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NOMENCLATURE

Definitions
value of project investment fixed costs

nonlabor technical coefficient

matrix of nonlabor technical coefficients

project variable investment expense

project capital expense

present value of project total investment outlay

total project cost

static depreciation rate
market value of debt finance
market value of equity finance
function

function

project investment fixed costs

inverse function
proportion of project investment cost financed by debt
average internal rate of return

marginal internal rate of return
labor technical coefficient

labor input coefficient vector

interval over which project productive capacity will
exceed product demand

marginal present value of project investment expense

marginal productivity
marginal present value of project net income

project life span; number of elements in Leontief analysis
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NOMENCLATURE (Continued)

Definitions

price vector
unit cost (i.e., price) of z,

unit "flow" cost of capital input
"stock" price of capital input
price of labor

present value of project

present value of net income expected over the interval
from to to tm (i.e., excess capacity interval)

present value of income expected over the interval from
tm to tn (i.e., the full capacity interval)

net benefit-cost ratio

net income

market rate of interest

bond, or debt, rate of interest
expected yield per share of common stock

capitalization rate appropriate to the project's market
classification

sinking fund contribution rate

time

capital-income coetficient

goodwill of the project

quantity of output; a vector in the Leontief analysis
given output level

final product of process "i"

expected net income

base value of net income expected from product sales

expected project net income at full capacity production
and sales
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NOMENCLATURE (Concluded)

Symbols Dafinitions
z, quantity of current variable input
z, quantity of capital input; measure of project scale

percentage rate of growth

m net profit

g profit rate

aRr

TR marginal rate of reiurn over cost
]
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TECHNICAL MEMORANDUM

THE ECONOMICS OF PROJECT ANALYSIS: OPTIMAL
INVESTMENT CRITERIA AND METHODS OF STUDY

INTRODUCTION AND OBJECTIVES

The present study represents an endeavor to outline considera- p
tions of correct project investment analysis. The subject obviously
requires treatment beyond the limits of a relatively short research period.
This report reveals shortcomings in traditionally accepted investment
analysis methods and suggests either ways to overcome these short-
comings or alternative methods of analysis.

In project analysis, two of the major challenges to the analyst are
(1) identifying criteria of selection for choosing among alternative pro-
ject options in a consistent way, and (2) formulating a statement of
project characteristics that will enable an application of selection criteria
in a way compatible with accepted principles of economic analysis. The
problem is one of investment analysis which draws on the principles of
economic capital theory. Yet the technical characteristics of many pro-
jects require also the expertise of the engineering analyst. This has
led to the development of the field of engineering economy, wlrich plays
a major role in project analysis.

ENGINEERING ECONOMY IN PROJECT ANALYSIS

Reliance on economic principles involves a body of doctrine which
enco.npasses a set of well-established methods that are inherently sys-
tems oriented. Engineering economy generally has developed independ-
ently of the discipline of economics. It has tended to follow a highly
case-oriented approach to analysis, making only limited use of key
economic principles. Given the specialized focus of engineering economy,
integration of its findings with larger aspects of project planning and
development is achieved through systems engineering and management
controls [1,2,3].

This is not meant as an indictment of engineering economy. Indeed,
without formally drawing on such economic concepts as the production
function and marginal productivity, we find these concepts implicit in the
"economic balance" method of analysis followed by engineers in project
analysis. This method is of use in investment analysis where under
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static conditions the minimization of the total cost composed of the
interest charge on capital facility and the operating cost of noncapital
variable factors of production can lead to an optimal investment decision
as regards project cost projections. The projected revenue or benefit

flow of a project must be analyzed in relation to costs to complete the
investment decision.

COORDINATING ROLE OF THE RATE OF INTEREST

The interest rate previously mentioned is often an enigma to the
analyst who tends to treat it uncertainly as an instrument of discount
or compounding without clear understanding of the rationale therefor.
In part, this may be the result of specialization of function resulting
from an hierarchical structure of decision-making responsibility. Here
the task of analysis and decision making is broken into subgroup chunks
with each group expected to achieve an optimization of its subproblem [4].
In a well-designed and managed system, subgroup endeavors can be
coordinated to achieve an overall optimization in consequence of the sub-
optimization efforts of the various operating subgroups. However, the
very real possibility of inconsistency of subgroup decisions with higher
level criteria exists in this system of responsibility. This is evident in
the case of investment analysis where it has been held that given capital
rationing, the market rate of interest is irrelevant to project analysis [5].

