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1.0 INTRODUCTICN 

There  is a c o n t i n u i n g  i n t e r e s t  i n  t h e  d e t e r m i n a t i o n  o f  t h e  d e n s i t y  f u n c t i o n  o f  
a m a t e r t a l  body. The u s u a l  approach is t o  a t t e m p t  t o  r,\cover t h e  d e n s i t y  func- 
t i o n  from knowledge o f  t h e  t o t a l  mass and t h e  Newtonian p e t e n t i a l  ( r e f s .  1 ,  2 ,  
3, and 4) .  It is w e l l  known t h a t ,  i n  g e n e r a l ,  one canno t  d e t e r m i n e  t h e  dan- 
s i t y  f u n c t i o n  from knowledge of o n l y  t h e b e  two items. 

Tn ,hi3 work we p o s t u l a t e  t h e  e x i s t e n c e  o f  h igher -o rder  p o t e n t i a l s ,  and demon- 
s trate t h a t  t h e  d e n s i t y  f u n c t i o n  can  be determined from t h i s  se t  o f  p o t e n t i a l s .  
Moreover, we s h a l l  show t h a t  t h e r e  is a one-to-one cor respondence  between suoh 
p o t e n t i a l s  and t h e  d e n s i t y  f u n c t i o n ,  provided i t  is c o n t i n u o u s .  

F i n a l l y ,  we n o t e  t h a t  t h i s  demons t ra t ion  i n c l u d e s  a method o f  c o n s t r u c t i n g  t h e  
d e n s i t y  f u n c t i o n  from t h e  set  o f  p o t e n t i a l s  as well as i n d i c a t i n g  how one might 
approximate  t h e  d e n s i t y  from incomple te  knowledge o f  t h e  p o t e n t i a l s .  

2.0 MODEL AND NOTATION 

Suppose A is a m a t e r i a l  body. We model t h i s  by assuming t h a t  t h e s e  is a 
nonnega t ive  c o n t i n u o u s  f u n c t i o n  P d e f i n e d  on Euc l idean  t h r e e  s p a c e  deno ted  by 
E suoh t h a t  P h a s  compact s u p p o r t  K ,  where K h a s  t h e  same g e o m e t r i c  shape  
as A and P is t h e  d e n s i t y  f u n c t i o n  f o r  A .  T h i s  n o t i o n  p r e c l u d e s  A 
hav ing  " p o i n t  masses ,*# b u t  d o e s  n o t  r e q u i r e  t h a t  A be " i n  one p i e c e ; "  i.e., 
K need n o t  be connected.  

We deno te  t h e  r e a l  l i n e  by R ,  and \:he norm on E, induced by t h e  i n n e r  pt-oduct 
< * , * > ,  by I I * l I *  
I f  r is  a p o s i t i v e  number and P is a p o i n t  i n  E, t h e n  

and 

~s,(P) = {Q i n  E:  I I P  - Q I I  = r} 

3.0 MATHEMATI CAL ANALYSIS 

Suppose K is a compact s e t  i n  E, which is  t h e  s u p p o r t  f o r  a n o n n e g a t i v e  con- 
t i n u o u s  f u n c t i o n  P ,  which i s  d e f i n e d  on E. L e t  C b e  a p o i n t  i n  E and r 1 

i 

be a p o s i t i v e  number such  t h a t  K is  a s u b s e t  of  S r ( C ) .  Let D d e n o t e  t h e  com- 
plement of  Sr (C) . 1 



D e f i n i t i o n  'I .  The s t a t e m e n t  t h a t  M Ss t h e  mass of K means M i s  t h e  
number 

We u n d e r s t a n d  t h a t  t h e  i n t e g r a l  is n t r i p l e  i n t e g r a l .  

D e f i n i t i o n  2. F o r  eaoh  n o n n e g a t i v e  i n t e g e r  r ,  Vn is t h e  real v a l u e d  f u n c t i o n  
d e f i n e d  on  D by 

1 P(Q) 
dQ Vn(P> = f o r  P  i n  D 

Sp(C)  ( I P  - Q 1 I n  

N o t i c e  t h a t  f o r  e a c h  P i n  D ,  Vo(P) = M ,  and a l s o  t h a t  V1(P) is t h e  Newtonian 
p o t e n t i a l  a t  P due  t o  p .  

