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CHARACTERISTICS OF PLANETARY FLY-BY TRAJECTORIES 

J. A. Beiuncik 

SUMMARY 

This paper presents the results of an initial investigation into the 
phenomenon of planetary fly-by andthe possible free-fall transfer trajec
tories associated with them. The analysis consists of two parts. The fly-by 
phase consists of determining for various encounter conditions the variation 
of maximum changes in velocity, speed, and energy that occur during plane
tary fly-by. The maximum change in flight-path angle also is presented for 

each planet. The transfer phase consists of determining the transfers that 
emanate from earth and terminate at the circle-of-influence with the appro
priate encounter conditions that result in a fly-by with a maximum change in 
one of the above-mentioned parameters. Time of flight and transfer angle are 
presented for such possible transfers. 

It is not possible to obtain with free-fall transfers from earth the theo

retically possible maximum velocity change from any of the planets except 
Venus and Mars. The maximum velocity change of 7.3 lkn/sec can be obtained 

from Venus with a free-fall transfer of approximately 50 days duration. The 
heliocentric injection velocity for such transfers is in the range of from 27 to 

33 km/sec. The maximum velocity change of 3.6 km/sec may be obtained from 
Mars with a free-fall transfer of almost 145 days duration. The necessary 
heliocentric injection velocity at earth for such transfers is approximately 

32 km/sec. Free-fall transfers that derive maximum speed change from 
Mercury do not exist. The maximum speed change due to fly-by may be 
obtained from Jupiter, Saturn, Uranus, Neptune, and Pluto. For example, a 

free-fall transfer of 700 days duration may result in the maximum positive 
speed change of 24 km/sec from fly-by of Jupiter. The necessary heliocentric 

injection velocity for such a transfer, however, is close to escape velocity at 
one astronomical unit, i. e. - 42 km/sec. 
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CHARACTERISTICS OF PLANETARY FLY-BY TRAJECTORIES 

INTRODUCTION -

With the proposal of various scientific programs intended to probe the solar 
system there has been a renewed interest in the principle of planetary fly-by, or 
swing-by, as a means of shaping a heliocentric transfer trajectory. This is evi
dent from current literature as indicated, for example, in References 1, 2, and 3. 
Some reports, however, present only maximum positive velocity changes occur
ring as a result of fly-by, while others use the fly-by of an intermediate body to 
obtain a desired change in flight-path angle in designing missions to a more dis
tant planet. These reports present little information concerning the process 
whereby the velocity and/or flight-path angle change is actually obtained. Others 
seem to imply that the maximum possible change is, indeed, always obtained 
from a planetary fly-by., Thus, there appeared to be a need for a more detailed 
investigation into the phenomenon of planetary fly-by to determine more fully the 
behavior of certain performance parameters and their effect on the heliocentric 
transfer trajectory. 

This paper presents the results of an investigation into the phenomenon of 
planetary fly-by, or swing-by, trajectories with the intention of determining the 
maximum values of certain performance parameters and how they vary with dif
ferent encounter geometries, as well as their associated free-fall transfer tra
jectories. The intent of the investigation i§ to give a more definitive description 
of what changes occur in a trajectory during a planetary fly-by. The parameters 
considered are the -following: maximum velocity change, defined as the magni
tude of the maximum velocity change vector; maximum speed change, defined as 
the maximum value of the difference of the magnitudes of the encounter and post
encounter velocity vectors; and, finally, the energy change in the heliocentric 
transfer due to planetary fly-by. The parameters presented for the transfer are 
time of flight and transfer angle. 

The procedure was to perform a parametric study with a simplified mathe
matical model for which certain basic assumptions were made. The results, 
however, are meaningful and informative since the assumptions are really first 
order approximations to the problem. 

ANALYSIS 

Assumptions 

For this study certain basic assumptions were made to simplify the required 
mathematical model. It was assumed that: 
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* 	 the motion of the planets is coplanar; 

* 	 the planets move in circular orbits at their mean distances from the 
sun; 

* 	 the use of two-body equations of motion provided sufficiently accurate 
representation of the true motion; and 

* 	 the coordinate system used when in the vicinity of the fly-by planet is 
space-fixed. 

The concept of spheres-of-influence is used; but since all motion is 'planar 
it is understood that the spheres have been reduced to circles-of-influence. 

