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ABSTRACT 

Analyses a re  given f o r  t he  dynamic response t o  
operational maneuvers f o r  spinning symmetric space- 
c r a f t  w i t h  r a d i a l  and a x i a l  booms. The research 
was performed as p a r t  o f  t he  prelaunch dynamic 
analys is  o f  t he  ISEE-3 spacecraft placed i n  a ha lo  
o r b i t  around an Earth-Sun l i b r a t i o n  point ,  and 
l a t e k  renamed I C E  when i t  was d i rec ted  t o  f l y - b y  
comet Giacobini-Zinner. The r e s u l t s  presented use 
simple spacecraft models w i t h  the  aim o f  developing 
understanding, and they f requen t l y  gave p red ic t i ons  
t h a t  were good and e a s i l y  obtained when the  r e s u l t s  
from us ing a general purpose mult i-body dynamics 
program were very t ime consuming t o  obtain. The 
operations encountered dur ing the spacecraft h i s t o r y  
t h a t  a re  analyzed here are, deployment o f  r a d i a l  
booms, spin-up a f t e r  p a r t i a l  deployment, s t a t i o n  
keeping, and t r a j e c t o r y  changes. The l a t t e r  two 
can invo lve  both a x i a l  t h r u s t i n g  and pulsed r a d i a l  
t h rus t i ng  once per revo lu t i on .  

NASA Goddard Space F l i g h t  Center 
Greenbelt, MD 
USA 

o f  t he  deployment r a t e  h i s t o r y  on sp in  r a t e  and 
sp in  r a t e  v iba t i ons  is  studied. I n  order  t o  main- 
t a i n  a t  l e a s t  a minimum spin ra te ,  deployment i s  
p e r i o d i c a l l y  i n te rup ted  f o r  a spin-up maneuver. 
A f t e r  t he  r a d i a l  and a x i a l  wi res and booms are de- 
ployed, o r b i t  maintenance maneuvers are requi red 
t o  mainta in  the s a t e l l i t e  i n  i t s  unstable ha lo o r b i t  
about the  l i b r a t i o n  point .  Because o f  r e l i a b i l i t y  
considerations i t  i s  undesirable t o  r e t r a c t  and 
l a t e r  extend booms and wi res f o r  such maneuvers. 
I n  add i t i on  t o  the  o r b i t  maintenance maneuvers, 
there a re  o r b i t  change maneuvers t o  go from the  
l i b r a t i o n  p o i n t  o r b i t  t o  a l a rge  Ear th o r b i t ,  and 
eventual ly  t o  the  comet f l y - b y  a f t e r  various moon 
f l y -bys  f o r  g r a v i t y  ass i s t .  The s a t e l l i t e  has the 
c a p a b i l i t y  o f  maneuvering i n  the  plane o f  t he  sp in 
us ing pulsed r a d i a l  t h rus t i ng  t h a t  i s  turned on f o r  
a po r t i on  o f  each sp in  cycle. Maneuvering along 
the  sp in  ax i s  can be accomplished w i t h  sp in  ax i s  
thrusters ,  o r  by performing an a t t i t u d e  change and 
us ing the r a d i a l  t h rus te r .  

Keywords: F l e x i b l e  spacecraft,  a t t i  tude dynamics, 
deployment, spin-up, v i b r a t i o n  modes dur ing th rus t i ng .  

I .  INTRODUCTION 

This  paper addresses a ser ies o f  problems associated 
w i t h  t h e  dynamic response o f  f l e x i b l e  spinning space- 
c r a f t  dur ing t h r u s t  maneuvers. 
work t o  Reference 1, which determined spacecraft 
v i b r a t i o n  modes and frequencies, and dynamic response 
dur ing spin-up, o f  the fMP-J ( In te rp lane ta ry  Monitor- 
i n g  Platform) sp in s t a b i l i z e d  spacecraft w i t h  r a d i a l  
w i re  antennas. The work repor ted here was done as 
p a r t  o f  t he  pre-launch dynamic analys is  o f  t he  ISEE 
( I n te rna t i ona l  Sun-Earth Explorer)  ser ies o f  space- 
c r a f t  (whose name had j u s t  been changed from IME a t  
t he  t ime o f  t he  study). Th is  ser ies represented a 
fo l low-on program t o  t h e  IMP series, employing very 
s i m i l a r  spacecraft conf igurat ions.  P a r t i c u l a r  
a t t e n t i o n  i s  g iven the  ISEE-3 sp in  s t a b i l i z e d  space- 
c r a f t  w i t h  f o u r  long r a d i a l  w i re  antennas, and shor t -  
e r  sp in  ax i s  booms. 

