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FOREWORD

- This report was prepared by the Mla.n Systems Division of the URS/Matrix
>Coimpany gnder Contracf NAS8-27013, "Design of a Terminél Pointer Hand Con-
troller for Telepperator Appli\cations", for the Nat‘ion,al Aeronautics and Space
Administration, George'C-. Marshall Spéce FI‘ight Center. The NASA technical
_direction was,brovidéd by Mr. Starke Cline (COR), S;E,E—ASTR—ME. This final_
report is the .summary of th’é technical effor;t ‘extending"fr‘om April 25, 1972, to

June 25, 1973.
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SECTION 1.0

INTRODUCTION

The mahl/machine interface remains the most difficult problem in feleoperator
“design. . Delvelopmen-t of an effective manipulator control concept will be of major
importahce to a comprehensive teleoperator technology development program. To
date, a r'\umber‘ of manipulator control concepts have been proposed for application
to on-orbit teleoperators. Each control concept has its own unique advantages
‘and disadvaﬁtéges. A §urﬁnary of the current manipulétor control c;)ncepts is
given in Tablgs 1-1 and 1-2.

1.1 BACKGROUND .

As may be seen in the table summaries, none of the current manipulator
;ohcepts is totally adequate for use with an on-orbit teleoperator. To improve this
situation, the URS/Matrix Company has developed (in-house) a manipulator control

concept. This novel concept, the Terminal Pointer Manipulator Controller, was

first conceived lin March 1971 and reported in the Frée-'Flying Teleoperator
Proposal (MBA/Matr'ix) to NASA MSFC in August 1971. This iniiial concept was
confv'igu'red with thé pitch,ﬁlyaw, énd roll axes located for:;/vard of the handle. The
;oﬁcept was improved in Décember 1971 by plac':i.ng‘ the pitch, yaw, and roll axes of

the handle in a position coincident with the operator's wrist.

1.2 CONCEPT DESCRIPTION
The basic concept of the terminal pointer hand controller is depicted in

‘Figure 1-1. The controller consists of a three degrees of freedom hand controller

1.1



TABLE 1-1: Summary of Manipulator Controls

SWITCH CONTROL

JOYSTICK CONTROL

RESOLVED MOTION
CONTROL

TERMINAL FOLLOWING
MASTER

EXOSKELETAL MASTER

Although time to perform certain complex tasks is quite long, switch
control provides the simplest and most direct method of control.

One switch is used to activate each actuator. The switch actuation
causes the appropriate actuator to move at a fixed rate. A signif-
icant improvement on this technique can be attained by replacing

the switch with potentiometers and generating proportional rates.
This technique is generally unsuitable for force feedback or

tactile feedback; however, it is quite feasible to limit the maxi-
mum force capability to avoid breaking delicate objects if the
actuators are back driveable.

Joysticks have the same basic advantages and disadvantages as switch
control, but provide a capability of coordinating combinations of
switches simultaneously. This type of controlling may be either
isometric or non-isometric. The non-isometric control is like the
classical aircraft control stick, wherein movement of the joystick
in the appropriate direction results in the desired response.

Both proportional and single rate non-isometric joysticks have been
successfully used.  Isometric joysticks are a relatively recent
development made possible by the deve]opment of miniature force
transducers. The isometric control remains fixed and provides
output proportional to the force exerted in the desired direction.
This technique has been shown to be 1ess fatiguing to the operator
than ‘the non-isometric joystick.

A variation of the Joyst1ck controller is one wherein the operator
considers only the end effector:of the manipulator and "flies"
that point to the desired position. In this method, the joystick

.motions correspond only to directions . of the tip, and some intermedi-

ate system (either a complex linkage or a computer) resolves the
desired actuator motions as a. function of the manipulator position.
This technique is currently being evaluated by the Massachusetts
Institute of Technology. The major drawback of this method is that
it is difficult to make precise motions in just one axis without
causing small motions in the other axes.

Perhaps the most popular control method for currently used manipula-
tors is that of the terminal following master. In this method a
master model, usually geometrically similar to the slave, is used
to control the manipulator position. Each joint of the slave is
servo-controlied to the corresponding position of master. Thus,
the operator controls the position of the slave directly rather
than by guiding it at particular rates for a period of time and
then stopping in the desired position. An advantage of this
method.is that transducer measurement errors and electronic biases
result.only in minor errors of the final position, which are rarely
even detectable by the operator, whereas a rate controlled manipu-
lator, 'such as described above, would continuously drift in the
direction of the bias.

This controller is similar to the terminal following master slave,
except: that it is strapped to the operator's arm and hence should
conform to a human arm in size, shape and range of motion. This
type of controller is the most amenable to the implementation of
force and tactile feedback. With these advanced control concepts,
the exoskeletal master controlled manipulator becomes an extension
of the operator's own arm. This type of system provides the most
versatile type of man-in-the-loop control and yields the shortest
times for task completion. The disadvantages of this type con-
troller are that it encumbers the operator with a rather bulky
array of transducers, actuators and rigid structure and that the
operator requires a volume of space large enough that he.can freely
move his arms in any direction.

1-2




[

aoeds |043u02
91331 ] Sa4Lnbaa fsjutol
aydignw jo |04ju0d

Jo3e|ndiurw

Jayseu|

SIOVINVAQYSIA

404 ALITIGVLINS

900} 493U} 433ndwod SaJnbay A3100(3A mm_uwgn SMO| LY SIA {Aluo 3s1am) s3) | snouaxap ‘wooq abdeq |4djurod [euLwuay
sJojendiuew
otydaowodosyjue 03 pajiuwiy sjujof aldj3nu . , .
s403es3do saupjuod $adeds $0 |043u0d uoy3isod J03e |nduew 4935w
[o43u0d 3buae saainbay wmmumgn aJow SMO[lY S3A S3AA Jjyduowodoayiuy {e3a|ansox3
v . ( Lo43u0d
dejuajuy Alsnoauey |nuwys uotr3tsod)
433ndwod saapnbaa $aoeds sjutof ardi3ainw jo J403endLuew Jd93sew but
toajuod abae| sasinbay {043u0d uoLyLsod sMof|y S9A S3aA Sno4axap ‘wooq abuae |-moi[oj [BULWMI]
sap oN 31433u0s]
aoeds $3A Axpco ISLAM) sB) . JLuojost
1043u03 3133} Sauajnbad : (1043u0d 33ed)
$35uo0 je s403enloe J03e|nduew 43| 1043U02
3LNI1334Pp SuoLIow 3S|I34d |R43ABS JO [OJIUOD SMO| LY SNoUaIXap ‘wooq abaey - puey/yat3skop
3195894 30U suoy3e|ndjuew . . v -yse3 :
Sno4a3xap fyse3 alduys A431N2410 (043U0d 3|duys . Lduts A{awau3xa jo . (Lo43u0d a3ed)
404 saw}3l yse3 abue t3oeds 33311 Ssa4Lnbay ON ON- 1043U0d A4BPUODAS SIYIILMS
: AVE0334 3711Ivd AIvEa33d 32404 : _ .
SIOVINVAQY ‘404 ALINIGVLINS | “ddY 3I¥dS 03S0d0ud INDINHIIL

uosiaedwo) 43jj04u0) :Z-1 I19VL

1-3



[LC] mArix

(- CONTROLLER

( -
~

FORWAR& .

