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CALCULATION OF POWER SPECTRUMS FROM DIGITAL TIME

SERIES WITH MISSING DATA POINTS

INTRODUCTION

Quite frequently when analyzing time series, gaps are encountered in the data. For example,

time records of three-day averages of the brightness temperatures of the earth’s surface made by

a micro»\;a\g} radiometer onboard an eart ‘-monitoring sateliite contain a number. of missing data
afrays (Wilheit 1972; Zwally and Gloerseﬁ 1977; Rayner and Howarth 1979). In the analysis of
tides, observations occur randomly in time (Zetler 1965). In astronomy and oceanography, factors
such as weather and the availability of measuring instruments dictate when observations can be
made. Even with portions of a data record missing, there may be a random element in the spacing |
of the points. Unfortunately, standard formulas for calculating power spectrums (in order to
detect periodicities m the data) are based upon the measurements or observations being equally

spaced.

The problem of estimating the power spectrum for unequally spaced data has been studied by
various authors. A number of articles and papers dealing with the subject have appeared in the

literature within the last ten years. |

Meisel (1978, 1979) discusses the problem of unequal spacing and describes procedures which
interpolate in the time domain. He also describes a general 'procedure for processing segmented
data sets and forhobtaining the Fourier transform of a time series with arbitrary spacing. His pro-
cedure is most efficient for data where large gaps occur between the data sets and the data sets
are made up of equal or nearly equal intervals (within 20%) of time. An excellent set of references

on the subject of unequally spaced data can be found in baoth of his articles.

Deeming (1975) studied the Discrete Fourier Transform of a function defined for arbitrary

data spacing and also discussed properties of spectral windows for various kinds of data spacing.



Vanicek (1969, 1971) combined least squares fitting procedures and Fourier analysis in
order to remove undesired influences on the spectrum, such as b.iases. linear trends, etc. His method -
can also be used to uncover periodicities from unequally spaced time series. Other references
which discuss the least squares aspect of the problem are Barning (1963), Taylor and Hamilton

(1972), Lomb (1976), Ferraz-Mello (1977), and Wells and Vanicek (1978).

Ferraz-Mello (1980) defines a “Date Compenéated Discrete Fourier Transform” for estimating
the power spectrum. His estimate is obtained by orthonormalizing the three basis funictions —
cos wt, sin wt, and 1, using a Gram-Schmidt procedure. Since the set of basis functions is com-

plete, harmonic filtering of the time series is made possible.

The present analysis treats the problem of missing data from the autocorrelation function
(or lagged products) point of view. Itis assumed that there are gaps in the data. However, data
points which are separated by gap's are assumed to be nearly equally spaced (to within approxi-

mately 20% of an equal sampling interval).

Two algorithms are developed for éalculating the power spectrum from the autocorrélation
function when there aré missing‘dat_a points. Both procedures use an average sampling interyal
in order to compute tHe lagged products where the sampling interval has been calculated over sets
of data points separated by gaps. The intervals between all adjacent data poinfs are then calcu-
lated to the nearest multiple of this average spacing. Two counters are set up. One counter sums

the number of lags of a given size, the other the corresponding cross product terms.

One procedure, the Correlation Function Power Spectrum, takes the Fourier transform of
the lagged products function directly to obtain the spectrum, and is equivalent to the Fourier
Transform Power Spectrum method when there are only missing data points (no random or arbi-
trary spacing of points). The ofher proced-ure, the Modified Blackman-Tukey Power Speptrum,
takes the Fourier transform of the mean lagged products (obtained from the ratio of the two

counters mentioned above) to calculate the power spectrum.




Both algorithms are compared with the Fourier Transtorm Power Spectrum method (Deeming

1975) and two least squares procedures (one by Vanicek 1971 and the other by Ferraz-Mello 1980).

Examples are given showing recovery of frequency components by all the techniques from
simulated periodic data where portions of data are missing and where random noise has been added
to both the time points and to the values of the time series. In addition, the methods are compared

using real data. All procedixres performed é}ually well in detecting periodicities in the data.

Power Spectrum From the Autocorrelation Functions

Let the time series be given by the pairs of points (t;, x;) fori=1,2,.. .N.

