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Summary

The phenomenon of crack propagation is among the
predominant modes of failure in many natural and engineering
structures, often leading to severe loss of structural integrity
and catastrophic failure. Thus, the ability to understand and a
priori simulate the evolution of this failure mode has been one
of the cornerstones of applied mechanics and structural
engineering and is broadly referred to as “fracture mechanics.”
The work reported herein focuses on extending this
understanding, in the context of through-thickness crack
propagation in cohesive materials, through the development of
a continuum-level multiscale numerical framework, which
represents cracks as displacement discontinuities across a
surface of zero measure. This report presents the relevant
theory, mathematical framework, numerical modeling, and
experimental investigations of through-thickness crack
propagation in fiber-reinforced composites using the
Variational Multiscale Cohesive Method (VMCM) developed
by the authors.

1.0 Introduction

This section provides an introduction to the phenomenon of
cohesive crack propagation and its numerical simulation.
Beginning with a motivation for studying crack propagation in
materials with complex microstructures in Section 1.1, the
relevant analytical and numerical challenges are discussed in
Sections 1.2 and 1.3, respectively. Then the approach adopted
and the specific goals are laid out in Section 1.4, and an outline
of the remainder of the report is provided in Section 1.5.

1.1 Motivation

On application of external forces, the primary mode of
response of a solid is the stretching of interatomic bonds, which
is globally manifested as material deformation. Understanding
the resulting continuum scale kinematics and constitutive
behavior of this deformation response, within the limit of
recoverability (elastic limit), are addressed in detail by the
theory of elasticity (Refs. 1 to 5). Exceeding the elastic limit
leads to irreversible microstructural changes like movement of
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atomic dislocations and growth of mircocracks and microvoids,
or it results in macroscopic configurational changes involving
internal surface creation. The phenomenological descriptions
of the microstructural changes, as required by the principles of
irreversible thermodynamics, introduce new internal variables
whose evolution is the subject matter of the theory of plasticity
(Refs. 6 to 9) for metallic solids, and damage mechanics
(Refs. 10 and 11) for materials with microcracking.

The creation of internal surfaces, referred to as “cracks,” do
not necessarily involve changes in the continuum constitutive
response of the intact solid, but rather is a problem of unknown
or moving boundaries, driven by the external loading and
regular constitutive response of the material. Such problems of
evolving boundaries are not uncommon in continuum physics,
and some other examples are Stefan’s problem of freezing in
heat conduction, phase boundaries in multiphase mixtures, and
fluid flow past bodies in the presence of shock waves. The
challenges here are the prediction of the surface formation and
tracking its subsequent evolution. In the context of cracks, this
results in global nonlinearity of the load response, which in
general is not analytically tractable. Further, depending on the
microstructure of the material, crack formation may also
manifest in addition to the continuum elastic response, new
constitutive relations, which can span across different length
scales. These additional cohesive relations between the crack
face opening and its internal tractions, referred to as
“traction-separation relations,” lead to the more challenging
class of cohesive cracks and bridging cracks, where the crack
surface may be a diffuse zone of damage rather than a sharp
boundary.

Consider the case of through-thickness crack propagation in
fiber-reinforced composites. Because of the different length
scales associated with the microstructure of a composite
material and the resulting composite structure, a multitude of
failure mechanisms can be simultaneously operative, leading to
a very complex damage progression in a composite structure. A
sharp, through-thickness crack can be present in these
composites initially, but as soon as local damage (possibly in
the form of matrix microcracking) accumulates, crack blunting
and distributed damage occurs across the highly stressed areas
around the initial crack tip. As this initial crack starts to grow, a
damaged zone of material (bridging zone) evolves in the wake
of the instantaneous crack tip. Thus, unlike in monolithic



materials such as metals, there is actually no well-defined crack
that can be identified. Instead, a diffused zone of damage is
seen to advance. This distributed damage results in additional
resistance to advancing damage growth, largely due to fiber
bridging and pullout in the crack wake. This enhanced fracture
resistance is desirable and is a major contributor to the
increased toughness of laminated composites (Refs. 12 to 15).

Overall, problem of determining the evolution of crack
boundaries and their interaction with the continuum
deformation fields represents a highly nonlinear system, with
significant analytical and numerical challenges, which are
briefly discussed below.

1.2 Analytical Challenges

The study of crack formation and propagation, referred to as
“fracture mechanics,” was founded in the seminal work on
brittle cracks by Griffith (Ref. 16), which introduced the
energy-based approach to crack propagation. This was
followed by major advances in the form of a
stress-intensity-based approach of Irwin (Ref. 17) and
softening and plastic process zone models introduced by
Barenblatt (Ref. 18) and Dugdale (Ref. 19); which were further
extended by Cherepanov (Ref. 20) and Rice (Ref. 21). These
models are discussed in detail in Section 2.1.1. However, these
theories are restricted to brittle or ductile materials with
structurally insignificant or small zones of nonlinearity ahead
of the crack tip (process zones), and thus they cannot be applied
directly to derive conditions on crack initiation or propagation
in materials characterized by large process zones. This latter
class of materials is the focus of the research presented here.

Several physical mechanisms may contribute to this type of
damage. Microcracking, fiber bridging, coalescence of voids,
and other microstructural mechanisms can give rise to a process
zone that is considerably larger than that permitted for the
application of linear elastic fracture mechanics (LEFM)
models. Furthermore, the material nonlinearity that is induced
by these mechanisms leads to a relief of the singular fields at
the mathematically sharp crack tip, which would otherwise
persist in a strict LEFM setting of an elastic material. A new

length scale, Ey/o?2

max ?

elastic modulus E, fracture toughness vy, and cohesive strength,
Omax- If this length scale is larger than any characteristic length
scale in the problem, then cohesive zone models (CZMs),
which embed process zone mechanics through nonlinear
traction-separation relationships across the crack faces, become
important tools for analysis (Refs. 22 to 27). However
determining these traction-separation relations is very
challenging and often subject to the material microstructure, as
will be illustrated in Section 2.2.1 and the appendix.

emerges that is related to a characteristic

1.3 Numerical Challenges

Numerical schemes, like the finite element method, have
become the mainstay for solution of problems involving any of
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the broad phenomena of material deformation—elasticity,
plasticity, and damage—so it may be tempting to use traditional
finite-element-based discretization for problems of crack
propagation. However, the distinguishing characteristic of
crack problems in general is the formation and propagation of
sharp boundaries, which are not part of the original boundary
value problem. This is not an obstacle if the resulting crack path
is known a priori and the mesh is ensured to have elemental
surfaces align along possible crack surfaces; in practice
however, neither condition is feasible. For most crack
propagation problems, the crack path is not known beforehand
and has to be determined as part of the solution process; in
structural-level problems, adaptive mesh generation and
realignment is costly. Furthermore, a standard Galerkin
implementation will lead to the introduction of spurious
numerical length scales proportional to the element volume as
discussed in Section 4.1.

These problems with traditional finite element method
implementations have been well documented for the
phenomena of strain localization, which has similar kinematics
to that of crack propagation problems. Thus, they exhibit
spurious mesh-related length scales (Refs. 28 to 31) and
problems related to mesh alignment relative to the localization
band (Refs. 32 and 33).

As will be shown in Sections 4.0 and 5.0, the multiscale
formulation presented in this report, involving eclemental
enrichment to capture the discontinuous modes associated with
crack propagation, eliminates these mesh-related problems. It is
also noted that a comparable but significantly different
development—involving nodal enrichment by partition of unity
functions—like the extended finite element method (XFEM)
(Refs. 34 to 37) also results in mesh-objective simulation of
crack problems. The differences between the two approaches
will be highlighted in Section 4.0.

1.4  Adopted Approach and Goals

The primary task of this report is developing a numerical
framework for cohesive crack propagation and demonstrating
its effectiveness by simulating failure through crack
propagation in materials with complex microstructure, like
fiber-reinforced composites. To accomplish this goal the
following approach has been adopted:

(1) Reviewing existing theories of brittle and cohesive crack
propagation to determine their capabilities and limitations.

(2) Developing a general approach to cohesive crack
propagation involving large process zones and also obtaining
(analytically or numerically) the relevant cohesive constitutive
behavior of a class of fiber-reinforced composites.

(3) Extending the idea of variational multiscale method
presented in Hughes (Ref. 38) and Garikipati and Hughes
(Ref. 39) and developing it on the lines of Garikipati (Ref. 40)
for application to cohesive crack propagation involving
discontinuous kinematics.

(4) Developing a class of finite elements that objectively
simulate crack propagation without introducing any spurious



numerical length scales. This involves application of
nontraditional discontinuous shape functions and relevant
quadrature schemes.

(5) Implementing a robust crack tracking algorithm that
allows the propagation of the discontinuity surface across
elements subject to physically consistent crack propagation
directions.

(6) Sufficiently benchmarking the developed numerical
framework by simulating complex crack propagation problems
involving curved cracks, multiple cracks, interacting cracks,
and so forth.

(7) Experimentally validating the theoretical and numerical
approaches by comparing the load-displacement response and
crack paths observed in large-scale bridged crack propagation
in laminated fiber-reinforced composite specimens.

It is expected that achieving these goals would be sufficient
to demonstrate and validate a physically consistent and
numerically objective cohesive crack propagation framework.

1.5 Outline

An outline of the rest of the publication is as follows.
Section 2.0 reviews the classical theories of crack propagation
and later developments relevant to cohesive cracks involving
large process zones. It then presents a possible description of
the micromechanics behind bridging cracks formation in
fiber-reinforced composites. In Section 3.0 the variational
multiscale concept of problems involving grid- and
subgrid-scale phenomena is introduced. Then the concept is
extended to cracks represented as discontinuous displacement
modes and the relevant weak formulation of the problem is
derived. This formulation is then cast in a finite element
framework in Section 4.0, which begins with a discussion of the
limitations of standard finite element approaches to simulate
crack propagation. It then proceeds to the multiscale element
construction and development of the discretized equations and
an incremental solution procedure. The analytical and
numerical framework developed until this point is validated
through simulation of various crack propagation problems in
Section 5.0 and then by comparison with experimental
observations in Section 6.0. The conclusions and possible areas
of future work are summarized in Section 7.0, and lastly a
framework for deriving traction-separation relations is
discussed in the appendix.

2.0 Mechanics of Cohesive Crack
Propagation

The study of crack propagation, commonly referred to as
“fracture mechanics,” has historically focused on predicting
crack evolution in homogeneous materials with brittle or
quasi-brittle behavior. However, with the advent of advanced
materials like composites, which possess high stiffness,
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superior damage tolerance, and improved thermomechanical
propagation are not adequate. The work presented here
develops an analytical and numerical framework to address
crack propagation in one such important class of advanced
materials, fiber composites, which often exhibit large process
zone sizes. To do that, this section begins with a brief
discussion of classical fracture mechanics in Section 2.1.1.
Then an enrichment of classical ideas using the cohesive zone
approach proposed by Barenblatt (Ref. 18) is discussed in
Section 2.1.2. The presentation is significantly influenced by
Raizer (Ref. 41). With the theoretical framework laid out, the
phenomena of toughening in materials involving large process
zones is discussed in Section 2.2, and this is extended to fiber
composites in Section 2.3. Finally, the closing remarks are
provided in Section 2.4.

2.1 Crack Propagation in Cohesive Materials

A brief description of the two broad theories of classical
fracture mechanics (energy-based method and stress-based
method) and Barenblatt’s extension to cohesive fracture with a
small process zone are presented in this subsection.

2.1.1 Classical Fracture Mechanics

From the continuum viewpoint, fracture (crack formation) is
the creation of new surfaces in the domain of the body. This
surface creation invariably leads to loss in the global stiffness
and load-bearing ability of the material, often leading to failure.
Traditionally, either energy-based or stress-intensity-based
approaches have been employed to predict this mode of failure.
The energy-based theory of failure introduced by Griffith
(Ref. 16) was motivated by the inadequacy of the elastic
solution that renders singular stresses at the mathematically
sharp crack tip. Subsequently, Griffith’s work formed the basis
for LEFM. In this section, a concise discussion of the key
elements of LEFM and a subsequent development referred to as
the “stress-intensity-based approach” will be presented.
2.1.1.1 Griffith’s Energy-Based Theory of Crack
Propagation

Consider an infinite plate of uniform thickness under
homogeneous tensile stress state, 6y, produced because of the
far-field application of uniform distributed load p (= oyy) as
shown in Figure 1. Considering linear elasticity, the strain
energy density of the body is given by U =c3, /2E’, where E'
is the modulus.' If a crack of length | with traction-free faces
appears in this infinite domain, then the change in strain energy
is given by AU =—c3 a(l)/2E", where a(l) is a positive-valued

function representing the effective area of stress relaxation in

'Plain-stress condition: E’ = E and plain-strain condition:
E'= E/(l —v? ), where E is the Young's Modulus and v, the
Poisson's ratio.



Figure 1.—Crack in infinite plate of
uniform thickness under load p.

the vicinity of the crack. Also, there is an associated increase in
the total surface energy, AIl = 4ly, where y is the surface energy
density.’

Remark: Elasticity theory involves only volumetric
energy and has no concept of a surface energy; thus
stand-alone application of classical elasticity can
predict the stress state around a preexisting crack, as
shown by Kolosov (Ref. 42), Inglis (Ref. 43), and
Muschelov (Ref. 44), but it cannot yield conditions on
either initiation of new cracks or propagation of
existing cracks. Griffith (Ref. 16) introduced this
concept to distinguish fracture from elasticity and
thereby derive conditions for crack initiation and
unstable crack propagation. Of course, his
presentation did not detail the micromechanics of
surface formation.

