequence) comparison
between POST2/CFE standard planar joint and generalized joint.
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Figure 83. Cylinder body axis angular velocity comparison
between POST2/CFE standard planar joint and generalized joint.
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Figure 84. Constraint force comparison between
POST2/CFE standard planar joint and generalized joint.

81



Application of Constraint Force Equation Methodology for Launch Vehicle Stage Separation

999.82— T T 71 T T T T

P R R .l

999.50 ——————+

T, (ft+lb

909,40 -

oogagl i i i i i i i i |
— CFE standard joint
< 10-8 — — — CFE generalized joint

1.0

s et s s S S s S
N S AN

CLARY| 1
N T

] e S s s S S S S O

VY U N N O NUOE S WS SO SO W 10
sl

—

I ]
1/\,.'\\1 AW
MOTT T

(ft=Ib)
o
1

=

SBO————T T 7 1 T T T

T s e
2600.0|-t ... ADS MaX DI 0.000333334

T, (ftxIb)

8005 -

-600.0

Time (sec)

Figure 85. Constraint torque comparison between
POST2/CFE standard planar joint and generalized joint.
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Figure 86. Comparison of relative joint separation between the cylinder
and table connection points, represented in inertial frame components, for
POST2/CFE standard planar joint and generalized joint.
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Figure 87. Comparison of relative joint orientation
error between the joint connections of the table and
cylinder for POST2/CFE standard planar joint and
generalized joint.
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Section 4. Application of POST2/CFE for Launch Vehicle
Stage Separation

This section discusses the application of the POST2/CFE for launch vehicle stage separation.
The three cases discussed are (i) the Space Shuttle Solid Rocket Booster (SRB) separation from
Orbiter-External Tank (OET) and a comparison of the results with available STS-1 flight test data,
(ii) the Hyper X Research Vehicle separation from the Pegasus Booster and a comparison of the
results with available flight test data, and (iii) the end-to-end simulation for a bimese TSTO launch
vehicle concept from lift-off to orbit insertion or first stage reentry including stage separation
dynamics.

4.1 Space Shuttle SRB Separation

The Space Shuttle is designed to launch a variety of payloads into (and/or retrieve from) Earth’s
orbit. The Shuttle can deliver up to 55,000 b of cargo to low Earth orbit.. The Shuttle launch con-
figuration consists of the OET and the two SRBs. Figure 88 shows a schematic arrangement of the

launch configuration.
External
~ Forward /\(
Booster Tank

Separation 17/ \7
Motors _

Left SRB~f— [~ |- Right SRB o)
[ J/ Orbiter

SSME engines
TVC

SRB engine TVC

Aft Booster
Separation Motors

Figure 88. Space Shuttle vehicle configuration.

The burn time of the SRBs is approximately two minutes. At burn out, the left and right SRBs
separate simultaneously. The nominal staging of SRBs occurs from 150,000 ft to 180,000 ft altitude
and Mach 3.75 to 4.0. The SRB lateral and vertical separation is aided by a cluster of four booster
separation motors (BSMs) located in the forward pods and another cluster of four BSMs on the aft
skirts of each SRB. The BSMs provide lateral and normal acceleration of the SRBs away from the
OET. The relative axial acceleration is achieved by the thrust from the Space Shuttle main engines
(SSMEs). After separation, the SRBs are decelerated by parachutes during their descent for splash-
down in the ocean, approximately 141 nautical miles from the launch site. The SRBs are recovered
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and refurbished for reuse. Fig. 89 presents a schematic illustration of SRB separation, descent, and
recovery.

External
Tank
4 Separation
P
'..-‘
Drogue \
Parachute
" Tower &
Clearance
Initiate Roll -
Initiate Pitch y
Main
Parachutes
A R
i de——gs-
¥ Maintenance Return to Booster Ocean
and Launch Site  Splashdown  Impact Area
Refurbishment for Reuse of Tank
14-day
Turnaround

Figure 89. Schematic illustration of Space Shuttle staging events.