MANIPULATOR

RICHT
%\ ,£7

e QAREVERSE
TERMINAL ~

.NORMAL POSITION
OF MEMBERS

< :SECONDARY MODE)

Figure 1-1: Terminal Pointer Concept

(pitch, yaw, roll) with a forward/reverse and a lateral proportional rate thumb control

and a dead man trigger switch as shown in Figure 1-2 (depicts original concept).

The three degrees of freedom of the handle allow the operator to point the slave

end effector in any desired direction, that is, there is a one-to-one correspondence

between the angular orientation of the hand controller and the angular orientation

of the slave end effector in reference to the operator. Actuation of the proportional

rate thumb control results in movement of the end effector in, or normal to, the

direction in which it is pointed. As shown in Figure 1-1, the movement of the

end effector results from actuation of the proportional rate thumb control in the

forward and reverse, and right and left directions.

1-4-
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TRANSLATION
INPUT

PITCH
INPUT .

¥ PITCH >

| __—— GRIP INPUT

DEAD MAN
SWITCH

YAW
INPUT

Figure 1—25 Terminal Pointer Hand Controller Concept as Delineated in Proposal .

An intermediate combuter' subsystem transforms the input command motions
from the hand cohtrbller into individual joint‘ command motions. The computer
sy‘stem accompl'ishes'.this transformation ut_ilizihg a mathematical mo.del of the slave
arm.

For example, to completé the task of picking up a peg and placing it in a
hole, the operator would point fhe hand contro.ll'er such. that the end effector of
the 's‘lave arm pointed in the direction of the peg (note_.that the operator is provided
witﬁ a:visual indication of the direction of motion before 'the motion is initiated).

A' He would then aétivaté the proportional rate thumb control in the forward direction.
This action would order tﬂe 'cor‘nputer subsystem to comménd the necessary joint

rates which would create a motion of the end effector in the direction that the end

1-5
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effector is pointed and at a velocity proportional to the displacement of the propor-

tional rate thumb control. The operator can continuously adjust the direction of
the motion and rate of motion as the end effector approaches the peg. The grip
control (position) on the hand controller would be used to grasp the peg.

Next, the operator would activate the proportional rate thumb control in
the reverse direction, causing the end effector to back awa); with the peg. Using
the hand controller, the opérator would point the peg towards the hole, and,
while continually adjusting'the end effector rate and direction of motion, he would
plac’g the peg in the hole.

The Terminal Pointér concept has several unique édvantages over existing
manipulator control é_oncepts. These advantages are summarized in Table 1—3;

1.3- POTENTIAL APPLICATIONS

The Terminal Pointer concept has many applications in the controlling of
space teleoperators. The a.pplications' could be to both the attached and free flying
classes of teleoperators, as is shown in Figure 1-3.

A concept for a dual station Terminal Pointer Hand Controlier for use in
contfoll_ing fhe atfached booms on the Space Shuttle, is shown in Figure 1-4.

The fdlloWing sections of this report will discuss the four major tasks per-

~ formed dUr-ihg the course of this contract. There were: |

. Con.cept. Drawings and Model Development (.Section 2.0')

e Development of F;rototype»(Section 3.0)

e Development of Control Law -(Section 4.0)

e Conclusions and Recommendations (Section 5.0)

1-6
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TABLE 1-3: Terminal Pointer Controller Advantages

PRECISE CONTROL

‘The Terminal Pointer concept provides complete

separation of the pointing and velocity control
operations. This eliminates the difficulty (associ-
ated with resolve rate controllers) of causing small
motions in the axis perpendicular to the desired
direction of motion. The end effector orientation
provides a predictive display to the operator of the
precise direction of motion before the motion is
initiated.

NATURAL MOVE-
MENT

All three axes of the hand controller are coincident
with the three axes of the operator's wrist. Spatial
correspondence exists between the operator's wrist
orientation and the orientation of the end effector.

- SMALL CONTROL
SPACE

i

The Terminal Pointer has the advantage, inherent
in all hand controllers, of requiring an extremely
small control space.

SINGLE-HANDED
CONTROL

All control functions are located on a single hand
controller. The dead man:switch allows the.

.operator to completely release his hand from the

controller (causing the hand controller to lock in
all motions) without the risk of inadvertently
actuating the manipulator. This allows a single
operator to control two separate manipulators
and to perform additional control functions as
required.

APPLICATIONS

The Terminal Pointer concept has application to
a Shuttle-Attached Boom, a dexterous manipulator
arm, and to the FFTO.

1-7
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TELEOPERATOR SYSTEMS

| .
( l
‘ ATTACHED ) ) ) FREE FLYING
| , ] » C ]

BOOM(S) B BOOM(S)/ MANUEVERING UNIT l MANUEYERING UNIT/
I DEXTEROUS ARM (S) . . _' I ' DEXTERQUS ARM(S)
| T 1 |

|

|

|
 SPACE TUG

‘Figure 1-3: Potential Appl'ica.tions‘of Terminaleoing_e‘r_H'and Controller

Figure 1-4: Dua_ll‘ Station Terminal Pointer Controller Concept
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SECTION 2.0

CONCEPT DRAWINGS AND MODELADE'VE'LOPMENT

This section descri'bes the désign metamorphosis of a Hand contfoller
intended to échieve the highest possible compétibility with the hand of the human
oberator. The dévelopméht of thg final form of the Terminal Pointer Hand Controller
and the gener_ation of a layout drawiné and model depicting the concept comp:rised
the p'rincipai task in this efforf', and its successful Complgtion was'accomplished by

means of the subtasks sho-w-n.b'elo.w in Figure 2-1.

Subtask 1 | Subtask 2
PRELIMINARY — ] CONCEPT DELINEATION
CONCEPT . (LAYOUT DRAWINGS)
DEVELOPMENT - - R

Subtask 2 - - Subtask 4

HANDLE FORM ’_' CONFIGURATION
STUDY | - MODEL DEVELOPMENT

Figure 2-1: Diagram of Developmental Subtasks

.'Subtask. 1 - Préliminéﬂ Concept Development _I i

In this subtask, URS'/Métri_x developed a pr.elim.inéryvconcept Configura'tion,
' ba_seé on its initial proposé?:i sketches (see Figure 2-2) érmfd on the results of the handl'e‘
form study in Subtask 2. ThIS effort finalized éreas Quch as the maximum controller
‘envelope, the pos'ition of tr;e' éontrol 'inputs, the rélationgﬁips of the iants and handle

to gimbals, etc.