Under the systems framework of general economic analysis, the
rate of interest may correctly be viewed in either of two ways [5]:

1) Agio concept — a premium on the value of current claims in
comparison with claims of specified future dates.

2) Price concept — the price of current funds measured in terms
of the equivalent level perpetuity.

In either case, the rate of interest, like a relative price, is the

quotient of two quantities. In general equilibrium analysis it coordinates
[5,6]):

1) The marginal rate of substitution between present and future
consumption (i.e., time preference).

2) The marginal rate of substitution between present and future
production (i.e., technical substituiion).

3) The marginal rate of return to saving or investment (i.e.,
marginal efficiency of capital).

4) The marginal rate of liquidity preference (i.e., portfolio
composition).

it v e e et T et At by % bt o o S Tt # W Lo PRV n e a—
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In general equilibrium, a balance is achieved between each indi-
vidual's rate of time preference. liquidity preference. yicld on invest-
ment, as well as between each firm's rate of technical substitution. The coor-
dinating role is played by the market rate of interest. In the market
economy then, the rate of interest does tend to signal society's pre-
ference for present versus future goods. Does this mean it is the only
arbiter in the realm of capital analysis where the two key questions are
(1) to what extent is it in society's best interest to postpone today's
consumption in return for an increase in future goods, and (2) of the
investment options currently available, how should they be ranked?

Some have argued that in the realm of government project analysis,
the rate of interest is not an appropriate instrument of analysis. Indeed,
in the presence of capital rationing and given a total lack of concern for
the market's evaluation of new projects, the analyst would have no
reason to use the market rate of interest [4]. This view may have some
merit in the case of suboptimization analysis [4,5]. However, while a
consistent ranking of projects may be possible without use of the market
rate of interest in some instances, the nrccedure is one which may invite
abuse. For example, such would be the cuse where a budget surplus has
been spent on a project of dubious private or social benefit so the budget
unit, whether in the private or public sector, may save itself the
embarassment of returning unused funds at the end of the fiscal year.

PANELS OF EXPERTS

To help guard against such abuses while at the same time to assure
the fullest pessible accounting of benefits and costs, it is sometimes
recommended that proposed projects be analyzed by a panel of experts.
This approach has much to recommend it and is in essence the method
followed in engineering economy where specialists in the various engineer-
ing aspects of a proposed project develop in conjunction with cost
analysts a full detailing of project costs which are thea combined with
revenue estimates provided by the marketing and sales Jdepartments of
private firms or their appropriate counterparts in the public sphere in
arriving at a decision on the merit of the investment proposal. To bring
order to the detailed elements of engineering economics analysis, someone
or some group must be specifically charged with the systems responsi-
bility of coordination and integration of the results of contributing
specialists.

The panel of expert's approach to project analysis is not without
its drawbacks [7]. Not least of these is the failure of experts to fully
count the costs of a program as more than once has been evidenced by
public estoppment of highway, water and nuclear projects, as well as

< ey
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other public undertakings. In a similar vein do we find cases exampled
by the California Department of Highways engineeringly sound but
aesthetically monstrous proposal for a new bridge crossing for the south
end of San Francisco Bay. In an appeal for recommendations from the
public for a more acceptable bridge design, the San Francisco Chronicle
was soon able to report a plan for a prestressed concrete structure far
more flattering to the Bay's skyline without sacrifice of either structural
integrity or cost effectiveness of design [7].

A thoroughgoing analysis of all values (including the whole range
of human values) pertinent to, or measurably impactea on by, any
project under consideration, is mandatory. Equally importani is the
realization that rational decision making often requires quantification of
so-called nonmeasurable values [7].

CHOICE OF CAPITALIZATION RATE

As a rule, benefit-cost information developed is to be evaluated
in reference to the market rate of interest for the reason we have
already noted — that it is the market rate of interest that signifies
society's determination cf the urgency of present versus future be:.efits
[7]. If there be a difference between project evaluation by government
as opposed to private industry, let it be because government calculates
the net social productivity of the investment including an accounting of
nonpecuniary social benefits which are likely never to accrue to a
private firm undertaking the same investments {7].