Figure I shows the parameters and axis system used for computations 

inside the circle-of-influence. The parameters are identified in the list of sym
bols. All physical data used in the study is presented in Table 1. All data in 
the table are from Reference 4 with the exception of the radius of the planet, 
Pluto, and the circular velocities of the planets. The radius of Pluto is the value 
presented in Reference 5. The circular velocities of the planets are computed 
values, obtained using the mean distances of the planets and the gravitational 
parameter of the sun. 

Procedure
 

The procedure consisted of performing a parametric study with the mathe
matical model established in accordance with the assumptions stated in the 
previous section and obtaining the maximum changes in velocity, speed, flight
path angle, and energy. It was decided to present only the maxima of the afore
mentioned parameters to avoid presentation of voluminous data. The results 
that are presented prove sufficiently informative since they show that energy 
can be gained or lost during encounter with a planetary fly-by (or swing-by). 

At a distance equal to the radius of the circle-of-influence escape velocity 
is calculated. Using the fact that energy of the fly-by trajectory is conserved 
inside the circle-of-influence, one computes the velocityat perifocus. With this 
information the elements of the hyperbola are computed using standard two-body 
equations as presented in Reference 6. With the elements of the hyperbolic fly
by trajectory the state is computed at the entry and exit points of the circle-of
influence. The appropriate transformation is performed to obtain the state in
heliocentric space for both of these points. Having the orbital data before and 
after encounter of the fly-by planet, one obtains the effects of the fly-by. A 
more detailed description of the procedure is presented in the Appendix. 
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The independent parameters that are varied follow. The hyperbolic velocity
with respect to the planet under consideration is varied from parabolic velocity 
to an arbitrarily large value, approximately 50 km/sec, for fixed values of peri
focal distance, r,, and argument of perifocus, ij. (See Figure 1 and list of sym
bols.) Perifocal distance is then changed and, again holding argument of peri
focus fixed, hyperbolic velocity is changed through its full range of variation. 
This is repeated until perifocal distance is varied from one to five planetary
radii. Finally, with perifocal distance again set at one planetary radius, the 
argument of perifocus is varied by ten degree increments from zero to 360 de
grees, allowing hyperbolic velocity to run through its full range of variation for 
each value of argument of perifocus. In this manner full families ofhyperbolae 
are generated for all combinations of encounter geometry, allowing one to see 
how the dependent parameters change under all possible conditions. Perifocal 
distance of one planetary radius only was used While varying argument of peri
focus because it presents the theoretical maximum effect that can be obtained 
from a planet. 

The dependent parameters whose maxima are presented in this paper are 
as follows: 

* the velocity change, DV, defined as 

DV = = IVPE -VEI 

where VP E. is the post-encounter velocity vector in heliocentric 
space, and VE is the encounter velocity vector in heliocentric space; 

* the speed change, DS, defined as 

DS = IV. E. - IVEI; (1 

* the change in flight-path angle, D,8, defined as 

D,8 = p.E. - 8E, (2) 

where ,8P.E. and '8 E are the flight-path angles of the post-encounter
and encounter velobity vectors, respectively; and 
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* the energy change, DE, defined 'as ' 

DE =[ . E, 1 : IVEI]2(3 

It should be emphasized that the parameters, DV and DS, are both scalars 
but in a different sense. Velocity change, DV, is the magnitude of a vector and, 

hence, is scalar, while speed change, DS, is simply the difference between two 

scalar quantities, i.e., speed change is not the magnitude of the velocity change 
vector.
 

After the various maxima are obtained for each configuration for all planets 
one then attempts to generate free-fall heliocentric transfers that match the 

state at the respective entry points of the circles-of-influence. With the state 
at the circle-of-influence transformed to heliocentric coordinates the semi

major axis, eccentricity, perihelion distance, and aphelion distance in sun refer
ence are computed and used to determine whether a free-fall transfer from 
earth is possible. In the context of this study a transfer is considered possible 

if the heliocentric transfer tiajectory merely intersects the orbital path of the 

earth. No attempt is made to determine the geometry-time constraint, i.e., 
whether the earth is indeed at the point on its orbital path intersected by the 
transfer trajectory. Nor is effort made to match the heliocentric injection con
ditions at earth's orbit with a launch trajectory emanating from an existing 

launch site. Such considerations are beyond the scope of the present study. 