Consider now the free energy’ of the quasi-static system,
AF =AU + A1 (1a)
and its derivatives, given by

5F ohall)
— =W "3 1b
ol 22 (15)

2 2 "I
8’F _ opa'() (10)
dl? 2E'

*Surface energy density or surface tension is defined as the
energy required to create a surface of unit cross-sectional area
in the continuum volume. From a micromechanical viewpoint,
this energy is required to overcome the surface cohesive
forces.

*Referred to as “potential energy” in Griffith (Ref. 16).
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Then for spontaneous occurrence of a crack of length 2l, which
renders a new equilibrium state, the free energy has to be

stationary. This stationary condition 8F/8l =0 shows that the
decrease in strain energy is equal to the surface creation energy

and yields a value of critical loading, p.i =+/8yE’/a’(l) . Itis

tacitly assumed that during the occurrence of a crack no
external work is done on the system, resulting in only internal
transformation of energy. Using the exact expression for a(l)
for the plane strain condition, Griffith (Ref. 16) obtained

Perit =+/2YE"/ml . Further, for this geometry and loading

conditions, a"(l) > 0, which implies that the new equilibrium
state is unstable. Thus for p > P, | increases catastrophically,
and for p < P, | remains unchanged at its original value.* So
the necessary condition for crack propagation is

za(l
Gy;—E'() >4y (energy-based crack propagation criterion) (2)

The terms —3U/3l and SI1/3l are usually referred to as

the “energy release rate” and “material resistance” and are
denoted by symbols G and R, respectively. In general, G and R
are functions of I, so the corresponding free energy and
equilibrium conditions are

AF = -GAl +RAl (3a)
F _G+R <0 (30)
al
8_2F —_§+8—R >0  (stable propagation) (3c)
NERRI propag
5°F oG + oR <0 (unstabl tion) (3d)
— =y unstable propagation
NE al 8l propes

Thus, Griffith’s theory, based on surface energy and the
resultant stationarity of free energy, yields an expression for
critical loading for unstable crack extension. However,
analytical estimation of AU, the change in the strain energy, as a
function of | is only possible for simple problems. This limits
the application of the energy-based approach to complex
geometries and loading conditions.

*The crack length cannot decrease because t+ I(t) isa

monotonically increasing mapping. This is a physical
requirement as rearrangement and relaxation of surface atoms
preclude the possibility of crack closure.



2.1.1.2 Irwin’s Stress-Intensity-Based Theory of

Crack Propagation

The key idea behind the stress-intensity-based theory is the
observation that the near-tip crack field in linear elastic
materials is similar for all specimen geometry and loading
conditions, to within a constant. For the crack loading shown in
Figure 1, Williams (Ref. 45) and Irwin (Ref. 17) obtained the
crack-tip opening stress and corresponding displacement along
the x axis:

—+0() (4a)

ny = \/;
y = EeX]+00C"%) (4b)

where O denotes the higher-order terms in the asymptotic

expansion of the singular stress field. The constant K , the
coefficient of stress intensity, determines the stress and strain
field in the vicinity of the crack tip and is dependent on the
specimen geometry, crack dimensions, and loading conditions.
Having derived the stress and strain fields, Irwin used the
following crack closure analysis to determine the value of the
energy release rate G.

Consider Figure 2, where the crack has extended by a
distance 8l from its original position A to A’. Assume that the
boundaries are held fixed, so that no energy exchange takes
place between the system and its surroundings due to changes

J
a X
(a) ‘y
Y
A "X
(b) Y
Oyy'
I }
[
(c)

Figure 2.—Crack closure analysis to determine
energy release rate. (a) Initial crack profile.
(b) Extended crack profile, (c) Crack closure,
where oy is stress along the closed section.
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in external forces. Consider a new coordinate system (X', y')
positioned at A. Now apply fictitious stresses on the section A —
A', such that they are just enough to close the crack opening in
this section. The magnitude of the displacement of each face
required for crack closure along this section is given by Uyy =
Uyy (X" — 8l) for small 81, and the corresponding stress along the
closed section is given by 6,y = oy (X'). Using these, the work
done in achieving crack closure, which directly contributes
towards increasing the strain energy of the body, is given by

1 pol , ., 2mK?sl
AU =2 [ Toyy (X (OK = =25 (9)

Now if the fictitious forces are assumed to be released, the
crack tip rebounds to A’, resulting in a —AU change in the strain
energy. So the strain energy release rate given by G =-3U/dl
is

_ 21K
E’

G

(6)

Having obtained the energy release rate from the
stress-intensity-based approach, one can use Equations (3b),
(3¢c), and (3d) to determine the crack propagation and stability
conditions. Substituting G and R (= 2y3l) into Equation (3b),
the stress-intensity-based crack propagation criterion is
obtained:

nK?
E’

2y @)

Both the energy-based criterion (Eq. (2)) and
stress-intensity-based criterion (Eq. (7)) in many cases can be
shown to be equivalent statements, and this equivalence can be
seen through Equation (6).

The classical crack propagation approaches presented above
use the linear theory of elasticity to deliver necessary
conditions for crack initiation and propagation, and in doing so
use macroscopic energy (Eq. (1b)) or asymptotic stress field
(Eq. (4a)) arguments, which contain solutions with infinite
stress values at the crack tip. However, in real materials, either
nonlinear phenomena like plasticity limit the stress to finite
values, or atomic-level phenomena like cohesive separation
occur, thus rendering the high stress values predicted by the
linear theory meaningless. Further, there is an inherent
contradiction in the use of a linear theory, which by definition is
only applicable to small deformations, to predict infinite stress
and strain values. The traditional argument against these
contradictions is that the volume of the zone over which these
crack tip nonlinear phenomena are active (termed the “process
zone”) is significantly smaller compared to the volume over

which the singular field terms (varying as 1/ x/F , Where I is

the distance from the crack tip) are predominant. This
assumption of a small process zone, which implies that the local



crack-tip nonlinearities do not significantly affect the global
energy or stress field solutions, is central to LEFM, which deals
with the application of the above energy-based and
stress-intensity-based approaches.

2.1.2 Small Process Zone and Barenblatt Cohesive
Model

To address the inconsistency of infinite stresses at the crack
tip, a theory involving nonlinear process zone mechanics was
presented by Barenblatt (Ref. 18) and Dugdale (Ref. 19) for
symmetric crack propagation in homogeneous isotropic
materials. Consider the physical picture of surface formation
from an atomistic viewpoint. As the body is loaded, certain
points with material defects or geometric singularities undergo
significant stretching of atomic bonds, which eventually leads to
loss of interatomic cohesion and to traction-free surface creation
(Fig. 3). This transition from bond stretching to surface creation
is gradual, and thus the physical picture of the crack-opening
profile should be comparable to Figure 3(b), rather than the

crack-opening profile (proportional to \/; ) predicted by LEFM
theory (Eq. (4b)). Further, the forces involved in this zone of
cohesive bond stretching and weakening (termed the “cohesive
zone”) can be orders of magnitude higher than the far-field
stresses. Therefore the external loading conditions and specimen
geometry have little influence on the crack profile in the cohesive
zone, which is under the influence of much larger cohesive
forces. This implies

(1) The cohesive forces are concentrated near a small, but
finite region of the continuum crack tip and drop to zero within
few atomic distances from the crack tip; this is equivalent to the
small process zone assumption in LEFM.

(2) For a given material, the crack profile in the cohesive
zone is universal (independent of the loading, geometry, and
crack dimensions).

This universality condition of the crack profile, known as the
autonomy of the crack end, is central to the theory of cohesive
zone model (CZM) of fracture, and states that in the
mobile-equilibrium state, the heads of all cracks in a given
material are the same (Ref. 46).

The primary argument of Barenblatt (Ref. 18) to remove the
unphysical stress singularity implies N; =0 (Eq. (4a)). Here Ny =
K + Ng, where K and Ng are the coefficients of stress
intensity due to the external loading and cohesive forces,
respectively. Substituting Ny = 0 in Equation (4b) leaves the
crack-opening profile Uy = x’?, which is depicted in
Figure 3(b). The requirement of N;= 0 leads to the following
condition for crack propagation:

K> (cohesive-model crack propagation criterion) ®)

a|x

and,
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Figure 3.—Crack tip opening profile due to
influence of cohesive forces in crack wake.
(a) Crack profile obtained from classical
analysis (uyy, = x1/2), characterized by infinite
stresses at crack tip. (b) Crack tip opening
profile obtained in presence of cohesive forces
(uyy = x3/2), characterized by finite stresses.
(c) Opening stress profile at cohesive crack tip.

K2 =nEY' (9a)

L
y_an&w (9b)

where K is the modulus of cohesion, y' is the fracture
toughness® of the cohesive zone, and T(8) is the nonlinear
cohesive traction in the crack wake with 8 as the crack-opening
displacement, which is hereafter referred to as the “crack
separation.” Using Equations (6) and (8), Willis (Ref. 47)
showed the equivalence of LEFM based on Griffith theory and
the Barenblatt CZM model, provided that the cohesive surface
energy density is equal to the fracture toughness (y =y').

A representative nonlinear cohesive traction function T(9),
which is a material property input to CZM, is shown in
Figure 4, where o, is the maximum opening stress value up to
which the linear analysis is valid. Upon achieving this value,
the relevant constitutive law switches from linear elasticity to
the nonlinear cohesive relationship. In real materials
determining T(8) is very challenging and often material
subjective.  Especially in  materials with  complex
microstructure,  determining  T(8) involves  detailed
understanding of the crack wake micromechanics. Also, the
crack wake processes involved in modern materials, which
demonstrate high fracture resistance, do not satisfy the
small-process-zone assumption of LEFM and CZM.

*Fracture toughness is defined as the energy required to create a
traction-free surface of unit cross-sectional area by overcoming
all crack wake resistances due to cohesive forces, material
nonlinearities, etc.
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Figure 4 —Possible cohesive traction function, where
T(8) is cohesive traction and & is crack-opening
displacement.
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Figure 5.—Various toughening mechanisms.

2.2 Crack Propagation in Bridging Materials

The resistance to crack growth due to cohesive, nonlinear, or
microstructural phenomena ahead of or behind the crack tip is
generally referred to as “toughening,” and the region over
which these processes are significant is called the process zone.
Figure 5 depicts some of the prominent toughening phenomena
observed in materials. In crack propagation, crack wake
(extrinsic) toughening contributes to bridging traction-
separation relation and crack tip (intrinsic) toughening is
accounted for in cohesive traction-separation relation. In
traditional homogeneous materials, like monolithic metals, the
toughening is localized at the crack tip, and the resulting
process zone size is negligible when compared to the crack
dimensions. Further, the process zone is always ahead of the
crack. This localized nature of the process zone allows the
direct use of LEFM or CZM methods to predict crack initiation
and propagation. Alternatively, modern materials with complex
microstructures, like fiber composites, demonstrate exception-
ally high fracture toughness due to high crack wake bridging
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Figure 6.—Complexity and diffused damage
observed in fiber composites. (a) Straight
crack. (b) Curved crack.

tractions and large process zone sizes, which are
comparable to the crack dimensions, as shown in Figure 6.
During crack growth in a composite, both a process zone ahead
of the crack and a bridging zone in the wake of the crack
provide toughening. This large process zone size implies the
classical approaches to fracture cannot be directly applied.
Further, the evolutionary nature of the sizes of the cohesive
zone and bridging zone limit the application of analytical
methods and almost always requires the use of numerical
methods such as the finite element method to solve the resulting
equations.

The remainder of this section and subsequent sections will
focus on developing a numerical framework for the problem of
crack propagation involving large process zones, based on the
finite element method.

2.2.1 Large Process Zone and Traction-Separation
Models

Consider Figure 7, which depicts the traction-separation
relations for a problem with a large bridging zone during crack
growth. Since the extrinsic toughening considered is due to
traction in the fibers bridging the crack faces, this particular
crack wake toughening process is referred to as “bridging
toughening,” and the corresponding materials are referred to as
“bridging materials.” As discussed earlier, the cohesive zone
process is localized and is characterized by sharply dropping
tractions within a short distance of the crack tip. Further, since
the cohesive zone mechanisms are always subsequent to a
certain amount of linear deformation, the corresponding
traction-separation relationship should begin at a nonzero
traction value. The bridging zone process, however, is
distributed over distances comparable to the crack dimension,
and the tractions will start at zero, build up, and drop more
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Figure 7.—Possible bridging traction-separation (Tg-8) and
cohesive traction-separation (T¢-8) relations.

gradually.® Now the challenge is to embed these two distinct
toughening processes into a numerical framework to produce
physically consistent crack evolution. There are two possible
approaches to this:

(1) Implement the two processes separately and use the
corresponding traction-separation relations. So a point in the
crack path begins with a cohesive traction relation and
gradually transfers to having a bridging traction relation.

(2) Determine a cumulative traction-separation relation
encompassing both these processes, and then treat the resultant
nonlinear constitutive relation as a standard CZM T(J) relation.
However, the chosen relation should be physically consistent,
with the cohesive relation beginning at a finite traction, as
shown in Figure 8(a). Alternatively, Figure 8(b) shows an
inconsistent mixed traction relation, with the cohesive relation
beginning at zero traction.

The latter approach is numerically more appealing and widely
applied. However, such a cumulative traction-separation
relation will depend on the problem and geometry as shown in
Li et al. (Ref. 48). A detailed discussion of both the above
approaches can be found in Sun and Jin (Ref. 49).