" The discrete Fourier transform Xy (w) of X; is defined by (Deeming 1975 and Appendix B)

N
Xy(w) = Z xit:"-‘jmti

i=1

= (9] —jel)x | (1)
where
cos wt; sin wt;
cos wt, sin wt,
¢=(¢1,92) =
cos wty  sin wty
and

xT = (X1:X2, « + oXN)

The normalized Fourier Transform Power Spectrum Sg(w) is then (Appendix C)

2xTQQTx

SF (OJ)= NXTX ) (2)

and the Least Squares Power Speétrum- ‘i's"(Vanicek 1971 and Appendix C)
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In the case of equal spacing the expressions in (2) and (3) are equivalent since

@Te)=(N/2) 1 with I the 2 X 2
: ’ identity matrix

The real symmetric matrix ¢¢T can be written as
o =1+C+CT

where I is the (N X N) identity matrix and

0 cos(wAty,) cos(wAty3) ... cos(wAt,y)

0 0 cos(wAt,,) cos(wAt,y)

C= _
cosw(Aty 4 N)
Zeros : :
0
Since _
xT(C+CTx = 2xTCx
the spectrum in (2) can also be written'as
2
Sp(w) =fTrxTx + 2xTCx)
or as
o) N N
Sp(w) = T x 2 Z X;X; coswAtﬁ -xTx
=1 =l A
Now let

Ye=x% i=12,...N
A, =At;  j=12,...N

k

1,2, . NQN+1)/2

(3)

4)

&)

(6)

(7N

(8)

(9)



and define y _, and At_ by
Yok T X% T i
At = At; (10)

cos(wAty ) = cos(wAt_ )

Then the expression in (8) can be written as the discrete Fourier transform of the set of cross

product terms y,

= —jwatg
Sp(@) = T« FZ_K Yic®
2
=T k-ZK Vi cos(wAty) | an.

where K = N(N+1)/2.

Let At be an average spacing calculated oyier data points which are separated by gaps and let

ATy be an approxirhatidn to At obtained by rounding At, to the nearest multiple of At.
At
Ar, =|—X +05] At . 12
k [ At ] (12
and [x] is the largest interger contained in X.

Then (11) can be approximated by the Correlation Function Power Spectrum SC (w) defined

as
.M
- T
Sc(w)= Tx 2 4 i cos(kwAt) —x"x (13)

k=0
where the lagged product terms C, are given by

K _ i

= D vidan (14)
i=0

and -

| for A7; = kAt
,75(ATi)=_ N D
O. for A-ri# kAt

- (15)




and M. the maximum lag in the da_ta is

= — 5
M At + 0.5 (16)

If there are only gaps in the data and the points are separated by multiples of the average
spacing, At, then (13) will be the same as the Fourier Transform Power Spectrum in (2). F_urther—
more, if the maximum lag M is replaced by m where m is 70% to 80% of M, the resulting spectrum

will be about the same as (13).

It should be noted that for equally spaced data, using the Blackman-Tukey procedure (Black-

man 1958) mean lagged products Rr are first calculated

| - A
r =§— Z X 1+r (17)
- (=01, ... ,m)
Then the specfrum is given by -
m~1
v, = 24t <R +2 3 Rocos(TE) + Rmcos(nk)> N QE:)
r=1

We can modify this standard p'rocedure of Blackman and Tukey By defining two counters

n, ands
k k ‘ K
ne= Y. 8(Ar)
i=0
K (19)
S = Z yiS(ATi)
i=0
“where é(Ari) has been previously defined in (15) above and y; in (9)
Then, mean lagged products ¢, will be given by
, S
Cp == (20)
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w)=—=— 2 ' At) —— xTx 2
Supt(W) Tx -fv_"g ¢, costkwAr) R (21)

Comparing (17) and (21) we see that the counters n; and s, ensure that when the time differ-
ences across all time points are calculated (multiples of the average time difference or spacing), the
cross products are summed Qiéh their proper lég numi»er k. No interpolation is done and only
known data pointé are used. Also, no zeros are substituted for mis§ing data points. Thus, for a lag
of k, instead of N-k points in the sample-there will be something less. If not too many points are
missing, the cl’c terms will not be greatly affected. For a value of m equal to about 60% of the maxi-
mum lag M, the results obtained by using (21) will be about the same as (13). It should be noted
that in computing SMBT(w) some negative amplitudes will occur which is due to the fact that we
are dividing by a number less than or equal to N-k (instead of N) and we are not using all the lagged

product terms.