In this study there is no possible free-fall transfer to an inner planet if: 

* aphelion is less than one astronomical unit; and/or 

* the transfer trajectory is hyperbolic. 

If the aphelion distance of the free-fall transfer trajectory - an ellipse 
with the sun at one focus - is less than one astronomical unit, the ellipse crosses 
the orbital path of the proposed fly-by planet but does not intersect the orbit of 

earth. If the transfer trajectory is hyperbolic the probe escapes the solar system. 
It is assumed that such a case is of no interest and, therefore, no consideration 
is given to such transfers. 

There is no possible transfer to an outer planet if: 

* perihelion distance is greater than one astronomical unit; and/or 

* the transfer trajectory is hyperbolic. 
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•If the perihelion distance of the transfer trajectory is greater than one 
astronomical ,unit, the ellipse crosses the orbital path of theproposed fly-by 
planet but does not intersect the orbital path of the earth. 

This precedure is followed for each of the planets except earth which is ex
cluded from the present study since this planet is the originator planet. 

RESULTS AND DISCUSSION 

This section is divided into two parts. The first part is a discussion of the 
planetary fly-by phase. The second part contains a discussion of the transfer 
trajectories that reach the circles-of-influence of the fly-by planets. 

Fly-by Phas 

Presented in Figure 2 is the variation of velocity change, DV, with true 
anomaly, f, for the point of entry into the circle-of-influence for Mercury. The 
change in velocity is presented for perifocal distances of one planetary radius 
as well as one radius plus 1000, 3000, and 6000 kilometers. The argument of 
p6rifocus, 7, the angle between the positive x-axis and the perifocal vector, 
counterclockwise being the positive direction, is zero. The velocity change in
creases, reaches a maximum, and decreases, approaching zero. The increase 
is due to the increase in hyperbolic velocity. It is interesting to note that the 
velocity change does not increase indefinitely. That it does not continue to in

crease is due to the fact that as the hyperbolic velocity is made larger the energy 
of the hyperbola becomes so high that a probe flying such a path is moving so 

rapidly that the effect of fly-by becomes negligible. The hyperbola becomes 
more flattened and approaches a rectilinear .path running through the circle-of
influence. From the figure it is seen that the maximum velocity change is 
3.0 km/sec for a hyperbola that enters the circle-of-influence at a true anomaly 

of -120 degrees. These values are in excellent agreement with the analytical 

work Niehoff has done on this problem (Ref. 4). 

Variation of argument of perifocus did not alter the behavior of velocity
 

change with true anomaly of entry point into the circle-of-influence, nor did, it
 

change the maximum value of velocity change. Thus, 3.0 km/sec is the maxi

mum velocity change that can be derived from a fly-by of the planet, Mercury.
 

It is evident also from Figure 2 that increasing the magnitude. of perifocal
 
distance,, r,, decreases the velocity change, as expected.
 

Figure 3 presents velocity change versus true anomaly, f, of the entry 
point into the circle-of-influence for all the planets. The argument of perifocus, 
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77, is zero and the perifocal distance, r., is one planetary radius. The maximum 

velocity change, DVMAX, varies from 3.0 inn/sec for Mercury to 42.5 km/sec for 
Jupiter. These maxima are presented in Table 2. Table 2 also includes maxi

inum values of speed change, change in flight-path angle, and energy change due 

to fly-by of the planets. The entries of the table are ordered by the amount of 

maximum velocity change imparted by the planets. 

Figure 4 shows the variation of maximum velocity change, DVMAX, with
 

perifocal distance, r,, for values up to, and including, five planetary radii for.
 

the planets. It is obvious from the definition that DV will decrease to zero as
 

perifocal-distance approaches the radius of the circle-df:influende foi any given
 

planet.
 