To permit the government to evaluate projects at a lower rate of
capitalization than set by the market (Some would set a capitalization
rate of zero!) simply because the government can borrow at lower rates
than private industry or because (some) government projects are funded
incrementally is to calculate uneconomically [7]. The capitalization rate
used in analysis to determine the cutoff point for attractive investments,
like any price, should as accurately as possible reflect the opportunity
cost of employing scarce resources in the projects under consideration.
If, in the face of a full reckoning of all opportunity costs bearing on a
proposed project, the net benefit expected to occur therefrom is nil or
negative, it is in society's best interest, regardless of whether the
initiator be private industry or the government, that further considera-
tion of the project be dropped until such time that changed circumstance
may suggest its favorable reconsideration.

Having settled on the market rate of intcrest as a key instrument
in project analysis does not end the mat.er of defining the role of the
rate of interest. For there are many rates of interest and there are
alternative ways in which they may be applied in analysis. There is no
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simple answer to either problem. For example, in private industry, if

a firm utilizes retained earnings as its only source of finance. the proper
rate of interest for it to use in investment analysis would be the rate it
could get on the next best allocation of its funds, including the possi-
bility of loaning them out at the market loan rate of interest.

A company may choose, or find it necessary, to seek funds on the
market through issue of bonds or stocks or both. The composition of
the firm's loan portfolio in fact is a matter of preference analyses which
calls for the establishment of a management utility function incorporating
such variables as the firm's growth potential, liquidity requirements,
and so on. In much the same way can the government agency form a
utility function in regard to finance requirements for its endeavors,
though one may expect its function to be described in terms of social
variables involving employment, price stability, income growth, and the
ke, in lieu of or in addition to the arguments of the preference function
of a private concern [8,9].

PROJECT VALUE IS INDEPENDENT OF THE
METHOD OF FINANCE

One reasonably plausible argument is that the market value of a
project is independent of its "capital structure" (i.e., mix of debt and
equity finance). That is, the argument states that the value of a
project, determined by its prospective net receipts stream, is the value
to which the sum of the market-determined values of the debt and equity
claims issued to finance the undertaking must adjust. On the basis of
this we may write:

P = D+E . (1)
v0

The assumption of "complete markets" (i.e., a system in which every
contingency corresponds to a distinct marketable commodity) is essential
to this result as is the absence of transactions costs and other cxternal
drains in the form of corporate and personal income taxes, etc. [5],

Though the assumptions specified are seldom fulfilled in practice,
the simplicity of the value relation has rendered it irresistible as a
basis for approximating the expected yield on a share of stock issued
jointly with debt in the financing of some given project. Here the
expected yield is equal to the appropriate capitalization rate, Ty for a
pure equity stream in the class of the project being evaluated, plus a



premium related to the financial risk equal to the debt-to-equity ratio

times the spread between Ty and the bond rate of interest, T (Ref-
erence 10 discusses the effect of taxation as well.)
r, = rp + (rk - rb)(D/E) (2)

Alternatively, the preceding expression could be used to determine
a project's capitalization rate given the prior specification of its payout
on debt and equity finance:

r + Ty (D/E) v
r, = -£ . (3)
k (1 +DJ/E)

To apply this analysis to the formulation of a project cost equation
is appropriate. Here, capital costs, net of depreciation, would be

Ck = {(l-h)re + hrb} : CI . (4

Upon substitution of equation (2) into the above expressi-n and sim-
plification of that result, the net cost of capital to the project is seen to be
nothing more than the capitalization rate, Iy appropriate to the class of

project under consideration times the planned level of project investment
expenditure:

c, =r .c ¥ . (5)

THE ENGINEER'S BALANCE METHOD OF ANALYSIS

From here it is but a short step to the engineer's solution to a
typical economic balance problem wherein capital (or so-called) "fixed"
costs are shown rising linearly and variable costs are shown falling at a

1/ For example, if bonds are to pay 9 percent interest and a stock is to
yield 15 percent return on equity, then given a debt equity ratio
equal to one, the capitalization rate of the project would be 12 percent.