Frequency Aliasing

If a period function, cos(2nft), is sampled at equally spaced intervals of time, At, the following
-' _vaiues of the function are obtained
x; = cos(2nfiAt) (22

(i=...-2,-1,0,1,2,...)

A sampling interval of At seconds gives rise to a maximum resolvable (cutoff) frequency of
f, = (1/2At) Hz. The function X; can be written as _
x; = cos{ 27[(2kf, - DiAt]} | (23)
k=12,..)
(i=...-1,0,1..))

From (23) it can be seen that for I2kf, — f] < f_, the frequencies [2kf, — fl and f are indis-

tinguishable and are called aliases of each other.

-




EXAMPLES
In order to demonstrate the dlgorithms developed in (13)' and (21), data points x; were gen-
erated using the following funcﬁon
X; = sin(2xf, ti) + cos(2nf, t;) + sin(27wf; t;) 22
+ cos(2mf, t;) + sin(27fs t;)

where f; =0.37 Hz, f, =0.14 Hz, f; = 0.42 Hz, f, = 0.65 Hz, and f; = 1.09 Hz.

First 101 points were calculated at equal intervals of 1 second with t, =i—1 (i=1,2,...101).
With this choice of sampling interval aliasing can be expected. This was done in order to assess the

effects of the sample interval upon recovery of the frequency components.

The power spectrum was then calculated by the Correlation Function method in (13) with _M
(the maximum lag in thé data) replaced by m = 0.6M, the Modified Blackman-Tukey procedure in
(21) with M replaced by m = 0.5M, the Fourier Transfer method (Déeming 1975) in (2), and the
Least Squares procedure (Vanicek 1971) in (3).. The results can be seen in Figures 1 through 4.
Note that the frequencies 0.09 Hz and 0.65 Hz which show up in the spectrums are aliases of 1.09
Hz and 0.65 Hz. These particular frequencies, since they are greater than the Nyquist or cutoff
frequency (f, = 0.5 Hz), beat with éwice the cutoff frequeﬁcy. Thus, (fs -2£.) and (2f.-f4) show up

in the spectrum.

Next, approximately 30% of the data points were deleted. The spectrum for each method was
calculated and can be seen in Figures 5 through 8. Note that the frequency components have been

recovered (except for aliasing).

Figures 9, 10, 11, and 12 demonstrate recovery of freqliency components when random noise
from a Gaussian distribution with zero mean and standard deviation of 0.10 has been added to the
time-points t;. The function in (22) was calculated for these pseudo-random time points and the
spectrum obtained using all four methods. ‘It should be noted that with a standard deviation of

0.1 (and a sampling interval of ] second), approximately 95% of the noise will be less than or equal
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to 0.2 or two sigmas. This is in agreement with Meizel (1978).who concluded that as long as data

spacing was within 20% of equal intervals ordinary sinc {(sin x)/x] interpolation is satisfactory.

Finally, Figures 13, 14, 15, and 16 show recovery when there are both missing data (the same
points being deleted as in Figures 5 through 8) and random noise (the same noise as in Figures 9

through 12).

In Appendix D there aré addifional examples using the same time series but with a'sampling
interval of 0.72 seconds, noise having a standard deviation of 0.2 seconds on the time points and
amplitude noise with a standard deviation of 20% of the valué of the function. Also the method of
Ferraz-Mello (1980) is compared with the above methods. All of the procedures produced com-

parable results and the frequencies in the data were recovered equally well.

As a further example to demonstrate both the Correlation Function Power Spectrum method
in (13) and the:Modified Blackman-Tukey spectrum in (21) and compare them with other spectrum

calculations, we have used real data.