The SRBs are attached to the ET at one point on the forward end and at three points on the aft
end (fig. 90). The forward attachment point is used to transfer the thrust loads from the SRB to the
ET. The aft attachment points consist of three struts. At SRB separation, the bolts holding the
forward and aft attachment points are severed, the aft joints are released, and the SRBs still
connected to the OET are allowed to rotate about the forward joints up to a maximum of 1 deg prior
to release. Upon release, the forward and aft BSMs on each SRB are fired simultaneously to move
the SRBs away from the OET. The BSMs burn for 1.6 sec, with a peak duration of about 0.68 sec. The
SRB separation is complex and is influenced by several factors. The OET cannot make a lateral
maneuver to aid separation because an SRB is coming off each side. Consequently, for the duration
of the separation event, the OET is flown in an attitude-hold mode. Because the Orbiter engines are
above the OET center of gravity, they were canted upward for achieving moment balance (resultant
thrust passing through the OET center of gravity) for attitude-hold mode. As a result, the OET
moves downward and towards the SRBs. However, the BSMs’ thrust is sufficiently large to move the
SRBs away from the OET, resulting in a safe separation.
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Figure 90. Attachment of SRBs to OET.
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Table 10 presents the STS-1 (Space Transportation System-1) flight parameters at SRB separa-
tion and table 11 shows simulation parameters. Figure 91 shows the definition of separation dis-
tances. ref. 31 presents complete details of the SRB separation simulations. Here, only the main
results are presented to highlight the POST2/CFE capability to simulate multi-body separation in a
launch vehicle staging scenario.

Table 10. STS-1 Flight Parameters at SRB Separation.

Parameter Value
Altitude, ft 173,857
Velocity, ft/sec 4112.0
Mach Number 3.877
Dynamic Pressure, 1b/ft? 12.83
Angle of Attack, deg 3.0
Sideslip, deg 0.75
Flight Path Angle, deg 36.966
Body Roll Rate, deg/sec -0.3
Body Pitch Rate, deg/sec 0.4
Body Yaw Rate, deg/sec 0
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Figure 91. Relative orientations and locations of
OET and SRBs during separation.

Table 11. POST2/CFE Simulation Parameters.

Parameter Value
Simulation time, sec 4.0
Integration step size, sec 0.001
Aft (fixed) joint release, sec 0.02
Front (revolute) joint release, deg -0.104

Each aft joint was modeled as a fixed joint, released instantaneously, and each forward joint
was modeled as a revolute joint permitting the SRBs to rotate with respect to the OET.

At t = 0.02 sec, the fixed aft joint was released allowing the SRBs to rotate about the top
revolute joint. By trial and error, it was found that releasing the SRBs when the rotation angle
reached -0.104 deg at about t = 0.02 sec, provided a good match with the trends of the STS-1 flight
data. Using this criterion, the SRBs were released at ¢ = 0.2 sec and the BSMs were activated.

For a comparison of POST2/CFE results along with STS-1 flight data and Shuttle vehicle
dynamic simulation (SVDS) (ref. 31) data for various parameters are presented in figs. 92-98.
However, not all the input data used in SVDS were available and engineering judgment was used to
generate the missing input data. The input data uncertainty may be a factor contributing to the
differences between SVDS results and POST2 /CFE predictions.

The predicted POST2/CFE relative locations of the vehicles during separation are in good agree-
ment with the flight data (fig. 92).
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Figure 92. Variation of relative distances Ax, Ay and Az with
time during SRB separation, STS-1.

The x, y, and z components of linear accelerations (in terms of gravitational acceleration G)
for OET, left and right SRBs are shown in fig. 93-95. It may be observed that at t = 0.2 sec, when the
joint is released, there is a steep rise in x and z components of OET acceleration because of a
sudden decrease in the combined vehicle mass as a result of the SRB’s release. Similarly, the y and z
components of SRB accelerations show a steep rise at t = 0.2 sec when BSMs are turned on and a
sharp drop at t = 1.0 sec when the BSM thrust starts falling off. The predicted linear accelerations
for the OET and the SRBs are in fair agreement with the flight data.
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Figure 95. Variation of RSRB linear acceleration
(excluding gravity) components during separation.

The predicted components of the OET and the SRBs were noted to be very sensitive to assumed
center-of-gravity locations. In view of this, the angular velocities are presented in fig. 96 for the
nominal and two cases of OET center of gravity variation, with SRB centers of gravity at nominal
locations. The x location of the OET center of gravity was held fixed while the y and z locations
were varied within the uncertainty range estimated for STS-1. For example, the case “OET-Min SRB
Nom” corresponds to OET y and z locations at their minimum value and SRB locations at their
nominal value. These predictions based on center of gravity variations compared better with the
STS-1 flight data for angular velocities in pitch and yaw compared to the nominal case. However,
the angular velocity in roll is still outside the range of these predictions involving center of gravity
variations.