For  e a c h  p o s i t i v e  i n t e g e r  n ,  we s h a l l  refer t o  V n  as t h e  nth-orvder p o t e n t i a l  
and t h e  set  {Vn:  n  = 2,  3, . -1 as t h e  h i g h e r - o r d e r  p o t e n t i a l s .  

We now state the  main p u r p o s e  o f  t h i s  work. 

Theorem. Suppose  p is a n o n n e g a t i v e  c o n t i n u o u s  f u n c t i o n  d e f i n e d  on  E ,  which 
h a s  compact  s u p p o r t  K.  S1 is a b a l l  c o n t a i n i n g  K ,  and S2 is a b a l l  
p r o p e r l y  c o n t a i n i n g  S1 and is c o n c e n t r i c  w i t h  S1. T h e r e  is a  one-to-one c o r r e u -  

w 
pondence between t h e  set  V = { {Vn(P)) , ,~.  P is i n  t h e  boundary  o f  a hemi- 
s p h e r e  o f  S 2 }  and p;  moreove r ,  p c a n  b e  c o n s t r u c t e d  f rom V .  

D e f i n i t i o n  3. Suppose  p is  i n  D. L e t  mp be  t h e  f u n c t i o n  d e f i n e d  on R 
by 



F i g u r e  1 .- The f u n c t i o n  mp. 

Obse rve  t h a t  f o r  e a c h  p o i n t  P i n  D, mp is a r e a l - v a l u e d  n o n d e c r e a s i n g  
c o n t i n u o u s  f u n c t i o n  on R, which h a s  a c o n t i n u o u s  derivative g i v e n  by 

1 

mp(x) = $ p ( x , z ) d z  i f  S,(C) i n t e r s e c t s  8Sx(P)  (Sr (C)nSx(P)  
s r ( c > ~ a s x ( P )  

i f  x > 0 and aSx(P)  d o e s  n o t  i n t e r -  
sect  S r (C)  

D e f i n i t i o n  4 .  If P is a p o i n t  i n  D, t h e n  

N o t i c e  t h a t  up and v p  are r e a d i l y  d e t e r m i n e d  f o r  e a c h  P i n  D. 

Us ing  d e f i n i t i o n s  3 and 4,  o b s e r v e  t h a t  



VP 
1 

Vn(P) = J - dmp(t)  for n  = 0 ,  1 ,  2, ... 
t;n 

Making a change o f  v a r i a b l e s  s = l / t  f o r  up 2 t 5 vp, we have 

VP- 1 

Vn(P) = $ sndmp( l / s )  f o r  n = 0 ,  1 ,  2 ,  ... 

D e f i n i t i o r l  5. For  each  p o i n t  P  i n  D 

and 

M ~ ( X )  = M - mp(l /x)  f a r  Ap 5 x 5 Bp 

Observe t h a t  Mp(Ap) = 0, and a l s o  t h a t  Mp(Bp) = M ;  hence ,  we may ex tend  Mp 
t o  (0, ~ p )  by d e f i n i n g  Mp(x) = 0 f o r  0 2 x 5 Ap. Note a l s o  t h a t  
I 9 2 

Mp(Ap) = Mp(l/xp) ( l /Ap)  = 0 ;  hence ,  Mp h a s  a  c o n t i n u o u s  d e r i v a t i v e  on ( 0 ,  
BP) * 1 

4 

We now have 

B P 

Vn(P) = $ xndMp(x) f o r  n = 0 ,  1, 2, ... 
0 

1 I 2 
Notic? a l s o  t h a t  Mp(Bp) = Mp(l /Bp)( l /Bp)  = 0. 



We aeak t o  atrrange matttars auch that; ws ars in tagra t ing ovesr the i n t e rva l  
(0 ,  I). We have two options a t  t h i a  point.  S f  we rea t r t , c t  our a t t en t ion  t o  i 