The spacecraft was subjected t o  var ious t h r u s t  
maneuvers wh i l e  t h e  r a d i a l  and a x i a l  booms were 
deployed, and t h i s  paper aims a t  developing simple 
models t o  p r e d i c t  the associated v i b r a t i o n a l  resp- 
onse o f  t he  f l e x i b l e  vehic le .  The maneuvers con- 
sidered inc lude the  fo l lowing.  A f t e r  o r b i t  i n j e c t i o n  
the  r a d i a l  w i re  antennas are deployed, and the  e f f e c t  

It is  a companion 

The aim o f  the analys is  here is  t o  use simple models 
t o  ob ta in  an under i tanding o f  t he  spacecraft v ib -  
r a t i o n a l  response t o  these maneuvers. The pre- 
launch dynamic analys is  a l so  inc luded many computer 
simulat ions us ing l a rge  general purpose mu1 t ibody 
dynamics programs. Often, such simulat ions were 
q u i t e  t ime consuming, wh i l e  the  equations derived 
here predic ted the  r e s u l t s  accurate ly  and qu ick l y  
i n  terms t h a t  were e a s i l y  understood and gave more 
i n s i g h t .  

2. SPIN-UP AND DEPLOYMENT MANEUVERS 

The spacecraft i s  modeled as a c y l i n d r i c a l  r i g i d  hub 
w i t h  r a d i a l  and a x i a l  booms represented as r i g i d  
spherical pendulums, w i t h  a l i n e a r  spr ing constant 
res to r ing  torque a t  t h e i r  p i v o t  po ints .  
constant i s  chosen t o  match the f i r s t  bending mode 
frequency o f  t he  boom as a can t i l eve r  beam. This  
simple model makes many o f  t he  problems t ractab le.  
I n  one case i t  was poss ib le  t o  ob ta in  r e s u l t s  f o r  
t he  f i r s t  v ib ra t i ona l  mode s t a r t i n g  w i t h  p a r t i a l  
d i f f e r e n t i a l  equation models, and t h i s  resu l ted  
i n  the same ord inary d i f f e r e n t i a l  equation as the 
above simple model, except t h a t  t h e  gain c o e f f i c i e n t  
i n  the  d r i v i n g  term was a l t e r e d  from 1.5 t o  1.566. 
This  small d i f f e rence  gives confidence i n  the  other  
r e s u l t s  obtained from t h i s  simple model. 

Reference 1 develops the  fundamental spacecraft mode 
shapes f o r  t he  s a t e l l i t e  before the sp in  ax i s  booms 

The spr ing 
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a r e  deployed. 
e x c i t e  only the OC mode shown i n  F ig .  1, i n  which 
a l l  radial  booms simultaneously lag or  lead ,  while 
t h e  hub r o t a t e s  i n  the  opposite d i rec t ion .  Only t h i s  
mode wil l  be considered here. 

2.1 Derivation of d i f f e r e n t i a l  equations 

This sec t ion  der ives  d i f f e r e n t i a l  equations i n  suf-  
f i c i e n t  gene ra l i t y  t h a t  they can subsequently be 
used f o r  both spin-up and f o r  deployment. 
former case,  there  i s  a  torque appl ied t o  the  space- 
c r a f t  hub, and in the  l a t t e r  there  i s  k ine t ic  energy 
associated w i t h  the radial  motion of the  booms. 
Figure 2 gives  the  nomenclature used, where x,y a re  
i n e r t i a l ,  8 i s  the angle of ro ta t ion  of the  hub 
and q i s  the radial  posi t ion of a  generic  volume 
element on a  boom of lenght  I f * ) .  The portion 
of each boom remaining i n  the hub a t  any time i s  
modeled as a  point  mass a t  the rad ius  r of the 
hub. The t o t a l  k i n e t i c  energy i s  the  sum of: 
1) The k i n e t i c  energy of the  hub 1/21 0 8 a n d  
t h a t  of the  coi led booms. 2) The kinevic energy 
of the t i p  masses of mass m . 3)The k i n e t i c  
energy of the  bows. The poient ia l  energy of 
a l l  radial  booms together  i s  1 /2  kw'f L e t p  
be the  densi ty  per u n i t  length f  the  booms 
and l e t  t h e i r  t o t a l  length be d: . Then by 
Lagranges equations one obtains  the OL equation 