The predicted LSRB and RSRB angular velocity components are shown in figs. 97 and 98 for the
nominal case and cases with different combinations of center of gravity variations. For the SRBs, the
x location of the center of gravity was held at the nominal location, and the y and z locations were
varied from the minimum to the maximum uncertainty bounds. The OET center of gravity was
located at its nominal position. For example, the case “OET-Nom SRB-Ynom Zmax” corresponds to
the OET center of gravity at the nominal location, the SRB y location at the nominal location and the
z location at its maximum uncertainty bound. For the LSRB, these predictions involving center of
gravity variations compare better with STS-1 flight data than the nominal case. However, for the
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RSRB, the flight angular velocity in roll still differs significantly from current predictions. There was
an anomaly in the RSRB sensor during STS-1, and its flight data is possibly in error (ref. 31). This
anomaly is evident because the initial value of roll rate is -1.6 rad/sec instead of -0.3 rad/sec (see
table 2). If the flight data were readjusted to cancel this initial offset, the current predictions would
compare more favorably as can be observed in fig. 98. However, this readjustment of flight data
was not attempted here.
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Figure 96. Variation OET of angular velocity components
during separation, STS-1.
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Figure 97. LSRB: Angular velocity components during separation, STS-1.
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Figure 98. RSRB: Angular velocity components during separation, STS-1.

In general, the results of POST2/CFE simulation compared reasonably well with STS-1 flight
data and the SVDS data. Some differences that exist may be the result of incorrect inputs to the
POST2 /CFE simulation because of unavailability of exact values of key input parameters like SSME
initial cant angles. The results indicate that POST2/CFE is capable of satisfactorily predicting multi-
body separation dynamics in launch vehicle staging scenario like the Space Shuttle SRB separation.

4.2 Hyper-X Stage Separation

This test case was selected to evaluate the capability of POST2/CFE to model and simulate
another case of flight vehicle stage separation and compare results with flight data from NASA’s
X-43A hypersonic scramjet test vehicle (fig. 99). In 2004, NASA conducted two successful scramjet
test flights of the X-43A research vehicle (RV) at speeds near Mach 7 and 10, respectively. The
roughly 10 second scramjet test was performed after the RV was boosted to the target flight condi-
tion by the Hyper-X Launch Vehicle (HXLV). Figure 100 shows a dimensioned drawing of the mated
RV and HXLV. Additional information describing the X-43A RV and HXLV may be found in ref. 32.
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Figure 99. Artistic rendering of X-43A (RV) separation from HXLV booster.
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Figure 100. Dimensioned drawing of mated X-43A
Research Vehicle and Hyper-X Launch Vehicle.
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Figure 101. CFE modeling of piston contact
for X-43A separation problem.

The X-43A stage separation event was initiated approximately three seconds after HXLV

burnout at a dynamic pressure of 1000 psf. Separation began when two pyrotechnically actuated
pistons extending from the booster pushed against the RV to induce ~16 ft/s of relative velocity
between the two vehicles. The two pistons, which were positioned roughly 9 in on each side of the
RV centerline, were initially in contact with a cup-like ball joint attached to the RV that permitted
rotation about the piston contact point and translation only along the line of action of the piston
force, which was oriented 4 deg below the horizontal. Both pistons were connected to the same gas
chamber and were activated at the same time and remained in contact with the RV for ~0.1 sec
until they reached the end of their nine-inch stroke length. Although the ball joint permitted rota-
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tion in any direction at each individual piston contact point, the fact that both pistons were fired
concurrently and were simultaneously in contact with the RV effectively excluded relative rolling
and yawing rotation between the two separating vehicles.

Once the pistons reached the end of their nine-inch extensions, the RV separated from the
HXLV. At this time, the HXLV commanded a nose-down pitching moment to move away from the
RV, and the RV was steered to its required target condition.