1 
only thoae points P outside of SM1(C), than Bp e upa1 c 1. W@ then a r e  
able t o  extend Mp t o  [ o ,  1 )  by s e t t i n g  Mp(x) z M, i f  Bp c x 5 1 ,  ard t o  
observe that  Mp has a continuoua dar ivat iva  on (0 ,  I ) ,  and a l ao  t ha t  

1 

V,(P) r $ xndMp(x) f o r  n = 0 ,  1 ,  2, * . *  

0 

If we do not e l e c t  ta make t h i s  r e s t r i o t i on ,  then by l e t t i n g  y = x/Bp fort 
0 ( x Bp, we have 

n 
V n ( P )  = Bp j' yndMp(Bpy1 fo r  n = 0 ,  1, 2, * + *  

I f  He now define l n l P )  = Bp-nVn(P) for P i n  D and n = 0 ,  1, 2, * * + ,  and 
define Mp(x) = Mp(Bpx) f o r  0 $ x ;  1 ,  then we have 

1 

V,IP) = $ x n d b ( x )  f o r  n = 0 ,  1 ,  2 ,  * * *  ,-.. 

0 

Let u s  proceed under the assumption that; Bp c 1,  keeping i n  mind t h a t  Mp so  
defined is  a nonnegative nondecreasing function tha t  has a continuous deriva- 
t ive .  

a3 

I f  P is i n  D l  we can construct  a sequence of functions {Mn)n=l from 
w w 

the number sequence {Vn(P)) =O such t h a t  the  funct;ion sequence {Mn),=l con- 
verges uniformly t o  Mp on 70, I), and there  is a one-to-one correspondenco 

w 
between Mp and {Vn(P)}n,o. ( T h i s  construction is  fu r the r  defined i n  appen- 

I m 
dix A . )  Hence, we have a one-to-one correspondence between Mp and {Vn(P))n,O 
fo r  each P i n  D.  



L a t  h > r + 1 and let u s  restrict o u r  a t t e n t i o n  t o  o n l y  t h o s e  p o i n t s  P 
t h a t  are i n  B ,  t h e  boundary  of  a hemisphere o f  Sh(C), For e a c h  p o i n t  P ,  i ) 

\ r 

1st Lp d ~ n o t s  t h e  l i n e  o o n t a i n i n g  P and C, 

D e f i n i t i o n  6, For e a o h  number x where  S,(P) i n t e r s e c t s  Sp(C), let 
wp(Q), f o r  eaoh p o i n t  Q i n  aSx(P)~Sr(C), b s  t h e  pci int  on Lp common t o  
Sr(C) and aSx(P>, 

D e f i n i t i o n  8. F o r  e a c h  p o i n t  P  i n  B ,  l e t  

I 

Hp(x) = mp(x + h )  f o r  x i n  (-05, 05) 

! 
With t h i s  d e f i n i t i o n  we o b s e r v e  t h a t  Hp(0)  = rnp(h), and a l s o  t h a t  

F i g u r e  2 .- The f u n c t i o n  wp(Q) * 

D e f i n i t i o n  7 ,  F o r  e a c h  p o i n t  P i n  B ,  and  e a c h  number x ,  let 

Lemma. G(P,x) is c o n t i n u o u s  and bounded on Bx (-w, m) . 
The p r o o f  is g i v e n  i n  a p p e n d i x  B .  Natice t h a t  f o r  P  i n  B ,  I IP - CI 1 = h .  



nhare d is the number suah t ha t  y = du with u bein& a fixed un i t  ventor 
a t  C ,  along Lp. 

h A 

The f i r s t  of the above i n t eg ra l s  $s ( 2 1 ~ 1 ~ / ~ t i ~ ( d ) ,  where Hp is the Fourier 
transform of Hp, 

Since Hp is zero (except on, a t  most, a bounded s e t )  and Hp is continuous, 
6 

it follows t ha t  Hp is a continuous L1(-w, o ~ )  function fo r  eaoh P i n  B 
A 

( re f s .  5 and 6). Moreover, : r  Pol.lows t ha t  H p ( d ) ,  when viewed a s  a two- 
place function, is bounded and continuous and i s  i n  L l ( B x ( - w ,  m)), a s  shown 
by the 'lemma. 