2.2.2 Cohesive Zone Model and Other Numerical
Methods

Subsequent to the pioneering work by Barenblatt, the
implementation of a CZM incorporating a finite element
framework lay dormant until the work of Hillerborg, Modeer,

%It is noted that depending on the specific micromechanics, the
starting traction in a bridging traction-separation relationship
may or may not be zero.
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Figure 8.—Possible mixed cohesive and bridging traction-

separation relations ((Tg-6) and (T¢-8), respectively).
(a) Physically consistent. (b) Physically inconsistent.
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and Petersson (Ref. 50). In parallel, other numerical techniques
emerged to implement the LEFM methodology that found
favor amongst practicing engineers. Therefore a brief review of
LEFM-based numerical methods is presented here, before
moving to the developments in CZM.

Among fracture parameters, the strain energy release rate has
been increasingly used in conjunction with LEFM. It can be
computed by the virtual crack closure technique (VCCT)
(Ref. 51), in conjunction with finite element analysis. This
method requires a preexisting mathematically sharp crack for
initiation and conditions of small-scale yielding to hold. With
negligible material nonlinearity at the crack tip (small process
zone size), LEFM-based approaches have been proven to be
effective in predicting crack initiation and subsequent growth
(Refs. 51 to 57). Although as discussed earlier, during crack
growth in composite materials and structures made of other
quasi-brittle materials, the process zone size often may be
larger than any characteristic length scale in the problem,
leading to situations where the assumptions of LEFM cease to
apply (Ref. 58). Several mechanisms like microcracking, fiber
bridging, coalescence of voids, etc., can give rise to a process
zone that is considerably larger than what is required for
assumptions of LEFM to apply. A new length scale | emerges
that is related to a characteristic elastic modulus E, fracture
toughness y and cohesive strength G, defined as

1" = Ey/ Omax - If I" is larger than any characteristic length

scale in the problem, then the CZMs, which embed process
zone mechanics through nonlinear traction-separation
relationships across the crack faces become an important tool
for analysis.

Subsequent to the work of Hillerborg, Modeer, and Petersson
(Ref. 50), the crack band model, which incorporates a
characteristic length 1", was introduced by Bazant and Oh
(Ref. 59). Around the same time, CZM development in the
form of nonlinear spring foundations was adopted by
Ungsuwarungsri and Knauss (Ref. 23) to study crazing in
polymers and by Song and Waas (Ref. 24) to study
delamination fracture in laminated composites. Because of its



versatility, CZM models became a popular choice for many
fracture problems that were studied using a finite element
framework as detailed in Pietruszczak and Mroz (Ref. 22); Xu
and Needleman (Ref. 26); and Pandolfi, Krysl, and Ortiz
(Ref. 60). In order to implement a CZM in its simplest form,
two parameters are required: a fracture toughness and a
cohesive strength. The choice of these parameters and how they
are measured and/or calibrated depends on the problem that is
being addressed. In general, the CZM parameters are system
parameters and are related to the material system that is being
studied. The fracture toughness can be obtained from
coupon-level tests of the material system under study; for
example, through compact tension specimen tests mentioned in
Section 6.1. This measured toughness value in conjunction with
a CZM simulation of the test can be used to back out the
cohesive strength. Alternatively, both the toughness and
strength can be measured from coupon-level tests for
subsequent use in prediction of crack growth in other structural
configurations. In a CZM, an existing crack starts to grow when
the stress at the crack tip attains the cohesive strength and when
there is sufficient energy supplied from the system to create a
new cracked area associated with the advancing crack. Thus,
unlike LEFM, which requires one parameter because the crack
growth is predicted from strictly global measures, a CZM
strategy requires two local parameters for predicting both crack
initiation and evolution. A cohesive law combines fracture
energy and cohesive strength to describe the resistance offered
to crack advancement within the cohesive zone. Various
postulated forms of cohesive laws (such as triangular,
exponential, trapezoidal, multisection, etc.) have been
attempted in conjunction with CZM (Refs. 48 and 61 to 63).
These studies, however, have shown that the form of the
phenomenological cohesive law are less important than the
well-posed implementation, when CZM is used with finite
element analysis. However, a major drawback of CZM-based
methods is the fact the intended crack path must be known a
priori in order to place the CZM elements appropriately in a
finite element mesh (Sec. 4.1.1). Thus, the CZM strategies are
not practical for predicting crack growth in a solid under
general loading conditions.

23 Crack Propagation in Fiber-Reinforced
Composites

Fiber-reinforced composites are composed of tough fibers
distributed in a matrix medium, thereby inheriting some
structural characteristics from both constituents. Combinations
used often are metal or ceramic fibers in a matrix of ceramic,
glass, polymer, or intermetallics. Further, the distribution and
layup of the fibers in the matrix leads to various material
architectures like short-fiber, continuous-fiber, laminated,
textile, and so forth. Because of the huge diversity in the
constituent materials and layups, the presentation in this
publication is restricted to the extensively used class of
carbon-fiber-reinforced  polymer  (CFRP) laminated
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composites, hereafter referred to as “fiber composites.”
However, the generality of the presentation allows its potential
application to many other classes of fiber-reinforced
composites. The most significant property of this material is the
high specific strength (strength per unit weight), even in the
presence of holes and notches, which are integral to any
practical structure. In many practical applications, however,
high strength should be complimented by significantly high
toughness (i.e., resistance to damage and crack propagation).

The inherent complexity of the microstructure of fiber
composites, as shown in Figure 6, clearly distinguishes their
toughening mechanisms from those of traditional monolithic
matrix materials like metals. Although the fibers add to the
macroscopic toughness of the material, the fiber-matrix
interfaces also present material and geometric discontinuities,
which are possible sites for crack initiation and growth.
Depending on the plane of crack propagation with respect to the
material layup, crack propagation can lead to

(1) Delamination, or the occurrence of interlamina cracks,
which can lead to failure of the laminate. This is a special case,
where the cracks are macroscopically planar and is usually
associated with adhesive or matrix failure. This class of
problems has been extensively studied, both analytically and
numerically, owing to a priori knowledge of the crack path
(Sec. 4.1 details the numerical issues).

(2) Through-thickness failure, or the occurrence of cracks
through the laminate such that the crack plane is not parallel to
that of the lamina, involving extensive fiber and matrix failure.
This is analytically and numerically more challenging, partly
because of the complexity of micromechanics leading to failure
and comparatively more involved crack path prediction and
evolution.

The work presented here seeks to address the complexity
involved in through-thickness failure, which can be argued to
be more general and challenging compared to delamination, in
the context of the crack propagation problem. Further, the
primary interest in this work is not to understand the physics
behind these failure phenomena but rather to develop a
numerical framework for predicting through-thickness crack
propagation. In the homogeneous continuum setting to be
considered here, all the relevant mechanics behind crack
formation and propagation are characterized by a
traction-separation model, which is the sole constitutive input
determining crack evolution. However, determining the
relevant traction-separation model is a major challenge in itself.
Depending on the necessary material nonlinearity and
mechanics complexity, one could either analytically or
numerically obtain the traction-separation models. Towards
this goal, an overview of a possible relevant micromechanical
process of fiber pullout are presented next in Section 2.3.1, and
the corresponding analytical and numerical framework is
detailed in the appendix.
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Figure 9.—Various modes of micromechanical damage evolution observed
during process of through-thickness crack propagation. P and & are load
and displacement, respectively, and the red line indicates the crack.
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The basic phenomena that give rise to the nonlinear behavior
leading to failure by through-thickness crack propagation are
shown in Figure 9 and can be categorized as

Micromechanics

(1) Interface failure: Initial fiber loading leads to increasing
shear stress at the fiber-matrix interface, which eventually leads
to Mode II interface crack formation.

(2) Interface crack propagation and frictional dissipation:
Interface crack propagation leads to relative motion between
the free surfaces of the fiber and matrix, resulting in static or
dynamic coulomb-type frictional forces. This leads to frictional
dissipation with the opposing contact forces enhancing the
load-carrying ability of the fibers.

(3) Fiber pullout: The interface crack eventually traverses the
entire embedded fiber length or the fiber breaks because of
critical loading of some weak zones. This phase is associated
with loss in fiber load-carrying ability due to pullout with only
the associated frictional sliding providing the resistance.

(4) Matrix cracking: Independent of the above fiber-driven
processes, the matrix can undergo damage through
microcracking, resulting in increased elastic compliance and
energy dissipation.

These processes together result in a diffused damage zone
that microscopically is heterogeneous and stochastic, but
macroscopically is seen as a region of localized “cracklike”
damage as shown in Figure 6 and for all practical purposes will
be treated as a continuum-level crack that has a traction relation
accounting for the toughening mechanisms. As stated carlier,
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since the final framework is that of a homogenized continuum,
the medium through which the above micromechanical
phenomena are embedded into the continuum formulation is
the traction-separation model. The detailed presentation of the
analytical and numerical framework for obtaining appropriate
traction-separation models is given in the appendix, where it is
demonstrated that the above phenomena correspond to different
loading and unloading regions of the traction-separation model.
However, in this framework matrix microcracking is neglected,
as it is usually dealt with via continuum damage models rather
than a continuum cracking approach.

24 Closing Remarks

A review of the classical theories of LEFM has been
presented, along with the subsequent development of the
cohesive zone concept. The limitations of the classical
approaches to advanced cohesive materials were then
addressed through a discussion of various intrinsic and
extrinsic toughening mechanisms. This was followed by a
discussion of the numerical developments related to the
cohesive zone models. Then the micromechanical phenomena
leading to toughening of fiber-reinforced composites have been
discussed, with the relevant analytical and numerical
frameworks presented in the appendix. At this point, the
necessary analytical foundation for cohesive crack propagation
in this class of materials has been laid out, and the discussion of
a multiscale formulation of the crack problem follows.



3.0 Multiscale Framework and

Variational Formulation

The Variational Multiscale Cohesive Method (VMCM) is
presented in this section.

3.1 Background and Variational Multiscale

Concept

Physical processes spread across space and time scales are
ubiquitous. Often the complexity involved in understanding
these phenomena is nontrivial, and one has to resort to
empirical, phenomenological models to make them more
approachable. Further, the fidelity of these models is geared
towards conforming to the ultimate framework (analytical or
numerical) used to simulate the physical phenomena. Thus,
there is a constant drive towards development of better
scale-aware analytical and numerical formulations. Focusing
attention on the related numerical developments, it is common
knowledge that straightforward application of the widely used
Galerkin’s method employing standard basis functions (Fourier
series, finite elements, etc.) is not a robust approach in the
presence of multiscale phenomena as certain far-scale or
subscale processes are not sufficiently and objectively resolved
(demonstrated in Sec. 4.1), which can give rise to fictitious
length and time scales in the solution. To address this issue of
disparate scales in numerical schemes, a new computational
paradigm called the variational multiscale method (hereafter
referred to as “VMM”) was introduced by Hughes (Ref. 38).
Initially developed to address the question of “intrinsic time
scale” in stabilized methods like Galerkin/least-squares and
streamline upwind/Petrov-Galerkin (Ref. 64), the VMM
approach resulted in giving a unifying perspective of many
previous numerical frameworks that address various subscale
phenomena. One such effort from which this publication draws
inspiration is by Garikipati and Hughes (Refs. 39 and 65), in
which the process of strain localization as a multiscale problem
was presented, and a unifying picture of various scale-
regularization-based formulations like the composite damage
model, crack band model and nonlocal strain model were
discussed. The point of departure in the current work is the
characterization of displacement discontinuity due to cracks as
a fine scale and its subsequent coupling to the continuum fields
via micromechanical surface laws. The physical picture of the
broad classification of multiscale problems introduced in
Hughes (Ref. 38) and Hughes et al. (Ref. 64) is presented as a
background to the presentation in this work.

3141

Consider the exterior problem of the Helmholtz operator,
which models wave propagation in free space due to a localized

Q—->C

Grid-Scale Model: Large-Scale and Small-Scale

source, stated as follows: For QcR? , find U :
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such that for given f :Q—>C, g:Iy—>C , and

h : I —» C ,
Iu=f in Q (10a)
u=g on I (10b)
U,,=ikh on T} (10¢)

lim r (u,,—iku) =0 (Sommerfeld radiation condition)  (10d)

r—o

where

Q domain volume

R real space

u complex scalar function (potential)

C complex space

f forcing function

g Dirichlet boundary condition value

r domain surface

h Neumann boundary condition value

L Helmholtz operator, —IL = A +k?

A Laplace operator

k wave number, ke C

n surface normal

r radial coordinate

Also let the following decomposition of the boundary be
admitted:

r=r,ul, (11a)

0=T, ﬁFh

; (11b)

From a numerical standpoint, Equation (10d) presents a
problem, as this infinite-domain boundary condition cannot be
handled in conventional bounded-domain discretization
methods like finite elements. So a unique domain and field
decomposition is introduced to solve this problem. The
decomposition is as follows:

Q=0uUQ (12a)

0=QN (12b)

u=u+u' (12¢)

Ul =0, u'[5=0 (disjoint additive decomposit ion) (12d)



Figure 10.—Decomposition of Q into Q and Q' and
their boundary T'r. I'y, and T'y, are the Neumann and
Dirichlet boundary sections of T, respectively.

where I'p is the boundary between Q and Q' as shown in
Figure 10. Equation (12d) results in the solution field u being
decomposed into a far-field U’ and a near-field U . The far-field
U’ is numerically “unresolvable” because of the
boundary-condition at infinity as in Equation (10d). So the
approach suggested in Hughes (Ref. 38) is to analytically
determine U’ in the following exterior Dirichlet problem:

Iu'=f in Q (13a)
u'=u on Ty (continuity condition) (13b)
lim r (u,;,—iku) =0 (13¢)

r—oo

and then use this solution to embed its effect into the following
bounded domain problem for U through the continuity
condition Equation (13b), which manifests as Equation (14d):

Lu=f in Q (14a)
U=g on I (14b)
U,,=ikh on T (14¢)
u,,=—Mu on Iy (144d)

Equation (14d) is called a Dirichlet-to-Neumann condition

(Ref. 38) on the boundary I'y that separates Q from Q'. M is
an integral operator obtained by solving Equations (13) using a
Green’s function approach; it embeds the far-field phenomena
into the near-field problem. The boundary-value problem in
Equations (15) is now solvable using a finite-domain numerical
formulation like finite elements. The field decomposition in
Equation (12¢) can be interpreted as a multiscale problem, with
U’ representing the far-field large scales and U representing
the near-field small scales.
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Remark: Since herein the decomposition was
primarily at the domain level (or in numerical

parlance, at the grid level) into Q and Q', one may
refer to this as a “grid-scale” model. This will help
distinguish this model from the more useful and
physically motivated “subgrid-scale” model presented
in the following subsection.