2-1
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"Figl‘Jre 2-2: Terminal Pqi__nter Hénd Controller Concept- as Del(ineate.d in Proposal -
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Subtask 2 - Handle Form Study |

During this subtask, URS/Matrix studied various handle configurations to
determine which form would proVide th_ei following:
e A handle that conformed anthropomorphically to the operator's hand.
e Use compatibili‘ty 4for a wide range of the user population;

L Gimbal and roll inputs to take advantage of natural hand and wrist
movements.

. Optimum location for t.he thumb actuated translation control input.

_Provi'sion of each item listed abOve was attained by using many foam only
and foam and-c—_lay mo'dels: of candidate confivgur.ations. The form finally selected is
'in.corporated in'the design shown in Figure 2-3.

Subtask 3 - Concept Delineation

Using the outputs of. Subtasks 1 and' 2, URS/Matrix generated a set of full-
scale Iayouts to be used by MSFC ASTR in its preparatlon of manufacturing and
: assembly drawmgs of the hand controller These drawings are shown in Figures 2-3,
- 2-4, and 2—5. The Iayout includes all relevant information concerning materials,
dlmensmns tolerances, and specnal components The fmd numbers are referenced

and identified in Appendlx A

‘ _Subtask 4 - Conflguratlon Model Development

 After completmg Subtasks 1, 2, and 3, URS/Matri;t fabricated a full-scale
model of the Termmal Pomter Hand Controller (see Flgure 2- 6) according to the
configuration delineated in éubtask 3, and used the mod'el to verify the operator/

controller inter'face The model was further used by. the government contracter

durmg design, draftmg and fabrlcatlon

2-3
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GRIP INPUT

TRANSLATIONK
INPUT .

DEAD MAN
SWITCH

R -

~ TERMINAL POINTER HAND CONTROLLER

Figure 2-6: Model of Terminal Pointer Hand Controller (Full Scale)
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The layout drawings and model configurations generated in this effort were

delivered to MSFC.
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SECTION 3.0

DEVELOPMENT OF PROTOTYPE

The URS/Matrix Company assisted the MSFC-ASTR Laboratory and
Support Contractor (Sperry Rand Corp.) b;' providing liaison and coordination
support from the design/drafting phase, thru fhe manufacturing/assembly phases
of the prototype development.

URS/Matrix aléo furnished NASA/Sperry with an epoxy model of the handle
(as shown in Figure 2—5), on a loan basis. This'Was done in order to provide the
prototypé fabricator a dimensionally stable form from which to mold the prototype
handle.. Molding directly from the original model eliminated the costly activity of
measufing th.e model, recording the dimensions on the detailed drawings, and
translation of the drawings into a machined component.

During the ea':rly phases of the detail design effort, URS/Matrix determined
that controller gim‘bal‘ frames could be modified to provide a configu‘r‘ation that
‘was not only more simple in design, but also enabled the operator to have.a greater
amount of flexibility during its operation. The drawing configuration is illustrated
in Figure 3;1, and the ‘fulil scale model is shoWn in Figure 3-2.

The Terrﬁiﬁal P_ointet; Hand Controller prototype assembly drawing is
depicted in Figure 3-3. This drawing, along with the detail drawings, was

produced by Sperry Rand. "

3-1
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TRANSLATION INPUT

PR v AV INPUT

| Figure 3-2: Terminél Pointer Hand Controller Full Scale Model (Mod. 2) |
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Figure 3-4 shows the operator/controller interface with the controller in
" various input positioﬁs. Figure 3-5 shows an operator seated at the MSFC-ASTR
teleopeka‘tovr cornstole. A close up view of the protot-ype is shown in Figure 3-6.
Finally, Figur‘e 3-7 shows the Rancho ‘Anthropomorphic. Manipulétor arm in

various positions.

3-5
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Figure 3-6: Close-up of Ternal Pointer Hand Controlier
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Figure 3-7: Rancho Anthropomorphic Manipulator (RAM) Arm
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SECTION 4.0

CONTROL LAW DEVELOPMENT

The u;e of the URS/Matri* hand controller with the MSFC Rancho Anthro-
pomorphic Manipulator (RAM) requires éonversioh of the hand controller input
command motions to motor rate commands for the six RAM fnotors. This conversion
is accomplished by an on-line SEL 840 digital computer. In order to perform the
con\)ersion, the c;)mputer must be pr"ograr‘ﬁmed.with a set of equations (control
Iaw.) , the. d'evelopmeﬁt of wl"xAiAch is presented below. N

The general form of the control law is:

b, K,
0, Ky
b\ = A 0 (1)
8, “
b5 B
Og ¢
where-', _ | 0, - és 'are.the six RAM motor réte commands,

va and Ky are the thumb switch lateral and forward/reverse -

rate commands,
A is the control transformation matrix, and

a, B, and ¢ are the hand controller pitch, yaw, and roll

commands.

4-1
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'Th.e desired response of the RAM is to have the terminal segment oriented

in the same attitude as the hand controller (see Figure 4-1), with translation in the
forward/reverse and lateral (y,- and X ) directions, and rotation about the terminal

X7, ¥7 and z; axes corresponding to the hand controller o, ¢, and g commands.

RAM TERMINAL . o HAND_ CONTROLLER
k2 = kye

fod ~

,17.= "IHC- J7 = JHC

* Figure 4-1: Desired Terminal Attitude and Transvla_tibnal Response

Defining
u = dX7 : : V
@t X7 7
v = d-Y7 = V ,
d.—t_- Y7
W= di7. =V ,
® v
Ceyg =0y ,
' = o ' ' , and’
“y Y7 » |
w. = 0 o , wWe can write
4 Z7 . ‘ c

y-2
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the translation and rotation of the terminal in terms of the six motor rates as:

u 6,

v 6

|- ) 0 (2)
o, 6,

o bs

w OR

or.
0y u
s v
O 1 = 7! W (3)
_é“ “x
05 oy
o o

where J is the Jacobian for the system of dyn'amic equations relating

Wy g)z) to 0, - 06..