2/ With depreciation, we would have

Cp * {(-p)r_ + hr + d} C, = (r+d)C; . (6)
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diminishing rate with respect to some common design variable which is
frequently a physical measure of the capital input to the project. The
economic balance or minimum cost (i.e., saddle) point occurs where the
rate of increase in project investment cost is equal to, or just "balanced"
by, the rate of decline in the variable costs [3].

To relate the engineer's analysis to the production and cost
analysis of the economist, we identify the production function, x =
f(zl,zz) , in which the output, x, is rendered by the application of the

current veriable input, Zy and a capital input, Zy. Expressing the

current input to production as a function of a given level of output and
variable level of capital input yields the expression

z, = g(xo, 22) . (N

Define p, as the unit cost of z. and p, as the unit "flow" cost of
1 2

1
the capital input, where

p, = (v, +dp, . (8)
Total project cost is then

Cx = PyZy tPyZy - (9;

Substituting from equation (7) into equation (9) yields the project cost
function

Cx = plg(xo,zz) +p222 . (10)

The point of "economic balance" is achieved when the quantity of
capital input to the project leads to the fulfillment of the condition,

X _ -
5z = 0, or p1g1+p2 = 0 . (11)
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That is, nan economic balaroe (i.e., equilibrium) is achieved when "mar-
ginal" variable cost, “Pyb. repches equality with "marginal" investment
cost. p,,. ¢

Given that €9 is equal to the negative of the ratio of the marginal

productivity of capital to the marginal productivity of current variable
input .

mpp,
mpp,

gz = - ’ (12)

we find the economic balance condition in equation (10) is equivalent to
the economist's solution to the least cost problem in production theory.
In the latter case, for a given level of output, input quantities are
varied until a least cost combination of inputs is achieved. This state
is characterized by the condition that the marginal productivity of the
last dollar spent on each input is equal:

p p
1l . 2 ) (13)
mpp, mpp,

An advantage of the engineer's economic balance method of analysis
is that miscellaneous costs of installation, service, and operating labor
complementary to the specified design variable (or capital input measure)
are easily incorporated into a cost function similar to equation (10).

The shortcomings of the method are generally atiributable to a
lack of integration of the methods of engineering ecoromy due in part
at leas .0 the engineer not normally being concerned with price and
sales decisions so much as with choice of technique.

More specifically, the balance method fails to provide a conceptual
distinction between economic and engineering data and hence fails to
facilitate the investigation of consequences of changes in design tech-
nology or input prices.

From a systems point of view, the analyses may fail to provicde for
the determination of minimum total cost over the entire input space in
relation to different levels of output. A related problem is the deter-
mination of scaling requirements in relation to project costs and revenue
opportunities [11].



In terms of investment criteria, the economic balance method of
analysis does make rational use of the market rate of interest in deter-
mining the long run marginal cost of capital. However, to the extent
the method fails to take account of the entire field of project costs, its
usefulness is severely limited. Another drawback to the method is the
assumption implied in its application of an unchanging time profile of
project costs. For these reasons, it is recommende:l that the results
from the engineer's economic balance method of analysis be used only as
aa aid to, rather than as the sole basis for, the p-oject investment
decision process.

B T g S A

VARIABLE NET INCOME STREAM OPTIMIZATION

It is typically assumed that the flow of net receipts accruing to a
project is not only given, but constant through time. Yet ugon scrutiny
we find that while this assumption may be appropriate to bond analysis,
it is not generally correct in project analysis. For it is the rule that
the yield on a project may vary from period to period; moreover,
diminishing returns will be experienced with respect to the effort to
expand any period's net income relative to the next period's income.
This is due to several reascns:

1) An increased rate of activity causes an increase in the rate of
depreciation.

2) As full utilization of resources is reached, the quality of
remaining resources diminishes.

3) As the output for any period is considered for increase,
management becomes increasingly uncertain of market prospects for the
increased output.

4) An increased rate of activity ultimately will result in the
occurrence of bottlenecks in the production process.

Following Fisher, the optimal time stream of net income is relatively
easily determined. Let us assume the intraperiod maximization of net
income already has been achieved., The present value of the resulting
income stream is given by

R, R, R 3/
P = + ..+ —D0

v sl (102 (14"

(14)

3/ Throughout this presentation a constant rate of interest is assumed. j
The analysis is easily adjusted to handle the case of a variable rate
of interest.