This problem was set up using POST2/CFE to model the piston constraint forces. The two
pistons were modeled as a single piston to avoid over-constraining the problem. Thus, a single
piston was modeled as a sliding joint in series with a revolute joint; that is, relative translation was
allowed in one direction (the piston line of action), and relative rotation was permitted only about
the pitch axis. The piston was placed at the centerline of the RV, and the axial force that pushed the
vehicles apart was doubled. Figure 101 shows a schematic highlighting these modeling details.

The unit vectors are defined in the HXLV such that a; is along the direction in which transla-
tion or sliding is permitted (along the piston line of action), and 4, indicates the direction in which
rotation is free to occur (pitch axis). A similar set of unit vectors, b, can be defined that are fixed
in the RV and initially aligned with the unit vectors &, fixed in the HXLV. For this case, two con-
straint equations with the form of Eq. (7) can be written as

(r° — r%4)-a, =0 (r=2,3) (121)

Note that 4, and a; are substituted for ea. In addition, two constraint equations describing
the restriction imposed on relative orientation are formed:

b,-4,=0,by;-4,=0 (122)

With the assumption that the joint is frictionless, the constraint force and moment in the direc-
tions where motion is permitted become (using Eq. (18) and (19))

B8, =0, TE -, = 0 123)

The results are compared with available X-43A flight data and previously published X-43A pre-
flight simulation (ref. 32), which was also developed using POST2, but each joint between the
pistons and the RV was modeled as a massless spring with a prescribed force profile in the direc-
tion along the piston centerline. The spring restoring forces were computed from beam deflection
theory in the lateral directions perpendicular to the axis of piston motion. Reference 32 details the
development of this preflight POST2 spring model simulation. The primary difference in problem
setup between the two approaches is in the modeling of the pistons, where POST2 /CFE models only
one piston to avoid over-constraining the problem, the spring model implementation models both
pistons.

As a measure of how well the joint constraint was satisfied, fig. 102 shows the relative joint dis-
placement between the two separating vehicles. This parameter is the distance from the RV joint
location to the HXLV joint location and was computed in the piston axial (line of action, a;), lateral
(43), and normal (43) directions. The results indicate that CFE does a better job of enforcing the
translational constraint than the spring model, and there is virtually no joint displacement in the
lateral or normal directions. Similar results are seen in fig. 103 for the relative difference in attitude
between the two vehicles. Again, CFE does an excellent job of enforcing the rotational constraint,
essentially eliminating any relative roll and yaw between the RV and HXLV. Figures 104 and 105,
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respectively, show the constraint forces and moments about the vehicle center of mass. In these
plots, the forces and moments computed by the spring model include the contributions of both
pistons. The results show that both the spring model and POST2/CFE compute very similar forces
and moments. However, the spring model results are oscillatory in nature since the joint constraint
is not satisfied exactly.
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Figure 102. Comparison of joint displacement in
X, Y, and z directions for CFE and spring model.
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Figure 103. Comparison of relative angular displacement
between POST2/CFE and spring model.
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Figure 104. Comparison of constraint forces
computed by POST2/CFE and spring model.
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Figure 105. Comparison of constraint (torques)
computed by POST2/CFE and spring model.

Figure 106 shows comparisons of the angle of attack and angle of sideslip profiles. Both the
spring model and POST2/CFE results for angle of attack match well with flight data. However, there
are larger differences in the sideslip response. In addition, both techniques match the observed
flight data well. It should be noted that the degree to which the simulation results match the flight
data depends on other factors besides CFE modeling, such as aerodynamic force and moments,
winds, accuracy of flight data instrumentation, etc. Aerodynamic modeling was especially critical
because separation occurred at a dynamic pressure of 1000 psf.

98



Application of Constraint Force Equation Methodology for Launch Vehicle Stage Separation

—— Spring Model, Nominal aero
-—-- Spring Model, adj. aero
—-— CFE, adj. aero

----- Unconstrained, adj. aero

o Flight Data

RV angle of attack
(deg)

T T
d.Q O- :..
e

foocdeeeeed

RV sideslip angle
(deg)

0.6 i i i : i i i i ;
0 020406081012 1416 1.8 2.0
Time (sec)

Figure 106. Simulation versus flight data comparison
of angle of attack and angle of sideslip profiles.