(U,V,W; Wy y

4-3
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[su_ su  6u_  su_  Su_ Su |
§6; 60, 803 &8, b5 &Bg

&V SV 8V 8V .6V. sV
§6, 86, 685 68, 665 60g

Sw Sw_ Sw_ oW oW oW
60, 86, 863 &b, 665 80¢

dw* Sw wa Sw Sw, Sw
661 652 _563 (SC:)L* 605 Gée

gé-l— ?S_é—z_ 5@3 5_GL+ 5@5 (SéeJ '

The desired translation and rotation can be described in terms of the hand.

contioller input command motions as

u KXV
K
v Y
w : 0
= [B] o (5)
Wy ' *He T 97
u.y ¢HC . 4’7
wz BHC - 87

‘ Combinihg (3) and (5) fhe solution for the motor rate corﬁmands becomes

4-4
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0, K,

0, Ky

04 0

. = J' B ) (6)
@q (s

05 ¢

06 B

- . A

where. a T aye - ooy ¢ = ¢HC - ¢7 and g = BHE- B7. The problem is
’ now'reducec.i to finding J and B. |
The. motor Fotations an._d mechanical layout of the RAM are shown in
simblified form in Figure 4-2. Seven coord‘ivnate systems,_cqrres’ponding to
the seven segmen‘ts of the RAM are used in the solution. |
| Dérivat-ion of the Jacobian
.The J matr_ix is found by determining the velocity and rotation of coordinate
: sys.tem 7 caused by each of the s‘ix-motor_s.
In géneral, the velocity of a point (in this case, the origin of coordiﬁate |

system 7) due to-an angular rotation is given by
> ‘ >
V=axr
where Q is the rotational rate and v is the position vector from the center of

rotation to the point. Thus, -
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(L matrix

v : 3 . 2 . ;
V; = [egig x aj7] + [0sds x (337 + bjg)] +
+ [ouiy X (337 +bjg + cis)] + [63ky x (ajs + bjg + cjs - dky)] +
+ [é2§2 X (637 + bje + c35 - qu - e§3)] +
: ' (7)
+ [613) x (aj7 + big + cjs - dky - eks + fk;)]
N

’

The velocity components u, v, and w are obtained as the dot product of V

with 17, j; and k7, respectively: -

u =_.V7 o
> oA

v = V7 ¢ g (8)
> ~

Equation (7) must be expressed in terms of a single coordinate system.
Coordinate system 7 is chosen since the required velocity and rotational movements
are expressed in this\system-. Transformation matrices used to convert unit vectors

in systems 1 - 6 to system 7 are derived by i_nspecfion and presented below.

JM1. _is the transformation matrix from system i to

system j, thus

>
>

-—
© e

P _ B
_‘]J M1' I
kJ k1.
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1

C = "Mg

6'MS .

SML,,

My

3M2

2M1

c; and s, are cos o, and sin 0., respectively

0 0]
Ce Se
~Se Ce
.
0 -s;-
1 0
0 Cs
0 0
Cy Sy
-Sy Cy
Sy 0
Cj 0
0 1
-
B
0 0
Cy Sy
452 Co
0 -s;j
1 0
0 of]
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Therefore: ,
10 0 PR —
7MS = 7M6 6M5 = 0 Ce - Sg 0 1 0 : -
L0 =S¢ Cg LSS 0 Csg
- . .M
Cq 0 -Sg
D= Mg = o Isssg Cs 585 (10)
-SStS "_36 CsCq
v 7M}_+ = 7M5 5M‘+ = |Sg5Sg. . Ce CsSg 0o . Cy Sy =
'L.S-SCG -Sg S C5C6_‘ 0 =Sy l Cy
Cy SuSs I -C4Ss
E= My = S5S6 (cuCe- sucssg)  (syce + cycssg) | (11)
S5Cq {-cuse - suCsCg) (-sSuSg + C4CsCq)
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Using the above transformations we can rewrite the unit vectors in systems

1-6as

i

(18)



: N o -
- The velocity V7 of coordinate system 7 from equation (7) becomes then (noting

~

ﬁrSfthat §7 = 16’ jG = j55 15 = jq, kq = k3, 13 = iZ? and j2 = jl :

‘and so

 +[F11((b+C)56+(d+e)E33]’(d+e)F31E13)]37;[Fl1(a+(b+c)c6‘(d+e)523)+

o ~

= 66(ak7)+65(a56{7)—eq{[031(a+(b+9)Ce)+(b+C)02156)]{7+

“Urlfdf(b+c)56]37-[(b+¢)Dl106]£7}+83{[“Es3(a+(b+C)C6)+

~Ep3(b¥c)sgTi L (b+e)E) 356 15 74E ) sat (bre)cg Tk, 4

+82{[fF31(a+(b+C)Cé‘(d+e)E23)+F21((b+C)§6+(d+E)E33)]{7+ .
' : ' (21)

+(d+E)F21E13)]E7}+91{[—632(a+(be)C6-(d+E)E23)+

-622((b+c)56f(d+e)E33)+fF11]§7+

v +[Glz((b*c)56+(d+e)533)'(d+e)932513)+fF21]57+

'_+[Gli(af(b+c)csf(df9)523);(d+e)622513)+fF31]§7} |

u = OS?SS_OH{Dé1{a+(b+c)¢6]+(b+c)02156}+.

-03{Eg3[a+ (brc)cel+ (b+c)Epad-0y( Fay [+ (brc)cg I+

 (22)

fFZI[(bfc)55+(d+e)E33]~(d+e)F31E23)}-51{G3z[a+(b+c)c6]+-_

+Gpo[ (b¥c)sg+(dve )Egy ]+ (d+e )Gy E, 3 +FF) ;)



[ mATrix

v = 04U11[at(brc)sgltos(btc)Ey 3sgtoy{[(btc)se+(dte)Ez]Fy )+

—(d+e)F31E13}461{[(b+C)Se+(d+e)533]Glz'(d+e)E13G32}
W= ®6a+04(b+C)U11C6f93513[a+(b+C)Cs]+92{[a+(b+¢)c6]F11+.