Both deployment and spin-up d i r e c t l y  

S n  the  

I = I,, + M,rz+ 2M,rl. + M,f 

4 s  4 (mt + t i p i )  

[ r ~ ~ n  t Mar cos&] I 6 + M,& + mnari s h  

M I = +  (mt+pL)  (1) 

M, = Y (dt' $ p i )  
8 

+ 2 M , L j . ( d L + 0 )  +,kw = 0 ( 2) 

The 
no torque i s  appl ied t o  the hub.  
of in tegra t ion ,  here evaluated f o r  zero i n i t i a l  con- 
d i t ions .  The Lagrange equation f o r  8 i s  Eq. 4  
bel ow. 

equation has a  f i r s t  i n t e g r a l ,  Eq.  3 ,  when 
C is  a  constant  

[I - m z r w ~ * ) f 6  + Lrl,L +Mar w d ] k k  

c = I(O)O, = (I,+ ypRrr2+ qmtrL)c)o 

[ ~ - 2 r 1 ~ r L ( t - w 4 0  + ~r\,@..+M3rcacc],k2 
+ ~ 2  fi, r i  c.R 
t Ifl,rZ+ q,a i - , l? j ix~~ 

5 = 2 [a,. t M , P ] ~  

( 3)  + M,t-i&oc = C 

+ \ 5 - 2 ~ , r  10- m .r) -2ndGd;*.le 

+ Lfilri', g- cfiarLk d)k + 2 q z n i l k  = (4) 

Here Q i s  the spin-up torqde,  and 0, the  i n i t i a l  
s p i n  r a t e .  

2 .2  Radial boom dynamics during deployment 

We a r e  in t e re s t ed  in i s o l a t i n g  a  d i f f e r e n t i a l  equa- 
t ion  f o r  radial  boom deformation c(. alone, by elim- 
ina t ing  8 dependence i n  Eq.  2. We assume the boom 
deformations a r e  small so t h a t  l i n e a r i z a t l o n  i n  OL 
and 6~ about zero i s  appropriate .  There i s  no need 
t o  pick a  nominal 0 h i s to ry  t o  l i n e a r i z e  about. 
Decoupling of the l i nea r i zed  equations i s  complicated 
by the presence of time dependent c o e f f i c i e n t s ,  so 

t h a t  methods such as Laplace transforms cannot be 
used. Making use of a l l  th ree  equat ions,  Eqs. 2-4, 
one can obtain 

I [ I r#-M~,]b i  + [ n ~ ' n , ~ - ~ r ~ ~ , ~ ~ ~ ~ r + ~ n ~ ~ ~  
+2(n,r+n2a)~i3]jb + LI'-k+%rRC" 
- (21M,M2rk+ 'tIMz3pr -p(w,r+fi21) M,MU r)ia 
- - I M , M 2 s r E 1 0 C  
- - -2 LrMze- (m,r+ \ L ) N ~ ~ ~ ~ c  (5) 

M, = M a r l  + n,.L" 

This equation i s  too complex f o r  ana ly t ic  so lu t ion ,  
I f  one considers a  constant  deployment r a t e ,  then 
the c o e f f i c i e n t s  become polynomials i n  t ,  but the  
degree of the polynomials i s  high. For example, the  
coe f f i c i en t  of 2 contains  t9. 

I f  the  deployment r a t e  is  slow one could conceive of 
a  quas i - s t a t i c  steady s t a t e  associated w i t h  the par- 
t i c u l a r  so lu t ion .  Then the approximate p a r t i c u l a r  
solut ion i s  given by dividing the  r i g h t  hand s ide  
of Eq.  5 by the c o e f f i c i e n t  of OC on the l e f t  hand 
s ide.  This solut ion of ten gives ra ther  good r e s u l t s .  
I t  can be s implif ied by making f u r t h e r  assumptions 
i n  order t o  obtain the o f f s e t  angle during spin-up 
t h a t  was derived by approximate means i n  Ref. 2: 
w,Q - 2U(roo). 