3.1.2  Subgrid-Scale Model: Coarse-Scale and Fine-Scale

Now consider an abstract Dirichlet problem: For Q c R’,
find u:Q—>R such that for given f:Q—>R and

g:I'->R,

u=f in Q (15a)

u=g onT (15b)

where L is a general nonsymmetric operator. Also, keeping in

mind the numerical scheme that will be used in Section 4.0
“Finite Element Implementation,” a variational treatment is
considered for this problem:

For S « H'(Q) and V < H'(Q), where H'(Q) is the Sobolov
space of square integrable functions with square integrable
derivatives, find ue S = {v lv= g on I'} such that VweV =
{v |v=0o0n ry,

ijudv =wa av (16a)
Q Q

or a(w,u)=(w,f) (16b)
where a represents the bilinear form.

The physical picture of the field u being addressed here is
shown in Figure 11. Now from a numerical standpoint, fields
with such “fine” variations pose a difficulty, as the resolution of
these fields becomes subjective with respect to the numerical
discretization. This is because these variations occur on
physical length scales that are usually smaller than the size of
the numerical grid, and it is for this reason that the numerical
treatment of problems under this class requires a subgrid-scale
model. Often in physical phenomena like turbulent flow, strain
localization, phase separation, and crack formation, these
fluctuations’ are at such small length scales that the optimal
discretization required in a standard Galerkin implementation is
prohibitively expensive, or even impossible. For such cases,

"In crack propagation, which is the problem of interest in this
work, the fine-scale field U’ is not oscillatory, but a
discontinuity. For the abstract presentation in this section, the
more general oscillatory picture of fine-scale variations is
considered.
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Figure 11.—Decomposition of the field u into
coarse-scale field & and fine-scale field u'".

consider the following decomposition of U and W into coarse
and fine scales (overlapping additive decomposition):

u= o + u (17a)
—— ——
coarse scale  fine scale
U=g,u=0onT (17b)
w= W + w (18a)
—— —
coarse scale  fine scale
W=0,wW=0onT (18b)
and their respective vector spaces are
TeS,ueS’ whereS=S ®S’ (19a)
WeV,wWeV' whereV =V @V’ (19b)

where Z =X @ Y means Z is a function space whose elements
are ordered pairs (X,y). Further, for the stability of the

formulation S and S’ need to be linearly independent and so

must V' and V'. The uniqueness of the function space
decomposition should be explicitly enforced in the numerical
procedure adopted, as will be done in Section 3.3, through the
selection of appropriate trial function space and weighting
function space. The aim is to derive an expression for U’, the
“unresolved” scale, use this expression to eliminate U’ from the
weak formulation, Equation (16), and then solve for U using
traditional numerical schemes. This procedure is shown below
in the abstract notation:
aWw+w,u+u)y=(w+w, f) (20)
Using standard arguments for linearly independent W and
W', Equation (20) can be decoupled as
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a(w,u)+a(w,u’) =(w, f) (21a)

a(w,m+aw,u) =w,f) (21b)
One may solve Equation (21b) exactly to obtain an analytical
relation between U’ and U as demonstrated in Hughes et al.
(Ref. 64) using a Green’s function approach, but this is only
possible for very simple boundary-value problems. For more
general problems of practical interest, as shown in Section 3.4,
it will have to be solved numerically, obtaining an approximate
representation of U’ in terms of U . However, once this is
accomplished, it should be clear that one can use this relation to
eliminate U’ from Equation (21b), solve this equation with the
numerical scheme of choice to obtain the coarse-scale, U, and
use this field to recover the unresolved fine-scale, U’, and thus
obtain the complete solution field u.

The presentation of the variational multiscale framework in
this section is intentionally abstract to preserve the generality;
the arguments and details of some steps above will be
significantly problem dependent. Now a detailed presentation
of this framework for the crack propagation problem follows,
starting with the physical motivation.

3.2 Cracks as Subgrid Scales: Motivation and

Challenges

Physically, crack propagation is a process of configurational
change by which new surfaces are created. The creation of new
surfaces is governed by surface laws, different from the
constitutive laws of the continuum. Classically, this process of
surface creation is handled by affecting changes in the
numerical discretization, involving incremental grid refinement
and remeshing. However, changing the grid to reflect the
evolving domain boundaries is computationally very
expensive. Instead, an alternative view of cracks as
displacement discontinuities in the continuum domain is
considered here. The concept of discontinuous displacement
fields and the resulting singular strains finds its mathematical
treatment in the work of Temam and Strang (Ref. 66) on
BD(Q), the space of bounded deformations for which all
components of the strain are bounded measures. This idea was
used to develop a numerical framework for the problem of
strong discontinuities due to strain localization by Simo,
Oliver, and Armero (Ref. 67), Simo and Oliver (Ref. 68), and
Armero and Garikipati (Ref. 31). The physical process of strain
localization involves localized changes in the continuum
constitutive response, and no new boundaries or surface laws
appear, but its numerical treatment introduced the use of the
distributional framework and discontinuous basis functions,
which was adopted in Garikipati (Ref. 40) for embedding
micromechanical surface laws into a macroscopic continuum
formulation, albeit in a multiscale setting. The presentation in
this work follows and extends these multiscale arguments
specifically for numerical representation and evolution of
cohesive cracks.
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Figure 12.—Representation of crack as displacement discontinuity. [[u]] is
the magnitude of displacement discontinuity, which physically represents
the magnitude of crack opening, and I'¢ is the crack surface. (a) Two
dimensional. (b) Three dimensional.

As shown in Figure 12, a crack opening can be
mathematically represented by a discontinuous displacement
field over an uncracked body. It is not difficult to see that this is
rigorous and general enough to represent all possible crack
geometries in both two- and three-dimensional solids.
However, the following numerical challenges persist:

(1) Numerical representation of displacement discontinuities
using smooth basis approximations introduces an artificial
numerical length scale, as shown in Section 4.1.1, and thus
leads to a mesh-subjective scheme. On the other hand, usage of
discontinuous basis leads to singular strains.

(2) Topologically, crack surfaces are zero measure sets in the
domain volume. Thus stand-alone representations of them
would require zero volume mesh elements; that is, interface
elements.

In this work, a discontinuous basis is adopted, and the
necessary distributional arguments will follow. The use of
zero-volume elements (interface elements, standard cohesive
zone elements, etc.) renders the scheme subjective to the
numerical discretization; hence, it is not considered. Instead a
variational multiscale setting is introduced where the crack,
represented by a displacement discontinuity, is seen as a
subgrid fine-scale discontinuous field superposed on a
coarse-scale field.

3.3 Multiscale Formulation of Discontinuous
Displacement

The weak formulation of the quasi-static elasticity is the
point of departure for the multiscale development. Also, the
scope of the presentation is limited to the infinitesimal strain
theory of elasticity. Starting with the weak form: For S <
BD(Q) and V < H'(Q), find u e S= {v|v=gon T}, such that
VweV = {V|V:00n1"g},
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ij cdVv fwde+fwTds

Th

(22)

where f is the body force, g and T are the prescribed boundary
displacement and surface traction, respectively, and o is the
(Cauchy) stress tensor given by ¢ = C : sym(Vu), where C is
the fourth-order elasticity tensor.

Remark 1: As stated in the motivation above, cracks
are chosen to be represented as displacement
discontinuities, which means u ¢C? . This results in
the strain being a singular distribution, which has a
bounded measure, since ue BD(QQ). However, the
stress should not be a singular distribution as required
by the classical jump condition on the traction ([[c
n]] = 0), where n is the normal vector.® This
requirement on the stress field is enforced by the
material constitutive response which “mollifies” the
singular strains to yield regular stresses.

Remark 2: In R', it is much simpler to present the
strain field argument, as u is at most a discontinuity
and sym(Vu) is a Dirac-delta function (a bounded

measure), J. d(X)dx=1. It is interesting to note that
—o0

in R', ueBV(Q) (space of bounded variations), and

BD(Q) coincides with BV(€2). A discussion of BD(Q)
space is beyond the scope of this work and interested
readers are referred to Temam and Strang (Ref. 66) for
the mathematical development, and to Suquet
(Ref. 69) for the treatment of discontinuities in
plasticity that have similar kinematics to that in crack
propagation.

*If both & and o are singular distributions, then the work
expression (/o : & dV) would be a product of distributions, and
thus mathematically and physically undefined.



Now, following the subgrid-scale model presented in
Section 3.1.2, scale decompositions of u and w are introduced.
The decompositions are qualified by requiring that the fine
scales u’ and w’ vanish outside the neighborhood of the crack
path, which is contained in Q' (Fig. 13), referred to as the
“microstructural or fine-scale subdomain™:

u= u + u (23a)
—— ——
coarse scale  fine scale
w= w + w (23b)

—— ——
coarse scale fine scale

ueS ={v|v=gonl,} (23¢c)
WeV ={v[v=0onT,} (23d)
u'eS ={v|v=00onQ\int(Q")} (23¢)
weV'={v|v=0o0nQ\int(Q")} (239)

where S=S®S’ and V =V ®V'. Further, V and V'
are chosen to be linearly independent.

Given the scale decomposition of u and w, Equation (22) can
be split into two separate weak forms:

(24a)

jvw:cdv =ijdV+J'WTds (W)
Q Q I'h

Figure 13.—Microstructural domain Q' and crack
surface I'C (red line). Shown in inset are crack
orientation vectors n and m and crack surface
traction T¢.
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J-VW':GdV :Iw’deJrIw’TdS (24b)
Q' Q' I

Now consider a crack surface, I'°, in the fine-scale
subdomain (Fig. 13). Assuming no body force in the fine-scale
subdomain, using integration by parts and standard variational
arguments, Equation (24b) can be reduced to

jw'c-nds - Jw'TcdS (W) 25)
re re

where T° is the external traction on the crack faces. In the

subsequent sections, (W) and (W’) are referred to as the
“coarse-scale and fine-scale weak forms,” respectively.

34 Fine-Scale Field and Micromechanics
Embedding

(W) allows any traction-based cohesive surface law T° to be
embedded into the continuum formulation. Writing the traction

on I in terms of the components T,¢ and T,§ along n and m
(see Fig. 13), respectively,

T =Tn+TSm (26)

The fine-scale field u’ for crack problems is composed of a
displacement discontinuity [[u]], which can be expressed in
terms of the components [[U,]] and [[Un]] along n and m,

respectively:
[o0= [+ [su

opening shear

27

where [[Up]] and [[un]] are the crack-face-opening displacement
and crack face shear displacement, respectively. Similarly, the
crack face opening mode is referred to as “Mode I” and the
crack face shear mode is referred to as “Mode I1.”

In this presentation, simple micromechanical surface traction
laws are considered:

Te=T¢ -H olun (28a)

T =T¢ —Hp[lun] (28b)

where T7 and H, are the Mode I critical opening traction and
Mode I softening modulus, respectively, and likewise T and
H, are the Mode II critical shear traction and Mode II
softening modulus. Using Equations (26) and (28), u'

(characterized by [[u]]) can be eliminated from (W), which
can then be solved for u.Once u is obtained it can be used to



PN

5—

Weak discontinuity

Strong discontinuity

Figure 14.—Displacement field in domain containing weak and strong discontinuities,

where w is width of diffused band.

recover u’, thereby determining the complete displacement
field. Developing this procedure in a finite element setting is
the focus of Section 4.0.

3.5  Closing Remarks

In this section, the necessary multiscale background was
introduced, and its application to crack problems was
discussed. The approach consists of treating the discontinuous
displacement field in crack problems in a distributional sense
and identifying the singular character of the strains. This
treatment was then developed to obtain the weak formulation of
the coarse- and fine-scale problems. Then it was shown that the
fine-scale problem can be used as a vehicle to embed the
cohesive surface laws into the continuum formulation. Using
this as a point of departure, the necessary numerical framework
is developed in the subsequent section.

4.0

With the multiscale concepts laid out, and explicit weak
form expression derived, attention is now turned to the
numerical implementation. In this section, the multiscale
methodology is cast into a finite element formulation, and the
necessary numerical framework, referred to as the
“Variational Multiscale Cohesive Method” (VMCM), is
developed. First, a brief discussion of the limitations of
standard finite element basis functions is presented in Section
4.1. Then the necessary discontinuous shape functions are
presented in Section 4.2. These enhanced basis functions were
first introduced in the works of Simo, Oliver, and Armero
(Ref. 67); Armero and Garikipati (Ref. 31); and Garikipati
(Ref. 70). Comparable, but significantly different,
discontinuous basis functions are used in the extended finite
element method (XFEM) introduced in Moes, Dolbow, and
Belytschko (Ref. 34) and applied to cohesive crack
propagation in Moes and Belytschko (Ref. 35), and in the
related basis functions based on the partition of unity method
(PUM) employed in Wells and Sluys (Ref. 37). After the
multiscale shape function discussion, the finite dimensional
weak formulation is presented in Section 4.3 and followed by
the iterative solution procedure in Section 4.4. Lastly, in
Section 4.5, the closing remarks and a brief comparison of the
present multiscale framework with the PUM is presented.