Up to this point the dis6ussion has been concerned with velocity changes 

only. From its definition in Equation 1 it is clear that the minimum . velocity 

change, is zero. This is not to imply, however, that only a gain might be realized 
from a planetary fly-by. There is need, therefore, of a parameter that can show 

both loss and gain in performance due to a fly-by. Speed change, DS, defined in 
Equation 2, is such a parameter. A positive speed change indicates a gain in 
performance, a negative speed change a loss. This parameter can also show 

no effect due to fly-by by being zero. While not presented in this paper, results 

of the calculations of speed change show that, as was the case with velocity 

change, a maximum occurs. Further, the maximum values of speed change no 

longer occur for a hyperbola that originates at the same point on the circle-of

influence for all the planets. Rather, the. maximum value of speed change, 
DSMAX, varies with argument of perifocus, 7, for each planet. Also, the maxi

mum speed change, PSMAX, ranges from positive to negative values. Thus, there 

can be a maximum speed gain or a maximum speed loss from a fly-by of a parr 

ticular planet. Since, however, the inain point of interest is to see how the 

planetary fly-by trajectories' relate to possible transfer trajectories emanating 

from the earth, it is more convenient to refer the maximum speed change to 

another parameter. That parameter is the encounter angle, e, an angle meas

ured positive in a counterclockwise sense from the line of motion of the planet 

to the position vector of the entry point on the circle-of-influence (see Figure i] 

Figure 5 presents maximum speed change, DSMAX' yersus encounter angle, 

e, for all the planets. For the data presented in this figure the perifocal distance 

is one planetary radius for each planet. Jupiter again has the most pronounced 

effect. It produces a maximum speed change of approximately ± 24 kn/sec, 

.positive for a trajectory that originates on the circle-of-influence at e = 00 and 

negative for a trajectory with an encounter angle of 230 degrees. For each of 

the planets it is possible to gain or lose performance from a fly-by delpending 

upon encounter. Note also that for each of the planets there are two values of 
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encounter angle, e, for which no speed change is derived. In the case of Jupiter, 
for example, no speed change is derived for trajectories with encounter angles 
of 120 and 317,degrees. The fact that the maximum speed change for all the 
planets do not all become zero for the same point of entry into the circle-of
influence is due in part to the fact that this parameter does not take into account 
the change in flight-path angle that also takes place during the fly-by. This 
figure shows more dramatically the possible results of planetaryfly-by trajec
torie s. 

The maximum speed changes obtained from fly-by are also presented in 
Table 2. The values presented may be either additive or subtractive depending 
upon the encounter geometry. To be emphasized is the fact that these values of 
speed change are maximum. Indeed, if entry of the circle-of-influence is not 
made with the appropriate velocity, a speed change less than the maximum pre
sented in Figure 5 for a particular value of encounter angle will occur. 

Another important result of a fly-by is change in flight-path angle. Pre
sented in Table 2 are the maximum changes in this quantity. It is seen that all 
the planets from Jupiter out to Pluto are capable of reversing the original line 
of flight of a vehicle that might fly by them. Of course,-the amount of deflection 
depends upon the encounter conditions. 

The final quantity to be mentioned is the change in energy imparted to a 
spacecraft during fly-by (see Equation 4). Presented in Figure 6 is the variation 
of maximum energy change, DEMAX, versus encounter angle, c, for all the planets. 
The perifocal distance is one planetary radius. The absolute maxima of energy 
gain for the planets occurs at an encounter angle of 60 degrees, a result which 
is in excellent agreement with Niehoff (Ref. 4). As expected, Jupiter is again 
the most prominent in its effect on fly-by trajectories, producing an absolute 
maximum energy change of 550 (km/sec)2. A positive energy change is possible 
through the range of encounter angles from 330 to 150 degrees - a 180 degree 
are not symmetric about the line of motion of the planets. This is due to the fact 
that the abscissa is encounter angle, a quantity that is 120 degrees out of phase 
with the argument of perifocus, 77. This can be seen if 120 degrees is added to 
encounter angle. The 180 degree are is then symmetric to the line of motion, 
namely from 90 to 270 degrees. It is then seen that energy is gained from tra
jectories with points of closest approach behind the planet, and energy is lost 
for those trajectories with points of closest approach in front of the planet. All 
data presented in Figure 6 are maximum values, Therefore, for any given'en
counter angle it is possible to have a fly-by trajectory that results in an ene rgy 
change less than the value presented in this figure. The absolute maximum 
energy change for each planet is presented in Table 2. 