2.3 Dynamic response of radial  booms during spin-up 

To obtain a  d i f f e r e n t i a l  equation f o r  the rad ia l  
boom de f l ec t ion  OL dur ing  a  constant  torque Q spin- 
u p ,  l i n e a r i z e  Eqs. 2 and 4 f o r  & about zero,  and 
f o r  6 about the  nominal s p i n  r a t e  t h a t  would e x i s t  
i f  the  spacecraf t  were r i g i d .  
equat ions,  introducing a  new independent var iab le  
Z= I + ~ t  and denoting d i f f e r e n t i a t i o n  w i t h  respect  
t o  
f o r  cc 

Oecoupling the  

by a  prime r e s u l t s  i n  the  following equation 

Oc'' + ( i t  .")n:CL = - c4 
E = Q / ( Z W P )  
i = A/(earLw,b) 

= ~sn,rio,")/~~*(sMJLP-ML:)] 
= Qb/L6(1~~1 ,9 ' -$~) ]  

The quant i ty  6 i s  small f o r  the  spacecraf t  con2  
s idered,  s ince the  spin-up torque Q is  small. .f& 
i s  the  radian natural  frequency of the  d spacecraf t  
mode when s p i n n i n g  a t  O, . 
In the  companion paper, Ref. 1, Eq. 6 was solved 
a n a l y t i c a l l y  f o r  the  case of wire booms w i t h  k=O. 
The contr ibut ion here i s  t o  study the  e f f e c t  of a  
nonzero boom s t i f f n e s s  on the solut ion t o  Eq. 6.  
I n  Ref. 1 a  transformation was found t o  convert the  
equation t o  a  Bessel equation, f o r  which the comp- 
lementary funct ion i s  i n  terms of Bessel funct ions 
of order  i1J4. The p a r t i c u l a r  solut ion f o r  a  con- 
s t a n t  torque Q was found t o  be expressible  in  terms 
of a  Struve funct ion of order -1/4. An a l t e r n a t i v e  
expression f o r  the p a r t i c u l a r  solut ion was given 
a s  an i n f i n i t e  s e r i e s  i n  Bessel funct ions.  Simpler 
approximate so lu t ions  were a l s o  obtained,  by the  
WKB method (Ref. 3)  f o r  the  complementary funct ion,  
and in the form of an asymptotic expansion f o r  the  
p a r t i c u l a r  so lu t ion .  
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It i s  found here t h a t  the i n t roduc t i on  o f  t he  boom 
s t i f f n e s s  term K precludes obta in ing ana ly t i c  so l -  
t i ons  i n  terms o f  Bessel and Struve funct ions.  
However, t he  WKB method and the asymptotic expan- 
s ion  method can s t i l l  be applied, although the  
r e s u l t s  are more complicated. 

2.3.1 The WKB approximation t o  the complementary 
func t i on  

Generating the  WKB approximation as i n  Refs. 1,3, 
one obtains the  complementary funct ion,  Eq. 7 

which i s  a good approximation whenever Eq. 8 i s  
s a t i s f i e d  which it i s  i n  t h i s  case because of t he  
E' d i v i s o r  i n  n:. A and S are a r b i t r a r y  cons- 
tants .  I t  i s  o f  i n t e r e s t  t o  determine whether t h i s  
approximate so lu t i on  i s  s u f f i c i e n t l y  accurate t h a t  
there i s  no l a rge  accumulation o f  phase e r r o r  a f t e r  
many o s c i l l a t i o n s .  Le t  C, be the  a r b i t r a r y  const- 
t an ts  associated w i t h  the-a1 te rna t i ve  exponential 
form o f  Eq. 7. The e r r o r  i n  the  approximation can 
be character ized by these constants becoming funct -  
ions o f  time 7 .  An aooroximation t o  the  to te1 
change AC 
(Refs. 1,3') 

i n  C, going ' f rom 't=1 t o  03 gives 

InC*/C,\ 7/(sn,) (ql 
The bound could be made much t i g h t e r ,  bu t  the pre- 
sence o f  6 as a d i v i s o r  i n  & nevertheless makes 
t h i s  bound small. 
so lu t i on  Eq. 7 i s  v a l i d  f o r  t he  whole range o f  
i n t e r e s t  from T=l t o m .  

We conclude t h a t  t he  approximate 

2.3.2 Asymptotic expansion so lu t i on  o f  the forced 
response.-The asymptotic expansion so lu t i on  obta in-  
ed when k = 0 was i n  a simple form o f  a d ivergent  
ser ies i n  inverse powers o f  7 .  Because of i t s  
simple form i t  was easy t o  ob ta in  the so lu t i on  t o  
any prescribed power, and t o  obta in  e r r o r  bounds as 
a func t i on  o f  t he  number o f  terms chosen. It was 
found t h a t  use o f  on ly  two terms i n  the  expansion 
gave r e s u l t s  w i t h  very l i t t l e  er ror ,  and the  t h i r d  
term i s  down by a f a c t o r  o f  10-8 compared t o  the  
f i r s t .  O f  course, i f  too many terms are taken the  
e r r o r  w i l l  s t a r t  t o  grow again, since the  expansion 
i s  divergent. 