—(d+é)(Fl1E23{F21513)}fel{[a+(b+c)c6]Gié-(d+e)(Gleé3—G22Ei3)+

+fF3,}

" The top three rows of the Jacobian are now easily found from equations
(22) - (24). For ease in cofnputer progr'amming and for computational

speed the following substitutions are made:



e; = (b+c) (25)
e; = (b+c)cg =eice (26)
e = (b+¢c)sg = €15 (27)
e, = a+(b+c)cg = a+ey (28)
es = (d+e) - (29)
eg = (d+e)E;; = egkig (30)
e; = (d +e) Eas = eskas (31)
eg = (d+e) Ezy = esks; (32)
eg = (b+c) sg+(d+e)Ezz = e3 + eg (33)
e1g = a+(b+c)cg-(d+e)Eyz = e, - ey (34)

Using (25) - (34) in (22) - (28) ar;ad differentiating;'..the first three rows of
the Jacobian are obtained.
| The last three ro'W_s of the Jaicobian are the partial Qefivatives of w, @y
and w, with ré_spect to the iﬁdividual motor rates (6, ‘lés)-' Thé fotational _

rates about the (1?7 :]:7 f<7) .axes (wx w_y W, ) are found as sum of the dot products

‘of those axes with the individual rotational rates (é1 - ée). Thus

s -
wx = 1y QT ‘
wy = J7 5.[
wz = k7 . 6-]-



(L] maTrix

where §T = (0131 * 0,1, + O3kg + 041, + O5is + Ogig)

Carrying out the above products yields

w, = 01612 + 6F)) + 03E 3+ 801y + O , (35)
wy, = 01Gpp + GoF 5y + 63Ep3 + 84Dy + Oscq s (36)
and w, = 0163, + 0;F3; + O3E33 + 0403y - OS¢ s (37)

The total Jacobian is now easily obtained from equations (22) - (24) and

“(35) - (37), using the substitutions of equla‘tions (25) - (34). Equation' (4)

_becomeé ‘
G3p€19 + Goseg + (F3jeqg + Fpieg)  (-Ezzey) (Daiey + Dpre3) (asg) O
+Ffo

(Gioeg - Gypeg) (Fyjeq - Fyjeg)  (Ejzes) . Dypfa + 83) 0 0
Gioeyg + Gppeg + (Fiie19 + Fpieg) (Eyzey)  Dyi(es) . 0 a
+ F31f V

J = (38)

G2 | | . Fu B3 D 0 1
G2 F21 Eas D21 Ce 0
G3z F31 Ess D3, -Sg 0

| _
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It is seen from equation (38) that all elements of each transformation matrix

are not required. In fact, the required portions of each transformation n_ﬁatrix are:

_ — 7 -
- D11 \ \
Dreq ~ | P21 \ ”

L- .

[—‘. b
3

W

req

\|

req.

e . el

_ A significant savings in computer time is realized by calculating only these

elements. It will be shown later that the required elements from H are

4-17
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Hzs
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—
Development of the Control Relations
" From equation (6)
‘u kx
\ K.
y
W 0
= B .
W ' a”
X
" .
y ¢
w, B
The desired motions are:
u kx
= Gx ky
W 0
Wy o’
» =. Ge
w, 8
where | ‘_. GX is the gain for translational motion
‘and . . G is the gain for rotational motion.

(39)

(40)



The angles o, ¢"', and' B~ are the differences between the vhand controller
pitch, roll, and yaw angles and those of the termmal (coordmate system 7) The
 phand controller pltch roll, and yaw angles (ch, ¢HC' BHC) are obtamed dnrectly
- from the hand controller ,resolvers. Thevposmo_n of the hand controlle_r can be found
from the reference {zero) position by the following three rotations (see Figure 443) :
(1) rotate about z ref theangle B to obtain (i 'C , jﬁC- . kl:tC) , then

 _(2) rotate about 1HC the anglea to obtain (1 C , JHC ) kﬁ(‘:),
' and then o

(3) rotate about'gﬁé the angle ¢ to obtavin (iHC , SHC QHC)-

ref* i (ref)

- a0 7-

{ . ;,s" (yref) Iref
& |

Figur,_elt-3: -Hand Controller Angl_es
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Yref’

Th_e reference fr_ame.» (Xref'

iref) for the hand controller corresponds

to coordinate system 1 (X1, Y1, 2,) for the arm. When the hand controller axes

are parallel to the reference axes, the terminal axes will be commanded to be

parallel to coordinate system 1. The terminal (coordvinate. system 7) orientation

relative to coordinate system 1 is described by the three angles o, 67, and ¢

" in the same sequence of rotations described for the hand controller. Thus

i7}) | cose; 0 -singsl {1 0 0 |lcoss, sing, o i
J7 = 0 1 -0 0 cosay sinay |Fsing, cosg, O 31
k2 | sjn¢7 0 cos¢,| |0 4sfnd7‘cosdj .~0.f- 0 1 El

Carrying out the multiplication and dropping the subscript 7's we obtain

. .
. —

cosBcos¢+sinqsinBsin¢‘ singcos¢+sinacosBsing  -cosasing

jp )= cosasing ~ cosacosg . o sing

A cosBs1n¢—sinasinBcos¢ sinséin¢-sinacosscos¢ C0SacCoS¢

— i
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~ 7 ~

J7 = M Ji

Ky K,
therefor;é

[P]-= [H]. -

From equation (44) ‘we find

' -1
ay7 = sin (H23)

C -1, Mg
= sin
b7 7 s -cosa
-1, Hoy
= sin
87‘ -51 .—COSa)

(47)

The above forms are chosen as the most direct and the least likely to fail due

to angles of 0° or 90°. Note that.if a=90°, Aequati_ons (46) and (47) are undefined,

however the likelihood of ever having a = 90° is remote. . Infact, the human operator

would find it very difficult to move the hand controller to o

restriction is not considered to be significant.

= 90°, so that this

Combining equations. (6), (38) and (45) - (47), the c_o.ntrol law becomes



| [T

' -1
ayA-Sin (H23)
HC - (48)

| IS His
tctsin' (Gosay)

f '+ -1 Moy o
BHC_.Sm ','(COSa7),

The operation of the hand corifroller, -computer subsystem, and the RAM is .

as follows (See Figure 4-4):

M

(2)

(3)

(4)

- the compUter reads the cuf'rent joint angles from the A/D converter and

calculates the elements of the transformation matrlces and the mverse
of the J matrix, :

the computer reads the hand controller resolver and thumb switch
signals from the A/D converter,

the computer evaluates the differences between the hand controller and
terminal pitch, roll, and yaw angles,

‘ based on the differences obtamed in (3) and the thumb switch signals

obtained in (2) and using the J~ ! matrix generated in (1), the motor
rate commands are calculated and sent to the D/A converter,

4-22
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A=) mavrix

(5) the D/A 'com-/elrter"l generaﬂte'_s’r'noto.n_'_:rate c;ommand_;s wHich_qause the érm
to move as required.: |

(6) thé grip motor is linkéd d_ikectly.to_the grip reéol‘v_e'r'dri the hand -
con‘trol.ler‘*-—no calqufaiions af'e r-ecit,'lir;-ed. A !

" NOTE: The céntro] law i'ncor-porates t‘he‘f,olldwivng_:

(1) instantanéous.motor start/ stqp i_s.a'ss'.vumed‘ (Iinear‘izgﬂ équations)',

2) n(; rate feedbéck isiuseAd_, |

(3)‘ - the pitch ahgle of thé hand cOntroller»{is{ é_ssﬁmetd:-‘td‘ be

-90° <.oyc < +90°.