In concluding the discussion of the fly-by phase it is reasonable to rate the 
planets in some way. Consideration of Table 2 clearly indicates that Jupiter is 
the most effective planet for fly-by. It produces the largest maximum changes 
in velocity, speed; and energy. It is also the nearest planet to earth capable of 
imparting a flight-path angle change of 180 degrees. The next most effective 
planet is Saturn. It is interesting to note, however,.that from a consideration of 
energy change Venus is second in capability. Venus is also able to impart the 
second largest change in flight-path angle. 

Transfer Trajectory Phase 

Inner Planets- There are no possible free-fall transfer trajectories to 
Mercury for either maximum velocity or maximum speed change conditions. 
This is because the elliptical transfers associated with the encounter conditions 
at the circle-of-influence transformed into heliocentric space have aphelion 
distances of less than one astronomical unit. If it were desired to fly by Mer
cury energy would have to be added to the transfer trajectory in order to have it 
intersect the orbit of earth. This would result in causing the encounter velocity 
to be so large as to preclude any beneficial effect of the resultant fly-by. Con
sidering this fact with the relatively slight effects to be expected from a fly-by 
of this planet, Mercury hardly seems a likely candidate for a planetary fly-by. 
Of course, Mercury's proximity to the sun offers many other disadvantages 
which also might exclude it from consideration. 

Figure 7-a presents maximum speed change, time of flight and transfer 
angle versus encounter angle for possible free-fall transfer trajectories that 
derive maximum speed change from Venus. There are possible transfers but it 
is interesting to note that the largest maximum gain in speed is approximately 
4 km/sec, a reduction of almost 50 percent from .the theoretically possible 
maximum speed change shown by the positive peak of DSma. at e = 50 degrees. 
Also, a large segment of the window of possible transfers results in speed re
ductions. Indeed, the maximum speed reduction of 7.4 in/sec may be obtained 
for a fly-by trajectory with an encounter angle of 250 degrees. All possible 
free-fall transfers that enter the circle-of-influence with encounter angles be
tween 110 and 180 degrees are transfers on which the probe passes through 
perihelion before encountering Venus thus explaining the longer times of flight. 

Figure 7-b presents time of flight and transfer angle versus encounter 
angle for transfer trajectories that result in maximum velocity change for 
Venus. All possible free-fall transfers that enter the circle-of-influence with 
encounter angles between 104 and 180 degrees are transfers on which the probe 
passes through perihelion before encountering Venus. A transfer with a flight 
time of approximately 50 days and a transfer angle of about 70 degrees can gain 
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the maximum velocity change of 7.3 km/sec with an encounter angle of 
230 degrees. 

Outer Planets - Figure 8 presents for Mars the same parameters as were 
presented in Figure 7 for Venus. The window of possible free-fall transfers is 
almost symmetric about the line of motion of Mars for both maximum speed and 
velocity changes. From Figure 8-a it is seen that it is possible to obtain almost 
the largest of maximum speed changes (- 3.5 km/sec). Such a transfer would 
have an encounter angle of approximately 47 degrees. It would have transferred 
through an-angle-of almost 140 degrees in approximately 190 days. For Mars 
there are possible transfers that result in no change or in possible speed reduc
tions of up to 2 km/sec. Transfer trajectories that arrive at Mars with an en
counter angle between approximately 306 and 360 degrees are trajectories on 
which a probe passes through aphelion before encountering Mars, thus explaining 
the larger flight times in this region. From Figure 8-b it is seen that the maxi
mum velocity change of 3.6 km/sec may be obtained with a transfer trajectory 
that encounters Mars with an encounter angle of 20 degrees. Such a transfer 
would have traversed a transfer angle of 105 degrees in almost 170 days. In 
this figure transfers with encounter angles between about 318 and 360 degrees 
pass through aphelion before arriving at Mars. 

It is not possible to obtain by free-fall elliptical transfer trajectories the 
theoretical maximum velocity change from Jupiter, Saturn, Uranus, Neptune and 
Pluto. For these planets the velocities required at the entry points of their re
spective circles-of-influence can be matched only with trajectories that are 
hyperbolic with respect to the sun. The remaining figures, therefore, present 
information concerning transfers that result only in maximum speed changes 
due to fly-by of these planets. 