A covariance matrbk was built up from 170 three-day average brightness temperature maps
(Wilheit 1972; Zwally and Gloersen 1977 ; Rayner and Howarth 1979) of the earth’s surface where
the temperatures were obtained from an Electrically Scanning Microwave Radiometer (ESMR) on-
board an orbiting NIMBUS 5 satellite. The raw data was averaged in both time and space. The
time period extended from September 1973 through May 1975 and the spatial data consisted
of an area in the South Polar region approximately 3780 kilometers by 4380 kilometers. Land
masses were masked out. Thus the observations are essentially the brightness temperatures of
the water and sea ice. Out of a total of 201 possible three-day average maps covering the time
period, there were 31 missing data arrays.‘_-An eigenvalue/eigenvector analysis of the covariance
matrix was made and the principal components calculated. The first ten principal components

accounted for more than 91% of the total variance in the data. These principal components (vary-

ing in time across the 170 time-points) were then normalized. The second principal component
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time series is plotted in Figure 17. Figures 18 through 25 are normalized power spectrums which
have been calculated by various fnéthods and which show the sém.e periodicities in the data. The
tirst peak at a frequency of about 0.0028 cycles/day corresponds with a period of about 360 days.
The second peak of about 0.006 cycles/day corresponds with a period of about 167 days while
the third peak at 0.0083 cycles/day corresponds with a period of about 120 days. These particu-
lar periods can be related to the time variation of the spatial mean latitude of the outer ice boun-
dary (360 days), the warm season (167 days) and thg spring summer removal of ice (120 days)
reported by Rayner and Howarth (1979). Figure 18 is the power spectrum computed by least
squares using (3). Figure 19 is the power spectrum computed by the Fourier Transform method

' using (2). Figure 20 is the spectrum computed by the method of Ferraz-Mello (1980). Figure 21
hasv‘ been calcﬁlated using (13) and is exactly the same as the Fourier Transforﬁl spectrum as there
are only gaps in the data'. Figure 22 has been calculated using instead of M, a value of m equal to
80% of M and using (13). Figures 23 and 24 are for vé.lues of m equal to 70% and 60% of M respec-
tively. Finally, Figure 25 has been calculated by the Modified Blackman-Tukey Power Spectrum

algorithm in (21) with the lag number m equal to 60% of M.

Analysis of Figures 18 through 25 show that all of the methods perform about the same. Th_ey
differ only in the amount of calculation necessary to obtain the spectrum. Using the Correlation
Method in (13) where the lagged broducts are summed to about 70% of the maximum lag M and the
Modified Blackman-Tukey procedure in (21) with an m equal to about 60% of the maximum lag M

involves less computation and computer time than the other procedures.

SUMMARY

Two algorithms have been developed for calculatiné power spectrums from the autocorrela-
tion function for time series with missing data points. Both methods use an averag\e sampling
interval to compute the lagged products. One procedure, the Correlation Function Power Spec-

trum, calculates the Fourier transform of the lagged products directly to obtain the spectrum. This

method is equivalent to the Diserete Fourier Transform speétrﬁm (Deeming 1975) when there are
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only missing data points (that is, the time series is equally spaced except for gaps) and all lagged

products are included in the cofﬁpﬁtation. -The other procedure. the Moditied BIackman-Tukey-
Spectrum, calculates the Fourier transform of the mean lagged products in order to obtain the
spectrum. Satisfactory results can be obtained by summing lagged proauct .terrns up to approxi-

mately 50% to 80% of the maximum lag in the data.

The algorithms have been compared with the Discrete Fourier Transform method (Deemin
1975) and two least squares procedures (Vanicek 1971 and Ferraz;Mello 1980) using both simu-";
lated and real data. In the case of the simulated data, there are portions of the time series missing
and random noise with a Gaussian distribution has been added to both the time points and to values
of the function. All of the methods performed satisfactorily and frequency components in the data

were recovered equally well.

Recovery of frequency components in the presence of noise héving a standard deviation of
10% of the sampling interval (Gaussian noise with 95% less than 20% or 2 standard deviations)
supports Meisel (1978) that as along as the data spacing is within 20% of equal intervals, ordinary

sinc [(sinx)/x] interpolation is satisfactory.
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APPENDIX A

Definitions
A real-valued function x(t) is periodic with period T if for all t
x(t +T) = x(t) A.l

The Fourier transform X(f) of x(t) is defined as

- -]

X(f) = f x(t)e 27t g¢ A2

=00

if the integral exists for all f, where f is frequency and t is time.

If x(t) is periodic and liniited over some interval T ;, then x(t) can be represented by its Fourier

Series

- -]

. j2mn ot
x(t) = Z a ™" . A3
T N==00
where f, = 1/T, and
T,/2
. ] _‘2 f t .
an=(1/T°)J’, x(he O dt A4
-T,/2

It should be noted that in taking the Fourier transform of a periodic function x(t), the Fourier
coefficients a, which are obtained, are the same as the Fourier transform evaluated at n/To.