-2
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SECTION 5.0

CONCLUSIONS AND RECOMMENDATIONS

’

The URS/Métrix haﬁd controller and ;he necessary mathematical c’oﬁtrol law
have been developed for use with the MSFC Rancho'AntHropomorphic Manipulator.
The Eand controller allows control of the RAM vq-/i'th_a single hand, and the mathematicall
contrdl law céuses the_attitude of the RAM and effector to correspond directly to the
Aat'titud'e of the hand ﬁontroller. This correspondence greatly sirﬁplifies control of
the RAM by a human operatér. |

.~ Two important points m-ust be made régarding the operation of the system.
First, a d.igital computer has been chosen tp .c':onvert the hand controller input
motions to. individual motor rate.com'maAnds. .Thei digital computer must perform
operations séqUentially,' i'.e. , 6n|y one operation can be carried out at arjy given
instant in time. The time required-to corriplete a singlle cycle through the system
is therefore. the sum of the times requiréd for each operation. The operations
required for the RAM sylstem are:

(1) | sambling ahd storing the six joint angles (one-by-one),

(2) calculating. the :trigonbmetric functions for the joint angles,

'(_3) calculating the required élement; of the tran;formation matrices,

(4) éalculatihg tt;e J rﬁatrix, |

(5)  inverting the J matrix,

(6) sampling and storing the'hahd'c'or'\trc_;l_ler input angles and thumb switch
commands, ' . : . '



(7). calculating the differences between the hand controller and termmal
pointer angles, :

(8) calculating the motor rate commands, and‘
(9) sending the motor rete commends,to the motors (one—byFone) .
* Step (1) req'uires A/D conversio_n of the.»sixﬁjolnt angles, step V(G)v requires A/D.
conver‘sion of the five hand controller input motions, and step (9) requires D/A
co»nversion of the slx motor rate commends. As all of these operations must be
performed one at e‘ time, the response of the RAM will be less than instantaneous. '
In fact, the computation and'—c’onversion_' rates could be so slow as to significently .
limit the usefulness of the system. | The response'of the system, and therefore its -
usefulness, migltt be impr_m}e_d in several ways: |

(1) anelog computation which allows slmultaneous operations,

(2) quaternion representatlon of the dynamic equatlons {see Appendix B)
- which reduces the number of operatlons,

l3) " polar coordinate representatlon of the dynamic equations, whlch reduces
the number of terms, or

(4) series expansion of the sine and cosine terms wnth truncatlon of higher
order terms, which reduces the number of terms.

Each of these areas offer poss'ible significant’ savings of cornpu_ter time and should
be .investigated. Time and funds provided .for 'the current_effort_dld not allow such
an investigetion. |

' The second point to be made is that, due to the construc_tion of tne RAM,
‘attitude commands can beigenerated by the hand .controller that are impossible
- for the RAM to execute {(due to mechanical li‘m‘its)'. Significently, a.t‘wisting motion
1

about the i axis is not possible.. Also, rotation about the l27 axis is limited.

5_2
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The first problem could be resolved by reversing segments 5 and 6 so that the final

motion is a rotl motion, or both problems could be resolved by adding a roll motor

‘after segment 6.
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APPENDIX A

TERMINAL POINTER HAND CONTROLLER

. PROTOTYPE PARTS LIST -

ITEM] NO.-
NO. JREQ'D.| NOMENCLATURE: PART NO./MAT'L.:| VENDOR:
1 1 Support, Gimbal Alum -
2 3 Potentiometer, #50 Linear Computer
Linear, Bushing ‘| Instrument Corp.,
Mount Hempstead, N.Y.
3 4 Precision Ball E2-11 . PIC Design Corp.,
Bearing, Flanged, Benrus Corp.
1/41.D., 3/8 O.D. x
1/8 W. ’
4 7 Washer ‘ ‘1_/32 "THK, Teflon -
5 4 Bushing - 1/2 DRA STK, CRES -
6 2 Sleeve 1/4 STK, CRES -
7 7 Set Screw, Int. Hex. | #4-40, CRES -
8 1 Gimbal Ring Alum -
9 1 Sleeve 1/4 STK, CRES -
10 1 Sleeve 1/2 STK, CRES -
T n 1 ' Inner Ring, Roll Alum -
12 1 Outer Ring, Roll Alum -
13 1 Ring Alum -
1 | 10 |Screw Ft. Hd. #2-56, CRES -
15 1 Shaft 3/8 STK, CRES. - -

(Item numbers are

referénced,frorﬁ Figures 2-4 and 2-8, Secfion_ 2.0)

A-1
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PROTOTYPE PARTS LIST (CONTINUED)

“ITEM | NO. : ’ ' . _
NO. |[REQ'D | NOMENCLATURE: PART NO./MAT'L.: VENDOR:
16 1 Ball Bearing, - KA055XPO Keené Corp.,
Type X, Kaydon Bearing
51/2 1.D., Div., Dixie
6 O.D. x 1/4 W, Bearing Co.,
Decatur, Ala.
17 |1 |Steeve 3/16 STK, CRES -
18 | 1 Precision Ball | E1-5 PIC
‘Bearing, o
3/16 1.D., 3/8 0.D. x
i 1/8W. . - ’
19 1 Body Alum -
20 1 Cover Alum -
21 2 Retainer Clip Alum PIC .
22 1 Gear Pulley, FCuy-18 PIC
: "No-Sl ip" :
23 1 Potentiometer - #5010 Linear See Item 2
10 Turn, Std. Mount '
24 1 Positive Drive FA-189 PIC
Belt, "No-Slip", '
18.557 Dia.
25 1 Switch,'~-lsometricv . #469 Measurement Sys.
Two Axis : .
26 1 |Handle Plastic, Cast -
27 1 | Grip Lever Alum -
- 28 -1 Handle Mount Alum -

A-2
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PROTOTYPE PARTS LIST (CONTINUED)

ITEM | NO. | S
NO. |REQ'D | NOMENCLATURE: | PART NO./MAT'L.:| VENDOR:
29 1 | Precision Bearing, | E1-5 - eic
1/41.D., 3/8 OD. x -
1/4 W,
30 | 1 | Microswitch - -
- 31 1 Lever o Alum ' ' o
'32 1 Pad = | Rubber, Foam' -
33 | 1 [|pin | 1/16 sTK, CcRES -
“34 | 1 | Thumb Pad Plastc | -
35 | 2 |washer N 1764 STK, Teﬂéh T -
36 | 2 |screw, Rd. Hd. 42-56, CRES -
37 | 2 |screw, Ft. Hd. | #8-32, CRES - -




' APPENDIX B . .
QUATERNIONS TOI\ CONTROL Ol1 SP. xCE VEIHIICLES
by
Allen C. Hendley .