The condition that this expression shall be a maximum is that the differ-
ential quotient thereof shall be zero,

dRrR dRrR dR
dp = 1 + 2 + ... + n

Vo ! (nd (140)™

= 0 . (15)

This condition contains within itself a number of subsidiary conditions.
To derive them, we may consider a slight variation in the net income
stream affecting only the income items pertaining to the first two periods,
R1 and R2 (the remsaining income items, R3, vess Rn’ being regarded for
now as constant), and we may denote the magnitude of de and dRz.
and 3R,. Then,

1 2
Rn’ it follows that dR

under the assumption of restricted variations, by 9R
under the assumed constancy of R

3» ooy 3, es vy
an, are equal to zero, and equation (15) becomes
R oR
o SR T (16)
(1+r) (1+r)
From this it follows directly that
3R2
ﬁ—; = (1+X‘) . (17)

By definition, the left-hand member of this equation is one plus Fisher's
marginal rate of return over cost, which, it is easily shown, measures
the same thing as the marginal internal rate of return (discussed below),
so that the two terms may be used interchangeably. Now, in equilibrium,
net income in period two will be increased at the "expense" of period one
net income until the marginal internal rate of return, i_, has achieved
equality with the market rate of interest, r. m

(1+im) = (1+4r) , or i = r . (18)

That is, the condition that the marginal internal rate of return for the
period under consideration achieve equality with the corresponding
market rate of interest follows as a consequence of the general condition
that the present value of the net income stream must be a maximum.

10
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This same reasoning may be applied to any pair of successive
years. Thus if we assume variations in R2 and R 3 without any varia-

tions in the other elements in the net income stream, R Rd’ Rn,
the original differential equation becomes
oR 3R
2_ 4 3_ - 0 (19)

a2 (3

from which we again obtain equation (18) [5].

The upshot of this analysis is the determination of a maximum
present value of net income function expressed in terms of the level of
investment expenditure,

P, = f(CI) . (20}

NECESSARY AND SUFFICIENT CONDITIONS OF
PRESENT VALUE ANALYSIS

If the time configuration of net income is technologically, or other-
wise, given then equation (20) may be established without recourse to
the above analysis. In any event, following the establishment of this
last equation, the task of determining the optimum level of project
investment expenditure remains.

This determination may be carried out in terms of the marginal
present value of net income and investment expense. The rate of change

of the present value of net income with respect to variable investment
expense yields the project's marginal value of income:

mp, = f'(CI) . (21

The marginal present value of project investment expense, which
is a measure of scale of undertaking, is simply the variation of invest-
ment expense in terms of itself. It is thus identically equal to one:

me. = 1 . (22)

11



Setting the marginal value of income equal to the marginal value of
investment expense, .

rcy =1, ) (23)

it generally will be possible to solve for the optimal scale of project
undertaking, a conclusion wholly in agreement with classical analysis.

Ci“ = F(1) . (29)

While by the present value approach to investment analysis we
have been following, this is a necessary and sufficient condition to
determination of the optimal scale of project investment, it does not
guarantee the overall profitability of the project.

Thus for example, in the building of a facility, there will typically
be fixed preparation costs in addition to expenses that vary with respect
to scale of undertaking. By way of illustration, consider the New York
World Trade Center as an investment project. Site preparation costs,
definitely a part of the overall project expenses, were largely composed
of items insensitive to building girth, height, interior structure, etc.
Surely this condition must apply to investinent projects in general.

Accordingly, 2 second condition for determination of optimality of
an investment undertaking is that the average present value of project
net income, APv, must equal or exceed the average present value of

project toial investment outlay, or equivalently that the total present
value of income must equal or exceed the total present value of total
investment outlays. Going a step further, we may suppose that in the
absence of capital rationing, project development will be pushed to the
point where the present value of the income stream equals the present
value of project total investment cost. Hence, the second condition for
optimality in project selection may be written as an equality:

(25)

4/ This is the same condition assumed to hold in analysis based on the
average internal rate of return criteria, ia’ which is discussed later.

Suffice it to say for now that present value is measured in terms of
the market rate of interest, r, or some other appropriately chosen
capitalization rate, rk, whereas in average internal rate of return

based analysis, ia is treated as an unknown.