Another useful relationship is the correlation integral given by

z(t) = J. x(7) h(t + 7)d7 A5

It can be shown (Brigham 1974) that the Fourier transform Z(f) is given by
Z(f) = H(f) - X*(f) A6

where X*(f) is the complex conjugate of X(f).
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The discrete analogue of A.S and A.6 is that if

N-1 '
2(k) = Z x(i) * h(k +i) | A7
i=0

k=0,1,2,...N=-1)

is the correlation function for x(i) and h(i), then the Fourier transférm Z(n) of z(k) is given by

Ztn) = X*(n) - H(n) A.8

where the discrete Fourier transform X(n) of x(k) is defined as

N-1
X(n) = Z x(k)e-i27k/N A.9
k=0

(n=0,1,...,N-1)

If x(t) and h(t) are the same function in A.5, we have the autocorrelation function of x(t)

z(t)=J X(r)x(t +7)dr A0

or if x(i) is the same as h(i) in A.7, the discrete autocorrelation function of x(i) is

N-1
z(k) = Z x(Q)x(i + k) - Al
i=0

k=0,1,...,N=-1)

_Then, using A.6 and A.8, the Fourier transform of the autocorrelation function Z(f) is given by

Z(H = X*(D * X0 =| X(D|? A.12
in the continuous case and by
Z(n)=X*(n) - X(n) =| X(n)|? A13
in the discrete case.
Equaﬁons A.12 and A.13 represent the éontribution of the frequency f (or n) to the total power

in the waveform.



The total power in the time domain is equivalént to the total power in the frequency domain

by Parseval’s equation which is given by

o0 oo

f x2(t)dt=J | X(©)| 2df ~ A.14

=00 -0

in the continuous case and by

N-1]

N-1
' x2(K) = (1/N) X2(n) A.15
2. 2, |

k=
in the discrete case.
The relationship in A.12 (or equivalently A.13) is an important one in that it provides us with
another tool for obtaining the power spectrum of a time series. Note that the power spectrum

can also be obtained by taking the square of the magnitude of X(f) in A.2 or of X(n) in A.9.
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APPENDIX B

Definition of Impulse Function and Properties

The impulse function 8(t) is a distribution which assigns to a test function x(t) the value of

x(0)
fw 5(t)x(t)dt = x(0)
The function 8(t - t,) is defined as
jm 5(t - t5)x(t)dt = x(t,)

From the above we obtain the following

o0

f s(t)dt=1

- 00

The product of a §(t) function by an ordinary function y(t) is defined by

o0

f [8(D)y (D] x()dt = j 5() [y (Hx(D)] dt

-0 -0
and if x(t) is continuous at t = t,

8(ty)x(t) = 8(ty)x(ty)

Derivation of Discrete Fourier Transform for an arbitrary spacing

B.1

B.2

B.3

B.4

B.5

Let x(t) be the function to be sampled and define the sampling function s(t) as a series of im-

pulse functions to be applied at the times t,

(I)The symbol 8(t) for the impulse function is not'to be confused with the symbol § used in the text. The § there

is the Kronecker delta function.



Then the sampled function is

ﬁ(t)=X(t)Z §(t-t,)

The discrete Fourier transform of X(t) is then

]

X(t)e 2™t gt

-l

X ()

d

o

~ N ‘
= x(t) Z 5(t- tk)e‘jz’rft dt
-0 k=1

Interchanging the integral and summation in B.8 and using B.2 and B.5

N o .
Xy(h)= f §(t - t, )x(t)e 27t g
-l -j2mfty
= Z x(tk)e
k=1
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APPENDIX C

MATHEMATICAL DEVELOPMENT OF

LEAST SQUARES POWER SPECTRUM

The standard least squares problem of determining a best fit of the data to an assumed mathe-
matical model is equivalent to a minimum norm problem in Hilbert space. The latter approach is
taken by Vanicek (1969, 1971) and Wells and Vanicek (1978) in their treatment of the least squares

power spectrum.

In this appendix we will develop the optimum least squares estimate of the power spectrum

from both viewpoints. A geometric interpretation of the problem can be seen in Figure 1.