When s t i f f n e s s  
mat ter  t o  ob ta in  the  expansion i n  general form f o r  
any order, b u t  the same technique nevertheless 
appl ies t o  develop the  expansion term by term, and 
t o  bound the e r r o r  a t  each stage. 

The expansion i s  obtained by f i r s t  assuming t h a t  
the t ime vary ing c o e f f i c i e n t  i s  s u f f i c i e n t l y  s lowly  
vary ing t h a t  i t  can be considered constant f o r  the 
purpose o f  generating a p a r t i c u l a r  so lu t ion.  This 
so lu t i on  i s  plugged i n t o  t h a  l e f t  hand side o f  Eq. 
6. The d i f f e rence  between the  r e s u l t  and the  r i g h t  
hand s ide i s  t he  f o r c i n g  func t i on  f o r  a d i f f e r e n t i a l  
equation whose so lu t i on  i s  t he  e r r o r  i n  the  previous 
so lut ion,  and whose d i f f e r e n t i a l  operator i s  t he  
same as i n  Eq. 6. This equation i s  solved by the  
same method, and the  procedure i s  repeated i nde f -  
i n i t e l y .  When th ree  terms are developed by t h i s  
method one obtains 

i s  present i t  i s  no longer a simple 

A bound on the  error ,  obtained s t a r t i n g  from the  
v a r i a t i o n  of  parameters so lut ion,  and w r i t t e n  i n  
terms df. the fo rc ing  func t i on  f o r  t he  next  e r r o r  
equation, F ( r ) ,  i s  

The general so lu t i on  o f  Eq. 6 obtained as the sum 
o f  Eqs. 7 and 10, appl ied t o  the case k=O, and us ing 
only  two terms i n  the expansion, predic ted we l l :  
t he  i n i t i a l  amplitude o f  t he  o s c i l l a t i o n s  r e s u l t i n g  
from applying the  step change i n  torque t o  the  hub, 
t he  decay i n  amplitude and the  increase i n  f req -  
uency as the  spacecraft spins-up. The nonosci l-  
l a t o r y  p a r t  o f  t he  so lu t i on  coming from the  pa r t i cu -  
l a r s o l u t i o n  predic ted the  i n i t i a l l y  l a r g e  angles 
which converge t o  zero as 7 gets l a rge  due t o  
growth o f  cen t r i f uga l  f o rce  on the booms. These 
p red ic t i ons  are simple t o  obta in  from the  equations 
here, bu t  the mult ibody dynamics program s imulat ion 
of 11 minutes o f  spin-up, requi red 30 minutes o f  
computatuion t ime on an I B M  360-91. 

3. AXIAL THRUSTING MANEUVERS 

During s t a t i o n  keeping maneuvers i t  would be natura l  
t o  requ i re  v e l o c i t y  and pos i t i on  correct ions both 
i n  the plane o f  t he  sp in  and along the sp in axis. 
Th is  sect ion i s  devoted t o  studying the  e f f e c t  o f  
a x i a l  t h rus t i ng  on the  boom dynamics, both f o r  t he  
r a d i a l  booms and f o r  the a x i a l  booms. Such th rus t i ng  
can be d e s t a b i l i z i n g  t o  the sp in ax i s  booms, and the 
i n t e r p l a y  and t rade-of fs  are establ ished here between 
such fac to rs  as: a x i a l  boom s t i f f n e s s ,  a x i a l  boom 
length, a x i a l  accelerat ion magnitude, spacecraft 
sp in  ra te,  displacement o f  t he  boom ax i s  from the 
sp in axis, and misalignment o f  t he  boom d i r e c t i o n  
from the  sp in ax i s  d i rec t i on .  The spacecraft i s  
assumed t o  be i n  a steady spin, and i n  the case o f  
sp in  ax is  boom dynamics, t he  spacecraft i s  assumed 
t o  undergo a prescribed accelerat ion along the sp in 
ax is ,  w i t h  the  boom motion having no in f luence on the 
hub motion. 