Finite Element Implementation
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4.1 Mesh Sensitivity of Standard Galerkin

Basis

Classical Galerkin formulations for elasticity require that the
basis (shape) functions have sufficient smoothness (at least
first-order continuous) as the weak form involves gradients of
the displacement. The first-order-continuous functions are
sufficient to resolve the displacement field in the elastic or
hardening-plastic regime. However, in the presence of
softening behavior, deformation fields tend to localize, leading
to high displacement gradients in localized regions of the
domain. Broadly, this phenomenon is described to as either a
weak discontinuity for diffused localization or a strong
discontinuity for singular localization as shown in Figure 14. In
both cases, using standard basis functions invariably lead to
mesh-subjective schemes. This lack of mesh objectivity is
widely documented in the literature, often in the context of
strain localization phenomena that involve softening. Cracks,
which are the focus of this work, have identical kinematics to
the strong discontinuity phenomenon. However, unlike strain
localization problems, the constitutive response is based on
traction-separation (force-displacement) relations rather than
stress-strain relations. Considering this difference, a brief
discussion of mesh sensitivity in the context of crack
propagation simulations is now presented.

4.1.1 Pathological Mesh Dependence of Strain

Localization in Softening Materials

Consider a one-dimensional problem of an elastic bar under
tensile loading, with an elastic modulus E, a critical cohesive

traction T , and a cohesive softening modulus H. As the bar

is loaded, the traction at some point, say I'%, reaches T.; and
cohesive softening occurs at that point. Clearly, there are at
least two traditional methods to handle this problem in the
classical Galerkin finite element framework:

(1) Node-Based: If the point I'® is known a priori, then one
can ensure a node pair placement at that point, and when T°
equals T , have the local nodal forces evolve according to the
given cohesive softening modulus. This is the idea behind the
widely used cohesive zone methods (Refs. 22 to 27). An
extension of this idea, when I'® is not known beforehand, is to
identify it as part of the solution process and then employ
re-meshing to create node pairs on I'C.



One-dimensional
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Figure 15.—Performance of standard Galerkin formulation, where I'C is crack surface
and hg is element size. (a) Comparison of physically expected displacement field with
displacement field obtained by node-based and element-based numerical schemes.
Displacement fields are indicated in green. (b) Comparison of expected (node-based,
blue line) and numerically obtained load-displacement responses at various values

of he (element-based, black lines).

(2) Element-Based: The requirement of I'® being a nodal
point is relaxed, and instead the elemental volume, say €S,
which contains this point, is considered. Upon reaching
T° =T , the constitutive response of this element is modified
to produce a diffused softening response, which produces the

expected global load-displacement response. This is the gist of
the crack band model by Bazant and Oh (Ref. 59).

These schemes and the one-dimensional problem are depicted
in Figure 15(a), and the corresponding global load-displacement
responses are shown in Figure 15(b). Note the node-based
softening path for a one-dimensional problem is the
analytically expected path. However, both the above methods
have several limitations. The node-based approach is not
viable, because in problems of practical interest I® is not known
beforehand and remeshing is prohibitively expensive. The
element-based schemes suffer from pathological mesh
dependence, which is demonstrated below in the context of the
one-dimensional problem.

Let the elastic bar be discretized into linear elements, each of
length he. Considering only the post-cracking load steps, let the
crack surface, I', be contained within an element S . Now the

modified constitutive modulus is given by

E:xeQ\Q¢

f(E,H):xeQf (29)

En(X)= {
where f(E,H) < 0 and hence there is energy dissipation in QS
given by D= ngG :€PdV , and it is graphically given by the

area under the curves shown in Figure 15(b). Assuming the bar
to be of uniform cross section, dissipated energy is linearly
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proportional to the element length. This implies, as hy — 0,
there is no dissipation and the bar unloads elastically. Thus the
energy dissipation and global load-displacement response have
a pathological mesh dependence. This dependence can be
fixed, at least in one dimension, by introducing a regularization
or localization limiter, such as a characteristic length (Ref. 71).
For two- and three-dimensional problems with unstructured
meshes and nonstraight crack paths these schemes are more
complex. Further, the basic constitutive behavior of cracks is
not fully represented, as the surface-based traction-separation
constitutive model associated with cracks is now replaced by a
volume-based stress-strain model, with modulus given by
Equation (29).

4.1.2

Apart from the pathological mesh dependence of the global
load-displacement and energy-dissipation responses, the
numerical discretization also limits the crack path and its
resolvability in the traditional schemes discussed above.
Consider Figure 16, which compares the physically expected
crack path with that obtained using a node- or element-based
scheme. Since cracks are driven by the local stress state and/or
nonlocal energetics, ideally the propagation path should be
nearly independent of the domain discretization. However, the
very construction of these methods limits unbiased crack
propagation. In the case of node-based schemes the crack path
coincides with the element edges, so the crack path is locally
limited by discrete edge directions. In unstructured two- and
three-dimensional meshes this may lead to deviation from the
physically expected path, rendering the boundary value
problem to be solved erroneously. For element-based schemes,
though there is no mesh restriction on the crack path, the
numerical resolution of the crack path is poor.

Discretization Sensitivity of Crack Paths
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Figure 16.—Comparison of representative crack paths (in red) observed using traditional crack propagation schemes.
(a) Physically observed crack paths. (b) Crack paths for node-based schemes. (c) Crack paths (in brown) for

element-based schemes.

W
VAV

\AAZ
)

v
)

Figure 17.—Schematic of crack path in brown
(with surface T°¢ in red) and fine-scale domain
Q' representation in Variational Multiscale
Cohesive Method (VMCM) implementation.

With this review of the limitations of traditional numerical
crack propagation schemes, attention is now focused on the
development of a numerical framework for the multiscale
formulation presented in Section 3.0. The discussion in the
following sections of this section and the simulation results
presented in Section 5.0 will demonstrate that the multiscale
scheme circumvents the above limitations and results in
mesh-objective formulation for crack propagation, which
schematically is represented in Figure 17.

4.2 Multiscale Element Construction

The reparametrization of the fine-scale discontinuous
displacement field u’, and the development of discontinuous

shape functions follows the presentation in Armero and
Garikipati (Ref. 31) and Garikipati (Ref. 70).

4.2.1

Begin with the expression for the fine-scale displacement
field,

Shape Functions

u'=Mp [[u]] , whereMp. =N -H (30)
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where N is a continuous basis function defined on Q' and H-

is a Heaviside function that has its discontinuity on IT'*. Thus,
M. isacomposite shape function constructed by superposing
a Heaviside function on a linear shape function, ensuring that
M = Q\(Q). This construction is depicted in Figure 18
for one dimension and Figure 19 for two dimensions. A detailed
construction is now presented for the constant-strain triangle
element.

As shown in Figure 19, there are two possible constructions
for triangle elements depending on the relative orientation of
the normal to the crack path m with respect to the outward
normal of the edge not intersected by the crack n' (shown in
Fig. 20). For each of these cases, N, Hp., and VM. are

given by
Case I: n-n' < 0 (Fig. 19(a))

X=X

N(x)=1- = ' (31)
H (0 = 1(x=xT)-nl<0 )

(k= xT)-m >0
VM (X) =—E—:—5FC n (33)

Case II: n-n' > 0 (Fig. 19(b))
N(x)= 22Xy (34)
hl

H ()= J(x=x")-nl<0 (35)

T =Xy > 0
VM (X) =E—:—5FC n (36)



Figure 18.—Construction of discontinuous multiscale shape function Mc in one dimension from continuous basis
function N and Heaviside function Hpc. [[u]] is displacement discontinuity and I'¢ is crack surface (in red).

I
I [[u]] ’ I I[[u]]

— I ([u]]
re

[[U]]I ([u] I
— I ([u]]
e

N H. rc MFC

ni

Figure 19.—Two possible constructions of discontinuous multiscale shape function Mp-c in two dimensions from
continuous basis function N and Heaviside function Hrc. [[u]] is displacement discontinuity, I'C is crack surface
(in red), and n is normal to crack path in direction of desired jump in displacement.
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n'

Figure 20.—Orientation of normal n to crack path (in red) with respect to orientation of the element,

considering the two possible constructions.

As can be seen from the above description, the multiscale
shape function construction is more involved than traditional
shape functions. In a numerical implementation, only VM

enters the system of equations through the expression for Vu’,
which in matrix form is given by

Vu' = VM. [[u]] (37)
Y 0 n, 0
[[u]l BN '
= M c = - c
where [[u]] {[[u]]y} VM. h nOi :llly Or no :y ,
y X y X
5 H

and G and H are the matrix representation of n' and n,
respectively.
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4.2.2

The weak form of the coarse- and fine-scale problems, given
by Equations (24a) and (25), respectively, involve different
domains of integration. The coarse-scale weak form, taken
element by element, is a volume integral over the elemental
volume, and thus the quadrature rule used to evaluate the
integral is the conventional triangle quadrature scheme.
However, the fine-scale weak form, taken element by element,
is a surface integral over the crack path that needs special
attention.

Consider Figure 21, which depicts a constant [[u]] in linear
triangles and linear variation of [[u]] in higher-order triangles.
Depending on the order of the variation of [[u]], which affects
the order of variation of stress, the appropriate order of
quadrature should be chosen. In two dimensions, since the
crack path is a line, gauss quadrature schemes are optimal, and

Numerical Quadrature



Figure 21.—Elemental values of displacement discontinuity [[u]], which physically represents crack opening.
Crack is indicated in red. (a) Constant [[u]] in each element. (b) Linearly varying [[u]] with [[u]]; on the left
edge and [[u]] on the right edge, leading to interelement continuity along domain surface I'.

(a) I (b) I

Figure 22.—Some possible quadrature rules for coarse- and fine-scale problems over triangle elements.
Crack is indicated in red. (a) Linear triangle: one-point scheme for coarse-scale field and one-point scheme
for fine-scale field. (b) Higher order triangle: three-point scheme for coarse-scale field and two-point scheme
for fine-scale field.

therefore a point-based quadrature scheme can be chosen to 4.3 Finite-Dimensional Weak Forms and
capture stress variations up to twice the number of points used. Discretized Equations

The possible one-point and two-point crack path integration

points along with the regular coarse-scale field integration In the finite-dimensional setting, the problem domain is

points are shown in Figure 22. divided into non-overlapping elements such that Q= U?CIQE ,

where “nel” is the number of elements. In this presentation

Remark: Higher-order variations of [[u]] along T are linear triangle elements are considered, and thus the integration
possible but may not be necessary to capture the scheme depicted in Figure 22(a) will be sufficient. Introducing
physical crack opening unless the meshes are very the approximate interpolations to the coarse-scale displacement
coarse. The numerical simulation results presented in and variation,

the following sections considered only constant

distribution and the crack opening was well _ 3

represented. For this case, since the stress is also ul (i,n)=ZNA(§,n)dA (38a)
constant over linear triangle elements, a one-point A=l

quadrature rule is sufficient. This reduces
Equation (25) to 6-n = T°, which can be evaluated at
any point along the crack path within the element.

3
Wh(Em) =D NAE e (38b)
A=1
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where (&, ) are the isoparametric coordinates and d” and c2
are the nodal values of the finite-dimensional coarse-scale
displacement u" and finite-dimensional coarse-scale
variation W", respectively. Also, N*(&, 1)) is the Lagrangian
shape function at node A with the usual compact support;
NAEg,ng) =068 , the Kronecker delta. Adopting matrix
notation,

u=Nd and w=Nc (39)

Vu=Bd and Vw=Bc (40)
where B is the standard matrix form of the shape function
gradients. Similarly, the expressions for strain and stress,
respectively, are

£=Bd+(G-58..H)u] (41a)

6=C:(Bd+G [[u]) (41b)

where 81_0 is a delta function defined at .

Substituting the above expressions into Equations (24a) and
(25), the respective finite-dimensional equations are given by

[B7C:(Bd+G[[u]lav = [NFaV + [ NTdS (42a)
H'C:(Bd+G[u]))=T° (42b)

where the fine-scale weak form is reduced to o-n = T¢. For
linear triangles both ¢ and [[u]] (and hence T) are constant
over the element. To suit an iterative solution procedure, the
above equations are expressed as coarse- and fine-scale
residuals:

7= [B'C:(Bd+G[ul)av - [Nfav - [NTds (43a)

Q Q I

r'=H'C:(Bd+G [[u]))- T (43b)
Linearizing the above residuals about d and [[u]] and

rearranging terms results in the following system of equations
in (8d, S[[u]]):

Koo Koo][ 8d] [-r )
Ku'ﬁ l<u'u' 8[[“]] —l',
where
Kug = J.BT(CBdV (452)
Q
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Ky = j B'CG dV (45b)
Q
K,s =H'CB (45¢)
Kyw=H CG+H n®n+H m®m (45d)

4.4 Incremental Solution Procedure

Solution steps of a VMCM implementation are listed below.
In addition, one would have a crack-tracking algorithm to
advance the crack tip after each load increment.