12
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In terms of present value analysis then, we are led to the con-
clusion that relations (24) and (25) express the necessary and sufficient
conditions for optimality in project selection.

To illustrate the principles of the present value analysis previously
outlined, consider the case of a product whose demand is expected to
grow through time at the constant percentage rate, vy.

DYNAMIC CASE OF DESIGN FOR EXCESS CAPACITY

From the vantage of point in time, t o’ the project analyst will realize -

the necessity of choosing some level of product demand, expected to be
realized "m" periods hence, in regard to which to scale the capacity of
the proposed production facility. Until time tm is reached, the project
will have excess capacity.

The first part of the present value of project income will be based
on the expected growth in product sales over the interval "m":

P =y A = - ™Y /- ) (26)

A= (1 +7)/(14r) .

The second part of the present value calculation of project income
will derive from receipts expected from the sale of capacity output of
the firm over the interval from t, to the end of the venture at time tn:

n 1
P = Y X -
b =1 (141)]

(27)

1]

1 1
-— . y
[r( 1+r)m r(1+r)n] m+1

Where the project is intended to continue in perpetuity (i.e.,
n = «»), the second part of the present value of income calculation
simp'.fies to

13



P, = y g /r)" . (28)
b

The total present value of project income, viewed from point in
time, to. over the interval "n" and measured in regard to the scale

limit :et by demand "m" periods hence, is given by the sum of the
parts defined. (For convenience, we shall take the sum of equations
(26) and (28).)

ATy 110 + y ()™ (1™ (29)

/A1) + [ I - A(1-0)] y A"

The breakdown of project investment outlay into fixed and variable
components now comes into play. Fixed costs are assumed to i*» known:

F = a . (30

Project investment variable costs were treated as a given value in
the introduction to the present value analysis section. Now a more
involved situation is being modeled in which these costs are defined in
reference to expected income data that in turn are a function of time.

Investment variable costs, CI’ are equal to the price of capital

inputs, Py’ times the quantity of capital, z,, necessary to fulfill project
capital requirements.

C =

I Py " %y (31)

Capital input, which is also a measure of project scale, is dependent
on the rate of production which is here expressed in terms of expected
net income, y:

29 = V'Y . (32)

14
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Expected income can be expressed in terms of base period income,
Yo times the expected growth of product demand, (1+y)m-

vy o= oy, a+" (33)

Total investment cost, C , is given by the sum of fixed and
variable outlays:

CV = Fk + CI . (34)
Consolidating the content of equations (30) through (34), we
obtain the following expression of the present value of project total
investment outlay:
C. = a+puvy (+)™ . (35)
v K 7o

The "goodwill,"” W, of the project is determined by the difference
between the present value of expected income, P v’ and the present value
of project investment cost, C [12]:

W =P -C
v v

Ayo/(l-k) + [(1+y)/r - X/(I—A)]yokm - a- pkvyo(lw)m .

Maximum goodwill is achieved by establishing that scale of enter-
prise for which the marginal present values of income and investment
cost are equal. Since time is the driving force in this case, the deter-
mination of maximum goodwill evidently is achieved by varying goodwill
with respect to the time variable, m, and setting the result equal to
zero:

oW
am

mpV - mc::v = 0 (37

[(1+y) /r - ,X/(1—x)]y0.xm1nx - p vyo(1+y)m1n(1+~() = 0 .

k
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From this equation, it is possible to solve for the optimal value of
"m" which will be recalled indicates the interval of project expected
excess capacity:

. [( Hy) A
= . r 1-AJInA
m = m)— In pkﬂn(l*'Y) (38)

It will be observed that the solution for m is independent of the
base period income value, Yoo Accordingly, it is possible to solve for

the value of the latter variable in terms of m, and thereby determine the
optimal scale of the project.

For this purpose, let us define the net benefit-cost ratio, q, of a
project as the ratio of goodwill to the present value of project investment
costs:

q = W/Cv . (39

In the absence of capital rationing, the scale of a project will
normally be expanded to the point that the net benefit-cost ratio is zero:

q =0 . (40)

Proceading in terms of equation (39), the expression for deter-
mination of base period income may be stated as follows:

y = (1+q)a . (41)
o

Given the fulfillment of equation (40), it follows that the present
value of income equals the present value of investment cost, so that via
equations (37) and (40) the necessary and sufficient conditions for
optimal investment policy in the absence of capital rationing are satisfied.
[See equations (24) and (25).]
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Present value analysis is capable of cr nsiderable flexibility in
application. For this reason it presents a p werful method upon which
to base the investment decision.