Figure 9 presents maximum speed change, time of flight and transfer angle 
versus encounter angle for Jupiter. Transfers with encounter angles between 
approximately 305 and 360 degrees are trajectories on which the probe passes 
through aphelion before encountering Jupiter. Flight times are seen to increase 
in an almost asymptotic fashion. Transfers whose times of flight are so large 
are those with aphelion distances of hundreds of astronomical units (- 500
600 a.u.). These transfers may be neglected since they are fast approaching 
.escape (e - 1.0). Indeed, transfers with times of flight in-excess of 10,000 days 
(- 30.years) may be ignored as being impractical. Further, since such trans
fers result in no appreciable positive speed change from a fly-by of this planet 
they may be undesirable. But transfer times of up to 40,000 days (- 100 years) 
have been presented to give some idea of the long duration of possible free-fall 
transfer trajectories to Jupiter. 
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Figure 10 presents the same parameters for Saturn as were discussed 
above for Jupiter. Transfers that encounter this planet after aphelion passage 
are those with encounter angles between approximately 296 and 360 degrees. 
Only a small part of the encounter window produces trajectories that result in 
negative or no speed changes, and that is the region where times of flight are 
very large. The largest of possible maximum speed gains may be obtained 
through a fly-by of Saturn. Times of flight for such transfers are of the order 
of 1600 days (or - 4 years). 

Parameters associated with transfer trajectories to Uranus are presented 
in Figure i1.Transfers that encounter Uranus after aphelion passage are those 
that have encounter angles in the range from about 300 to 360 degrees. A trans
fer time of about 4900 days (or > 10 years)- is required to achieve the largest 
maximum speed change from a fly-by of Uranus. But this free-fall trajectory is 
nearly parabolic with respect to the sun, as indicated by the magnitude of the 
transfer angle (- 0.5 degrees). This same transfer requires an heliocentric in
jection velocity at earth of 41 kan/sec. Recall that heliocentric escape velocity 
at one astronomical unit is approximately 42 km/sec. 

Neptune and Pluto vary somewhat from the other outer planets in that the 
encounter window splits into two parts for both of these planets (see Figures 12 
and 13). The gap in the encounter window is due to the following fact: at these 
distances from the sun and with the encounter velocities required at the circles
of-influence the free-fall heliocentric transfer trajectories are such that peri
helion distances are gr'eater than one astronomical unit. Therefore, there are 
no free-fall transfers associated with encounter angles in these gaps. 

In Figure 12 it is seen that it is possible to derive the largest of maximum 
speed changes from a fly-by of Neptune with a free-fall transfer that enters the 
circle-of-influence with an encounter angle of approximately five degrees. The 
transfer time is more than 9000 days (or almost 25 years), and the transfer 
angle is approximately 10 degrees. Note that even the shortest transfer time is 
of the order of 5700 days (or > 15 years). This is due to the fact that the free
fall transfer has an aphelion distance of greater than 55 astronomical units. 
The second of the two encounter windows allows the largest of possible maximum 
speed gains from fly-by of Neptune. 

Figure 13 presents transfer data for Pluto. The encounter window is in two 
parts and eachis quite narrow. As opposed to Neptune the first window is .the 
one that produces the largest of maximum speed changes from fly-by. However, 
this window is so narrow that the guidance system or injection accuracy for such 
transfers might be such as to preclude using Pluto for a fly-by. Of course, 
launch propulsion capability might also exclude using this planet. The second 
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window, even more restrictive in its size, is associated with transfers of'the 
shorter transfer times, e.g., almost 20 years. But such transfers may produce 
maximum speed changes that are less than half the largest possible change of 
almost 8 km/sec. 

Table 3 contains a summary of the maximum changes that can be obtained 
from fly-by of the planets by free-fall transfer trajectories. The maxima do not 
occur simultaneously for any one planet. Thus,-each column is a listing of an 
independent quantity. A dash appearing, in a column indicates that a maximum 
change in that quantity can not be obtained from that particular planet through 
the use of a free-fall transfer from earth. 

CONCLUSIONS 

It has been shown that it is not possible to obtain with free-fall transfer 
trajectories from earth the theoretically possible maximum velocity change 
from any of the planets except Venus and Mars. Indeed, it is not possible with 
such transfers to obtain even a maximum speed change from Mercury due to the 
required encounter conditions at the circle-of-influence of that planet. It is 
possible to obtain from all the planets, except Mercury, the largest  or near 
largest - maximum positive speed changes due to fly-by (see Figures 7 through 
13). 