Initial state: dy, [[u]]o, &, and o

Loop over load increments:
Current converged state: d, 1, [[u]]n 1, €, 1, and G,
Loop over iterations until ||r||, < tolerance

Current iteration state: d*_,, [u]l,, €, and ok
od l,(]_l =K'r
dpf) =dp +3dy
For each cracked element:
5[[“]]:(171 =Ky (r K, 50d5_))

[[ll K+1

h-1 = [[“]]ﬁ—l + 6[[“]]E—1

se™8 K = Badk_, + G S[u]lk
Sk | =C:8e™ K

eft =g +08f
okt =65 +36)
T¢=T§-H n®n-H m&®m

dV — [, NfdV — [ NTdS

- T _k+1
r= fgel B o,

r'=H"¢k"l -T¢
Static condensation:
Ko = Kyw —Kaw Ki  Kuw
ry =r-Kg, K, r
Assembly: Ky —»> Kandrg > r

For elements ahead of current crack tip, check for crack growth
(crack tracking):

If non>TF : Mode [ active

If m.on > Tnﬁo : Mode II active

If Mode I active or Mode II active: Form elemental G, H,
and Q



u + [[u]]

Figure 23.—Comparison of interpolation schemes used to represent crack surface I'C (in red), where N is the
coarse-scale continuous basis function, u is coarse-scale displacement, My is the multiscale shape function,
Hyc is the Heaviside function, [[u]] is displacement continuity, and N is the resultant interpolation in each case.
(a) Multiscale approach. (b) Various partition-of-unity- (PUM-) based approaches.

4.5 Closing Remarks

A finite element framework for the two-scale representation
of cracks has been presented. This implementation can sharply
resolve the discontinuity surface instead of smearing the
discontinuity across the element volume, thus avoiding any
spurious numerical length scales. Also, there is no mesh bias on
the crack path, which leads to mesh-objective crack
propagation and global load-displacement response, both of
which will be demonstrated in the simulations in Section 5.0.
Further, the seamless embedding of cohesive micromechanics
within a continuum formulation leads to a physically consistent
implementation that is validated by comparison with
experimental results in Section 6.0. The element construction
presentation in this section has been limited to triangle elements
and can be extended to other two- and three-dimensional
elements. However, for nonsimplex elements the construction
of the multiscale shape function will be more involved.

For completeness, the distinction between the multiscale
interpolation and partition of unity (PUM) interpolation
schemes have been depicted in Figure 23. As shown here,
though both methods represent the displacement discontinuity
as a Heaviside function, the advantage of the multiscale
approach is the local-to-element nature of the fine-scale field.
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From a numerical standpoint this implies that the additional
degrees of freedom needed to represent [[u]] do not contribute
to the global solution vector, because of condensation at
elemental level, thus leaving the sparsity pattern of the global
problem untouched. In contrast, PUM methods add extra nodal
degrees of freedom to represent the enhanced displacement
discontinuity modes and thereby increasing the global solution
vector size with crack propagation. While a more detailed
comparative study of the computational complexity, numerical
stability, and consistency are a topic for future work, interested
readers are pointed to a related study between the strong
discontinuity method, from which the multiscale method
inherits its interpolation characteristics, and the PUM-based
extended finite element (XFEM) method reported by Oliver,
Huespe, and Sanchez (Ref. 72).

5.0

With the multiscale formulation and the finite element
implementation developed, this section presents numerical
simulations of some benchmark problems and physically
relevant examples to demonstrate the effectiveness and
applicability of the multiscale framework for cohesive crack
propagation. Initially, mesh objectivity, which is of primary

Numerical Simulations



importance in finite-element-based crack propagation
simulations, is presented in Section 5.1. Then mixed-mode
crack propagation in some benchmark problems is discussed in
Section 5.2. Later, more complex scenarios of multiple and
interacting crack are addressed in Section 5.3, and finally,
closing remarks are provided in Section 5.4.

All simulations are in two dimensions and assume plane
stress conditions. Also, in all simulations the crack evolves
from a preexisting “starter crack.” Further, as indicated in
Section 4.4, a crack tracking algorithm is required as part of the
iterative process to evolve the crack from one element to
another. Such an algorithm should be based on a physically
relevant crack direction criterion and may be material and
microstructure subjective. In this work, it is assumed that the
crack propagates along a path that renders the shear stress to be
zero. This amounts to assuming that the crack is locally
governed by a Mode I criterion. However, the direction
criterion places no limitation on the multiscale formulation, and
depending on the material micromechanics, any relevant
direction criterion can be chosen.

It is also pointed out that apparent distortion of the elements
may be seen as contradicting the infinitesimal-strain
assumption of linear elasticity and also potentially results in
singular Jacobians for those elements. This is not the case:

(1) Only the regular component of the strain needs to satisfy
the infinitesimal-strain assumption, as the singular component
that lead to this observed element distortion does not contribute
to the stress-strain constitutive relation (Sec. 3.3).

(2) Since the implementation is in the reference
configuration, the element distortion has no effect on the
parametric space to real space mapping.

To remove this potential confusion, the crack path elements
are removed from the simulation plots during postprocessing,
except in Section 5.1 where the discussion is primarily based on
the mesh.

All the simulations were carried out using an in-house
VMCM finite element code based on C++ developed by the
author. A standard Newton-Raphson scheme was used for
solving the system of nonlinear equations, based on a direct
solution procedure using the SuperLU library (Ref. 73).

5.1 Mesh Objectivity Demonstration

The discussion in Section 4.1 highlights the mesh sensitivity
of the standard finite element implementation for simulating
crack propagation. As stated previously, eliminating
pathological mesh dependence of crack propagation
simulations is one of the primary motivations for the
development of the multiscale framework, and this section
seeks to demonstrate the mesh objectivity of this
implementation. The results presented in this section focus on
the dependence of the global load-displacement response and
the crack path, the two most important metrics from a structural
viewpoint, on the mesh density.
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5.1.1  Straight Crack Propagation

Consider the problem of a cohesive tension block under
uniaxial tension, as shown in Figure 24. Shown are the problem
schematic, resulting crack paths for meshes whose density
varies over two orders of magnitude, and the corresponding
global load-displacement response. It should be sufficiently
clear from this result that the traditional pathological mesh
dependence is completely absent for the case of a straight crack
path. However, this physical problem involves no crack
turning, so the sensitivity of the crack path discussed in
Section 4.1.2 is not manifested here. A more complex problem
involving curved crack propagation is presented in the
following subsection.

The load-displacement response in Figure 24(c) is physically
relevant, as it indicates that the strain energy release rate G and
the surface energy density y' (Sec. 2.1.1.1) are mesh
independent, because the area under the curve is equal to the
energy dissipated because of surface creation.

5.1.2

Figure 25 shows the response of a standard single edge notch
three-point bend (SETB) specimen under eccentric loading
conditions. Because of the unsymmetrical loading, the crack
deviates from its straight path and approaches the loading point
as this is the contour of the maximum normal tractions, and the
load-displacement and crack path is objectively simulated
across all the mesh densities considered.

However, at first glance, the small variation in the
load-displacement response and crack path may suggest mesh
sensitivity. This is expected, as even in the absence of cracks,
the resolution of the high stress gradients does depend to a
small degree on the element dimension, and this naturally
affects the crack direction determination and consequently the
load-displacement response. Thus, these small variations are
not pathological, as can be seen from Figure 25(c), but an
artifact associated with numerical discretization used in the
finite element method.

Curved Crack Propagation

5.2 Mixed-Mode Crack Propagation

“Mixed mode” refers to the condition where the crack face is
subjected to both in-plane and out-of-plane tractions. In two
dimensions this means that the crack face is under the influence
of both Mode I opening tractions and Mode II shear tractions.
Crack propagation involving nonstraight paths is often mixed
mode, and so there will be two cohesive traction-separation
relations corresponding to normal-opening and shear-slipping
modes. This section demonstrates the mixed-mode fracture
simulation capability of the multiscale implementation. As
stated earlier, the crack path elements are removed, and for
better visualization only the field contours are shown, without
the underlying mesh.
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Figure 24 —Mesh objectivity demonstration for straight crack propagation (with load P and displacement &). P and &
values have been normalized with fixed reference values. (a) Rectangular cohesive material under uniaxial tension.
(b) Corresponding load-displacement response. (c) Displacement magnitude contours for different mesh densities.
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Figure 25.—Mesh objectivity demonstration for curved crack propagation (with load P and displacement 8). P and &
values have been normalized with fixed reference values. (a) Eccentrically loaded single edge notch three-point
bend (SETB) specimen. (b) Corresponding load-displacement response. (c) Displacement magnitude contours for

different mesh densities.

Figure 26 shows snapshots of crack propagation in a
symmetrically loaded compact tension specimen (CTS).
Although the mixed-mode scheme is active, the symmetry in
the specimen and loading result in nearly straight crack
propagation with very little crack face shear. However, the
opening stress contours provide insights into the load-bearing
ability of materials with large process zone sizes. As seen in the
evolving contour plots, the majority of the stress concentration
is in the crack wake, and this provides resistance to crack
growth. This increased resistance to crack growth can also be
implied from the corresponding load-displacement response,
which is flat indicating the increased fracture toughness of this
material. The crack face bridging, as evident from the stress
contours, gradually increases in size, then approaches a
steady-state value before shortening as the crack approaches

NASA/TP—2013-217431

26

the specimen boundary where the compressive stress is
significant because of bending.

Figure 27 shows mixed-mode curved crack propagation in an
eccentrically loaded SETB specimen where the crack
approaches the loading point along the contour of the maximum
normal tractions. Similarly, Figure 28 shows crack propagation
in a rectangular specimen with a fully constrained left end and a
displacement loading at the lower right corner. Also, it is
experimentally observed that the crack propagation in
laminated fiber-reinforced composite materials is predomi-
nantly along the fiber layup direction, so the effect of restricting
the crack propagation direction in the simulations is shown in
Figure 29, where the crack path is restricted to the
—45/0/+45/+90 fiber layup directions.



Ip,a

Load, P

0.0 | | | | |
0.00 015 030 045 060 0.75
(b) Displacement, &

(a)

Stress,
Oyy. Pa

— 3.00x108

- 2.25x108

Hr 1.50%108

— 0.75x108

0.00x108

Figure 26.—Mixed-mode crack propagation in symmetrically loaded compact tension specimen (CTS) (with
load P and displacement &). (a) CTS. (b) Corresponding load-displacement response; P and & values have
been normalized with fixed reference values. (c) Evolving opening stress oy, magnitude with crack growth.
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Figure 27.—Mixed-mode crack propagation in eccentrically loaded single edge notch three-point bend (SETB)
specimen (with load P and displacement 8). P and & values have been normalized with fixed reference values.
(a) SETB specimen. (b) Corresponding load-displacement response. (c) Evolving displacement magnitude with
crack growth.
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Figure 28.—Mixed-mode crack propagation in rectangular
specimen with left end fully constrained and displacement
loading at lower right corner. Shown are the crack path
and opening stress oy contours.
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Figure 29.—Mixed-mode crack propagation with restricted crack growth directions in
a rectangular specimen with left end fully constrained and displacement loading at
lower right corner. Shown are the crack path and opening stress oy, contours.

(a) No preferred crack directions. (b) Preferred crack directions for 0/45/90 layup.

5.3  Interacting and Multiple Cracks

In this subsection, complexity due to multiple cracks,
interactions between cracks, and interaction with structural
inclusions are addressed. It is emphasized that the multiscale
formulation has no restriction on the number of possible cracks
in a domain or on their interaction.
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Consider the standard double edge notch tension (DENT)
specimen crack propagation simulation in Figure 30. As
expected, two cracks start from notches on either side and
approach each other, and the opening stress contours show their
interactions. Initially, either crack grows independently, but as
they get closer they interact through the long-range terms of the
asymptotic expansion of the crack tip stress. However, because
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Figure 30.—Cohesive crack propagation in double edge notch tension (DENT)
specimen (with load P and displacement 8). (a) DENT specimen. (b) Evolving

opening stress oy, magnitude with crack growth.
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Figure 31.—Cohesive crack propagation in the presence of hard inclusion (with load P and
displacement 8). (a) Tension block with hard inclusion. (b) Evolving crack path.

of the small offset in their crack paths, induced by the
numerical discretization, they pass each other. Eventually, the
crack paths intersect, and one branch of the combined crack
becomes predominant while the other branch relaxes. This
problem also serves as an example of how an otherwise
complex crack interaction can be clearly understood through
the numerical implementation.

Of interest in practical structures is the interaction of a crack
with hard and soft inclusions. Shown in Figure 31 is one such
scenario, where a crack encounters a hard inclusion along its
path. The inclusion material has the same elastic modulus as the
surrounding material, but its cohesive strength is three orders of
magnitude higher. Thus the crack cannot propagate through the
inclusion but instead bypasses the inclusion by traversing along
its boundary. Another scenario of practical interest is crack
arresting. Depending on the inclusion geometry and specimen
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loading, crack propagation will either be delayed or at times
completely arrested. Such analysis can potentially aid in
developing materials with artificial toughening by dispersed
inclusions.

5.4 Closing Remarks

In conclusion, the numerical examples in this section
demonstrate the ability of the multiscale formulation in
simulating cohesive crack propagation. The crack paths and the
global load-displacement responses obtained are numerically
objective and physically consistent. The specimens and loading
scenarios considered are sufficiently complex and relevant to
practical applications, as will be further demonstrated in the
next section on experimental validation.



6.0 Experimental Validation and
Analysis

Whereas the previous section focused on illustrating the
capabilities of the multiscale framework, this section seeks to
demonstrate its practical applicability by validating the
simulation results with experimental observations of crack
propagation in laminated fiber-reinforced composite panels.
Section 6.1 provides details of the material used and the
experimental setup. This is followed by comparison with
corresponding numerical results in Section 6.2. It is to be noted
that all the experiments described here were conducted by other
collaborators, and their experimental results were used by the
author to validate the multiscale framework. Also, because of
proprietary requirements, the reported cohesive material
properties and load-displacement curves were normalized.

6.1 Experimental Setup

The material used in all the experiments herein is a
carbon/epoxy [-45/0/+45/90]ss laminated fiber-reinforced
composite with a fiber volume fraction of 0.55, whose lamina
and laminate properties are given in Table 1. The nominal
thickness of all the panels tested is 6.35 mm and their layup
cross section is shown in Figure 32. The tests were conducted
with a loading rate of 0.01 mm/s. Two types of experiments
were conducted with the following goals:

(1) Characterization of the laminate cohesive properties for
through-thickness crack propagation

(2) Crack propagation case studies for validation of the
multiscale framework

Details about the various specimen geometries and their
experimental setup are given in the following two subsections.