AVERAGE AND MARGINAL INTERNAL RATES OF RETURN

An alternative procedure to ranking investment options by their
contribution to present value is that of ranking them according to their
internal rate of return. Indeed, this method has attracted considerable
attention from analysts, though they seldom specify just which internal
rate of return they have in mind. Generally, however, they have in
mind the average internal rate of return. The definitions of the average
and marginal internal rates of return are as follows [13]:

1) The average internal rate of return (or "average efficiency of
capital") is the rate of discount which, if used to discount back to the
present all the revenues from the project, makes their present value
equal to the total project investment cost.

2) The marginal internal rate of return (or "marginal efficiency
of capital”) is the rate which if used to discount back to the present
the marginal net income, due to an additional unit of funds invested,
makes the present value of that income equal to unity.

Under ideal conditions the internal rate of return approach will
give results consistent with the present value method of project analysis.
Unfortunately, these conditions are seldom realized in project analysis,
making the internal rate of return criteria generally unsatisfactory as a
basis for investment decision making. However, it is important to note
that the method is not irredeemable.

It is averred that the internal rate of return indicates the rate of
net profitability of a project without requiring the separate calculation
of a schedule for depreciation [14]. In the absence of a theory of
optimal depreciation, it could be a considerable boon to project analysis
for the analyst to be able to sidestep the need to directly reckon with
determination of a depreciation reserve program. However, unless funds
recovered from the project can be invested at the computed internal rate
of return, then the depreciation reserve problem must be reckoned with
directly. Otherwise, the internal rate of return criterion will give
results inconsistent with the present value criterion for ranking projects.

To deal with the depreciation reserve problem, let a sinking fund
be established on the convention of a constant contribution rate geared
to the market rate of interest. In regard to this setting, determine the
minimum contribution rate required to accumulate the value of the project's

17
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replacement cost "n" periods hence. The net profit stream of the pro-
ject will then be given by the difference between the net income ele-
ments, R, and the corresponding contribution to the depreciation
reserve, S. The rate of discount that equates this stream (which
includes in the nth period the accumulated sum of sinking fund contri-
butions) to the initial project investment cost, CI’ will correctly measure

the average internal rate of return to the project.

If the constant rate sinking fund contribution is,

S = {r/(1+D)" - e, ., (42)

then the net profit for the "jth" period will be

mo= R-8 = R - e/ - e, . (43)

The present value of the net profit stream plus recovery in period "n"
of the replacement cost of the project yields the expression:

n R, - S, CI
P = §y A1 4+ 1
v j=1 (14 )} (14 )"
a a
n R. C
= ¥ ] -— + I
- . 4] AN
j= (1+1a) (lﬂa)
R 4 ]
(1+1a) -1 r
h . . N n CI * (44)
la(1+1a) (1+r) " -1

Clearly, if it happens that the market rate of interest (or its equivalent)
equals the average internal rate of return, then the present value cal-
culation in equation (44) simplifies to

n R.
P = g —Jd , (45)
v j=1 (ma)]
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which when set equal to the project investment cost, C., yields the

I’
average internal rate of return of traditional description.

The sinking fund adjustment to the internal rate of return method
also will help to assure consistent rankings of mutually exclusive invest-
ment options such as occur when variations in scale are being considered
in determination of optimal size of facility.

Another problem with the internal rate of return approach is the
occurrence of multiple roots to the polynomial equation

n R.
I —dr-c =0 (46)
j=1 (1+ia)]

used in solving for the average internal rate of return, ia. That is,

depending on the time configuration of the net receipt stream which may
pass several times between the ranges of negative and positive values,
more than one internal rate of return may occur which will satisfy the
above equality.