It is convenient that the nearest neighbors of earth, Venus and Mars, and 
the giant planet, Jupiter, can be reached with free-fall transfers that result in 
such large changes due to fly~by of these planets, since they undoubtedly will be 
the first choice for such use from a technological point of view. It is possible 
to obtain the maximum velocity change of 7.3 km/sec from Venus with a free
fall transfer of approximately 50 days duration. The heliocentric injection 
velocity for such transfers-is in the range of from 27 to 33 km/sec. The maxi
mum velocity change of 3.6 km/sec may be obtained from fly-by of Mars with a 
free-fall transfer of almost 145 days duration. The necessary heliocentric in
jection velocity at earth for such transfers is approximately 32 kn/sec. It is 
possible to obtain from Jupiter with a free-fall transfer of almost 700 days 
duration the maximum positive speed change of 24 km/sec. The necessary 
heliocentric injection velocity at earth is almost 42 km/sec. (At one astro
nomical unit escape velocity is approximately 42- km/sec.) 

Due to the very large flight times associated with such transfers it appears 
unlikely that direct fly-by of the planets beyond Jupiter with free-fall transfers 
from earth will be used to shape trajectories of deep space probes. However, 
fly-by of these planets may well be not only likely but also reasonable for 
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transfers emanating from some other celestial body, for example in multiple 
fly-by missions. 

Further study should be made of the phenomenon of planetary fly-by to de
termine how the effects presented in this paper will be affected by such things as 
the introduction of: the third dimension; a closer approximation 'of the true mo
tion of the planets; and, perhaps, spatial-time constraints such as launch pospi
bilities. In consideration of spatial-time constraints it should be mentioned that 
it is possible that some of the transfers presented in this paper may intersect the 
circle-of-influence in two places. The solution to this problem was postponed 
to the more detailed study that takes into account the motion of the planets. A 
sensitivity study to determine the effects of errors in injection conditions on the 
encounter conditions would be more indicative of realistic results of planetary 
fly-by. 
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APPENDIX
 

Presented herein are the equations which were used to obtain the numerical 
results of the planetary swing-by study. 

1. 	 The equations which were used for calculations inside the circle-of
influence are the following. 

The velocity at the circle-of-influence was calculated by: 

v. = + 

where e is a small positive number (- I x 10-6). 

The velocity was increased by the small amount, E, because theoretically 
the velocity at infinite distances is zero. Because the distance at which the 
velocity was calculated was finite, R., the velocity was in fact non-zero. To be 
consistent, however, the velocity was increased by E. 

The 	velocity at perifocus was next calculated by: 

v,= (v. + 2 A, [ 1r,- I4/1. 

The angular momentum was then evaluated by: 

h = r7 VV. 

The 	semi-latus rectum was then obtained by: 

p = h2/p. 

The 	semi-major axis is found from the vis-viva equation: 
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1 , 2 
a bP r. 

The eccentricity is found by:
 

e = p/r,-1.
 

The tangential and radial velocity components are obtained by the following: 

vf = h/R s 

Vr 2 

The true anomaly was calculated from the following: 

- 1f = tan [e sin f/e cos f 

where 

e sin f = VP/h 

e cos f = p/R - 1
 

The'transformation angle, 0, was obtained from the identity:
 

a = f0+ 77 

The velocity components referred to the cartesian coordinate system were 
then obtained from the transformation: 
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Dvx
(cos -sin O '(v 

Y sin60 cos 

The magnitude of the velocity is given by: 

v = [V,2+ (v)212]
 

At this point the encounter velocity was computed as follows:
 

(vX)E = v- vP 

(v Y)E = VY 

vE = [(v ) 2 + (Vy)2] 

From this point the equations are essentially the equivalent of a geometrical 
reflection of the orbit about the perifocal vector. 

The new transformation angle was obtained as follows: 

0' = -f+ ).
 

The new radial and transverse velocity components were: 

I 
 V
 

V
r r 

V = VfVf 
 .f
 

The velocity components referred to the cartesian coordinates for the point 
of exit of the circle-of-influence were obtained from the transformation: 
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v (cos ' -sin 6' (V 

in ' cos 6) ) 

VI[V,)2+ (vY)2]
 

At this point the post-encounter velocity was computed: 

(VX)PE (v) Vp
 

(vy)P = (v') 

VPE= IVX + 

The vector velocity change was then obtained. 