- Figure 1
Subspace M Xx-p ——e
spanned by ¢ X // — .
A‘J Hilbert space H
P a

Let x be any (measurement) vector in a Hibert space H where x is given by

xT=(x1,x2,...,xN) C.1

and where X; is the value of the time series at the time t;.

Let M be a closed subspace spanned by the (Nx1) vectors ¢, and ¢,

coswt, sinwt,
®=(¢,,9,)= [ coswt, sinwt, C.2
coswty  sinwty
_ Then, the projection theorem assures us that there is a unique N vector p = ¢& such that(1)
lIx-Bll < llx-pll for all p & M C3
where the norm [|x|| is defined in terms of the inner product of x with itself
T

A2 = x"x . . C.4

(1 )The’ use of the caret in P and & refers to the least squares estimate and is not to be confused with Wells and Vani-
cek’s (1978) use of this symbgl which is used to refer to the space & of *‘constituents™ (bias term, linear trend,
quadratic trend, etc.). We are assuming no constituents and therefore Vanicek’s § = 0.
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The necessary and sufficient condition that P 2xists is that (x-P) be orthogonal to M, or, in

particular ¢. That is, the inner product of (x-p) and ¢ must be equal to zero.
o1 (x48)=0 : C.5

Equation (C.5) is the vector representation of the usual normal equations. Note that since ¢,
and ¢, span the space M, they are linearly independent, and therefore, the Gram matrix ¢T¢ is non-

singular. Hence, we can solve for € uniquely.

T=(sTg) 1o x - C6

©

Then, in the least squares sense, the best approximating vector to x (which is contained in M)
is the projection of x onto the 'subsplac'e M. See Figure 1. Therefore,
p=¢C C.7

This particular vector gives the minimum norm ||x-pl| or the distance from x to the subspace M. .

An optimum normalized least squares'spé\ctrum Sy (w) can now be defined [Wells and Vanicek

(1978)] as

xRl
Sp(w)= 1= . Cc8

A *‘nice” feature of this particular choice for the spectrum is that it has a minimum of zero
when the vector x is orthogonal to M (or when the projection of x onto M, P, is equal to zero), and
a maximum when x is contained in M (that is, when the projection of x onto M is equal to x and

therefore (x-p) = 0).

Using the fact that-
PT(xp)=0 = C.9
and the definition of -the norm'in (4) we can write
T~

Sy (W) ==& | C.10
W)=—v7— .
L XTX
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orusing C.7

T T y=1,4T
Sy (@) == “‘i{i) X | C.11

In the usual least squares terminology we wish to fit data points (t;,x;) to some assumed
mathematical model
p(t) = cos(wt) a + sin(wt)b . C.12

determining the least squares estimates 3 and b for a and b such that

N
Q= Y {x~ [(coswta + (sinewt)bl} 2 C.13
i=1

1

is minimized. This is equivalent to finding p to minimize [Ix-p|} in C.3.

The standard procedure is to differentiate C.13 with respect to both a and b, then set these

expressions equal to zero. Two equations in two unknowns result -

N N N
Z cos? wt; Ja+ Z (sinwt;)(coswt) | b= E X;coswt;
i=1 ) i=1 » i=1 .
N ‘N N » C. 14
Z (coswt)(sinwt;) | a+ Z sinfwt; |b= Z X;sinwt;
i=1 i=1 =1
which are the normal equations or in matrix notation equation C.5.
The two elements of the vector & in C.6 are the estimates 2 and  and we have
T =@h) C.15

We therefore obtain, as above, the best estimate for p (or ) in M as equation C.7.

It is worthwhile at this point to compare the expression obtained for the least squares spec-

trum with the Discrete Fourier Transform spectrum, Sg(w).

Recall that the Discrete Fourier Transform Xy (w) of x; (Appendix B) is given by

- e P - el — o~

-33



i=1

N
Xy(w)= E xie'j'f’ ti
N ' N
= E xicos(wti) -] Z xisin(wti)
i=1 i=1
In matrix notation since‘¢1 and ¢, are defined in C.2 and x in C.1

Xpn(w) =67 x —jplx

= (91 — jo3)x

C.17

Then the amplitude or power spectrum will be given by
Xy (12 = X% ()T Xy(w)
=xT(p, +i¢2) (8T —joT)x | C.18
=xTgpTx

where X% (w) is the complex conjugate of Xy (w).