We must not forget the lack of clarity by analysts in specifying
what internal rate of return they have in mind to serve as a basis to
the investment decision. We have previously discussed the role of the
marginal internal rate of return in the determination of the optimal time
configuration of a variable net income stream. Where project options
vary continuously, the marginal internal rate of return again is
recommended for consideration subject to the warnings noted. When
project options are few in number, the average internal rate of return
approach, modified as noted, may be used. It should be mentioned that
the relationship of the average to the marginal internal rate of return is
akin to the relationship of the marginal to the average present value of
an investment option.

PRICING OF PRODUCT IN A MULTIPLE PRODUCT PROJECT

Under fairly liberal conditions, the method of Leontief's input-output
analysis effectively may be used in the determination of output prices in
the multiple product project [11,15,16]. Price information combined with
appropriate knowledge of output and cost levels can then be organized
in terms of present value analysis for the purpose of ranking project
options. Any shortcut to this procedure likely will result in inconsistent
results. For example, it is not recommended that projects be ranked by

19
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technical coefficients which cnly reflect direct effects of activity when
the indirect effects of project interrela ")nships may be significant. The
author is aware of the analyst's desire .or simple rules to analysis, but
to proceed in terms of faulty method is to achieve unreliable results,

A brief sketch follows of the application of the Leontief method to the
problem at hand.

In the case of multistage or multiprocess projects, one may proceed
to carry out the input-output analysis in terms of products, since clearly
it is the product of each process which serves as an input to some other
(or perhaps the same) activity. Establishing a scheme of process inter-
relationships in a simple example we might have the following:

Feeder process -+ Boiler process -+ Turbine process -
Generator process -+ Transmission process.

Conversion of this to a product based statement might yield the following
sequence:

Fuel (coal) - Superheated steam (heat) -+ Mechanical
energy -+ Electrical energy -+ Transported energy.

For simplicity, the ensuing anaiysis is limited to three produects.
Here, let x; measure the gross output of process "i;" X the provision

of process "i" to "j;" and xid, the final product of process "i." Assum-

ing these values to be determined for each process, it will be possible
to form an input-output table:

Final Gross
Process 1 Process 2 Process 3 Use Output
d

Process 1 xu x12 x13 x1 X4
Process 2 X X X bi4 d X
21 22 23 "2 2
Process 3 X X p.¢ xd X
31 32 33 3 3

(Subscripts (i,j) indicate (row, column) designations.)
To develop the corresponding statement of technical coefficients, the

various input quantities to each process are divided by the gross output
of that process.
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Let bij be the technical coefficient indicating the amount of product
"i" needed to produce one unit of "j":

o
n
L] LN
L L]

Then from the table we obtain the matrix of technical c~efficients:

b b b

11 12 13 T

i 21 P22 Pg

| Par Pz g3

On the basis of the general relation,

_ 4a
xi = xi1 + Xiq + Xiq + ) . (48)

which underlies the construction of the input-output table, taken together
with the matrix of technical coefficients, B, it is possible to write the
following matrix statement:

X = Bx+xd . (49

Solving for the gross supply of product. x, in terms of the given levels
of final product demand, xd, yields the result (in matrix form):

x = a-8y x4 . (50)

Now when physical units of product are used in the Leontief open input-
output system, such as we have done above, we may also treat product
prices as variables and calculate equilibrvium prices as well as equilibrium
output levels. To do this, however, it is appropriate to assume a single
profit rate prevails in all phases of the project. Then each process will
have its product priced in an amount just equal to average cost plus
profit. The price of the "ith" produet will be:

21
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o N — —yf—
cests of inputs cost amount
‘rom other project of of
processes 'abor profit

Denote the price vector by p, including n product prices, 1 as the labor
input vector including the direct labor input in the "n" processes. Then
we may form the equation,

p = B'p+le+o~p , (52)
whi h yields the solution for the price vectur,
- - ! -1
p = (I1=B'-~- d) pLI . (53)

Clearly, to solve for p, it is necessary that the analyst has already
determined both the profit rate and the unit price of labor (as well as
the prices and technical coefficients of other material inputs to the
project).

CONCLUSION

The report displays a clear preference, based on analytical con-
siderations, for present value criteria as a basis for project investment
analysis. However, the internal rate of return criteria can be rendered
serviceable in some instances.

In the case of multiproduct project proposals, the application of

the Leontief input-output analysis to determination of project prices has
been shown to be feasible.
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