DVX = (vx) - (VX)E 

DV -- ( VY)P E- ( Vy) E 

Dv = [(Dv.)2 + (DVY) 2 ]" 

The change in flight-path angle was obtained by computing the flight-path 
angle for the encounter velocity and post-encounter velocity and differencing 
the two values. 

D/8 = f8PE -1E 

where 
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A = tan - 1 
~P 	 = an (vY,)PE/(vX)PE] 

A 	 = tan-1 [(VY)E/(Vx)E]. 

The 	encounter angle, E, was obtained from: 

= 180. + 6 

2. 	 The equations which were used to generate the heliocentric transfer orbits 
are the 'following. 

The velocity components have already been obtained. The appropriate 
transformation was performed to obtain heliocentric position components. 

The 	semi'major axis was obtained from the vis-viva equation: 

11 2 vi2 

a r /. 

where / is the gravitational parameter of the sun. 

The eccentric anomaly was ,computed from: 

Ei = tan-1 [('e sin E)/(e cos E1 )] 

where: 

ri • vi 
(e sin E) anc 

a 

(e,cosE = 1- r,/a. 
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The eccentricity was then obtained from: 

e = [(e sinEi) 2 + (e cosE 1 )21 4 

The eccentric anomaly for injection into the transfer orbit - originating at 
the earth - was then obtained from: 

-E° = tan [sin Eo/cos E0 ] 

where: 

cos E0 (1 - /e, 

and 

sinE0 = fi-(Icos EoI)2] 

The time of transfer was then computed by: 

AT -(1cow3- - sin ) 

where 

8= AE. 

Finally the position and velocity at injection - the earth - were obtained 

from the following equations: 
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-r i - (1- cos 8)} + t ( 3 

VI= [{ sin~ 8 + fl - Cosir, r.1 
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Planet 

Mercury 


Venus 


Mars 


Jupiter 

Saturn 


Uranus 


Neptune 

Pluto 

TABLE 1 

Planetary Physical and Orbital Data 

PMRadius of Circle 

Gravitational kkm3 Mean Distance of Influence


Parameter, j, (sec2) a, (a.u.) x 10 3 , R (1c) 


2.16494 X 104 .387099 111.9 


X 10 5
3.2423 .723332 618.0 


4.2906 x 104 1.523691 567.0 


1.26498 x 108 5.202803 48240.0 


3.78811 x 10' 9.538843 48690.0 


5.79364 x 106 19.181973 51900.0 


6.86004 x-106 . 30.057707 87075.0 


3.31237 x 10' 39.51774 35490.0 

gravitational parameter, pI, for Sun = 1.324948 x 1011 


Radius of 
Planet, rp, 

(inn) 

2500. 


6200. 


3310. 


69880. 


57550. 


25500. 


25000. 

3000. 


2
k,3 2
 
see
 

Velocity of 
Planet, VP, 
(kn/see) 

47.769
 

34.945
 

24.112
 

13.030
 

9.623
 

6.786
 

5.421 

4.728
 



TABLE 2
 

Theoretical Maximum Changes Due to Planetary Fly-by
 

Planet Velocity
km/sec 

Speed
km/sec 

Flight-Path Angle
degrees 

Energy
(km/sec) 2 

Jupiter 42.5 24.0 180.0 555.0 

Saturn 25.5 17.0 180.0 247.0 

Neptune 16.6 9.8 180.0 90.0 

Uranus 15.1 11.3 180.0 102.0 

Pluto 10.5 7.8 180.0 50.0 

Venus 7.3 7.4 17,0 255.0 

Mars 3.6 3.6 10.0 87.0 

Mercury 3.0 3.0 3.0 145.0 

TABLE 3 

Maximum Changes Due to Planetary Fly-by 
Possible with Free-Fall Transfer Trajectories 

Planet Velocity
km/sec 

Speed
kmi/see 

Flight-Path Angle
degrees' 

Jupiter 24.0 180.0 

Saturn 17.0 180.0 

Neptune 9.8 180.0 

Uranus 11.3 180.0 

Pluto - 7.8 180.0 

Venus 7.3 4.2 11.0 

Mars 3.6 3.5 10.0 

Mercury 
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Figure 1. Fly-by Geometry, Parameters and Axis System 
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