To illustrate the sensitivity of the simulation results to aerodynamic modeling, computations
were made using the nominal (preflight) aerodynamic database and a post-flight reconstructed
aerodynamic database in which the uncertainty terms had been adjusted to match the flight data
more closely. The variations in angle of attack and sideslip differ significantly depending on which
aerodynamic model was used. Note that all POST2/CFE results were generated using the adjusted
aerodynamics.

As a further comparison, fig. 106 shows results for an unconstrained case where no constraint
forces were applied to model the joint (but the piston axial force that pushed the vehicles apart was
still modeled). During the first one second of separation, the unconstrained results differed signi-
ficantly from the cases that included the constraint, demonstrating the importance of accurate
modeling of the piston joint. Even though the differences between the constrained and unconstrain-
ed angle of attack and sideslip profiles disappeared after the control system became active and was
able to compensate, it is important to capture the dynamics during the first second of flight since
during that period the risk of re-contact was highest.

Figure 107 shows similar comparisons for the linear accelerations. The vertical (i.e.,, Body z
direction) acceleration results were the most sensitive to the way in which the piston constraint
was modeled and were also the most important for assessing the risk of re-contact. Again, the
spring model and CFE results were nearly identical and provided a good match to the flight data.
The differences between the constrained and unconstrained cases were actually larger than the
differences because of aerodynamics.
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Figure 107. Simulation versus flight data comparison
of X, y, and z accelerations in the local body frame.

Figure 108 compares the angular velocity results with the flight data. Once again there is
excellent agreement between the spring model and CFE simulation results. Both simulations match
the pitch rate flight data very well and do a much better job at predicting the pitching motion than
the unconstrained case. The comparison between simulation and flight for yaw rate and roll rate is
not as good. Much of the difference can be attributed to inadequate lateral-directional aerodynamic
modeling as is evident in the large difference in results between the cases with nominal aero-

dynamics and adjusted aerodynamics.
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Figure 108. Hyper-X simulation versus flight data
comparison of body roll, pitch, and yaw rate profiles.
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4.3 End-To-End Simulation of Bimese TSTO Vehicle

Typically, the ascent trajectories are three DOF trajectories, while stage separation, which is
usually a six DOF simulation, is not part of ascent trajectories and is simulated separately, and most
of the times, using different simulation software. In this scenario, there is a two-way handoff, first
from ascent part to set initial condition for separation, and then from separation to ascent of the
upper stage or booster return. The challenge is to ensure that both of these handoffs are smooth,
compatible and seamless without errors. The end-to-end simulation with stage separation as inte-
gral part eliminates the possibility of handoff errors. However, there is the challenge to merge the
three DOF ascent simulation with the six DOF separation simulation. The objective of this exercise
is to demonstrate the capability of POST2/CFE to handle this challenge and simulate a complete
end-to-end mission, including stage separation dynamics.

The vehicle configuration selected for this exercise is the NASA Langley in-house TSTO Langley
Glide Back Booster (LGBB) bimese configuration, consisting of a reusable booster and orbiter with
the same outer mold line (fig. 109). Complete details of the bimese vehicles and end-to-end simula-
tion are presented in ref. 33. Here, only the main results are presented.

Figure 109. Schematic of the bimese booster and orbiter configuration.

Figure 110 shows the schematic diagram of the attachment of the orbiter to the booster. The
booster is attached to the orbiter at two points. The forward joint is a fixed support and the aft joint
is designed to permit rotation in pitch. At separation, the orbiter is operating at full thrust and the
booster at no thrust.

Figure 111 shows the bimese flight profile to a low earth orbit mission. The launch vehicle stack
is vertically launched and ascends up to the staging using the fuel in the booster. The staging occurs
when the booster fuel is exhausted. After separation, the booster returns unpowered to a runway
landing near the launch site, while the orbiter continues its assent up to low earth orbit. Table 12
gives flight parameters at staging.
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Figure 111. Flight profile for the bimese configuration.

Table 12. Flight Parameters at Staging.

Mach 3.79
Altitude, ft 93,975
Latitude, deg 28.57 N
Longitude, deg 79.76 W
Relative velocity, ft/sec 3741

Relative flight path angle, deg 34.57

Angle of attack, deg 0

Dynamic pressure, psf 308.0
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To simplify modeling within POST2, the orbiter and booster stack were initially modeled as a
single vehicle stack with two LOX-H2 rocket engines operating from liftoff until staging. After liftoff,
the vehicle stack was controlled using pitch angles until five seconds before separation, at which
point, the vehicle stack was guided using aerodynamic angles to adjust the angle of attack to zero at
separation. The booster and orbiter were then modeled as two separate vehicles prior to separation
with the booster positioned belly-to-belly (180 degrees in roll) relative to the orbiter.