3.1 Response of r a d i a l  booms t o  a x i a l  t h rus t i ng  

Ax ia l  t h rus t i ng  d i r e c t l y  exc i tes the  /3 spacecraft 
mode i n  Fig. 1. Use o f  Lagranges equations gives 
the boom de f lec t i on  p i n  terms o f  a r b i t r a r y  const- 
ants C1 and C2 as 

p = pp + C,cd-$+ + C,*;nfi@+ 
le, = - ( M , ~ Q ) / ( ~ + N & )  (13 

'4 n# =ilk+ ~. l ,w. '3 / [ (Mg-~\= /M)~al~  

3.2 Ax ia l  boom dynamics w i t h  boom misalignment and 
o f f s e t  from spin ax i s  

F igure 3 i nd i ca tes  nomenclature needed f o r  the anal- 
y s i s  o f  the axiA1 boom response t o  a x i a l  t h rus t .  The 
coordinates ?, j, 2 are i n e r t i a l .  The pos i t i on  o f  
t he  center o f  the top  surface o f  t he  s a t e l l i t e  hub 
i s  given as t c t 2  I? so t h a t  t he  a x i a l  accelerat ion 
o f  t he  hub i s  prescr ibed as c. 
a x i a l  boom i s  displaced a distance ro from the  sp in  
axis, and hub f i x e d  coordinates are centered a t  the 
base o f  the boom w i t h  ?' along the  d i r e c t i o n  o f  

The base o f  t he  
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t he  displacement r . 
the  boom i s  prescrybed by angles e, i n  t he  ?', 2' 
plane and angle 4. If the  boom unstressed d i r -  
ec t i on  i s  misal igned and no t  p a r a l l e l  t o  the sp in  
axis, t he  misalignment i s  assumed t o  be small 
enough f o r  l i n e a r i z a t i o n  t o  apply, and i s  denoted 

As before, due t o  space l i m i t a t i o n s ,  de r i va t i ons  
must be deleted. Developing Lagranges equations 
f o r  &e,, S 8% and l i n e a r i z i n g  i n  these quan t i t i es  
as wel l  as i n  e,,, e,, produces 

The angular o r i e n t a t i o n  o f  

by e,, ea0. 

SG + G60 + K be = uo'o," [I o f +  f.!,'O,l.f=J, 

(13) 
T = [$e, se,f ; a,= le,, e,,] 

% =  w,'(kJ:-W,'+o:e,,) 

K, = w,lw;e,, 
w : i flz/w: 
(.,'.= I + 3 c / ( 2 k k J 3  

%= = ( 3 h )  ( r, /m) 
J-La = A/(+W&) 

Here n i s  the rad ian natura l  frequency o f  the f i r s t  
mode o f  the boom v i b r a t i o n  as a c a n t i l e v e r  beam, 
and mg i s  the boom mass. Consider one o f  these 
equations e x p l i c i t l y  

ts) (14 
be, - zwose, + [xi* - w,' - E + 4 4 ( 5) e e 10 ] se, 

+ $qa(T)ea%e2= Lwa 2 0 (f)+ (G+ $1 e,, 

.. 0) . (2) (3) (9 

( 6) (7)  (8) 

Term (1) represents gyroscopic coupling. The brack- 
e t  m u l t i p l y i n g  68, would represent the square o f  
t he  v i b r a t i o n  frequency o f  t he  boom, i f  there were 
no coupl ing w i t h  the  &equation, bu t  i s  s t i l l  
r e la ted  t o  the  na tu ra l  frequency here. This brack- 
e t  contains the  square o f  t he  boom's na tu ra l  f req-  
uency, term (2), which i s  decreased by the s a t e l l i t e  
sp in  ra te,  term (3) ,  and by the a x i a l  accelerat ion 
o f  t he  spacecraft,  term (4) .  Term (5 )  can e i t h e r  
decrease o r  increase the value i n  the  bracket de- 
pending on the  s ign of t he  boom misal ign-  
ment &,. Term (6) represents coupl ing i n  the 
s t i f f n e s s  ma t r i x  due t o  misalignment. The o f f s e t  
o f  t he  base o f  t he  boom from the sp in ax i s  produces 
a f o r c i n g  func t i on  t o  the d i f f e r e n t i a l  equation, 
term ( 7 ) ,  as does the boom misalignment el0, term 
(8). 

The general so lu t i on  f o r  0,. et i s  

(\S) 
ect)= e, + &ep + C,krrw,t  + C p - y t  

+ C 3 A  vJJ,t t cq M 4zt 

[4 ( I  +a:- U ~ + W & ) + C + * ~ ~  J'h)yz 
C, = [Cj , ,  C i21T ; i = \, z,3,q 

C,, = (2w,w, C,, + K, c~~)/(l<,- W,') 

C,, = C K2C2,- 2zw,w, CIZ)/(K-WF) 
c,, = (2 w,w, cy, + K1 c , w  ( -+fa.'.) 