Sperry Rand Corporation, Space Suppo1t Dwxsion
Huntsvdlc, Alabama

-The historical mcthod of represent ix g successive rotations of 2 'coordinaie
frame by quaternion multiplication requires that each guaternion be referenced
to a common coordinate frame,. This pa nar presents a method whereby quater-
nion representation of successive rotations uiilizes quaternions referenced in -
the same rnanner as direction cosine matrices. A product quaternicn is formed
which Jocates ihe final positicn of the coordinate frame with respact to its
oriomal position, If the q“ate*'nvon defining the instantaneous relative position
of two coordinate frames id'knovn, the necessary control information to drive
them toward coincidence can b determined directly. Incremental updaling of
the quaternion Is accomplished by means of quaternicn multiplication involving
the original quaternion and the incremental quaternions, Each incremental
quaternion defines the incremental movement of its associated coordinate frame.
The product quaterniocn is the new c,tmter'x on relating the two coovdinate frames
after their incremental movements, A complete development of the foregoing

-updating procedure is shown. This is followed by a simplified quaternion update
procedure currsnily bnmc implemenied for sbrapdown Ca].CUJ.uth ns ¢n the Q’.:ylab

" vehicle.

INTRODUCTION

Quatémi ons were invected by Sir Villiam R. Hamilton in 1843 and
“resulted from tis attempts-to form a thr ee dimensional vector algebra in which
. vector multiplication and: ‘division could be perforined,  For app: roximately a
-century, quatcrniens were liitle used, being supplanted by the vector analysis of

Professor Willard Gibbs.. Recently, hov ,evpr the use of qua*ﬂrmon\ has been
shown to offer sigy wificant computational auvautaocs when applied to the digital
‘solution of time varying ¢oordinate frame transformations. In ad dition, If the
quaternion defming the instantanesus relative position of two coordinate frames
is knova, the necessary information to opdm 1y drwe them {ovard coincidence
can be directly determined,: : -

, This paper presents a review of some of the prop’*"tics of quateraions, a
development of the strapdown equations for Skylab and o bm f comparison of

‘three methods used to formulate the r..u'cctlon co.,ivc matrix reinting _".\'o ’
coordinate framos. '



_ THE UNIT QUATERNION

A quaternion may be written as:

q=Q: +iQ +jQ +kQ"
where Q. is a scalar and Q,, Q> and Q, are scalar compdnems’alonvthe
orthogonal dextral vector triad i, j, L. The propertics assnned i, j, andk

are such thats

-1

o
i

§k = 1; - C xi=4§; ik

15 =
'ji=.~~k4; | kj =-; ‘l‘k'—'.'_"i; _ jik =1

If the condition is imposed that:
Q° + Q7 + Q7 +Q% =1

‘the following relation can be established:

-

e e

fl = Qc +1iQ, + JQa + kQ, = cos - +e sm -g-
whérq _ | |
e = (1Q1 + JQe + l\Qa)/(Q:l + Qe . Q 2) 1/3

e=icosa+3cos B+Lcosy

sm_§_= (Q{'z + 923 + Q;'z) 1/2 .

| the unit quatermon has the property _ __

(Qs + iQ; ‘_" j%z + RQ.;) (Q » i‘ -ng -stj =1
o .

. ) . 9 0 ' _
= (cQS u + g'sm % ) _(<.:os.'—2-, - esAin -—2—) =

~ thus the complex conjugate of the wnit quaternion is its inverse.



Gl O‘\ID’J RICAL L TERPRETAT IO\' OJ THIL UNIT QU ATERMION

If the unit quaternion is written in its trigonometric form:

+esin.9
. 2

oo

- q = cos

The unit vector e can be regarded as i ' K’e

the axis about which the i, j, k ' ‘ L

coordinate frame is rotated through the E . \

angle © to the new positioni’, j’, k’. .- . . ..

The direction cosines locating ¢ with ’ .
respect to either i, j, kori’,j', Kk’ = Y4 ’ i \

are the same with respect to either -/ J.
coordinate frame. Thejvector e is P '

known as the Tuler axis or the eigenaxis.

- A unit quaternion can thus be considered = [ 760/

to represent a rotation of ¢ degrees - 1y

about an eigenaxis e of :a'“bo'grdinate e
frame to another position, r L .~ Figure 1.

" . COORDINATE TR:\NSFORI\TATIONS USING QUATERNIONS |

- It has b"cn shovm by~ Harmlton that a vect01 transfozmatxon is achieved
by the following qu'ltc,rmon multiplication: :

K _whele V is thu tlansfm med vector V. By treat;mc:r each of the or thogonal
axes I, j and k as unit \ecLors a_nd per formlno" the mdw?ted quatermon
multlphcauonb = ~

17 =qiq? | o o
i’ =qjq* | o .‘ o  _' . ,‘ Equation 1
k’ =qkg™? | | |

If the mcucated operatlons are pcrfmmed in terms o Q; + in + jQz + kQj,
~and its inverse Q. -iQ; -jQ2 -kQs; and the results are alra)e'l in matm.\
format there is obtained: :

17 ] QF+Q%-Q:7-9° 2Q @+ Q Q) %QQ-Q:Q)

3= 2@ Q@00 @700 %+@:7 Q7 2Q: Qs+ Q)

k! i 2(Q; Q; 'Qa Qs) 2(Q2 Qa "Q_x Qj") .Qsz'Ql‘z’

2+Q32

L



" ox in concisc notation:
R’ =[x o . Equation2

This is the direction cosine matrix relating the 1,.j, kand the i/, j/, k'
coordinate frames. It.is expressed in terms of the four paramcters (Qe, Q,, -
Q2, Q3) which comprise the quaternion originally used to locate the relative
positions of the two'coordinate frames. Conversely, if the t>wmsformation
matrix is knovin, regardless of how it was obtained, the four paramcters (Q}; .
Q;, Q2, Qz) may be determined by a method presented in Reference 1 as
follows; let the transformation matrix be represented by:

Q11 Q12 le j
Qz; Q22 Qa3

Qz1 Qa2 Qaa’j

‘Then: o

R+ -Qf - Q. =q,

o Q42;°' Q% + Q% - @,° =4Q22

Q- Q% - Q.7+ Q° = Qus
QP+ Q%+ Q% =1

' By selectively combining these four equations:

Qe=2 5.J1+Q, + Q2 + Qs

.