To begin with, the rear attachment between the vehicles (fig. 110) was assumed to be a fixed
joint. At staging, the front attachment was released and the rear attachment was changed to a revo-
lute joint free to rotate in the pitch plane. Once the relative pitch between the vehicles reached 1.0
degree, the rotational joint was released, and the vehicles were set free to move apart in response
to aerodynamic forces and thrust from the orbiter engine.

The simulation was three DOF from launch to staging, six DOF during separation, three DOF
again post separation. Once the axial separation distance between the vehicles exceeded 2.1 vehicle
lengths, staging was assumed to be complete, and the orbiter was then guided to a 50 nmi altitude
(303,800 ft) with an inclination of 51.6 deg using pitch angle guidance. Once the specified orbital
velocity was reached (25,855ft/sec), the orbiter engine was turned off, and the orbiter portion of
the simulation was terminated. Meanwhile, the unpowered booster was guided back to the launch
site using bank angle and angle of attack control. The landing target was the longitude and latitude
of the launch site. The simulation was terminated when the booster was within 1 mile of the launch
site with an altitude margin of about 1000 ft. The alignment with the runway and landing were not

simulated.
Figures 112 and 113 show altitude and velocity as a function of time for the overall mission.
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Figure 112. Velocity profile Figure 113. Altitude profile
for the complete mission. for the complete mission.

The staging occurs around ¢ =119 sec. and lasts for about five sec. The vehicles separated once
the relative pitch between vehicles reached 1.0 deg. Separation distance between the booster and
orbiter is presented in fig. 114 in terms of axial and normal distances, Ax/Lrer and Az/Lrer, where Lyet
is the vehicle length of 260.1 ft. Figure 115 shows the angle of attack variations for the booster and

orbiter during separation phase.
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To further evaluate POST2/CFE separation results, a separate, isolated stage separation case
was run with the same conditions as in ref. 14 and compared with the results obtained using
ConSep/ADAMS®. The separation distance between the orbiter and booster is in terms of Ax/Lrer
and Az/L. over a six second period after initiation of the separation event. The POST2/CFE
separation distance (fig. 116) is in excellent agreement with ConSep/ADAMS®. Figures 117 and 118
show the angle of attack and the pitch rate, respectively, of the orbiter and booster obtained from
POST2/CFE and ConSep/ADAMS®. Again excellent agreement between the two methods is ob-
served. This exercise provides confidence that POST2/CFE correctly simulated the separation dy-
namics in the complete, end-to-end bimese mission.
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Figure 118. Comparison of booster and
orbiter pitch rates during separation.

After separation, the booster descended unpowered back to the runway. The booster was
guided using angle of attack and bank angle as control variables, to a target of 28.5 deg N latitude
and 80.0 deg W longitude, +0.0145 deg. (or +1 mile) at an altitude of 1000 ft. The runway landing
was not simulated in this study.

Section 5. Summary and Concluding Remarks

The CFE methodology provides a framework for modeling constraint forces and moments
acting at joints that connect multiple vehicles. Several stand-alone test cases involving various
types of simple joints were developed to validate the CFE methodology and comparisons were
made with those predicted using industry standard benchmark software like ADAMS® and Autolev.
The CFE results were in excellent agreement with ADAMS® or Autolev. Then, the CFE methodology
was implemented in POST2. With implementation in POST2, the CFE provides a capability to
simulate stage separation dynamics of launch vehicles as well as end-to-end trajectories of launch
vehicles including stage separation. The POST2/CFE simulation methodology was applied to the
STS-1 Space Shuttle SRB separation and X-43A RV separation from Pegasus launch vehicle as a
further test and validation for POST2/CFE for launch vehicle stage separation. The results are in fair
agreement with corresponding flight data. The POST2/CFE was applied for end-to-end simulation
of the bimese TSTO concept and the results of stage separation for this bimese vehicle compared
well with previous ConSep/ADAMS results. All these comparison data demonstrate that POST2 /CFE
software can be used for performing stage separation analysis.
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