For each point Y i n  Lp ,  l e t  

Definition 8. For each point P i n  3, l e t  Tp be the transformation from E 
onto E ,  which is  defined a s  follows. For each nun:ber x  l e t  nx be the plane 
orthogonal t o  Lp,  containing the point Dx = ( 1  - x / l l ~  - 9 1 1 ) ~  c ( x / ~ ] P  - ~ 1 1 ) ~ .  
If  Dx i s  not i n  Sr(C),  then Tp i s  the i den t i t y  map on 3,. I f  Dx is  i n  
S,(C), then for  each point Q i n  Sr(C)naS,(P), T p ( Q )  is  the orthogonal pra- 
ject ion of Q onto n x .  If Q is i n  the plane containing 3Sr(C)qaSx(P) and 
Q is not i n  Sr(C),  then TpQ is the orthogonal projection of Q onto vx. 



Figure 3.- The transformation Tpa 

Not:.ce that for each P in 8 ,  Tp is a reversibly continuous mapping from 
onto 6, which leaves each point in Lp fixed. 

We can now write 



I 

pp (Y )  i (2n)a3/2 J p ( ~ ~ ) s ' i d Q t Y > d ~ ~  

TExE 

where  Z = TQ and Y i s  i n  Lp. 

Henae,  

t h e  F c u r i e r  t r a n s f o r m  o f  p f o r  Y in Lp. 

T h e r e f o r e ,  

* 
p p ( ~ )  = ( 2 ~ ) - 1  Cp(d) f o r  Y in ~p 

where ii is t h e  number s u a h  t h a t  dU = Y.  

N o t i c e  t h a t  if Y t C, t h e r e  is o n l y  o n e  p o i n t  P i n  B s u c h  t h a t  Y is  
i n  Lp. 

h 

D e f i n i t i o n  9. L e t  H be  t h e  f u n c t i o n  d e f i n e d  on !3 by 

h 

if Y f C and Y i s  i n  Lp and H(C) = 0. 

h 

D a f i n i t i o n  10, Let p b e  t h e  f u n c t i o n  d e f i n e d  on E by 



OJ 

I n  review,  If f o r  each p o i n t  P %n B we know { V n ( P ) ) n = ~ l  t h e n  we can d e t e r -  
I 

mine un ique ly  rnp(x) f o r  x in , ) .  From t h i s  we are able t o  de te rmine  
h 

i ( ~ )  for a l l  Y I n  E and ,  hence,  p f o r  a l l  Y 11 E. 

Cont inu ing ,  suppoae Q is  i n  Sp(C) and Q i s  n o t  C, Then t h e r e  Ss a  
unique p o i n t  P  and B such t h a t  Q is in the l i n e  Lp and 

p (Q) = (zn)u3/2 j' p ( R )  e i < ~ p ( ~ )  7 Q > ~ R  
E 

h h 

R e c a l l  t h a t  p = (2a)'l  H from which we have  

Hence, f o r  each ' Q i n  S,(C), Q f C ,  we c a n  de te rmine  p (Q)  u n i q u e l y ,  and 
t h e r e f o r e ,  s i n c e  p  is  assumed con t inuoua ,  we have de te rmined  p u n i q u e l y  and 

Q) 

t h e  argument i s  compZrbte. Hence, if {Vn(F)),,o is known f o r  each p o i n t  P 
i n  B ,  t h e  p is unxquely determined under  t h e  assumpt ions  t h a t  p is  
con t inuous .  