We can now write a normalized Fourier Transform Spectrum as
2xTogTx I
Sp(w)==——p— . C.19
F(®) Nx'x
where this latter expression is obtained by noting that in the case of equally spaced data we will
have _
¢Tp = (N/2)I C.20

where I is the 2 X 2 identity matrix.

In the case where the data is equally spaced the least squares estimate Sy (w)in C.11 will be

equivalent to C.19, the Discrete Fourier Transform power spectrum.

Finally, it should be noted that if the spacing is not too irregular (within 20% of equal

sampling) the two spectrums will be about the same.
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- APPENDTY D: PRCGRAM TISTIMCES ANC EXAMPTES

MODIFIED BTACKMAN-TUKEY ANC CORRETATTON FUNCTTON DOWER STECTRPUM PPOCPAM
FOR UNEQUATTY SFACEL TATA POINTS :

s 5D LS MRIN DREIVER FOR FOMCGR

HEEEE IMFLICIT FEHL°- {R=H» 1=2)
DIMEMSION | |JUUJ*T[JUUJ!FH1‘_-E]
OIMEMSTION HTIHL--J
DIMEMSION TMUSEER) s =M ISEET« RHCSEE)
DIMEMSION DEL (S83)

SETTIMG UP SIMULATED DRTA (TOIisxrI9)s I = 1s HT WHERE

.' .
DAl 5o o o o i o x|

o C TOId COMTRIMS FANDOM MHOISE RMHOIN. ZERD MEARM AMD STRHDERT
R O TEVIATION OF 2,18 FROM B GARUSSIAMN DISTRIBUTION

a1 { .

311

nh Rt ,

Tl e ] ._,L_1I;L_1¢FI<>H 141‘«1.

S Eh Ty = Z2.9DEeF IR, 4208

(SER RS = Z.OTGFIen, £5T0

A1 = Z.aDEeFIs], G500

EALTE I =107

oA1sR = 1,7eTa%([-11

2170 FHII| = BARML (=182 127373, 8003, 180EA)

5 Pl TiIy = TlII + FEMII}

3210 “iIY = DSIMIRRGLSTII) ) - DCOS{ARGEETIIN) + DSIMIARGI®T I +
HEEER CADCOS TARGSET O )+ DS IMIRRGSET I

HAZEH STOEY = @, 18D (1)

BRI FH1IIY = BARM1{-1s8, .'?'%"-B.HTM« STOELND

151 e TN ADTIMG GAUSSIAM MOISE WITH JERO MERM AMD SIGHA EHHHL T 29k OF
(55 R THE RMPLITUDE CF THE FUMCTIOM,

155 AT = B0l + EMLITY

-
AN}

1 COMTINUE
2 I = 1apT

- 2 HTIMII) = 1

T FUTTIMG *HOLEZ® IM THE DATA

4 I = 1.8

MAURAKA R

DA

Z MTIMOI+1E) = 3

1 MTIMOI+dEy = &

) CHTIMOI+TE) = 8

a 4 MTIM(I+2@) = A

B L=

& O3 I = 1.MT '

£ IFMTIMOI . ERL LY L= L+ 1
AN IFEMTIMOIDLERL LD TMILY = T(ID
3 L TOIFINTIMOIDLER. 1) =MiLy = wil]
SR s MT = L

s CRLL POMCOR (3, 800 MT » 0, colin. 8, B0 1 TS 168 <My TH)
EE e - ETOR

ST ] EMI

Sl
e

:UEFHU.IHE FOMCOR LS s MT « FRLAG FST s Hida Fa T

SIS SMITCH FARAMETER. IF SH = & MODIFIED ELHF}HHH TLREY
SPEETEUM I35 CALCULRTED. IF SN = 1. THE CORRELATICN FUMCTICH
FOMER SFECTRUM IS CRLCULRTED,

HT IS THE TOTAL HUMEER OF POIMTS

TiIt BRE THE TIME FOIMTS AMD Fill RRE THE URLUES OF THE TIME
SERIES (I = 1s....MTIL ,
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-
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THE SIMULATED DRTH IS A TIME SERIES hHEbE THE TIME PCINTS WERE ORIGI
SRMFLED AT ECUAL IMTERUALS OF TIME Q.72 -EEEHDt HFHFT } oER = TIF
OF 188 SECOMDS, HOLES MERE THEM FUT IM THE IRTR 1 2 ¢‘* lF H 1!‘T*—'L
FOINTS MISSIMG OR ABOUT 2% 1. FAMDCOM HOISE WITH A GRS