Gi, =: (K2Cq*- 2zwoww,c,3/(\c,-w:~ 

c ,  +vJ,c1= 0 
C, + c,, = -seT i- Sep\ 

C=.O 

The l a s t  two equations evaluate the  a r b i t r a r y  con- 
s tants  C12, C22, C32, C42 f o r  t he  case o f  zero 
i n i t i a l  condi t ions.  Sep represents the l i n e a r i z e d  
expression f o r  t he  a l t e r e d  equ i l i b r i um p o s i t i o n  o f  
the boom due t o  sp in and accelerat ion.  
spec ia l  cases a re  o f  i n te res t :  

Cer ta in  

W l , z = \ W o f . J ~ \  $ eo=o or I"a=o 

seP= ~-;w:2/(fi=-t.c-~+:), olT ; e.=o 
bq, = (w: + 9) eo/(d-w:- 2 = ; r*=o 

Ignor ing s t a b i l i t y  due t o  gyroscopic coupling, 
which i s  o f  no p rac t i ca l  s ign i f i cance  since i t  d is -  
appears i n  the presence o f  energy d i ss ipa t i on  i n  the  
beam, s t a b i l i t y  o f  t he  d i f f e r e n t i a l  equation occurs 
i f  and only  i f  the s t i f f n e s s  ma t r i x  K i s  p o s i t i v e  
d e f i n i t e .  Th is  requi res K1>0 and hence the square 
bracket i n  Eq. 14 must be pos i t i ve .  For any given 
boom s t i f f n e s s  k and boom lenght  -@ , there ex i s t s  
an upper l i m i t  on the al lowable spacecraft sp in  
r a t e  0, combined w i t h  the  a l lowable ax ia l  acceler- 
a t ion,  expressed by t h i s  condi t ion.  
i s  shown by the  p a r t i c u l a r  so lu t i on  $e,. 

The same e f f e c t  

4. PULSED RADIAL THRUSTING 

Because the  spacecraft i s  sp in  s tab i l i zed ,  s ta t i on -  
keeping and t r a j e c t o r y  modi f icat ions requ i r i ng  cor- 
rec t i ons  i n  the plane o f  t he  sp in  are accomplished 
by tu rn ing  on a r a d i a l  t h rus te r  f o r  a f r a c t i o n  o f  
each revo lu t i on  o f  the hub. 
dynamic response o f  the sp in ax i s  booms t o  t h i s  
r e p e t i t i v e  transverse e x c i t a t i o n  a t  t h e i r  bases. 
As i n  the previous sect ion we assume t h a t  the hub 
motion i s  unaf fected by the  boom v ib ra t i ons .  An 
o f f s e t  ro o f  the  boom from the  sp in  ax is  i s  included 
again, bu t  misalignment i s  ignored, i. e. 0,=0. 

Figure 4 describes the nomenclature f o r  t he  problem. 
p e s  4 , $ , 't, are i n e r t i a l  coordinates, axes , 
J Z  , 
w i t h  gL along the  sp in  a x i s p d  T2 along the  t h r u s t  
d i rec t i on ,  and axes ij, $ , 3 are ro ta ted  w i t h  
respect t o  the  hub coordinates by angle b about 
the sp in  ax i s  and t rans la ted  along the r e s u l t i n g  4 
d i r e c t i o n  by ro so t h a t  t he  o r i g i n  o f  t he  coordinates 
is  a t  the base o f  t he  boom. The path o f  t he  o r i g i n  
02 o f  the hub coordinates XxecXtes a prescribed 
zig-zag t r a j e c t o r y  i n  the  it., j, plane as a r e s u l t  
o f  the pulsed r a d i a l  t h rus t i ng .  

Here we study the 

are centered on the  top of the spacecraft 

Lagranges equations f o r  0, and e,, 
g 9  and de f i n ing  8=B,+ieZ, l=m , 

the  d i f f e r e n t i a l  equation 

6 + a y i e  + (na-r$)e (16) 

= - % i ( A , + i A $  + 9 9 
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Here A1, Az a r e  the components of the i n e r t i a l  
acce le ra t ion  of the o r ig in  02 i n  3 axes,  F i s  the 
t h r u s t  magnitude, m i s  the t o t a l  spacecraf t  mass, 
and T i s  the period of revolution of t he  hub. 
i s  pulsed a s  indicated.  