4 .G  COMMENTS 

The p reced ing  a n a l y s i s  could  have been c a r r i e d  o u t  s i m i l a r l y  had we e l e c t e d  
n o t  t o  assume t h a t  Bp < I ,  

A l so ,  the requ i rement  t h a t  P be longs  t o  B ,  t h e  boundary o f  a b a l l  c o n t a i n i n g  
K ,  i s  n o t  n e c e s s a r y .  What is  e s s e n t i a l  is  t h a t  f o r  each  p o i n t  Q i n  S r (C)  
Q n o t  C, t h e r e  be a p o i n t  P n o t  i n  Sr(C) such  t h a t  Q is i n  t h e  l i n e  Lp. 

5.0 APPROXIMATION OF DENSITY i 
N 

Suppose t h a t  f o r  each p o i n t  P i n  B ,  o n l y  { v , ( P ) ) ~ , ~  is known, Then one 
c a n  o n l y  c o n s t r u c t ,  f o r  each P i n  B ,  t h e  f i rst  N approx imates  t o  Mp. 
T h i s  then  l e a d s  t o  o n l y  t h e  first N approx imates  t o  Mp a n d ,  hence ,  t o  Hp. 
One can s t i l l  proceed ,  u s i n g  o n l y  t h e s e  first N approx imates  s i n c e  each  is 
bounded by a summable f u n c t i o n ,  Not ice  t h a t  f o r  P i n  D 



and ,  hence  

T h e r e f o r e ,  i f  we l e t  

t i 
Dn(P) = Mp(1) - ( n + l )  Vn(P) f o r  n = 0 ,  1 ,  2 ,  * * *  i I 

and P  i n  D ,  we c o u l d ,  u s i n g  t h e  c o n s t r u c t i o n  i n  a p p e n d i x  A ,  g e n e r a t e  a e 
m 1 

s e q u e n c e  { n } n  o f  f l r n c t i o n s  on ( 0 ,  11, which w i l l  conve rge  t o  Mp on 1 
(0, 1 3 9  i 

9 
A s econd  n o t i o n  is t h a t  p e r h a p s  f o r  o n l y  a  f i n i t e  number o f  p o i n t s  P  i n  A 

m 
i s  { V n ( P ) } n , ~  known. Then one  c o u l d  p roaeed  as i n  t h e  argument  e x c e p t  t h a t  

CI 

one  i n t e r p o l a c e s  v a l u e s  f o r  M p  f o r  t h o s e  p o i n t s  P  i n  B f o r  which m 

{ V , ( P ) ) n , ~  are  n o t  known; t h e n  p roceed  as  b e f o r e .  

Both of  t h e s e  n o t i o n s ,  as well as  t h e  conve rgence ,  rates s h o u l d  be  a d d r e s s e d .  

6.0 ADDITIONAL PHYSICAL NOTXONS 

Suppose  t h a t  f o r  e a c h  n o n n e g a t i v e  i n t e g e r  n we d e f i n e  

Fn(P)  = g r a d  Vn(P) f o r  P  i n  D 

11 



80FM112 

Then FO(P) : 0 and F1(P) is the uaual invsr,$e qquare law, Notice also tha t  

for P i n  D and n = 1 ,  2, 

If g is a real valued analytic function on R, 

then 

i s  well defined, a s  i s  

This is readily observed by noting that 

and, hence 

for P i n  D .  



I n  a s imil iar  fashion 

N P-Q 
p ( ~ )  I: an ( - n ) ( l / l  !l1-P1 - dQ 

n= 1 I Pa l l 

and, hence 

g t ( l / l l P - Q l ~ )  P-Q d Q 
I IP-a l l 

Le t  11s denote V8 as  the sum potential  and Fg as the sum force, each rela- 
t ive to g. Notlce that i f  g(x)  = ax, then we have the familiar Newtonian po- 
ten t ia l  and force ( r e f .  7) .  

An interesting question tha t  should be addressed follows; i f  

is well defined for  a l l  P i n  D ,  t h ~ n  is there an ent i re  function g such 
that 



7.0 CONCLUDING REMARKS 

We have demonstrated that  if A is a  material body (not necessarily having 
only one component), which has a  continuous density function, and A is 
contained i n  a  sphere S, then if one knows a11 the potentials (Newtonian and 
higher orders) for A a t  each point P of a suff ic ient ly  dense s e t  B ,  then 
the density function for A can be determined uniquely. 