6.1.1  Characterization of Cohesive Properties

The numerical modeling of crack propagation in this class of
materials require a cohesive constitutive relationship, referred
to as a “traction-separation law.” Here a linear
traction-separation law (Eq. (28)) is assumed, shown in
Figure 33, which can be characterized by an appropriate
fracture toughness (Gy/Gy.) value and a corresponding
cohesive strength T . However, in this class of materials,
since the crack initiates in Mode I, which is also the
predominant load-bearing mode in the crack wake,
experimental characterization was focused primarily on
obtaining the Mode I traction-separation relationship.
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TABLE L.—LAMINA AND LAMINATE PROPERTIES OF
CARBON/EPOXY [-45/0/ + 45/90]¢; LAMINATED

FIBER-REINFORCED COMPOSITE

Property Laminate Lamina
Axial Young’s modulus, GPa Ey: 51.5 E: 141
Transverse Young’s modulus, GPa | Ey: 51.5 E,): 6.7
In-plane shear modulus, GPa Gyy: 19.4 G: 3.2
In-plane Poisson’s ratio Vyy: 0.32 vi: 0.33
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Figure 32.—Cross section of carbon/epoxy [-45/0/45/90]55

specimen layup.

A

Normal or shear opening traction

Normal or shear crack opening

Figure 33.—Representative linear traction-separation
law. For each fracture mode TOC is corresponding
cohesive strength, G is fracture toughness, and

H is softening modulus.
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Figure 34.—Fracture test specimen configurations (with load P and displacement ).
(a) Compact tension specimen (CTS). (b) Double edge notch tension (DENT)
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Figure 35.—Single edge notch three-point bend (SETB) specimen configurations used in crack propagation
experiments (with load P and displacement §). (a) Symmetric loading. (b) Eccentric loading.

For this purpose, CTS fracture tests were carried out to
measure the Mode I fracture toughness. Figure 34(a) shows
the dimensions of the specimen used in these studies. The
fracture toughness value was calculated by normalizing the
area under the experimental load-displacement curves by the
total crack area. This method of computing the fracture
toughness has been addressed in detail in Rudraraju et al.
(Ref. 74). Load was measured using a load cell mounted on
the test frame, and the load point displacement was measured
using a linear variable differential transformer (LVDT),
which was mounted between the loading rollers.

DENT tests were carried out to measure the critical Mode 1
cohesive strength. Figure 34(b) shows the dimensions of the
specimen. This configuration was selected because the stress
state across the entire crack face is almost uniform and
specimen failure is instantaneous. Thus, the critical load
divided by the total crack cross-sectional area gives a fairly
accurate estimate of the critical traction across the crack faces.
It was observed that this value is independent of the specimen
width.
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6.1.2

Three types of specimen geometry and loading conditions
were considered to serve as case studies for validating the
simulation results:

(1) Symmetric single edge notch three-point bend tests:
The SETB configuration used in this study is shown in
Figure 35(a). A notch was introduced and a knife edge was
used to introduce a sharp starter crack. The specimens were
supported on rubber rollers both at the loading and support
points to minimize any local inelastic deformation. The
specimens were loaded on a specially designed loading frame
with antibuckling guide rods to prevent out-of-plane
movement of the specimens. The specimens were loaded
using a hydraulically operated testing machine (MTS
Systems Corporation) and were loaded until failure. Load
was measured by a load cell, and the load point displacement
was measured between the top and bottom loading rollers
using an LVDT. Five specimen sizes with geometrically
scaled planar geometry and fixed thickness were evaluated.
Multiple specimens of each size were tested to significantly
capture the failure response envelope.

Crack Propagation Case Studies
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Figure 36.—Eccentric compact tension specimen (CST) configurations used in crack propagation experiments
(with load P and displacement 8). (a) Eccentricity: 10 mm. (b) Eccentricity: 20 mm.

(2) Eccentric single edge notch three-point bend tests: To
induce curved crack propagation, an eccentricity was
introduced in the loading point location. The eccentric SETB
configuration is shown in Figure 35(b), where two specimen
sizes were considered. The loading setup was similar to that of
the symmetric SETB specimens.

(3) Eccentric compact tension tests: Unlike the eccentric
SETB tests, the eccentricity here was in the geometry, as shown
in Figure 36. The notches in the center of the CTS was moved by
10 mm for first set of tests and 20 mm for the second set of tests.

In each case, the global load-displacement response was
recorded. These experimental load-displacement curves and the
observed crack paths are compared with the simulation results
in the next section.

6.2 Numerical Simulations and Comparison

With Experiments

All simulations here are assumed to be under “locally”
Mode I conditions. The Mode I cohesive strength was obtained
by DENT specimens as described in Section 6.1.1, and this
value was fixed for all specimen sizes and geometries simulated
in this section. The Mode I fracture toughness in this class of
materials is dependent on both size and geometry, so the
fracture toughness obtained from CTS experiments in
Section 6.1.1 could be used directly in the eccentric CTS
simulations, but for the symmetric and eccentric SETB
simulations, the fracture toughness was computed by
normalizing the area under their respective experimental
load-displacement curves by the total crack area. For a detailed
discussion on this choice of Mode I fracture toughness, readers
are referred to Rudraraju et al. (Ref. 74). In each of the
simulations below, the meshes contain about 10 000 to 20 000
elements. Again, the crack path elements were removed during
postprocessing for better visualization.
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Consider the first case study of the symmetrically loaded
SETB specimens whose experimentally observed and
numerically obtained load-displacement responses are shown
in Figure 37. Across the five sizes, the numerical simulations
faithfully reproduce the experimental load-displacement
response. Usually, the crack initiates before the peak load, and
at the peak load the full bridging zone will be formed. Further
crack growth leads to a drop in the load-bearing ability of the
panels due to the failure of the fibers in the crack wake leading
to movement of the active bridging zone. The details of the
effect of bridging zone formation and movement on the load
bearing ability of the specimens has been explained in detail in
Rudraraju et al. (Ref. 74).

Similarly, for the more complex case of eccentric SETB
specimens, the numerically obtained load-displacement
response and its comparison with experimental results is given
by Figure 38. For this class of materials, experimental
load-displacement responses show sharp drops in the post-peak
load regime, which can be attributed to the cohesive
heterogeneity of this material. Since numerically the material is
modeled as a homogeneous medium (with the effective elastic
and cohesive properties), the numerical model has no spatial or
angular distribution of the nonhomogeneous material
properties. Also, since in a cohesive material the crack wake
also possess significant load-bearing ability, the numerical
model only predicts a smooth load displacement response in the
post-peak regime. However, as seen from the comparison, the
multiscale method captures the post-peak response fairly well,
albeit without the sharp drops.

Lastly, for the case of an eccentrically loaded CTS, Figure 39
shows the comparison of the global load-displacement
response. Again, the global response is very similar. The
difference in the slope of the experimental and numerical
curves in the linear regime of the curve is due to some amount
of crushing under the loading rollers in the experiments.
Further, Figure 40 shows a comparison of the experimental and
numerical crack paths, which match significantly.



0.3 Size 1 Size 2

04
Qo2 Q
o kel
S 0.1 g 0.2
0.0 | | | | ] 0.0 | | |
0.0 0.05 0.10 0.15 0.20 0.25 0.30 0.35 0.40 0.45 0.0 0.1 0.2 0.3 04 0.5
Displacement, & Displacement, &
Size 3 Size 4
0.6 0.8
%04 - 06
® ® 04
502 3 0.2
0.0 ' ' ' 0.0
00 01 02 03 04 05 06 07 00 01 02 03 04 05 06 0.7 08
Displacement, & Displacement, &
10 Size 5
o Experiment
- VMCM: G;,G
T 05 L=H
S

0.0 | | | |
0.0 0.2 04 0.6 0.8 1.0

Displacement, 8

Figure 37.—Comparison of load-displacement responses of symmetrically loaded single edge notch three-point
bend (SETB) specimens, sizes 1 to 5 (see Fig. 35), obtained from experiment and Variational Multiscale
Cohesive Method (VMCM) simulations. For a particular specimen size, G; and Gy represent simulations
with lowest and highest values of fracture toughness obtained from experiments, respectively. Load P and
displacement & values have been normalized with fixed reference values.
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Figure 39.—Load-displacement response obtained from simulations of eccentrically loaded compact tension
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Figure 40.—Comparison of experimental and numerical crack paths for eccentrically loaded compact
tension specimens. (a) Eccentricity: 10 mm. (b) Eccentricity: 20 mm.
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6.3 Closing Remarks

From a structural viewpoint, the crack path and the effective
load-bearing ability of a failed panel are of primary importance.
Thus the close correlation between the experimental and
simulation results presented in this section provide significant
validation of the practical applicability of the multiscale
methodology for simulating cohesive crack propagation.

7.0

This report has presented a complete framework for
simulation and analysis of cohesive crack propagation,
especially for materials involving large process zones. The
broader aspects of this framework can be summarized as
follows:

Conclusions and Future Work

1. Theoretical aspects: The necessary arguments for using
analytically or numerically determined traction-separation
relations have been discussed and a possible micromechanical
framework for fiber-reinforced composites has been presented.

2. Computational aspects: A variational multiscale
formulation of crack propagation as a subgrid-scale problem
has been established and developed in the context of the finite
element method. All the necessary numerical machinery (weak
formulations, multiscale elements, and an iterative solution
procedure) have been developed in complete detail. The
resulting computational approach has been demonstrated
through benchmark simulations and more importantly,
experimentally validated.

Further, it is pointed out that this numerical framework,
involving discontinuous basis functions, is generic enough to
be extended to a wider class of problems involving not just
crack propagation but possibly other phenomena involving
micromechanical surface laws, like frictional contact.
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Several possibilities for future work suggest themselves:

1.

The work presented here is within the context of small
deformations. An extension to finite deformation is
naturally of interest. It is suggested that such a
development would involve only minimal changes in the
numerical framework; a possible resource is the related
elemental enrichment methods involved in simulation of
strong discontinuities that are essentially in a
finite-deformation setting.

Another possibility is the extension to three dimensions.
Whereas the theory of crack propagation and the
multiscale  formulation will essentially remain
unchanged, the multiscale element construction and
crack tracking algorithms will be more challenging. Also,
an extension to nonsimplex elements would be helpful in
broadening the applicability.

An important contribution would be the study of stability
and convergence of the solution procedure involved in
this class of problems with discontinuous enrichments.
Also, given the high nonlinearity inherent in these
problems, a comparative study of various solver schemes
will also be highly beneficial-—not just for crack
propagation problems but also to the broader field of
discontinuous enrichment.

Although it would be specific to particular applications,
an extension to dynamic problems would be interesting
for certain classes of problems involving high loading
rates. Likewise, one may think of a possible application
to shell elements, but this would be significantly
complicated because of the introduction of rotations and
possible rotational discontinuities over the existing
displacement discontinuities.






Appendix—Analytical and Numerical Modeling of the
Micromechanics of Fiber Pullout

Al Introduction

The structural response of fiber-reinforced composites—a
heterogeneous and discrete material medium—are significantly
different from that of monolithic materials like metals, because
of the various length scales and discreet directions of load
transmission. This study focuses on understanding the
micromechanics related to the primary load-bearing constituent
of this material, the fiber. The aim is to describe the response of
a fiber and its neighboring matrix material, from initial load
bearing to eventual pullout, and analytically determine the
single-fiber traction-separation relation. This understanding
will then be cast into the finite element numerical framework to
demonstrate the micromechanics and to extend it to determine
continuum-level traction-separation relations. It is also noted
that given the enormity of variations possible in the wider class
of fiber composites, the study presented herein may only be
directly relevant to the following material behavior:

(1) Linear elastic matrix (no microcracking or damage
evolution)

(2) Strong brittle fibers with finite embedding length (no
fiber breakage)

(3) Adhesive interface characterized only by the Mode II
fracture toughness. However, numerical models extend this by
considering a more general complete traction-separation
relation.

With these assumptions, an analytical formulation is
developed for the single-fiber pullout problem. This
formulation is based on the analytical framework presented by
Gao, Mai, and Cotterell (Ref. 75), and many results are directly
used. For the material under consideration, experimental
observations have shown the formation of a fiber-bridging
zone, whose evolution is schematically represented in

L~ Fiber bridging
~Matrix crack

(@ (b)

Figure 41. The corresponding micromechanical processes are
depicted in Figure 9. Assuming a displacement-control loading
at the free fiber end, the evolution of fiber pullout is
decomposed into the following regimes:

(1) Interface crack formation: Initial fiber loading leads to
enhanced shear stress in the fiber-matrix interface, which
beyond a certain threshold value of energy availability leads to
Mode II interface crack formation.

(2) Interface crack propagation and frictional contact:
Mode II crack facilitates tangential slip at the interface during
subsequent fiber loading. The slipping or tendency of slipping
leads to coulomb-type frictional forces on the interface, which
leads to enhanced resistance to the fiber slipping, thus
increasing the fiber load-carrying ability.

(3) Fiber pullout: The interface crack either reaches the end
of the embedded fiber length or the fiber breaks at some weak
point upon reaching the failure stress. This leads to significant
loss of fiber load-bearing ability, as now only the frictional
forces are resisting the fiber movement. Further displacement
increments at the free fiber end now lead to fiber pullout.

Section A.2 describes each of these regimes and develops an

analytical formulation. Then the numerical framework and
simulations are presented in Section A.3.