HAUIHG ZERC MEAN AND A STRAMDARTD DEUIATICH OF 8,20 UMITS HEFE FDDE' T TEE
FEMRIMIMG TIME FOIMTS AMD THE FUMCTION CALCULATED ST THESE PSELTO RRNTIGH
POIMTS. FIMALLY. FAMDOM MOISE FROM A SAUSSIAN DISTRIBUTION HALUIMG ZER
AR STAMDART DEVIATION EGUAL TO S6% OF THE AMPLITULE OF THE FUMCTION =
ADTED TC THE FUMCTIOMAL VRLLES, (RAMDICOM MHOISE OM BOTH A=ESY. THE FREGUEMCT
IM THE TATA ARE 9,37 HI» 8,14 HZy 8,48 HZ» B85 HZ, AL 1,83 HIZL MITH TH
CHOICE OF FREGIJEMCIES ALIRSIMG IS ESPECTED RML CAM BE SEEM IMN THE FRIMTOLT
BELCH, : .

THE FIRST CoOLUMM IS FREEGUEMCY IM HERTZ.

THE SECOMD COLUMM IS THE FELRTIVE FOMER IM FERCENT. frrFPTEB EY THE
MODIFIED ELRCEMAN-TUEEY POMER SFECTRUM METHID USIMG MERMN LAGGED PRODUCTS
AT SUMMING UF TO S8 OF THE MRE=IMUM LAG IN THE DRTA, THE FOURIER
TEAMSFORM OF THIS MODIFIED AUTOCORRELATION FUMCTION IS THEM THE FOMNER
SFECTRLUM,

THE THIRD CoOLUmMM IS RELATIVE FOMER IM PERCENT. COMPUTED BY ROUMDING THE
TIME DIFFEFEMCES T THE MERREST MULTIFLE -OF AM RUERRGE TIME INMTERURL AMHD
USIMG LAGGED OF CROSSED PRODUCTS UP TO &8 OF THE MASIMUM LRG IM THE
DHTA. THEM THE FOURIER TRAMSFORM OF THIS FUMCTION IS CRLCULATET,

THE FOURTH CoOLUMM IS RELRTIVE POMER IM FERCEMTs COMPUTED BY ROUMDIMNG THE
TIME TIFFERFEMCES TO THE MERFEST MULTIFLE ‘CF A RUERSCE TIME INTERUARL AHT
H=IMNG LAGGED OF CEOSSED PROLUCTS LR TO 78% OF THE MASIMUM LAG I THE
THTA. THEM THE FOURIER TRAMSFORM OF THIS FUMCTION IS CALCULATED.

THE FIFTH COLUMM IS RELATIVE FOMER IM SERCENT, COMPUTED EBY ROUMDIMG THE
TIME DIFFEREMCES TO THE MERREST MULTIFLE OF AW PUERAGE TIME INTERURL &MHD
LSIMG LAGGED OF CROSSED PRODUCTS WP TO 199% OF THE MRSIMUOM LRG IN THE
DATH., THEM THE FOURIER TREMSFORM OF THIS FUMCTION IS CRULCULRTED.

THE SIATH COLUMM IS RELATIVE POMER IM FERCENMT. COMPUTED EY THE METHOD
OF =, FERRAZ-MELLC CRLLED A *TRTE COMPEMSATE DISCRETE FOURIER TRAMSFORM®
HHIl H WILL BE FUBLISHETD =00M.

THE SEUEMTH COLUMM IS THE RELATIVE POWER IM FERCENT. COMPUTET &Y THE FOURIER
TEAMZFCORM METHOD MITH THE OESERVETD TIME POINTE,

THE EIGHTH COLUMH IS THE RELATIVE POMER IM PERCEMT. COMFUTED EY AMH CPTIMUM
LERSYT ZOUARRES FPROCETURE (THE UDANICEK METHCD WITHOUT *COMSTITUEMTSY. THRT IS,
AVERRGES, LIMERR TREMDS. ETC.I.
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