The so lu t ion  of the homogeneous equation i s  

% = C M  exp Gn,t) + Q,, erp (a& 

F 

(17) 
n, =n-& 
fL2 = -n- wo 

The process of f ind ing  a pa r t i cu la r  so lu t ion  i s  
somewhat complicated. 
piecewise cons tan t ,  and within each thrust-on o r  
th rus t -of f  i n t e rva l  a constant pa r t i cu la r  so lu t ion  
would apply. B u t  u s i n g  such a combined so lu t ion  
i s  s impl i s t i c  i n  the sense t h a t  i t  does not cor- 
respond t o  a so lu t ion  of the d i f f e r e n t i a l  equation 
f o r  any i n i t i a l  condi t ions .  The pa r t i cu la r  so lu t -  
ion f o r  any chosen i n i t i a l  condi t ions  would norm- 
a l l y  requi re  solving the d i f f e r e n t i a l  equation on 
the f i r s t  i n t e rva l  from 0 t o  T ,  evalua t ing  the 
a r b i t r a r y  cons tan ts ,  and then f ind ing  e<%>, B(T). 
These would be used a s  i n i t i a l  condi t ions  f o r  the 
a r b i t r a r y  cons tan ts  i n  the so lu t ion  from 'Z t o  T 
using the cons tan t  pa r t i cu la r  solut ion.  
process would have t o  be repeated inde f in i t e ly  t o  
obta in  the so lu t ion  f o r  a l l  t. 

However, the forc ing  func t ion  is  a per iodic  funct-  
ion,  which suggests t h a t  t he re  should be a per iodic  
p a r t i c u l a r  so lu t ion  f o r  properly chosen i n i t i a l  
condi t ions .  By f ind ing  these i n i t i a l  condi t ions  
one only needs t o  f i n d  the pa r t i cu la r  so lu t ion  
over one period, and t h e n  i t  is  known f o r  a l l  t. 
Hence, we look f o r  a so lu t ion  i n  the  following form 
where the a r b i t r a r y  cons tan ts  a r e  determined by the 
given boundary conditions:  

The forc ing  func t ion  i s  

The 

The general  so lu t ion  f o r  €he boom response t o  ax ia l  
t h rus t ing ,  a f t e r  employing the pa r t i cu la r  so lu t ion  
r e su l t i ng  from the above and a f t e r  eva lua t ing  the 
a r b i t r a r y  cons tan ts  i n  terms of 8Co) , 0(0), i s  

I f  pulsed radial  t h rus t ing  i s  maintained long enough 
t h a t  the steady s t a t e  o s c i l l a t i o n s  a r e  reached, then 
the periodic pa r t i cu la r  so lu t ion  represents  the boom 
response. 
uate  the i n i t i a l  t r ans i en t  response, and t o  de te r -  
mine the maximum de f l ec t ions  encountered i n  a man- 
euver. 

Figure 5 presents  numerical r e s u l t s  using these  
equations.  The thrust level  produced 0.4 f t / s e c  
acce lera t ion  (corresponding t o  10 l b s  t h r u s t ) ,  and 
thrust was kept on f o r  90' o f  ro t a t ion .  The boom 
l enght  was l! = 23 f t  w i t h  a natural  frequency of 
fi = 2.756 rad/sec (corresponding t o  a 1-1/8 inch 
STEM boom). The boom o f f s e t  ro was chosen a s  0.1 
f t ,  which was considered l a rge  but poss ib le ,  
spacecraf t  spin was we= 20 rpm = 2.09 rad/sec,  
and the  thrust angle t = 0. The top two graphs i n  
the f igu re  give the response o f  el(*\ and &ct) 
f o r  zero i n i t i a l  condi t ions .  The second two graphs 
give the per iodic  pa r t i cu la r  so lu t ion  f o r  €+ and 
e2, while the f i n a l  graph g ives  the assoc ia ted  

thrust-on in t e rva l s .  A1 though the ve r t i ca l  axes 
a re  labe led  a s  angles,  the units on the axes a r e  
converted t o  t i p  de f l ec t ion  in  f e e t .  
agree well w i t h  an independent ana lys i s  using a non- 
1 inea r  mu1 tibody dynamics program. 

The complete so lu t ion  i s  needed t o  eva l -  

These r e s u l t s  
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Figure 1. Spacecraft  modes d i r e c t l y  exc i ted  by 
operational maneuvers. 

x 

Figure 2 .  Symbols used f o r  deployment and spin-up 
der iva t ions .  

Figure 4. Symbols used f o r  pulsed radial  t h rus t ing  
analysis .  

FU.. 

F 
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Figure 5. Axial boom response t o  pulsed radial  
t h rus t ing .  

Figure 3.  Symbols used f o r  axial  t h rus t ing  
ana lys i s  of axial  booms. 