In addition, a notion of sum potential  and sum foroe has been introduced. 
There is clearly a question a s  to  how to determine the higher-order forces and 
potentials from experimental data as  well as  to  determine the coefficients of 
g,  i f  such a g ex is t s  ( ref .  8). 

The notions mentioned here should not be considered limited to  density func- 
tions of material bodies. lf one chooses the al ternat ive approach ( i . e . ,  not 
rlequiring that Bp c I), then on@ could consider questions dealing w i t h  forces 
or f ie lds  near to  sources of such phenomena. It should be noted that  the domi- * 
nant terms then appear to be the higher-order potentials and forces, whereas i n  
dealing w i t h  quastions about e f fec ts  f a r  from the source the higher-order poten- 
t i a l s  and forces appear to play a  f a r  smaller role. The material in  reference 
8 is  very interest ing w i t h  regard to  the above oamments. X t  would a l so  be 
interest ing to consider the work i n  reference 9 i n  regard to  the notions 
introduced here. 
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APPENDIX A 

GENERATING A SEQUENCE OF FUNCTIONS 

02 

We indicate here a method of generating a sequence of functions (Mn)n=~t  
each of which is r ea l  valued and defined on (0,  I ) ,  from a number sequence 

as 
{Cn)n=~ .  (Please refer  to  references A-1 ,  A-2, A-3, A - 4 ,  A-5, and A-6.) 

Q) QO 

Given a number sequence {Cn)n=Oc the function sequence {Mn)n=l is called 
the associated function sequence. 

Suppose n is a positive integer and x is  a number in  the number interval  
( 0  1 )  There is  a unique integer k(n,x) such that  

For each positive integer n define a s tep function Mn on (0 ,  1 )  as  
follows : 

for x is i n  ( 0 ,  1 ) .  

Reference A-4  shows that  if M is a rea l  valued function on (0,  I ) ,  which has 
a continuous derqivative, and for  each nonnegative integer n 

Q) 

then the associated function sequence (Mn)n=l converges uniformly to  
M - M ( O )  on (0,  1 ) .  
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APPENDIX 0 

ESTABLTSHXNG THE LEMMA 

The Jemma l a  e s t a b l i s h e d  h e r e .  F o r  a l l  P  i n  B and x in ( -80 ,  m) 

xf x 5 o G(P ,X)  = o f o r  all P i n  B e  

1f x s 0 and aS,(P) d o e s  n o t  i n t e r s e c t  Sp(C), t h e n  G(P,X) = 0- 

Suppose now t h a t  Sx(P)  i n t e r s e c t s  Sp(C)  

A- - ---- --- - - -  -- - I-_._ - -- - - -- - --- 
=-- 
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a n d ,  hence  ! 
1 
1 

f o r  a l l  x in (-m, a) and P i n  I 
Let u s  now d e m o n s t r a t e  c o n t i n u i t y .  I f  x i s  a number s u c h  t h a t  Sr (C>qaSx(P)  
is a s i n g l e t o n ,  t h e n  G(P ,x )  = 0. 

I 

If aS,(P) d o e s  n o t  i n t e r s e c t  s,(c), t h e n  O ( P , X )  = 0;  and if x < 0, t h e n  
G(P ,x )  = 0, 

i 
i - 

Suppose  e a c h  of P and P is i n  B ,  and  e a c h  o f  ; and x is  a p o s i t i v e  
1 

number. 



Since p is oontiguour, we may make the f i r s t  in tegra l  a s  small as we please 
by cboosing i x  - xl small. Since p is  continuous on!! bounded,  we may make 
the ~econd  term as small as  we please by chooalng J x  - x l  su f f i c i en t l y  small 
w i t h  P and x f ixed,  and by sa t i s fy ing  each of the above we can make t h e  
l a s t  term a s  small a s  we please by choosing IlP - Pll su f f i c i en t l y  small. 
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