_Qx =& '_»\/Qez - * 5(Q22 + Qaa) '

-

C@a=x Jold -5+ Qa)

Q=% JQP-.5(Q + Qe2)
The proper signs of the four parameters may be détermincd as fc-yllows:v
a, .Qiloose Q. positive

~ b, The sign of (Q23 - Qp2) Is th'ex)'t}ie sign of Q,



c. The sign of (Qz; - Q;a) is then the sign of Qp

d. The sign of (Q,2 - Q2;) is then the sign of Q,

QUATERNIONS AND TRANSFORMATION MATRICES FOR SUCCESSIVE
ROTAT! IG NS :

In the previous section it has been shown how the transformation matrix
_relating two coordinate frames can be generated by using a quaternion and its
Inverse. It will now be shown how two or more quaternions can be combined
and the results used to generate a transformation matrix relating the resuliant
- coordinate frame to the original coordinate frame, Euler has shown that the
_'result of two eigenaxis rotations represented by the equaternions q, and qz,
where q, is the first rotation and ¢ is the second rotation, cau be represented

The resultant quaternion ¢ is dependent on the order of rotation. Most -
fmportant ¢, and ¢z must bbth be refereuced to the same coordinate frame,
_Conmdel the qumel mon

R K’
= cos 20 + /i\sin 2

- This represents a rotation of 90°
-about the eigenaxis, i, in the
'positive sense. See Figure 2.

) Eigum 2.

If now a second iotatlon about the 01‘10'1....2.1 k a}.is of 90° is taken the quaternion
representation is: '

9 A . .90 -
—_— — oo
gz = cos — ksin z k Jl M
Referring to Figure 3, it is'seen
that after the two eigenaxis

rotations: "
1 =3 S
j (& = k .
K’ ‘=1 . -A S Fii;urc 3.



Also, if the resullant quaternion ¢ is sought:

q = q?; ¢, = (cos ?:29' + Ksin -9-2(—)4) (cos -23- + isin 229) " Equation 3

g=( =+ (2+dy-2s 2l
B R P PRI 1)
1 i+j+k J?T (%) 4]
= e < = —— —
q=- - 7 cos —- + esin —
o 1 e 5 e
cos — 2',sin i .

o = 120°. . |
b = (/{ +g -x»,l\:)./ﬁ |

The resultant rotation is 130° about
an eigenaxis e which has equal
direction cosines with respect to . . ..i;K" .
1, jand k. S Figure 4.

. The problem with the foregoing procedure is that ¢z is defined in terms of the
original coordinate system (i, j, k). It is desirable that it be defined with
respcc:, to the immediately prior rotath or movino' coouhnate fr ame (i’, j s
k). If this is c‘one ' o -

90
7 - 3! o~ .
qp cos > sin 2

Where ds mc,wafes a qu atermon rotation writh respect to the pr evxously rotated
i’y §’, k') frame. Using thls conventmn :

90 90

q;= cja' q, = (cos -9—0- + j! sin -géo—) (cos + isin -—2-—) Equation 4

2 2
This -quaternion multiplication cannot be performed directly because the
~ elgenaxes, j’ and i, are referenced to different coordinate frames, This

- difficulty is resolved in the following manner; let:

6 )
9z = c0os 5=+ esin o=



where e is any ciycnaxis uferem,ed to the omg,mal coordinate frame
Trans Form q as Iollows

‘ e e B - 8

4, =, =, q1 Cos '-é— + q, € q, : sin -—2— '

. ¥ ) 4
0 6 _
= COS -—---2 + e’ sin 5 qz

From which:
r _ . -1
i G q1 9= q1

“This is the quaternion transformation previously given in equations 1 and 2.
The c’i«e saxis e referenced to the original coordinate frame has been rotated
into e ! in the rotated coordinate frame by means of the quaternion q,; and.its
fnverse. By this procedure, the eigenaxis e ’, about which the rotaied

‘coordinate frame is-again rotated, can be expressed m terms of the original
coordinate frame (i, j, k). Then: '

99 4 = (9, 92 q;_‘)' 4 = (@ 92) (@0 9) = 4, G

Using this vesult, equation 4 becomes:

q=q, q =(cos-?£- + isin .5)_29__) (cos -9—29— +jsln ——) Equation 5
q=.'1 + i +j + k _ 1 +i+j+k J? )
2 T 2 2 2 2 - 3 2

“Thie 1'esalfs ohtainad us ing equation 3 or equation 5 are the same, Inthe one
casc (eoua ion 3) the second rotation is easil" referenced fo thn original
coordinate systern due to the simplicity of the first rotation (90 “about i), In
equation 5, 'the second rotation is referenced to the rotated or moving coordinate
_frame, This is an important advantage when a previous rotation or rotations are
not éasily visualized, By an extension of the above process, it can be shovn
~thatl a series of. quaternion rotations each taken with respact to the immedmte’y
pnc.r 1'01,a- ted or movmd coou.dmate frame can be given by j '

(1-=_q1_q2"q3 . .'. Oy

.Here againq, Q2 Q3 * + - qy refers to quaterfmlon multip}ié'ation. Note that if a
- series of rotations 'are-dcfincd by a chain matrix:

R = [Qa"] [Qz'] [Q IR =q,'"q,’ % qu 1q,7 1 qp !0

= Qx 9z ~la R ‘13 g q1-1 ’

B-7



The quaterion order of multiplication is reversced from the matrix order of
multiplication. This property will be used in developing the Strapdowm
Equations, ' - ‘

For example; with respeet to Figure 5,

i, jand k , o -are axes of the original frame

17, 5 and k’ . - are axes of the first transformation
' : ' 7 (90° about i)

’i"", j'"a;id oy - - are axes of the second transformation
- © (90° about § )

£, 47 and kY ~ are axes of the third transformation
(30° about kK 7)

U N iU e
e Kjlili
<M

-'0/ /7
i,i ,k"K‘

Figu.res
- Then: f - ‘ .
(cos —g??-+i in -——) ( cos _g;; +jsin-9~q-) (cos%o—*ksm-g—-) -q1 Q2 Qa
B R < ) O
q=—-—+ — =¢0s — + esin —
S o
L oso . L 290°: o = 1850°
cos__.2 0 ; 2 90 ; © ._180
esm—.‘?— :'..‘V'l‘+k ;€ = .i.-.—'._l-{.; sm.ﬂ- :::-1
22 J2 2 «

B-8



HCJC ¢ represents a rotation of 180° about thc cigenaxis ¢ = (L +k)/2.
Thc tlncc quatumon 1ohtxons uoed to cffect the coordinate transfonn.mon

'il.” :_.:k -
-.j"' = —j.
k”'.'-*‘-"- 1V

are found to be rep1 esemed by the slngle quatennon lotation q. By mSpcctm.J

of Figure 5, it can be seen that single rotation of 180° about the eigenaxis
(i+ L)/f resulis in the same coordinate transformation as that obt z?l,nud by
#hrea enccessive rotations of 90° each respectively about i, j "and k |
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