A2
A2l

Analytical Formulation

Interface Crack Initiation and Frictional Contact

In order to study the fiber-matrix debonding and pullout
problem, a geometry similar to a shear lag model of a fiber
embedded in a cylindrical matrix jacket is considered and
shown in Figure 9. Table II lists all parameters used in this
model.

— Failed fibers

(€)

Figure 41.—Stages involved in evolution of bridging zone (BZ) in domain Q, where I" represents
crack surface. (a) Matrix cracking-fiber bridging. (b) BZ formation. (c) BZ propagation.
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TABLE II.—SYMBOLS FOR FIBER-PULLOUT

MICROMECHANICS

Symbol Representation
r Fiber cylinder radius
R Matrix cylinder outer radius
Ct, Cy Fiber and matrix volume fraction
Et, En Fiber and matrix elastic modulus
Vi, Vi Fiber and matrix Poisson’s ratio
o E¢/En
| Instantaneous crack length
le Fiber-embedded length
P Fiber-free-end load
A Fiber-free-end displacement
Jo Resin shrinkage pressure
o Additional pressure at interface from Poisson

contraction

T¢(Y), Tm(y) | Fiber and matrix tensile force
Ut (Y), U (y) | Fiber and matrix displacement
T5(Y) Interfacial shear stress
u Coefficient of interface friction

Assume that there is an initial debonded length | formed from
formation of a Mode II shear crack in the interface. For the
debonded zone, y < |, the equilibrium conditions are

T
CLERSICLL P ey (A1)
dy dy
and the stress-strain relationships are
du T 2
Ef = f = 2f — M q *
dy nr'E f E f
(A2)
du T 2v
8I'T\ = = = 2m - = Xq *
dy nr'En  Em

where v is the Poisson’s ratio, x = r’/(R* — r*) = ¢; /cpy, and from
Gao, Mai, and Cotterell (Ref. 75),

aviTs =xVmTn J (A3)

q*:L
arlla(l=vi)+1+vy +2y

Now, assume that the zero-thickness interface exhibits
coulomb-type friction. This allows a relationship for the interface
shear stress Ts in terms of the resin shrinkage pressure g, Poisson
contraction pressure *, and the friction coefficient p.

Ts =H(Go — %) (A4)

Using the boundary conditions
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T:;(0)=P

Tn(0)=0 e

and Equations (A1) and (A4) the fiber and matrix forces in the
debonded zone y < | become

oV ¢ ~
T, =| ———|(P-P)(eV -1)
OV +% Vi (A6)
T, =P-T,
where the constants P and ) are given by
~ r2
P =Tc—q°[oc(l—vf)+1+vm+2x]
avV ¢
(A7)
_2_;1 v +%Vn
r [a(l—vf)+1+vm+2xj

Solving Equation (A2), the relative slipping between the
fiber and matrix is given by

u(y) =[us(Y) = Un(Y)| (A8)
_PA=Y) (o
= v(Yy) o E, ( Vf)
—2k 0
_oc+)2( (ovg +yp )Vf (A9)
B (ove +qiy)
x (P - P)H(eM —eM)—l+ y}
where
(ov s +3Hm) (A10)

T a(l—nu;)+1+nup + 2

Equation (AS8) gives a relation between A = v(0) and P. This
allows the load-displacement (P-A) response in the precracking
regime to be determined. Now addressing the evolution of the
interface crack length |, consider the energetics of Mode II
crack propagation along the fiber-matrix interface.

A2.2

Following the crack propagation treatment in Gao, Mai, and
Cotterell (Ref. 75), consider a cracked body of volume V loaded
by tractions T and ts on the surfaces St and Sg, respectively,
with corresponding displacements du and dv as shown in
Figure 42. For a crack growth dA along the friction surface S,

Interface Crack Propagation

deuds — gdA+ j tsdvds + dU

St Se

(A1)



b

Figure 42.—Evolution of debonding crack. Stand
Sr are traction and friction surfaces, respectively;
T is surface traction; Au, change in displacement;
Tg, frictional traction; and A4, crack growth.

is obtained from energy balance considerations, where g is the
specific work of fracture, |t.duds represents the work of
friction, and U is the stored energy of the body. For an elastic
system,

1
du = Sj Tduds—ES.[rsduds (A12)

If the traction T consists of n concentrated forces P,...P, and
the displacements A,...A,, then Equation (A12) becomes

l z:inzlpi %_J. Tsa_UdS
2 OA Se  OA

Letg={, A=2nrl, ds=2nrdy and P;(=P) is the force applied at
the fiber end. Also, v(y) and A; = —U; (0) is determined from
Equation (A8). The debonding criterion is now given by

9= (A13)

—P(ous(0)) 1  ov(y)
=— -—— d Al4
¢ 4nr( ey (a14)
Solving Equation (A 14) by substituting Us and v(y),
42r3E; (1+B) =(1-2kv)[P-(1+B)Q)* (AlS5)
in which
P-P
Q=T == gy (A16)
Vi +YVn
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and

B y(1-2kv,)

a(l—2kvy) (A17)

Equation (A15) is the final fiber debonding criterion showing
that the debonded load depends on debonded depth |. To obtain
the debonding (Mode II crack) initiation load Py, | = 0 is
substituted, giving

P _ 2”3/2{5 (1+B)CT2
) = LS

Al8
1—2kvf ( )

Further, Equation (A15) can be simplified to obtain an
expression for the instantaneous load P:

P(l)=P(1-e")+Pe™ (A19)

and Equation (A8) is used to obtain the value of A = v(0) in the
crack propagation regime:
A(P) = v(0)
1-2kv f
ﬂirz E f A

x{[P+(|3—P) K]ln[l+%}—P+ PO}

Equations (A19) and (A20) give the required relations to obtain
the P-A response in the postcrack initiation regime until the
point of pullout initiation.

(A20)

A.2.3 Fiber Pullout

Equation (A19) shows that the load increases monotonically
with increase in the debonding (crack) length I. This ultimately
culminates in one of the following two scenarios:

(1) I=I¢: The crack propagates over the total embedded fiber
length.

(2) I <l but P = P,: The applied load produces a fiber tensile
stress that exceeds the fiber strength, and the fiber breaks at a
weak point y = Iy < l.

In either case, there is now a slight change in what is meant
by I. Earlier | was the length of the crack, and in the pullout
regime | means the length of the fiber inside the matrix. So, now
| monotonically decreases from its pullout initiation length and
ultimately approaches zero, which means total pullout of the
fiber from the matrix.

In this regime, the following relation for the load P-A is

P(l)=P(1-¢eM) (A21)



Thus Equation (A21) shows that the load suddenly drops
from the value in Equation (A19) for the same |, as soon as the
pullout has initiated. This elucidates the existence of a physical
instability as soon as the mechanics change from crack
propagation to pullout initiation. This is due to sudden loss of
the load-bearing ability of the friction zone at the crack tip
which now sees a different material domain. Thus for any given
fiber length in the matrix, |, Equation (A21) is used to obtain the
load value, and Equation (A20) still holds for the current load
value P.

Thus using Equations (A21) and (A20) yields the P-A
response in the pullout regime until the point of complete
pullout.

A2.4

Shown in Figure 43 is the schematic of a typical
load-displacement (P-A) response of a single-fiber pullout. For
given material properties, this load-displacement response can
be obtained using the respective P-A relations listed at the end
of each section of the above three regimes (interface crack
initiation and frictional contact, interface crack propagation,
and fiber pullout). For the material characteristics listed in
Table 111, the complete P-A response is shown in Figure 44.

Summary

A

Pmax
B

oS Load instability

Load, P

Y

Displacement, §

Figure 43.—Fiber-pullout load-displacement response.
A: Crack initiation, A-B: Crack propagation and
contact friction, B-C: Load instability, and C-D:
Fiber pullout.

TABLE III.—MATERIAL PROPERTIES FOR
FIBER-PULLOUT MICROMECHANICS

Fiber elastic modulus, E¢, GPa...................... 173
Matrix elastic modulus, E,, GPa................. 3.72
Fiber Poisson’s ratio, Vi........ccccevveeeveeennennne. 0.35
Matrix Poisson’s ratio, Vi «c..coveeeeeeeveeennennne. 0.39
Fiber volume fraction, Cf.........cc..ccoeuvreennen.. 0.06
Coefficient of interface friction, L................. 0.3
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1 1

0 1
0.000

0.008 0.012 0.016 0.020

Displacement, &

0.004

Figure 44.—Load-displacement response obtained from
analytical formulation presented for various values of
interface fracture toughness .

This completes the analytical formulation. Now the
numerical framework developed to validate and extend the
applicability of the analytical understanding and formulation is
reviewed.

A.3 Numerical Framework and Simulations

The fiber-pullout simulations were done in the Abaqus finite
element analysis package (Ref. 76) using user elements for
fiber-matrix interface cohesive zones. To simulate the various
nonlinear mechanisms (deformation, fracture, contact, and
friction), which are active simultaneously, the following
numerical scheme was used:

(1) Fiber, matrix (deformation): plane strain elements

(2) Interface (crack propagation): Discrete Cohesive Zone
Methods (DCZM) interface elements (Ref. 63)

(3) Interface (contact and friction): contact elements

With this framework, various single-fiber pullout,
lamina-level, and unidirectional coupon-level simulations were
conducted, some of which are listed here:

(1) Single-fiber-pullout model mesh (Fig. 45)

(2) Single-fiber-pullout model fiber and matrix level shear
stress contours (Fig. 46)

(3) Single-fiber-pullout model fiber various stress contours
(Fig. 47)

(4) Lamina-level stress contours: regular and random fiber
distributions (Fig. 48)

These preliminary results demonstrate the potential

applicability of this numerical framework for simulating
micromechanics of fiber pullout and thereby obtaining the
cohesive traction-separation relations.



(a) (b)

Figure 45.—Finite element model geometry.
(a) Quadrilateral elements mesh.

(b) Boundary conditions.
Shear stress, Shear stress,
Oxy: Pa Oxy: Pa
2.226%x103 2.516x107
2.810x102 1.099x105
2.576x102 1.008x105
2.342x102 9.160x104
2.108x102 8.244x104
1.873x102 7.328x104
1.639x102 6.412x104
1.405%102 5.496x104
1.171x102 4.580x104
9.367x101 3.664x104
7.025x101 2.748x104
4.683x101 1.832x104
2.342x101 9.160x103
3.815x10—6 0.000x100
—2.342x101 -9.160x103
—4.683x101 —1.832x104
—7.025x101 —2.748x104
—9.367x101 —3.664x104
—1.171x102 —4.580x104
—1.405x102 —5.496x104
—1.639x102 —6.412x104
—1.873x102 —7.328x104
—2.108x102 —8.244x104
—2.342x102 —9.160x104
—2.576x102 —1.008x10%
—2.810x102 —1.099x10%
—2.226x103 —2.516x107

(a) (o)

Figure 46.—Shear stress oy, during pullout. (a) Fiber. (b) Matrix.

NASA/TP—2013-217431 43



Transverse stress, Axial stress, Shear stress,
011 022 012
7.877x107 1.199%x108 4.744x107
2.877x107 1.099x108 6.744x106
2.649x107 1.016x108 6.182x106
2.421x107 9.328x107 5.620x106
2.194x107 8.496x107 5.058x106
1.966x107 7.664x107 4.496x106
1.738x107 6.832x107 3.934x106
1.510x107 6.000x107 3.372x106
1.283x107 5.168x107 2.810x108
1.055x107 4.336x107 2.248x106
8.271x106 3.504x107 1.686x106
5.993x106 2 672x107 1.124x106
3.716x106 1.840x107 5.620x105
1.438x108 1.008x107 —1.250x101
—8.393x105 1.757x106 —5.620x10%
-3.117x106 —6.563x106 —1.124x106
-5.394x106 —1.488x107 -1.686x106
—7.672x106 —2.320x107 —2.248x106
~9.949x106 -3.152x107 -2.810x106
-1.223x107 -3.984x107 -3.372x106
—1.450x107 —4.816x107 -3.934x106
-1.678x107 _5.648x107 —4.496x106
-1.906x107 _6.480x107 -5.058x106
—2.134x107 ~7.312x107 —5.620x106
-2.361x107 —8.145x107 -6.182x108
-2.589x107 —8.977x107 —6.744x106
—2.589x107 —4.744x107

(@)

(b)

Figure 47.—Contour plots of tensile and shear stresses in single-fiber-pullout problem. (a) Transverse stress 611.

(b) Axial stress G25. (c) Shear stress G12.

Shear stress, Axial stress,
a1z, Pa o292, Pa
3.429%x106 7.430%x106
6.810x102 2.810x106
6.243%x102 2.659x108
5.675x102 2.508x106
5.108x102 2.357x106
4.540x102 2.207x106
3.973x102 2.056x106
3405){102 s 8 B 8 B B R OR B R B B R N I 1905X106
2.838%102 1.754x106
2.270x102 1.603x108
1.703x102 1.452x106
1.135x102 1.302x106
5.675x101 1.151x106
0.000x100 1.000x106

-5.675x101 8.492x105

—1.135><10§ 6.983><10~’5:

—-1.703%10 i P P P 1 5.475x10

—2.270x102 [ M4 $ b R Ll 3.967x105

-2.838x102 | il Kal R Re bl b e R W , 2.459%105

-3.405%102 9.504x104

—3.973x10§ —5.579><1og

—4.540%10 —2.066x10

—5.108x102 ' —-3.574x10%

-5.675%102 —5.083x105

-6.243%102 —6.591x105

-6.810%x102 —-8.099x105

—3.429%106

—2.242x108

(c)

(a) (b)

Figure 48.—Comparison of stress fields of regular and random fiber distributions. (a) Shear stress ¢15.
(b) Axial stress Go5.
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